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Abstract In this paper, we study self-similar solutions, and 
their linear stability as well, describing the flow within a 
spherical shell with finite thickness, expanding according to 
a power law of time, tq, where q > 0. The shell propagates 
in a medium with initially uniform density and it is bounded 
by a strong shock wave at its outer border while the inner 
face is submitted to a time-dependent uniform pressure. For 
q = 2/5, the well-known Sedov-Taylor solution is recov
ered. In addition, although both accelerated and decelerated 
shells can be unstable against dynamic perturbations, they 
exhibit highly different behaviors. Finally, the dispersion re
lation derived earlier by Vishniac (Vishniac, E.T. in Astro-
phys. J. 274:152,1983) for an infinitely thin shell is obtained 
in the limit of an isothermal shock wave. 
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1 Introduction 

The evolution and structure of supernova remnants (SNR's) 
result from the interaction between the ambient gas (circum-
stellar medium—CSM—and inter-stellar medium—ISM) 
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surrounding the star that exploded and the plasma ejected 
(ejecta) by the star. According to their age and the type 
of supernova (SN), SNR's display a wide variety of size, 
morphology and appearance. Figure 1 shows the SNR Cas
siopeia A. The star exploded about 300 years ago and the 
diameter of this remnant is about 10 light years. The bub
ble of emitting ejecta is enclosed within a almost spherical 
shock and, in addition, bright filaments, spherical caps or 
pieces of dense shells are clearly detected at the outer edge 
of the SNR. 

Although in the intermediate time evolution of SNR's, 
the radius, R(t), of the remnant is usually considered to 
evolve according to the Sedov solution, R(t) a t2/5, (Se-

Fig. 1 The remnant from a supernova in Cassiopeia, which exploded 
~300 years ago. The distance to this SNR is ~3.4 kpc, and the diam
eter of this remnant is ~10 light year (~3 pc). Image from Chandra 
telescope (http://rst.gsfc.nasa.gov, section 20, Novae and Supernovae) 

http://upm.es
http://rst.gsfc.nasa.gov


dov 1959; Woltjer 1972; Gull 1973) the stability of the 
dense shell that encircle the ejecta is still an open ques
tion. The Rayleigh-Taylor instability (RTI) occurring in 
SRN's seems effective (Chevalier 1977, 1982; Chevalier 
et al. 1992; Chevalier and Blondin 1995) and it has been 
likely observed in Tycho SNR more than ten years ago 
(Velazquez et al. 1998). Besides, Vishniac and Ryu (Vish-
niac 1983, 1994; Ryu and Vishniac 1987, 1988, 1991; 
Vishniac and Ryu 1989) have shown theoretically that a 
rippled propagating decelerating shock front may experi
ence pressure driven instabilities that produce a growth 
of the amplitude of the ripples. These predictions have 
been almost recovered numerically for specific classes 
of physical parameters/phenomena and for particular ini
tial/boundary conditions (Mac Low and Norman 1993; 
Klein and Woods 1998; Cavet et al. 2009, 2010), however 
this process seems not yet clearly evidenced from astronom
ical observations. 

In order to extend Sedov solution with additional analyt
ical self-similar solutions (SSS's), we consider the expan
sion of a dense, compressible spherical shell of finite thick
ness in a uniform external medium. The shell is driven by 
a spherical piston which is assumed to correspond to the 
inner border of the shell moving according to RpiSt(t) oc 
tq where q is an arbitrary positive exponent and where 
Rpist(t) and t stand respectively for the radius of the in
ner boundary of the shell and for the time. As the shell is 
over-dense compared to the outer medium (CSM and ISM) 
and to the inner flow, the shell experiences a density jump 
at each of its borders (inner and outer). Both the flows 
within the shell and in the medium enclosed by the shell 
are studied as well as the kind of instabilities experienced 
by the shell. RTI is likely expected to occur and we exam
ine if the shell is stable against the amplification process 
as described by Vishniac and Ryu. In Sect. 2, the spheri
cal model is presented and in Sect. 3 the one-dimensional 
time-dependent background flow is derived. Section 4 deals 
with the linear stability analysis in three dimensions and 
the various results are analyzed. Our conclusion is given in 
Sect. 5. 

