
SIAM J. APPL. MATH. 
Vol. 42, No. 5, October 1982 

© 1982 Society for Industrial and Applied Mathematics 
0036-1399/82/4205-0007 $01.00/0 

SINGULAR LANGMUIR-HINSHELWOOD REACTION-DIFFUSION 
PROBLEMS: STRONG ADSORPTION UNDER 

QUASI-ISOTHERMAL CONDITIONS* 

JOSE M. VEGAf AND AMABLE LlNANt 

Abstract. We consider the steady state reaction-diffusion problem for a permeable catalytic particle 
with Langmuir-Hinshelwood kinetics under isothermal and quasi-isothermal conditions. It is known that 
there may be multiple solutions due to either strong adsorption or external thermal effects; in the first 
case, an arbitrarily large number of solutions may appear for symmetric pellets in two and three dimensions. 
An asymptotic analysis provides analytical expressions for the response curve of the particle and for the 
multiplicity bounds. The approximate results compare quite well with those computed numerically, even 
in cases in which the gauge functions of the approximation scheme are of the logarithmic type. 

1. Introduction. This paper deals with the description of symmetric concentration 
and temperature profiles in a symmetric permeable particle where a catalytic decompo­
sition reaction, of the Langmuir-Hinshelwood (L-H) type, is taking place under 
isothermal or quasi-isothermal conditions. 

In the isothermal case, the conservation equation for the single reactant is (see 
Aris [1]) 

0.1) £ + / M£ i r» 
ax x ax Lk + yJ 

with the boundary conditions 
(1.2) (&) - 0 , y ( l ) - l . 

Here, x and y are the nondimensional distance to the center of the pellet and 
the reactant concentration, and / equals 0, 1 and 2 for slab, cylindrical and spherical 
geometries of the problem. The Damkohler number, <£2, is the ratio between the 
characteristic diffusion and reaction times, and k~x measures the influence of the 
adsorption process on the global reaction rate—the chemical reaction is catalyzed by 
the solid and takes place only with the reactant in the adsorbed state at the internal 
surface of the particle. We shall be concerned with the limiting case lc-+0 which 
corresponds to a dominant role of the adsorption process. Fractional values of the 
reaction order, n, may appear when more complicated reaction mechanisms are 
modelled by this kinetic law. 

As the main characteristics of the concentration profiles, we mention the observ­
able reaction rate per unit volume, if/, and the effectiveness factor, TJ, which are given 
by 

^ = ^ 2 = (/ + l ) ( ^ ) . 
\dx/x=i 

When the catalytic pellets are packed in a bed reactor whose characteristic length 
is several times the radius of the particles, they may be seen, in first approximation, 
as distributed sinks of reactant—and sources of products—of an intensity given by ifj 
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or 17 (see Froment [2]). The curves *A~<£ or r\-<t> are then sufficient to study the 
evolution of the composition of the interstitial fluid surrounding the particles along 
the reactor. We shall be mainly concerned with thpse response curves. 

Numerical computations of (1.1)—(1.2), most of them for n = 0, - 1 (see Aris [1] 
and references given there), have shown that multiple steady states may appear when 
n is negative, for sufficiently small values of k and </>2 in some interval. At least for 
spherical geometry, a large number of solutions have been observed as k -> 0 and cf>2 

approaches a certain critical value [3], [4]. This fact suggests that the response curve 
might be similar to those presented by Copelowitz and Aris [5] for exothermic 
Arrhenius laws and large activation energies; the asymptotic structure of the latter 
was analyzed by Linan and Urrutia [6] and Kapila et al. [7], [8]. This conjecture, 
which is shown to be true in this paper, leads to an interesting parallelism between 
thermal and adsorption effects. 

In an abstract context, Brauner and Nikolaenko [9], presented a qualitative 
analysis of a problem very similar to (1.1)—(1.2). In particular, they proved that, for 
n = - 1 and sufficiently small values of k, there exist minimal and maximal branches 
of the response curve, the former for <\>2 ̂  (/>} and the latter for cf>2 ̂  <f>%, where <\>\ -> 0 
as k-+0. In [10], [11] they replaced the first member of (1.1) by Ly, where L is a 
positive, selfadjoint second order elliptic operator, and considered arbitrary values 
of n. 

By using the contraction mapping principle, Ho [12] presented some conditions 
ensuring uniqueness of solution of (1.1)—(1.2) in the case n = -l. His estimate for the 
lower multiplicity bound appears to be too conservative for small values of k (see 
[4]); we shall see in fact that the actual behavior is <\>\ ~ (In (1/fc))"1, instead of <\>\ ~ k2. 

The singular limit <£2-» 00 was studied by Murray [13], [14] for AT = 0 and arbitrary 
shapes of the particle. 

In §§ 2-4 we present a singular perturbation analysis of the problem (1.1)—(1.2) 
in the limit k-+0. For those details of the analysis not given explicitly in the text, we 
refer to [15], where a study of the regular limit k -> 00 may also be found. 

