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Abstract 

Classical optics has focused grounded in the design of imaging systems in which it has 

reached a high level of development. However, classical optics solutions to the 

problems of light energy transfer are only appropriate when the light rays are paraxial. 

The paraxial condition is not met in most applications for the concentration and 

illumination. 

Nonimaging optics eliminates the constraints of image formation and solves problems 

of efficient light transfer. Moreover, in general, these new optical systems can be made 

with fewer components and thus with more tolerance to manufacturing errors. This 

makes nonimaging optics an essential tool in the optic designs for illumination systems, 

concentrating photovoltaic, among others. 

Illumination systems are designed to achieve a specific illuminance distribution. An 

example is backlight system used for the LCD illumination (screens of mobile phones, 

computer monitors or TV). A backlight behaves as a square light source that emits light 

uniformly across its exit surface toward the LCD screen. In this thesis, the backlight is 

designed using the flow line design method. The light coming from LEDs enters the 

backlight by one of its side being confined within it first, and then extracted toward the 

LCD by a micro-structured (sawtooth type) surface properly calculated and distributed 

along the guide. 

Another field of application of nonimaging optics is in concentrating photovoltaic. 

Concentration is a technique that seeks to minimize the cost of the photovoltaic systems 

using high-efficient solar cells. Due to high cost of the cells, these systems are 

interesting only if the required solar cell area is reduced by using an optical 

concentrator. Nonimaging concentrators are well suited for the collection of solar 

energy, because the goal is not the reproduction of an exact image of the sun, but 

instead the collection of its energy. Most of the concentrators comprise two optical 

elements, the primary reflector (X) and the secondary lens (R). The use of reflectors for 

concentration is highly desirable for several reasons: They result in very compact 

systems (such as XR concentrators), has no chromatic aberration and use very little 
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material. The main disadvantage of the high-reflective mirrored reflectors is their high 

cost. In order to reduce the cost of the system, the mirrored reflectors can be replaced by 

metal-less TIR grooved reflectors. A design procedure for these grooved reflectors is 

presented in this thesis.  

Most of the optical systems designed for nonimaging aplications are free-form. These 

systems are formed by specific surfaces without symmetry. The absence of the 

restriction of symmetry allows us to design systems with less surfaces and more 

efficient. Free.form optical systems become especially relevant lately with the 

development of molding machines, for example 5-axis diamond turning machine. 

Although some components are very complicated for shaping, the manufacturing costs 

are relatively insensitive to the complexity of the mold especially in the case of mass 

production (such as plastic injection), as the cost of the mold is spread in many parts. 

The volume of the used material for each component is very important for mass 

manufacturing. This is for two reasons: the price of the material itself and the loss of 

efficiency that is usually associated with the components that use a lot of material. So, 

thin optical systems (small volume but large surface area) have big potential to replace 

the conventional systems.  

In this thesis, several design methods, such as the Simultaneous Multiple Surface 

method in two and three dimensions (SMS2D and SMS3D) and the flow line design 

method, are explained. These methods are based on very efficient control of the light 

flow, providing excellent results in the nonimaging optic designs. 

The thesis comprises seven chapters. In the first chapter, an introduction to nonimaging 

optics with some basic concepts is given. In Chapters 2-7 there are presented few thin 

nonimaging components made of plastic. 

Chapter 2 presents the design of geodesic lenses applied to the various illumination 

systems. These lenses are well known but their application in illumination systems is 

novel. This chapter describes a general mathematical procedure for the geodesic lens 

designs. A few applications in illumination systems are presented, as well. 

Chapter 3 deals with the backlight illumination systems for the LCD. The problem of 

uniform illumination of the LCD is resolved using a thin dielectric light guide. The 

control of light along the guide is achieved using a nonimaging design method, the 

flow-line method. Few designs are presented and compared. All presented designs 

provide high uniformity of irradiance pattern. 
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Chapter 4 describes the modeling, fabrication and characterization of a backlight design. 

The experimental results are not as good as the theoretical results due to surface errors 

and roughness. These surface errors have dropped the backlight efficiency, but the 

uniformity of the irradiance pattern has not decreased significantly.  

Chapters 5 and 6 present designs of free-form V-groove reflectors in two and three 

dimensions. The goal is to develop a procedure for metal-less grooved reflector 

construction. 

In Chapter 5, it is explained a general design procedure for V-groove reflectors in two 

dimensions. The design problem is to achieve perfect coupling of two wavefronts after 

two reflections at the groove, no matter which side of the groove the rays hit first.  The 

design procedure comprises two steps: a mathematical analysis of the functional 

differential equations and the SMS design method. All presented 2D V-groove 

reflectors show very good performances. The V-groove design procedure has been 

extended into three dimensions in Chapter 6. This chapter explains design of metal-less 

grooved reflectors. In order to analyze the potential of the TIR reflectors a thin 

dielectric sheet acting as a parabolic mirror was developed and fabricated. The 

experimental results of this first prototype show good reflectivity.  