2 Spherical model 

We consider the dynamics of a spherical dense shell ex
panding in ISM. The density profile, pa(r), in the ambi
ent gas (CSM plus ISM) surrounding the star is usually 
given by pa(r) = por~s (Chevalier 1982; Nadyozhin 1985; 
Chevalier et al. 1992) where po is a constant and s is an 
exponent satisfying s > 0. For s = 0, the density is uni
form and po corresponds to the mass density of the ISM. 
The value s = 2 is usually taken to describe the CSM, how
ever in this paper we take into account the ISM only for 

Shocked region 

Fig. 2 Cartoon of the spherical dense shell model 

the sake of simplicity. This is shown in Fig. 2. The for
mation of a thin dense shell in SNR's has been found to 
occur in the interaction zone between the SN ejecta and 
the surrounding medium. In addition, the interaction region 
is bounded by an outer shock wave (forward shock—FS) 
and by an inner shock wave (reverse shock—RS) as ex
plained by Chevalier and coworkers (Chevalier et al. 1992; 
Chevalier and Blondin 1995; Wang and Chevalier 2001). 
Analytical solutions have been derived in this zone (Cheva
lier 1982) and the stability analysis of the shell in the in
finitely thin thickness has been performed (Chevalier and 
Blondin 1995) for more general conditions than in the ear
lier work by Vishniac (1983). 

In this paper, we study the dynamics of the dense shell 
with the help of SSS's assuming a spherical point explosion 
and we examine the stability of these solutions by account
ing for the finite thickness of the shell. The time variation 
of the outer radius, Rsh(t), of the shell is the same as for 
Rpist(t), i.e.: 

RSh(t)<xRPist(t)<xtq. (1) 

When the exponent q satisfies q < 1, but q > 2/5—see 
below—(resp. q > 1), the shell is decelerated (resp. acceler
ated). The material in the bubble is considered to be a hot, 
low-density gas with finite pressure Pjnt{t) while the exter
nal medium has a constant mass density (see above) with 
a zero temperature implying a zero thermal pressure in the 
ISM. Although this model is very simple, it clarifies several 
points especially about the stability analysis. 



3 One dimensional background flow 

In one-dimensional spherical geometry, the equations gov
erning the flow of an ideal gas (with polytropic index y) 
within the shell are: mass, momentum and entropy conser
vation. Let v(r, t), p(r, t), p(r, t) and T(r, t) be the veloc
ity, mass density, pressure and temperature, respectively. 
The pressure and temperature obey the equation of state 
(EOS), p(r, t) = p(r, t)ksT(r, t)/m, where kg is the Boltz-
mann constant and m is the average mass per particle. At 
the outer border of the shell, r = Rsh(t), the flow satisfies 
Rankine-Hugoniot equations in the strong shock approxi
mation, i.e., v = 2R'Sh(t)/(y + 1), p = p0(y + l)/(y - 1), 
and kBT = 2m(y - l)[R'Sh(t)/(y + l)]2 , where the prime 
denotes the time derivative. On the other hand, the in
ner interface of the shell (r = Rpistit)) does not experi
ence any mass flow and the pressure is continuous and 
hence, v = R'pist(t) and p = Pint(f). Now, as we are 
looking for SSS's, we introduce dimensionless quantities. 
The new "spatial" coordinate, is given by § = r/Rpist(t), 
and its range of variation is 1 < § < £s/i, where %$h = 
Rsh(t)/Rpistit) is a constant. The self-similar dimension-
less velocity, density, temperature and pressure are de
fined as ij(£) = v(r, 0/R'Pist(t), p($) = p(r, t)/po, f($) = 
kBT(r,t)/[mRf

Sh(t)
2] and p(£) = p(£)f(£). Notice that 

the internal pressure Pint(f) satisfies Pint(f) = 
Po[Rpist(t)]

2p(^ = 1) oc f2^-1). This new set of variables 
transforms the system of partial differential equations— 
PDE's—within the shell in a system of ordinary differential 
equations—ODE's—that reads: 

[v(%) - £]-^p(S) + p(S)-^(S) + h&m = 0, (2) 

i d 
[p(£)r(£)], 

d% \vmw-x 
TG) 

q )\imw-1 

= 0. 

