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Abstract.

Novel and faster non-destructive methods are of paramount interest in
the industry. In this thesis we study of a new algorithm to detect the pres-
ence of cracks or defects in thin plates from a set of thermograms of one
of its sides while is heated by a lamp. This algorithm consists in formu-
lating a misfit functional between the measured data on the faulty plate,
and the simulated measurements that would be obtained with a virtual
healthy plate. The topological derivative of this functional is computed
and the points where it attains its lowest values are considered to be the
estimated position of the defects. This type of algorithm for domain iden-
tification based on the topological derivative has been very successful in
other areas like electromagnetic imaging, or acoustic imaging. In thesis
we tested the algorithm on synthetic data, that is, thermograms generated
numerically. The method has shown very promising results: with a small
number of multi-frequency experiments the cracks can be easily identi-
fied. As a complement, the already studied topological derivative method
in electromagnetic imaging was validated against experimental data. The
data used was kindly made public by the Institute Fresnel, and supposes
a known benchmark in the inverse problem community. The topological
derivative based method demonstrated to handle without problem the ex-
perimental data, giving results as good as the other methods while doing
it in a much faster way.
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Chapter 1

Introduction.

Any material, no matter how pure it is, contains non-detectable microc-
racks. They can exist due to impurities in the material or due to dislo-
cations in the atom lattice. When we know the static loads that will be
applied to an structure, we can compute the needed thickness plus a se-
curity factor such we can assure it does not collapse. However, in the case
of dynamic loading, structures may collapse at a stress lower than the cal-
culated critical stress. This is due to a phenomenon known as mechanical
fatigue. In this phenomenon, a cyclic load helps the microcracks to form,
grow and coalesce into bigger ones. These big cracks continue to grow
until they reach a critical size for which the structure collapses catastroph-
ically, well below the critical stress.

This kind of dynamic loading is ubiquitous in the everyday life. Each
time that a vehicle traverses a bridge, this is loaded and unloaded, and
the same for trains and train rails. With each stroke of an internal com-
bustion engine, the pressure in the cylinder increases and decreases and
the stresses in the connecting rods also vary. In the case of the aerospace
industry, with each flight, the fuselage is subjected to a great pressure dif-
ference when it is at high altitude, and then this pressure is equalized at
sea level. Similarly, at sea level the intrados of the wing is under compres-
sion whereas the extrados is under tension, and at flight these roles are
interchanged.

In order to be able to fly safely, the growth rate of these microcracks has
been studied for many materials, at different loading conditions, varying
both the amplitude of the load as well as the average value. This way,
curves that relate the applied load and the number of cycles before failure
are published for each material (the so-called S-N curves). There are ma-
terials for which there is a fatigue limit which consist in a limit amplitude
below which an infinite number of cycles are resisted without collapse. For
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Figure 1.1: Specialised worker performing the ultrasound test. Image
taken from http://scrnstl.com/.

example, steel does present a fatigue limit, however aluminium does not.
This means that for any cyclic stress, no matter how small it is, there exists
a maximum number of cycles that the piece will resist. This is unlucky as
aluminium is the material of choice when constructing plane wings, due
to its low density compared with steel.

To avoid the failure in mid-air, periodic inspections are programmed
making use of the S-N curves. The periodicity of the inspections is chosen
such that no crack can grow from undetectable to the critical size without
being detected in one or more inspections.

These inspections consist of non-destructive tests, that is, tests that al-
low us to know the presence of cracks or defects in the piece without hav-
ing to modify or even destroy it. In most of the cases, to perform these
tests the aircraft is required to be inoperable for several days. This makes
the aircraft less profitable and hence there is a great interest in the de-
velopment and improvement of faster non-destructing testing techniques.
These techniques are required to allow the characterisation of the pres-
ence of cracks and the determination of their size in a robust way. If these
new techniques are faster but much more expensive, the improvement is
not economically worth it, so in general there is also interest in cheaper
methods.

Nowadays most of the detection methods rely on ultrasound tests. In
ultrasound inspection, a probe emits a sound pulse perpendicular to the
surface of the piece and measures the time it takes to receive its echo. As-
suming we are testing a thin metal shell (like the fuselage or the wing), the
bounce of the pulse is due to discontinuities in the material properties. In
normal conditions, that is, when no crack is present, this discontinuity is
the back face of the plate. Knowing the speed of sound in that material,

http://scrnstl.com/
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Figure 1.2: Coloured thermogram showing variations in temperature that
correspond to the longerons. Image taken from http://morganward.
co.uk.

an ultrasound testing device is able to show the "position" of the echo on
a screen. The worker that performs the test would see that the position of
the echo corresponds to the thickness of the plate. If the worker happens to
pass the probe over a region where there is a crack contained in the thick-
ness of the plate, the echo will bounce back faster and will appear in the
screen as an echo at a smaller depth, thus easily identifying the presence of
the crack. Although it is highly sensitive and robust, this method has the
disadvantage that the area that can be inspected at the same time is very
small. As can be seen in figure 1.1, this requires the probe to be moved
across the entire surface to be able to test it completely. It is estimated that
inspecting one square meter of plate requires one hour.

In this sense, infrared thermography inspection is a very promising
technique. In it, the plate is actively heated by some means and the tem-
perature distribution on one of its faces is measured with an infrared cam-
era. An infrared camera works as a standard camera with the difference
that its sensors are sensitive to the infrared spectrum of the electromag-
netic waves, rather than to the visible light. Taking into account that the
amount of irradiated power for a given material is directly related with
the temperature of the emitting surface, the thermal camera is able to as-
sign a temperature value to each pixel in its field of vision. Usually, to fa-
cilitate the qualitative visualization of the temperature distribution, each
temperature value is mapped to a color (the so called colormap). The im-
age where each pixel is coloured according to its temperature is called a
thermogram.

Since the temperature distribution will depend on the presence or ab-

http://morganward.co.uk
http://morganward.co.uk
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sence of defects, their position, size, etcetera, the possibility of deducing
these from the thermogram arises. This is what is known as solving the
inverse problem, that is, obtaining the position, size, shape and number of
defects given the temperature distribution on one of its faces, in opposition
to the direct problem of computing the temperature at the surface given
the experimental conditions and the position and shape of the defects.

If this were possible, the crack detection process would be highly im-
proved. As can be seen in figure 1.2, information of an entire face of the
plate is obtained at the same time. Furthermore, the equipment needed for
obtaining a thermogram is in general cheaper than an ultrasound probe.
Unfortunately, the heat equation is not as sensitive to discontinuities as
ultrasounds are. There is no heat wave that bounces off the defect and
travels back to the surface. On top of that, the direct problem softens any
sharp change in the temperature, and hence it is more difficult to invert
it. From the experimental point of view, the sensitivity of a thermographic
camera, compared to what it is intended to measure, is much lower than
that of an ultrasound probe. For this reason, except in unusual cases, the
presence of defects is not apparent to the naked eye in a thermogram, nor it
is if compared with the thermogram corresponding to a plate without de-
fects. This means that is not direct to transform the thermogram in some
representation of the position of the defects, as was in the case of the ul-
trasound probe. More advanced mathematical techniques are required for
it.

The original idea of this thesis was then to study the applicability of a
mathematical technique for solving inverse problems based on a math-
ematical operator, the so-called topological derivative. The concept of
topological derivative is relatively recent ([36, 54]). It is a mathematical
operator that somehow measures the sensitivity of a shape functional (a
quantity that depends on the shape of something) to making holes in that
shape. Points where the topological derivative is positive are points where
the shape functional would increase if an infinitely small hole was made,
and points where it is negative are points where the functional would de-
crease.

The idea behind the method consists in defining a shape functional in
such a way that it measures how different the thermogram obtained in a
healthy plate (that is, a plate without internal defects) would be from the
real experimental thermogram corresponding to a faulty plate (that is, one
containing some kind of defect). Defined this functional, if we compute its
topological derivative we will have a measure of the effect that making an
infinitesimal hole in the healthy plate has. On one hand, points where the
topological derivative is positive are points where making a hole would
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generate a plate whose corresponding thermogram would be further from
the thermogram of the faulty plate than the thermogram of the healthy
plate. On the other hand, points where the topological derivative is neg-
ative are points where making a hole will generate a plate whose corre-
sponding thermogram is closer to the one of the faulty plate than that of
the healthy plate.

Assuming that the points that generate a thermogram closest to the
real one are the points closest to the real defect, the inversion method con-
sists in defining those points as the reconstructed shape of the defect. That
is, we will chose some threshold and define the reconstructed damaged
region by agglutinating all the points that are more effective than that
threshold in reducing the shape functional.

The inverse problem as has been described is a domain identification
problem, that is, detecting the presence or absence of defects is translated
into deducing the shape of an unknown domain (the defects) in which the
properties of the material change abruptly.

There are several previous works where it has been demonstrated that
the topological derivative is a very powerful tool for these kind of prob-
lems in many different applications, like in acoustics (see [4, 17, 18, 20,
39, 45, 65]), elastic waves (see [3, 10, 13, 44, 46, 76]) or electromagnetic
waves (see [2, 63, 64, 68, 77, 89, 90]). It has also been tested in the heat
equation (see [19, 23, 51, 78, 79]), electrical impedance tomography ( see
[21, 22, 25, 40, 52]) and holography (see [16, 15]).

In this thesis, since we have no access to real thermograms and the
method is not mature yet, all the experiments in this thesis correspond
to computer generated data. Thermograms will be generated by solving
the partial differential equation (PDE) problem that models the experi-
ments. This PDE problems will be solved numerically, using a finite el-
ement method solver. In order to test the topological derivative method
against real experimental data, we decided to complement the thesis by
processing a well known benchmark in the inverse problems community
that contains electromagnetic data.

The Institut Fresnel of Marseille (France) published two databases (see
[8] and [42]) in which different objects made of conducting or dielectric
materials are irradiated by electromagnetic waves from different locations,
and the electric field is measured in a series of receiving antennas. In the
first database, both the objects and the positions and polarizations of the
transmitting and receiving antennas are such that the problem can be mod-
elled using the scalar Helmholtz equation in two dimensions, while in the
second database, the problem is fully three-dimensional, being modelled
by Maxwell’s equations for harmonic time dependence.
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These databases were made public in their respective special sessions
of the journal Inverse Problems, in order that various groups of researchers
could compare the performance of their domain reconstruction methods,
as well as to facilitate the trial with real data to groups that do not have
access to a laboratory, as it is our case.

As part of the thesis, we have tested the topological derivative based
method in both databases, obtaining very good results compared with the
rest of the methods that that also attempted the reconstruction and pub-
lished their results in the special session (see [7, 9, 12, 29, 35, 38, 67, 85,
86, 82] for the methods that attempted to reconstruct the two-dimensional
database and [24, 26, 31, 37, 66, 93] for the ones that attempted the three-
dimensional one). In general the quality of the results obtained by this
method is comparable to that of the other methods while being much
faster to compute.

Regarding the problem of inspection by infrared thermography, we
have used simulated thermograms without added noise to better under-
stand the behaviour of the topological derivative in the heat equation.
Then, as a validation, noisy thermograms (that is, thermograms to which
random error had been added at each point) where used. In this way we
ensure that we do not commit inverse crimes (see [70]), that is, we ensure
that the good results obtained by the method are not based on the use of
the same numerical scheme for the generation of data as for its resolution,
nor the same mesh, or that it only works if the data is known with infinite
precision.

The structure of the thesis is as follows: in the introduction the moti-
vation of this thesis is presented. It is also given a brief description of the
cases studied. The second chapter explains the concept of an inverse prob-
lem and its particularities, as well as that of the topological derivative. In
addition, this chapter describes the reconstruction method based on the
topological derivative. The third chapter is dedicated to the application of
topological derivative methods to process real data from the Institut Fres-
nel. First, the physical model used is described as well as its possible sim-
plifications for each of the cases. After that, the numerical results obtained
as well as the conclusions are presented. The fourth chapter deals with
infrared thermography tests and follows a similar structure. An introduc-
tion is made to the physics involved in obtaining an infrared thermogram.
Then, the physical models of the cases to be studied are presented. After
that, some numerical results interlaced with the phenomena that can be
observed are shown. This chapter ends with a section of conclusions and
future work. Finally, the thesis ends with a chapter of general conclusions.



Chapter 2

The topological derivative based
inversion method.

In this chapter, we will briefly introduce the concepts of direct and inverse
problems. Then the problems that will be addressed in this thesis will
be formulated as inverse problems. Finally, we will define our inversion
method which consist on the computation of the topological derivative of
a misfit functional between the real measures and the simulated ones.

2.1 Inverse Problems.

In the everyday life we are performing measurements of our surround-
ings. Usually these measurements are characterized as direct or indirect
taking into account if the quantity that we want to know is the one we
are actually measuring or if we are measuring some derivate quantity and
inferring the one we want to know.

For example if we have a fluid in movement, we can measure its pres-
sure with a pressure sensor and its velocity with a pitot tube. The pres-
sure sensor would measure directly the pressure of the fluid. However
the pitot tube would measure at the same time the static and total pres-
sures and from its differences and the knowledge of the density of the fluid
we would infer the velocity. As can be seen, the indirect measurement is
somehow more trickier, as if we do not know the density with exactitude,
we would measure a wrong velocity value.

In reality, most of the measurements are a chain of indirect measure-
ments. For example, one way of measuring the pressure is by a capacitive
pressure sensor. In this case two small metal plates are situated very close
with a dielectric in between, one of the plates being in contact with the

7
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fluid. When the fluid changes pressure the plate is deformed, hence the
capacitance of the capacitor formed by both plates changes and this can
be measured. Again, the measure of the change in the capacitance can be
done with a capacity bridge, which transforms the change in capacitance
in a change in direct current voltage by means of two known resistors and
a capacitor. This means that in order to get a good lecture of the pressure
we have to have well characterized the mechanical coupling between the
fluid and the plate of the capacitor, and of course, assume that being the
plates so small, their deflection do not affect to the overall volume of the
fluid. To be able to have a good reading of the capacitance we have to have
well characterized both known resistors and capacitor.

There is no hard line between what is a direct measurement and what
is an indirect one. We would consider a direct measurement any measure-
ment where the process of obtaining the measured quantity is well char-
acterized so we can assume that we are actually measuring the quantity
itself.

For example, in the case of electromagnetic imaging we will consider
that we are measuring directly one component of the electric field at a
given point, and in the case of the thermographic inspection, we would
consider the temperature distribution on one of the sides of the plate to
be directly measured. In the first case this is done because it is the data
that was made public by the experimental lab. In the second case, being
this thesis a theoretical proof of concept, assuming that we can directly
measure the temperature at the surface allows us to focus our attention in
understanding the rest of the problem.

Both in the electromagnetic imaging as well as in the thermographic
inspection we will try to detect the shape of some object given some mea-
surements of a variable that physically depends on the shape of the object
through a PDE problem. Lets call Ω the domain where this problem is de-
fined and T ⊂ Ω the domain occupied by the objects. In both cases the
problem can be written in variational sense as finding uT ∈ H (Ω) such
that:

aT (uT , ϕ) = ` (ϕ) ∀ϕ ∈ H (Ω) (2.1)

where H (Ω) is some function space in Ω, aT is a bilinear form that de-
pends on T explicitly, and ` is a linear form. In the case of electromagnetic
imaging aT is the bilinear form corresponding to the Maxwell equations
(or a simplification of them) whereas in the thermographic inspection case
it corresponds to the time-steady or time-harmonic heat equation.

We will denote by F : S → H (Ω) the forward mapping:

T 7→ F (T ) = uT
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that for any object with shape T returns the solution to the PDE problem,
uT . The shape space S is also called the parameter, and the shape the con-
trol parameter, whereas the function uT is the state function. In the case of
electromagnetic imaging, the state function is the three dimensional elec-
tric field, whereas in the thermographic inspection the state function is the
temperature. In both cases, T appears explicitly into aT via the physical
parameters defining the medium.

We will also denote byM : H (Ω)→M the operator

M : u 7→ umeas =M (u)

that for a given state u returns the corresponding set of measures umeas in
measure space M . For the electric imaging case, this operator consists in
the evaluation of one component of the complex amplitude of the electric
field at a given set of Nmeas points so M = CNmeas . In thermographic in-
spection, the measure operator will consist in evaluating the temperature
or complex-amplitude of the temperature (depending if it is time-steady
or time-harmonic) on a subset of the boundary of Ω denoted by Γmeas.

Both operators F andM are usually continuous, meaning that a small
perturbation on the input implies a small difference in their output.

The inverse problem consist in, given a set of real measures umeas, to
be able to deduce the domain T (namely, the set of objects) that have pro-
duced them. That is, it consists on inverting the operator M ◦ F . An
introduction to the general mathematical formulation of inverse problems
can be found in [60] and in [70] a more advanced description with appli-
cations.

This problem is usually ill posed, meaning that if fails at least one of
the three Hadamard conditions for well-posedness ([55]):

• The problem admits at least one solution (existence).

• The problem admits no more than one solution (uniqueness).

• The solution depends continuously on the parameters of the equa-
tion (stability).

The failing on these conditions can come from any of the two opera-
tors. For example, inM we are assuming that we are directly measuring
the state variable, however due to non modelled phenomena, the actual
value of the state variable can be different from the measures we are ob-
taining. We call this difference measuring error, and in general we will not
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be able to find a set of objects T that recreates the state solution plus the
measuring error. This can be summarized as

umeas /∈ range (M◦F)

that is, the measurements do not correspond to the measuring operator
applied to any possible solution.

On the other hand, the model of the forward problem F may be too
simple or just an approximation, thus being completely unable to find a
set of objects that matches the measurements of the full real model. This
induces some kind of systematic error, that is, some error which is inde-
pendent of the actual measurements. In this sense, if we knew exactly the
real state variable u such asM (u) = umeas we would have that

u /∈ range (F) .

Usually this problem is overcome by relaxing the conditionM◦F (T ) =
umeas to a weaker condition: to find T such thatM◦ F (T ) and umeas are
close in some sense.

Even if we somehow get rid of all the experimental and systematic
noise and hence we have a set of measures such that:

umeas ∈ range (M◦F)

we can fail to the uniqueness condition, that is, there can be more than one
domain T such that:

umeas =M◦F (T )

or if we had relaxed the problem converting it in a minimization problem,
we can have more than one minimum. This can be related to the opera-
torM giving very few information from the state variable (close aperture
imaging).

From the practical point of view, failing to the stability condition is
very similar to failing to the uniqueness one. Although failing the stability
does return only one possible solution, this solution is so dependent on
the input parameters that unless we know these parameters with exact
precision is like having multiple solutions.

Usually these two type of cases are overcome by what is known as reg-
ularizing the problem. There are multiple ways of regularizing the prob-
lem (see [70]). In Tikhonov type regularization, the minimization problem
is modified such that more regular solutions are favoured. One way of do-
ing this is imposing that the parameters defining the shape are also small
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with respect to some norm. Another type of regularization is Ivanov reg-
ularization, where the space of admissible shapes is constrained with the
aim of reducing the possibility of having multiple solutions.

Our inversion method is based on the computation of the topological
derivative. For this reason in the next section we define the topological
derivative. As we will see, the reconstruction methods regularizes the so-
lutions in an Ivanov manner.

2.2 Topological Derivative.

In this section we will define the concept of topological derivative of a
shape functional as well as describe an efficient way of computing it. First
we need to describe what we will understand as shapes and shape func-
tionals. In the process of defining the shape functionals we will define a
misfit functional which will be a key point in our inversion method. Fi-
nally, we will describe the topological derivative giving some toy exam-
ples to have an understanding of its meaning. Afterwards we will give a
general method for computing the topological derivative of this kind of
misfit functionals. This method relies on the computation of the shape
derivative by the adjoint method.

2.2.1 Shape spaces.

Given the euclidean space Ω = R2 or Ω = R3 we call shape any bounded
subset of Ω. In the space of shapes S, we can define a distance function,
i.e. we can measure how far apart (how distinct) are two shapes. Several
distances can be defined, each of them will be more or less interesting
depending on the application, that is, depending on what do we mean by
different shapes or similar ones.

Jaccard distance.

This distance is based on the Jaccard similarity coefficient, also called in-
tersection over union or simply Jaccard index. This index is widely used
in computer vision for object detection. Given two subsets A and B, their
Jaccard index is defined as:

IJ (A ,B) = |A ∩B|
|A ∪B|

,
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where | | stands for the Lebesgue measure of that subset. The correspond-
ing Jaccard distance dJ : S2 → [0, 1] is defined as:

dJ (A ,B) = 1− IJ (A ,B) = |A ∪B| − |A ∩B|
|A ∪B|

.

One can check that this distance corresponds to the L1 distance be-
tween the characteristic functions of the domains normalized with the
measure of their union:

dJ (A ,B) =

ˆ
Rd
|χA − χB|ˆ

Rd
χA +

ˆ
Rd
χB −

ˆ
Rd
χA χB

If we compare the Jaccard distance with the L1 distance between the
characteristic functions we see that the Jaccard distance is scale invariant.
As already mentioned this can be a "bug" or a "feature", that is, scale in-
variance is something we can be looking for or trying to avoid.

One possible disadvantage of using this distance is that any non-inter-
secting shapes have a distance of 1 (the maximum distance) independent
of the size or relative position.

Simple matching distance.

This distance has a similar definition to the Jaccard distance. Its definition
is based on the simple matching coefficient, also called Rand similarity
coefficient:

SMC (A ,B) = |A ∩B|+ | (Ω \A ) ∩ (Ω \B) |
|A ∪B|

,

being the simple matching distance:

dSMC (A ,B) = 1− SMC (A ,B) .

This is also a scale-invariant distance. However, compared to the Jac-
card distance, this one takes into account both the intersection of the sets as
well as the intersection of its subsets. This distance, in the same way as the
Jaccard distance, is independent of the relative position of non-intersecting
objects, however this one does vary with the size shapes, increasing for
very dissimilar sizes.
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The main disadvantage of this distance is that, if the shapes are very
small compared with the total domain Ω, its simple matching distance
tends to zero, independent of their intersection.1

Endowing the shapes space with a linear structure is not a trivial task,
and it is out of the scope of this thesis.

2.2.2 Shape functionals.

We would consider a shape functional to be a mapping between the space
of shapes and the real numbers. Everyday life examples of shape func-
tionals are the area of a two dimensional shape, the surface of a three di-
mensional shape or its volume.

We are interested in a special kind of misfit functionals that can be con-
sidered shape functionals. These functionals are defined by means of a
PDE problem where the solution depends on the shape of some domain,
the measuring operator, and a distance in measure space. We will denote
this measure by dmeas. The generic form of the misfit functional will be:

J (D) = 1
2dmeas (umeas,M◦F (D))2 . (2.2)

These functionals measure of how close are the obtained measures,
umeas, to the ones that theoretically would be obtained by domain D .

In this thesis we tackle two main problems: electromagnetic imaging
and damage detection via infrared thermography. In both cases the dis-
tance used for the measures space is the L2 distance. In the case of electro-
magnetic imaging the measure spaces is CNmeas so

dmeas (u,v)2 =
Nmeas∑
i=1
‖u− v‖2.

In a similar manner, in the case of the thermographic inspection, the space
of measures is the space of functions defined on a subset of the boundary
of Ω denoted by Γmeas. This space of functions can be real or complex
valued depending if we are modelling a time-steady or a time-harmonic
case. We can write for both cases:

dmeas (f, g)2 =
ˆ

Γmeas

‖f (x)− g (x) ‖2 dγ (x) ,

1One way of viewing this fact is that, even two small shapes may not be the same, if
they are small enough they are very similar in telling what is not part of the shape.
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where γ stands for a parametrization of Γmeas.
Different shape functionals would be obtained by defining a different

distance on the measure space. Although it is an interesting topic for fu-
ture work, we have not explored this option.

2.2.3 Topological derivative definition and concept.

Let J be a real valued shape functional and let Ωε = Ω \ Bε (x) stand for
the domain obtained when a closed ball2 of radius ε centred at x, Bε (x) ⊂
Ω is removed from domain Ω. The topological derivative as defined in
[36, 54, 84] is the real scalar field DTJ : Ω → R such that the following
asymptotic expansion holds:

J (Ωε) = J (Ω) + DTJ (x) f (ε) + o (f (ε)) (2.3)

where f (ε) stands for a positive monotonically increasing function with
limε→0+ f (ε) = 0 such that DTJ (Ω) attains finite values and is not identi-
cally zero. This expansion does not have to exist, but we will assume it
exists. For a three part review of the theory behind the topological deriva-
tive as well as its computation one can consult [73, 74, 75].

