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STRUCTURE AND STABILITY OF FLAMES WITH TWO SEQUENTIAL 
REACTIONS* 

J. PELAEZf A N D A. LINANt 

Abstract. An asymptotic analysis is presented for the structure of steady planar flames, and for their 
response to nonplanar perturbations, when the reaction mechanism can be modelled by two sequential 
reactions with the same large value of the activation energies. 

The analysis is carried out, with the thermal-diffusive approximation, for the distinguished "merged" 
regime, when the two reaction constants are such that the two reactions occur in a single thin zone. The 
nonlinear response of the flame can be described by a model involving only three parameters, associated 
with the Lewis number of the main reactant and the Lewis number and peak concentration, in the reaction 
zone, of the intermediate species. 

A linear stability analysis of the planar flame suggests that close to the boundary of the domain of 
stability one can expect: chaotic response, cellular flames, travelling waves, pulsating flames or an instability 
associated with unsteady effects in the thin reaction zone. 

1. Introduction. We present in this paper an analysis of the structure and stability 
of flames supported by a two-step sequential reaction mechanism of the form 

(i) (n) 

(a) Y—»nZ—*P 
under the assumption that both reactions are exothermic and have a high activation 
energy. 

This scheme may result as a limiting form of some of the more general kinetic 
schemes, and represents also closely in some limiting cases, the simplified two step 
overall reaction mechanism proposed by Dryer and Glassman [1] and Westbrook and 
Dryer [2] for flames of hydrocarbon fuels in air, 

(b) 
( n m\ m 

- + - J O 2 ^ H C O + - H 2 O , 
CO + 2;02<=*C02. 

The previous model results when 0 2 is in excess, and the effect of the reverse 
reaction, that consumes C0 2 , is neglected; then CO acts as the intermediate species. 
The analytical methods used in this paper can be extended without major difficulties 
to analyse the cases where 0 2 is the limiting component, and to the cases where the 
effect of the reverse reaction is also taken into account. 

When describing the structure and stability of flames that follow an overall kinetic 
scheme of the type (a) we shall use asymptotic techniques based on the fact that the 
activation energies of both reactions are large compared with the thermal energy. 

Asymptotic techniques have been used previously to describe the structure of 
flames with simplified multi-step reaction mechanisms. The first important analysis 
were carried out by Zeldovich and co-workers to model chain reactions branching and 
nonbranching; see [3] and [4]. 

The flame structure for a two step sequential reaction mechanism was described 
for large activation energies by Berman and Riazantsev [5], who considered pre-
exponential frequency factors of the same order, and found three different regimes, 
depending on the ratio EJE2 of the activation energies and on the ratio Tx/Tb. Tx is 
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the flame temperature when the second reaction is neglected, and Tb is the final flame 
temperature when the intermediate species has been completely consumed. 

They found that if Ex > E2 the second reaction is very fast compared with the 
first, so that the intermediate species is converted into products as soon as it is produced, 
and therefore it follows the steady state approximation. The flame velocity is determined 
by the rate of the first reaction, with a heat release that includes that of the second 
reaction. 

For 1 > Tx/Tb> Ex/'E2 the second reaction is so slow that the flame velocity is 
determined by the heat release and rate of the first reaction. The temperature increases 
from its upstream value to Tx across a transport zone that ends with a thin reaction 
zone, where Y is consumed and Z is produced. Downstream Z is consumed in a long 
convective-reactive zone where the temperature grows to its final value Tb. 

If 1 > E\jE2> Tx/ Tb, the flame velocity associated with the second reaction at the 
temperature Tb is higher than that of the first reaction (with a final temperature Tx) 
so that the trailing convective-reactive zone of the previous case does not exist here. 
In this case, the flame structure shows the two reactions occurring in separate thin 
reaction zones; the first reaction zone is embedded in the transport zone of the second 
reaction. 

This analysis was extended by Kapila and Ludford [6] to the more general cases 
where the frequency factors are not of the same order. They recovered the three regimes 
mentioned above, with the transition value of E{/E2 depending now on the ratio of 
the frequency factors. 

There is a distinguished transition regime, that we shall call "merged" regime, 
between the regime of quasi-steady state approximation of the intermediate and the 
regime of separate thin reaction zones, for which the two reactions occur in a single 
thin reaction zone. Kapila and Ludford [6] considered briefly the merged regime in 
the limiting cases EJE2» 1 or £,/ 'E2« 1. 

Joulin and Clavin [7] had carried out previously an analysis of the structure of 
the flames in this regime for the case where the two activation energies are equal and 
the first reaction has a negligible heat release. 

Margolis and Matkowsky [8] analysed the merged regime for the case of roughly 
equal activation energies and a particular value of the ratio of the heat release of the 
two reactions that lead to a simplified flame structure. 

All the previous analyses have been limited to the study of the quasi-steady planar 
flame structure. An analysis of stability of planar flames, under planar perturbation, 
was carried out by Margolis and Matkowsky [9] for the particular case of equal 
activation energies and a special value of the ratio of heat release. However, they 
considered that the Lewis number of the intermediate species was close to one, and 
as a consequence they recovered the stability properties of the one-step Arrhenius 
reaction. 

