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Summary

Biomolecular computing is the focus of this thesis. In particular, the area of 
computing with the membranes of the living  cells  commonly referred as 
‘membrane computing’ or ‘transition P-systems’. It introduces the concept 
of ‘adaptability’. 

The new idea of “adaptability “appears in this work. Adaptability means the 
ability  for  the  membrane  computing  model  to  interact  with  other 
technologies in order to obtain optimal results when dealing with complex 
problems.  In fact,  new scenarios containing  P-systems are shown. These 
scenarios  have  the  transition  P-systems  working  together  with  other 
technologies. 

Furthermore, methodologies and new software are introduced to implement 
the evolution rules application phase within membrane computing. These 
methodologies and software improve P-system’s functionality by processing 
the information in a faster way. This is especially useful to obtain optimal 
results  when  dealing  with  complex  problems  such  as  NP-complete 
problems.  In particular this thesis reveals:



Transition P-systems as an adaptable technology as they can interact with 
Multi-agent Systems and with robots to acquire an optimal performance.  

A random function to implement the evolution rules application phase is 
defined to make the model less deterministic. Moreover, introduced here are 
new techniques  for  evolution  rules  application  that  improve  the  current 
performance  of  the  P-systems  when  solving  problems  that  have  a  high 
computational  complexity.   The  techniques  described  in  this  thesis  use 
solutions of linear system Diophantine equations, data structures (virtual or 
physical) and probabilistic and statistical patterns. 



Resumen  

Este tesis se encuadra en computación biomolecular y de una manera mas 
específica en el área de  las propiedades de las células vivas. Este área es 
conocida  como  computación  de  membranas.  Esta  tesis  introduce  el 
concepto de adaptabilidad en la computación de membranas. Se entiende 
por adaptabilidad como la  habilidad de los P-sistemas de transición para 
interactuar  con  otras  tecnologías  obteniendo  resultados  óptimos  en 
resolución  de  problemas  complejos.  Se  muestran,  por  tanto,  escenarios 
compuestos y modelos nuevos que tienen a los P-sistemas como actores. 

 Además,  metodologías  y  software  nuevos  se  proponen  para  manejar  e 
implementar la fase de aplicación de reglas de evolución que ocurre cuando 
los  P-sistemas  evolucionan.  Las  metodologías  y  software  que  aquí  se 
presentan  mejoran  la  funcionalidad  de  los  P-sistemas,  procesando  la 
información de manera mucho más rápida. Esto es especialmente útil para 
obtener resultados óptimos cuando se resuelven problemas complejos como 
los problemas NP-completos. 

De manera más específica, esta tesis desarrolla:

 P-sistemas como una tecnología adaptable  donde de muestra un enlace entre los 
P- sistemas y los sistemas Multi-agente así como un escenario donde varios 
robots  autónomos  y  p-sistemas  trabajan  juntos  para  resolver  problemas 
complejos. 



Se propone una función aleatoria  para implementar el modelo de la fase de 
aplicación de reglas de evolución para que sea más no determinista. Se crean 
nuevas  técnicas  de  aplicación  de  reglas  de  evolución  que  mejoran 
sensiblemente  el  rendimiento  actual  de  los  p-sistemas  cunado  resuelven 
problemas de gran complejidad.

Una de ellas utiliza estructuras auxiliares en memoria principal. Otra usa la 
resolución  de  ecuaciones  lineales  diofánticas  y  otra,  sigue  patrones 
probabilisticos y estadísticos.



C h a p t e r  1

1.  Natural Computing.

Natural computing is one of the revolutionary projects in future and 
emerging Technologies (FET) that is currently included in prestigious 
research frameworks programs such  as the FP7 
[http://cordis.europa.eu/fp7/dc/index.cfm]. This chapter will go through some 
matters such as paradigms of new computation as a result of the features 
and functionality of biological Systems (BIO-ICT). These paradigms also 
use molecular signals, food processing of living cells and DNA functioning.

Stephen Cook introduced the concept of NP-complete. In general terms, he 
stated that a decision problem X is NP-complete if:   

• Any possible solution to the problem can be verified with a 
polynomial computational complexity which is called NP 
(nondeterministic polynomial time). 

• Every problem in NP is reductable to X in polynomial time.

Computational  models  based  on  Nature  have  been  proven  to  be  an 
effective approach when solving NP complete problems.  Biometric  tools 

http://en.wikipedia.org/wiki/NP_(complexity)
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have been implemented in special hardware. This hardware has also been 
inspired  by biological  models  such as  analogical  or digital  circuits.  Some 
examples of these are artificial cells, artificial neurones, artificial intelligence 
and  artificial  life.  Natural  computing  tries  to  create  new  computational 
models by being inspired by the dynamic processes of nature.  Now ICT 
and BIO-ICT “live together” and share infrastructure and resources, where 
they try to adjust to each other as well as possible. Natural computing is a 
new technology  compared to  traditional  computing;  however  the  results 
obtained are very promising. Artificial intelligence has also been affected by 
this  new  way  of  computing.  By  using  traditional  methods,  artificial 
intelligence  uses  programs  that  control  the  status  of  the  system  at  any 
moment. All cases are studied and the directions are previously marked.

Artificial intelligence based on natural computing is, in  a certain way, less 
centralized  and  can  create  more  complex  results.  Simulation  of  Nature 
through  computation  is  a  process  that  creates  patterns,  behaviours  and 
organisms that do not have to be part of nature. In other words, scientists 
can create a virtual Nature similar to being real but not exactly equal. This 
way  everyone  can  further  understand  Nature  processes  and  implement 
them. Pure theory often fails  about predicting complex natural processes 
because Nature does not always follow equations.

  Because  of  this,  experiments  with  complex  problems  can  at  times  be 
useless.  In  order  to  succeed,  it  is  important  to  combine  experience  and 
theory.

This  is  clearly  a  revolution  in  Computer  science.  Any  scientist, 
mathematician  or  researcher  knows  that  Nature  is  constantly  inspiring 
humanity. In reference to this matter it can not be truer. By simulating the 
way Nature works, it is possible to improve tasks such as resolving complex 
computational  problems.  This  just  began  with  promising  results  in 
numerous areas.  In regards to the future, it seems that a new age has just 
started and it will establish the direction for a new way of working on ICT. 
Until  now,  Von  Neumann  architecture  has  had  a  monopoly  on 
implementing models in computer science. That is starting to change.

Although no one knows what is going to happen in the future,   it seems 
that biotechnology will make researchers reconsider new implementations in 
different hardware.  There is an inner component within Computer Science: 
The machine was created by man and man has given the machine properties 
that human kind has itself. Religion says that God created the man as a copy 
of  itself.  Something  similar  happens  with  computers,  man  created  the 
computer as a machine that can compute as humans do. This means that 

13



CHAPTER 1. NATURAL COMPUTING.

nature,  (human  kind  is  a  part  of  nature)  has  always  been  linked  with 
Computer Science. 

Natural computing can be divided into three major areas:

1. Computation inspired by Nature

2. Simulation of Nature through computing

3. Computation with natural materials

Computation  inspired  by  Nature  tries  to  take  advantage  of  the  inner 
properties of Nature in order to resolve complex problems. In this way, this 
branch  of  natural  computing  is  more  practical  than  theoretical.  Natural 
computation takes a step further and focuses on Nature in order to build 
new machines. The intention is to create a stronger link between Nature and 
computers. It is clear that Nature is a huge universe in which you can find 
all kinds of processes. Due to this, this promising field is a leading research 
area for scientists.. Here are some achievements.

1.1. Neural Networks

A  neuron, also known as a  neurone or  nerve cell is an excitable  cell that 
exists  in  the  nervous  system.  This  system  use  signals  to  send  /receive 
information  along  the  human  body.   Neurons  are  physically  located  in 
different organs such as the brain, nerves, spinal cord and nerve cord

• There are different types of neurons, such as the ones excitable by sound or 
light, the ones in charge of muscles contractions and neurons that connect 
neurons to other neurons. 

14
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Fig 1.1. Neurone

Source [www.wikipedia.com]

          
Fig 1.2. Structure of a neurone 

Source [www.wikipedia.com]
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Neurons or neurones are also called brain cells. Glial cells provide support, 
protection, and nutrition to neurons. The brain has other cells such as the 
epithelial  cells,  which  are  part  of  the  blood  vessels. In  general  terms,  a 
neural network in biology is defined as a group or groups of connected or 
functionally associated neurons. Just one neuron can be connected to many 
other neurons. The total amount of neurons and connections in a network 
may have the property of possibly being extended.

There are groups of researchers who have focused on the way the human 
brain works and therefore implemented neural networks. That is called ICT 
Neural networks.

ICT  Neural  Networks are  parallel  and  distributed  systems  that  have  a 
capability  of  storing  experimental  knowledge  to  be  used  in  different 
situations.  The key to this structure is that for the first time scientists can 
simulate  the  learning  process  occurring  in  the  human  brain.  Artificial 
intelligence  is the branch of natural computing that tries to simulate some 
properties of neural networks. Neural networks have proven to be effective, 
in areas such as:

• Speech recognition

•  Image analysis 

• Adaptive  control:  Used  to  build  software  agents or  autonomous 
robots. 

16
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Fig 1.3. Diagram of an ICT Neural network 

Source [http://smig.usgs.gov]

Numerous important  improvements  have  been  achieved  in  the  field  of 
Natural computing.  Neural networks are just one area that belongs to it. 
This thesis reveals and references several more. 

1.2. Genetic algorithms

In Nature,  not just  neural  Networks  can be simulated.   Darwin and his 
Theory of Evolution based on Natural Selection played an important role in 
understanding  Nature’s  processes.  Natural  selection  acts  to  preserve  and 
accumulate minor advantageous genetic mutations. Darwin said: “Suppose a  
member of a species developed a functional advantage (it grew wings and learned to fly).  
Its offspring would inherit that advantage and pass it on to their offspring. The inferior  
(disadvantaged) members of the same species would gradually die out, leaving only the  
superior (advantaged) members of the species”. 

Natural selection is the preservation of a functional advantage that enables a 
species to compete better in the wild.  This is why Darwin stated: “Over the  
centuries, human breeders have produced dramatic changes in domestic animal populations  
by selecting individuals to breed. Breeders eliminate undesirable traits gradually over time.  
Similarly,  natural  selection  eliminates  inferior  species  gradually  over  time”.   Natural 
selection has been an inspiring idea to build algorithms for finding optimal 
solutions.

Genetic Algorithms (GAs) are adaptive heuristic search algorithms premised 
on the evolutionary ideas of Darwin.

 GAs try to simulate processes in the natural system necessary for evolution. 
Enhanced in these algorithms are Charles Darwing’s ideas and theories. 
They describe an intelligent way of searching within a finite space to solve a 
problem and are commonly used to find optimal solutions within a 
searching space).

Although GAs are perfect candidates for these kinds of problems, they have 
also been wrongly addressed as only an optimizer method. In fact, there are 

17



CHAPTER 1. NATURAL COMPUTING.

many ways to view genetic algorithms. “Perhaps most users come to GAs looking  
for a problem solver, but this is a restrictive view [De Jong, 1993]”. 

Fig 1.4. Workflow of GA functionality

       Source: [http://www.sv.vt.edu]

Generally speaking, GAs can have different functions such as problem 
solvers, computational model for other systems, guiding philosophy…. 
GAs have been proven to be  effective in  solving  known problems (For 
example the knapsack problem). 

“The  knapsack  problem or  rucksack  problem is  a  problem  in combinatorial  
optimization: Given a set of items, each with a weight and a value, determine the number  
of each item to include in a collection so that the total weight is less than a given limit and  
the total  value is  as large as possible.  It  derives  its  name from the problem faced by  
someone who is constrained by a fixed-size knapsack and must fill it with the most useful  
items.”[www.wikipedia.com]

18
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1.3. DNA Computing

There is another part of Nature computing based on molecular actions. 
DNA computing is a computational paradigm in which data is encoded as 
biomolecules such as DNA strands to perform various operations (e.g., 
arithmetic or logical operations).

 “DNA computation receives an input encoded as a DNA sequence (essentially a 
sequence defined over {A, G, C, T}), and proceed by a succession of bio-operations such 
as cut-and-paste, extraction of strands containing a certain subsequence (by using  
Watson-Crick complementarity), copy (by using polymerase chain reaction that employs  
the polymerase enzyme), and read-out”.[www.wikipedia.com]

Fig 1.5. Illustration of a DNA strand 

        Source:[www.justice.gov]

19
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In particular, DNA computing has proven to be efficient in solving more 
complex cases of NP-complete problems. DNA computing also uses 
organic DNA molecules as the basic support to build computational 
devices,  in the way that silicon electronic chips can be replaced by 
molecular chips. The aim is to improve the efficiency of conventional 
computers.
Moreover, parallelism is a feature that is practically impossible to achieve for 
traditional computers. Conventional processors are not prepared to function 
in  a  parallel  manner.  DNA  molecules  have  been  considered  perfect 
candidates  for creating  computational  devices  that  are able to work in  a 
parallel way. The main problem with DNA computing is that experiments 
need to be implemented in a laboratory. These genetic processes must occur 
under  biological  conditions.  However  many biological  processes  can not 
occur in an enclosed area. 

Working with entire cells makes more sense. Then is when new research 
areas arise.

1.4. Computing  with cells

There are some levels applied to complex problems which are a help to 
establish a more advanced approach by letting   to modulate and to 
organize. This means to analyze problems in different levels, from the least 
concrete to the most practical. Generally, paradigm based on cells stress the 
importance that living cells have in the construction of such paradigm. 
Presently there are a few generators of artificial cells that can be very useful 
for paradigms based on cells simulation. Obtaining cells and/or tissues 
means to find a design (a structure of components in detail) that complies 
with specific functional requirements and preferences: For example his 
capacity of the cell to get molecules from outside. To do that, the active 
components are generally membranes, some proteins, enzymes, and so on. 
These components appear in the functional design ready to be 
implemented.

A generator of artificial cells and tissues is needed, a software tool based on 
knowledge. With this tool, every design in particular is different from other 
because the Nature of their components, but all designs will have the same 
descriptive parameters. 

20
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All cells have the same basic requirements regarding live, eat, etc. From 
there, every cell will have its components. This tool will be used to design 
and implement different systems in different levels, from the minimal 
cellular agents to the multi-agent Systems or intelligent agents. Obtaining 
cells and/or tissues is seen as configuration problem applied to Systems of 
components to build structures: By joining components, cells are obtained, 
joining cells will create tissues. By joining different tissues organs are created 
by following the same configuration process in any case (parametric design). 
The configuration process is similar for every level. (Component, cell, 
tissue) The Only different thing is the configuration parameters depending 
on the level. 

Design of Cells and tissues is expressed as a set of components. (Every 
component is described according to its type and its attributes.)  They are 
organized in a particular structure. For example the metabolic route of a 
cell. Computational models based on living cells are flexible in general 
terms. Cells are structures that are very flexible and adaptable to the 
environment they live.  In this way, paradigms based on living cells are 
perfect candidates to face all kinds of unpredictable situations.

Paradigms based on living cells can conduct very different kind of 
computations, from classical (Boolean) to novel ones (molecular, cellular 
and tissue operators; recognition patterns, enzymatic and self-assembly 
operators, social or network operators, etc.). They can perform those 
processes along the advancement of their life cycle, which may be strictly 
connected to the collective success, up to the point that apoptosis, or 
cellular death, may be included as a selection strategy. Lateral inhibition, 
gradient detection and selective growth, collective (population) excitation 
bursts, etc become possible processing operations too. Every “cell” works 
as an independent intelligent agent. 

There are new ways of communication and synchronization between the 
intelligent agents. That way it will be possible to create new paradigms of 
parallel computation orientated to crowed networks. For every different way 
of communication and synchronization in intelligent agents’ networks, new 
computational characteristics emerge. The evaluation of the computational 
paradigms based on living cells depends on:

1) Software development and extensive simulations of different cell and 
tissue joints 

2) Design of dedicated hardware 

21
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3) Creation of "artificial cells" and tissues by means of a synthetic biology 
approach.

22
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C h a p t e r  2

2. Membrane Computing

Membrane  computing  can  overcome  part  of  the  problem  that  DNA 
computing  has  when  simulating  processes  in  the  laboratory.  As  a  first 
approach, the cells are considered as unique organisms able to function as 
computational devices. That is the basis for creating systems that reproduce 
cell’s behaviour. Those systems are formally called ‘Transition P-Systems’  

In particular, the permeability found in the cell membranes is the key for 
building this paradigm. Furthermore, the chemical reactions occurring inside 
of the living cells are inspiring processes to build information processors in 
computers.

2.1.  Introduction

Membrane  computing  [Paun,  1998]  is  an  unconventional  model  of 
computation  associated  with  a  new  computing  paradigm.  The  field  of 
membrane computing was initiated in 1998 by George Paun; it is a branch 
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of natural computing inspired by the structure and functioning of the living 
cell  and  devises  distributed  parallel  computing  models  in  the  form  of 
membrane  systems.  These  processes  can  be  considered  as  calculation 
processes or Computers. The model opens new way of researching when 
solving  NP-complete  problems.  Membrane  computing  is  commonly 
referred as “Transition P-systems”. The concept of transition P-system was 
first introduced in a 1998 by Gheorghe Paun, whose last name is the origin 
of the letter P in 'P-systems'. Variations on the P-system model created what 
is known as 'membrane computing.'

This model was inspired by biology; however Transition P-systems were 
used as a computational model, instead of a biological model. Nowadays 
there are some attempts of creating new biological models through the use 
of P-systems.

A P-system involves a series of membranes containing chemicals, catalysts 
and rules which determine possible ways in which chemicals may react with 
one another to form products. There are certain that make those chemicals 
to pass through membranes. Some other rules can make membranes to 
dissolve.
Most membrane systems are computationally universal: “P-systems with simple  
ingredients (number of membranes, forms and sizes of rules, controls of using the rules)  
are Turing complete” [Păun, 2005].  

This framework is extremely general, flexible, and versatile. “Several classes of  
P-systems  with  an  enhanced  parallelism  are  able  to  solve  computationally  difficult  
problems (typically, NP complete problems) in a feasible amount of time (Polynomial or  
linear)”. [Pang, 2005]

Transition P-systems have been proven to be an efficient tool to deal with 
known and complex problems such as the  multidimensional 0-1 knapsack one  
[Pang, 2005] or the Boolean satisfiability problem [Alzhavoz, 2005]

Rules in a P-system are applied at random. This is the reason why P-systems 
behave in a non-deterministic manner. Different solutions can be obtained 
when a computation is repeated.  Apart from the non-determinism, P-
systems show a maximal parallel behaviour.  Every rule is applied at the 
same time as well as the processes occurring in every membrane.  This is 
one of the properties most difficult to implement.