The topological derivative measures how sensitive is a shape func-
tional to the inclusion of an infinitesimal hole located at each point x.
Points where the topological derivative attains large negative values are
points where, at least to first approximation, the functional decreases the
most when a hole is made.

To give some trivial examples, if J is the shape functional that returns
the area of a given two-dimensional shape, we have that:

J (Ωε) = J (Ω)− πε2

so one can easily identify that DTJ (x) = −1 for f (ε) = πε2. This has the
meaning that every position in a domain is equally effective in reducing
the total amount of area. For the case of the volume of a three-dimensional
shape we have an analogous result:

J (Ωε) = J (Ω)− 4
3πε

3

so DTJ (x) = −1 for f (ε) = 4
3πε

3. For the surface of a three-dimensional
shape:

J (Ωε) = J (Ω) + 4πε2

2More general hole shapes can be considered as presented in [5].
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and hence DTJ (x) = 1 for f (ε) = 4πε2, which means that contrary to the
other cases, the functional surface of a three-dimensional case increases
when a hole is made to it. From the last two examples it can be seen that
the actual expression of f does not have to coincide with the n-dimensional
measure of the ball. In both cases the hole is a three-dimensional sphere,
however the difference the the functional evaluated on the functional with
and without hole is proportional to its volume in the first case and to its
surface on the second one.

To this point, all the examples had a topological derivative which was
a constant, i.e. not depending on the point x where the hole is made. As
the last trivial example we can define the shape functional to be the weight
of a three-dimensional shape of density ρ (x). In this case we have:

J (Ωε) = J (Ω)−
˚

Bε(x)
ρ dV

J (Ωε) = J (Ω)− 4
3πε

3ρ (x) + o
(4

3πε
3
)

so we can identify f (ε) = 4
3πε

3 and DTJ = −ρ (x). This means that when
we perform an infinitesimal hole to the shape Ω the change in its mass will
be proportional to both the volume of the hole and to the density at that
point. This is an intuitive result, as points with the highest density will be
the ones which are more effective in removing mass.

For the class of misfit functionals (2.2) we are interested in, one could
try to compute the topological derivative by taking the limit:

DTJ (x) = lim
ε→0+

J (Ωε)− J (Ω)
f (ε)

by evaluating the functional for a sequence of decreasing values of ε at
each point x ∈ Ω. However this is unfeasible for two reasons. First of all,
it would imply a huge computational cost, as the full PDE problem would
have to be solved for several values of ε, at each point x. And secondly,
even if we were only interested in computing the values of the topological
derivative at a small set of points x, we would have to be very careful with
numerical errors for ε→ 0+ as the quotient becomes unstable.

Luckily for this class of functionals there is a strategy for obtaining
closed form formulae in terms of a state and an adjoint field.

2.2.4 Computation of closed form formulae.

As proved in [71], the topological derivative can be computed as the limit
case of the shape derivative, for which efficient computation methods ex-
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ist.
To introduce this type of derivative, let us define first, for fixed x, the

function j to be:
j (ε) = J (Ωε) .

We can write the equation (2.3) for the expansion of the functional as:

j (ε) = j (0) + DTJ (x) f (ε) + R (f (ε))

where R (f (ε)) = o (f (ε)) is the remaining of the expansion. If we derive
with respect to ε we get:

dj (ε)
dε

= DTJ (x) f ′ (ε) + R ′ (f (ε))

Therefore, if R ′ (f (ε)) = o (f ′ (ε)) we have that

DTJ (x) = lim
ε→0+

1
f ′ (ε)

dj (ε)
dε

Given a shape functional evaluated at a domain Ω, the shape derivative
or shape gradient along a continuous vector field V is defined as:

∇J (Ω) ·V = lim
τ→0

J (Iτ (Ω))− J (Ω)
τ

where Iτ is the perturbation of the identity in the direction of V defined
as:

Iτ (x) = x + τV (x) .
The shape derivative is a measure of how much does a shape functional

change when the domain is deformed infinitesimally due to the vector
field V3. It is important to note that, whereas the topological derivative is
defined for each point of the domain, the shape derivative is defined for
each vector field V.

Let us define Ωε = Ω \Bε (x) and choose V to be a differentiable vector
field such that V = n at ∂Bε (x), being n the exterior normal, and V = 0 at
∂Ω. In this case we have that Ωε+τ = Iτ (Ωε), that is, the action of the vector
field on Ωε is to increase the size of the hole an amount τ . In this situation
we have that the shape derivative of increasing the hole is

∇J (Ωε) ·V = lim
τ→0

j (ε+ τ)− j (ε)
τ

= dj (ε)
dτ

.

3It can be proven that the shape derivative only depends on the component of V
normal to the boundary, as the tangent part does not deform the domain.
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Hence the relation of the topological derivative with the shape derivative
can be written as:

DTJ (x) = lim
ε→0+

1
f ′ (ε)∇J (Ωε) ·V. (2.4)

This means that the effect of creating an infinitesimal hole (topological
derivative) can be understood as the effect of infinitesimally increasing a
hole of radius ε and taking the limit as the size of this hole goes to 0.

This has the advantage of the shape derivative being much easier to
compute, as the deformed domain is diffeomorphic to the original. The
general strategy that we will use to compute the topological derivative
will consist in computing first the shape derivative and then apply the
relation (2.4).

Shape derivative computation.

We will compute the shape derivative using the adjoint method. First,
for the ease of reading, let us rewrite the variational formulation of the
problem (2.1) as finding uε ∈ H (Ω) such that

aε (uε, ϕ) = ` (ϕ) ϕ ∈ H (Ω) ,

where aε stands for the bilinear form when a hole of size ε is made4, and
we denote uε to be the solution for that particular size. It would be useful
also to define the form J : H (Ω)→ R:

J (u) = 1
2dmeas (umeas, u) u ∈ H (Ω) .

This form is useful because we have that J (Ωε) = J (uε) and J is Fréchet
differentiable. We will denote by < (δJ (uε)) its Fréchet derivative, where
δJ (uε) is a linear functional (being in general complex-valued). For exam-
ple, in the electromagnetic imaging problem this functional has the form:

h 7→ δJ (uε) (h) =
Nmeas∑
i=1

(uε − umeas)h,

whereas on the thermographic inspection:

h 7→ δJ (uε) (h) =
ˆ

Γmeas

(uε − umeas)h dγ (x) .

4We drop here the dependency on x, the center of the ball, for the ease of reading.
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Taking into account that J (uε) = j (ε) we have that

dj

dε
= < (δJ (uε) (u̇ε)) ,

where u̇ε = duε
dε

can be difficult to compute as we have to take into account
the constrain of uε being solution to the PDE problem.

In order to compute the derivative of the misfit functional with re-
spect to ε taking into account the constrain, we will define the following
lagrangian form:

L (u, v) = J (u) + < (aε (u, v)− ` (v)) u, v ∈ H (Ω) .

This lagrangian is such that L (uε, v) = J (uε) for all ε, and hence we have
that

dL (uε, v)
dε

= dJ (uε)
dε

.

If we compute the total derivative in an unconstrained manner we get

dL (uε, v)
dε

= < (δJ (uε) (u̇ε)) + < (aε (u̇ε, v)) + < (ȧε (uε, v))

and ȧε is the derivative of the bilinear form when considering that their
arguments do not depend on ε.

If we define vε to be the solution of the variational problem:

aε (ϕ, vε) = −δJ (uε) (ϕ) ∀ϕ ∈ H (Ω) ,

we can avoid calculating the quantity u̇ε. The quantity vε is called the
adjoint state as the bilinear form aε operates on it in an adjoint manner. By
using the adjoint state we can compute the derivative of the lagrangian as:

dL (uε, vε)
dε

= < (ȧε (uε, vε))

and hence the shape derivative can be computed as:

∇J (Ωε) ·V = < (ȧε (uε, vε)) .

Finally, by using Green’s theorem and the fact that V vanishes at ∂Ω
one can write the operator ȧε as a bilinear form on ∂Bε (x)

ȧε (uε, vε) =
ˆ
∂Bε(x)

s (uε, vε) .
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This would be the expression of the shape derivative. In order to obtain the
topological derivative one would need to expand uε and vε as asymptotic
series on ε and compute the limit as ε goes to zero.

This way we get to a formula for the topological derivative that does
not involve solving several PDEs problems on deformed domains, but
only a couple of them, the state one and the adjoint one, and both of them
are posed in the original domain Ω. This supposes a great advantage by
itself but on top of that, in the case of electromagnetic imaging, the mod-
els are posed in unbounded free space, so analytic fundamental solutions
exist and not a single PDE problem must be numerically solved.

2.3 Inversion Method.

Lets restate the relaxed version of the inverse problem, that is, finding Dmin
such that:

Dmin = arg minJ (D)

where J is the functional defined in (2.2).
Many iterative Newton-type inversion methods exist (see [34, 47, 50,

57, 61, 62, 92]) which consist in computing some kind of gradient of the
functional with respect to a parametrization of the deformations of the
shape (for example shape derivative methods or level sets methods, where
to compute the evolution of the level set function, the Hamilton-Jacobi
equation is solved.) These methods require solving the PDE problem gov-
erning the state variable many times, as the shape evolves towards the
minimizing shape. In our case we will not compute the minimizing shape.
Instead of that, taking into account that the points where the topological
derivative attains its minima are points where the inclusion of an infinites-
imal defect is most effective in reducing the shape functional, we would
construct the family of domains:

Dapp,λ =
{

x ∈ Ω, s.t. DTJ (x) ≤ λmin
y∈Ω

DTJ (y)
}
, λ ∈ [0, 1] . (2.5)

These domains do not have to minimize the misfit functional, but aggluti-
nate the points which are the best candidates in minimizing it when only
infinitesimal holes are allowed. The parameter λ controls how selective
we are with these points, the closer to 1 the less points belong to Dapp,λ.

The are two main reasons for these domains not minimizing the func-
tional (in general). First of all, the topological derivative only has informa-
tion on the effect of an infinitesimal hole, and it may be that the effect for
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finite size holes is not proportional to the effect for infinitesimal holes. Sec-
ondly, the topological derivative cannot see the effect of placing two holes
at a time, so if the non-linearity on the number of holes is very strong, this
inversion method may fail.

We will consider our reconstruction method to be successful when Dapp,λ
is close (with respect to some metric) to the real domain T , and for it to be
a robust method, this will have to be fulfilled for a wide range of λ values.

As already indicated, by constructing the recovered domains in this
manner we are not allowing for any possible shape. The solutions of the
Maxwell equations or to the heat equations fulfil some regularity condi-
tions, which will be transferred to the recovered shapes. In this sense, this
is an Ivanov type of regularization, as highly non-smooth domains cannot
be obtained, that is, the set of possible domains is reduced. This means
that no regularization is needed with this method. In Maxwell equations
means that the topological derivative for low frequencies will have very
blunt minima and hence the reconstruction will not present much detail
but on the other hand it will be much less prone to high frequency noise
or spurious minima. In the same sense, for the heat equation, the topolog-
ical derivative will always have its minima in the inspected boundary.

The main advantage of the topological derivative method compared
with the aforementioned Newton-type methods is that only one step is re-
quired, being hence the topological derivative method much faster than
those other ones. The iterative, after enough iterations may reach very
good results. In this sense the utility of the topological derivative is ob-
taining almost as good results in a fraction of time (as we will see in next
chapter). Another very interesting option is using the reconstruction ob-
tained with the topological derivative as a first step for any of the other
methods. With the ability of the topological derivative to obtain very good
approximations in one step, this combination would be able to improve a
lot the speed of the iterative ones. In this sense the topological deriva-
tive could be compared with other direct methods that use the full physics
of the problem like the linear sampling method or the MUSIC algorithm
(see [14, 27, 48, 53, 58, 59, 80, 81]). In next chapter we will compare the
performance of the topological derivative method to some of these ones.

The topological has been applied successfully in shape optimization
problems (see [72]). Its has been tested against the wave equation ins sev-
eral domains, like acoustics (see [4, 17, 18, 20, 39, 45, 65]), elastic waves (see
[3, 10, 13, 44, 46, 76]) or electromagnetic waves (see [2, 63, 64, 68, 77, 89, 90]).
It has also been tested in the heat equation (see [19, 23, 51, 78, 79]), electri-
cal impedance tomography ( see [21, 22, 25, 40, 52]) and holography (see
[16, 15]).



Chapter 3

Electromagnetic imaging.

In this chapter we will test the topological domain identification method
against experimental data. We will use data from the Fresnel Institute of
Marseille (France) that has been kindly made public in a pair of special ses-
sions of the journal Inverse Problems (see [8, 42]). In both databases elec-
tromagnetic waves are irradiated towards some targets which are made
either of dielectric or conducting materials. The electric field is measured
on a series of antennas. The purpose of making public such databases is
double. On the one hand, it is a way of allowing research groups that lack
experimental installations to test their method against experimental data.
On the other hand, is a way of setting a benchmark, such that different
methods from different groups can be compared.

The first of the databases (see [8]) contains data obtained in a geo-
metrical configuration that can be modelled by a scalar two-dimensional
Helmholtz problem. Several research groups tested their inversion meth-
ods against this database with very good results (see [7, 9, 12, 29, 35, 38,
67, 85, 86, 82]).

Given the good acceptance of the first database and for completion,
a three-dimensional database (see [42]) was published. In this database
neither the objects nor the geometrical setup have symmetries that allow
for simplification, so the full three-dimensional Maxwell model has to be
used. This problem is much more demanding as can be observed on the
variability of the results obtained by the research groups that tested their
algorithms against this database (see [24, 26, 31, 37, 66, 93]).

We will test the topological derivative method (and a related one based
on the topological energy) against these two databases. The novelty of this
chapter lies on the usage of the topological derivative with experimental
data. To the best of our knowledge only the papers [6, 32, 87, 88, 91, 94]
have tested the topological derivative against experimental data. The Fres-

21
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nel databases are an important benchmark for inversion methods and we
will serve as a validation of the method.

We begin this chapter with a section giving a brief remainder of the
Maxwell equations of electromagnetism and their simplification to the
electromagnetic wave equations. In that section we also deduce the scalar
two-dimensional model that will be used for the first database. This model
is a simplification of the general three-dimensional model used for the sec-
ond database.

With the models presented, we show in the second section the results
obtained for the two-dimensional database. First we describe the geomet-
rical configuration of the objects and the emitting and receiving antennas.
Later we present the particular form of the method described in chapter 2
when applied to this case. Finally the numerical results are presented and
analysed.

The third section is concerned with the three-dimensional database and
follows a very similar structure.

3.1 Theory of electromagnetism and physical mod-
els.

In this section we briefly recall the derivation of the Maxwell equations,
which model electromagnetism phenomena. The results to be presented
in this section are already well-known (see [69]), but we include them here
for the sake of completeness.

We present first Maxwell equations for free space or vacuum. Let Ω ⊂ R3

denote some domain. Given a charge density % : Ω→ R+ Gauss’s law:‹
∂Ω

E · dS = 1
ε0

˚
Ω
% dV

states that the total flux of the electric field E : Ω× R+ → R3 across the
boundary ∂Ω is proportional to the total charge:

Q =
˚

Ω
% dV

contained in the domain Ω. The constant of proportionality is ε0, the so-
called electrical permittivity of free space. If the charge density is finite
everywhere one can apply the divergence theorem to derive the differen-
tial form of Gauss’ law:

div (E) = %

ε0
in Ω. (3.1)
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Taking into account that there are no magnetic monopoles, the analo-
gous law for the magnetic flux field B : Ω× R+ :→ R3 reads:

‹
∂Ω

B · dS = 0.

If we apply the divergence theorem to this equation we get the differ-
ential form of Gauss’ law for the magnetic field:

div (B) = 0 in Ω, (3.2)

which says that B is a solenoidal field at every time instant.
The evolution equations for the aforementioned fields are given by

Faraday’s and Ampere’s laws. Maxwell-Faraday’s induction law states
that a change in the flux across a given surface Σ induces a net circulation
of the electric an electric field around its boundary ∂Σ:

˛
∂Σ

E · dl = − d
dt

¨
Σ

B · dS.

By using Stoke’s theorem and assuming the surface Σ does not depend on
time, the following differential form is obtained:

curl (E) = −∂B
∂t
. (3.3)

The corresponding equation for the electric field is Ampere’s law with
Maxwell’s addition:

˛
∂Σ

B · dl = µ0

(¨
Σ

J · dS + ε0
d
dt

¨
Σ

E · dS
)
,

being the constant µ0 the magnetic permeability of free space. Ampere’s
law relates the circulation of the magnetic field only with the total flux of
electric current J across the surface:

I =
¨

Σ
J · dS,

which is not an evolution equation. It is with Maxwell’s addition that it be-
comes an evolution equation for the electric field with the corresponding
differential form being:

curl (B) = µ0

(
J + ε0

∂E
∂t

)
. (3.4)



24 CHAPTER 3. ELECTROMAGNETIC IMAGING.

With this addition, Ampere’s law becomes consistent with the conserva-
tion of charge, as this can be obtained just by taking its divergence and
using Gauss’ law:

0 = div (J) + ∂%

∂t
. (3.5)

The set of differential equations seems overdetermined, as we have two
scalar equations (3.1) and (3.2) and two three-dimensional vector equa-
tions (3.3) and (3.4), and we only have two three-dimensional vector un-
knowns fields, namely the electric field E and the magnetic flux field B
(neither the charge density nor the electric current are unknowns but pa-
rameters). That is, we have 8 scalar equations with only 6 scalar un-
knowns. In fact if we take the divergence of Faraday’s law (3.3), we get:

∂ (divB)
∂t

= 0,

which means that if at the initial conditions the magnetic field is solenoidal,
then Faraday’s law (3.3) implies Gauss’ law (3.2). In the same manner, if
the electric field satisfies Gauss’ law (3.1) at the initial conditions, then Am-
pere’s law (3.4) and the charge conservation (3.5) imply Gauss’ law (3.1)
for any other time.

Summarizing, the set of four Maxwell’s equations is:



‹
∂Ω

E · dS = 1
ε0

˚
Ω
% dV ,

‹
∂Ω

B · dS = 0,
˛
∂Σ

E · dl = − d
dt

¨
Σ

B · dS,
˛
∂Σ

B · dl = µ0

(¨
Σ

J · dS + ε0
d
dt

¨
Σ

E · dS
)
,

with their corresponding differential forms:

div (E) = %

ε0
,

div (B) = 0,

curl (E) = −∂B
∂t
,

curl (B) = µ0

(
J + ε0

∂E
∂t

)
.
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Macroscopic Maxwell’s equations.

The previous equations are commonly known as Maxwell’s equations for
vacuum or also called microscopic equations and are valid even if there is
matter in the medium. However we would have to take into account the
charge in every atom to state them. For practical reasons, it is convenient
to separate free charges from the bound charges in the material:

% = %f + %b,

J = Jf + Jb,

where %b are the charges that are bounded to each atom of the material,
%f are the charges that are allowed to move freely and Jb and Jf are the
respective currents.

When we subject a material medium to an electric field, the bounded
charges of each molecule react generating a dipole (the positive and nega-
tive charges in every atom move slightly in opposite directions) that gen-
erates an electric field contrary to the external one. This field is denoted
by P and known as the polarization field. This field is defined such that it
satisfies:

div (P) = −%b. (3.6)

If definition (3.6) is combined with Gauss’ law (3.1) we get:

div (ε0E + P) = %f .

The displacement field D = ε0E + P is defined in such a way that in
Gauss’ law only the free charges have to be included. The macroscopic
version of Gauss’ law reads:‹

∂Ω
D · dS =

˚
Ω
%f dV.

In the same manner, every molecule can be considered to be a mag-
netic dipole. When subjected to an external magnetic field these dipoles
rearrange, creating local magnetic fields. This field is denoted by M and is
known as the magnetization field. It satisfies:

Jb = curl (M) + ∂P
∂t
. (3.7)

If definition (3.7) is combined with Ampere’s law (3.4) we obtain:

curl
(

B
µ0
−M

)
= Jf + ∂D

∂t
. (3.8)
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The field H = B
µ0
−M is known as the magnetic intensity field, and

allows us to write the macroscopic version of Ampere’s law, where only
free currents appear:

˛
∂Σ

H · dl =
¨

Σ
Jf · dS + d

dt

¨
Σ

D · dS.

Faraday’s law and Gauss’ law for magnetic field do not change as no
charges are implicated into them. Summarizing, the system of macro-
scopic Maxwell’s equations is:

‹
∂Ω

D · dS =
˚

Ω
%f dV ,

‹
∂Ω

B · dS = 0,
˛
∂Σ

E · dl = − d
dt

¨
Σ

B · dS,
˛
∂Σ

H · dl =
¨

Σ
Jf · dS + d

dt

¨
Σ

D · dS,

,

with its corresponding system of differential equations:

div (D) = %f ,

div (B) = 0,

curl (E) = −∂B
∂t
,

curl (H) = Jf + ∂D
∂t

.

. (3.9)

Constitutive equations and Ohm’s law.

The later system of equations (3.9) is not determined unless we specify the
relation between the displacement field D with the electric field E and the
magnetic intensity field H with the magnetic flux field B.

For linear materials, the polarization field is linear with respect to the
electric field:

P = χε0E,

where χ is the electrical susceptibility of the material. In this case, the
electric displacement is also linear with respect to the electric field:

D = ε0 (1 + χ) E,
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where the constant ε = ε0 (1 + χ) is the electrical permittivity of the mate-
rial and εr = 1 + χ is the relative electrical permittivity.

In the same manner, for linear materials the magnetization vector is
also linear with respect to the magnetic intensity field:

M = χmH,

where χm is the magnetic susceptibility of the material. For χm > 0 the
material aligns its magnetic dipoles with the external magnetic field and it
is known as paramagnetic material, and for χm < 0 the material aligns its
dipoles against the external magnetic field and it is known as diamagnetic.
The relation between the magnetic intensity and the magnetic flux is also
linear:

µ0 (1 + χm) H = B,

where µ = µ0 (1 + χm) is the magnetic permeability of the material and
µr = 1 + χm is the relative magnetic permeability.

Finally, in conducting materials, that is, materials that have free elec-
trons (that is, electrons which are free to move between atoms), the relation
between Jf and the external electric field is needed. This is Ohm’s law:

Jf = σE, (3.10)

where σ is the conductivity of the material.

Electromagnetic waves in homogeneous isotropic linear materials.

If the material is linear, homogeneous and isotropic, both ε and µ are
scalars. If we assume that there are no free charges, Maxwell’s differen-
tial equations read: 

div (E) = 0,
div (B) = 0,

curl (E) = −∂B
∂t
,

curl (B) = µε
∂E
∂t
.

.

By taking the rotational of the last two equations and combining them
we can obtain a wave equation for the evolution of both the magnetic field
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and the electric field: 

div (E) = 0,
div (B) = 0,
∂2E
∂t2

+ 1
µε

∆E = 0,

∂2B
∂t2

+ 1
µε

∆B = 0.

.

The quantity 1
µε

= 1
µrεr

c2 is the square of the propagation speed of the
waves in that medium, and as can be seen, in general it is different from
the speed of light in vacuum c = 1√

µ0ε0
. If we assume harmonic time de-

pendency of frequency ω we can rewrite both fields as:

E (x, t) = <
(
E (x) e−iωt

)
, (3.11)

B (x, t) = <
(
B (x) e−iωt

)
, (3.12)

where E and B take values on C3. This way, Maxwell’s equations can be
written as: curlcurl (E) + κ2E = 0,

curlcurl (B) + κ2B = 0,

where κ = √µεω is the wave-number for electromagnetic waves of fre-
quency ω on that medium. As can be seen the wave-number satisfies
κ = √µrεrκ0, where κ0 = √µ0ε0ω is the corresponding wave number for
vacuum. If we take the divergence of any of the last equations we get the
corresponding Gauss’s laws for the electric field and the magnetic flux.
This means that in time-harmonic regime the Gauss’s laws can be omit-
ted.

