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ABSTRACT

The objectives of this thesis are the detection and characterisation of intense
events in turbulent wall-bounded flows, and to elucidate whether these
events are controlled by quasi-linear dynamics or not. Specifically, to de-
termine if ‘Orr bursts’, eddies whose dynamics can be described using the
linear Orr–Sommerfeld equation, appear in fully nonlinear channel flows.
Channel flows constitute the simplest wall-bounded flow and thus can be
used as amodel of the dynamics of turbulence in the vicinity ofmore general
solid surfaces, like boundary layers or pipes.
The first part of this thesis focuses on the detection and characterisation

of these events using full information from the flow. The velocity fields of
time-resolved databases of channel flows are filtered using both complex
band-pass filters, and real-valued low-pass filters. The former allow the com-
putation of local amplitudes and local phases of the turbulent field within
a range of wavenumbers, making direct comparisons with the wave-based
lineal theory possible. The later bridge the gap between the localised wave-
packets obtained from the band-pass filtered fields and turbulent eddies in
physical space. TheOrr bursts are found to populate the shear-dominated re-
gions of the channel flow, with self-similar sizes respect to the wall, and time
scales controlled by themean shear. These events collaborate at sustaining
the streamwise velocity streaks. The combination, and consistent results
obtained from both filtering approaches, reveals striking similarities with
theQ2-4 pairs responsible for momentum transfer in channel flows, strongly
suggesting that the dynamics of the largest tall-attached eddies responsible
for momentum transfer are well described by quasi-linear Orr bursts.
Second, the possibility of sensing the flow field far away from the wall is

explored, using contemporaneousmeasurements of the three stresses at the
wall. The equation for the pressure at the wall is investigated, uncovering
that only a small portion of the flow is responsible for generating said pres-
sure, and that the best possible estimation of the flow that can be inferred
exclusively from the equation is unphysical, as it does not consider other
constrains of the Navier–Stokes equations (NSE). The equation does how-
ever suggest that reasonable, data-driven reconstructions of the source term
are possible bymeans of the cross-correlations of the source term and the
pressure, which are also related to each other by the linear equation. The
form of this reconstruction is found to be equivalent to Linear Stochastic
Estimation (LSE), allowing the reconstruction of other quantities that, unlike
the source termof the pressure, do not have a linear equation linking them to
the wall, e. g. the velocities. Reconstructions of the source term and the velo-
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cities are computed, and their properties show that only large eddies which
scale with the distance to the wall are observable, suggesting a quantifiable
definition of attached eddies.
Finally, the possibility of using LSE to detect Orr bursts fromwall meas-

urements is explored. The intense events can be detected using a complex
band-pass filtered linear operator, similar to the one used to reconstruct the
flow. Themost intense events can be detected as they happen, but cannot
be predicted with short anticipation, which requires full information from
the flow. Even though the nature of their linearities differ, the increased per-
formance of the linear reconstructions in the flow regions which correspond
to linear Orr events reassures that this events are reasonably controlled by
themean shear.



RESUMEN

Los objetivos de esta tesis son la detección y caracterización de eventos
intensos en flujos turbulentos delimitados por paredes, y elucidar si estos
eventos están controlados por dinámicas cuasilineales o no. Específicamen-
te, determinar si los “Orr bursts”, remolinos cuyadinámica sepuededescribir
usando la ecuación lineal de Orr–Sommerfeld, aparecen en flujos de canales
completamente no lineales. Los flujos de canal constituyen el flujomás sim-
ple limitado por paredes y, por lo tanto, se pueden emplear comomodelo
de la dinámica de la turbulencia en la vecindad de superficies sólidasmás
generales, como capas límite o tuberías.
La primera parte de esta tesis se centra en la detección y caracterización

de estos eventos, utilizando información completa del flujo. Los campos
de velocidad de flujos de canal almacenados en bases de datos resueltas en
el tiempo se filtran, utilizando tanto filtros de pasa banda complejos como
filtros de pasa bajos reales. Los primeros permiten el cálculo de amplitudes
locales y fases locales del campo turbulento, a la vez que aislan un rango
de números de onda, haciendo posibles comparaciones directas con la teo-
ría lineal, que está basada en ondas. Los filtros pasa bajos cierra la brecha
existente entre los paquetes de ondas localizados obtenidos de los campos
filtrados con el pasa banda y los remolinos turbulentos en el espacio físico.
Se demuestra que los “Orr bursts” ocupan las regiones dominadas por la
cortaduramedia del canal, con tamaños autosemejantes respecto de la dis-
tancia a la pared, y con escalas de tiempo controladas por la cortaduramedio.
Estos eventos colaboran para mantener las ‘streaks’ de la perturbacion de la
velocidad en el sentido del flujo. La combinación y los resultados consisten-
tes obtenidos con ambos filtros revelan similitudes sorprendentes con las
parejasQ2-4, responsables de la transferencia demomento en los flujos de
pared; lo que sugiere fuertemente que los remolinos más grandes asociados
a la transferencia demomento están razonablemente bien descritos con la
dinámica de los “Orr bursts” cuasilineales.
En segundo lugar, se explora la posibilidad de detectar el campo de veloci-

dades lejos de la pared, utilizandomediciones contemporáneas de los tres
esfuerzos limitados a esta. Se investiga la ecuación para la presión en la pa-
red, descubriendo que solo una pequeña porción del flujo es responsable en
generar dicha presión, y que lamejor estimación posible del flujo que puede
inferirse exclusivamente de la ecuación no es física, al no considerar otras
restricciones de las Navier–Stokes equations (NSE). Sin embargo, la ecua-
ción sugiere que es posible obtener reconstrucciones razonables mediante
las correlaciones cruzadas del término fuente y la presión, que también es-
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tán relacionadas entre sí por la ecuación lineal. Se encuentra que la forma
de esta reconstrucción es equivalente a Linear Stochastic Estimation (LSE),
permitiendo así la reconstrucción de otras cantidades que, a diferencia del
término fuente de la presión, no tienen una ecuación lineal ligándolas a
la pared, como por ejemplo, las velocidades. Se calculan las reconstruccio-
nes del término fuente y de las velocidades, y sus propiedades muestran
que sólo los remolinos grandes que se escalan con la distancia a la pared
son observables, lo que sugiere una definición cuantificable de remolinos
‘attached’(ligados) a la pared.
Finalmente, se explora la posibilidaddeusar LSEpara detectar “Orr bursts”

a partir demediciones en la pared. Los eventos intensos pueden detectarse
utilizando un operador lineal filtrado con el filtro pasa banda complejo,
similar al utilizado para reconstruir el flujo. Los eventos más intensos se
pueden detectar a medida que ocurren, pero no se pueden predecir con
poca anticipación, debido a que esto último requiere información completa
del flujo. Aunque la naturaleza de sus linealidades difiere, el rendimiento
de las reconstrucciones lineales en las regiones de flujo que corresponden a
eventos de Orr lineales es mejor que en el fondo turbulento, corroborando
que estos eventos están razonablemente controlados por la cortaduramedia.
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1
INTRODUCT ION

In this chapter we provide a concise introduction to the turbulence phe-
nomenon. Turbulence, as an ‘open’ centenary problem, is a sufficiently vast
topic that allows for an introduction spanning several many-paged volumes;
or at least a considerably large one [172]. Instead, here we offer a short de-
scription of the features of turbulence directly related to the matters dis-
cussed in the remaining chapters. We refer the reader to any of the many
available monographs on the topic [15, 33, 95, 129, 166, 173] for a detailed
description of turbulence as a phenomenon, and as an open problem.

1.1 WHAT IS ‘TURBULENCE’?

Most people, including those without any scientific background, have an
intuitive notionofwhat turbulence is. For some, it evokes swirls in the oceans
or in the atmosphere, whereas othersmay have observed it in waterfalls or in
the smoke of a cigarette. More universal is perhaps the fear suffered bymost
when the term is invoked in a flight overseas. On the contrary, other flows
are known tomove smoothly or in the ‘laminar’ regime. For example, very
viscous flows such as honey appear uniformwhen stirred, and barely opened
taps produce a crystal-clear streamof water. If the later are examples of flows
moving ‘slowly’, the former show different aspects of the same phenomenon,
which can be observed when fluids aremoving fast enough, andmay serve
as an intuitive definition of turbulence.
However, a scientific definition of turbulence requires universal concepts

capable of representing the reproducible characteristics of the previous
examples. Even if turbulence research pioneered in themid XIX century [32,
54], a satisfactorydefinitionof thephenomenon, even if just qualitatively, has
been elusive ever since and still remains a subject of controversy within the
research community. Here we list some of features that are widely accepted
as characteristics of turbulent flows, but the reader should be aware that
some of themmay be controversial for other scientists [166, 173].

DISSIPATION Turbulent flows are highly dissipative, and thus capable of
thermalising more kinetic energy into heat than their laminar counter-
parts. Owing to their high dissipation, turbulent flows are responsible
for approximately 25% of theworld’s energy consumption [67], asmost
flows that are transported through pipes, such as water or oil, are in
the turbulent regime, as well as the flows surrounding our vehicles

1



2 | INTRODUCTION

are mostly turbulent. Unlike in laminar flows, dissipation in turbulent
flows is extremely robust and independent of most of the characterist-
ics of the actual flow, when properly normalised [172].

CHAOS Turbulent flows are not smooth, but highly irregular or ‘chaotic’.
Note that this is different from randomness, as turbulent flows are
believed to satisfy the deterministic Navier–Stokes equations (NSE). In
a turbulent flow, the same state will always evolve into the same flow,
but a small perturbation of the initial conditions will give a completely
different outcome [144]. It is alsoworth noting that chaos is an intrinsic
property of the equations, i.e. no external stochastic forcing is required
for chaos to develop. A direct consequence of their chaotic nature is the
loss of dependence of the statistical properties of turbulent flows from
their initial conditions. In a general sense, different realisations of the
same flow, e.g. water through a pipe of a given diameter andmass flux,
will have the same statistical properties even if the detail of velocity
patterns are completely different across experiments.

DIFFUSIVITY Turbulence is transport. Turbulence strongly enhances diffu-
sion of momentum, energy, temperature, or passive objects (mixing).
This is a necessary but not sufficient property of turbulent flows, as
many laminar flows can have turbulent-like mixing properties over
passive scalars, e.g. different species or small particles can bemixed as
fast by certain laminar flows as if they were turbulent[172].

SEPARATION OF SCALES In the atmospheric boundary layer, for example,
turbulent perturbations range from hundreds of kilometres to several
micrometres. Several of these different scales interact with each other,
often exchangingmomentum or energy among them. The large separ-
ation of interacting scales is one of the key aspects making the study of
turbulence an extremely complicated subject.

NON-LINEARITY Turbulence is a highly non-linear phenomenon. Non-
linear interactions are responsible for sustaining turbulent processes
across scales. Noteworthy is the capability of the velocity gradients
to amplify themselves and interact non-locally, which is the ultimate
source of all the previous properties.

All of these characteristics are universal of fully developed turbulent flows,
although specific differences exist for different flows, like boundary layers,
jets or accretion disks.
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1.2 HISTORICAL REMARKS

For amonograph on this topic, the reader is referred to

Davidson et al. [34] and references therein.

�

Interest in turbulence predates modern science, and references as old as
the work of Leonardo da Vinci (c. 1500) exist. However, a formal scientific
study had to wait until the experiments of Hägen [54, 55] and Darcy [32],
who independently found two different flow regimes in duct flows. In the
first regime, the pressure drop was linear with the velocity and the kinematic
viscosity of the fluid, while in the second the pressure drop was quadratic
with the velocity and independent of the viscosity. Note that this second
regime poses a striking implication, as the turbulent dissipation ε per unit
volume and time in an incompressible flow is,

ε = ν‖∇u ‖2, (1.1)

where ν is the kinematic viscosity, ∇ is the gradient operator, ‖ • ‖2 is the
squared L2-norm andu is the velocity vector. Equation (1.1) implies that if
the dissipation remains constant in the limit of vanishing viscosity, the gradi-
ents have to become unboundedly large; a property which is often called
the dissipation anomaly of turbulent flows [173]. Following the experiments
of Hägen and Darcy, Boussinesq [22] distinguished for the first time the ‘tu-
multuous’ (turbulent) and ‘smooth’ (laminar) regimes of fluid flows. He also
observed that the former had enhancedmomentum transport and dissipa-
tion, and introduced for the first time the concept of an eddy viscosity, which
linearly accounted for the transport enhancement owing to the turbulent
strain field. Towards the end of the century, it was Osborne Reynolds [136,
137] who made some important advances in the field, most still relevant
today. His most important contribution is the identification of the critical
parameter which controls the transition to turbulence from laminar regime
in incompressible flows. This non-dimensional quantity that now bears his
name, the Reynolds number, is the ratio between the characteristic time of
inertial and viscous dynamics,

Re =
u∗ℓ

ν
, (1.2)

where u∗ is a characteristic velocity and ℓ is a characteristic length of the
flow. When Re is large, inertial dynamics dominate the flow motion, and
flows eventually become turbulent. Reynolds also realised that the turbulent
regime was to complex to pursue a detailed description of the flow, and
thereby a statistical description wasmore useful. Therefore, he introduced
the Reynolds decomposition of the velocity field respect to themean flow,

u = 〈u〉 + (u − 〈u〉) = U + q , (1.3)
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whereU is themean velocity, q is the fluctuating velocity and 〈•〉 is the en-
semble average.When trying topose equations forU , knownas theReynolds-
Averaged Navier–Stokes (RANS) equations, he realised that they are similar
in nature to the NSE, but contain an additional term, the Reynolds stress
tensor 〈qTq〉. Because the Reynolds stresses cannot be determined solely
from the mean components, a closure problem arises, and models are re-
quired to obtain an autonomous set of equations for the average flow. After
the works of Reynolds, several authors, with Kármán [78], Prandtl [130] and
Taylor [163] among them, proposed closuremodels inspired by the kinetic
theory of gases, built upon an analogy between turbulent eddies in the flow
and molecules in a gas. These mixing length models estimate the length
and velocity scales which are required for an eddy viscosity, as proposed by
Boussinesq [22].
Almost contemporaneously, Rayleigh [134], Orr [124] and Sommerfeld

[154] studied for the first time the linear stability of shear flows, in an at-
tempt of linking potential instabilities of themean flow to the transition to
turbulence. The field of linear stability analysis has succeeded at explaining
several properties of shear flows ever since, andwewill see that some of their
predictions are central to this thesis.
At the beginning of the XX century, Richardson [139] proposed a very suc-

cessful multi-scale hierarchical model of turbulence. Themodel postulates
that energy is introduced in the flow at large scales or in large eddies, which
then break into smaller ones due to turbulent (non-linear) dynamics. This
process is repeated successively until the eddies are small enough to be dis-
sipated viscously. He famously summarised themodel inWeather prediction
by numerical process [140], in the form of a short rime,

Big whirls have little whirls that feed on their velocity,

and little whirls have lesser whirls and so on to viscosity.

This phenomenological picture of turbulence remains (after some formalisa-
tion) as one of the widest acceptedmodels for macroscopic energy transfer
in turbulent flows.
In the 30s, Taylor [164, 165] introduced several useful concepts, which are

still relevant in turbulence research. One practical approximation, used in ex-
periments nowadays, is the Taylor’s frozen turbulent hypothesis, that relates
temporal to spatial derivatives, assuming that the passing time of turbulent
eddies due to the advection by the mean flow is considerably faster than
their internal dynamics. He also introduced the use of velocity correlations
and Fourier transforms, and defined the concept of Homogeneous Isotropic
Turbulence (HIT), showing that this flow is statistically similar to the flow
in a wind tunnel after going through a grid. HIT is a turbulent flow where
every statistic is translation, rotation and reflection invariant. Its importance
in turbulent research is twofold. First, is the simplest form of turbulence
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that carries all of the characteristics enumerated in §1.1. Second, for scales
sufficiently small, is believed1 that most turbulent flows are equivalent to
HIT. From the concept of HIT, Kármán and Howarth [79] formulated an
equation that describes the energy transfer between different wavelengths,
known as the Kármán–Howarth equation.
In the following decade, and upon the concepts foreseen in Richardson’s

model, and the Kármán–Howarth equation; the works of Kolmogorov [88,
89] (usually abbreviated as ‘K41’) produced one of the very few successful
predictions in turbulence: The -5/3 slope of the turbulent energy spectra.
Consider that Richardson’s model holds, and that we are dealing with an
HIT flow in statistically steady state. In this flow, the energy is injected at
(large) scales of size∼ ℓE , e.g. in the aforementioned grid-in-a-wind-tunnel
experiment, ℓE would be the characteristic length of the grid. A turbulent
eddywith characteristic size ℓI , and characteristic velocityuI , breaks in times
of the order of its eddy turnover time, tI ∼ ℓI /uI . Following Richardson’s,
this processes is repeated each step, and the energy transferred in each step
isu2

I /tI = u3
I /ℓI . Because the flow is in statistical equilibrium, the average

energy transfer has to be balanced by the average dissipation (1.1),

ε ∼
u3

I

ℓI

−→ uI ∼ (εℓ)1/3, (1.4)

which gives a relation between the characteristic size and velocities of these
eddies. The break-up process cannot hold forever. Every step divides the
characteristic length by some factor, and at some point the eddy turnover
time tI is comparable to the viscous time scale tν ∼ ℓ2/ν; which implies that
the eddy dissipates its energy before cascading forward and thus the cascade
process ends. Equating both times gives,

tη = tν → η

uη
=
η2

ν

(1.4)−−−→ η

(uηε)1/3
→ η =

(
ν3

ε

)
, (1.5)

where η is the Kolmogorov scale. For the scales ℓI to remain inviscid, ℓI ≫ η;
and they are called inertial when they also far from the energy-injection (or
integral) length scale, ℓE ≫ ℓI . Using dimensional analysis, it can be seen
that the energy spectra of the inertial range follows,

Φuℓuℓ ∼ ε2/3k−5/3
, (1.6)

where k ∝ 1/ℓ is the spatial wavenumber. As anticipated, (1.6) is one of the
most sound predictions obtained in turbulence research, even if most of the
assumptions preceding it are now known to be inaccurate [16]. Kolmogorov’s

1 Although never proved, and controversial [92], is generally accepted that for sufficiently large
scale separation, i.e. high enough Re, scales far away from the energy-injection range should
be roughly isotropic [88].
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model was later used by Onsager [123] to show that in the limit of vanishing
viscosity, (1.1) gives constant dissipation, consistently with the observations
of Hägen and Darcy among others.
Kolmogorov’s theory reasonably predicts the scaling of the energy spec-

tra across the ‘inertial’ range of scales, which is a second order moment,
but experiments showed that higher moments are not predicted correctly
[16]. The reason for the poor scaling of the high-order moments is that flows
are intermittent, i.e. non-Gaussian, which is not accounted for in the ori-
ginal cascademodel. More refinedmodels of turbulent cascades have been
proposed, including Kolmogorov [90] whichmodifies the original theory to
account for intermittency. Another successful branch of models account for
intermittency usingmultiplicative cascades, proposed by Frisch et al. [50]
and refined bymany [49, 63, 113]. Another successful family of models are
the shell models, which sacrifice locality in space for simplicity [19].
During the 1960–70s, several important advances were made. First, the

fast development of experimental techniques allowed the visualisation of
coherent motions in both closed [87] and open flows [23]. Up to this point,
the only descriptions of turbulence were statistical, disregarding the flow
structure, and the realisation that organisedmotions exist within turbulent
flows was paradigm-breaking.
In the 70-80s, the growth in computing power allowed Orszag and Pat-

terson [125] to perform the first Direct Numerical Simulation (DNS). Later,
Rogallo [142] increased theReynoldsnumberofOrszagandPatterson,provid-
ing the first simulation of turbulence with an incipient scale separation. In
the same decade, Kim et al. [85] and Spalart [156] produced the first simula-
tions of canonical wall-bounded flows, which clarifiedmany of the observed
features of wall-bounded flows despite their marginally turbulent Reynolds
numbers. The quest for a larger Reynolds number (which requires larger
simulations) lying in the ‘experimental’ range has not stopped ever since.
In the context of HIT, Jiménez et al. [76] increased Rogallo’s grid by a factor
of 4, from 1283 to 5123 degrees of freedom, and a decade later Yokokawa
et al. [185] elevated it up to 40963. For wall-bounded flows, a similar story
holds, with the works ofMoser et al. [119], Álamo and Jiménez [6], Hoyas and
Jiménez [57], Lee andMoser [93], in channel flows; and Jiménez et al. [72]
and Sillero et al. [152] in boundary layers. Nowadays the Reynolds numbers
that simulations can achieve are comparable to experiments in many cases,
and the challenges of DNS aremore related to domain sizes [102] or storing
time-resolved data efficiently [103, 174].
The last decades have seenmany fruitful advances, andmany different

approaches have been use to try to understand turbulence dynamics in
a simpler way. Standing over the concepts of coherent motions, Cardesa
et al. [26] studied intense energy events locally in time, scale and space—
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5 dimensions—, showing that the energy transfer (cascade) processes are
reasonably local across all the dimensions. A different approach to turbulent
research, often called dynamical systems approach has been very active in
the last decades. The basic idea consists in reinterpreting a turbulent flow
as a highly dimensional system evolving in time as a point in the space
of all the degrees of freedom. A famous early example exists in the works
of Lorenz [98], which constructed a extremely reduced, forced, convective
system of just 3 degrees of freedomwith chaotic properties. One particularly
successful application of this approach to transition-to-turbulence is the
computation of exact periodic orbits, usually known as Unstable Periodic
Orbit (UPO). Although these solutions exist outside of the turbulent attractor
[41], researchers believe that the flow spends nontrivial time in the vicinity
of these orbits [29]. Since the early computations by Kawahara and Kida [80],
many UPOs have been computed for several flow configurations [12, 31, 35,
52, 73, 149], although their dynamical relevance is still a matter of debate.

1.3 WALL-BOUNDED TURBULENCE

In the previous section we intentionally cast aside the historical

advances concerning turbulent wall-bounded flows.

Wall-bounded flows are central to this thesis, and we considered

appropriated reserving a section for them.

�

Most turbulent flows in nature harvest their energy from the velocity dif-
ference between two regions, so they are shear flows. In many practical
applications, the source of the shear is a solid, impermeable surface, making
them fall in the category ofwall-bounded flows. Owing to their importance
in engineering, they have been studied from the beginning of turbulent re-
search, but due to the intrinsic complications of turbulencemany questions
remain open. Themost important theory of wall bounded flows consists on
a collection of predictions for the first order statistics of wall-bounded flows,
and is colloquially known as the classical theory of wall bounded turbulence.
The details and the historical developments of the theory canbe found in any
monograph about wall-bounded flows [129, 166, 171], and here we will only
show the predictions the theory makes about channel flows, even if most
of them are shared with boundary layers and pipe flows. Channel flows, as
sketched in figure 1.1, are arguably the simplest domain of the three, consist-
ing in the flow between two parallel infinite plates, sustained by a constant
pressure gradient. Its laminar counterpart is the classical Poiseuille flow, and
some authors also prefer this name for the turbulent case.
The assumptions made in the remainder of this sections apply to chan-

nels whose half-height ish and the streamwise, wall-normal and spanwise
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FIGURE 1.1: Top: Sketch of the channel (Poiseuille) flow. Bottom: xy -section of a
channel flow at large Re [174].

directions are x , y and z respectively. The streamwise direction is defined
by the constant pressure gradient, and thus is the only direction withmean
flow,

U = (U (y ), 0, 0). (1.7)

Note that themean streamwise profile only depends on the wall-normal co-
ordinate as both the streamwise and spanwise directions are homogeneous.
The perturbation velocities, q = (u ,v ,w ), are defined following (1.3), and
for v andw , they also constitute the total velocity. Due to the homogeneity
of the wall-parallel directions and ergodicity2 in time, any ensemble aver-
age in channel flows is equivalent to averages in the wall-parallel directions
and time, 〈·〉 ≡ 〈·〉x ,z ,t , and will be used as our ensemble average herein,
unless explicitly stated otherwise. Incompressible channel flows follow the
incompressible NSE,

mt u + u · ∇u = −∇p + νΔu , (1.8a)

∇ · u = 0, (1.8b)

2 Although is widely accepted that channel flows are ergodic, to the authors knowledge this
has never been proved.
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where p is the quotient between the pressure and the constant density and
Δ is the Laplacian operator acting on the velocity vector. Introducing (1.7)
in (1.8a), and taking the ensemble average,

my 〈uv 〉 = −mx P + νm2y U, (1.9a)

my 〈v 2〉 = −my P, (1.9b)

where P is the meanmodified pressure. The term −〈uv 〉 is usually known as
the tangential Reynolds stress, and is responsible for the shape of themean
velocity profile, whereas the pressure gradient is responsible for the total
mass flux. Integrating (1.9b),

P∗(x) = P + 〈v 2〉, (1.10)

where P∗ is an integration constant depending only in the streamwise direc-
tion, as the term 〈v 2〉 is homogeneous in x ,

dx P∗ = mx P + mx 〈v 2〉, (1.11)

and the average pressure gradient mx P is independent of y . Substituting
(1.10) into (1.9a) and integrating across the wall-normal direction gives,

〈uv 〉 = −ydx P∗ + νmyU − τ∗, (1.12)

where τ∗ is the integration constant. Particularising (1.12) at the wall y =

0 shows that the constant is equal to the average stress at the wall, τ∗ =

ν(myU ) |y=0. The constant dx P∗ can be obtained by particularising the equa-
tion at y = h,

dx P∗ =
τ∗
h
, (1.13)

where the symmetry in y of the channel makes the velocity terms vanish.
Removing the constant from (1.12) yields,

τ = −〈uv 〉 + νmyU = τ∗
(
1 − y

h

)
. (1.14)

The total tangential stress τ is linear with the distance to the wall. Because of
the role of τ∗ in (1.14) and the linearity of the equation, the square root of the
stress, the friction velocity uτ, serves as the natural velocity scale of channel
flows. It follows from (1.14) that the other two scaling variables areh and ν.
The three quantities define the parameter,

Reτ =
uτh

ν
, (1.15)

known as the friction Reynolds number, which represents the ratio between
the small friction-governed scales in the channel and the largest motions,
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and serves as the primary Reynolds number in channel flows. From the three
parameters, two different nondimensional groups can be formed. The first,
with uτ, ν/uτ and ν/u2

τ as velocity, length and time scales respectively is
known aswall units or inner units, and widely represented with a superin-
dex +. These units are appropriated to scale motions whose dynamics are
governed by viscosity or the friction at the wall. The second group is formed
byuτ,h andh/uτ, and is called outer units. Outer units are the natural scales
of motions not affected by the friction at the wall, and thus governedmostly
by inertial dynamics. The ‘unit’ time scale in outer units also receives the
name of eddy turnover time, and it represents the typical time scale of the
largest motions found in channels.
The total stress balance (1.14) can be normalised with both sets of units in

order to study the asymptotic behaviour of channels whenReτ ≫ 1. Starting
with the behaviour close to the wall, (1.14) can be nondimensionalised in
inner units,

−〈u+v+〉 + my+U +
= 1 − y

Reτ
. (1.16)

At the wall, impermeability and no-slip imply that 〈u+v+〉 = 0 andU + = 0,
allowing the integration of (1.16) in its vicinity,

U +
= f

(
y +) + O(1/Reτ), (1.17a)

〈u+v+〉 = g
(
y +) + O(1/Reτ), (1.17b)

and close to the wall, 〈u+v+〉 ≈ 0, which simplifies (1.17a) to,

U + ≈ y +
. (1.18)

These results are known as the law of the wall [130] and have been validated
experimentally [121, 135]. The region where (1.18) holds, limited in practice
to y + . 5, is known as the viscous sublayer and the region close to the wall,
where viscosity is relevant (below y + . 60), as the buffer layer. The relations
(1.17) are valid approximately up to y/h ≈ 0.2.
In order to study the behaviour of the total stress far away from the wall,

equation (1.14) can be normalised using outer units,

−〈u+v+〉 + 1

Reτ
myU +

= 1 − y/h, (1.19)

which in the limit Reτ → ∞ simplifies to

−〈u+v+〉 ≈ 1 − y/h, (1.20)

which in practice is valid for y + & 100. While (1.20) does not provide inform-
ation about themean profile, it follows from it that far away from the wall
viscosity is irrelevant for the dynamics thereof. Kármán [78] showed that

U + −U +
c = F (y/h), (1.21)
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constructed using dimensional arguments. Equation (1.21) is known as the
velocity defect law. The relation (1.17a) is valid when y ≪ h, whereas (1.21)
is valid if y + ≫ 1. Regardless of the empirical values of the validity limits for
these laws, at high Reynolds numbers theremust exist a region far enough
from the wall where the mean profile is dominated by inertial forces but
small enough to be unaffected by the channel height. This region is known
as the intermediate region. In this layer, both (1.17a) and (1.21) are valid, and
hence,

U = uτf
(
y +)

, (1.22a)

U = Uc + uτF (y/h). (1.22b)

Equations (1.22) can bematched using their gradients to avoid the constant
Uc ,

y +dy+f
(
y +)

=
y

h
dy/hF (y/h) = κ−1, (1.23)

where the equating constant κ−1 follows from the lack of common variables
between both terms. This constant is known as the Kármán constant , as it
was first obtained by Kármán [78] using similarity arguments. Themethod
used here, matching the zeroth-order asymptotic expansions (1.17a) and
(1.21) isdue toMillikan [115]. Thevalue κ is thought tobeauniversal constant
for wall-bounded flows, but the values obtained from different DNS and
experiments are scattered around κ ≈ 0.4. Equation (1.23) can be integrated
to,

U +
=
1

κ
log

(
y +) + A, (1.24a)

(U −Uc )+ =
1

κ
log(y/h) − B , (1.24b)

where A is known as the intercept constant and its value depends on the
roughness of the wall [64, 121]. Because equations (1.24) imply a logarithmic
mean profile, the intermediate region is usually known as the logarithmic
region, and it existence has seen agreement both experimentally and numer-
ically atReτ & 1000. Nevertheless, other theories for the intermediate region
exist, considering, for example, no velocity scale or a virtual origin [122] or
the centerline velocity as the velocity scale [182]. The character of this region,
as well as the value of the Kármán constant if considered logarithmic, are
of great importance for several turbulencemodels [81, 157], and its acurate
measurement is one important contribution of high-Re DNSs.
The validity of both inner and outer approximations, as well as the logar-

ithmic region, are gathered in figure 1.2, which shows themean profiles of a
wide range of Reynolds numbers (550–4200).
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FIGURE 1.2:Mean profiles of channel flows at Reτ∈(550, 4200). Colours are differ-
ent Reτ simulations, 550 [7], 934 [7], 2003 [57], 4200 [102]; the data is
available at the Jiménez group database http://torroja.dmt.upm.es/.
(a) Scaling in inner units. The dotted line is (1.18), and the chained line
its validity limit, y + ≈ 5. The dashed line is the end of the buffer layer
y + ≈ 100. The short vertical colored lines are y/h ≈ 0.2 for each sim-
ulation, the empirical validity limit of (1.17). The solid thick line is a
logarithmic profile as (1.24a) with κ−1 = 0.4, A = 5. (b) Scaling in outer
units. The short vertical lines fence the validity of (1.21) for each sim-
ulation, y + ≈ 100. The dashed line marks the end of the logarithmic
region, y/h = 0.2. The thick solid line is a logarithmic profile as (1.24b)
with κ−1 = 0.4, B = 0.2.

1.4 COHERENT MOTIONS IN WALL-BOUNDED FLOWS

For a recent perspective on the state of the art of the description

of wall-turbulence in terms of coherent motions, the reader is

referred to Jiménez [69].