In this paper we extend their analysis of the steady planar flame structure and its 
stability under nonplanar perturbations, in the merged regime, for arbitrary values of 
the heat release of the two reactions for the interesting case in which the Lewis number 
of the intermediate species is not close to one. We shall be concerned mainly with the 
case where the two activation energies are large, with a ratio E2j Ex equal to 1. The 
case E2/ Ex ^ 1 and the analysis of the stability of the flame in the regime of separate 
flames will be considered in a separate paper. 

Section 2 is devoted to the formulation of the problem, within the framework of 
the thermal-diffusive approximation: that is when the flow velocities induced by changes 
in density are neglected. 
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The steady planar flame structure is described in § 3, for values of the rate constants 
leading to the merged regime. The concentration of the intermediate is small in this 
regime; it decreases to zero at the downstream edge of the thin reaction zone, and 
takes its peak value just upstream of the zone. This peak value is obtained together 
with the reactant burning rate per unit flame surface, as a function of the flame 
temperature, from the analysis of the reaction zone. 

In § 4 we derive, using the results of the previous section, a model that describes 
for large activation energies the nonlinear transient response of the flame in the merged 
regime when subject to nonplanar perturbations. It is a generalization to the sequential 
mechanism of a model derived by Matkowsky and Sivashinsky [10] for one-step 
Arrhenius kinetics. Only three parameters are involved in this model; namely, the 
Lewis number of the intermediate species, the deviation of the Lewis number of the 
main reactant from unit times the nondimensional activation energy, and a non-
dimensional measure of the peak concentration of the intermediate. We use the model 
in § 5 to analyse the linear stability of the steady planar flame front structure, and thus 
display the effects of the multiple-kinetics on the response of the flame close to the 
stability limit. A short summary of the result is given in § 5. 

2. Formulation. We begin by writing the conservation equations for the 
diffusional-thermal model, for which the fluid dynamic effects associated with density 
changes due to thermal expansion are neglected, so that no motion is induced by the 
flame propagation process. We shall also consider that, together with the density, the 
mixture specific heat cp, the thermal conductivity A, and the diffusion coefficients 
DY, Dz of the species Y and Z in the mixture, are constant. 

For a reference system that sees the unreacted medium at rest, the mass and energy 
conservation equations for the mass fractions Y, Z and the temperature f take the form 

(2) a f " D z W aW P P ' 
df A (d2fd2T\ qx cS, q2u2 

dt pcp\dx2 by1] cp p cp p 

where we have not included, for simplicity in the presentation, derivatives with respect 
to the third spacial coordinate. 

Here a5, and S2 are the molar production rates due to the reactions (i) and (ii), 
and we assume that they follow an Arrhenius law of the type 

(4) S^BilOYiYlexpi-EJRf), 

(5) <o2 = B2[OY2[Z] exp {-E2/RT), 

involving frequency factors Bt and activation energies Et. WY and Wz are the molecular 
mass of Y and Z, p, is a stoichiometric coefficient and qx and q2 are the molar heat 
of the reactions (i) and (ii). We shall also consider that the oxidizer molar concentration 
[O] is large compared with that of the species Y and Z, so that we shall neglect the 
variation of [O] in (4) and (5). 

The analysis will be carried out for a reaction order equal to 1, with respect to Y 
and Z, although it can be generalized without major difficulties to other reaction orders. 
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The system of equations (l)-(3) has wave front solutions corresponding to planar 
steady propagating flame fronts with velocity UF, in the -x direction for example, 
such that the concentrations and temperature are functions of the variable x + UFt. 

For large values of the activation energies Ex and E2, the reactions take place in 
thin reaction layers, one of them in the end of a thicker transport layer and the other 
embedded in this transport layer. We shall be concerned in this paper with a distin
guished regime corresponding to a certain range of values of the ratio of the frequency 
factors BJB2, that we shall specify below, for which the two thin reaction layers 
merge into a thin reaction zone that follows the transport zone. When the flame is seen 
with the characteristic length of the transport zone, the reaction layer appears as an 
infinitely thin flame sheet, in the limit of large values of the nondimensional activation 
energies. The chemical reaction is frozen in the upstream transport zone. 

The solution of the system of equations (l)-(3) must satisfy the boundary condi
tions 

(6) x->-oo: Y=YU, 2 = 0, f=Tu, 

(7) x^+oo, y = 0, Z = 0, f=fb, 

for a certain flame velocity UF that appears as an eigenvalue. 
Here the subscript u refers to the unburned upstream conditions that are considered 

uniform and Tb is the final, adiabatic, flame temperature, given by 

(8) Tb=Tu + (qx + M2)YJcpWY. 

The conditions Y = 0, Z = 0 on the hot side of the flame correspond to the chemical 
equilibrium state associated with the simplified scheme (i)-(ii). 

We shall be concerned with the analysis of the structure of the planar steady flame 
fronts, and of their stability to transverse perturbations, taking advantage of the fact 
that the activation energies are large compared with the thermal energy RTb. In this 
case the reaction zone appears as a flame sheet, in the limit E/Rfb^oo9 located at 

(9) xF = -UFt + $(y,t), 

where (j>(y, t) represents the flame displacement, from its steady planar location, due 
to perturbations. 

For the description of the flame structure we shall use the variables t, y and 

(10) £ = x-xF = x+UFt-$(y, t) 

or their nondimensional form t, y and x, based on the thickness of the transport zone 
lT = \/pUFcp, as the unit of length, and lT/UF as the unit of_timeL As dependent 
variables we shall use Y = Y/ YU9 Z = ZWY/(fiWzYu)9 6 = (T- Tu)/(Tb - Tu) and the 
nondimensional flame displacement <f>(y, t) = cf>/lT. 