In Chapter 7 it is presented a metal-less LED RI3R collimator (RI3R means refraction, 

total internal refraction three times and another refraction). Unlike to the conventional 

RXI collimators, this collimator does not need any metalization. One of its side is a 

properly calculated grooved surface that reflects the rays by two TIR reflections, acting 

as a mirrored surface in the conventional RXI. The main advantage of the presented 

design is lower manufacturing cost since there is no need for the expensive process of 

metalization. Also, unlike to the conventional RXI collimators this design performs 

good colour mixing. The experimental measurements of the first prototype show good 

optic efficiency. 

This thesis demonstrates that nonimaging optic designs can achieve highly effective 

illumination systems, such as presented backlights and RI3R collimator. The absence of 

mirrored surface in presented devices makes them cheap especially when mass 

production via injection molding is applied. 
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Resumen 

La óptica clásica se ha centrado siempre en el diseño de sistemas formadores de imagen, 

donde se ha logrado un nivel de desarrollo considerable. No obstante, las soluciones 

ofrecidas por la óptica clásica al problema de transferencia de energía luminosa son 

solamente apropiadas cuando los rayos de luz son paraxiales. En una gran cantidad de 

aplicaciones para concentración e iluminación, no se cumple que los rayos sean 

paraxiales. 

La óptica anidólica elimina las restricciones impuestas por la formación de imagen y es 

capaz de resolver los problemas para una transferencia de luz eficiente. Además, en 

general, estos novedosos sistemas ópticos pueden ser realizados con una menor cantidad 

de componentes, por lo que su tolerancia a errores de fabricación es mayor. Esto hace 

de la óptica anidólica una herramienta esencial en el diseño óptico para sistemas de 

iluminación y concentración fotovoltaica entre otros. 

Los sistemas de iluminación están diseñados para lograr una distribución de iluminación 

específica. Un ejemplo de ello son los sistemas backlight usados para la iluminación de 

sistemas LCD (pantallas para terminales de telefonía móvil, monitores de ordenador o 

televisión). Un sistema backlight se comporta como una fuente de luz cuadrada que 

emite luz de forma uniforme a lo largo de su superficie de salida hacia la pantalla LCD. 

En esta tesis presentaremos un sistema backlight diseñado por el método de las líneas de 

flujo. La luz proveniente de los LEDs penetra dentro del backlight a través de uno de 

sus extremos y es confinada en su interior para luego ser expulsada hacia el LCD a 

través de una superficie basada en una micro-estructura con perfil en forma de diente de 

sierra, calculada y distribuida a lo largo de la guía. 

Otro campo de aplicación de la óptica anidólica es la concentración fotovoltaica. La 

concentración es una técnica por la que se minimiza el coste de los sistemas 

fotovoltaicos mediante el uso de células solares de alta eficiencia. Debido al alto coste 

de este tipo de células, estos sistemas son interesantes sólo si se consigue reducir 

ostensiblemente el área de la célula usando un concentrador óptico. Los concentradores 

no formadores de imagen (anidólicos) son apropiados para la colección de energía solar 
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porque el objetivo no es una reproducción exacta de la imagen del sol sobre la célula, 

sino “simplemente” la colección de su energía. Muchos concentradores se componen de 

dos elementos ópticos, a saber: elemento primario reflectivo (X) y elemento secundario 

refractivo (R). El uso de elementos reflectivos en concentración ofrece varios puntos 

positivos: los sistemas resultantes son muy compactos (como los concentradores XR), 

no presentan aberraciones cromáticas y usan muy poca cantidad de material. La 

principal desventaja de los espejos de alta reflectividad reside en su elevado coste. Para 

reducir el coste del sistema, los espejos reflectivos pueden ser sustituidos por reflectores 

no metálicos con surcos TIR. En esta tesis se presenta un procedimiento para diseñar 

este tipo de reflectores con surcos. 

Una gran parte de los sistemas ópticos diseñados para aplicaciones anidólicas carecen 

de simetría alguna (son free-form). La ausencia de toda restricción de simetría nos 

permite diseñar sistemas con menos superficies y más eficientes. Los sistemas ópticos 

free-form  son especialmente relevantes desde el desarrollo de máquinas de moldeo, por 

ejemplo el torno de cinco ejes con punta de diamante. A pesar de que algunos 

componentes son muy difíciles de moldear, los costes de fabricación son relativamente 

insensibles a la complejidad del molde, especialmente en el caso de producción de masa 

(como la inyección de plástico), porque el coste del molde se divide en distintas partes. 

