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Abstract

The growth in technological and computational knowledge have opened several new paths of
innovation for humanity, but at the same time it exposed the lacking nature of our current
methods and vision of the world. In recent years, our civilization have witnessed a growing
need for novel and unconventional computing paradigms in all areas of computability theory
with the aim of processing big quantities of information and resolving problems of complex
nature which are intractable by the current computational models. On the other hand,
our traditional medical arts are also undergoing a bottleneck caused by various obstacles
brought forth by personal patient’s allergies and disease resistances.

In order to face these issues, there has been an increasing interest in the biological sys-
tems and phenomena of the natural world. Whereas the accent in systems biology modeling
projects is on application of mathematics and computer science to biology, there has also
been an important focus on the inspirations drawn from biology towards computer science
and mathematics. The two research directions are complementary and synergistically sup-
port each other. On one hand, the lessons about robustness and evolvability learned in
biomodeling projects can be used to propose novel computing paradigms. On the other
hand, the new models of computation inspired by biology are often very efficient in opti-
mization tasks, crucial steps in biomodeling.

In this thesis, we contribute to our knowledge on these two complementary research
directions inspired by biological phenomena. Firstly, we describe our findings in the field
of bio-inspired paradigms aiming to improve our current computational models and tools.
Secondly, we illustrate a new methodology, assisted by computational means, for the pre-
scription of personalized drug therapies customized to the needs of each individual patient.

The first part of our research places its main focus in the scientific scrutiny of networks
of bio-inspired processors, a paradigm belonging to the field of bio-inspired parallel and
distributed computational models. Its basic concept is that of an arbitrary graph hosting
processors in its nodes. These processors are simultaneously performing operations inspired
by DNA mechanisms in order to streamline the computation. This parallelism makes possi-
ble the theoretical efficient solving of NP-complete problems like the satisfiability problem,
the 3-colorability problem and the Hamiltonian path problem. This thesis introduces vari-
ants of this model along with studies on their computational complexity. Furthermore, the
manuscript illustrates efficient simulations by means of these models of known universal
systems, such as the Turing machines or the 2-tag systems, as well as simulations between
different variants of networks of bio-inspired processors.

On the other hand, the availability of big data regarding genetic information and the
intelligence concerning the behavior and interactions between genes and proteins have drawn
the interest of computational scientists to the field of biology. Lately, mathematical models
are being built to explain the complex mechanisms through which our biological bodies work
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at any moment or to find out the core functionality of a disease. Some of these biological
systems are abstracted to genetic networks with the proteins as nodes and the protein-
protein interactions (PPI) between them as edges, with the final purpose of manipulating
the system to a planned state. This problem is commonly referred as system controllability.
The solution to this controllability problem can open new possibilities to the field of precision
medicine which may lead us towards a customized treatment uniquely suited to the needs
of each patient.

Nevertheless, full controllability is known to lead to very large input sets offering the
control over the network, which makes this approach infeasible in practice. Because of this
impediment, researchers proposed a more humble approach based on the manipulation of the
system through the influence of a few selected nodes, designated as target nodes. Although
this problem is also proven to be difficult, its limited nature in the number of targeted nodes
has allowed for the proposal of several approximate computational techniques to solve it.
Currently, these methods have shown partial success on the examination of complex systems,
such as cancer networks.

In this thesis, we introduce a novel methodology aimed towards the diagnosis of drug
therapies optimized for the use of an individual patient, through the analysis of that person’s
genetic information related to the disease. The main concept behind our approach is the
generation of PPI networks based on the patient and disease information, on which we
apply heuristic algorithms with the objective of solving target controllability through a
set of target nodes as minimal as possible. Furthermore, we also explore several network
centrality methods in order to study the topology of the network, the expected efficiency of
the drug combination over the deficient disease genes and the nodes of importance for the
disease and drug therapies.

This thesis is structured in two parts. Part I records my contributions to the field of
networks of bio-inspired processors. Chapter 1 gives a brief introduction of the reasons to
be for bio-inspired computing systems in general and networks of bio-inspired processors
in particular. The variants of this last model and its basic properties and mechanisms are
illustrated in this section. Chapter 2 collects the basic concepts and notations used in the
following chapters to portray our research activity. Subsequent chapters (chapters 3, 4, 5,
6 and 7) expose our contributions to the state of art of networks of bio-inspired processors,
which include complexity analysis and simulations of the variants with each other. Chapter
8 closes the first part with a summary of the breakthroughs achieved in this first part of the
thesis and our thoughts for future paths of investigation. Part II illustrates our methodology
in the field of network medicine. Chapter 9 discusses the development of bioinformatics and
its contributions towards precision medicine. Chapter 10 describes the network modeling
methods, genetic data and software tools necessary to carry out the research projects doc-
umented in subsequent chapters. The research results in this latest part are composed of
two chapters. In chapter 11, we evaluate the utility of network controllability in new preci-
sion medicine with the analysis of the controllability results of three representative multiple
myeloma patients. Chapter 12 advances upon the foundations set in the previous chapter
with an exhaustive study of network centrality and minimum dominating sets in addition
to the aforementioned network controllability analysis. Furthermore, we demonstrate how
the conclusions of the analysis in both chapters may be used to prescribe personalized drug
combination therapies. Lastly, we conclude this topic with chapter 13 where we give a gen-
eral outline of the research results illustrated in this part of the thesis and our thoughts for
future paths of investigation.
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Resumen

Los avances en el conocimiento tecnológico y computacional han abierto nuevas opciones
de innovación para la humanidad, pero también han expuesto la naturaleza deficiente de
nuestra visión actual del mundo. En los últimos años, nuestra civilización ha presenciado una
creciente demanda por nuevos paradigmas computacionales en todas las áreas de la teoŕıa de
la computabilidad, con el objetivo de procesar grandes cantidades de información y resolver
complejos problemas intratables por los modelos computacionales actuales. Por otro lado,
la medicina tradicional no es adecuada para la prevención de las alergias y resistencias a
medicamentos que pudiesen ocurrir durante el tratamiento de un paciente espećıfico.

Con el objetivo de encontrar una solución a estos problemas, la comunidad cient́ıfica está
mostrando un interés creciente en los sistemas biológicos y los fenómenos del mundo natural.
Aunque el enfoque principal consiste en aplicar las matemáticas y la informática al estudio
de sistemas biológicos, también se ha mostrado interés por nuevos modelos informáticos
y matemáticos inspirados por los sucesos naturales. Las dos direcciones de investigación
son complementarias y se apoyan sinérgicamente. Por un lado, el análisis de la robustez
y capacidades evolutivas mostradas por los paradigmas biológicos pueden utilizarse para el
diseño de nuevos sistemas informáticos. Por otro lado, estos modelos de computación son
normalmente muy eficientes en tareas de optimización, esenciales para el diseño de modelos
biológicos.

En esta tesis contribuimos a nuestro conocimiento de estas dos ĺıneas complementarias
de investigación inspiradas por los fenómenos biológicos. En primer lugar, describimos
nuestros hallazgos en el campo de los paradigmas bioinspirados con el objetivo de mejorar
nuestros modelos y herramientas computacionales actuales. En segundo lugar, ilustramos
una nueva metodoloǵıa asistida por medios computacionales, para la prescripción de terapias
farmacológicas personalizadas y adaptadas a las necesidades de cada paciente.

La primera parte de nuestra investigación se centra en el escrutinio cient́ıfico de redes
de procesadores bioinspirados, paradigma perteneciente al campo de los modelos computa-
cionales paralelos y distribuidos bioinspirados. Su concepto básico es el de un gráfico ar-
bitrario que aloja procesadores en sus nodos. Estos procesadores realizan simultáneamente
operaciones inspiradas en los mecanismos del ADN para agilizar el cálculo. Este paralelismo
hace posible desde una perspectiva teórica la solución eficiente de problemas NP-completos
como el problema de satisfacibilidad, el problema de 3 coloraciones y el problema del camino
hamiltoniano. Esta tesis introduce variantes de este modelo junto con estudios sobre su
complejidad computacional. Además, el manuscrito ilustra simulaciones eficientes mediante
estos modelos de sistemas universales conocidos, como las máquinas de Turing o los sis-
temas 2-tag, aśı como simulaciones entre diferentes variantes de las redes de procesadores
bioinspirados.

Por otro lado, la disponibilidad de big data sobre la información genética y los estudios

3



Resumen

sobre el comportamiento y las interacciones entre genes y protéınas han atráıdo el interés de
los informáticos en el campo de la bioloǵıa. Últimamente, se están construyendo modelos
matemáticos para explicar los complejos mecanismos a través de los cuales nuestros cuerpos
biológicos funcionan en cualquier momento o para descubrir los mecanismos principales
que rigen una enfermedad. Algunos de estos sistemas biológicos pueden ser analizados
como redes genéticas cuyos vértices y aristas simbolizan protéınas y las interacciones entre
protéınas (PPI), con el propósito final de manipular el sistema representado a un estado
concreto. Este problema se conoce comúnmente como controlabilidad del sistema. La
solución a este problema de controlabilidad puede abrir nuevas posibilidades al campo de
la medicina de precisión que pudiesen conducirnos hacia un tratamiento personalizado y
adaptado de forma única a las necesidades de cada paciente.

Sin embargo, se sabe que la controlabilidad total requiere conjuntos de entrada muy
grandes para obtener el control sobre la red, lo que hace este enfoque inviable en la práctica.
Debido a este impedimento, los investigadores propusieron un enfoque más humilde basado
en la manipulación del sistema a través de la influencia de unos pocos nodos, designados
como nodos objetivo. Aunque este problema es también dif́ıcil, la limitación en el número
de nodos ha permitido la propuesta de varias técnicas computacionales de aproximación
para solucionarlo. Actualmente, estos métodos han tenido un éxito parcial en el estudio de
sistemas complejos, como las redes de cáncer.

En esta tesis, presentamos una metodoloǵıa novedosa cuyo objetivo es el diagnóstico
de terapias farmacológicas optimizadas para el uso de un paciente individual, a través del
análisis de la información genética de esa persona y su relación con la enfermedad. El
concepto principal detrás de nuestro enfoque es la generación de redes PPI basadas en la
información del paciente y la enfermedad, sobre las cuales aplicamos algoritmos heuŕısticos
con el objetivo de lograr la controlabilidad del sistema por medio de un mı́nimo conjunto de
nodos. También exploramos varios métodos para estudiar la topoloǵıa de la red, la eficiencia
esperada de la combinación de fármacos sobre los genes afectados por la enfermedad y los
nodos de importancia para la enfermedad y las terapias farmacológicas.

Esta tesis se compone de dos partes. La parte I incluye mis contribuciones a la disci-
plina académica de las redes de procesadores bioinspirados. El caṕıtulo 1 proporciona una
breve introducción sobre los sistemas de computación bioinspirados en general y las redes
de procesadores bioinspirados en particular. Esta sección ilustra las variantes de este último
modelo y sus propiedades básicas. El caṕıtulo 2 introduce los conceptos básicos y las nota-
ciones que utilizamos en los caṕıtulos posteriores para describir nuestra investigación. Los
caṕıtulos siguientes (caṕıtulos 3, 4, 5, 6 y 7) exponen nuestras contribuciones al estudio de
las redes de procesadores bioinspirados: análisis de complejidad y simulaciones entre distin-
tas variantes del paradigma. El caṕıtulo 8 concluye esta primera parte con un resumen de
los resultados de investigación documentados en esta parte de la tesis y nuestras propuestas
de ĺıneas de investigación futuras. La parte II describe nuestra metodoloǵıa en el ámbito de
las redes aplicadas a la medicina. El caṕıtulo 9 discute el desarrollo de la bioinformática y
sus contribuciones a la medicina de precisión. El caṕıtulo 10 describe los métodos de mod-
elado de redes, las herramientas software y los datos genéticos necesarios para llevar a cabo
los proyectos de investigación documentados en los caṕıtulos posteriores. Los resultados de
investigación de esta última parte de la tesis están incluidos en los siguientes dos caṕıtulos.
En el caṕıtulo 11 evaluamos la utilidad de la controlabilidad de redes en la medicina de
precisión mediante el análisis de los resultados de controlabilidad obtenidos para tres pa-
cientes de mieloma múltiple. En el caṕıtulo 12 mejoramos la estrategia del caṕıtulo anterior
con el estudio de la centralidad de red y los conjuntos dominantes mı́nimos además del
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previamente mencionado análisis de controlabilidad de la red. Las conclusiones de estos dos
últimos caṕıtulos demuestran que los métodos de análisis de controlabilidad, centralidad y
conjuntos dominantes pueden usarse para prescribir terapias basadas en combinaciones de
fármacos. El caṕıtulo 13 concluye esta segunda y última parte de la tesis, con un resumen de
los resultados de investigación documentados en esta parte y nuestras propuestas de ĺıneas
de investigación futuras.
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Part I

Networks of Bio-inspired
Processors





Chapter 1

INTRODUCTION

It is widely accepted that the only indisputably intelligent systems on this planet are biolog-
ical. Biological intelligence share several characteristics: they were all designed by natural
evolutionary processes and often work together in groups, swarms, or flocks. In contrast to
human beings, the vast majority of these biological intelligences are simple creatures: they
don’t appear to use logic, mathematics, complex planning, complicated modeling of their
environment, or even memory in some cases. Nevertheless, even the simplest of these natu-
ral intelligences can achieve complex information processing and computational tasks that
current theory of computation finds very challenging. Can these simple biological systems
and the processes that created them teach us lessons that will help us design better com-
putational paradigms? Is it possible to abstract cartoon models of biological systems that
nonetheless capture some of the amazing feats that these systems achieve? Where might
such bio-inspired solutions fit in the scheme of computer science today?

For more than half a century, the von Neumann computer architecture (i.e., the stored
program concept) and the abstract concept of Turing machine (or mathematically equiv-
alent models) have largely dominated computer science in many variants and refinements.
Nevertheless, we have witnessed increasing inconveniences in recent years because of our in-
ability to efficiently handleNP-complete problems and our demands for more computational
power. These circumstances have prompted a growing need for novel and unconventional
computing paradigms in all areas of computability theory with the aim of facing specific
needs and challenges in new fields and application domains. One branch of such systems
takes notice of the successful accomplishments of the natural world in order to design new
models inspired by biological phenomena. This line of research holds a great degree of in-
terest from the scientific community, as proven by the complex network of conferences and
journals through which flows a torrent of biologically inspired computing papers.

The idea that bio-molecules (DNA, RNA, proteins) might be used for computing con-
stitute one of the breakthroughs brought forth by the theoretical analysis of this field of
knowledge. This hypothesis emerged in fifties and was reconsidered periodically with more
and more arguments which made it more viable. The main idea captured by many of these
approaches was, in a few words: to switch from silicon to carbon, to switch from microchips
to DNA molecules, to use the information-processing capabilities of organic molecules in-
stead of digital switching primitives. The usage of DNA molecules as ”bio-chips” was also
supported by the fact that DNA molecules can store a large amount of data in a microscopic
space and by the possibility of processing billions of such molecules in one step, by massive
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parallelism. Many researchers were attracted by the new possibilities for computing offered
by biological sequences: practically an unbound memory and a huge parallelism which might
be used for solving intractable problems in a reasonable time in a different computing model.

In this thesis, we show our contribution to the study of bio-inspired parallel and dis-
tributed computational models taking their root in these findings, with the theoretical
scrutiny of networks of bio-inspired processors. These systems are visualized as a virtual
graph structure whose nodes host processors simultaneously handling operations on data of
different nature: strings, pictures, graphs, multisets, etc. Because of this architecture, the
model exhibits a huge parallelism (theoretically infinite). While these models might have no
biological relevance, they are still mechanisms inspired by of our knowledge about behavior
of cell populations to complement advanced formal theories from computer science. These
networks are analogous to several models of computation with related or different origins:
tissue-like P systems [17] in the membrane computing area [61], evolutionary systems ab-
stracted from the evolution of various cell populations [37], networks of parallel language
processors, which has been introduced as a parallel language-theoretic model [36], flow-based
programming, which is a programming paradigm widely known [87], connection machine,
which may be viewed as a network,in the shape of a hypercube, consisting of microproces-
sors that process one bit per unit time [183], distributed computing using mobile programs
[149], etc.

Current research has covered two main types of networks working with string data based
on the operations performed in their nodes: evolutionary processors and splicing processors.
The nodes in both of these main subcategories are mathematical constructions perform-
ing data operations inspired by the natural mechanisms governing the modification and
restructuring of DNA sequences.

In the Networks of Evolutionary Processors (NEP), the mathematical calculations in
the nodes emulate the computational counterpart of one of the point mutations in DNA
sequences (insertion, deletion or substitution of a single pair) through the application of
evolutionary rules of the same kind. Abstracting to a natural point of view, the proces-
sors can be thought of as cells holding genetic data encoded in DNA sequences which are
subjected to local evolutionary mutations in natural evolution.

In a Network of Splicing Processors, each processor performs a formal operation called
splicing which is designed after the breaking and recombination process of DNA controlled
by restriction enzymes and ligases [162]. This natural event is taken advantage of in ge-
netic engineering with the aim of allowing simple organisms to produce different useful
compounds (hormones, hydrocarbon fuels, etc.), strengthening plant resistance, obtaining
better adapted organisms, etc. The role of restriction enzymes is to cut the DNA sequences
at some recognition sites, yielding two DNA sequences having the so-called ”sticky ends”
while ligases reconnect the produced sequences.

Under this framework, strings encode DNA molecules over some alphabet and each of its
characters represent a nucleotide or a larger DNA segment such as a gene. A pair of strings
is cut according to the restrictions set by rules, called splicing rules, composed by quadruples
of strings specifying the cutting points for both strings. Then, the fragments generated by
this same splicing rule are rejoined to acquire new strings. Figure 1.1 illustrates a schematic
view of the splicing operation.

The paper [166] introduces a language-theoretic computational model, called splicing
system, generating sets of strings by means of the operation described above.

Since then, different types of splicing systems as language generating devices have been
introduced and analyzed, with their computational power as the main focus of the majority
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Fig. 1.1: Splicing operation.

of these studies. From the seminal work [166], it was suspected that splicing systems were
at most as powerful as finite automata, but the confirmation came a few years later in
[88], and later on, in [26], where a constructive proof was proposed. We mention here just
several works where variants of splicing systems having a larger computational capacity than
the initial ones have been considered: distributed splicing systems [38], extended splicing
systems [57], splicing systems with multisets [89], splicing systems with permitting and
forbidding contexts [154], splicing systems with a regular set of rules [60], programmed and
evolving splicing systems [58]. Some variants are even computationally complete, see [59],
which might lead to the the possibility of considering these splicing systems as theoretical
models of programmable universal DNA computers. Two comprehensive surveys can be
found in [162] and [59].

Two algorithmic problems regarding splicing systems were considered in [128] and a
series of subsequent papers: recognition and synthesis. Recognition problem refers to the
design of an algorithm able to decide whether or not a given regular language is a splicing
language, while the synthesis problem refers to the possibility of effectively constructing a
splicing system that generates a given regular language.

Starting from some ideas considered in [146], a novel look at splicing systems is proposed
in [178], namely these systems are considered as accepting devices. More precisely, one
defines the concept of accepting splicing system. The rough idea is to consider that an
accepting splicing system receives as input a string which enters, together with a given
finite set of axioms, into an iterated splicing process until a string from a specific finite sets
of strings is produced. When such a string is produced, the computational process halts
and the input string is accepted.

Networks of splicing processors were proposed in [9]. This model resembles some aspects
of the test tube distributed splicing systems introduced in [12] and investigated in [13] later
on. The discrepancies between the models contemplated in [9,12] are accurately detailed
in [9]. In [9] one also mentions the disparities between the networks of splicing processors
and another distributed system based on splicing, namely the time-varying distributed H
systems introduced in [14].

The computation in a network of evolutionary (splicing) processors follows after a se-

11



Introduction

quence of alternative steps: evolutionary (splicing) and communication. The computation
halts when a predefined condition is met. In every evolutionary (splicing) step, all proces-
sors run simultaneously all evolutionary (splicing) rules that could be applied on different
copies of the strings that exist in the nodes hosting the respective processor. Thus, the data
in each node is actually a multiset of strings, which means that each string may have suffi-
ciently many copies such that when several rules can be applied to the same string, they are
actually applied in a maximal parallel way to copies of that string. In each communication
step, two actions are executed according to different strategies: (i) simultaneously, in all the
nodes of the networks, data that are able to pass the filter of its node leave it and try to
enter all adjacent nodes; (ii) simultaneously, all the nodes handle the arriving data.

So far, two different communication strategies have been introduced in the literature:
filters defined by different membership conditions and polarization. Furthermore, scientists
have considered three variants of the former: (i) two different filters are associated to each
of the network nodes in order to handle the incoming (input) and exiting strings (output)
[114], (ii) the same filters are employed to manage the input and output flow of data [129]
and (iii) the two filters of every pair of adjacent nodes collapse in an unique filter associated
to the edge between them [19]. In this work, the membership condition for defining filters is
a simple one, namely the presence/absence of some symbols, which is called random context
conditions because the positions of the symbols do not matter.

The aforementioned variants (i) and (iii) are equivalent in the sense that the networks
defined by them have the same computational power, that of a Turing machine. A direct
simulation for evolutionary processors of one variant by another has been presented in [130].
It is worth noting that both simulations preserve the time complexity; that is, each com-
putational step in one model is simulated by a constant number of computational steps in
the other. This investigation has been continued in [129], where new time efficient simula-
tions between the variants (i) and (iii) and the variant (ii), in the context of networks of
evolutionary processors, were presented.

The polarized variant of networks of evolutionary processors was introduced in [134],
in an effort towards overcoming the difficulties encountered in the implementation of the
filters based on random-context conditions. In this version, the filters are replaced by a
filtering strategy built around the concept of polarization. A generalization of the model of
this kind of networks of polarized evolutionary processors (NPEP) was examined in [133].
The paradigm proposes the removal of the node filters in favor of a filtering process defined
by the compatibility between the polarity of each node and the polarity of strings which
are moving throughout the network. The communication strategy is abstracted from the
electrical charge of molecules. The polarity of a node takes a value in the set {−, 0,+}. On
the other hand, the computation for the strings polarization is done by a valuation mapping
which is a morphism between two monoids: the tree monoid of all strings and the additive
monoid of integers. The polarization of the string is taken after the sign of the integer value
computed by this function. Therefore, the acceptance of a string by a node relies on the
polarization of the node and the string which in this model is required to be the same.

One of the limitations of the networks of evolutionary/splicing processors is the expo-
nential increase of the number of generated strings during the computation of NP-complete
problems in polynomial time. Probabilities were introduced in the context of polarized
evolutionary processors in [44] as a potential mechanism to identify and discard irrelevant
data. In this abstraction, probabilities are associated with the rules and words placed in the
network nodes. Up to now, we have considered two ways of determining the probabilities
associated to the rules: (i) a deterministic setting where the importance of a rule is decided

12



Introduction

before starting the computation (static mode) and (ii) a continuously updated probabilistic
system where the system repeatedly calculates and rewrites the probability of each rule
according to the impact it had during the computation (dynamic mode). We also introduce
another alternative halting condition based on this new system property. A computation
halts, with a determined cut-off point, if the sum of the probabilities of all words in the
halting node is greater than or equal to a value in the set of (0,1]. Identical procedures can
be extended to splicing systems and random-context filters.
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Chapter 2

BASIC CONCEPTS

We define the basic concepts and notations used in this thesis. The reader can refer
to [63] for all unexplained notions. A finite and nonempty set of symbols is denoted as an
alphabet. Given a finite set S, its cardinality is denoted by card(S). Any finite sequence of
symbols from an alphabet V is called string or word over V . The set of strings over V is
denoted by V ∗ and the empty string is denoted by ε. The length of a string w is symbolized
by |w| while alph(w) denotes the minimal alphabet W such that w ∈ W ∗. Furthermore,
|w|a specifies the number of occurrences of the character a in w. The absolute value of an
integer k is denoted by |k|.

2.1 Turing machines and 2-tag systems

As there are many variants of Turing machines and 2-tag systems, we start by giving the
formal definition of the version of these two computational paradigms we will work with in
this thesis.

A nondeterministic single tape Turing machine is a 7-tuple M = (Q,V, U, δ, q0, B, F ),
where Q is a finite set of states, V is the input alphabet, U is the tape alphabet, V ⊂ U ,
q0 is the initial state, B ∈ U \ V is the “blank” symbol, F ⊆ Q is the set of final states,
and δ is the transition function, δ : (Q \ F )× U → 2Q×(U\{B})×{R,L}. An intuitive manner
to describe such a Turing machine M and its computations is as follows. The machine is
endowed with a semi-infinite tape (bounded to the left), a central unit able to store a state
from Q and a reading/writing tape head. Each cell stores just one symbol from U . The
head reads in turn the tape cell’s content and overwrite it with a symbol different than the
blank symbol. The input is a string over V stored on the tape starting with the leftmost cell
while all the other tape cells initially contain the symbol B. When M starts a computation,
the tape head scans the leftmost cell containing the input string over V and the central
unit is in the state q0. The machine performs moves that depend on the content of the
cell currently scanned by the tape head and the current state stored in the central unit. A
move consists of: change the state, write a symbol from U \ {B} on the current cell and
move the tape head one cell either to the left or to the right. Without loss of generality, we
may assume that a move to the left is defined only if the cell currently scanned is not the
leftmost one.

A computation of M on an input string is a finite or infinite sequence of operations as
above. An input string is accepted if after a finite number of moves the Turing machine
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enters a final state. A Turing machine is deterministic if for every state and symbol, the
machine can make at most one move. An instantaneous description (ID for short) of a
Turing machine M as above is a string over (U \ {B})∗Q(U \ {B})∗. Given an ID αqβ,
this means that the tape contents are αβ followed by an infinite number of cells containing
the blank symbol B, the current state is q, and the symbol currently scanned by the tape
head is the first symbol of β provided that β ̸= λ, or B, otherwise. Usually, we say that
an ID αqβ is final when q ∈ F . An input string w ∈ V ∗ is accepted by M if there exists a
computation ofM on w that reaches a final ID. The language accepted byM is the language
of all accepted strings by M . For the definition of the time complexity of a Turing machine
the reader is referred to the second volume of [63].

We define a 2-tag system following a slightly modified version of the definition that
appears in Section 8 of [191]. It is worth mentioning that this definition of a 2-tag-systems
is slightly different from those proposed in [33, 108], but they are equivalent. Formally,
a 2-tag system is a pair T = (V, µ), where V is a finite alphabet containing a special
symbol π, called the halting symbol (denoted by STOP in [191]), and a finite set of rules
µ : V \ {π} → V + such that |µ(x)| ≥ 1 or µ(x) = π. Furthermore, µ(x) = π for just one
x ∈ V \ {π}. A string that contains the halting symbol or is of length less than 2 is called
a halting string.

We now define the mapping tT (called the tag operation) on the set of non-halting strings.
For a non-halting string w, tT (w) is the string produced as follows: the first two symbols of
w are deleted and µ(a) is appended, provided that a is the first symbol of w. As one can
see, this operation deletes two symbols from the beginning of the string and appends to the
end a string that depends solely on the first symbol read. A computation by a 2-tag system
as above on the initial non-halting string w is a sequence of strings produced by applying
iteratively the operation tT starting with w. A computation as above halts on w if a halting
string is produced in some iteration. The halting strings of length at least two are defined
in [191] in a little bit different way, namely such a string is halting if it starts with a symbol
a such that µ(a) = π. It is a trivial exercise to show that there exists a bijection between
the finite computations obtained in each of the two cases. As shown in [191], such 2-tag
systems are computationally complete.

The time complexity of the finite computation of T on w ∈ V ∗: w0 = w,w1 = tT (w0),
w2 = tT (w1), . . . , wp = tT (wp−1) = απ, with wi ∈ (V \{π})+, |wi| ≥ 2 for all 0 ≤ i ≤ p−1,
and α ∈ (V \ {π})∗, is denoted by TimeT (w) and equals p. In other words, the time
complexity of a finite computation of T on a string is the number of applications of the tag
operations necessary for the 2-tag system to produce a halting string. The time complexity
of T is the partial function from N to N, TimeT (n) = max{TimeT (w)|w ∈ V ∗, |w| = n}.

2.2 Networks of Evolutionary Processors

We now recall some definitions from a few papers where the networks of evolutionary pro-
cessors have been introduced, see, e.g., [84], for the generating model, and [48, 148, 49], for
the accepting model which will be further considered here. A rule a→ b, with a, b ∈ V ∪{ε},
a ̸= b and ab ̸= ε is a substitution rule if both a and b are not ε; it is a deletion rule if a ̸= ε
and b = ε; it is an insertion rule if a = ε and b ̸= ε. The set of all substitution, deletion,
and insertion rules over an alphabet V are denoted by SubV , DelV , and InsV , respectively.

Given a rule σ as above and a string w ∈ V ∗, we define the following actions of σ on w:
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• If σ ≡ a→ b ∈ SubV , then

σ∗(w) =

{
{ubv | ∃u, v ∈ V ∗ (w = uav)},
{w}, otherwise.

σr(w) =

{
{ub | w = ua)},
{w}, otherwise.

σl(w) =

{
{bu | w = au)},
{w}, otherwise.

• If σ ≡ a→ ε ∈ DelV , then

σ∗(w) =

{
{uv : ∃u, v ∈ V ∗(w = uav)},
{w}, otherwise

σr(w) =

{
{u : w = ua},
{w}, otherwise

σl(w) =

{
{v : w = av},
{w}, otherwise

• If σ ≡ ε→ a ∈ InsV , then

σ∗(w) = {uav : ∃u, v ∈ V ∗(w = uv)}
σr(w) = {wa}
σl(w) = {aw}.

In the aforementioned definitions, α = {l, r, ∗} conveys the limitations in the application
of a rule σ to the string w, namely in the left (α = l), in the right (α = r) or at any position
(α = ∗). Given a substitution rule σ ≡ a → b with α = ∗, its application to a string w
with k occurrences of a yields the set of all k different strings that can be obtained from
w depending on the position in w where the rule is applied. As a special case, if k = 0,
applying the rule doesn’t yield any new string and thus, the string w remains unmodified.
A deletion and insertion rule can be considered as a specific substitution rule with b = ε
and a = ε respectively. Consequently, a deletion rule that deletes a at any position in a
string w with k occurrences of a, as above, generates all the strings with one occurrence of
a removed in different positions in w. Analogously, an insertion rule of a at any position in
w produces |w|+1 new strings as a consequence of the possible insertion of the symbol a in
the beginning of w, the end of w, and at any intermediate positions between two consecutive
letters of w. For α = l (resp. α = r), a deletion rule a → ε applied to a string w produces
a new string if a is the first symbol of w (resp. final symbol). Otherwise, the string w
remains unchanged. Analogously, an insertion rule ε → a applied to w yields a new string
by concatenating a to the left (resp. right) of w.

For every rule σ, action α ∈ {l, r, ∗}, and L ⊆ V ∗, we define the α-action of σ on L by
σα(L) =

⋃
w∈L

σα(w). Given a finite and non-empty set of rules M , we define the α-action

of M on the string w and the language L by:

Mα(w) =
⋃

α∈M
σα(w) and Mα(L) =

⋃
w∈L

Mα(w),
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respectively. In the original papers referenced above, the rewriting operations defined above
were designated as evolutionary operations since they may viewed as formal operations
abstracted from local DNA mutations.

Let V be an alphabet, we define the following predicates for a string w ∈ V + and two
disjoint subsets P, F of V :

φ(s)(w,P, F ) ≡ (P ⊆ alph(w)) ∧ (F ∩ alph(w) = ∅).
φ(w)(w,P, F ) ≡ (alph(w) ∩ P ̸= ∅) ∧ (F ∩ alph(w) = ∅).

In the prior definitions, the set P (permitting contexts) includes the allowed symbols
while F (forbidding contexts) encompasses those which are forbidden. Both clauses require
the nonexistence of symbols a ∈ F in the string w. The former specificacion imposes stronger
(s) restrictions since it requires that all permitting symbols are present in w while the latter
demands a weaker (w) condition of at least one permitting symbol appearing in w.

Given a β ∈ {w, s}, we generalize the above predicates to a language L ⊆ V ∗ by

φβ(L,P, F ) = w ∈ L | φβ(w,P, F ).

An evolutionary processor with random context filters (EPRC) over an alphabet V is a
tuple (M,PI, FI, PO, FO) where:

• M is a set of substitution, deletion or insertion rules over the alphabet V . Formally:
(M ⊆ SubV ) or (M ⊆ DelV ) or (M ⊆ InsV ). The set M represents the set of
evolutionary rules of the processor. As one can see, a processor is ”specialized” in one
evolutionary operation only.

• PI, FI ⊆ V are the input permitting/forbidding contexts of the processor, while
PO,FO ⊆ V are the output permitting/forbidding contexts of the processor. Infor-
mally, the permitting contexts are sets of symbols that should be present in a string
for it to be allowed to enter/leave the processor, while the forbidding contexts are set
of symbols that are required to not exist in a string entering/leaving the processor.

An evolutionary processor as above is said to be uniform if PI = PO = P and FI =
FO = F .

A homomorphism from the monoid V ∗ into the monoid (group) of additive integers
Z is called valuation of V ∗ in Z. We now recall the definitions of polarized evolutionary
processors and networks of polarized evolutionary processors from [134] and [133].

A polarized evolutionary processor (PEP for short) over an alphabet V is a pair (M,π),
where:

• M is a set of substitution, deletion of insertion rules following the same prescriptions
defined for the EPRCs.

• π ∈ {−,+, 0} is the polarization of the node (negatively or positively charged, or
neutral, respectively).

In the framework of random context filters, we denote the set of evolutionary proces-
sors without filters by EPV and the group with random context filters by EPRCV while
its uniform variant is designated by UEPRCV . On the other hand, the set of polarized
evolutionary proccessors is denoted by PEPV .

A network of evolutionary processors with random context filters (NEPRC for short) is
a 8-tuple Γ = (V,U,G,N , α, β, In,Out), where:
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• V and U are the input and network alphabet, respectively, V ⊆ U .

• G = (XG, EG) is an undirected graph without loops with the set of vertices XG and
the set of edges EG. Each edge is given in the form of a binary set. G is called the
underlying graph of the network.

• N : XG → EPRCU is a mapping which associates with each node x ∈ XG the evolu-
tionary processor with random context filters N (x) = (Mx, P Ix, F Ix, POx, FOx).

• α : XG → {l, r, ∗};α(x) gives the action mode of the rules of node x on the strings
existing in that node.

• β : XG → {(s), (w)} defines the type of the input/output filters of a node. More
precisely, for every node x ∈ XG, the following filters are defined:

input filter: ρx(.) = φβ(x)(.;PIx, F Ix),

output filter: τx(.) = φβ(x)(.;POx, FOx),

That is, ρx(w) (resp. τx(w)) indicates whether or not the string w can pass the input
(resp. output) filter of x. More generally, ρx(L) (resp: τx(L)) is the set of strings of
L that can pass the input (resp. output) filter of x.

• In and Out ∈ XG are the input node, and the output node, respectively, of the
NEPRC.

We say that the previous network is uniform when all of its evolutionary processors
are uniform. A network of uniform evolutionary processors with random context filters
(NUEPRC for short) is a 8-tuple Γ = (V,U,G,N , α, β, In,Out), where:

• V,U,G, α, In,Out follow the same specifications as the same parameters in NEPRC.

• N : XG → UEPRCU is a mapping, which associates with each node x ∈ XG the
uniform evolutionary processor with random-context filters N (x) = (Mx, Px, Fx).

• β : XG −→ {(s), (w)} specifies the strength of the sets P and F associated to node
filters.

Since this variant is a particular case of NEPRC, all concepts defined below for NEPRC
are valid for NUEPRC as well.

A network of evolutionary processors with filtered connections (shortly NEPFC) is a
9-tuple Γ = (V,U,G,R,N , α, β, In,Out), where:

• V,U,G, α, In,Out have the same meaning as for NEPRCs.

• R : XG → EPU is a mapping, which associates with each node x ∈ XG the evolution-
ary processor N (x) = (Mx).

• N : EG −→ 2U ×2U is a mapping which associates with each edge e ∈ EG the disjoint
sets N (e) = (Pe, Fe), Pe, Fe ⊂ U .

• β : EG −→ {(s), (w)} defines the filter type of an edge.
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Fig. 2.1: Processors and filters in different types of NEP with random context filters

A network of polarized evolutionary processors (NPEP for short) is a 8-tuple Γ =
(V,U,G,N , α, φ, In,Out), where:

• V,U,G, α, In,Out follow the same specifications as the parameters in NEPRC, while
N : XG → PEPU associates now with each node x ∈ XG the polarized evolutionary
processor N (x) = (Mx, πx).

• φ is a valuation of U∗ in Z.

We denote the number of nodes of the underlying graph Γ as the size of the network and
specify it by card(XG). A configuration of Γ is a mapping C : XG −→ 2U

∗
which associates

a set of strings C(x) with every node x of Γ. A configuration C(x) may be understood as
the support sets of the multsets of strings which are present in a node x, in an arbitrarily
large number of copies, at a given moment. Given a string w ∈ U∗, the initial configuration

of Γ is defined by C
(w)
0 (In) = {w} and C(w)

0 (x) = ∅ for all x ∈ XG \ In.
A configuration can be modified either by an evolutionary step or by a communication

step. In an evolutionary step, each component C(x) of the configuration C is altered accord-
ing to a set of evolutionary rulesM , associated with the node x. This process is identical for
the four variants of networks of evolutionary processors, namely NPEP, NEPRC, NUEPRC
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and NEPFC. Formally, a configuration C ′ is achieved from a previous one C through the
execution of an evolutionary step, denoted as C =⇒ C ′, if and only if:

C ′(x) =Mαx
x (C(x)) for all x ∈ XG (2.1)

After each evolutionary step the network proceeds on with the communication step which
is different for each network variant.

In the communication step of a NEPRC the subsequent actions take place simultaneously
for every node x ∈ XG:

• The data contained in a node x leaves it, granted that they meet the requirements set
by the output filters PO and FO of that node.

• The previous data enters the nodes connected to the source node x, provided that
they are not blocked by the input filters PI and FI of the receiving nodes. Otherwise,
these strings are lost.

Formally, a configuration C ′ follows a configuration C after a communication step in
NEPRC and NUEPRC (we write C |= C ′) if for all x ∈ XG

C ′(x) = (C(x) \ τx(C(x))) ∪
⋃

{x,y}∈EG

(τy(C(y)) ∩ ρx(C(y)))

Similarly, each node processor x ∈ XG of a NEPFC sends one copy of each word it has
to every node processor y connected to x, provided they can pass the filters P and F of
the edge {x, y} between x and y. It keeps no copy of these words but receives all the words
sent by any node processor z connected with x providing that they can pass the filter of
the edge between x and z. Formally, we say that the configuration C ′ is obtained in one
communication step from configuration C, written as C |= C ′, if

C ′(x) = (C(x) \ (
⋃

{x,y}∈EG

φβ({x,y})(C(x),N ({x, y}))))

∪(
⋃

{x,y}∈EG

φβ({x,y})(C(y),N ({x, y})))

for all x ∈ XG. Note that a copy of a word remains in the sending node x only if it is
not able to pass the filter of any edge connected to x.

A communication step in a NPEP is defined as follows for each x ∈ XG:

• Copies of the data present in a node x are sent to each neighbouring node y connected
to it. From these strings, x only keeps a copy of the strings having the same polarity
to that of the node.

• All the nodes receiving the incoming data sent by x take in a copy of the strings with
the same polarity while unaccepted copies are lost.

Note that, for the sake of simplicity, we follow a same polarity strategy to decide on the
acceptance or refusal of a string w by a node x. Formally, the configuration C ′ is produced
from a configuration C as a consequence of a communication step, written as C |= C ′, if:
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C ′(x) = (C(x) \ {w ∈ C(x) | sign(φ(w)) ̸= πx} ∪
⋃

{x,y}∈EG

({w ∈ C(y) | sign(φ(w)) = πx}),

for all x ∈ XG. Here, sign(m) is the sign of the integer m.
Let Γ be a NEPRC/NEPFC/NPEP the computation of Γ on the input string w ∈ V ∗

is a sequence of configurations C
(w)
0 , C

(w)
1 , C

(w)
2 , . . . , where C

(w)
0 is the initial configuration

of Γ on w, C
(w)
2i =⇒ C

(w)
2i+1 and C

(w)
2i+1 |= C

(w)
2i+2, for all i ≥ 0. Note that the configurations

are changed by alternative steps.
A computation as above halts, if one of the following two conditions is satisfied:

• There exists a configuration in which the set of strings existing in the output node
Out is non-empty.

• No further step is possible.

Given a NEPRC/NEPFC/NPEPΓ and an input string w, we say that Γ accepts w if
the computation of Γ on w halts with a non-empty output node. Therefore, we define the
language accepted by Γ by

L(Γ) = {w ∈ V ∗ | the computation of Γ on w halts and C(Out) ̸= ∅}

The time complexity of the halting computation C
(w)
0 , C

(w)
1 , C

(w)
2 , . . . , C

(w)
m of Γ on w ∈

V ∗ is denoted by timeΓ(z) and equals m. The time complexity of Γ is the function from N
to N, TimeΓ(n) = max{timeΓ(w) | w ∈ L(Γ), |w| = n}. In other words, TimeΓ(n) delivers
the maximal number of computational steps done by Γ for accepting an input string of
length n.

For a function f : N −→ N we define:

TimeNEPRC/NEPFC/NPEP (f(n)) = {L | there exists a NEPRC/NEPFC/NPEP Γ

which accepts L, such that TimeΓ(n) ≤ f(n), for all n ≥ n0, for some n0 ≥ 1.}

Probabilities can be introduced in the words and evolutionary rules with the aim of
removing negligible data. The probabilities of the rules belonging to an evolutionary pro-
cessor are assigned according to a probabilistic distribution p following one of the two policies
below:

• Static probabilities: We determine, a priory, a discrete probability distribution to
assign a probability to the rules in the processor. Formally, p is a discrete probability
distribution on M as follows:

p :M −→ (0, 1] such that
∑
σ∈M

p(σ) = 1.

• Dynamic probabilities: We say that a rule σ is applicable to a string w if σ(w) ̸= w.
We also define the set of applicable rules to a string w as Rx(w) = {σ ∈Mx | σ(w) ̸=
w}. Now, dynamically, in each evolutionary step, we use a discrete probability distri-
bution to assign probabilities to rules belonging to Rx(w). In this scenario, we have
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an exception, namely the case of Rx(w) = ∅ because we cannot have a probability dis-
tribution over the empty set. Then we consider the special rule λ as the identity rule
(λ(w) = w), and we assign it the probability 1. Formally p is a discrete probability
distribution on M and V ∗ defined as:

p :M × V ∗ −→ (0, 1] such that
∑

σ∈M∧σ(w)̸=w

p(σ,w) = 1

with the special case of zero applicable rules in M to the string w considered as the
identity rule λ with p(λ) = 1.