2.2. Living cell
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The cell is the basic structural and functional unit of all living beings. It is 
the smallest part of life that is considered as a living being. Some authors 
call the cell the block of life. Some organisms are called unicellular like some 
virus or bacteria (consist of a single cell). Other organisms, such as 
mammals, birds, fish, are multicellular. (Humans have around 100 trillion or 
1014 cells; a typical cell size is 10 µm; a typical cell mass is 1 nanogram.) The 
term ‘Cell’ comes from the word in Latin “cellula”, which mean a small room. 
There are two types of cells: eukaryotic and prokaryotic. Prokaryotic cells 
are usually independent, while eukaryotic cells are often found in 
multicellular organisms.

Fig 2.1. Prokaryote cell 

Source:[www.wikipedia.com]

The prokaryote cell is less complex, and therefore smaller, than a eukaryote 
cell, it does not have a nucleus and most of the other parts of the eukaryotes 
cells. There are two kinds of prokaryotes: 

• Archaea

• Bacteria

A prokaryotic cell has three architectural regions: Flagella and Pili project 
from the cell's surface. These are structures (not present in all prokaryotes) 
made of proteins that facilitate movement and communication between 
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cells; Cell envelope – generally consisting of a membrane although some 
bacteria also have a further covering layer called “capsule”. The envelope 
gives rigidity to the cell and separates the interior of the cell from its 
environment, serving as a protective filter. Though most prokaryotes have a 
cell wall, there are exceptions. 

Fig 2.2. Eukaryotic cell

Source:[www.wikipedia.com]

2.3. Chemical reactions

In the living cells there are some ongoing processes. Cells processes food 
and  nutrients  in  a  very  characteristic  way.   Living  cells  get  atoms  or 
molecules and then react by producing other atoms and molecules. 
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Fig 2.3. Chemical reactions in living cells 

     Source:[Watson, 1972]
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This process has been studied and it has also been tried to implement into 
computers. Living cells act and process nutrients according to certain rules 
that take place in a parallel and a non-deterministic manner. This model has 
been copied by many researchers to establish new machines that process 
information  in  the  same  way.   This  part  belongs  to  the  molecular 
computation.

Cellular components are sorted in two basic categories: active and passive 
ones. The active components are molecular agents coded into an artificial 
genome or array chromosome: proteins, enzymes, receptors, etc. The 
passive components are signals, substrates, nutrients, metabolites, 
membrane elements, etc. which are not coded as such in the genome. In this 
category of passive components, it is included the ‘von Neumann tape 
agent’, containing the genes of the artificial genome, treating the genome as 
another cellular passive component.

2.4. Cell membrane

When looking at the cells, it is noticeable that there are parts of them that 
act in a very interesting way. The  cell  membrane is a biological  wall that 
separates the interior of a cell from the outside environment. 

This cell membrane surrounds the living  cells. It is  semi-permeable which 
makes possible for elements to get inside the cell as well as getting out. In 
that way, it controls the passes of substances in and out of cells.

 Membranes in living cells are flexible structures. Through the membrane 
the cell gets nutrients and releases the elements that does not need anymore. 
It contains a wide variety of biological molecules, mainly proteins and lipids, 
which are involved in a variety of cellular processes such as cell adhesion, 
ion  channel  conductance  and  cell  signalling.  Also  they  are  part  of  the 
chemical  reaction  occurring  inside  the  cell.  The  plasma  membrane  also 
serves  as  the  attachment  point  for  the  intracellular cytoskeleton and,  if 
present, the extracellular cell wall.
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Fig 2.4. Cell membrane

                                       Source:[www.wikipedia.com]

One of the most interesting properties of the cell  is:  Permeability. This 
property was essential when membrane computing was created.  

The permeability  of a membrane is the ability  for the molecules  to pass 
through  it.  Permeability  depends  mainly  on  the  electric  charge of  the 
elements in contact with it.  Electrically neutral and small molecules pass the 
membrane easier than charged, large ones.
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Fig 2.5. Interior of a membrane is made of phospholipids

       Source: Life: The science of Biology

2.5. Formal paradigm

A region within a membrane can contain objects or other membranes. A P-
system has an external membrane (also called skin membrane) and it also 
contains  a  hierarchical  relation  defined  by  the  composition  of  the 
membranes.
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Fig 2.5. Membrane's structure 

The elements of the membranes are called objects. A multiset of objects is 
defined  within  a  region  (enclosed  by  a  membrane).  These  multisets  of 
objects show the number of objects existing within a region. Any object 'x' 
is  associated to a multiplicity  which tells  the number of times that  'x'  is 
repeated in a region. Apart from object, in every region there is a multiset of 
rules (formally called “multiset of evolution rules”). These rules are the ones 
that take part in the P-system evolution.
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Fig 2.6. Transition P-system with 3 regions.

 In every region there are objects {a, b, c} and evolution rules.

According to Păun 's definition, a transition P-system [Paun, 1998] of 
degree n, n > 1 is a construct:

Formally speaking a Transition P-system of degree n, n > 1 is a construct

 
( )0,1,11 ),),..((,,..,,, iRRV nnn ρρωωµ=∏

Where:
• V is an alphabet; its elements are called objects;
• μ is a membrane structure of degree n, with the membranes and the 

regions labelled in a one-to-one manner with elements in a given 
set ; in this section the labels 1,2,..,n; are always used

•  nii ≤≤1ω , are strings from 
*V  representing multisets over V 

associated with the regions 1,2,..,n of μ 

• niRi ≤≤1 ,  are finite set of evolution rules over V associated with 

the regions 1,2,..,n of μ; iρ  is a partial order over niRi ≤≤1 , 

specifying a priority relation among rules of iR . An evolution rule 
is a pair (u, v) which is written in the form vu →  where u is a string 
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over V and v=v’ or v=v’δ  where v’ is a string over
{ }( ) { }( )njinVouthereV j ≤≤×× 1, 

, and δ   is a special symbol 
not in V. The length of u is called the radius of the rule vu →

•  oi is a number between 1 and n which specifies the output 

membrane of  
∏

Multiset of objects

 Let U be a finite and not an empty set of objects and N the set of natural 
numbers. A multiset of objects is defined as a mapping:

ia  is an object and iu  its multiplicity. There are several 
representations of multisets of objects such as:

( ) ( ) ( ){ }
......

...,,,,,
21

21

332211

nu
n

uu aaaM

uauauaM

⋅⋅=

=

Note: Initial Multiset is the multiset existing within a given region where no 
application of evolution rules has occurred yet.
 

Evolution rule

Evolution rule with objects in U and targets in T is defined by ( )δ,,cmr =  
where 

( ) ( ) { }dissolvetonotdissolvetoandUxTMcUMm ,, ∈∈∈ δ

From now on 'c' will be referred to the consequent of the evolution rule 'r'

Note.
 The set of evolution rules with objects in U and targets in T is represented by R 
(U, T).

Multiplicity of an object in a multiset of objects M (U)
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Let Uai ∈  be an object and let   )(UMm∈  be a multiset of objects. The 
multiplicity of an object is defined by a multiset of objects such as:

mnanmma

NUMU

iai

a

i

i

∈=→

→×

),(|),(

)(:

Multiplicity of an object in an evolution rule r 

Let Uai ∈  be an object and let   ),( TUR  be a multiset of evolution 
rules. Let  ( ) ),(,, TURcmr ∈= δ  where 

( ) ( ) { }dissolvetonotdissolvetoandUxTMcUMm ,, ∈∈∈ δ

 The multiplicity of an object in an evolution rule r is defined by an 
evolution rule such as:

mnanmra

NTURU
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a

i

i

∈=→

→×

),(|),(

),(:

Let iC  be the consequent of the evolution rule  ir . Thus,
The representation of the evolution rules are:
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Observation.

Let   Nki ∈  be the number of times that the rule ir  is applied. 
Therefore, the number of symbols ja  which have been consumed after 
applying the evolution rules a specific number of times will be: 

∑
=

⋅
m

i
iji uk

1

   

Extinguished or maximal Multisets

Given a region R, let U be an alphabet of objects { }niiaU ≤<= 0| . 
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Let ( ){ }niiiii uUauaUM ≤<Ν∈∈= 0|,)(  the set of all the multisets over 
U.  Let )(UMx∈  be a multiset of objects over U within R. Let 

{ }Ν∈≤Ν∈∃= imimrTUR i ,|),(  be a set of evolution rules. 
( ) { }Ν∈≤≤Ν∈∃=∈= jimjnimnuaxandTURcxr jijijjjj ,,,|),(),(,, δ  

Let Ν∈jk  the number of times that the rule ),( TURrj ∈ is applied over 
x. x is a maximal or extinguished multiset if and only if:

I U
m
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n
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1 1 1
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≤⋅∑  

Observation

In other words, m is an extinguished multiset if and only if it is not possible 
to apply any more evolution rules to it.

2.6. P-system’s evolution 

Transition P-systems evolve accordingly to the evolution rules application in 
several  membranes.  According  to [Paun,  1998],  “they  correspond to the 
chemical  reactions possible  in the compartments of a cell,  they have the 
form vu → , where u and v are multisets of objects. 

However, it is necessary to make the compartments cooperate. Therefore, 
objects move across membranes, and to this aim it is necessary to add target 
indications  to the objects  produced by a rule.   These indications can be 
“here”, “ in” “out”

“Here”  means  that  the  object  remains  in  the  same  region,  one  having 
associated “in” moves across to a lower membrane, randomly selected, and 
out  means that  the object  has to exit  the  membrane.  That means that  it 
becomes an object of the region surrounding it.

 An example of evolution rule is:

 aab →(a, here)(b, out)(c, here)(c, in)

  After using this rule in a given region of a membrane structure, two copies 
of  a and one  b are consumed. This means that they have been removed 
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from the multiset of that region, and one copy of a, one of b, and two of c 
are made; the resulting ojects stays in the same membrane. If a destination 
(membrane) does not exists, then the indication in cannot be followed, and 
the rule is not applicable.  In general, the indication  here is not written (an 
object without a target indication is supposed to stay in the same membrane 
where the rule is applied).

The rules can also have the form u → vδ  , where δ  denotes the action of 
membrane dissolving:

“If  the rule  is  applied,  then the corresponding  membrane disappears and its  contents,  
object and membranes alike, are left free in the surrounding membrane; the rules of the  
dissolved membrane disappear at the same time with the membrane. The skin membrane  
is never dissolved” [Paun, 1998] 

This is an important feature of P-systems, concerning the way of using the 
rules. The key phrase in this respect is:  in the maximally parallel manner, 
nondeterministically choosing the rules and the objects.

“An evolution step in a given region consists in finding a maximal applicable multiset of  
rules, removing from the region all objects specified in the left hand of the chosen rules  
(with the multiplicities as indicated by the rules and by the number of times each rule is  
used), producing the objects from the right hand sides of rules”[Paun, 1998]

The evolution rules can be classified in:

• Useful rules

• Applicable rules

• Active rules

Useful rule:

Useful rules are the ones that have a consequent that exists in the P-system. 
This is the first check that is done.

 Applicable rules

Applicable rules are part of the useful ones. Applicable means that the rules 
have an antecedent which is contained in the multiset of the evolution rules 
that coexists in the same region.  Thus, it means that the rule can be applied 
to that multiset.
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 Active rules

 Active rules means that the rules are applicable and also that there is no 
other applicable rule with priority among them.

The active  rules  are  the  ones  that  get  to  be  applied  in  the  multisets  of 
objects. Evolution Step

 ∀ membrane:      ∀ Rule: Useful? 

The consequent of the rule exists in the membrane

∀ Rule useful: Applicable? 

Antecedent included in the multiset of a given membrane

∀ Rule applicable: Active?

Non existing active rules with a higher priority

∀ Rule Active: Application

Multiset of rules until extinguishing the multiset =>  
Non existing active rule to be applied. Below there is  a diagram of a P-
system evolution.
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Fig 2.7. Example of a P-system’s evolution 

The P-system above has four membranes.  In every membrane there  are 
multiset of objects and evolution rules. In every membrane the evolution 
rules are applied to the multiset of objects in a  non-deterministic manner. 
This example shows three evolutionary steps.

Paso 0 or step 0 is the initial one. After the evolution rules are applied, it 
finishes and the step 1 starts up. The same process occurs for the step 1 and 
step 2.
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 When  the  application  phase  and  communication  phase  [Paun,  1998] 
finishes, the status of the p-system changes and starts a new computing step 
(see figure)

Regarding the evolution rules there are some definitions necessary to show:

Competiveness between rules

In a given region, Let R (U, T) be the multiset of evolution rules within that 
region. Let jiTURrr ji ≠∈ ),(, . 

ir competes with jr if and only if their antecedents have objects in 
common.

Maximal applicability benchmark of a rule over a given multiset

In a given region, let m be a multiset of objects and ir an evolution rule.
The maximal applicability benchmark of ir over m is the maximum number of 
times that ir can be applied over m.
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3. Transition P-systems in the world

 

It is obvious that expectations are created by the use of P-systems and what 
membrane computing has provided so far.  This new way of computing has 
made many International  organizations  to show interest  on it.  This  area of 
research has the support of the European Researching Area through the FP7 
in categories such as FET. (Future emerging technologies)

This section describes the influence that membrane computing has had in the 
society. Most important achievements are shown in this section as well as the 
main  characteristics  of  them.  There  are  researching  groups  for  membrane 
computing in Australia, UK, Holland, Romania, Finland, Spain, Italy,  China, 
Japan….There  are  Natural  computing  departments,  in  several  Universities 
within  Europe.  In  particular,  the  natural  computing  department  of  the 
University  of  Leiden  has  stressed  the  importance  of  the  different 
methodologies within natural computing.

This section shows:
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General  information  about  P-systems,  (History,  status,  importance  in  the 
world, Organizations that supports them...) 

Also, some of the most popular statements of authors who have focused their 
research on this area are provided.

A summary about the main achievements and accomplishments of transition 
P-systems until now is also shown.  

3.1.  Implementations of  Membrane Computing

Paun refers  to the  concept  of  parallelism several  times.  It  is  clear  that  the 
logical parallelism he talks about is different that the real parallelism that can be 
enhanced on computers. That is the reason why not many authors talk that 
there are implementations “100%” of P-systems. 100% implementation means 
that  an implementation  gets  all  the  functionalities  of  the  theoretical  model. 
Unfortunately,  this  has  not  happened  yet.  The  model  he  proposes  has  an 
inherent  parallelism  and  non-determinism.  Those  characteristics  cannot  be 
implemented in a conventional computer. In 2005, Paun himself,  stated that it 
was very difficult to implement membrane computing on digital devices.

Because of that, implementations in vitro(lab) are preferred rather than silicon. 
Implementations  in  silicon  are  mainly  the  ones  in  conventional  hardware. 
Simulations  are the furthest to get when working with traditional  hardware. 
The last goal is working over technologies that allow the implementation of 
membrane  computing  and  not  just  the  simulations.   “Because  there  are  no  
implementations on labs (neither in vitro nor in vivo) and nor in any electronic device, it is  
necessary to use software tools as a support to simulate P-systems” [Gutiérrez, 2006a].

However,  here  are  numerous  trials  for  implementations  of  transition  P-
systems,  digital  device,  special  hardware  or  local  networks. Obviously,  P-
systems  simulations  can  be  easier.  In  fact,  simulations  in  conventional 
computers are easy and can be useful too: The use of some simulations has 
increased.  There are programs that were used in biological applications. There 
is even an application of membrane computing in biology.  Furthermore, they 
can also play  an important  role  for  didactic  purposes.  (Researching  groups, 
Universities, etc).Most simulators include cooperative rules and also rules with 
priorities. 

Presently there are some simulators which have been developed.
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[Cordón-Franco, 2004] presents a simulation of a transition P-system in Prolog 

[Arroyo, 2003a] simulates a transition p-system with (Haskell) 

[Suzuki, 2000] use LISP to build a simulator

Other  technologies  have  been  used  to  simulate  P-systems  functionality  as 
JAVA platforms, C, C++…. 

Ironically,  there  are  no  attempts  for  implementing  P-systems  on  labs  over 
bioware. In fact, it is not clear which strategy is more realistic. Implementing P-
systems on traditional computers can make the process to miss information as 
it does not adjust to the model 100%

However, some researching groups as the natural computing group of Madrid 
have  tried  to  do  reliable  implementations  in  specialized  and  traditional 
hardware.  They have been published on journals  and symposiums.   Below 
there is a list of the attempts of transition P-systems implementations.

    Presently there are several P-systems implementations based on different 

hardware:

Non conventional hardware 

  These  are  interesting  as  they  do  not  need  software  development.  The 
implementation occurs directly on hardware tools designed specially for that 
purpose. In this scenario Paun says to us: ‘The implementation of a p-system in an  
electronic computer is not an implementation itself but a simulation. So far parallel hardware  
does not exist. Simulations lose the main advantages of the p-systems. [Paun, 2002].

Here is a list of some work related to this area: 

[Arroyo, 2003] y [Arroyo, 2004] show the model and the design but it does not 
go further for a p-system’s implementation. These distribute the information 
about p-system structure into the processors that implement the transition P-
system. The parallelism reached occurs in between membranes, but it does not 
happen in a  particular  membrane itself. Also,  they ease  the  communication 
between  membrane  processors.  Evolution  rules  are  considered  as  machine 
instructions for the membrane processor. So, it has a sequential nature. 

1. Other implementations have used specialized hardware. Here it is possible 
to input all the parameters involved in p-systems. However the system is 
deterministic which gets far from what is necessary to reach. Moreover the 
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hardware is only possible to be used for a particular p-system. It is intended 
to use universal hardware ready to be utilized by any p-system. .

2. [Fernández, 2005],  [Martínez,  2006a] y [Martínez, 2006b] present a  non-
deterministic proposal of  traditional hardware. The hardware presented here 
ensures the non-determinism and universality. However, the application of 
evolution  rules  is  not  a  massively  parallel  process  which  is  one  of  the 
principles of  membrane computing

Below there is an example of  a first attempt of  implementation of  P-system in 
which the membranes are related to different processors.

Fig. 3.1. Membrane distribution in processors

Source [Frutos, 2008]

Implementations of  transition P-systems can be classified depending on the 
hardware that is being used. 

Traditional hardware

 They use conventional hardware as for example the use of local networks in 
where it is needed high level software such as C or JAVA.  There are JAVA 
implementations over a distributed network of computers in where every single 
region  is  considered  as  a  single  process.  Every  process  runs  in  a  different 
computer [Gutiérrez, 2006]. 
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Some other authors present the all the evolution rules application phase within 
a  membrane.  This  is  implemented  in  hardware  in  a  parallel  way during  an 
evolutionary  step.  Syropoulos  has  built  a  system by  using  JAVA protocol. 
Alfonseca, shows a JAVA solution that works under the distributed software. 
In  universal  hardware,  distributed  simulation  works  in  the  following  way: 
Certain number of objects runs the software over a few different machines. 
Ciobanu  presents  an  scenario  of an  array  of  computers.  In  that  way  it  is 
intended to do the load balancing and to obtain the desired parallelism. 

The Solutions based on the gathering of several micro processors and local 
Networks  work  under  well  known  architectures. These  solutions  are  very 
flexible. They can adapt easily to different types of software. Moreover, best 
times for evolution in  membrane computing are achieved when only a few 
micro  controllers  are  used.  However  every  microcontroller  is  inherently 
sequential even when it works in parallel with other micro controllers. Thus, 
parallelism rate is not very high. This is the opposite of what is intended.