�

The asymptotic relations in §1.3 offer some information about the be-
haviour of the mean profile and about the mean Reynolds stress, but no
information about the instantaneous flow structures whatsoever. As in any
other turbulent flow, the velocity perturbations in channel flows are not
random, and appear in the form of turbulent eddies. Owing to the inhomo-
geneity across the wall-normal direction, these eddies are expected to be
reasonably different in the three different regions of the channel: the buffer,
logarithmic and outer layers.
The buffer layer is themost studied and best understood region. This is

partially due to the early availability of DNSs, but also because its dynamics
are the simplest of the three regions. Because of the dominating effect of the
viscosity, there is no separation of scales in the buffer layer, and production
and dissipation occur essentially at the same length scales [65]. The most
well-known example of coherent structure in wall-bounded flows are the
streamwise velocity streaks (or simply streaks) thatpopulate thebuffer region.

https://torroja.dmt.upm.es/channels/data/statistics/
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They had been observed in early experiments [20, 83, 87], and in the first
DNS [85]. It was shown by Jiménez andMoin [74] that the streaks take part in
a cycle together with quasi-streamwise vortices. The cycle is thereof capable
of sustaining turbulent activity in the buffer layer, independently of the
dynamics of the outer regions. Many other works have enriched this view
of the buffer layer [56, 73, 75, 150, 177] using very different approaches,
from linear stability of a streaky turbulent background to exact coherent
motions (UPOs). Theoverall picture consist in a streaky background that gets
destroyed due to (quasi-linear) instabilities, seeding turbulent kinetic energy
to non-linear processes that generate quasi-streamwise vortices which in
turn regenerate the streak due to the ‘lift-up’ of the mean profile. At large Re,
structures from the outer layer extend to the wall, affecting the structures
there. Some models exist for this effect [108], which is known to be more
than a simple superposition of the large (outer) scales over the small scales
in the buffer layer.
Several theories coexist in the logarithmic region.Despite their differences,

most of them are consistent with the celebratedmodel of Townsend [171],
knownas theattached eddymodel. The general idea is that in the logarithmic
region there is no scale other thanuτ, as neither ν nor h are appropriated
for this region. Themissing scale is the distance to the wall y , which implies
that the dynamics of the eddies that contribute to the Reynolds stress are
self-similar with the distance from the wall. This suggests that, aside from
inactive motions [171] which do not contribute to themean Reynolds stress,
the largest scales at every height within the logarithmic region should be self-
similar.Up to know, there is ample experimental evidence of self-similarity in
the logarithmic region [101, 109, 111], although it is seen below that different
authors propose different eddies as self-similar ‘building blocks’ for the
logarithmic layer.
Note that there is a different scale that can be used to complement the fric-

tion velocity in the logarithmic layer, and is the time scaleS−1 imposedby the
mean shear S . Even if for an exact logarithmic profile, both nondimensional
groups are equivalent (y +S+ = κ−1), the physical interpretation is slightly
different. In the former interpretation, the group suggests that the structures
are constrained in size by the distance from the wall, and observations from
transition inspired some authors to believe that the structures where created
in the buffer layer and grew in size until they could not grow any bigger. In
the later scenario, the largest eddies are generated by taking energy from the
mean shear, and their length scale is dictated by inertial dynamics. Because
themean profile is a product of the non-linearity of the NSEs, both views are
equivalent, except for thementioned growthmechanism, which is not dir-
ectly implied by the self-similarity. Considering recent contributions, there
is growing evidence [66, 68, 100, 116, present work] that the turbulent eddies
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in the logarithmic region are generated by dynamics controlled by themean
shear.
The oldest ‘building block’ that was proposed to describe wall-bounded

flows is due to Theodorsen [167], and is known as the horseshoe vortex. In-
spired by the horseshoe, and the self-similarity of Townsend [171], Perry and
Chong [127, 128] proposed amodel consisting of self-similar lambda wall-
attached vortices. Their characteristic velocity isuτ and their length y , and
following Townsend [171] their density is inversely proportional to y in order
to recover a logarithmic profile. Similar to the lambda and horseshoe vor-
tices, a refinedmodel was proposed by Adrian et al. [3], known as the hairpin
packet model. Themodel consists in a concatenation along the streamwise
direction of horseshoe/hairpin vortices, which grow from the wall until they
reachouter-scale sizes, in timesmuch longer than their typical eddy turnover
[186]. The packets are associated to low streamwisemomentum regions, and
rely on several growth mechanisms [169]. Recent DNS simulations have
shown that hairpin packets populate transitional boundary layers [183], but
they are absent in other simulations at large Re [146, 152]. Recent works,
such as Dennis and Nickels [36] recover only pieces of hairpins, e. g.‘legs’,
‘heads’, when analising high-Re databases, questioning their relevance in
turbulence far from transition.
A different family of structures can be traced back to the early experiments

by Kline et al. [87]. In these experiment, the authors identified streamwise
streaks as well as bursts of wall-normal velocity, that moved low streamwise
momentum far away from the wall. This qualitative realisation was later
formalised inWallace et al. [178] and Lu andWillmarth [104] in the quadrant
analysis, which is used to detected intense regions of local intense Reynolds
stress−uv which in turn canbeused to detect the ejections of Kline et al. [21].
A review of these early experiments, emphasising the ambiguities and con-
troversies of structures in wall turbulence is Robinson [141]. The quadrant
analysiswas extended to three dimensions usingDNSdata by Lozano-Durán
et al. [101] which uncovered that two different families of uvsters exist, the
ones attached to the wall, which extend from it up to a certain distance; and
the detached. The attached family has self-similar sizes and aspect ratios
across the logarithmic layer of channels. Their instantaneous structure is
far from smooth, with fractal-like topologies. Lozano-Durán and Jiménez
[103] extended the three dimensional analysis to time, showing that the time
scales are also self-similar. Moreover, they found that the ejections (Q2, pos-
itive v , negativeu) and sweeps (Q4, negative v , positiveu) are not unrelated,
and usually come in pairs of sweep and ejection. This pair constitutes an
skew-symmetrical object in the spanwise direction, in contrast with the sym-
metrical horseshoe/lambda/hairpin vortices model. Similar structures can
be found in homogeneous shear flow simulations [38], although these are
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FIGURE 1.3: Top: Sketch of the hairpin packet model as devised by Adrian et al.
[3] © Cambridge University Press. Bottom: Sketch of a pair of sweep-
ejection pair and their time evolution, courtesy of [99].

completely symmetrical in y whereas in channels the sweeps tend to be
bigger than the ejections. The symmetry across the spanwise direction is
an important difference because the instabilities capable of creating skew-
symmetrical perturbations in channels are stronger than their symmetrical
counterparts [177]. A sketch of the structural model is showcased in figure
1.3.
A different approach used to obtain characteristic ‘eddies’ consist on com-

puting the eigenfunctions (or singular value decomposition) of a tensor of
interest, believed to capture some relevant piece of information about the
flow. Themost prominent example in fluidmechanics are the Proper Ortho-
gonal Decomposition (POD), which are the eigenfunctions of the two-point
(two-time) cross-correlation tensor,

Cij (x , x ′
, t , t ′) = ui(x , t )u j(x ′

, t ′). (1.25)
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It was introduced by Lumley [105] and its known in other fields as the Karhu-
nen–Loève decomposition. Due to the translation invariance across the
stream and spanwise directions, these eigenfunctions are Fourier modes
for x and z . Nevertheless, they can be ‘compacted’ [117] to construct eddies
representative of the energy-containing scales of the flow. Different tensor
decompositions are possible. The origins of Adrian’s hairpins can be traced
back to a similar approach but using the LSE operator. Other tensors used
to identify characteristic motions are the resolvent operator of McKeon and
Sharma [110], which contains full information of the linearised NSE; the
DynamicMode Decomposition [147], which identifies temporal frequencies
and their associated spatial structure; or the somewhat exotic product of the
controllability and observability Grammians [143], which balance modes
according to a mixed criterion. One drawback of these methods is that is
usually hard to identify (visualise) similar features in instantaneous flow
fields.

1.5 AIMS

There are two independent but related goals to this thesis. The first and
most important is trying to provide a better dynamical description of the
mostly kinematic Q2-4 pairs of Lozano-Durán and Jiménez [103]. The second,
more practical, is studying towhich extent is detecting these (and other) flow
structures from limitedmeasurements of the flow fields.
Attempts to improve the knowledge about the dynamics of these objects

are not new. In two works that can be considered roots for the first part of
this thesis [66, 68], Jiménez linked a linearised transient growthmechanism
[124] to the dynamics of fully nonlinear channel flows. However, these works
where limited to unlocalised structures inminimal channels, whichmade
very difficult relating them to the localised objects of other authors.
For the second part, the relation of the different variables at the wall (pres-

sure, and the two shear stresses) with the velocities far away from it is ana-
lysed. Inspired by the results obtained in the first part, a simple linear estim-
ator is chosen to estimate the flow far away from thewall, and the capabilities
of this method to detect coherent objects are emphasised.
Finally, the possibility of detecting bursts solely fromwall measurements

is explored, as well as the differences this entails with respect to detection
from full data.

1.6 CONTENTS

The remainder of this manuscript is organised in four chapters. Chapter 2 is
devoted to the characterisation of quasi-linear dynamics in channel flows.
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For this purpose, a novel method which locally approximates the flow fields
as streamwise wave-packets is proposed, bridging this way the gap between
the linear mechanisms and localised objects. These methods are applied
to time-resolved databases of channel flows, in an attempt to elucidate the
dynamics controlling themomentum-carrying eddies of the logarithmic re-
gion. These quasi-linear eddies sharemost of their properties (if not all) with
the (attached) momentum carrying eddies of [101, 103], strongly suggesting
that the dynamics controlling the later aremostly linear. The contents of this
chapter are under consideration for publication in the Journal of FluidMech-
anics, under the title “Momentum transfer by linearised eddies in turbulent
channel flows”, with J. Jiménez as a coauthor.
Chapter 3 analyses the relation of the different observables at the wall

with the flow field far from it. The flow fields are found to be observable
at relatively far distances even with a relatively simple linear method. The
quality of the reconstructions is analysed and found to be self-similar re-
spect to the distance to the wall, suggesting that the observables eddies
are those attached to the wall. It is also shown that the reconstructions of
the velocity fields contain a significant amount of the streamwise velocity
perturbations and of the tangential Reynolds stress. The contents of this
chapter are published in Physical Review Fluids (4, 114603), under the title
“Logarithmic-layer Turbulence: a view from the wall”, with J. Jiménez as a
coauthor; and in the Proceedings of the CTR Summer Program (2018, pp.
217–226), with the different title “Reconstructing channel turbulence from
wall observations”, and A. Lozano-Durán and J. Jiménez as coauthors.
In chapter 4, the results from previous chapters are used to develop a

methodcapableofdetect intense turbulent events fromthewall. Theanalysis
shows that the events that can be detected at a given wall distance are larger
than themost energetic. It is argued that the detected structures are the ‘feet’
of the Orr bursts.
In the fifth and last chapter we discuss the significance of the results of

this thesis and conclude.





2
L INEAR I SED EDDIES IN CHANNEL FLOWS

The contents of this chapter are under consideration for publication in

the Journal of Fluid Dynamics, in a paper titled “Momentum transfer

by linearised eddies in channel flows”, with J. Jiménez as a coauthor.

�

Nonlinearity is an essential characteristic of turbulent phenomena [166].
Linear models of statistically steady turbulent flow neither retain its chaotic
behaviour [144] nor its self-similar multi-scale organisation [89]. In addition,
linear models cannot predict the intensity of turbulent perturbations. Nev-
ertheless, some features of shear flows, such as the structure of the velocity
perturbations at the energy-injection scale, can be described reasonably
well by the linearised Navier–Stokes equations. In fact, since the source of
turbulent kinetic energy in a shear flow is themean shear, it is unavoidable
that at least part of the energy productionmechanism should be linear, in
the sense of involving interactions of the perturbations with themean flow,
rather than of the perturbations among themselves.
The best-known example is the Kelvin–Helmholtz instability of mean pro-

files with inflection points, which controls many of the properties of the
large-scale structures in fully turbulent free-shear flows [23]. On the contrary,
the mean profiles of wall-bounded flows lack an inflection point, and are
linearly stable [138]. Still, attempts to derive properties of wall-bounded
turbulence by assuming that the mean profile is marginally stable to per-
turbations have a long history [107], and it has been known for some time
[24] that modally stable linearised perturbations can transiently grow by
drawing energy from themean shear. Many linear models reproduce some
of the large-scale features of channel flow well from linearised dynamics
[11, 44, 58].
One suchmechanismwas proposed by Orr [124]. The cross-shear velocity

component (wall-normal in wall-bounded flows) is amplified over times
of the order of the inverse of the shear when backwards-leaning perturb-
ations are tilted forward by the mean velocity profile. The perturbations
grow until they are normal to the shear and are damped past that point,
because continuity requires that the change in vertical scale due to the tilt-
ing is balanced by the velocity amplitude. Since perturbations eventually
decay, there is no net production of kinetic energy for the wall-normal velo-
city, but, for three-dimensional perturbations whose wavefronts are oblique
to the mean stream, some of the energy is transferred to the other two ve-
locity components. Moreover, since continuity does not interact with the

19
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wall-normal variation of the wall-parallel velocities, the effect of this ‘lift
up’ remains after the wall-normal velocity has vanished [66], forming the
characteristic streamwise-velocity streaks that populate wall-bounded flows
[87]. Because the growth of the wall-normal velocity is much shorter-lived
than the resulting streaks, we use the term ‘burst’ to describe it. The term
was originally coined for the ejections of low-speed streaks close to the wall
in boundary layers [83]. It was abandoned for a while due to controversies
about the nature of the ejections, but eventually reclaimed, in the sense
introduced above, to denote the intermittent behaviour of wall-bounded
flows [48, 73, 80].
The connection between linearised Orr amplification and bursting was

studied by Jiménez [66], who showed that the length and time scales pre-
dicted by the linear model were in agreement with the bursting of the logar-
ithmic layer inminimal channels. This work was extended by Jiménez [68],
who tracked the temporal evolution of the largest Fouriermodes in channels
designed to beminimal for the logarithmic layer. The strongest wall-normal
velocity events were found to closely follow the predictions of the linearised
equations when the mode was initially ‘coherent’ across the wall-normal
direction (i.e. could be represented by a wavetrain). A key aspect of these
results is the relationbetween the ‘tilting’ angle of theperturbations and their
amplitude, which is predicted by the linearised Orr-Sommerfeld equations,
and serves as an identification criterion for Orr-like bursts.
Several problems remain. The works just cited treat Orr bursts as indi-

vidual Fourier modes. This is no problem for linearised theory over spatially
homogeneousdirections, sincemodes can eventually be added to formmore
complicated structures, but it becomes questionable when bursts are to be
identified in (nonlinear) extended flow fields. The bursts observed in experi-
ments and simulations are localised in space aswell as in time, and cannot be
described as infinite wavetrains [2]. Extensions of the classical quadrant ana-
lysis [178, 180] to three-dimensional Reynolds-stress structures [39, 101], and
later to their temporal evolution [103], show that much of themomentum
transfer in channels and in other shear flows is carried by transient eddies
with geometric aspect ratios of order unity, rather than by infinite wavetrains.
The reasonwhy Jiménez [68] looked for Orr-like events in aminimal channel
was precisely to be able to use Fouriermethodswhilemaintaining the aspect
ratios of experimental observations, and the analysis failed when applied
to wavelengths much shorter than the size of the simulation box. It is not
obvious whether the results from uniformwavetrains can be generalised to
a population of localised bursts of different sizes in a large simulation box,
andmany of the tools used for the former, such as the wavetrain inclination
angle, need to be redefined for the latter.
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Another important question is to what extent Orr bursting explains the
momentum transfer in full-sized channels. For example, it was shown by
Jiménez [68] that the largest-scale field of the wall-normal velocity in amin-
imal channel can be described as a linearised Orr burst over 65% of the time,
but it is unclear which is the equivalent fraction in large boxes. For example,
the Reynolds stress inminimal boxes is estimated to burst 20% of the time
[69], but the stress structures identified by [101] only cover 8% of the wall.
In the presentwork, we introduce a band-pass filteringmethod that allows

us to extend the analysis of bursting beyondminimal channels, detecting
structures of arbitrary size in full-sized simulations. Using large boxes is
specially important when studying the characteristic time and length scales
of the turbulent structures, because the largest scales analysed inminimal
computational boxes are also themost prone to suffer simulation artefacts.
We studymultiple scales across different Reynolds numbers and simulation
boxes, uncovering a range of self-similar Orr-like events in the logarithmic
region, with sizes of the order of their distance from the wall.
On the other hand, it is important to understand the limitations of our

approach. Themain one has to dowith scale. The reasonwhy Fouriermodes
are useful in analysing the linearised equations is that harmonic functions
are eigenfunctions of uniform translations in space and time. Any linear
mechanismwithout an explicit dependence on the homogeneous coordin-
ates cannot change the wall-parallel length scales, including the Fourier
wavenumbers. The range of scales mentioned in the previous paragraph
cannot be generated by the linearised equations, and remains an empirical
input parameter. The effect of the band-pass filters used in this thesis is also
to isolate a narrow range of scales, which remains constant throughout the
observed evolutions. In this respect, both linearisation and the band-pass
analysis exclude themultiscale aspect of turbulence dynamics. To remedy
this, we also analyse the effect of low-pass filters that allow us to include the
longer streaks of the streamwise velocity, and somemultiscale effects.
The remainder of this chapter is organised as follows. The linear theory

for the Orr mechanism in turbulent channel flows is briefly reviewed in §2.1.
Section §2.2.1 covers the domain definition and the database that will be
used in the paper, and the rest of §2.2 describes the methodology used to
detect and characterise Orr events. Results are presented in §2.3 and §2.4.
Section §2.3 discusses the statistics and spatio-temporal properties of band-
pass filtered flows, which isolate the bursts, and §2.4 extends the results to
the low-pass filtered velocity. Conclusions are gathered in §2.5.
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2.1 THE LINEAR MODEL

Let x = (x , y , z ) be the streamwise, cross-shear and spanwise directions, be-
ing q = (u ,v ,w ) the corresponding velocity perturbation components. We
restrict ourselves to shear flows withmean velocity profilesU = (U (y ), 0, 0)
with no inflection points, where the average is taken over the two homogen-
eous directions (x , z ) and time. The kinematic pressure and viscosity are p

and ν, respectively, defined as the quotients between the dynamic quantit-
ies and the constant fluid density, which does not appear explicitly in the
equations. The Navier–Stokes equations can be written as

mt q = −(U + q ) · ∇(U + q ) − ∇(P + p) + ν∇2(U + q ), (2.1)

∇ · q = 0; (2.2)

where u = U + q is the standard Reynolds decomposition, and P is the
mean pressure. In general, capital letters denote ensemble averages and
lower-case ones are fluctuations. Primes are reserved for root-mean-square
(rms) intensities. The linearised version of (2.1) is

mt q L = −U · ∇q L − q L∇U − ∇pL + ν∇2q L , (2.3)

where pL is the fast pressure [84], although we suppress the sub-index ‘L’
when referring to linearised variables for the remainder of the section. The
linearised equations can bemanipulated into the Orr–Sommerfeld–Squire
system [124, 159],

mt φ = −U mxφ + dy Smxv + ν∇2φ, (2.4)

mtωy = −U mxωy − Smzv + ν∇2ωy ; (2.5)

where φ = ∇2v ,ω = (ωx ,ωy ,ωz ) is the vorticity, and S = dyU is themean
shear. Although (2.4) is autonomous in v , continuity and (2.5) connect it
with the wall-parallel velocities. Continuity and the linear pressure do not
appear in (2.4), which is a vorticity equation, but their effect is hidden in
the definition of φ. For example, the term dy Smxv , which is responsible for
the Kelvin–Helmholtz instability of free shear flows [23], vanishes identically
in a homogeneous shear,U = Sy , and (2.4) reduces to a simple advection-
diffusion equation. Since such flows share many of their bursting properties
with boundary layers and channels, it was argued by [66] that the ampli-
fication of the bursts in (2.4) has to be mediated by the pressure through
the Laplacian operator in φ. In fact, for a homogeneous shear in the limit
ν → 0, and a pure Fourier mode of streamwise wavenumber kx , and span-
wise wavenumber kz = 0, the solutions to (2.4) are ‘Orr’ bursts of the form

v = cos2(Ψ) exp [ikx (x − Syt )], (2.6)
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FIGURE 2.1: Evolution of the amplitude and inclination angles of an optimal tran-
sient growth mode in a channel flow. λx = λz . (a) Snapshots of the
velocity components (top to bottom,u ,v ,w ), spaced bySt ≈ 0.52, from
left to right. The dashed lines show the inclination angle computed as
in [68]. The contours levels areu = 4,v = 1,w = 3 in uniform arbitrary
units. (b) Amplitude as a function of the inclination angle. Themarkers
are,•,u ; �, v ; N,w ; and correspond to the snapshots in (a)

whereΨ = arctan(St ) is the inclination angle of the wavefront with respect
to the y axis. The inclination angle is a reinterpretation of time, and (2.6)
relates the amplitude of the v perturbations to the inclination of their wave
fronts, beingmaximumwhenΨ = 0 and vanishing towardsΨ = ±π/2. The
burst starts from a weak backwards-leaning perturbation, which amplifies
as it is tilted forward by the shear, is strongest when it is normal to the shear,
and is damped again after this moment. The whole evolution unfolds during
times of the order of the shear time, S−1, and the linearisation is only valid if
this time is shorter than other evolution times in the equation.
For non-zero viscosity, there is a perturbation Reynolds number, Re =

S/k 2
x ν [68], and (2.6) decays in times ofO (S−1Re1/3), which are typically long

for large structures. Nonlinearity is represented by the local eddy turnover
time, ‖q ‖2/ε,where ‖q ‖2/2 is the turbulent kinetic energyandε is theenergy
dissipation rate. Its ratio to the shear time is the Corrsin shear parameter,
S★ = S ‖q ‖2/ε. In wall-bounded flows, S★ ≈ 10 in the range 50 ν/uτ < y <

0.7h, whereuτ is the friction velocity [66], and (2.3) is therefore valid at least
for the energy-containing structures in this range.

2.1.1 Optimal transient growth

For more complex mean velocity profiles, Orr-like solutions can be com-
puted numerically. We use the algorithm in [148] to find solutions that op-
timally amplify the total kinetic energy, including a y -dependent eddy vis-
cosity to account for the nonlinear turbulent dissipation, and a velocity
profile and kinematic viscosity corresponding to a turbulent channel at
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Reτ = uτh/ν = 2000, as in [11] and [132]. Álamo and Jiménez [11] found that
themaximum energy amplification occurs for λx ≫ λz , but [69] remarked
that these wavenumbers are associated with the slow amplification of the
streamwise-velocity streaks through (2.5), and to very long evolution times
that may be limited by the nonlinear or viscous effects mentioned above. We
are here interested in situations such as (2.6), where the energy amplification
is associated with the transient bursting of v over a few shear times. These
were shown by [69] to be strongest at λx ≈ λz .
Figure 2.1(a) shows as shaded contours several snapshots of the most

amplified transient mode with λx = λz ≈ 0.7h, plotted at intervals of
S (yg )Δt ≈ 0.23, where S (yg ) is the shear at the centre of gravity of the
v 2 profile at maximum amplification. It was shown in [66] that the dimen-
sions of the most amplified inviscid v -modes in the logarithmic layer are
proportional to λ0 = 2π/(k 2

x + k 2
z )1/2, and that their centre of gravity is

at yg ≈ 0.22λ0, or yg ≈ 0.16λx for equilateral wavevectors. The same is
true in figure 2.1(a), even if this case differs from [66] in using an eddy vis-
cosity. The temporal evolution of the perturbations in [66] is controlled by
λ0S (yg )t /λx . In the range of wavelengths 250ν/uτ . λx . 4h, correspond-
ing to 40ν/uτ . yg . 0.64h, we can assume that S (yg ) ∝ uτ/yg ∝ uτ/λ0,
and that the scaling of the time is λ0S (yg )t /λx ∝ uτt /λx . The result is that
both the dimensions and the temporal evolution of the amplified structures
scale with λx . The relation between the inclination angleΨ and the amp-
litude of v was shown in [66] to be fairly independent of the wavenumbers,
and even of the type of flow. These results are extended here to the three
velocity components, and to the eddy-viscosity equations, and we indeed
find that the optimal modes in the neighbourhood of λx ≈ λz scale well
with λx in the range of wavenumbers mentioned above. For example, the
shape and inclination angles of the solution in figure 2.1(a) are remarkably
similar to those in figure 19 of [69], where the wavelengths are much larger,
λx = 3.9h, λz = 5.55h, and the solid contour lines superimposed on the
second snapshot in figure 2.1(a), which show themoment ofmaximumamp-
litude of a mode with λx = λz ≈ 0.35h, also agree very well with those at
the longer wavelengths. The self-similar behaviour ceases to hold at heights
corresponding to the buffer layer, where the shear is no longer inversely
proportional to y .
The dashed lines in figure 2.1(a) are the vertically averaged inclination

angles at each time, computed using the formula for singlemodes in [68]; for
a more general one see (2.18) below. They represent well the instantaneous
structure of v , but they are biased towards the lower half of the structures for
u andw because the averaging in (2.18) is weighted with the energy, which
tends to be concentrated near thewall for these two components. This is also
where the shear is highest, leading to flatter inclinations. Figure 2.1(b) shows
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the amplitude-inclination relation for the three velocity components in fig-
ure 2.1(a). The trajectory for v is reminiscent of (2.6), but the wall-parallel
components tilt forwardmuch faster, as shown by the larger separation of
their first few symbols, which are uniformly spaced in time. Inspection of
figure 2.1(a) shows that this is also due to the weighting of the angle close
to the wall, where the higher shear results in faster characteristic times. The
upper part of theu andw structures does not tilt much faster than that of v ,
while the root of the latter tilts as fast as those of the other two components.
The last half of the angle-amplitude evolution is also different for the three
velocity components. The spanwise velocity has an amplitude peak at ap-
proximately the same time as v , which is not present foru . At the end of the
evolution, v decays at a rate dictated by the shear, whileu andw only decay
under the effect of the eddy viscosity. For inviscid perturbations in a uniform
shear, the three velocity components have well differentiated behaviours.
During the burst, v grows and decays in t = O (S−1), as in (2.6), butu andw

never decay [66]. In all cases, continuity requires that the two wall-parallel
have to be proportional to each other once v has died. An important mes-
sage of figure 2.1 is that optimum growth solutions should only be taken as
indicative. The properties enumerated in the last few sentences are common
to any initial condition, while optimum growth is meaningless in an inviscid
flow. The behaviour of v , whose equation (2.4) is autonomous, is essentially
independent of the initial conditions, whichmostly define the origin of time,
butu andw satisfy the forced equation (2.5), whose evolution depends of
v and of their initial conditions. The optimum transient growth criterion
selects the initial condition with a highest local maximum, but the v burst
and the v -less final decay are robust properties of most initial conditions
involvingbackwards-leaningperturbations.Note also that the energy growth
in figure 2.1(b) is not particularly large, and that the same is true of all the
cases mapped in figure 29 of [69].

2.2 METHODS

The remainder of this chapter seeks to relate the behaviour of fully nonlinear
channel flow simulations to the linearised dynamics sketched above.

2.2.1 The numerical data sets

We use direct simulations of canonical incompressible turbulent channel
flows whose half-height is h. Normalisation with ν and uτ is represented
by a ‘+’ superscript, and our primary Reynolds number is Reτ = h+. The
simulations use periodic boundary conditions in the wall-parallel direc-
tions, with periods Lx and Lz , and are summarised in table 2.1. The Reyn-
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CASE Reτ Lx/h Lz/h Nx Ny Nz Dy Nf REF.

S1000 932 2π π 512 385 512 CH 1800 [103]

L1000 934 8π 3π 2048 385 1536 CH 72 [9]

S2000 2009 2π π 1024 633 1024 FD 590 [103]

F2000 2000 8π 3π 512 512 512 FD 1146 [A, 174]

L2000 2003 8π 3π 4096 633 3072 FD 30 [57]

S4000 4164 2π π 2048 1081 2048 FD 40 [103]

TABLE 2.1: Parameters of the simulations. Lx ,z are the streamwise and spanwise peri-
ods of the numerical box.Nx ,y ,z are the number of collocation grid points
in y , or Fourier modes in x , z , except for F2000, which was computed at
full resolution but stored at the reduced one given in the table.Dy repres-
ents the discretisation used for the wall-normal direction: ‘CB’ refers to
Chebyshev polynomials and ‘FD’ to compact finite differences.Nf is the
number of fields used to compute statistics. The snapshots of S1000 and
F2000 are close enough in time to compute temporal derivatives.

olds numbers range from Reτ ≈ 900 to 4000, and the simulations include
both medium-sized (Lx = 2πh, Lz = πh) and large computational boxes
(Lx = 8πh, Lz = 3πh). The equations of motion are written as evolution
equations for the (x , z ) averages of the streamwise and spanwise velocities,
and for φ andωy , as in (2.4)–(2.5) without linearisation [85]. The spatial dis-
cretisation is Fourier spectral in the two periodic directions, dealiased using
thepseudo-spectral 3/2 rule, but the discretisation along y varies among sim-
ulations, as indicated in table 2.1. Some cases use Chebyshev polynomials
collocated at the Gauss–Lobatto–Chebyshev nodes. Others use spectral-like
compact finite differences [47, 94], up to 12th-order consistent, in grids
whose spacing is adjusted to keep the resolution approximately constant in
terms of the local isotropic Kolmogorov scale η = (ν3/ε)1/4. Full details can
be found in the original publications. The data stored are snapshots of the
three velocity components, which inmost cases are approximately statistic-
ally independent and can only be used to compile instantaneous statistics.
However, the snapshots in S1000 and F2000 are stored closely enough in
time to provide temporal derivatives and histories without recomputing the
flow evolution.