We discuss this new concept in the context of polarized evolutionary processors.
A polarized evolutionary processor with probabilistic rules (PEPP for short) over V is a

triple (M,π, p), where:

• M and π share the same definitions with those of the original polarized evolutionary
processor.

• p is one of the introduced probability distributions (static or dynamic) over the set of
rules M .

We denote the set of polarized evolutionary processors with probabilistic rules by PEPPV

A network of polarized evolutionary processors with probabilistic rules (NPEPP for short)
is a 7-tuple Γ = (V,U,G,N , α, φ, In,Out), where:

• V,U,G, α, φ, In,Out follow the same specifications as the parameters in NPEP without
probabilities.

• N : XG → PEPPU is a mapping associating each node x ∈ XG the polarized evolu-
tionary processor with probabilities N (x) = (Mx, πx, px).

In this work, we only consider networks with the same probability distribution in all
of their nodes. Depending on this property, we differentiate between networks of polarized
evolutionary processors with predefined probabilistic rules (NPEPPP for short) and networks
of polarized evolutionary processors with dynamic probabilistic rules (NPEPDP for short).

On the other hand, word probabilities are continuously updated during the computation.
A configuration can change either by an evolutionary step or by a communication step. When
changing by an evolutionary step, each component C(x) of the configuration C is changed in
accordance with the set of evolutionary rulesMx associated with the node x, the probability
of each applied rule, and the probability of each string to be obtained from different strings
existing in x. In order to give the formal definition of an evolutionary step in the node x we
need some preparation. We first compute the multiset 𭟋C(x) with Algorithm 1 or Algorithm
2 depending on the type of probability we are using, , where z is a word in C(x) and t is
the probability assigned to that word.

Once 𭟋C(x) has been computed, we can compute the mapping µx : U∗ −→ [0, 1] as
shown in Algorithm 3.

Now, we can formally say that the configuration C ′ is obtained in one evolutionary step
from the configuration C, written as C =⇒ C ′, if and only if:

C ′(x) = {(z, µx(z)) | µx(z) ̸= 0} for all x ∈ XG

23



Methodology

Algorithm 1: Procedure for computing 𭟋C(x) in an evolutionary step in NPEPPP.
Input: C(x).

1: 𭟋C(x) := Λ;
2: for (((z, t) ∈ C(x))&(σ ∈Mx)) do
3: for z′ obtained from z by applying σ do
4: t′ := t · p(σ);
5: 𭟋C(x) := 𭟋C(x) + [(z′, t′)];
6: end for
7: end for

Algorithm 2: Procedure for computing 𭟋C(x) in an evolutionary step in NPEPDP.
Input: C(x).

1: 𭟋C(x) := Λ;
2: for (((z, t) ∈ C(x))) do
3: if Rx(z)) ̸= ∅ then
4: for σ ∈ Rx(z) do
5: for z′ obtained from z by applying σ ∈ Rx(z) = {σ ∈Mx|σ(z) ̸= z} do
6: t′ := t · p(σ, z);
7: 𭟋C(x) := 𭟋C(x) + [(z′, t′)];
8: end for
9: end for

10: else
11: 𭟋C(x) := 𭟋C(x) + [(z, t)];
12: end if
13: end for

Algorithm 3: Procedure for computing µx(z). Input: z and 𭟋C(x).

1: µx(z) := 0;
2: while ∃(t ∈ (0, 1]) such that (z, t) ∈ supp(𭟋C(x)) do
3: Choose (z, t) ∈ supp(𭟋C(x));
4: 𭟋C(x) := 𭟋C(x) − [(z, t)];
5: µx(z) := µx(z) + t;
6: end while
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Every string appearing in the next configuration after an evolutionary step is obtained
from a string present at the current configuration by the application of an evolutionary rule.
The probability associated to the string in the new configuration is calculated multiplying
the probability of the string by the probability of the applied rule and, then calculating the
addition of the probabilities of every copy of the string produced in the evolutionary step.

After an evolutionary step the network performs a communication step. In this step,
each node x ∈ XG keeps copies of those strings sharing its polarity and sends copies of all
its strings to the nodes connected with x in the underlying graph. Next in line, each of the
receiving nodes accepts the subset of incoming strings with the same polarity as that node.
The probability of these copies are modified according to the number of nodes meant to
host a copy of these strings. In order to give a formal explanation of how the probabilities
change during the communication step, we have to define the following concepts first.

For a node x ∈ XG and a given polarity q ∈ {−, 0,+} we write:

degq(x) = card{y ∈ XG | {x, y} ∈ EG, πy = q}+
{

1, if πx = q,
0, if πx ̸= q.

In other words, degq(x) is the number of nodes with the the polarity q connected with
x in the underlying graph, including x itself.

Further on, for every configuration C and node x we define the following set:

Out(C(x)) = {(z, t′) | (z, t) ∈ C(x), t′ = t

degsign(φ(z))(x)
, degsign(φ(z))(x) ̸= 0}. (2.2)

Here sign(m) is the sign function which returns +, 0,−, provided that m is a positive
integer, is 0, or is a negative integer, respectively.

As in the case of an evolutionary step, we first compute the multiset 𭟋C(x) with the
following algorithm:

Algorithm 4: Procedure for computing 𭟋C(x) in a communication step. Input:
C(x).

1: 𭟋C(x) := [(z, t) | (z, t) ∈ Out(C(x)), sign(φ(z)) = πx];
2: for y ∈ XG such that {x, y} ∈ EG do
3: 𭟋C(x) := 𭟋C(x) + [(z, t) | (z, t) ∈ Out(C(y));
4: sign(φ(z)) = πx];
5: end for

When the multisets 𭟋C(x), x ∈ XG, are computed, the mappings µx are computed just
like in the evolutionary step. Now, we introduce the formal definition of the communica-
tion step. We say that the configuration C ′ is obtained in one communication step from
configuration C, written as C ⊢ C ′, if:

C ′(x) = {(z, µx(z)) | µx(z) ̸= 0} for all x ∈ XG

Let Γ be a NPEPPP/NPEPDP, the computation of Γ on the input string w ∈ V ∗ is a

sequence of configurations C
(w)
0 , C

(w)
1 , C

(w)
2 , . . . , where C

(w)
0 is the initial configuration of Γ

on w, C
(w)
2i =⇒ C

(w)
2i+1 and C

(w)
2i+1 ⊢ C

(w)
2i+2, for all i ≥ 0. Note that the configurations are

changed by alternative steps.
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We consider now the halting conditions for Γ. The introduction of probabilities brings
over a new possibility to decide on the halting and accepting conditions in a NPEPPP/NPEPDP.
The article [44] distinguished two different possibilities to define the halting and accepting
conditions other than the impossibility of further changes, respectively. One possibility is to

halt the computation if there exists a configuration C
(w)
k such that C

(w)
k (Out) ̸= ∅. Another

possibility is to say that a computation as above halts with cut-off point χ ∈ (0, 1], if there

exists a configuration C
(w)
k such that: ∑

(z,t)∈C(w)
k (Out)

t ≥ χ (2.3)

When a computation of Γ on some input halts we say that the input string is decided
by Γ.

There are also two possibilities to define the accepting condition when the computation
halts. We may say that the input string w is accepted by Γ with cut-off point µ if there

exists a halting computation as above C
(w)
0 , C

(w)
1 , C

(w)
2 , . . . , C

(w)
k such that:∑

(z,t)∈C(w)
k (Out)

t ≥ µ (2.4)

Clearly, the cut-off points χ and µ may be either equal or χ ≤ µ. Another option
might be to say that the input string w is accepted by Γ with cut-off point µ if there

exists a halting computation as above C
(w)
0 , C

(w)
1 , C

(w)
2 , . . . , C

(w)
k such that max{p | (z, p) ∈

C
(w)
k (Out), for some z} ≥ µ.

2.3 Networks of Splicing Processors

A splicing rule over the alphabet V is a quadruple of strings of the form [(v1, v2); (v3, v4)],
where v1, v2, v3, and v4 are strings in V ∗. Given a splicing rule r = [(v1, v2); (v3, v4)] as
above and the strings x, y, z ∈ V ∗, we say that z is the result of applying r to x and y (and
denote this by (x, y) ⊢r z) if x and y can be written as x = x1v1v2x2, and y = y1v3v4y2, for
some x1, x2, y1, y2 ∈ V ∗, and z = x1v1v4y2.

The analogy with the situation depicted in Figure 2.2 is immediate: the two strings rep-
resent the two double stranded DNA molecules, while the restriction enzime is represented
by the splicing rule.

Furthermore, if L is a language over V and R is a set of splicing rules, we define

σR(L) = {z ∈ V ∗ | ∃x, y ∈ L,∃r ∈ R such that (x, y) ⊢r z}

We first note that a string of L belongs to σR(L) if and only if it can be obtained by
applying a splicing rule to two (possibly the same) strings in L. Second, we note that the
definition of a splicing rule from above is actually a 1-splicing rule as defined in [162]. In what
follows, we actually use 2-splicing rules as we do not distinguish between the two strings
that can arise form the application of a splicing rule. Note that this definition assumes
that arbitrarily many copies of all strings in L are available for splicing. This is a natural
assumption from the biological point of view because every such string, encoding a DNA
molecule, can be duplicated sufficiently many times by the PCR procedure, a well defined
technique for amplifying the genetic material [132].
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2.3. Networks of Splicing Processors

Fig. 2.2: Splicing operation.

We now recall the definition and terminology for accepting splicing systems, following
[178].

An accepting splicing system (ASS for short) is a 8-tuple

Γ = (V,U,<,>,A,R,H),

where V is the input alphabet, U is the working alphabet, V ⊂ U , <,> are two symbols in
U \ V called endmarkers, A ⊆ U∗ is the set of initial strings (axioms), while R is a set of
splicing rules over U . Furthermore, H is a finite set of strings over U ; the elements of H
are called halting strings.

Let Γ = (V,U,<,>,A,R,H) be an ASS and w be a string in V ∗; we define the following
iterated splicing process:

τ1R(A,w) = σR(A ∪ {< w >}),
τ i+1
R (A,w) = τ iR(A,w) ∪ σR(τ iR(A,w) ∪A), i ≥ 1.

As one can see, all the strings obtained in some splicing step are present in all subsequent
splicing steps.

A computation of Γ on w is the sequence of sets (τ iR(A,w))i≥1. Such a computation is
finite (we say that Γ halts on w ∈ V ∗) if there exists k ≥ 1 such that τkR(A,w)∩H ̸= ∅ or if
the configuration remains the same after subsequent changes. An input string w is accepted
by Γ if Γ halts on w because of the first condition. A set of strings L is accepted by Γ if
Γ accepts all strings in L and no other string. The language accepted by Γ is denoted by
L(Γ).

Next in line, we describe the formal specifications for the networks of splicing processors
which fall under the category of accepting splicing systems.

A splicing processor with random-context filters (SPRC for short) over an alphabet V is
a 6-tuple (S,A, PI, FI, PO, FO) where:

• S is a finite set of splicing rules over V .
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• A is a finite set of auxiliary strings over V . These auxiliary strings are to be used
together with the existing strings, in the splicing steps of the processors. Auxiliary
strings are available at any moment.

• PI, FI ⊆ V are the sets of permitting and forbidding symbols, respectively, which
form the input filter of the processor.

• PO,FO ⊆ V are the sets of permitting and forbidding symbols, respectively, which
form the output filter of the processor.

A splicing processor as above is considered to be uniform if the input and output filters
for the permitting and forbidding symbols coincide. The set of splicing processors with
random-context filters over V is denoted by SPRCV while its uniform variant is denoted by
USPRCV . Similarly, the set of splicing processors (SP for short) without filters is written
as SPV .

A network of splicing processors with random-context filters (NSP for short) is a 9-tuple
Γ = (V,U,<,>,G,N , β, In,Out), where:

• V and U are the input and network alphabet, respectively, V ⊆ U , and <,>∈ U \ V
are two special symbols.

• G = (XG, EG) is an undirected graph without loops with the set of vertices XG and
the set of edges EG. Each edge is given in the form of a binary set. G is called the
underlying graph of the network. In almost all works on networks of splicing processors
(see, e.g., the survey [43]), the underlying graph is a complete graph.

• N : XG → SPRCU is a mapping which associates with each node x ∈ XG the splicing
processor with random context filters N (x) = (Sx, Ax, P Ix, F Ix, POx, FOx).

• β : XG → {(s), (w)} defines the type of the input/output filters of a node. More
precisely, for every node x ∈ XG, the following filters are defined where the predicates
φβ(x) follow the definitions described in section 2.2:

input filter: ρx(.) = φβ(x)(.;PIx, F Ix),

output filter: τx(.) = φβ(x)(.;POx, FOx),

That is, ρx(w) (resp. τx(w)) indicates whether or not the string w can pass the input
(resp. output) filter of x. More generally, ρx(L) (resp: τx(L)) is the set of strings of
L that can pass the input (resp. output) filter of x.

• In and Out ∈ XG are the input node, and the halting node, respectively, of the NSP.

In the same way as the splicing processor, a network of splicing processors is considered
to be uniform if it is composed by uniform splicing processors. Since this variant is a
particular case of NSP, all concepts defined below for NSP are valid for NUSP as well. A
network of uniform splicing processors with random-context filters (NUSP for short) is a
9-tuple Γ = (V,U,<,>,G,N , β, In, Out), where:

• V,U,<,>,G, In,Out follow the same specifications as the parameters in NSP.
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2.3. Networks of Splicing Processors

• N : XG → USPRCU is a mapping, which associates with each node x ∈ XG the
uniform splicing processor N (x) = (Sx, Ax, Px, Fx).

• β : XG −→ {(s), (w)} specifies the strength of the sets P and F associated to node
filters.

A network of splicing processors with filtered connections (shortly NSPFC) is a 10-tuple
Γ = (V,U,<,>,G,R,N , β, In,Out), where:

• V,U,<,>,G, α, In,Out have the same meaning as for NSPs.

• R : XG → SPU is a mapping, which associates with each node x ∈ XG the splicing
processor N (x) = (Sx, Ax).

• N : EG −→ 2U ×2U is a mapping which associates with each edge e ∈ EG the disjoint
sets N (e) = (Pe, Fe), Pe, Fe ⊂ U .

• β : EG −→ {(s), (w)} defines the filter type of an edge.

A polarized splicing processor (PSP for short) over an alphabet V is a 3-tuple (S,A, π),
where:

• S and A are the finite set of splicing rules and the finite set of auxiliary strings over
V matching the same specifications as a SPRC.

• π ∈ {−,+, 0} is the polarization of the node (negatively or positively charged, or
neutral, respectively).

The set of polarized processors over V is denoted by PSPV .
A network of polarized splicing processors (NPSP for short) is a 9-tuple Γ = (V,U,<,>

,G,
N , φ, In,Out), where:

• V,U,<,>,G, In,Out follow the same specifications as the parameters in NSP, while
N : XG → PSPU associates now with each node x ∈ XG the polarized splicing
processor N (x) = (Sx.Ax, πx).

• φ is a valuation of U∗ in Z.

The size of a network of splicing processors Γ is defined as the number of nodes of
the underlying graph and symbolized by card(XG). A configuration of Γ is a mapping
C : XG −→ 2U

∗
which associates a set of strings C(x) with every node x of Γ. Although a

configuration is a multiset of strings, each one appearing in an arbitrary number of copies,
for the sake of simplicity, we work with the support of this multiset. A configuration can
be seen as the sets of strings, except the auxiliary ones, which are present in the nodes
at some moment. Given a string w ∈ V ∗, the initial configuration of Γ is defined by

C
(w)
0 (In) = {< w >} and C(w)

0 (x) = ∅ for all other x ∈ XG.
A new configuration is yielded from an original one after the execution of a an splicing

step or a communication step. We say a configuration C ′ follows a configuration C by a
splicing step if each component C ′(x), for some node x, is the result of applying all the
splicing rules in the set Sx that can be applied to the strings in the set in C(x) together
with those in Ax. Formally, a configuration C ′ is achieved from a previous one C through
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the execution of a splicing step, denoted as C =⇒ C ′, if and only if the following holds for
all x ∈ XG:

C ′(x) = σSx(C(x) ∪Ax)

Although the communication step is identical for networks of splicing processors and net-
works of evolutionary processors, we include it here to keep both sections independent. The
communication step for a network of splicing processors differs based on the communication
policy and the position of the filters. The communication step of a NSP is composed by a
pair of actions performed simultaneously for every node x ∈ XG:

• All the strings that can pass the output filters PO and FO of the node leave it and
are sent out to other nodes.

• All the nodes y ∈ XG connected to the node x receive the incoming data and accept
it if the requirements set by their own input filters PIy and FIy are met.

Thus, any string w from the node x which is not taken in by the connected nodes y is
ultimately lost and removed from the computation. Formally, a configuration C ′ follows a
configuration C after a communication step (we write C |= C ′) if for all x ∈ XG

C ′(x) = (C(x)− φβ(x)(C(x), POx, FOx))∪

⋃
{x,y}∈EG

(φβ(y)(C(y), POy, FOy) ∩ φβ(x)(C(y), P Ix, F Ix),

holds . In the case of NSPFC the communication is the same as in NEPFC. Each node
processor x ∈ XG of a NSPFC sends one copy of each word it has to every node processor
y connected to x, provided they can pass the filters P and F of the edge {x, y} between x
and y. It keeps no copy of these words but receives all the words sent by any node processor
z connected with x providing that they can pass the filter of the edge between x and z.
Formally, we say that the configuration C ′ is obtained in one communication step from
configuration C, written as C |= C ′, if

C ′(x) = (C(x) \ (
⋃

{x,y}∈EG

φβ({x,y})(C(x),N ({x, y}))))

∪(
⋃

{x,y}∈EG

φβ({x,y})(C(y),N ({x, y})))

A communication step in a NPSP is also identical to the one performed in NPEP. For
each x ∈ XG:

• Copies of the data present in a node x are sent to each neighbouring node y connected
to it. From these strings, x only keeps a copy of the strings having the same polarity
to that of the node.

• All the nodes receiving the incoming data sent by x take in a copy of the strings with
the same polarity while unaccepted copies are lost.
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Formally, the configuration C ′ is produced from a configuration C as a consequence of
a communication step, written as C |= C ′, if:

C ′(x) = (C(x) \ {w ∈ C(x) | sign(φ(w)) ̸= πx} ∪
⋃

{x,y}∈EG

({w ∈ C(y) | sign(φ(w)) = πx}),

for all x ∈ XG. Here, sign(m) is the sign of the integer m.
For a network of splicing processors Γ, a computation on an input string w ∈ V ∗ is a

sequence of configurations C
(w)
0 , C

(w)
1 , C

(w)
2 , . . . , where C

(w)
0 is the initial configuration of Γ

on w, C
(w)
2i =⇒ C

(w)
2i+1 and C

(w)
2i+1 |= C

(w)
2i+2, for all i ≥ 0. Note that the configurations are

changed by alternative steps.
A computation on the previous string w halts, if there exists a configuration in which

the set of strings existing in the output node Out is non-empty or if if it is not possible
to perform further relevant changes to the configuration in the nodes. Thus, network of
splicing processors can work as accepting splicing systems and the previous computation is
called an accepting computation if it halts as a consequence of the first clause. Based on
this behavior, we say a language is accepted by Γ if

L(Γ) = {w ∈ V ∗ | the computation of Γ on w halts and C(Out) ̸= ∅}

Given a network of splicing processors Γ with the input alphabet V , we define the time com-

plexity of the network. Analogously to NEP, a finite computation C
(w)
0 , C

(w)
1 , C

(w)
2 , . . . , C

(w)
m

of Γ on w ∈ V ∗ has a time complexity equal to m, which is written as TimeΓ(w). Further-
more, the time complexity of Γ is the partial function from N to N denoted as follows:

TimeΓ(n) = max{timeΓ(w) | w ∈ L(Γ), |w| = n}.
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Chapter 3

SIMULATIONS BETWEEN
POLARIZATION AND
RANDOM CONTEXT
FILTERS IN NETWORKS OF
EVOLUTIONARY
PROCESSORS

Research on efficient simulations between different bio-inspired computational models
are essential in the theoretical and practical study of this field. In recent years, several solu-
tions for NP-complete problems have been reported using different bio-inspired frameworks,
turning efficient simulations between them into an important research subject in order to
translate our findings to other systems. Furthermore, it would allow us to overcome the
physical and economical limitations we could encounter in their practical implementation,
such as the hypothetical establishment of systems, composed of a mix of different bio-inspired
architectures, designed to improve the efficiency of a given task.

In the context of networks of evolutionary processors, this investigation started with
the works [130] and [129], where time complexity preserving simulations between the three
variations of NEP employing random-context filters were introduced. Later, the paper [176]
uncovered a methodology to convert networks employing random-context filters into anal-
ogous systems handling their communication through polarization, leaving the possibility
of an inverse transformation as an open problem. One year later, we answered this inquiry
with our proposal of a methodology to convert NPEP architectures to equivalent NEPRC
models in [175]. With this latest work, we complete the picture of direct simulations between
all variants of networks of evolutionary processors.

This chapter is structured as follows. First, we include the simulation of NEPRC by the
polarized version reported in [176] for consultation purposes. Then, we introduce our work
regarding the opposite conversion. We conclude the chapter with a practical application of
our approach to convert a solution given in NPEP to one employing NEPRC, for a commonly
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studied NP-complete problem: the ”3-colorability problem”.

3.1 Efficient simulation of NPERC by NPEP

We include in this section the simulation of NEPRC by NPEP reported in [176] for sake of
self-containing and completeness of this thesis.

Theorem 3.1.1. For every NEPRC Γ, there exists a NPEP Γ′ such that L(Γ) = L(Γ′).
Furthermore, TimeΓ′(n) ∈ O(TimeΓ(n)) and size(Γ′) ≤ c ·size(Γ) for some constant c ≥ 1.

Proof. Let Γ = (V,U,G,N , α, β, In,Out) be a NEPRC. We associate with every node of Γ
a subnetwork of Γ′ in the following way.

1. Simulation of a substitution node of Γ.
Let x be a substitution node with N (x) = (Mx, P Ix, F Ix, POx, FOx), α(x) = ∗, and β(x) =
(w). First, we consider the following subnetwork associated to the input filter of x formed

by two other subnetworks, one associated with PIx, denoted by
x, PI
(w)

and the other

one with FIx, denoted by x, FI .

Fig. 3.1: Subnetwork associated with PIx for a weak filter.

The node (x3, P I) is connected to the node x1, F I , which is the first node of the

subnetwork denoted by x, FI . This is a line graph whose nodes are
xj , F I
bj ∈ FI

, with

FI = {b1, b2, . . . , bk} for some k ≥ 1, as shown in Figure 3.2.
1.1. Simulation of the input filter. The case of weak filters.
Now, before defining the subnetwork that simulates the node x, we analyze whether the
effect of the input filter of x in Γ is simulated by the subnetworks of Γ′ defined in Figures
3.1 and 3.2. Let us suppose that z ∈ U∗ passes the input filter of x, which means that at
least one symbol in PI occurs in z and no symbol in FI appears in z.

We consider now that string z enters (x1, P I) having a neutral polarization. In this
node, an occurrence of a symbol a ∈ PI in z is replaced by a′. Actually, each occurrence
of each letter of PI in z is replaced by its primed copy, in different copies of z. All these
strings leave (x1, P I) because they have a positive polarization and enter (x2, P I). All the
primed symbols are replaced by their double primed symbols in (x2, P I) and all the obtained
strings leave (x2, P I) and enter (x3, P I), where the double primed symbols return to their
original copies. The strings without primed or double primed symbols, including z, that
leave (x3, P I) are exactly the strings that satisfy the permitting condition of the input filter
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Fig. 3.2: Subnetwork associated with FIx.

of x. These strings enter (x1, F I). We continue to follow the itinerary of z. In (x1, F I) it is
checked whether or not z contains b1. If this is the case, the string obtained after replacing
an occurrence of b1 by b1 gets a positive valuation and goes out from (x1, F I) but it is lost
because it cannot enter any node. If z has no occurrence of b1, then it goes out and enters
(x2, F I), where the same checking process is done for b2, and so on. In conclusion, z will
eventually go out from (xk, F I), provided that it does not contain any symbol in FI.

1.2. Simulation of the substitution step.
The subnetwork simulating exactly the effect of the evolutionary rules of the substitution
node x of Γ is presented in Figure 3.3.

Fig. 3.3: Subnetwork associated with substitution node x.

We continue to follow the itinerary of the string z which enters xsim, the first node of

the subnetwork
xsim
γ = Sub

, after leaving (xk, F I). In xsim, a symbol T is inserted at

some position in z. The role of this symbol is that all strings receiving this symbol go out
from xsim, preventing in this way the illegal multiple applications of substitution rules. The
new strings enter xs1, where one starts the simulation of a substitution rule a → b ∈ Mx.
First, we apply a →< b >, provided that this rule is effectively applicable. There are two
possibilities: (i) the rule is effectively applicable and the new strings enter xs2 because their
polarity becomes positive after applying the rule, and (ii) the rule is not applicable and one
copy of each unchanged string remains in xs1 while another copy goes to xs4. The symbol
T in all the strings that arrive in xs2 and xs4 is deleted. The obtained strings in xs2 enter
xs3, where all the symbols < b >, b ∈ U , are replaced by b. These strings, together with
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those modified in xs4, enter (x
a1
1 , PO), the first node of the subnetwork

x, PO
(w)

depicted

in Figure 3.4.
It is worth mentioning that all the strings originating in z obtained in x ∈ Γ which are

checked by the output filter of x arrive in (xa1
1 , PO), sooner or later. Even if these strings

are obtained simultaneously in x ∈ Γ and they reach (xa1
1 , PO) at different computational

steps, this does not eventually matter because the accepting condition is that the output
node of Γ′ is nonempty in some computational step.

Fig. 3.4: Subnetwork associated with POx for a weak filter.

1.3 Simulation of the output filter. The case of weak filters.
The subnetwork in Figure 4 checks whether or not the strings originating in z satisfy the
permitting condition of the output filter of x. This is done as follows: in the node (xa1

1 , PO),
it is checked whether or not the letter a1 ∈ POx is present in the strings. An occurrence of
a1 is changed into a′1 in all strings having this symbol and the new strings enter (x2, PO).
All strings that do not have a1 enter (xa2

1 , PO), where the process described for a1 takes
place for a2. This process continues for all letters in PO. Summarizing, all the strings in
(xa1

1 , PO) containing a letter in PO will eventually arrive in (x3, PO) and then (x1, FO),
while those not having any letter in PO will eventually return to xsim. This is exactly
what happens with the strings in x in Γ when they are checked for the permitting symbols
of POx: those that have at least on letter in POx continue the filtering process with the
forbidding symbols in FOx, while the others remain in x for a new evolutionary step.

We now explain the simulation of the process of checking the forbidding symbols of
FOx. To this aim, we analyze what is happening with the strings arriving in (x1, FO) in
the subnetwork illustrated in Figure 3.5. As one can see, the symbols of FO are checked in
a sequential manner through the nodes (x1, FO), (x2, FO),...,(x|FO|, FO). If a symbol b in

FO is found in a string, b is replaced by b and all the obtained strings enter (xF , FO), where
b is restored and then the strings are sent back to xsim. This corresponds to the situation
when a string cannot pass the forbidding set of the output filter of x in Γ. If no symbol in FO
appears in a string, that string goes sequentially through (x1, FO), (x2, FO),...,(x|FO|, FO).
All these strings enter the nodes (y1, P I), {x, y} ∈ EG, where the whole simulation described
here for the node x continues for the node y.

1.4. Simulation of the input/output filter. The case of strong filters.
We discuss now the case when the filters of x are of the strong type. Actually, it suffices to
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Fig. 3.5: Subnetwork associated with FOx.

show how the permitting sets are simulated only. The subnetwork simulating the filtering
process based on the permitting set PI is shown in Figure 3.6.

Fig. 3.6: Subnetwork associated with PIx for a strong filter.

In Γ, a string z passes through the strong input filter of the node x if it has all the
symbols in the set PIx. In Γ′ we check the existence of each symbol from the set PIx in the

string z. Hence, for each ai ∈ PIx, we have a subnetwork
xi, P I
ai ∈ PI

to check whether or

not the symbol ai appears in the string z. First, in node (x11, P I), if the symbol a1 ∈ PIx
is present in the string z, then we replace it with the symbol a′1 and the string obtained
moves to node (x21, P I). There we replace a′1 with a′′1 so the string moves to node (x31, P I)
where we finally replace a′′1 with a1. At each step we change the polarity of the string from
neutral to positive, then to negative, and then back to neutral to make sure the string passes
through all three nodes and cannot return to the previous nodes. Then from node (x31, P I)
the string z moves to node (x12, P I) and we repeat the process above to check the existence
of the symbol a2 and so on. As one can see in Figure 3.6, if the string z contains all the

symbols in the set PIx then it will pass one by one through all the subnetworks xi, P I and
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then from node (x3|PI|, P I) the string will move to node (x1, F I). But if there is at least
one symbol ak ∈ PIx that doesn’t appear in the string, then z will remain stuck in the node
(x1k, P I), thus simulating the case where the string z doesn’t pass the permitting set of the
input filter of node x in Γ.

As far as the simulation of the filtering process based on the permitting set PO is
concerned, this is done by the subnetwork shown in Figure 3.7.

Fig. 3.7: Subnetwork associated with POx for a strong filter.

In Γ a string passes through the strong output filter of the node x if it has all the symbols
in the set POx. In Γ′ the simulation is very similar to the one described above for the PIx

set. For each symbol ai ∈ POx we have a subnetwork
xi, PO
ai ∈ PO

to check whether or not

ai is present in the string z. Again, if the symbol is present in z, we change the polarity
of the string from neutral to positive, then to negative, and then back to neutral. And we
do this sequentially for each symbol in POx. So if the string z contains all the symbols in

the set POx, then it will pass through the entire subnetwork
x, PO
(s)

and then from node

(x3|PO|, PO) the string z will move to node (x1, FO). But if there is at least one symbol

ak ∈ POx that is not present in the string, then z will return from node (x1k, PO) to node
xsim. This simulates the case where the string cannot pass the permitting set of the output
filter of node x in Γ.

We have explained how the simulation works if x is a substitution node for both cases
of filters, weak or strong.

2. Simulation of a deletion/insertion node.
Next we will describe the simulations for a deletion node as well as for an insertion node.
The simulation of the input/output filters is the same for all the nodes, so below we will
only focus on simulating the effect of the evolutionary rules of a deletion node using the
subnetwork presented in Figure 3.8 and those of an insertion node using the one in Figure
3.9.

Let x be a deletion node with N (x) = (Mx, P Ix, F Ix, POx, FOx), α(x) ∈ {∗, l, r}, and
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Fig. 3.8: Subnetwork associated with deletion node x.

β(x) ∈ {(w), (s)}. The subnetwork
xsim
γ = Del
α ∈ {∗, l, r}

works quite similar to the subnetwork

xsim
γ = Sub

.

First, in node (ssim) the symbol T is inserted somewhere in the string z so it moves to
node xs1. Here we start the simulation of a deletion rule (a → λ)α ∈ Mx. First, we apply
(a →< a >)∗, provided that this rule is effectively applicable. So this substituion rule is
applied on any position of the symbol a in different copies of the string z. (i) If symbol a
was present in z, then the strings obtained have a positive polarity so they move to node
xs2 where the symbol T is deleted from the strings. Then, a copy of each string will remain
in node xs2 and another copy will move to node xs3 where the deletion rule (< a >→ λ)α

is applied only on the positions corresponding with the value of α from the deletion rule
we want to simulate. Therefore, the strings from which < a > was successfully deleted will

leave the node (xs3) and go to the x, PO subnetwork, while the other strings will remain

in node xs3 (and then keep moving between xs3 and xs2). (ii) If symbol a was not present
z, then a copy of the string remains in node xs1 and another copy moves to node xs4 where

the symbol T is deleted and then the string leaves this subnetwork and goes to the x, PO

subnetwork.

Next we present the simulation of an insertion node, which is a little easier than the
other two types of nodes.

Fig. 3.9: Subnetwork associated with insertion node x.

Let x be an insertion node with N (x) = (Mx, P Ix, F Ix, POx, FOx), α(x) ∈ {∗, l, r},
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and β(x) ∈ {(w), (s)}. We will simulate it using the subnetwork
xsim
γ = Ins
α ∈ {∗, l, r}

shown in

Figure 3.9.
We start in node xsim where we insert the symbol T somewhere in the string z. The

strings obtained have negative polarity so they move to node xs1. Here we begin the
simulation of an insertion rule (λ → a)α ∈ Mx. First, in node xs1 we apply the insertion
rule (λ→< a >)α (so we insert the symbol < a > exactly at the position given by the value
of α from the insertion rule we want to simulate) and all the strings will have a positive
polarity and move to node xs2. Then we delete the symbol T from all the strings but their
polarity remains positive. So a copy of each string will remain in node xs2 and another copy
will move to node xs3, where we apply the rule (< a >→ a)∗. In each string there is exactly
one symbol < a >, which was inserted at the correct position, so after the substitution is
applied a will be in the right position.

By all these explanations we infer that L(Γ) = L(Γ′) holds.

3. Evaluation of the simulation complexity.
We evaluate now the number of evolutionary steps done by Γ′ for simulating a single evolu-
tionary operation in Γ. This detailed evaluation is presented in Table 3.1 for an arbitrary
node x of Γ with N (x) = (Mx, P Ix, F Ix, POx, FOx).

Type Filter Check Check Rule Check Check
of x type PIx FIx simulation POx FOx

substitution weak 3 |FIx| 4 |POx| |FOx|
substitution strong 3|PIx| |FIx| 4 3|POx| |FOx|
insertion weak 3 |FIx| 4 |POx| |FOx|
insertion strong 3|PIx| |FIx| 4 3|POx| |FOx|
deletion weak 3 |FIx| 4 |POx| |FOx|
deletion strong 3|PIx| |FIx| 4 3|POx| |FOx|

Table 3.1: Number of evolutionary steps in Γ′ for simulating an evolutionary step in x.

Summarizing, if x has a weak filter, each of its evolutionary steps is simulated by at most
7 + |FIx| + |POx| + |FOx| evolutionary steps in Γ′. If x has a strong filter, each of its
evolutionary steps is simulated by at most 4+3(|PIx|+ |POx|)+ |FIx|+ |FOx| evolutionary
steps in Γ′. Consequently, TimeΓ′(n) ∈ O(TimeΓ(n)) holds.

We now set k = max{3(|PIx| + |POx|) + |FIx| + |FOx| : x ∈ XG}. It is obvious that
size(Γ′) ≤ (8 + k) · size(Γ), which completes the proof.

3.2 Efficient simulation of NPEP by NEPRC

The predominant purpose of this research is a direct simulation of NPEP by NEPRC that
induces a time complexity improvement in comparison to an indirect simulation through an
intermediate Turing machine. This result [175] completes the picture of simulations between
the two models started in the paper [176].

Theorem 3.2.1. For every NPEP Γ, there exists a NEPRC Γ′ such that L(Γ) = L(Γ′).
Moreover, size(Γ)(card(U) + 15) ≤ size(Γ′) ≤ size(Γ)(3card(U) + 15).
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Proof. Let Γ = (V,U,G,N , α, φ, In,Out) be a NPEP with an arbitrary underlying graph
G. The working alphabet U ′ of Γ′ is defined as follows:

U ′ = U ∪ {ai | a ∈ U, 1 ≤ i ≤ |φ(a)|} ∪ {a′ | a ∈ U,φ(a) ̸= 0} ∪
{ā | a ∈ U} ∪ {T,T′,T′′, R+, R−}.

We associate with every node x of Γ the subnetwork of Γ′ composed in its turn by the
subnetworks illustrated in figures Fig. 3.10, 3.11, 3.12 and 3.13. It is worth mentioning that
all filters of Γ′ are weak filters. These subnetworks are connected as follows in Γ′:
(i) The four subnetworks associated with a node x of Γ are connected such that the nodes
Startaux in the subnetworks in figures Fig. 3.10 and 3.11 is the same node, while the nodes
Check in figures Fig. 3.11, 3.12 and 3.13 is the same node.
(ii) Each node x of Γ′ is connected to y of Γ′ provided that {x, y} is an edge in G.

Fig. 3.10: Subnetwork 1: setup

Let is suppose that w ∈ U∗ leaves the node x at a given moment in Γ. We consider
now that string w enters Start from x of Γ′ at that moment. In this node, the symbol T is
inserted in the end of w. Note that the action mode of the insertion rule ε → T is in the
right. Further on, the string wT enters Startaux, where the symbol T is ultimately replaced
by T′, blocking the route back of wT′ to Start.

For each symbol a ∈ U , we distinguish two cases: φ(a) ̸= 0 and φ(a) = 0. Let us consider
the case φ(a) ̸= 0, for some a ∈ U . From Startaux, the string wT′ enters Starta. Here,
an occurrence of a is replaced by a1. From now on, a ping-pong process between the nodes
Starta and Inserta starts: each time when the string is in Starta, either an occurrence of
a is replaced by a1 or ai is replaced by ai+1, provided that 1 ≤ i < |φ(a)|, while whenever
the string is in Inserta, a symbol a′ is inserted in its end. The total effect of this ping-pong
process is that all occurrences of a are eventually replaced by a|φ(a)| and a total number of
|φ(a)| · |w|a of occurrences of a′ are appended. When all occurrences of a are replaced by
a|φ(a)|, the strings enter Limita, where all these occurrences are replaced by ā. If the strings
still contains letters from U , the strings cannot enter Check, but they go back to Startaux,
where the process described above is resumed for another letter in U .

Returning to the two cases, if φ(a) = 0, then the strings enter the node Limita associated
with this case, where all occurrences of a are replaced directly by ā. In conclusion, from wT′

one obtains all the strings w′T′u, where w′ is obtained from w by replacing each occurrence
of any symbol a ∈ U by ā and u is any permutation of the strings in the set

{(a′)|w|a·|φ(a)| | a ∈ U,φ(a) ̸= 0}.
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Fig. 3.11: Subnetwork 2: introducing φ(a) information.

The aforementioned behavior carries on until all symbols a ∈ U are replaced by ā. Once
this requirement is met, the strings enter Check and T′ is changed to T′′. Note that all
these strings also return to Startaux, but they are ultimately lost in the next communication
step after not meeting the requirements imposed by the filters of the connected nodes.

The computation continues on with the simplification process handled by the third sub-
network illustrated in Fig. 3.12. Let us assume that a string z exits Check and enters
Reduce1. In this node one occurrence of a symbol a′ with φ(a) > 0 is changed to R+, and
the new string leaves Reduce1 for entering Reduce2. Here, an occurrence of a symbol b′

with φ(b) < 0 is replaced with R−. These two new symbols are removed in Reduce3 and
Reduce4 and the new string is returned back to Check. Consequently, z is simplified until
it does not contain two symbols a′, b′ with φ(a) ·φ(b) < 0. Note that any string which does
not contains a pair of symbols a′, b′ with φ(a) · φ(b) < 0 can still enter Reduce1 but it ends
up being blocked in either Reduce1 or Reduce2.

Lastly, the simulation ends with the steps executed in the subnetwork portrayed in Fig.
3.13. From Check a string can enter either Null or Positive or Negative. It can enter
Null provided that it does not contain any symbol a′, a ∈ U . It can enter Positive if it still
contains a′ with φ(a) > 0 after the computational steps in the third network, but no b′ with
φ(b) < 0. Finally, it can enter Negative if it only contains a′ with φ(a) < 0, but no b′ with
φ(b) > 0. In all of these nodes, the symbols ā return to the original a ∈ U . Hereafter, the
symbols a′ are removed in the Positive2 and Negative2 nodes. Then, the simulation ends
by removing the special symbol T′′ and the strings, which collapse now to w, are sent to the
nodes of the original network Γ given that the node polarity is the same as that considered
in each branch, namely + for Positive, − for Negative and 0 for Null.

In this simulation, the symbols a ∈ U are replaced by their counterparts ā ∈ U ′ without
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Fig. 3.12: Subnetwork 3: simplification.

altering their position in w and returned back to the original state in the last subnetwork
before connecting with the nodes of Γ. Similarly, the special symbols T and a′ used for
the polarization simulation are removed at the end of the computation. Therefore, the
same string w ultimately enters the common nodes of the networks Γ and Γ′. From these
propositions, we conclude L(Γ) = L(Γ′).

Finally, it is easier to evaluate the size(Γ′). For each node x of Γ the new network Γ′ has
four subnetworks: Subnetwork 1 which has 2 new nodes (the node x belongs already to Γ),
Subnetwork 2 has at most 3card(U) + 1 nodes (note that Startaux has been counted with
Subnetwork 1), but at least card(U)+1 nodes, Subnetwork 3 has 4 nodes, while Subnetwork
4 has 8 nodes, hence a total of at most 15+3card(U) nodes, but at least 15+card(U) nodes.
Therefore, size(Γ)(card(U) + 15) ≤ size(Γ′) ≤ size(Γ)(3card(U) + 15) holds.

Theorem 3.2.2. For every NPEP Γ, with TimeΓ(n) ∈ O(f(n)), there exists a NEPRC Γ′

which directly simulates Γ and TimeΓ′(n) ∈ O(P · f(n)(n + f(n))), where P is the biggest
absolute value of the valuation mapping φ of Γ.

Proof. We evaluate now the number of evolutionary steps performed by Γ′ for simulating a
communication in Γ.

Let w be the string that enters Start in the simulation of a communication step in Γ.
The Subnetwork 1 always requires a constant number of 2 evolutionary steps. The number
of evolutionary steps in Subnetworks 1 and 2 is at most 2+ |w|∗(2P +1)+1, hence O(P |w|).
The computation of Subnetwork 3 requires O(P |w|) evolutionary steps as well. Lastly, the
computation continues in exactly one of the three mutually disjoint branches starting with
the nodes: Null, Positive, and Negative, respectively. Thus, the Subnetwork 4 requires
a number of O(|w|), O(P |w|), and O(P |w|) evolutionary steps, respectively. Now, for an
input string of length n, the length of any string moving throughout the network at any
step is bounded by f(n) + n. Therefore, each simulation of a communication step takes
O(P (n+ f(n))) steps in Γ′. Consequently, TimeΓ′(n) ∈ O(P · f(n)(n+ f(n))).

We now compare our direct simulation with an indirect simulation via a Turing machine.
To this aim, we recall the following two statements from [45] and [49, 48], respectively.

Theorem 3.2.3.
1. Every NPEP working within O(f(n)) time can be simulated by a nondeterministic Turing
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Fig. 3.13: Subnetwork 4: polarization choice and string reset.

machine in O(f(n)(f(n) + n)2).
2. Every nondeterminstic Turing machine working within O(f(n)) time can be simulated by
an NEPRC in O(f(n) time.