The conservation equations take the form 

dY I dd>\dY 1 7 Y ( J8(0-1) ] 
(11) — + ( l — g ) — = — HY-p2\x— exp { ,*/ , - \A, v at \ dtj dx LY ^ LY * i l + y(0-OJ 

az / d<f>\dZ I ^ n2 t Y v z\ f jS(fl-i) 1 
(12) — + 1 — ^ 1 — = — A Z + j82A,(-= K— e x p ] , f, v ; dt \ dt/dx Lz

 r \LY LZJ l\ + y(6-\)) 
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where A represents the operator 

~2 + 
dx' \dy By dx) 

The boundary conditions are 

x-»-oo: y = l , Z = 0, 0 = 0, 
(14) 

x-»+oo: Y = 0, Z = 0, 0 = 1. 

Here L y = A/pDycp and Lz = X/pDzcp are the Lewis numbers of the reacting 
species Y and Z, a = q\/(q\ +/JLq2) is the fraction of the total heat release coming from 
the first reaction. We shall consider both reactions to be exothermic and therefore 
0 < a < l . 

For simplicity in the presentation we have also considered both reactions to have 
the same activation energy E2-Eu although the analysis can be generalized todifferent 
values of the activation energies. The nondimensional parameter y = (fb-fu)/fb is, 
in practical cases, a number of order unity; for the validity of the thermal diffusive 
model this number should be very small compared with unity, as shown by Matkowsky 
and Sivashinsky [10]. 

The Zeldovich number 

(15) / 3=_^_y = _ ^ A z I « > > 1 
' P RTb

7 RTb Tb 

will be considered to be large, so that the reaction is confined to a thin layer. 
A! is an eigenvalue, ~ U~F

2, defined by 

( 1 6 ) A i = " ^ 2 — , , , s2
 e x P 

LY B,[0]"'pA 

P2 cJpUFf \ RTJ' 
to be determined as part of the solution of the steady planar front propagation problem 
in terms of the parameter 

(17) K=hLh[0y2-»l 
LY Bx 

that measures the ratio of the reactions rates of the reactions. 
In the merged regime, that we shall consider, this number K is of order unity. 

The analysis for the merged regime presented below applies also to the cases where 
K » 1. However in the opposite limiting case, where K becomes very small compared 
to 1, the two reactions occur in separate thin reactions layers, and the results given 
below become only qualitative if the separation of the reaction zones is too large. 

3. Steady planar flame propagation. The conservation equations reduce in this 
case to the system 

dY \ d2Y k 2 Y ( 13(0-1) \ 

dZ 1 d2Z , / Y „ Z\ ( 0 ( 0 - 1 ) \ 

dx dx2 M \ LY Lz)
 F \ l + y(6-l)J 

with the boundary conditions (14). 



508 J. PELAEZ AND A. LINAN 

In the limit /3^oo the reaction terms in the right-hand side of (18)-(20) are 
exponentially small outside an infinitely thin layer, that we shall place at x = 0, where 
the temperature 6 differs from 1 by an amount 1//3. 

So in the outer convective-diffusive regions the concentration and temperature 
are given by 

x < 0 : Y=l-exp(A:Ly) , Z = A exp (JCLZ}, 0 = exp ( J C - H ) , 

x > 0 : Y = 0, Z = 0, 0 = 1 . 
(21) 

The origin of the coordinate system has been placed at the position where the 
main reactant concentration Y, as given by the upstream outer solution, is zero, see 
Fig. 1. We anticipate the existence of j u m p s - A and 1 - e x p ( - H ) , at the flame sheet, 

FIG. 1. Temperature and concentration profiles of the steady planar flame. 

in the values of Z and 0 given by the outer solutions; these will be found in the form 
of expansions in powers of 1//3 of the form 

(22) nLz h 
A = - - ~ + - - - and H = - + -

where h and n are, of order unity, to be determined below. 
Reaction zone structure. In order to describe the structure of the reaction layer we 

shall use an inner variable 

(23) v = px 

of order unity in the reaction zone. 
We shall write the solution in the form of expansions 

(24) A1=A + j8-'A(1) + - - - , 

(25) y = L y ( y l / r i + y 2 / r 2 + . . . ) ? 
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(26) 

(27) 

where Yu Y2, • 

(28) 

(29) 

• • are f 

Z 

0 = 

unction 

d2Yx 

dv
2 

d2Z{ 

dr,2 

d2ex 

Z = Lz(Zlp-l + Z2p-2---), 

\ + §lp-, + d2p-2+- • 

are functions of 77. From (18)-(20) we obtain the system 

= AYi exp(0,), 

= A(KZ,-Y 1 )exp(0 1 ) , 

. 2=-A(aY]+(l-a)KZl)exp(6l) ar\ 

that respresents a diffusive-reactive balance, with the two reactions playing a similar 
role in the reaction zone. 

The boundary conditions 

(31a) 77->-oo: y, + T/-»0, Z^n, ^ - T J + A-^O, 

(31b) 77̂ +00: y^o, z ^ o , 0,-»o 
are obtained from the matching conditions with the outer solution (21). 