From the creation of membrane computing to the present days, many papers 
have been published. There have been conferences, workshops or symposiums 
specialized on membrane computing such as  workshop on Membrane Computing,  
unconventional  computing  and brainstorming  Week  on  Membrane  Computing.  Some 
journals  have  been  specialized  on  the  area  such  as  Journal  of  unconventional  
computing ISSN 1548-7202,  journal  of  parallel  and  distributed  systems  ,  Theoretical  
Computer Science (ISSN: 0304-3975), 

Foundations and organizations were aware of this new revolutionary way of 
computing and encouraged the research on that direction. Examples of these 
are  EMCC  (European  Molecular  Computing  Consortium)  and  The 
Consortium for Biomolecular Computing.

Transition P-system  technology  has  its  own  web  which  has  recently  been 
updated from http://psystems.disco.unimib.it to http://ppage.psystems.eu. In 
this  website,  it  is  possible  to find information about membrane computing: 
Numerous articles, papers, news, updates…. 

There are forums in which users and researchers can leave comments, opinions 
about P-systems; http://cantor.cs.us.es/~fsancho/foro/viewtopic.php?t=9

Membrane  computing  has  often  been  addressed  as  a  revolutionary  way  of 
computing by several scientific organizations. 

Furthermore, P-systems have been suffered a transformation themselves. This 
transformation comes from the desire of collecting more biological properties. 
Moreover the use of automats has been added to improve the performance of 
P-systems. One of the main goals for the P-systems to achieve is the resolution 
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of NP-complete problems in polynomial time. The resolution of NP-complete 
problems in polynomial time, sometimes it has been reduced to linear which 
has been one of the greatest achievements.

Below are some publications and achievements of transition P-systems. 

In [Alhazov, 2006] there are unit rules defined in membranes. This author 
introduces the concept of assigning energy to regions within P-systems.

 
[ Alhazov, 2008] establishes optimization techniques  for P-systems 

[Ardelean,2002] speaks in general of the importance of the membranes in 
transition P-systems.

[Cavaliere, 2005] stresses the idea of synchronization between regions in 
transition P-systems

[Ibarra, 2004]  performs a study of the computational complexity in membrane 
systems.

[Narayanan, 1999] proposes a different model of P-systems to solve NP-
complete problems.

[Artiom, 2004] analyzes the determinism that membrane computing has got 

[Ardelean, 2005] speaks about signalling processes from cells to P-systems. 
These processes are used for the computing model.

[Manca, 2008] shows the use of biological network with membrane computing. 

[Paun, 1999] focuses on the synchronization in transition P-systems. 

[Pescini, 2006] also adds probabilistic laws to P-systems functionality.

[Jiiménez, 2002] proposes a simulation of Turing maching through the use of 
P-systems.

[Jimenez, 2004] introduces complexity classes in P-systems

Moreover, research groups have avoided approaching P-systems as an isolated 
technology. The flexibility and inherent characteristics of P-systems make them 
suitable  to  work  with  other  technologies.  Due  to  the  transformation  that 
transitions P-systems have suffered there are some papers that describe new 
changes on membrane computing:
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Deterministic P-systems [Freund, 2003]

P-systems with minimal parallelism [Ciobanu, 2007]

Numerical P-systems.[Paun, 2005]. Paun designs through the use of P-systems 
a model to be used in  economics called  “Membrane  Computing  and Economics:  
Numerical P Systems”

Spiking neural P-systems [ Ionesco, 2006] He combines the concept of spiking 
neurons to the traditional P-systems.

“Spiking  neural  P-systems  are  computing  models  inspired  from  the  way  the  neurons  
communicate by means of spikes, electrical impulses of identical shapes” [Paun, 2007]. 

Zhengwei  Qi[2006]  proposes  theoretical  model  called  Membrane  Calculus 
based on Membrane Computing and Petri nets to formalize Grid transactions :  
Membrane Calculus: a formal method for Grid transactions 

[Acampora, 2007] presents the paper: A proposal of multi-agent simulation system for  
membrane computing devices in which he relates multi-agents systems to P-systems 
and  presents  a  parallel  and  distributed  application,  based  on  Multi-Agent 
System technology, able to simulate Membrane Computing devices. His aim is:

“the aim of tis work is design and implementation of Multi-Agent System able to simulate  
the behaviour of a Transition P-System. In particular, the proposed simulation framework is  
able to exploit, differently from other existing membrane computing simulation  
system”[Acampora, 2007]

[LCiencila, 2004] proposes designs of automats in membrane computing

[Ardelean, 2003] introduce probabilistic laws in membrane computing to 
design biological models.

[LCienciala, 2008] introduces the idea of transition P colonies in membrane 
computing

3.2. Implementations of  the evolution rules application 

phase
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This  section  shows  details  about  implementations  for  the  evolution  rules 
application phase. This phase is the one that has been implemented following 
different techniques. 

Rules application to a multiset of objects in a region transforms information 
which has input, output and conditions for making the transformation possible. 
Given a  region  within  a  P-system,  let  U= be  the  alphabet  of  objects,  m a 
multiset  of  objects  over  U  and  R(U,T)  a  multiset  of  evolution  rules  with 
antecedents in U and targets in T.
 

• The input in the region is the initial multiset m
• The output is a maximal multiset m’  

• Transformations occur based on the application of the evolution rules 
over m until m’ is obtained. 

Application  of  evolution  rules  in  each  region  of  the  P-systems  means  that 
objects are being removed from the initial multiset according the antecedents 
of the rules. Rules used are chosen in a non-deterministic manner. This phase 
finishes when no rule is applicable anymore. 

Note

The transformation  only  needs  antecedents  because the  consequents  of  the 
rules are part of the communication phase.   Membrane computing is a parallel 
model; therefore all of these transformations should occur in a parallel manner. 
There are some of them that work with statistics and probability to improve 
performance when simulating the evolution rules application phase.

These are a few of the algorithms implemented so far:

Step by Step [  Arroyo, 2003]  

[Fernandez, 2006a] provides a clear definition for it:

“This algorithm involves the random selection of one of the active evolution rules, the
modification of the multiset of objects presents in the region, and finally, to calculate again the  
set of active evolution rules in the region”

A  pplicability BenchMark [Fernández, 2006a]  

“Once an evolution rule has been selected in a non-deterministic manner, the rule is applied a  
random number of times between 1 and the maximal applicability benchmark, per iteration.  
It is expected that this higher consume of objects will accelerate the end of execution
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Massive parallel   [Fernández, 2006b]  

This author classifies the parallel algorithm in 7 phases:

1. Membrane initialization.
2. Evolution rules initialization. .
3. Multiset proposition. 
4. Proposed multiset addition.
5. Collision Management. 
6. Symbols consume. 
7. Checking rules halt. 
8. Checking membrane halt. 

“The algorithm can apply simultaneously several rules several times in the same membrane.  
Moreover, if every needed condition is accomplished all the rules can be simultaneously applied  
in the whole P system”.[Fernandez, 2006b]

Algorithm of active rules elimination for evolution rules application [Tejedor, 2007]

This one eliminates an active evolution rules for every evolutionary step.

“In each step of this algorithm two main actions are carried out eliminating, at least, an  
evolution rule to the set of active rules. Therefore, the number of operations executed is limited  
and it can be known a priori which its execution time is at worst.”[Tejedor, 2007]

Fast Linear algorithm  [Gil, 2008]  

This algorithm is the best candidate for sequential devices. It obtains the fastest 
results. 

“The algorithm is based on the one by one elimination of rules: when a rule has been applied  
to its maximal applicability benchmark, this rule lets be active, and therefore it is eliminated.  
The algorithm finishes when all rules have been eliminated.” [Gil, 2008] 

There are new findings in the area that can take advantages of pre-calculations 
during P-systems evolution. In 2004 Calude states:  

“Some programs do the calculations  during  the P-system’s evolution.  Those  programs get  
closer to living cells reality”.

All  the  algorithms work  to  implement  the  idea  of  pure  non-determinism. 
According to Hwang, there are no non-deterministic computers and then the 
idea of implement non-deterministic algorithms running on those computers is 
impossible. However it is possible to obtain certain degree of it. 
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It is intended to stress the idea of the universality of the algorithms. They must 
work  regardless  the  code  they  are  built  on.  Efficient  algorithms  can  be 
translated  to  multiprocessor  machines.  From  there  they  can  work  on  real 
parallel computers. 
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C h a p t e r  4

4. P-systems with other technologies

This chapter shows that transition P-systems are structures that can work 
together with many other technologies; In the previous chapter a few were 
mentioned. 

Below there are two scenarios that combine transition P-systems with other 
technologies. These scenarios are described in detail.

4.1.  Multi-agent Systems (MAS)

Presented in this section there is an application capable of simulating the P-
systems based on a multi-agent systems (MAS) technology. The main goal is 
to take advantage of the inner qualities of the multi-agent systems in order 
to analyze the proper functioning of any given P-system. It is a P-system 
seen from a different perspective and an individual case in the multi-agent 
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systems.  This  opens  a  new possibility,  in  the  future,  to  evaluate  the  P-
systems in terms of the multi-agent systems technology.

 Multi-agent system are capable of simulating the behaviour of any given P-
system. Due to this, there are some interesting advantages when applying 
this system. By simulating the P-systems with a multi-agent system, it is 
possible to analyze the P-system from a different perspective. Therefore a 
procedure is established that will focus on the correction of any given P-
system based on the multi-agent system paradigm.

In order to do this, it is necessary take the following steps:

• Description of the components of a particular multi-agent system;
• Link between P-systems and multi-agent systems;

• Example and code;

4.1.1. (M.A.S) definitions

The multi-agent system under study is a system made of several entities of 
computers.  These systems can achieve goals unreachable for single agent 
systems (one agent system). The main characteristcs of multi-agent systems 
are:

• Proactivity.

• Autonomy.

Formally, an agent is a real or virtual entity that:

• Is able to act within a given environment.

• Is able to communicate with other agents.

• Has its own resources.

• Is  able  to  retrieve  information  and  to  (at  least  partially)  know  the 
environment.

• Can reproduce.

According to the definition of agent, a multi-agent system can be defined as 
a system of computers which contains the following elements:

• An environment E, which is a space.
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• A set of objectsO E∈ .

• A set of agents A O∈ .

• A set of relations R between objects and agents.  

• A set of operations that allows the agents to  interact with the objects.

There are several papers related to MAS. [Acampora,2005] , [Worldridge, 
2002], [J.Feber, 1999]

Fig 4.1. Example of a workflow of traffic control through Multi-agent 
System 

Source:http://www.ieeta.pt
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When studying the P-system under a multi-agent system technology, A=O 
is  considered.  All  of  the  agents  will  relate  with  each  other  and  will 
communicate with each other.
In the following sections P-systems are studied under multi-agent systems 
technology  by  performing some transformations.  The goal  is  to  provide 
more properties to the P-system than the ones they presently have.

4.1.2.Link from membrane computing to MAS

It is necessary to establish a link between transition P-systems and multi-
agent Systems. This link is established from one universe to the other; and 
then it is possible to see P-systems under a different perspective. In that 
way, they can be treated differently.

Due  to  the  fact  that  a  P-system and a  multi-agent  system have  several 
components, it makes sense to try to establish a relation between the two of 
them. Thus, the first step is changing the perspective of the membranes. 
The way to do this is as follows: 

In a P-system, given a set of membranes  { }| ,1iM m i i n= ∈Ν ≤ ≤  where 

im  is a membrane, the function agentf which is defined as:

membranesofnumbern,)(

:

niiamf

AMf

iiagent

agent

≤Ν∈∀=

→

Under  this  new perspective,  every  agent  ia A∈   has  a  set  of  resources 
which includes:

• Multiset  of  objects   within  the  region  enclosed by  the  membrane 

im M∈

• Set of evolution rules within the region enclosed by the membrane of 

im M∈  
Besides,  each  membrane  im M∈   which  contains  another  membrane 

jm M∈  can  be  mapped  as  father-son  relationship  within  a  multi-agent 
system. 
In order to set up the synchronism in our system, it is necessary to have an 
agent called synca A∈ .  This agent will  make sure that the membranes are 
synchronized.

The P-system will consider three major stages:

• Static structure of the P-system
• Dynamic behavior of the P-system
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• Synchronization between membranes.

The mapping is defined as:

Given  a set  of  membranes  { }| ,1iM m i i n= ∈Ν ≤ ≤  and 

{ }| ,1iW i i nω= ∈Ν ≤ ≤  the set of multisets of a P-system where i Wω ∈  is 
the  multiset  of  objects  representing  atoms,  molecules  included  in  the 
membrane im M∈  Let  iR  be a finite and non empty set of evolution rules 
belonging  to   the  membrane im M∈  and  let   u be  the  structure  of 
membranes  that  define  a  father-son  relation  between  membranes.  The 
membrane  im M∈  as ( , , )i i im R childrenω=   which iω  is the multiset of 
objects and iR  the set of evolution rules. Children are the membranes which 
are  contained  in  im M∈  and  also  children  are  a  subset  of  the  set  of 
membranes  M.  The mapping between P-systems and multi-agent systems 
can be built from a function and a proper operator:

{ } { } MASRRRMf nn →×× ,..,,,..,,: 2121 ωωω

Where  MAS  is  the  multi-agent  system associated  to  the  P-system.  This 
multi-agent  system  contains  the  agents  ia ,  resources  iR  and  a  set  of 
operations iOp
This function f can be defined in terms of 3 other sub-functions.  These 
three sub-functions are:

• iname

name

aif

nameAgentf

=
→Ν

)(

:

• { } { } sourcesRRRf nnresource Re,..,,,..,,: 2121 →×ωωω

• behaviorAgenttransitiondynamicfoperation →: *

*Definitions inspired in [Acampora, 2007]

Every agent ia  will be associated to a set of resources called  iRes   and set 
of  operations  called ia .  When  referring  to  ia  it  will  mean  ia  with  its 
resources and operations. 

Formally speaking, the multi-agent system associated to a P-system with n 
membranes will have the set of resources as the union of all the objects, and 
the union of all the set of evolution rules included in every membrane i.e. 
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1
Resources

n

i
i

R V
=

 
 
  

= ∪U  where iR  is the set of evolution rules included in 

the membrane i. 
By using this information more details of resourcef can be provided

resourcef  will convert a multiset of objects ω  in a string like this: 
The objects  are represented as ( , )i ix n ,  where   ix  is  the object  and  in  its 
multiplicity.
Thus, resourcef  converts a multiset of objects:

1 1 2 2 1 1 1 2 2 2( , ), ( , )...., ( , ) ( ) .. .. ..n m resourcex n x n x n f x x x x x xω ω= ⇒ =  Every  object   ix  
appears in  times. Given an evolution rule:

( )nnnnresource

mnmn

xxxxxxxxxxxxrf

mxmxmxnxnxnxr

.........,.........)(

),()....,,(),,(),()....,,(),,(

22112211

22112211

=⇒
→=

*

*Defnitions inspired in [Acampora, 2007]

where in  is the multiplicity of the object ix  in the antecedent and im  is the 
multiplicity  in the consequent.  ( )resourcef r ,  has a two dimensional  image. 
The first component of the image is a conversion of the antecedent into a 
string where every object  ix  appears in  times.  The second component of 
the image is a conversion of the consequent into a string where every object 
y ix  appears im  times; ,i in m ∈ Ν.
Once the mapping of the static parts has been developed, it is possible to 
establish the necessary operations for the multi-agent system to evolve in 
the same way that its associated P-system does. In order to achieve this, a 
time  operator  that  returns  the  status  of  the  transition  of  a  P-system is 
defined. This synchronization must take place, and therefore it will have to 
be a part of the set of resources of the multi-agent system. In order to study 
this synchronization, a new resource called sync is defined.

 This resource is:

• An integer (computing step)  

• A letter (Status)  

The initial transition status is the integer 0.
isync  = {transition status of the agent ia } 

The possible status in every computing step could be:

A. Rules election.
B. Objects consumption.
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C. Communication between membranes.
 
A  new  agent  called  synca  which  will  be  in  charge  of  assuring  the 
synchronization along with the agents (associated to the membranes). 
For instance, let us have a set of transition statuses:

Cs y n cBs y n cAs y n c4,23 321 ===

Our agent  synca  will make sure this situation never happens. It will assure 
the following:

Ν∈≠∀= jijisyncsync ji ,

At last, the set of the union of all possible transition statuses will be part of 
the set of resources of the multi-agent system. 

Initially, 0isync i n i= ∀ ≤ ∈ Ν.

The  components  of  P-systems  are  mapped  to  multi-agent  system 
components (static part of a given P-system). Moreover, the evolution of a 
transition  status  with  membrane  systems  can  be  also  mapped  as  an 
evolution  process  within  the  multi-agent  systems.  Because  of  this,  it  is 
possible to state that modeling membrane systems can be seen as a multi-
agent  system.  This  multi-agent  system has objects,  agents,  resources  and 
operations.

Let us have three membranes 1 2 3, ,m m m and 1 2 3contains which containsm m m. 
In this multi-agent system this situation would have three agents  1 2 3, ,a a a  
where 1a  is in the father-son relationship with 2a  which is in the father-son 
relationship with 3a . It is represented as follows:

         Fig. 4.2.  Diagram of three membranes  represented in a Multi-
agent system

It is possible to represent the transformation of a set of membranes into 
MAS through the use of a tree of agents. In the three the root nodes are the 
fathers.  The level  below indicates  the sons which can also be fathers of 
several agents. Given a generic set of membranes the mapping into MAS is 
as follows:
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Fig 4.3.  Representation of a set of membranes in a Multi-agent 
system.

Source[Acampora, 2007]

As a P-system evolves,  it  would be performed similarly  in the MAS.  In 
every evolution step the agent synca  makes sure that the transition status of 
the membranes are the same. This assures the system evolves properly. In 
the associated MAS there will also have the following possible status:

3. Evolution rules selection 

4. Evolution rules application  

5. Communication between membranes

4.1.3.Example and code

Once is clear the definitions and meanings of the P-systems and MAS and it 
is also clear the way to build the link between them, it is necessary to show 
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the transformation of a P-system into a MAS. So whenever an action occurs 
in a given P-system there will be a parallel action occurring in the MAS. 

Let us suppose a P-system containing three membranes. This P-system is 
able to calculate the square of a given number. There will be two evolution 
steps (the initial one and the final one) in the P-systems can be transformed 
into MAS. To understand P-systems in detail, refer to [Arroyo, 2001].   

a) Static components mapping

The P-system has:

• A set of membranes M= { }1 2 3, ,m m m

• An Alphabet V={a,b,c,d,e,f}

• A set of multiset of objects  { }1 2 3( ) {}, {}, { }M V afω ω ω= = = = where 

iω  is  the  multiset  of  objects  within  the  region  delimited  by  the 
membrane 3≤Ν∈∀ iimi  .