From these statements it immediately follows that every NPEP working within O(f(n))
time can be simulated by an NEPRC in O(f(n)(f(n) + n)2) time. As one can easily see,
the direct simulation proposed by us in this note is far more efficient than the indirect one.

An immediate and attractive question arises: Is the P factor necessary? Can it be
discarded? We are going to answer this question in the next section.

3.3 Another efficient simulation

The answer is yes, the factor P can be removed at the price of a larger size of the simulating
network. In what follows, we discuss this construction.

Theorem 3.3.1. For every NPEP Γ = (V,U,G,N , α, φ, In,Out) working in f(n) time,
there exists a NEPRC Γ′ such that L(Γ) = L(Γ′) and TimeΓ′(n) ∈ O(f(n)(f(n) + n))).
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Moreover, size(Γ)(13 + 4P + card(U)) ≤ size(Γ′) ≤ size(Γ)(13 + 4P + 3card(U)), where
P = max{|φ(a)| : a ∈ U}.

Proof. The construction of Γ′ is very similar to that from the proof of Theorem 3.2.1. We
shall just point out the differences. The structure of Subnetwork 1 remains the same, but
the description of nodes Start and Startaux are to be changed as shown in Table 3.2.

Node Rules PI FI PO FO α

Start {ε→ T} U {T′} ∪ {ā | a ∈ U}∪ {T} ∅ r
{a|φ(a)| | a ∈ U,φ(a) ̸= 0}

Startaux {T→ T′} {T,T′} {a|φ(a)|} {T′} ∅ r

Table 3.2

As one can see, the simulation starts in nodes Start and Startaux exactly as explained
in the proof of Theorem 3.2.1.

The structure of Subnetwork 2 remains unchanged, but the description of nodes Starta,
Inserta, and Limita, for all a ∈ U such that φ(a) ̸= 0, are to be changed as shown in Table
3.3.

Node Rules PI FI PO FO α

Starta {a→ a|φ(a)|} {a} ∅ {T′} ∅ ∗
Inserta {ε→ Rφ(a)} {T′} ∅ {T′} ∅ r
Limita {a|φ(a)| → ā} {Rφ(a)} {a,T′′} {ā} {a|φ(a)|} ∗

Table 3.3

A similar ping-pong process between the nodes Starta and Inserta in the previous
construction starts: each time when the string is in Starta, an occurrence of a is replaced
by a|φ(a)|, while whenever the string is in Inserta, a symbol Rφ(a) is inserted in its end.
The total effect of this ping-pong process is that all occurrences of a are eventually replaced
by a|φ(a)| and a total number of |w|a of occurrences of Rφ(a) are appended. When all
occurrences of a are replaced by a|φ(a)|, the strings enter Limita, where all these occurrences
are replaced by ā. If the strings still contains letters from U , the strings cannot enter Check,
but they go back to Startaux, where the process described above is resumed for another
letter in U .

In conclusion, from a string wT′ that goes out from Startaux one obtains all the strings
w′T′u, where w′ is obtained from w by replacing each occurrence of any symbol a ∈ U by

ā and u is any permutation of the strings in the set {R|w|aφ(a) | a ∈ U,φ(a) ̸= 0}.
The Subnetwork 3 in the proof of Theorem 3.2.1 is now replaced by a subnetwork having

2P branches. We depicted such a branch in Fig. 3.14, for an arbitrary −P ≤ −k ≤ −1.
Other 2P branches whose nodes are called Reduce1(k) and Reduce2(k), 1 ≤ k ≤ P are
defined analogously.

It is important to note that there is an edge between Reduce3 and Reduce4 and any
node Reduce2(q), −P ≤ q ̸= 0 ≤ P .

We explain the role of this subnetwork. Let us assume that a string z exists Check and
enters Reduce1(q) for some −P ≤ q ̸= 0 ≤ P . In this node one occurrence of a symbol Rq

is changed to R0, and the new string leaves Reduce1(q) for entering Reduce2(q). Here, an
occurrence of a symbol Rt is replaced with R′t+q, provided that (t + q)q ≤ 0. These two
new symbols are removed in Reduce3 and Reduce4 and the new string is returned back
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Fig. 3.14: New Subnetwork 3.

to Check. Consequently, z is simplified until it does not contain two symbols Ri, Rj with
i× j < 0.

Although the structure of Subnetwork 4 remains the same to that in the proof of Theorem
3.2.1, the parameters of all nodes have to be changed, hence we prefer to give it completely
in Fig. 3.15.

The simulation ends in the subnetwork portrayed in Fig. 3.15. From Check a string
can enter either Null or Positive or Negative. It can enter Null provided that it does not
contain any symbol Rq, −P ≤ q ̸= 0 ≤ P . It can enter Positive if it still contains Rq with
q > 0, but no Rq with q < 0. Finally, it can enter Negative if it only contains Rq with q < 0,
but no Rq with q > 0. In all of these nodes, the symbols ā return to the original a ∈ U .
Hereafter, the symbols Rq are removed in the Positive2 and Negative2 nodes. Then, the
simulation ends by removing the special symbol T′′ and the strings, which collapse now to
w, are sent to the nodes of the original network Γ given that the node polarity is the same
as that considered in each branch, namely + for Positive, − for Negative and 0 for Null.
From these propositions, we conclude L(Γ) = L(Γ′).

We now evaluate the size(Γ′). For each node x of Γ the new network Γ′ has four
subnetworks: Subnetwork 1 which has 2 new nodes (the node x belongs already to Γ),
Subnetwork 2 has at most 3card(U) + 1 nodes (note that Startaux has been counted with
Subnetwork 1), but at least card(U) + 1 nodes, Subnetwork 3 has 4P + 2 nodes, while
Subnetwork 4 has 8 nodes, hence a total of at most 13 + 4P + 3card(U) nodes, but at
least 13 + 4P + card(U) nodes. Therefore, size(Γ)(card(U) + 13 + 4P ) ≤ size(Γ′) ≤
size(Γ)(3card(U) + 13 + 4P ) holds.

Finally, it is easy to note that the computation on an input string w in Subnetworks
1 and 2 together requires O(|w|) evolutionary steps and the same time is required by the
computation in each of the Subnetworks 3 and 4. Therefore, if Γ works in f(n) time, then
TimeΓ′(n) ∈ O(f(n)(n+ f(n))).

Finally, it is worth mentioning that this direct simulation completes the result reported
in [176] that states the following:

Theorem 3.3.2. For every NPERC Γ, there exists a NPEP Γ′ such that L(Γ) = L(Γ′).
Furthermore, TimeΓ′(n) ∈ O(TimeΓ(n)) holds.
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Fig. 3.15: New Subnetwork 4.

3.4 Converting a NPEP solution of 3-colorability prob-
lem to NEPRC

In the following example, we convert the uniform solution of a well known NP-complete
problem, the ”3-colorability problem”, based on NPEP illustrated in [133] to another so-
lution based on NEPRC. The aim of this problem is to decide whether each vertex in a
connected undirected graph can be colored by using three colors (say, red, blue, and green)
in such a way that after coloring, there are not two connected vertices with the same color.
Graph coloring (we consider here vertex coloring) has numerous applications: scheduling,
register allocation, pattern matching, frequency assignment for mobile radio stations, etc.
The solution presented in [133] is as follows.

Theorem 3.4.1. The “3-colorability problem” of a graph of order n and size m can be
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uniformly solved by NPEPs in O(n+m) time.

Proof. Let Y = (B,Q) be a graph with set of vertices B = {v1, v2, . . . , vn} and set of
edges Q = {e1, e2, . . . , em}, where each ek is given in the form ek = {vi, vj}, for some
1 ≤ i ̸= j ≤ n. We construct the NPEP Γ that will decide whether the graph Y can be
colored with three colors, namely red, blue, green, as follows:

Γ = (V,U,G,R, φ, In,Out)

with

V = {T0, T1, T2, . . . , Tn(n−1)/2} ∪ {e1, e2, . . . , en(n−1)/2} ∪ {a},
U = V ∪ {T ′0, T ′1, T ′2, . . . , T ′n(n−1)/2} ∪ {e

′
1, e
′
2, . . . , e

′
n(n−1)/2} ∪

{▼e1,▼e2, . . . ,▼en(n−1)/2} ∪ {ri, bi, gi | 1 ≤ i ≤ n} ∪ {T ′′0 , F} ∪
{T ′′′0 , T ′′′1 , T ′′′2 , . . . , T ′′′n(n−1)/2}.

We now define the valuation mapping φ:

φ(Tk) = 0, 0 ≤ k ≤ n(n− 1)/2, φ(T ′j) = 1, 0 ≤ j ≤ n(n− 1)/2,
φ(zi) = 0, 1 ≤ i ≤ n, z ∈ {r, b, g}, φ(ej) = 0, 1 ≤ j ≤ n(n− 1)/2,
φ(z′i) = 1, 1 ≤ i ≤ n, z ∈ {r, b, g}, φ(e′j) = −2, 1 ≤ j ≤ n(n− 1)/2,
φ(z′′i ) = 3, 1 ≤ i ≤ n, z ∈ {r, b, g}, φ(▼ej) = 0, 1 ≤ j ≤ n(n− 1)/2,
φ(a) = 1, φ(F ) = 1,
φ(T ′′0 ) = −1. φ(T ′′′j ) = 1, 0 ≤ j ≤ n(n− 1)/2

We first give the shape of the underlying graph G in Figure 3.16.

����
In

����
X

����
X ′

[1, 2] [1, 3] [n− 1, n]

��
��
Out

Figure 3.16. General shape of the underlying graph G

Each box labeled by [i, j], 1 ≤ i < j ≤ n, encapsulates a subgraph associated with the
edge {i, j} which is described in Figure 3.17.
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Figure 3.17. The subgraph associated with each edge {i, j}.

We now define the nodes of our network in Table 3.4:

Node M α

In
⋃n

i=1{a→ ri, a→ bi, a→ gi} +

X {Tk → T ′′′
k−1 | 1 ≤ k ≤ n(n− 1)/2} ∪ {T0 → T ′′

0 } 0

X ′ {T ′′′
k → T ′

k | 1 ≤ k ≤ n(n− 1)/2}∪ +
{T ′

k → T ′′
0 | 1 ≤ k ≤ n(n− 1)/2}

(i, j) {ek → e′k | ek = {i, j}} +

(i, j, z), z ∈ {r, b, g} {zi → z′i} −
(i, j, z, y), z ∈ {r, b, g} {yj → y′′j } 0
y ∈ {r, b, g}, z ̸= y

Z {T ′
k → Tk | 0 ≤ k ≤ n(n− 1)/2} ∪ +

{z′i → zi, g
′′
j → gj} ∪ {e′k → ▼ek | ek = {i, j}}

Out ∅ −

Table 3.4: The parameters of the nodes of Γ

We now discuss how the network accepts any input string encoding a graph that can be
colored with three colors and reject the input string if it encodes an invalid coloring. The
computation starts with a string of the form

w = Tme1e2 . . . ema
n,

which encodes a graph with n nodes (the number of a’s equals the number of nodes) and m
edges (the edges are encoded by the symbols ek). Note that φ(w) is positive. In the input
node In the input string stays until all occurrences of a are replaced by ri, bi, gi, for some
1 ≤ i ≤ n. Indeed, as long as there are still occurrences of a in a string in In, the value
of that string is still positive. The meaning of replacing an occurrence of a by ri is that
the node vi is colored in red. Therefore, after replacing all occurrences of a the input node
contains strings encoding all possible colorings of the graph. Note that if a string contains
both ri and bi, for some 1 ≤ i ≤ n (a node is colored by two colors in the same coloring),
this means that another node is missing from this coloring and the string will be blocked
during the computation. This will follow easily from the subsequent explanation.

Let us follows with an arbitrary string that migrates from In to the node X. Here Tm is
replaced by T ′′′m−1 and one copy of the string migrates to the input node, Z and X ′. Since
it is not possible for a new rule to be applied to the string in the first two nodes and they
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are not connected to other nodes with positive polarity, the copy remains forever in them.
On the other hand, T ′′′m−1 will be replaced with T ′m−1 in the node X ′ and n(n− 1)/2 copies
of the new string will migrate to the nodes (i, j), 1 ≤ i < j ≤ n. As soon as a string arrives
in (i, j), we distinguish two situations that may appear depending on whether the string
contains a symbol ek that encodes the edge {i, j} ∈ Q. If the string does not contains such
a symbol, then it will return to X ′ where T ′m−1 is replaced with T ′′0 , ejecting it from the
network. If such a symbol appears in the string, then ek is replaced by its primed copy, the
value of the new string becomes negative, and three copies of the new string simultaneously
migrate to the nodes (i, j, r), (i, j, b), and (i, j, g), respectively. We continue our analysis
with the string arriving in (i, j, r). An analogous discussion works for the other nodes as
well. In (i, j, r) one checks whether or not the color assigned to the node vi is red. This is
done by replacing ri with its primed copy. If the symbol ri does not appear in the string,
it is blocked in (i, j, r) for the rest of the computation. After having ri substituted by
r′i, the new string gets a neutral value and two copies migrate to (i, j, r, b) and (i, j, r, g),
respectively. In these nodes one checks in a similar manner to that in (i, j, r) whether the
color assigned to vj is blue or green, respectively. Assume that the color assigned to vj is
actually blue. Then after replacing bj with b′′j the string enters node Z. Here all the primed
symbols are restored except for e′k which is replaced by ▼ek. Only after replacing all those
symbols, the new string returns to X and the whole process described above resumes. It
is worth mentioning that the string arrives in X if the colors assigned to the nodes i and j
in the coloring encoded by the string is valid. Now the coloring has passed successfully the
test for the edge {i, j} and the index of T has decreased by 1 which means that there are
m− 1 edges for which the coloring is to be further tested.

As we have seen, all strings encoding invalid colorings remain blocked and only those
which encode valid colorings return to X after each edge test. If the index of the symbol T
becomes 0 in a given string, this means that the coloring encoded by that string has passed
the tests for all edges of Q, therefore the input graph can be colored with three colors. The
symbol T0 in such a string is replaced by T ′′0 in X which makes it to have a negative value.
Consequently, it migrates to Out, the computation halts, and the input string is accepted.

We mention that our solution is uniform because the network remains unchanged for
any instance of a graph of order n. Furthermore, the total number of evolutionary steps is
n+ 9m+ 1, given by:

• n steps in the node In,

• m times the following steps:

– one step in X,

– one step in X ′,

– one step in each node situated on every level in the subgraph associated with an
edge,

– four steps in Z.

• one last step in X.

Therefore, TimeΓ(w) ∈ O(n +m) holds. In conclusion the NPEP constructed above uni-
formly solves the problem in O(n+m) time.

Theorem 3.4.2. The “3-colorability problem” of a graph of order n and size m can be
uniformly solved by NEPRC in O(f(n+m)((n+m) + (f(n+m))) time.
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Proof. Let Γ be the previous NPEP network. We build the NEPRC network Γ′ according
to the specifications in section 3.3. We briefly discuss how the computation proceeds in the
new network for a given step in the original network Γ. This procedure is analogous for all
the other not discussed steps.

Let is assume a word of the form w = T ′m−1e
′
1e2 . . . emrigj . . . bn enters the node (i, j, r) ∈

Γ. In that node, ri is replaced with its primed copy if it exists, yielding z. If the rule is
applied, the polarity changes from −1 to 0 and z enters the connected nodes (i, j, r, g) and
(i, j, r, b). Otherwise, the polarity of the word remains negative and the string is blocked at
(i, j, r).

Let is assume ri could be replaced with r′i. Then, the same word w ultimately enters
the node (i, j, r) ∈ Γ′ yielding the same results as the rules of that node are identical in
both networks. From here, the word z enters the subnetwork of Γ′ described in section 3.3
composed in its turn by 4 subnetworks. In the Subnetwork 1, a character T is inserted
at the end of z in the node Start and later replaced with T′ in Startaux. These two new
characters stop z from returning to (i, j, r). Therefore, zT′ is forced to enter Subnetwork
2. There, all the characters c ∈ z | φ(c) = 0, namely rk, gk, bk ∈ z | 1 ≤ k ≤ n and
ep ∈ z | 1 ≤ p ≤ m, are replaced with their c̄ counterpart in their corresponding nodes
Limitc by means of one evolutionary step each. On the other hand, for each character
c ∈ z | φ(c) ̸= 0, namely T ′m−1, e

′
1 and r′i, z enters the sequence of nodes Startc where c

is replaced with c|φ(c)|, Insertc where Rφ(c) is inserted at the end of z and Limitc where
c|φ(c)| is ultimately transformed into the c̄ counterpart. This process continues on until z
doesn’t contain any c ∈ U , at which point all the words z′T′u generated from zT′ enter
Check where z′ is obtained from z by replacing each occurrence of any symbol c ∈ U by c̄

and u is any permutation of the strings in the set {R|z|cφ(c) | c ∈ U,φ(c) ̸= 0}.. At this point,
the strings are of the form w = ¯T ′m−1ē

′
1ē2 . . . ēmr̄

′
iḡj . . . b̄nT

′Rφ(T ′m−1)
Rφ(e′1)

Rφ(r′i)
.

The computation continues on in Subnetwork 3, where the new string, say w, is simplified
until it does not contain two symbols Ri, Rj with i×j < 0. In this example case, Rφ(T ′m−1)

=

R+1 , Rφ(e′1)
= R−2 and Rφ(r′i)

= R+1. Thus, w can enter the nodes Reduce1(+1) or
Reduce1(−2). Let is assume the word enters Reduce1(+1). In that node, R+1 is replaced
with R0 and the resulting string enters Reduce2(+1) where R−2 is replaced with R′−2+1.
Then, it enters Reduce3 where R0 is removed and Reduce4 where R′−2+1 is reverted to
its non-primed counterpart R−1. Lastly, the resulting word is sent back to Check. Note
that the path the string can take is unidirectional as the filters block the return route
after each evolutionary step is applied. The procedure is analogous for other branches,
although in this specific case if the string entered the node Reduce1(−2) it would end up
blocked in Reduce2(−2) as the string doesn’t contain Rj such that j + (−2) ≥ 0. Now, the
string contains R−1 and R+1. Consequently, the steps described above are repeated in the
Reduce1(+1) or Reduce1(−1) branch. In this last simplification step, the strings directly
enter Check from Reduce3, as the yielded R′0 character is removed in the latter. Note that
in the other two possible end cases where the string still contains characters Rk of the same
polarity (either k > 0 or k < 0), the word can still enter the corresponding Reduce1 nodes,
but it will ultimately be blocked in the corresponding node Reduce2.

The computation resumes in Subnetwork 4 where the strings can only follow the null
branch as it doesn’t contain symbols Rq. In the node Null, the c̄ characters are turned
back into the original counterparts c ∈ U . Then, the character T′′ is deleted in Null −
final. At this point, the strings, which are now collapsed to the original word w =
T ′m−1e

′
1e2 . . . emr

′
igj . . . bn, are sent to the nodes in Γ′ which act as the counterpart of the
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neutral nodes connected to (i, j, r) in the original network, namely (i, j, r, b) and (i, j, r, g).
Similarly, if the rule in (i, j, r) could not be applied, the word entering the subnetwork

is now w = T ′m−1e
′
1e2 . . . emrigj . . . bn. The computation in the Subnetwork 3 ends with the

character R−1 and the generated strings take the negative branch of the last subnetwork.
Just like in Null, the original characters c ∈ U are retrieved in Negative1. Then, R−1 and
T′′ are removed in Negative2 and Negative− final, respectively. The words, turned now
into copies of the original string w, enter now the counterparts of the source node (i, j, r)
and the negative nodes connected to the latter in the original network, which in this case
is only (i, j, r). Thus, the word w is continuously returned back to the node (i, j, r) ∈ Γ′

while w remains in the original node (i, j, r) ∈ Γ, as the polarity of w remains the same,
completing the simulation.

We now evaluate the computational costs incurred by the associated NEPRC network
Γ′ to simulate the original NPEP network Γ. From section 3.3, it is known that if Γ works
in f(n) time, then TimeΓ′(n) ∈ O(f(n)(n + f(n))). Consequently, if the ”3-colorability
problem” of a graph of order n and size m can be uniformly solved by NPEPs in O(n+m)
time, the same problem can be uniformly solved by NEPRC in O(f(n+m)((n+m)+(f(n+
m))).
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Chapter 4

TOWARDS PROBALISTISTIC
NPEP: A SIMULATION

Networks of bio-inspired processors are theoretically capable to efficiently solve difficult
problems unmanageable by our current computational means. Nevertheless, its practical use
is facing difficulties with the exponential increase of data and the implementation of filters
because of the challenge to orchestrate communication and computation across available
resources. The polarized variant of networks of bio-inspired processors was proposed as
an alternative to overcome the practical issues associated to the filters, while probabilities
assigned to words and the evolutionary rules in the nodes were introduced in [44] as a
promising tool to purge unneeded string data in the polarized variant during the resolution
of NP-complete problems in a polynomial time. A decreasing of the exponential increase in
data size is achieved with a loss of certainty of the final result, which is reached with some
error probability, in a similar way as in the case of randomized algorithms. Thus, during
the computation, those strings with a very low probability or those for which the estimation
to arrive in the output node is very small will be ignored.

In this chapter, we outline the details of our generic software implementation for this
new variant of polarized networks of evolutionary processors published in [82]. The aim
of this work is the examination of the probabilities of the strings held by the halting node
of the network for the test case of an instance of the satisfiability problem , a known
NP-complete problem. This implementation considers the two different possibilities of
assigning a probability distribution to evolution rules discussed in the paper, namely static
and dynamic probabilities.

4.1 Solving an instance of SAT Problem

The use of NPEPPP and NPEPDP as problem solvers was discussed in [44]. There is a
correspondence between decision problems and languages transforming an instance of a given
decision problem into a string [117]. In fact, in [44] there were presented some explanations
on the formal way of solving the SAT problem with NPEPPP/NPEPDP: Given a boolean
formula, does at least one of the assignment of the variables make the formula true?.

In this section we consider the same instance of SAT problem proposed in [44]. Let us
consider the following instance of SAT-problem with three variables {ai | i ∈ {1, 2, 3}} and
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three clauses where the negation of a variable ai is denoted by āi, with i ∈ {1, 2, 3}.

ψ = (a1 ∨ ā2) ∧ a3 ∧ (ā1 ∨ a2 ∨ ā3)

Each of the m clauses is encoded by a sequence of its literals, without the logical con-
nectives. These sequences separated by an & form the encoding of the whole formula. In
our case, the input string is

w = a1ā2&a3&ā1a2ā3

In this research project, we present a different network encoding to solve some inconsis-
tencies we found during several runs of our simulation when the network was working with
dynamical probabilities. We propose a hybrid network Γ, consisting of two subnetworks
Γ1, where we follow the NPEP model without considering probabilities, and Γ2, where we
use a NPEPPP/NPEPDP network. Our reason for this approach is that we are not inter-
ested in the probabilities associated with the generation step, but we only want to compute
probabilities during the filtering process.

We define Γ as follows:

• The input alphabet: V = {a1, a2, a3, ā1, ā2, ā3,&}

• The network alphabet: U = V ∪ {#,#′, Q,Q′, v, h, f, t, |t|,&, < & >}

• The processors’ configuration together with their list of adjacency are given in Tables
4.1 and 4.2

• The polarity function is given in Table 4.3.

Node Rule α Polarity Adjacency

In {ε→ Q} r 0 {Inv}
Inv {ε→ v} r 0 {In, Ina1

}
Inai

{ε→ #} r 0 {Inv, Tai
, Fai
}, i ∈ {1, 2, 3}

Tai {ai → t, āi → f, ∗ − {Inai ,Mai}, i ∈ {1, 2, 3}
#→ #′}

Fai
{ai → f, āi → t, ∗ − {Inai

,Mai
}, i ∈ {1, 2, 3}

#→ #′}
Mai

{ai → h, āi → h} ∗ + {Tai
, Fai

, Nai
}, i ∈ {1, 2, 3}

Nai
{#′ → #} ∗ + {Mai

, Delai
}, i ∈ {1, 2, 3}

Delai {#→ ε} r − {Inai+1 , Nai}, i ∈ {1, 2}
Dela3

{#→ ε} r − {C1, Na3
}

Table 4.1: Nodes of Γ1

The computation starts in the subnetwork Γ1. The specification of the nodes is shown
in the Table 4.1 while a better visualization of how the nodes are connected is portrayed in
Figure 4.1. The input word w is located in In at the beginning of the computation. After
two evolutionary steps in In and Inv, the symbols Q and v are attached to the end of the
input string w. From now on, the variables are replaced with boolean values, represented by
the symbols t and f . As one can see, this part consists of 7 cycles starting in Inai and ending
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Fig. 4.1: Subnetwork i = 1 of Γ1

Node Rule α Polarity Adjacency

C1 {&→ &} ∗ 0 {Dela3
, C2, C5}

C2 {t→ |t|} ∗ + {C1, C3}
C3 {&→< & >} ∗ − {C2, C4}
C4 {t→ ε, f → ε, l 0 {C3, C5}

|t| → ε}
C5 {t→ ε, f → ε, l + {C4, C6, C1}

< & >→ ε}
C6 {t→ |t|} ∗ 0 {C5, C7}
C7 {Q→ Q′} − {C6, C8}
C8 {t→ ε, f → ε, l + {C7, Halt}

|t| → ε,Q′ → ε}
Halt ∅ 0 {C8}

Table 4.2: Nodes of Γ2

in the node Inai+1 where the process of assigning values to the next variable ai+1 starts.
Once all the variables are granted boolean values, the words enter the second subnetwork
Γ2 through the last node Delai

which is Dela3
for this instance of the SAT problem. Thus,

after exactly 3 passes through these cycles, all possible assignments have been obtained. Let
us go through this process in detail for the first variable a1.

First, the node Ina1
inserts the symbol # at the end of the string wQv, turning its

polarity negative. In the next communication step, the string enters the nodes Ta1
and Fa1

.
Let is analyze the case of the string that arrived in Ta1 . The procedure is analogous in Fa1 .
In the next evolutionary step two strings are obtained, namely tā2&a3&ā1a2ā3Qv# and
a1ā2&3&fa2ā3Qv#. These two pairs cannot leave the node Ta1

so they will remain here
for the next evolutionary step. Note that the string wQv#′ is also obtained, which enters
Ma1

. Here a symbol h will be inserted, keeping the words locked forever in Ma1
and Na1

.
Consequently, the nodeMa1 assure us that the intermediate strings (those strings where not
all occurrences of v and v̄ were replaced) cannot influence the computation anymore. We
now return to the two strings tā2&a3&ā1a2ā3Qv# and a1ā2&a3&fa2ā3Qv#. In the next
evolutionary step, the words yield copies of the same string z = tā2&a3&fa2ā3Qv#. In the
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Fig. 4.2: Subnetwork Γ2

x φ(x)

x ∈ V 0
{t, f} 0
# −1
#′ 1
Q 0
Q′ 3
v 0
|t| −2
& 1

< & > 2
h 2

Table 4.3: Polarity of Symbols

subsequent step, the symbol # is replaced with #′ and the polarity of z becomes positive,
allowing it to enter Ma1

. The string continues through Ma1
where no change is done, Na1

where #′ is replaced with # turning the word polarity negative and finally Dela1 where #
is removed returning the string to a neutral polarity. Then, the words enter Ina2 where an
identical process is started for the variable a2. Eventually, the 3 characters ai ∈ {a1, a2, a3}
are assigned values and the resulting strings will enter the subnetwork Γ2 through Dela3

.

The second part of the network (see Table 4.2 and Figure 4.2) checks if there is an
assignment that allows the input formula to be computed as true. Basically we check if
there is a valid assignment of variables such that each clause has at least one true value (the
t symbol) in it.

Let is analyze the computation in this second subnetwork. From the Dela3
node all

strings are sent to C1. Here, an & symbol is replaced with & and the polarity of the words
turn positive, stopping them from returning toDela3

. We shall see that from all the resulting
strings, only the one where the substitution takes place on the left-most occurrence of &
should be taken into consideration. All other resulting strings will be blocked further on in
the network. This substitution is intended to delimit the left-most clause. All the resulting
strings are sent to C2. Here, a t is substituted for a |t|. The intention of this operation is to
check whether the left-most clause contains a t. In other words, we want to mark a t that
is to the left of &. All strings in which the substitution takes place to the right of & shall
be blocked further on, in node C4. The resulting strings get passed on to C3, where the &
symbol is replaced with < & >. The result is sent to C4. Here, symbols from the left-side
of the string are repeatedly deleted until the occurrence of |t| is reached and deleted. If the
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deletion process reaches a & or a < & > before the deletion of |t|, the string is blocked. If
the presence of an unassigned variable is detected, the string is also blocked. Moving on to
C5 means that there was at least one t variable assignment in the leftmost clause. In C5,
what remained of the left-most clause is deleted, including the clause separator < & >. If
the clause separator was placed incorrectly, the deletion reaches a & and the computation
is blocked. Subsequently, a copy of the resulting string is sent back to C4, C1 and C6. In
the first node, it will remain blocked. In the second case, if there are still & symbols in that
string (i.e. the expression is made up of more than one clause), another occurrence of it is
replaced with & and the procedure described above resumes. Otherwise, the word remains
blocked in Dela3

and C1. Lastly, the string can also enter C6 where a t is substituted for a
|t|. The resulting word enters C7 where the symbol Q is replaced with Q′. Then, symbols
from the left-side of the string are repeatedly deleted until the occurrences of |t| and Q′ are
reached and deleted, turning the polarity of the word neutral. Note that Q′ can only be
reached if there is no & symbol left (i.e. the expression is made up of only one clause). From
this last node, the words collapsed now to w = v, migrate to Halt and the computation
halts with the formula being ascertained as satisfiable

4.2 The Simulation

We propose a C++ simulation for the previous instance of the SAT problem. The correlation
between the implementation objects and the terminology for NPEP elements is given in
Table 4.4, while the relations between classes is shown in Figure 4.3. The probability
strategy answers to a discrete uniform distribution over the rules of Γ, whose definitions
and computation algorithms were given in section 2.2. The implemented counterparts to
the aforementioned algorithms for a evolutionary step are illustrated in Algorithms 5 and 6.

Class SATEntity

cNetwork Γ
cProcessor R(x) = (Mx, αx, px, πx)
cSetOfRules Mx

cRule σ ∈Mx{a→ b}
cSetOfWords C(x)

cWord (w, t) ∈ C(x)

Table 4.4: Class Implementation

Static probabilities (NPEPP)

The probability of each rule σ ∈Mx is:

p(σ) =
1

card(Mx)
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Fig. 4.3: Class Diagram

Algorithm 5: Procedure for computing 𭟋cSetOfWords(x) in an evolutionary step
in NPEPPP. Input: cSetOfWords(x).

1: 𭟋cSetOfWords(x) := Λ;
2: for ((cWord ∈ cSetOfWords(x))&(cRule ∈ cSetOfRulesx)) do
3: for cWord′ obtained from cWord by applying cRule do
4: p(cWord′) := p(cWord) · p(cRule);
5: 𭟋cSetOfWords(x) := 𭟋cSetOfWords(x) + [cWord′];
6: end for
7: end for

Dynamic Probabilities (NPEPDP)

We already introduced the concept of applicable rules over a string w. Formally, the prob-
ability of a rule r ∈ Mx with respect to the string w in the next evolutionary step is as
given:

• If Card(Rx(w)) ̸= 0, then

pr(w) =


1

card(Rx(w))
, if σ ∈ Rx(w),

0, otherwise.

• If Card(Rx(w)) = 0, then
p(λ(w) = 1)

Results Comparison

In this stage of our investigation, the focus of interest are the probabilities of strings arriving
in the Halt node and not to make a decision about accepting or not the input string.
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Algorithm 6: Procedure for computing 𭟋cSetOfWords(x) in an evolutionary step
in NPEPDP. Input: cSetOfWords(x).

1: 𭟋cSetOfWords(x) := Λ;
2: for ((cWord ∈ cSetOfWords(x))) do
3: if cSetOfRulesx(cWord) ̸= ∅ then
4: for cRule ∈ cSetOfRulesx(cWord) do
5: for cWord′ obtained from cWord by applying cRule ∈ cSetOfRulesx(cWord)

do
6: p(cWord′) := p(cWord) · p(cRule, cWord);
7: 𭟋cSetOfWords(x) := 𭟋cSetOfWords(x) + [cWord′];
8: end for
9: end for

10: else
11: 𭟋cSetOfWords(x) := 𭟋cSetOfWords(x) + [cWord];
12: end if
13: end for

The results for both probabilistic approaches using a non-empty Halt node as the halting
condition are given in Table 4.5.

Probability type p(Halt)

Static 8.93
107

Dynamic 1
18

Table 4.5: Halting Probabilities

Although we don’t specify the string w associated to the probability t on the table, it
can be seen that because of our network configuration, all of the possible assignments that
satisfy the formula are reduced to the string w = v when arriving in the Halt node.

Clearly, the results for NPEPDP are much better than the achieved by NPEPPP. It is
worth noting that this improvement is only the result of applying dynamic behavior to the
rules, allowing the possibility of applying this concept to the communication step too for
further enhancement. Informally, not all nodes that have a polarity compatible to a string
are considered in a communication step, but only those of them that have at least a rule
which is applicable to the string.
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Chapter 5

NETWORKS OF UNIFORM
SPLICING PROCESSORS:
COMPUTATIONAL POWER
AND SIMULATION

This chapter illustrates the investigation published in [156]. In this paper, we pioneer
the analogous concept to networks of uniform evolutionary processors with random-context
filters for the framework of splicing processors. While theoretical scrutiny of the two other
variants, namely NSP and NSPFC, was already initiated in [47] and [19] respectively, re-
search on this paradigm has not been reported before this work. We analyze the computa-
tional power of this new variant of network of splicing processor, derived from the traditional
NSP model through the collapse of the output and input filters into an unique one. Although
this variant, called network of uniform splicing processors, seems to limit our control over
the computation because of only being able to specify the same set of restrictions over the
incoming and exiting strings, the new model is still a universal system retaining the same
computational power as the original networks of splicing processors. To support this claim,
we prove that nondeterministic Turing machines and 2-tag systems can be simulated with
networks of uniform splicing processors. Furthermore, the simulation is time efficient.

Subsequently, we will demonstrate that nondeterministic Turing machines can be sim-
ulated without worsening the time complexity of the machine through a network whose
number of nodes depends linearly on the number of symbols in the alphabet of the machine.
Further on, we justify this architecture can be simplified such that the number of nodes is
kept at the constant number of 6. We then investigate the possibility to simulate another
computationally complete model, namely the 2-tag system with these networks. We perform
such a simulation having two important properties: each application of a tag operation is
simulated in 8 computational steps (4 splicing steps and 4 communication steps) by the net-
work and the size of the simulating network is optimal, that has 2 nodes only. The methods
and techniques used in these simulations were the standard ones in such types of investi-
gations: we explain how each computational step of a Turing machine or a 2-tag system
can be simulated by a number of steps in a network of uniform splicing processors. After
these theoretical results, we consider the practical possibilities of this new model with the
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discussion of a software implementation of the NUSP model. To this aim, we propose a con-
ceptual architecture, which means the development of an NUSP engine using the GraphX
component within the Spark framework. All the components of this architecture together
with the way in which they are interconnected are amply described.

The contents of this chapter are structured according to the following script. In the first
two sections, we thoroughly explain the computational process through which a NUSP net-
work efficiently simulates the two abstract computational models considered in this chapter,
namely Turing machine and 2-tag system. We close the topic with a last section illustrat-
ing our theoretical approach to achieve a software implementation of networks of uniform
splicing processors.

5.1 Efficient Simulations of Turing Machines

The main result of this section is a time efficient simulation of Turing machines by NUSP.
The proof of Theorem 1 from [147] can be used to prove that deterministic Turing

machines can be efficiently simulated by NUSP. More precisely,

Theorem 5.1.1. If a language is accepted by a deterministic Turing machine in O(f(n))
time, for some function from N to N, then it is accepted by an NUSP of size 2 in O(f(n))
time.

Consequently,

Corollary 5.1.1. The class of polynomially recognizable languages is included in the class
of languages accepted by NUSPs of size 2 in polynomial time.

A natural problem arises: Are NUSPs able to efficiently simulate a nondeterministic
Turing machine? In the affirmative, does the size remain constant? It is known that every
nondeterministic Turing machine can be simulated by a deterministic one, which in its turn
can be efficiently simulated by NUSPs of size 2. However, it is also known that the former
simulation increases the time complexity of the deterministic machine. We prove now that
a nondeterministic Turing machine can be efficiently simulated (preserving the same time
complexity) by an NUSP, but the size of the network depends linearly on the cardinality of
the Turing machine alphabet.

Theorem 5.1.2. If a language is accepted by a nondeterministic Turing machine with an
alphabet U in O(f(n)) time, then it is accepted by an NUSP of size 2 · card(U) + 2 in time
O(f(n)).

Proof. The network contains along the input and halting node, two nodes for each symbol
of the working alphabet of the Turing machine, and two further nodes Sim and Res. We
shall now give the formal description of all the nodes (set of rules, axioms, permitting and
forbidding symbols, respectively).

Let M = (Q, V, U, δ, q0, B, F ) be a nondeterministic Turing machine; we now define
the NUSP Γ = (V,U ′, <,>,G,N , α, In, Out), where

U ′ = (U \ {B}) ∪ {<q| q ∈ Q \ F} ∪
{<q,b,R| q ∈ Q, b ∈ U \ {B}} ∪
{<q′ | q ∈ Q} ∪ {<q,L| q ∈ Q} ∪ {$,#, >′,&, ‡},

G is a complete graph, while the nodes of Γ are defined as follows:
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• In

– SIn = {[(<, λ); (<q0 ,#)], [(λ,>); (#, $ >′)]}.
– AIn = {<q0 #,#$ >′}.
– PIn = {>′}.
– FIn = ∅.
– α(In) = w.

• Sim

– SSim = {[(<q a, λ); (<s,b,R,#)] | a ∈ U \ {B}, q ∈ Q \ F, (s, b, R) ∈ δ(q, a)} ∪
{[(<q $, λ); (<s,b,R $,#)] | q ∈ Q \ F, (s, b, R) ∈ δ(q,B)} ∪
{[(<q a, λ); (<s,L b,#)] | a, b ∈ U \ {B}, q ∈ Q \ F, (s, b, L) ∈ δ(q, a)} ∪
{[(<q $, λ); (<s,L b$,#)] | b ∈ U \ {B}, q ∈ Q \ F, (s, L) ∈ δ(q,B)}.

– ASim = {<q,b,R #, <q,b,R $# | q ∈ Q, b ∈ U \ {B}} ∪
{<q,L b#, <q,L b$# | q ∈ Q, b ∈ U \ {B}}.

– PSim = {<q| q ∈ Q \ F} ∪ {<q,b,R| q ∈ Q, b ∈ U \ {B}} ∪ {<q,L| q ∈ Q}.
– FSim = {&,#‡}.
– α(Sim) = w.

• Rinsb, b ∈ U \ {B}

– SRinsb = {[(X,>′); (#, b&)] | X ∈ (U \{B})∪{$}}∪{[(<q,b,R, X); (<q′ ,#)] | q ∈
Q,X ∈ (U \ {B}) ∪ {$}}.

– ARinsb = {(#b&} ∪ {<q′ # | q ∈ Q}.

– PRinsb = {<q,b,R| q ∈ Q} ∪ {&}.
– FRinsb = {#, ‡}.

– α(Rinsb) = w.

• Linsb, b ∈ U \ {B}

– SLinsb = {[(X, b >′); (#, ‡)] | X ∈ (U \ {B}) ∪ {$}} ∪ {[(<q,L, X); (<q′ b, ‡)] | q ∈
Q,X ∈ (U \ {B}) ∪ {$}}.

– ALinsb = {(#‡} ∪ {<q′ b‡ | q ∈ Q}.

– PLinsb = {<q,L| q ∈ Q} ∪ {‡}.
– FLinsb = {#,&}.

– α(Linsb) = w.

• Res

– SRes = {[(X,Y ); (#, >′)] | X ∈ (U \ {B}) ∪ {$}, Y ∈ {&, ‡} ∪ {[(<q′ , X); (<q

,#)] | q ∈ Q,X ∈ (U \ {B}) ∪ {$}}.
– ARes = {(#&,#‡} ∪ {<q′ # | q ∈ Q}.
– PRes = {&, ‡, >′}.
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– FRes = {<q,b,R| q ∈ Q, b ∈ U \ {B}} ∪ {<q,L| q ∈ Q}{#, <}.
– α(Res) = w.

• Out

– SOut = AOut = FOut = ∅.
– POut = {<q| q ∈ F}.
– α(Out) = w.

The input string < w > is transformed into <q0 w$ >′ by two splicing steps in In,
where q0 is the initial state of the Turing machine. Now the string goes out from In and
one copy enters Sim. If only one of the splicing step were done in In, two strings would
be obtained, namely <q0 w > and < w$ >′. We analyze what could happen with the two
strings. The first cannot leave In, while the second one goes out from In but it cannot enter
any node, hence it is lost. Now the network performs a “rotate-and-simulate” strategy. In
Sim, the string <q0 w$ >′ is processed as follows. Its first symbol <q0 (inductively, <q) is
simultaneously replaced by <s,b,R or <s,L, where (s, b, R) ∈ δ(q0, a) and (s, b, L) ∈ δ(q0, a),
in different copies of <q0 w$ >′, where a is the first symbol of w. Now, the new strings
enter the nodes associated with the corresponding transitions where those transitions are
to be simulated. More precisely, they simultaneously enter Rinsb and/or Linsb. Each node
Rinsb and Linsb, b ∈ U \ {B}, performs two splicing steps over the strings it receives. Note
that the strings generated by only one splicing step cannot affect the computation. Indeed,
they either cannot leave their nodes or can leave their nodes but there is no node that can
accept them.

Let us follow the computation on the strings of the form <s,b,R x$y >′, s ∈ Q, b ∈
U \ {B}, x, y ∈ (U \ {B})∗, arriving in Rinsb. After one splicing step, the node yields

<s,b,R x$yb&, # >′, <s,b,R # and <s′ x$y >′. All these strings, except the first one, are
unable to exit the node, hence they will remain there for a further splicing step. The first
string goes out but it cannot enter any node, therefore it is lost. After the next splicing step,
the strings # >′, <s,b,R # disappear, while a new string is produced, namely <s′ x$yb&,
which goes out and enters Res only. In this way, Γ simulates a transition of the form
(s, b, R) ∈ δ(q0, a) and rotates the string to the right.