(3) 

(4) 

The system of equations (2)-(4) is solved numerically for 
arbitrary values of q and y with the boundary conditions: 

P ( ^ ) = (y + i ) / ( y - i ) , 

v($sh) = [2/(y + 1 ) ] ^ , 

f ( ^ ) = [ 2 ( y - l ) / ( y + l ) 2 ] ( ^ ) 2 , 

and 

v « = l) = l. 

(5) 

(6) 

(7) 

(8) 

The solution of system (2)-(8) provides the structure of the 
flow within the shell and the self-similar radius of the shock, 
^Sh- The dimensionless thickness of the shell does not de
pend on time and is given by: 

Rsh(t) - Rpistit) 

Rpistif) 
= ^ " 1 . (9) 

From (2)-(4), it can be shown that the solution has a singular 
behavior close to the inner face of the shell (§ —>• 1) given 
by p(l) a (§ - I ) " " , f (1) a (£ - 1)" and v(l) - 1 a § - 1, 
where the exponent /x (/x = 2{q — l)/[(2 + 3y)q — 2]) 
diverges for the critical value qc = 2/(2 + 3y), and for 
y = 1, we have qc = 2/5 while the upper limit of /x is 
/̂ max = 2(g — l)/(5q — 2). Notice that the pressure is always 
finite at the inner surface of the shell but for q > 1 (acceler
ated shock), the density goes to infinity and the temperature 
goes to zero whereas for a decelerated shock, qc < q < 1 (no 
solution exists for q < qc—see below—and the upper value 
of qc corresponds to the Sedov-Taylor exponent, qsr = 2/5, 
since y satisfies y > 1), the density goes to zero and the 
temperature goes to infinity. Actually, in the first situation, 
the density is monotonically decreasing between Rptst(t) 
and Rsh(t)—see Fig. 3—while it increases in the second 
case (Fig. 4). 

Moreover, Fig. 5 shows that for a given value of y, the 
thickness of the shell, h(y, q), increases as q decreases. As 
indicated above, for q —>• 2/5, Rpistit) —> 0 and no solution 
exists for q < 2/5. In this configuration the inner bubble 
has a zero extension and the shell corresponds to a sphere 
with radius Rsh(t). This flow is described by the well-known 
Sedov-Taylor solution (Sedov 1959) and it is exhibited in 
Fig. 6. 

For arbitrary exponent q the shell experiences a point 
explosion but the energy is not delivered instantaneously 
as the work achieved by the pressure force is E(t) = 

0.4 ^ _ j 0.6 

Fig. 3 Flow variables in the accelerated case q = 1.5 



& - 1 

f47t(Rpist(t))
2PInt(t)dRPist = E0(t/t0)

5q-2 where E0 and 
to are two constants. The time-dependence in E(t) can
cels for q = 2/5 (Sedov-Taylor instantaneous point explo
sion) and the energy EQ is a constant of motion in addi
tion to the expression F0 = (l/[p(^2[v(%) - §]])(f(§)/ 
[ p ^ ) ] ^ - 1 ) 3 ^ 2 ^ - 1 ^ that can be derived from (2)-(4) with 
no constraint for y and q, and that combines both the en
tropy and the mass flux. 

Finally, the mass of the shell, M(t), increases like t3q and 
its non-dimensionless thickness, H(t) = hRpist(t), varies 
as tq. For q > 1, the accretion rate is high enough to pro
duce a mass accumulation at the piston surface with a di
verging density (see above). Moreover, as p(l) a (§ — l) _ / x , 
the more compressibility effects are important (i.e. y -> 1), 
the sharper the density peak is (/x -> /xmax). 