• A Multiset of evolution rules

 

out1 2

3

( , ) {e  e }, ( , ) {b  d, d de, (ff  f  f   )},
( , )

( , ) {a  ab, a b , f  ff }

R U T R U T
R U T

R U T

δ
δ

  
 
  

= → = → → → > →
=

= → → →

Below, there is an example of a transition
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Fig 4.4. Transition P-system that calculates a random square number, 
Step 0

Associated Multi-agent system: is

     Fig 4.5. Associated Multi-agent system, Step 0

The set of agents A= { }syncaaaa ,,, 321

ee
out

b  d d  de
ff  f  >  f  δ

a  ab 
a  bδ
f  ff

af
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The resources used by the agent  ia  are referred as isRe ;  these are the 
multiset of objects and set of evolution rules.

{ })]}e[(e,[],{)]},(f,f),(ff,de),(d,d),[(b,{[],)},,(),,(),,[(],{[Re out
1

δδ fffbaabaafs
n

i
i =








=


Dynamic behavior

In order to see how MAS evolves, it is necessary to focus on:

• Rules election

• Objects consumption

• Communication Stage

Initial  Transition  Status  Ν∈≤∀= iisync i 30   This  condition  is 
checked by the agent  synca . In the step “1”, the P-system evolves; in the 
Region 3 the rule number one and number three are applied.  Our agent 

synca   makes sure that Ν∈≤∀= iiAsync i 31 . In every region the rules 
to be applied are analyzed. Every agent selects from its resources the rules 
to be applied.  When this is done,  synca  assures to go to the next status.

Ν∈≤∀= iiBsync i 31 .  Here  the  agents  execute  the  action  “apply 
rules”. Following the example, only agent  3a  selects the rules 31 randr  
from its set of resources 3Re s . After applying rules  synca  assures all the 
agents  are  synchronized  and  go  to  the  next  status. 

Ν∈≤∀= iiCsync i 31 . Now is when the agents to communicate with 
each other and exchange objects if needed. After the first computing step: 
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Fig 4.6. Transition P-system that calculates a random square number, 
Step 0

The figure above shows the status of the P-system.  The associated MAS is 
as follows: 

    Fig 4.7. Associated Multi-agent system, Step 1

The resources used by the agents are: 

e e
out

b  d d  de
ff  f > f  δ

a  ab a  bδ
f  ff

abff
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{ })]}e[(e,[],{)]},(f,f),(ff,de),(d,d),[(b,{[],)},,(),,(),,[(],{[Re out
1

δδ fffbaabaabffs
n

i
i =








=


By repeating this process will reach a situation like the following:

d4e16

eeout

e→e
            out

Fig 4.8. Transition P-system that calculates a random square number, 
Final step

Note. The number next to the object indicates the multiplicity of the object.

which will return 16=42 

In the associated MAS, the following situation happens: 

a1

Fig 4.9. Associated Multi-agent system, Final step

The rest of the agents have been eliminated when the action “dissolve” was 
performed.

{ })]}e[(e,],164[{Re out
1

eds
n

i
i =








=
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Code:

Rules R

Objects w

Dissolve = false

While NOT Dissolve 

waitsync

//EVOLVE

R’ = Rules_Election (w, R) 

w’ = Rules_Application (w,R,P)

waitsync

//COMUNNICATION

w = COMMUNICATION(w’)

Dissolve = Finish (w)

waitsync: Synchronization between agents 

Rules_election: Selection of the rules

Rules application: Application of the rules 

Communication (w) Communication between agents and exchange of the 
objects w

Finish: The computation is finished
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4.2.  Robots

This  section  shows a  proposal  for  a  set  of  reactive  robots  that  receives 
process and learns from the living cells through the use of P-systems. When 
analyzing the properties of the proposed robot, is noticeable that interesting 
points are obtained.

This section illustrates a design of an autonomous robot that it is capable to 
simulate the behavior the living cells to solve known problems through the 
use  of  P-systems.  Although  this  has  been  done  so  far  by  traditional  P-
systems [Paun, 98] a new model is proposed in this section. A design of 
several autonomous robots that behave as the living cells when processing 
information.  This  way  these  robots  can  obtain  solutions  to  known 
problems.  The  interesting  part  here  is  that  performance  improves  by 
reducing  computational  complexity.  As  mentioned  before,  traditional  P-
systems are the structures used within membrane computing to do the living 
cells simulation. P-systems evolve in a parallel a  non-deterministic way. By 
using an autonomous robot, it is possible to eliminate the non-determinism 
as the evolution will be orientated to obtain results in a faster way.  In order 
to do this the following steps would be necessary to take. In the section 
there are different topics:

• Description of autonomous robot;

• Theoretical model of a robot processing information from the living cells;

• Traditional P-system vs. P-systems with robots;

Presently, humans and robots are used to interact with each other.  It could 
be said that robots try to simulate humans’ actions. Part of those humans’ 
actions  is  making  decisions.  If  a  robot  can  make  decision,  would  it  be 
correct to state that the robot is  intelligent?  Today, there is  no a unique 
definition  for  intelligence.  However  it  seems  clear  that  the  concept: 
“intelligence” [Brooks, 1986]   is related to:
 

• Understanding

• Problem solving

• Learning.

Even when it is possible to create robots that solve problems it is not clear 
that they either understand or learn. That is the reason why the definition of 
intelligence  does  not  cover  all  the  possible  meanings.  Although  it  is 
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uncertain  to state  that  robots  are  intelligent,  it  is  possible  to  establish  a 
classification for them:

In general terms it is possible to separate the robots into two classes:

1. Deliberative robots

2. Reactive Robots

The first kind is the traditional one. This types of robots work based on 
scheduled actions and known information. Reactive robots interact with the 
environment, they observe, process information, and make decisions based 
on the environment they are.

From our perspective the second type is the interesting one. These robots 
can adapt to the environment they live and make decisions based on that. 
Not only making decisions but also solving problems. Adaptability is other 
characteristic of intelligence.

Another  characteristic  of  traditional  robotics  is  the  use  of  a  centralized 
system.  This  centralized  system  stores  all  the  information  of  the 
environment.  The  information  is  represented  in  a  symbolic  way.  After 
processing  the  information  is  possible  to  calculate  the  next  action.  The 
problem here is  when the environment changes constantly.   That is  why 
traditional robots become useless in this scenario. The aim is trying to build 
a robot able to adapt to its environment regardless the type of environment 
it is. In that way, the robot will have some basic actions and it will create a 
bigger knowledge by learning from the environment. The learning process 
comes from the reactions that robots do. 

Learning process is a complex one:

If a robot is created to experiment in a lab, it is possible to determine all the 
situations in where the robot is going to be. On the contrary, if the robot 
created wants to be useful in the real world, there is no way for the creators 
to determine how many different situations the robot is going to face. Thus, 
the creators must be able to design a robot that learns and therefore be able 
to react correctly when a new circumstance arises. These are the different 
ways for implementing the learning process.

There are four types of learning. 

• Auto-organized: It works with random variables. 

• Supervised: any action has different data and variables.
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• Hybrid: A combination of the two previous ones  

• Feedback: The response from the environment influences on its actions.

The robots proposed in this section will learn by receiving feedback from 
the environment.

Fig 4.10. Spider robot

Source: http://yorobot.files.wordpress.com

4.2.1.Robots working as P-systems

Once the characteristics of P-systems and autonomous robots are explained, 
a proposal for building a community of robots that acts as a P-system. In 
particular  t  let  us  say  as  a  P-system  able  to  learn;  or  even  better  an 
“Intelligent P-system”.

As  there are regions in the living  cells  a robot will  be allocated in every 
region delimited by a membrane.

The way to do this is: 
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In the regions, given a set of membranes  { }| ,1iM m i i n= ∈Ν ≤ ≤  where 

im  is  a membrane, a robot is  allocated.  Thus,  a new function must be 
defined for each membrane or region 

membranesofnumbern,)(

:

niiRmf

AMf

iirobot

robot

≤Ν∈∀=
→

The P-system considers three major stages:

1 Static structure of the P-system

2 Dynamic behavior of the P-system

3 Synchronization between membranes.

The static structure of the P-systems is updated by the existence of a robot 
ir

         Master Robot

Fig 4.11. P-system is controlled by reactive robots.  

In the figure above, the robot outside (Master Robot) controls the evolution 
of the P-system.
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Every robot controls a region.  The robot is storing the information about 
the  information  processing  for  every  region.  The  P-system  evolves 
following the robots patterns. For every region the robot store information 
and  makes  decisions  based  on  the  information  is  stored.  Moreover  the 
robot outside the P-system controls the execution steps of the P-system.

Robots learn from the times that evolution rules are applied and the results 
obtained. The aim of this P-system supervised by robots is not just to find 
solutions to known problems, but also improving performance on that.
According to Paun’s model all the rules application processes occur in every 
region in a parallel manner. Moreover the process is non-deterministic.  
Every robot iR collects information about the membrane  im  in where he 
is allocated.

• The evolution rules that are applied in  im  and number of times that 
every rule ir is applied to obtain an extinguished multiset 

For  every  region  the  robot  iR stores  records  as:  (
)3,(),..,7,(),..,2,(),1,( 21 mi rrrr

• The robot outside the P-systems:

• Process the information arriving from all the robots.

• It keeps the number of computation steps until the program finishes.

• Stores information of the communication phase between membranes 

• It tells the robots what decisions to make in order to reduce computation 
steps. (Deterministic way)

The more time the P-system works the better results are obtained. At the 
end the robot will tell the robot in each membrane which evolution rules 
should be applied and also how many times those rules must be applied in 
order to obtain fast results. This will reduce the execution time.

Traditional P-systems versus P-systems with robots

Implementing membrane computing with robots shows a few advantages 
compared to the traditional ones.
The election for the evolution rules to be applied would be taken according 
the  robot’s  indications.  At  first,  robots  will  not  be  very accurate  on the 
elections but during the learning process programs will take shorter to finish 
and to find solutions.   Finding solutions  in a faster  way requires certain 
degree of what it is referred as “intelligence”. P-systems with robots can be 
referred as  intelligent  P-systems.  Although this  is  the main advantage  to 
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obtain when using P-systems with robots, there are certain disadvantages 
too:

• The need of  auxiliary  space  to store  information  about  the  rules’ 
election 

• The  need of extra time to calculate the times that the evolution rules 
have to be applied

• In  the  beginning  the  results  might  take  longer  than  when  using 
traditional  P-systems.  This  might  occur  because  as  there  are  not 
enough information from the P-system computation,  the decisions 
made by the robot about the rules could be worse than electing rules 
in a non- deterministic way (as the traditional P-systems do)

•  When  changing  non-determinism  by  intelligent  elections,  Paun’s 
biological model is not useful anymore to implement the living cells 
behavior  which means that P-system of robots cannot be used to 
implement the living cells model.

4.3.  Chapter conclusions

As this chapter focused on aspects of membrane computing, specifically P-
systems, concepts covered included:

• Components

• Interactions between the components.

• The evolution of a P-system.

Part of this chapter has been dedicated to (MAS); in particular, this study 
focuses on some concepts such as objects, agents, relations and resources. A 
link that connects both paradigms has been created.  Due to this, P-systems 
have turned out to be a particular case of a multi-agent system. By using 
links such as the one built in this chapter, it is possible to describe any P-
system in Multi-agent system terms. Thus, P-systems technology can also be 
included in the multi-agent systems technology. 

The intentions were not meant to give an in-depth explanation of the P-
system technology nor the Multi-agent system technology. There are many 
papers that have been published with these intentions [Păun 1998], [Arroyo, 
2001] [Arroyo, 2003], The P-system described here is generic; aspects such 
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as rules election, priorities between rules, etc. have not been fully detailed. 
The  general  and main  concepts  have  been useful  in  showing  our  work. 
Again, MAS has been generally described without focusing on every detail. 
In  order  to  better  understand  the  concepts  of  Multi-agent  system 
technology,  refer  to  [Wooldridge,  2002]”An  Introduction  to  Multi-agent 
Systems”,  Wiley,  2002.  Or  [J.Ferber,  1999]  “Multi-Agent  Systems:  An 
Introduction to Distributed Artificial Intelligence”. 

A “bridge” between these two universes has been built, due to that some 
extra properties have been added to the P-systems. The code provided here 
is  a  proposal,  but  it  is  not  the  main  goal  of  this  thesis.   By  formally 
establishing an association between the P-systems and MAS, a new step is 
taken for opening the P-systems to other technologies. 

Proposals to create a link between P-systems and MAS already exist; the 
proposal of this section has been inspired by [Acampora, 2007].  However, 
the model provided in this chapter,[Arteta1, 2009] is  not focused on the 
implementation, but on providing new aspects to the current P-systems. In 
order  to  do  this  more  details  in  the  design  of  our  mapping  have  been 
provided. 

Regarding to the association between P-systems and multi-agent systems, a 
cell membrane can be treated as an independent and autonomous agent. By 
providing  autonomy  and  independence  to  the  cell  membranes,  the 
perspective changes for the rest of the components within the P-systems. 
For  example,  when  a  membrane  'A' contains  another  membrane  'B',  a 
dependency  from 'B'  to 'A'  exists.  This  occurs  because,  whenever  'B'  is 
dissolved, its objects become objects of the membrane 'A'.  By looking at 
this scenario from a Multi-Agent perspective, these two membranes are two 
agents that establish a relationship. Because of this relationship, the agent 'B' 
provides  objects  to  the  agent  'A'.   This  occurs  whenever  the  agent  'B' 
executes an action called 'dissolve.'

This perspective allows individual treatment of the P-systems components. 
Presently P-system works as an entire compacted block of components that 
are  going  through an  evolutionary  process.  The  P-system functioning  is 
treated  under  a  global  perspective.  The  analysis  changes  when  analyzed 
under the MAS perspective.  The P-system works properly  if  and only  if 
every agent syncn aaaa ,..,,..,, 21  works properly. 

Thus,  the analysis  of  the correct  functioning of  a  given P-system is  not 
based on the global processes, but in the correction of all the agents which 
are part of the MAS. When every agent is assured of functioning correctly, 
the  entire  multi-agent  system  is  working  correctly.  By  studying  the 
characteristics of the P-system under the multi-agent system perspective, it 
is possible to add the P-systems as a particular case of the current MAS. 
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This new perspective can also change the implementation of the P-systems. 
The use of the agent synca  assures the synchronization of the entire multi-
agent  system.   This  characteristic  does  not  currently  exist  in  the 
implementation  of  P-systems.  Because  the  multi-agent  systems  are  used 
broadly, they can be applied to many current systems.  It is feasible to state 
that, by using mappings such as this, it is possible to reduce more systems 
into MAS. The key to this will be updating the rules in the MAS. 

Furthermore,  this  section presents  an update of  what it  is  known about 
membrane  computing  working  together  with  robots.  The  proposal 
described in this section is a new model based on some of the inherent 
properties of P-systems plus the learning capability which is achieved by a 
set of autonomous robots [Arteta3, 2010].  Although non-determinism is 
not a property that  scenario anymore,  this  new scenario of  P-systems & 
robots can obtain optimal results to known problems due to the capacity of 
learning.  This  idea  is  in  an  early  stage,  as  there  are  no  formal 
implementations  of  membrane  computing  yet.  However,  the  idea  is 
promising. A theoretical P-system that is able to learn by using intelligent 
systems such as robots, can make right decisions when applying evolution 
rules in P-systems’ regions.

A further study is necessary to formally define the new model created by the 
combination of P-systems and robots.
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C h a p t e r  5

5. Evolution rules application phase
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The  evolution  rules  application  phase  of  the  transition  P-systems  is 
supposed  to  be  random,  non-deterministic  and  massively  parallel.  This 
application phase and its characteristics are analyzed in this chapter.

Furthermore,  this  chapter  shows  proposals  for  building  algorithms  to 
implement this rules application phase subsequently.  These proposals  are 
reviewed and studied 

5.1 Randomness & Nondeterminism

This  section  reveals  the  power  of  the  tools  when  simulating  the  inner 
randomness existing in nature. The main problem faced is simulating non-
deterministic events by using deterministic tools. 

The  goal  is  to  propose  an  optimal  method  when  simulating  non-
deterministic  processes.  Speaking  about  simulation  of  non-deterministic 
method  makes  no  sense  when  using  deterministic  tools;  however  it  is 
possible  to  get  closer  to  the  idea  of  non-determinism  by  using  more 
powerful random generators. Below, current methods to implement the idea 
of  randomness  are  reviewed,  for  which  RND function  is  used  for.  that 
purpose. Therefore, an important part of inner quality on Nature is missed. 
RND function is low quality in terms of randomness.  When a P-system has 
few evolution rules, this does not create any problem. However the entire 
simulation will degrade when the number of evolution rules increases.

 By  creating  a  new  way  of  generating  randomness,  the  idea  of  'pure 
randomness  gets  closer.  This  idea  is  inherent  to  nature.  Therefore 
simulation would have a higher quality and be more realistic. In order to do 
this a few steps must be taken: 

• Analysis of the Random Function

• Study of the current methods to implement non-determinism

• Proposal of a new method.

5.1.1 Random function
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In common languages as C rand function is defined as a linear congruential 
generator. A linear congruential generator (LCG) represents one of the 
oldest  and  best-known  pseudorandom number  generator  algorithms the 
theory behind them is easy to understand, and they are easily implemented 
and fast.

The generator is defined by the recurrence relation:

mcaXX nn mod)(1 +=+

where Xn is the sequence of pseudorandom values, and: 

m<0  the "modulus" 

ma <<0  the "multiplier" 

mc <<0  the "increment" (the special case of  c = 0 corresponds to Park 
Miller RNG) 

mX << 00  the "seed" or "start value"  

This is an integer constant that specify the generator.

While  LCGs are  capable  of  producing   pseudorandom numbers,  this  is 
extremely sensitive to the choice of the coefficients c, m, and a.[Bravo, 2002] 
The most efficient LCGs have an m equal to a power of 2, most often m = 

232 or m = 264, because this allows the modulus operation to be computed 
by merely truncating all but the rightmost 32 or 64 bits. The following table 
lists  the  parameters  of  LCGs  in  common  use,  including  built-in 
rand()functions in various compilers. 
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Fig 5.1 Relation between random function and LCG parameters for 
each compiler

Source: [www.wikipedia.com]

Historically, poor choices had led to ineffective implementations of LCGs. 
A particularly illustrative example of this is RANDU which was widely used 
in the early 1970s and resulted in many different ways that are currently in 
doubt  because  of  the  use  of  this  poor  LCG.  Moreover,  if  a  linear 
congruential generator is seeded with a character and then iterated once, the 
result is a simple classical cipher called an affine cipher; this cipher is easily 
broken by standard frequency analysis.

Below there is a part of code the generate psedorandom numbers with the 
function rand.