2.2.2 Filtering

As discussed in §2.1, the relation between the instantaneous tilting angle of
the wall-normal velocity perturbations and their amplitude can be used as a
diagnostic property for Orr bursts. [68] defined the inclination angle of the
wavefronts of a pure Fourier mode in terms of the wall-normal derivative
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of its complex phase, but this definition, as well as that of the amplitude,
needs to be generalised for spatially localised objects. Consider the low-pass-
filtered field

q̃ (x , y , z , t ; Λ) =
∫

B
Γ(x ′ − x , z ′ − z , Λ)q (x ′

, y , z ′
, t ) dx ′ dz ′

, (2.7)

whereB stands for the full computational box, and

Γ(x , z ; Λ0L , Λ0z ) = γ(x , Λ0L) γ(z , Λ0z ), (2.8)

with

γ(ξ, Λ0) =
1

Λ0
√
2π

exp
[
−1
2 (ξ/Λ0)

2
]
, (2.9)

and the band-pass filtered one

q (x , y , z , t ; Λ) =
∫

B
G (x ′ − x , z ′ − z , Λ)q (x ′

, y , z ′) dx ′ dz ′
, (2.10)

with

G (x , z ; Λ, Λ0x , Λ0z ) = Γ(x , z ; Λ0x , Λ0z ) exp(i2πx/Λ). (2.11)

The spectral transfer functions of the two kernels are

|Γ̂ |2 = exp
[
−(kzΛ0z )2 − (kxΛ0L)2

]
, (2.12)

|Ĝ |2 = exp
(
−(kzΛ0z )2 − [(kx − 2π/Λ)Λ0x ]2

)
, (2.13)

where the carat stands for the (x , z ) Fourier transform. Both filters have
spectral width Δk = O (Λ−1

0 ), but the band-pass filterG is centred at the
wavenumber kx = 2π/Λ (and kz = 0), while the low-pass filter Γ is centred
at kx = kz = 0. Thus, if Λ and the Λ0’s are chosen to be of the same order, Γ
smooths the flow by damping everything shorter and narrower thanO (Λ0),
whileG selects only structures whichmay bewide, but whose length is of the
order of Λ. The latter is useful to isolate localised bursts, while the former
also retains the larger structures of the flow around them.
The low-pass filter Γ presents few conceptual problems, and its results

are described in §2.4, but the band-pass filter (2.10) generates a complex
field which is not easily interpreted as a flow, and requires some discussion.
Its kernelG is a monochromatic complex wave in the streamwise direction
whose amplitude is modulated by the Gaussian (2.9) in the streamwise and
spanwise directions. It is essentially a complex-valued continuousMorlet or
Gabor wavelet [43], whose real and imaginary parts are represented in figure
2.2(a) as functions of x . The number of oscillations contained within the
Gaussian envelope is approximately 2Λ0x/Λ. To keep the filters self-similar
we choose Λ0x = Λ/2 and Λ0z = Λ/6, implying an aspect ratio Λ0x :Λ0z ≈ 3:1,
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FIGURE 2.2: (a) The wider filter on the left is the band-pass kernelG (x , 0) for Λ =

4π/9. The solid darker line is Re(G ), and the lighter one is Im(G ). The
two envelopes are: , γx ; — ·—, γz . The narrower filter on the right
corresponds to Λ = π/18, although the amplitude has been divided by
four for the purpose of plotting. (b) Sample signal, g = sin(12x) if x < 0,
and sin(3x) otherwise. (c) Its amplitude after band-pass filtering with
Λ = π/6. The solid line in (c) is the amplitude recovered by Re(G ), and
the dashed one corresponds to the full complexG .

which captures the strongest wall-normal velocity perturbations (see figure
2.3b). Changing this aspect ratio to 2:1 or 4:1 did not qualitatively change the
results.
The main advantage of filtering a real-valued function with a complex

wavelet is that the real and imaginarypart of the resultingfieldpreservephase
(positional) information, while its absolute value hides the oscillations of
the wavelet [43, 160]. A visualisation for synthetic data is presented in figure
2.2(b).
In fact, the band-passed field, a , of a generic velocity component can be

interpreted as the coefficient of a local Fourier expansion that optimally
approximates the flowwithin the Gaussian envelope (2.8). It minimises the
weighted L2 error

J [a] (x) =
∫

B
Γ(x ′ − x , z ′ − z ) |J |2 dx ′ dz ′

, (2.14)

J = a (x ′
, y , z ′) − a∗(x , y , z ) exp[2πi(x ′ − x)/Λ], (2.15)

where the asterisk denotes complex conjugation and a is either u , v orw .
Note that a∗ in this integral is evaluated at the centre of the filtering kernel,
x , rather than at the integration variable x ′, and that the Fourier wavetrain,
exp[2πi(x ′ − x)/Λ], is centred in each case at the filter position. This im-
plies that a∗ can be interpreted as a field of coefficients of ‘local’ Fourier
wavetrains, whose absolute value is |a (x , y , z ) |, and whose argument is
− arctan(Im(a)/Re(a)). Thus, although q cannot be used as a filtered velo-
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FIGURE 2.3: (a) Transfer functions of the: , band-pass filterG ; , low-pass
filters Γ. The contours are (0.2 : 0.2 : 0.8). (b) Sample filtered premulti-
plied spectra of v in L2000, at y/h = 0.15 and Λ/h = 0.175. The dashed
contour is |Ĝ |2 = 0.2. The shaded contours are the full kx kz Evv ; ,
low-pass filtered; — ·—, band-pass filtered. The spectral contours are
kx kz Evv/u2

τ = (0.014, 0.029, 0.071, 0.114).

city field, its absolute value is the local wavetrain amplitude [160], and the
wall-normal derivative of its argument is a local inclination angle, as in [68].
It is convenient to choose the short-wave limits of the low-pass and band-

pass filters to be of the same order, so that they isolate related structures. The
(1/e) limit of (2.13) is k = 2π/Λ + 1/Λ0x , while that of (2.12) is k = 1/Λ0L .
Equating them results in Λ0L = Λ/(2π + Λ/Λ0x ). For our previous choice of
Λ0x = Λ/2, this implies Λ0L = Λ/8. The transfer function of the two filters
is represented in figure 2.3(a). The cospectrum of any two filtered variables
can be computed from the unfiltered cospectrum as Ea c = Eac |Ĝ |2, with
an equivalent formula for Eãc̃ . An example of the effect of the band- and
low-pass filters on the spectrum of a representative plane of v is shown in
figure 2.3(b).
Note that the computation of the filtered fields can be done economic-

ally because the streamwise and spanwise directions are periodic, and fast
Fourier transforms can be used to compute the convolutions.

2.2.3 The band-pass filtered pseudo-spectrum

The perturbation energy of the filtered flow fields can be directly computed
from their spectrum,

Eac (y ; Λ) =
∑

∀kx ,kz

Ea c (kx , y ,kz ; Λ) =
∑

∀kx ,kz

|Ĝ |2(kx ,kz ; Λ)Eac (kx , y ,kz ),

(2.16)

and is represented in figure 2.4 for the three velocity components and for
the tangential Reynolds stress, as a function of y and of the filter wavelength
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FIGURE 2.4: Pseudo-spectra of the band-pass filtered velocity components and of
their tangential Reynolds stress, as a function of the filter wavelength
and of the distance from the wall. Reτ = 5200 [93]. The contours are
90% and 50% of themaximum for each filter wavelength. The solid and
dashed lines bracket the most energetic part of Evv in (b). The upper
(solid) limit is y = Λ. The lower (dashed) one is y = 4Λ/11. The chain-
dotted line is the wall-normal location of themaximum for each filter
width. (a) Euu . (b) Evv . (c) Eww . (d) −Euv .

Λ. Because the filter wavelength represents the size of the scales retained
by the filter, we can think of Eac (y ; Λ) as a ‘pseudo-spectrum’ with pseudo-
wavelength Λ. Figures 2.4(a–d) show that the wall-normal location of the
maximum energy is proportional to the filter width for a range of heights
corresponding to an extended logarithmic layer, y ∈ (100ν/uτ, 0.4h). This is
also approximately the regionwhere a self-similar hierarchy of wall-attached
velocity structures with sizes proportional to their distance from the wall is
found to exist [171], andwewill refer to it as our definition of the logarithmic
layer from now on.
Figure 2.4 allows us to determine which distances from the wall should

be used to characterise eddies of different scales. The band-pass filter (2.11)
produces a flow field that is locally averaged within each wall-parallel plane,
but eddies and bursts also have a vertical dimension, which figure 2.4 shows
to be proportional to their horizontal ones [101]. It was shown by [66] that
bursts may be characterised by a vertically averaged amplitude,

A2
a =

1

y1 − y0

∫ y1

y0

|a |2 dy , (2.17)

and by amean inclination angle,

Ψa = arctan
Λ
∫ y1

y0
Im(a∗

my a) dy

2π
∫ y1

y0
|a |2 dy

, (2.18)

where a stands for eitheru ,v orw , and the integrals extend over the intense
part of the eddy. The average in (2.18) is weighted with the square of the



2.2 METHODS | 31

amplitude because strong perturbations typically coexist in the filtering
windowwith weaker ones, whose inclination angle is not necessarily small,
nor relevant.
The limits y0 and y1 are chosen to bracket the intense band of Evv in figure

2.4(b), and the same limits are used for all variables. The upper limit is very
close to the Corrsin spectral scale, y1 = Λ, above which the shear is too
weak to interact with eddies of size Λ [69]. The lower limit, y0 = 4Λ/11, also
scales with Λ, and represents the point below which impermeability damps
v . Because these limits are adjusted for the wall-normal velocity, while the
u orw structures are larger than those of v , figure 2.4(a,c) shows that they
are too far from the wall to capture more than a fraction of the energy of the
wall-parallel components. On the other hand, the tangential Reynolds stress
in figure 2.4(d) is captured well, supporting the classical classification into
‘active’ and ‘inactive’ variables in [171].
From now on, we will use the quantities in (2.17)–(2.18) to represent the

local amplitude and inclination angle of our flow fields. Their main practical
advantage is that they reduce the dimensionality of our data set, because
each filter has an associated three-dimensional data space (the two wall-
parallel positions and time), instead of the full four-dimensional one. In ad-
dition, they act as a filter in y , excluding structures outside the band (y0, y1),
or with very different vertical dimensions from the band thickness. They
are centred at [x , (y0 + y1)/2, z ], and the vertical average is only meaningful
whenever a velocity perturbation of size comparable to Λ happens to be
within the vertical integration window. Otherwise, the average reverts to the
unconditional mean. For example, when several wavetrains with different
inclinations are stacked along the wall-normal direction, the integral of their
phase derivatives produces an average inclination angle which is similar to
the global ensemble-averaged inclination.

2.2.4 Filter parameters

Table 2.2 gathers the information for the filters used in the paper. We use six
wavelengths,

Λi/h =
8π

9
2−i

, i = 1, . . . 6, (2.19)

with the corresponding filtered fields denoted by q i = q (x , y , z , t ; Λi ) for
the band-pass filters discussed in §2.3, and q̃ i = q̃ (x , y , z , t ; Λi ) for the
low-pass ones in §2.4. They cover the energy spectrumwith logarithmically
equispacedbandsofwavelengths, and span the range that canbeexpected to
be relevant for the logarithmic layer. The long-wavelength limit of the widest
filter is kept constant in outer units across Reynolds numbers, Λ1/h = 4π/9.
It follows from figure 2.4 that this filter corresponds to y/h ∈ (0.5, 1.4),
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NAME Λ/h y0/h y1/h S1000 L1000 S2000 F2000 L2000 S4000

Λ1 1.4 1.0 0.51 ◦ ◦ ◦ ◦ ◦ ◦
Λ2 0.7 0.7 0.25 ◦ ◦ ◦ ◦ ◦
Λ3 0.35 0.35 0.13 ◦ ◦ ◦ ◦ ◦
Λ4 0.175 0.175 0.063 ◦ ◦ ◦ ◦ ◦
Λ5 0.087 0.087 0.032 ◦ ◦
Λ6 0.044 0.044 0.016 ◦

TABLE 2.2: Properties of the filters used. Λ is the filter width defined in (2.11), and y0,
y1 are the integration limits in (2.17)–(2.18). A circle below a simulation
indicates that that filter was computed for it.

which is well above the expected self-similar region, but it is retained here
to compare it to the experiments in [68], who analysed the first streamwise
mode of aminimal channel with Lx = π/2. It allows us to test whether the
minimal domainused in thatwork affected the results. The short-wavelength
limit,Λ+ ≈ 180, scales inwall units, resulting in an increasingnumberof filter
bands as the Reynolds number increases. In the highest Reynolds number
case S4000, this filter corresponds to Λ6. Since both our Reynolds numbers
and our filter widths are approximately spaced by powers of two, there are
matching filters for all the simulations, both in outer and in inner units,
allowing us to compare scaling criteria.
To estimate howmuch energy is retained by our band-pass filtering and

vertical integration operations, we compute the ratio between the energy of
the filtered and unfiltered wall-normal velocity field within a given band of
wall distances, as a function of the filter wavelength. It ranges from 10% to
20%,with the higher limit corresponding to the narrower filters. These values
are similar to the one for the single most energetic mode in Jiménez [68]. In
our case, we can studymultiple sizes covering a broad range of scales, but
the quantification of the total filtered energy is not straightforward because
the spectral and wall-normal bands of the filters overlap. One way of getting
the equivalent to a Parserval’s theorem for localised basis functions would
be to project the velocity onto an orthonormal wavelet basis instead of using
continuous wavelets [112], but at the cost of limiting the spatial locations at
which we could have information of a given scale, making it unsuitable to
smoothly track the temporal evolution of the structures. Another approach
is to rescale the kernels so that they recover the total energy when integrated
over scale space [96], but this distorts the amplitudes, and only works for a
particular spectrum.We have chosen tomake our transfer functions unity
at their nominal wavelength. The energy contained in the overlap of neigh-
bouring filters is then about 2–5% (non-neighbouring bands are irrelevant
because they do not overlap vertically). Accounting for overlaps, our filters
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FIGURE 2.5: Snapshots of the amplitude, A+
v̄ (left), and inclination angle,Ψv̄ (right), of

the band-pass-filtered wall-normal velocity of S4000. Top corresponds
tov 1 andbottom tov 6.While the top snapshot has been carefully picked
to contain a burst at this scale, the bottom one is randomly chosen,
because all snapshots contain at least one burst. The inset amplifies
a region of v 6 with a burst. The amplification factor, 32, corresponds
to the wavelength ratio between both filters. The contours are A+

v̄ =

0.5max {A+
v̄ }.

approximately retain 20% of the total energy of the wall-normal velocity in
60 ν/uτ < y < h at Reτ = 2000, with minor differences among Reynolds
numbers.

2.3 BAND-PASS-FILTERED AMPLITUDE AND INCLINATION FIELDS

Figure 2.5 shows snapshots of the amplitude and inclination angle of the
band-pass filtered wall-normal velocity, as defined in (2.17)–(2.18). Figure
2.5(a,b) uses the widest of our six filters, v 1 (Λ = 1.4h), while figure 2.5(c,d)
uses the narrowest one, v 6 (Λ = 0.044h), which is 32 times narrower. To
facilitate comparison, the insets in figures 2.5(c,d) are magnified by the ratio
of the twofilterwidths, resulting in structuresof similar size to those infigures
2.5(a,b). This supports our remark in §2.2.2 that the band-pass filter isolates
structures of size proportional to Λ. The amplitude fields in figures 2.5(a,c)
are smooth, with distinct intense regionswhich are candidates for Orr events
at the moment of peak amplitude. They are highlighted as line contours
in both the amplitude and inclination fields, and it is visually clear from
figures 2.5(b,d) that the regions of high intensity are associated to vertical
inclinations.
The joint probability density function (pdf) of Av̄ andΨv̄ is presented in

figure 2.6(a–e), with the amplitude normalised by themodal value, Av̄ M , at
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FIGURE 2.6: (a–e) Joint pdfs of the amplitude, Av̄ , and inclination angle,Ψv̄ , of the
filtered wall-normal velocity. The amplitudes are normalised with their
mode, given in (f). Contours contain 50, 90, 99% of the probabilitymass.
(a) Joint pdf of v 3 for S1000, S2000 and S4000. (b) Joint pdf of v 3,v 4,v 5

for S1000, S2000 and S4000, respectively. (c) Averaged joint pdf for the
filters that fall in the logarithmic region, v 2 to v 6, for the available cases,
as in table 2.2. The solid lines are the averaged pdf. The dashed lines
along each contour bracket the minimal area that contains all of the
individual joint pdfs. (d) The solid lines are the average of all the joint
pdfs of v 1. The chain-dotted red line is as in figure 3 in [68]. (e) Joint pdf
of v 3 for F2000. The arrows are the Conditional Mean Velocity (CMV),
normalised to unit length. The colours are the standard deviation of the
CMVs normalised with their mean, ranging from 0.4 (dark blue) to 6.5
(red). (f) Modal values used to normalise the amplitudes. Symbols:•,
S1000;◦, L1000; �, S2000; �, F2000;⋆, L2000; N, S4000.
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which its pdf is maximum. As in [71], the pdfs collapse better in this normal-
isation thanwith themean.While figure 2.5 emphasises the self-similarity of
the filtering operation, figure 2.6(a–c) tests the self-similarity of the filtered
flow,which shouldholdboth in inner and inouter units throughout the logar-
ithmic region. Figures 2.6(a) and 2.6(b) each includes pdfs at three Reynolds
numbers, but those in figure 2.6(a) have the same filter width in outer units
(Λ/h = 0.35), and those in figure 2.6(b) have the same width in inner units
(Λ+ ≈ 350). In both cases, the pdfs agree well. Figure 2.6(c) collects the pdfs
for all the Reynolds numbers and all the filters whose vertical domain is
contained within the logarithmic region (see table 2.2). The solid contours
are the average of all the pdfs, and the dashed ones bracket the narrowest
band that contains the corresponding contours of all the cases. It is clear
from these figures that the similarity of the pdfs is satisfied extremely well.
Figure 2.6(d) displays the pdf of the widest filter v 1, averaged over all the

flows in table 2.2. This filter is too wide to collapse with the ones in the
logarithmic layer, but all the pdfs used in figure 2.6(d) also agree well among
themselves (not shown). The averaged pdf is compared in the figure with the
results in [68],whoanalyseda singleFouriermodeofwavelengthcomparable
to Λ1. The good agreement validates the approximate equivalence between
the newmethodology and themonochromatic analysis in [68].
The collapse of the pdfs in figure 2.6 also supports that the behaviour of

the v -bursts is relatively independent of the numerical box. Figure 2.6(a–e)
contains pdfs from a variety of numerical boxes, which agree well among
themselves, and the pdf from [68] in figure 2.6(d) uses a very small box,
Lx/h = π/2, Lz/h = π/4, which only represents well the structures below
y/h ≈ 0.25, but which is too small for the larger ones farther from the wall.
The pdfs in figure 2.6 have two distinct regions. Their core, which includes

most of the probability mass, contains vertically oriented structures with
amplitudes of the order of the modal value Av̄ M . That the typical inclina-
tion of v in channels is vertical had previously been shown using proper
orthogonal decomposition by [117], and using auto-correlation functions by
[153].
The upper part of the outermost isocontour of the pdfs contains large

amplitudes and inclinations, and is approximately triangular. The extreme
values and lowprobabilities in this region suggest that these points represent
individual structures, while the triangular shape implies a definite statistical
relation between the inclination angle and the intensity, as graphically sug-
gested by figure 2.5. Weak regions are inclined either forward or backward,
and strong ones are approximately vertical or slightly tilted backwards, as in
the transient linearised bursts discussed in §2.1.1.
Moreover, the upper part of the pdf is traversed from left to right, as expec-

ted of shear-dominated structures. This was already shown to be the case for
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monochromatic wavetrains in Jiménez [68], but is confirmed here for local-
ised structures in large boxes. In the time-resolved cases, S1000 and F2000,
we can define Conditional Mean Velocitys (CMVs) in the (Ψv̄ ,Av̄ ) parameter
space as

〈[
DΨv̄

Dt
,
DAv̄

Dt

]〉

(Ψv̄ ,Av̄ )
, (2.20)

where 〈 〉(Ψv̄ ,Av̄ ) denotes conditional averaging at (Ψv̄ ,Av̄ ), and D/Dt = mt +
CΛmx , is a semi-Lagrangian approximation to the total derivative that in-
corporates an advection velocity,CΛ, estimated by linear regression of the
time-dependent x location of themaximum of the x–t two-point two-time
auto-correlation of Av̄ , using at each instant a centred seven-point time sten-
cil. In this approximation, the advection velocity is assumed to be unique
for the whole (x , z ) plane, independently of the number of bursts present at
eachmoment, and depending only on the filter width. This is justified be-
cause the structures of the logarithmic layer were shown not to be dispersive
by [103] and by [69], and because the uniform scale of the band-pass filtered
variables would probably guarantee a uniform advection velocity even in
theywere. The rest of the temporal derivatives in (2.20) usefive-point centred
finite differences. Note that, although the advection velocity of individual
structures is known to be approximately equal to themean flow velocity, and
is therefore a function of y , the velocity used here for the vertically integrated
bursts is independent of the wall distance.
The result is presented in figure 2.6(e) for F2000, where the CMVs are plot-

ted in the (Ψv̄ ,Av̄ ) plane as arrows pointing toward the next most probable
state. The arrows are coloured by the conditional standard deviation of the
CMV,which is high in the core and lower edge of the pdf, and low in its upper
edge, as in Jiménez [68]. This suggests again that themean velocities in the
upper part of the pdf are representative of individual coherent events, al-
though it is unclear at this pointwhether the full periphery canbe considered
to represent a single burst, or whether it is formed by tangents of different
burst trajectories at different locations.
While the coherent part of the pdf is traversed from left to right, its lower

part is traversed from right to left, closing the cycle. This is inconsistent with
linear models, but the standard deviation of the CMVs in this region is large,
suggesting that it is populated by structures that cannot be characterised
solely by their position in the (Ψv̄ ,Av̄ ) plane, and whose evolution cannot be
modelled by quasi-linear dynamics.
Finally, figure 2.6(f) shows themodal values used to normalise Av̄ in the

rest of figure 2.6. Different box sizes yield the same modal value, which is
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fairly constant when compared with the wall-normal velocity fluctuation
averaged within the same bands,

(V ′)2 = 1

y1 − y0

∫ y1

y0

(v ′)2 dy . (2.21)

This constancy is a consequence of the self-similar definition of the filter,
whose transfer functionhas constant logarithmicwidth in λx , independently
of y and Λ. Since figure 2.4 shows that the wavelengths of the spectrum of
the wall-normal velocity also scale self-similarly with y , the energy selected
by a truly self-similar filter should be approximately constant, but, because
our band-pass filters are defined as low-pass in λz (see §2.2.2), the transfer
function of the narrower filters spans a wider range of λz . The extra energy
in these wavelengths explains the slightly larger modal values of the narrow
filters in figure 2.6(f).

2.3.1 Wall-parallel velocities

We next compute the amplitude and inclination angles of the band-pass
filtered wall-parallel velocities. Figure 2.7(a,b) shows the joint pdfs of (Ψ, A)
foru andw , respectively. Their structures are preferentially tilted towards
the direction of the shear, in contrast to the wall-normal velocity structures,
which are almost equally distributed between forward and backward inclina-
tions. This ismorepronounced for the spanwise velocity,which is rarely tilted
backwards (10% probability), and subtler for the streamwise component,
which is tilted backwards 40% of the time. As with the wall-normal velocity,
there is a statistical correlation between the amplitude and inclination of
the spanwise velocity, but the same is not true for the streamwise velocity,
for which the two quantities are essentially unrelated. Scrambling Aū with
respect toΨū leaves their joint pdf unchanged (not shown).
The behaviour of the inclination angles and amplitudes ofu andw in the

upper part of their joint pdfs is qualitatively similar to the linearised traject-
ories in figure 2.1(b), although the inclination angles differ quantitatively.
For example, the spanwise velocity shares with the transient-growthmodel
an amplitude ‘peak’ towards positive inclinations, but the tilting angle of the
linearised peak is always larger than that of theDNSby 0.1–0.2 radians.Using
unconditional two-point correlations of the wall-normal and spanwise velo-
city components, [69] argued that the cross-stream velocities contributing
to the correlation are part of a quasi-streamwise ‘roller’. Some of the features
of those auto-correlation functions are shared by the intense core of the
joint pdfs in figures 2.6 and 2.7. For example, the auto-correlation of the wall-
normal velocity in the logarithmic layer is approximately vertical (Ψv̄ ≈ 0),
and the spanwise velocity is tilted forward byΨw̄ ≈ π/6, in agreement with
the amplitude peaks of the joint pdfs of v andw . Because the correlation
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NUMBER OF BURSTS DATASET Λ1 Λ2 Λ3 Λ4

In total S1000 70 228 1301 9777
In total F2000 863 5098 34802 274265

Per time-area in SΛ/Λ2i S1000 0.267 0.106 0.085 0.091
Per time-area in SΛ/Λ2i F2000 0.16 0.114 0.106 0.111

TABLE 2.3:Number of bursts found in different band-pass filtered time series. See
table 2.1 for details of the simulations and section §2.3.2 for the details
of the time-area normalisation.

function is dominated by strong events, these similarities are not surprising,
but they confirm that the band-pass filter retains some of the structure of
the intense events of the velocity.
To explore the relation between the different variables during the bursting

cycle, we compute averages conditioned to (Ψv̄ ,Av̄ ). The conditional mean
amplitudes ofu andw are presented in figures 2.7(c,d), and their conditional
inclinations are shown in figure 2.7(e,f). If we assume that the CMVs in fig-
ure 2.6(e) reflect the temporal evolution of individual strong bursts, we can
describe the burst by the evolution of the conditional mean values of the dif-
ferent quantities aswemove from left to right along the upper edge of the pdf
of (Ψv̄ ,Av̄ ). The burst starts from intenseu , withweakerv andw . At this stage
u andv are tilted upstream, butw is tooweak for its inclination to be defined.
The ambient shear then tilts everything forward, and v andw are amplified
while the amplitude of u decreases. Beyond the point where v is vertical,
the amplitude of the wall-normal velocity decreases again, butw reaches its
maximum value. The interpretation of these observations will be deferred
to §2.3.2, after we have examined the conditional temporal behaviour of
individual bursts.

2.3.2 Conditional mean evolutions

While in the previous sectionwe inferred a hypothetical burst evolution from
the statistical relations among the different quantities along the upper edge
of the joint pdf of (Ψv̄ ,Av̄ ), we now turn our attention to the direct study
of their conditional temporal evolution by examining structures that pass
through the upper ‘tip’ of the joint pdf,

Av̄ > 2Av̄ M , |Ψv̄ | < 0.15, (2.22)

at some stage of their lives. We know from figure 2.6(e) that the standard
deviation of the CMVs passing through these very intense events is low, and
that the statistics along the upper edge of the pdf are approximately the
same as those of linearised Orr bursts. This suggests that they represent the
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evolution of individual bursts, at least as long as the amplitude threshold
is chosen high enough to separate bursts from each other. The restriction
in (2.22) to a small inclination angle is not strictly necessary, since it follows
fromfigure 2.6 that intensewall-normal velocity structures are almost always
vertical, but including it allows us to relax somewhat the requirement for
large amplitudes, and to identify bursts that would be too weak otherwise.
The analysis is most easily performed in a convective frame of reference,
(ξ = x − CΛt , z , t ) where CΛ is the convection velocity used in (2.20). We
identify the position and time, (ξc , zc , tc ), of the maximum amplitude for
each region as representative of the ‘peaking’ point of the burst, and use it as
the centre for our conditionally averaged evolution 〈·〉B , defined as

〈a〉B (Ξ,Z ,T ) = 1

N

∑

c=1,...,N

a (ξc + Ξ, zc + Z , tc +T ), (2.23)

whereN is thenumberof identifiedbursts for eachfilter (see table 2.3), anda

is either Aū ,v̄ ,w̄ orΨū ,v̄ ,w̄ . To avoid ‘false positives’, we discard small bursts for
whichS < 2.25Λ2, whereS is the temporally averaged area enclosed in the
(x , z ) planeby the threshold in (2.22). Independentlyof thechosen threshold,
approximately 5% of the identified bursts are temporally clustered in quick
succession, reminiscent of the ‘packets’ of vortical structures reported by [3],
but most cases cannot be easily grouped into such packets.
Bursts defined in this way are spatio-temporal objects in (ξ, z , t ). To norm-

alise their density per unit duration-area, we assume that two bursts cannot
occupy the same volume in space-time, and that they scale spatially with Λ,
and temporally with the inverse of the average shear across their integration
band (2.17),

SΛ = (U (y1(Λ)) −U (y0(Λ)))/(y1(Λ) − y0(Λ)). (2.24)

Their expected duration-size would then be proportional to Λ2/SΛ, and the
number of detected bursts should collapse when their total duration-area is
normalised in these units. Table 2.3 shows that this is approximately true,
with a density close to 10% except for the largest filter, which is too large for
the scaling to hold. This density is of the same order as the volume fraction
of the ‘Q’ structures studied in [101].
Figure 2.8(a) shows a snapshot of the conditional burst of q2 in F2000 at

peaking time. Other filters collapse well with Λ, with average dimensions
(ℓΞ/Λ, ℓZ /Λ) ≈ (2, 1). The filtered spanwise velocity can be seen to be offset
to one side of the streamwise and wall-normal components, while the latter
fall on top of each other. If the average had been computed strictly as in
(2.23), the conditional mean evolution would have two symmetrical lobes of
Aw̄ centred on the burst, but this symmetry is statistical, and does not imply
the symmetry of individual events. The equations of motion and bound-
ary conditions of the channel are invariant to reflections with respect to
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(x , y ) planes, so that any solution (u (x , y , z ),v (x , y , z ),w (x , y , z )) implies
that (u (x , y ,−z ),v (x , y ,−z ),−w (x , y ,−z )) is also a solution. Individual Orr
events are equally likely to be chiral-left or chiral-right, and the reflection
symmetry can be applied to each snapshot to obtain an average that is more
representative of individual events [101, 161]. There is no unique way of
deciding how to do this consistently for complete histories, and the criterion
that we found to produce the least symmetric conditional mean was to al-
ways locate to the left of the burst the strongest maximum of Aw̄ as it passes
through the spatio-temporal neighbourhood of its peak,

|Ξ | ≤ 0.2Λ, |Z | ≤ Λ, SΛ |T | ≤ 0.2. (2.25)

The conditional histories computed in this way only contain one region of
strongw , as in figure 2.8(a), suggesting that most of the underlying events
have only one strong spanwise velocity region, corresponding to a single
streamwise roller. Double rollers are foundmore seldom. Visual inspection
of a representative sample of cases shows that approximately 5%of thebursts
are almost symmetric, with twow lobes.
Figure 2.8(b) shows the conditional evolution of themaximum amplitude

of the three filtered velocity components as a function of time. Far from
SΛT = 0, the three components tend to their unconditional mean, which
is used to normalise the plot. The wall-normal velocity, which is used to
condition the temporal evolution, is amplified themost, but the stream- and
span-wise velocities are also amplified, peaking at SΛT ≈ ±0.3, respectively
before and after the peak of 〈Av̄ 〉B , as also suggested by figure 2.7(d,e). The
evolution of the deviation of the inclination angles from their unconditional
means,

〈ψa〉B = 〈Ψa〉B − 〈Ψa〉, (2.26)

is presented in figure 2.8(c), which plots the inclination at the location of the
maximum amplitude of each component. The evolution of the inclination
anglesof the streamwiseandwall-normal velocity is fromnegative topositive,
and tends to the unconditional mean beyond |SΛT | ≈ 1. The changes inΨw̄

are less pronounced, with values closer to its unconditional mean across the
whole evolution.
A reference to figure 2.1 shows that this behaviour is qualitatively similar

to linearised equilateral Orr bursts, but there are some interesting differ-
ences. The inclination angles ofu and v are proportional to each other in
the upper part of the pdf of (Ψv̄ ,Av̄ ), where the presumed quasi-linear cycle
takes place, but the inclination angle ofw is not. WhileΨū evolves from neg-
ative to positive both in figures 2.1 and 2.7(e), the inclinationΨw̄ is never
negative in figures 2.7(f) and 2.8(c). Moreover the conditional amplification
ofu , as given by the ratio between the highest and lowest conditional aver-
ages in figure 2.7(c), is almost three times higher than the one forw in figure
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2.7(d), while the opposite seems to be true in figure 2.1(b), and themaximum
amplitude of the two variables in figure 2.8(b) are approximately equal. The
reason turns out to be the different spatial location of the various velocity
components. We saw in figure 2.8(a) that, while the structures ofu and v are
spatially collocated in (x , z ), thew -eddy is offset to one side, resulting in a
weaker footprint in the conditional joint pdfs. Evenmore important is the
vertical offset. The amplitudes in figure 2.1(b) are integrated over the whole
channel, but those in figure 2.7 are band-pass filtered. This includes the wall-
parallel filtering by wavelength, which has no effect on themonochromatic
wavetrain in figure 2.1, but also the restriction in (2.17)–(2.18) to a band of
wall distances, which changes the balance among the different components
as they drift vertically in and out of the filtering band. This effect is visually
clear from figure 2.1(a), and figure 2.8(d) shows that it can be reproduced by
restricting the amplitudes in figure 2.1(b) to the same band of wall distances
as in figure 2.7. It was alreadymentioned when discussing figure 2.1 that the
definition of the angles is biased by the different amplitude distribution of
the three velocity components, and it is now clear that so is the definition of
the band-pass amplitudes. Thus, while figures 2.7(c,d) and 2.8(b–d) might
give the impression that the earlier part of the burst is dominated by the
association ofu and v (such as in a spanwise-oriented roller), while the later
part is dominatedbyv andw (a streamwise roller), this behaviour is probably
an artefact of how the flow is filtered. Moreover, it should be remembered
that linear models cannot change the wall-parallel wavevector of a single
mode, nor its wall-parallel orientation.
Figure 2.8(b) includes results for twodifferentfilters,which scalewellwhen

normalised with themean shear (2.24), and imply lifetimes of the order of
SΛT ≈ 1, measured at one-half themaximum amplification. Using slightly
different definitions of mean shear and lifetime, [103] and [68] report the
somewhat longer value SΛT ≈ 5. In fact, the evolution of the inclination
angle in figure 2.8(c) suggests that the conditional evolution only repres-
ents individual bursts when they are relatively near the conditioning time,
SΛ |T | . 0.5, beyond which both the angle and the amplitude tend to their
unconditional values.
This is better seen in figure 2.8(f) which displays the (Ψv̄ ,Av̄ ) trajectory

of figure 2.8(b,c) on top of the joint (Ψv̄ ,Av̄ ) pdf. The trajectory follows the
direction of the CMVs near the conditioning point, but soon drops into the
high-probability region at the core of the pdf. Note that the trajectory crosses
the lowest possible point consistentwith (2.22).Most eddies are in the core of
the joint pdf, and any conditionalmean is dominated by the points closest to
the core. In a similar way, once the effect of the condition is lost, trajectories
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naturally fall towards the probability maximum. Thus, if condition (2.22) is
substituted by the higher-amplitude one,

Av̄ > 3Av̄ M , |Ψv̄ | < 0.15, (2.27)

the conditional trajectory changes to the qualitatively similar, but higher-
intensity, trajectory plotted as dashed in figure 2.8(f).
Perhaps the most interesting feature of the conditional evolution is the

peak of u preceding the burst, also represented by the high values of the
conditional amplitude ofu over the left part of the joint pdf of (Ψv̄ ,Av̄ , ) in
figure 2.7(c, e). Note that a strong Aū should not be interpreted as a espe-
cially strong streak of the streamwise velocity, because the band-pass filter is
designed to capture the energy of v , and the structures ofu are between six
and ten times longer than those of v [69]. The band-pass filtered amplitude
of a uniform infinite streak is zero, and we should consider Aū as ameasure
of the ‘meandering’, or other forms of inhomogeneity of the streak. Streak
inhomogeneities have often been identified as important features of the
logarithmic layer cycle [48, 53].
The previous discussion shows that a burst of v is preceded by backwards-

leaning perturbations ofu . The converse, that backwards-leaning perturba-
tions ofu act as precursors of the bursts of v , is tested in figure 2.8(f,g) by the
conditional evolution of bursts conditioned to

Aū > 1.8AūM , Ψū < −0.4, (2.28)

which is on the left edge of the joint (Ψv̄ ,Av̄ ) pdf, but relatively far from its
top. As shown in the figure, the conditional burst develops as predicted,
with qualitatively similar temporal relations and delays among the different
components as in figure 2.8(b,c). It is particularly striking that, even if figure
2.8(e,f) is conditioned onu rather than on v , the amplification of the latter
is even stronger than that of the former, suggesting that at least the left part
of the joint pdf represents well organised bursts. A similar conclusion was
reached by [68], who showed that burst could be linearly ‘predicted’ from
conditions up to about half their lifetime before the peak amplification of
v . Themean trajectory in (Ψv̄ ,Av̄ ) space of the evolutions initialised within
(2.28) is plotted with squares in figure 2.8(e). Attempts to use the later peak
of Aw̄ to ‘postdict’ the burst ofv were not successful. Thismay be interpreted
as that strong, forward-leaning perturbations ofw are not generated solely
by Orr bursts, but it is most probably just a reflection of the irreversibility
of the Navier–Stokes equations, which are ill-posed when run backwards in
time.