From the conservation equations (28)-(30), when the boundary conditions (31b) 
are taken into account, we obtain the relation 

(32) Yx + $x + (\-a)Zx=0 

that will be used below together with two of the equations (28)-(30). 
From (32) and the boundary conditions (31a) we obtain the relation 

(33) h = (\-a)n9 

between the apparent jumps in 6 and Z at the flame sheet. 
The system of (28), (30), (32), with the boundary condition (31), can be solved 

numerically to obtain in particular the eigenvalues A and h as functions of K and a. 
The details of this analysis are given in the Appendix, and the results are summarized 
in Figs. 2 and 3. The particular case a =0 was integrated numerically by Joulin and 
Clavin [7] who computed A(K). In the special case K = a considered by Margolis 
and Matkowsky [8], the problem of determining A(K) is simplified because when (32) 
is taken into account, (30) reduces to 

(34) ^ = AK6le
3* 

drj 

that, when solved with the boundary conditions (31), yields 

(35) A = j ^ fora = K, 

while (29) can be solved numerically to calculate h(K). In [8], a series expansion for 
h was presented. 

4. Limiting model for nonplanar unsteady flame propagation. We have carried out 
a linear stability analysis of the steady planar flame to nonplanar perturbation, in the 
merged regime, for large /3, similar to that carried out by Joulin and Clavin [13] for 
the one-step Arrhenius kinetics, to show that the planar flame is unstable if the Lewis 
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FIG. 2. The flame velocity eigenvalue A versus K for several values of a. Solid lines correspond 
to numerical results; dotted lines correspond to the asymptotic behaviour for small or large value ofK. 

number LY of the main reactant is different from 1. In fact the following dispersion 
relation 

(36) 1 - LY = Vl +4(w + k2) -JL2
Y + 4(<DLY + k2) 

is obtained between the amplification rate co of the disturbance, its transverse wave 
number k and LY. (36) has the root co = /c, and therefore the flame is unstable for all 
values of L y ^ 1. For LY = 1 the relation (36) is satisfied identically for all values of 
co and k. 

Thus the results of this analysis indicates that the flame can only be stable if the 
Lewis number does not differ significantly from 1. As we shall see below, the stable 
range is confined to values of LY - 1 = /e//3, with le of order unity. 

In the following we shall derive from (11)-(13), in the limit of large p with le of 
order unity, a simplified model for the unsteady nonplanar flame propagation, that 
represents a generalization for the sequential reaction mechanism, in the merged regime, 
of the model obtained by Matkowsky and Sivashinsky [10] for one-step Arrhenius 
kinetics. 

Notice first that from the conservation equations (11)—(13) we can derive the 
equation 

<"> CH-$s) ( y+ ,+ ( ,-" )M£+ '+< ,-" ) i;)-
free from the reaction terms, that we shall use in the following to replace (13). 
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FIG. 3. The nondimensional peak value of the intermediate concentration as a function of K. Solid lines 
correspond to numerical results; dotted lines correspond to the asymptotic expressions for small 

and large values ofK. 

As indicated before, for values of /3 » 1, the reaction, in the merged regime, is 
confined to a thin zone, of thickness 1//3 relative to that of the outer preheat zone. In 
the outer regions, upstream and downstream of the reaction zone, we shall describe 
the solution in terms of the expansions 

(38a) 

(38b) 

(38c) 

(38d) 

0 = 0o+/r '0, + - • 

When these expansions are introduced in (11)—(12)—(37), we obtain the following 
system of equations and boundary conditions: 

(39) 

(40) 

(41) 

(42) 

x ^ - o o : Y0=l, Yo+0o=l, 

x^+oo: Yo = 0, y o + 0 o = l , 
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= -/eAy0+A(y1 + e1+(i-a)-p-)+^1^-(yo+^)+A(yo+^), 
\ •L'Z/ "* " X 

(46) x ^ - o o : ^ = ^ = ^ ,= 0 , 

(47) x ^ + oo: ^ = ^ = ^ , = 0 

where A and A are differential operators given by 

A = j L , /j? 50o_o>_\2 - = 2 ^ 2 ^ i — - 2 
~ax2 \ay ay ax/ ' ay ay ax2 

d<^i a a <t>\ 

dy dxdy dy2 dx' 

The reaction zone is placed at x = 0, and as seen with the outer scale appears as 
infinitely thin. Downstream of the reaction zone the reactants are depleted so that 
y 0 = Y\ = Zx = 0 for x > 0 . 

We should add appropriate initial conditions to these equations. Our main objec
tive is the study of the evolution of perturbations of a steady planar flame. We shall 
hence consider initial conditions representing a small perturbation of the planar 
structure. If we notice that for the steady planar flame Y0 + 60= 1, we shall consider 
initial conditions such that 

(Y+0)t=0=\ + O(p-1) 

and hence Yo+ #o— 1 at t = 0. Therefore the solution of (40) is 

(48) y o + 0 o = i , 

and the last term in (45) drops out of the equation. 
For the solution of (39)-(47) we need also jump conditions at x = 0, that must be 

obtained from the matching conditions with the solution for the inner reaction zone. 
For the analysis of this zone we use as variables y and t, with a stretched inner variable 

(49) V = px 

and the following expansions 

(50a) Y = p-lYl + p~2Y2+-- •, 

(50b) Z = /3~lZl+p-2Z2+- • • , 

(50c) e = \ + p-lel+p-2o2+- • •, 

(50d) (/> = (/>0 + )8-1(/>i + ---

where Yu Y2, etc. are functions of 17, y and t 
The eigenvalue Ai is fixed in this analysis of the transient response of the flame. 