#include <stdio.h>
#include <stdlib.h>
...
    long count, i;
    char *keystr;
    int elementlen, len;
    char c;
...
/* Initial random number generator. */
    srand(1);

    /* Create keys using only lowercase characters */
    len = 0;
    for (i=0; i<count; i++) {
        while (len < elementlen) {
            c = (char) (rand() % 128);
            if (islower(c))
                keystr[len++] = c;
        }

        keystr[len] = '\0';
        printf("%s Element%0*ld\n", keystr, elementlen, i);
        len = 0;
    }

When using a LCG, the numbers are distributed into Hyperplanes. If a set 
of random numbers are part of the same Hyperplane, then the randomness 
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is  poor.  This is  what happens when LCGs are used to generate random 
numbers. See Fig 5.2

It  seems  that  when  using  any  of  the  compilers  mentioned  above,  the 
determinism in our model practically does not exist. Moreover, when a seed 
is fixed, it is possible to totally reproduce the same sequence of numbers 
over  and over  again.  In other  words,  the  same seed generates  the same 
output every time.

 

Poor  randomness  and predictability  are  signs  of  a  deterministic  process. 
This makes the idea of generating a non-deterministic process not reliable. 
In the living cells all processes are considered non-deterministic.

Fig 5.2. Representation of a random distribution provided by a 
Linear congruential generator.

5.1.2 Implementing nondeterminism
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Applying evolution rules in a P-system is meant to be purely random.  The 
way  that  reactions  occur  within  the  living  cells  is  non-deterministic.  A 
common method to implement this behavior is to use the RND function.

 Nowadays,  There are several  methods of  application  of  evolution  rules 
which have been implemented. Algorithms as  Step by step[Arroyo, 2003] or 
Max applicability benchmark,  Minimal applicability benchmark [Fernandez, 2006a].  
All  of  them study this  point  and try  to improve  the performance when 
applying rules. As an example, below there is a part of an algorithm that 
applies the rules based on an applicability benchmark. It uses the random 
function. 

(1) REPEAT

(2) R1<-random(A)

(3) max <-Maximal Applicable(R1,m)

(4) IF max=0 THEN

(5) A<-random(1,max)

       …… 

Part  of  the algorithm that implements  the  evolution  rules  application phase with  the  
strategy: Max applicability benchmark[Fernandez, 2006a]

As  shown,  there  are  two  calls  to  the  random  function.  The  current 
implementation of the random function makes the entire algorithm not very 
accurate on simulating the inherent non-determinism within the living cells. 
The main reason is because the use of LCG which creates poor randomness 
and generates predictable output streams, while in a real scenario this should 
not occur.

5.1.3  New proposal (ICG) 

In order to simulate randomness better, it is necessary to use more accurate 
random  number  generators. The  random  generator  proposed  in  this 
section is able to simulate randomness in a better way. As the LCGs are 
proved not to be good for this simulation, the analysis focuses on the non 

77



CHAPTER 5. EVOLUTION RULES APPLICATION PHASE

linear  ones.  The  non  linear  congruential  generator  proposed  in  this 
section,  is  an  Inversive  congruential  generators  (ICGs).  Inversive 
congruential  generators  are  a  type  of  nonlinear  congruential 
pseudorandom number generator, which use the modular multiplicative 
inverse [2] (if it exists) to generate the next number in a sequence. The 
standard formula for an inversive congruential generator is:

mcaXX nn mod)(1 +=+

where  0=c if  0=c  and  Mcc mod1−=  . To calculate  c   ,  one can 
apply  the  reverse  of  Euclid's  algorithm  to  find  integer  solutions  for

1=+KMcc   

Sometimes the Parallel  Hyperplanes phenomenon inherent in LCGs may 
cause adverse effects to certain simulation applications because the space 
between the hyperplanes will never be hit by any point of the generator, and 
the resulting simulation may be very sensitive to this kind of regularities. 
Inversive  Congruential  Generator  (ICG)  is  designed  to  overcome  this 
difficulty. It is considered as a variant of LCG:

Although  the  extra  inversion  step  eliminates  Parallel  Hyperplanes  (see 
Figure 5.3), it also changes the intrinsic structures and correlation behaviors 
of LCGs. ICGs are promising candidates for parallelization, because unlike 
LCGs, ICGs do not have long-range autocorrelations problems.
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Fig  5.3.  Representation  of  a  random  distribution 
produced by Inversive congruential generator.   

As shown the numbers are not distributed into Hyperplanes. This improves 
the simulation in terms of randomness which gets much closer to the idea 
of  non-determinism. Thus, the implementation of our random function to 
be used by our P-systems is:

Function:

MCnICGRANDOMAnICGRANDOM mod))1(_*()(_ +−=  where 
Mn ≤≤0  and M the number of evolution rules. The parameters updates 

are:

A=237, M= 322 , C=1265

RANDOM (0) is  the seed of the ICG and it  can be set to any arbitrary 
number. As shown in Figure 2 it is proved that this ICG does not generate 
parallel Hyperplanes which get us closer to the idea of pure randomness in 
our model.

5.2 Rules application in optimal time

This section shows several techniques to implement this concept through 
the use of algorithms. In previous chapters algorithms has been shown such 
as  SPP.  Some  others  have  been  mentioned  such  as  the  one  based  on 
applicability benchmarks. [Fernández, 2006]. Other authors have developed 
algorithms  too:  [Ciobanu,  2002],  [Fernández,  2006a],  [Fernández,  2006b] 
[Tejedor, 2007] and [Arteta, 2008]. 

 [Gil, 2008] introduces the fast linear Algorithm which is supposed to achieve 
an excellent performance on sequential devices.

In this section, there are some techniques that use:

• Linear systems resolution

• Auxiliary structures in memory resources
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• Combinatory Laws and statistics

All  of  them  have  the  goal  of  obtaining  optimal  performance  when 
implementing  the  rules  application  phase.  Algorithms  based  on  these 
techniques are also provided 

5.2.1 Linear Systems resolution

 

This section characterizes a domain of solutions as the hyperspace defined 
by a set of Diophantine equations and then to develop an algorithm which 
randomly  chooses  solutions  from  this  hyperspace.  Those  solutions  are 
uniquely  related  to the  number  of  times  that  certain  evolution  rules  are 
applied. The work presented here includes an algorithm based on resolving 
linear  systems  equations  and  explain  into  detail  the  process  that  the 
algorithm must follow. There is a new algorithm based on affine geometry 
for evolution rules in which, a certain degree of parallelism is obtained –at a 
given iteration step of the algorithm, a given evolution rule is applied several 
times over the multiset of objects–.

This section is structured as follows: 

Linear system associated to a region:

This obtained from a given multiset of evolution rules and a multiset of 
objects. The solutions of that system describe a feasible region where 
this work is focused. Additionally an explanation with graphics is shown 
in order to make the concepts more understandable.

Theorem.

Based on this theorem it is possible to state: 
“In order to obtain a valid solution, a necessary condition is: The number of times  
that the last rule should be applied, must be equal to its feasibility benchmark”.
The condition is necessary, but not sufficient. 

Algorithm proposal 

This is built by following the two parts mentioned above.

5.2.1.1 Obtainining the linear system
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This section illustrates how a linear system can be obtained from a multiset 
of evolution rules.

Let iC  be the consequent of the evolution rule ir . Thus,

the representation of the evolution rules are:
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Observation

Let    Nki ∈  be  the  number  of  times  that  the  rule  ir  is  applied. 
Therefore, the number of symbols  ja  which have been consumed after 
applying the evolution rules a specific number of times will be: 
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Definition 

 In a region, let M (U) be a finite and not empty multiset of objects. 

Let Ua j ∈  be an object and Nu j ∈  its multiplicity. Let )(Re jas be the 
number of objects resulting right after applying certain evolution rules.
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)(Re jas refers  the  current  contents  of  a  given  membrane  right  after 
certain evolution rules have been applied. The following linear system of 
equations is obtained:
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0)(Re ≥jas  0 ≤ j ≤ n, therefore, a new system is obtained.
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Definition

Let  mkkk .., 21  be the variables of a linear system obtained from a given 
region. 

We define ∑
=

⋅−=
m

ni
ijijmj ukukkkF )..,( 21

Observation

njkkkF mj ≤∀≥0)..,( 21  .

The  feasible  area  will  be  delimited  by  the  planes
njkkkF mj ≤∀=0)..,( 21 .  Every  Nk i ∈  is  a  variable  of  the  linear 

system. The goal is to determine which random values Nk i ∈  can take in 
order to obtain an extinguished multiset.  The number of variable Nk i ∈  
defines the area in where the solutions reside. The more variables in the 
system, the higher the dimension is and therefore creating a larger feasible 
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area. Thus, the number of evolution rules will determine the dimension of 
the  feasible  area.  Each function jF  is  uniquely related to an object ja . 
That is why the number of objects is also the number of functions. As the 
function  restricts  the  space  in  where  the  solution  exists,  the  number  of 
objects is the same as the number of restrictions. Any restriction will be a 
hyperspace of dimension n-1 where n is the dimension of the feasible area. 
This number is equal to the number of evolution rules. As 0.., 21 ≥mkkk

 , the feasible area will be contained in the first quadrant.

Fig. 5.4. Feasible region obtained from a multiset with two rules and 
three symbols

The existence of two evolution rules implies that the dimension of the solutions space will  
be two. 

The equations,  0),( 211 =kkF 0),( 212 =kkF , 0),( 213 =kkF are m-1-
dimensional  constraints.  A  series  of  linear  constraints  on  two  variables 

21 , kk produces a region of possible values for those variables.  Solvable 
problems will have a feasible region in the shape of a simple polygon.
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Fig. 5.5. Feasible region obtained from a multiset with three rules and 
four equations

The equations 0),,( 3211 =kkkF 0),,,( 3212 =kkkF ,
0),,( 3213 =kkkF  , 0),,( 3214 =kkkF are series of two-dimensional 

linear constraints on three variables {k1, k2, k3} which produces a region of 
possible values for those variables. Solvable problems will have a feasible 
region in the shape of a simple polyhedron. 

The existence of three evolution rules implies that the solutions space will 
be three-dimensional. The interesting solutions are the ones allocated within 
the feasible region that also fulfill the following:

I U
m

j

n

i
ji

m

j
jiji uuku

1 1 1

)( -
= = = 

















≤⋅∑ [Arteta, 2008]

Thus,  the  interesting  solutions  are  the  ones  that  comply  with  the  linear 
system of equations and the condition for being a valid solution. 

The algorithm will search the solutions within the feasible area.

Definition  
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Let  ir  be an evolution rule and A be a feasible region that encloses the 
solutions of a given linear system of m equations. 

Feasibility benchmark of ir  is defined:

Max { }mjAkkkkFkxNx niji ≤∀∈=∈ )..,,..,,(|, 21

Definition 

Let m (U) = { ia  | i = 1, n be a multiset of objects over the alphabet U. 
Let R (U, T) be a multiset of evolution rules and let iju  be the multiplicity 
of the object ia  included in the antecedent of the rule ),( TURr j ∈  . 

Given the set={ }Nkkkk ni ∈..,,..,, 21  where,  ik  means the number of 
times  that  the  evolution  rule  ),( TURri ∈  is  applied  over  the  initial 
multiset of objects}. This set is called a set of valid solutions
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Definition  

Let K = { }Rk j ∈ .  Then,    { }'' | jjj kkZkK =∈=  

5.2.1.2 Theorem of  valid Solutions

Let A be a feasible region delimited by a finite number of functions iF . 
Let m (U) = { }mjNja j ≤∈  be a multiset of objects with cardinality  ‘m’ 
designed  over  an  alphabet  of  objects  U.  Let  R (U,  T)  be  a  multiset  of 
evolution rules, and let iju  be the multiplicity of the object ia  included in 
the antecedent of the rule jr .

Let  K = { }nNkandRkRkkk ii
n

n ≤∉∈∃∈ |),..,,( 21  be  a  set  of  real 

solutions of one of the equations that encloses A  KVS Um
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Proof

Let  us  suppose  that  it  is  not  true;  it  follows  that  there  is 
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, Impossible because 1' >− ii kk

.
Observations

Once ik  has been fixed, the feasible region A’ where, the rest of variables
ijk j ≠  can take values, is m-1 dimensional;  m is the dimension of the 

feasible area A.
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Fig. 5.6.New feasible region A’ obtained in a second round 

Once k1 has been selected, there is a new feasible region A’. 2k  can only 
have  values  within  A’.  dim  (A’)=dim(A)-1.  The  algorithm  must  search 
solutions  by  calculating  the  floor  function  of  the  real  solution  of  the 
equations.  Those solutions will  have to be the floor function of the real 
solution which is contained in the border of the feasible region, as proved in 
the  theorem.  Given  k= m

m Nkkk ∈),..,,( 21 a  solution  of  the  linear 
system,  a  necessary  condition  for  being  a  valid  solution  is  that

 Kkkk m ∈),..,,( 21 . 

K is the set defined in the Theorem of valid solutions

5.2.1.3 Building the algorithm

The algorithm proposed will  find the values m
m Nkkk ∈),..,,( 21 .  Every 

ik  is defined as the number of times that an evolution rule ir  is applied 
to the multiset of objects. A new resulting multiset will appear as a result of 
applying  the  evolution  rules.  This  multiset  will  not  allow  any  more 
applications  of  evolution  rules.  That  will  occur  for  each  evolution  step. 
Once the values  m

m Nkkk ∈),..,,( 21 are calculated, finding the resulting 
multisets  of  objects  is  immediate as  that  is  the result  of  applying  ir  a 
number of times equal to ik

The algorithm has two different stages. In the first stage every rules takes a 
random integer value between 0 and its feasibility benchmark. This occurs 
for  all  rules  but  the  last  one,  which  must  necessarily  take  its  feasibility 
benchmark  value.  After  this,  the  algorithm  checks  whether

m
m Nkkk ∈),..,,( 21 is a valid solution or not. 

If not, then the algorithm will go to the second stage. In the second stage, a 
new system will  be generated based on the values calculated on the first 
stage. Then, new feasibility benchmark values of all rules will be added to 
the previous values calculated in the first stage. The algorithm calls  three 
sub-algorithms to obtain the values m

m Nkkk ∈),..,,( 21 . These values are 
the ones to search. The values of evolution rules are stored in a matrix A as 
follows: The rules ),..,,( 21 nrrr are randomly sorted. Then
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≡iju {Coefficient of the linear system associated to a given multiset of evolution rules  
and to a multiset of objects}.

Following, there are 3 procedures that the algorithm uses:

1) Limit of the feasible area: Given a linear System, the intersection points 
of any iF  with the axis of symmetry iK are calculated. One of the limit 
points  of  the  feasible  region  is  delimited  by  the  minimum of  all  these 
calculated points.

2)  Replacement:  Given the  linear  system and number  j,  it  calculates  the 
maximum possible values that jk can take. That value is the minimum of 
all values calculated after replacing the random value jk  in all

iF . This value is the feasibility benchmark of the rule jr  .

3) Computation: Given the linear system and the feasibility benchmark of a 
rule  jr  ,  the  procedure  calculates  a  random value  between 0  and  the 
feasibility benchmark of the rule jr  . Once this is done, it replaces those 
values in the linear system and re-calculates the new feasible region. The 
value of  the last  election of  jk  is  the feasibility  benchmark of  jr  as 
proved  in  the  theorem. Although this  is  a  necessary  condition,  it  is  not 
sufficient. The solution the algorithm finds in the first phase, might not be a 
valid  solution.  The second stage always provides  valid  solutions  because, 
after  applying  all  the  rules  a  number  of  times  equal  to  their  feasibility 
benchmarks, it is not possible to apply any more rules.

5.2.2 Structures in memory resources

This  section  presents  a  software  technique  for  calculating  extinguished 
multisets  on  every  evolutionary  step.  The  technique  improves  the  best 
performance  achieved  by  the  P-systems  when  applying  evolution  rules. 
With  the  technique explained  here  it  can be  possible  to obtain constant 
complexity  as  long  as  certain  requirements  are  fulfilled.   Presently, 
traditional  algorithms  can  achieve  a  linear  complexity  order.  These 
algorithms  could  stop  being  useful  when  the  number  of  objects  “n”  in 
which  they  depends  on,  increases.  By  using  this  technique,  that  specific 
problem can be overcome. The complexity order might be constant under 
certain conditions, regardless the value “n”. In order to do this, the proper 
use of random access memory is essential. This section provides the details 
for building structures. These structures are allocated in the random access 
memory and the virtual memory. 
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It is possible to use linear structures and allocating them in the physical and 
virtual  memory of the computer.  By doing so, response timing might be 
reduced  considerably.  In  scenarios  where  traditional  algorithms  do  not 
obtain  good  performance,  the  technique  explained  in  this  paper  can 
guarantee  an  excellent  performance  as  long  as  a  few  requirements  are 
fulfilled. Respecting the inherent non-determinism within the P-systems, the 
technique respects it as it is a nondeterministic technique itself.

 This section is structured as follows:

• New Definitions that include:

• Concept of patterns:  These are created from a given  set of evolution  
rules.  Those  patterns  will  indicate  the  intervals  where  the  objects  
multiplicities  of  the  extinguished  multisets  can  exist. Additionally  some 
operations over patterns will be defined.

• Two sets of  functions: The composition of the functions of each set 
relates application of evolution rules to set of patterns.

• Creation  of  a  main  n-dimensional  structure  in  RAM and  a  virtual 
auxiliary  n-dimensional  structure. That  main structure  is  an application 
that establishes a link between the initial multisets, and the number of 
times that each evolution rule should be applied in order to obtain an 
extinguished multiset.  

• Once the structures are created, they will be proven to be consistent. The 
Consistency Theorem will be enunciated and proved.

Analysis of the technique described in this work covering:

• Details  of  the  impact  by  including  this  technique  in  the  current 
working methods when trying to find extinguished multisets. 

• The technique preserves the non-determinism and the massive parallelism. 
These are characteristic of Paun’s biological model.

•  Comparative  with traditional  algorithms is  provided.  Advantages 
and  disadvantages  of  using  this  technique will  be  explained.  A 
proposal describing the best scenario to be implemented in will be 
provided too. 
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• As a last  part  of  the analysis,  a  series  of  calculations  to find the 
amount  of  memory  necessary  is  made.  This  allows  creating  the 
structures for the technique. Complexity order can be constant. 

• Traditional algorithms are not valid options to solve some problems.

• A simple example will be illustrated in order to make the  technique 
more understandable.

 

5.2.2.1 New definitions

Here are some helpful definitions to understand this work.

Definition: Pattern

( )ΝΡ⊆→⊗ AANN

  },|{],[ NjijkiNkji ∈≤≤∈=

Definition: Additive translation of a pattern 

 ( )ΝΡ⊆→⊗+ AAANpattern )(

n+[i,j]=[n+i,n+j]

Definition:  Subtractive translation of a pattern 

( )ΝΡ⊆→⊗− AAANpattern )(

n-[i,j]=[n-i,n-j]  

Definition:  Set of patterns

( )ΝΡ⊆S  is a Set of patterns  is defined as the set:
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[ ]{ }Ν∈≤≤Ν∈∃ jimjnimn ,,b,a,,b,a jiji   

Definition:  Order in a set of patterns. 