The process is similar for Linsb. A string <s,L x$y >′ enters Linsb. The role of this
node is threefold: delete a b from the end of y (if any), insert a b to the left hand end of x,
replace <s,L by <s′ . We describe below how this can be done. If y = y′b, a string <s,L x$y′‡
is obtained in one splicing step. In the same splicing step, the string <s′ bx$y >′ is also
obtained. The string <s,L x$y′‡ leaves Linsb, but it is lost because it cannot enter any node.

The string <s′ bx$y >′ cannot leave Linsb, hence it remains there for a further splicing step
in which y is replaced by y′. Now the new strings go out and enter Res. Note that if a
string <s,L x$y >′, such that y does not end by b, enters Linsb, it cannot produce any string
that is able to go out from Linsb and enter Res only. However, the string <s,L x$y >′ is
simultaneously processed successfully in a node Linsc, where c is the last symbol of y. In
this way, Γ simulates a transition of the form (s, c, L) ∈ δ(q0, a) and rotate the string to the
left, if this is possible.

All the strings successfully processed in the nodes Rinsb and Linsb, b ∈ U\{B}, can enter

Res only. These strings are of the form <q′ x$y‡ or <q′ x$y&, with q ∈ Q, x, y ∈ (U \{B})∗.
In Rinsb, by a sequence of two splicing steps as above, <q′ is replaced by <q, while ‡ and &
are replaced by >′. All these new strings go out from Res and enter either Sim, provided
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that q ∈ Q \ F , or Out, provided that q ∈ F . In the last case, the simulation is stopped
because the computation ofM (whose transitions have been simulated by Γ) reached a final
state.

As one can see, each transition ofM is simulated by Γ with a constant number of splicing
and communicating steps. Therefore, if M accepts in O(f(n)), then TimeΓ(n) ∈ O(f(n)).
Furthermore, the size of Γ is 2 · (card(U)− 1) + 4 = 2 · (card(U)) + 2, which concludes the
proof.

Actually, in the previous proof the symbol b could be considered in U \ (V ∪ {B}) only.
As it is known that this set can be reduced to the binary alphabet, we may state:

Theorem 5.1.3. Every recursively enumerable language can be accepted by an NUSP of
size 6.

Furthermore, a closer look at the communication in the network constructed in the
previous proof, leads to the fact that the underlying graph G could be replaced by a “double
interconnected star” graph as shown in the Figure 5.1, where U \{B} = {a1, a2, . . . , at}, for
some t ≥ 1.

Fig. 5.1: Communicating underlying graph.

5.2 Efficient Simulations of 2-Tag Systems

We recall here that many small universal Turing machines proposed in the literature have
been obtained by simulations of 2-tag systems, see, e.g., [191], and more recently [24] together
with the references therein.

It is known that 2-tag systems can simulate Turing machines but this simulation is
exponentially slow [77]. An efficient simulation of Turing machines via a simulation of
cyclic tag systems is presented in [24]. The main result in [24] states that given a single
tape deterministic Turing machine M that computes in time t then there is a 2-tag system
TM that simulates the computation of M in time O(t4(log t)2). By the previous simulation
it follows that given a single tape deterministic Turing machine M that computes in time

65



Networks of Uniform Splicing Processors: Power and Simulation

t, there is an NUSP ΓM that simulates the computation of M in time O(t4(log t)2). The
direct simulation presented in the next theorem is more efficient at the price of a larger
network size.

Theorem 5.2.1. Given a 2-tag system T = (V, µ) there exists an NUSP Γ such that every
w ∈ V ∗ is accepted by Γ if and only if T halts on w. Moreover, if TimeT (w) = f(|w|), then
TimeΓ(w) ∈ O(f(|w|)).

Proof. Let V ′ = V \{π}; we construct the NUSP Γ = (V ′, U,<,>,G,N , α, In, Out), where
U = V ∪ {<′,#, $, >′,&}, and the nodes x ∈ XG are defined as follows:

• In

– SIn is the union of the following sets:

(i) {[(<, Y ); ($,#)] | Y ∈ V ′ ∪ {>}},
(ii) {[($aX, Y ); (<′,#µ(a)# >′)] | a ∈ V ′ such that µ(a) ̸= π, and X ∈ V ′, Y ∈

V ′ ∪ {>}},
(iii) {[(Y,>); ($aX#, µ(a)# >′)] | a ∈ V ′ such that µ(a) ̸= π, and X,Y ∈ V ′},
(iv) {[(Xµ(a),# >′); ($aY#, >)] | a ∈ V ′, such that µ(a) ̸= π, and Y ∈ V ′, X ∈

V ′ ∪ {<′}},
(v) {[(<′, a); ($, aY## >′)] | a ∈ V ′ such that µ(a) ̸= π, and Y ∈ V ′},
(vi) {[($aX, Y ); (&, $)] | a ∈ V ′ such that µ(a) = π,X ∈ V ′, Y ∈ V ′ ∪ {>}},
(vii) {[(Xa,>); (&,&)] | X ∈ {<, $}}.

– AIn = {<′ #µ(a)# >′| a ∈ V ′ and µ(a) ̸= π} ∪ {$#, < #,&$}.
– PIn = {<,&}
– FIn = {$}.
– α(In) = (w).

• Halt

– SOut = AOut = ∅.
– POut = {&}.
– FOut = {#}.
– α(Out) = w.

We show that Γ accepts a string w that does not contain π if and only if T eventually
halts on w. Let w = aby, a, b ∈ V, y ∈ V ∗ be a string that does not contain π such that T
eventually halts on w. We show how w can be accepted by Γ. To this aim we show how
a tag operation in T is simulated by Γ. We first assume that µ(a) ̸= π. At the beginning
of the computation of Γ, in the node In, a splicing rule in the set (i) is applied to the
input string < aby > and the axiom $#. This operation yields two strings: $aby > and
< #. The second string gets through the filters of In and leaves it. However, it is lost
because it cannot be accepted by the other node in the network, namely Out, as a result
of the forbidden character #. On the other hand, the first string $aby > cannot pass the
forbidding filter of In and remains in this node for further operations.

In the next splicing step in In a rule from (ii) is applied to the previously obtained
string $aby > and to the axiom <′ #µ(a)# >′. The result of this splicing step is the pair
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of strings <′ y > and $ab#µ(a)# >′. Since these new strings cannot pass the filter of In,
they remain there for the next splicing step. At this moment, only one action is possible,
namely to apply a rule in set (iii) to the pair of strings just obtained. This splicing step
yields a new pair of strings, namely <′ yµ(a)# >′ and $ab# >. These two strings, which
cannot leave In, are to be further involved into a splicing step by using a rule in set (iv)
producing the new pair of strings <′ yµ(a) > and $ab## >′. Again, the next splicing step
is uniquely determined. Indeed, only a rule from (v) can be applied to the pair of strings
<′ yµ(a) > and $ab## >′ yielding $yµ(a) > and <′ ab## >′. This splicing step finishes
the simulation of the tag operation µ(a) applied to w in T .

More precisely, $yµ(a) > corresponds exactly to the transformation of aby in T by
applying µ(a) ̸= π, while the second string is to be lost in the next splicing step because
there is no string that can be paired up with it in a splicing step. The process is resumed
with the new string $yµ(a) > until a string $bz >, with µ(b) = π is obtained. When such a
string is obtained, say $bcz >, by using a rule in set (vi) and the axiom &$ the string &z >
is obtained which leaves In and enters Out and the computation of Γ on w halts.

Finally, let us consider the special halting cases of a string of length 1. There are two
cases: the current string is either an input string < a >, for some a ∈ V , or a string obtained
via a series of computations as above $a >, a ∈ V . A rule in (vii) can be applied to such
a string and the axiom && producing two strings such that at least one of them goes out
from In and enters Out. Note that the axiom && disappears after every splicing step when
there is no string as above in In. In this way, it cannot halts the computation illegally.

Conversely, it is clear that a computation of Γ on an input string halts if and only if the
input string is of length one or it eventually leads to the string containing &. This means
that T halts on that input string.

It is easy to note that Γ emulates one transformation of T in four steps. Consequently,
TimeΓ(w) ∈ O(f(|w|)) holds, and the proof is complete.

5.3 Towards a Computational Simulation of NUSP

Over the last decade, several implementations of Networks of Bio-inspired Processors (NBP
for short) on software computational platforms have been reported in the literature. Vari-
ous architectures, technologies, and strategies have been used in order to handle the large
data generated by NBP algorithms within a massively parallel and distributed environment.
With the advent of ultra-scalable computational platforms in Big Data scenarios, a new line
for software development of NBP simulators was opened. In particular, a highly scalable
engine developed with Apache Giraph on top of the Hadoop platform was proposed in [157].
This engine, NPEPE, is able to run Networks of Polarized Evolutionary Processors (NPEP)
algorithms and some other NBP variants’ algorithms ([158]). Apache Giraph ([194]) is an
iterative graph processing system built for highly scalable and fault tolerant distributed
computations. Giraph was developed as the open-source counterpart to Pregel, which was
proposed by Google. Its architecture for parallel computation is based on the well-known
“Bulk Synchronous Parallel” (BSP) model defined in [97]. BSP was introduced for guiding
the design and implementation of parallel algorithms for large-graph processing. Basically,
the BSP model implemented by Pregel and Giraph defines two step processes, which are
performed iteratively and synchronously: (1) one process performing computations on local
data and (2) one process communicating the results. Each iteration (computation or com-
munication) is called a superstep and represents atomic units of the parallel computation.
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The Apache Hadoop software library is a framework able to execute distributed process-
ing of large data sets across clusters of computers using a simple programming model based
on Map and Reduce operations.

Apache Spark has emerged as a fast and general-purpose cluster computing framework
able to execute high performance parallel computations in an efficient way. Spark was
proposed to resolve some drawbacks found in existing Map Reduce implementations (bot-
tlenecks in the cluster communication process, inefficiencies in accessing data, among oth-
ers). In particular, Spark resolves these drawbacks proposing a new programming model
that uses a distributed, immutable and fault-tolerant memory abstraction named Resilient
Distributed Datasets (RDDs). RDDs are able to maintain data in memory, disk, or in com-
bination of both rather than only in disk (such as previous Map Reduce implementations).
Some experiments demonstrated that Spark outperforms, by up to two orders of magnitude,
conventional Map Reduce jobs in terms of speed, see, e.g., [195, 79].

For specific graph-parallel processing, Spark offers the GraphX library. GraphX uses
the concept of Property Graph (directed multigraph) in combination with RDDs to execute
graph algorithms through partitioning and distributing techniques. GraphX reduces the
excessive data movement and processing inefficiencies exhibited by their predecessors by
proposing the unification of data-parallel and graph-parallel methods into one unified library
working on Spark framework.

As Giraph became a natural architecture to implement NPEP models through the
NPEPE engine [157], we consider Spark GraphX to be a suitable framework to offer high
performance and efficiency in the computations (by improving the data movement in the
communication processes) in some NBP models requiring these capabilities.

Therefore, we consider that Spark GraphX is an adequate framework to fit the specific
and novel nature of NUSP model. In particular, splicing rules are more complex than
evolutionary rules (used in different variants of networks of evolutionary processors) due
to, among other reasons, the fact that these operations involve two strings and several
suboperations: identify the splicing sites in each string to which the splicing rule is to be
applied, cut these strings and finally, rejoin the obtained substrings in accordance with
their order in the original strings. It is clear that simulating splicing rules requires more
computational resources, such as memory, therefore an efficient use of all the computational
resources of the model.

To our best knowledge, there is no hardware or software implementations of NBP mod-
els using splicing steps. In this section we introduce a conceptual and informal discussion
proposing the main guidelines to address the development of an NUSP engine on Spark
GraphX which seems more suitable to address the complexity of this bio-inspired computa-
tional model due to its splicing rules.

We start with an informal discussion, hence we consider an architecture for general
purpose which is shown in Figure 5.2.

Following this architecture, our suggestion is to develop the NUSP engine using GraphX
component within the Spark framework working in collaboration with two additional com-
ponents, namely: an Input component or NUSP editor and an Output component or
NUSP collector.

The NUSP editor should be developed in order to provide functionalities that allow
the final users to define and describe the NUSP algorithm in a friendly way. This component
must facilitate a more expressive manner to design an NUSP algorithm avoiding mistakes
in the notation when defining splicing rules in text editors. Following the same idea, the
NUSP collector should be able to obtain the output of an NUSP network computation
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Fig. 5.2: Spark GraphX architecture proposed for NUSP framework.

from the halting node and show it in a friendly manner such that it can be comprehensible
to the final user.

On the other hand, the NUSP engine should be able to extend the class utilities offered
by GraphX in order to execute the splicing and communication steps defined in the NUSP
model dynamics. These three modules and the way in which they are either connected or
mapped into the GraphX framework are described as follows:

NUSP editor: this component will be the input connection with the NUSP engine and
GraphX. Given that GraphX supports large scale graphs, this component should be able
to handle several input file formats such as text and JSON, in order to encode underlying
NUSP graph definitions. In particular, these formats are suitable for loading graph config-
urations using the utility class of GraphX called GraphLoader. Therefore, this component
should generate a NUSP network configuration from final user’s definition using these in-
put file formats. We consider that JSON format is more suitable to define the structure
of NUSP algorithms and the configuration of its components: splicing rules, axioms, al-
phabets, nodes, etc. The details of these components should be introduced by final user
through a graphical user interface. Then, NUSP editor should generate two configuration
files: (1) “configFile.json” representing the definition for NUSP graph components and (2)
“configFile.txt” containing the definition of the input word encoding the problem instance
which is to be solve by this NUSP configuration.

NUSP engine: the first component to be implemented within the NUSP engine is the
Input module. This module reads the JSON file generated by NUSP editor and uses the
GraphLoader class utility (GL) to instantiate the specific Property Graph and Vertex classes
from GraphX. The interaction between NUSP editor and the Input module is illustrated in
Figure 5.3.

The second component, named the NUSP Computation Module, should use the
Property Graph instance created by the Input module to define the Spark Context and the
main GraphX components: Vertex Table and Edge Table. Our NUSP Computation Module
will require other additional elements: alphabets (V and U), filters (the sets P and F ), ax-
ioms, and rules. Specifically, axioms and rules will be instanced using the stored information
into each JSON object defining a splicing node processor. They should be associated with
their respective vertex (a row in the Vertex Table) by means an unique identifier (ID) into
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Fig. 5.3: NUSP editor and Input module components.

Axiom and Rule Tables. Similarly, the filters (P and F sets) will be instanced into PContext
and FContext Tables using their corresponding ID from the Edge Table, as it is illustrated
in Figure 5.4. On the other hand, the definitions of the two alphabets should be associated
with the respective attributes of the Spark GraphContext instance. Note that NUSP ele-
ments, such as axioms, rules, and filters, will be converted into GraphX RDD structures.
Especial vertices such as the input or halting splicing processor nodes, will be defined as
extended Vertex Property instances. Particularly, the NUSP Computation Module should
read the “configFile.txt” file in order to extract the encoded input word and store it as
the only message into the Message Table (Msg Table) of the vertex representing the input
node. Each vertex will have associated a Message Table in which it can store its received or
processed words. Initially, all vertices except the input one, will have their Message Table
empty. We remark that, the NUSP notation is conserved into the GraphX mapping.

Fig. 5.4: NUSP configuration translated into a PropertyGraph of GraphX.

In order to simulate the NUSP model dynamics, the NUSP Computation Module
should define an execution method to start the computation. This method should activate all
vertices but only the input vertex is able to apply its splicing rules over its Message Table
content (which contains the message encoding the input word). The splicing operations
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defined by the splicing rules, will be implemented into the Vertex class utility. After the
starting step, each vertex should apply its rules (defined into the Rules Table) over incoming
messages from input vertex and stores them into its Message Table. At this moment, the
NUSP Computation Module will run a splicing step. When all rules have been applied, the
NUSP Computation Module will invoke the GraphX methods from Pregel API such that
every vertex of a superstep will receive and/or send processed messages according to the
associated vertices from the Edge Table. Then, a communication step will be executed.
After that, the NUSP Computation Module should invoke other superstep. Finally, we note
that in a communication step each vertex can discard the processed messages, store them
(in its Msg RDD Table) or send them to all associated vertices depending on the results
obtained by the filter application.

NUSP Collector represents a component which will be responsible for dumping the data
content of the Out vertex on an external file, which can be easily interpreted by the final
users. In addition, this component could dump the messages that each vertex keeps in their
respective Msg Tables when the computation halts creating a file for final computation log.

Summarizing, at the beginning of the NUSP algorithm computation, only the vertex
dynamics representing the input node are executed and then this node sends out the obtained
messages after applying its splicing rules to the initial message. Afterwards, during each
superstep, the NUSP engine through the GraphX invokes all vertices in parallel so that
they can process the received messages and can send out those messages able to pass their
respective filters. This process runs until the scanning process for the halting vertex returns
that the Msg Table for this node is non-empty. This process could be be implemented using
the dynamic PageRank algorithm by configuring the ranks converge property. At the end,
all words in the Msg Table of the halting vertex should be sent to an NUSP Collector.

Finally, we consider that the guidelines introduced in this section are an useful starting
point that might contribute to the development of software frameworks to simulate NBP
models using splicing rules.
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Chapter 6

NETWORKS OF SPLICING
PROCESSORS:
SIMULATIONS BETWEEN
NSPS AND NUSPS

While efficient conversions between the different variants of NEP models have been
reported in the manuscripts of [130], [129], [176] and [175], similar research for networks of
splicing processors is still open for pioneering. Subsequently, we introduce a methodology for
the efficient conversion of NSPs into their uniform variant, which was introduced in chapter
5, preserving the time complexity. Next, we illustrate the feasibility of this approach by
means of the efficient transformation of a reported NSP solution for the well-known NP-
complete problem, the satisfiability problem which is recognized as the root problem from
which all other NP-completeness proofs originate, into an equivalent NUSP architecture.

6.1 Direct Simulations between NSPs and NUSPs

As each NUSP can be immediately transformed into an NSP, we have:

Proposition 6.1.1. TimeNUSP (f(n)) ⊆ TimeNSP (f(n)) for any function f : IN −→ IN .

The converse is also true, namely:

Proposition 6.1.2. TimeNSP (f(n)) ⊆ TimeNUSP (f(n)) for any function f : IN −→ IN .

Proof. Let Γ = (V,U,<,>,G,N , β, In,Out) be a NSP with the underlying graph
G = (XG, EG) and XG = {x1, x2, . . . , xn} for some n ≥ 1; x1 ≡ In and xn ≡ Out.
Let further dom(Sxi

) = {x, y, u, v ∈ U∗ | [(x, y); (u, v)] ∈ Sxi
}. We construct the NUSP

Γ′ = (V ′, U ′, <,>,G′,N ′, β′, xs1, x0n), where

U ′ = U ∪ U▼ ∪ T , U▼ = {a▼ | a ∈ U},
T = {#, ψ} ∪ {$i,#i, θi,¥i | 1 ≤ i ≤ n}, V ′ = V ,

u▼ = a1▼a
2
▼ . . . a

|u|
▼ | u = a1a2 . . . a|u| ∈ U∗, z▼(u, v) = γu▼v▼δ | z = γuvδ ∈ U∗
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and the nodes and edges of G′ are defined as follows:

Node S P F A β′

xs1 {[(ε,>); (#, ψ >)]} {∅} {#1, θ1} {#ψ >} (s)
x01 {[(ε, ψ >); (#, > #1)]}∪ {∅} (U▼ ∪ T ) \ {>,#1} {# > #1,#θ1} (s)

{[(ε,#1); (#, θ1)]}

Table 6.1.

and {xs1, x01}, {x01, x11} ∈ EG′ .

Node S P F A β′

xcheck−in
i {[(ε, $i); (#,#i)]} PIxi (FIxi ∪ U▼ ∪ T )\ {##i,#θi} β(xi)

{[(ε,#i); (#, θi)]} {$i,#i}
x1
i {{[(a, b); (u▼, v▼)] | {#i} {θi,#} {zk▼(u, v)#i | (s)

[(a, b); (u, v)] ∈ Sxi} 1 ≤ k ≤ card(Axi ),
zk ∈ Axi}

x2
i {[(ε,#i); (#, θi)]} U▼ T \ {θi,#i} {#θi} (w)

x2
i (dom(Sxi )), {[(ε,#i); (#, θi)]} {θi,#i} (dom(Sxi ) ∪ T ∪ U▼)\ {#θi} (w)

{θi,#i}
x3
i {[(u▼, b); (πu,#)] | b ∈ {U∗ ∪ {#i}}}∪ {θi} {#, π} {πu#,#vπ#i} (s)

{[(π, ub); (t, u▼#)] | {u, t} ∈ U∗,
b ∈ {U∗ ∪ {#i}}}∪

{[(a, v▼); (#, vπ)] | a ∈ U∗}∪
{[(av, π); (#v▼, t)] | {a, v} ∈ U∗,

t ∈ U∗ ∪ {#i}}
xcheck−out
i {[(ε, θi); (#,¥i)]} POxi FOxi ∪ U▼∪ {#¥i} β(xi)

(T \ {θi,¥i})
xcontinue
i {[(ε,¥i); (#, $j)] | ∅ T \ ({¥i} ∪ {$j | {#$j} (s)

{xi, xj} ∈ EG} {xi, xj} ∈ EG})
xreturn1
i {[(ε, θi); (#,#i)]} FOxi U▼ ∪ {#, $j ,¥j | {##i} (w)

1 ≤ j ≤ n}
xreturn2
i {[(ε, θi); (#,#i)]} ∅ POxi ∪ {#, $j ,¥j | {##i} (s)

1 ≤ j ≤ n} ∪ U▼

Table 6.2.

Case 1. Let xi, 1 ≤ i ≤ n− 1, be a splicing node. If β(xi) = (w), then the nodes defined in
Table 6.2 belong to XG′ .

All the edges
– {xs1, x01},
– {x01, x11},
– {xcheck−ini , x1i } for 1 ≤ i ≤ n− 1,
– {x1i , x2i }, {x1i , x2i (dom(Sxi))} for 1 ≤ i ≤ n− 1,
– {x1i , x

return1
i }, {x1i , x

return2
i } for 1 ≤ i ≤ n− 1,

– {x2i , x3i } for 1 ≤ i ≤ n− 1,
– {x3i , x

check−out
i }, {x3i , x

return1
i }, {x3i , x

return2
i }

for 1 ≤ i ≤ n− 1,
– {xcheck−outi , xcontinuei }, {xcheck−outi , x2i (dom(Sxi))}

for 1 ≤ i ≤ n− 1,
– {xcontinuei , xcheck−inj } for all {xi, xj} ∈ EG, 1 ≤ i ̸= j ≤ n− 1,

– {x2i (dom(Sxi)), x
return1
i }, {x2i (dom(Sxi)), x

return2
i } for 1 ≤ i ≤ n− 1,

belong to EG′ . As we have mentioned above, we present also a graphical representation
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in Figure 6.1. �
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Figure 6.1.

If β(xi) = (s), then xreturn2
i is replaced by p ≥ 1 nodes of the form x

returnk
2

i , 1 ≤ k ≤ p,
where POxi

= {Z1, Z2, . . . , Zp}, p ≥ 1. They are presented in Table 6.3. Furthermore, if
POxi

= ∅, then xreturn2
i is removed. Analogously, if FOxi

= ∅, then xreturn1
i is removed.

Now an edge between x1i , x
3
i and each node x2i (dom(Sxi)), [(x, y); (u, v)] ∈ dom(Sxi), on the

one hand, and each node x
returnk

2
i , on the other hand, is added to EG′ .

Node S P F A β′

x
returnk

2
i {[(ε, θi); (#,#i)] ∅ {Zk} ∪ U▼∪ {##i} (w)

{#, $j ,¥j | 1 ≤ j ≤ n}

Table 6.3.

The output node x0n is defined as follows: S′(x0n) = S(xn), P
′(x0n) = PI(xn) and

F ′(x0n) = FI(xn), with A′(x0n) = A(xn), β
′(x0n) = β(xn). Finally, we add all the edges

{xcontinuei , x0n} | xi, xn ∈ EG, to EG′ .
We now analyze a computation of Γ′ on an input word < w >. In the input node xs1,

> is replaced with the sequence ψ >. Then, the word < wψ > enters x01, where ψ > is
replaced with the symbols > #i and the resulting word is sent to the node x11. Thus, the
node x11 contains the word z′ =< w > #i associated to the input word z =< w > placed
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in the node xi ∈ Γ. More generally, we may assume that a word w′ = z1z2#i, for some
1 ≤ i ≤ n − 1, is in x1i if xi ∈ XG contains the corresponding word w = z1z2 ∈ U∗. Note
that any word produced in x11 can return to x01. However, these words have the character
#i switched with θi, which is not accepted by the only connected node x11. Similarly, the
words generated in x01 cannot return to xs1 because of the forbidden symbols #1 and θ1.
Consequently, the nodes xs1 and x01 can be disregarded for the rest of the computation.

We start now the simulation of the first splicing step executed by Γ.

Firstly, we analyze the procedure for the case of a splicing node xi ∈ Γ. In x1i , a rule
[(x, y); (u▼, v▼)] is applied to z1z2#i producing αxv▼δ and γu▼yβ, if a rule [(x, y); (u, v)] can
be applied to z1z2 in the node xi ∈ XG. Let y1y2#i be one word obtained after a splicing
step from z1z2#i in x

1
i . Note that if the splicing rule cannot be applied, then z1z2#i may

go out from x1i and enter the following nodes:

• xcheck−ini , provided that z1z2 can pass the input filter of xi from Γ,

• xreturn1
i and xreturn2

i if β(xi) = (w) or each of the nodes x
returnk

2
i if β(xi) = (s),

provided that z1z2 cannot pass the output filter of xi ∈ XG

• x2i (dom(Sxi
)).

All cases are to be analyzed. If z1z2#i leaves x1i and enters xcheck−ini , the symbol #i is
replaced with θi which locks the string in that node. If z1z2#i leaves x

1
i and enters xreturn1

i

then ping-pong processes between these two nodes as well as between x1i and x2i (dom(Sxi))
start. We distinguish here the cases of weak and strong filters. If β(xi) = (w), the string
z1z2#i can also enter xreturn2

i , starting an identical relationship to the one between xreturn1
i

and the nodes x1i , x
2
i (dom(Sxi

)). If β(xi) = (s), the string enters the nodes x
returnk

2
i ,

provided that z1z2#i doesn’t contain the character Zk, followed by the same ping-pong
process between these nodes and x1i , x

2
i (dom(Sxi)). In this last case, the structure simulates

the situation where a string remains in the node xi because it only contains a proper subset
of the characters in PO(xi).

If z1z2#i leaves x
1
i and enters x2i (dom(Sxi

)), then #i is replaced by θi; the new string
z1z2θi is simultaneously sent to all nodes xcheck−outi , xreturn1

i and xreturn2
i . If it enters

xcheck−outi , then θi is replaced firstly by ¥i (in xcheck−outi ) and secondly by some $j (in
xcontinuei ) provided that {xi, xj} ∈ EG. The newly obtained string z1z2$j is sent to
xcheck−inj . Note that this situation simulates exactly the situation when z1z2 is sent to
xj after staying unchanged for one splicing step in xi. The case when z1z2θi enters any of
the nodes xreturn1

i and xreturn2
i is considered above.

The only case remaining to be analyzed is when z1z2#i is transformed into y1y2#i

(either y1 = z1 or y2 = z2) after applying a splicing rule in x1i . Then y1y2#i leaves x
1
i . We

follow the route of this string through the network: x2i , where #i is replaced by θi, then x
3
i ,

where u▼ and v▼ are replaced by u and v, respectively. Let is analyze in detail the case for a
string y1y2θi with y1 ̸= z1. The application of the first splicing rule on a string y = γu▼y2θi
yields two strings, namely y′ = γu▼# and y′′ = πuy2θi. These two strings cannot exit the
node as they contain # and π, respectively. In the next splicing step, these two strings
can only combine between themselves through the second splicing rule {[(π, ub); (t, u▼#)],

yielding two new strings: y′
2
= πu▼# and y′′

2
= γuy2θi. The first one cannot be used in

the computation anymore while the latter is the original string y1y2θi with u▼ replaced by
u. The procedure for a string y1y2θi with y2 ̸= z2 is analogous through the application of
the other two splicing rules.

After leaving x3i , the new string, say z′, can enter either xcheck−outi or at least one of
xreturn1
i and xreturn2

i . If it enters xcheck−outi and consequently xcontinuei , then the following
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computational step in Γ was simulated in Γ′ as follows: z′ was obtained from z1z2 by means
of a splicing rule [(a, b); (u, v)] in xi ∈ XG, then z′ was sent to all neighbors of xi. The
situation when z′ enters one of the nodes xreturn1

i and xreturn2
i corresponds to the situation

when z′ remains in xi for a new splicing step as it cannot pass the output filter of xi.
We analyze now the computational steps required for simulating a computation in Γ.

The input node xs1 and x01 require 1 splicing step (or 2 computational steps) each. In the
worst case, a splicing step in one of the nodes {xi | 1 ≤ i ≤ n − 1} can be simulated in Γ′

in 7 splicing steps (or 14 computational steps) distributed in the following way:

• 2 steps in x1i .

• 2 steps in x2i .

• 4 steps in x3i .

• 2 steps in xcheck−outi .

• 2 steps in xcontinuei .

• 2 steps in xcheck−inj | 1 ≤ j ≤ n− 1.

Note that the simulation only requires 12 computational steps if xj ≡ x0n since x0n is not
simulated by a subnetwork and the computation halts once a string enters that node. By all
the above considerations, we conclude that L(Γ) = L(Γ′) and TimeΓ′(n) ∈ O(TimeΓ(n)).
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6.2 Solving the SAT problem with NSP

We refer to [47] for the complete version of the work documented in this section. In that
paper, the authors discuss briefly and informally how NSPs could be used as problem solvers.

A possible correspondence between decision problems and languages can be done via an
encoding function which transforms an instance of a given decision problem into a word, see,
e.g., [117]. We say that a decision problem is solved in linear time by NSPs if the following
conditions are satisfied:

1. The encoding function can be computed by a deterministic Turing machine in linear
time. Therefore each instance of the problem is linearly related to its associated word.

2. For each instance of the problem one can effectively construct, in linear time, an NSP
which decides, again in linear time, the word encoding the given instance. This means
that the word is accepted if and only if the solution to the given instance of the problem
is “YES”. This effective construction is called a linear time solution to the considered
problem.

In this section, we present a linear solution following [47] to an NP-complete problem:
SAT (Satisfiability). This is the original NP-complete problem. It has direct applications
in mathematical logic, artificial intelligence, VLSI engineering, computing theory, etc. It
can also be met indirectly in the area of constraint satisfaction problems. But it is perhaps
most important theoretically as the root problem from which all other NP-completeness
proofs originate.

An instance of SAT consists of a formula E with n variables and m clauses. More
precisely, the formula E is a conjunction (i.e., ∧) ofm clauses, with each being the disjunction
(i.e., ∨) of several different variables or their negations (i.e., .̄) from a set of n variables.
We naturally assume that each variable or its negation appear in at least one clause. The
problem asks whether or not there exists an assignment of the n boolean variables such that
the m clauses are all satisfied.

Theorem 6.2.1. SAT can be solved in linear time by NSPs. Furthermore, the other re-
sources (size, number of symbols, splicing rules and auxiliary words) of the NSPs solving a
given instance of SAT are linearly bounded by the size of the given instance of SAT.

Proof. Let V be the set of variables, V = {x1, x2, . . . , xn} and ϕ = (C1)∧ (C2)∧ . . . (Cm) be
a boolean formula, where the negation of a variable xi is denoted by x̄i. Each such formula
may be viewed as a word over the alphabet U = V ∪ V̄ ∪{∧,∨, (, )}, where V̄ = {x̄ | x ∈ V }.
We define the alphabet:

W = {[xi = 1], [xi = 0] | 1 ≤ i ≤ n} ∪ U ∪ {#, ↑, <,>, 1}.

We now consider the NSP Γ = (U,W,<,>,G2n+3,N , β, In,Out), where G2n+3 is the
complete graph with the 2n+ 3 nodes In, Out, Comp, (xi ← 0), (xi ← 1), 1 ≤ i ≤ n, and
the other parameters are defined as follows:

• In:

– SIn = {[(<, (); (< [x1 = b],#)] | b ∈ {0, 1}}∪
{[(<, [xi = b]); (< [xi+1 = b′],#)] | i ∈ {1, . . . , n− 1}, b, b′ ∈ {0, 1}},

– AIn = {< [xi = b]# | b ∈ {0, 1}, i ∈ {1, . . . , n}},
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–

{
PIIn = ∅, F IIn =W,
POIn = {[xn = b] | b ∈ {0, 1}}, FOIn = ∅,

– β(In) = (w).

• Out:

– SOut = AOut = PIOut = POOut = ∅,
– FIOut = U,FOOut =W ,

– β(Out) = (s).

• (xi ← 1):

– S(xi←1) = {[(ε, xi) >); (#, 1) >)], [(ε, (x̄i) >); (#, ↑)], [(ε,∨x̄i) >); (#, ) >)]} ∪
{[(ε, xk) >); (#, ↑)] | 1 ≤ k ̸= i ≤ n},

– A(xi←1) = {#1) >,#) >},

–

{
PI(xi←1) = {[xi = 1])}, F I(xi←1) = {[xi = 0], 1},
PO(xi←1) = ∅, FO(xi←1) = {#, ↑},

– β((xi ← 1)) = (w).

• (xi ← 0):

– S(xi←0) = {[(ε,∨xi) >); (#, ) >)], [(ε, (xi) >); (#, ↑)], [(ε, x̄i) >); (#, 1) >)]} ∪
{[(ε, xk) >); (#, ↑)] | 1 ≤ k ̸= i ≤ n},

– A(xi←0) = {#1) >,#) >},

–

{
PI(xi←0) = {[xi = 0])}, F I(xi←0) = {[xi = 1], 1},
PO(xi←0) = ∅, FO(xi←0) = {#, ↑},

– β((xi ← 0)) = (w).

• Comp:

– SComp = {[(ε, x ∨ 1) >); (#, 1) >)] | x ∈ V ∪ V̄ }∪ {[(ε,∧(1) >); (#, >)]}∪
{[(ε, [x1 = b](1) >); (#, [x1 = b] >)] | b ∈ {0, 1}},

– AComp = {#[x1 = b] >| b ∈ {0, 1}} ∪ {# >,#1) >},

–

{
PIComp = {1}, F IComp = ∅,
POComp = ∅, FOComp = {#, 1},

– β(Comp) = (w).

Let us outline the working mode of Γ on the input word w = ϕ. We can assume that
there are no identical clauses in ϕ. Roughly speaking, the algorithm implemented by this
network is the following: first, all possible values are assigned to the variables, in the node
In, and, then, the formula is computed from the right to left. In the initial configuration
the word < w > lies in the input node In. In the first 2n − 1 computational steps, out of
which n are splicing ones, no word can be communicated since no word can leave the node
In. More precisely, after k splicing steps all words

< [xk = bk] . . . [x1 = b1]ϕ >
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with bj ∈ {0, 1}, 1 ≤ j ≤ k are in In. After the first 2n − 1 steps each of these words
will contain either [xn = 1] or [xn = 0] hence, they can pass the output filter of In and
be communicated to all the other nodes. All these words have two parts: a prefix where
either 0 or 1 is assigned to each variable, called the value-prefix, and the rest consisting of
a conjunction of clauses, called the formula-suffix, which ends with >. All the words of this
form will be referred to as correct words. Every word that contains [xk = bk], k ∈ {1, . . . , n},
in its value-prefix can enter the node (xk ← 1), if bk = 1, the node (xk ← 0), if bk = 0, and
Comp in both cases.

Let us suppose it enters (xk ← 1). We should analyze several cases according to the
form of its formula-suffix:
• If the formula-suffix has the form K∧(F ∨xk) >, then it is transformed into K∧(F ∨1) >.
• If the formula-suffix has the form K ∧ (xk) >, then it is transformed into K ∧ (1) >.
• If the formula-suffix has the form K ∧ (F ∨ x̄k) >, then it is transformed into K ∧ (F ) >.
• If the formula-suffix has the form K ∧ (x̄k) >, then it is transformed into K∧ ↑ and
this word will never leave the node. Note that in this case the variable assignment is
unsatisfactory.

It is easy to note that all the other words obtained in the splicing steps carried out in
(xk ← 1) contain #, therefore they will never leave this node. Moreover, if the formula-suffix
of a word does not have a form among of those analyzed above, after a splicing step the word
gets the symbol ↑ in its right-hand end and can never leave the node. The computation
carried out in the node (xk ← 0) is analogous.

We suppose that the word enters Comp. Again, several cases are to be analyzed:
• If the formula-suffix has the fromK∧(F∨x∨1) >, then it is transformed intoK∧(F∨1) >.
• If the formula-suffix has the from K ∧ (x ∨ 1) >, then it is transformed into K ∧ (1) >.
• If the formula-suffix has the form K ∧ (1) >, then it is transformed into G >.
• If the formula-suffix has the from (1) >, then it is transformed into >.

As in the former cases, all the other words obtained in the splicing steps carried out
in Comp contain #; consequently, they will remain in this node forever. Note that each
word still containing the symbol 1 cannot leave node Comp. After several splicing steps no
symbol 1 is present in the word, it goes out from Comp and the process resumes.

In conclusion, after a word leaves one of the nodes (xk ← bk) it enters either a node
(xj ← bj) with j ̸= k, or Comp. When a word having an empty formula-suffix is obtained
it enters the node Out, proving that the input formula was satisfiable. If no such a word
is obtained, then the computation halts since two consecutive identical configurations are
reached. In this case, the input formula cannot be satisfied by any variable assignment.

Also we should note that after a splicing step in a node (xk ← bk), the number of
occurrences of variables in the formula-suffix of the new word either decreases by 1 and the
word enters again a node (xj ← bj), or remains unchanged and the new word enters Comp.
Here, after each splicing step this number is smaller and smaller in the formula-suffix of
the new words. To conclude with, if the given formula ϕ is satisfiable and the number of
occurrences of the variables from V in ϕ is p, then after at most 2p splicing steps (or 4p
computational steps) a word containing the correct assignment of the variables satisfying ϕ
enters Out. Actually, a deeper analysis of the NSP described above leads to the conclusion
that, if ϕ is satisfiable, then the node Out receives simultaneously all correct assignments.
Summarizing, the total number of steps needed to decide whether or not a given formula ϕ
as above is satisfiable is 4p+2n. If the formula is not satisfiable, then the node Out remains
empty and the computation halts after at most 4p+ 2n+ 1 steps.

We want to stress that also the other resources of Γ (size, number of symbols, number
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of auxiliary words and splicing rules in every node) are linearly bounded with respect to
the number of variables. This solution should be understood correctly, we do not solve SAT
in linear time and space since any word and auxiliary word appears in an arbitrarily large
number of copies, one can generate in linear time, by parallelism and communication, an
exponential number of words each of them having an exponential number of copies.

It is worth mentioning that the NSP constructed above remains unchanged for any
instance with the same number of variables. Therefore, the solution is uniform in the sense
that the network, excepting the input and output nodes, may be viewed as a “program”:
according to the number of variables, we choose the filters, the splicing words and the
rules, then we assign all possible values to the variables, and compute the formula, for each
assignment, from right to left.

6.3 Solving the SAT problem with NUSP

Let Γ be the NSP solving the SAT problem introduced in the previous section. We construct
the NUSP Γ′ according to the blueprint documented in section 6.1. Following the nomen-
clature introduced in the latter architecture, we rename Out to x0Out. Each of the nodes In,
(xi ← 1), (xi ← 0) and Comp are replaced by the corresponding subnetwork following the
guideline in 6.1, written as SIn, S(xi←1), S(xi←0) and SComp, respectively. The adaptation
of the splicing rules of these original nodes to the associated nodes belonging to the previous
networks, namely x1In, x

1
(xi←1), x

1
(xi←0) and x

1
Comp are given below.

• x1In:

– Sx1
In

= {[(<, (); (<▼ [x1 = b]▼,#▼)] | b ∈ {0, 1}}∪
{[(<, [xi = b]); (<▼ [xi+1 = b′]▼,#▼)] | i ∈ {1, . . . , n− 1}, b, b′ ∈ {0, 1}}∪
{[(<▼, (▼); (< [x1 = b],#)] | b ∈ {0, 1}}∪
{[(<▼, [xi = b]▼); (< [xi+1 = b′],#)] | i ∈ {1, . . . , n− 1}, b, b′ ∈ {0, 1}},

– Ax1
In

= {<▼ [xi = b]▼#▼ | b ∈ {0, 1}, i ∈ {1, . . . , n}},

• x1(xi←1):

– Sx1
(xi←1)

={[(ε, xi) >); (#▼, 1▼)▼ >▼)], [(ε, (x̄i) >); (#▼, ↑▼)], [(ε,∨x̄i) >); (#▼, )▼ >▼

)]} ∪ {[(ε, xk) >); (#▼, ↑▼)] | 1 ≤ k ̸= i ≤ n}∪
{[(ε, xi▼)▼ >▼); (#, 1) >)], [(ε, (▼x̄i▼)▼ >▼); (#, ↑)], [(ε,∨▼x̄i▼)▼ >▼); (#, ) >
)]} ∪ {[(ε, xk▼)▼ >▼); (#, ↑)] | 1 ≤ k ̸= i ≤ n},

– Ax1
(xi←1)

= {#▼1▼)▼ >▼,#▼)▼ >▼},

• x1(xi←0):

– Sx1
(xi←0)

={[(ε,∨xi) >); (#▼, )▼ >▼)], [(ε, (xi) >); (#▼, ↑▼)], [(ε, x̄i) >); (#▼, 1▼)▼ >▼

)]} ∪ {[(ε, xk) >); (#▼, ↑▼)] | 1 ≤ k ̸= i ≤ n}∪
{[(ε,∨▼xi▼)▼ >▼); (#, ) >)], [(ε, (▼xi▼)▼ >▼); (#, ↑)], [(ε, x̄i▼)▼ >▼); (#, 1) >
)]} ∪ {[(ε, xk▼)▼ >▼); (#, ↑)] | 1 ≤ k ̸= i ≤ n},

– Ax1
(xi←0)

= {#▼1▼)▼ >▼,#▼)▼ >▼},
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• x1Comp:

– Sx1
Comp

= {[(ε, x∨1) >); (#▼, 1▼)▼ >▼)] | x ∈ V ∪V̄ }∪ {[(ε,∧(1) >); (#▼, >▼)]}∪
{[(ε, [x1 = b](1) >); (#▼, [x1 = b]▼ >▼)] | b ∈ {0, 1}}∪
{[(ε, x▼ ∨▼ 1▼)▼ >▼); (#, 1) >)] | x ∈ V ∪ V̄ }∪ {[(ε,∧▼(▼1▼)▼ >▼); (#, >)]}∪
{[(ε, [x1 = b]▼(▼1▼)▼ >▼); (#, [x1 = b] >)] | b ∈ {0, 1}},

– Ax1
Comp

= {#▼[x1 = b]▼ >▼| b ∈ {0, 1}} ∪ {#▼ >▼,#▼1▼)▼ >▼},

We analyze now the behavior of Γ′ on the input word w = ϕ.. In the initial configuration,
the word < w > lies in the node xsIn. In the starting stages of the computation, < w > is

transformed into < wψ > in xsIn, and later into z =< w > #In in x0In. Then, the word z

enters x1In ∈ SIn where the main component of the simulation starts.