Fig. 4 Flow variables in the decelerated case q = 0.5 

4 Stability analysis 
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Fig. 5 Normalized thickness of the shell as a function of q 
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/ariables in the Taylor-Sedov flow 

In this section, assuming arbitrary q and an adiabatic 
shocked region (Vishniac 1983), we perform the 3D lin
ear stability analysis of the time-dependent ID background 
solution. First of all, the physical quantities are written as 
Q(r,t) + SQ(r,6,(j),t) where Q(r,t) stands for any of 
the background variables (velocity, density...) and where 
8Q(r,0,(j),t) corresponds to the associated perturbation. 
Second, the SQ's are expanded in spherical harmonics 
^/,m(^>0) a nd we linearize the mass, momentum (radial 
and transversal) and entropy conservation equations. The 
perturbations cannot behave exponentially with time as the 
unperturbed background solution is not steady. However, 
as noticed by Ryu and Vishniac (1987), the time vari
able, t, can be separated writing perturbations in the form 
8Q(r, 0, 0, t) a ta QiG)Yi,m(0, 0) where gi(§) is the first 
order perturbation of the self-similar quantity Q(i-). The ex
ponent o represents a dimensionless "complex growth rate" 
and the perturbed system is unstable if GR = Re (a) > 0. The 
linearized system contain six perturbed variables Q\, i.e. the 
four fluid variables, density pi(§), temperature 7i(§), radial 
velocity t>i(§), and the transverse divergence of the trans
verse velocity u)i(§), and moreover the perturbed positions 
of piston, %Pist, i, and shock interface %sh, l • We arrive then 
to a linear homogeneous 4th order system of ODE's for the 
fluid variables. The solution of this system (with 4 arbitrary 
constant of integration, Cj; j = 1 , . . . , 4) must fulfill the fol
lowing six linear homogeneous boundary conditions involv
ing six unknown (Cj, ^pist, l, %sh, l): the 4 Rankine-Hugoniot 
relations at the shock interface (§ = i=sh), and at the piston 
interface (§ = 1), pressure must be continuous and radial 
velocity equals to radial piston velocity. The compatibility 
condition for this linear-homogeneous algebraic system pro
vides the dispersion relation for a, D(a, I, y, q) = 0, where 
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/ is the Legendre index mode. Notice that o does not de
pends on the azimuthal number m as the background zero 
order solution has radial symmetry. 

For q > 1, the accelerated shell (see Fig. 3) experiences a 
positive and infinite density jump at the piston interface r = 
Rpistif) (notice that the density is zero for r < RptstiO) and 
hence it is expected to be Rayleigh-Taylor unstable (Lord 
Rayleigh 1883; Taylor 1950; Bernstein and Book 1978; 
Sanz 1994; Ribeyre et al. 2007). This result is exhibited in 
Fig. 7 where the real (unstable) branch, OR, of a is plot
ted as a function of the mode number /. It turns out that 
low modes (/ < lc ~ 1/(g — 1)) do not give rise to RTI 
but above the threshold lc, OR(1) is monotonically increas
ing with /. On the other hand, notice the very weak influ
ence of the compressibility (y-effects) on the growth rate. 
As expected, at large number I, OR is independent of y. 
In addition, an asymptotic expression of OR can be esti
mated in terms of /. Indeed, from the linear differential equa
tion governing the rippled amplitude of the piston position, 
8Rpist(0, (j),t), which is d (8Rpist)/dt ~ kRpist(t)8Rpist ~ 
[^/IQ + 1)Rpist(t)IRpist(t)]8Rpist where k oc //Rpistit) is 
the wave number of the perturbation, it can be derived ana
lytically that OR(1) <x[q(q — 1)/]1/2 where the exposant 1/2 
is a specific property of RTI. This asymptotic expression has 
been also plotted in Fig. 7 to show the correct behavior of the 
numerical results. 