Since the response curve if/-(/>2 is expected to exhibit multiplicity in both if/ and 
<f>2', it is advisable to use neither t// nor cf>2 as independent variable for the description 
of the curve, to avoid singularities of higher order terms which would appear at the 
bending points in any perturbation scheme. Instead, we shall seek parametric repre­
sentations of the type (i//(t), </>2(t)), where the parameter t is to be chosen according 
to the expected peculiarities of the regime under consideration. Then, not only the 
reactant concentration, y, but also cf>2 shall be expanded in terms of the small parameter 
k (see, for example, (2.1) below). As a consequence, the problems giving the corrections 
to the leading order term in the expansion^ will depend on undefined parameters— 
Si, $2,''', etc.—which may be determined by imposing an arbitrary additional condi­
tion to every higher order term which is considered. 

Nonisothermal effects are usually introduced in (1.1) by means of a dependence 
on temperature of the parameters <f>2 and k (see [1]); a second conservation equation 
giving the temperature distribution within the particle is then necessary. The governing 
equations are 

n *\ </2c ,1 dc _ 1 / d2t j dt\ _ 2 c exp [y(f - l)/f] 
( ' } dx2 x dx p\dx2 x dx) [l+Kacexp[-ya(t-l)/t]}2' 

where, for simplicity in the presentation, we have considered only the case n = -l, 
and an Arrhenius dependence on temperature of </>2 and k. The boundary conditions 
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are 

(1.4) ^ = ̂  = 0 atx = 0, 
ax ax 

(1.5) a(l-c) = ^ , v(\-t) = ^_ a t j c = 1 

ax ax 
Here, c and t are the nondimensional reactant concentration and temperature, and 
the Damkohler number <&2 and the preexponential adsorption constant Ka play the 
same roles as those of </>2 and k~x in the isothermal case. The Prater number, (3, is 
the ratio between the characteristic diffusion and conduction times, while y and ya 

are nondimensional activation energies—or temperatures—associated with the 
chemical reaction and adsorption processes. The Sherwood (Nusselt) number cr{y) is 
a nondimensional ratio between internal and external mass (heat) transfer resistances. 
As in the isothermal case, one is interested mainly in the effectiveness factor rj and 
the observable reaction rate $, 

(i.6) ^ = ( i + t f a r 2 < & ^ = ( / + i ) ( ^ ) . 
\dx/x=i 

The model (1.3)—(1.5) has received considerable attention in the literature (see 
[3], [4], [16] and references given there). It was first proposed to model carbon 
monoxide oxidation over platinum catalysts, which is the main reaction in automotive 
pollution abatement efforts. Further experimental evidence showed that several hydro­
carbons, such as ethylene and propylene, follow similar rate laws when oxidized over 
noble metal catalysts (see [4]). 

In § 5 we shall analyze the problem (1.3)—(1.5) under the assumptions, 

(1.7) (i) yf3,yaf3^0, (ii) Ka + <x>, (iii) < r , ^oo . 

The first one leads to the quasi-isothermal particle approximation, in which the 
variation of the Arrhenius exponents within the particle may be neglected, while the 
effect of the temperature jump between the surface of the particle and the surrounding 
fluid must be taken into account; for a justification of the validity of this approximation 
in most gas-solid catalytic reactions, see for example [17]. The strongly nonisothermal 
particle approximation, y/3-»oo, will be considered elsewhere [18]. Assumption (ii) 
leads to the strong adsorption effects limit, and assumption (iii) is not essential in the 
analysis; it has been introduced because it is usually satisfied in practice (see [1]). 

One may consider expressions of Langmuir-Hinshelwood kinetics of a more 
general type than that written in the second member of (1.1) (see [1]), namely, 

k + l\P~n
 p ^2(k + l\p-na0 + a1y + >- + yp-1 <•* '-$$ * *-m y) \k + yJ a0 + a:i + * •- + 1 

and the corresponding nonisothermal forms. However, the particular case we consider 
includes the main features of the singular limit k -> 0 and avoids unnecessary algebraic 
complications. The results of the paper remain valid for the first law in (1.8) with 
slight modifications. The analysis of § 2 is no longer valid for the second law because 
the similarity properties that make it possible are lost; the remaining part of the paper 
stands after small changes. 
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2. The approximation by power law kinetics. We examine first some simple cases 
in which the reaction rate may be considered of the potential type in first approxima­
tion. Let us seek the expansions 

(2.1) y = y0 + fcy1 + - • •, </, = (/ + l)y'(l) = </,0+ £</,! + • . . , <£2 = A0(l + fc<5i + • . •) 

and insert them into (1.1)—(1.2) to get a sequence of resursive problems. The leading 
one is 

(2.2) y'^jx-1y'o=Koyl yo(0) = 0, y(l) = l . 