In the node x1In the character < is replaced with the sequence <▼ [x1 = b]▼, yielding
the string z′ =<▼ [x1 = b]▼ϕ > #In. This transformation is analogous to the one in Γ
where < is converted into the substring < [x1 = b]. Next, the new word z′ can only enter
x2In where #In is replaced by θIn, then x

3
In, where the sequence <▼ [x1 = b]▼ | b ∈ {0, 1}

is replaced by the original counterpart < [x1 = b]. After leaving x3In, the new word, say

z′′, cannot enter the node xcheck−outIn because it lacks the character [xn = b] | b ∈ {0, 1}
and consequently, it doesn’t satisfy the original output filters of In ∈ Γ. Thus, the string
enters xreturn2

In where θIn is regressed to #In. The word returns to x1In where the next

character [x2 = b]▼ | b ∈ {0, 1} is inserted and an analogous computational sequence starts.
Similarly to the circumstances taking place in the original node In ∈ Γ, this procedure
continues on until a character [xn = b]▼ | b ∈ {0, 1} is added to the strings after n splicing
steps in x1In. At that point, the word z follows the same steps until it leaves x3In and then

enters xcheck−outIn instead of xreturn2

In , as it satisfies the requirements set by POIn. In that

node, the symbol θIn is replaced with ¥In, allowing it to enter xcontinueIn , where the symbol
¥In is replaced with either $(xi←1) | 1 ≤ i ≤ n, $(xi←0) | 1 ≤ i ≤ n or $Comp, yielding

different strings which are sent to the node x0Out and the nodes xcheck−in(xi←1) , xcheck−in(xi←0) and

xcheck−inComp , respectively. The new strings are accepted provided that they satisfy the input
filters assigned to the corresponding node counterpart in Γ, namely Out, (xi ← 1), (xi ← 0)
and Comp, respectively. In conclusion, all the words of the form

< [xn = bn] . . . [x1 = b1]ϕ >

with bj ∈ {0, 1}, 1 ≤ j ≤ n are generated in a similar way to the original network and sent
to the connected nodes. Then, the generated strings can enter the nodes Out, (xi ← 1),
(xi ← 0) and Comp. We illustrate now the case of a word being accepted by a node
(xi ← 1) ∈ Γ for a given 1 ≤ i ≤ n. The analysis for the cases of (xi ← 0) ∈ Γ and Comp
are analogous.

Let is assume a string z can enter the node (xi ← 1) ∈ Γ for a given 1 ≤ i ≤ n. It
follows that a string of the form z′ = z$(xi←1) enters the node xcheck−in(xi←1) ∈ Γ′, as it accepts

the symbol $(xi←1) and the other filters judging over z follow the same specifications as
the input filters in the node (xi ← 1) of the original network. In that node, the symbol
$(xi←1) is replaced with #(xi←1), yielding a new word that enters x1(xi←1). From here on,

the simulation of (xi ← 1) ∈ Γ follows a similar pattern as the one for In ∈ Γ. We analyze
the possible cases resulting from its formula-suffix in x1(xi←1):
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• If the formula-suffix has the form K ∧ (F ∨ xk) > #(xi←1), then it is transformed into
K ∧ (F ∨ 1▼)▼ >▼ #(xi←1).
• If the formula-suffix has the form K ∧ (xk) > #(xi←1), then it is transformed into K ∧
(1▼)▼ >▼ #(xi←1).
• If the formula-suffix has the form K ∧ (F ∨ x̄k) > #(xi←1), then it is transformed into
K ∧ (F )▼ >▼ #(xi←1).
• If the formula-suffix has the form K ∧ (x̄k) > #(xi←1), then it is transformed into K∧ ↑▼
#(xi←1) and this word will be ultimately blocked in this subnetwork associated to (xi ← 1),

as it can never pass the filters of xcheck−out(xi←1) because of the forbidden symbol ↑.
Later, the node x3(xi←1) will turn back these transformations into their original counter-

parts yielded by the node (xi ← 1) in the original NSP architecture Γ. Now, we distinguish
between the cases where a new word z can exit the node or not. If z can pass the output
filters of (xi ← 1), it follows that its associated word z′ = zθ(xi←1) can also pass the filters

of xcheck−out(xi←1) , starting the transformations that allow the word to be sent to the subnetwork

counterpart of all the connected nodes in Γ. On the other hand, if z cannot exit the node,
z′ cannot enter xcheck−out(xi←1) either and it returns back to x1(xi←1) through xreturn1

(xi←1) , starting

the simulation of a new splicing step in (xi ← 1). Furthermore, if the word z is meant
to be blocked in (xi ← 1), the same event happens in the subnetwork (xi ← 1) in Γ′ as
the correspondent string will never be able to enter xcheck−out(xi←1) and, consequently, enter the

connected subnetworks.
From the analysis of the previous cases, we know that the strings exiting the subnetworks

simulating each node of the original network are always of the form z′ = z$nx
where z is

the associated string exiting the simulated node. Thus, if a word w containing the correct
assignment of the variables satisfying ϕ enters Out ∈ Γ, its counterpart w′ = w$nx | node ∈
{In, (xi ← 1), (xi ← 0), Comp | 1 ≤ i ≤ n} can also enter x0Out ∈ Γ′ since their filters
are identical and the only different symbol $nx doesn’t influence them. Consequently, this
simulation constitutes an uniform solution for the SAT problem.

We analyze now the computational costs incurred by this simulation. First, 4 compu-
tational steps are taken for the preparatory nodes xsIn and x0In. Then, the first 2n steps
performed in the node In, after which words of the form < [xn = bn] . . . [x1 = b1]ϕ > reside
in the nodes (xi ← 1), (xi ← 0) provided that they satisfied their input filters, can be
simulated by the subnetwork SIn in 10(n− 1) + 14 steps in the following way:

• 2 steps in x1In.

• 2 steps in x2In.

• 4 steps in x3In.

• 2 steps in xreturn2

In if w doesn’t contain the symbol [xn = b] | b ∈ {0, 1}

• 6 steps if w contains the symbol [xn = b] | b ∈ {0, 1} distributed as follows:

– 2 steps in xcheck−outIn

– 2 steps in xcontinueIn

– 2 steps in xcheck−innx
where nx is a node connected to In in the original network:

(xi ← 1), (xi ← 0).
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On the other hand, if we consider the worst case of 4p computational steps, 2p of them
are performed in the nodes (xi ← 1), (xi ← 0) while the other 2p are done in Comp
alternatively. A splicing step (or 2 computational steps) in one of the nodes nx ∈ {(xi ←
1), (xi ← 0), Comp} can be simulated in the associated subnetwork in 7 splicing steps (or
14 computational steps) distributed in the following way:

• 2 steps in x1nx
.

• 2 steps in x2nx
.

• 4 steps in x3nx
.

• 2 steps in xcheck−outnx

• 2 steps in xcontinuenx

• 2 steps in xcheck−inny
where ny is a node connected to nx in the original network.

Note that after the last step of the computation, the words containing the correct assignment
of the variables satisfying ϕ enters x0Out and, consequently, the last 2 steps in xcheck−inny

are
not performed that last time. Thus, the 4p computational steps taken by the NSP solution
can be simulated by an equivalent NUSP in at most 28p − 2 steps. Thus, the whole
computation in Γ′ requires at most 10n + 28p + 6 computational steps. If the formula
is not satisfiable, then the node x0Out remains empty and the computation halts after at
most 10n + 28p + 7 steps. By the previous considerations, we conclude that TimeΓ′(n) ∈
O(TimeΓ(n)).

6.4 Solving the Hamiltonian path problem with NSP

A Hamiltonian path in a directed graph is a path which contains all vertices exactly once.
The Hamiltonian path problem (HPP for short), which aims to determine if a given directed
graph has a Hamiltonian path, is a well-known NP-complete problem. Below, we illustrate
the NSP solution to this problem reported in [46].

Theorem 6.4.1. HPP can be solved by NSPs in linear time. Furthermore, the other
resources (size, total number of symbols, number of splicing rules and auxiliary words asso-
ciated with any node) of the NSP solving a given instance of HPP are linearly bounded by
the number of nodes of the given graph.

Proof. Let us consider a directed graph γ = (V,E), with V = {x1, x2, . . . , xn} for which
we are looking for a Hamiltonian path starting with x1. First we define the alphabet
U = V ∪ {$,#,⊥} and the the homogeneous NSP Γ = (V,U,<,>,Gn+1,N , β, In,Out),
where Gn+1 is the complete graph with the nodes In, y2, y3, . . . , yn, Out, and the other
parameters are defined as follows:

• In:

– SIn = {[($, x1#n−1); (⊥,#)]},
– AIn = {$x1#n−1},
– PIIn = ∅, FIIn = V , POIn = FOIn = ∅, β(In) = (s).
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• yi, 2 ≤ i ≤ n:

– Syi = {[($, xi#p−1); (xj ,#
p)] | (xj , xi) ∈ E, p ≥ 1}∪{[($, $); (xj ,#p)] | (xj , xi) /∈

E, p ≥ 1}.
– Ayi

= {$xi#p | p ≥ 0} ∪ {$$}.
– PIyi

= ∅, F Iyi
= {xi, $}, POyi

= FOyi
= ∅, β(yi) = (s).

• Out:

– SOut = AOut = ∅, P IOut = ∅, POOut = ∅,
– FIOut = {$,#}, FOOut = U , β(Out) = (s).

The above construction needs a very short explanation. One starts with the input word
< ⊥#n > in the input node In. After a splicing step, two words go out from In: $#n >
and < ⊥x1#n−1. The first one is lost while a copy of the second one enters each node yi,
2 ≤ i ≤ n. Actually, it is easy to note that any word containing the symbol $ produced by
splicing in any node is lost in the communication step. Let us follow a copy of < ⊥x1#n−1

that entered yi for some i. The next splicing step produces a word that can continue
the computational process, namely < ⊥x1xi#n−2, if and only if (x1, xi) ∈ E. The words
obtained in this way contain, between ⊥ and the first occurrence of #, paths in G. Note
that the number of occurrences of # in the suffix of these words stores the number of nodes
which are still needed for completing a Hamiltonian path. Furthermore, a word containing a
symbol xj , for some j, cannot enter again the node yj . By these explanations, after exactly
2n steps Out contains all Hamiltonian paths, if any, or the computation halts after at most
2n+ 1, if the graph has no Hamiltonian path.

It is obvious that also the other resources of Γ are linearly bounded by the number of
nodes of the given graph. It is worth mentioning the fact that the underlying structure of
Γ does not change if the number of nodes in the given graph remains the same.

6.5 Solving the Hamiltonian path problem with NUSP

Let Γ be the NSP solving the HPP problem described above. An equivalent NUSP network
Γ′ can be generated according to the guidelines given in section 6.1. In this new network,
the node Out remains the same under the new label x0Out, while the functionality of the
nodes In and yi | 2 ≤ i ≤ n is performed by subnetworks, which follow the architecture
illustrated in section 6.1, written as SIn and Syi

| 2 ≤ i ≤ n, respectively. The specifications
of the rules and the finite set of axioms attached to the node x1In and x1yi

| 2 ≤ i ≤ n are as
follows:

• x1In:

– Sx1
In

= {[($, x1#n−1); (⊥▼,#▼)]}∪
{[($▼, x1▼#▼

n−1); (⊥,#)]},
– Ax1

In
= {$▼x1▼#▼

n−1},

• x1yi
, 2 ≤ i ≤ n:
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– Sx1
yi

= {[($, xi#p−1); (xj▼,#▼
p)] | (xj , xi) ∈ E, p ≥ 1} ∪ {[($, $); (xj▼,#

p
▼)] |

(xj , xi) /∈ E, p ≥ 1}∪
{[($▼, xi▼#▼

p−1); (xj ,#
p)] | (xj , xi) ∈ E, p ≥ 1}∪{[($▼, $▼); (xj ,#p)] | (xj , xi) /∈

E, p ≥ 1}.
– Ax1

yi
= {$▼, xi▼#▼

p | p ≥ 0} ∪ {$▼$▼}.

Let us follow a computation of Γ′ on the input word< ⊥#n >. The special character #In

is attached to the end of the string after it passes through xsIn and x0In. The computation

continues in the subnetwork SIn. The word enters x1In and two strings are yielded after the

subsequent splicing step: $▼#
n > and < ⊥x1▼#▼

n−1. Subsequently, both words continue
along the following path. First, the symbol #In is replaced with θIn in x2In. Then, the strings
are reverted to the original counterparts exiting from In in the original network, namely
$#n > and < ⊥x1#n−1. Lastly, the words enter xcheck−outIn where θIn is converted to ¥In,

as In doesn’t restrict the strings from exiting it and, consequently, xcheck−outIn doesn’t block

them from entering it either. Note that the nodes xreturn1

In and xreturn2

In are not present
in this subnetwork because of the same reason. Lastly, the symbol ¥In is replaced with
the character $j in different copies of the word, where j is the label of each of the nodes
connected to In other than Out in the original network, that is the nodes yi | 2 ≤ i ≤ n.
Thus, a string of the form < ⊥x1#n−1$yi | 2 ≤ i ≤ n enters the gatekeeper node, xcheck−inyi

of each of the subnetworks Syi
, granted that it meets the requirements of the input filters

of the node yi in the original network which is the case. Then, the words enter x1yi
after

having the character $yi
replaced with #yi

.Similarly, n−1 words of the form $#n > $yi
are

generated from the other string $#n > and sent to the subnetworks Syi . However, these
words are lost because the symbol $ is not accepted. At this point, the first splicing and
communication step of the original network Γ was simulated.

The procedure in the subnetwork Syi
for some i is analogous. In x1yi

, the next splicing

step produces a word that can continue the computational process, namely < ⊥x1xi▼#▼
n−2,

if and only if (x1, xi) ∈ E. Then, the string is transformed into its original counterpart
< ⊥x1xi#n−2 after it goes through x2yi

and x3yi
. Next in line, the word enters xcheck−outyi

and xcontinueyi
, at which point copies of the string are sent to the connected subnetworks.

We analyze now the computational complexity of this new model. If the encoded HPP
has a solution, the process continues until a word containing all the characters xi | 1 ≤ i ≤ n
enters the halting node x0Out. From these clauses, after exactly 7n + 1 splicing steps (or

14n + 2 computational steps) x0Out contains all Hamiltonian paths, if any. In more detail,
these steps are given by:

• 2 steps in the nodes xsIn and x0In.

• n times the following steps, where nx is either In or one of the nodes yi | 2 ≤ i ≤ n:

– 1 step in x1nx
,

– 1 step in x2nx
,

– 2 steps in x3nx
,

– 1 step in xcheck−outnx
,

– 1 step in xcontinuenx
.

• 1 step in each of the nodes xcheck−inyi
| 2 ≤ i ≤ n, for a total of n− 1 steps.
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On the other hand, if the graph has no Hamiltonian path, the computation can proceed
until the last vertex is chosen at most. Since there will be not edge between the last vertex xi
and the previous one xj (for a given i and j), the fourth splicing rule {[($▼, $▼); (xj ,#p)] |
(xj , xi) /∈ E, p ≥ 1} is applied and the character $ is ultimately added to the generated
strings. Since this symbol is not accepted by all of the subnetworks in Γ′, the new strings
will be lost. Thus, no further step is possible after at most 14n + 3 splicing steps and
the computation will halt. By the previous considerations, we conclude that TimeΓ′(n) ∈
O(TimeΓ(n)).
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Chapter 7

NON-PRESERVING
ACCEPTING SPLICING
SYSTEMS

In the same way networks of evolutionary processors are limited as problem solvers be-
cause of the expansion on string data during the computation, the practical implementation
of networks of splicing processors as accepting splicing systems is also impended by this trait.
In this chapter we explore a different model branching from the root of accepting splicing
systems sharing most of its characteristics with the conventional paradigm of networks of
splicing processors, called non-preserving accepting splicing system. In this new variant, the
history preserving property is dropped, namely the existing set of strings at a given step
of the computation must descend by means of a splicing operation from the previous set
of strings altogether with a predefined set of axioms. While the splicing steps continue an-
swering to the behavior established for the traditional version, this feature clearly increases
its computational power as the yielded strings don’t necessarily survive subsequent stages
of the computation.

We now give the definition of a non-preserving accepting splicing system following [177].
It is worth noting that the definition presented here differs from those in [178] and [42]
because we want to further use these accepting splicing systems as decision problem solvers
as in [177]. More precisely, besides a condition for halting the computation we need a
condition for making the decision. Another difference w.r.t. the models considered in [178]
and [42] is the non-preserving property similar to some extent to that considered in [144]
and [177]. Here we investigate the computational power of this model, hence we consider
the condition for halting only.

Formally, a non-preserving accepting splicing system (NpASS for short) is an ASS

Γ = (V,U,<,>,A,R,H),

where the computation of Γ on an input string w ∈ V ∗ is defined by the following iterated
splicing

τ1R(A,w) = σR(A ∪ {w}),
τ i+1
R (A,w) = σR(τ

i
R(A,w) ∪A), i ≥ 1.
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Note that if no splicing rule is applicable to a string different than an axiom at some step, it
disappears from the set of available strings in the next splicing step. A (finite) computation
of Γ on w as well as the language accepted by Γ is defined as above. The language accepted
by the NpASS Γ is denoted by Lnp(Γ). The non-preserving property of splicing changes
increases the computational power of accepting splicing systems. The main reason is the
following: while each splicing step is exactly a splicing step in a usual accepting splicing
system, the strings do not necessarily survive after application of splicing rules. More
precisely, only the strings that were obtained in a splicing step are available for the next
splicing step. This situation is somehow expected because this property of splicing has the
same effect on the computational power of generating splicing systems, see, e.g., [144] and
the references therein.

We now define the following computational complexity measure for an NpASS Γ =
(V,U,<,>,A,R,H):

TimeΓ(w) = min{k | τkR(A,w) ∩H ̸= ∅},
T imeΓ(n) = max{TimeΓ(w) | |w| = n}.

It is worth noting that a similar measure with a different definition was introduced in [143] for
generating splicing systems. We also define the following descriptional complexity measures
for an NpASS Γ = (V,U,<,>,A,R,H):

Ax(Γ) = card(A),

Symb(Γ) = card(U \ V ),

NSplice(Γ) = card(R),

LSplice(Γ) = max{|v1v2v3v4| | [(v1, v2); (v3, v4)] ∈ R},
F inal(Γ) = card(H).

We mention here that some similar descriptional complexity measures for generating
splicing systems have been proposed in [145]. The measures were the total length of the
rules and the size of the initial language. In the aforementioned paper, these functions were
related to the size of the minimal finite automata accepting the language generated by the
splicing system.

Subsequently, we present simulations of two computationally complete models by means
of the system above: 2-tag systems and Turing machines, both deterministic and nonde-
terministic. Although all these models are computationally complete and can be simulated
by each other, we are interested to investigate the computational as well as descriptional
complexity of our direct simulations.

7.1 NpASS simulating 2-tag systems

In the following we show how a 2-tag system can be simulated by an NpASS.

Theorem 7.1.1. For every 2-tag system T = (V, µ) there exists an NpASS Γ such that w
is accepted by Γ if and only if T halts on w. Moreover, if T halts on w in f(|w|) steps, then
TimeΓ(w) ∈ O(f(|w|)).
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Proof. Let V ′ = V \ {π}; we construct the NpASS Γ = (V ′, U,<,>,A,R,H), where

U = V ∪ {<′,#, $, >′},
A = {<′ #µ(a)# >′| a ∈ V ′ and µ(a) does not contains π} ∪ {< $$},
H = {< a >| a ∈ V ′} ∪ {< $ >},

and R contains the following sets of splicing rules divided into two groups:
Group 1.

(i) {[(< aX, Y ); (<′,#µ(a)# >′)] | a ∈ V ′ such that µ(a) does not contain π, and

X ∈ V ′, Y ∈ V ′ ∪ {>}},
(ii) {[(Y,>); (< aX#, µ(a)# >′)] | a ∈ V ′ such that µ(a) does not contain π, and

X,Y ∈ V ′},
(iii) {[(Xµ(a),# >′); (< aY#, >)] | a ∈ V ′, such that µ(a) does not contain π, and

Y ∈ V ′, X ∈ V ′ ∪ {<′}},
(iv) {[(<′, a); (<, aY## >′)] | a ∈ V ′ such that µ(a) does not contain π, and

Y ∈ V ′}.

Group 2.

{[(< aX, Y ); (< $, $)] | a ∈ V ′ such that µ(a) contains π,X ∈ V ′, Y ∈ V ′ ∪ {>}} ∪
{[(< $X,Y ); (< $, $)] | X ∈ V ′, Y ∈ V ′ ∪ {>}}.

We show that Γ accepts a string w that does not contain π if an only if T eventually
halts on w. Let w = aby, a, b ∈ V, y ∈ V ∗ be a string that does not contain π such that
T eventually halts on w. We show how w can be accepted by Γ. In the beginning of the
computation of Γ a splicing rule from the set (i) in the first group is applied to the input
string < aby > and to the axiom <′ #µ(a)# >′, provided that µ(a) does not contain π.
The result of this splicing step is the pair of strings <′ y > and < ab#µ(a)# >′. At
this moment, only one splicing step is possible, namely to apply a rule in the set (ii) of
the first group to the pair of strings just obtained. This splicing step yields a new pair of
strings, namely <′ yµ(a)# >′ and < ab# >. These two string are to be further involved
into a splicing step by using a rule in the third set of Group 1, more precisely the rule
[(Xµ(a),# >′); (< aY#, >)], where X ∈ V ′ ∪{<′}. Note that this is the only rule that can
be applied at this step. The result of applying this rule to the strings <′ yµ(a)# >′ and
< ab# > is the pair of strings <′ yµ(a) > and < ab## >′. Again, the next splicing step is
uniquely determined. Indeed, only one rule in the fourth set in the first group can be applied
to the pair of strings <′ yµ(a) > and < ab## >′ yielding < yµ(a) > and <′ ab## >′.
This splicing step finishes the simulation of the one step transformation µ(a) in T . The
string < yµ(a) > is exactly the transformation of < aby > in T by applying µ(a), while
the second string <′ ab## >′ is to be lost in the next step as it cannot participate in any
further splicing step.

Let us analyze the case when for the current string aby, µ(a) introduces the halting
symbol π. The following sequence of splicing steps will take place in Γ. From < aby > and
the axiom < $$ we get the strings < $y > and < ab$. The first one enters a new splicing
step while the second is lost. From now on, every splicing step removes the first symbol of u
from the strings < $u >, until the string eventually becomes < $ > when the computation
in Γ halts and the input string is accepted.
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Conversely, it is clear that a computation in Γ halts if and only if the input string is of
length one or it eventually leads to the string < $ >. This means that T halts on that input
string.

It is easy to note that Γ emulates one transformation of T in four steps, hence the
number of steps executed by Γ until a transformation of T introduces the halting symbol
is 4 · f(|w|). When a transformation of T introduces the halting symbol, the computation
in Γ continues with rules from the second group until the string < $ > is produced. As in
each such splicing step one symbol is removed, the number of steps for transforming a string
< $u into < $ > is |u|. We define

k = max{|µ(a)| − 2 | µ(a) does not contain π}.

Therefore, the computation of Γ that uses rules from the second group only halts after
at most k · f(|w|) steps, where T halts in w in f(|w|) steps. Consequently, TimeΓ(w) ∈
O(f(|w|)) holds, and the proof is complete.

We now evaluate the descriptional complexity measures defined in Section ?? for our
simulation. As A = {<′ #µ(a)# >′| a ∈ V ′ and µ(a) does not contains π} ∪ {< $$},
it follows that Ax(Γ) ≤ card(V ), hence Ax(Γ) ∈ O(card(V )). By the definition of U ,
Symb(Γ) = 4 holds. We compute now the number of splicing rules, that is NSplice(Γ).
Each set (i) − (iii) in the Group 1 contains at most card(V )3 rules, each set (iv) in the
Group 1 contains at most card(V )2 rules, while the set in the Group 2 contains at most
card(V )3 + card(V )2 splicing rules. Therefore, NSplice(Γ) ∈ O(card(V )3). Furthermore,
LSplice(Γ) ≤ 8 + max{|µ(a)| | a ∈ V ′ and µ(a) does not contain π}. Finally, Final(Γ) =
card(V ).

7.2 NpASS simulating deterministic Turing machines

It is known that 2-tag systems can simulate Turing machines but this simulation is expo-
nentially slow [77]. An efficient simulation of Turing machines via a simulation of cyclic tag
systems is presented in [24]. The main result in [24] states that given a single tape deter-
ministic Turing machine M that computes in time t then there is a 2-tag system TM that
simulates the computation of M in time O(t4(log t)2). By the previous simulation it follows
that given a single tape deterministic Turing machine M that computes in time t, there is a
NpASS ΓM that simulates the computation of M in time O(t4(log t)2). However, a direct
simulation is more efficient as we can see in the sequel. First, we informally discuss a very
simple and efficient simulation of a deterministic Turing machine, and then we propose a
bit more complicated but still efficient simulation of a non-deterministic Turing machine.
We now prove the following statement.

Theorem 7.2.1. For every one tape deterministic Turing machine M that accepts in f(n)
time, there exists an NpASS Γ accepting the same language as M does in time O(f(n)).

Proof. Let M = (Q,V, U, δ, q0, B, F ) be an one tape deterministic Turing machine and
U ′ = U \ {B}. We construct an NpASS Γ accepting exactly the language accepted by M
as follows. We first informally describe how Γ works and then formally define the sets of
splicing rules and axioms, respectively. To this aim, let us consider an input string w for
M . Starting with < w > as input, Γ transform this string into <′ q0w > in a single splicing
step. Note that this string corresponds to the initial ID of M . In the splicing step the two
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strings are < w > and the axiom <′ q0#, where <′ and # are new symbols not in U , and
the splicing rules belongs to the set {[(<,X); (<′ q0,#)] | X ∈ V }.

Inductively, we may assume that <′ αqβ > is a string in the current generation of strings
of Γ and αqβ is an ID of M . We consider two main cases.
Case 1. q /∈ F .
In this case we distinguish four subcases:

1.1 αbq′β′ is the ID of M that follows the ID αqβ by a move of M to the right defined
by the transition δ(q, a) = (q′, b, R), where a ∈ U ′ and β = aβ′. We show how the
string <′ αqβ > is transformed by two splicing steps into the string <′ αbq′β′ >. In
the simulation of this move of M by Γ, an axiom corresponding to this transition is
used, namely #(qaq′bR)bq

′#(qaq′bR), where #(qaq′bR) is a new symbol associated with
the transition considered above, as well as a finite set of splicing rules:

{[(X, qa); (#(qaq′bR), bq
′#(qaq′bR))] | X ∈ U ′ ∪ {<′}} ∪

{[(Xbq′,#(qaq′bR)); (#(qaq′bR)qa, Y )] | X ∈ U ′ ∪ {<′}, Y ∈ U ′ ∪ {>}}.

Indeed, in the first splicing step the strings <′ αbq′#(qaq′bR) and #(qaq′bR)qaβ
′ > are

produced. The second splicing step is uniquely determined, namely the two strings ob-
tained in the first step are spliced by a rule in the set {[(Xbq′,#(qaq′bR)); (#(qaq′bR)qa, Y )] |
X ∈ U ′ ∪ {<′}, Y ∈ U ′ ∪ {>}}. In this way, one gets the strings <′ αbq′β′ > and
#(qaq′bR)qa#(qaq′bR). As we shall see later, the string #(qaq′bR)qa#(qaq′bR) cannot
enter any further splicing step, therefore it disappears.

1.2 αbq′ is the ID of M that follows the ID αq by a move of M to the right defined by
the transition δ(q,B) = (q′, b, R). As in the previous subcase, the string <′ αq > is
transformed by two splicing steps into the string <′ αbq′ >. As this subcase is very
similar to the previous one, we skip here the formal definitions.

1.3 α′q′cbβ′ is the ID of M that follows the ID αqβ by a move of M to the left defined by
the transition δ(q, a) = (q′, b, L), where a ∈ U ′, β = aβ′, and α = α′c. We show how
the string <′ αqβ > is transformed by two splicing steps into the string <′ αq′cbβ′ >.
In the simulation of this move of M by Γ an axiom corresponding to this transition is
used, namely #(qaq′bL)q

′cb#(qaq′bL), where #(qaq′bL) is a new symbol associated with
the transition considered above, as well as a finite set of splicing rules:

{[(X, cqa); (#(qaq′bL), q
′cb#(qaq′bL))] | X ∈ U ′ ∪ {<′}} ∪

{[(Xq′cb,#(qaq′bL)); (#(qaq′bL)cqa, Y )] | X ∈ U ′ ∪ {<′}, Y ∈ U ′ ∪ {>}}.

Indeed, in the first splicing step the strings <′ α′q′cb#(qaq′bL) and #(qaq′bL)cqaβ
′ > are

produced. As in the subcases above, the second splicing step is uniquely determined,
namely the two strings obtained in the first step are spliced by a rule in the set
{[(Xq′cb,#(qaq′bL)); (#(qaq′bL)cqa, Y )] | X ∈ U ′ ∪ {<′}, Y ∈ U ′ ∪ {>}}. In this way,
one gets the strings <′ αq′cbβ′ > and #(qaq′bL)cqa#(qaq′bL). As we shall see later,
the by-product string #(qaq′bL)cqa#(qaq′bL) cannot enter any further splicing step,
therefore it disappears.

1.4 α′q′cb is the ID of M that follows the ID αq by a move of M to the left defined by
the transition δ(q,B) = (q′, b, L). As in the previous subcase, this can be achieved by
two splicing steps. As this subcase is very similar to the previous one, we skip here
the formal definitions.
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We now consider the second main case.
Case 2. q ∈ F . This case is treated analogously to the case of introducing the halting
symbol in the simulation of a 2-tag system. More precisely, by a finite sequence of splicing
steps, the string <′ αqβ > is transformed into <′ q >. If we take H = {<′ q >| q ∈ F}, the
simulation is complete.

It is worth noting that each move ofM is simulated by a constant number of splicing steps
in Γ. Furthermore, the number of splicing steps necessary to transform a string <′ αqβ >,
with q ∈ F , into <′ q > is at most c · f(|w|), for some integer c ≥ 1. In conclusion,
TimeΓ(n) ∈ O(f(n)).

The construction of Γ in the previous proof implies that:

• Ax(Γ) = card(Im(δ)) + 3, where Im(δ) = {(q, a, s, b, Z) | δ(q, a) = (s, b, Z), q ∈
Q \ F, a ∈ U, s ∈ Q, b ∈ U \ {B}, Z ∈ {R,L}}. This number is computed as follows:
one axiom for the initial splicing step, one axiom for each transition for the first case,
and two axioms more for the second case.

• Symb(Γ) = card(U ′) + 3 + card(Im(δ)). The three new symbols are <′,#, $, while a
new symbol is associated with each transition.

• NSplice(Γ) = card(V ) + 3+ 2card(Im(δ)) · card(U) + 2card(Im(δ)) · card(U)2. This
number was computed in the following way:
– one splicing rule for each symbol in V for the initial splicing step,
– card(Im(δ)) · card(U) rules that can be applied in the first splicing step of both
subcases 1.1 and 1.3,
– card(Im(δ)) · card(U) rules that can be applied in the first splicing step of both
subcases 1.2 and 1.4,
– card(Im(δ)) · card(U)2 rules that can be applied in the second splicing step of both
subcases 1.1 and 1.3,
– card(Im(δ)) · card(U)2 rules that can be applied in the second splicing step of both
subcases 1.2 and 1.4,
– two rules for the second main case.

• LSplice(Γ) = 10.

• Final(Γ) = card(F ).

7.3 NpASS simulating non-deterministic Turing machines

We present now an efficient simulation of non-deterministic Turing machines. The argu-
ment from the previous proof does not work for non-deterministic Turing machines. In the
construction above, in any odd generation of strings there is just one string of the form
<′ αqβ >, where αqβ is an ID of M , and at most one move of M that is to be simulated
because M is deterministic. In the case of a non-deterministic machine, in a generation
may be more than one string encoding an ID and more than one move to be simulated.
Therefore, different segments of these strings might be rejoined in a wrong way yielding
parasitic strings that might not encode any ID of M .

We give here a complete simulation for a non-deterministic Turing machine.
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Theorem 7.3.1. For every one tape non-deterministic Turing machine M that accepts
in f(n) time, there exists an NpASS Γ accepting the same language as M does in time
O(f(n)).

Proof. Let M = (Q,V, U, δ, q0, B, F ) be an one tape non-deterministic Turing machine and
U ′ = U \ {B}. We construct an NpASS Γ accepting exactly the language accepted by
M . To this aim, we follow the same strategy as in the previous proof, namely the formal
definitions follow an informal description of the working mode of Γ. Let us consider an input
string w for M . Starting with < w > as input, Γ transform this string into <′ q0w# >′,
where <′, >′, and # are new symbols. This can be easily done in two splicing steps: in the
first step # >′ is appended and then < is replaced by <′ q0. We do not give the formal
definitions as they are pretty simple. For the rest of the computation, each ID αqβ of M is
encoded by a string <′ qβ#α >′. Note that <′ q0w# >′ encodes the initial configuration
of M . The technique which will be used in the sequel is known as “rotate-and-simulate”.

First, we show how a move of M to the right is simulated by Γ. For each transition
defining a move to the right we introduce a new symbol, we define just one axiom and a set
of splicing rules. Formally, let us consider the transition (s, b, R) ∈ δ(q, a). For each such
transition, we consider the new symbol X(q,a,s,b,R) and the axiom X(q,a,s,b,R)sπbX(q,a,s,b,R),
where π is a new symbol that does not depend on the transition. We now define four groups
of splicing rules:

(a) {[(<′ qa, Y ); (X(q,a,s,b,R)s, πbX(q,a,s,b,R))] | Y ∈ U ′ ∪ {#}}.

(b) {[(<′ qaπ, bX(q,a,s,b,R)); (Y,>
′)] | Y ∈ U ′ ∪ {#}}.

(c) {[(<′ qaπ,>′); (Y b,X(q,a,s,b,R))] | Y ∈ U ′ ∪ {#}}.

(d) {[(<′, qaπX(q,a,s,b,R)); (X(q,a,s,b,R), sY )] | Y ∈ U ′ ∪ {#}}.

We analyze the way of applying these splicing rules. To this aim, we assume that
the string <′ qaβ#α >′, q /∈ F , encoding an ID of M , lies in the current generation of
strings of Γ. We explain how a transition (s, b, R) ∈ δ(q, a) can be simulated. A rule
in the set (a) is applied to the pair of strings <′ qaβ#α >′ and X(q,a,s,b,R)sπbX(q,a,s,b,R)

yielding the strings <′ qaπbX(q,a,s,b,R) and X(q,a,s,b,R)sβ#α >
′. In the next splicing step, by

applying a rule in the set (b) to the newly obtained strings two other strings are obtained:
X(q,a,s,b,R)sβ#αbX(q,a,s,b,R) and <′ qaπ >′. Then a rule in the set (c) is applied to these
two last strings and the result is the pair X(q,a,s,b,R)sβ#αb >

′ and <′ qaπX(q,a,s,b,R). The
simulating process ends by a splicing step applied to the pair of strings just obtained by
using a rule in the set (d). Thus the strings <′ sβ#αb >′ and X(q,a,s,b,R)qaπX(q,a,s,b,R)

are produced. A few remarks are necessary. First, one can easily note that the string
X(q,a,s,b,R)qaπX(q,a,s,b,R) obtained in the last splicing step will disappear in the next step.
Second, in the second and third intermediate steps rules associated with another move to
the right might be used. However, there is a final check in the fourth splicing step which
blocks all the parasitic strings. This check is done by the rules in the set (d), where the X
symbol in first part of the rule has to be identical to that from the second part.

An analogous argument may be used for a transition of the form (s, b, R) ∈ δ(q,B). We
do not resume it here, but we say that the associated axiom is the same and the associated
sets of splicing rules are:

(e) {[(<′ q,#); (X(q,B,s,b,R)s, πbX(q,B,s,b,R))]}.
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(f) {[(<′ qπ, bX(q,B,s,b,R)); (Y,>
′)] | Y ∈ U ′ ∪ {#}}.

(g) {[(<′ qπ,>′); (Y b,X(q,B,s,b,R))] | Y ∈ U ′ ∪ {#}}.

(h) {[(<′, qπX(q,B,s,b,R)); (X(q,B,s,b,R), s#)]}.

In the sequel, we present a similar discussion for a move to the left. As in the simulation
of a move to the right, for each transition defining a move to the left we introduce a new
symbol, we define just one axiom and a set of splicing rules. Formally, let us consider the
transition (s, b, L) ∈ δ(q, a). We consider a new symbol ♠, common for all such transitions,
a specific symbol Y(q,a,s,b,L) as well as an axiom Y(q,a,s,b,L)scb♠cY(q,a,s,b,L). We now define
four groups of splicing rules:

(A) {[(<′ qa, Z); (Y(q,a,s,b,L)scb,♠cY(q,a,s,b,L))] | Z ∈ U ′ ∪ {#}, c ∈ U ′}.

(B) {[(<′ qa♠c, Y(q,a,s,b,L)); (Z, c >
′)] | Z ∈ U ′ ∪ {#}, c ∈ U ′}.

(C) {[(<′ qa♠cc,>′); (Z, Y(q,a,s,b,L))] | Z ∈ U ′ ∪ {#}, c ∈ U ′}.

(D) {[(<′, qa♠ccY(q,a,s,b,L)); (Y(q,a,s,b,L), scbZ)] | Z ∈ U ′ ∪ {#}, c ∈ U ′}.

We analyze the way of applying these splicing rules. To this aim, we assume that the
string <′ qaβ#αc >′, q /∈ F , encoding an ID of M , lies in the current generation of strings
of Γ. We explain how a transition (s, b, L) ∈ δ(q, a) can be simulated. A rule in the set
(A) is applied to the pair of strings <′ qaβ#αc >′ and Y(q,a,s,b,L)scb♠cY(q,a,s,b,L) yielding
the strings <′ qa♠cY(q,a,s,b,L) and Y(q,a,s,b,L)scbβ#αc >

′. In the next splicing step, by
applying a rule in the set (B) to the newly obtained strings two other strings are obtained:
Y(q,a,s,b,L)scbβ#αY(q,a,s,b,L) and <

′ qa♠cc >′. Then a rule in the set (C) is applied to these
two last strings and the result is the pair Y(q,a,s,b,L)scbβ#α >

′ and <′ qa♠ccY(q,a,s,b,L). The
simulating process ends by a splicing step applied to the pair of strings just obtained by
using a rule in the set (D). Thus the strings <′ scbβ#α >′ and Y(q,a,s,b,L)qa♠ccY(q,a,s,b,L)

are produced. A few remarks are necessary. First, one can easily note that the string
Y(q,a,s,b,L)qa♠ccY(q,a,s,b,L) obtained in the last splicing step will disappear in the next step.
Second, in the second and third intermediate steps rules associated with another move to
the right might be used. However, there is a final check in the fourth splicing step which
blocks all the parasitic strings. This check is done by the rules in the set (D), where the Y
symbol in first part of the rule has to be identical to that from the second part.

An analogous argument may be used for a transition of the form (s, b, L) ∈ δ(q,B). We
neither resume it here nor give the formal splicing rules as the reader may easily infer them
from the analogous simulation of a move to the left.

If the current generation of strings of Γ contains a string <′ qβ#α >′, with q ∈ F , is
treated analogously to the case of introducing the halting symbol in the simulation of a
2-tag system. More precisely, by a finite sequence of splicing step, the string <′ qβ#α >′ is
transformed into <′ q >′. It suffices now to take H = {<′ q >′| q ∈ F}.

Finally, we mention that each move of M can be simulated in a constant number of
splicing steps by Γ. Moreover, the number of splicing steps necessary to transform a string
<′ qβ#α >′, with q ∈ F , into <′ q >′ is at most f(|w|). Furthermore, all the strings
encoding IDs of M after a number of moves are simultaneously present in a generation of
strings of Γ. In conclusion, TimeΓ(n) ∈ O(f(n)).

The construction of Γ in the previous proof implies that:
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• Ax(Γ) = card(Im(δ)) + 4. This number is computed as follows: two axioms for the
initial splicing steps, one axiom for each transition, and two axioms more for the final
phase.

• Symb(Γ) = card(U ′) + 5 + card(Im(δ)). The five new symbols are <′, >′,#, π,♠,
while a new symbol is associated with each transition.

• NSplice(Γ) ≤ 2card(V )+4+4card(Im(δ)) ·card(U)+4card(Im(δ)) ·card(U)2, where
we set

Im(δ) = {(q, a, s, b, Z) | (s, b, Z) ∈ δ(q, a), q ∈ Q \ F, a ∈ U,
s ∈ Q, b ∈ U \ {B}, Z ∈ {R,L}}.

This number was computed in the following way:
– two splicing rules for each symbol in V for the initial splicing step,
– 4card(Im(δR)) · card(U) rules that can be applied in the simulation of a move of M
to the right,
– 4card(Im(δL)) · card(U) rules that can be applied in the simulation of a move of M
to the left,
– two rules for the second main case.
In the above evaluation, Im(δZ), Z ∈ {R,L}, is defined by Im(δZ) = {(q, a, s, b, Z) |
(s, b, Z) ∈ δ(q, a), q ∈ Q \ F, a ∈ U, s ∈ Q, b ∈ U \ {B}}.

• LSplice(Γ) = 12.

• Final(Γ) = card(F ).
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Chapter 8

CONCLUSIONS AND
FUTURE WORK

A Conclusions

Bio-inspired computational models seem to be amongst the most promising research sub-
jects in our attempt to surpass the standard computational means and knowledge currently
available. Among these innovations, networks of bio-inspired processors emerged as a new
computational model boasting an enormous parallelism capability which grants them the
theoretical ability to solve difficult problems unapproachable by our current computational
power, opening the door to a whole new realm of potential practical applications. So far,
two derivatives of this model have been reported depending on the operation performed in
the processors: evolutionary and splicing.