The decelerated case (q < 1) appears to be more com
plex but more instructive. First of all, as the shock is decel
erated and as at its location the mass density p drops from 
pSh = [(y -\- 1)/(y — 1)]p0 to P0, we could expect that the 
moving surface of the sphere r = RshiO is submitted to RTI. 
This point is however not quite clear up to now since this sur
face experiences a mass flow and, as a consequence, does not 
behave as a real interface between two media. This behavior 
will be examined in further studies although it is taken into 
account in the dispersion relation we are going to show in 

Fig. 7 Dispersion relation in the accelerated case for q = 1.1 and 
q = 2 for three values of y (— y = 5/3, - - - y = 4/3 and — y = 1.1) 

the following. Second, within the decelerated shell the den
sity increases monotonically with the radius and it could be 
argued that internal RT unstable modes could not be excited. 
This conclusion is right for a constant deceleration but, as in 
our case, it decreases with time (we remind that both faces 
of the shell decelerate like tq~2), RTI may occur. This be
havior is similar to that of a vertical pendulum experiencing 
gravity with a time-decreasing magnitude. In that case, the 
amplitude of the oscillation increases with time and the pen
dulum performs unstable oscillations. As a result, although 
one of the possible physical mechanism driving this insta
bility was pointed out by Vishniac and Ryu (Vishniac 1983; 
Ryu and Vishniac 1987, 1988; Vishniac and Ryu 1989) as 
the ram pressure, p0[Rf

Sh(t)]
2, on the rippled shock front, 

this is not the only process. 
These results are shown in Figs. 8 and 9 where we have 

plotted OR(1) for q = 1/2 and q = 2/5 (Sedov-Taylor so
lution), respectively, for several values of y. In opposition 
to the accelerated case, the growth rate is very sensitive to 
this parameter and provided y satisfies y > 1, OR reaches 
a maximum value, ORmax, for a finite value of / that de
pends upon y. However, 07?,max is much weaker than the 
RTI growth rate of the accelerated shell (see Fig. 7), ex
cept for extremely small and unrealistic values of y. Ac
tually, ORmax is only larger than unity for y smaller than 
1.05 roughly and the instability vanishes (OR < 0) if y > 1.1 
(resp. y > 1.2) for q = 1/2 (resp. q = 2/5). 

In the same figures, we have plotted too the analyti
cal expression [(*)-curves] of the growth rate obtained by 
Vishniac and Ryu in the infinitely thin-shell approximation 
(Vishniac 1983; Ryu and Vishniac 1987; Vishniac and Ryu 
1989). Each upper (*)-curve in Figs. 8 and 9 corresponds to 
the situation studied by Vishniac and Ryu (Vishniac 1983; 
Ryu and Vishniac 1987) and it is clear that in both figures 
these curves are obtained from our study in the asymptotic 
limit y —>• 1. This result is not surprising since for an almost 
isothermal shock the ratio psh/P0 goes to infinity and any 

Fig. 8 Dispersion relation for q = 1/2 for various values of y 
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Fig. 9 Dispersion relation for q = 2/5 

finite mass of accreted material will be contained within a 
shell of infinitely small thickness. 

In addition, Fig. 9 exhibits two more (*)-curves (dotted 
lines) obtained by Vishniac and Ryu (1989) for y = 1.1 and 
y = 1.2 in a isothermal approximation. Compared to our re
sults, the growth rate derived by Vishniac and Ryu (1989) 
is lower (resp. higher) than the one we have computed for 
y = l.l (resp. y = 1.2). This behavior is similar to that ob
tained by these authors in their Figs, la and lb where they 
make a comparison between the results of their isothermal 
approximation (1989) with the results of an exact solution. 

5 Conclusion 

In this paper we have studied the evolution and the dynamic 
stability of a shell expanding like tq in a uniform density 
medium. The shell in bounded by a strong shock at its outer 
face and it experiences a uniform time-dependent pressure 
on its inner border. Taking into account these well-defined 
boundary conditions, the dispersion relation has been ob
tained for both decelerated and accelerated shells. Although 
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in the two cases RTI occur, decelerated shells appear to be 
much more stable with a cut-off for the mode number. How
ever for y -> 1, the growth rate of the instability increases 
monotonically with /, describing therefore the thin shell ap
proximation studied earlier by Vishniac and Ryu (Vishniac 
1983; Ryu and Vishniac 1987). A comparison with the re
sults derived by these authors in the isothermal approxi
mation (Vishniac and Ryu 1989) has been also performed. 
More generally, our work is an extension of these former 
studies for arbitrary exponent q and polytropic index y. 
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