2.4 LOW-PASS-FILTERED VELOCITY FIELDS | 45

Λ1 Λ2 Λ3 Λ4

Number of sweeps 637 2898 17079 147686
Number of ejections 797 3282 18159 160207

Number of pairs 410 1717 9995 82009
Sweeps per time-area in SΛ/Λ2 0.118 0.065 0.052 0.06

Ejections per time-area in SΛ/Λ2 0.147 0.073 0.055 0.065

TABLE 2.4:Number of bursts found in the low-pass-filtered temporal series of F2000.
The details of the time-area normalisation are in §2.3.2.

2.4 LOW-PASS-FILTERED VELOCITY FIELDS

Wementioned in§2.2.2 that,while theband-pass-filteredfield (2.10) is useful
in isolating the amplitude and inclination of eddies of a given size, it is not
easily interpreted as a velocity. As a consequence, the conditional results in
the previous section give only limited information about the flow structure.
In particular, the local sign of the velocities ismissing, and so is the relation of
individual features with the flow around them. Both are important. Sweeps
(negative wall-normal velocity events) and ejections (positive wall-normal
velocity events) are known to have different characteristics [101, 104, 178],
and this asymmetry is strongest for the wall-attached structures responsible
for most of the tangential Reynolds stress [39]. Similarly, bursts of the wall-
normal velocity are known to be associated with streamwise-velocity streaks
[39, 101], but the two velocity components have very different sizes. Figure
2.9(a) shows that the spectrum ofu in the logarithmic region is much longer
than that of v , and it is difficult to study the interaction of the two variables
if they are band-passed to a single scale.
Both deficiencies are substantially remedied by the low-pass-filtered velo-

city (2.7), which is easily interpreted as a smoothed flow field, and retains
the largest features of the flow, including the long streaks ofu . Unfortunately,
these low-passed fields are not approximate wave trains or packets, and we
lose the information about the local inclination angle used in (2.22) as part
of the condition to identify bursts. However, we sawwhen discussing that
condition that the inclination angle was only intended to relax the intensity
identification threshold, since figure 2.6 shows that high amplitudes are un-
likely to be anything but vertical. As a consequence, we study in this section
conditional flow histories conditioned only on the intensity of the events,
and expect their inclination, if any, to emerge as a consequence of that con-
ditioning. Since this requires both a large computational box to contain the
largest flow structures, and temporal information, the rest of the section only
uses the temporally resolved simulation F2000.
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We create filtered fields using the low-pass filters described in §2.2.2 and,
to obtain structures that are approximately equivalent to the band-passed
ones in §2.3.2, integrate the resulting velocity over the same y -bands. The
resulting two-dimensional fields recall the amplitudes studied in §2.3.2, but
contain intense regions of negative as well as of positive velocity. Therefore,
the process of isolating intense regions of the wall-normal velocity now
consists of two independent thresholding operations, ṽi > 2ṽ ′

i
for ejections,

and ṽi < −2ṽ ′
i
for sweeps, where ṽ ′

i
is the root-mean-square intensity of the

filtered timeseries. This results in twosetsof intenseevents,whichare treated
independently, and the rest of the section includes averages conditioned
to one or to the other. As a consequence, the presence of a sweep in a flow
conditioned to ejections should be considered a feature of the flow, not of
the conditioning, and vice versa.
As in §2.3.2, the purpose of the threshold used to define the sweeps and

ejections is mostly to separate individual events, and its value is not critical.
We also discard bursts which are too small, and, in addition, merge into a
single object bursts of the same sign whose centres, (ξc , zc , tc ), defined as
the location of their maximum intensity, are too close to each other. The
centre of the resulting object is taken to be the centre of the stronger of
the two eddies beingmerged. We saw in §2.3.2 that the size of the bursts is
ℓΞ/Λ ∼ ℓZ /Λ ∼ T uτ/Λ ∼ O (1), and, after some experimentation, choose
as themerging criterion that

√
(Δtcuτ)2 + (Δξc )2 + (Δzc )2 < 0.15Λ. (2.29)

The number of centres determined in this way is given in table 2.4 for each
filter size. Centring each burst on its defining extremum, the conditional
structures are computed as in (2.23), using the four-dimensional filtered
histories without integrating them in y , to retain thewall-normal burst struc-
ture,

〈a〉L (Ξ, y ,Z ,T ) = 1

N

∑

c=1,...,N

a (ξc + Ξ, y , zc + Z , tc +T ). (2.30)

For each burst, we use a centred four-dimensional box spanning the chan-
nel half-height, y = (0,h), the wall-parallel box with dimensions Ξ/h =

±4π, Z /Λ=±3, and a time interval consistent with the burst lifetimes dis-
cussed in §2.3.2, SΛT ≈±5. The conditional mean evolutions for the different
filters are found to collapse spatially when normalised with the height of the
most intense point of the conditional evolution, yc , which can be interpreted
as the distance from the wall of the centre of the conditional burst at the
moment of its highest intensity. Figure 2.9(b) shows that yc increases linearly
with the filter width as y +

c = Λ+/2 + 100, corresponding to bursts whose
central height is proportional to Λ/2, with an offset of 100ν/uτ representing
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FIGURE 2.9: (a) Spectra of: , the streamwise velocity; , the wall-normal
velocity, integrated over y/h ∈ [0.2, 0.4]. Contours contain 50% and
10% of the integrated spectral mass. (b) Distance from the wall of the
point of highest intensity of the conditional burst.• ejections;N sweeps.
The diagonal line is yc/h = 0.5Λ/h + 0.05.

the buffer layer. Because of this offset, the spatial structure of the bursts
collapses better with yc than with Λ, and this scaling will be used in the rest
of the section.
Figure 2.10 provides three orthogonal sections of the three-dimensional

structure of the bursts at SΛT = 0, and shows that the scaling with yc is ex-
tremely good, only interrupted by the channel centreline. The largest filters
produce ‘cropped’ bursts at y = h, but they agree well below that height. The
dotted lines in each figure show the location of the other two sections. Indi-
vidual ejections and sweeps are often accompanied by a single strong struc-
ture with opposite wall-normal velocity [101], sitting at Ξ ≈ 0, Z /yc ≈ ±1.2.
Inspection of a representative sample of individual bursts shows that only
about 5% of them havemore than one companion, and are approximately
symmetric. As in §2.3.2, the bursts in (2.30) are oriented to retain asmuch
as possible the asymmetry of this arrangement in the conditional mean.
This is done by placing on a negative Z the strongest ejection found in the
neighbourhood

|Ξ | ≤ 0.2Λ, |Z | ≤ Λ. (2.31)

of the conditioning sweep (or vice versa), reflecting the velocity field as re-
quired. For all the filters and conditions tested, the companion appears in
the conditional evolution as a single opposite-signed ‘partner’ with half the
intensity of themain structure.
Small differences can be seen between the conditional sweeps and the

ejections. For example, the ejections in the bottom panel of figure 2.10(b)
have small upstream (Ξ < 0) ‘tails’ near the wall, while the sweeps in the
upper panel have amore rounded downstream ‘nose’ farther from the wall.
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FIGURE 2.10: (a,b,d) Different sections of the conditional structure of ṽ at the peak
of the v -burst, SΛT = 0, for the four filters. F2000. , positive wall-
normal velocity; , negative. The contours are (-0.15, 0.15, .45) of
the corresponding extremum. In each figure the top panel is condi-
tioned to the sweep, and the bottom one, to the ejection. The lines
are: blue, ṽ1; orange, ṽ2; green, ṽ3; red, ṽ4. (c) Autocorrelation function
of the wall normal velocity, Cvv (Δx , y , y ′) at y ′ = 0.05h = 100ν/uτ.
The shaded contours are the unconditional autocorrelation function;

, autocorrelationonly for positivev events; , autocorrelation
only for negativev events. Contours are (0.15, 0.3, 0.6) of themaximum
correlation in each case.
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FIGURE 2.11: (y ,Z )−section of the conditional mean structure of q̃2 at the peak
of the v -burst, SΛT = 0. F2000. The shaded contours are streamwise
velocity perturbations, ũ+

2 = ±(0.5, 0.9, 1.3). The arrows are the cross-
plane velocities, with values in (ṽ 2

2 + w̃ 2
2 )1/2 = [0,uτ], represented by

the arrow length.

Interestingly, both features are also found in the autocorrelation function of
the wall-normal velocity, added to figure 2.10(b) as a shaded area, suggesting
that different regions of the autocorrelation function of the wall-normal
velocity are controlled by perturbations of different sign.
A similar effect was found by Sillero et al. [153] for the (x , z ) sections of

the autocorrelation of the spanwise velocity. He found them to be approx-
imately square, and showed that, when the correlation is conditioned to
only positive or negative values ofw at the reference point, the correlation
separates into two almost diagonal patterns, which form the square when
added together. Here, sweeps and ejections contribute to the ‘nose’ and ‘tail’
of the unconditional correlation ofv , respectively. This is confirmed in figure
2.10(c) which shows the autocorrelation functions of v at y/h ≈ 0.05,

Cvv (Δx , y , y ′
= 0.05h) = 〈v (x + Δx , y )v (x , y ′

= 0.05h)〉, (2.32)

where the average 〈·〉 is performed in three different ways: unconditionally
(shaded in the figure), and conditioned to either negative (dashed lines) or
positive (solid) values of v at the reference point v (x , 0.05h).
Figure 2.10(e) shows that the wall-parallel sections of the conditioning

burst are roughly circular,whereas the conditional partners are bean-shaped,
butwewill show in§2.4.1 that themismatchbetween the shapes of thebursts
and of their partners is almost surely an artefact of the conditional average,
not of the instantaneous flow fields.
Figure 2.11 shows a cross-flow section of the conditional q̃2 field. The

figure is conditioned on v , and the shaded contours are streamwise velocity
perturbations. The sign of the primaryu structure (near Z = 0) is opposite
to the one of v , forming a classical (Q2, u < 0,v > 0) or (Q4, u > 0,v < 0)
eddy. Both cases have a weaker partner of opposite polarity at Z /yc ≈ −1.2,
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and the complete structure shares many features with the conditional pairs
ofuv -Qs in Lozano-Durán et al. [101] and [39], which were conditioned on
their intensity, without regard to their temporal evolution. Those authors
found that strong Qs can be classified as ‘attached’, with roots that extend
very near the wall, or ‘detached’, which do not. The attached Qs are self-
similar, as in the present case, formQ2–Q4 pairs of size comparable to the
present ones and, when conditionally averaged by centring them on the
centre of gravity of the pair, they also contain a roller between streaks. They
are responsible for most of the tangential Reynolds stress in the flow. Similar
rollers have been identified as part of the self-sustaining cycle of the buffer
layer, where they tend to be almost parallel to the wall [56, 73–75, 150], and
are also believed to be important in the logarithmic layer [48, 53]. In our case,
the roller remains inclined in the (Ξ, y )-plane at approximately 15o during
the evolution (not shown), sitting between the pair of streaks. This is similar
to the inclinations previously found from the autocorrelation ofu [see 153,
for a review]. The similarity between all these structures suggests that bursts,
Qs and quasi-streamwise vortices are different manifestations of the same
phenomenon.
Up to now, we have described bursts at the moment of their maximum

intensity, butfigures 2.12(a) and2.12(b) show the timeevolutionof a constant
isosurface of ṽ2 for the conditional evolution of an ejection and a sweep,
respectively. Theburst is always located atZ /yc ≈ 0, and its partner structure
at Z /yc ≈ −1.2, as in figure 2.10(d). The conditional evolution spans a total
of SΛT = 8, clearly showing anOrr-like evolution of the inclination angle and
amplitude of the burst in both cases. The partner structure is present during
the full evolution, and is amplified by approximately the same amount as the
conditioning burst, but with half its average intensity. Figure 2.12(c,d) shows
the evolution of the streamwise velocity streaks during the same conditional
event. They are considerably longer (∼ 20yc ) than the v -bursts (∼ 3yc ) and,
unlike the latter, which have a single secondary lateral structure, they have
a pair of comparable streaks of the opposite sign at each side. However,
although there is someamplificationof the streakduring theburst, evidenced
in the figure by the thickening and lengthening of their u isosurface, it is
less clear than the amplification of v . In particular, the streaks are already
present in the conditioning volume when the v -burst begins to form, and
remain in it when the burst disappears.
Figure 2.13 shows longitudinalZ = 0 sectionsof the conditional evolutions

in figure 2.12, at different moments during the burst. To be able to compare
it with the band-pass filtered conditional evolution in §2.3.2, we also provide
contours of the band-pass filtered streamwise velocity, obtained by filtering
the conditional field (which already is an average of low-pass-filtered fields)
with a high-pass filter chosen so that the scales retained by the combined
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FIGURE 2.13: (a–c)Z = 0 sectionof the low-passed-filtered low-speed streak (dashed
lines, |ũ+

2 | = [0.15, 0.3]) and its associated ejection (shaded contours,
|ṽ+
2 | = [0.15, 0.3, 0.6]). The solid lines are the shorter wavelengths of

the filtered streamwise velocity, comparable to the band-pass-filter
velocity in §2.3, as explained in the text. (a) SΛT = −2. (b) SΛT = 0.
(c) SΛT = 2. (d–f) As in (a–c), but for the high-speed streak, and the
wall-normal velocity sweep. F2000.
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effect of the two filters is comparable to the band-pass filter in §2.3. Filtering
the streamwise velocity in this way reveals an inner ‘core’ of the streak. While
the longer ‘body’ of the streak is always tilted forward, themuch-shorter core
tilts bothbackwards and forwards in synchronywith thewall-normal velocity.
This confirms the different nature of the short (band-pass filtered) and long
(low-pass filtered) perturbations of the streamwise velocity discussed in
§2.3. It is worth noting that the sweep is located towards the front of the
high-speed streak, whereas the ejection tends to be closer to the back of the
low-speed streak, recalling a similar arrangement of streaks and vortices in
the buffer layer [see figure 9b in 70].
Before interpreting these results, it is important to understand that figures

2.12(c,d) and 2.13 do not represent instantaneous streaks, or even averaged
ones, but the part of the streak conditioned to the presence of a strong burst
of v . As such, the intensity of the structures in those figures reflects both the
intensity of the fluctuations ofu , and how isu correlated to the burst. For
example, the isolines in figure 2.13 do not represent the intensity ofu , and
cannot beused to estimate that intensity except probablynear the inner core.
Any attempt to derive from themwhether the burst is a consequence of the
presence of the streak, or the other way around, is bound to be speculative.
In the same way, the fact that the streaks in figure 2.12(c,d) are not seen to
strengthen during the burst does not mean that they do not do so (or vice
versa).
With these restrictions in mind, the simplest interpretation of the posi-

tional bias in figure 2.13 is that the streaks are ‘wakes’ created by sweeps
and ejections advected by themean flow at the wall-distance at which they
originate [70]. Sweeps, coming from above, move faster than the local mean
speed andbring high-speedfluid down, leaving a high-speedwakeupstream.
The effect of the ejections is the opposite. However, it was argued by [10] that
this explanation is unlikely, because the v -bursts do not live long enough.
Thus, if we take their lifetime to be the same as for Qs,T + ≈ 2y +

c and the
velocity difference to beO (1.5uτ) [103], themaximum length of their wake
would beO (3yc ). This is the length of the inner core in figure 2.13, but much
shorter than the length of the streak. A more likely possibility is that each
streak is created by several bursts, each of which contributes a small fraction
to its length [10]. The fact that the conditional streaks weaken so little away
from the peak of the burst in figure 2.12(c,d) also strongly suggests that the
streaks are stable features of the flow, while the burst grows and eventually
disappearswithin them. This is supportedby the known streamwise distance
between consecutive Qs,Δx ≈ 7yc [39, 101], which is much shorter than the
streak length. These dimensions will be confirmed for the bursts in the next
section.
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In fact, if we accept the argument above that very long wakes cannot be a
consequence of short-lived bursts, the scaling of figure 2.13 with the filter
width can be used to extract some causal information. We saw in discussing
figure 2.10 that the size on the v -burst is proportional to yc ∝ Λ. The inner
core of the streak in 2.13 also scales with Λ, which is not surprising because
it is created by a pseudo-band-pass filter of that size. The causal information
is contained in the scaling of the rest of the streak, which is obtained with a
low-pass filter, and therefore contains all the scales larger than Λ. Although
not shown in the figure to avoid clutter, most of the streak dimensions scale
withh, not with Λ, suggesting that most of the streak it is not caused by the
burst, nor does directly causes it. The only regions that scale with Λ are the
upper edge of the leftward tail of the low-speed streak in figure 2.13(a–c),
and the underside of the rightward nose of the high-speed streak in figure
2.13(d–f). Both regions are approximately indicated by a dotted rectangle in
figure 2.13(b,e).
Wemay now come back to the question of what causes the positional bias

in figure 2.13, which is part of the wider question of what causes sweeps
and ejections to be organised along streaks. It is generally accepted that the
bursts create streaks by deforming themean profile, but the discussion in
the previous paragraphs implies that something else organises the bursts
so that the short streak segments join into longer objects. The possibility
that streak instability is responsible for the bursts has beenmentioned often,
although the detailedmechanism is unclear [see discussions in 46, 150], as
well as the possibility that long streaks are compound objects [69]. However,
most of these analyses deal with infinite uniform streaks, and cannot explain
a preferential longitudinal distribution of the bursts within them. Although
the question of which are the original perturbations that give rise to the
formation of bursts, is beyond the scope of the present paper, an obvious
suggestion of the above observations is that bursts are preferentially created
at the ‘active’ end where the streak ‘collides’ with the ambient flow, either
along the upper surface of the back of the slow streaks, as they are overrun
by the faster flow behind, or along the bottom of the ‘nose’ of the faster flow,
as it overruns the slower one.
A slightly different interpretation of the same data is that the streak inter-

action does not take place at the end of a streak, but in the front of ameander
in which high-speed flow pushes into a low-speed one. The conditional data
in figure 2.13 are not enough to distinguish between those two possibilit-
ies, even when inspected in other flow sections or in three-dimensional
views, and all that can probably be said is that bursts tend to be created at
pre-existing longitudinal inhomogeneities of the streaks.
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FIGURE 2.14: Probability mass functions (pmfs) of the number of partners of each
structure. (a) Sketch of the definitions of pair, partner and number
of partners (node degree). (b) Pmf of the number of sweep-partners
for ejections (open symbols) and ejection-partners for sweeps (closed
symbols). (c) Pmf of the number of ejection-ejection partners (open
symbols) and sweep-sweep partners (closed). (a–b)•, Λ1;�, Λ2; N, Λ3;
H, Λ4. The solid line is the corresponding distribution for a Poisson
process.

2.4.1 Space-time organisation of sweeps and ejections

It remains unclear from the previous discussion whether the secondary v

structure that appears to one side of the conditioning burst in figures 2.10
and 2.12(a,b) is an independent Orr burst, a true companion of the condi-
tioning burst, or another unrelated structure. However, it seems unlikely
that v ‘monopoles’ of any given sign, strong enough to be reflected in the
conditional average, appear isolated in the flow, because continuity requires
that the mean wall-normal velocity over patches of dimensions comparable
to the distance from the wall should vanish. Our baseline hypothesis, motiv-
ated in part by the similarity of the conditional averages in figure 2.10 to the
conditional Qs in [101] and [103], is that bursts appear in side-by-side pairs
of opposite sign, and that the secondary structure in figures 2.10 and 2.12 is
just a poorly centred reflection of the opposite-signed partner of the burst
being used to condition the evolution.
To verify this, we compute the distance between the centres of each de-

tected sweep and its closest ejection, and vice versa, defined in themean-
convective frame of reference,

L2 =
[
(Δt uτ)2 + (Δz )2 + (Δξ)2

]1/2
. (2.33)

[101] and [39] give similar statistics for unconditional Qs, although without
the inclusion of the time difference. In their case, they require restrictions on
the relative size of the eddies to avoid pairs with very different components,
but this is made unnecessary in our case by only considering structures
obtainedwith aparticular filter. Thedefinitionof apair is not straightforward,
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andfigure 2.14(a) shows a two-dimensional sketch of possible complications.
Each sweep, such as s1, chooses as partner its closes ejection, such as e1,
andmay in turn be chosen as partner by other ejections. Partnership is not
symmetric. A given sweep may be chosen as partner by several ejections,
such as e2–e4 in the case of s3, and each of those may or may not be the
ejection chosen by the sweep as its closest partner. Couples which choose
each other are defined as pairs, such as (e1, s1) and (s3, e4) in figure 2.14(a),
and this relation is mutual and unique. Each structure can be part of a pair,
or of none at all, but being paired does not preclude having been chosen
as a partner by other structures. Examples of unpaired structures are e2, e3
and s2, which have not been chosen by their preferred partner, and a paired
structurewith a large number of partners (or node degree, in graph notation)
is s3. Approximately 60% of the sweeps are in pairs, and 14% of them are in
exclusive pairs (see table 2.4).
There are no obvious statistical differences between the components of

exclusive andnon-exclusivepairs, but pairs arenot randomoccurrences. The
probability distribution of the degree of the sweeps and ejections is shown
in figure 2.14(b), where it is compared with the expected density function for
Poisson-distributed structures, represented by the solid line. It is clear that
sweeps and ejections are clustered in the sense of having a higher number
of partners of the opposite type than the Poisson prediction obtained by
randomising the position of the structures. On the other hand, figure 2.14(c),
shows the distribution of the degree of structures of the same type, which is
considerable steeper than Poisson’s. These two behaviours can be informally
summarised as that bursts of opposite type ‘attract’ eachother,while those of
the same sign ‘repel’, and can probably be explained by the aforementioned
effect of continuity, which requires that the net wall-normal mass flux over
large areas should tend to vanish.
It is interesting that the probability of having N > 3 partners of the op-

posite type in figure 2.14(b) follows quite closely a geometric distribution
P (N ) ∼ qN with q = 0.4, represented by the dashed line. This is intriguing,
because it implies that the probability of being chosen as a partner is inde-
pendent of howmany partners a structure already has, probably implying
that some structures have to choose a distant partner because they cannot
find a closer one. This, in turn, suggests that bursts that are not part of a local
pair are relatively isolated from prospective partners of the opposite sign.
The same is not true for the same-sign partners in figure 2.14(c) which do not
have an exponential tail or, if they do, it is onewith amuch smaller parameter
than in the previous case (q ≈ 0.04). The default model proposed by [101]
from the analysis of the uv -Qs, is that Qs tend to cluster into streamwise
trains of tight pairs. The previous discussion suggests that the organisation
into trains is better developed than the one in pairs, or at least that many



2.4 LOW-PASS-FILTERED VELOCITY FIELDS | 57

0 1 2 3

L2/yc

0

1

2

p
d
f

0

1

2

0.0
0.5
1.0

0 1 2 3

d/yc

0.0
0.5
1.0

(a) (b)

(c)

(d)

0 1 2 3

L2/yc

0.0

0.5

1.0

p
d
f

0

1

0

2

0 1 2 3

d/yc

0

1

(e) (f)

(g)

(h)

FIGURE 2.15: (a–d) Probability density functions of the distance between com-
ponents of sweep-ejection pairs. (e–h) Same for sweep-sweep pairs.
(a,e) Pdf of the space-time distance L2, defined in (2.33). (b, f) Pdf of
|Δt uτ/yc |. (c, g) |Δz/yc |. (d, h) |Δξ/yc |. In all cases, lines are: ——, Λ1;

, Λ2;— ·—, Λ3; , Λ4; • , pdf of the intra-pair distance for
an equivalent Poisson process.

pairs are asymmetric, with one of the partners too weak to be identified as
such by the analysis.
Figure 2.15 shows the probability distribution of the distance between the

components of established pairs, compared with its Poisson counterpart.
Figure 2.15(a–d) refers to sweep-ejection pairs, and figure 2.15(e–h) to pairs
of the same type.More than 90%of the normalized distance between sweeps
and ejections fall within L2/yc ∈ (0.5, 2), with itsmode at L2/yc ≈ 1.1. Its pdf
is significantly different from the Poisson distribution, shown in the figure as
a line with solid circles. Figure 2.15(b–d) shows the contributions to L2 of its
different components. Themain one is from the spanwise distance, which
peaks at approximatelyΔz/yc ≈ 1, similar to the spanwise offset between
the main and secondary eddies in figures 2.10 and 2.12. The streamwise
component also plateaus for Δξ/yc . 1, but the temporal offset peaks for
contemporaneous events (Δt = 0) and decays quickly. As with the total L2

distance, the Poissonmodel fails for all components. Events tend to be spa-
tially farther from each other than the Poissonmodel, but closer in the time
of their peak development. The former ismost probably due to the finite size
of the objects being considered. Figure 2.10 shows that the (x , z ) diameter
of the sweeps and ejections is approximately yc , and it is not surprising that
there are few pairs in figure 2.15 spatially closer than that distance. On the
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other hand, this restriction does not apply to time, and figure 2.15(b) shows
that pairs preferentially evolve in synchrony, as in figure 2.12.
Figure 2.15(e–h) tells a slightly different story about homogeneous pairs.

In the first place, although the average distances are approximately the same,
the homogeneous pairs do not show the same probability deficit at short
distances as in the heterogeneous case. Sweeps are closer to each other than
their size would appear to allow. The reason can be understood from the
individual pdfs in figure 2.15(f–h). While the exclusion in dissimilar pairs
takes place in space, similar pairs are mainly spaced in time. The pdf for
Δz peaks at the origin, in agreement with the model of a train of aligned
pairs, andΔξ is also only weakly constrained at short distances, but these
events donot happen simultaneously, andfigure 2.15(f) reveals a clear deficit
for Δt uτ/yc . 0.5, or SΔt . 2. This is of the order of the lifetime of the
burst, suggesting that, although consecutive pairs may align along streaks,
they a created asynchronously, so that neighbouring sweeps are typically
at different stages of their life. Note that this would be consistent with the
observation in figure 2.13 that sweeps tend to form at the ‘active’ front of
the streak, and suggests a model in which the trains of bursts propagate
incrementally while they extend the streak length. Although it has to be
emphasised that, as we have mentioned several times in this discussion,
these bursts are only very seldom symmetrical hairpins, one cannot avoid
noting the similarities between this propagationmodel and the incremental
formation of hairpin packets analysed by [186] in the absence of turbulent
background activity.

