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Abstract. Lateral vibrations of footbridges caused by the passage of pedestrian crowds 
have been the object of many studies over the last decade. However, the connection between 
experimental and analytical results remains tenuous and as a consequence, a common set of 
design criteria have not been established yet. Regarding the particular features of both the 
pedestrian load and the dynamic system (slender footbridges with little damping), the 
frequency domain analysis is a method especially efficient to evaluate the lateral response. 
Hence, the object of this study is to develop a general formulation, using a frequency domain 
approach, for assessing the lateral vibrations of any footbridge; considering the action of a 
crowd of pedestrians walking randomly with different frequencies. The effects of pedestrians 
in a swaying deck are not limited to imposing external loads; the people-structure interaction 
generates additional harmonics in the natural frequencies of the structure that are independent 
of the pedestrian frequency. Hence, human-structure phase synchronization is not a necessary 
condition for the development of the resonant component. The study states that it is accurate 
enough to calculate the structural response using only the resonant contribution. These 
considerations lead to a very simple formulation that permits to establish a positive 
relationship between the amplification of the response and the number of pedestrians. 

Key words: Footbridges lateral vibration, frequency domain analysis, response amplification. 
 

 
1 INTRODUCTION 

In the frequency domain analysis, the 
dynamic response Y(f) to an action X(f), is 
obtained as the algebraic product of the action 
X(f), and the system´s complex frequency 
response function H(f), which defines 
completely the dynamic characteristics of the 
dynamic system. The pedestrian action is a 
random load that takes approximately the 
same value at equal slots or time-periods. 
Hence, in the frequency domain it is 
represented by a series of “comb teeth” or 

delta functions. It is a “narrow band process” 

because its spectral density occupies only a 

narrow band of frequencies, which are, the 
pedestrian frequency fp, and its integer 
multiples. Additionally, for this particular 
case of low damped structures, H(f) presents a 
concentrated peak in f = fb (the bridge’s 

natural frequency) and tends to zero when 
moving away from this value. Therefore, the 
structural response is amplified only in a very 
narrow frequency interval centered in fb. 
Consequently, two conclusions can be drawn. 
Firstly, the harmonics of the output signal will 
match the input ones. Secondly, the response 
will be amplified only if the input signal 
contains some harmonic very close to fb. 

Hence, the preceding analysis shows that 
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pedestrians walking in a moving surface are 
not only external loads. There is an 
interaction pedestrian-structure and so, 
additional harmonics have to appear, 
including a component in the bridge natural 
frequency, which is the mainly responsible for 
the unexpected increment of the lateral 
vibration. Otherwise, the response calculated 
using a frequency domain analysis would be 
practically zero, which does not agree with 
the observed behavior of real footbridges. 
Figure 1 presents the Frequency Response 
Function for the 1st lateral mode of the 
London Millennium Bridge (fb=0.5Hz) and 
the Solférino Bridge (fb=0.81Hz) overlapped 
with the two first harmonics of the pedestrian 
load (fp=0.86Hz; 1.72Hz). In both cases, the 
response would be nearly zero. 

 

Figure 1: Pedestrian load X(f) and  Frequency 
Response Functions HM(f) –HS(f). 

Therefore, the pedestrian load model has to 
include the self-excitation components. This 
effect, known as “auto-excitation forces”, is 
widely accepted in the current state of the art. 
Macdonald’s [4]-[5] analytical formulation of 
the lateral walking action, based on the 
inverted pendulum model, includes a 
component in the natural frequency of the 
bridge. Otherwise, Pizzimenti and Ricciardelli 
[6] and Ingólfsson et al. [3], have measured 
the lateral forces exerted in a swaying 
treadmill with a lateral displacement of 
𝑥(𝑡) = 𝑥0 sin 2𝜋𝑓𝑏t. These experimental 
forces also contain the “auto-excitation” 

components, and they are expressed as the 

sum of the equivalent static force and the 
equivalent damping and inertia forces: 

 𝐹(𝑡) = 𝐹𝑠𝑡(𝑡) + 𝑐𝑝 (
𝑓𝑏

𝑓𝑝

, 𝑥0) �̇�(𝑡) (1) 

 + 𝑚𝑝𝑞𝑝 (
𝑓𝑏

𝑓𝑝

, 𝑥0) �̈�
̇

(𝑡)  

The equivalent damping and inertia 
components were determined through the 
cross-covariance between the measured 
pedestrian force and the velocity or 
acceleration of the treadmill. The damping 
and inertia coefficients cp and qp, are defined 
from the experimental data, using a stochastic 
model [3]. 

2 FREQUENCY DOMAIN MODEL 

From this point on, the methodology 
exposed is based on the assumption that the 
resonant harmonic controls the dynamic 
response, and thus it is accurate enough to 
consider only its contribution neglecting the 
rest of the harmonics. Consequently, the 
spectral value and the time dependent 
estimated response will result in: 

 |𝑌𝑓𝑏
| = |𝐻𝑓𝑏

||𝑄𝑓𝑏
| (2) 

 𝑦(𝑡) = 2|𝑌𝑓𝑏
| cos (2𝜋𝑓𝑏𝑡 + 𝑎𝑟𝑔(𝑌𝑓𝑏

)) (3) 

The amplitude of the harmonic in the 
natural frequency fb is expressed using the 
experimental damping coefficient cp; as the 
steady-state velocity response of a damped 
system due to a resonant harmonic vibration 
(f=fb) is in-phase with the load. Therefore, the 
value for a single pedestrian with lateral 
walking frequency fp will be: 

 |𝑃𝑓𝑏
| = 𝑐𝑝 (

𝑓𝑏

𝑓𝑝

, 𝑥0) 2𝜋𝑓𝑏𝑥0 (4) 