3.2 Mathematical models.

We begin by stating the full three-dimensional Maxwell model, as the two
dimensional one is just a simplified model derived from it.

As explained in [8, 42] the experiments are performed in an anechoic
chamber, hence the physical model can be posed in Ω = R3 (using the
general notation stated in chapter 2 for modelling the inverse problems).
The domain occupied by the objects will be denoted by T ⊂ Ω. The do-
main surrounding the objects is assumed to have the same properties as
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vacuum, hence, the complex amplitude of the electric field E will satisfy:

curlcurl (E) + κ2
0E = 0 in Ω \T .

The corresponding equation for the magnetic field is omitted as all mea-
surements were done in the electric field.

Two kind of objects are studied. On one hand we have dielectric objects
with µr = 1, σ = 0 and different values εr = εd of electrical permittivity,
that is

εr =

1 in Ω \T

εd in T
, µr = 1 in Ω, σ = 0 in Ω,

so the electric field must satisfy:

curlcurl (E) + εdκ
2
0E = 0 in T .

On the other hand, we have perfectly conducting materials for which σ →
∞, so taking into account Ohm’s law (3.10):

E = 0 in T .

Finally we need to obtain the conditions across the boundary ∂T . By
using Faraday’s equation (3.3) on two rectangular paths perpendicular to
the tangent and vertical directions, we get:

E+ × n− E− × n = 0 on ∂T ,

and by using Ampere’s law (3.8) in the same paths we get

curl (E)+ × n− curl (E)− × n = 0 on ∂T ,

where we have used the fact that µ = µ0 everywhere.
In the case of conducting targets, the boundary conditions are:

E × n = 0 on ∂T ,

curl (E)× n = 0 on ∂T .

Summarizing, for the three dimensional case, the electric field in the
experiments with dielectric targets will be modelled by the transmission
problem: 

curlcurl (E) + κ2
0E = 0 in Ω \T ,

curlcurl (E) + εdκ
2
0E = 0 in T ,

E+ × n− E− × n = 0 on ∂T ,

curl (E)+ × n− curl (E)− × n = 0 on ∂T ,

(3.13)
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whereas for the conducting targets it will consist on the exterior problem:


curlcurl (E) + κ2

0E = 0 in Ω \T ,

E × n = 0 on ∂T ,

curl (E)× n = 0 on ∂T .

(3.14)

3.2.1 Two-dimensional symmetries and Helmholtz scalar
equation.

In the two-dimensional Fresnel database [8], all targets T are vertical
cylinders, that is:

T = T2D × [−Lz, Lz] ,

where T2D ⊂ R2 is the projection of the targets on the horizontal plane
and Lz �

√
Area (T2D). As the vertical dimension is much bigger than

the horizontal characteristic length, the targets can be approximated as
extending to infinity:

T ≈ T2D × R.

In such a scenario, the relative electrical permittivity does not depend on
the vertical coordinate, that is:

∂εr

∂z
= 0.

If we expand the curlcurl operator, the system can be expressed as:

div (E) = 0 in Ω \T ,

−∆E + κ2
0E = 0 in Ω \T ,

div (E) = 0 in T ,

−∆E + εdκ
2
0E = 0 in T

E+ × n− E− × n = 0 on ∂T ,

curl (E)+ × n− curl (E)− × n = 0 on ∂T .

We see that this system allows for solutions of the form

E (x, y, z) = E (x, y) k,

where k stands for the unit vector along the vertical dimension. This type
of solutions, that is, solutions where the electric field is always vertical and
does not depend on the vertical coordinate, solve automatically Gauss’
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law and two of the components of the vector wave equation. The rest of
the equations particularized for this type of solutions reads:


−∆2DE + κ2

0E = 0 in Ω \T ,

−∆2DE + εdκ
2
0E = 0 in T ,

E+ − E− = 0 on ∂T ,

∇2DE+ · n2D −∇2DE− · n2D = 0 on ∂T ,

where ∆2D and ∇2D are the horizontal part of the laplacian and the gradi-
ent:

∆2D : f 7→ ∂f

∂x2 + ∂f

∂y2 ,

∇2D : f 7→ ∂f

∂x
i + ∂f

∂y
j,

and n2D is the two dimensional normal to T2D.
Similarly, for the conducting targets their two-dimensional version can

be obtained as: 
−∆2DE + κ2

0E = 0 in Ω \T ,

E+ = 0 on ∂T ,

∇2DE+ · n2D = 0 on ∂T .

We see that in both cases the problem has been reduced to a two-
dimensional scalar Helmholtz problem. For simplicity, with a slight abuse
of notation, we will omit the 2D subindex in the next section.

3.3 Application to the two dimensional Fresnel
database

As already explained, in the two-dimensional Fresnel database [8], all ob-
jects are cylindrical objects perpendicular to the plane where both the emit-
ting and receiving antennas are placed, which we will consider the hori-
zontal plane. An experiment will consist in irradiating a target from an
antenna at a given frequency situated in the same horizontal plane. Both
the incident field, i.e. the total electric field when there is no object present,
as well as the total electric field when the object is present will be measured
in a set of Nmeas = 49 locations at the same horizontal plane.

For any frequency, a collection of Ninc = 36 experiments is performed
by rotating the object between experiment and experiment for a total of
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360◦ degrees. For practical reasons we will consider the object to be sta-
tionary, and it will be the rest of the world that rotates around it. This way
the emitting positions will be:

xE = RE
(
cos θEi + sin θEj

)
with θE = 0◦, 10◦, . . . , 350◦,

where RE = 0.76 m is the distance from the emitting antenna to the center
of rotation of the target. The receiving positions will be linearly spaced in
the circumference or radius RR = 0.72 m and separated from the emitting
antenna 60◦ degrees:

xR = RR
(
cos

(
θE + θR

)
i + sin

(
θE + θR

)
j
)

with θR = 60◦, 65◦, . . . , 300◦.

Figure 3.1: Scaled representation of the location of the receiving and emit-
ting antennas for a generic experiment, as well as the size of the inspection
zone compared with the size of the objects section.

This setup is summarized in figure 3.1 for an arbitrary angle of the
emitting antenna (angle of rotation of the target). In this diagram is also



3.3. APPLICATION TO THE TWO DIMENSIONAL FRESNEL DATABASE33

depicted the so-called inspection zone. This is a 0.1 m by 0.1 m square
where we will plot our reconstructions.

With respect to the antennas polarizations, two different configura-
tions are presented. In the transverse magnetic (TM) configuration, the
polarization vector of the emitting and receiving antennas are vertical, i.e.
pE = pR = k for all antennas. As already mentioned, combined with
the geometrical configuration already explained, allows us to simplify the
general three-dimensional Maxwell model to a scalar two-dimensional
Helmholtz model on the vertical component of the electric field.

Conversely, in the transverse electric (TE) configuration both the po-
larization vector of the emitting and the receiving antennas are contained
in the horizontal plane. Although this still allows for a two-dimensional
model, it would no longer be a scalar model, as the two horizontal com-
ponents of the electric field cannot be decoupled. Taking into account that
only one set of data corresponds to that configuration, we would not study
it in this thesis.

In figure 3.2 we represent the two-dimensional sections of the five dif-
ferent targets present in the database. The first two ones are dielectric
objects with εd = 3, hence the total electric field will be modelled by the
transmission problem:



−∆E + κ2
0E = 0 in Ω \T ,

−∆E + εdκ
2
0E = 0 in T ,

E+ − E− = 0 on ∂T ,

∇E+ · n−∇E− · n = 0 on ∂T ,

lim|x|→∞
√
|x|

(
∂(E−E inc)

∂|x| − iκ0 (E − E inc)
)

= 0 ,

(3.15)

where the last equation is Sommerfeld’s radiation condition, which has
to be satisfied in every direction, and assures both that the scattered field
E−E inc decreases to zero fast enough as x goes to infinity, as well as selects
only for outward radiating solutions to the scattered field. It is important
to point out that this last property depends on the choice made for the
complex representation of the time-harmonic dependence (3.11). If we had
chosen to write:

E (x, t) = <
(
E (x) eiωt

)
, (3.16)

the sign of the iκ0 term in Sommerfeld’s radiation condition should be
positive. We have chosen the other convention in order to be consistent
with the three-dimensional problem, as well as with the time-harmonic
notation for the chapter devoted to thermographic experiments. However,
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Figure 3.2: Horizontal sections of the five different targets compared with
the inspection zone. The first two ones are made of dielectric material
(which is indicated by a dotted pattern) whereas the last three ones are
metallic targets (homogeneous pattern).

in the two-dimensional Fresnel database the convention used is the one
with the plus sign (3.16), so in order to reproduce our results one must
take the conjugate of all the measurements in the database.

The three objects in the second row in figure 3.2 are conducting ob-
jects, so in that case the total electric field will be modelled by the exterior
problem:



−∆E + κ2
0E = 0 in Ω \T ,

E = 0 on ∂T ,

∇E · n = 0 on ∂T ,

lim|x|→∞
√
|x|

(
∂(E−E inc)

∂|x| − iκ0 (E − E inc)
)

= 0.

(3.17)

For practical reasons, we will denote by Emeas
qkj the measurement of the
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total electric field performed at position xRj when the experiment is per-
formed irradiating the target from position xEq at frequency ωk. As can be
seen in table 3.1 the set of frequencies in general will vary.

Target File name Polarization F. band F. step
Single dielectric dielTM_dec4f.exp TM 4− 16 4
Single dielectric dielTM_dec8f.exp TM 1− 8 1
Two dielectrics twodielTM_4f.exp TM 4− 16 4
Two dielectrics twodielTM_8f.exp TM 1− 8 1
Metallic rectangle rectTM_cent.exp TM 4− 16 4
Metallic rectangle rectTM_dece.exp TM 2− 16 2
Metallic rectangle rectTE_8f.exp TE 2− 16 2
Metallic U uTM_shaped.exp TM 2− 16 2

Table 3.1: Relation of the different frequencies and polarization modes
used in each file.

In the same way, we will denote by Eqk
(
xR
j ; D

)
the corresponding sim-

ulated value of the measurement for the same experimental conditions but
with known object D . As explained in chapter 2, we will look for a shape
D such that the difference (measured by a misfit functional) between Emeas

qkj

and Eqk
(
xR
j ; D

)
is minimized.

The misfit functional per experiment is defined as the L2 distance be-
tween the set of measures and the one that would be obtained with a do-
main D . We will denote by Jqk the misfit functional for the aforemen-
tioned experimental conditions (compare with the abstract formulation
introduced in chapter 2):

Jqk
(
Ω \D

)
= 1

2

Nmeas∑
j=1
|Eqk

(
xR
j ; D

)
− Emeas

qkj |2. (3.18)

The expression of the topological derivative for the functional (3.18) for
the two dimensional Helmholtz equation when the inclusion is modelled
by transmission conditions; namely the dielectric objects case, was already
obtained in [20]. Rewriting that expression in terms of the relative electri-
cal permittivity gives the following expression of the topological deriva-
tive for the dielectric case:

DTJqk (x) = (εd − 1)<
(
Uqk (x)Vqk (x)

)
, (3.19)

where Uqk is called the state solution and Vqk the adjoint solution.
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On the one hand, the state solution corresponds to equation (3.15) if we
remove the presence of the target, that is:

∆Uqk + κ2
0Uqk = 0 in Ω,

lim|x|→∞
√
|x|

(
∂(Uqk−E inc

qk )
∂|x| − iκ0

(
Uqk − E inc

qk

))
= 0,

(3.20)

whose solution is the incident wave. The Fresnel database only contains
measured data of the incident field at the measuring positions. This means
that since to evaluate the topological derivative (3.19) we need to know the
incident field in the whole plane (or in all the points in the inspection area
where we want to evaluate the topological derivative), we will need to use
this information to extend the provided values to the whole plane.

In figure 3.3 we show the measured values of the incident field for
ω = 2 Hz. As can be seen, the highest amplitude is measured at θR = π,
that is, at the measuring point which is in front of the emitting antenna1.
This shows that the antennas used were not isotropic radiators. In or-
der to model this directivity in the antennas, the incident wave will be
least-squares fitted with a combination of Nmodes Green functions of the
Helmholtz equation, namely:

U (x) = a0H
1
0 (κ0ρ) +

Nmodes∑
n=1

(
anH

1
n (κ0ρ) cos (nθ) + bnH

1
n (κ0ρ) sin (nθ)

)
where H1

n is the Hankel function of first kind and order n (see [1]) and
(ρ, θ) is a pair of polar coordinates centred at the point of emission:

ρ =
∣∣∣x− xE

∣∣∣ ,
θ = arccos


(
x− xE

)
· xE

‖xE‖2

 .
In figure 3.3 we also plot the values of the fitted incident wave for

Nmodes = 14. As can be seen the fit is correct. If we plot the real part
of the fitted incident field in the whole plane (figure 3.4) we see that al-
though the incident field is non-isotropic, this effect is less pronounced at
the scale of the targets.

This opens up the possibility of fitting the incident field as a plane wave
or as an isotropic wave using only the measured field at the front receiver.
The plane wave fitting would be:

U (x) = E inc
front

ei(κ0d·xRfront−ωt)
eiκ0d·x

1This point is also depicted in figure 3.1.



3.3. APPLICATION TO THE TWO DIMENSIONAL FRESNEL DATABASE37

Figure 3.3: Measured incident field for the experiments performed at a low
frequency (2 GHz) and fitted field. It can be observed that the amplitude is
the highest at the furthest measuring locations (θR = π) which suggests a
highly directional antenna.

where d = x−xE
‖x−xE‖ is the direction of propagation of the wave, E inc

front is
the measured incident field at the position in front of the emitter and the
subscripts identifying the experimental conditions have been dropped for
the ease of reading. However we chose to model the incident wave as an
isotropic wave as, while returning similar values, it avoids computing this
direction vector. In this case, the incident wave is approximate by:

U (x) = E inc
front

H1
0 (κ0 |xRfront − xE|)H

1
0

(
κ0

∣∣∣x− xE
∣∣∣) (3.21)

In figures 3.5 and 3.6 we compare the shapes of the three fitted fields,
namely the one fitted with a combination of 14 modes, the plane wave, and
the single Hankel wave or isotropic one defined in (3.21). On one hand,
it can be seen that the plane wave is the one with the smaller amplitude,
as we are fitting against the furthest point from the emitting antenna and
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Figure 3.4: Incident field fitted as a series of Hankel functions. It can be
easily observed the directionality of the antenna as well as the approxima-
tion of the incident wave to a plane wave near the objects.

the plane wave does not decrease its amplitude as it travels. On the other
hand, the isotropic wave is the one with the biggest amplitude as it is the
one which decreases faster, being the fitted one a point in between both.
However the overall shape of the three fields is very similar. The higher
the frequency of the emitting antenna, the less isotropic the wave is.

In figure 3.7 we plot the fitted field for the highest frequency in the data
set, 16 Hz. In this case, the difference between the three fittings is even less
pronounced, as can be seen in figures 3.8 and 3.9. However we have to
note that the fields do not fit so well the experimental data (figure 3.10).

The adjoint field V is solution to:


∆Vqk + κ2

0Vqk = −
Nmeas∑
k=1
E sc
ijkδ

(
x− xRk

)
in Ω,

lim|x|→∞
√
|x|

(
∂Vqk
∂|x| + iκ0Vqk

)
= 0,

(3.22)

where δ is Dirac’s delta distribution, E sc
qkj is the scattered field at point xR

j ,
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Figure 3.5: Instantaneous incident electric field for the three wave models.
Qualitatively the three of them are very similar, having the isotropic wave
a bigger amplitude.

Figure 3.6: Comparison of the three wave models at x = 0 m and x =
0.05 m

that is, the difference between the measured total field and the incident
field:

E sc
qkj = Emeas

qkj − E inc
qkj. (3.23)

We remark that for computing the adjoint problem one only needs the
values of the scattered field at the observation points, which is provided
in the dataset. We only need the fitted incident wave to evaluate the topo-
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Figure 3.7: Incident field fitted for ω = 16 Hz. As can be seen the field is far
from isotropic.

Figure 3.8: Instantaneous incident electric field for the three wave models
for ω = 16 Hz

logical derivate in the inspection zone, but not for the evaluation of the
adjoint field.
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Figure 3.9: Comparison of the three wave models at x = 0 m and x =
0.05 m

Notice that equation (3.22) is the adjoint equation to the state one (3.20).
The differential operator is the same (as it is self-adjoint) however is im-
portant to note that in this case, Sommerfeld’s radiation condition imposes
solutions which radiate from the infinity. Its closed-form expression is:

Vqk (x) =
Nmeas∑
j=1

(
Eqk

(
xRj
)
− E inc

qk

(
xRj
)) −i

4 H2
0

(
κk
∣∣∣x− xRj

∣∣∣) (3.24)

where H2
0 is the Hankel function of second kind and order 0, that is, an

isotropic fundamental solution that radiates from infinity.
The expression of the topological derivative for exterior problems with

homogeneous Dirichlet conditions was obtained in [17]. In that work is
proved that for the conducting objects the topological derivative can be
computed as:

DTJqk (x) = <
(
Uqk (x)Vqk (x)

)
. (3.25)

where the state and adjoint solutions have the same meaning as in the
dielectric case, as they are computed in the free space, that is, without the
presence of objects. This means that for the conducting objects Uqk will be
computed as in (3.21) and Vqk as in (3.24).

We should not consider the information of being a conducting target or
a dielectric one as a priori information. The expression of the topological
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Figure 3.10: Measured incident field for the experiments performed at the
highest frequency (16 GHz) and fitted field. It can be seen that the fitting is
not perfect.

derivative for the dielectric and conducting targets only differs in a multi-
plicative constant, so we would recover exactly the same reconstructions
when using the criteria (2.5) without taking into account if the object is
made of dielectric or conducting material.

In figure 3.11 we show the topological derivative for 4 experiments
where the emitting antenna is located at different positions. The direction
of the incoming incident wave is marked by a black arrow. As can be
seen, only the minima of the derivative coincides sometimes with a point
of the object. We use the U-shaped target as example because it is the most
complex shape. Later in the section all the reconstructions will be shown.

It is easy to construct misfit functionals that combine different experi-
ments and different frequencies. We will denote by

Jk
(
Ω \D

)
= 1
Nexp

Nexp∑
q=1
Jqk

(
Ω \D

)
(3.26)
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Figure 3.11: Single experiment topological derivative for 4 different an-
tenna positions and ω = 6 GHz. The direction of the incident wave is
marked by an arrow.

the single-frequency functional combining all the rotations of the target,
namely, theNexp different experiments corresponding to the j-th frequency.

In figure 3.12, we see that if we combine all the positions from the emit-
ting antenna we get much better results. The reconstructed domains (as
defined in chapter 2):

Dapp,λ :=
{

x ∈ Ω s.t. DTJk (x) ≤ λmin
y∈Ω

DTJk (y)
}

(3.27)

for λ equal to 0.6 and 0.8 is also shown in white. We can see that for low
frequencies we get an approximation of the size and position of the object
but very few information about the shape, and that for high frequencies
some features of the shape are present, but also several spurious minima
do appear.

We can also combine functionals at different frequencies, in the spirit of
[41], such that the corresponding multi-frequency topological derivative
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Figure 3.12: Single frequency topological derivative for 4 different fre-
quencies.

takes the form:

DTJ (x) = 1
Nfreq

Nfreq∑
k=1

DTJk (x)
|miny∈Ω DTJk (y) | . (3.28)

When combining different experiments for the same frequency we have
simply averaged them, however when combining different frequencies we
have normalized them before averaging (which can be seen as a weighted
average with weights selected a posteriori of the topological derivative
computation). The main reason for this change is that when irradiating an
object from different directions the total energy/amplitude of the incident
and scattered waves is expected to be comparable, however we cannot
expect the same for different frequencies.

In figure 3.13 we show the combination of all the frequencies present
in the file uTM shaped.exp (name of the file in [8]). The reconstructions for
λ = 0.7, λ = 0.7 and λ = 0.9 are also shown. As can be seen, the minimum
completely follows the shape, although is not very sharp, only recovering
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the true shape for λ = 0.9.

Figure 3.13: Multi-frequency topological derivative for the U-shaped tar-
get.

As already mentioned this was the most difficult shape as it is "very"
non-convex. We see that the topological derivative is very good at show-
ing the convex hull of the shape for a wide range of values of λ. We show
below the results for the other targets.

The U-shaped target was one of the three conducting targets. In fig-
ures 3.14 and 3.15 we show the corresponding multi-frequency topologi-
cal derivatives corresponding to the two other conducting targets. The re-
sults correspond to files rectTM_cent.exp and rectTM_dece.exp respectively.
It can be seen that the multi-frequency topological derivative reliably re-
covers the shapes of the objects. Given the accuracy in positioning the
reconstruction in both the U-shaped target as well as in the off-centred
rectangle, it seems that the mismatch appearing in the centred rectangle
must be an experimental error. Indeed, in other papers where the same
data were processed by using different strategies this was also observed.

There is a similar phenomena in the target consisting in two dielectric
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Figure 3.14: Multi-frequency topological derivative for the centred rectan-
gular target.

cylinders. As can be seen in figure 3.16, the multi-frequency topological
derivative correctly finds the shape, size and number of objects, however
there is a mismatch in the position/orientation of them. This mismatch
looks like a solid translation and rotation, so it may have experimental
causes. As already mentioned, this was also observed by other research
groups (see [12] or [67] for example). The last reconstruction corresponds
to the file twodielTM_8f.exp. There is another file corresponding to the same
target but with a different set of frequencies (twodielTM_8f.exp) with which
would be interesting to compare to. There must have been some corrup-
tion in the data, as no meaningful reconstruction was obtained for any of
the frequencies in these files (even for those which are also present in the
other file). Similar problems were encountered in [12, 85] when analysing
the same dataset. As mentioned in [85], there is one measurement whose
magnitude is more than double of the rest of the dataset, which could be
the case of the corruption. For this reason the results for this file are not
shown.
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Figure 3.15: Multi-frequency topological derivative for the off-centred
rectangular target.

However, we have analysed files dielTM_dec4f.exp and dielTM_dec8f.exp,
shown respectively in figures 3.17 and 3.18. As can be seen the reconstruc-
tion improves with more frequencies, as the first one presents a hole for
λ = 0.9 and overestimates the size of the cylinder for λ = 0.7.

All the results were computed on a 4-cores desktop computer using an
N×N grid withN = 100. For this configuration, the processing of the files
with 4 frequencies runs in 6 seconds whereas the ones with 8 frequencies
run in 12 seconds. As this is a one-step method were the solutions are
computed in the homogeneous empty space, closed-form expressions are
available for both the state and adjoint solutions, so the computation time
scales with the number of nodes M = N2, that is, the time complexity is
O (M). The value of N = 100 was chosen only for perceptual reasons, to
be able to plot the fields with enough resolution. This means that it could
have been chosen much lower, as there are no partial derivatives solved
numerically that could become unstable.

Finally, we would like to mention another possible indicator, on top of
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Figure 3.16: Multi-frequency topological derivative for the two dielectric
cylinders.

the topological derivative. The topological energy was defined in [33] and
used against experimental data in [32] and [16] with very good results. In
[83] the topological energy indicator is defined in such a way that the exact
same algorithm can be applied to objects of different nature. For both the
conducting targets as well as the dielectric ones, the topological energy
can be computed by the closed-form2:

ETJqk (x) = − |Uqk (x)|2 |Vqk (x)|2 . (3.29)

which only uses the amplitude information from the state and adjoint
fields. This is useful for a couple of reasons. First of all, it may be that
the information on the phase of the measurements is less reliable than the
measurement of its amplitude. Secondly, if we had chosen to approximate
the incident field by a plane wave we would have that:

|Uqk (x)|2 = constant
2In the spirit of [83] the negative sign is added so it can be used as an indicator function

in the same way as the topological derivative.
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Figure 3.17: Multi-frequency topological derivative for the dielectric cylin-
der.

and, taking into account that our reconstruction method only uses the val-
ues relative to the minimum value, we could have computed a rescaling
of the topological energy without taking into account the incident field at
all. In figures 3.19 and 3.20 we show the corresponding multi-frequency
topological energy for both the two cylinders target as well as for the U-
shaped one. Comparing them with their counterparts in figures 3.16 and
3.13 we can see that the minima are a little bit more pronounced than in the
topological derivative, which makes sense as the topological energy scales
as the square of the topological derivative. Indeed, the reconstructions for
the three values of λ retain a similar shape in the case of the U-shaped
target, being λ = 0.7 the only one where the two arms of the U are joined.