2.5 CONCLUSIONS

Using wavelets as band-pass filters, we have extended the identification in
Jiménez [68] of Orr-like bursts inminimal channel flows, to computational
boxes of arbitrary size. Wavelets allow us to reduce the flow to a field of local
single-scale wave trains whose inclination and intensity can be computed,
but lack the connection with the surrounding flow and themulti-scale char-
acter of turbulence. We have complemented this analysis with low-pass
filters that retain the very large motions of the streamwise velocity. The evol-
ution of both filtered velocities is tracked in time. Regardless of the filter
used we find significant statistical evidence of Orr-like evolution of localised
structures with strong wall-normal velocity.
The intense wall-normal velocity wavefronts are always vertical, and are

consistently preceded by backwards-leaning perturbations. The length and
time scales of these wave trains are self-similar with respect to the filter
width, especially in the logarithmic layer. Increasing the Reynolds number
in the range Reτ = 950–4000 simply increases the range of scales in the
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logarithmic region, resulting in awider hierarchyof self-similar eddies.When
normalisedwith theirfilter-width, theeventshave roughly constantduration-
area, approximately filling 10% of the time-area at a given height.
We also study the effect of the box-size, using short boxes of dimensions

2πh×2h×πh, long ones of 8πh×2h×3πh, and comparisonswith the single-
mode analysis inminimal boxes by Jiménez [68]. We find good agreement
between the three box sizes, suggesting that the dynamics of the Orr-like
bursts are well captured inminimal domains. The evolution of the inclina-
tion angle and amplitude of the wavefronts of the three velocity components
is reasonably well predicted by linearised optimal transient growth, corrob-
orating that the evolution of these events is dominated by linear dynamics.
Because the statistical analysis of the wave trains shows that the most

intense events of the wall-normal velocity are always vertical, Orr events can
be identified solely from the amplitude, allowing low-pass filters to identify
Orr-events while retaining the large-scale motions and the sign of the ve-
locity perturbations. The result is that sweeps and ejections tend to form
contemporaneous ‘pairs’, i.e. the peaking of the sweep and of the ejection
happens at the same time. The components of the pairs are roughly aligned
in the spanwise direction, forming streamwise-oriented tilted rollers, and
the rollers tend to be aligned in the streamwise direction with respect to
one another. However, rollers tend not to be contemporaneous, and the
temporal offset among contiguous rollers is comparable to their lifespan.
Sweeps and ejections are embedded in streamwise-velocity streaks of the
opposite velocity sign, thus generating negative tangential Reynolds stresses
that reinforce the streaks in which they reside. In fact, the evidence from
the conditional flow histories in the space-time neighbourhood of strong
bursts is that bursts tend to form along pre-existing streaks, especially near
streamwise streak inhomogeneities.
The characteristics of the Orr events, such as their size, time scale, shape

and spatio-temporal organisation, are consistent with the attached three-
dimensional regions of intense tangential Reynolds stress studied in [39, 101,
103]. Theseworksprovide strong indications that themeanshear controls the
dynamics of the attachedmomentum-carrying structures. Thenewevidence
corroborates these findings, suggesting that the ‘tall’-attachedmomentum-
transfer structures are Orr bursts, and can thus be reasonably well described
by linear dynamics.
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This chapter deals with the possibility of observing the flow far from the
wall in a turbulent channel, using only measurements at the wall. There
are at least two reasons why this may be desirable. The first one is purely
scientific, because the relation between the near-wall and outer flows has
been one of themost controversial questions in wall-bounded turbulence,
and it stands to reason that influence and observability are related. If A does
not influence B, it is unlikely that the former can be reconstructed from
observations of the latter, and, conversely, if A can be reconstructed from B,
it is unlikely that the two are completely unrelated. Note that the inverse is
not true, especially if, as here, we restrict ourselves to linear reconstructions.
If A cannot be reconstructed from B, it cannot be concluded that the two are
independent. In addition, reconstruction by itself does not give information
on the direction of causality, if any. That B reconstructs A does not imply
that B causes A, or the other way around. We focus on variables that can be
reconstructed fromwall measurements, and, in that regard, we will be able
to propose criteria for which variables are ‘attached’ at what scales, in the
sense that their influence extends to the wall, although these criteria might
not coincide with Townsend’s dynamical definition of attached structures
[170]. On the other hand, although it is probable that variables that cannot
be reconstructed from the wall are ‘detached’, in the sense of having little or
no influence over it, it follows from the previous discussion that this cannot
be guaranteed.
A second reason for our interest in reconstruction is the possibility of act-

ive control of wall turbulence. This is a classic goal of turbulence research,
whether to decrease or increase wall friction, reduce noise or other applica-
tions. Transportation of fluids through pipes, such as oil, gas or water, would
benefit fromdrag reduction, and sowould vehiclesmoving in fluids. In other
engineering applications, such as combustion or heat transfer, or even aero-
dynamics, it may be desirable to increase the turbulent intensities close to

61
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walls to promote mixing or to delay separation. There is a well-developed
theory for the optimal control of linear systems, and, although turbulence is
nonlinear, there is extensive evidence that a substantial fraction of the dy-
namics of shear-driven flows can be linearised [66]. This has led to heuristic
and theoretical active-control schemes that manipulate friction in turbulent
channels at moderate Reynolds numbers, at least in simulations [28, 45], but
they are not free from problems and ambiguities.
Thefirst problemhas todowith the scales involved.Most of thedissipation

in wall-bounded flows is contained within or below the logarithmic layer
(see figure 3.1a), suggesting that effective control should act near the wall. As
a consequence,most schemes have targeted the buffer-layer, which contains
the strongest turbulent fluctuations, but technological considerations sug-
gest that practical applications should rather centre on the logarithmic-layer
eddies. Thus, for a flow of thicknessh and Reynolds numberReτ = uτh/ν,
where the ‘+’ superscript denotes wall units based on the friction velocityuτ

andon the kinematic viscosity ν, the sizes andpassing times of the structures
in the buffer layer decrease proportionally toReτ when expressed in outer
units. On the contrary, when the distance, y , from the wall is a fixed fraction
ofh, sizes and times scale in outer units, or at most depend logarithmically
on the Reynolds number. For example, in a water pipe with h ≈ 1m and
bulk velocityU ≈ 1m/s (Reτ ≈ 105), the wall-normal velocity eddies in the
buffer-layer have length and time scales of Δx ≈ 1mm (Δx+ = 100) and
Δt ≈ 0.1ms, but those at a distance from the wall y/h ≈ 0.1 areΔx ≈ 20 cm
andΔt ≈ 0.2 s, whereΔx is the streamwise length. Similar differences apply
to the flow over aeroplane wings.
However, moving away from the wall is not without cost. Figure 3.1(a)

presents the fraction of the total dissipation below a given distance, y , from
thewall as a function of the Reynolds number [69]. An ‘ideal’ control strategy
would probably result on the complete elimination of the turbulent energy
dissipation over some part of the channel. Below y + = 20, most of the dissip-
ation is due to themean shear, and is independent of fluctuations. Centring
on the remaining dissipation, in the example above, the velocity fluctuations
in the logarithmic region, defined as 80ν/uτ ≤ y ≤ 0.2h, are responsible
for about 40% of the energy loss, but the scales in its lower limit are those
discussed above as being too small. If we want to restrict ourselves to fixed
fractions of the flow thickness, to avoid wall scaling, themaximum fraction
of the drag that could potentially be saved by completely removing all the
dissipation between y/h = 0.01 and 0.2 would be approximately 25% (at
Reτ ≈ 105). Decreasing the lower limit of wall distances increases the po-
tential gain, but at the cost of having to deal with smaller length and time
scales. Raising the upper limit is less effective. These estimations are only up-
per bounds, because turbulent dissipation can probably not be completely
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damped, but they show that the logarithmic layer is a ‘preferred region’ in
which some control authority still remains, while the size of the eddies stays
bounded from below as the Reynolds number increases.
A second problem is that most active-control schemes assume knowledge

of the flow atwall distances of the order of the size of the structures to be con-
trolled. Typically, the assumption is that the flow is fully known, as in Direct
Numerical Simulation (DNS), or at least that a two-dimensional section of
some variables is available, as in particle-image velocimetry. Unfortunately,
most practical observations are limited to the wall, where the only accessible
variables are the pressure and the two shears. This problem is especially
acute when we are interested in the logarithmic layer, which is separated
from the wall by the very active buffer layer. Figure 3.1(b) shows spectra of
the three observable variables at the wall. All of them are dominated by a
core whose position scales in wall units, but they also include a larger-scale
component, which is long for the two shears and wide for the pressure, with
wavelengths that scale proportionally toh, and which are associated with
eddies farther from the wall [57].
A related question is which part of the outer flow is effective in generat-

ing pressure fluctuations at the wall, which are of interest in acoustics and
structural loading. Wall pressure can be computed exactly if the flow is fully
known, as in DNS. But lower-fidelity Large Eddy Simulations (LESs) com-
putations only determine the outer flow approximately, and the question is
which level of detail is required to predict wall pressure to a given accuracy.
This report addresses the second question first, and only then addresses

the problem of estimating the state of the flow at interior points frommeas-
urements at the wall. In both cases, we try to use the fact that pressure satis-
fies a Poisson equation whose right-hand side is the object to be estimated.
We will see that we eventually have to use statistical information to make
our results physically plausible, but the use of two quantities linked by an
equation at least guarantees that the observations are fully explained by the
reconstruction. In a sense, equation-based give statistical ones a physical
interpretation. The problem of determining the effectiveness of the right-
hand side will turn out to reduce to a projection on an effective subspace,
while that of optimal estimation can be understood as an extreme case of
data assimilation [133].
The remainder of this chapter focuses on the properties of the estimations

of logarithmic-layer turbulence using noiseless, although potentially incom-
plete, wall measurements fromDNS. The widespread availability of data in
the last years has allowed various research groups to test the performance of
similar methods with considerable success [13, 14, 17, 60, 145]. These works
differ fromours in thatmost of them focus on the use of physicallymotivated
linear models [17, 60] to relate velocity measurements at one y to predict
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FIGURE 3.1: (a) Fraction of the total energy dissipation below a given distance from
the wall, as a function of the Reynolds number. The dashed lines are
scaled in wall units, and the labels refer to the predominant contributor
to the dissipation in each region. The solid lines are three distances
from the wall, scaled in outer units [adapted from 69]. (b) Premultiplied
spectra of [57] at y + = 5; , streamwise stress; , spanwise stress;

, pressure. The contours of each spectrum contain 50%, 70% and
90% of its spectral mass. λx and λz are respectively the streamwise and
spanwise wavelengths.

the same velocity component at another wall-normal distance. Others [114,
145], also explore the performance of nonlinear models, withmodest gains
over their proposed linear method. In contrast, our methodology is linear
regression, which has been successfully used for conditional flow recon-
struction away fromwalls [4], or to synthesise buffer-layer velocities from
experimental measurements farther away [13]. This Linear Stochastic Es-
timation (LSE), although apparently naive, is statistically optimal for linear
systems, and we will show that it is adequate to reconstruct the Reynolds-
stress structures in the logarithmic layer, using only variables that can be
measured at the wall. A closely related investigation is [175], which analyses
the correlation between wall pressure at the wall-normal velocity farther
into the flow, but, to our knowledge the present work is the first to one to
use the full set of wall observables to reconstruct the full internal flow field,
including the relative importance of the different observables on the three
velocity components, and the identification of the accessible scales. Finally,
it should be noted that, although not specifically addressed in the present
work, similar methods should apply to transitional flows, where scales are
typically larger, the role of linearity is more pronounced, and are thusmore
amenable to active control.
The remainder of this chapter is organised as follows. The numerical data-

sets are presented in §3.1. Sections §3.2 and §3.3 respectively analyse the
relation of the pressure with the second invariant, and the details of the re-
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Name Reτ (Lx , Lz )/h Nx × Ny × Nz Δx+,Δz+,Δy+
max T (h) Dy Nf Ref.

S1000 932 2π, π 512×385×512 12, 6, 7.7 18 CH 1800 [103]
S2000 2003 2π, π 1024×633×1024 12, 6, 8.9 11 FD 800 [103]
F2000 2003 8π, 3π 512×512×512 24, 9, 8.4 14 FD 1200 [A, 174]
F5300 5300 8π, 3π 1024×1024×768 22 , 12, 11.2 30 FD 3000 [A, 174]

TABLE 3.1: Parameters of the simulations. Lx ,z are the streamwise and spanwise
period of the numerical box, and Nx ,y ,z are the number of collocation
points of the stored grid in each direction.Δ+ are the grid resolution of
the DNS at the channel centreline.T (h) is the time spanned by the ap-
proximately equispaced snapshots in eddy turnovers.Dy represents the
discretisation used for the wall-normal direction: ‘CH’ refers to Cheby-
shevpolynomials and ‘FD’ tocompactfinitedifferences.Nf is thenumber
of fields used to compute statistics.

construction algorithm. Sections §3.4 and §3.5 discuss the properties of the
reconstruction ofQ and the velocity fields; and §3.6 concludes.

3.1 NUMERICAL EXPERIMENTS

We consider incompressible flow in channels whose half-height is h. The
streamwise, wall-normal and spanwise directions are x , y , z , respectively,
andu ,v ,w , p are the fluctuations of the corresponding velocity components
and of the kinematic pressure. Capitals are used for averaged quantities, and
primes for standard deviations. The computational domain is periodic in
both wall-parallel directions, with periods Lx and Lz . The spatial discret-
isation is Fourier spectral in those directions, dealiased using the 2/3 rule,
and compact finite differences or Chebyshev expansions in the wall-normal
direction, depending on the Reynolds number. Table 3.1 collects basic in-
formation on the simulations, and refers to the original publications for
further details.
Since our focus is on the logarithmic layer, and on scales that are large

compared to the viscous length, the spatial resolution of the database is not
critical except very near the wall, but the longest and widest scales, particu-
larly thoseof the streamwise velocity, require largeboxes and long integration
times to be accurately represented. To complement the high-resolution, but
relatively small, boxes of S1000 and S2000 while keeping the computations
economical in terms of storage, we use the large-box simulations F2000 and
F5300. They are computed asDNSs but stored at the resolution of large-eddy
simulations, δx+ ≈ 120 and δz+ ≈ 90, which is still sufficient to study the
energy- and stress-carrying eddies in the logarithmic layer. The pressure at
the wall in these data sets is computed retaining the effect of the discarded
scales [174].
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3.2 RELATION BETWEEN PRESSURE AND THE SECOND INVARIANT OF

THE VELOCITY GRADIENT TENSOR

The pressure satisfies the Poisson equation

∇2p = 2Q , (3.1)

whereQ = (ωiωi − 2Si j Si j )/4 = miu jmj ui/2 is the second invariant of the
velocity gradient, and Si j = (miu j + mj ui )/2 is the rate-of-strain tensor. The
pressure satisfies boundary conditions at both walls

my p = νmy yv = ν(mxωz − mzωx ), (3.2)

where the last equality follows from continuity and impenetrability.
Expanding in Fourier series along (x , z ), and denoting Fourier coefficients

by carats, (3.1) becomes

(my y − k 2)p̂ = 2Q̂ , (3.3)

where k 2 = k 2
x + k 2

z is the wavenumbermagnitude. Following [84], p̂ can be
expressed as the sum of an “inertial” component, p̂Q , satisfying (3.3) with
homogeneous Neumann boundary conditions, and a “Stokes” contribution,

p̂S =
[
−my p̂ (0) coshk (2h − y ) + my p̂ (2h) coshk y

]
/k sinh(2kh), (3.4)

which satisfies Laplace’s equation with boundary conditions, (3.2). The iner-
tial pressure can be obtained from Q̂ by inverting (3.3) as

p̂Q (y ) =
∫ 2h

0
Q̂ (ζ)G (y , ζ) dζ, (3.5)

where the Green’s function is

G (y , ζ) =
{
−2 coshk (2h − ζ) coshk y/k sinh 2kh, if y ≤ ζ,

−2 coshk ζ coshk (2h − y )/k sinh 2kh, otherwise.
(3.6)

Note that, if the pressure and the two shears, my u and myw , can bemeasured
at bothwalls, the Stokes pressure follows from (3.2) and (3.4), and the inertial
wall pressure, p̂Qw = p̂w − p̂Sw , is observable. Note also that, except for
very large structures in which kh ≪ 1, the Stokes pressure is essentially
determined locally by the boundary condition at each wall, and is small
everywhere. In what follows, we suppress the subindex ‘Q ’ when referring to
the inertial pressure, but the estimations ofQ in Section 3.5 are corrected for
theStokes component. Apreliminary analysis of these equations is presented
by [71]. Defining wavelengths as λi = 2π/ki , the location of the core of the
pressure spectrum away from the wall is approximately equilateral, λx ≈
λz ≈ 3y , and the intensity scales in wall units, p (y/h) ∼ u2

τ .
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FIGURE 3.2: (a) Sketch of the pressure-generating subspace, with the orthogonal
projection ofQ on the Green’s function. (b) Optimal reconstruction of
Q based on the wall pressure. Solid line, Full Q̂ ; dashed line, minimum-
norm orthogonal reconstruction, Q̂ ‖ ; M950, λx/h = 0.7, λz/h = 0.78.
(c) As in (a), emphasising the knownprobability distribution ofQ . (d) As
in (b), for theminimum-error reconstruction. Solid line, Q̂ ; dash-dotted
line, Q̂†.

Particularising (3.5)–(3.6) at the lower wall,

p̂w =

∫ 2h

0
Q̂ (ζ)G (0, ζ) dζ = −2

k sinh 2kh

∫ 2h

0
Q̂ (ζ) coshk (2h − ζ) dζ.

(3.7)

Near the wall, Figure 3.3(a) shows that the wavelengths of the spectrum scale
well in wall units, suggesting that most of the pressure at the wall is due to
flow structures in the buffer layer. But there is a substantial large-scale tail
that lengthens with increasing Reynolds number, and therefore presumably
originates farther into the flow. This is confirmed by Figure 3.3(b), which
displays the contribution to the spectrum from different height intervals in
the integral (3.7).
From the point of view of flow reconstruction, it is clear that the function

Q̂ (y ) cannot be fully characterised by the single number p̂w , and that some
kind of projection is required. There is a relatively well developed theory for
linear optimal “state observers” in control theory [155] and in dynamical
systems theory [37], whose key result is that an observer can only be built for
observable quantities. In the present context, this means that Q̂ should have
a measurable effect at the wall to be reconstructible, but the exponential
decay of the kernel in (3.7) suggests that this is not the case for many Q

structures. Small eddies with kh ≫ 1, whose Green’s function decays fast
with k y , are not observable and cannot be reconstructed far from the wall.
We will see below that larger structures can.
If we represent discretised functions of y as vectors, such as g ≡ G (0, y )

andQ ≡ Q̂ (y ), (3.7) can be written as amatrix product,

p̂w = g ∗Q , (3.8)
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where the asterisk denotes Hermitian transpose. In practice, (3.8) has to
incorporate the integration weights, as explained by [117]. The situation
is sketched in Figure 3.2(a). For a given p̂w , (3.8) implies that Q lies in a
hyperplane normal to g , which is parallel to the null-space of the inner
product. Any component in this subspaceQ⊥, such that g ∗Q⊥ = 0, does
not contribute to the wall pressure. There are two optimisation problems
to be considered. The first one concerns which is the smallestQ = q that
generates a given p̂w , and is equivalent tominimising

q∗q , given g ∗q = g ∗Q = p̂w . (3.9)

The second one is tominimise the error between the predicted and observed
Q ,

(Q ∗ − q∗) (Q − q ), given g ∗q = g ∗Q = p̂w . (3.10)

For any given flow field, the answer to the second problem is trivially q = Q ,
with zero error, while the answer to the first one is the orthogonal projection
ofQ over g ,

Q ‖ = (g ∗Q )g /|g |2 = p̂w g /|g |2, (3.11)

where |g |2 = g ∗g . An example of |Q | and |Q ‖ | for a particular Fourier mode
and snapshot of channel M950 is given by the solid and dashed lines in
Figure 3.2(b), illustrating that the optimum projection has the expected
exponential form of the Green’s function, but thatmost ofQ is not contained
in the projection.
Unfortunately, (3.11) is physically unrealistic because Q̂ has to satisfy con-

straints that are not taken into account by the above procedure. For example,
it follows from incompressibility and from the no-slip velocity condition that
Q̂ = 0 at both walls, which is not true for the Green’s function. In essence,
(3.11) is a property of Poisson’s equation, otherwise unrelated to the flow
in a channel. On the other hand, it is the optimal solution of (3.8), and any
otherQ , even if motivated by physical considerations, contains essentially
arbitrary components which are unrelated to the pressure at the wall.
The simplest way to incorporate the properties of Q̂ into (3.9)–(3.10) is

to apply the optimisation to an ensemble average of flows, rather than to
individual snapshots. Consider the reconstructionq ∼ φ, where φ is a vector
normalised as

g ∗φ = 1, (3.12)

constant across snapshots. The condition that q reconstructs the correct
pressure is

q = p̂wφ. (3.13)
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It is easy to check that this statistical modification has no effect on (3.9),
whose solution is still the orthogonal projection, (3.11), but (3.10) contains
Q explicitly, and the effect of incorporating its statistics is not trivial. The
quantity to beminimised is

〈(Q − p̂wφ)∗(Q − p̂wφ)〉 + µ (1 − φ∗g ) + . . . , (3.14)

where 〈·〉 is the ensemble average, the trailing dots represent terms that do
not involve φ∗, and µ is the Lagrangemultiplier that enforces (3.12). Differ-
entiation with respect to φ∗ leads, after some algebra, to µ = 0 and to the
reconstruction

Q ∗ = p̂w 〈p̂∗
wQ 〉/〈|p̂w |2〉, (3.15)

where the projector φ = 〈p̂∗
wQ 〉/〈|p̂w |2〉 plays the role of g //|g |2 in (3.11).

Some reflection reveals that φ is an approximation to the direction of the
mean value of the distribution ofQ in function space. The only statistical
object that needs to be compiled in (3.15) is the two-point correlationmatrix
C = 〈Q Q ∗〉 ≡ 〈Q̂ (ζ)Q̂ ∗(ζ ′)〉, because (3.8) implies that all the second-
order statistics of p̂w can be derived by contracting g with C. For example,
〈p̂wQ ∗〉 = g ∗

C, and 〈|p̂w |2〉 = g ∗
Cg .

Equation (3.15) is a variant of Linear Stochastic Estimation (LSE) [1], which
uses the joint statisticsof a seriesof observedevents, p̂w , andunknownsQ̂ (y )
to be estimated, to compute the linear operatorminimising the average error.
In contraposition to (3.11), only statistical information is included in (3.15),
whichdoesnot involve theGreen’s function g , and is essentially independent
of the physics in (3.1).
LSE has often been used on turbulent flow, but usually to derivemean flow

behaviour conditioned to particular events, or a local Taylor expansion for
the velocities [1]. An early attempt to estimate the instantaneous buffer-layer
vortices fromwall shear wasmade by [91], but we know of few other cases
in which it has been used as a real-time flow estimator. As it is used here,
there is no implication that Q̂ (y ) can be locally expanded as a Taylor series
of position. The assumption is that the perturbations of Q̂ are linearly related
to the perturbations of p̂w .
An example of this reconstruction for the case in Figure 3.2(b) is shown in

Figure 3.2(d). It agrees better thanQ ‖ with the known statistical behaviour of

Q̂ , including vanishing at the wall, but it is still a small fraction of the original
Q̂ . Most of the right-hand side of (3.3) is not observable from the wall.
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FIGURE 3.3: (a) Premultiplied pressure spectra at y + = 5. Contours are kx kz E +
pp =

(0.25, 0.50, 0.75), and the dashed diagonal is λx = λz . Large-box chan-
nels at: solid,h+ = 550; dashed, 934; dash-dotted, 2000. Various sources.
(b) Shaded contours are the pressure spectrum at the wall. Contours
contain 10%, 50%, and 90% of the spectral mass, M950. solid, contribu-
tion from (3.7) below y + = 60; dashed, 60 < y +

< 200; dotted, y +
> 200.

Contours contain 63%, 18%, and 4% of the total pressure, and 80%, 38%,
and 31% of the pressure in their spectral region.

3.3 LINEAR STOCHASTIC ESTIMATION

Stochastic estimation is the approximation of an unknown, u , using the
statistical information from an observable, E . To fix ideas, we consideru to
be a vector with the streamwise velocity component at every grid point,

u (y ) = [ui (y )], (3.16)

where the i subindex represents the two grid indices ix = 1 . . .Nx and
iz = 1 . . .Nz . The wall-normal (v ) and spanwise (w ) velocity components
are analogously expressed, and any procedure described foru is equivalently
applied to them. Owing to the linearity of themethod, optimising the indi-
vidual velocity components is equivalent to optimising the velocity vector as
a whole. Our observables are,

E =
[
pi (0), my ui (0), mywi (0)

]
, (3.17)

where indices are defined as above, but E = [Ei (s ) ] includes a second index,
s = 1 . . . 3, representing the three observables. Thebest statistical estimation,
u†(y ), ofu (y ) under the L2-norm, is the conditional average ofu (y ) given
E , i.e. 〈u (y ) |E 〉, where 〈·〉 stands for ensemble averaging. When expanded
as a Taylor series in E , and truncated at the linear term, it is called a linear
stochastic estimator (LSE), and is numerically equivalent to the linearmean-
square approximation ofu in terms of E [1]. The estimator L̆i j (s ) (y ) in

u
†
i
(y ) = L̆i j (s ) (y )E j (s ) , (3.18)
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where repeated indices imply summation, is obtained byminimising
〈(

ui (y ) − u
†
i
(y )

)2〉
=

〈(
ui (y ) − L̆i j (s ) (y )E j (s )

)2〉
, (3.19)

which reduces to solving the linear system,

〈E j (s )Em (r )〉L̆i j (s ) (y ) = 〈ui (y )Em (r )〉, (3.20)

where 〈E j (s )Em (r )〉 is the autocorrelation tensor of the observables, and
〈ui (y )Em (r )〉 is the cross-correlation between the unknowns and the ob-
servations. The presence of the latter in the right-hand side of (3.20) codifies
the intuition expressed in the introduction that two quantities are only mu-
tually observable if they are correlated. It also implies that reconstruction is
a largely symmetric property. If A allows us to estimate B, B should allow us
to estimate A. Note that the only information required to compute L̆i j (s ) is
contained in the two correlation tensors, and thatu is only assumed to be
linear with respect to E . There is no assumption about the linearity of the
velocity field in terms of the geometric coordinates.
Equation (3.20) can bemanipulated to increase or decrease the number

of observables used to estimate the velocity field. A reduced estimator may
be desirable to separate the contributions of the different observables to the
full model, or for practical considerations. For example, if only the pressure
(s = 0) is used to estimateu , (3.20) becomes,

〈E j (0)Em (0)〉L̆i j,p (y ) = 〈ui (y )Em (0)〉. (3.21)

In the reduced system, 〈E j (0)Em (0)〉 is the autocorrelation of the pressure
at the wall, and 〈ui (y )Em (0)〉 the cross-correlation of p at the wall withu at
every wall distance. Note that L̆i j,p (y ) ≠ L̆i j (0) , as the later contains inform-
ation about the shears through the inverse of 〈E j (s )Em (r )〉.
In our case, E is a vector of length 3Nx Nz , resulting in a large correlation

matrix that has to be inverted in order to solve for L̃i j in (3.20). This can be
alleviated by exploiting the periodicity of the domain and projecting on the
Fourier basis. For every pair of Fourier modes, Ê (kz ,kx ) and û (kz , y ,kx ),
equation (3.20) becomes,

〈Ês Ê ∗
r 〉(kz ,kx )L̂s (kz , y ,kx ) = 〈û (kx , y ,kz )Ê ∗

r (kx ,kz )〉, (3.22)

where the carat denotes Fourier transformation, ki are the wavenumbers,
and the asterisk is complex conjugation. The nowmore feasible calculation
consists on solvingNz Nx linear problems of dimension three. This proced-
ure is also known as spectral linear stochastic estimation [SLSE, 168]. It is
formally equivalent to LSE, but it behaves better with incomplete or noisy
data because it avoids the spurious correlations between the orthogonal
Fourier basis functions. The inverse Fourier transform of L̂s , as obtained
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from (3.22), can be used to reconstruct the velocity fields in physical space,
and (3.18) becomes a discrete convolution,

u†(ix , y , iz ) =
∑

∀jx ,jz

L̆s (ix − jx , y , iz − jz )Es (jx , jz ), (3.23)

where the full operator L̆i j (s ) has been expressed as a block-Toeplitz matrix
whose blocks are shifted versions of the inverse transform Ls (ix , iz ) of the
individual Fourier estimators. In amean-square sense, the operator L̆i j (s ) (y )
is by construction the best possible data-driven linear operator for the re-
construction of the velocity components at a given wall distance. This can
be seen from (3.23), or from its continuous equivalent

u†(x , y , z ) =
∬

L̆s (x − x ′
, y , z − z ′)Es (x ′

, z ′) dx ′ dz ′
, (3.24)

because it uses all the contemporaneousmeasurements at the wall to recon-
struct the velocity at each point.
The accuracy of the reconstruction can be improved by enriching E with

information from previous time steps. However, some experimentation with
physically motivated time sampling resulted in a best-case reduction of 14%
in the reconstruction error for S1000, compared with only using instant-
aneous data, at a cost between 8 and 16 times higher. As a consequence,
these experiments were not pursued, and the results in this thesis only use
contemporaneous observables.

3.4 ESTIMATIONS OF Q USING LSE

Wall-parallel two-dimensional spectra ofQ are shown as line contours in
Figure 3.4. They are approximately equilateral, except very near the wall,
peaking at somemultiple of the local Kolmogorov scale, λi ≈ 25η. The same
is true for the vorticities and for most of the velocity gradients [69], and it
is known thatQ , enstrophy, and the discriminant of the velocity gradient
are approximately equivalent representations of vortices [27]. The shaded
contours in the figure are the fraction of the spectrum ofQ reconstructed
by (3.15). Figure 3.4(a) shows that the reconstruction is essentially exact
within the viscous layer (y + = 9), at least with regard to the magnitude
ofQ , while Figures 3.4(b,c) show that the reconstructible wavelengths are
restricted to larger scales (λ = 2π/k ≈ 4y ), as y moves into the outer buffer
and logarithmic layers. Modes where |Q̂ |2 < 10−3 |Q̂ |2max , such as the largest
scales, have beenmasked for clarity.
The evolution of the reconstruction with y is further analysed in Figure

3.5(a,b), which shows the spectra of the observed and reconstructedQ as a
function of the wavelengths and of y . It is interesting that, whereas the spec-
trum ofQ tracks the Kolmogorov scales, as it does for the vorticity, that of
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FIGURE 3.4: Line contours are the premultiplied spectrum of Q̂ for M950, with con-
tours containing 90%, 50%, and 10% of the spectral mass at each height.
Shaded contours are the fractionof |Q̂ |2 contained in the reconstruction
in (3.15), with the colour bar at right. Only wavenumbers for which |Q̂ |2
is above 10−3 of its maximum are included. (a) y + = 9. (b) y + = 60. The
dashed line is 2π/kh = 0.25. (c) y + = 111, and 2π/kh = 0.5.

Q† peaks at λ ≈ 4y , which is characteristic of the energy-containing eddies.
Álamo and Jiménez [11] studied wall-attached clusters of vortices in chan-
nels. They showed that they are distinct from individual vortices, that their
size grows linearly with y , and that clusters are associated with strong wall-
normal velocities. [101] and [38] later showed that vortex clusters are part
of the sweep-ejection pairs responsible for a large fraction of the Reynolds
stresses. (3.7) shows that the associated wavelengths are also responsible for
the pressure fluctuations at the wall. All these observations suggest that the
eddies of the reconstructedQ are identical to the vortex clusters, as further
shown in Section 3.4.1.
Figure 3.5(c) displays profiles of the r.m.s. intensities of Q and Q†, and

includes the two Reynolds numbers S1000 and S2000. Dimensional consid-
erations imply thatQ ′ ∼ u3

τ/y in the scale-free logarithmic layer. The figure
shows that this is true: Q ′ scales in wall units in the buffer layer, and the
collapse extends into the logarithmic layer. Interestingly, the same applies
toQ ′

∗. The two quantities approximately agree below y + ≈ 10, beyond which
Q ′

∗ decays, recovering the 1/y trend above y + ≈ 100. Comparison with the
spectra in Figure 3.4 shows that the near-wall peak corresponds to eddies at
buffer-layer scales, while the outer logarithmic trend corresponds to larger
structures. Both [11] and [101] found that vortex clusters are predominantly
present near the wall, but that there is a population of self-similarQ struc-
tures that extends into the logarithmic layer. They cover a fraction of the
wall-parallel area approximately independent of y . Álamo and Jiménez [11]
justified this on the groundsof thepercolation analysis used todetermine the
threshold that defines the clusters, but the proportionality in Figure 3.5(c)
between the intensities of the observed and reconstructed Q , which use
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FIGURE 3.5:One-dimensional spectra ofQ (lines) and its reconstruction (shaded),
normalised to unit spectral mass at each height. In both cases, the con-
tours are (0.032, 0.1, 0.32). , λi = 4y ; , λi = 25η, where η =

ν3/4ε−1/4 is the Kolmogorov viscous length computed from the kinetic-
energy dissipation ε. (a) As a function of the streamwise wavelength.
(b) Spanwise. (c) R.m.s. fluctuation intensities for the trueQ (without
symbols), and for the reconstructedQ† (symbols). , M950; ,
W1900. The two diagonals areQ ′+ = 5/y +, and 0.1/y +.

no threshold, suggests that it is a self-similarity property of the structures
themselves.