Because of their nature as problem solvers, efficient means to convert between different
bio-inspired computational models remain as a focus of interest for the researchers working
on this topic. In the latest years, there has been several scientific manuscripts proving the
variants of networks of evolutionary/splicing processors to be computationally complete, but
there has only been direct simulations between the variants of NEP with random context
filters until last year. While it is theoretically possible to convert between the models through
the intermission of a Turing machine (one model is simulated by a Turing machine while
the second model simulates the latter), its practical implementation is unfeasible because
of the great spike in the time complexity. This thesis contributes to the state of the art for
this field of study with our proposal of direct simulations between the polarized and random
context variants of NEP. Our approach [175], which greatly improves the time complexity in
comparison to an indirect simulation, is the converse simulation of that reported in [176]. We
also demonstrated the applicability of this methodology with the translation of a solution
for the ”3-colorability problem” using NPEP documented in [133] to one using NEPRC.

Another important question on this scientific topic is how to efficiently overcome several
obstacles impeding the practical implementation of the networks of evolutionary processors,
such as the difficulty of allocating computational resources to the simulation of the filters
and the exponential increase in the number of strings generated during the computation.
In order to overcome the first issue, a new communication strategy around the concept
of polarization was proposed, while the latter still remains as a serious impediment for
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our current computational tools, although the potential future adaptation of new novel
systems working under different concepts (i.e: DNA computing) or further innovations
in big data research could allow us to completely ignore this issue. This thesis explores
the potential feasibility of probabilities as a tool to handle the removal of useless data
produced as a byproduct of the computation. We demonstrate this methodology with a
C++ implementation of a NPEP solving an instance of a SAT problem.

On the other hand, this thesis also illustrates important results regarding the other
variant of networks of bio-inspired processors: networks of splicing processors. We furthered
our knowledge of this model with an exploration of the theoretical properties of a new variant
of networks of splicing processors brought forth by the merging of the input and output filters
of the original model into an unique one, called network of uniform splicing processors. We
determined its computational power with efficient simulations of Turing machines and 2-tag
systems by means of NUSP of a fixed small size, proving that the loss in control over the
data flow because of having less filters doesn’t reduce its computational faculties. At the
same time, we discussed new possibilities for a practical implementation of this new model.
Next in line, we propose a direct simulation between this new uniform variant and the
original non-uniform model belonging to the paradigm of networks of splicing processors with
random context filters in the nodes. We also demonstrated the feasibility of our simulation
with the translation of a solution for the satisfiability problem through NSP in [47] to one
using NUSP. Our last result aims to reduce the huge increases in string data during the
computation of splicing systems. We analyze a new subcategory of splicing systems sharing
most of the characteristics with the traditional paradigm of network of splicing processors.
Under the new framework, strings are continuously used to generate new ones while those
which are not transformed during a splicing step are discarded, achieving a reduction on the
string data stored in the model during the computation. We prove that the computational
faculties of this new system are as powerful as Turing machines and 2-tag systems.

B Future work

There are still several open problems of theoretical interest directly related to the research
covered in this thesis. One objective is to complete the picture of simulations between
networks of splicing processors parallel to the one achieved for networks of evolutionary
processors, with the proposal of direct simulations between the polarized and filtered ver-
sions of networks of splicing processors as well as between the variants with random context
filters not covered in this work, namely NSP-NSPFC and NUSP-NSPFC. Another of the
most relevant issues is the discovery of methodologies to convert the different variants of
networks of bio-inspired processors with any underlying graph into equivalent ones employ-
ing a specific graph common in the network area: bus, star, grid, etc. These methodologies
are essential in order to allow companies and governmental entities using a specific structure
in their network systems to implement present and future solutions divulged under another
graph design.

On the other hand, it is also important to analyze if the current solutions can be im-
proved. Is it possible to reduce the size of the NUSP architecture we introduced in this work
to efficiently simulate Turing machines? Can the polarized network of evolutionary proces-
sors be simulated by means of networks of evolutionary processors with random context
filters without incurring in any time complexity loss? Are other probabilistic distributions
more suitable for the design of probabilistic networks of bio-inspired processors?
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Precision Medicine





Chapter 9

INTRODUCTION

Health care has improved significantly over the last century as a consequence of the develop-
ments in science and technology, leading to improved sanitary conditions, new therapies and
drugs (such as antibiotics), new imaging methods (like X-ray vision) and the application of
preventive measures (including vaccination campaigns) [64]. Nevertheless, the limitations of
a standard approach for the treatment of a disease became more evident as a consequence
of our growing knowledge of the medical arts.

In order to face the limits of the traditional reactive medicine approach, the concept of
treating the disease in a personalized manner was introduced. Over the past decades, we
found data supporting the notion that drug response is genetically determined, with age,
nutrition, health status, environmental exposure, epigenetic factors, and concurrent therapy
playing important contributory roles [51]. Consequently, research about new paradigms
allowing the personalization and customization of the treatment on the patient level is
increasing in prominence. Personalized medicine, also known as precision medicine, is the
new way of upholding this intent.

In the traditional model, doctors follow a one-size-fits-all approach. Scientists develop
drugs to treat the symptoms or the disease itself. The patient is diagnosed with a disease
according to these symptoms and is subjected to drugs and other therapies designed to treat
large groups of people with the same disease. However, this methodology can be ineffective
or even harmful for a specific patient. Only after the primary line of treatment is proven to
be detrimental, alternative drugs are tried. Since finding the exact workable drug can take
several attempts, it is possible for it to no longer be of any benefit when determined.

Personalized medicine follows the opposite concept of customized treatments for each
patient. It aims to use the genetic information to identify the factors that predispose a
person to a particular disease. Furthermore, it uses the genetic and personal information
of that patient (i.e. age, weight, lifestyle, and environment) along with the characteristics
of the disease to predict any potential adverse reaction during the treatment, allowing the
medical professional to decide on a customized therapy strategy predicted to incur the best
response on that patient while ensuring the highest safety margin.

On the other hand, the appearance of new and powerful technologies led to the genera-
tion of huge amounts of data regarding the human genoma and the biochemical mechanisms
operating in our body. The promising prospects brought forth by this data in different
scientific fields (i.e. biology, chemistry, medicine...) have drawn the attention of several
professionals in the field of informatics, leading to the development of powerful bioinformat-
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ics tools. Advances in experimental data acquisition have contributed to the discovery of
properties and functions of genes, RNA, proteins and their interactions [92]. Theoretical
scrutiny of these interactions between proteins allowed us to further our understanding of
the signaling pathways and other biological processes which make the cell perform its normal
functions. In the latest years, bioinformatics are playing an important role in interpreting
the molecular biological data about patients and diseases and its predictions are taken in
consideration for the proposal of new clinical trials and experimental drug treatments [163].

Mathematical models can incorporate our findings on patient genetic deficiencies, on
disease drivers and pharmacokinetics of drug combinations, to design comprenhesive disease
and tumor specific models. There is a wide spectrum of modelling methods that may be
used to analyze a disease network and the dynamical systems associated to it: ODE-based
models [2], [27], Boolean and Bayesian models [155], [66], executable models [39], network
models [3, 141, 106], and many others. A major focus is on finding novel personalised
combinatorial drug therapies [34].

In this manuscript, we study the application of one of such paradigms, network model-
ing, to innovate in personalized medical treatments. Network medicine is a promising recent
approach in which the goal is to analyze the dysregulation of a disease through its specific
molecular interactions [104, 139]. The key analytic power of this approach is that knowledge
about disease-drivers and specific pathway deregulations can be combined with mechanistic
knowledge of drug mechanisms to identify optimal drug combinations, and do this dynam-
ically throughout the evolution of the disease. This paradigm abstracts dynamic complex
models encoding biological systems to directed graphs whose analysis provides insights into
the vulnerabilities of the disease signaling network [95].

An exciting aspect of this approach is that it can, in principle, be applied in a per-
sonalized way, taking into account patient-specific aspects such as co-morbidities, previous
treatments, and the patient’s own molecular data (such as her mutations, gene expression
anomalies, corrupted signaling pathways). For example, in the context of cancerous diseases
a patient-specific network may be visualized as a graph where each vertex represents a gene
mutated by the tumor afflicting that person while the edges are abstractions of the bio-
logical interactions between these genes (or in fact, without the risk of confusion, between
the proteins encoded by the genes) occurring in a human body system. This model can
be extended to incorporate additional attributes associated to the edges (e.g., type of in-
teraction, strength, mechanistic details) and vertices (e.g., copy number, activation status,
the details of a mutation). Furthermore, additional vertices may be added to the network
representing genes that influence or are being influenced by the mutated genes, as a way to
describe multi-step interactions between the patient’s mutated genes. Therefore, a disease
is seen as part of a patient’s own molecular and clinical context, through the cumulative
effect of various deregulations and anomalies. Also, drug therapies are seen as external
interventions aiming to compensate for the effects of these anomalies in the patient-specific
disease network. The focus is on identifying tailored drug combinations uniquely suited to
that patient’s disease network, in the current step of her disease progression.

This dissertation introduces several network modeling methods and demonstrates their
potential applicability in personalized medicine. We survey several network centrality mea-
sures, aiming to identify parts of the network that are unusual in the context of its topology;
we discuss their definitions and the intuition of their significance. We also discuss two sys-
tems controllability methods: network controllability [187] and minimum dominating sets.
The concept of the former is that the dynamical system associated to the network may
be driven between arbitrary configurations by fixing the dynamic of a small subset of its
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vertices (called input or driver nodes) to a suitable set of functions. This approach was used
successfully in this context to approach systemic diseases like cancer [91, 31]. On the other
hand, the latter aims to identify a minimal set of nodes through which the remaining nodes
in the network can be dominated. The appeal of these techniques to the field of medicine
comes from considering the input vertices from those encoding for disease-essential genes
and genes that are targetable by available drugs, with the aim of ascertaining efficient inter-
ventions through which the network configuration may be changed from a setup associated
with disease to one identified with a healthy condition.
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Chapter 10

RESEARCH DATA,
METHODOLOGY AND
TOOLS

In this chapter, we introduce the reader to the network modeling methods, software
tools and source data necessary for this work. Firstly, we provide a brief introduction
to the basic concepts of graph theory frequently mentioned in this thesis. In the second
section, we discuss the two main sets of network analysis methodologies used in this second
part of the thesis: network centrality measures and system controllability methods. The
former includes techniques (i.e. degree centralities, proximity centralities, path centralities
and spectral centralities) aiming to study the topological properties of the network. The
latter encompasses two approaches (network controllability and minimum dominating sets)
controlling the evolution of the graph systems from initial conditions to a desired final
stage. Next, we introduce the three main software tools required to carry out our research
activity, namely NetworkX to compute network centrality functions, NetControl4BioMed to
generate and analyze protein-protein interaction graphs and Cytoscape for the visualization
of networks. We conclude the chapter with a recollection of the source data necessary to
carry out the investigation projects documented in posterior chapters.

10.1 Mathematical preliminaries

In this section, we shortly write a formal mathematical definition of the basic concepts
related to the field of graph theory and its properties.

A network can be interpreted as a set of interconnected objects. These objects, desig-
nated as nodes or vertices, are usually visualized as points in the plane. The connections
between them, called edges, are depicted as lines between the points. In the field of mathe-
matics, these models are designated as graphs and are the subject of study of graph theory,
an important line of research with multiple applications in different scientific fields. In this
thesis, the terms network and graph are considered interchangeable.

Definition 10.1.1 (Graph). Let V be a set of vertices (also called nodes) and E ⊆ V × V
a set of edges between the nodes. We define a directed graph G to be the pair (V,E) and
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denote it as G(V,E). If E is a symmetric set (i.e, (u, v) ∈ E whenever (v, u) ∈ E) then G
is called an undirected graph. In this case we indicate the edge between u and v by {u, v}
instead of (u, v) and (v, u).

Definition 10.1.2 (Adjacency Matrix). Let G = (V,E) be a network, its adjacency matrix
A is defined to be a |V | × |V | matrix, such that:

A(i, j) =

{
1 if (vi, vj) ∈ E
0 if (vi, vj) /∈ E.

Definition 10.1.3 (Path). Let G = (V,E) be a network and vi, vj ∈ V , the path from
vertices vi to vj is a sequence P = (vi = v0), v1, v2, ..., vℓ, (vℓ+1 = vj) of different vertices
in V (except possibly for the first and the last) such that there exists e = (vk, vk+1) ∈ E for
every 0 ≤ k < ℓ+ 1.

Definition 10.1.4 (Length of Path). The length of the path P = (vi = v0), v1, v2, ...
, vℓ, (vℓ+1 = vj) is the sum of the weights associated to the edges determined by the pairs
(vk, vk+1) for every 0 ≤ k < ℓ+ 1.

Definition 10.1.5 (Distance of Vertices). Let G = (V,E) be a network and vi, vj ∈ V , the
distance between vi and vj is denoted by d(vi, vj) and defined as the length of the shortest
path that connects those nodes. If no such path exists then d(vi, vj) =∞.

Definition 10.1.6 (Diameter of a Network). The longest shortest path between all pairs of
vertices of a network is defined to be the diameter of the network.

Definition 10.1.7 (Degree). Let G = (V,E) be a network, the degree of a vertex v ∈ V
denoted by deg(v) is the number of edges incident with it.

Definition 10.1.8 (In-Degree). Let G = (V,E) be a directed network, the in-degree of a
vertex v ∈ V denoted by deg−(v) is the number of ordered pairs (vi, vj) ∈ E where vi, vj ∈ V
and vj = v.

Definition 10.1.9 (Out-Degree). Let G = (V,E) be a directed network, the out-degree of a
vertex v ∈ V denoted by deg+(v) is the number of ordered pairs (vi, vj) ∈ E where vi, vj ∈ V
and vi = v.

10.2 Network centrality methods

Real-world networks are usually large complex systems with a huge amount of nodes and
connections, turning a complete analysis of such models into an impossible endeavor. Con-
sequently, it is imperative to determine essential information regarding the structure and
attributes of a network. The concept of network centrality was developed with the objec-
tive of ascertaining the most important vertices within a graph. Informally, a node may
be thought of as influential if it holds a center position in the graph. In other words, the
centrality measures assign values to the nodes according to their importance in the overall
structural properties (e.g., average degree, average distance of nodes, connectivity) of the
network they are in. Depending on the specific method that is applied to measure the cen-
trality of nodes, several interpretations can be made, for example nodes with higher scores
are more independent, they have more control over the network, and their level of activity
is higher.
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Among these methods, the simplest one assigns importance to each node according
to its degree: the number of incident edges. However, in many cases, more sophisticated
approaches are required to produce meaningful measures of importance. In the most general
sense, a centrality measure can be defined in the following way.

Definition 10.2.1 (Centrality). Let G = (V,E) be a network. A centrality measure is any
function f : V → R.

This definition imposes no constraints on f , but most centrality measures take into
account the structural properties of the network G — node connectivity, edge weights, etc.
Based on which structural properties they take into account, centrality measures can be
grouped into the following categories:

• degree centralities: measures based on the degree of a node;

• proximity centralities: measures based on how close a node is to the other nodes in
the network;

• path centralities: measures based on the role the node plays in paths that traverse it;

• spectral centralities: measures related to the algebraic properties of the adjacency
matrix of the network (in particular its eigenvectors and eigenvalues).

While the majority of centralities focus on individual nodes, one can define measures
focused on other structures: edges, subsets of nodes, etc. Most of these measures are
straightforward derivations from node-based centralities (e.g., edge and group betweenness
in [173]), and we will not discuss them here. Furthermore, we only consider unweighted
networks, and we focus on structural measures which do not take into account any possible
dynamical states.

In the rest of this section, we discuss some well-known and often used centrality measures
in detail. In particular, we give the intuitive motivations, the formal definitions, and the
highlighted properties of the network. Furthermore, we give references to algorithms for
computing the centrality measures and briefly discuss their time complexities. Finally, we
describe network centrality indices — network-wide scores measuring the centralization of
a network as a whole, and allowing for comparisons between networks.

While we aim at a comprehensive overview of the state of the art, we do not always
provide a fully detailed discussion of all subjects. For in-depth treatment, we refer the
reader to [29, 171, 105].

In the following subsections we will frequently refer to undirected and directed star-
topology networks. The k-node undirected star-topology network is U⋆

k = (V,E) (also
known as the full bipartite graph K1,k), where V = {1, . . . , k} and E = {{i, 1} | 2 ≤ i ≤ k}.
The k-node directed star-topology network is G⋆

k = (V,E′), where V is the same as in U⋆
k

and E′ = {(i, 1) | 2 ≤ i ≤ k}. Note that E consist of unordered pairs of vertices, while
E′ consist of ordered pairs. We will also write U⋆ and G⋆ to refer to the general notion of
undirected and directed star-topology networks respectively.

We will use the directed network in Figure 10.1 to illustrate the centrality measures
and the related concepts. This is a scale-free random network generated using the Python
library NetworkX [10, 11] with the following line of code: networkx.scale free graph(10,

alpha=.7, beta=.2, gamma=.1, seed=3).
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Fig. 10.1: The network serving as a running example to illustrate centralities and the
related concepts.

10.2.1 Degree centralities

Degree centrality was first introduced in [109] to study the structure and behavior of groups
of individuals in a society. It measures the importance of a node by directly counting the
adjacent edges.

Definition 10.2.2 (Degree centrality). Let G = (V,E) be a network.

• If G is undirected, then the degree centrality is the function CD : V → R assigning to
every node its degree: CD(v) = deg(v).

• If G is directed, then the in-degree centrality is the function C−D : V → R, assigning
to every node its in-degree: C−D(v) = deg−(v). The out-degree centrality C+

D : V → R
assigns to every node its out-degree C+

D(v) = deg+(v). The (full) degree centrality is
the function CD(v) = C+

D(v) + C−D(v).

It follows from these definitions that CD(v) (or C+
D(v) and C−D(v)) is large when the

node v is adjacent to a high number of nodes. The extreme cases are CD(v) = k − 1, in
which v is connected to all other nodes in a k-node network and C(v) = 0, when v is isolated
in the network.

The importance of degree centrality is evident when we consider information transmission
between nodes. We can expect a node with high degree centrality to access and manipulate
more data than other node, resulting in a greater influence over the data flow. On the
other hand, a node with low degree centrality is unlikely to have a significant impact in the
communication. Considering that their position doesn’t favor immediate visibility of other
nodes in the network they are seen as peripheral nodes.

The degree centrality is strongly related to the number of nodes in a network. As a trivial
example, consider the degree centrality of the central node in the star-topology network U⋆

k :
C+

D(1) = k − 1. The centrality of node 1 is larger in larger networks with this topology,
even though the intuitive idea of the importance of this node is essentially the same: it is
connected to all other nodes of the network in both cases. Normalized degree centrality
may be used to better capture the independence of the notion of centrality on the size of
the network.

Definition 10.2.3 (Normalized degree centrality). Let G = (V,E) be a (either directed, or

undirected) network. The normalized degree centrality is the function C̃D : V → R defined
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as follows:

C̃D(v) =
CD(v)

|V | − 1
.

Normalized degree centrality C̃D(v) therefore gives the ratio of the nodes adjacent to

v, and it follows from the definition that 0 ≤ C̃D(v) ≤ 1. C̃D(v) can be thought of as the
probability of v to be connected to another node w picked at random, an intuition that can
be useful when generating random networks with a fixed degree distribution.

Example 10.2.1. The following table gives the degree, in-degree, and out-degree centrali-
ties respectively for the example network in Figure 10.1.

v 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
CD(v) 2 7 6 1 2 1 2 1 1 1 1 1 1 2 1
C−D(v) 1 5 5 0 1 0 2 0 0 0 0 0 0 1 0
C+

D(v) 1 2 1 1 1 1 0 1 1 1 1 1 1 1 1

The complexity of computing the degree centrality of every individual node of a network
depends linearly on the number of nodes and edges: O(|V | + |E|) (e.g., [90]). Computing
the centrality of any given node may be of the complexity O(|V |) or O(|E|), depending on
the data structure used to represent the connections.

The degree centrality is a useful tool for identifying “targets” in a given network, but
also for deciding which nodes may be discarded without impacting the quality of the model.
This is common in network biology, see [113], [28]. However, degree centrality is a strongly
local measure, mostly focusing on individual nodes and their immediate neighborhoods. In
practice, this means that many nodes may often have close degree centralities, requiring
finer measures to discern relevant features (e.g. [174]).

10.2.2 Proximity centralities

Here we discuss closeness, harmonic, and eccentricity centralities.
The degree centrality measure is a very straightforward approach to evaluate the impor-

tance of a node in a network. However, the nodes which are connected by a small number
of edges to many others in a network are also important: their “influence” can reach many
other nodes quickly. Counting the neighbors of a node clearly does not suffice to asses this
kind of closeness to other nodes. The important aspect is rather having a small average
distance to the other nodes in the network. This leads to the following definition of the
closeness centrality measure as the reciprocal of farness [5, 67, 56].

Definition 10.2.4 (Closeness centrality). Let G = (V,E) be an undirected network. The
closeness centrality is the function CC : V → R defined as follows:

CC(v) =
1∑

u∈V
d(u, v)

.

As in the case of degree centralities, the size of the network has an impact on the
closeness centrality of its nodes: the larger the network, the more paths it contains, and the
lower closeness centralities tend to become. To make closeness centralities more uniform,
Beauchamp proposed the normalized version of this measure [123].
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Definition 10.2.5 (Normalized closeness centrality). Let G = (V,E) be a connected undi-

rected network, the normalized closeness centrality is the function C̃C : V → R defined as
follows:

C̃C(v) =
|V | − 1∑

u∈V
d(u, v)

.

Normalized closeness centrality can be thought of as the inverse of the mean of the
distances to v from all other nodes. The bounds on the values of the normalized closeness
centrality C̃C are the same as the bounds on the values of CC : 0 < C̃C(v) ≤ 1, but C̃C(v)
reaches its maximal value 1 for any node v adjacent to all the other nodes of a given network.

A major drawback of closeness centrality is that it does not yield meaningful values on
disconnected networks. Indeed, if no path connects nodes u and v, by definition d(u, v) =∞,
and therefore a single isolated node would make the sums of distances in the definition of
closeness infinite, and the closeness centralities themselves will all become 0. There are
several different ways in which this can be addressed:

• Restrict the notion of closeness centrality to strongly connected graphs (or strongly
connected components of arbitrary graphs). This avoids the problem of having pairs
of nodes (u, v) whose distance is infinite, on the grounds of v being unreachable from
u.

• Restrict the sum of distances in the definition of closeness centrality to pairs of reach-
able nodes, addressing the same issue of infinite distances.

• Replace any infinite distances with a large enough constant, as proposed in [189]
and [52].

Closeness centrality can also be defined for directed networks. To do this, we can consider
in the definition either the distances d(u, v) from all ancestors of v to v, or distances d(v, u)
from v to all its descendants. This is important when using the closeness centrality measure
as a proxy for the notion of either a node that is reachable (and modifiable) from many
directions, or that of a node that is influential in being able to reach many other nodes.
One example of such a definition is the Lin index [124]. The software package NetworkX
computes the distances from the nodes which reach v [12], and normalizes with respect to the
number of these nodes. The difficulties with infinite distances for pairs of unreachable nodes
also persist in the directed case, with possible solutions similar to those for the undirected
case.

Example 10.2.2. The following table gives the closeness centralities and the normalized
closeness centralities, rounded to two digits after the decimal point, for the nodes of the
example network in Figure 10.1. The lines Cu

C(v) and C̃
u
C(v) take this network to be undi-

rected, meaning that the directed edges appearing in the figure can be traversed both ways.
The calculations for directed networks were done with NetworkX, using the approach ex-
plained above.

v 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

CC(v) 0.03 0.04 0.05 0.00 1.00 0.00 0.03 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00

C̃C(v) 0.40 0.48 0.60 0.00 1.00 0.00 0.36 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00

Cu
C(v) 0.03 0.05 0.04 0.03 0.03 0.03 0.03 0.03 0.03 0.02 0.03 0.03 0.02 0.03 0.02

C̃u
C(v) 0.48 0.64 0.58 0.38 0.40 0.40 0.42 0.38 0.38 0.29 0.40 0.40 0.30 0.42 0.30
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Computing the closeness centrality of a node v requires finding the shortest paths to v
from all other nodes of the network. Since constructing all shortest path to one particular
node v is of complexity O(|E|), using e.g. a breadth-first search, computing the closeness
centrality for all the nodes within a network is of complexity O(|V |dot|E|). This means
that computing the exact value of closeness centrality is impractical for many biological
networks, which often contain thousands of nodes and tens of thousands of connections. It
turns out that, in practice, one often only needs the first k nodes with the highest closeness
centrality, without requiring the actual centrality values. Such rankings can be computed
in reasonable time even for very large networks, see, e.g., [32].

Due to its non-locality, closeness centrality is a finer tool for structural network analysis
than degree centrality. For example, closeness fares better in identifying influential groups of
nodes which may not individually have high degree centrality. Closeness centrality has been
show to perform particularly well in biological network analysis. For example, [68] shows
that a slightly modified closeness measure allows for associating 8 of the top 10 metabolites
of the metabolic network of E. coli with the glycolysis and citric acid cycle pathways.

A modification of closeness centrality, addressing the difficulty of infinite distances, con-
sists in swapping the summation out of the denominator, effectively transforming what is
an inverse arithmetic mean in normalized closeness centrality into inverse harmonic mean.
This new centrality measure was first discussed in [111], then independently introduced
in [8] under the name “valued centrality”, and finally gained its current name of harmonic
centrality in [189].

Definition 10.2.6 (Harmonic centrality). Let G = (V,E) be a (either directed, or undi-
rected) network. The harmonic centrality is the function CH : V → R defined as follows:

CH(v) =
∑

u∈V \{v}

1

d(u, v)
.

Note that all nodes u which are not connected to v do not contribute to CH(v), because
d(u, v) =∞, meaning that 1/d(u, v) = 0.

As with closeness centrality, the same definition of harmonic centrality can be used for
directed networks, in which case the order of nodes in the denominator d(u, v) becomes
important. If v has in-degree 0, CH(v) = 0 by direct computation of the formula in the
definition.

To avoid an increase in harmonic centrality only due to the increase in the size of the
network, one defines the normalized version.

Definition 10.2.7 (Normalized harmonic centrality). Let G = (V,E) be a (either directed,

or undirected) network. The normalized harmonic centrality is the function C̃H : V → R
defined as follows:

C̃H(v) =
1

|V | − 1

∑
u∈V \{v}

1

d(u, v)
.

It follows that 0 ≤ C̃H(v) ≤ 1 (and 0 ≤ CH(v) ≤ |V |−1) both in directed and undirected

networks. C̃H(v) = 0 for isolated vertices, while C̃H(v) = 1 (CH(v) = |V |−1) for the center
of a star network, in both directed and undirected cases, because both in U⋆

k and G⋆
k every

node is connected to the central node 1.
Note that central nodes in large connected components will have greater values of har-

monic centrality than central nodes in small connected components. Furthermore, nodes in
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disconnected networks will tend to have lower harmonic centralities than nodes in connected
networks.

Example 10.2.3. The following table gives the harmonic centralities and the normalized
harmonic centralities, rounded to two digits after the decimal point, for the nodes of the
example network in Figure 10.1. The lines Cu

H(v) and C̃u
H(v) take this network to be

undirected, meaning that the directed edges appearing in the figure can be traversed both
ways.

v 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

CH(v) 5.42 7.58 8.33 0.00 1.00 0.00 6.37 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00

C̃H(v) 0.39 0.54 0.60 0.00 0.07 0.00 0.45 0.00 0.00 0.00 0.00 0.00 0.00 0.07 0.00

Cu
H(v) 7.50 10.33 9.67 6.00 6.67 6.25 6.92 6.00 6.00 4.82 6.25 6.25 4.95 6.92 4.95

C̃u
H(v) 0.54 0.74 0.69 0.43 0.48 0.45 0.49 0.43 0.43 0.34 0.45 0.45 0.35 0.49 0.35

The computational complexities related to the harmonic centrality are the same as those
of the closeness centrality, because of the similarities in the definitions of the two measures.
Since finding the shortest path is of complexity O(|E|), computing the harmonic centrality
in a given directed or undirected network G = (V,E) is of complexity O(|V |dot|E|). For
very large networks, approximate calculation strategies can be used, or alternatively the
direct computation of centrality can be replaced by finding the top k nodes with the highest
centrality value, similarly to [32].

Like closeness centrality, harmonic centrality has great potential for analysis of biological
networks, because it captures the intuition of the influence of a node decaying with the
distance, while also naturally handling disconnected networks. Online resources for systems
biology offer tools to compute harmonic centrality (e.g., [135]), and this centrality measure
is used in analyzing simulations of growth of biological networks [169]. We remark however
that several papers use the term “harmonic centrality” to refer to a rather different centrality
measure, e.g. [86, 190].

Another modification to closeness centrality we will briefly consider in this subsection
was introduced in [20]. This work goes beyond harmonic centrality and adds an exponential
to the denominator:

D(v) =
∑

u∈V \{v}

1

2d(u,v)
.

Like harmonic centrality, D treats disconnected networks naturally. In addition, D interacts
conveniently with various operations on graphs, in particular with different kinds of graph
union ite[Section 2]Dangalchev2006. Finally, this centrality measure can be generalized to
the following form [21]:

D′(v) =
∑

u∈V \{v}

αd(u,v),

where α ∈ (0, 1). Clearly, for α = 1
2 , D

′(v) = DC(v), and as α increases between 0 and
1, D′ moves from local (mostly immediate neighbours count) to global (even long-distance
connections count).

Even though the centrality measures we surveyed so far in this subsection are all based on
the notion of closeness, one should underline that they are not true extensions of the closeness
centrality. Indeed, the paper [152] shows that, even on a 7-node tree, these centrality
measures yield close, but different values.
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The last centrality measure based on the length of paths to a given node that we discuss
is the eccentricity centrality. It formalizes the intuition that important nodes are those from
which any other node is quickly reachable. It was originally introduced in [136], but we give
here the mathematical definition from [29].

Definition 10.2.8 (Eccentricity centrality). Let G = (V,E) be a strongly connected (either
directed, or undirected) network. The eccentricity centrality is the function Ce : V → R
defined as follows:

Ce(v) =
1

maxu∈V d(v, u)
.

The value in the denominator of Ce is the longest shortest path in G starting at v and
is usually referred to as the eccentricity of v.

The same definition of eccentricity centrality can be used for undirected and directed
networks. In the latter case, the order of v and u in d becomes important, and the directed
network is often required to be strongly connected [29]. In networks which are not strongly
connected, the shortest is computed only to nodes reachable from v. Moreover, if the out-
degree of v is 0, then by definition Ce(v) = 0.

The bounds on eccentricity centrality are the same as for normalized closeness centrality:
0 ≤ Ce(v) ≤ 1. Ce reaches its maximal value for every node which is directly connected to
other nodes, as is the case of the center of a star-topology network or any node of a complete
network.

Unlike closeness or harmonic centralities, eccentricity centrality does not directly depend
on the size of the network, which is why normalization is not generally considered for this
measure.

Example 10.2.4. The following table gives the eccentricity centralities for the nodes of the
example network in Figure 10.1. Since the example network is not strongly connected, the
centralities Ce(v) are computed as inverses of the lengths of the longest shortest paths to
reachable nodes. The line labeled with Cu

e (v) takes this network to be undirected, meaning
that the directed edges appearing in the figure can be traversed both ways.

v 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Ce(v)
1
2

1
2

1
3

1
4

1
4

1
3 0 1

4
1
4

1
5

1
3

1
3

1
1

1
3

1
4

Cu
e (v)

1
3

1
3

1
3

1
4

1
4

1
4

1
4

1
4

1
4

1
5

1
4

1
4

1
5

1
4

1
5

Similarly to closeness centrality, computing the eccentricity centrality of a node v requires
finding the shortest paths to all other nodes in the network, meaning that computing Ce(v)
is of time complexity O(|V |dot|E|).

Like closeness centrality, eccentricity centrality is able to capture well the notion of
importance of a node as a function of its connections to the other nodes. For example,
[159] uses several centrality measures to analyze the networks of E. coli and S. cerevisiae,
and shows that both closeness and eccentricity centralities produce very similar rankings of
the top metabolites. On the other hand, eccentricity centrality was not able to distinguish
essential from non-essential proteins in the PPI network of S. cerevisiae.
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10.2.3 Path centrality: betweenness

Betweenness centrality measures the importance of a node by counting in how many con-
nections between other nodes it is implicated. For example, the central node 1 of U⋆

k is
involved in all shortest paths between all other nodes. The idea of betweenness, i.e. being
situated between other nodes, was introduced in the discussion of point centrality in [4],
and the first formal definition was given in [98].

Given a (either directed, or undirected) network, we denote the set of all shortest paths
(also referred to as geodesics) between nodes u and w by ρuw, and by ρuw(v) the set of
those shortest paths from ρuw which pass through v. We further denote guw = |ρuw| and
guw(v) = |ρuw(v)|. Finally, we use the following notation:

puw(v) =


guw(v)

guw
, ρuw ̸= ∅,

0, otherwise.

puw(v) can be seen as the probability of finding v in a shortest path between u and w chosen
at random from guw, in the case in which w is reachable from u [98, 99].

Definition 10.2.9 (Betweenness centrality). Let G = (V,E) be a (either directed, or undi-
rected) network. The betweenness centrality is the function CB : V → R defined as follows:

CB(v) =
∑

u,w∈V \{v}
u̸=w

puw(v).

Note that in this case too, there are subtle distinctions between directed and undirected
networks. Thus, while in the case of undirected networks ρuw (as well as ρuw(v)) is conceptu-
ally the same as ρwu (ρwu(v), resp.), and consequently the pair is not considered separately,
this is not the case of directed networks. Hence, while the betweenness centrality function
involves a (k−1)(k−2)/2 summation for undirected networks, i.e., the number of un-ordered
pairs of nodes distinct from v, in the case of directed networks it consists of a (k− 1)(k− 2)
summation.

Betweenness centrality reaches its minimal value 0 for isolated nodes and its maximal
value for nodes v situated on all shortest paths between all other nodes of the network. For a
k-node network with k ≥ 2, this maximal value equals the number of pairs of nodes different
from v: CB(v) = (k − 1)(k − 2)/2 for undirected networks, and CB(v) = (k − 1)(k − 2)
for the directed ones. In the case of undirected networks, this value will be reached for the
central node of a k-node star-topology network U⋆

k . In the case of directed networks, this
maximal value will be reached for the central node of the k-node star topology network, in
which there are two symmetric edges between the central node and the non-central nodes:
Ḡ⋆

k = (V,E), with V = {1, . . . , k} and E = {(1, i), (i, 1) | 2 ≤ i ≤ k}.
In fact, not only CB reaches its maximal value for the central node of a star-topology

network, but the existence of a node for which CB reaches its maximal value is sufficient to
guarantee that the network is a star.

Lemma 10.2.1. Let k ≥ 2 and let U = (V,E) be a k-node undirected network (|V | = k)
having a node v ∈ V for which CB(v) = (k − 1)(k − 2)/2. Then U is isomorphic to U⋆

k .

Proof. The fact that CB(v) = (k − 1)(k − 2)/2 means that v appears in all shortest paths
between all other nodes. This implies on the one hand that v is connected to all other nodes,

116



10.2. Network centrality methods

and on the other hand that there are no other edges in U . Indeed, if v were not connected to
some of the other nodes, then there would exist a pair of nodes u,w ∈ V with the property
guw(v) = 0, meaning that CB(v) < (k − 1)(k − 2)/2. On the other hand, if there existed
an edge between two vertices u,w ∈ V , then the only shortest path from u to w would not
traverse v, which again would mean that guw(v) = 0 and CB(v) < (k − 1)(k − 2)/2.

A similar result for directed networks imposes that any directed network G having a
node with maximal betweenness centrality should be isomorphic to Ḡ⋆

k.

Lemma 10.2.2. Let k ≥ 2 and let G = (V,E) be a k-node directed network (|V | = k)
having a node v ∈ V for which CB(v) = (k − 1)(k − 2). Then G is isomorphic to Ḡ⋆

k.

Note that in the case of the star-topology directed network G⋆
k in which there are arcs

going from all non-central nodes to the central node 1 and no arcs going out of 1, the
betweenness centrality of all nodes will be 0, because all paths in this network have length
1.

To avoid the increase in betweenness centrality due only to the increase in the size of
the network, one typically defines its normalized version. Unlike normalized closeness and
harmonic centralities, in the case of betweenness one needs to normalize with respect to the
number of pairs of nodes, rather than the number of nodes.

Definition 10.2.10 (Normalized betweenness centrality). Let G = (V,E) be a (either
directed, or undirected) network. The normalized betweenness centrality is the function

C̃B : V → R defined as follows:

a) C̃B(v) =
2

(|V | − 1)(|V | − 2)

∑
u,w∈V \{v}

u ̸=w

puw(v), for undirected networks,

b) C̃B(v) =
1

(|V | − 1)(|V | − 2)

∑
u,w∈V \{v}

u ̸=w

puw(v), for directed networks.

Normalized betweenness centrality ranges between 0 for isolated vertices and 1 for central
notes of star-topology networks.

Example 10.2.5. The following table gives the betweenness centralities and the normalized
betweenness centralities, rounded to two digits after the decimal point, for the nodes of
the example network in Figure 10.1. The lines Cu

B(v) and C̃u
B(v) take this network to be

undirected, meaning that the directed edges appearing in the figure can be traversed both
ways.

v 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
CB(v) 12.00 23.00 21.00 0.00 4.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 4.00 0.00

C̃B(v) 0.07 0.13 0.12 0.00 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00
Cu

B(v) 0.00 68.00 54.00 0.00 13.00 0.00 13.00 0.00 0.00 0.00 0.00 0.00 0.00 13.00 0.00

C̃u
B(v) 0.00 0.75 0.59 0.00 0.14 0.00 0.14 0.00 0.00 0.00 0.00 0.00 0.00 0.14 0.00

Enumerating all shortest paths between all pairs of nodes different from a given node v is
rather expensive. The seminal work [98] suggests computing powers of the adjacency matrix
of the network to count the shortest paths, according to the methods detailed in [50]. How-
ever, [172] proposes a less expensive algorithm running in time O(|V |dot|E|), and avoiding
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extra non-optimal paths which matrix multiplication would reveal. A more recent work [115]
proposes an even faster incremental algorithm, which updates the betweenness centralities
of all nodes when a new edge is added. This algorithm runs in time O(m|V |), where m
is the maximal length of the shortest path in the network. Finally, the paper [118] pro-
poses a random approximation algorithm which computes betweenness centralities in time
|E|1/2+o(1) with high probability, much faster than exact algorithms.

Betweenness centrality has been successfully applied in biological network analysis to
identify significant nodes. For example, the work [140] used betweenness centrality to iden-
tify proteins significant in the context of cancer growth. In [65], the authors rely on be-
tweenness centrality to identify bottlenecks in PPI networks. Moreover, the authors show
that these nodes have a high tendency of representing essential proteins. The work [103]
shows that nodes with high betweenness centrality in yeast PPI networks are more likely
to be essential and that the evolutionary age of proteins is positively correlated with their
betweenness centrality.

We conclude this subsection by mentioning a well-known extension of the betweenness
centrality: percolation centrality. This measure was introduced in [101] with the goal of
taking into account the dynamical states of the nodes of the network. Intuitively, perco-
lation centrality extends the definition of betweenness centrality by multiplying puw(v) by
percolation: a factor derived from the degree to which the nodes in the paths from u to w
are involved in the spread of some value (information, infection, etc.) through the network.
Since percolation centrality considers network states, we do not discuss it in this section.

10.2.4 Spectral centralities

In this subsection we discuss eigenvector-based centralities: the eigenvector centrality, Katz
centrality, and PageRank centrality.

The idea of using eigenvectors for assessing the importance of nodes in networks was
first introduced in [138] and further discussed in several fundamental works, e.g. [16, 107]
with the goal of taking into account the fact that not all connections in a network are equal
— being connected to a highly central node has more impact than being connected to a
more peripheral node. Before defining eigenvector centrality, we introduce some additional
notations.

For a centrality measure C : V → R, we will denote by c the vector obtained by
computing C for every node of G, i.e. cv = C(v).

For a fixed node v, the idea that the contributions of its neighbors are proportional to
their own centralities can be expressed as follows:

C(v) =
1

λ

∑
u∈V

AuvC(u),

where λ > 0 is a real constant. This relation can be rewritten in the matrix form:

λc = Ac, (10.2.1)

which effectively defines c as an eigenvector, and λ as an eigenvalue of the adjacency matrix
A of the network G. Since A is a real square matrix (its elements are 0 and 1 in the case of
unweighted networks), according to the Perron-Frobenius theorem of linear algebra, A has
a unique largest real eigenvalue λ and one can choose the corresponding eigenvector c to be
strictly positive, which allows defining a meaningful centrality measure [107].
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Definition 10.2.11 (Eigenvector centrality). Let G = (V,E) be a (either directed, or undi-
rected) network and A its adjacency matrix. Let λ be the largest real eigenvalue of A and c
a corresponding eigenvector with strictly positive components. An eigenvector centrality is
a function CE : V → R defined as follows: CE(v) = cv.

Eigenvalue centrality is sometimes referred to as eigencentrality or eigenvector prestige.
The same definition can be used for directed networks, in which case the adjacency matrix
A may not be diagonally symmetric.

We will refer to eigenvectors c satisfying the constraints of the previous definition as
principal eigenvectors of A and of the network G. In fact, it follows from (10.2.1) that any
other vector αc, α > 0, is also a principal eigenvector of A. This means that the components
of c (and therefore the values of CE) indicate relative centralities of the nodes of G with
respect to one another, rather than some absolute centrality score.

A standard way of fixing a preferred principal eigenvector c to avoid ambiguity is by
normalizing c. Several ways to normalize eigenvectors for centrality exist; we focus here on
three norms studied in [16] and we discuss implications of these normalizations for the eigen-
vector centrality index — a network-wide measure of centralization. The results from [16]
also rely on the work of [15] which studies maximal entries in the principal eigenvector of a
graph.

Normalizing an n-vector a typically consists in dividing its components by a p-norm,
which is commonly defined as follows:

∥a∥p =


(

n∑
i=1

api

) 1
p

, 1 ≤ p <∞,

max1≤i≤n |ai|, p =∞.

One of the ways of normalizing the vector c from Definition 10.2.11 is by dividing all of
its components by the ∞-norm, also known as the maximum norm.

Definition 10.2.12 (∞-norm eigenvector centrality). Let G = (V,E) be a (either directed,
or undirected) network and c be the principal eigenvector of G. The ∞-norm eigenvector

centrality is the function C
(∞)
E : V → R defined as follows:

C
(∞)
E (v) =

cv
∥c∥∞

=
cv

maxu∈|V | cu
.

It follows directly from this definition that 0 ≤ C
(∞)
E (v) ≤ 1, and that every connected

network G has a node v∗ for which C
(∞)
E (v∗) = 1.

Another way of normalizing the eigenvector centrality is by using the 1-norm, also known
as the sum norm.