3.3.1 Conclusions.

The topological derivative method (as well as the topological energy one)
has proven to be a very efficient and robust method yielding reconstruc-
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Figure 3.18: Multi-frequency topological derivative for the dielectric cylin-
der.

tions of a very good quality. In comparison with other competitor methods
that have been used by other research groups using exactly the same Fres-
nel data bases, we found that our method is able to recover the shape of
the targets with an accuracy comparable to the reconstructions obtained
with the distorted-wave Born method (see [86]) or the contrast source in-
version method (see [12]). As in those methods, the topological derivative
does not need a priori information and is able successfully combine multi-
frequency information. Being able to produce a suitable reconstruction
using all the frequencies means that we can expect good reconstructions
without having to know in advance which frequencies are the better suited
for each target.

Another interesting property of the topological derivative method as
used in this thesis is that, contrary to the methods studied in the most of
the contributions ([7, 9, 12, 29, 35, 38, 67, 82]) the topological derivative
is a one step method. This means that it is much faster than these other
methods, being able to get the multi-frequency reconstructions in about
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Figure 3.19: Multi-frequency topological energy for the two dielectric
cylinders.

Figure 3.20: Multi-frequency topological energy for the U-shaped target.

10 seconds per target. It was not possible to do a fair comparison of the
computation times with the other papers submitted to the special session,
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as there are about 20 years of difference in the hardware used. However
it is important to mention that many of these iterative methods solve a
more demanding problem, as they aim not only to recover the shape of
the scatterers, but also the contrast value (the electrical permittivity or the
conductivity) of the scatterer.

If we compare it with the non-iterative method proposed in [85], we
see that although this method is able to recover somehow the contrast pa-
rameters, the reconstruction is performed with a priori information on the
location of the targets and the reconstructed domains are not so close to
the actual shapes.

We can argue that if only the shape of the scatterers is to be found,
the topological derivative method is a superior method, as it recovers the
shapes of the objects with high fidelity, in a fast way, and without the need
of a priori information of any kind, having the topological energy method
sharper minima (that is, more robust reconstructions) and requiring less
information about the data (it does not need information on the phase of
the measurements, and if the incident wave can be modelled as a plane
wave it does not need information on the incident field at all).

If the actual value of the contrast parameters were needed we could
combine the topological derivative method with some iterative method
on the parameter, as was done in [21] with very good results, combining
the topological derivative with a Newton type iterative method.

As future work it may be interesting to find a reliable way to choose
the parameter λ to generate actual reconstructions in an automatic way
rather than showing it for different values of λ. It would also be interest-
ing to study more advanced ways of combining the different frequency
topological derivatives.

3.4 Application to the three dimensional database

The three-dimensional Fresnel database [42] comprises a much more gen-
eral geometric configuration for the experiments.

In this database, an experiment consists in irradiating the object from a
given point in a sphere of radius RE = 1.796 m and measuring the incident
and total fields at Nmeas = 27 receiving locations situated on the horizontal
plane (see figure 3.21).

In order to represent the position and emission directions of the dif-
ferent antennas, we will use a spherical coordinate system (r, θ, φ), where
0 ≤ r <∞ is the distance to the origin, 0◦ ≤ θ < 360◦ is the azimuth angle,
that is, the angle in the horizontal plane, and 0◦ ≤ φ ≤ 180◦ is the altitude
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P emitting antenna

T emitting antenna

receiving antennas

Figure 3.21: Scaled representation of the location of the receiving and emit-
ting antennas for a generic experiment, as well as the size of the inspection
zone compared with the size of the objects. The black dots represent the
possible positions for the emitting antenna. The receiving antennas will
move according to the emitting antenna position.

angle measured with respect to the vertical positive direction:

r =
√
x2 + y2 + z2,

θ = arctan
(
y

x

)
,

φ = arctan
(√

x2 + y2

z

)
.
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Associated to this coordinate system is the set of unit vectors:

ur = cos θE sinφEi + sin θE sinφEj + cosφEk,
uθ = − sin θEi + cos θEj,
uφ = cos θE cosφEi + sin θE cosφEj− sinφEk.

As explained in [42], the emitting antenna can be situated at NφE = 9
different altitude angles φE, going from φE = 18◦ to φE = 162◦ at incre-
ments of 18◦, and at NθE = 9 different azimuth angles θE, going from
θE = 40◦ to θE = 360◦ at increments of 40◦. We will denote these posi-
tions by xE

pq, such that:

xE
pq = REur

(
θE
p , φ

E
q

)
with θE

p and φE
q being indexed as:

θE
p = 40◦p p = 1, . . . , NθE ,

φE
q = 18◦q q = 1, . . . , NφE .

These 9× 9 = 81 possible positions are represented in figure 3.21 by small
grey spheres.

Two types of polarizations are considered for the emitting antennas.
The so-called parallel polarization (PP), where the polarization vector of
the emitting antenna is equal to the unit vector along the altitude direction:

pE = uφ,

and the transverse polarization (TP), where the polarization vector is equal
to the unit vector along the azimuth direction:

pE = uθ.

An example of both polarizations is represented in figure 3.21, where a red
arrow is used for the transverse polarization and a blue one for the parallel
polarization.

For each position of the emitting antenna, the measuring antennas are
situated in the horizontal plane (hence φR = 90◦), on a circumference of ra-
diusRR = RE and atNθR = 27 azimuth angles θR going from θR = θE + 50◦
to θR = θE + 310◦ at increments of 10◦. We will denote these positions by
xR
r , such that:

xR
r = RRur

(
θR
r , 90◦

)
,
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with θR
r being indexed as:

θR
r = θE + 50◦r r = 1, . . . , NθR ,

that is, the position of the receiving antennas with respect to the azimuth
angle of the emitting antenna is fixed. All the receiving antennas are po-
larized in the parallel direction, and since they are in the horizontal plane
we have:

pR = −k.

The receiving antennas are represented in figure 3.21 by black arrows.
Finally, for each emitting position and polarization, Nfreq = 21 frequen-

cies were used, ranging from 3 GHz to 8 GHz with a 0.25 GHz increment
step. We will index these frequencies as:

ωt = 3 + 0.25 (t− 1) GHz, t = 1, . . . , Nfreq,

and the corresponding wave-numbers in empty space as:

κt = ωt
c
, t = 1, . . . , Nfreq.

Five different dielectric (with relative magnetic permeability µr = 1)
targets were studied. Two spheres with relative electric permittivity of
εr = 2.6, two cubes with εr = 2.3, a cylinder with εr = 3.05, a cubic array
of nine spheres with εr = 2.6, and finally a mysterious target whose shape
was not known beforehand. The first 4 targets are shown in figure 3.22,
where the inspection zone:

(x, y, z) ∈ [−L,L]× [−L,L]× [−L,L], with L = 0.1

is also represented in order to have a better idea of the size of each tar-
get. The same inspection zone is represented in figure 3.21 to compare the
actual size of the targets with the distance of the emitting and receiving
antennas.

Taking into account the general geometrical configuration of the ex-
periment as well as the targets, there is no decoupling of the three com-
ponents of the electrical field, hence the two-dimensional scalar model is
no longer valid and the full three-dimensional Maxwell models (3.13) and
(3.14) need to be used.
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Figure 3.22: Four of the targets represented along with the inspection zone,
compared side to side. We can see that they have very different sizes. The
fifth target is not shown as it was not supposed to be known beforehand.

The model of the experimental process is then:

curlcurl (E) + κ2
0E = 0 in Ω \T ,

curlcurl (E) + εdκ
2
0E = 0 in T ,

E+ × n− E− × n = 0 on ∂T ,

curl (E)+ × n− curl (E)− × n = 0 on ∂T ,

lim|x|→∞ |x|
∣∣∣curl

(
E − E inc

)
× x
|x| − iκ0

(
E − E inc

)∣∣∣ = 0,
(3.30)

where the last equation is the Silver-Müller radiation condition, an ana-
logue of the Sommerfeld radiation condition for the Helmholtz equation.

For practical reasons, we will denote by Emeas
pqrt the measurement of the

total electric field performed at position xRr when the experiment consists
in irradiating the target from position xEpq at frequency ωt. In the same



3.4. APPLICATION TO THE THREE DIMENSIONAL DATABASE 57

way, we will denote by Epqt

(
xR
r ; D

)
the solution of (3.30) evaluated at the

measurement location xRr for the same experimental conditions but with a
generic object D . This notation may seem cumbersome at first glance but
will ease the process of combining experiments.

The misfit functional per experiment is defined as the L2 distance be-
tween the set of measures and the one that would be obtained with a do-
main D . It is important to note that we do not know the full three dimen-
sional electric field vector at the measuring points, but only its component
along k. If we denote by Jpqt the misfit functional for the aforementioned
experimental conditions, we have:

Jpqt
(
Ω \D

)
= 1

2

N
θR∑

r=1
|
(
Epqt

(
xR
r ; D

)
− Emeas

pqrt

)
· k|2, (3.31)

Following the derivation in [63], we can compute the topological deriva-
tive of the above functional as:

DTJpqt (x) = −3<
(
κ2

0
(εr − 1)
(εr + 2)Upqt (x) · Vpqt (x)

)
, (3.32)

where Upqt is the state field, and is solution to:curl curl U − κ2
0U = 0 in Ω,

lim|x|→∞ |x|
∣∣∣curl

(
U − E inc

)
× x
|x| − iκ0

(
U − E inc

)∣∣∣ = 0,
(3.33)

which is the same problem as (3.30) when no object is present. The solution
is the incident wave, which we only know at the measuring locations. No
reliable method was found to fit the incident field. We cannot use the front
receiver information because, as mentioned in [42], for some positions of
the emitting antenna (the ones close to the equatorial plane), the antennas
situated in front of it were saturated so its measurements were replaced
by zero.

The authors of the database have already performed a calibration in the
measurements such that the incident field can be considered to be a plane
wave with unitary amplitude and zero phase at the origin. This way, for
the parallel polarization case we have that :

Upqt (x) = uφ (θp, φq) e−iκ0x·ur(θp,φq),

whereas for the transverse polarization one we have:

Upqt (x) = uθ (θp, φq) e−iκ0x·ur(θp,φq).
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The field Vpqt in (3.32) is the adjoint field, and it solves:
curl curl V − κ2

0V = −
N
θR∑

r=1
Esc
pqrt · kδ

(
x− xR

r

)
in Ω

lim|x|→∞ |x|
∣∣∣curl V × x

|x| + iκ0V
∣∣∣ = 0

(3.34)

where Esc
pqrt is the scattered field at the measuring location xRr :

Esc
pqrt = Emeas

pqrt − E inc
pqrt.

In the same way as in the two-dimensional database, the fitting or approx-
imation done in order to obtain the state field Upqt does not play a role in
the computation of the adjoint field, as this one uses the measurements of
the incident field at the receptors, which are provided in the database.

The adjoint problem (3.34) is a problem with the same operator as the
state problem (3.33) (it is self-adjoint) but where the Silver-Müller condi-
tion selects for waves radiating from infinity. Its solution can be obtained
in closed-form and it is

Vpqt (x) = −i4κ2
0

N
θR∑

r=1
curl curl

(
H2

0

(
κ0|x− xR

r |
) (

Emeas
pqrt − E inc

pqrt

)
k
)
.

Following what was learned from the two-dimensional case, we will
compute the single-frequency topological derivative as the average of the
topological derivative for each emission position, that is

DTJt (x) = 1
NθENφE

N
θE∑

p=1

N
φE∑

q=1
DTJpqt (x) ,

and the multi-frequency topological derivative as the weighted sum:

DTJ (x) = 1
Nfreq

Nfreq∑
t=1

DTJt (x)
|miny∈Ω DTJt (y) | .

Parallel polarization.

In figure 3.23 we show two reconstructions obtained for λ = 0.7 and 0.5 us-
ing the parallel polarization dataset of the target consisting in two cubes.
This reconstruction was obtained using the multi-frequency approach de-
scribed above. We can see an approximation of the shape of the cubes,
but without being able to distinguish if there is one or two objects in the
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Figure 3.23: Reconstructions for λ = 0.5 and λ = 0.7 for the two cubes
target when the multi-frequency topological derivative is used on the PP
dataset.

scene. It is remarkable however that the size and position is very well
approximated for a one-step method without any a priori information.

In figure 3.24 we show the counterpart results for the target consisting
on a cube of spheres. Similar conclusions can be deduced. The topolog-
ical derivative accurately shows the position and approximate size of the
object. However, it is unable to distinguish every element in a compound
object.

The previous examples correspond to the smallest targets in the dataset.
For these types of targets, all the frequencies yield topological derivatives
with useful information. In figure 3.25 the single-frequency topological
derivative reconstruction of the two cubes target is shown for different
frequencies. As can be seen, the topological derivative is less sensitive to
the shape at lower frequencies, however the reconstruction is quite similar
for a wide range of frequencies.

The same phenomena can be observed in figure 3.26 where the case
with the cube of spheres is tested.

However, we did not get satisfactory multi-frequency results with the
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Figure 3.24: Reconstructions for λ = 0.5 and λ = 0.7 for the sphere of cubes
when the multi-frequency topological derivative is used on the PP dataset.

Figure 3.25: Reconstructions for λ = 0.5 and λ = 0.7 for the two cubes
target when the single-frequency topological derivative is used for the fre-
quencies: 3, 4.25, 5.5 and 6.75 GHz.

cylinder target or with two spheres. The reason is that these two targets,
as shown in figure 3.22 are much bigger than the two cubes or the cube
of spheres. Being much bigger, only the low frequency topological deriva-
tives contain relevant information about them. In figure 3.27 we show
the same single-frequency topological derivatives but applied to the two
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Figure 3.26: Reconstructions for λ = 0.5 and λ = 0.7 for the sphere of cubes
when the single-frequency topological derivative is used for the frequen-
cies: 3, 4.25, 5.5 and 6.75 GHz.

spheres. We see that for low frequencies the reconstructions are reason-
ably good but as soon as we increase the frequency the quality of the re-
construction decays.

Figure 3.27: Reconstructions at λ = 0.5 and λ = 0.7 for the two spheres
when the single-frequency topological derivative is used for the frequen-
cies: 3, 4.25, 5.5 and 6.75 GHz.

For the cylinder (figure 3.28) the reasonable reconstructions are only
obtained for intermediate values of the frequency.

Figure 3.28: Reconstructions at λ = 0.5 and λ = 0.7 for the cylinder
when the single-frequency topological derivative is used for the frequen-
cies: 4.25, 5.5, 6.75 and 8 GHz.

It would be interesting to develop some mechanism to automatically
detect the estimated size of the object, thus being able to select the inter-
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esting range of frequencies. This however is was out of the scope of the
thesis and is left for future work.

No results are shown for the transverse polarization cases, as we were
not able to extract successful reconstructions in a reliable manner in any of
the targets. This agrees with what other papers observed (see [26] or [42]).
The targets not having a strong depolarizing effect implies that the trans-
verse polarization data has very small values, sometimes in the magnitude
of the measurement error.

Topological energy and reciprocity theorem.

It is interesting to study the behaviour of the topological energy, as con-
trary to the two-dimensional case, we will see that it quantitatively pro-
duces completely different results than those for the topological derivative
method.

We recall that the topological energy per experiment can be computed
as:

ETJpqt (x) = −‖Upqt (x) ‖2‖Vpqt (x) ‖2. (3.35)

and combinations of experiments and frequencies are done analogously to
the topological derivative combinations.

If we compute the multi-frequency topological energy for the parallel
polarization we get a field which is independent of z. This is due to the
measurements being performed in the horizontal plane along the vertical
direction, and the topological energy formula not having information on
the phase but only on the amplitude.

In figures 3.29 and 3.30 we show the values of the multi-frequency
topological energy on the horizontal plane for the four known targets. We
can see that in this dimension the topological energy is a very accurate
indicator of the shape and position of the object, not having spurious min-
ima.

As mentioned in [42], Maxwell reciprocity theorem can be used. The
reciprocity theorem applied to Maxwell’s equations says that, if we have
an experiment A where a current distribution JA causes an electric field
EA and another experiment B where a current distribution JB causes an
electric field EB, then following equality holds:

˚
Ω

JA · EB dV =
˚

Ω
JB · EA dV.

The above equality particularized to these experiments, where the cur-
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Figure 3.29: Multi-frequency topological energy on the horizontal plane
for the parallel polarization. The targets are the smaller ones, that is, the
two cubes and the cube of spheres.

Figure 3.30: Multi-frequency topological energy on the horizontal plane
for the parallel polarization. The targets are the bigger ones, that is, the
two spheres and the cylinder.

rent can be considered a point dipole, reads:

E
(
xR; xE, pE

)
· k = E

(
xE; xR, k

)
· pE,

where E (x; x0, p) is the electric field at the point x produced by a current
dipole p situated at x0. For the database, this implies that we can change
the role of emitter and receiver antennas, that is, we can consider any mea-
sure as the one that will be obtained when the object is irradiated vertically
polarized from an antenna situated at the measuring point, and this field
is measured at point xE with an antenna polarized along uφ3.

3For the transverse polarization case if would be uθ, but again, this case is not consid-
ered due to the amount of noise in the measurements.
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The reconstructions obtained with the topological derivative applied to
the data with the emitting and receiving roles interchanged are no longer z
independent. However the results obtained are very similar to the ones of
the topological derivative. In this case the two cubes target is the only one
that has a reconstruction that is somehow independent of the frequency.
For the rest of the targets the high frequencies give really bad results. In
figures 3.31, 3.32, 3.33 and 3.34 the single frequency topological energies
are shown. Only the frequencies in the range that yields appropriate re-
constructions are shown for each target. Only one value of λ = 0.6 (inter-
mediate of the two used in the topological derivative case) is used for the
reconstruction, for the ease of visualization.

Figure 3.31: Reconstructions for λ = 0.6 for the cylinder when
the single-frequency topological energy is used for the frequencies:
3, 3.25, 3.5, 3.75 and 8 GHz.

Figure 3.32: Reconstructions for λ = 0.6 for the two cubes target
when the single-frequency topological energy is used for the frequencies:
3, 4.25, 5.5 and 6.75 GHz.

It seems that the topological derivative is better than the topological
energy at respecting the symmetries and invariants of equation (3.30). The
topological energy using the reciprocity theorem is drastically different
from the one obtained without using it. Although it is not a proof, the
formula of the topological derivative looking very similar to the conserved
quantity in the reciprocity theorem may be the cause for this phenomenon.
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Figure 3.33: Reconstructions for λ = 0.6 for the two spheres when
the single-frequency topological energy is used for the frequencies:
3, 3.25, 3.5 and 3.75 GHz.

Figure 3.34: Reconstructions for λ = 0.6 for the sphere of cubes
when the single-frequency topological energy is used for the frequencies:
3, 3.25, 3.5 and 3.75 GHz.

3.4.1 Conclusions.

The topological energy method and topological derivative method have
shown good results on some of the datasets of the three-dimensional database.
If an automatic method for choosing the appropriate frequency range were
developed, it would be able to give really good results in a completely au-
tomatic way, as it is the case for the two-dimensional database.

When processing the parallel polarized datasets, the topological en-
ergy gives z-independent solutions, similar to the linear sampling method
(see [24]) and needs the reciprocity theorem to be used in order to give
full three-dimensional reconstructions. This does not happen with the
topological derivative, which is able to reconstruct the three-dimensional
shape of the targets using only the parallel polarized data. In this sense it
seems that the topological derivative is more capable of exploit the physi-
cal symmetries of the underlying PDE.

Comparing it with the rest of the methods analysed this database (see
[24, 26, 31, 37, 66, 93]) the quality of the reconstructions is very similar. The
problem of choosing the right frequency is common to all the methods.

Being this method a one-step method, it is much faster than the itera-
tive ones. Using a 4 cores laptop, each target required 3 to 4 minutes to
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perform the multi-frequency reconstructions. It was not possible to do a
fair comparison of the computation time as the hardware used is not com-
parable to that of ten years ago (the hardware used in the rest of the papers
submitted to the special session).

In this sense, the topological derivative and topological energy meth-
ods seem very promising, and with minor tweaking could yield top-quality
reconstructions in an extremely fast way. One such modification could be
estimating the size of the object from the topological energy reconstruc-
tion, in order to better select the appropriate frequencies. Another option
would be not to select the appropriate frequencies but develop a method
to give a very small weight to frequencies at which the reconstruction is
not successful.



Chapter 4

Damage detection by
thermographic inspection.

In this chapter we will tackle the problem of detecting cracks and cavities
in thin metal plates from thermographic data corresponding to a set of
known experiments.

From a general point of view the problem consists in heating with an
infrared heater in various ways a metal plate which can contain one or
more unknown internal defects, consisting of voids or inclusions, and try-
ing to recover the maximum amount of information about those defects
(number, position, depth, size, shape...) from the corresponding set of
thermograms of the heated surface. This experimental setup is shown in
figure 4.1.

First, a short introduction to the physics of heat transfer by thermal
radiation is presented where the basic operational principles of a thermo-
graphic camera are explained.

With the basic theory explained, the physical model used for the nu-
merical experiments as well as the corresponding formulae for the topo-
logical derivative are presented.

The first case consists of time-steady experiments performed in a sim-
plified two-dimensional model. This is the simplest and less general model,
and also the one for which the results are less promising. However it
is well suited for understanding the general behaviour of the topologi-
cal derivative in the heat equation, and most of its conclusions are easily
transferred to the time-harmonic case.

The two-dimensional time-harmonic case is presented afterwards, where
it can be seen that results are much better than in the time-steady case. Be-
ing the time-harmonic results clearly superior, for the three dimensional
case we will not show time-steady results, however this has been already

67
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s

θinc n

Γ front

Γsides

Γsides

Figure 4.1: General setup for the two-dimensional and three dimensional
experiments. On the left is shown the physical arrangement of the thermal
camera and the lamp with respect to the plate. On the right is shown the
mathematical domain, corresponding to the plate, where we will model
the experiment process. The position of the lamp is denoted by s.

studied by my supervisor and her colleagues in [51].
There are no conceptual differences between the two-dimensional case

and the three-dimensional one, but the amount of data available per ex-
periment is bigger and the computational cost should be higher. However,
although being more expensive, it is shown that thanks to the topological
derivative method, it is fairly cheap to obtain good results, and the three-
dimensional case works as a validation of the method in a more realistic
model.

4.1 Heat transfer by thermal radiation.

All matter at a temperature greater than absolute zero radiates heat by
its surfaces. A theoretical body that can absorb all the incident power is
called a black body. If we depict an internal closed surface we can see that
to satisfy the conservation of energy, the total amount of energy absorbed
and emitted by the surface of a black body has to be the same.

The heat emitted by a black body at a given temperature consists of
radiation at several wavelengths. The spectral radiance Ebλ, that is, the
amount of radiated power per area and unit wavelength is given by Planck’s
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distribution:

Ebλ (T, λ) = 2πhc2

λ5
1

e
hc
kTλ − 1

where c is the speed of light, h is Planck’s constant and k is Boltzmann’s
constant. The subindex λ denotes that it is a spectral quantity given per
unit wavelength, as opposed to Ebν which is the spectral radiance given
per unit frequency. For a more in detail explanation of the concepts of
thermal radiation, radiance, and their relations we refer to Chapter 12,
Radiation: Processes and Properties of [11].

If we integrate the spectral radiance for all possible wavelengths we
get the total radiance Eb of a black body at temperature T , which is the
total amount of power emitted per unit area. Its expression is given by
Steffan-Boltzmann’s law

Eb (T ) :=
ˆ ∞

0
Ebλ (T, λ) dλ = σT 4

where σ is the Steffan-Boltzmann constant.
As can be seen in figure 4.2, the distribution of power among the wave-

lengths depends on the temperature of the object.