3.4.1 Three-dimensional reconstructions ofQ

More information on the geometry ofQ is provided by the investigation of
the three-dimensional regions whereQ orQ ′

∗ are particularly intense. We
focus on points satisfying

Q (x , y , z ) > αQ ′(y ), (3.25)

Q∗(x , y , z ) > α∗Q
′
∗(y ), (3.26)

where α = 1.25 and α∗ = 1.75 are thresholds selected by a percolation ana-
lysis as donebyMoisy and Jiménez [118], andQ andQ∗ structures aredefined
as connected point sets satisfying (3.25)–(3.26), respectively. Connectivity
is defined in terms of the six orthogonal neighbours in the Cartesian DNS
mesh.We have confirmed that the conclusions below remain valid for values
of α and α∗ that are half and double of those discussed below.
The size of individual structures is defined by the streamwise (lx ), wall-

normal (ly = ymax − ymin), and spanwise (lz ) lengths of their grid-aligned
bounding box, where ymin and ymax are the minimum andmaximum dis-
tance of each object to the closest wall, respectively. Following [11],Q - and
Q†-structures are classified as wall-attached when y +

min
< 20 from the bot-

tom wall, and as wall-detached otherwise. We do not consider structures
attached to the top wall, because the reconstruction only uses information
from y = 0.
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FIGURE 3.6: (a) Joint p.d.f. of themaximumandminimumwall distances of the iden-
tifiedQ andQ† structures, p (ymin , ymax ). Contours contain 98% and
50% of the probability. (b) Joint p.d.f. of the logarithms of the stream-
wise and spanwise sizes ofQ andQ† structures, p (lx/h, lz/h). (c) P.d.f.
of the intersected fraction of box-volume of Q boxes with Q† boxes.
Lines with andwithout squares are for wall-attached andwall-detached
structures, respectively (the p.d.f. for detached structures is divided by
two). Solid lines are the p.d.f. Dashed lines are computed forQ boxes
withQ† boxes at uncorrelated times. Note that the solid and dashed
lines are indistinguishable for detached structures.

Figure 3.6(a) contains the joint probability density function (p.d.f.) of the
minimum and maximum wall distances of the structures. BothQ andQ∗
structures are organised into wall-attached and wall-detached families. The
former are contained in the narrow vertical band for y +

min
< 20, and the

latter in the wider strip above the diagonal. Interestingly, the band for de-
tached objects is narrower for Q∗ structures, which tend to be smaller in
the wall-normal direction. The streamwise and spanwise sizes of individual
structures are quantified in Figure 3.6(b). The populations ofQ andQ∗ struc-
tures exhibit similar sizes, although the distribution of the reconstructed
structures is biased towards smaller sizes, consistent with the lack of large
detached structures reported above.
A better insight into the representation of true structures by the recon-

structed field follows from the correlation betweenQ boxes (the bounding
box of aQ structure) andQ†-boxes. For eachQ box of volumeVb , we select
the spatially intersectingQ†-box with highest overlapVi , and the correlation
fraction betweenQ andQ† boxes is defined as fc = Vi/Vb . To quantify the
amount of random overlap between structures, the calculation is repeated
forQ andQ† boxes from different uncorrelated times.
Figure 3.6(c) shows that there is a non-trivial overlap between wall-at-

tachedQ andQ† boxes, while there is no significant correlation between
the detachedQ andQ† families. The result reinforces the observation that
detachedQ structures are not correctly captured by the reconstructed field,
probably because their limited wall-normal extent does not produce the
necessary footprint at the wall to allow for their reconstruction.
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FIGURE 3.7: (a,b) Snapshots of S1000 at y + = 10. (a) v+. (b) (v†)+. (c-h) F5300 at
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G
, filtered with (3.27)

andΔx × Δz = (4 × 2)y . (h) v+
G
with (2 × 2)y .

3.5 ESTIMATIONS OF THE VELOCITY FIELDS USING LSE

We use themethodology described in §3.3 to generate flow reconstructions
for all the cases in table 3.1. First, we tested if reconstructing fields in-sample
made a difference over reconstructing fields out-of-sample. For this pur-
pose, we computed the operators of S1000 and F2000 using only half of the
available velocity fields. The correlations can be symmetrised, effectively
multiplying the number of independent samples [117]. Thus, the linear oper-
ator converges reasonably fast and, no difference can be found between the
in-sample and out-of-sample snapshots. Considering the outcome of this
experiment, we use all the flow fields available to compute the correlations
in (3.22).
Figure 3.7(a,b) shows snapshots of the true and reconstructedwall-normal

velocity very close to the wall (y + ≈ 10) in S1000. The reconstructed field
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captures the original in almost full detail, and the same is true for the other
two velocity components, and for the Reynolds productu†v† (not shown).
A similar level of accuracy only holds for y + . 20. Figures 3.7(c-h) compare

the trueu and v with their reconstructions in the logarithmic layer (y/h =

0.1, y + ≈ 500). At this distance from the wall, most eddies with sizes smaller
thanO (y ) aremissing from the reconstructions in figure 3.7(e,f). This agrees
with the idea that ‘detached’ structures do not leave a footprint at the wall,
and cannot be reconstructed from wall information. However, it is clear
from the comparison of figures 3.7(e,f) and 3.7(c,d) that some large-scale
information survives the reconstruction. This is best seen by comparing the
reconstructed fields with those in figure 3.7(g,h), where the true velocities
have been filtered with a low-pass Gaussian kernel,

G (x , y , z ) =
(

2π

ΔxΔz

)1/2
exp

[
−(πx/Δx )2 − (πz/Δz )2

]
, (3.27)

where the filterwidths are empirically adjusted to retain those large scales for
which the error in the reconstruction is less than 50%. Figure 3.7 shows that,
even far from thewall, the wall-normal velocity is organised into streaks. The
reconstructed velocity fields include streaks ofu , which account for most
of the kinetic energy, and weaker v structures of similar size. The energy of
the latter is only about 10% of the total v 2-energy at that height, but their
correlation withu is strong enough for the reconstructed velocity field at the
height of figure 3.7(c–h) to contain approximately 52%of the tangential Reyn-
olds stress. The filtered fields hold a similar amount of Reynolds stress, 45%,
reinforcing the visual confirmation that the filter widths used are reasonable.
The fair amount of Reynolds stress captured is not surprising if we consider
that the spectral structure parameter,−φuv/(φuuφvv )1/2, is known to be very
close to unity for those largemodes [70], and the long v structures seen in
the figure are those responsible for ‘lifting’ andmaintaining the streaks [87].
The relation between the two velocity components is even clearer in figure

3.8, which shows an instantaneous three-dimensional representation of the
reconstructed velocity field below y/h = 0.25. The solid grey isosurfaces of
figure 3.8(a) represent the low-speed streaks ofu†, while the red translucent
ones are those ofu . The original field has been filtered with (3.27) to retain
only reconstructible scales. It is clear that, except for some discrepancies in
the smaller structures far from the wall, all of the large features ofu , includ-
ing short or ‘broken’ streaks are well reproduced. Most interesting are the
isosurfaces of−u†v†, represented in solid grey in figure 3.8(b). As mentioned
above, the reconstruction of v is poor at this wall distance, but it is clear
from the figure that the v -structures that can be reconstructed are those
associated with intense Reynolds stress. The isosurfaces of in the figure are
the ‘ejections’ and ‘sweeps’ [Q2-4, 178, 180], which are known tomostly occur
within the streamwise velocity streaks, and this arrangement is well captured
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(a)

(b)

FIGURE 3.8: Snapshot of the F5300 reconstruction. (a) The solid grey isosurfaces are
u†/u†′(y ) < −1.5, coloured with the distance from the wall, and the
translucent redones areuG/u ′

G
(y ) < −1.5. (a) The solid grey isosurfaces

areu†v†/(u†v†) ′(y ) < −1.5, coloured with the distance from the wall,
and the translucent red ones are uG vG/(uG vG ) ′(y ) < −1.5. The real
velocitiesu and v (but notu† and v†) are filtered using (3.27) withΔx ×
Δz = (4 × 2)y andΔx × Δz = (2 × 2)y respectively.

by the reconstruction. Except for several ‘detached’ structures from the wall,
most of the filtered Reynolds stressQ2-4 structures that extend from the wall
are well captured, and they are known to carry half of the total Reynolds
stress [103].
To quantify the performance of the reconstruction as a function of eddy

size, we define the fractional spectral error

Rab (kx , y ,kz ) =
Re

〈(
a − a†

) (
b − b†)∗〉(kx , y ,kz )

Re〈ab∗〉(kx , y ,kz )
, (3.28)

wherea andb stand for eitheru ,v orw . The spectral error as defined above is
related to other measures of correlation or ‘coherence’ across wall distances.
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FIGURE 3.9: Spectral reconstruction error at different heights and Reynolds
numbers, on top of the premultiplied velocity spectra and cospec-
trum(shaded) for F5300. The line contours are Rab = 0.5: F2000;

, F5300. The shaded contours contain 90%, 50% and 10% of the
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y + ≈ 40, y/h = 0.1, y/h = 0.2. The blue-shaded portion of the spectra
marks the region reproduced with less than 50% error.

Other works using LSE evaluate its performance using the Linear Coherence
Spectrum [13, 106, 168],

γ2ab (kx , y ,kz ) =
Re

〈
a†b†∗〉(kx , y ,kz )

Re〈ab∗〉(kx , y ,kz )
, (3.29)

which is related toRab by,

Rab = 1 +
C
†
ab

Cab

− 2γ2. (3.30)
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FIGURE 3.10: Scaling of the error isolines with the distance from the wall for
F5300. From left to right, Ruu , Rvv , Rww , Ruv . (a-d) Wavelengths
scaled with the channel height. Contours are Rab = 0.5 at y/h =

[0.012, 0.025, 0.05, 0.1, 0.15, 0.2, 0.3]. The solid lines are within the log-
arithmic region, 150ν/uτ < y ≤ 0.2h. (e-h) Wavelengths scaled with
the distance from the wall, including only data within the logarithmic
layer. Solid isolines,Rab = 0.5; dashed,Rab = 0.25; Shaded contours
are the premultiplied spectra and cospectrum at y/h = 0.1.

It follows from (3.30) that the greater the coherence, the lower the reconstruc-
tion error. For the limiting cases where the reconstruction error Rab is either
unity or zero, both quantities are complementary, i.e. if the coherence is one,
the error is zero and vice versa. One potential advantage of the spectral error
is that the second factor in (3.30) penalises reconstructed energy without
coherence, whichmay be significant for methods that are not L2-optimal.
The contour of Rab = 0.5 is plotted at four wall distances in figure 3.9,

compared with the energy spectrum of the three velocity components, and
with the cospectrum of the tangential Reynolds stress. The regions shaded in
blue and red indicateRab < 0.5 andRab > 0.5, respectively. In the first row,
corresponding to y + = 20, the low-error region encloses most of the spectral
plane and accounts for most of the energy, especially for v . As we saw in
figure 3.7(a,b) the full flow field is well reconstructed at this distance from
the wall. The accuracy decays quickly with y , especially forw . At y + = 40
(corresponding to the second row), the Rww = 0.5 isoline only encloses
wavelengths two to three times longer and wider than those at y + = 20.
Figure 3.9 contains data at two Reynolds numbers. At the wall distances in
the first two rows, which are in the buffer layer, the error isolines collapse
well in wall units. In this range, the widest reconstructible spectral range is
that of v , but, because the large scales of v containmuch less energy than
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those ofu , the latter is the best reproduced variable in terms of energy. These
relations persist up to y + ≈ 60.
The trend to poorer reconstruction for larger y persists aswemove into the

logarithmic layer, as shown by the last two rows in figure 3.9. They are norm-
alised in outer units and also collapse reasonably well for the two Reynolds
numbers in the figure. The spectral region that can be well reconstructed
is different for the four variables. In general,w† has the narrowest spectral
range, and v† and u†v† the widest one, although it is interesting that the
Reynolds product,u†v†, can be reconstructed over a wider range that either
u† or v†. Note that the reconstruction efficiency only makes sense within the
non-zero part of the spectra, since otherwise (3.28) is essentially undeter-
mined.
The wavelengths of the error isolines above the buffer layer are approxim-

ately proportional to their distance from the wall, confirming that the eddies
that are ‘attached’ in this sense are self-similar [170]. This is illustrated in fig-
ure 3.10, where the reconstruction boundaries are shown at different heights,
scaled both withh and with y . The scaling with y is evident in the lower row
of figures. The spanwise dimensions of the reconstructed u†, v†, and u†v†

are λz & 2y , which is in fair agreement with the dimensions of the attached
‘quadrant’ (Q-)eddies isolated in the logarithmic region by thresholdinguv

[101]. The streamwise scales that can be reconstructed differ among vari-
ables. The longest one isu†, probably because the shorter features ofu are
less energetic, but v† andu†v† can be reconstructed down to λx ≈ 5y , which
is again in reasonable agreementwith the dimension of Q-structures in [101].
In any case, while the relation between different variables appears robust,
the absolute limits should not be taken too seriously. The 25% error isolines
in the lower row of figure 3.10 show that the limits depend on the chosen
error threshold.
As mentioned above, the spanwise velocity component is the worst repro-

duced at all heights. As seen in figures 3.9 and 3.10, its wavelength range is
approximately 40% smaller than foru or v , although it is interesting to note
that the instantaneous reconstructed fields satisfy continuity everywhere
[4]. Even though the observable wavelengths ofw are limited to larger (and
wider) scales than those of v , the reconstructions of both velocity compon-
ents contain similar kinetic energy, as these scales ofw aremore energetic
than the large scales of v . We will see below thatw is mostly associated with
the shear at the wall, suggesting streamwise rollers or vortices. If this is the
case, each roller would have a lower and an upper layer ofw and, while the
lower layer would leave a clear wall footprint, the upper onewould be harder
to reconstruct.
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FIGURE 3.11: Reconstructed energy ratio with single-observablemodels for F2000
(top) and F5300 (bottom). The lines are: , a†; , a

†
uy
; a

†
wy
;

, a
†
p . From left to right,uu , vv ,ww ,uv . The dashed vertical lines

are y + ≈ 100, approximately corresponding to the end of the buffer
layer.

Figure 3.11 compares the overall performance of the reconstructions by
means of the ratio

βab (y ) =
∑

∀kx ,kz
a†(b†)∗(kx , y ,kz )∑

∀kx ,kz
ab∗(kx , y ,kz )

, (3.31)

between the energy of the reconstructed and original fields. The solid lines
in the figure show that reconstruction recovers more than 50% ofu2 anduv

below y/h ≈ 0.2, but that the cross-flow velocities are only reconstructed
to that accuracy within the buffer layer, y + . 100. All the reconstructions
degrade above y/h ≈0.2-0.3.

3.5.1 Incomplete wall data

Not all observables contribute equally to the reconstruction. Their relative
contribution is different for each velocity component, and changes between
the buffer and the logarithmic layer. In this section, we explore these differ-
ences by repeating the previous study using only one observable at a time.
The restricted reconstructed velocity fields are denoted as a

†
p , a

†
uy
and a

†
wy
,

where a stands for the variable being estimated, and the subindex is the
observable.
Figure 3.11 compares the performance of the different restricted recon-

structions with that of the full model. The reconstruction with the highest
energy fraction isu†. Not surprisingly, the most important observable is my u
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in this case, andu
†
uy
closely approximates the fullmodel. The spanwise shear,

and especially the pressure, havemuch less influence on this component.
On the other hand, v is, on average, mostly reconstructed from the pressure,
which seems reasonable, except very near thewall, where the spanwise shear
dominates. This is probably associated with the presence of the near-wall
streamwise vortices. The correlation between the wall pressure and v was
studied in some detail by [175]. They find that the correlation is almost al-
ways maximum at zero spanwise offset, but that it has weak side-lobes at
Δz+ ≈ ±50 when v is in the buffer region, consistent with the known struc-
ture of the streamwise vorticity in the sublayer [85]. The spanwise velocity is
mostly controlled by the spanwise shear near the wall, but all observables
have a similar influence on it farther away. As we have already discussed, the
reconstruction of this variable is generally poor.
On the other hand, the tangential Reynolds stress, u†v†, is fairly well re-

constructed up to y/h ≈ 0.3. It is intriguing thatu†v†, behaves better than
v†, which is one of its factors, but we already mentioned when discussing
figure 3.8 that the reason is that the large v -structures that can be recon-
structed from the wall are precisely those associated with the large streaks of
the streamwise velocity. The relevant observables foru†v† are intermediate
between those foru† andv†. In the buffer layer, the two shears are dominant,
while the pressure is not. Farther away, the three observables are comparable.
Note that the good behaviour of this variable is encouraging from the point
of view of observing dynamics from the wall.
The reconstructions for the two Reynolds numbers agree reasonably well

in inner units close to the wall (y +
< 100), and in outer units far from it.

The obvious exception are the reconstructions based only on the pressure in
figure 3.11, which contain considerably less energy at the higher Reynolds
number. This trend is most pronounced foru

†
p and, consequently, foru

†
pv

†
p ,

for which the reconstructed energy is 50% smaller for F5300 than for F2000.
The degradation is restricted to the reconstruction from the pressure, and
does not affect either the full model or the reconstructions in terms of the
shears. Inspection of the spectra ofu

†
p and v

†
p at the two Reynolds numbers

reveals thatmost of the energymissing fromF5300 resides in relatively elong-
ated scales, which we will see below to be dominated in the full model by the
shear (see figure 3.12). A possible explanation for this behaviour follows from
the decomposition of the pressure at the wall into an ‘inertial’ component,

∇2pI = −∇ · (u · ∇u), my pI

��
y=0 = 0, (3.32)

and a ‘Stokes’ one [84],

∇2ps = 0, my ps

��
y=0 = νmy yv , (3.33)



84 | ESTIMATING LOGARITHMIC LAYER TURBULENCE

Encinar et al. [42] showed that the latter can be computed from the wall
shears using continuity,

p̂+
s (0) = −i

[
k+

x ûy (0)+ + k+
z ŵy (0)+

]
/|k |+. (3.34)

It can be shown that the ratio of between p̂s and p̂I is approximately inde-
pendent of the Reynolds number when the wavenumbers are scaled in wall
units, but that it decays as λ+x increases along the diagonal λz = λx , which
contains the cores of the velocity spectra (see figure 3.12), essentially be-
cause kx kzφpp (0) is located along this diagonal, but the two shears are not
(figure 3.1b). The result is that, asReτ increases andwe use our estimation to
reconstructu

†
p at a fixed y/h, and therefore at increasing λ+x ∼ y + = Reτy/h,

the importance of the Stokes component decreases. It follows from (3.34),
that ps is actually part of the shears, but there is no reasonwhy the particular
combinations of shears in (3.34) is in any way optimal to reconstruct the
velocities. The pressure-only reconstructions are therefore contaminated
by ps , and should asymptote to a ‘pure’ reconstruction in terms of pI asReτ

increases. In this view, the ‘purest’u†
p is the one for F5300, and the apparently

higher energy fraction in F2000 is accidental. The full model does not have
this problem,because it uses information from the two shears to compensate
the spurious effect of ps . As a consequence, its performance in figure 3.11
does not change withReτ.
Figure 3.11 is contaminated below y + ≈ 100 (indicated by a vertical red

line) by the relatively low resolution of the data stored for F2000 and F5300,
and we used the higher-resolution smaller box S1000 to estimate the effect
of the contamination. The only difference found was a better performance
of v

†
p andw

†
p (but not ofu

†
p ), most probably because of a better estimation

of the streamwise vortices of the buffer layer. This idea is supported by the
high value of the cross-correlation betweenwy and p at the wall, which is
close to unity for the small scales, and the fact thatwy is the best predictor
of the cross velocities in the buffer region.
Figure 3.12(a-d) displays the spectral distribution of the energy recon-

structed by the different single observables. In most cases, the wall pressure
and the two shears predict similar spectral regions, comparable to those
of the the full reconstructions in figure 3.10, but the behaviour of v† in the
logarithmic layer is interesting, because different observables dominate in
different spectral ranges.
The spectrum of v has a wide and a narrow component in the logarithmic

layer [71], which appear in figure 3.12(b) as the two ‘horns’ on the upper
right-hand corner of the spectrum. The spanwise wall shear contributes
most to the estimation of the longer component, and the pressure dominates
the shorter one, suggesting, respectively, streamwise rollers and compact
sweeps and ejections. The reconstruction from the pressure is centred on
equilateral wavenumbers, whereas the reconstruction from the streamwise
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FIGURE 3.12: (a-d) Premultiplied spectra and cospectrum at y/h = 0.1 for F5300.
Shaded, spectrum of the original fields; , spectrum of the recon-
struction using only the streamwise shear; , using only the pres-
sure. The contour levels for all the spectra are 1.5%, 10%and 50%of the
maximum of the corresponding true spectrum. The white contours
in (b) are reconstructions at y/h = 0.05. The diagonal lines are: ,
λx = λz ; , λx = 6λz . (a) kx kzφuu . (b) kx kzφvv . (c) kx kzφww . (d)
−kx kzφuv . (e-f) Premultiplied spectra of v

†
p (red) and v

†
uy
(black). (e)

Modes along λx = λz . (f) Along λx = 6λz . (g) Streamwise sections at
different λz ∈ (0.1−0.84), fromdark to light, of: ,kx kzφ

+
vv = 0.05;

, kx kzφ
+
uu = 0.3. The straight lines are, , λx = λz ; ,

λx = 6λz ; , y = 0.2λz .

shear dominates at wavelengths elongated in the streamwise direction. Only
v
†
uy
is shown in figure 3.12, but the effect on v† of the two shears is similar

above y + ≈ 100.
That this separation among v -structures is not restricted to a particular

distance from the wall is shown in figure 3.12(e,f), which displays profiles of
the energy spectrumofv

†
p , in red, and ofv

†
uy
, in black, at various points along

the two diagonals in figure 3.12(b). Along the equilateral solid diagonal for
which thepressure reconstruction is dominant, λx = λz , the spectrumrecon-
structed from the pressure is approximately three timesmore intense than
that of v

†
uy
(figure 3.12e), and the opposite is true for the longer structures in

figure 3.12(f), λx = 6λz . It is interesting that the peak of the reconstructed
spectra is at y/λz ≈ 0.2 for all the wavelengths for which this peak is in the
logarithmic layer. When a similar plot is drawn for the true v , the peak is at
y/λz ≈ 0.3− 0.5. Reconstruction from either observable only recovers struc-
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FIGURE 3.13: Reconstruction of the wall-normal velocity at y/h = 0.1 in F5300.
Top, using only the pressure, v†p . Middle, using only the wall shear, v†uy

.
Bottom, true velocity field, filtered with (3.27) and Δx × Δz (2 × 2)y .
The shading goes from −uτ touτ.

tures closer to the wall than the average for the real flow field, presumably
corresponding to the ‘roots’ of taller attached eddies.
Further insight into the difference among the two estimations is provided

by figure 3.12(g), which contains streamwise sections of the premultiplied
spectrum ofu , in red, and of v , in green; represented against the wavenum-
ber aspect ratio. The reconstruction peak at y/λz = 0.2 is marked by the
horizontal dotted line, and intersects the lower edge of the v -spectrum. The
two diagonals in figure 3.12(b) are represented by vertical lines in this plot, as
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they cover wave numbers with constant aspect ratio. The solid vertical line is
the equilateral diagonal, and crosses the centre of thev -spectrum. This is the
spectral location at which v† is best reconstructed by the wall pressure, and
figure 3.12(g) suggests that it contains v -structures whose lower edge inter-
acts with the impermeability of the wall to create a pressure peak, as larger
modes aredamped fasterwhen they approach thewall. In contrast, the elong-
ated diagonal λx = 6λz , represented in the figure by the dashed vertical line,
crosses the peak reconstruction wall distance at the edge of the v -spectrum,
but near the centre of the spectrum ofu . This v -structures are too far from
the wall to create an overpressure, but they can be detected from the wall
shear because they are associated with the streaks of u , whose spectrum
reaches the wall in this region. Finally, figure 3.13 displays two v† snapshots
reconstructed from the pressure (top), and from thewall shear (bottom). The
difference in geometry is obvious, and the lateral spacing between streaky v -
structures of similar sign in the bottom snapshot (Δz/h ≈ 0.6,Δz+ ≈ 3200)
approximately agrees with the separation between the streamwise velocity
streaks at the distance from the wall of the figure (see the spectrum in figure
3.12a). It is interesting that, although it follows from figure 3.11(h) that the
totaluv -energy reconstructed from the streamwise shear is approximately
twice larger than the one reconstructed from the pressure, the tangential
Reynolds stress contained in intense structures [101] of the two snapshots in
figure 3.13 are approximately equal (not shown), with similar intensity and
area fraction.

3.5.2 Reconstruction in physical space

Although the spectral expression of the reconstruction operator discussed
in the previous section is very useful in understanding the behaviour of the
different flow scales, its physical-space counterpart defined in (3.23) and
(3.24) gives amore intuitive representation of the operation that is actually
being performed. It is probably also easier to generalise to wall-bounded
flows besides the channel. We saw in §3.3 that the LSE operator is essen-
tially a two-point correlation scaled with the cross-correlation tensor of the
observables at thewall, andboth correlations are likely to be reasonably inde-
pendent of the type of flow in the near-wall region where the reconstruction
is effective. For example, this is the case for boundary layers and channels
below y/h ≈ 0.1, although they differ farther from the wall [153].
Figures 3.14 and 3.15 show sections of the physical-space reconstruction

operator L̆
(a)
s for the three velocity components, a = {u ,v ,w }, and the three

observables, s = {p ,uy ,wy }. Note that, although L̆ is formally a function of
the two wall-parallel coordinate increments,Δx = x − x ′ andΔz = z − z ′,
and of the reconstruction height y , their role is different. The operator is
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always two-dimensional in (Δx ,Δz ), and acts as a convolution kernel on
E (x ′, z ′) at the wall. The wall-normal coordinate y is a parameter, and the
operators for the reconstruction at different wall distances are, in principle,
unrelated to each other. To emphasise this, the coordinates in these two
figures have been inverted. The operator for one wall distance is given by the
section of the three-dimensional function L̆ (Δx , y ,Δz ) at one y , as in figure
3.14, and Δx < 0 implies that the convolution kernel is acting on the wall
upstream of the reconstruction point.
The wall-parallel reconstruction kernels in figure 3.14 show that themain

reason for the lack of small scales in the reconstructions is that operators act
as smoothing filters. All kernels have positive and negative parts, and their
relative arrangement can partly be predicted from symmetry considerations.
For example, L̆

(u)
uy

in figure 3.14(b) is symmetric with respect toΔz = 0 be-

cause bothu anduy are symmetric with respect toΔz → −Δz , but L̆
(u)
wy

in
figure 3.14(c) is antisymmetric becauseu is symmetric andwy is antisym-
metric. This has to be taken into account in interpreting figure 3.14, because
the shape of some of the kernels suggests that the relevant variable is not the
observable but some of its derivatives. For example, the positive-negative
alternation along the Δx axis, centred at Δx = 0, of L̆

(u)
p in figure 3.14(a)

probably implies that the relevant observable is not p but mx p , because there
is no statistical symmetry toΔx → −Δx , and thus L̆

(u)
mx p

should bemaximum
at Δx = 0. The similar alternation in Δz , which would suggest mz z p , may
be due to the spurious symmetry of the correlation along theΔz axis, and
could equally be interpreted as a statistical distortion of mz p in which 50% of
the events fall to either side of the reconstruction point. For a discussion of
symmetry artefacts of LSE in the context of the local reconstruction of the
buffer layer, see [161].
The evolution of the reconstruction kernels with the distance from the

wall of the target point is displayed in figure 3.15. Symmetric kernels are
plotted at the symmetry plane,Δz = 0, but antisymmetric ones, for which
this plane is identically zero, are plotted at theΔz plane for which the kernel
is most intense. A general property of all the kernels is that they become
wider as y increases, and that the growth is almost linear, suggesting self-
similarity with respect to y . In fact, the wall-parallel plot in figure 3.14 is
scaled with y , and includes two wall distances, whose kernels collapse well
in this representation. Another property of most kernels in figure 3.15 is that
they tilt forward, implying that the flow is reconstructed from upstreamwall
variables. Reference [175] found that the correlation ofv with the pressure at
the wall is antisymmetric inΔx , with both upstream and downstream lobes,
but figure 3.15(d) shows that the corresponding kernel, L

(v )
p , is one of the few

that is not tilted inΔx . This approximately applies to all the kernels based
on the wall pressure, but those based on the shears are tilted by an angle that
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dependson theparticular case, butwhich isof theorderof 10o–20o to thewall,
similar to other structural angles measured foru andw in the logarithmic
layer of shear flows [153]. The disparity between the tilting of the shear and
pressure kernels can be explained if we consider the processes generating
the signals at thewall. If an attached eddy of sizeO (l ) is centred at a distance
to the wall of yl ∼ l , the time it takes for a change of its dynamics to affect the
shear at thewall should be of the order of tl ∼ yl/uτ ∼ l/uτ, equivalent to his
local turnover time. Coincidentally, this time is related to the shear time by
the Corrsin shear parameter, which is of the order of 10 for the logarithmic
region of channel flows [66]. This implies that the information carried by the
eddy is advected upstream during the time it takes for it to reach the wall.
In contrast to that, the pressure of incompressible fluids instantly transmits
sudden changes globally, generating a signal at the wall with no offset.

3.5.3 Off-design behaviour

Although the reconstruction operators are Re-dependant, they are obtained
from two-point correlation tensors which are known to collapse in inner
units close to the wall, and in outer units farther away [153]. This scaling
extends to the linear estimators, allowing operators developed from DNS
to be used at a different Reynolds number than the one at which they were
obtained. Figure 3.16(a,b) presents a snapshot of the true v and of the re-
constructed v† in the buffer layer of S2000, and figure 3.16(c) presents a
similar reconstruction of u in the logarithmic layer. Both reconstructions
are performed using an operator computed from S1000. For the buffer-layer
reconstruction (y + ≈ 10), the observables, velocities and operators have
been scaled in inner units, and, for the logarithmic region (y/h ≈ 0.1) they
have been scaled in outer units. Although there is some degradation of ac-
curacy with respect to the reconstructions at the nominal Reynolds number
in figure 3.7, the result is still reasonable. The worst errors are in scales that
are not contained in the rescaled operators. For example, for computational
boxes with similar dimensions in outer units, operators obtained at lower
Reynolds numbers lack some of the longest scales when scaled in wall units.
Similarly, some of the smallest scales aremissing from those operators when
scaled in outer units. The reconstructions in figure 3.16(b,c) have been cor-
respondingly mildly filtered to avoid aliasing artefacts. The reconstruction
operators are models of the structure of the flow, and the success of the res-
caling supports the intuition that the attached turbulent structures near and
far from the wall approximately scale in inner and outer units, respectively.
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FIGURE 3.16: Snapshots of different reconstructions. (a) S2000, v+ at y + ≈ 10. (b)
S2000, (v†S1000)+ at y + ≈ 10. (c) S2000 at y/h ≈ 0.1. Shaded,u+; ——,

(u†
S1000)+ = 1; , (u†

S1000)+ = −1. S2000 is filtered withG andΔx ×
Δz = (0.4 × 0.2). (d-f) S1000, (u†)+ at y/h ≈ 0.1, with information
limited to discrete sensors (black crosses). (d) Fully dealiased. (e) No
dealiasing. (f) Sensors averaged over 25% of the wall surface.