The differential equation in (2.2) is the so-called Emden-Fowler equation, whose 
similarity properties allow the reduction of (2.2) to a canonical initial value problem, 
independent of A0 and yo(0), which may be chosen to be autonomous when using 
transformations of the type first introduced by Emden [19]. Emden's pioneering results 
were extended by Fowler [20], Hopf [21] and Chandrasekhar [22]; for a recent 
generalization see Joseph and Lundgren [23]. In the context of chemically reacting 
systems, the problem (2.2) has been considered in a number of works [24]-[26]. See 
[1] and [27] for further references. 

The equation and the boundary conditions (b.c.) at x = 0 in (2.2) are invariant 
under the two-parameter continuous group of transformations 

(2.3) Ao-^aiAo, yo^otlyo, x-^a\xax
2~

nx. 

This fact suggests the introduction of the new variables 

(2.4) co=^, 6 = Kx2yr\ * = l n P y , 
yo Vyo(0)/ 

which are chosen to be invariant under the group and to take meaningful values at 
x = y0 = 1 (see (2.7) below). When using s as the independent variable, (2.2) may be 
written as 

,„ ^ dco , . 6 dd , , x / l 20 
(2.5) — = l - 7 - a > + - , — = (AT-1 )0+—, 

as a) as 0) 

(2.6) lim - = lim — = 2 as s -» 0+, 
s ( / + 1)J 

(2.7) «Ao = (/ + l)yo(l) = (/ + l)*>(s), A<> = 0(s), y0(0) = exp(-5) , 

where (2.6) has been obtained from a local analysis of the regular solution of (2.2) 
at x = 0, and (2.7) from the b.c. at x = l. Closed form solutions of (2.5)-(2.6) for 
several values of n and / are given in the Appendix. 

The well-posed initial value problem (2.5)-(2.6) determines the single-valued 
functions co(s) and 6(s) for s e [0, oo[. Then, according to (2.1), (2.7) provides, through 
the parameter s, a first approximation of the response curve \\f-4>2 we are looking 
for. The shape of that curve and information about existence and unicity of solution 
of (2.2) may be obtained by a geometrical study, in the phase plane of (2.5), of the 
integral curve that leaves the origin with a slope 0/co = / + l (see (2.6)). We present 
here only the results, which are shown with solid lines in Fig. 1 (see [15] for details). 
If AT ̂  1 the curve a) — 6 covers the complete range of values of 6, while if AT < 1, it 
approaches the critical point (0C, coc) as s -> oo, where 

, 9 i n „c 2 [ 2 + ( 1 - A T ) ( / - 1 ) ] c 2 
(2.8) 6 = 72 > & =-. 

( 1 - A T ) 1-AT 
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FIG. 1. The curves ca-d satisfying (2.5)-(2.6) and (2.13)-(2.14) . For slabs, in (a), 
curves 1-8 correspond respectively ton< - 3 , n = - 3 , - 3 < n ^ - 2 , -2<n^-l, -l<n^ - 1 / 3 , - 1 / 3 < n < 
0, 0 ̂  n < 1 and l^n. For cylinders (spheres), in (b), curves 1-4 correspond to n^-1,-1 <n<0, 0^n<l 
and l^n (n^-1, -1< n < (11 -8V2) /7 , ( l l - 8 V 2 ) / 7 ^ « < 1 and l ^ n ) . 

for / = 1, 2 or / = 0 and n > - 1 ; for / = 0 and n ^ - 1 , 6C = 0, <oc = l._The critical point 
is of the spiral type if / = 1 and n<0 or / = 2 and n <( l l -8 \ /2) /7 , and a node 
otherwise. The nodal point is approached from below if /' = 0 and n ^ 0, / = 1 or / = 2, 
with slopes ( l -n ) /2 ( l + n), ( l-Vn)/2 or 2 ( l - n ) / ( 5 - n + V l + 22n-7n2), respec­
tively, and a>(0) is a single-valued function for 0 e [0, 0C]. For / = 0 and n <0, a>(0) 
has two branches in some interval [0C, 61] and the critical point is approached from 
above if n>-3, with slopes ( l -n ) /2 ( l + n) if -l/3^n<0, 1 if - l ^ n < - l / 3 , 
1/(2 + n) if - 2 < n < - 1 and +oo if - 3 < n ^ - 2 , while it is approached from below if 
n ^ - 3 , with slopes - 1 if n = - 3 and -oo if n < - 3 . 

Therefore, if n < 1, (2.2) provides solutions only if <£2 is smaller than a certain 
finite limiting value, with multiple_solutions for (f>2 in a certain interval if / = 0, 1 and 
A < 0 or / = 2 and n <( l l -8V2)/7 . The upper multiplicity bound, or ignition 
limit, is given by 

(2.9) 0/ = 0(*/)[l + O(*)], 

where 5/ is the value of s at the first maximum of the function 0(s). In Table 1 we 
give several values of 0(sj) for representative values of n and /, as obtained from 
numerical computations of (2.5)-(2.6). 