Figure 4.2: Black body’s spectral radiance per unit wavelength at several
temperatures given by Planck’s distribution. The area under each curve is
given by the Steffan-Boltzmann’s law Eb (T ) = σT 4. It can be seen that the
higher the temperature the shorter is the wavelength at which the peak is
reached.
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In general, objects at higher temperatures emit a bigger fraction of its
power at shorter wavelengths. This can be summarised by Wienn’s dis-
placement law:

λpeak (T ) ∝ 1
T

that says that the wavelength at which the maximum is reached λpeak
varies in inverse proportion to the temperature of the emitting object.

Non ideal materials can only irradiate a fraction of the spectral radi-
ance of a black body at each wavelength. The ratio of the spectral radiance
emitted by a non ideal material Eλ, and that of a black body Ebλ, which
only depends on the wavelength of the emitted radiation, is called spectral
emissivity and is denoted by:

ελ (λ) = Eλ (λ, T )
Ebλ (λ, T )

In the same way, the fraction of the spectral radiance that a body can
absorb compared with that of a black body is called spectral absorptivity
and is denoted by αλ (λ).

By Kirchhoff’s law of thermal radiation we have that in a body at equi-
librium

ελ (λ) = αλ (λ) ∀λ ∈ R+

that is, at each wavelength, the absorptivity and emissivity of a material
are always the same. However, for practical reasons, these coefficients are
often given averaged against the emission spectrum of the black body:

α (T ) =
´∞

0 αλ (λ)Ebλ (λ, T ) dλ´∞
0 Ebλ (λ) dλ

ε (T ) =
´∞

0 ελ (λ)Ebλ (λ, T ) dλ´∞
0 Ebλ (λ, T ) dλ

This is convenient because makes easier to compute the total absorbed and
emitted power as:

E (T ) = εσT 4

I (T ) = ασT 4

but obscures the fact that the coefficients ε and α have to be computed for
the radiation spectrum of the black body at that particular temperature.
This is not a problem if we are comparing objects at similar temperatures,
but can lead to some results that seem to contradict Kirchoff’s law. For
example white paint is highly reflective (that is why it is white to the eye)
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that is, α is very low, and at the same time white walls are good at emitting
heat, which implies high ε. This in fact does not contradict Kirchoff’s law.
The low value for the total absortivity is obtained when averaging the
absorptivity against the spectrum of the sun (∼ 5500 K), which radiates
most of its power at short wavelengths (where αλ is small). However, the
emissivity of white paint is averaged against the spectrum of a black body
at the temperature of a wall (∼ 300 K).

4.1.1 Thermographic camera working principle.

The basic principle that explains the working of a thermographic camera
is the fact that the thermal radiation that a body emits is related to the
temperature of that body by the equation:

E (T ) = εσT 4 (4.1)

where ε is the total emissivity of that material computed for that range of
temperatures.

A thermographic camera works as a photographic one, in the sense
that it has a lens that focuses the electromagnetic radiation coming from a
wide field of view into a small sensor.

In a standard camera, this electromagnetic radiation is mostly on the
wavelength range of visible light (from 400 nm to 750 nm) and usually the
sensors in the camera are only sensitive to a small subset of that range,
with which the photographic camera reconstructs the color coming into
the sensor for every direction and is able to form an image of the object
which is almost identical of what we can see with our naked eyes.

In a thermographic camera the sensor is sensitive to a small interval of
the infrared wavelength range (from 750 nm to 1000µm) which is respon-
sible of thermal radiation. Taking into account the relation (4.1) the ther-
mographic camera is able to estimate the temperature of every surface in
its field of vision. In principle, the thermographic camera can form a gray-
scale image, where the darker parts are the colder ones, and the brighter
ones the hotter ones. However, the human eye is much more sensitive
to changes in the hue of a color than in the intensity, so normally ther-
mographic cameras use a colormap, where a different color is assigned to
each temperature in the measured range.

It is important to note that in relation (4.1) the emissivity of the material
is also present. This means that for obtaining a good quantitative result on
the temperature measurement we will have to provide a good estimation
of the emissivity of the material. Usually this is not needed as in many
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of the applications of thermographic cameras we only need qualitative
results, but this means that we will not be able to compare in the same
image materials with very different emissivities.

Another difficulty has to do with fine polished metals, which are very
reflective so they have a very small absorptivity and emissivity. In this
case most of the incoming radiation to the camera will be reflected radia-
tion from another objects in the surroundings, so even if we provide the
camera with an estimation of the absorptivity of the surface, the readings
will not be accurate. This is easily overcome by painting the surface or, if
a temporary solution is needed, some kind of tape or film can be applied
to the surface to be inspected.

4.2 Physical model.

In this section the physical model for the experiments will be presented.
As already mentioned, in the present problem of thermographic inspec-
tion of metal plates, compared with the electromagnetic problem, we are
yet in a preliminary phase where the method still needs to be theoretically
validated before trying it on real data.

For this reason all the so-called experiments in this chapter will be nu-
merical experiments, that is, experiments where the thermograms will be
synthetically generated. In order to both more accurately simulate a real
situation and prevent the inverse crimes, varying amounts of noise will be
added. This way we can be fairly confident that the results obtained will
be more easily transferred to a real situation.

Its important to mention that, even if we were using real data, we will
need to formulate a physical model that represents the process of obtain-
ing that data, as, like in every inverse problem, the possibility of solving it
comes from understanding the direct problem.

We will try to use a notation which makes easy to see the two-dimensional
and three-dimensional models as almost the same problem with very little
differences.

Following that idea we demote by Ω the domain (shown in figure 4.1)
where we pose our problem, irrespective of it being in two or three spatial
dimensions. This will contain both the region occupied by the metal plate
as well as it internal defects, which will constitute the domain D ⊂ Ω such
that D ∩ ∂Ω = ∅.

In the two-dimensional case we will denote by Ω the domain:

Ω =
{

(x, y) ∈ R2 s.t. 0 < x < Lx, 0 < y < Ly
}
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with Lx � Ly for it to be considered a thin plate.
The boundary of Ω will be classified in three regions:

Γfront = {(0, y) s.t. 0 < y < Ly}
Γback = {(Lx, y) s.t. 0 < y < Ly}
Γsides = {(x, 0) s.t. 0 ≤ x ≤ Lx} ∪ {(x, Ly) s.t. 0 ≤ x ≤ Lx}

For the three-dimensional case, the domain Ω will be defined as:

Ω =
{

(x, y, z) ∈ R3 s.t. 0 < x < Lx, 0 < y < Ly, 0 < z < Lz
}

where now the thin plate condition is Ly � Lx ∼ Lz. In the same manner
the boundary of Ω will also be divided into three analogous regions:

Γfront = {(x, 0, z) s.t. 0 < x < Lx, 0 < z < Lz}
Γback = {(x, Ly, z) s.t. 0 < x < Lx, 0 < z < Lz}
Γsides = ∂Ω \ (Γfront ∪ Γback)

Both in the two dimensional case as well as in the three dimensional one,
the measures are taken from the same side as the plate is illuminated,
namely Γmeas = Γfront.

The presence of the defects will be modelled by abrupt changes in the
thermal coefficients. This will be piecewise homogeneous functions, at-
taining on the defects values different from the rest of the plate:

κ (x) =

κe x ∈ Ω \D

κi x ∈ D

ρ (x) =

ρe x ∈ Ω \D

ρi x ∈ D

c (x) =

ce x ∈ Ω \D

ci x ∈ D

where κ stands for the thermal conductivity, ρ for the density and c for
the specific heat and the subindexes e and i stand for exterior and interior
respectively. If we assume the defects to be small in size, then ‖κ − κe‖2
and ‖ρc− ρece‖2 will also be small.

The temperature T will satisfy the heat equation in both the metal plate
and the interior of the defects:

ρc
∂T

∂t
+ κ∆T = 0, in

(
Ω \D

)
∪D
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Given the small size of the boundaries Γsides with respect to the rest of
the boundaries we can assume heat insulation on them:

−κ∇T · n = 0, on Γsides

On the front and back faces there will be heat transfer to the surround-
ing air by both convection and radiation. The convection part will be given
by:

qconv = hconv (T − Tair)
where hconv stands for the convection heat transfer coefficient and Tair is
the temperature of the surrounding air.

The radiation from and to the surrounding air will be given by the
expression:

qrad = εσ
(
T 4 − T 4

air

)
where εσT 4 is the emitted heat and εσT 4

air is the absorbed one, and ε is the
total emissivity averaged against a black body radiance spectrum at room
temperature.

This expression will be linearised around the surrounding air temper-
ature:

qrad = 4εσT 3
air (T − Tair) + o (T − Tair) as T − Tair → 0

so the total heat transfer to the air by both radiation and convection will
be approximated by:

qtot = qconv + qrad ≈ heff (T − Tair)

where the constant heff = hconv + 4εσT 3
air acts as an effective convection

coefficient that takes into account the linearised version of the radiation
heat transfer.

The heat coming from the lamp to the front face will be modelled by:

qlamp (x, t) = α
I (t)

2π‖s− x‖
(s− x) · n
‖s− x‖

for the two-dimensional case which represents an infinite line source per-
pendicular to the plane of study at the point s, hence the dependency of
the first factor on the inverse of the distance to the source. For the three-
dimensional case:

qlamp (x, t) = α
I (t)

4π‖s− x‖2
(s− x) · n
‖s− x‖
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The lamp is modelled by an isotropic point source radiator situated at s,
hence the inverse square distance factor. In both cases n is the exterior
normal to the boundary, which appears in the factor taking into account
the view factor, and I is the radiant power of the lamp, that is, the emitted
energy per unit time, which in general can be modelled by any positive
function of time. For a more realistic model a dependency on the direction
should be included in I but this was not considered.

The total absorptivity α is averaged against a black body spectrum cor-
responding to a thermal lamp, much hotter1 than for the emissivity, so in
general we will have α 6= ε.

Finally we need to impose transmission conditions between the tem-
perature in Ω \D and the temperature in D . Both the temperature and the
heat flux will be continuous across the boundary ∂D :

T+ = T−

−κe∇T+ · n = −κi∇T− · n
where the superscripts + and − stand for the limit value when approach-
ing the boundary from Ω \D or D respectively and n is the normal vector
pointing outwards of D .

With all of these in mind, the general time-dependent model is com-
plete. The temperature distribution T : Ω× R+ → R+ satisfies:

ρece
∂T

∂t
+ κe∆T = 0, in Ω \D × (0,∞)

ρici
∂T

∂t
+ κi∆T = 0, in D × (0,∞)

T+ = T− on ∂D × (0,∞)
−κe∇T+ · n = −κi∇T− · n on ∂D × (0,∞)
−κe∇T · n = 0 on Γsides × (0,∞)
−κe∇T · n = heff (T − Tair)− qlamp on Γfront × (0,∞)
−κe∇T · n = heff (T − Tair) on Γback × (0,∞)
T = Tair in Ω× {0}

where it has being imposed that at time t = 0 the temperature is the equi-
librium temperature when the lamp is not heating the plate.

In this thesis we have not considered general time-dependent heating
strategies but only steady and time-harmonic cases. That is, the depen-
dency of I on the time will be harmonic at a single frequency ω plus a

1Higher than 1800 K for near infrared heaters.
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constant term:
I (t) = Î + <

(
Ie−iωt

)
where I ∈ C accounts for both the amplitude and the phase of the har-
monic part.

In an analogous manner, the radiated heat can be separated in its cor-
responding steady and harmonic parts:

qlamp (x, t) = q̂lamp (x) + <
(
Qlamp (x) e−iωt

)
This allows us to rewrite the solution to the time-dependent model as:

T (x, t) = T̂ (x) + T̃ (x, t) + <
(
T (x) e−iωt

)
where T̂ : Ω→ R+ is the time-steady part and satisfies:



κe∆T̂ = 0, in Ω \D

κi∆T̂ = 0, in D

T̂+ = T̂− on ∂D
−κe∇T̂+ · n = −κi∇T̂− · n on ∂D
−κe∇T̂ · n = 0 on Γsides

−κe∇T̂ · n = heff
(
T̂ − Tair

)
− q̂lamp on Γfront

−κe∇T̂ · n = heff
(
T̂ − Tair

)
on Γback

(4.2)

and T : Ω→ C is the time-harmonic part and satisfies:



κe∆T + iωρeceT = 0, in Ω \D

κi∆T + iωρiciT = 0, in D

T + = T − on ∂D
−κe∇T + · n = −κi∇T − · n on ∂D
−κe∇T · n = 0 on Γsides

−κe∇T · n = heffT − Qlamp on Γfront

−κe∇T · n = heffT on Γback

(4.3)

This way, we can see that the time-steady solution as well as the time-
harmonic one are both governed by elliptic equations. The only part which
is governed by a parabolic equation is the transient part T̃ : Ω×R+ → R+,
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which satisfies:

ρece
∂T̃

∂t
+ κe∆T̃ = 0, in Ω \D × (0,∞)

ρici
∂T̃

∂t
+ κi∆T̃ = 0, in D × (0,∞)

T̃+ = T̃− on ∂D × (0,∞)
−κe∇T̃+ · n = −κi∇T̃− · n on ∂D × (0,∞)
−κe∇T̃ · n = 0 on Γsides × (0,∞)
−κe∇T̃ · n = heff T̃ on Γfront × (0,∞)
−κe∇T̃ · n = heff T̃ on Γback × (0,∞)
T̃ = Tair −< (T )− T̂ in Ω× {0}

It can be easily proven this part tends to zero as time increases, so we will
not discuss it further. This also means that for t large enough

T (x, t)→ T̂ (x) + <
(
T (x) e−iωt

)
as t→∞

so it is feasible to depict some procedure to easily recover these two func-
tions T̂ and T in the case of real experimental data.

4.3 The two-dimensional time-steady case.

In this section we will consider the simplest situation, namely, time-steady
simulations for the two-dimensional model. The recorded data, i.e. the
thermogram, is a distribution of temperature over the measured side Γmeas =
Γfront:

T̂meas : Γmeas → R+

In order to generate this thermogram numerically we will solve prob-
lem (4.2) on the mesh depicted in figure 4.3. This domain models a plate
of dimensions Lx = 0.01 m and Ly = 1 m with two defects. The do-
main occupied by the defects, Dtrue consists of a circular defect centred
at (0.005, 0.300) m with a radius of 0.0025 m and an elliptical one centred
at (0.006, 0.750) m with horizontal semiaxis of 0.002 m and vertical one of
0.005 m. With these dimensions the elliptical defect has 60% more area
than the circular one, however the ellipse is located further from the in-
spected boundary.
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N. of triangles N. of vertices
With defects 5564 3288

Without defects 5060 3036

Table 4.1: Number of triangles and vertices for the two-dimensional time-
steady mesh with and without the defects.

To mesh the domain an unstructured triangular mesh generated by
Freefem++ was used. This software [49], is a PDE solver, where the equa-
tions are introduced in its variational formulation and the discrete approx-
imation to the solution in some polynomial basis is obtained. The hori-
zontal boundaries where meshed with Nx = 5 nodes, and in order to have
somehow equilateral elements, NxLy/Lx = 500 nodes where used on the
vertical boundaries. The characteristic element size close to the defects is
smaller than in the rest of the plate in order to be able to make the mesh
conformal to the defects boundaries. The mesh size has been calibrated in
order to guarantee solutions with the desired accuracy. On table 4.1 the
number of elements and vertices is shown as well as a comparative with a
similar uniform mesh without defects:

For the discretization of the PDEs, P1 elements were used for functions
defined on the mesh with defects and P2 for functions defined in the mesh
without defects.

Bellow is a list of the physical parameters needed to recreate the simu-
lations:

• Thermal conductivity of the plate (aluminium): κe = 200 W ·K−1 ·m−1

• Thermal conductivity of the defect (air): κi = 0.025 W ·K−1 ·m−1

• Room temperature: Tair = 290 K

• Natural convection coefficient: hconv = 15 W ·K−1 ·m−2

• Total emissivity: ε = 0.8

• Total absorptivity: α = 0.4

• Stefan-Boltzmann constant: σ = 5.67× 10−8 W ·K−4 ·m−2

• Emitting power of the lamp: I = 600 W

We will denote by T̂exact = T̂|Γmeas the value obtained from the simula-
tion. In order to recreate experimental conditions and test the robustness
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of the method, random noise will be added to T̂exact at each point, that is,
the thermogram will be computed as:

T̂meas (x) = T̂exact (x) +N (x) (4.4)

where N is a random variable such one realization is made at each point
x. In our tests we used a uniform distribution with zero mean:

N (x) = NL
(
U[0,1] (x)− 0.5

)
where NL is the noise level in Kelvin degrees and U[0,1] is the uniform
distribution on the interval [0, 1].

Figure 4.3: Mesh used for the two-dimensional model. As can be seen
in the zoomed regions, the mesh is conformal with the boundary of the
defects. The position of a generic lamp is also represented with a symbol
that will be used to mark them from now on.

As already mentioned in chapter 2, we will use a weak formulation of
the inverse problem, where the aim is to minimize a cost functional. In
our case, the corresponding time-steady error functional used, defined as
the squared L2 (Γmeas) norm of the difference of the thermogram and the
temperature T̂D , solution of (4.2) with a known defect D :

Ĵ
(
Ω \D

)
= 1

2

ˆ
Γmeas

(
T̂D − T̂meas

)2
d` (4.5)
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Following the work done in [20], it is relatively easy to prove that the
topological derivative of this functional can be computed in terms of the
solution of a direct and of an adjoint problem by applying the following
formula::

DTĴ (x) = 2κe
κe − κi

κe + κi
∇Û (x) · ∇V̂ (x) (4.6)

where Û is the so called state field, which is the solution to:

κe∆Û = 0, in Ω
−κe∇Û · n = 0 on Γsides

−κe∇Û · n = heff
(
Û − Tair

)
− q̂lamp on Γfront

−κe∇Û · n = heff
(
Û − Tair

)
on Γback

(4.7)

This is the two-dimensional version of problem (4.2) for a plate without
defects. We see that the quantity Û − Tair depends linearly on q̂lamp. The
adjoint field V̂ solves:



κe∆V̂ = 0, in Ω
−κe∇V̂ · n = 0 on Γsides

−κe∇V̂ · n = heff V̂ −
(
Û − T̂meas

)
on Γfront

−κe∇V̂ · n = heff V̂ on Γback

(4.8)

Notice that the adjoint field solves a problem with the same homogeneous
part as the one that solves Û − Tair (the laplacian is a self-adjoint operator)
but with a different forcing term. Here the forcing term is the difference
between the actual thermogram T̂meas and the state field on the measuring
boundary Γmeas that happens to be the same as the heated boundary Γfront.2

Looking at expression (4.6) we see that the points where the topologi-
cal derivative attains its most negative values are points x where vectors
∇Û (x) and∇V̂ (x) have opposite directions and are large.

For a thin plate (Lx � Ly) and taking into account that ∆Û = 0 and
∆V̂ = 0 we can expect that

∂Û

∂x

∂Û

∂y

∼

∂V̂

∂x

∂V̂

∂y

∼ Lx
Ly
� 1

2This difference will be referred as pseudo-thermogram from now on.
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and therefore the behaviour of the topological derivative will be well ap-
proximated in most of the domain by the term:

DTĴ ∼ 2κe
κe − κi

κe + κi

∂Û

∂y

∂V̂

∂y
(4.9)

Let us show an illustrative experiment where we only have the circular
defect, the lamp is situated at (−0.15, 0.5) m and no noise is added to the
thermogram. In figure 4.4 we can see both the state and adjoint fields as
well as the corresponding topological derivative at Γfront plotted against
the vertical coordinate. As already mentioned, the topological derivative
attains its minimum where both ∂Û

∂y
and ∂V̂

∂y
attain large values but with

different signs.

Figure 4.4: Illustration of the state and adjoint fields as well as the topo-
logical derivative evaluated at Γfront

In figure 4.5 we plot the aforementioned three fields in a zoom around
the defect and we confirm that in the time-steady case there is almost no
variation across the thickness of the plate. The highest variation along the
x direction takes place at the height of the defect but even in that case it is
two orders of magnitude smaller than the variation along the y direction.
This comes to confirm that for the case of thin plates, the model behaves
almost everywhere as a one-dimensional model.
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Figure 4.5: Illustration of the three different fields of figure 4.4 over a re-
gion close to the actual defect. The colormaps have been rescaled to the
visible part in order to highlight the otherwise small variations on the
fields. It can be seen that the variation along the x direction is almost
negligible compared with the variation along the y direction almost ev-
erywhere. The actual shape of the defect is also drawn for comparison.

For this reason and for illustrative purposes from now on, when plot-
ting the results we will mainly rely on two-dimensional plots of the do-
main on zoomed regions around the defects (places where two-dimensional
behaviour can be observed) and plots of the topological derivative re-
stricted to the inspected surface Γfront.

From problem (4.9) we also see that the topological derivative will be
more sensitive in places where there are big gradients in Û . We will il-
lustrate this by simulating the plate with two defects for three different
positions of the lamp.

First we will situate the lamp at s = (−0.15, 0.5) m. This is a position
such that both defects are situated at places where the gradients of the
state and adjoint fields do not vanish. As can be seen in figure 4.6, in this
situation the topological derivative presents large negative values around
both defects.

In figures 4.7 and 4.8 we simulate the same plate but with the lamp
situated at s = (−0.15, 0.1) m and s = (−0.15, 0.3) m respectively. In the
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Figure 4.6: Fields on Γfront for the plate with two defects and illuminated
from a lamp at (−0.15, 0.5) m. No noise is added to the thermograms.

first case, the lamp is so far from the elliptical defect that the adjoint and
state fields are almost constant there, rendering the topological derivative
very insensitive to it.

At first glance it may seem that the closer the defect is to the lamp the
better, as more heat from the lamp will be absorbed, but as can be seen in
the second case (figure 4.8) this is not true in general for the time-steady
case. This situation of the lamp was chosen such that the circular defect is
the closest possible to the lamp. This implies that the radiation received is
the maximum possible for a lamp at such distance, however it also means
that the circular defect sits in a place where the state field has a maximum,
hence its derivative along the y direction is neglectable, thus making the
topological derivative very insensitive to the circular defect.

The physical explanation of what we have observed in figure 4.8 is
that, taking into account that for the time-steady case the presence of the
object is only felt as a change in the thermal conductivity, the presence of
the object will only be important in places where there is heat flux, i.e.
places where there is a gradient of temperatures. If we place the lamp
right over the defect we create some sort of symmetry such that right in
the defect there is no net heat flux, making then the presence of the defect
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Figure 4.7: Fields on Γfront for the plate with two defects and illuminated
from a lamp at (−0.15, 0.1) m. No noise is added to the thermograms.

Figure 4.8: Fields on Γfront for the plate with two defects and illuminated
from a lamp at (−0.15, 0.3) m. No noise is added to the thermograms.
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less noticeable3.
In figures 4.9, 4.10 and 4.11 we present the topological derivative cor-

responding to the three examples. The position of the lamp is also repre-
sented for a better understanding of the already explained phenomenon.
In the zoomed regions it has being also indicated the reconstructions of the
defects. We recall from chapter 2 that we will obtain for different values of
0 ≤ λ ≤ 1 a family of reconstructions:

Dapp,λ :=
{

x ∈ Ω s.t. DTĴ (x) ≤ λmin
y∈Ω

DTĴ (y)
}

(4.10)

Figure 4.9: Illustration topological derivative field around the two defects
for a lamp situated at y = 0.5 m.

We see that the local minima of the topological derivative are always
situated at Γfront so we cannot expect to recover the correct depth of the de-
fects by the reconstructed domain defined in (4.10). If we restrict ourselves
to trying to recover the correct y position of the defect and its approximate
size we see that, even in the best case (figure 4.9) if we want to recover the
approximate size of the elliptical defect we should use λ ≈ 0.90 but this
overestimates the size of the circular defect.

3As presented in the next section, this will not be the case for the time-harmonic situ-
ation.
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Figure 4.10: Illustration topological derivative field around the two defects
for a lamp situated at y = 0.1 m.

Figure 4.11: Illustration topological derivative field around the two defects
for a lamp situated at y = 0.3 m.
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Another problem is that the only reason we can see both defects it is
because the position of the lamp was carefully chosen taking into account
the position of both defects. In a real scenario we would not know the
actual position of the defects and therefore we need a method that can
work independently of it.