3.5.4 Practical application to limited input data

Lastly, we explore some of the issues pertaining to the practical application
of this methodology. Figure 3.16(d-f) showsu† at y/h = 0.1 for S1000, recon-
structed fromwall observations which are assumed to be only known at a
coarse grid of sensors spaced by Δx/h = 0.2 and Δz/h = 0.1, represented
in the figure by black crosses. Sampling has the effect of limiting the spatial
resolution of the observables to wavelengths longer than the Nyquist limit
(2Δx , 2Δz ), and of aliasing the information of the shorter wavelengths into
longer ones that fall within this limit [25]. If the information can be properly
dealiased by filtering the short wavelengths before sampling, the only effect
is the loss of resolution, as in figure 3.16(d). Because of the linearity of the
reconstruction and the homogeneity in the wall-parallel planes, this is equi-
valent to aposteriorifiltering of a reconstruction performed at full resolution.
Unfortunately, this is usually impossible, because the full measurements are
unavailable. Figure 3.16(e) shows the worst-case scenario in which ‘point’
sensors are used without dealiasing. The reconstruction is heavily distorted,
mostly in the form of higher intensities, and the effect is more severe than
what could be expected from simple aliasing of the wall observables. The
latter contain a lot of small scales which should have no effect on reconstruc-
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tions far from the wall, but which are aliased into larger scales and amplified
by the linear operator into large spurious features of the reconstruction. A
more realistic scenario is presented in 3.16(f), in which the sensors are mod-
elled as finite rectangleswith sizeΔx/h = 0.1 andΔz/h = 0.05, and assumed
to provide values averaged over their surface. This a priori filtering does not
fully eliminate the aliasing error, but reduces it significantly by reducing the
short-wavelength content of the wall observables. In a real experimental
application, where the temporal evolution of the sensor signal is available,
time filtering can also be used to limit the aliasing error. The lifetimes [103]
and convection velocities [8] of the turbulent structures in the logarithmic
layer are known, and are typically significantly longer and faster than those
of the scales responsible for the aliasing of the wall signal. Time filtering of
the signals at those scales mimics streamwise averaging through Taylor’s
approximation, and supplements the benign effect of non-zero sensor size.

3.6 CONCLUSIONS

Because the pressure and the second invariant,Q , of the velocity gradient
tensor are linked by a Poisson equation, the latter can be expressed as a pro-
jection of the former on a Green’s function, and the optimal reconstruction
can be posed as an orthogonal projection problem. However, the result of
this projection is physically unsatisfactory, and a better strategy is to take
into account the statistics ofQ , in the form of its two-point autocorrelation
function. The resulting procedure is equivalent to linear stochastic estima-
tion, and provides reconstructedQ s which agree very well with the observed
ones in the viscous layer, reasonably well below y + ≈ 100, and well for large-
scale structures farther from the wall. Correspondingly, only large enough
structures far from thewall create a footprint on thewall pressure. The recon-
structedQ structures sharemany characteristics with the attached vortex
clusters described by [11].
We have also shown that the three velocity components in turbulent chan-

nels can be reconstructed reasonably well below y/h ≈ 0.2 with linear
stochastic estimation, using only the observed pressure and the stream-
wise and spanwise shear at the wall. Only eddies attached in the sense of
having sizes comparable to y [171], are reconstructed, but these are found
to containmore than approximately 50% of the kinetic energy ofu , and of
the tangential Reynolds stress, uv , in the logarithmic layer. The optimum
reconstruction uses the three wall observables, but not all them are equally
important, and the relative balance among them depends on the variable
being reconstructed and on the distance from the wall. We have proposed
that this can be used to sharpen the definition of which velocity compon-
ents are attached to the wall in which spectral ranges, as those that can be
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reconstructed fromwall information, regardless of the particular reconstruc-
tion method. The results differ from the generally accepted ones in some
cases. For example, the wall-normal velocity, which is usually considered a
detached variable because it is inhibited near the wall by the impermeability
condition, is linked to the wall by the pressure, for equilateral scales, and by
the wall shears, for longer scales in which v is associated with theu-streaks.
Interestingly, although the two sets of attached v -structures defined in this
way, are very different, with a different balance ofu and v components, both
are active in the sense of generating a comparable amount of tangential
Reynolds stress.
Althoughmost of the chapter deals withmode-by-mode reconstructions

in the Fourier representation of the flow, we have shown that the expressions
of the operators in physical space gives interesting information on the flow
physics. Thus, while the wall pressure predominately reconstructs velocit-
ies immediately above the the observation point, the effect of the shear is
transmitted along lines inclined by 10o–20o from the wall, comparable to
previous observations of the structures ofu andw in wall-bounded flows.
We have also shown that the reconstruction operators obtained at one

Reynoldsnumber canbeadapted toadifferentonebyproper scaling,making
thempotentially useful for control strategies inwhich only wall observations
are available, or, in turbulence physics, for the study of the flow dynamics
from the wall. They can be adapted to experimental setups in which the
instantaneousmeasurements are only available on a coarser grid of sensors,
but only after careful dealiasing of the observations. Although not explicitly
shown, it can be inferred from figure 3.11 that the information provided by
the two shears is equivalent in the logarithmic region, and a practical grid
of sensors may obviate the spanwise shear with almost no penalty in the
accuracy of the reconstructions. Note that this does not apply to the flow in
the buffer layer, where the spanwise shear is themost relevant observable
for the cross flow.





4
DETECT ION OF L INEAR I SED BURSTS FROM THE WALL

Considering the results presented previously, this chapter explores the pos-
sibility of using the techniques introduced in Chapter 3 to detect the struc-
tures identified in Chapter 2. The approach we propose consists on band-
pass filtering the reconstructed velocity fields using (2.10), and detect struc-
tures in the amplitude and inclination angles computed from those fields.
Several considerations are required for proper identification, such as the
difference between the reconstructed and real velocity perturbations.
The remainder of this chapter is organised as follows. We review themeth-

odology, with considerations on its practical application in §4.1. We present
the results in §4.2 and §4.3 closes with the discussion and conclusions.

4.1 THE FILTERED-RECONSTRUCTION ESTIMATOR

In Chapter 2 we detected the Orr-like structures in two ways, using a band-
pass filter and using a low-pass filter. Here we explore the properties of the
band-pass filtered reconstructed fields, and we leave aside, for themoment,
the analysis of low-pass filtered fields. This is in part because we saw in 3.5
that the reconstructed field can be considered a low-pass filtered version of
the original, and the direct detection of vortex clusters and Qs was already
hinted in Chapter 3. Another reason is that is more practical to use the band-
pass filter for the detection because it can be donemore economically, as
the quantities implied are integrated across the wall-normal direction and
thus lower dimensional. Let us recall the equations of the amplitude and
inclination angles of the band-pass filtered fields,

A2
a =

1

y1 − y0

∫ y1

y0

|a |2 dy , (4.1)

Ψa = arctan
Λ
∫ y1

y0
Im(a∗

my a) dy

2π
∫ y1

y0
|a |2 dy

; (4.2)

where a stands for a band-pass filtered velocity component. The reconstruc-
tion of â for a given (kx ,kz )mode is,

â†(y ) = L̂ j (y )Ê j , (4.3)

which band-pass filtered yields,

â
†
(Λ) = Ĝ (Λ)L̂ j (y )Ê j . (4.4)
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FIGURE 4.1: Pseudo-spectra of the wall-normal velocity component (left) and the
reconstructed wall-normal velocity (right) at Reτ ≈ 5000. The shaded
contours are 50% and 90% of themaximum at each height, indicated
by the chained lines. (left) The solid line is y = Λ, and the dashed line is
y = 4Λ/11. (right) The red lines are analogous to the black lines in (a).
The black lines in (b) are 2.4 times closer to the wall than in (a).

Note that we can define the operator L j as the convolution of the band-pass
filter G with the components of the operator L , which in turn computes
the filtered-reconstructed velocity a† from wall measurements. Consider
also that equations (4.1–4.2) only require the values of the reconstructed
velocities in the range (y0, y1) and thus the operator L j only needs to be
evaluated in that range, further reducing the computational cost.
Because the spectrum of the reconstructed velocity field v † is different

from that of the real velocity (see §3.5), the integration bands (y0, y1) need
to be reassessed for this case. Figure 4.1 shows the pseudo-spectra Evv of
the wall-normal velocity (equivalent to figure 2.4b) and of the reconstructed
velocity, E†

vv
, atReτ ≈ 5000. The energy in E†

vv
is concentrated in a thinner

band than Evv , and displays a comparable if not larger self-similar range.
This is not surprising, aswe saw in §3.5 that the reconstructed part of the flow
is ‘attached’ to the wall and remarkably self-similar in the logarithmic region,
and so is the filter. However, the band is displaced respect to the original
by a factor of 2.4, which can be interpreted in one of two ways. A possible
interpretation of this displacement would be that the structures detected
are larger than themost energetic v in Evv . The second interpretation, more
plausible, is that only the bottom part of the structures, or the ‘feet’, leaves
a (pressure) footprint at the wall and thus can be reconstructed from it. We
recall that the pressure is associated to the equilateral part of the reconstruc-
tion and thus retained by the filter, unlike the elongated structures of v that
can be detected from the shear. This hypothesis is backed by the behaviour
of the large structures of v †, represented in the range Λ > 2h, where the
effect can be clearly seen as a displacement of the spectra towards the wall
and not a increase in the length scale of the observed perturbations.
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The real and imaginary part of the operators are shown in figure 4.2. Most
of the signal ofv † comes from the imaginary part of the pressure component,
in line with the findings of [175]. An alternating pattern of structures can be
seen in the spanwise direction of the pressure operators ofu†, reminescent
of the streak cores. The pressure operators of v † in figure 4.2(d), andu† in
figure 4.2(a) are in phase opposition, which is not surprising considering
that the strong events are usuallyQ2 orQ4 events. However, it is surprising
that within the spectral band of the filter, the streamwise-shear operators
are in phase, although their imaginary parts are not collocated. We saw in
§3.5.1 that for the equilateral modes that this band-pass filter retains, the
signal that comes from the shear stress is minimal, still but is surprising that
is associated withQ1 andQ3 events.

4.2 RESULTS

Figure 4.3 shows the joint probability density function of amplitude an in-
clination angles of the reconstructed wall-normal velocity of F2000. Most
features of the joint pdf resemble those of the real wall-normal velocity, for
example, the triangular shape that relates the amplitude and the inclination
angle or the higher intensities of the smallest filters. It has lost part of the
probability mass in the areas dominated by linear dynamics, i.e. the upper
edges of the triangle, and the different filters do not agree as well between
themselves as they do in the joint pdf of the real velocities. The source of this
disagreement is the bottom right tail of the pdf that drifts based on the filter
width. It was argued in [68] that this bottom right corner was affected by the
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(eddy) viscosity, but is hard to imagine how that difference affects only the
reconstructed velocities and not the real ones.
We showed in §2.3 that theOrr burstwaspromptly precededbybackwards-

leaning streamwise velocity perturbations, with strong intensity. Figure 4.4
explores the relation betweenu† and v †, and it shows that it similar to what
we found in the real velocities.The top leftpartof the jointpdf is characterised
by negative values of the inclination angle ofu , but the strong intensity has
shifted towards the amplitudepeak of the joint pdf.Despite these differences,
the distribution of the inclination angles ofu corroborates that the detected
events are the ‘feet’ of the bursts detected in §2.3.
Following the procedures developed in Chapter 2, we computed condi-

tional mean evolutions based both on the intensity and inclination angles of
the wall-normal velocity and of the streamwise velocity. While the former
criterion aims to directly detect the burst, the latter was used in §2.3 as a
predictor of bursts. In order to compute this conditional evolutions, first
we need to compute a moving frame, ξ = x + CΛt that follows the mean
advection of the structures in the streamwise direction. Compared to the
convection velocities of v , the convection velocities of v † are roughly con-
stant across the different filter widths and integration bands, and further
away from the mean velocity profile. This features are reminiscent of the
‘global’modes described in [8], although the length scales of thosemodes are
large (λx > 2h) and independent with y , suggesting that the nature of our
structures is different. Nevertheless, if the convection velocities are different
in the reconstructions than in the real fields, it is safe to assume that the
detected ‘wavepackets’ are dispersive in nature. This means that the recon-
structed ‘feet’ of the structures can only be shadowed by their ‘heads’ for
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short times, and cannot remain coherent during the lifetime of the Orr burst.
This is shown in figure which shows the conditional evolution of both the
burst and its precursor. The precursor fails to precede the burst, and instead
acts as a detector, roughly equivalent to the burst conditioned to v †. In both
cases, while the negative inclination angle ofu† is clearly recovered (even
though in the conditional burst nothing is imposed onu†), the inclination
angle of v † is close to zero during the whole evolution, and its ‘tilting’ from
negative to positive cannot be objectively observed. This could be already
inferred from figure 4.3, where the upper edges of the joint pdf of A

v † and
Ψ

v † are missing, and figure 4.4, where the footprint of u is shifted towards
the peak of v .

4.3 CONCLUSIONS

We explored the possibility of using band-pass filters, together with LSE,
to identify Orr-like bursts using information limited at the wall. The detec-
tion operation can be done economically because the required quantities,
amplitude and inclination angles, are wall-normal averages, and thus the
resolution of the reconstruction in y is not critical, and the sampling space
of the operator is limited to the integration intervals. We found that Orr-like
structures can be detected, although important differences exist when they
are compared with the Orr-like structures of Chapter 2. First, the observed
length scales are larger at the same wall-normal distance than themost en-
ergetic structures of v studied in §2.3. Following the discussion in Chapter 3,
this disparity of scales can be interpreted as the ‘feet’ of the structures been
the only part that can be reconstructed from the wall. The statistical proper-
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ties of the ‘feet’-structures are similar to those of the reconstructed velocities,
both of the wall-normal and the streamwise velocity components. The sim-
ilarities between v and v † allow the detection of Orr bursts from the wall.
However, the differences among them are enough to make the predictor
‘faulty’ at detecting them before peaking time. A possible explanation for
these differences is that the wall-normal velocity perturbations have to be
intense enough to leave a pressure footprint at the wall, as they are undis-
tinguishable for the turbulent background otherwise. It is then reasonable
that they can only be detected then they are the most intense, and an the
predictor fails at its intended task. For this reason, the interpretation of the
effect of the time axis in figure 4.2 should be carefully considered, as it is
probably only indicative of the variables reverting to the unconditionalmean
when separating from the condition centre, and barely related to their time
evolution.





5
DISCUSS ION AND CONCLUS IONS

In this thesis we have investigated the dynamics of the logarithmic layer of
turbulent channel flows. For this purpose, we analysed several databases
of time-resolved channel flows at high Reynolds numbers, in an attempt
to identify and detect coherent structures which are simple enough to be
described by linear dynamics. We have also explored the possibility of ob-
serving turbulence, with emphasis in turbulent structures, exclusively from
wall-measurements, which would be the only observables in any practical
detection system.
This chapter concludes this dissertation with a summary of the original

results presented in this work.

5.1 COMPLEX ‘VELOCITY’ FIELDS

We introduced in §2.2 a relatively novel methodology that can be used to
analyse turbulent flow fields. Similar techniques, such as wavelet transforms
[43, 112] or Hilbert transforms [160] predate this work, and a inverse citation
look-up on the citations thereof, reveals thousands of publications using
wavelets. Nevertheless, to the best of our knowledge, this is the first time
complex wavelets have been used to isolate and track structures in high-
Reynolds-numbers turbulent channel flows.
The complex filters can be interpreted as a complex-wave approximation

to the real signal locally, possessing both an amplitude, an a phase. The filter
can be approximately1 interpreted as a real-valued band-pass filter acting
over the analytic signal of the velocity. The complex analytic signal Su (x) of
a real-valued signalu (x) can be defined in several ways, for example,

Su (x) = u (x) + iH[u (x)], (5.1)

whereH denotes the Hilbert transform, in our case, along the streamwise
direction. In turn the Hilbert transform can be defined in Fourier space as,

H[û (k )] =




iû (k ) fork < 0,

0 fork = 0,

−iû (k ) fork > 0.

(5.2)

1 Only for fluctuating (meanless) signals, and this yields a different normalisation compared
to our approach.
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It follows from equations (5.1) and (5.2) that the positive frequencies of Su

are zero, and the negative frequencies with k < 0 are twice the amplitude of
the original signal. A direct definition of Su would be,

Su (k ) =




2û (k ) fork < 0,

û (0) fork = 0,

0 fork > 0.

(5.3)

Becauseu (x) andH[û (k )] are orthogonal and have the same power spec-
trum, themodulo ofSu represents the envelope ofu . In turn, the derivative of
the phase ofSu is a local wavenumber. Under this framework, the real-valued
filter simply isolates a band of frequencies of a signal that contains the local
envelope and local wavenumber of the original velocity field at each point.
An alternative approach is a physical interpretation of the functional (2.14),
where the resulting complex signal is a ‘local’ Fourier coefficient acting in-
side a gaussian window. The value of the functional itself could be used as
a figure of merit for the local approximation. Non-coincidentally, both the
definition of analytic signal and the wavelet we used for our analysis can be
attributed to Gabor [51].
The amounts of works that link linear theories to shear flows is huge. From

linear stability, to resolvent operators [110], transient growthmodels [11, 44]
or more complicated frameworks [30, 58], its has become apparent from the
results in §2.3 that only portions of the turbulent flows evolve as dictated
by linear dynamics. Here ,‘local’ implies locality in time, space and scale
space, and each of themare or can be considered in the definition of the filter.
Because the linearmodels are formulated inFourier space, the complexwave
is adequate to study the local behaviour of models, as an alternative to using
minimal domains. This is particularly useful in themulti-scale logarithmic
region, where a box can only beminimal for one height.

5.2 ORR BURSTS IN THE LOGARITHMIC REGION OF CHANNEL FLOWS

In §2.3 we used the complex filters to detect Orr-like bursts. Thewall-normal
velocity bursts, characterised by the relation between their amplitude and
their inclination angle, are found topopulate awide range of heights (60ν/uτ

< y < 0.7h) of channel flows. Their evolution is qualitatively similar to
the linear Orr bursts that can be computed using optimal transient growth
algorithms across the equilateral λx ∼ λz wavelengths.
Their spatio-temporal scales are self-similar with to the distance to the

wall, and higher Reynolds numbers simply contain a wider scale separa-
tion between the largest and smallest bursts. We did not find any difference
between the bursts in small (2π × π) or large (8π × 3π) boxes, and the half-
height structures detected by Jiménez [68] agree well with their long-box



5.2 ORR BURSTS IN THE LOGARITHMIC REGION OF CHANNEL FLOWS | 105

counterpart. This suggest that the dynamics of the Orr bursts are well cap-
tured inminimal domains for the logarithmic region. The statistical analysis
revealed that only a small fraction of the channel flow time series is occupied
by self-similarOrr bursts (∼ 10%), and the local approximation to the velocit-
ies as streamwise wavepackets fails elsewhere. This filling fraction is roughly
constant with the length scale of the burst, withmore bursts occupying the
same spatio-temporal volume the smaller they are.
Analysing thewall-parallel velocity components showed that the spanwise

and thewall-normal component are part of a roller, as a significant spanwise
velocity signal is always located at a small spanwise offset of v , and evolves
in agreement with the linear theory. The signal ofu precedes the burst, and
can be used to predict it, for short times. This strong footprint in relatively
short wavelengths ofu is indicative of inhomogeneities in the well-known
streamwise velocity streaks. Streak inhomogeneities are believed to be part
of the self-sustaining cycle [48, 56] of the logarithmic region, although it
cannot be confirmed solely from the evidence found in this work.
We enriched our analysis using low-pass filter fields. The key idea here is

that low-pass filtered fields are real valued, and thus easier to interpret as
coarse-grained velocity fields. Most of the characteristics that are directly
comparable between the band-pass and the low-pass methodologies, such
as density of bursts, observed tilting angles, and relationbetween the velocity
components are in agreement with each other. This allowed us to compute a
conditional evolution that is reminiscent of the quadrant structures studied
by various authors [38, 101, 103, 104, 178]. The spatial and temporal scales,
as well as the general shape of the conditional evolutions are qualitatively
and quantitatively similar to the attached Q2-4 pairs, as they also generate
tangential Reynolds stress andcome inpairs of oppositewall-normal velocity
sign, strongly suggesting that they are essentially the same objects. If the
dynamics of the largest attached quadrant objects are controlled by the Orr
mechanism, as evidenced by the data, this would be against the idea of
structures being created at the level of the buffer layer and ‘growing’ into
the logarithmic layer. It does however support the growing evidence that the
shear generates these structures, and that the role of the wall is providing
such shear.
The similarities between the quadrant pairs and the Orr-bursts do not

end their local structure. We studied the spatio-temporal organisation of Orr
bursts of the same scale, revealing a strong statistical evidence for intense
events of opposite sign to be in pairs, and same-signed events to be away
from each other. The pairs are preferentially organised along the spanwise
direction, with a small offset in the streamwise direction, and a better-than-
Poisson chance to be contemporaneous. As proposed by Lozano-Durán and
Jiménez [103], the data suggests that the pair, connected by the spanwise
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component, can be interpreted as a single ‘roller’ that sits in the edge of a
streamwise streak. The organisation of these rollers turns out to be preferen-
tially along the streamwise direction, with a preference for small spanwise
offset, in agreement with the idea that several Qs ‘collaborate’ to generate
or sustain a single streamwise streak [69]. The events tend not to be simul-
taneous, having waiting times between closest events of the order of their
lives.
If the spanwise and wall-normal velocities found in the conditional evolu-

tions have similar sizes, and are self-similar when normalised with the filter
width, the streamwise velocity is not. The conditional bursts are embedded
in large streaks which do not collapse when normalised with the filter width.
However, the ‘core’ of the streak, which can be isolated from the streak with
a high-pass filter, does scale as the wall-normal velocity. The core can be
identified without the aid of the high-pass filter by scaling the streaks with
the filter width and observing the only portion that collapses under this
normalisation. The portion thereof turns out to be the ‘leading edge’ of the
streaks, in the lower-front of the high-speed streaks, and in the upper-back
of the low-velocity streaks. This suggests that these edges are the dynamic-
ally active parts of the streaks, although further research is required in this
matter.

5.3 LOGARITHMIC LAYER TURBULENCE: THE VIEW FROM THE WALL

Motivatedby thedesireof carryingover structuralmodels to real applications,
the second part of this thesis explores the possibility of observing the flow
field far away fromwalls, exclusively from the information available in its
surface. We explored the linear relation between the pressure at the wall and
the second invariantQ of the velocity gradient tensor far away from it. The
information contained in the equation results insufficient for a physically
meaningful estimation ofQ , and a statistical approximation is preferred. A
linear approximation is proposed, as it conserves the linear properties of the
relation. The approximation recovers a small portion of theQ -field, which
is still enough to generate the correct pressure signature at the wall. The
reconstructedQ -field turns out to be composed by ‘sponges’ that shadow
the location of the vortex clusters identified in wall-bounded flows [10, 83].
Owing to the satisfactory performance of theQ reconstructions, we pur-

sued the reconstructions of the velocity fields, even if they lack a linear rela-
tion linking them to the wall. Nevertheless, the linear reconstruction turns
out to produce reasonable results, and has several advantages over other
methods. For example, is L2-optimal, meaning that no ‘fake’ perturbations
are reconstructed; the reconstructed velocities satisfy continuity everywhere,
as linear relations are preserved by the reconstruction, and the effects of
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noise in the input signals can be predicted a priori, as linearity implies that
the noise does not interact with itself in the reconstruction process.
The properties of Fourier space are exploited to obtain a operator that uses

full contemporaneous information at thewall to reconstruct each coordinate
of the wall-parallel planes of the flow field. The reconstructions are excellent
in the buffer layer, but degrade with the distance from the wall. The accuracy
within the buffer layer suggest that applications at low Re or aimed at the
buffer layer will not benefit frommore complex methods. In the logarithmic
layer, the reconstructed flow fields are remarkably self similar, which suggest
that the eddies reconstructed are those attached in the sense of Townsend.
Moreover, it suggests an alternative definition of attached eddies, being
those that can be observed from the wall, independently of the particular
methodology employed. Themain implication of this alternative definition
is that it can be quantified, as the flow can be decomposed in attached and
detached portions. The cross-velocity components are poorly reconstructed,
as the scales that canbe observed are larger andwider than the typical eddies
of v andw . That is not the case for the streamwise velocity or the attached
tangential Reynolds stresses which can be recovered to great extent.
The reconstructions use the three observables at the wall, but not all of

them are equally important in practice. Unsurprisingly, the streamwise com-
ponent is mostly reconstructed from the knowledge of the streamwise shear,
and the pressure is almost superfluous. We found that the wall-normal com-
ponent is observed both by the streamwise shear and the pressure, and that
the typical eddies that can be detected from both are quite different. The
pressure can be used to observe equilateral objects, reminiscent of the Orr
bursts studied herein. Their wall-normal location suggest that they are the
bottom part of the bursts, which leave a pressure footprint at the wall due to
its impermeability. The streamwise shear is associated to long (and weak)
features of v , which nevertheless carry a comparable fraction of the total
reconstructed Reynolds stress,making both observables useful in this regard.
The reconstructions are satisfactory below y = 0.3h, and the simplicity

of the methodmakes it suitable for practical applications. The implications
of having realistic measurements of the observable rather than noiseless
high-resolution DNS data can be studied a priori, making this another key
advantage of sticking to a linear model, at least for practical applications.

5.4 FUTURE WORK

5.4.1 Local wave approximation

We developed a method that approximates the local flow field as a wave-
packet. In our case, it was convenient to approximate the flow field as a
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streamwise wave, in order to compare the flow structure with linear models.
The key advantage of themethod is that the wavepackets are local, and thus
can isolate portions of the flow. There are many other potential applications
of this method. An immediate one could be estimating the convection velo-
cities of different structures of the flow. Relating the phase velocity of waves
with the convection velocities of structures is far from new [8, 181], but these
methods so far have been global. A different approach consists in tracking
different objects, e.g. quadrant structures, in timeanddirectly computing the
propagation velocity of said objects [103]. If the formermethods proved that
the convection velocities depend on the wavelengths (sizes) of the eddies,
the latter showed that, evidently, high- and low- speed regions propagate at
different speeds. A hybrid methodology like the one we propose could be
used to isolate different regions locally in space and scale and study their
convection velocities.

5.4.2 What are the events seeding the Orr bursts?

Wewere able to unequivocally relate streamwise perturbations to the forma-
tion of the Orr bursts. It is still unclear where do those perturbations come
from and if they represent any known structure of the flow field. A pop-
ular model known as ‘self-sustaining cycle’ or ‘self-sustaining process’ is
believed to maintain turbulence in the buffer layer [56, 73, 74, 177]. This
model (roughly) consists in a turbulent streaky background that breaks due
tomeandering (sinous) instabilities andgenerates quasi-streamwise vortices
which in turn generate new streaks through the lift-up of themean profile.
A similar scenario is believed to happen in the logarithmic region [48, 53]
although the observations of sinous instabilities are only clear inminimal
domains, and amore disorganised scenario can be observed in large boxes
[40]. The discovery of the ‘active’ edge of the steaks hints at a good place to
look for streak instabilities in large-box DNSs, which could shed some light
in the aspect and dynamics of this ‘burst precursors’.

5.4.3 Multi-scale interactions of Qs-Orr bursts

In this work we isolated the different Orr bursts from each other through
the filtering process and the integration bands. However, its possible that
different structures of the self-similar hierarchy interact with each other.
These interactions, if present, are removedby our filters, and thus the current
methodology does not allow any conclusions about their mutual dynamics
or lack thereof. Cardesa et al. [26] showed that structures inHIT interact with
each other when the scale separation is approximately two, and that this
interaction is mostly gone by scale separation of order of four. Because in



5.4 FUTURE WORK | 109

the channel flow the dynamics of the Orr bursts are controlled by themean
shear, their interactions, if any, should be different in nature than in HIT,
but a dedicated study in this matter should help in our understanding of
wall-bounded turbulence.