In a real case assessment, there is a crowd 
of N pedestrians uniformly distributed, 
walking randomly with different frequencies 
fpi. One of the advantages of the frequency 
domain analysis is that it is possible to apply 
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the superposition principle. Hence, the 
coefficient cpm gathers up the contribution of 
N pedestrians with “m” different frequencies: 

 𝑐𝑝𝑚 = ∑
𝑛𝑖

𝑁

𝑚

𝑖=1

𝑐𝑝𝑖 (
𝑓𝑏

𝑓𝑝𝑖

, 𝑥0) 

 

(5) 

In modal analysis, the response is 
individually evaluated in the main single 
vibration modes that contribute significantly 
to the response. Considering the case of a 
single span footbridge of length L, modal 
shape ϕ(x) and modal characteristics fb, M, K, 
and C; the amplitude of the modal load 
exerted by N pedestrians takes the following 
expression: 

 |𝑄𝑓𝑏
| =

𝑁𝑐𝑝𝑚

𝐿
2𝜋𝑓𝑏𝑢0 ∫ [Ф(𝑥)]2𝑑𝑥

𝐿

0

 (6) 

Considering equations (2) and (3), the 
amplitude of the displacement response is 
calculated and expressed in terms of the 
amplification ratio: 

 
𝑢

𝑢0

= [
4𝜋𝑓𝑏

𝐿
|𝐻𝑓𝑏

|  ∫ [Ф(𝑥)]2𝑑𝑥
𝐿

0

] [𝑁𝑐𝑝𝑚] (7) 

Equation (7) has two factors. The first one 
depends on the dynamic system and takes a 
constant value for one specific mode. The 
second one depends on the pedestrians, being 
the coefficient cpm also constant for a certain 
composition of walking frequencies fpi. 
Consequently, equation (7) can be rewritten, 
showing a positive relation between the 
amplification ratio u/u0 and the number of 
pedestrians N, which can also be express in 
terms of damping ratio ξ: 

 AR(N, ξ) =
u

u0

= G(ξ)N (8) 

3 NUMERICAL SIMULATION 

The model performance is evaluated 
through numerical response simulation, using 
the 1st lateral mode of the LMB, Solférino 
Bridge and the CMB (Changi Mezzanine 

Bridge). The modal shape is considered to be 
a sin lateral wave. The data and results for the 
simulation are presented in Table 1. 

 

Figure 2. AR(N) 1st lateral mode Solférino Bridge, 
LMB and CMB for two damping states. 

 

Figure 3: AR(ξ,N) 1st lateral mode of the CMB. 

In order to consider the random character of 
pedestrian walking, a composition 
approaching the Normal Distribution 
(μ=0.86Hz, SD=0.08Hz) is considered: 38% 
pedestrians walking at μ Hz; 25% at (μ+/-SD) 
Hz, 6% at (μ+/-2SD) Hz. For every case, the 
structure (2πfb|H(fb )|) and pedestrian (Cpm) 
contributions to the response are calculated as 
well as the coefficient G, which is the 
gradient of the straight lines in Figure 2. 
Also, the number of pedestrians which would 
provoke 50% of response amplification and 
the corresponding amax, considering initial 
amplitude of vibration of 4.5mm. The values 
can be compared with the comfort criterion 
according to Sétra (0.15-0.2m/s2). Figure 3 
shows that expression (8) allows determining 
the damping ratio needed to prevent 
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vibrations going over certain limit for a 
specific pedestrian traffic (N). 

AR=1.5 LMB 
Solfér. 
Bridge. 

CMB 
CMB 
(extra 
damp.) 

fb (Hz) 0.5 0.81 0.9 0.9 
M (ton) 129 400 453 454 
ξ(%) 0.76 0.38 0.40 1.65 
2πfb|H(fb )|
 (m/Ns) 

1.62 
10-4 

6.46 
10-5 

4.88 
10-5 

1.18 
10-5 

Cpm (Ns/m) 58 177 172 172 

G (-) 
9.45 
10-3 

11.0 
10-3 

8.40 
10-3 

2.04 
10-3 

N 159 131 178 178 
Ncrit(others) 165 [3] 140[2]  150[1] -- 
amax (m/s2) 0.07 0.18 0.22 0.05 

Table 1. Numerical simulation: data and results. 

4 CONCLUSION 

- The analysis in the frequency domain 
evidences that people walking in a 
swaying deck are not only external 
loads. There is an interaction 
pedestrian-structure and harmonics in 
the bridge natural frequency appear. 

- The dynamic response is controlled 
by the resonant component, as the 
other harmonics generate little 
amplification. Thus, it is considered 
accurate enough to evaluate the 
bridge response using only the 
resonant harmonic of the load. 

- The resonant forces can be expressed 
by different ways. Since they are 
forces in phase with the velocity of 
the structure, it is possible to use the 
experimental damping coefficients cp, 
[3], introducing the experimental 
results in the analytical formulation. 
Other possibility is to formulate the 
resonant amplitude directly from the 
analytical expression of the 
pedestrian load [4], providing it 
considers the pedestrian-structure 
interaction. 

- These considerations lead to a simple 
formulation that permits either to 
evaluate the lateral response (amax), as 
well as to define different vibration 
thresholds to different expected 
pedestrian scenarios and the damping 
requirements to fulfill all of them.  

- The lateral response depends on the 
initial vibration uo provoked by, for 
example, the static components of 
pedestrian force or the wind action. 

- The precision of the results depends 
on how accurately the equivalent 
damping coefficient cp represents the 
effects of the pedestrian action.  
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