Its value was calculated by means of the expansion (24) in the analysis of the steady 
flame propagation process, that resulted in Ai = A(K, a) in first approximation. 
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When the expansions (50) are used together with the conservation equations 
(11)—(12)—(37) we obtain the following system of equations 

(si) ( i + m ) ^ = A y , e 
' 2 ^ 

3T? Z 

(•+(t)*)0~A("*+"->4) 
(53) JL^S^U^Q^ 

to be solved with the boundary conditions 

(54) 7 7 ^ - 0 0 : < 
dX 

dX 

(55) 77^+00: y,->0, Z,->0, 0x^0x(0
+

9y9 t) 

obtained from the matching conditions with the outer expansions. The first of the 
boundary conditions (54) is a consequence of the choice of the thin reaction zone 
location, as the surface where the concentration Y of the main reactant, as given by 
the outer solution, becomes zero. 

Notice that, in first approximation, the structure of the reaction zone is quasi-
steady, as corresponds to the assumption that the transients are associated with the 
characteristic response time of the outer transport zone. In fact this structure, as it will 
be shown below, is identical to that of the steady planar flame. 

From (53)-(55) we obtain the conservation equation 

(56) Yx + 6x + (\-a)^=ex(0
+,y,t). 

The term #i(0+, y, t) in the right-hand side of (56) reflects the fact that due to 
unsteady and nonplanar perturbations the temperature just downstream of the reaction 
zone differs from the adiabatic flame temperature. 

As a consequence of (56) the following relation, 

(57) [0,] + - ^ [ Z , ] = O, 
Lz 

is obtained between the jumps, [6X] = 6x(0
+

9 y, t) - 0X(0~, y, t) and [Zx] = -Z , (0" , y9 t)9 

of the outer perturbations 6X and Zx, at the thin reaction zone, if we take into account 
that, from the definition of the thin flame position, there are not jumps of Y at the 
thin reaction zone 

(58) ITo] = ITi] = 0. 

By using the change of variables 

(59) C=-j*(0-9y9t)7,9 u = 6x-ex(0
+

9y9t)9 
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and (56), we can write (51) and (52) in the form 

(60) 

(61) 

where A0 

(62) 

is given by 

A0 = -Aee 

d2u 

H2 = 

,(0+,y,l) 

32y, 

H2 

= A0{y, 

fe 

= KYxe\ 

The boundary conditions (54)-(55) become 

(63) £ ^ - o o : y, + f->0, u-£+-[${}, 

(64) £^+oo: y,->0, w^O. 

The problem (60)-(64) can be seen easily to be identical to that describing the structure 
of the reaction zone of the steady planar flame. Therefore the new eigenvalues A0 and 
[0J are given in terms of K and a by the relations 

(65) [ ^ ] = / i ( X , a ) , 

(66) A0 = A(X,a). 

Then, as a result of (57) and (62), we obtain 

hLz 
(67) 

and 

(68) 

[Z,] = -

5Vo 

dX 

( l - « ) 

exp{(l/2)0,«)+ , ;M)} 
{l+idfo/dy)2} 2 l l / 2 

The jump conditions (58), (65), (67) and (68) are not sufficient for the description 
of the outer structure; we need an additional jump relation that comes from the analysis, 
to terms of order )3 -2, of (37) within the reaction zone. This gives the equation 

(69) 

dd>„\ d —rrj—iYi + e. + d-a^) 
dt ) dT] 

that can be integrated once to yield 

( l - ^ y . + f. + O-a)*,) 

A d2Y, 

dr)2 

(70) 

H$M™ '2 + ( l - a ) - ^ - / e y i ) + N ( } ; , 0 , 

where N(y, t) is still unknown. By matching the inner and outer values of the function 

d I Y 
4-0 + ( l - a ) -dx \L (£+,+(,->£) 
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we obtain 

[£(*• + 0, + ( l - a ) L 

(71) " * / z \ a I z 

= l i m — Y2+e2 + ( l - a ) T
2 J - lim — ( Y2+02 + (l - a ) - 1 

and using (70) the following jump relation results 

™ fe(^+<'-<)]=^H'-^)('+(t)V^-'>-
We can now summarize the results obtained above in the form of the system of 

equations that describes the response of the flame, for large Zeldovich numbers, in 
the merged regime. 

The concentration of the main reactant and of the intermediate will be described 
in the outer transport regions by their first approximation: Y=Y0 and Z = Z{/p = 
XhLz/p(\ — a) . They are given by the equations 

BY ( dcb\dY 
(73) j;+{l-3ih=*Y' 
(74) ^ + ( l - ^ = L z « A X 

dt \ dt) dx 

for x < 0; while Y = X = 0 for x > 0. Here (/> is the first approximation <j>Q for the flame 
displacement. Notice that X is the concentration of the intermediate relative to its 
value just upstream of the reaction zone, a value that does not change due to unsteady 
or wrinkling effects, when the activation energies of the two reactions are equal. A 
similar result was also found by Margolis and Matkowsky in their analysis [9]. When 
both reactions have different activation energies, the peak value of intermediate changes 
with unsteady or wrinkling effects [14], because then K changes with flame temperature. 