One option would be to average topological derivatives correspond-
ing to several lamp positions but, as we could see in figures 4.7 and 4.8,
the value of the minimum of the topological derivative greatly depends
on the position of the lamp. In the second case (figure 4.7) we have a min-
imum which is two and a half times bigger than in the third one (figure
4.8). For this reason simply averaging the topological derivatives may not
work and therefore we will use a method that was proposed in [41] which
consists in averaging the normalized topological derivatives, that is, con-
structing the average topological derivative:

DTĴavg (x) = 1
Nloc

Nloc∑
i=1

DTĴi (x)
|miny∈Ω DTĴi (y) |

(4.11)

where Nloc is the number of locations of the lamp, namely, the number
of experiments corresponding to different locations of the lamp, and DTĴi
stands for the topological derivative corresponding to lamp position si.

Taking into account that the topological derivative is linear with re-
spect to the functional Ĵ , the averaged topological derivative can be con-
sidered as the topological derivative of the functional:

Ĵavg = 1
Nloc

Nloc∑
i=1

wiĴi

where the weights:

wi = 1
|miny∈Ω DTĴi (y) |

are chosen a posteriori of the computation of the topological derivatives.
In figures 4.12 and 4.13 the averaged topological derivative (denoted

by DTĴ for simplicity) corresponding to four and eight lamps linearly
spaced between (−0.15, 0.1) and (−0.15, 0.9) are represented. Now we can
see that in both cases the topological derivative is sensitive to both of the
defects. However in the first case to be able to recover a domain Dapp
which resembles the size and position of the circular defect we would have
to take λ ≤ 0.84 which would have overestimated completely the size of
the elliptical one. This is due to the minima of the time-steady topological
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derivative not being equal and to the fact that they are not very sharp, so
trying to match one of them overestimates the other one.

In figure 4.13 it seems that by increasing the number of lamps we have
solved this problem, as now both minima have similar values, however
the minima not being sharp remains a problem. It means that changing
slightly the value of λ completely changes the obtained reconstruction,
what supposes that we need to know in advance the size of the defects to
choose the correct value of λ. The bluntness of the minima comes from
the fact that both the state and adjoint fields are solutions of the time-
steady heat equation, and consequently we will not be able to correct it by
combining more lamps.

Figure 4.12: Topological derivative when four lamps are linearly spaced
between (−0.15, 0.1) and (−0.15, 0.9). The topological derivative is sen-
sitive to both defects without having to make any assumptions on their
positions.

Taking into account that the topological derivative does only show the
presence of the defect along the y direction and that several topologi-
cal derivatives are needed, one may try to combine first all the pseudo-
thermograms ( Ûi − T̂i ) corresponding to the different defects and either
use them directly as an indicator function, or compute a single topolog-
ical derivative based on the combined pseudo-thermogram. As we will
demonstrate, averaging two pseudo-thermograms may be worse than av-
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Figure 4.13: Topological derivative when four lamps are linearly spaced
between (−0.15, 0.1) and (−0.15, 0.9). The sensitivity of the topological
derivative seems to be more equally distributed between both defects.

eraging their respective topological derivatives, as in general one cannot
guarantee that the two pseudo-thermograms will not cancel out each other
to some degree. As an extreme example we can construct a pair of exper-
iments where the information of the defect completely disappears as fol-
lows: suppose we have a plate with a single circular defect of radius r and
center (xc, 0.5). Let us denote experiment A the one consisting in heating
the plate from a lamp at position (xs, 0.5 + d) and experiment B the one
consisting in heating the plate from a lamp at position (xs, 0.5− d).

By the symmetries of equations (4.2), (4.7) and (4.8) we can show that:

ÛA (x, y) = ÛB (x, 1− y)

T̂A (x, y) = T̂B (x, 1− y)
V̂A (x, y) = V̂B (x, 1− y)

For this kind of heating, the pseudo-thermogram (and hence the adjoint
state) happens to be an almost odd function of y − 0.5, that is

Ûi (x, y)− T̂i (x, y) ≈ −
(
Ûi (x, 1− y)− T̂i (x, 1− y)

)
for i = {A,B}. This means that if we sum both pseudo-thermograms, they
will almost cancel out, and computing the topological derivative based on
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the combined pseudo-thermogram would not help either. However, as it
is shown in figure 4.14, the combination of the two topological derivatives
does not cancel out. This is due to the fact that the topological derivative
depends on the gradient of the adjoint state instead of the adjoint state
itself, hence the topological derivative is an even function of y − 0.5.

Figure 4.14: Purposely crafted combination of experiments that exploits
the symmetry of the model in order to cancel out the sum of pseudo-
thermograms and hence the sum of adjoint states. The average of topolog-
ical derivatives however handles the combination without any problem.

This does not show that in general the combination of some number of
pseudo-thermograms is worse than a single thermogram, but it shows that
the information on the averaged pseudo-thermogram may be less than
the information on the average of the topological derivates. For this rea-
son in this and the following sections we will study the weighted average
of topological derivatives but not the topological derivative of the aver-
age pseudo-thermograms. We should point out however, that the later
method has the advantage of only having to compute a single topological
derivative, thus having a smaller computational cost.

The linearity of the topological derivative on the adjoint field, and the
linearity of the adjoint field on the pseudo-thermogram allow us to prove
that for zero mean noise and fixed experimental conditions4 the average

4This means, fixed the position of the lamp and hence fixed the state field and exact
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of the topological derivatives computed with noisy thermograms tends to
the topological derivative computed with the exact thermogram. This can
be seen from the following identity:

lim
K→∞

1
K

K∑
i=1

DTĴi = DTĴexact + lim
K→∞

1
K

K∑
i=1

DTĴi (4.12)

where the first term corresponds to the topological derivative computed
using the state field Û and the adjoint field corresponding to the pseudo-
-thermogram without noise Û − T̂exact, which are both the same for every
experiment in the same conditions. By the aforementioned linearity, the
second term can be computed as the topological derivative corresponding
to the state field Û and the adjoint field that appears when

lim
K→∞

1
K

K∑
i=1

Ni

is used as pseudo-thermogram. The point here is that, if the noise Ni has
zero mean, then the corresponding adjoint field, and hence also the topo-
logical derivative, are zero, namely, equation (4.12) reduces to:

lim
K→∞

1
K

K∑
i=1

DTĴi = DTĴexact

In this sense, taking the average of the topological derivative corre-
sponding to several experiments performed in the same conditions is equiv-
alent to computing a single topological derivative in the clean thermogram
(that is, without added noise). The later can be considered a standard
method for noise filtering in the data. As in this thesis we were interested
in the robustness of the topological derivative against noisy data we will
not consider multiple experiments in the same conditions but rather com-
binations of different experimental conditions (i.e. lamp positions, or lamp
positions and frequency in the harmonic case).

Although the above proof does not show that combining topological
derivatives from different noisy experiments mitigates the noise, we will
show a couple of experiments where it does indeed reduce the amount of
noise.

In figures 4.15 and 4.16 we simulated the plate with two defects but
now adding noise of 0.1K in amplitude to the thermograms. As can be
seen, although for the time-steady case results are not extremely power-
ful, the combination of eight experiments has reduced the appearance of
spurious minima.
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Figure 4.15: Topological derivative for the plate with two defects and a
single experiment with an added noise of ±0.1 K amplitude. We can no
longer distinguish if the topological derivative has two, three or more min-
ima.

We have to point out that the amount of added noise is very small
but not the signal to noise ratio, that is, the amplitude of the thermogram
compared with that of the noise. This may be alleviated by not using an
isotropic radiator, but using a focused lamp as can be seen in figure 4.17.
This way the gradients of temperature along the plate are sharper, as the
effect of the lamp is confined on a small region. As we have seen, this
increases the effect of the defects in the thermogram and the sensitivity of
the topological derivative.

We have not made a thorough study of this option as we were not
restricted to the steady-state case. On top of that, as we will see in the next
section, the time-harmonic case already solves some of the problems of the
time-steady case. However it would be interesting to study it, if for some
reason time-steady excitation is the only option.

Finally we would like to give an explanation on why the topologi-
cal derivative for the time-steady case does not show the minima in the
depth corresponding to the true position of the defect but on the surface
of the plate. At first glance it may seem that the topological derivative

thermogram.
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Figure 4.16: Topological derivative for the same conditions as in figure
4.15 but where 8 experiments corresponding to lamp positions linearly
spaced between (−0.15, 0.1) and (−0.15, 0.9) were combined.This prevents
the appearance of spurious minima.

may be not correctly computed, as we are assuming that the points where
the topological derivative attains its minimum are points that correspond
to the actual defect because this means that if we make a hole of radius r
at those points, we reduce the error functional more than in other points,
hence getting closer to the actual thermogram.

This is not true in general. The topological derivative is only the linear
approximation on f (ε) (where f is a measure of the size of the defect as
defined in chapter 2) of the variation of the error functional when the size
of the hole5 tends to zero. The global behaviour of the functional may not
be well approximated by its linear approximation at ε = 0 as it is the case.

To illustrate this fact in figure 4.18 we simulate a plate with one circular
defect at (0.005, 0.5) m of radius r = 0.0025 m and plot the values of the
functional Ĵ

(
Ω \ Bε (xA)

)
and Ĵ

(
Ω \ Bε (xB)

)
, where xA and xB are two

points, one corresponding to the center of the actual defect of the plate
xA = (0.005, 0.5) m and the other one at the same height but shallower,
xB = (0.002, 0.5) m. We can see that the functional corresponding to the
hole that is correctly centred does attain a minimum at the correct radius,

5We are assuming a hole of radius ε.
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Figure 4.17: Comparison of the thermogram and pseudo-thermogram ob-
tained for an isotropic radiator and one that has only a ±15 degrees aper-
ture with respect to the normal to the surface of the plate. It can be seen
that as the restricted one has sharper gradients, the pseudo-thermogram
is one order of magnitude bigger.

and this minimum has a smaller value than the functional evaluated on the
shallower hole, as this one cannot go further than ε = 0.002, as it would
imply going out of the plate (see the plot in figure 4.18). However the
topological derivative cannot see what is happening for finite values of ε,
and if we look the bottom plot, where the functionals have been plotted
against f (ε) we can see that the slope, i.e. the topological derivative, of
the shallower point is indeed smaller.

This means that, although making a small hole at a shallow depth is
not a better strategy for minimizing the functional than making a correct
size one at the correct depth, if we are restricted to doing only infinitesimal
holes, then the best option we have to try to match the real thermogram is
to make them the shallowest possible.

As we will see in the next section, this problem remains when consid-
ering time-harmonic heating, and indeed the last explanation will be more
clear.
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Figure 4.18: Comparison of the values that attains the functional Ĵ when
two families of holes with decreasing size are made. The holes of the first
family are centred at the same point that the actual defect xA and the ones
of the other family are centred at a shallower point xB. On the top plot the
functionals are plotted against ε so we can check that the minimum is at-
tained at the family correctly centred and at the correct radius, whereas on
the bottom plot the functionals are plotted against f (ε) so the topological
derivative can be seen as the slope at ε = 0 and it can be checked that the
shallower hole has indeed a more negative slope.

4.4 The two dimensional time-harmonic case.

For the time harmonic case, the recorded data, which we will call also a
thermogram, will consist of the complex amplitude Tmeas such that:

T (x, t)meas = <
(
T|meas (x) e−iωt

)
where the origin of times is shared with the complex coefficient used to
define the heat coming from the lamp Qlamp.

In a real experiment the data could be obtained by performing a Fourier
transform of the measured temperature over time and selecting the com-
plex amplitude of the mode for frequency ω. This would be a way of get-
ting rid of the temporal part of the noise that will be seen as high frequency
harmonics, however we will still have spatial noise which we will be mod-
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N. of triangles N. of vertices
With defects 48960 25996

Without defects 46456 24744

Table 4.2: Number of triangles and vertices for the two-dimensional time-
harmonic mesh with and without the defects.

elled by adding to Texact, the solution of the direct problem (4.3), a complex
noise N (x).

The solution will be obtained in the same spatial domain as in the time-
steady case, however due to the high frequency time-harmonic solutions
having larger gradients, the mesh has been refined. As can be seen in
figure 4.19 the time-harmonic mesh has three times more elements per
dimension, with the exact numbers of triangles and vertices being shown
in table 4.2.

Figure 4.19: Mesh used for the two-dimensional model in the time-
harmonic case.

The only new physical parameters that will be needed in order to repli-
cate the following results are:

• Density of the plate (aluminium): ρe = 2700 Kg ·m−3

• Density of the defect (air): ρi = 1 Kg ·m−3



4.4. THE TWO DIMENSIONAL TIME-HARMONIC CASE. 97

• Specific heat capacity of the plate (aluminium): ce = 900 J ·K−1 ·Kg−1

• Specific heat capacity of the defect (air): ci = 1000 J ·K−1 ·Kg−1

• Complex amplitude of the time-harmonic lamp intensity: I = 6000 W

Is is important to note that the specific heat capacity and the density of
the plate do not play a role separately, but it is the product ρc, i.e. the heat
capacity, the quantity that controls the behaviour of the solution.

The noise added will be complex in order to emulate both noise on the
amplitude of the measurement as well as in the phase. In the same manner
as in the time-steady case, it is a uniform distribution with zero mean:

Tmeas (x) = Texact (x) + NL
((

U[0,1] (x)− 0.5
)

+ i
(
U[0,1] (x)− 0.5

))
The time-harmonic error functional used is analogous to the time-steady

one, but in this case with complex functions, that is:

J
(
Ω \D

)
= 1

2

ˆ
Γmeas

(TD − Tmeas) (TD − Tmeas) d` (4.13)

For this functional, following the derivation presented in [20], one can
show that the topological derivative is given by the following formula:

DTJ (x) = <
(

2κe
κe − κi

κe + κi
∇U (x) · ∇V (x)− iω (ρece − ρici)U (x)V (x)

)
where U is the time-harmonic state field, the solution to

κe∆U + iωρeceU = 0, in Ω
−κe∇U · n = 0 on Γsides

−κe∇U · n = heffU −Qlamp on Γfront

−κe∇U · n = heffU on Γback

(4.14)

which is exactly the same problem as (4.3) when no defects are present,
and V is the time-harmonic adjoint field, the solution to

κe∆V − iωρeceV = 0, in Ω
−κe∇V · n = 0 on Γsides

−κe∇V · n = heffV − (U − Tmeas) on Γfront

−κe∇V · n = heffV on Γback

(4.15)

which is the adjoint problem to the previous one where the forcing term
Qlamp has been substituted by the pseudo-thermogram U − Tmeas.
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The first thing we have to notice is that now the topological derivative
depends on the solutions itself as well as in their gradients. This means
that we will no longer have the situation where a lamp situated right on
top of one of the defects makes the topological derivative insensitive to it.
This could be physically explained because even in the case of symmetry
of heating by the lamp, and hence no net heat transfer trough the defect
(null gradient), in a time dependent situation the thermal inertia of the de-
fect will play a roll. The more the change in temperatures is over time, the
more the presence of a zone with different thermal inertia will be noted.

We can study the three situations (presented in figures 4.6, 4.7 and 4.8)
analysed in the time-steady case, where the lamp was placed respectively
at s = (−0.15, 0.5), s = (−0.15, 0.1), and s = (−0.15, 0.3).

In figure 4.20 the experiment where the lamp is situated approximately
in the middle of the two defects is presented. It can be seen that as both
the gradient and values of both the adjoint and state fields are non zero
near the defects, both of them contribute in the topological derivative.

Figure 4.21 is the counterpart to figure 4.7. As the lamp is located at
s = (−0.15, 0.1), it is far away from the elliptical defect and hence both the
values and gradients of the fields are very small. This means that only the
presence of the circular defect is detected by the topological derivative.
However, in figure 4.22 where the lamp is situated at s = (−0.15, 0.3),
right over the circular defect, we see that, even the gradient of both the
state and adjoint fields tends to zero near the circular defect, as the actual
value of the functions is high, the circular defect is perfectly detected by
the topological derivative. This is the first situation where the behaviour
of the time-steady and time-harmonic cases is drastically different.

All three later experiments were obtained at a frequency of ω = 1 Hz. In
figure 4.23 can see that for ω = 0.001 we basically recover the time-steady
behaviour, that is, we lose the information of the defect right beneath the
lamp.

We should avoid the [0.001, 0.08] Hz regime as for these frequencies
the functional is specially bad behaved so the minima of the topological
derivative have nothing to do with the position of the actual defects. We
do not fully understand the cause but we give below a possible explana-
tion.

For that frequencies the effects of the conductivity and the thermal iner-
tia in the pseudo-thermogram have comparable magnitudes but very dif-
ferent behaviours. The conductivity change, as already explained, gives
a pseudo-thermogram which is almost an odd function with respect to
the position of the defect, however the effect of the thermal inertia is an
even function with respect to the position of the defect. The lower thermal
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Figure 4.20: Fields on Γfront for the plate with two defects and illuminated
from a 1 Hz lamp situated at (−0.15, 0.5) m.

Figure 4.21: Fields on Γfront for the plate with two defects and illuminated
from a 1 Hz lamp situated at (−0.15, 0.1) m.
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Figure 4.22: Fields on Γfront for the plate with two defects and illuminated
from a 1 Hz lamp situated at (−0.15, 0.3) m.

Figure 4.23: Fields on Γfront for the plate with two defects and illuminated
from a 0.001 Hz lamp situated at (−0.15, 0.3) m.
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inertia of the defect means that the plate has an average lower thermal
mass around the defects, so the time delay between the temperature and
the heat coming from the lamp is smaller in these regions. This in return
means that when the heat from the lamp is going up, the temperature
around the defects is also higher than its surroundings and vice versa.
When these two effects have comparable sizes, the point of highest am-
plitude of the pseudo-thermogram moves away from the position of the
defect and towards the position of the lamp as can be seen in figure 4.24. In
this figure it is also possible to observe the already mentioned odd/even
behaviour of the pseudo-thermogram due to the thermal inertia and con-
ductivity changes in the defect.

Figure 4.24: Topological derivatives and pseudo-thermograms corre-
sponding to experiments in the mixed range ω ∈ [0.001, 0.1] Hz. We can
observe that in the intermediate values, the minima of the topological
derivative does not correspond to the position of the defects. Both the
topological derivative as well as the pseudo-thermogram have been nor-
malized for an easier comparison of its shapes.

This means that, as the topological derivative tries to minimize the dis-
tance to the pseudo-thermogram, the minima will move away from the
actual defect positions.

For this reason in the time-harmonic case we will only use frequencies
above that regime, that is, the region governed by the thermal mass ef-
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fects. In this regime, the topological derivative is mostly approximated by
the product of the state and adjoint fields, being the gradients term ne-
glectable. The higher the frequency, the higher is the effect of the change
in thermal inertia, and hence the sharper is the amplitude of the adjoint
field and the minima of the topological derivative. As an example, in fig-
ure 4.25 we show the results for a 0.08 Hz lamp situated at (−0.15, 0.5) m.
We can see that the minima are much blunter than in the already stud-
ied cases where the frequency was more than ten times higher (compare it
with figure 4.20).

Figure 4.25: Fields on Γfront for the plate with two defects and illuminated
from a 0.08 Hz lamp situated at (−0.15, 0.5) m.

From the last examples we can see that the main behaviour of the topo-
logical derivative is governed by the adjoint field. From problem (4.15)
we can see that, at the y coordinate corresponding to the defects (where
∂V
∂y
≈ 0) we can estimate the length needed for the adjoint field to have a

variation in the x direction comparable to its own value by:

`x ∼
1√
ω ρece

κe

(4.16)

This means that with increasing frequencies the minima not only are
sharper in the y direction but also in the x direction. In figures 4.26, 4.27
and 4.28 we show the topological derivative corresponding to the already
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commented experiments at 1 Hz. We can see that, although the topolog-
ical derivative presents a local minimum around both defects, when the
lamp is too close to one of them, the relative value of the other one attains
very small values. If we compare figure 4.26 with the same experiment

Figure 4.26: Zooms and boundary value of the topological derivative for
the plate with two defects and illuminated from a 1 Hz lamp situated at
(−0.15, 0.5) m.

performed at 0.08 Hz (figure 4.29) we can observe two things. First, the
minima are much blunter in the second case, meaning that the reconstruc-
tion Dapp,λ would highly depend on the value used for λ. And second, we
can check that the change of the topological derivative along the x direc-
tion is only of the 20% on the second case, compared with the experiment
at 1 Hz where is about 80%. This agrees with the estimation (4.16) which
for ω = 0.08 Hz gives a characteristic variation length of `x ≈ 0.09 that is,
nine times the thickness of the plate, whereas for ω = 1 Hz gives a length
`x ≈ 0.009 that is, similar to the thickness of the plate.

For completion we show in figure 4.30 the results obtained for ω = 2 Hz
(the highest frequency tested) for which the estimated characteristic length
is `x ≈ 0.006, that is, similar to half the thickness of the plate.

As already mentioned, the time-harmonic case shares with the time-
steady case the difficulty of finding all the defects when the position of the
lamp is much closer to one of them than to the rest. For this reason the
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Figure 4.27: Zooms and boundary value of the topological derivative for
the plate with two defects and illuminated from a 1 Hz lamp situated at
(−0.15, 0.1) m.

same strategy of combining different lamp positions of the time-steady is
used. In figure 4.31 the combination of 4 lamp positions linearly spaced
between (−0.15, 0.1) m and (−0.15, 0.9) m is used where all lamps used
were of 1 Hz. We can see that although each lamp is much closer to one of
the defects than to the other, the combination correctly shows both defects
with approximately the same values. The difference is that the the mini-
mum in the case of the elliptical defect spans a slightly wider y range. This
seems to indicate that in the time-harmonic case the topological derivative
is able to give information not only on the position and number of the de-
fects (as the time-steady one) but also on its shape or at least its dimension
along the y direction.

To this point all experiments shown correspond to noiseless thermo-
grams. To this respect is important to note that the amplitude of the time-
harmonic thermogram decreases proportionally to the inverse of the fre-
quency of the exciting lamp, as shown in figure 4.32. The pseudo-thermogram
closely follows this behaviour, however, the ratio of the amplitude of the
pseudo-thermogram compared to that of the thermogram (or to the state
solution) does increase with the frequency. This means that, relatively
speaking, each experiment is more sensitive to the defect presence the
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Figure 4.28: Zooms and boundary value of the topological derivative for
the plate with two defects and illuminated from a 1 Hz lamp situated at
(−0.15, 0.3) m.

higher the frequency is. However if we have a thermal camera with a
fixed precision, that is, independent of the experiment (say for example
±0.01 K) the amount of information that the high frequency experiments
give, compared to the noise, is very small. In order to mitigate this, one
could use an even more powerful lamp, or instead, model a more directive
lamp, as with the actual model half the power of the lamp is lost as it is
emitted in the direction opposite to the plate.

In figure 4.33 we show the already explained four-positions experiment
but with an added noise of 0.05 K. We see that almost all the informa-
tion is gone, namely, the topological derivative is not able to capture the
presence of the defects.. However the time-harmonic experiments allows
us to combine the topological derivative from experiments performed at
different frequencies. Following the same idea as in [41], we define the
multi-frequency topological derivative as:

DTJavg (x) = 1
NfreqNloc

Nfreq∑
j=1

Nloc∑
i=1

DTJij (x)
|miny∈Ω DTJij (y) | (4.17)

where Nfreq stands for the number of combined frequencies and Jij for
the functional when the experiment is performed heating the plate from a
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Figure 4.29: Zooms and boundary value of the topological derivative for
the plate with two defects and illuminated from a 0.08 Hz lamp situated at
(−0.15, 0.5) m.

lamp at position si and with frequency ωj .
In figures 4.34 and 4.35 we show the topological derivative correspond-

ing to the combination of 10 and 20 frequencies linearly spaced between
0.8 Hz and 2 Hz for the experiment with 4 lamp positions respectively. In
both cases a noise of 0.05 K degrees as been added to each of the thermo-
grams. As can be seen in the case of 10 frequencies the results show the
position of both defects but not in a very reliable manner. The reconstruc-
tion Dapp,λ (λ) will only contain no spurious minima for values very close
to λ = 1 which is not a robust choice. However, for 20 frequencies we can
clearly see the position of both of the defects. The topological derivative
in this case does not present the spurious minima. Indeed we can see that
for a wide range of λ ( 0.25 to 0.80 ) we would recover both defects with
their approximate size/y-dimension.