Definition 10.2.13 (1-norm eigenvector centrality). Let G = (V,E) be a (either directed,
or undirected) network and c be the principal eigenvector of G. The 1-norm eigenvector

centrality is the function C
(1)
E : V → R defined as follows:

C
(1)
E (v) =

cv
∥c∥1

=
cv∑

u∈V cu
.
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C
(1)
E (v) can be seen as the proportion of centrality that v reaches in G. The bounds on

the values of the 1-norm eigenvector centrality are as follows [16]:

0 ≤ C(1)
E (v) ≤ 1

1 + (2os π
n+1 )

−1 .

This centrality measure cannot ever reach 1 for any network with 2 or more connected
nodes. The upper bound is only reached for the nodes of a network which only contains one
edge [15]. In the case of networks with more than 2 connected nodes, it is not known what

is the actual maximal value C
(1)
E can achieve, nor in which kind of network topologies this

value can be achieved. For example, the central node of a star-topology network does not
reach the maximal value.

One last way of normalizing the eigenvector centrality which we consider in this section
is by using the 2-norm, also known as the Euclidean norm.

Definition 10.2.14 (2-norm eigenvector centrality). Let G = (V,E) be a (either directed,
or undirected) network and c be the principal eigenvector of G. The 2-norm eigenvector

centrality is the function C
(2)
E : V → R defined as follows:

C
(2)
E (v) =

cv
∥c∥2

=
cv√∑
u∈V c2u

.

The bounds on the 2-norm eigenvector centrality are 0 ≤ C
(2)
E (v) ≤ 1√

2
. The maximal

value 1√
2
is only reached by the center of the star topology network [16]. One may define a

derived measure ranging from 0 to 1 by multiplying C
(2)
E by

√
2.

Finding eigenvectors and eigenvalues of a given square matrix is closely related to finding
the roots of polynomials. It follows from the Abel-Ruffini theorem that there exists no
algorithm computing exactly the eigenvectors and eigenvalues for square matrices of size
greater than 4 (e.g., [54]). Therefore, iterative algorithms are usually used, one of the most
popular being the power iteration method (used e.g., in NetworkX [10]). The complexity
of such iterative methods is generally between O(|V |2) and O(|V |3), while the convergence
rate ranges from linear to cubic [70].

Eigenvalue centrality measures are a fine instrument for measuring the importance of
nodes in a network, because they acknowledge the difference in impact between a connection
to a high-centrality neighbor and a connection to a low-centrality one. With eigenvalue
centrality, a node with a smaller number of “high-quality” connections may outrank a node
with a larger number of “low-quality” connections [107]. The work [35] applies closeness,
betweenness, and eigenvector centralities to identifying essential proteins in PPI networks,
and concludes that spectral centralities show the best performance. The paper [23] uses
eigenvector centrality to pinpoint key amino acids in terms of their relevance in the allosteric
regulation. The study [164] uses different centrality measures to identify potential drug
targets of Mycobacterium tuberculosis, the etiological agent of tuberculosis (TB), and show
that eigenvalue centrality fares best.

Another centrality measure based on the algebraic properties of the adjacency matrix is
Katz centrality (also referred to as Katz prestige or Katz status index ). This method was
proposed in [96] and it gives a centrality score by taking into consideration all the nodes of
a given network. According to a reasoning similar to the one made for closeness centrality
and its variants (Subsection 10.2.2), a node is of high importance if it is connected to many
other nodes, but nodes situated farther away count less toward the total centrality score.
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Definition 10.2.15 (Katz centrality). Let G = (V,E) be a (either directed, or undirected)
loop-free network. Let A be its adjacency matrix and λ be its largest positive eigenvalue.
The Katz centrality is the function CK : V → R defined as follows:

CK(v) =

∞∑
i=1

∑
u∈V

αi(Ai)uv,

where α is a constant, 0 ≤ α ≤ 1/λ, and (Ai)uv is the element in row u and column v of
the i-th power of A.

Since (Ai)uv is non-zero if and only if there exists a path of length exactly i between u
and v, Katz centrality can be interpreted as a generalization of degree centrality [29]. Indeed,
the role of the factor αi is to scale down the contributions of longer paths, and without it
CK(v) essentially becomes the reachability index : the number of nodes from which v can be
reached. If α is close to 0, the contributions of longer paths are essentially discarded, and
CK approaches a form of degree centrality. On the other hand, as α approaches 1/λ, CK

approaches eigenvector centrality [105].

Let cK be the vector collecting Katz centralities of a node in a given network: (cK)v =
CK(v). Then cK can be expressed in a more compact matrix multiplication form in the
following way [29]:

cK = ((I− αAT )−1 − I)1,

where I is the identity matrix of the same size as A, AT is the transpose of A, (dot)−1

denotes matrix inversion, and 1 is a |V |-vector whose components are all 1.

Due to similarities with eigenvector centrality, exact Katz centrality can be computed by
similar algorithms with similar running time complexities. In particular, the power iteration
method can be applied (e.g., [9]). Faster approximate algorithms exist, in particular [93]
presents an iterative algorithm with time complexity O(|V |+ |E|), given a constant desired
precision.

Typical applications of Katz centrality concern directed networks, in particular directed
acyclic networks, in which eigenvector centrality appears less useful [105]. Katz centrality
has found promising applications in neuroscience. The work [69] shows that Katz centrality
is the best predictor of firing rate given the network structure, with almost perfect correlation
in all cases studied. The paper [6] uses Katz centrality to analyze fMRI data of human brain
activity during learning, and shows how key brain regions contributing to the process can
be discovered.

A third eigenvalue and eigenvector-related centrality measure we briefly discuss in this
section is PageRank, one of the algorithms used by Google to measure the importance of
web pages [196]. Multiple variants of PageRank have been proposed. We start with the
definition from [7].

Definition 10.2.16 (PageRank). Let G = (V,E) be a directed network and A its adjacency
matrix. The PageRank centrality is the function CP : V → R satisfying the following
equation:

CP (v) =
∑
u∈V

Auv
CP (u)

deg+(u)
,

where deg+(u) is the out-degree of the node u.

121



Methodology

According to this definition, the centrality CP (v) depends on the centralities of the nodes
u from which there is an edge going to v (Auv ̸= 0). The contribution of each of these nodes
u to CP (v) is inversely proportional to the number of edges going out of u. Thus, nodes
connected to many other nodes contribute less to each of their neighbors than nodes which
are connected to fewer nodes.

The complete definition of PageRank centrality (which was used in the first versions of
the Google search engine) includes two additional parameters:

C
(0)
P (v) = α

∑
u∈V

Auv
CP (u)

deg+(u)
+ β,

where α can be seen as a decay factor, and β as a vector of initial centralities (source
ranks), scaled by α. We take this definition from [110], which gives a slightly simplified and
generalized version of the original definition from [94].

The PageRank centrality is related to eigenvector centrality in the way the adjacency
matrix of the network is exploited to define relative centrality scores. Since the formulae for
computing PageRank are more complex, using iterative algorithms is often preferred, espe-
cially for large networks [7, 94]. Several specific and faster algorithms have been proposed
for computing PageRank. In particular, the paper [62] proposes an algorithm consisting
in reducing PageRank computation to computing solutions of linear systems, while the
article [14] proposes Monte Carlo methods for incremental computation of PageRank.

PageRank is a relatively recent centrality measure, but it has already shown some promis-
ing performance in analysis of biological networks. In the work [53], the authors computed
PageRank centralities for the metabolic network of the Mycobacterium tuberculosis and the
PPI networks of melanoma patients, and in both cases important proteins received a high
centrality score.

Example 10.2.6. The following table gives eigenvector (CX
E ), Katz (CX

K ), and PageRank
(CX

P ) centralities for the nodes of the example network in Figure 10.1, as computed with
NetworkX [11] and rounded to two digits after the decimal point.

v 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

CX
E 0.50 0.50 0.50 0.00 0.00 0.00 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

CX
K 0.26 0.35 0.36 0.23 0.25 0.23 0.29 0.23 0.23 0.23 0.23 0.23 0.23 0.25 0.23

CX
P 0.19 0.25 0.20 0.02 0.03 0.02 0.14 0.02 0.02 0.02 0.02 0.02 0.02 0.03 0.02

10.3 System controllability methods

One of the important aspects when dealing with a biomedical network is to be able to
influence part of, or even the totality of its nodes. This objective is not restricted to
biomedical networks, but is one of the earliest and most studied network theory problems,
generally known as the (target) network controllability problem. This is intrinsically an
optimization problem, as any network can be controlled from a sufficiently large controlling
set, e.g., the entire set of nodes. However, one is interested in finding the minimal set of
nodes needed in order to achieve such control. Early works in the field come from the 60’s,
however it was in early 2010’s that one of the key results from the field has been provided
in [187], namely the possibility of efficiently determining the minimum set of nodes needed
to control an entire network. This result sparked a new interest in the field, with a strong
emphasis on possible applications in the biomedical field.
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The prospect of enforcing control over a biomedical network has been investigated
within two main methodological approaches: that of (structural) network controllability,
see, e.g., [187, 31, 182, 91] and that of dominating sets [160, 81, 184]. In the current section
we review both approaches, detailing the theoretical, algorithmic and biomedical applica-
bility aspects of these methods.

10.3.1 Network Controlability

In general terms, we say that a directed network, or generally any dynamical system, is
controllable from a set of input nodes if, with a suitable selection of input values for these
nodes, the entire network can be driven from any initial state to any desired final state
within a finite time. The state of a node is given by its numerical value; in the context of
biomedical networks this could be for example the expression level of a gene/protein. From
one time point to another this value/state evolves depending (linearly) on the values/states
of its neighbors; this is why such systems are also known as linear time invariant dynamical
systems (LTIS), as their evolution can be described by the system of linear differential
equations:

dx(t)

dt
= Ax(t), (10.3.1)

where x(t) = (x1(t), ..., xn(t))
T is the n-dimensional vector describing the system’s state at

time t, and A ∈ Rn×n is the time-invariant state transition matrix, describing how each
of these states are influencing the dynamics of the system. Namely, for any nodes i, j,
1 ≤ i, j ≤ n within the network, the entry ai,j of matrix A either documents the weight of
the influence of node j over the node i, if there exists a (directed) edge (i, j), or is equal to
0 otherwise. By convention, from now on during this section, all vectors are considered to
be column vectors so that the matrix-vector multiplications are well defined.

Assume we allow the system to be influenced through an m-dimensional input controller,
i.e. an input vector u of real functions, u : R → Rm acting upon some m nodes of the
network. Consider the subset of input nodes I ⊆ {1, 2, . . . , n}, I = {i1, . . . , im}, 1 ≤ m ≤ n,
as the nodes of the network on which the external input is applied to; such nodes are also
known as driver/driven nodes. The system (10.3.1) becomes:

dx(t)

dt
= Ax(t) +BIu(t), (10.3.2)

where BI ∈ Rn×m is the characteristic matrix associated to the subset I, BI(r, s) = 1 if
r = is and BI(r, s) = 0 otherwise, for all 1 ≤ r ≤ n and 1 ≤ s ≤ m. An internal state
xr such that BI(r, s) = 1 is called a driven state. The intuition is that such a state is
driven through a direct influence by one of the inputs. The other, non-driven states are also
indirectly influenced by the inputs through the cascading influence of the internal nodes
over each other, as described by matrix A.

It is often the case, particularly in the bio-medical field, that it is enough to enforce
control only over a subset of the network nodes to get the desired change in the network dy-
namics. The associated optimization problem is known as the target controllability problem,
or more generally as the output controlability problem. Thus, consider a subset of target
nodes T ⊆ {1, 2, . . . , n}, T = {t1, . . . , tl}, m ≤ l ≤ n, thought of as a subset of the nodes of
the linear dynamical system, whose dynamics we aim to control (as defined below) through
a suitable choice of input nodes and of an input vector. The subset of target nodes can also
be defined through its characteristic matrix CT ∈ Rl×n, defined as CT (r, s) = 1 if tr = s
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and CT (r, s) = 0 otherwise, for all 1 ≤ r ≤ l and 1 ≤ s ≤ n. We will denote by the
triplet (A, I, T ) the targeted linear (time-invariant) dynamical system defined by matrix A,
with input set I, and target set T . In case T is the entire network, we can omit it from
the notation. We illustrate in Figure 10.2 the structure of a network in the controllability
setup, including the interactions corresponding to matrices A, B and C, the input nodes u,
the internal nodes x, the driven nodes, the target nodes T , and the output nodes y.

Input nodes
Driven nodes

Internal nodes

Output nodes

Target nodes

Interactions corresponding 
to matrix B

Interactions corresponding to matrix A
Interactions corresponding 

to matrix C

Fig. 10.2: The structure of a network in the controllability setup: the interactions corre-
sponding to matrices A, B and C, the input nodes, the driven nodes, the internal nodes,
the target nodes, and the output nodes.

Definition 10.3.1 (Target controllability of linear networks). Given a target linear dy-
namical system (A, I, T ) (or similarly a linear network), we say that this system is target
controllable (or simply controllable if the target is the entire network) if for any x(0) ∈ Rn

and any α ∈ Rl, there is an input vector u : R → Rm such that the solution x̃ of (10.3.2)
eventually coincides with α on its T -components, i.e., CT x̃(τ) = α, for some τ ≥ 0.

Note that, the general case of output controlability is defined similarly, with the only
difference that instead of a 0–1 characteristic matrix CT we have an arbitrary matrix C ∈
Rn×m, with m ≤ n, defining the output y ∈ Rm of the LTIS as a linear combination of the
solution x(t) of equation (10.3.2).

Intuitively, the system being target controllable means that for any input state x0 and
any desired final state α of the target nodes, there is a suitable input vector u driving the
target nodes to α. Obviously, the input vector u depends on x0 and α.

It is known from [153] that the system (A, I) is controllable from some input controller
u(t) if and only if the rank of the matrix (BI | ABI | A2BI | . . . | An−1BI), known as
the controlability matrix, is equal to n, the number of nodes in the network. The operator
| denotes here the simple matrix concatenation operation. This criterion is known as the
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Kalman’s criterion for full controllability [153], and it is easily extendable to the case of
target (or generally, output) controllability:

Theorem 10.3.1. A targeted linear dynamical system with inputs (A, I, T ) is controllable
if and only if the rank of its controllability matrix (CTBI | CTABI | CTA

2BI | . . . |
CTA

n−1B′I) is equal with |T | [153].

Intuitively, the controllability matrix describes all weighted paths from the input nodes
to the target nodes in the directed graph associated to the linear dynamical system. This
leads to the notion of control path from an input node to a target node and an input node
controlling a target node. Nevertheless, the applicability of Kalman’s condition in practice
is limited because of two reasons. First, the matrices A and B have to be completely
satisfied, so that the rank of the controllability matrix [CTB,CTAB,CTA

2B, ..., CTA
n−1B]

of (A,B,CT ) can be calculated. This means in particular that the weight of all internal
interactions of the system must be known. This is a major limitation for observed systems,
whose interactions are often partially unknown and not directly measurable. Second, even if
all the internal interactions were known and measured, Kalman’s condition is highly sensitive
on the values of the entries of matrices A and B. This is another impediment occurring
in observed systems, whose internal settings can only be measured or estimated with finite
precision, leading to conflicting results on Kalman’s condition for numerical settings within
the range of the measurement/estimation errors. Because of these reasons, the initial line of
thought was further developed into a structural formulation of the targeted controllability.
Following this concept, the Kalman controlability criterion reveals itself to be actually a
network property instead of its initial suggestion that the (target) controllability problem is
strictly related to a particular valuation of the state transition matrix A. To explain this,
we define two matrices C,D ∈ Ru×v to be equivalent if for all 1 ≤ i ≤ u, 1 ≤ j ≤ v, Ci,j ̸= 0
if and only if Di,j ̸= 0. Equivalently, if we consider the two (weighted) graphs having C
and D as their adjacency matrices, C,D are structurally equivalent if and only if their two
(weighted) graphs have exactly the same set of edges (with potentially different weights).
The key concept here is that of structural controlability :

Definition 10.3.2 (Structural target controllability of linear networks). We say that a given
targeted linear dynamical system (A, I, T ) (or similarly a linear network) is structural target
controllable if there exists a matrix A′ equivalent with A such that the system (A′, I, T ) is
target controllable. That is, (A, I, T ) becomes controllable by replacing A with any suitable
equivalent matrix A′, or similarly, by replacing the weights of the network’s edges with any
other non-zero values.

They key result, proved in [22, 150], is that if a system (A, I) is structurally controllable,
then it is controllable for all, except a thin set, of equivalent matrices A′. We recall that a
thin subset of the n-dimensional complex space is nowhere dense and has Lebesgue measure
0. This indicates that the controlability problem can indeed be reduced to its structural ver-
sion, known as the structural (target) controllability problem, which is ultimately a property
of the network’s connectivity rather than of the effective edge weights.

The following result describes structural (target) controllability in terms of a simple
property of the associated network.

Theorem 10.3.2. [161] If the linear dynamical system (A, I, T ) is structural target con-
trollable, then in its associated network there is a set of k paths starting in the input nodes
and ending in the target nodes, in such a way that no two paths intersect at the same distance
from their end points.
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The structural (target) controllability problem can be defined both as a decision problem
(is the linear time-invariant dynamical system (A, I, T ) structurally target controllable?) as
well as an optimization problem (given matrix A of size n× n and a subset of target nodes
T ⊆ {1, 2, . . . , n}, find the minimal m, m ≤ n, and a suitable choice for the size-m set of
input nodes I such that (A, I, T ) is structurally target controllable). We are most interested
in the latter formulation of the problem.

From an algorithmic standpoint, the Kalman criterion for controllability from Theo-
rem 10.3.1 can lead to an efficient/polynomial time algorithm for verifying whether a given
network can be (target) controlled from a given input controller, acting upon some of the
network nodes. However, it does not lead to an efficient way of computing the composition
of such a minimal controller, or even its (minimal) size. As it turns out, the (target) control
optimization problem has been open for more than 20 years, before it was shown in [187]
that there exists a low polynomial time algorithm (i.e., cubic in the size of the network)
that can provide both the size and the composition of the minimum input controller needed
to control an entire network. It was thus surprising that the corresponding result for the
target control optimization problem was proved by [31] to be NP-hard, meaning that any
exact optimization algorithm would have to run in exponential time. Several approximation
algorithms have been developed for this latter problem, with good results when applied
to both real-word networks, e.g. bio-medical, social, electrical etc., as well as artificial
networks [91, 31, 74].

Another generalization coming from the practical application of network controllability
in pharmacology and biomedicine considers the case when the input controller should, or it
is desired to, be selected mostly from a subset P ⊆ {1, 2, . . . , n} of the network nodes. For
example, in network pharmacology studies, it is more advantageous to consider controllers
consisting of those genes/proteins for which there already exist approved drugs known to tar-
get that particular element. This leads to the so-called input-constrained targeted structural
controllability problem:

Definition 10.3.3 (Input-constrained, structural target controllability). Given a linear
dynamical system defined by a matrix A ∈ Rn×n, a set of target nodes T and a set of
preferred nodes P , the input-constrained structural targeted controllability problem asks to
find a smallest-sized input set I whose intersection with P is maximal, such that the targeted
linear dynamical system with inputs (A, I, T ) is controllable, i.e., such that the rank of the
matrix (CTBI | CTABI | CTA

2BI | . . . | CTA
n−1BI) is equal with |T |.

While this optimization problem is also NP-hard (as a generalization of the previous
case) [31], several efficient approximation algorithms, based on Theorem 10.3.2, have been
introduced in [91] and [180] and analyzed particularly with respect to bio-medical networks.
The objective of the algorithm is to find a set of k paths ending in T and starting from
a minimal number of driven nodes, selected as much as possible from the set of preferred
driven nodes. A minimum set of (new) input nodes is introduced as initial nodes for these
paths, in such a way that Theorem 10.3.2 holds. This also defines matrix B. The solution
is based on an iterated maximal matching algorithm as follows.

Algorithm to find an approximation of the optimization problem [31]. We are given a
networkG with verticesA, a set of targets T ⊆ A of cardinality k and a set of preferred driven
nodes D ⊆ A. We seek a set of k paths ending in T and starting from a minimal number of
nodes, selected as much as possible from the set of preferred driven nodes. One more step
then gives the final set of driver nodes and matrix B, as explained above. In the description
below we omit this final step because the focus of the research documented in this thesis is on
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finding drug target nodes, with the set of drugs acting on them left to be documented from
the DrugBank database [25]. Skipping the additional step of mathematical optimization
helps to avoid predictions of hypothetical “super-drugs”, able to act simultaneously on
many diverse targets.

We say that a set of nodes X dominates another set of nodes Y in a directed graph, if
all nodes in Y are successors of some nodes in X.

Step 1. Let T ′ = T be the current set of targets to be matched, I = ∅ the current set of
initial nodes for the control pathways.

Step 2. For up to n steps or until T ′ becomes the empty set, repeat the following. Select
a set of predecessors T ′′ of T ′ in G dominating a maximal subset of T ′, such that no
two nodes in T ′ share a selected predecessor. Add to I the nodes of T ′ not dominated
by T ′′ and let T ′ = T ′′.

Output Add all remaining nodes in T ′ to I and output I as the set of driven nodes.

Note that Step 2 of the algorithm allows for the choice of any set of predecessors T ′′

satisfying the conditions formulated in the algorithm. This allows a randomised implemen-
tation of the algorithm, as done in [92]. It also allows for several heuristics to support the
objective of selecting as many input nodes from T as possible. The obvious one is to select in
T ′′ in each step a maximal number of nodes from D. Several other heuristics are formulated
in [31] and are implemented in [92].

10.3.2 Minimum dominating sets

The second frequently used controllability technique, applied especially in the case of undi-
rected networks, relies on the notion of domination.

Definition 10.3.4 (Dominating set). Given a size n network, we say that a subset D ⊆
{1, 2, . . . , n} of its nodes is dominating the network if any node within the network is either
in D or it is adjacent to a node in D.

Definition 10.3.5 (The Minimum Dominating Set Problem). Given a (undirected) net-
work, the Minimum Dominating Set Problem (MDSP) asks to find a dominating set of
minimum cardinality. Such MDS can thus be considered as an efficient first-hand control-
ling set for the respective network.

A simple example of a minimum dominating set is shown in Figure 10.3. From an
algorithmic point of view MDSP is a classical NP-hard problem [117]. However, as before,
there are many efficient approximation algorithms providing efficient solutions even in the
case of large networks [1, 125, 80].

The MDS approach has been applied in connection to various fields such as the con-
trollability of biological networks [160, 81, 184], design and analysis of wireless computer
networks [76, 75], the study of social networks [120, 41], etc. Several generalizations of
MDSP have also been considered:

Definition 10.3.6 (The Minimum k-Dominating Set Problem). Given a (undirected) net-
work, a set D of its nodes is k-path dominating if any node from the network is either in
D or it is connected to a node in D through a path of length at most k. The minimum
k-dominating set problem (MkDP), also known as the d-hop dominating problem, asks to
find a k-path dominating set of minimal cardinality.
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Fig. 10.3: Example of the Minimum Dominating Set Problem (MDSP). The nodes com-
posing the solution are given in red.

Definition 10.3.7 (The Red–Blue (k-)Dominating Problem). Given a network and two
subsets of its nodes, Red and Blue, the Red–Blue (k-)domination problem, asks to find a
minimum subset of the Blue nodes (k-path) dominating all the Red nodes.

Such generalizations were considered in [100, 119, 142] and in [40], respectively. All these
generalizations, while preserving the algorithmic complexity of the original MDSP, provide
sometimes a closer connection to practical applications.

Compared to the structural network controllability formalism, the dominating set method-
ology enforces a reachability type of control. Indeed, in the latter case, the dominating nodes
are controlling the network either by direct interactions, in case of MDSP, or by paths of
length at most k, for MkDSP. This is different than within the structural network control-
lability formalism, where each controller node is asked to enforce an independent control
over its dominating nodes. This requirement imposes that each controlled node, i.e. target
node, is positioned at the end of a different lengthed path starting from the controller, i.e.,
the driver node.

10.4 Software

In this section we briefly present several applications and libraries which can be used for
generating, visualizing or analyzing graphs and networks. All of the mentioned software is
open-source, free to use and still supported as of the time of writing (namely, it was updated
in the past two years and it runs on the latest versions of the most common operating systems
or using the most recent versions of the corresponding programming languages).
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10.4.1 NetworkX

NetworkX [10] is a Python package for the creation, manipulation, and study of the struc-
ture, dynamics, and functions of complex networks [11]. As all of the networks described in
this second part of the thesis (except the simple demonstrative network from Figure 10.1)
represent personalized protein-protein interaction networks and have been generated exter-
nally, we have focused the usage of the NetworkX package solely on analyzing them. The
package provides out-of-the-box implemented algorithms and functions for identifying all of
the centrality measures presented in this chapter. It is worth noting that NetworkX also
provides several algorithms for different layout routines, and basic interconnections with
dedicated graph visualization packages, such as Matplotlib [198] and Graphviz [78]. How-
ever, graph visualization does not represent the main goal of NetworkX, and its creators
recommend using a dedicated and fully-featured tool instead.

An alternative to NetworkX is the igraph collection [197], which provides network anal-
ysis libraries and packages for R, Mathematica and C/C++ in addition to Python.

We used the NetworkX package to compute the centrality measures corresponding to
the nodes in all of the networks presented in the next chapter. Specifically, the functions
used for ranking the nodes according to the corresponding centrality method described in
Section 10.2 are presented in Table 10.1.

Method Function Parameters
Degree centrality in degree centrality -
Closeness centrality closeness centrality default
Harmonic centrality harmonic centrality default
Eccentricity centrality eccentricity default
Betweenness centrality betweenness centrality default
Eigenvector-based prestige eigenvector centrality default

Table 10.1: The NetworkX functions used for computing the centrality methods.

Additionally, we used the dominating set function with the default parameters to run
the MDS analysis described in Section 10.3. While the package does not provide a direct
equivalent for the MkDS algorithm, it allows for the initial network manipulation (i.e. pars-
ing the network and adding specific edges) required to transform the default MDS analysis
into an MkDS one.

10.4.2 Cytoscape

Cytoscape [126] is a standalone software platform implemented in Java for visualizing com-
plex networks, together with attribute data integration [127]. Cytoscape was initially devel-
oped for biological research and biological networks visualization and analysis. In addition
to the basic functionality, Cytoscape provides extended functionality through the use of
so-called apps, which can be community-developed and add support for additional analysis
methods, layouts, or database connections, among others.

Another well-established desktop network visualization software is Gephi [112], a Java
application with the same capabilities, including the usage of plugins for extended function-
ality.
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Fig. 10.4: Example of network visualization with Cytoscape. The color of a node is pro-
portional to its indegree (darker nodes have higher indegree), while the size of a node is
proportional to its outdegree (larger nodes have higher outdegree).

We have used the Cytoscape application to render all of the network visualizations pre-
sented throughout this chapter. The layout of the nodes was automatically calculated and
applied using the default preferred layout algorithm, while the general design of the net-
works (e.g. labels, colors, or sizes) is based on the default style. A screenshot with the
visualization of a network, can be seen in Figure 10.4.

10.4.3 NetControl4BioMed

NetControl4BioMed [92], updated version in [179] is a C# (.NET Core) web application for
the generation and structural target controllability analysis of protein-protein interaction
networks, freely available at https://netcontrol.combio.org/. To this end, the appli-
cation integrates and combines multiple protein and protein-protein interaction databases
which, based on the user input, are used in the process.

We have used the NetControl4BioMed platform to generate the personalized protein-
protein interaction networks presented in this chapter. A screenshot with the home page of
the application can be seen in Figure 10.5.

Additionally, we used the network analysis section of the application, with the default
parameters, to run the structural target controllability analysis described in Section 10.3.

10.5 Multiple myeloma: data collection

This thesis demonstrates our approach to personalized medicine with the theoretical scrutiny
of several multiple myeloma patients, through the analysis of customized networks built
around the mutated genes of each patient, the disease-specific survivability-essential genes,
and the genes targeted by drugs in the standard therapy for multiple myeloma. In this

130



10.5. Multiple myeloma: data collection

Fig. 10.5: Screenshot with the home page of NetControl4BioMed.

section, we describe data required for the research illustrated in the subsequent chapters, as
well as the sources from where such information is taken.

The source patient data used to carry out the research activity documented in this thesis
is taken from [73], which includes information about the evolution of the mutation, the mu-
tated genes, and the stage of treatment, as well as details about the patient characteristics,
such as age, race, and gender, among others. Table 10.2 summarizes the mutation data.

Number of tumour samples 203
Number of genes mutated in at least one of the samples 14 562
Number of genes mutated in at least 10 % of the samples 403
Number of genes mutated in at least 20 % of the samples 1

Table 10.2: The statistics for the dataset containing the patient mutation data for multiple
myeloma.

A gene is called survivability-essential for a cell if knocking it out leads to cell death [165,
181]. Through the CRISPR-Cas9 -based genome editing analysis, a wide range of results
became recently available for disease-specific survivability-essential gene, see [170, 85, 55]:
these are genes whose knocking out leads to cell death in diseased cells, but appears neutral
in healthy cells. We used a list of 70 multiple myeloma-specific essential genes presented in
[55, 151, 72] and shown in Table 10.3.

We used the multiple myeloma standard treatment drugs described in [199, 121, 102] and
their corresponding drug-targets from DrugBank [25]. The list thus obtained is presented
in Table 10.4 while the associated drugs and the standard drug therapies are documented
in Tables 10.5 and 10.6, respectively.

We used the NetControl4BioMed application, briefly presented in Section 10.4.3, to
build a personalized protein-protein interaction network for each multiple myeloma patient
around the seed genes defined by the patient-specific mutated genes, the disease-specific
survivability-essential genes, and the drug-target genes corresponding to the standard treat-
ment drugs. We used the interaction data from the KEGG, OmniPath, InnateDB and
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AGTRAP EIF3C KIFC2 PLK1 RGAG1 TRIM68
AURKB EIF4A3 LEPROT PRPF8 RPL27 TUBGCP6
CARS GNRH2 MAF PSMA1 RPL38 UBB
CCND2 GPR77 MCL1 PSMA3 RRM1 UBQLNL
CDK11 HIP1 MED14 PSMA4 RSF1 ULK3
CDK11A IK MED15 PSMA6 SF3A1 USP36
CDK11B IKBKB NDC80 PSMC3 SLC25A23 USP8
CKAP5 IKZF1 NFKB1 PSMC4 SNRPA1 WBSCR22
COPB2 IKZF3 NFKB2 PSMC5 SNW1 WEE1
CSNK1A1 IRF4 NUF2 RAB11A TNK2 XPO1
CUL9 KIF11 PCDH18 RELA TPMT
EFNA2 KIF18A PIM2 RELB TRIM21

Table 10.3: The disease-specific survivability-essential genes for multiple myeloma ([55,
151, 72]).

ANXA1 GSR NR0B1 PSMB2 SLAMF7 TUBB
CD38 HSD11B1 NR1I2 PSMB5 TNF XPO1
CDH5 NFKB1 NR3C1 PSMB8 TNFSF11
CRBN NOLC1 PSMB1 PSMB9 TOP2A
FGFR2 NOS2 PSMB10 PTGS2 TUBA4A

Table 10.4: The targets of the drugs used in standard therapy lines for multiple myeloma.

SIGNOR databases. The networks include all intermediary nodes present in all interaction
paths of a maximal length, which is given as a parameter in the application, between the
seed proteins.
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Bortezomib PSMB1;PSMB5
Carfilzomib PSMB1;PSMB10;PSMB2;PSMB5;PSMB8;PSMB9
Carmustine GSR
Cisplatin A2M;ATOX1;MPG;TF

Cyclophosphamide NR1I2
Dacetuzumab CD40
Daratumumab CD38
Dexamethasone ANXA1;NOS2;NR0B1;NR1I2;NR3C1
Doxorubicin NOLC1;TOP2A
Elotuzumab SLAMF7
Etoposide TOP2A;TOP2B
Ixazomib PSMB5

Lenalidomide CDH5;CRBN;PTGS2;TNFSF11
Liposomal doxorubicin TOP2A;TOP2B

Oprozomib LMP7;PSMB5
Panobinostat HDAC1;HDAC2;HDAC3;HDAC6;HDAC7;HIF1A;VEGF
Plerixafor CXCR4

Pomalidomide CRBN;PTGS2;TNF
Prednisone HSD11B1;NR3C1
Selinexor XPO1

Thalidomide CRBN;FGFR2;NFKB1;PTGS2;TNF
Vincristine TUBA4A;TUBB

Table 10.5: The main drugs for treating multiple myeloma.

First line of therapy
Lenalidomide;Bortezomib;Dexamethasone (RVD)
Bortezomib;Cyclophosphamide;Dexamethasone (VKD)
Bortezomib;Thalidomide;Dexamethasone (VTD)
Bortezomib;Melphalan;Prednisone
Vincristine;Doxorucibin;Dexamethasone (VAD)
Melphalan;Dexamethasone
Daratumumab;Bortezomib;Thalidomide;Dexamethasone
Carfilzomib;Thalidomide;Dexamethasone (KTD)
Second line of therapy
Carfilzomib;Lenalidomide;Dexamethasone (KRD)
Ixazomib;Lenalidomide;Dexamethasone
Elotumuzab;Lenalidomide;Dexamethasone
Bendamustine;Lenalidomide;Dexamethasone
Third line of therapy
Pomalidomide;Dexamethasone
Panobinostat;Bortezomib;Dexamethasone
Daratumumab

Table 10.6: Lines of therapy for treating multiple myeloma.
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Chapter 11

NETWORK
CONTROLLABILITY
ANALYSIS OF THREE
MULTIPLE-MYELOMA
PATIENT GENETIC
MUTATION DATASETS

In this chapter, we discuss our scientific contributions reported in [83]. The aim of
this research project is to perform a first study the viability of network controllability for
the discovery of new drugs and the prediction of medical treatments greatly suited to the
needs of a specific patient. With such goal, we generated tumor networks with paths of
length up to three between the initial nodes (i.e. patient’s mutated genes, multiple myeloma
essential genes and drug targets) for all the multiple myeloma cases documented in [73] using
the NetControl4BioMed application, introduced in Section 10.4.3. Then, we selected three
representative samples where the strengths of our methodology can be easily ascertained,
such as tumors with a large number of mutated genes, cases with standard drugs predicted
to be extremely efficient or patients whose suggested treatment greatly conforms to the state
of the art in multiple myeloma medicine. Following this line of thought, we chose for our
analysis tumor samples 389, 343, and 191. We decided for sample 389 because it contains
the largest number of mutated genes. We chose samples 343 and 191 for the diversity of
the network controllability analysis results, helping us to demonstrate the feasibility of the
approach in the medical context. For tumor 343 our results, discussed below, include both
standard multiple myeloma drugs, as well as a gene not targeted by current drugs, that is
predicted to have strong effect on this tumor: it controls 12 essential genes in the network.
For tumor 191 we identified a multiple myeloma drug that is not typically used in first-line
treatments for this disease, yet it controls 11 essential genes in this network.

The three networks are quite different in size, consequence of the different numbers of
the mutated genes in each sample, and their connectivity in the interaction databases we
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used. The three networks we constructed share similar topological properties, summarized in
Table 11.1 and in Figures 11.1-11.2: a power-law distribution of their outdegrees, relatively
small diameter, and the shortest path lengths distributed roughly Poisson.

Table 11.1: Summary of the topology of the three networks in our study.

MM-389 MM-343 MM-191
Number of mutated genes 4065 2774 218
Number of nodes 3740 3678 1306
Number of essential gene nodes 25 33 22
Number of multiple myeloma drug target nodes 33 35 36
Number of edges 9471 11520 2576
Network diameter 14 12 10
Characteristic path length 4.7 4.4 4.5
Average number of neighbours 4.6 5.7 3.2

(a) (b) (c)

Fig. 11.1: Out-degree distribution (logarithmic scale) for the network associated to: (a)
tumor sample 389; (b) tumor sample 343; (c) tumor sample 191.

(a) (b) (c)

Fig. 11.2: Shortest path length distribution (a) tumor sample 389; (b) tumor sample 343;
(c) tumor sample 191. Note the different scale of the figures.

Subsequently, we report the results obtained for each of these three patient networks and
the conclusions we drew from their controllability analysis. We conclude the chapter with a
brief discussion of network controllability as a methodology for personalized medicine and
how the outcomes of this analysis seem to be interconnected with the influential nodes given
by centrality measures.

136



11.1. Tumor Sample 389

(a) (b)

Fig. 11.3: (a) The protein-protein interaction network associated to tumor sample 389 of
[73]; (b) the subnetwork induced by the nodes on the control pathways identified by our
analysis. The larger nodes are those on the control pathways. The ones in red are the
multiple-myeloma-specific essential genes and the ones in light green are the drug target
genes. The edges of the control pathways are thicker.

11.1 Tumor Sample 389

Tumor sample 389 has 4065 mutated genes, the largest number of mutated genes in the
dataset of [73]. The network we built for this sample is shown in Figure 11.3(a). There
are 25 essential genes in this network and the network control analysis found for them the
control pathways shown visually in Figure 11.3(b), listed also in Table 11.2.

Among the input nodes of these control pathways there were four (TNF, PSMB1,
HDAC6, NFKB1) that can be targeted by 5 FDA approved multiple myeloma drugs, namely
Thalidomide, Pomalidomide, Bortezomib, Carfilzomib and Panobinostat. This demonstrates
that our analysis may help identify several multiple-myeloma drugs targeting the specific
interaction network of this tumor sample.

The control pathway results also suggest that the gene MIR10A, which controls 10
essential genes, could be helpful for the treatment of this specific tumor. MIR10A is an RNA
gene involved in gene regulation, with an affinity for Hox genes, important in development
processes. There are no approved drugs currently available targeting this gene. We found
that MIR10A is documented in dozens of recent articles to be differentially expressed in
cancer, see, e.g., [188, 192]. This is specifically linked to multiple myeloma, see [167, 168].
We also found that MIR10A is succeeded on all the control pathways found by our analysis
by either MAPK1 or by GRB2. Both these genes are documented to be linked to multiple
myeloma, see [18, 116, 131, 185]. There is even a current clinical trial for multiple myeloma
in which MPAK1 alterations is an inclusion criterion. Since our algorithm searches for a
minimization of the number of input nodes, the selection of MIR10A to give simultaneous
control over both MPAK1 Ã¿and GRB2 is justified.
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MIR10A → MAPK1 → CAPN2 → GSK3B → CSNK1A1 → CHRM3 → GNAQ → PLCE1 →
HRAS → RAF1 → STK3 → PRKCA → IRS1 → IGF1R → PDPK1 → PRKCB → CASR →
GNAI1 → PLCB1 → PRKCE → COPB2

MIR10A → MAPK1 → CAPN2 → GSK3B → CSNK1A1 → CHRM3 → GNAQ → PLCE1 →
HRAS → RAF1 → STK3 → PRKCA → IRS1 → IGF1R → PDPK1 → PRKCB → RAB11A

MIR10A → MAPK1 → CAPN2 → GSK3B → CSNK1A1 → CHRM3 → GNAQ → PLCE1 →
HRAS → RAF1 → STK3 → PRKCA → EGFR → HTT → HIP1

MIR10A → MAPK1 → CAPN2 → GSK3B → CSNK1A1 → CHRM3 → GNAQ → PLCE1 →
HRAS → RAF1 → CAMK2A → NCOR2 → SNW1

MIR10A → MAPK1 → CAPN2 → GSK3B → CSNK1A1 → CHRM3 → GNAQ → PLCE1 →
HRAS → RAF1 → STK3 → PRKCA → EGFR → TNK2

MIR10A → GRB2 → SYK → PTPN6 → SRC → IKBKB → PLK1

MIR10A → GRB2 → SYK → PTPN6 → SRC → IKBKB

MIR10A → MAPK1 → CAPN2 → GSK3B → CSNK1A1

MIR10A → MAPK1 → MCL1

MIR10A → GRB2 → SYK → IKZF1

TNF → BIRC2 → CD40 → TRAF2 → MAP3K14 → RPL27

TNF → BIRC2 → CHEK1 → WEE1

PSMB1 → PSMB5 → PSMB9 → PSMD3 → PSMA6

HDAC6 → TUBA4A → UBB

NFKB1 → RSF1

TPMT

AURKB

EFNA2

USP8

XPO1

Table 11.2: Tumor sample 389: the control pathways to the multiple myeloma essential
genes in the network. The essential genes are indicated in bold and the targets of standard
multiple myeloma drugs in italics

11.2 Tumor Sample 343

Tumor sample 343 has 2774 mutated genes. Its interaction network has 3678 nodes, out
of which 33 were essential genes and 35 were targetable by multiple-myeloma drugs. Our
analysis identified three such drugs (Dexamethasone, Prednisone, Panobinostat) to help
controlling some of the essential genes. The network is shown in Figure 11.4(a) and the
control pathways shown visually in Figure 11.4(b), listed also in Table 11.3.

We also identified that targeting gene TNNT2 (for which no drug is available) could be
highly efficient for this sample, as it leads to controlling 12 essential genes, the highest such
number we obtained in our analyses. TNNT2 encodes for the cardiac muscle troponin T
protein, with a role in regulating muscle contraction in response to alterations in intracellular
calcium ion concentrations. Amplifications in this gene is documented in some patients
with prostate or breast cancer, see [71], but it is not specifically linked to multiple myeloma.
However, TNNT2 is succeeded on our control pathways by either TNC or EGFR, both very
well documented in the context of multiple myeloma, see [193, 186].

11.3 Tumor Sample 191

Tumor sample 191 has only 217 mutated genes. The network we built for it has 1306
nodes, out of which 22 are essential genes and 36 are targetable by multiple myeloma drugs.
The network is shown in Figure 11.5(a) and the control pathways shown visually in Figure
11.5(b), listed also in Table 11.4. Our analysis identified only one multiple myeloma drug
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(a) (b)

Fig. 11.4: (a) The protein-protein interaction network associated to tumor sample 343 of
[73]; (b) the subnetwork induced by the nodes on the control pathways identified by our
analysis. The larger nodes are those on the control pathways. The ones in red are the
multiple-myeloma-specific essential genes and the ones in light green are the drug target
genes. The edges of the control pathways are thicker.

(Dexamethasone) controlling some of its essential genes. However, this drug is predicted to
have an unusual strong effect on this sample, as it controls 11 essential genes, the highest
such number in our analyses. Dexamethasone is not typically used in the first-line treatment
for multiple myeloma, and our analysis offers the prediction that perhaps in this case it could
be used as such.

11.4 Discussion

In this chapter, we illustrated how network controllability can be used to analyse tumor-
level data. We identified control pathways for disease-specific survivability-essential genes,
starting as much as possible from genes targetable by currently available drugs, and demon-
strated how the results can be interpreted as suggestions for combinatorial drug therapies.