5.4.4 Towards a quantitative definition of wall-attached

We proposed that the flow can be decomposed into attached and detached
components, i.e

u = u attached + udetached = f
(
E★

)
+ udetached,

where the attached component is dynamically related to the wall. In Chapter
3, the relation used is Linear Stochastic Estimation (LSE) f

(
E★

)
= LE★, and

the observables are limited to contemporaneous measurements of the three
stresses at the wall, E★ = E =

[
p , my u , myw

]
(x , z ). While these limitations

are reasonable for practical applications, they probably are unjustified for
theoretical approaches. However, it may be possible to define both f (•) and
E★ in a way that u attached is optimal, and thus a objective definition of ‘at-
tached’. The definition ofE★ is secondary to f (•), as one can define concepts
as attached under contemporaneous pressure observations or attached un-
der time-resolved shear-stress observations. If the maximum observability is
desired then the vector

E★

sup =

[
m

i
xm

j
y m

k
z m

m
t u (x , y , z , t ), mi

xm
j
y m

k
z m

m
t p (x , y , z , t )

]
y=0

,

∀x , z , t ; ∀i , j,k ,m ∈ N;

contains all the dynamical information of the flow available at the wall. Be-
cause full streamwise, spanwise and temporal information is contained in
E★
sup, the vector

E★

sup =

[
m

j
y u (x , y , z , t ), m j

y p (x , y , z , t )
]

y=0
, ∀x , z , t ; ∀j ∈ N;

contains the same information, as themissing derivatives can be obtained
from it if necessary. Note that E★

sup is ‘useless’ in practical applications but
may be useful for a extremal definition of attached. Physical considerations
maymake desirable to limit E★

sup tomeasurements of the stresses at the wall,
as it is hard to imagine the physical relevance of high-order wall-normal
derivatives of the stresses. The function f (•) is more complicated to define,
although some approaches may be fruitful. One option could be to use non-
linear optimisation [120, 131], which could be closer to the upper bound
of what is observable. Another alternative is to use state- (phase-) space
reconstructionmethods [37, 162], whose downside is their prohibitive cost
when the number of degrees of freedom of the problem increases.
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low-storage method for time-resolved channel flow simulations
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Jiménez as coauthors, and Alberto Vela-Martín as

corresponding author.
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Wall bounded flows are fundamental building blocks of many industrial
applications or scientific research, and developing accurate models for their
prediction and control is a crucial challenge for the next decades. One fourth
of the energy in advanced economies is used in transportation, and about
20%of that amount is dissipated inwall-bounded turbulent flows. Therefore,
5% of the total energy, and a disproportionate amount of the resulting CO2

emissions, are spent that way [67]. Wall turbulence is themain contributor
to aerodynamic friction, and is responsible for most of the pressure drop in
internal flows such as pipelines. Its importance cannot be overemphasized
for the energetic future of this century. Among wall bounded flows, channels
are the simplest to simulate numerically and represent a valuable tool for
the accurate study of these phenomena. Their direct numerical simulation
has been a basic component of their study [7, 57, 85, 93, 119] for some time.
While the behaviour of turbulence in the viscous layer near the wall has

been reasonably well understood [56, 74, 150] in the last decades, the dy-
namics of the flow farther from the wall is less clear. One of themost vexing
remaining problems is the logarithmic layer that separates the near-wall
and outer regions. It is in this layer that most of the velocity drop of a bound-
ary layer takes place at high Reynolds numbers, and where the transition
between the very different length-scales of turbulence in the two regions
takes place. The logarithmic layer has been studied experimentally for a long
time, but numerical data have only been available in the last decade because
it only exists at relatively high Reynolds numbers [65]. Although different lim-
its have been proposed it is safe to assume that the logarithmic layer extends
from above yuτ/ν ≈ 150 to y/h = 0.15, where y is the distance from thewall,
uτ is the friction velocity, ν is the kinematic viscosity, andh is the boundary-
layer thickness or the channel half-width. Therefore, a logarithmic layer does
not exist if the friction Reynolds number is Reτ = uτh/ν . 1000, and it is
only appreciablywide ifReτ is substantially higher. The first direct numerical
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simulation (DNS) of a channel flow at Reτ = 180 had no logarithmic layer
in the sense just mentioned [85]. Since then, the Reτ has increased stead-
ily, and simulations with a short logarithmic layer have become available.
The current state of the art is Reτ ∼ 4000–8000 [18, 93, 103, 184], where
the logarithmic layer extends over a scale ratio of 5 to 8 in the wall-normal
direction.
Another open question in wall-bounded turbulence is the origin and dy-

namics of the large scales in the outer region, which extends above y ∼ 0.1h.
These scales play a relevant role in wall-bounded flows as they contain most
of the total kinetic energy andReynolds stresses of the flow, especially at high
Reynolds numbers [5, 9, 62, 86, 97], but their study has been hindered by the
difficulty to obtain quality data. In the case of channels, the flow between
two infinite parallel walls is modelled by imposing periodic boundary condi-
tions in the two wall-parallel dimensions, where the period represents the
size of the numerical box. It was soon realized that the size of the box is an
important parameter that conditions the size of the largest ‘well-resolved’
structures [9, 103]. The computational box has to be large enough for the
structures in the outer region to be unconstrained, in the same way that
the grid has to be fine enough to capture the smallest eddies and to repro-
duce the correct dissipation. A de-facto standard for large-box simulations is
(length× span)= (8π × 3π)h [65]. Experiments, and simulations in boxes up
to (60π × 6π)h [103], have shown that this is a reasonable size to propertly
reproduce the dynamics of the largest structures that arise in channels.
Another reason for considering the large scales has recently become ap-

parent. The buffer region near the wall has traditionally been considered the
prime target for turbulence control, but the length scales and frequencies
involved are demanding. In a wing at transonic speeds, whereuτ ≈ 10ms−1

and ν/uτ ≈ 10−6 m, the buffer-layer structures have wall-parallel dimen-
sions (500×100)ν/uτ ≈ (0.5×0.1)mm, and approximately 1010 sensors and
actuators would be required to control the flow over a typical 300m2 wing.
Their passing frequency is 20 KHz, which generates 2 × 1014 floating point
data per second. Supposing, for simplicity, 5 operations per datum to obtain
the desired control, one petaflop of computing power is required for this task.
An alternative is to target the structures in the logarithmic layer, whose size is
about (0.3× 0.1)h. Forh ≈ 2 cm, the number of logarithmic-layer structures
over a typical wing is a ‘moremanageable’ 105, with a passing frequency of
30 Hz. However, the possibility of controlling these larger scales depends on
a theoretical understanding of their dynamics that is still missing.
The increasing availability of computational resources has provided DNSs

of turbulent channel flow whose small and large scales are well resolved,
but which focusmainly on producing high-quality snapshots and average
statistical properties. In general, these simulations do not offer a posteriori
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access to thedynamicsof theflowand their practical utility is limited. Amuch
more valuable insight into the dynamics of these flows is possible by also
storing temporally resolved data.While all DNSs are by definition temporally
resolved while they are being computed, the possibility of storing and post-
processing temporally resolved time series, instead of a few independent
snapshots, has become possible only recently. Since the early efforts in the
90s [141], the use of temporal series at higher Reynolds numbers has become
a relevant tool of turbulent research, especially in wall-bounded flows [48,
103]. These temporal series, which are freely available to the community,
marked an inflection point in turbulence research, because they allowed
several groups to test hypotheses on the same data, and to refine them inter-
actively. The limiting resources to produce these databases are storage space
and post-processing time, as analysing temporally and spatially resolved
time series of high-Reynolds numbers channels in large boxes is extremelly
challenging, specially when dynamics of the large scales are targeted. Part of
the reason for the high cost of generating and storing useful temporal series
of the large scales is that the simulation time has to be long enough to cap-
ture their relatively slowly temporal dynamics. In the logarithmich layer, the
lifetimeof structures centred at a distance y from thewall isuτT ≈ 6y [48], or
about an eddy-turnover time (ETT,Tet o = h/uτ) for structures at y/h = 0.15.
Reasonable statistics require that the simulation time isuτt /h ≫ 1.
In the previous paragraphs, we have stressed the requirements of a turbu-

lent database directed towards the study of the large scales of a turbulent
channel flow: a high Reynolds number, an adequate box size, and storing
temporally resolved and sufficiently long series. Reviewing the characterist-
ics of the currently available databases, it is clear that none of themmeets all
these desirable properties, although some combinations of two of them can
be found. For example, recent non-time-resolved simulations at high Reyn-
olds numbers in large boxes are found in Lee andMoser [93]. Time-resolved
series atmoderate Reynolds numbers,Reτ = 1000–2000, have been available
for some time [40, 48, 103], but in small box sizes. A recent addition to the
available databases is [126], which includes an Reτ = 1000 time-resolved
channel in a large box, although only for a relatively short temporal period
(uτt /h ≈ 1.4). While large boxes require larger computational resources
than smaller ones at the same Reynolds number, both share the limiting
factor of storing, sharing, and post-processing the computed data. For ex-
ample, assuming amaximumdata storage of 200 TB, and a targetReτ = 4000,
the choice is between saving 500 snapshots of a large (8π×3π)h box, or 6500
snapshots of a simulation in a smaller (2π × π)h box. The latter database
would provide six ETT with a reasonable time interval between snapshots
[103], while the former would only contain 0.5 ETT.
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In this chapter we present a novel method to produce affordable, high
quality, time-resolved databases of turbulent channel flow aimed at the
study of the intermediate and large scales. This method, which can be easily
extended to other flows, relies on two aspects. First, a dynamically meaning-
ful reduction of the amount of information stored, which covers only large
scales while retaining the effect of the small scales, and, second, the speed
up of the computations bymeans of a controlled reduction of the numerical
resolution, which only affects the small scales but not the scales of interest
stored in the database. Further speed-up is achieved by implementing a new
parallel GPU solver, which exploits the advantages of powerful heterogen-
eous architectures. This paper covers the computation and generation of a
database for a state-of-the-art Reynolds number,Reτ ∼ 5000, in a (8π×3π)h
box, providing time-resolved data for the unprecedented long time of 36Tet o .
The storage limitations can be alleviated if onemostly wishes to study the

dynamics of the large and intermediatemotions,which, asmentioned above,
are the ones that require large boxes. Although DNS simulations have to be
properly resolved to reproduce the physics of turbulence, large and small
scales are relatively independent, and do not need to be post-processed
together. Recent simulations have shown that damping [59], or even remov-
ing [39, 116] the small scales near the wall, has negligible effects on the
logarithmic-layer structures, and it has been known for some time that large-
eddy simulations, which have no small scales, reproduce the large structures
correctly [151]. Supported on these evidences, we store only accurate data
obtainedbyaposteriori filtering of aDNS. This approach reduces the storage
requirements by reducing both the spatial and temporal resolution of the
database, which are set to capture the dynamics of the intermediate and
large scales. The dynamics of the small scales are only preserved in the form
of on-the-fly post-processed statistics. The novelty of our approach lies in
retaining also their dynamical effect on the filtered data by storing also the
filtered Reynold stresses. This approach allows a complete reconstruction
of the dynamics of the three velocity components above the database filter.
With this new approach, storing a time-resolved channel simulation in a
large box becomes feasible, and opens newpossibilities for studying the tem-
poral evolutionof accurately computed large-scalemotions inwall-bounded
flows. Discarding the dynamics of the small scales is justified on the availab-
ility of time-resolved simulations in boxes which, although smaller, are large
enough to allow the study of these scales [48, 103, 126].
Since our aim is to capture the dynamics of the intermediate and large

scales only, we require that the effect of the dissipative scales on these scales
is well reproduced, but not that their dynamics is faithfully resolved to the
level of high-quality DNSs. Considering that a relevant fraction of the total
computational resources in DNSs is used to resolve the dissipative scales,
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we obtain a substantial speedup in our simulations by adequately relaxing
the standard resolution requirements while ensuring that the dynamics of
the large scales are not affected. This approach has been widely used in ho-
mogenuous isotropic turbulence, for which simulations at high Reynolds
numbers are produced by reducing the resolution of the small scales [61].
In this simulations, the average locality of scale interactions ensures that
the effect of the insufficient resolution is confined to the small scales, but
does not affect the inertial scales. This approach not only reduces the num-
ber of grid points, but also relaxes the stability conditions of the temporal
integrator, providing a significant speedup in terms of computational time
per ETT. We reduce the numerical resolution in the wall-parallel directions
to reduce the computational requirements, andmodify the distribution of
points close to the wall to alleviate the stability requirements of the temporal
integrator. We compensate this reduction of the numerical resolution by
implementing spectral methods in the wall-parallel directions, and high-
order, high-resolutioncompactfinitedifferences in thewall normaldirection.
Thesemodifications of the standard DNS requirements allow us to run for
unprecedented long times, and do not affect the truncated data stored in
the database. We present results that indicate that a reduction of the numer-
ical resolution with respect to standard high-quality DNSs is acceptable for
simulations that target the large scales of wall-bounded flows.
In this work we also validate the suitability of GPUs for large-scale dir-

ect numerical simulations of turbulent flows. Although GPUs have been
part of many supercomputers for some time, their use for solving fluid
mechanics problems is not general. Some previous codes have made use
of GPUs to gain a considerable speed-up [77, 82], but they generally use
low-resolution spatial discretisation schemes that make them less attract-
ive for high-Reynolds number turbulence. Our results prove that the use
of GPUs can also be advantageous for the computation of communication-
intensive simulations such as those needed to compute turbulence with
spectral and high-order compact schemes. For implementations that spend
about 40% of the time transferring data, asynchronous overlapping between
communications and computation can speed up simulations by a factor
of two with respect to a standard CPU code running on the same platform.
For large simulations spanning months, this advantage is crucial. As net-
work bandwidth and clusters architecture improve, and the fraction of time
spent communicating decreases, the advantage of using GPUs should be
even clearer. When the next step in supercomputing is taken, and new exas-
cale machines become available, efficient devices will be required to keep
energy consumption down to a reasonable level. GPUs have proved to be
efficient and fast and are present in ever more super-computer centres, as
they deliver good performance while keeping energy consumption low. The
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FIGURE A.1: Sketch of channel flow between two parallel walls

code used in this investigation takes advantage of the use of GPUs on a large
scale, and represents a step into using future heterogeneous CPU/GPU ex-
ascale architectures for DNS simulations. The code publicly is available in
https://github.com/albertovelam/CHANNEL_GPU.
This paper is organized as follows. The algorithm and code employed

are described in §A.1, with details on the running performance and of the
test simulations performed. Section A.2 describes the storage approach,
the simulations performed for the database, the main statistics of those
simulations, and their validation. Finally, conclusions are offered in §A.3

A.1 METHODS

A.1.1 Simulation algorithm

We consider the incompressible turbulent flow between two parallel planes
separated a distance of 2h. Both the spanwise, z , and the streamwise, x ,
directions are periodic, with period Lz and Lx , respectively. A constant mass
flux is imposed in the streamwise direction by a time-variablemean pressure
gradient. Due to incompressibility and impermeability at the wall, the plane-
averaged velocity in thewall-normal direction, y , is zero at all distances from
the wall. Themean value of the spanwise velocity component is allowed to
drift, since no pressure gradient is applied along that direction, but is zero in
the long-term average. A sketch of the flow is shown in figure ??. Magnitudes
expressed in ‘wall’ units, which constructed from the friction velocityuτ and
the kinematic viscosity ν, are denoted by a ‘+’ superindex, so thatReτ = h+.
Upper case symbols are used for ensemble-average quantities, such as the
mean velocity profileU , while primes are reserved for root-mean-square
intensities, as inu ′.
The evolution equations for the streamwise, wall-normal and spanwise

velocities,u = (u ,v ,w ), respectively, are the Navier–Stokes equations for an
incompressible fluid,

mt u + u · ∇u = −∇p + ν∇2u , (A.1a)

∇ · u = 0, (A.1b)

https://github.com/albertovelam/CHANNEL_GPU
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where p is the kinematic pressure. For convenience, (A.1) are reduced to
two equations for the vorticity in the wall-normal direction,ωy , and for the
Laplacian of the wall-normal velocity, Δv , thus removing the computation
of the pressure [85].
The equations are then projected on a Fourier basis withNx andNz modes

in each periodic direction. In real space, themesh is uniformly spaced, with
Nx andNz collocation nodes chosen to provide the desired numerical res-
olution. Non-linear terms are computed with a pseudo-spectral method
and are fully dealiased by zero padding [25]. In the wall-normal direction,
the equations are discretised on a non-uniformmesh of Ny points, adjus-
ted to keep, at all wall distances, an approximately constant resolution in
terms of the local Kolmogorov scale [47]. Derivatives in that direction are
computed directly on themesh using seven-point compact finite differences
with spectral-like resolution [94]. A semi-implicit third-order low-storage
Runge–Kutta is used for temporal integration [158].

A.1.2 Enforcing boundary conditions at high Reynolds numbers

The use of high-order, high-resolution numerical approximations for the
derivatives in the wall-normal direction is essential in turbulent channel
DNSs. However thesemethods are prone to numerical errors if they are not
developed togetherwith themesh. Themost numerically sensitive operation
in the vorticity–Laplacian formulation of the Navier–Stokes equations is the
solution of the bilaplacian operator [85], which requires the solution of mul-
tiplehomogeneousHelmholtz equations to impose theboundary conditions.
For high Reynolds numbers and small wavelengths, these solutions include
very thin boundary layers near the wall, and we found important numerical
errors in the homogeneous solutions when compact finite differences of up
to twelfth order of consistency are used for the discretisation of the second
derivative.
Figure A.2 compares the worst-case solution for the Helmholtz problem

used in the simulation (the one with the highest wavenumbers). The grid
spacing of the original mesh, represented in the figure by circles, are optim-
ized considering only physical arguments, as in [57]. This mesh worked well
with low-order schemes, but the wide stencils used here led to large errors in
the first few grid points, which, in extreme cases, were enough tomake the
simulation unstable. A refinedmesh, plotted in squares, solved the problem
of code instability by slightly displacing the first 20 grid points in order to
minimize the error of the most dangerous solutions without affecting too
much the individual grid spacing, thus preserving the physical properties of
themesh.
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FIGURE A.2: Solution of the Helmholtz equation for themost critical wavenumber
at Reτ ≈ 5000. , Analytic solution;•, standardmesh; , optimised
mesh.

A.1.3 Code

We implement a novel hybrid CUDA-MPI code to run the simulations on
many distributed GPUs. While all numerical algorithms use exclusively the
GPU using custom CUDA kernels, the CPU is used for node-node commu-
nications. Appropriate care is taken to optimize the CUDA kernels as much
as possible. A plane-plane decomposition is used to partition the computa-
tional domain among GPUs. A configuration in y z planes is used to perform
operations in the wall-normal direction, where compact finite differences
require the use of banded-matrix solvers and global access to all points in
that direction. For the computation of the non-linear convolution in thewall-
parallel planes, thedomain is reorganised inxz planes inorder toapplydirect
and inverse Fourier transforms, using the highly optimized CUFFT library.
This decomposition allows to implement the dealiasing by zero-padding
locally in each GPU, reducing the amount of communications required to
compute the convolution. All the transpose operations are performed using
custom CUDA kernels to take advantage of the highmemory bandwidth of
the GPUs. Several strategies are used for theMPI communication part, from
all-to-all to send/receive. Particular care is taken to overlap as much as pos-
sible communications and computations. This is done using asynchronous
execution of the computation and the communications by using three GPU
streams: one for computation and two for device-to-host and host-to-device
communications; and a CPU stream forMPI communications.
The code shows good scaling up to 1024 GPUS, proving the suitability

of GPUs for DNSs at high Reynolds number using high-resolution spectral
methods.Wealso report a strongdependenceof the scaling andperformance
on the balance between computation power, and network bandwidth.
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A.2 A SECOND-ORDER CONSISTENT, TIME-RESOLVED DATABASE

A.2.1 Methodology

A time-resolved turbulent channel flow simulation at Reτ ∼ 5000 spanning
36T uτ/h (eddy-turnover time) in a standard large box (Lx = 8πh and Lz =

3πh) would produce 55 PB of data if the evolution of all the flow scales were
retained [103, 126]. information contained in that disproportionately large
amount of data is used to represent thedynamics of viscous scales,which can
be studied inmuchmore affordable simulations in smaller boxes requiring
much less computational effort.
We store only scales above the viscous limit, reducing in three orders of

magnitude the storage required. This reduction comes from the lower spatial
and temporal resolution necessary to accurately capture the dynamics of
the large scales. The inertial range can be estimated to start at around 50η (η
is the Kolmogorov length-scale [88]), which translates roughly into 100ν/uτ

(wall units) [65]. If an eddy of size le advected at velocityue (with respect to
themean velocity profile) is desirable to be time-tracked, the characteristic
time between snapshots (Δte ) needed to accurately represent its motion is
of order of le/ue . As we consider the eddies of size l+e ∼ 100 as the smallest
we want to retain, we can expect these eddies to be advected with respect
to the mean profile at approximately the root mean square of the velocity
perturbations. Themost restrictive condition arises from the stream-wise
velocity perturbations, which for the logarithmic layer are u ′+ ∼ 2. Thus,
a reasonable estimate is Δt +e ≈ 100/2 = 50, which implies storing around
Reτ/Δt +e ∼ 100 snapshots per turnover, t uτ/h = 1.
The velocity fields are filtered to retain only scales above l+x ∼ 120 in x and

l+z ∼ 60 in z and then stored with the aforementioned temporal resolution.
The difference between the characteristic lengths in x and z accounts for
the elongated nature of the velocity perturbations in channel flows [57]. At
that resolution the number of points in x and z needed in a 8π × 3π box at
Reτ ∼ 5000 areMx = Lx Reτ/l+x ∼ 1000 andMz = Lz Reτ/l+z ∼ 800. The effect
of the removed small scales into the large scales is not negligible, and im-
possible to recover from the filtered velocity, which would considerably limit
what could be studied and computed from the database. To partially over-
come this limitations, we also store the filtered Reynolds-stress tensoruiu j ,
which are the only second-order non-linear quantities that directly appear in
the equations of motion. From the six filtered components of this tensor, the
effect of small scale dynamics on the filtered velocities can be recovered, pre-
serving dynamical information of the evolution of large scales, such as their
temporal derivatives. Lastly, we also stored the filtered enstrophy, as is often
used in turbulent research, and cannot be recovered from the filtered stress
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tensor. Thus, the ten variables of the database areu , u ⊗ u , ω·ω, where (•)
denotes Fourier cut-off filtering. Although the properties of this filter are
far from optimal in real space [176], it commutes with homogeneous linear
operators, allowing ‘exact’ a posteriori computations with the stored quant-
ities. Some of the ‘derived’ variables that can be trivially computed from the
database are the vorticities,ω = ∇ × u ; or the kinetic energy, E =

1
2u ·u . The

computation of the pressure is less evident but equally possible. Taking the
divergence of themomentum equation yields,

∇ · (u · ∇u ) = −Δp , (A.2)

where continuity ∇ · u = 0makes every other term banish. This is the well-
known Poisson equation for the pressure [84], and is linear in p andu ⊗ u ,

Δp = −∇ ·
[
∇ ·

(
u ⊗ u

) ]
, (A.3)

which requires only the cross-derivatives of the filtered Reynolds stress
tensor, which are part of the database. An identity worth noting is,

−∇ ·
[
∇ ·

(
u ⊗ u

) ]
= S ·S − ω·ω, (A.4)

which gives a recipe to compute the norm of the rate-of-strain tensor S

from the filtered enstrophy and the right hand side of the filtered pressure
equation.
Finally, possessing a closed second-order database can be useful for a

priori testing of LESmodels at high Reynolds numbers. The subgrid stress
tensor can be computed from the filtered velocities as,

τ = u ⊗ u − u ⊗ u , (A.5)

procuring a exact representation of what the model needs to account for,
in a time-resolved fashion. Similarly, wall models for LES can be tested as
the correct stresses for the filtered velocities are stored at every wall-normal
location.
As stated before, our interest resides only on the larger scales of motion,

making the resolutionofDNSnot a key factor in this simulation as long as the
dynamics of the stored scales are unaffected. We will show that is possible to
degrade the standard DNS resolution (Δx+ ≈ 12 andΔz+ ≈ 9) to (Δx+ ≈ 24
and Δz+ ≈ 15) producing a relative error of less than 2% in the retained
scales, allowing in turn for running approximately four times more eddy
turnovers with the same computational time.

A.2.2 Simulations

Table A.1 summarizes the characteristics of the simulations performed, as
well as of those used for validation. The new simulations ran in PizDaint,
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Name Reτ (Lx , Lz )/h Nx×Ny×Nz Mx×My×Mz T (h) Nsnap

F2000 2000 8π, 3π 2048×512×2048 512×512×512 14 1300
F5300 5303 8π, 3π 6144×1024×4096 1024×1024×1024 36 3900
L2000 2003 8π, 3π 4096×633×3072 — 10 232
L5200 5200 8π, 3π 10240×1536×7680 — 7.8 –

TABLE A.1: Simulations performed (F2000 and F5300) and simulations used to val-
idate them (L2000, from [57] and L5000, from [93]).Nd is the simulation
resolution whileMd is the storing resolution.T (h) = T uτ/h is the simu-
lation time in eddy turnovers.Nsnap is the number of snapshots available
in the database.

a GPU-based supercomputer part of the PRACE Tier-0 network, for a total
of 65000 node hours on 128 GPUs for F2000 and 1400000 node hours on
512 GPUs for F5300. The total size of the filtered databases is 5.6 TB and 100
TB respectively. To ensure equilibrium before collecting the data, the first 5
eddy turnovers run immediately after interpolating the initial conditionwere
discarded. The initial conditions were interpolated from similar Reynolds-
number simulations in equilibrium.

A.2.3 One-point statistics and energy spectra

Figure A.3 shows the main one-point statistics of the simulations in table
A.1. Themean profiles agree with the ones of the full resolution simulations
across all the channel, collapsing under the defect velocity form. When plot-
ted in terms of the absolute velocity, they agree initially but depart later, by a
constant shift in the value of the intercept constant. The logarithmic region
can be expressed as

U +
=
1

κ
log(y +) +C +

, (A.6)

where κ is theKármán constant andC + is the intercept parameter. The values
ofbothconstants for thedifferent simulationsare computedbyfitting (A.6) in
the region 150ν/uτ < y < 0.16h forReτ ≈ 2000 simulations and 350ν/uτ <

y < 0.16h for Reτ ≈ 5000 simulations. The difference in the value of the
intercept constant is similar to the effect of transitional roughness, were a
roughness function accounts for the departure of themean profile due to
the wall roughness. The profile of F2000 is shifted respect to L2000 byΔC + ≈
−0.12 and F5000 is shifted respect L5000 by ΔC + ≈ −0.45. The root mean
square (rms) of perturbation velocities are plotted against their references in
figuresA.3(c, d), and their relative errors, (u ′

i
−(u ′

i
)ref)/(u ′

i
)ref are represented

in figure A.3(e, f). They agree well except near the wall, where they depart
from the reference simulations. The value of u ′ is equal to the reference
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FIGURE A.3:Mean profiles and perturbation velocities rms for the simulations in
table A.1. Symbols are triangles for the reference simulations and circles
for the new ones. Filled symbols are Reτ ≈ 2000 and open ones
Reτ ≈ 5000. (a) Mean velocity profile in velocity defect form for all
the simulations. (b)Mean velocity profile for all the simulations. (b) Per-
turbation velocities rms for simulations atReτ ≈ 2000. (c) Perturbation
velocities rms for simulations atReτ ≈ 5000. (d) Mean velocity profile
plotted against inner units for all the simulations. (e) Relative error in
the rms of the velocity perturbations for simulations atReτ ≈ 2000 (f)
Relative error in the rms of the velocity perturbations for simulations at
Reτ ≈ 5000. The vertical line in (e,f) is y + = 150.
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simulations near the wall, whereas v ′ and w ′ have more energy than the
references, and their relative error is maximum at this height. Moving away
from thewall, the cross components converge to the reference valuewhereas
u ′ lowers in intensity until the production peak of the buffer layer, y + ≈ 14,
where the relative error of the streamwise component is maximum. Farther
away from the wall, at x+

2 > 100, the deviation of either component is less
than 2% (or within the statistical error for the F2000 case). From the larger
error in the cross-velocity intensities near the wall is possible to trace the
lower resolution of the grid as responsible for the difference in the intercept
constant of themean profile. Close to the wall, very small quasi-streamwise
vortices populate the flow field, whose size is close to the resolution of the
mesh in the reference simulations. Thus, these vortices are not well resolved
in the new simulations, with lower resolution, as reflected by the error in
the rms of the cross velocity components. This lack of resolution affects the
friction at the wall, and the intercept constant changes slightly as if it were
under the effect of very fine roughness. However, these phenomena do not
affect the flowabove the buffer layer, whosemeanprofiles collapse under the
velocity-defect formwith the reference simulations, and so do the intensity
of the fluctuation velocities above y + ≈ 100.
The same level of agreement is found in the spectra of the velocity com-

ponents, which collapse with the reference simulations for the resolved
scales. Figure A.4, gathers the spectra of both simulations and references
at y + ≈ 150. If we consider this wall-normal location the closest to the wall
within the logarithmic region, the lower resolution of the database should be
most critical here. The spectra of the new simulations agree extremely well
with the references, over all the scales retained by the filter. As expected, the
wall-normal velocity component is the worst resolved with≈ 13% of energy
below the filter cutoff for F5300. The stream and spanwise velocities retain
more than 98% and 93% of their energy respectively. As with the one point
statistics, we have no indication of the lower resolution of the simulation
affecting the turbulence scales stored in the database above the buffer layer.

A.2.4 Temporal statistics

Figure A.5(a) shows the temporal evolution of the instantaneous friction
velocityuτ in the bottomwall, across approximately 25 ETT. The largest vari-
ations of the value ofuτ have a slow characteristic time, while the changes
that it experiences over times smaller than one ETT are smaller. The largest
differences in the value ofuτ within time windows of one ETT are approxim-
ately 5 times smaller than those within 10 ETT. This implies that structures
with lifetimes longer than one ETT are present in the flow, and contribute to
the shear stress at the wall. Further insight can be gained from the premulti-
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FIGURE A.4: Spectra of the velocity components at x+
2 = 150 for the simulations in

table A.1. (a-c) Spectra ofui for L2000 (red shaded patches) and F2000
(black line). (d-f) Spectra ofui for L5200 (red shadedpatches) andF5300
(black line). The blue square marks the database resolution in all cases.
Contours contain 90, 50 and 10% of the spectral mass of the reference
simulations, and the same contour level is used for the new ones.
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FIGURE A.5: (a) Time evolution of the friction velocity at the bottomwall. (b) Prem-
ultiplied temporal spectrum of the signal in (a). (c) Premultiplied (z , t )
spectra for the first few streamwise Fourier modes of u at y/h = 0.4.
From right to left, λx = ∞ (blue), λx/h = 8π (red), λx/h = 4π (yel-
low), λx/h = 2π (purple), λx/h = π (green). The contour is 40% of the
maximum for each streamwise wavelength. F5000.

plied temporal spectra of this signal, shown in figure A.5(b), computed by
smoothly windowing the temporal signal to prevent its lack of periodicity
from harming the spectrum [179]. Approximately, 34% of the spectral mass,
and thus of the skin friction fluctuations, is contained in periods longer than
one ETT. Figure A.5(c) shows the z–t spectrum of several streamwise Fourier
modes at y/h = 0.4,which is thedistance fromthewallwhere the streamwise
velocity structures are longest [65]. The two longest streamwise modes have
characteristic times longer than one eddy turnover, independently of their
spanwise wavelength. Most of the energy of the infinitely long streamwise
streaks, represented by the kx = 0 wavenumber, is contained in lifetimes
longer than 6 ETT. These structures have a typical width of λz/h ≈ 2–3,
wider than the typical size of the outer-layer streaks [153]. The structures
represented by themodes with λx/h = 8π can be thought of as streamwise
velocity streaks with length of approximately 12h and width 1.5h, and have
much shorter lifetimes, peaking atT uτ/h = 1–2. The temporal span of the
database is sufficiently large to cover the dynamics of the large scales of the
flow.

A.3 CONCLUSIONS

We have presented a new data base of turbulent channel flows containing
time-resolved simulations at Reτ = 2000 and Reτ = 5000, for long times



128 | SECOND-ORDER CONSISTENT DATABASES

T uτ/h ∼ 30, in large boxes of size (8π × 3π)h. With a traditional resolution
in time and space, storage size becomes the limiting factor. In the present
case, it would require approximately 60 PB. To alleviate these requirements,
and since the database is mainly intended to study the relatively large scales
of the logarithmic layer, we only store structures filtered above the viscous
limit, even if the simulation runs at full resolution. On the other hand, the
data include the long histories required to capture the large-scale dynamics.
To capture the influence of the discarded scales on the stored ones, the
database also includes the instantaneous filtered Reynolds-stress tensor
and the filtered enstrophy. This is still more economical than storing the full
flow fields (∼ 150 TB), and allows the reconstruction of other quantities of
interest, such as the time derivatives of the filtered velocities, the filtered
pressure, and the filtered norm of the rate-of-strain tensor. In this sense, the
database is ‘second order consistent’, because any observable that depends
on quadratic velocity products can be computed a posteriori. In particular,
this property, together with relatively high Reynolds numbers, makes the
database potentially useful for a-priori testing and development of new LES
models.
In order to achieve the required running times, we employ a novel code

which runs onmany distributed GPUs and takes advantage of their highly
efficient and powerful architectures. We show that this code scales up to
1024 GPUs, proving its suitability for the next generation of heterogeneous
exascale computers.
To further reduce the cost of the simulationswe slightly degrade the resolu-

tion of the computational grid, but we show that the first- and second-order,
one- and two-point statistics of the retained scales are not affected by this
resolution change, and that we generate ‘healthy’ logarithmic and outer re-
gions. We show that this approach has potential applications in other DNSs
that target the large scales.
From a preliminary analysis of the data, we show that time scales longer

than one eddy-turnover time are present in the channel flow, especially for
the streamwise velocity component. Some of these structures, responsible
for about one third of the variation in the total turbulent skin friction, have
characteristic times ofT uτ/h ≈ 6. The same is true of the longest structures
ofu , but the long simulationsmake the study of their dynamics possible. A
more detailed study of the temporal statistics will be conducted in future
research.
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