We can see that the time-harmonic case does not solve the problem
of properly recovering the depth of the defects. The explanation is com-
pletely analogous to the time-steady case. The pseudo-thermogram of the
deep finite-sized real defect is further (in L2 norm on Γfront) from the ther-
mogram of an infinitesimal deep defect than from that of a shallower one.
In figure 4.36 we show the counterpart of the example used for the time-
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Figure 4.30: Zooms and boundary value of the topological derivative for
the plate with two defects and illuminated from a 2 Hz lamp situated at
(−0.15, 0.5) m.

steady explanation but performed at a frequency of ω = 1 Hz. We see
that for the time-harmonic case the effect is more accentuated because, as
already shown, for high frequencies the topological derivative is able to
have a 100% variation along the x direction.

Looking at the shape of the functionals in the lower plot of figure 4.36,
as well as in the time-steady case, we observe that they could be very
well approximated by a parabola. This suggests that the second order
topological derivative may be the way to solve the depth problem, as we
would be able to distinguish which parabola attains a lower minimum and
the most negative one will indeed give us the correct depth. However,
exploring this possibility is out of the scope of this thesis and we left it as
a possible future research study

We have seen that the topological derivative method applied to the
time-harmonic problem has the disadvantage of being more prone to noise
per thermogram, however being able to combine different experiments
performed at different frequencies solves this problem. As already com-
mented in the time-steady case, the topological derivative is able to com-
bine information from very diverse experiments performed at different
lamp positions or frequencies without cancelling out different contribu-
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Figure 4.31: Zooms and boundary value of the topological derivative for
the plate with two defects and illuminated from four 1 Hz lamps linearly
spaced between (−0.15, 0.1) m and (−0.15, 0.9) m.

tions.
We have also tested the topological derivative against noise on the dis-

tribution of the physical parameters, but there are no special differences
in the behaviour of the topological derivative, and for the sake of brevity
those figures have been omitted. This means that the topological deriva-
tive is very robust with respect to this kind of changes, with is very inter-
esting from the practical point of view, since one does not need to exactly
know the physical parameters. For experiments in this line we refer to
our paper [78]. On next section we will tackle the time-harmonic three-
dimensional problem. There will not be new behaviours compared with
the two-dimensional one, however it works as a step forward in the vali-
dation process towards using real experimental data.
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Figure 4.32: Variation of the L2 norm on Γfront of the state field and the
pseudo-thermogram with respect to the frequency of the lamp, for the
plate with two defects and illuminated from (−0.15, 0.5) m.
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Figure 4.33: Zooms and boundary value of the topological derivative for
the plate with two defects and illuminated from four 1 Hz lamps linearly
spaced from (−0.15, 0.1) m to (−0.15, 0.9) m. The added noise of ±0.05 K
renders the single-frequency topological derivative practically useless.

Figure 4.34: Counterpart of figure 4.33 with a combination of 5 linearly
spaced frequencies between 0.8 Hz and 2 Hz.
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Figure 4.35: Counterpart of figure 4.33 with a combination of 20 linearly
spaced frequencies between 0.8 Hz and 2 Hz.
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Figure 4.36: Comparison of the values that attains the functional J when
two families of holes with decreasing size are made. The holes of the first
family are centred at the same point that the actual defect xA and the ones
of the other family are centred at a shallower point xB. On the top plot the
functionals are plotted against ε so we can check that the minimum is at-
tained at the family correctly centred and at the correct radius, whereas on
the bottom plot the functionals are plotted against f (ε) so the topological
derivative can be seen as the slope at ε = 0 and it can be checked that the
shallower hole has indeed a more negative slope.
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4.5 The three dimensional time-harmonic case.

In this section we will perform similar experiments to the ones already ex-
plained in the two-dimensional case, but on a computationally more de-
manding situation, the three dimensional time-harmonic case. The general
phenomena encountered will not differ from that of the two-dimensional
case, however this is a necessary step towards applying the method to a
real situation.

We took care to describe the different models in the introduction in a
general form. This way the only change towards the three-dimensional
model is that the heat lamp models a point source instead of an infinite
line source and the domain is a three dimensional rectangular plate with
dimensions Lx = 0.5 m, Ly = 0.01 m and Lz = 1 m so its boundaries are
now two-dimensional surfaces.

The plate, contains three defects:

• A box-shaped defect of height 6
4Ly = 15× 10−3 m, width 3

4Ly = 7.5×
10−3 m and thickness 1

2Ly = 5×10−3 m with centroid at
(

3
4Lx,

1
3Ly,

3
4Lz

)
.

• A spherical defect of radius 1
3Ly = 3.33×10−3 m and center at

(
1
4Lx,

1
2Ly,

1
2Lz

)
.

• A groove-shaped defect of height 30
4 Ly = 75 × 10−3 m, width 1

4Ly =
2.5×10−3 m and thickness 1

2Ly = 5×10−3 m, with centroid at
(

3
4Lx,

1
3Ly,

1
4Lz

)
.

This domain was meshed with gmsh6. As can be seen in figure 4.37, the
mesh is finer on the defects to both be conformal with their geometrical
definitions and to accommodate the possible higher gradients. The total
number of element and vertices is shown in table 4.3.

The physical parameters used were the same as in the two-dimensional
case except for emissivity of the surfaces, which was changed to ε = 0.08 in
an attempt to get a higher response to the heat excitation. Experimentally
this would correspond to painting or coating the aluminium plate with

6For more information on this software we refer to [43].

N. of elements N. of vertices
With defects 405089 70287

Without defects 438944 85261

Table 4.3: Number of elements and vertices for the three-dimensional
meshes.
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Figure 4.37: Mesh of the three-dimensional domain. The cuts allow to see
both the internal structure of the mesh as well as the size and depth of the
defects compared to the thickness of the plate.

a poor emitting paint. With this new configuration and with the lamps
situated 0.15 m apart from the plate we get a maximum amplitude of oscil-
lation in the temperatures of ‖T ‖∞ ≈ 0.5 K for the excitation at 0.8 Hz and
of ‖T ‖∞ ≈ 0.25 K for the excitations at 2 Hz.

We have assumed that the noise of the thermograms is proportional to
their amplitude, that is, at higher frequencies, where the amplitudes are
smaller we would also assume smaller added noise.

That is, the noisy thermogram will be computed as:

Tmeas (x) = Texact (x) + NL
((

U[0,1] (x)− 0.5
)

+ i
(
U[0,1] (x)− 0.5

))
where Texact is the solution of problem (4.3) for that experimental condi-
tions and the noise level NL will be computed as NL = η‖T ‖∞ where η
is a parameter that let us control the signal-to-noise ratio. For example,
setting η = 0.1 means having a level of noise of 0.05 K for the lowest fre-
quencies and 0.025 K for the higher ones, which agrees with the precision
of a high-end infrared camera [56].

In a similar way as in the two-dimensional case, the error functional is
defined based on the L2 distance on Γmeas between the thermogram and
the solution of problem (4.3) for a known defect D . The only significant
change with respect to the two-dimensional case is that this is now a sur-
face integral:

J
(
Ω \D

)
= 1

2

¨
Γmeas

(TD − Tmeas) (TD − Tmeas) dS (4.18)
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Following a derivation similar to the ones performed in [20, 63] one can
obtain the closed-form formula for the topological derivative of the above
functional as:

DTJ (x) = <
(

3κe
κe − κi

2κe + κi
∇U (x) · ∇V (x)− iω (ρece − ρici)U (x)V (x)

)
where U is the state field, and solves

κe∆U + iωρeceU = 0, in Ω
−κe∇U · n = 0 on Γsides

−κe∇U · n = heffU −Qlamp on Γfront

−κe∇U · n = heffU on Γback

and V is the adjoint field and solves
κe∆V − iωρeceV = 0, in Ω
−κe∇V · n = 0 on Γsides

−κe∇V · n = heffV − (U − Tmeas) on Γfront

−κe∇V · n = heffV on Γback

These two fields have the same meanings and properties as in the two-
dimensional case, and will not be further discussed.

Proven the basic qualities of the topological derivative in the last two
sections, we pass to validate the topological derivative performance in
the three-dimensional case with noisy data. In figures 4.38 and 4.39 we
show the topological derivative corresponding to a single lamp situated
at (0.25,−0.15, 0.5) m irradiating with a frequency of 0.8 Hz and 2 Hz re-
spectively. Taking into account that, in the same manner as in the two-
dimensional case, the minima of the topological derivative only coincide
with the position of the defects in the plane parallel to the observed sur-
face, most of the time we will only show the values of the topological
derivative on that surface. This is also done for ease of representation as it
is simpler to interpret and represent a two-dimensional field than a three-
dimensional one. Finally, for the sake of clarity, all topological derivatives
have been normalized to have a minimum value of −1, so the same color
map is used for all of them, being blue the most negative values, and no
color bar is added as legend.

From now on, the lamp will be located at s = (sx,−0.15, sy) and, for
clarity, their projection over Γfront will be marked with a red cross, as shown
in figures 4.38 and 4.39.
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As already mentioned in the two dimensional case, both the amplitude
of the thermogram as well as the amplitude of the pseudo-thermogram
decrease with respect to the excitation frequency. However the pseudo-
thermogram decreases slightly slower, so this means that relatively, higher
frequencies have more information on the defect. Thus, if we add an
amount of noise proportional to the amplitude of the thermogram, the
signal to noise ratio will be higher for higher frequencies. This is shown in
table 4.4, where we have annotated the inverse of the signal to noise ratio
for six different frequencies between 0.8 Hz and 2 Hz for a fixed value of
η = 0.1.

Frequency [Hz] 0.80 1.04 1.28 1.52 1.76 2.00
max

(
|T front|

)
[K] 0.521 0.418 0.356 0.316 0.288 0.268

max
(
|T front

faulty − T front
healthy|

)
[K] 0.058 0.050 0.045 0.044 0.041 0.038

noise to information ratio 90% 83% 79% 72% 70% 70%

Table 4.4: Comparative between the amount of information and added
noise. For six linearly-spaced frequencies between 0.8 and 2 Hz we present
in the second row the maximum amplitude of a thermogram, on the
third row the maximum amplitude of the pseudo-thermogram, that is the
amount of useful information, and on the last row the quotient between
the added noise and that amount of information. For the considered fre-
quency range, this ratio decreases as we increase the frequency.

Both figures 4.38 and 4.39, correspond to η = 0.1. In figure 4.38, which
corresponds to 0.8 the topological derivative is not able to reveal the po-
sition of the possible defects. Even in the zoomed regions, where the col-
ormap has been rescaled to the visible values, the defects are not clearly
distinguishable from the other spurious minima. We can see that in the
2 Hz case (figure 4.39), at least around the box-shaped defect, there is a
greater difference between the region corresponding to the defect and its
surroundings, however if we look at it from a global point of view, its
presence is as pronounced as any other spurious minima.

We can try to combine the two frequencies following the same strat-
egy as in the two-dimensional case (4.17). As we can see in figure 4.40,
only two frequencies are not enough to see an improvement on the per-
formance of the topological derivative as an indicator of the defects. By
increasing to 10 the number of linearly spaced frequencies between 0.8 Hz
and 2 Hz when we begin to see some improvement. Indeed in figure 4.41
we can see traces of the shape of the three defects in the zoomed regions
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Figure 4.38: Topological derivative for a single lamp position at
(0.25,−0.15, 0.5) m for the frequency 0.8 Hz. The projection of the position
of the lamp over Γfront is displayed on the leftmost plot, marked with a red
cross, where the value of the topological derivative on that surface is also
plotted. The remaining three plots are zooms of the rectangular regions
indicated by the numbers 1,2,3 in the first plot

Figure 4.39: Counterpart of the figure 4.38 for the frequency 2 Hz.

and for the first time, the global minimum coincides with the actual posi-
tion of one of the defects, the spherical one.

In the same manner as in the two-dimensional case, the reason for the
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Figure 4.40: Averaged topological derivative corresponding to the fre-
quencies of 0.8 Hz and 2 Hz.

Figure 4.41: Averaged topological derivative corresponding to 10 frequen-
cies linearly spaced between 0.8 Hz and 2 Hz.

spherical defect showing easier than the other two which are bigger is
because the spherical one is closer to the lamp. As expected, in figures
4.42 and 4.43 we can see that by placing the lamp near any of the other
two defects, this one gets highlighted and the other ones disappear.

By combining the three different locations already mentioned we can
get a somehow acceptable picture of the three defects, or at least of the
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Figure 4.42: Topological derivative corresponding to one lamp at 2 Hz sit-
uated near the groove-shaped defect.

Figure 4.43: Topological derivative corresponding to one lamp at 2 Hz sit-
uated near the box-shaped defect

two biggest ones, as can be seen in figure 4.44. However we should not
get overexcited about this result, as we are using a frequency that we know
works well. If we have chosen another less adequate frequency, as in fig-
ure 4.45 even combining the lamp positions yields really poor results.

If we want to be conservative we should analyse what happens when
we are agnostic of both the adequate frequencies to use, and the positions
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Figure 4.44: Topological derivative corresponding to the combination
three lamps at 2 Hz situated at different positions.

Figure 4.45: Topological derivative corresponding to the combination of
three lamps at 0.2 Hz situated at different positions. Only one of the de-
fects, the box-shaped one, seems visible.

of the lamps that illuminate equally all defects. In figure 4.46 we show
the results when a 2 by 2 grid of lamps combining 6 frequencies linearly
spaced between 0.2 Hz and 2 Hz are used. In this experiment we can clearly
see both the box-shaped and the groove-shaped defects and we can say
that we have not chosen an adequate frequency for them. The spherical
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defect is still not properly shown as neither of the lamps is near it. In fig-

Figure 4.46: Topological derivative corresponding to the combination of a
2 by 2 grid of lamps at 6 frequencies linearly spaced between 0.2 Hz and
2 Hz. The three white contour lines correspond to the reconstructed do-
mains Dapp,λ defined in (4.10) for the values λ = 0.3, 0.4 and 0.5.

ure 4.47 we have increased the number of lamp positions to a 3 by 3 grid
so now the three defects are visible. One can argue that this is just because
one of the lamps is just over it, but that is the whole point of combining dif-
ferent lamp locations. By homogeneously spacing the lamps in the whole
area of inspection we attempt to increase the probability of having at least
one lamp close to any of the possible defects, thus enhancing its presence
when using the topological derivative. As a last example, in figure 4.48
we show a similar experiment in a 3 by 4 grid, such no one of the lamps
is right on top of any of the defects, however the three of them are clearly
identified by the topological derivative.

In figures 4.46, 4.47 and 4.48 we have also shown the reconstructed
domains Dapp,λ (see definition 4.10) for different values of λ (0.3, 0.4 and
0.5). In the first case the spherical defect is not part of the reconstructed
domain for any of the values. The box-shaped reconstruction is quite ro-
bust with respect to the selected value of lambda. However, the estimation
of the grove-shaped one is highly dependent on the value. In the second
case however, the spherical defect only disappears for λ = 0.57 and the re-
construction of the other two is very robust, with very little changes from

7The closer is λ to 1 the less points belong to Dapp,λ
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Figure 4.47: Topological derivative corresponding to the combination of a
3 by 3 grid of lamps at 6 frequencies linearly spaced between 0.2 Hz and
2 Hz.

Figure 4.48: Topological derivative corresponding to the combination of a
3 by 4 grid of lamps at 6 frequencies linearly spaced between 0.2 Hz and
2 Hz.

λ = 0.3 to λ = 0.5 (see figure 4.47). In the third case (figure 4.48) we see
that spherical defect is again only recovered for λ = 0.3 however we see
that by accepting so large values of the topological derivative (a third of its
minimum) we barely change the shape recovered for the other two defects.
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Indeed we can affirm that the topological derivative is giving an accurate
estimation not only on the number, position and size of the defects but
also on their approximate shape in the Oxz planes.

The reason for such robust recovery of the shape of the defects is that
the local minima corresponding to them are very sharp, however, the hu-
man eye is not very sensitive to the rate of change in the hue of the color
map. For this reason, and to better show how different are the minima cor-
responding to the true defects with respect to the spurious ones, we show
in figure 4.49 a representation of the topological derivative restricted to
Γfront as a three dimensional surface, where the deviation from the plate is
proportional to the value of the topological derivative at each point. We
clearly see that the actual defects appear as coherent structures, whereas
the spurious minima look like random hills and valleys.

Finally, for completion we show the recovered three dimensional shapes
for the last experiment compared with the shapes of the actual defects. We
only show them for λ = 0.3 as we have already seen that the spherical
defect is not recovered for λ = 0.4 or λ = 0.5 and the shape of the other
two does not change a lot. On top of that, in figures 4.50, 4.51 and 4.52 we
also show three perpendicular cuts of the plate in order to see the variation
of the topological derivative along the thickness of the plate for the three
defects in the last experiment. As already mentioned, the behaviour is ex-
actly the same as in the two-dimensional case. The topological derivative
has great variations between Γfront and Γback but, as in the two-dimensional
case, its local minima are always on the boundary of the plate.

We see that, in all three defects the reconstruction is correct in the Oxz
positioning of the defects, and its overall shape and size is satisfactory too.

4.6 Conclusions.

If only one conclusion should be remembered from this thesis is that if
the topological derivative reconstruction method does not work properly,
do not blame the topological derivative, but the shape functional, that is,
the L2 distance combined with the PDE problem governing the physical
phenomena.

As have been shown, the properties of the topological derivative method
vary a lot from the time-steady case to the time-harmonic one. This is also
because the solutions themselves are very different. The time-steady solu-
tions being much softer and hence the corresponding topological deriva-
tive minima being not as sharp as in the time-harmonic case.

The topological derivative has shown to handle without problem er-
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Figure 4.49: Representation of the topological derivative as a deformation
on the plate for the 3 by 4 grid experiment. As can be seen all the three
defects are clearly distinguishable from the background noise.
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Figure 4.50: Three orthogonal cuts of the topological derivative as well as
the reconstruction for λ = 0.3 (red object) for the box-shaped defect (in
grey).

rors up to the 70% of the available information. It has also proved to be
a really good method for finding the Oxz number, position, and approxi-
mate shape of the defects while being a one-step method.

We have to acknowledge that this method, by itself, is completely un-
able to show the correct depth of the defects, but again, this is due to the



126 CHAPTER 4. INFRARED THERMOGRAPHY.

Figure 4.51: Three orthogonal cuts of the topological derivative as well as
the reconstruction for λ = 0.3 (red object) for the spherical defect (in grey).

functionals used being not well prepared for that. As we have shown,
for the heat equation, if we think of both the time-steady functional or
the time-harmonic functional as measures of how far two defects are (that
is, we define the distance between two defects as the L2 distance of their
respective thermograms for a given experiment), then it seems that a shal-
lower infinitesimal defect is closer to the true finite one than an infinites-
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Figure 4.52: Three orthogonal cuts of the topological derivative as well as
the reconstruction for λ = 0.3 (red object) for the groove-shaped defect (in
grey).

imal defect placed at the right depth. As we have mentioned, the topo-
logical derivative, by definition, is unable to deal with this situation, as it
cannot see away from infinitesimal defects.

We have not tried the full time-dependent functional on the heat equa-
tion. The last claim may not be true for the time-dependent heat equation
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and there are reasons to think that it may be the case as shown in [19]
where a more general type of time-varying excitations are used.

A very promising possible solution is to compute a second term in the
expansion of the functional, that is, the so called second order topological
derivative [30]. Although the second order topological derivative is still
defined for the limit on infinitesimal perturbations (holes), we have seen
that the global shape of the functional for a given defect position seems
to be well approximated by a parabola. If we could get this parabola by
computing the second order topological derivative in a reliable and robust
manner, we would be able to correctly tell the difference between the shal-
lower infinitesimal defect and the one at the correct depth, as the minima
of the functional is lower in the second.

Another option would be to use the topological derivative as a prior
(in the bayesian sense) or a first iteration for iterative methods. For exam-
ple, the shape derivative method has the problem that it needs to now in
advance the number of holes to deform them, as the shape derivative can-
not make changes in the topology of the domain. By using the topological
derivative as a first iteration it may be possible to get the correct number
of holes and estimated sizes, and then correct for the depth with the shape
derivative, accelerating also the convergence of the shape derivative by
beginning from a closer domain.

Finally, although the topological derivative method does not show the
correct depth by itself, topological derivatives do contain very valuable in-
formation on the depth. We have supervised the master thesis [28], where
a neural network was trained in the task of learning the only the depth
of the defect given the topological derivatives corresponding to a set of
experiments. The neural network was able to successfully learn to predict
the depth for unseen cases.



Chapter 5

General conclusions and future
work.

The method based on the topological derivative has been tested in two
senses. First it was tested in the electromagnetic imaging case, where
it was known to work very nicely against synthetic data but it had not
been tested against experimental data. It was also tested in the case of the
heat equation, where the time-harmonic in two and three dimensions had
never been studied.

In the two-dimensional database of the electromagnetic imaging case
the method has worked outstandingly for all the targets. The reconstruc-
tion when considering a single frequency is sometimes very satisfactory,
but sometimes is not accurate enough. However, when considering the
multi-frequency indicator function, reconstructions were as accurate as
the best ones when applying other existing methods in the literature [7,
9, 12, 29, 35, 38, 67, 82, 85]. Being our method a one step strategy posed
in a homogeneous domain, the topological derivative could be computed
without solving numerically a single PDE, but evaluating closed-form so-
lutions. This makes method extremely fast in comparison with the other
methods.

Another interesting point is that the computation of the topological
derivative uses the model without any approximation. Some of the other
methods used the Born approximation, which is only valid for weak scat-
terers. Furthermore, the formula of the topological derivative obtained for
the conducting targets and for the dielectric target only differs in a mul-
tiplicative positive constant, which means that we can apply exactly the
same reconstruction method without knowing if the target is conductive
or dielectric.

A method based on the related concept of topological energy was also

129
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tested. For this case, the results were slightly better (sharper minima,
which means more robust reconstructions). This method was implemented
in such a way that no information at all was needed about the incident
wave (only that it can be modelled as a plane wave), being the reconstruc-
tion only dependent on the scattered field.

As future work, it would be interesting to come with an automatic way
of choosing the parameter λ in the reconstruction, namely, the threshold
we use to characterize each point of the inspection zone as belonging to
a defect or to the exterior media. This way the method would be fully
autonomous. Taking into account that we are considering the method to
yield robust (good) reconstructions when the reconstruction domain de-
pends strongly on the parameter λ, one possible option for choosing λ
would be to look for a minimum in the variation of the reconstructed do-
main Dapp,λ with respect to λ. For this purpose one would need to define
a measure of distance between shapes as the ones defined in section 2.2.1.

Another option would be to come up with a better way of combining
several frequencies, as right now we are only averaging them in a normal-
ized way. This means that if the reconstruction at one frequency does not
have relevant information on the defect compared with the noise, we are
normalizing it anyway and adding it to the other good contributions. It
would be useful to develop a method that somehow weights with a small
factor the topological derivatives corresponding to frequencies where not
meaningful reconstruction was obtained.

On the other hand, we could have also used iterated topological deriva-
tives to improve the one-step reconstructions obtained by our method.
This has been already tested against synthetic data in [64], showing that by
this strategy initial guesses can be highly improved. However, implement-
ing iterated topological derivatives was out of the scope of the thesis and
is left as a future possible approach. In the same way, we could have also
combined initial guesses obtained by our topological derivative method
with any other existing method that requires good initial approximations,
as for instance with iterative regularized Gauss-Newton methods [15].

In the three-dimensional database the topological derivative still man-
aged to obtain good results while being much faster than the other meth-
ods (see [24, 26, 31, 37, 66, 93] for comparison with the other methods in
the special session). However in this case it seems that there is much more
variability in the reconstructions depending on the frequency and the tar-
get. In that sense, a way to discard irrelevant frequencies is even more in-
teresting in this case. One option of being able to discard frequencies that
would yield poor reconstructions without adding a priori information is
by estimating the size of the target from the low frequency reconstruction.
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This has not been done and is an interesting way to follow in the future.
We want also to emphasise that this is one of the pioneers works deal-

ing with the usage of topological derivatives for processing real experi-
mental data. Although there is a relative large number of works where
topological derivatives are applied for defect detection and shape identifi-
cation in many different contexts, most of them are tested against synthetic
data. To the best of our knowledge, only the papers [6, 32, 87, 88, 91, 94] .