Let [ ]],[],..,,],..[,[S 14321 nn aaaaaa −=  

( ) ( )
( ) Ν∈ΝΡ∈→

ΝΡ→ΝΡ⊗Ν

+ iSaaSi

f

ii

number

,],[),(

:

1

 ( ) ],[S, 1+=⇒ iinumber aaif

Note: 

From now on, S[i] will be denoted as  ( )S,ifnumber

Definition:  Inclusion in a set of patterns

Let S  be  a  set  of  n  patterns; and  let  [ ] n
nx,xxx Ν∈= ,...,21  . 

niiiSxSx i ≤Ν∈∀∈⇔∈ ][

 

Definition:  Set of set of patterns 

A  Set of set of patterns 
{ }ninpatternsofsetaisSiSSS ii ≤Ν∈∃Ν∈= | .   

Observation 

Given a region R and alphabet of objects U, and R (U, T) set of evolution 
rules over U and targets in T. 
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There is a Set of set of patterns T)R(U,SS  associated to it. This set of set of 
patterns contains all the possible extinguished multisets and it is obtained by 
expanding the formula included in the definition of extinguished multiset:
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Observation

mn=|SS| T)R(U,      where n=|U| and m=|R(U,T)|
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Definition:  Translation of a Set of set of patterns

 

[ ] [ ]

[ ] [ ]

[ ] [ ]

[ ] [ ]


















−−−−

−−−−

=



















−

Ν→Ν⊗Ν

,],] , . . [,[, . . ,,],] , . . [,[

. . .

,],] , . . [,[, . . ,,],] , . . . [,[

,],0] , . . [,0[, . . ,,],0] , . . [,0[

. . .

,],0] , . . [,0[, . . ,,],0] , . . . [,0[

), . . ,,(

111111

11 11111 11

11

1 111 1

21

nm nnmnm nnm

nm nnnnn

m nmm nm

m nn

n

nnn

xuxxuxxuxxux

xuxxuxxuxxux

uuuu

uuuu

xxx

mm

93



CHAPTER 5. EVOLUTION RULES APPLICATION PHASE

It is  necessary to define the functions that allow creating two structures. 
One of the structures is created in the R.A.M and the second one is placed 
on virtual memory. One of the functions is referred to as “physical” evolution  
rules linear isomorphism  while the other one is defined as  virtual evolution rules  
linear function.  Each of these functions contains themselves other functions, 
which are explained below.

 

Physical evolution rules linear Isomorphism  

Based on the previous definitions, it is possible to define an isomorphism 
which  will  be  essential  for  building  the  linear  structure  later.  This 
isomorphism is defined as the composition of two different isomorphisms:

21 ΦΦ and . These isomorphisms are the key for generating the physical 
structure and for allocating it in the physical memory.

Definition:  Linear Multisets isomorphism 1Φ

Building the isomorphism 1Φ , as a part of the physical evolution rule isomorphism 
is  necessary.   It  is  necessary  then,  building  a  function  which  has  an m-
dimensional  set of natural numbers as input and an n-dimensional set of 
natural numbers as output, where m is the number of evolution rules and n is 
the number of symbols included in a given multiset of objects.

Definition: Linear Multisets function 1ϕ  

Let  U= },..1|{ niai = be a  set of  objects.  Let  T  be a  set  of  targets. Let 

naaa ..21=ω  be a multiset of objects and let ix  be the multiplicity of ia . Let R 
(U, T) be a multiset of evolution rules with objects in U and targets in T. Let m be the 
number of evolution rules within R (U, T).   Let ik  be the number of times 
that the rule ),( TURri ∈  is applied. Then 1ϕ  is defined as:

),..,,(),..,,(

:

2121
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nm

xxxkkk
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→
→ϕ
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Once  the  function  1ϕ  is  created,  the  isomorphism  1Φ   is  defined  as 
follows:

Definition:  Linear Multisets isomorphism 1Φ

Let 1ϕ   be the multiset linear function related to a given evolution rules set 
nn Ν→ΝΦ :1









=≠∃
=≠¬ ∃

=Φ
)()(|) }() ,({

)()(|)(
)(

1111

111
1 xyxyyxr a n d o m

xyxyx
x

ϕϕϕϕ
ϕϕϕ
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Observation

The isomorphism 1Φ  gets random  },..,,{ 21 mkkk  as input parameters 
and it restricts that there is only one image for each input parameter. When 
two different existing input values for the  Multisets linear function 1ϕ  have 
the same output, the Multisets linear isomorphism 1Φ    randomly selects one 
of such outputs. This ensures that   1Φ  is an isomorphism and therefore 

1
1
−Φ  is defined properly.

Definition: Linear Patterns isomorphism 2Φ

Building the isomorphism  2Φ  included on the  evolution rule isomorphism is 
needed. To do this, it is also necessary to define another function which has 
a n-dimensional set of natural numbers as input and a mn -dimensional set  
of patterns of natural numbers as output, when m is the number of evolution 
rules  and  n is  the  number  of  symbols  included  on  the  initial  multiset.  
Moreover, the set of set of patterns obtained from the set of evolution rules R 
(U, T)  R(U,T)SS  will be used in the construction process of 2Φ

Definition:  linear Pattern function 2ϕ

Let  1Φ  be the multiset linear isomorphism constructed from a given Multiset of  

objects and a set of evolution rules. Moreover, let T)R(U,SS  be the resulting set of  
set of patterns obtained from the set of evolution rules R (U, T).  Then:

( )
[ ])(),..,,(),..,,(

:

),(2121

2

ijTURnn

mn

ASSxxxxxx −→
ΝΡ→Νϕ

Definition:  linear Patterns isomorphism 2Φ

Let  2ϕ   be  a  linear  pattern function resulting  from the linear  multisets 
isomorphism  1Φ  and a set of set of patterns ),( TURSS , 2Φ  is defined as 
follows:

mm nn Ν→Ν
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Note:  This  way,  2Φ  is  an  isomorphism  and  therefore  1
2
−Φ  is  well 

defined.

 Definition 

Physical evolution rules linear Isomorphism is defined as follows: 

),(2121,21
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Based on the previous definitions, it is possible to define a function which 
will  be the key for building a linear structure and then to allocating it  in 
virtual  memory.  This  function  will  be  the  composition  of  two different 
functions. 

Definition: Virtual linear Multisets function

The function is defined as follows:
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Given an input  n
nxxxx Ν∈= ),..,,( 21  ,  it  returns  the  set  of  numbers 

xkNkkkk m
m =∈= )(/),..,,( 121 ϕ

Definition: Virtual linear Pattern function
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)(:

Given  a  set  of  set  of  patterns as  the  input  it  returns  a  set  of  numbers
n

nxxxx Ν∈= ),..,,( 21 .  The  elements  of  this  resulting  set  are  all  the 
combinations of all the possible 

n
n

j xxxx Ν∈= ),..,,( 21  where  )()( jSPipatternx j
i ∈∈  of  a  set  of 

patterns contained in the matrix of set of patterns.

Now it is possible to build the physical and virtual linear structures from the 
multisets isomorphism.
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5.2.2.2 Physical structure

Given that V= { },..1|{ niX i = be as a multiset of symbols and given R(U,T), a 
multiset of evolution rules. With the set { Nki ∈ the number of times that the  
evolution rule  ir  is applied over the initial multiset}.  it is possible to build the 
evolution rules isomorphism.  Once the isomorphism has been constructed, 
the new structure must be built in the following manner:

( )[ ] =Φ mkkkL ,..,, 21

( ) ( )[ ]
( ){ } ( )[ ]




≠Φ
=Φ

φ
φ

mm

mm

kkkLa c t i o nn okkkr a n d o m

kkkLkkk

, . . . ,,,, . . . ,,

, . . . ,,, . . . ,,

2121

2121

 

When L (i, j) already has a value, then, a random election must be done. 
This election can be either overwriting the old value with the new one, or to 
leave  the  old  value  (No action).This  linear  structure has to comply  with 
having  all  possible  numbers,  up  to  a  combination  of  benchmarks, 
reasonably high. Each symbol },..1|{ niX i =   will have a benchmark. The 
combination of all the benchmarks will define the number of entries that 
the  linear  structure has.  Each entry  stores the  values  },..{ 1 mkk .  These 
values indicate the number of times that an evolution rule should be applied 
to an initial multiset in order to obtain an extinguished multiset.  

5.2.2.3 Consistency theorem

The linear  structure  ΦL  must  guarantee  that  it  contains  all  the  entries 
corresponding to the combination number of all benchmarks associated to 
the  symbols },..1|{ niX i = ,  i.e.  it  can not  have non functioning entries. 
That could damage response timing and it would increase the computational 
complexity in terms of time. It's necessary to prove that this structure has 
not null values.
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Let ΦL  be a linear structure built from the evolution rules isomorphism 
and a certain V multiset of objects and R (U, T) multiset of evolution rules.
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A resulting set of n-sums is obtained. Let iA  be = {min ijA  of the sums 

(i)} .Moreover, let )( ijAP be the Matrix of set of patterns resulting from R 

(U, T). ],0[][/, ),(),( iTURTUR AiSpatternsofsetSniNi =∃≤∈∀ . 
Proof is trivial

Thus, NxxAkAmjNjAAA ijiijiij ∈∀=+⋅≤∈∃⇒=≠∀ ],0[/0 . 

Remark:
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This  proves  that  when following  this  method,  any natural  number from 
m

m Nkk ∈},..,{ 1  can be generated. Thus, the structure does not have null 
values  from  any  entry.  As  the  process  is  an  isomorphism,  any  natural 
number between 0 and a given benchmark will  be uniquely related to a 

combination of 
m

m Nkk ∈},..,{ 1  where m is the number of evolution rules 
included in R (U, T). Moreover the calculation of extinguished multisets will be 

immediate.  When 
m

m Nkk ∈},..,{ 1  are found, applying the evolution rule 
ir  a number of ik  times to the initial multiset, will   calculate them.

5.2.2.4 Virtual structure

Given  V= { },..1|{ niX i = be  a  multiset  of  symbols  and  given  R  (U,  T), a 
multiset of evolution rules. Given the set { Nki ∈ the number of times that the  
evolution rule  ir  is applied over the initial multiset} the following evolution rules 
function is defined:

. )(()( ),(21 ijTURvirtvirtvirt APΦΦ=Φ   

 Once  the  virtual  function  has  been  constructed,  the  new virtual  linear 
structure must be built this way:
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2),(21

),(2

MLappendAP

APL

virtvirtijTURvirtvirt

ijTURvirtvirt

ΦΦΦ

=Φ

o
= 

When virtLΦ  already has a value, then the new values are included and are 
appended to the existing ones. This means that in each entry of the virtual 
linear structure, there will be different values 

)],..,,[(

...)],..,,[(),..,,(
''

2
'
1

''
2

'
121

p
m

pp

mm

kkkappend

appendkkkappendkkk

 A concatenation of  ),..,,( 21 mkkk  values is included in each cell of the 
virtual linear structure. This linear structure has to comply with having all 
possible  numbers  up  to  a  combination  of  benchmarks  reasonably  high. 
Each symbol },..1|{ niX i =   has a benchmark. The combination of all the 
benchmarks  defines  the  number  of  entries  that  the  linear  structure  has. 
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Each entry stores then a concatenation of values }.,..{ 1 mkk . These values 
indicate the number of times that an evolution rule should be applied to an 
initial multiset in order to obtain an extinguished multiset.   After proving 
the  consistency  of  the  physical  structure  proving  the  consistency  of  the 
virtual one is trivial.

5.2.2.5 Example

This example describes the steps to create both  structures. In the first part 
isomorphism  is defined, it will  then creates the structure and place it in the 
RAM. 

 In the second part, another function is built and then allocated within the 
virtual  memory. The  example  considers  a  situation  where  the  number  of 
symbols  is  less  than  the  number  of  evolution  rules,  which  is  the  most 
interesting case for this analysis.

3
1

2
1

13

2
2

2
3

12

1
3

2
4

11

2121

:

:

:

},{),(}.,{

CXXr

CXXr

CXXr

rrTURXXV

→

→

→

==

From this, the set of patterns obtained is as follows:

[ ] [ ]{ }]0[),..0[,)..0[],0[),( ∞∞=TURS





















≡

3

2

1

3211 123

134
),,(

k

k
k

kkkϕ

Let's set ),( 21 XX benchmarks as (10, 12)
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Let ),,( 321 kkk  be selected randomly. For example:

),,( 321 kkk = (0, 0, 1)

).....12,16()2,2,2();8,11()0,1,2(

);11,15()1,2,2();.9,12()2,2,1();8,11()1,2,1(

);7,10()0,2,1();10,14()0,2,2();11,15()1,2,2(

);9,12()2,1,2();9,12()1,1,2();5,7()1,2,0();4,5()2,1,0(

)8,10()2,0,2();7,9()1,0,2();4,6()0,2,0();2,2()2,0,0(

);6,8()0,0,2();6,8()1,1,1();4,5()1,0,1();5,7()0,1,1(

);3,4()1,1,0();3,4()0,0,1();2,3()0,1,0();1,1()1,0,0(

),(),,(

11

111

111

1111

1111

1111

1111

213211

=Φ=Φ
=Φ=Φ=Φ

=Φ=Φ=Φ
=Φ=Φ=Φ=Φ
=Φ=Φ=Φ=Φ

=Φ=Φ=Φ=Φ
=Φ=Φ=Φ=Φ

=Φ XXkkk

  Once  1Φ  is completed, the next step is building the function 2Φ

 

[ ] [ ]{ }
[ ] [ ]{ }
[ ] [ ]{ }
[ ] [ ]{ }
[ ] [ ]{ }
[ ] [ ]{ }...]4..0[,6,4],6..0[)4,6(

]4..0[,5,4],5..0[)4,5(

]3..0[,4,3],4..0[)3,4(

;]2..0[,3,2],3..0[)2,3(

;]2..0[,2,2],2..0[)2,2(

;]1..0[,1,1],1..0[)1,1(

),(),(),(

2

2

2

2

2

2

2121212

=Φ
=Φ
=Φ
=Φ
=Φ

=Φ
−=Φ XXPXXXX

=Φ2  

Now there is enough information to build the physical linear structure ΦL  
in this example. A way to build the structure could be:

 = ....101)4,5(,100)3,4(

,010)3,3(,010)2,3(,002)2,2(,010)1,2(

,002)0,2(,001)1,1(,001)0,1(,001)1,0(

)(

==
====

====
=

ΦΦ

ΦΦΦΦ

ΦΦΦΦ

Φ

LL

LLLL

LLLL

xL

 Once this structure is created, it will be allocated in the RAM. 
At  this  moment  it  is  possible  to  build  the  virtual  linear  structure.  The 
process is similar to the one above. The main difference will be that in each 
cell a concatenation of values will be stored instead of just one value. 

The structure is built as follows:
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....0,2,02,1,01,0,1)4,5(1,1,00,0,1)3,4(

0,1,0)3,3(0,1,0)2,3(2,0,00,1,0)2,2(0,1,0)1,2(

2,0,0)0,2(1,0,0)1,1(1,0,0)0,1(1,0,0)1,0(

)(

==
====

====
=

ΦΦ

ΦΦΦΦ

ΦΦΦΦ

Φ

virtvirt

virtvirtvirtvirt

virtvirtvirtvirt

virt

LL

LLLL

LLLL

xL

5.2.2.6 Analysis of  the technique

Building the structures guarantees, that any input value 
n

n NXX ∈},..,{ 1  

has a direct relation with 
m

m Nkk ∈},..,{ 1 . This implies that the structure 
can  be  built  after  certain  evolution  rules  are  given.  In  this  way,  any 
algorithm that intends to calculate an extinguished multiset from an initial 

multiset  of  objects  can  generate  the  linear  structure  ΦL  during  the 
compilation time.

 During the compiling stage of an algorithm, two new structures are created. 
When the multiplicities of the initial multisets are provided as input values 

n
n NXX ∈},..,{ 1  of a given algorithm, this algorithm will search the entry 

],..,[ 1 nXX  of  the  physical  structure.  Thus  the  algorithm  returns
],..,[ 1 nXXLΦ . After the value is returned, a new value is generated by 

searching the entry ],..,[ 1 nvirt XXLΦ  and then selecting randomly one of 

the possible combinations of 
m

m Nkk ∈},..,{ 1  stored in that entry. Once it 

is selected, this value would overwrite the value ],..,[ 1 nXXLΦ . The way 
that  the  structure  has  been  created,  assures  that  for  each  input  values, 
different outputs might be generated. Thus, the use of the linear structure 
preserves the non-determinism, which a characteristic of the Paun biological 
model. 

In  both  structures,  the  number  of  cells  that  ΦL  requires  is: 

∏
=

n

i
iXbenchmark

1

)(
 where  n is  the  number  of  symbols  of  the current 

multiset.  The  combination  of  the  number  of  symbols  and  the  selected 
benchmarks of  each symbol  will  determine the  number of  cells  that  the 
linear structure must have. Thus, the combination of these two factors has a 

major influence in the amount of memory used by ΦL .
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Within  the  last  years,  algorithms  have  been  developed  to  calculate 
extinguished  multisets.  They  have  achieved  a  computational  complexity 

equal to )(mΘ  where m is the number of evolution rules involved. 

When the number of evolution rules is high, the execution time can take too 
long.  On the  contrary,  the  best  scenario  for  this  technique is  when the 
combination  between  number  of  symbols  and  their  benchmarks  is  low, 
regardless  the  number  of  evolution  rules  and the  maximum applicability 
benchmark [Tejedor, 2007] of any evolution rule. 

For instance, let us consider a hypothetical scenario where the multiset of 

symbols= { }21, XXS =  , and the number of evolution rules is
1210 . Let us 

also consider that the maximum value that an evolution rule can be applied 

is 
2410 . 

Under these conditions, an algorithm as the fast linear algorithm [Gil, 2008] is 
inefficient as its complexity is O (m) where m is the number of evolution 
rules.  On  the  contrary,  an  algorithm  that  uses  this  technique  can  find 
extinguished multisets with a constant complexity order. When using this 
technique, it is necessary to reserve 124 bits for each structure's cell as per: 

1244362412 22101010
36

=≤=⋅ .

 This means 15 bytes per cell .Let us set a benchmark of 30000 for each 

symbol iX of the multiset. Considering that there are two symbols within 

our current Multiset: { }21, XXS =  , then:  
81093000030000 ⋅=⋅  number 

of cells  of  ΦL  .  Thus, the amount of memory needed to create  ΦL  is 
Gbbytescellbytescells 5.1310135)/(15109 88 =⋅=⋅⋅

 Thus, when having 13.5 Gb any algorithm using this technique can find 
extinguished multisets  with complexity order O(1) as long as Input values 

for  tiesmultipliciXandX 21  are <30000. This will occur regardless the 
number of evolution rules.

The amount of memory needed to create the  virtual  structure increases as 
every  cell  can  store  more  than  one  set  of  numbers,  i.e. 