Network controllability turns out to be a powerful tool allowing us to connect disease-
specific essential genes with drugs, along with the accompanying pathway of the drug’s
mechanism of action. With the networks being constructed around the individual muta-
tions of a tumor, this demonstrates the (theoretical) potential of network controllability for
personalised drug combination therapies on the tumor level. We showed that some of the
results we obtained can be traced back to drugs commonly used in the treatment of multi-
ple myeloma, which can be considered as (indirect, partial) validation of the applicability of
controllability for personalised medicine. Furthermore, some other findings seem to suggest
novel, highly efficient potential therapeutics: genes that if properly targeted may lead to
the control of several essential genes, or drugs typically used on later treatment lines that
should perhaps be used upfront. Such findings may be useful to design studies of novel
targets and for deciding optimal personalised treatment strategies.
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Network controllability analysis of three multiple-myeloma patients

TNNT2 → TNC → EGFR → FGFR1 → SHC2 → SRC → PDPK1 → PRKCA → CCR5 → JAK2
→ RAF1 → MAP2K1 → MAPK14 → TAB1 → CSNK1A1 → ATM → RPA2 → CDK7 →
CDK11B

TNNT2 → TNC → EGFR → FGFR1 → SHC2 → SRC → PDPK1 → PRKCA → CCR5 → JAK2
→ RAF1 → MAP2K1 → MAPK14 → TAB1 → CSNK1A1 → PLK1

TNNT2 → TNC → EGFR → FGFR1 → SHC2 → SRC → PDPK1 → PRKCA → CCR5 → JAK2
→ RAF1 → MAP2K1 → MAPK14 → TAB1 → IKBKB

TNNT2 → TNC → EGFR → FGFR1 → SHC2 → SRC → PDPK1 → PRKCA → GSK3B → TP53
→ BAX → BCL2L1 → MAPK8 → XPO1

TNNT2 → TNC → EGFR → FGFR1 → SHC2 → SRC → PDPK1 → PRKCA → GRK2 → GNAQ
→ RHOA → DIAPH1 → UBB

TNNT2 → TNC → EGFR → FGFR1 → SHC2 → SRC → PDPK1 → PRKCA → GSK3B → TP53
→ CHEK1 → AURKB

TNNT2 → TNC → EGFR → FGFR1 → SHC2 → SRC → PDPK1 → PRKCA → MAP2K7 →
MAPK10 → MCL1

TNNT2 → TNC → EGFR → FGFR1 → SHC2 → SRC → PDPK1 → PRKCA → GSK3B →
CSNK1A1

TNNT2 → TNC → EGFR → CRK → PTK2 → PTEN → RAC1 → PAK1 → WEE1

TNNT2 → TNC → EGFR → MAPK14 → RPS6KA6 → PPP1CA → IKZF1

TNNT2 → TNC → EGFR → FGFR1 → GRB2 → IKZF3

TNNT2 → TNC → EGFR → TNK2

NR3C1 → NFKBIA → NFKB1 → NCOR2 → SNW1

AP2M1 → CLTA → HTT → HIP1

PLCB1 → PRKCB → RAB11A

HDAC6 → RELB

EIF3C

EFNA2

PSMA1

PSMA3

PSMA4

PSMA6

PSMC3

PSMC4

PSMC5

RSF1

USP8

Table 11.3: Tumor sample 343: the control pathways to the multiple myeloma essential
genes in the network. The essential genes are indicated in bold and the targets of standard
multiple myeloma drugs in italics

A node in a network may be seen as influential (sometimes called hub) if its outdegree
is high. They are often singled out by simple topological network analyses and checked for
their potential as therapy targets. This supports the results of our controllability results
as most of them are nodes with high outdegree. Although a degree centrality analysis is
intuitive and easy to compute, it is not usually enough to uncover all the influential nodes
and other centrality measures are necessary as it was already discussed in section 10.2. The
legitimacy of this claim can be easily seen in our study as some of the drug targets are
found to have a low outdegree despite controlling a high number of essential genes. An
example would be the node/gene ANXA1 in MM-191 that has outdegree 7, but controls
(through longer pathways) 11 essential genes. In order to identify this gene as influential,
a closeness centrality analysis would be more suitable. The interconnection between the
influential nodes given by a network centrality analysis and the key genes yielded by a
network controllability analysis hints to the possibility of improving our personalized drug
herapies through the combination of these two methodologies. We explore the theoretical
potential of our new hypothesis in the following chapter.
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11.4. Discussion

(a) (b)

Fig. 11.5: (a) The protein-protein interaction network associated to tumor sample 191 of
[73]; (b) the subnetwork induced by the nodes on the control pathways identified by our
analysis. The larger nodes are those on the control pathways. The ones in red are the
multiple-myeloma-specific essential genes and the ones in light green are the drug target
genes. The edges of the control pathways are thicker.

ANXA1 → RIPK1 → IKBKB → PRKCA → ADAM17 → MAPK1 → HDAC6 → EGFR →
HDAC6 → EGFR → HDAC6 → EGFR → PTGS2 → TP53 → PLK2 → WEE1

ANXA1 → RIPK1 → IKBKB → PRKCA → ADAM17 → MAPK1 → NR3C1 → NFKB1 →
BIRC2 → CD40 → TRAF6 → PSMB5 → PSMB1 → PSMB2 → PSMA4

ANXA1 → RIPK1 → IKBKB → PRKCA → ADAM17 → MAPK1 → NR3C1 → NFKB1 →
BIRC2 → CD40 → TRAF6 → PSMB5 → PSMB1 → PSMC4

ANXA1 → RIPK1 → IKBKB → PRKCA → ADAM17 → MAPK1 → NR3C1 → NFKB1 →
IFNG → PSMB8 → PSMB9 → PSMC3

ANXA1 → RIPK1 → IKBKB → PRKCA → ADAM17 → MAPK1 → NR3C1 → NFKB1 →
BIRC2 → CD40 → TRAF6 → PSMB5 → PSMC5

ANXA1 → RIPK1 → IKBKB → PRKCA → ADAM17 → MAPK1 → NR3C1 → NFKB1 →
RSF1

ANXA1 → RIPK1 → IKBKB → PRKCA → ADAM17 → MAPK1 → HDAC6 → RELB

ANXA1 → RIPK1 → IKBKB → PRKCA → RPL10 → RPL38

ANXA1 → RIPK1 → IKBKB → IKBKE → KIF11

ANXA1 → RIPK1 → IKBKB → PLK1

ANXA1 → RIPK1 → IKBKB

RASSF1 → ATM → PSMA3

NOLC1 → UBB

AURKB

CSNK1A1

MED14

PSMA1

PSMA6

RPL27

Table 11.4: Tumor sample 191: the control pathways to the multiple myeloma essential
genes in the network. The essential genes are indicated in bold and the targets of standard
multiple myeloma drugs in italics
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Chapter 12

ANALYSIS OF NETWORK
CONTROLLABILITY AND
CENTRALITY IN
PERSONALIZED MEDICINE:
PRESCRIBING DRUG
COMBINATION THERAPIES
FOR THREE MULTIPLE
MYELOMA PATIENTS

This chapter demonstrates the potential feasibility of the network modeling methods
introduced in chapter 10 to design personalized drug combination therapies customized to
the needs of a patient. Our case study is a more throughout analysis of the genetic mutations
of another three different multiple myeloma patients taken from the dataset included in [73].
For each of them we construct their own personalized protein-protein directed interaction
networks and analyzed it. Then, for each network and some of the centrality measures
(i.e. in-degree centrality, closeness centrality, harmonic centrality, eccentricity, betweenness
centrality, eigenvector-based prestige) we identified the top ranked essential genes. Next in
line, we analyzed the subgraph built around the latter and the drug-targets reaching them
through a path of length of 3 or less. We used the system controllabity methods introduced
in section 10.3 to carry out these analyses. Lastly, we compared the identified drug targets
and drug combination therapies predicted for each of the graphs between them and with
the standard therapy lines in multiple myeloma. This research project is published in [30].
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Analysis of network controllability and centrality in personalized medicine

12.1 Constructing personalized disease networks

We used the NetControl4BioMed application, briefly presented in Section 10.4.3, to build
a personalized protein-protein interaction network for each multiple myeloma patient around
the seed genes defined by the patient-specific mutated genes, the disease-specific survivability-
essential genes, and the drug-target genes corresponding to the standard treatment drugs.
We used the interaction data from theKEGG,OmniPath, InnateDB and SIGNOR databases.
The networks include all paths of length at most two between the seed proteins that could
be formed with these interactions. We added to the network all intermediary nodes that
were not part of the set of seed nodes. A visualization of these networks is shown in Figures
12.1, 12.2 and 12.3. An overview of the generated networks is presented in Table 12.1.

Fig. 12.1: The protein-protein interaction network associated to tumor sample 28 of [73].
Multiple myeloma essential genes are given in red while the drug target genes are shown in
green

Network G N E CC D AD
Tumor sample 28 36 360 1486 4 12 6.02
Tumor sample 38 117 446 1732 5 12 5.77
Tumor sample 191 218 515 1955 3 12 5.74

Table 12.1: The summary of the generated personalized protein-protein interaction net-
works.G: number of mutated genes in the sample; N: number of nodes in the network; E:
number of edges; CC: number of connected components; D: the network diameter; AD:
the network average degree.

We used the NetworkX package, briefly presented in Section 10.4.1, to rank the genes in
each of the generated networks based on the centrality measures described in Section 10.2.
Tables 12.2, 12.3, 12.4, 12.5, 12.6, and 12.7 present, for each network, the essential genes
that have the corresponding centrality measure higher than the median among all other
genes in the network.
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12.2. Analysis methods

Fig. 12.2: The protein-protein interaction network associated to tumor sample 38 of [73].
Multiple myeloma essential genes are given in red while the drug target genes are shown in
green

12.2 Analysis methods

In this section, we describe the methodology applied for the analysis of the data presented
in Section 10.5, which uses the centrality measures presented in Section 10.2 and the con-
trollability methods presented in Section 10.3.

All analyses follow a similar flow, aiming to identify, through the different controllability
methods, a subset of “important” drug-target genes in the network, ranked according to the
number of essential genes that they control. Once a set has been identified, the corresponding
drugs are ranked based on a very similar criterion, taking into account the number of
essential genes that their drug-targets control. The three top ranked drugs are then reported
as a personalized drug combination therapy customized to the patient, and compared with
the standard lines of therapy.

Firstly, we ran each type of analysis on the complete networks and data sets, considering
as targets the essential genes presented in Table 10.3 and as preferred inputs the drug-
target genes in Table 10.4. Then, to reduce the noise in the data, for each network and
each centrality measure we focused on the subgraphs formed by the top ranked essential
genes and the drug-targets that can reach them through a path of length of 3 or less, and all
the interactions between them. For each such subgraph, all analyses consider as targets the
corresponding essential genes, and as preferred inputs the corresponding drug-target genes.

We used the NetControl4BioMed application, briefly presented in Section 10.4.3, to run
the structural target controllability analyses with the previously described setup. We used
the default parameters, with a set maximum path length of 3. The analysis outputs a set
of genes that can control the entire target set, from which only the controlling drug-targets
are selected and further considered.
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Analysis of network controllability and centrality in personalized medicine

Fig. 12.3: The protein-protein interaction network associated to tumor sample 191 of [73].
Multiple myeloma essential genes are given in red while the drug target genes are shown in
green

Similarly, we used the NetworkX package, presented in Section 10.4.1, to run the min-
imum dominating set analyses with the previously described setup. An additional step
was required in order to enable the default function to perform the required minimum k-
dominating set analysis. To this end, we transformed the analyzed networks by adding a
direct edge between each pair of nodes indirectly connected by a path of length of k or less.
We set k = 3, and used the default parameters. The analysis outputs a set of genes that can
dominate the entire target set, from which only the dominating drug-targets are selected
and further considered.

12.3 Results

In this section, we present and discuss the results of the analyses described in Section 12.2,
with the aim of suggesting personalized treatments.

12.3.1 Structural controllability analysis

We applied the input-constrained structural target controllability method on the complete
networks and sets of essential and drug-target genes. The drug-target genes in the obtained
controlling sets are presented in Table 12.8.

Next, we applied the method once more on the subgraphs described in Section 12.2 and
corresponding to each centrality measure. The drug-target genes in the controlling sets
obtained for each measure are presented in Tables 12.9, 12.10, 12.11, 12.12, 12.13 and 12.14.
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12.3. Results

Tumor sample 28 Tumor sample 38 Tumor sample 191

IKBKB AURKB IKBKB CCND2 RELA CCND2
RELA XPO1 RELA XPO1 IKBKB XPO1
NFKB1 EIF3C NFKB1 EIF3C NFKB1 EIF3C
PSMC4 TNK2 PSMC4 TNK2 PSMC4 TNK2
PSMC5 CSNK1A1 PSMC5 CSNK1A1 PSMC5 RPL38
PSMA4 KIF11 PSMA4 KIF11 UBB CSNK1A1
UBB EFNA2 UBB CDK11B PSMA4 SNW1
PSMC3 CDK11B PSMC3 SNW1 PSMC3 CDK11B
NFKB2 SNW1 NFKB2 EFNA2 NFKB2 KIF11
PLK1 USP8 PLK1 IKZF3 PLK1 IKZF3
PSMA6 IKZF3 MCL1 MED14 MCL1 IKZF1
PSMA3 RSF1 PSMA6 USP8 PSMA6 EFNA2
MCL1 IKZF1 WEE1 RSF1 WEE1 RRM1
WEE1 RPL38 PSMA3 IKZF1 PSMA3 USP8
PSMA1 TRIM21 RELB RPL38 RELB TRIM21
CCND2 MAF PSMA1 TRIM21 PSMA1 RSF1
RELB AURKB AURKB RPL27

Table 12.2: The top ranked genes based on their in-degree centrality, for each network.

Next, we studied the results in the context of drug therapy. For each network and cen-
trality measure, the drug-target genes were matched with all the multiple myeloma standard
treatment drug targeting them, while the latter was sorted according to the number of top
ranked essential genes controlled through one or more of their drug-target genes. Then,
we selected the three top drugs as our proposed drug combination for that patient’s treat-
ment. Informally, this approach aims for a reinforced influential effect over as many essential
genes as possible through a minimal combination of at most 3 drugs. The chosen drugs are
documented in Tables 12.15, 12.17, 12.19, 12.21, 12.23 and 12.25. Following an identical
procedure, we also suggest a personalized drug combination in Table 12.27 based on the
conclusions reached by the controllability analysis on the whole tumor network. The asso-
ciated most effective standard drug therapy for each tumor sample and centrality measure
are given in Tables 12.16, 12.18, 12.20, 12.22, 12.24, 12.26 and 12.28.

It is immediate to see that Thalidomide and Dexamethasone are predicted to be ex-
tremely suitable for treating the unique disease circumstances afflicting all the patients.
These two drugs are commonly preferred as a first choice when approaching multiple myeloma
cases and are part of two therapies in combination with either Bortezomib or Carfilzomib
frequently use in latest medical practice, namely VTD and KTD respectively. These two
combinations are supported by successful outcomes in different studies, such as [122, 13].

The third drug combination spot is usually taken by Pomalidomide. While this drug
is mostly considered in later stages of the treatment in the context of traditional care,
the analysis predicts this drug to have a strong reinforcement impact on the activity of
Thalidomide for these specific cases, as it shares the same controlled essential genes with the
latter. Our approach also identifies several outliers to the predominant 3-drug combination,
namely Selinexor, Doxorubicin, Prednisone, Bortezomib, and Carfilzomib. The first two
drugs are not considered until the last stages of the treatment in standard therapy lines.
Although the conclusions collected by this study for these three patients align with this
traditional approach, they still provide grounds to consider them over other late stage drugs
if the treatment progresses to an evolved phase. On the other hand, the remaining three
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Tumor sample 28 Tumor sample 38 Tumor sample 191

UBB CSNK1A1 IKBKB PSMA4 RELA PSMA4
IKBKB PSMA4 UBB XPO1 UBB CSNK1A1
RELA XPO1 RELA CSNK1A1 IKBKB PSMC3
NFKB1 PLK1 NFKB1 PSMC3 NFKB1 XPO1
NFKB2 SNW1 NFKB2 SNW1 NFKB2 SNW1
RELB PSMC3 RELB TRIM21 RELB PSMC4
WEE1 PSMC4 PSMA3 PIM2 WEE1 AURKB
PSMA3 PSMC5 MCL1 PSMC4 PSMA3 PSMC5
MCL1 TRIM21 WEE1 PSMC5 MCL1 PIM2
RSF1 KIF11 RSF1 PSMA1 RSF1 PSMA1
CCND2 PSMA1 CCND2 KIF11 CCND2 TRIM21
PSMA6 PIM2 PLK1 TNK2 PSMA6 KIF11

PSMA6 AURKB PLK1 TNK2

Table 12.3: The top ranked genes based on their closeness centrality, for each network.

Tumor sample 28 Tumor sample 38 Tumor sample 191

IKBKB PSMC3 IKBKB PSMC5 RELA PSMC3
RELA PSMA6 RELA PLK1 IKBKB PLK1
NFKB1 MCL1 NFKB1 CCND2 NFKB1 PSMA6
UBB CCND2 UBB RSF1 UBB RSF1
NFKB2 RSF1 NFKB2 XPO1 NFKB2 CCND2
PSMA4 PLK1 RELB PSMA1 RELB PSMA1
RELB XPO1 PSMA4 CSNK1A1 PSMA4 AURKB
PSMA3 PSMA1 PSMA3 SNW1 WEE1 CSNK1A1
WEE1 CSNK1A1 WEE1 TRIM21 PSMA3 XPO1
PSMC4 SNW1 MCL1 PIM2 PSMC4 SNW1
PSMC5 PSMC3 AURKB MCL1 PIM2

PSMA6 TNK2 PSMC5 TRIM21
PSMC4 KIF11

Table 12.4: The top ranked genes based on their harmonic centrality, for each network.

are relevant in starting medical diagnosis, with Bortezomib being specially remarkable.
Following a more traditional approach, these three drugs may be given preference over
Pomalidomide for the first prescriptions.

The suggested drug therapies are predicted to control most of the considered essential
genes in the whole network and each of the centrality subnetworks. Consequently, it is
expected for them to have a significant favorable impact on the condition of our targeted
patients. Furthermore, the prescribed sequence of drugs are very close to the known thera-
pies frequently used in the current state of the art treatment. All of these events provide a
strong foundation for the feasibility of this method in personalized medicine.

12.3.2 Minimum dominating set analysis

We applied the input-constrained minimum 3-dominating set method on the complete net-
works and sets of essential and drug-target genes. The drug-target genes in the obtained
dominating sets are shown in Table 12.29.

Next, we applied the method once more on the subgraphs described in Section 12.2
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12.3. Results

Tumor sample 28 Tumor sample 38 Tumor sample 191

IKBKB RELB IKBKB EFNA2 IKBKB EFNA2
RELA MCL1 RELA RELB RELA MCL1
NFKB1 EFNA2 NFKB1 MCL1 NFKB1 TNK2
PSMA4 TNK2 PLK1 TNK2 PLK1 CCND2
PLK1 CCND2 PSMA4 CCND2 PSMA4 EIF3C
PSMC3 EIF3C PSMC3 EIF3C PSMC5 CDK11B
PSMC5 CDK11B PSMC5 CDK11B PSMC4 XPO1
PSMC4 XPO1 PSMC4 XPO1 PSMC3 SNW1
PSMA6 IRF4 PSMA6 IRF4 PSMA6 RPL38
PSMA1 SNW1 PSMA1 SNW1 PSMA1 IRF4
PSMA3 USP8 PSMA3 PIM2 PSMA3 PIM2
UBB PIM2 UBB MED14 UBB USP8
NFKB2 HIP1 NFKB2 USP8 NFKB2 IKZF1
WEE1 KIF11 WEE1 RSF1 CSNK1A1 HIP1
CSNK1A1 RSF1 AURKB HIP1 WEE1 KIF11
AURKB CSNK1A1 KIF11 AURKB IKZF3

RELB RAB11A

Table 12.5: The top ranked genes based on their eccentricity, for each network.

and corresponding to each centrality measure. The drug-target genes in the dominating
set obtained for each measure are presented in Tables 12.30, 12.31, 12.32, 12.33, 12.34 and
12.35.

The examination of these results follows an analogous procedure to the one introduced
for target controllability. For each network and centrality measure, as well as the network
associated to the whole minimum dominating set, we ascertain a drug therapy including the
top ranked drugs on terms of reached essential genes. The chosen drugs are documented in
Tables 12.36, 12.38, 12.40, 12.42, 12.44 and 12.46. Furthermore, the drugs corresponding to
the dominating set associated to all the essential genes in the original patient network are
shown in Table 12.48. The associated most effective standard drug therapy for each tumor
sample and centrality measure are given in Tables 12.37, 12.39, 12.41, 12.43, 12.45, 12.47
and 12.49.

From the point of view of centrality analysis, the results are consistent over all the net-
works and centrality measures with the prescription of the 3-drug combination of Thalido-
mide, Pomalidomide and Dexamethasone. The parallel outcomes yielded by this approach
and the one focused on target controllability support our hypothesis of an interrelationship
between the network topological properties and the genes influencing the disease. On these
grounds, we propose hub genes ascertained by the centrality analysis of a disease network
to be considered as basis for the discovery of new essential genes and drug targets.
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Tumor sample 28 Tumor sample 38 Tumor sample 191

IKBKB PSMA6 IKBKB RELB IKBKB RELB
NFKB1 EIF3C RELA CCND2 RELA UBB
RELA RELB NFKB1 EIF3C NFKB1 PSMA6
PLK1 PSMA1 PLK1 PSMA1 PLK1 PSMA1
CSNK1A1 PSMA4 PSMC3 PSMA4 NFKB2 PSMC5
NFKB2 PSMC5 NFKB2 PSMC5 WEE1 PSMA4
PSMA3 EFNA2 WEE1 EFNA2 CSNK1A1 EFNA2
WEE1 USP8 PSMA3 MED14 CDK11B PSMC4
PSMC3 PIM2 CDK11B USP8 PSMA3 RAB11A
CDK11B PSMC4 CSNK1A1 PIM2 MCL1 USP8
MCL1 MED14 TNK2 PSMC4 AURKB MED14
TNK2 RPL38 AURKB RSF1 EIF3C MAF
AURKB MAF MCL1 SNW1 PSMC3 PIM2
XPO1 RSF1 XPO1 RPL38 TNK2 SNW1
CCND2 SNW1 PSMA6 MAF XPO1 RPL38
UBB UBB CCND2 RSF1

Table 12.6: The top ranked genes based on their betweenness centrality, for each network.

Tumor sample 28 Tumor sample 38 Tumor sample 191

PSMC4 NFKB1 PSMC4 NFKB2 PSMC4 CCND2
PSMC5 CCND2 PSMC5 CCND2 PSMC5 WEE1
PSMA4 NFKB2 PSMA4 WEE1 PSMA4 MCL1
PSMC3 WEE1 PSMC3 MCL1 PSMC3 RELB
PSMA6 MCL1 PSMA6 RELB PSMA6 RSF1
PSMA3 RELB PSMA3 PLK1 PSMA3 AURKB
PSMA1 RSF1 PSMA1 RSF1 PSMA1 PLK1
UBB SNW1 UBB SNW1 UBB SNW1
IKBKB XPO1 IKBKB XPO1 IKBKB XPO1
RELA PLK1 RELA AURKB RELA KIF11

NFKB1 NFKB1 RPL27
NFKB2 PIM2

Table 12.7: The top ranked genes based on their eigenvector-based prestige, for each
network.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 NOLC1 ANXA1 PSMB1 ANXA1 PSMB2
NFKB1 NOLC1 TNF

Table 12.8: The drug-target genes in the controlling set obtained by the structural target
controllability analysis.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 NOLC1 ANXA1 TNF ANXA1 NOLC1
NFKB1 TNF NFKB1 NFKB1 TNF

Table 12.9: The drug-target genes in the controlling set obtained by the structural target
controllability analysis corresponding to the top ranked essential genes based on their in-
degree centrality.
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Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 PSMB8 FGFR2 PSMB5 ANXA1 PSMB1
NFKB1 TNF NFKB1 TNF NFKB1 TNF

NR3C1 NR3C1 XPO1

Table 12.10: The drug-target genes in the controlling set obtained by the structural tar-
get controllability analysis corresponding to the top ranked essential genes based on their
closeness centrality.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 PTGS2 ANXA1 TNF ANXA1 PSMB1
NFKB1 TNF NFKB1 XPO1 NFKB1 TNF
PSMB1 XPO1 PSMB10

Table 12.11: The drug-target genes in the controlling set obtained by the structural tar-
get controllability analysis corresponding to the top ranked essential genes based on their
harmonic centrality.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 PSMB1 ANXA1 NR3C1 ANXA1 NFKB1
NFKB1 TNF NFKB1

Table 12.12: The drug-target genes in the controlling set obtained by the structural tar-
get controllability analysis corresponding to the top ranked essential genes based on their
eccentricity.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 TNF ANXA1 PTGS2 ANXA1 PTGS2
NFKB1 NFKB1 TNF NFKB1 TNF

PSMB10

Table 12.13: The drug-target genes in the controlling set obtained by the structural tar-
get controllability analysis corresponding to the top ranked essential genes based on their
betweenness centrality.

Tumor sample 28 Tumor sample 38 Tumor sample 191

NFKB1 XPO1 ANXA1 PSMB5 ANXA1 TNF
PSMB1 NFKB1 TNF NFKB1

PSMB2

Table 12.14: The drug-target genes in the controlling set obtained by the structural tar-
get controllability analysis corresponding to the top ranked essential genes based on their
eigenvector-based prestige.

Tumor Sample Proposed therapy Controlled EG

MM-0028-Tumor Dexamethasone;Thalidomide;Doxorubicin 29
MM-0038-Tumor Dexamethasone;Thalidomide;Pomalidomide 24
MM-0191-Tumor Dexamethasone;Thalidomide;Pomalidomide 28

Table 12.15: The proposed drug therapy and the number of essential genes it controls, for
the structural target controllability analysis corresponding to the top ranked essential genes
based on their in-degree.
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Tumor Sample Standard therapy Controlled EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 27
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 24
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 28

Table 12.16: The most effective standard drug therapy and the number of essential genes
it controls, for the structural target controllability analysis corresponding to the top ranked
essential genes based on their in-degree.

Tumor Sample Proposed therapy Controlled EG

MM-0028-Tumor Thalidomide;Dexamethasone;Pomalidomide 21
MM-0038-Tumor Thalidomide;Pomalidomide;Dexamethasone 23
MM-0191-Tumor Thalidomide;Dexamethasone;Selinexor 24

Table 12.17: The proposed drug therapy and the number of essential genes it controls,
for structural target controllability analysis corresponding to the top ranked essential genes
based on their closeness.

Tumor Sample Standard therapy Controlled EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 21
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 24
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 24

Table 12.18: The most effective standard drug therapy and the number of essential genes
it controls, for the structural target controllability analysis corresponding to the top ranked
essential genes based on their closeness.

Tumor Sample Proposed therapy Controlled EG

MM-0028-Tumor Thalidomide;Dexamethasone;Selinexor 21
MM-0038-Tumor Dexamethasone;Thalidomide;Pomalidomide 22
MM-0191-Tumor Dexamethasone;Thalidomide;Bortezomib 22

Table 12.19: The proposed drug therapy and the number of essential genes it controls, for
the structural target controllability analysis corresponding to the top ranked essential genes
based on their harmonic centrality.

Tumor Sample Standard therapy Controlled EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 20
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 22
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 22

Table 12.20: The most effective standard drug therapy and the number of essential genes
it controls, for the structural target controllability analysis corresponding to the top ranked
essential genes based on their harmonic centrality.

Tumor Sample Proposed therapy Controlled EG

MM-0028-Tumor Thalidomide;Pomalidomide;Bortezomib 25
MM-0038-Tumor Dexamethasone;Prednisone;Thalidomide 3
MM-0191-Tumor Thalidomide;Dexamethasone 26

Table 12.21: The proposed drug therapy and the number of essential genes it controls, for
the structural target controllability analysis corresponding to the top ranked essential genes
based on their eccentricity.
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Tumor Sample Standard therapy Controlled EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 26
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 3
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 26

Table 12.22: The most effective standard drug therapy and the number of essential genes
it controls, for the structural target controllability analysis corresponding to the top ranked
essential genes based on their eccentricity.

Tumor Sample Proposed therapy Controlled EG

MM-0028-Tumor Thalidomide;Pomalidomide;Dexamethasone 26
MM-0038-Tumor Thalidomide;Pomalidomide;Dexamethasone 26
MM-0191-Tumor Dexamethasone;Thalidomide;Pomalidomide 27

Table 12.23: The proposed drug therapy and the number of essential genes it controls, for
the structural target controllability analysis corresponding to the top ranked essential genes
based on their betweenness.

Tumor Sample Standard therapy Controlled EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 26
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 26
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 27

Table 12.24: The most effective standard drug therapy and the number of essential genes
it controls, for the structural target controllability analysis corresponding to the top ranked
essential genes based on their betweenness.

Tumor Sample Proposed therapy Controlled EG

MM-0028-Tumor Thalidomide;Selinexor;Bortezomib 3
MM-0038-Tumor Dexamethasone;Thalidomide;Pomalidomide 19
MM-0191-Tumor Thalidomide;Dexamethasone;Pomalidomide 21

Table 12.25: The proposed drug therapy and the number of essential genes it controls, for
the structural target controllability analysis corresponding to the top ranked essential genes
based on their eigenvector centrality.

Tumor Sample Standard therapy Controlled EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 2
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 19
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 21

Table 12.26: The most effective standard drug therapy and the number of essential genes
it controls, for the structural target controllability analysis corresponding to the top ranked
essential genes based on their eigenvector centrality.

Tumor Sample Proposed therapy Controlled EG

MM-0028-Tumor Thalidomide;Doxorubicin;Dexamethasone 31
MM-0038-Tumor Thalidomide;Pomalidomide;Doxorubicin 28
MM-0191-Tumor Dexamethasone;Carfilzomib 25

Table 12.27: The proposed drug therapy and the number of essential genes it controls,
for the structural target controllability analysis corresponding to the essential genes in the
patient network.
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Tumor Sample Standard therapy Controlled EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 29
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 29
MM-0191-Tumor Lenalidomide;Bortezomib;Dexamethasone 24

Table 12.28: The most effective standard drug therapy and the number of essential genes
it controls, for the structural target controllability analysis corresponding to the essential
genes in the patient network.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 PSMB5 ANXA1 PSMB5 ANXA1 PSMB5
NFKB1 PSMB9 NFKB1 PSMB8 NFKB1 PTGS2
NOLC1 PTGS2 NOLC1 PSMB9 NOLC1 TNF
NR3C1 TNF NR3C1 PTGS2 NR3C1 TNFSF11
PSMB1 TNFSF11 PSMB1 TNF
PSMB2 TOP2A PSMB10 TNFSF11

PSMB2 TOP2A

Table 12.29: The drug-target genes in the dominating set obtained by the minimum
dominating set analysis.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 PSMB5 ANXA1 NR3C1 ANXA1 NR3C1
NFKB1 PSMB9 NFKB1 TNF NFKB1 TNF
NOLC1 PTGS2 NOLC1 TNFSF11 NOLC1 TNFSF11
NR3C1 TNF
PSMB1 TNFSF11
PSMB2 TOP2A

Table 12.30: The drug-target genes in the dominating set obtained by the minimum
dominating set analysis corresponding to the top ranked essential genes based on their in-
degree centrality.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 TNF ANXA1 TNF ANXA1 TNF
NFKB1 TNFSF11 NFKB1 TNFSF11 NFKB1 TNFSF11
NR3C1 NR3C1 NR3C1

Table 12.31: The drug-target genes in the dominating set obtained by the minimum
dominating set analysis corresponding to the top ranked essential genes based on their
closeness centrality.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 TNF ANXA1 TNF ANXA1 TNF
NFKB1 NFKB1 TNFSF11 NFKB1 TNFSF11

NR3C1 NR3C1

Table 12.32: The drug-target genes in the dominating set obtained by the minimum
dominating set analysis corresponding to the top ranked essential genes based on their
harmonic centrality.
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Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 TNF ANXA1 TNF ANXA1 NR3C1
NFKB1 TNFSF11 NFKB1 TNFSF11 NFKB1 TNF
NR3C1 NR3C1 NOLC1 TNFSF11

Table 12.33: The drug-target genes in the dominating set obtained by the minimum
dominating set analysis corresponding to the top ranked essential genes based on their
eccentricity.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 PSMB5 ANXA1 PTGS2 ANXA1 PTGS2
NFKB1 PSMB9 NFKB1 TNF NFKB1 TNF
NOLC1 PTGS2 NR3C1 TNFSF11 NR3C1 TNFSF11
NR3C1 TNF
PSMB1 TNFSF11
PSMB2 TOP2A

Table 12.34: The drug-target genes in the dominating set obtained by the minimum
dominating set analysis corresponding to the top ranked essential genes based on their
betweenness centrality.

Tumor sample 28 Tumor sample 38 Tumor sample 191

ANXA1 TNF ANXA1 TNF ANXA1 TNF
NFKB1 NFKB1 NFKB1

Table 12.35: The drug-target genes in the dominating set obtained by the minimum
dominating set analysis corresponding to the top ranked essential genes based on their
eigenvector-based prestige.

Tumor Sample Proposed therapy Dominated EG

MM-0028-Tumor Thalidomide;Pomalidomide;Dexamethasone 28
MM-0038-Tumor Thalidomide;Pomalidomide;Dexamethasone 27
MM-0191-Tumor Thalidomide;Pomalidomide;Dexamethasone 29

Table 12.36: The proposed drug therapy and the number of essential genes it dominates,
for the minimum dominating set corresponding to the top ranked essential genes based on
their in-degree.

Tumor Sample Standard therapy Dominated EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 28
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 27
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 29

Table 12.37: The most effective standard drug therapy and the number of essential genes
it dominates, for the minimum dominating set corresponding to the top ranked essential
genes based on their in-degree.
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Tumor Sample Proposed therapy Dominated EG

MM-0028-Tumor Thalidomide;Pomalidomide;Dexamethasone 24
MM-0038-Tumor Thalidomide;Pomalidomide;Dexamethasone 26
MM-0191-Tumor Thalidomide;Pomalidomide;Dexamethasone 26

Table 12.38: The proposed drug therapy and the number of essential genes it dominates,
for the minimum dominating set corresponding to the top ranked essential genes based on
their closeness.

Tumor Sample Standard therapy Dominated EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 24
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 26
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 26

Table 12.39: The most effective standard drug therapy and the number of essential genes
it dominates, for the minimum dominating set corresponding to the top ranked essential
genes based on their closeness.

Tumor Sample Proposed therapy Dominated EG

MM-0028-Tumor Thalidomide;Pomalidomide;Dexamethasone 21
MM-0038-Tumor Thalidomide;Pomalidomide;Dexamethasone 26
MM-0191-Tumor Thalidomide;Pomalidomide;Dexamethasone 24

Table 12.40: The proposed drug therapy and the number of essential genes it dominates,
for the minimum dominating set corresponding to the top ranked essential genes based on
their harmonic centrality.

Tumor Sample Standard therapy Dominated EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 21
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 26
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 24

Table 12.41: The most effective standard drug therapy and the number of essential genes
it dominates, for the minimum dominating set corresponding to the top ranked essential
genes based on their harmonic centrality.

Tumor Sample Proposed therapy Dominated EG

MM-0028-Tumor Thalidomide;Pomalidomide;Dexamethasone 26
MM-0038-Tumor Thalidomide;Pomalidomide;Dexamethasone 26
MM-0191-Tumor Thalidomide;Pomalidomide;Dexamethasone 26

Table 12.42: The proposed drug therapy and the number of essential genes it dominates,
for the minimum dominating set corresponding to the top ranked essential genes based on
their eccentricity.

Tumor Sample Standard therapy Dominated EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 26
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 26
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 26

Table 12.43: The most effective standard drug therapy and the number of essential genes
it dominates, for the minimum dominating set corresponding to the top ranked essential
genes based on their eccentricity.
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Tumor Sample Proposed therapy Dominated EG

MM-0028-Tumor Thalidomide;Pomalidomide;Dexamethasone 27
MM-0038-Tumor Thalidomide;Pomalidomide;Dexamethasone 27
MM-0191-Tumor Thalidomide;Pomalidomide;Dexamethasone 27

Table 12.44: The proposed drug therapy and the number of essential genes it dominates,
for the minimum dominating set corresponding to the top ranked essential genes based on
their betweenness.

Tumor Sample Standard therapy Dominated EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 27
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 27
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 27

Table 12.45: The most effective standard drug therapy and the number of essential genes
it dominates, for the minimum dominating set corresponding to the top ranked essential
genes based on their betweenness.

Tumor Sample Proposed therapy Dominated EG

MM-0028-Tumor Thalidomide;Pomalidomide;Dexamethasone 20
MM-0038-Tumor Thalidomide;Pomalidomide;Dexamethasone 21
MM-0191-Tumor Thalidomide;Pomalidomide;Dexamethasone 24

Table 12.46: The proposed drug therapy and the number of essential genes it dominates,
for the minimum dominating set corresponding to the top ranked essential genes based on
their eigenvector centrality.

Tumor Sample Standard therapy Dominated EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 20
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 21
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 24

Table 12.47: The most effective standard drug therapy and the number of essential genes
it dominates, for the minimum dominating set corresponding to the top ranked essential
genes based on their eigenvector centrality.

Tumor Sample Proposed therapy Dominated EG

MM-0028-Tumor Thalidomide;Pomalidomide;Dexamethasone 31
MM-0038-Tumor Thalidomide;Pomalidomide;Dexamethasone 31
MM-0191-Tumor Thalidomide;Pomalidomide;Dexamethasone 31

Table 12.48: The proposed drug therapy and the number of essential genes it dominates,
for the minimum dominating set corresponding to the essential genes in the patient network.

Tumor Sample Standard therapy Dominated EG

MM-0028-Tumor Bortezomib;Thalidomide;Dexamethasone 31
MM-0038-Tumor Bortezomib;Thalidomide;Dexamethasone 31
MM-0191-Tumor Bortezomib;Thalidomide;Dexamethasone 31

Table 12.49: The most effective standard drug therapy and the number of essential genes
it dominates, for the minimum dominating set corresponding to the essential genes in the
patient network.
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Chapter 13

CONCLUSIONS AND
FUTURE WORK

A Conclusions

The adverse individual outcomes brought forth by the generic approach of our traditional
medical procedures led to the pursuit of innovative paradigms adept at personalizing and
customizing on the patient level. Personalized medicine is the new way of upholding this
intent. Network medicine is a new field of research following this philosophy with promising
prospects in the application of personalized approaches. It brings together scientific break-
throughs in graph theory, network science, systems biology, bioinformatics and medicine,
opening the door to detailed patient and disease-specific insights.

In this thesis, we illustrated how system controllability methods (i.e. network control-
labilty and centrality measures) may be used to provide customized medical treatments
uniquely suited to the individual circumstances of a patient. We discussed our approach
in the context of multiple myeloma, a cancer of plasma cells. We demonstrated how the
patient’s tumor data can be analyzed through protein-protein networks built around the
mutated genes of that sample, the essential genes uncovered by multiple myeloma research
and the genes targeted by drugs used in the standard care of this cancer. The genes are
represented as nodes in the network while the edges between them symbolize the biological
interactions occurring among the proteins encoded by these genes. These networks may
also involve additional genes influenced by the aforementioned initial set of genes. In the
two projects documented in this work, we evaluated the applicability of this methodology
in multiple myeloma patients whose information is documented in [73].

In the former, we explored the feasibility of network controllability for the discovery of
new drugs and the prediction of drug therapies conforming to traditional medical practices in
multiple myeloma cases. We selected three representative tumor samples with special traits
among the cases in the whole dataset. We showed that network controllability provides a
powerful tool to connect disease-specific essential genes with drugs, along with the accom-
panying pathway of the drug’s mechanism of action. With the networks being constructed
around the individual mutations of a tumour, this demonstrates the (theoretical) potential
of network controllability for personalised drug combination therapies on the tumour level.
We showed that some of the results we obtained can be traced back to drugs commonly used
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in the treatment of multiple myeloma, which can be considered as (indirect, partial) vali-
dation of the applicability of controllability for personalised medicine. Furthermore, some
other findings seem to suggest novel, highly efficient potential therapeutics: genes that if
properly targeted may lead to the control of several essential genes, or drugs typically used
on later treatment lines that should perhaps be used upfront. Such findings may be useful
to design studies of novel targets and for deciding optimal personalised treatment strategies.
Additionally, a topological analysis suggests a relationship between the influential nodes of a
multiple myeloma network and the essential genes or drug targets identified for that cancer.

Subsequently, we examined this potential of network centrality for customized drug com-
binations therapies in our following study, as well as the relationship between the obtained
results with the conclusions we infer from network controllability analysis. We discussed in
this second research project several basic methods of network modeling and their potential
applicability in personalized medicine. We also demonstrated their potential on another
three multiple myeloma patient datasets. We showed how various methods (topological
analysis, systems controllability) can be combined to predict optimal and personalized drug
combinations therapies. In some cases, they differ from the initial standard therapy lines
routinely offered to multiple myeloma patients, and resemble in part the options becoming
available later in the disease progression. More studies (especially longitudinal studies) are
needed to explore the full potential of these methods and convincingly demonstrate their
applicability in the clinical practice. The results we obtained on the three datasets differ
slightly from method to method. This is not surprising, as each method identifies different
nodes and paths in the graphs that are of interest from various computational points of
view. Which ones work best in practice should be explored with other research instruments,
and it is likely the results may differ from case to case.

B Future work

Our research in this field is on the starting stages with only a few studies of multiple
myeloma patients being done. Further research on different disease and cancer samples is
required in order to provide a stronger foundation for the feasibility of our methodology in
personalized medicine before proceeding with its practical implementation in clinical trials.

The results in network medicine are critically dependent on the quality of the patient
networks being applied to. So far, we only studied simplified networks which only consider
the mutated, essential and drug target genes in order to suggest a drug combination therapy.
Nevertheless, a patient mutation data is usually far more complex in practice and additional
traits can be included in such networks for more accurate conclusions, such as genetic
mutations, copy number variations or differential gene expression. Furthermore, a patient’s
treatment can be influenced by supplementary circumstances of different nature, such as co-
morbidities, concurrent treatments, age and race. All these data sources contribute to the set
of nodes in the network. On the other hand, the interactions taken from various interaction
databases (some of which we discussed in this thesis) may have different degrees of influence
over the connected nodes, leading to the possibility of improving our predictions with a
more advanced model which considers their theoretical impact through weighted edges.
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[59] Gheorghe Păun, Grzegorz Rozenberg, and Arto Salomaa. DNA Computing. New Com-
puting Paradigms. Springer-Verlag, Berlin, 1998.
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