The reduced enthalpy excess S= Yx + dx + (\-ot)Zx/Lz satisfies, for all x, the 
equation 

(75) d£+U-f)f=A(S-leY-8X/L2 
dt \ dt) dX 

resulting from (45). The parameter 8 is defined by 8 = h(Lz — \). 
These equations must be solved with the boundary conditions 

(76a) x ^ - o o : Y-\=X = S = 0, 

(76b) x^+oo: 5<oo, Y=X = 0. 

In fact Y = X = 0 for x > 0. 
In addition the solution must satisfy the following jump conditions at x = 0: 

(77a) [Y] = [S] = 0, [X]=-\, 

) 



516 J. PELAEZ AND A. LINAN 

and where 50 = S(0, y, t) = #i(0+, y, t). This model differs from the one associated with 
one-step Arrhenius kinetics [10] in that it involves the intermediate concentration X 
in addition to (/>, Y and 5. The equations for these last variables are coupled with that 
of X, due to the last terms in (75) and (77c). 

The parameter 8 is a measure of the thermal effect of the intermediate species Z. 
If 8 is small the equations for Y, S and cj> become uncoupled from that of X. The 
concentration of the intermediate species can be determined, afterwards, in terms of 
the flame displacement (/>. The stability properties of the flame for 8 « 1 and its nonlinear 
response are identical to those of a flame with ordinary Arrhenius kinetics. 

If Lz is close to one and h is of order unity, then 8^0. The analysis of Margolis 
and Matkowsky [8] for the particular case K = a, corresponds precisely to this situation 
because they considered (Lz- 1) of order 1//3. 

If Lz - 1 is small, but h is large enough so that 8 is of order unity, the previous 
model simplifies because the equations and boundary conditions for Y and 1 — X, for 
x<0, are identical, so that X = 1 - Y for x<0, with Y given by (73) for x<0, and 
Y = 0 for x > 0. The equation for the reduced enthalpy excess 5 takes in this case the 
form 

to be solved with the boundary conditions of (76), and the jump conditions [5] = 0 
and those given by (77b, c). In this case the simplified model involves only (/>, S and 
Y as dependent variables. 

The value of h, or equivalently, the fraction of the intermediate just upstream of 
the reaction zone, becomes large when K « 1. In this interesting case the two reactions 
begin to occur at separated places. As we shall see below, in order to insure stability 
of the planar flame, Lz in this case must be close to 1, so that 8 is of order unity. 

The system of equations (73)-(77), with appropriate initial conditions, gives, in 
first approximation for large Zeldovich numbers /3, the nonlinear transient evolution 
of the flame displacement (/>, the concentration of the main reactant Y, the intermediate 
X and the reduced enthalpy excess 5. The generalization to perturbations involving 
an additional transverse coordinate is trivial. 

The equations for the outer transport zones are written here using the thermal-
diffusive model, because the changes in velocity associated with density changes have 
been neglected. However these hydrodynamic effects could be incorporated in the 
model by a slight modification of the transport equations, and the addition of the 
continuity and momentum equations. The jump conditions at the thin flame would 
not change essentially. 

In the resulting limiting model for the unsteady nonplanar flame response, only 
three parameters enter Lz, le = / 3 ( L y - l ) and the nondimensional concentration h of 
the intermediate just upstream of the reaction zone. This value h = h(K, a) is calculated 
in the Appendix by solving numerically the equations for the reaction zone. 

5. Linear stability analysis. In the following, we shall give the results of the linear 
stability analysis of the planar steady flame structure, within the thermal-diffusive 
model, using directly the model derived above for large values of /3. 

The steady planar solution of (73)-(77) can be written as: </>s = 0 and 

(78a) Ys=\-ex Xs = ex\ Ss = h(exLz -ex)- lexex 
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for x < 0, and 

(78b) Ys = Xs = Ss = 0 

for x > 0 . 

We look for solutions for Y, X, S and <f> in the form 

(79a) cj> = a exp (wt + iky), 

(79b) Y=Ys + <j>U(x), 

(79c) X = Xs + <l>V{x), 

(79d) S = Ss + <£W(x), 
where a « 1, and the wave number k is real. 

When these expressions are taken into the system of (73)-(77), and terms of order 
a2 are neglected, the following dispersion relation is obtained 

(80) le{T- 1 -2w) + 2 r 2 ( r - 1) = hT(T- 1 +2<w(Lz - 1) + 2LZS_) 

to insure that the linear problem has nontrivial solutions with a ^ 0. Here T and 5_ 
are given by 

(81) r = v / l+4(w + fc2), S_ = | { L Z W L Z + 4 (WL Z + /C2)}. 

They must satisfy the requirements 

(82a) Re(T)^l, 

(82b) # e(VLi + 4(a>Lz + fc2)) ̂  ^z 

although if L z > 1 the fulfillment of (82b) implies (82a); if Lz < 1, (82b) holds if (82a) 
is satisfied. 

The dispersion relation gives <o in terms of k. For the flame to be stable the real 
part of a) must be negative for all k. In the parameters space le, Lz, h there is a stable 
domain, bounded by the stability surface determined by the condition Re((o) = 0, or 
by the condition of the appearance of a root of (80) with Re(o))^oo. 