,...}..,,..,,{ ''
1

''
2

'
121 kkkkkkk mm   ,  Let  us  assume that  the  maximum 

number of combinations   mkkk ..,, 21  stored in each entry is 
4810 . This 

means 
344486241250 2210101010

86

=≤=⋅⋅ . This means 43  bytes per cell.

virtLΦ = Gbbytescellbytescells 7.3810387)/(43109 88 =⋅=⋅⋅
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Once this is done, both structures are built. The physical structure relates 
the  number  of  times  that  each  evolution  rule  should  be  applied  to  the 
multiplicity input values of the initial multiset. This occurs as long as these 
values are always either less than or equal to their benchmark.

An algorithm, as the one based on the maximum applicability benchmark, 
could  create  the  structures  during  compilation  stage.  If  the  number  of 
evolution  rules  is  high,  it  would  be  worth  considering  creating  the 
structures. This finds the corresponding values to the number of times that 
each rule should be applied in order to obtain an extinguished multiset. This 
happens as long as the input values of the object’s multiplicities are lower 
than the previously fixed benchmarks.

5.2.2.7 Algorithm

( )

( ) ( )),(),()5(

)4(

),()3(

)2(

)),((,)1(

YXLrandomYXL

END

YXLoutput

BEGIN

TURtyMultipliciYX

virtΦΦ

Φ

←

←

The algorithm search in the physical structure the position(X, Y) which are 
the input values corresponding to the multiplicities of the initial multiset. 
When the value is returned, a new value coming from the virtual structure 
overwrite the value stored in the position (X,Y)

5.2.3 Combinatory laws and statistics

In previous sections,  it  has been established that  it  is  very important to 
determine  in  advance  how  long  evolution  rules  application  takes  in 
membranes.  Moreover,  in  order  to  have  time  estimations  for  rules 
application  in  membranes,  it  is  mandatory  to  make  important  decisions 
related  to hardware  /software  architectural  design.  This  section  shows  a 
software technique that updates the inherent functionality of the P-systems 
without altering its Nature (parallelism and non-determinism). This update 
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improves the entire P-systems functionality in terms of time when solving 
complex problems. 

The modification occurs in the rules application phase. In that phase, rules 
are applied inside of membranes in a parallel  and non-deterministic  way. 
This  change,  in  the  way the  rules  are  applied,  achieves  a  more  efficient 
performance. The resulting conclusion is that it is possible to ignore certain 
evolution rules without altering the results of the current algorithms. After 
removing  certain  rules,  the  entire  computation  of  a  given  transition  P-
system achieves enhanced performance, in terms of time. Furthermore, this 
modification does not alter the Nature of the transition P-systems. 

The  results  obtained  by  these  can  be  improved through  the  use  of  the 
technique  presented  in  this  section.  [Tejedor,  2007]  demonstrates  an 
algorithm based on the elimination of active rules: This algorithm was the 
first one that had a computational complexity that depended on the number 
of existing evolution rules; it did not depend on the multiset cardinality. 

Regarding the implementation of active evolution rules application, the fast  
linear algorithm [Gil, 2008] has been proven to obtain the best performance in 
general.

 This section is structured as follows: 

• Review  of  the  current  algorithms  that  implement  the  evolution  rules 
application within a region.

• New concept of redundant evolution rules. 

• This method respects the Paun’s biological model. A lemma is enunciated 
and proved.

• An example is given. The first part of the example shows how the fast linear 
algorithm acts over the evolution rules. The second part reveals the results 
obtained by modifying the algorithm with our method.

• Integration of the redundant evolution rules in the current algorithms

• The advantage of this method in terms of performance is shown. A study 
that will compare the efficiency of the fastest known algorithm with the use 
of the redundant rules method.
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5.2.3.1 Fast linear algorithm

Javier Gil developed the fast linear algorithm (FLA) in 2008. This author 
states that the algorithm is based on elimination of rules one by one: When 
a rule has been applied to its maximal applicability benchmark, this rule is 
not active anymore and therefore it is eliminated. FLA finishes when all 
rules have been eliminated. The algorithm is made up of two phases:

1. ‘All rules belonging to the set of active rules -except one- are applied a random number  
of times between 0 and its maximal applicability benchmark’. [Gil, 2008]The unique 
rule that has not been applied a random number of times, it is applied the 
last one and the same number of times as its applicability benchmark. 

2.  In  the  second  phase,  all  of  the  rules  are  applied  to  its  maximal 
applicability benchmark. 

Consequently, there are no applicable rules left, and the algorithm finishes, 
generating the following result:

• A multiset of applied rules 

• An extinguished multiset of objects.

This  algorithm is  sequential  and  it  obtains  the  smallest  execution  times 
compared  to  other  algorithms.  Therefore  it  is  more  appropriate  for  the 
implementation of Transition P-systems in sequential devices.

5.2.3.2 Redundant rules method

The idea of redundant evolution rules is new. It is the most important concept 
of this paper. By using the words “redundant rules” does not mean that 
those rules are useless. It means that those rules can be ignored during the 
second phase of rules application.

 In the methods described above, there is a phase in which a rule is selected 
randomly between all  the active rules.   That rule is  applied a number of 
times between 0 and its maximal applicability benchmark except the last rule 
which is applied to its maximal applicability. This assures non-deterministic 
aspects of the process. When an extinguished multiset is obtained, then the 
process is finished. Otherwise FLA applies all the rules a number of times 
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equal to their maximal applicability benchmark.  This assures to obtain an 
extinguished multiset at the end of the evolution rules application phase. 
FLA achieves a computational complexity equal to )(RO . The number of 
iterations  is  1R2 −⋅   and this  seems to be the optimal approach. 
However, the method can be improved by detecting the set of redundant 
evolution rules. 

Notation

Given that R (U, T) is  a multiset of evolution rules within a region,  the 
notation used to refer to the set of redundant evolution rules is ),( TURUS . 
In order to define a set of redundant evolution rules, it is necessary first 
define an operation over multisets of objects.

Definition:  Order in rules

In a given region, Let U= }1|{ niai ≤≤  be an alphabet of objects. Let m be 
a  multiset  of  objects  over U  }1|),{( niNuUauam iiii <≤∈∈= and m’ 
another multiset of object over U, m’= }1|),{( '' niNuUaua iiii <≤∈∈ .

'mm u≥  if and only if Niniiuu ii ∈≤≤∀≥ 1'  

Definition:  Set of Redundant evolution rules.

In a given region, let U be an alphabet of objects and T a set of targets. Let 
R (U, T) be a multiset of evolution rules with objects in U and targets in T.

 ),,({),( δcmrU S iTUR == | ),(,')',','( TURrrmmcmr jiuj ∈≥=∃ δ }

In other words, a rule r is redundant if another rule r exists’ whose objects’ 
multiplicities  within  its  antecedent  are  less  than  or  equal  to  the  objects 
multiplicities within the antecedent of r  

Example:
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U= },{ 21 aa

R (U, T) = { 321 ,, rrr }

 

3
3
2

3
13

2
6
2

2
12

1
3
2

5
11

Caar

Caar

Caar

→=
→=

→=

Thus, 1m = )}3,(),5,{( 21 aa and 3m = )}3,(),3,{( 21 aa

In this scenario, 1r  is redundant because 5>3 and 33 ≥

According to the definition of redundant rules, there will always be at least 
one rule which is not redundant in a multiset of evolution rules. 

.10),( ),( −≤≤⇒= nUSTURn TUR

When  the  number  of  rules  is  high,  obviously  the  chances  of  finding 
redundant rules are high too. On the contrary when the number of symbols 
increases, finding redundant rules is more difficult.

5.2.3.3 Probabilistic analysis

Let  us  select  two  natural  numbers  x,y  randomly.  Considering  that  the 
multiplicity  values can be generated uniformly and randomly, there is  no 
information of what numbers appear.

Therefore, it is obvious:

)()( yxPyxP <=>

  Assuming that most computers work with a range of natural  numbers 
from [0, 322  ] it is possible to state for certain that:

NyxyxP ∈≈== ,0
2

1
)(

32
.

)()()()()( yxPyxPyxPyxPyxP >≈≥⇒=+>=≥ .

Moreover, for every pair of random numbers x, y:
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)()( yxPyxP <=>  and also: 1)()( =<+≥ yxPyxP .

Thus, 2/1)()( =>≈≥ yxPyxP  a

2/1)( =< yxP

Given a multiset of evolution rules R (U, T), P (having redundant rules in R (U,  
T)) =1-P (not having any redundant rules in R (U, T)) which is the same as:

  )(1)( ),(),( φφ =−=≠ TURTUR USPUSP .

In this scenario, the favorable cases for not having 
redundant rules are all of the possible cases except these two:

• nivu ii ≤∀≤

• nivu ii ≤∀≥

Lemma 1

Let 21 , rr be two evolution rules:

2212

1211

.......:

.......:
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Caaar

Caaar
n
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v
n
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u
n

uu

→

→

The probability of not having any redundant rules is:

)(}),{( },{21 21
φ==¬∃ rrUSPrrruleredundantP  =

n

n

2

22 − :

Proof: 

Clearly, a redundant rule exists if and only if :
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vuvuvu
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vuvuvu

≥≥≥
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This is the same as:

)()(

)()(

21

21

rinputrinput

or

rinputrinput

⊂

⊂

Thus,

}),{( 21 rrruleredundantP ∃ =
( ) ( ))()()()( 1221 rinputrinputPrinputrinputP ⊂+⊂ = 

),.......,( 2211 nn vuvuvuP ≤≤≤ + ),.......,( 2211 nn vuvuvuP ≥≥≥

 ),.......,( 2211 nn vuvuvuP ≤≤≤ =
n






=×××

2

1

2

1
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1
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1

),.......,( 2211 nn vuvuvuP ≥≥≥ =
n






=×××
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1
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1
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 .  

Furthermore,

)(}),{( },{21 21
φ==¬∃ rrUSPrrruleredundantP =  1-

)( ruleredundantP ∃  ,  therefore:  )( ruleredundantP ¬∃

n

n

n 2

22

2

2
1

−=−  and lemma is proved.

Lemma 2

Let ,,..,, 21 mrrr be m evolution rules:

m
z
n

zz
m

v
n
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u
n
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Caaar

Caaar

Caaar

n

n

n
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→

→
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.......:

.......:
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21
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21

2212

1211
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}),..,,{( 21 mrrrruleredundantP ¬∃ = 











 − 2

2

22
m

n

n

Proof: 

Following the Induction method for m (number of rules):

m=2  → 1lemma  It is proved.

Now it is necessary to prove:
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}),..,,{( 21 mrrrruleredundantP ¬∃ = ⇒




 −




2

2

22
m

n
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}),..,,{( 121 +¬∃ mrrrruleredundantP =




 +






 − 2
1
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22
m

n

n

 

Given m+1 rules:
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=¬∃××¬∃×
×¬∃×¬∃

++

+

}),{(...}),{(

..}),{(}),..,,{(

112

1121

mmm

mm

rrruleredundantPrrruleredundantP

rrruleredundantPrrrruleredundantP

m
m

m

n

nmm

n

n

n

nm

n

n
m

n

n +
−

+












 −=




 −=




 −××




 −×




 − ) !2(!2

!
22

2

22

2

22

2

22
.. ..

2

22

2

22

!¡
2

22

2

22

2

22

2

22

2

22

2

22

2

22

2

1

)!1(2

)!1(

)!1(2

)!1()1(

2

)1(

22

2

2

)1( 22






 +
−
+

−
−++

+−+
+

−






 −=




 −=




 −=




 −

=




 −=




 −⇒




 −=

m

n

nm

m

n

nm

mmm

n

n
mm

n

n

mm

n

n
mmm

n

nm
mm

n

n

In a region of our P-system, given a set of evolution rules and an alphabet 
of  objects,  it  is  always  possible  to  calculate  the  probability  of  having 
redundant  rules.  If  the  probability  is  high,  it  is  worthwhile  to  use  this 
method; it is highly probable that the computational complexity and number 
of operations are reduced in comparison to the fast linear algorithm. 

Example: 

U= {a}, R (U, T) = { 321 ,, rrr }
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3
3

3

2
2

2

1
5

1

Car

Car

Car

→=

→=

→=

31 randr are redundant rules. The only non-redundant rule is 2r . This 
happens because the multiplicity within its antecedent is the minimum of all 
the objects multiplicities  within the antecedent of the remainder of rules. 
When the number of objects is greater than 1, there is no guarantee that 
redundant evolution rules exist. However, as the number of evolution rules 
increases, so do the chances of having redundant rules.

5.2.3.4 Paun’s  model

When modifying the methods by removing evolution rules, it is necessary to 
make sure that this does not alter the biological model. According to Paun’s 
model,  the  election  of  the  evolution  rules  to  be  applied  must  be  non-
deterministic.  The  evolution  rules  are  applied  in  a  parallel  and  non-
deterministic  manner  [Paun,  1998].  Depending  on  the  evolution  rules 
chosen,  a  different  extinguished  or  maximal  multiset  can  be  obtained. 
However  our method has  to consider  all  possible  extinguished multisets 
when returned.  This  means  that,  by  following our  method,  any possible 
extinguished multiset can be returned. In fact, the current methods assure 
this. By adding our own strategy, it is necessary to prove that this does not 
alter the model and therefore it is still possible to return any extinguished 
multiset.

Lemma.

In  a  given  region,  Let  U= }1|{ niai ≤≤  be  an  alphabet  of  objects,  let  m=

( ){ }niiiii uUaua ≤<Ν∈∈ 0|,  be the existing multiset before applying any evolution  
rule   and  let  R(U,T)  be  a  multiset  of  evolution  rules  within  that  region. 

kTUR =),( .  It  is  possible  to  obtain  any  possible  extinguished  multiset  by  
implementing the redundant rules method.

All methods such as the fast linear algorithm, the elimination of active rules 
algorithm, the step by step algorithm etc, has been proven to generate any 
possible  extinguished  multiset  of  objects.  Implementing  redundant  rules 
method can generate any possible maximal multiset as well. 
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Proof

Let us suppose that this is not true. There is an extinguished multiset that 
can not be obtained by using the redundant rules method. 

Let  ( ){ }niiiii uUauam ≤<Ν∈∈= 01 |, be  the  extinguished  multiset 
generated by the fast linear algorithm and impossible to obtain through the 
redundant rules method.In order to obtain 1m it is necessary to apply the rules 
contained in R (U, T) a certain number of times. Let  iµ  be the number 
that indicates the number of times every rule has been applied in order to 
obtain 1m .i.e.  

ir has been applied iµ times

iµ is defined as the number of times that rule  ir  has been applied in 
order to obtain 1m ki ≤≤0 . iµ = '''

ii µµ +  where '
iµ is the number of 

times  that  the  rule  ir is  applied  in  the  first  round  (a  random number 
between 0 and its applicability benchmark) and ''

iµ  is the number of times 
that  ir  is  applied  in  the  second  round  which  is  the  new applicability 
benchmark. The last application occurs when the extinguished multiset has 
not been found at the end of the first round.

Redundant rules method:

Let ( ){ }niiiii uUauam ≤<Ν∈∈= 02 '|', be a maximal multiset 

iη is defined as the number of times that rule  ir  has been applied in 
order to obtain 2m kii ≤≤∀ 0

If  ir is not redundant then iη = '''
ii ηη +  where '

iη is the number of times 
that the rule ir is applied in the first round ( a random number between 0 
and its applicability benchmark)and ''

iη  is the number of times that the rule 
is  applied  in  the  second round which  is  the new maximum applicability 
benchmark.  If the maximal multiset has been found at the end of the first 
round, then ''

iη is always 0. If  ir  is Redundant, then iη = '''
ii ηη +  where 

'
iη is the number of times that the rule ir is applied in the first round ( a 
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random  number  between  0  and  its  applicability  benchmark)and  ''
iη =0 

because the rule ir is not considered in the second round.

iη = ⇔iµ '''
ii ηη + = '''

ii µµ + .

• ir is not Redundant ⇒ '''
ii ηη + = '''

ii µµ + ⇒ ''
ii u=η  and ''''

ii u=η  

is a possible solution ⇒
1m =  2m

• ir is Redundant  ⇒ '''
ii ηη + =  '''

ii µµ + ⇒ '
iη =  '''

ii µµ + ⇒
1m

= 2m . This can always happens as:

•  '
iη is a random number between 0 and applicability benchmark )( ir

• ≤+≤ '''0 ii µµ applicability benchmark )( ir

Thus,  1m =  2m as  long  as  the  equations  above are  fulfilled,  therefore 
proving that any maximal multiset can be obtained by using the  redundant  
rules method. 

A detailed example is shown below. This example shows the steps taken to 
obtain extinguished multisets. 

Example: 

U= },{ 21 aa . The rules are randomly reordered the rules within R (U, T) to 
assure non-determinism in our rules selection.

 R (U, T) = { 321 ,, rrr }

2 objects, 3 rules⇒
8

7

8

1
1)( ),( =−=≠φTURUSP  

 

3
7
2

5
13

2
3
2

2
12

1
4
2

4
11

Caar

Caar

Caar

→=

→=

→=

Initial Multiset m= )}15,(),14,{( 21 aa

Fast linear algorithm (FLA)
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First round:

We apply  1r  a  random number  of  times between 0 and its  maximum 
applicability benchmark i.e. random {0, 2} Let us say 0, then,  2r is applied 
a  random  number  of  times  between  0  and  its  maximum  applicability 
benchmark i.e. random {0, 3}. Let us say 1.

After  applying  2r once,  the  resulting  multiset  is  )}12,(),12,{( 21 aa

.Finally, the rule 3r is applied. In this case this rule is applied a number of 
times equal to its maximal applicability benchmark=1.

Thus the resulting multiset is )}5,(),7,{( 21 aa .

This resulting multiset is not maximal because rules can still be applied. 

According to the fast linear algorithm, a new round must start.

Second round:

In this phase it is necessary to apply all of the rules to make sure that the 
resulting multiset is extinguished.

• 1r :  Its maximal applicability  benchmark is 1. After applying this rule, a 
resulting multiset )}1,(),3,{( 21 aa is obtained.

• 2r Its maximal applicability benchmark is 0; therefore there is no need to 
apply it.

• 3r :  Its maximal applicability benchmark is 0 therefore there is no need to 
apply it.

The resulting multiset )}1,(),3,{( 21 aa is an extinguished multiset.

As a last step, the total amount of the rules applications  is  calculated as 
follows:

Rule First 
round

Second 
round

Total
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1r 0 1 1

2r 1 0 1

3r 1 0 1

In this case the iterations are 51),(2 =−× TUR  

Redundant rules  method:

As there is a high probability of finding redundant rules, it seems reasonable 
to  try  this  method. According  to  the  steps  described  above,  in  the  first 
round  the  same  method  as  FLA  is  followed.  In  the  second  round, 
redundant rules are ignored. In this case, 1r  and 3r are bypassed as they 
are redundant,  according to our definition.  Thus, the following steps are 
taken:

First round: 

Same as FLA, therefore the resulting multiset is: )}5,(),7,{( 21 aa .This is 
not maximal which means that a new round must be implemented.