With respect to thermographic inspection, the topological derivative
has shown to be a very interesting method. The method has limitations in
detecting the depth of the defects, however, apart from that, the method
has shown to be very useful. The time-steady method does not give very
sharp results but is very cheap to compute and is able to detect more or
less the position of the defects (not the size) or at least the biggest one
in case of having more than one fault in the inspected plate. It has been
shown that the way to proceed is combining several positions, in order
to get a method whose sensitivity is somehow homogeneous, that is, the
possibility of a defect being detected does not depend appreciably on their
location. Tests were always done with an isotropically radiating antenna.
Given that it was shown that higher gradients in the temperature distri-
bution promote better reconstructions one very interesting point to study
is the use of highly directive lamps. With these kind of lamps the effect
of the defect is much less localized, as it works as a clog for the transmis-
sion of the heat by conduction. In the paper [51] it was also presented an
iterative method able to iteratively process steady thermograms in order
to detect the small objects that were not captured by the one-step method.
Although it succeed in detecting such defect, the problem of finding the
correct position is again unsolved.

In the time harmonic case results were much sharper, to a point that
second and third defects (in order of decreasing size) could be detected
with correct size without having to overestimate the size of the first one.
This method only fails to account for the depth of the defects.

It has been understood that this is a problem inherent to the shape func-
tional considered for time-steady and time-harmonic data. Summarizing
it, we were able to understand that objects which are far in the shape space,
that is, shapes which are very different accordingly to some measure, give
raise to thermograms which are closer in the measure space than those of
closer defects. For example we consider a shallow infinitesimal defect to
be more different to the true finite sized deep one than another infinitesi-
mal defect at the right depth. However the thermogram corresponding to
the sallow infinitesimal defect is closer to the true thermogram than that
of the deep infinitesimal defect. As the topological derivative only has in-
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formation on what happens when an infinitesimal hole is made, but not
on what happens for finite sized holes, it will always show the shallow
points as having more negative values than the ones at the correct depth.

Four possible options may be studied in the future to solve this prob-
lem:

• Considering the full time-dependent case.

• Considering different distance functions in the measure space.

• Computing the second order topological derivative.

• Using neural networks to either process the raw thermograms (or the
difference between the thermograms corresponding to a healthy and
to the damaged plate) or the topological derivatives we have already
used in this thesis.

It may be that this relation between the distance of thermograms and
shapes is not true if we use the full time-dependent model, that is, it
may be that with a record of thermograms over time, the thermograms
of the shallower infinitesimal defect are more different to the true thermo-
grams than that of an infinitesimal defect situated at the right depth. If
we were to keep with the time-harmonic model, we may find some dis-
tance for the measure space that considers closer to the real thermogram
the one obtained with an infinitesimal defect at the correct depth rather
than a shallower one. Even if we continued to the time-harmonic model
with the L2 distance, we could try to compute the second order topologi-
cal derivative. This has been already used in other contexts [30] showing
that in some cases where the first order topological derivative fails, this is
a very promising option. The curves shown for the functional seem to be
well approximated by a parabola. If we can use the second order topo-
logical derivative to estimate this parabola, we would be able to compute
the minimum of the parabola corresponding to each point in the domain,
and hence evaluate which give raise to smallest minimum. In this sense,
the correct depth point do give raise to a smaller minima than the rest of
points, so this would be a possible way of detecting them. Finally, the use
of neural networks seems also to be a very good and fashionable solution.
In this direction, some preliminary tests have been done in the master de-
gree thesis [28], which was supervised by us. This is an ongoing work that
will be continued in the next future.

Last but not least, the time-harmonic topological derivative was also
validated in the three-dimensional time-harmonic model. This model was
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a more one problem and at the same time a demanding problem in terms
of computational cost. The topological derivative exhibited the same prop-
erties as in the two-dimensional case. Giving very good results except in
the depth direction. Its important to note that in most of the applications
its more than enough with knowing the presence size and location of the
defects, not being so relevant the information along the depth of the plate.
In that sense, in the plane of the plate, the topological derivative was able
to show easily the different shapes o three defects at the same time. If a non
specially qualified worker had used the topological derivative method it
would be easy for her/him to spot the size, location, and two-dimensional
shape of the three objects.

This was an important step towards the tests with real experimental
data. In that sense it would be useful to study some data filtering and
data reduction techniques, such that the input to the topological derivative
is the cleanest data we can get from a real experiment. This would be
considered in the future, as it may be also a way to do data augmentation.



134 CHAPTER 5. GENERAL CONCLUSIONS AND FUTURE WORK.



Bibliography

[1] ABRAMOWITZ, M., AND STEGUN, I. A. Handbook of mathematical func-
tions with formulas, graphs, and mathematical tables, vol. 55. US Govern-
ment printing office, 1948.

[2] AHN, C. Y., JEON, K., MA, Y.-K., AND PARK, W.-K. A study on
the topological derivative-based imaging of thin electromagnetic in-
homogeneities in limited-aperture problems. Inverse Problems 30, 10
(2014), 105004.

[3] AMMARI, H., BRETIN, E., GARNIER, J., JING, W., KANG, H., AND
WAHAB, A. Localization, stability, and resolution of topological
derivative based imaging functionals in elasticity. SIAM Journal on
Imaging Sciences 6, 4 (2013), 2174–2212.

[4] AMMARI, H., GARNIER, J., JUGNON, V., AND KANG, H. Stability
and resolution analysis for a topological derivative based imaging
functional. SIAM Journal on Control and Optimization 50, 1 (2012), 48–
76.

[5] AMSTUTZ, S., HORCHANI, I., AND MASMOUDI, M. Crack detec-
tion by the topological gradient method. Control and Cybernetics 34, 1
(2005), 81–101.

[6] AUBERT, G., AND DROGOUL, A. Topological gradient for fourth-
order pde and application to the detection of fine structures in 2d
images. Comptes Rendus Mathematique 352, 7-8 (2014), 609–613.

[7] BAUSSARD, A., PRÉMEL, D., AND VENARD, O. A bayesian approach
for solving inverse scattering from microwave laboratory-controlled
data. Inverse Problems 17, 6 (2001), 1659.

[8] BELKEBIR, K., AND SAILLARD, M. Testing inversion algorithms
against experimental data. Inverse problems 17, 6 (2001), 1565.

135



136 BIBLIOGRAPHY

[9] BELKEBIR, K., AND TIJHUIS, A. G. Modified2 gradient method and
modified born method for solving a two-dimensional inverse scatter-
ing problem. Inverse Problems 17, 6 (2001), 1671.

[10] BELLIS, C., AND BONNET, M. A fem-based topological sensitivity
approach for fast qualitative identification of buried cavities from
elastodynamic overdetermined boundary data. International Journal
of Solids and Structures 47, 9 (2010), 1221–1242.

[11] BERGMAN, T. L., INCROPERA, F. P., DEWITT, D. P., AND LAVINE,
A. S. Fundamentals of heat and mass transfer. John Wiley & Sons, 2011.

[12] BLOEMENKAMP, R. F., ABUBAKAR, A., AND VAN DEN BERG, P. M.
Inversion of experimental multi-frequency data using the contrast
source inversion method. Inverse problems 17, 6 (2001), 1611.

[13] BONNET, M., AND GUZINA, B. B. Sounding of finite solid bodies
by way of topological derivative. International Journal for numerical
methods in engineering 61, 13 (2004), 2344–2373.

[14] CAKONI, F., AND COLTON, D. Qualitative methods in inverse scattering
theory: An introduction. Springer Science & Business Media, 2005.

[15] CARPIO, A., DIMIDUK, T. G., LE LOUËR, F., AND RAPÚN, M. L.
When topological derivatives met regularized gauss-newton itera-
tions in holographic 3d imaging. Journal of Computational Physics 388
(2019), 224–251.

[16] CARPIO, A., DIMIDUK, T. G., RAPÚN, M.-L., AND SELGÁS, V. Non-
invasive imaging of three-dimensional micro and nanostructures by
topological methods. SIAM Journal on Imaging Sciences 9, 3 (2016),
1324–1354.

[17] CARPIO, A., JOHANSSON, B. T., AND RAPÚN, M.-L. Determining
planar multiple sound-soft obstacles from scattered acoustic fields.
Journal of Mathematical Imaging and Vision 36, 2 (2010), 185–199.

[18] CARPIO, A., AND RAPÚN, M. Solving inhomogeneous inverse prob-
lems by topological derivative methods. Inverse Problems 24, 4 (2008),
045014.

[19] CARPIO, A., AND RAPÚN, M.-L. Domain reconstruction using pho-
tothermal techniques. Journal of Computational Physics 227, 17 (2008),
8083–8106.



BIBLIOGRAPHY 137

[20] CARPIO, A., AND RAPÚN, M. L. Topological derivatives for shape
reconstruction. In Inverse problems and imaging. Springer, 2008, pp. 85–
133.

[21] CARPIO, A., AND RAPÚN, M. L. Hybrid topological derivative and
gradient-based methods for electrical impedance tomography. Inverse
Problems 28, 9 (2012), 095010.

[22] CARPIO, A., AND RAPÚN, M.-L. Hybrid topological derivative-
gradient based methods for nondestructive testing. In Abstract and
Applied Analysis (2013), vol. 2013, Hindawi.

[23] CARPIO, A., AND RAPÚN, M.-L. Parameter identification in pho-
tothermal imaging. Journal of mathematical imaging and vision 49, 2
(2014), 273–288.

[24] CATAPANO, I., CROCCO, L., D’URSO, M., AND ISERNIA, T. 3d mi-
crowave imaging via preliminary support reconstruction: Testing on
the fresnel 2008 database. Inverse Problems 25, 2 (2009), 024002.

[25] CHAABANE, S., MASMOUDI, M., AND MEFTAHI, H. Topological
and shape gradient strategy for solving geometrical inverse prob-
lems. Journal of Mathematical Analysis and applications 400, 2 (2013),
724–742.

[26] CHAUMET, P. C., AND BELKEBIR, K. Three-dimensional recon-
struction from real data using a conjugate gradient-coupled dipole
method. Inverse Problems 25, 2 (2009), 024003.

[27] COLTON, D., AND KIRSCH, A. A simple method for solving inverse
scattering problems in the resonance region. Inverse problems 12, 4
(1996), 383.

[28] COLUBI, S. Algoritmos basados en redes neuronales y derivadas
topológicas para la detección de daño en estructuras a partir de ter-
mografías infrarrojas. mathesis, UPM, 2020, supervised by M.Pena
and M.L. Rapún.

[29] CROCCO, L., AND ISERNIA, T. Inverse scattering with real data: de-
tecting and imaging homogeneous dielectric objects. Inverse Problems
17, 6 (2001), 1573.

[30] DE FARIA, J. R., NOVOTNY, A., FEIJÓO, R., TAROCO, E., AND
PADRA, C. Second order topological sensitivity analysis. International
journal of solids and structures 44, 14-15 (2007), 4958–4977.



138 BIBLIOGRAPHY

[31] DE ZAEYTIJD, J., AND FRANCHOIS, A. Three-dimensional quanti-
tative microwave imaging from measured data with multiplicative
smoothing and value picking regularization. Inverse Problems 25, 2
(2009), 024004.

[32] DOMINGUEZ, N., AND GIBIAT, V. Non-destructive imaging using
the time domain topological energy method. Ultrasonics 50, 3 (2010),
367–372.

[33] DOMINGUEZ, N., GIBIAT, V., AND ESQUERRE, Y. Time domain topo-
logical gradient and time reversal analogy: an inverse method for
ultrasonic target detection. Wave motion 42, 1 (2005), 31–52.

[34] DORN, O., AND LESSELIER, D. Level set methods for inverse scatter-
ing. Inverse Problems 22, 4 (2006), R67.

[35] DUCHÊNE, B. Inversion of experimental data using linearized and
binary specialized nonlinear inversion schemes. Inverse Problems 17,
6 (2001), 1623.

[36] ESCHENAUER, H. A., KOBELEV, V. V., AND SCHUMACHER, A. Bub-
ble method for topology and shape optimization of structures. Struc-
tural optimization 8, 1 (1994), 42–51.

[37] EYRAUD, C., LITMAN, A., HÉRIQUE, A., AND KOFMAN, W. Mi-
crowave imaging from experimental data within a bayesian frame-
work with realistic random noise. Inverse problems 25, 2 (2009), 024005.

[38] FATONE, L., MAPONI, P., AND ZIRILLI, F. An image fusion approach
to the numerical inversion of multifrequency electromagnetic scatter-
ing data. Inverse Problems 17, 6 (2001), 1689.

[39] FEIJOO, G. R. A new method in inverse scattering based on the topo-
logical derivative. Inverse Problems 20, 6 (2004), 1819.

[40] FERREIRA, A., AND NOVOTNY, A. A new non-iterative reconstruc-
tion method for the electrical impedance tomography problem. In-
verse Problems 33, 3 (2017), 035005.

[41] FUNES, J. F., PERALES, J. M., RAPÚN, M.-L., AND VEGA, J. M. De-
fect detection from multi-frequency limited data via topological sen-
sitivity. Journal of Mathematical Imaging and Vision 55, 1 (2016), 19–35.



BIBLIOGRAPHY 139

[42] GEFFRIN, J. M., AND SABOUROUX, P. Continuing with the fres-
nel database: experimental setup and improvements in 3d scattering
measurements. Inverse Problems 25, 2 (2009), 024001.

[43] GEUZAINE, C., AND REMACLE, J.-F. Gmsh: A 3-d finite element
mesh generator with built-in pre-and post-processing facilities. Inter-
national journal for numerical methods in engineering 79, 11 (2009), 1309–
1331.

[44] GUZINA, B. B., AND BONNET, M. Topological derivative for the in-
verse scattering of elastic waves. Quarterly Journal of Mechanics and
Applied Mathematics 57, 2 (2004), 161–179.

[45] GUZINA, B. B., AND BONNET, M. Small-inclusion asymptotic of mis-
fit functionals for inverse problems in acoustics. Inverse Problems 22,
5 (2006), 1761.

[46] GUZINA, B. B., AND CHIKICHEV, I. From imaging to material identi-
fication: a generalized concept of topological sensitivity. Journal of the
Mechanics and Physics of Solids 55, 2 (2007), 245–279.

[47] HARBRECHT, H., AND HOHAGE, T. Fast methods for three-
dimensional inverse obstacle scattering problems. The Journal of In-
tegral Equations and Applications (2007), 237–260.

[48] HASSEN, M. B., ERHARD, K., AND POTTHAST, R. The point-source
method for 3d reconstructions for the helmholtz and maxwell equa-
tions. Inverse Problems 22, 1 (2006), 331.

[49] HECHT, F. New development in freefem++. J. Numer. Math. 20, 3-4
(2012), 251–265.

[50] HETTLICH, F. Fréchet derivatives in inverse obstacle scattering. In-
verse problems 11, 2 (1995), 371.

[51] HIGUERA, M., PERALES, J., RAPÚN, M.-L., AND VEGA, J. Solv-
ing inverse geometry heat conduction problems by postprocessing
steady thermograms. International Journal of Heat and Mass Transfer
143 (2019), 118490.

[52] HINTERMÜLLER, M., AND LAURAIN, A. Electrical impedance to-
mography: from topology to shape. Control & Cybernetics 37, 4 (2008).

[53] IKEHATA, M. Reconstruction of an obstacle from the scattering am-
plitude at a fixed frequency. Inverse Problems 14, 4 (1998), 949.



140 BIBLIOGRAPHY

[54] JAN, S., AND ZOLESIO, J. Introduction to shape optimization: shape
sensitivity analysis, 1992.

[55] KABANIKHIN, S. I. Definitions and examples of inverse and ill-posed
problems. Journal of Inverse and Ill-Posed Problems 16, 4 (2008), 317–357.

[56] KANDLIKAR, S. G., PEREZ-RAYA, I., RAGHUPATHI, P. A.,
GONZALEZ-HERNANDEZ, J.-L., DABYDEEN, D., MEDEIROS, L.,
AND PHATAK, P. Infrared imaging technology for breast cancer
detection–current status, protocols and new directions. International
Journal of Heat and Mass Transfer 108 (2017), 2303–2320.

[57] KIRSCH, A. The domain derivative and two applications in inverse
scattering theory. Inverse problems 9, 1 (1993), 81.

[58] KIRSCH, A. Characterization of the shape of a scattering obstacle
using the spectral data of the far field operator. Inverse problems 14, 6
(1998), 1489.

[59] KIRSCH, A. The music-algorithm and the factorization method in
inverse scattering theory for inhomogeneous media. Inverse problems
18, 4 (2002), 1025.

[60] KIRSCH, A. An introduction to the mathematical theory of inverse prob-
lems, vol. 120. Springer Science & Business Media, 2011.

[61] KRESS, R. Newton’s method for inverse obstacle scattering meets the
method of least squares. Inverse Problems 19, 6 (2003), S91.

[62] KRESS, R., AND RUNDELL, W. A quasi-newton method in inverse
obstacle scattering. Inverse Problems 10, 5 (1994), 1145.

[63] LE LOUËR, F., AND RAPUN, M.-L. Topological sensitivity for solv-
ing inverse multiple scattering problems in three-dimensional elec-
tromagnetism. part i: one step method. SIAM Journal on Imaging Sci-
ences 10, 3 (2017), 1291–1321.

[64] LE LOUËR, F., AND RAPUN, M.-L. Topological sensitivity for solv-
ing inverse multiple scattering problems in three-dimensional elec-
tromagnetism. part ii: Iterative method. SIAM Journal on Imaging Sci-
ences 11, 1 (2018), 734–769.

[65] LE LOUËR, F., AND RAPÚN, M.-L. Detection of multiple impedance
obstacles by non-iterative topological gradient based methods. Jour-
nal of Computational Physics 388 (2019), 534–560.



BIBLIOGRAPHY 141

[66] LI, M., ABUBAKAR, A., AND VAN DEN BERG, P. M. Application of
the multiplicative regularized contrast source inversion method on
3d experimental fresnel data. Inverse Problems 25, 2 (2009), 024006.

[67] MARKLEIN, R., BALASUBRAMANIAN, K., QING, A., AND LAN-
GENBERG, K. J. Linear and nonlinear iterative scalar inversion of
multi-frequency multi-bistatic experimental electromagnetic scatter-
ing data. Inverse Problems 17, 6 (2001), 1597.

[68] MASMOUDI, M., POMMIER, J., AND SAMET, B. The topological
asymptotic expansion for the maxwell equations and some applica-
tions. Inverse Problems 21, 2 (2005), 547.

[69] MONK, P., ET AL. Finite element methods for Maxwell’s equations. Ox-
ford University Press, 2003.

[70] MUELLER, J. L., AND SILTANEN, S. Linear and nonlinear inverse prob-
lems with practical applications. SIAM, 2012.

[71] NOVOTNY, A. A., FEIJÓO, R. A., TAROCO, E., AND PADRA, C. Topo-
logical sensitivity analysis. Computer methods in applied mechanics and
engineering 192, 7-8 (2003), 803–829.

[72] NOVOTNY, A. A., AND SOKOŁOWSKI, J. Topological derivatives in shape
optimization. Springer Science & Business Media, 2012.

[73] NOVOTNY, A. A., SOKOŁOWSKI, J., AND ŻOCHOWSKI, A. Topolog-
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ical derivatives of shape functionals. part iii: second-order method
and applications. Journal of Optimization Theory and Applications 181,
1 (2019), 1–22.

[76] OBERAI, A. A., GOKHALE, N. H., AND FEIJÓO, G. R. Solution of in-
verse problems in elasticity imaging using the adjoint method. Inverse
problems 19, 2 (2003), 297.



142 BIBLIOGRAPHY

[77] PARK, W.-K. Topological derivative strategy for one-step iteration
imaging of arbitrary shaped thin, curve-like electromagnetic inclu-
sions. Journal of Computational Physics 231, 4 (2012), 1426–1439.

[78] PENA, M., AND RAPÚN, M.-L. Detecting damage in thin plates by
processing infrared thermographic data with topological derivatives.
Advances in Mathematical Physics 2019 (2019).

[79] PENA, M., AND RAPÚN, M.-L. Application of the topological deriva-
tive to post-processing infrared time-harmonic thermograms for de-
fect detection. Journal of Mathematics in Industry 10, 1 (2020), 4.

[80] POTTHAST, R. Stability estimates and reconstructions in inverse
acoustic scattering using singular sources. Journal of computational and
applied mathematics 114, 2 (2000), 247–274.

[81] POTTHAST, R. A study on orthogonality sampling. Inverse Problems
26, 7 (2010), 074015.

[82] RAMANANJAONA, C., LAMBERT, M., AND LESSELIER, D. Shape in-
version from tm and te real data by controlled evolution of level sets.
Inverse Problems 17, 6 (2001), 1585.

[83] RAPUN, M. L. On the solution of direct and inverse multiple scatter-
ing problems for mixed sound-soft, sound-hard and penetrable ob-
jects. Inverse Problems 20, 095014 (2020).

[84] SOKOLOWSKI, J., AND ZOCHOWSKI, A. On the topological derivative
in shape optimization. SIAM journal on control and optimization 37, 4
(1999), 1251–1272.

[85] TESTORF, M., AND FIDDY, M. Imaging from real scattered field data
using a linear spectral estimation technique. Inverse Problems 17, 6
(2001), 1645.

[86] TIJHUIS, A. G., BELKEBIR, K., LITMAN, A. C., AND DE HON, B. P.
Multiple-frequency distorted-wave born approach to 2d inverse pro-
filing. Inverse problems 17, 6 (2001), 1635.

[87] TOKMASHEV, R., TIXIER, A., AND GUZINA, B. B. Experimental val-
idation of the topological sensitivity approach to elastic-wave imag-
ing. Inverse Problems 29, 12 (2013), 125005.



BIBLIOGRAPHY 143

[88] TOKMASHEV, R. D., AND GUZINA, B. B. Experimental validation of
the topological sensitivity approach to elastic-wave imaging. Trans-
actions 110, 1 (2014), 944–945.

[89] WAHAB, A. Stability and resolution analysis of topological derivative
based localization of small electromagnetic inclusions. SIAM Journal
on Imaging Sciences 8, 3 (2015), 1687–1717.

[90] WAHAB, A., ABBAS, T., AHMED, N., AND ZIA, Q. M. Z. Detection
of electromagnetic inclusions using topological sensitivity. Journal of
Computational Mathematics 35, 5 (2017).

[91] XAVIER, M., FANCELLO, E., FARIAS, J., VAN GOETHEM, N., AND
NOVOTNY, A. Topological derivative-based fracture modelling in
brittle materials: A phenomenological approach. Engineering Fracture
Mechanics 179 (2017), 13–27.

[92] YAMAN, O. I., AND LE LOUËR, F. Material derivatives of bound-
ary integral operators in electromagnetism and application to inverse
scattering problems. Inverse Problems 32, 9 (2016), 095003.

[93] YU, C., YUAN, M., AND LIU, Q. H. Reconstruction of 3d objects from
multi-frequency experimental data with a fast dbim-bcgs method. In-
verse Problems 25, 2 (2009), 024007.

[94] YUAN, H., GUZINA, B. B., CHEN, S., KINNICK, R., AND FATEMI,
M. Application of topological sensitivity toward soft-tissue charac-
terization from vibroacoustography measurements. Journal of Compu-
tational and Nonlinear Dynamics 8, 3 (2013).


	Agradecimientos.
	Abstract.
	Introduction.
	Inversion Method.
	Inverse Problems.
	Topological Derivative.
	Shape spaces.
	Shape functionals.
	Topological derivative definition and concept.
	Computation of closed form formulae.

	Inversion Method.

	Electromagnetic imaging.
	Theory of electromagnetism and physical models.
	Mathematical models.
	Two-dimensional symmetries and Helmholtz scalar equation.

	Application to the two dimensional Fresnel database
	Conclusions.

	Application to the three dimensional database
	Conclusions.


	Infrared thermography.
	Heat transfer by thermal radiation.
	Thermographic camera working principle.

	Physical model.
	The two-dimensional time-steady case.
	The two dimensional time-harmonic case.
	The three dimensional time-harmonic case.
	Conclusions.

	General conclusions and future work.