We shall begin with a discussion of the stability boundary for the interesting 
limiting case h » 1 with L z - 1 « 1, such that 8 = h(Lz-\) is of order unity. The 
dispersion relation takes in this limit the form 

(83) /e(r-i-2a>)+2r2(r-i) + 5(r-i)(r-i-2w) = o 
involving only the parameters le and 8. The stability boundary is plotted in Fig. 4 as 
the closed line ABCDEA bounding the stable domain. 

The form of the dispersion relation close to the stability boundary changes along 
the boundary, and with this the form of the expected response of the flame outside 
the stable domain. The results are as follows: 

a) Along the segment AC the change of stability occurs with lm(a)) = 0; in the 
segment BC there is a nonzero critical wave number kc, so that the possibility of 
cellular flames is suggested. Close to the stability boundary, along the segment AB, 
the dispersion relation, within the thermal diffusive model that we are using, is of the 
form a> = - ( ( / e + 2)/2)fc2-(4+S)/c4; so that on the unstable side where /e + 2 < 0 the 
possibility of a chaotic response, as found by Sivashinsky [11], is suggested. 

b) Along the segment CE, the change of stability occurs with lm(a))^0. In the 
segment ED, kc = 0 and the possibility of pulsating flames is suggested; in the segment 
CD, Im(a))^Q and kc # 0, so the possibility of travelling waves is suggested. 



518 J. PELAEZ AND A. LIN AN 

FIG. 4. Stability domain in the {le, 5) plane for Lz-\« 1. The form of the dispersion relation, outside the 
stable domain, is also sketched in the figure. 

c) When crossing the line AE, corresponding to 8 = 4, a root of (83) appears with 
Re(co)>\, such that #e(a>)->oo when 8— 4->0+. This instability will only occur for 
intermediate species with low diffusivity. The appearance of a high frequency response 
close to this limit implies that, in order to describe the response in an appropriate 
way, we should retain unsteady effects in the reaction zone. The character of the 
instability is shown by an analysis, that has been carried out in [14], of the flame 
stability in the regime of separate reactions zones, when one considers the limiting 
case when the two reactions zones tend to merge. 

These results also hold for the more general case Lz ^ 1. We have used the general 
dispersion relation (80) to calculate the stability boundary in the plane le, 8 for different 
values of L z ; they are plotted in Fig. 5. The changes from the previous case are only 
quantitative. 

For example, close to segment AB' the dispersion relation takes the form 

—i'-Hiir1)**-
where e = /e + 2. It is only valid for values of 8 in the interval 4 > 8> - 8 L | / ( L Z + 1). 

A bifurcation analysis close to the stability boundary AB' has been carried out 
following Sivashinsky [11] to obtain the Kuramoto-Sivashinsky equation 

T 7 - ^ T ^ + ( 4 + 5 ( L z + l ) / 2 L | ) - ^ + - If) =0 
dt 2 dy dy 2 \dy/ 
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FIG. 5. Stability domain in the (le, 8) plane for different values of Lz. Notice that when Lz > 1, 5 > 0 and 
5 < 0 when Lz<\. 

for the flame displacement cf> = si//. The details of this straight forward analysis are not 
included here. 

As we indicated before, in the limiting case 6 ^ 0 , associated with Lz -» 1 with h 
finite, or with Lz - 1 finite and h -» 0, the stability domain corresponds to the interval 
- 2 < / e < 3 2 / 3 , identical to that of one-step Arrhenius kinetics. 

Notice also that the planar flame losses stability at 8 = h(Lz - 1) = 4 for all positive 
values of ( L z - 1 ) . The form of the bifurcated solutions close to 8 = 4 can only be 
uncovered from a more refined stability analysis retaining unsteady effects in the 
reaction zone. A stability analysis retaining these effects, in the limiting case K«l, 
has been carried out in [14] and will be published elsewhere. 

6. Conclusions. We have carried out an analysis of the structure and stability of 
flames supported by a simplified mechanism with two sequential reactions, for values 
of the rate constants such that the reactions are confined to a single thin reaction zone. 

One purpose of the analysis is to display the effects of the non-Arrhenius multiple 
kinetics on the dynamic response of the flame to nonplanar perturbations. When 
describing the structure of the outer transport zones we have used, for simplicity in 
the presentation, the thermal-diffusive approximation. Then the response of the flame 
can be described by a model where only three parameters, Lz, le = (LY- l)/3 and 
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8 = (L z - l)h, enter. The peak concentration h of the intermediate species that appears 
here, as well as the steady planar front velocity, proportional to A~1/2, have been 
obtained numerically, in terms of the ratio K of the reaction constants of the two 
reactions, from the analysis of the thin reaction zone structure; this does not change 
by unsteady or wrinkling effects. A~1/2 and h are shown in Figs. 2 and 3 as functions 
of K and a. Notice that the flame velocity eigenvalue, A"1/2, changes from its asymptotic 
value \l2K/(\-a) when K« 1, to the value \l2 for K » 1. In the limiting cases K« 1 
the two reaction zones separate, and the flame velocity is determined, as found in [5] 
and [6], by the second reaction; in the limiting case K » 1 we recover the results 
associated with an overall Arrhenius kinetics, resulting from the steady state approxima
tion of the intermediate species. 