Second round: 

2r : Its maximal applicability benchmark is 1, therefore 2r  is applied once 
and  then  the  extinguished  multiset  )}2,(),5,{( 21 aa is  obtained.At  the 
end, the number of times that every rule has been applied is:

Rule First 
round

Second 
round

Total

1r 0 0 0
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2r 1 1 2

3r 1 0 1

Thus, the number of iterations is 31),(2 =−−× nTUR  , n= number of 
redundant  evolution  rules.  An  extinguished  multiset  is  obtained  without 
having to analyze all of the rules. This simple example has shown that it is 
possible  to  obtain  maximal  multisets  in  a  faster,  more  efficient  way  by 
passing the redundant rules.

5.2.3.5 Integration of  the technique

In this  section (FLA) is  modified.  It  is  possible to always determine the 
redundant rules within the compiling time of the algorithm.

FLA works as follows:

• A multiset of evolution rules exists.

• FLA receives the multiplicities of an initial multiset as input.

• It calculates the active rules based on the multiplicities of the initial 
multiset.

• It applies the active rules in a non-deterministic manner.

• All rules belonging to the set of active rules ‘except one’ are applied 
a random number of times between 0 and its maximal applicability 
benchmark  

121



CHAPTER 5. EVOLUTION RULES APPLICATION PHASE

• FLA returns the maximal multiset and the times that each rule has 
been applied.

The  algorithm  expects  a  multiset  of  objects  as  input.  However  the 
calculation of the redundant rules occurs before processing this input. This 
occurs  during  the  compilation  time of  the  algorithm.  This  calculation  is 
performed before the algorithm begins its execution and therefore does not 
damage efficiency of the execution. 

 In order to calculate the active rules to be applied, the multiplicities of the 
initial multiset included in a region are needed. However, those multiplicities 
are not necessary to detect the redundant rules. This is the reason why it is 
possible to detect the redundant rules before FLA starts its execution.

The modification proposed is:

PRE ),(T)NotRed(U, TUR← // Redundant calculation

( 1)  mm' ← //multiplicities  of  initial  multiset
( 2)  (U)MRØRm ←

( 3) FOR  i  =  1  TO R  -  1  DO //  Phase  1  same  FLA
( 4) BEGIN
( 5)   '][ 



∆← miRMax //calculus max applicability benchmark for 

the  rule  R[i]
( 6) IF ( 0≠Max ) THEN
( 7) BEGIN
( 8)  ),0( MaxrandomK ←
( 9) 



+← Kimm RR ][R  

(10) ( ) Kiinputmm ⋅−← ][R' '  //Subtracting objects from m’ k 
times  the  antecedent  of  ir

(11) )  (][ MaxKiActive <=
(12) END
(13) ELSE falseiActive =][
(14) END

(15)
(16) trueActive =][ R

(17) FOR i = ),(ReN TUdot  DOWNTO 1 DO 

(18) IF ( ][iActive   THEN
(19) BEGIN
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(20)   '][ 



∆← ωiRMax

(21) 



+← Maxirmrm ][R  

(22) ( ) Maxiinputmm ⋅−← ][R' '  //Subtracting  objects  
from  m’  max  benchmark  times  the  antecedent  of  ir

(23) END

5.2.3.6 Implementation

 Here, there is a possible implementation of the redundant rules method: 
The method that improves performance on the evolution rules application 
phase by removing redundant evolution rules from the existing multiset of 
evolution rule 

This program calculates de redundant rules only if the probability of finding 
them is higher than 0,5. This program should be included on the algorithm 
FLA+RED [4].  This should occur during the compiling phase of 
FLA+RED. Given a Multiset of evolution rules it is always possible to 
check if there is redundancy in the rules. Algorithm FLA+RED  

PRE ),(T)NotRed(U, TUR← // Redundant calculation

(1) n ←  |m| //Number of symbols
(2) x ←  |R| //Number of evolution rules

(3)p //Probability of finding redundant rules

(4)IF p>1/2 THEN //Calculation of redundant rules
( 5)BEGIN

(6)FOR i = 1 TO R  - 1 DO 
(7) FOR j = i TO R  - 1 DO BEGIN

(8) IF MENOR(R[i],R[j]) THEN

Redundant(R) ←  R[j]   
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 (9) IF 0≠Max  THEN
(10) BEGIN
(11)  ),0( MaxrandomK ←
(12) 



+← Kimm RR ][R  

(13) ( ) Kiinputmm ⋅−← ][R' '  //Subtracting objects from m’ k 
times the antecedent of ir

(14) )  (][ MaxKiActive <=
(15) END
(16) ELSE 

(17) END

(18) falseiActive =][
 (19) trueActive =][ R

(20) FOR i = ),(ReN TUdot  DOWNTO 1 DO //Phase 2 
Checks only not redundant rules
(21) IF ( ][iActive   THEN
(22) BEGIN
(23)   '][ 



∆← ωiRMax

(24) 



+← Maxirmrm ][R  

(25) ( ) Maxiinputmm ⋅−← ][R' '  //Subtracting objects from m’  

max benchmark times the antecedent of ir

(26) END

Computational Complexity and efficiency

The updated algorithm does not improve the worst case. This occurs due to 
the fact that it is not always possible to find redundant rules. The operations 
per iteration are around 3, multiplied by the number of objects included in 
the multiset m.

)(3__# mnum berob jec tsitera tionpero pera tions ⋅≈

The worst  case  with  the  fast  linear  algorithm occurs  when the  maximal 
multiset has not been found at the end of round 1. This means that round 2 
must occur. In this case, the number of iterations executed in the worst case 
is:
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1R2R)1R(# −⋅=+−=iterations

Therefore,  the  number  of  operations  executed  in  the  worst  case  by  the 
algorithm is:

)(3)1R2(# mnumberobjectsoperations ⋅⋅−⋅=

However, the average case clearly improves as the number of iterations is 
reduced. This implies that the number of total operations decreases as well. 
This is shown in the comparative results.

Comparative results

The number of iterations for the fast linear algorithm in the worst case is 
1R2 −⋅ , being R the number of active evolution rules. This means 

that the number of rules will determine how good the algorithm is in terms 
of time. As the number of rules  increases, so do the chances of finding 
redundant rules. Fast linear algorithm (FLA) has been proven to obtain the 
best results.   FLA has been modified by adding the  redundant rules  method 
(FLA+RED). The number of iterations in both cases has been measured. 
As  the  number  of  iterations  depends  on  the  number  of  rules  R,  R  is 
considered one of the parameters of the study. R has a range (0-50). The 
algorithms have been executed a number of times within a range (100-400). 
Based on the number of executions and the number of rules as parameters, 
the following number of iterations has been obtained.

The first graph shows the number of iterations occurring for the fast linear 
algorithm (FLA).  The number of active evolution rules and the number of 
times the algorithm is executed are combined. See figure 5.7
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1 R u le s

0
5 0 0 0

1 0 0 0 0

1 5 0 0 0
2 0 0 0 0

2 5 0 0 0

3 0 0 0 0

3 5 0 0 0

I t e r a t io n s

E x e c u t io n s ( 1 0 0 - 4 0 0 )

R u le s ( 1 0 - 5 0 )

F L A

3 0 0 0 0 - 3 5 0 0 0

2 5 0 0 0 - 3 0 0 0 0

2 0 0 0 0 - 2 5 0 0 0

1 5 0 0 0 - 2 0 0 0 0

1 0 0 0 0 - 1 5 0 0 0

5 0 0 0 - 1 0 0 0 0

0 - 5 0 0 0

 

Fig 5.7. FLA Iterations vs executions

The second graph shows the number of iterations  occurring on the fast 
linear algorithm modified by the  redundant rules  method (FLA+RED) when 
combining the number of active evolution rules and the number of times 
the algorithm is executed. See Figure 5.8

1 R u le s

0

5 0 0 0

1 0 0 0 0

1 5 0 0 0

2 0 0 0 0

2 5 0 0 0

3 0 0 0 0

I te r a t io n s

E x e c u t io n s (1 0 0 -4 0 0 )

R u le s (1 0 -5 0 )

F L A + R E D

2 5 0 0 0 -3 0 0 0 0

2 0 0 0 0 -2 5 0 0 0

1 5 0 0 0 -2 0 0 0 0

1 0 0 0 0 -1 5 0 0 0

5 0 0 0 -1 0 0 0 0

0 -5 0 0 0

Fig 5.8. (FLA+RED) Iterations vs executions

126



CHAPTER 5. EVOLUTION RULES APPLICATION PHASE

It is noticeable that the distance between both increases, corresponding to 
the  increase  of  the  number  of  rules.  When  there  are  a  few  rules,  the 
differences are not very significant. However the differences become larger 
when increasing  the number  evolution rules.  This  also occurs because it 
increases the chances of finding redundant evolution rules.  Although the 
best and worst cases have not been altered, the average case has clearly been 
improved.

5.3 Chapter conclusions

In  this chapter, some topics of membrane computing have been analyzed. 
As  a  part  of  this  study,  some  concepts  of  the  P-systems  have  been 
explained. Concepts such as:

• Components

• Interactions between the components.

• The evolution of a P-system.

Moreover, the chapter has been focused on a specific part of the P-systems: 
Evolution rules application. The way that rules are applied in a region must 
be purely random. In order simulate this  behavior;  random function has 
been  used  by  most  developers.  Furthermore,  most  Compilers  have 
implemented the random function by using LCG. After analyzing LCG the 
conclusion  is  that  it  is  a  poor  tool  in  terms  of  randomness  and  non-
determinism. As stated previously, it is practically impossible to simulate a 
non-deterministic  process  through  deterministic  machines.  However  the 
idea of non-determinism is closer by increasing the quality of the random 
number generators. By implementing and using a new random function it 
has been possible to provide a better simulation in terms of randomness. 
This  function uses the ISG proposed in the above section.  The random 
numbers generated by ICG are not placed in  Parallel  hyperplanes which 
improves simulation in terms of randomness.     

It is practically impossible to simulate a non-deterministic process by using 
deterministic tools as computers but it is possible to improve the quality of 
simulation by using new random generators. This can be noticeable when 
the number of evolution rules increases within a given region.  Although it 
has been possible to get closer to the idea of randomness in the evolution 
rules  application  process,  it  is  still  necessary  to  work  on  avoiding 
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predictability; anyone could guess a given random number by knowing the 
initial value or seed of the ICG. In the future, it will be necessary to improve 
even more the simulation in terms of randomness and non-determinism.

This  work  also  contributes  with  a  new  way  of  approaching  problems 
regarding the application of evolution rules over multisets of objects. The 
idea  of  using  geometry  as  part  of  the  process  to  solve  linear  equation 
systems opens new ways for building algorithms. These algorithms calculate 
the number of times that an evolution rule should be applied; in return this 
guarantees that the resulting multiset does not allow for more application of 
evolution rules. This way has been proven to preserve the non-determinism. 
The strategy chosen for applying the evolution rules in a P-system is new. 
The  election  of  the  number  of  times  that  an  evolution  rule  should  be 
applied depends on its  feasibility  benchmark.  This is  calculated on every 
evolutionary step.

The idea of using geometry is promising. It is not intended to improve the 
performance  of  the  algorithms  right  now  but  to  open  a  new  style  of 
researching.  This  is  the  reason  the  programming  code  has  not  been 
provided  and  also  the  reason  why  the  complexity  order  has  not  been 
formally studied. The technique explained here describes resulting multisets 
using graphical representations of linear systems.

This search will occur in a hyperspace of integer solutions. This space has 
been studied in this section. A benchmark reduces the size of that 
hyperspace. Once the hyperspace of solutions of a linear system has been 
described, new ways of searching solutions appear. By studying the feasible 
area, new techniques can be described with the purpose of getting closer to 
the solutions. The solutions of the linear system will be the number of times 
that the rules must be applied in order to obtain the resulting multisets 
being searched. Calculation of the resulting multiset is immediate after 
calculating the solutions of the linear system. Currently, there are some 
techniques known as Branch and bound, Linear programming, Simplex 
Method, etc for this kind of problems. By establishing a benchmark in the 
hyperspace of solutions, this work opens a new possibility of combining 
these and more techniques to obtain quicker results. Traditional step by step 
algorithm for applying evolution rules over the multiset of objects are based 
on the formal definition of the maximal and minimal applicability 
benchmark. The algorithm presented in this work is built based on the 
concept of resolution of the linear system and it uses geometry affine as 
help to speed the process. It contributes with a new technique in finding 
extinguished multisets from initial multisets. The technique offers a 
complement to be used by the traditional algorithms which calculate 
extinguished multisets. These algorithms find the extinguished multisets 
after applying a certain number of evolution rules a certain number of times. 
The technique presents the idea of going “backwards”   from the initial 
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multisets to the number of times that each rule should be applied. This 
process automatically obtains the number of times that each rule should be 
applied and no extra calculation is necessary. From there, calculating the 
extinguished multisets is immediate. 

Furthermore, a technique that uses memory resources has been described. 

New and old algorithms can take advantage of this technique. Differential 
factor is that this technique is not affected by the number of evolution rules, 
which is the major problem traditional algorithms face.

Using this technique, the number of rules has little effect when reserving 
space.  This  is  due  to  the  Nature  of  the  structures  used  to  store  the 
information.   Moreover  the  use  of  this  technique  guarantees  that  the 
resulting multisets are obtained in a non-deterministic manner. 

,In order to generalize this technique,   a deeper analysis  is  necessary to 
estimate the memory needed when certain rules are provided.  This study 
would need to focus on four factors when building the structures:

 

1. Number of evolution rules

2. Applicability Benchmark of an evolution rule 

3. Number of symbols

4. Benchmark associated to the symbols.

It is important to stress the point that, when input values are higher than the 
benchmark previously set, other algorithms should be used. A combination 
of either one of these algorithms with this technique would be ideal, as the 
performance will  increase depending on the case.  In a  real  scenario,  the 
possible amount of memory determines the optimum number of evolution 
rules,  the applicability  benchmark of each rule,   the number of required 
symbols and the benchmarks associated to these symbols. A smart option is 
to combine the technique with traditional algorithms. 

Moreover, this section has shown an method to improve algorithms with 
optimal results: The redundant rules method. There have been algorithms that 
have  implemented  the  process  of  evolution  rules  application.  Varying 
algorithm implementations have tried to improve the performance achieved 
by  the  previous  ones.  The  proposal  is  a  method compatible  with  many 
strategies of the application of evolution rules. 
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In  particular, FLA  has  been  updated  by  adding  this  method  to  its 
functionality as this is the algorithm that has obtained the best results, in 
general terms. However, as this method skips the analysis of certain rules, it 
can be added to other strategies in the same way as it has been presented in 
this section. Curiously, as the number of rules has been the key factor to 
damage performance in all known algorithms, it is also the key factor for 
taking advantage of this method. As proved, by increasing the number of 
rules, it also increases the chances for finding redundant rules and therefore 
improving performance.

Redundant rules method is created to be used by the current algorithms. 
Therefore, this method works under a different perspective when working 
with evolution rules.
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 C h a p t e r  6

5.  General conclusions and future work.

This chapter shows the general conclusions as a result of the entire work 
presented in this volume. The need to keep working in this area exists and it 
is necessary to establish what work must be done in the future to further 
improve the functionalities of natural computing area.

6.1 Conclusions

The  use  of  P-systems  has  demonstrated  to  be  a  promising  technology. 
Membrane computing has been proven to be a good candidate for solving 
complex problems.  This volume has shown that it is possible to establish 
some techniques that can be used to improve the functionality of transition 
P-systems, without altering its nature.  Not only is the inherent parallelism 
beneficial in terms of performance, but also memory can be helpful under 
certain conditions. In this case, a proper utilization allows creating structures 
in memory.  Other techniques such as linear system solution or probabilistic 
laws  have  been  proven  to  reduce  the  computational  complexity  of  the 
current algorithms that simulate membrane computing behavior.



CONCLUSIONS Y FUTURE WORK

 This thesis reveals the flexibility of transition P-systems and also that there 
is  room  for  improvement  and  new  features  within  membrane  systems. 
Membrane computing has been proven to be a dynamic system that can be 
constantly improved. As the ways to improve it are numerous, (software, 
hardware, firmware) it is a beneficial opportunity for any researcher to work 
on it.   

Furthermore,  new tools  for adjusting membrane computing definition to 
Nature have been provided here. It is clear that software tools (procedures, 
functions, algorithms) that simulate Nature can be replaced or optimized. 
By using more realistic functions, the computational models can get closer 
to  the  idea  of  Nature  and therefore  are  more  reliable.  Reliable  software 
implies that results, estimation timing, etc can be more realistic and similar 
to the results seen in Nature.    

This volume proves that combining transition P-systems with other known 
technologies  is    possible.  By  doing  so,  transition  P-systems  are  not 
considered simple autonomous structures that deal with problems, instead 
actors in a scenario that play a role needed for obtaining different results. 
The  attempt  to  relate  transition  P-systems  with  other  technologies  can 
provide optimal results as well.  Other technologies can take advantage of 
the  massive  parallelism  and  nondetermism  and  therefore  can  obtain 
noticeable improvements when creating new models.

6.2  Future work

As the obtained results have been very promising,  it  seems that one day 
there will be a real implementation of P-systems on specialized hardware. 
When this occurs, membrane computing will take advantage of P-systems’ 
characteristics such as the parallelism to solve problems that conventional 
computing  cannot  solve  presently.  Because  of  that,  the  use  of 
implementations in vitro and not in silicon (traditional hardware) is starting 
to be considered. 

With the new generations of computers,  implementations could be more 
realistic, in a way that it is possible take advantage of all inherent properties 
of P-systems (mainly parallelism). In this way, P-systems could obtain better 
results and also would become more adjusted to Paun’s theoretical model.

Performing a high number of calculations in a short time (finding complex 
passwords), calculating extremely high number of combinations, improving 
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time  for  programming  techniques  such  as  backtracking  or  recursive 
programming seem to be possible in the future if membrane computing is 
implemented  properly.  Although  that  stage  has  not  been  reached  yet, 
research groups of natural computing areas are making efforts to reach this 
point which is why the key is finding the appropriate hardware in which a 
P–systems  model  can  be  implemented.  It  is  necessary  to  research  for 
specialized hardware, firmware and software in order to find the optimal 
combination  of  these components to bring the  transition  P-systems into 
reality.

Software tools are also needed. A new random function has been proposed. 
This  function  aims  to  get  closer  to  the  idea  of  non-determinism  that 
membrane computing wants to reach. It is clear that more proposals are 
needed, as non-determinism and randomness are still far from becoming a 
reality on computers.  Developing new algorithms for the implementation 
of the evolution rules application phase is vital. This phase has proved to be 
critical in the P-system evolution. Obviously by improving that phase the 
entire P-system will improve as well. This work has demonstrated different 
techniques to do this. Everyone of these techniques have made proposals 
establishing a line for researching. 

The last goal is working with technologies that allow the implementation of 
membrane  computing  and  not  just  the  simulations.  Having  seen  what 
membrane computing has achieved this far, it is encouraging to continue 
researching  in  the  same  field.  P-systems  technology  is  still  in  an 
experimental stage but the results obtained so far make ia appear possible to 
achieve a real implementation in specialized hardware. 
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