A linear stability analysis of the steady planar flame, carried out with the thermal 
diffusive approximation shows that, when crossing the stability boundary, we can find 
chaotic response, cellular flames, travelling waves, and pulsating flames, depending 
on the values of the three parameters. It is interesting to observe that the stability limit 
(/e + 2) = 0—that appears also for Arrhenius kinetics—and the Markstein length close 
to this limit are not changed by multiple kinetic effects; however, the size of the 
stabilizing k4 term is dependent on these effects. 

If we want to have a stable planar flame, the Lewis number of the main reactant 
cannot differ much from 1; however, the Lewis number Lz of the intermediate species 
can take values away from unity if the second reaction is fast enough to limit the peak 
concentration of the intermediate to values of the order of 1//3. 

Even though we have assumed in the analysis that the activation energies of both 
reactions are equal, the results are valid when the ratio of the activation energies differs 
from 1 by an amount of order 1//3; however, it should be noticed that in these cases 
the value of K, and thus the parameter 8 and then the stability properties of the flame, 
will change when the flame temperature is changed significantly by reactant dilution. 

It should be noticed that, within the thermal diffusive model, when crossing the 
stability limit, the planar flame with ordinary one-step Arrhenius kinetics takes either 
a chaotic response, if le<-2, or a response involving travelling waves, if le>32/3. 
For the two-step mechanism we may find other instability modes, associated with the 
diffusive properties of the intermediate species. It is interesting to observe that these 
instabilities are enhanced for K«l, when the two reactions begin to occur in separate 
zones, and the flame velocity is determined by the second reaction; however, the first 
reaction determines the peak concentration of the intermediate. 

The effects of heat losses on the flame structure and on the stability can be included 
in the analysis without difficulties, by proceeding as in the analysis of Joulin and Clavin 
[13]. A heat loss term of order 1//3 in (13), that will only appear in (75), for the 
enthalpy excess, in the model, is enough to produce changes by a factor of order 1 in 
the flame velocity and important changes in the stability properties. 

Appendix. For the numerical analysis of the reaction zone structure, it is convenient 
to work in a phase space, using as independent variable u = — 6U and 

(Al) Yx = -4=^- = 4 = 3 
VA di) ' VA dy 

as dependent variables. The problem of (28)-(30)-(32) then reduces to the solution 
of the system 

(A2) ^ = y i e x p ( - u ) , 
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(A3) ^ = ( ( a - X ) y 1 + Xi i )exp(- i i ) , 

<A4> , £ - , 

with the boundary conditions 

(A5) u = 0: p = q=Yl=0, 

(A6) w^oo: Yx-u + h^09 p—7=^0, q—j=-*0. 
VA VA 

Here h and A are eigenvalues to be determined as functions of K and a. 
The point u = 0, corresponding to the conditions just downstream of the reaction 

zone, is a singular point. The form of the solution close to this point depends on the 
value of K. For K > 1, and u« 1, the solution can be written in the form 

:i5|„(l + C l „ ' - „ /3 + . . . ) , 

/ r « 

= ul l -c , rw - - + • • 

with r = Kl/2- 1; cx is a constant, associated with a nodal character of the point, that 
must be calculated to insure that for u -» oo, in the upstream edge of the reaction zone, 
p and q take the same limiting value 1/VA. 

In the case K < 1 the solution can be written for u « 1 in the form 

p = c2(l + s)us + - • •, 

u u2 

q=-+c2(oi-K)sus'- —+• • • , 
s 3s 

y, = c2(i + 5)ws + - • • 

with s= l/y/K; c2 is a constant that must be calculated to insure that the boundary 
conditions (A6) are satisfied. 

It is not difficult to show that the eigenvalues A and h satisfy the following 
symmetry relations, only valid for values of a lower than K, 

(A7) KMK'a) = A{~k'lc)> 

y J V ' ; K-a \K'K/ 

a generalization of a result obtained by Joulin and Clavin [7] for the particular case 
a = 0 . 

The particular case a = 1 must be analysed independently. In this case from (32) 
we obtain Yl = —dl and then (28) can be integrated once to yield the eigenvalue A = \. 
Afterwards (29) can be integrated to calculate n(K)\ h = 0 in this case. For K« 1, 
n^y/2/K + 0.655. 
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Asymptotic expressions can be obtained for the eigenvalues A(K, a) and h(K, a) 
for large and small values of K. 

For K » 1 it is not difficult to show that 

(A9) A 4 + 1T ' ^ ^ T ^ 2 * ) 
giving errors lower than 10% if K ̂ 3 . 

The symmetry relations (A7) and (A8) enable us to calculate A and h in the limit 
K -> 0, a -> 0, as 

(A10) A ^ 2 ^ + ^ ^ ' h^(\-a)\n(2/K) 

to be used only for a < K. 
In the general limiting case K « 1 with 1 - a of order unity, we obtain, using the 

premixed flame analysis of [12], 

r A i n A J 1 " * * 2 * ~ i ( ( i - * ) 2 / * \ 
K } 2K ' V a 2 + 1 . 3 4 4 a ( l - a ) + 0 .6307( l - a )V ' 

One should notice, however, that the asymptotic behaviour (Al 1) for K « 1, associated 
with separated reactions zones, is only valid for very small values of K; so that the 
merged regime covers a very wide range of values of K. 

The results of the numerical integration, as well as the asymptotic expressions 
(A9) and (All) for A and h as functions of K and a, are plotted in Figs. 2 and 3. 
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