El volumen del material usado para cada componente es muy importante en la 

fabricación en masa. Esto se debe a dos razones: el precio del material en sí y las 

pérdidas de eficiencia, que vienen normalmente asociadas a los componentes que 

utilizan mucha cantidad de material. Por tanto, los sistemas ópticos delgados (volumen 

reducido pero elevada superficie) presentan un gran potencial para reemplazar a los 

sistemas convencionales. 

En esta tesis varios métodos de diseño, como el de las Múltiples Superficies 

Simultáneas (Simultaneous Multiple Surface en la literatura anglosajona) en dos y tres 

dimensiones (SMS2D y SMS3D), y el diseño de líneas de flujo, serán explicados. Estos 

métodos están basados en un control muy eficiente del flujo de luz, proporcionando 

excelentes resultados en los diseños de óptica anidólica. 

La tesis se compone de siete capítulos. En el primero de ellos, se hace una introducción 

a la óptica anidólica, incluyendo algunos conceptos básicos. En los capítulos 2-7 se 

presentan algunos componentes anidólicos delgados hechos en plástico. 

El capítulo 2 presenta el diseño de lentes geodésicas aplicado a varios sistemas de 

iluminación. Estas lentes son bien conocidas pero su aplicación a sistemas de 
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iluminación es totalmente novedosa. Este capítulo describe un procedimiento 

matemático general para los diseños de lentes geodésicas. Asimismo se presentarán 

algunas aplicaciones de sistemas de iluminación. 

El capítulo 3 trata sobre los sistemas de iluminación backlight para LCD. El problema 

de la iluminación uniforme de un LCD se resuelve usando una guía de luz dieléctrica 

delgada. El control de la luz a lo largo de la guía se consigue utilizando un método de 

diseño anidólico: el método de líneas de flujo. Presentaremos y compararemos algunos 

diseños. Todos los diseños presentados proporcionan un patrón de irradiancia con una 

gran uniformidad. 

El capítulo 4 describe el modelado, fabricación y caracterización de un diseño backlight. 

Los resultados experimentales no son tan buenos como los teóricos debido a errores en 

la superficie y rugosidades en la misma. Estos errores en la superficie hacen que la 

eficiencia del sistema disminuya, pero la uniformidad del patrón de irradiancia que se 

consigue es casi como la teórica. 

Los capítulos 5 y 6 presentan diseños de reflectores free-form con surcos en dos y tres 

dimensiones. El objetivo es desarrollar un procedimiento para la construcción de 

reflectores con surcos sin metalizar. 

El capítulo 5 describe un procedimiento general de diseño de un reflector con surcos en 

dos dimensiones. El problema de diseño consiste en alcanzar un acoplamiento perfecto 

de dos frentes de onda tras dos reflexiones en el surco, sin importar en qué lado del 

surco incida la luz primero. El procedimiento de diseño se compone de dos fases: un 

análisis matemático de las ecuaciones diferenciales funcionales y el método de diseño 

SMS. Todos los reflectores con surcos 2D presentados ofrecen muy buenos 

funcionamientos. El procedimiento de diseño ha sido adaptado al caso tridimensional en 

el capítulo 6. Este sexto capítulo explica el diseño de reflectores con surcos sin 

metalizar en tres dimensiones. Para analizar el potencial de los reflectores TIR, se 

desarrolló y fabricó una lámina delgada de dieléctrico que funcionase como espejo 

parabólico. Los resultados experimentales de este primer prototipo muestran una buena 

reflectividad. 

En el capítulo 7 se presenta un colimador LED RI3R sin metalizar (RI3R significa 

refracción, refracción total interna por tres veces y otra refracción). Al contrario que en 

los colimadores RXI convencionales, este colimador no precisa de metalización alguna. 

Una de sus caras es una superficie con surcos calculada para reflejar los rayos mediante 

dos reflexiones TIR, actuando así como un espejo en el RXI convencional. La principal 
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ventaja del diseño presentado aquí reside en un menor coste de fabricación ya que no 

hay necesidad de metalización, proceso generalmente caro. Además, contrariamente a lo 

que ocurre con los colimadores RXI convencionales, este diseño ofrece una buena 

mezcla cromática. Las medidas experimentales realizadas del primer prototipo muestran 

una buena eficiencia óptica. 

Esta tesis demuestra que los sistemas diseñados con la óptica anidólica ofrecen 

iluminaciones muy efectivas, tal y como se ha señalado en el caso de los backlights y 

del colimador RI3R. La ausencia de superficies metalizadas en los dispositivos 

presentados los hace ser baratos, especialmente cuando se aplica a una producción en 

masa de moldeo por inyección. 
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Chapter 1                                               

Introduction to Nonimaging optics 

1.1 Introduction to geometrical optics 

Geometrical optics, whether image forming or not, treats the rays as a line-like path 

along which light energy travels, an idea inspired by sunbeams.  

Maxwell’s equations defined the light as an electromagnetic radiation. Geometrical 

optics arises when a short-wavelength is considered. The rays are then defined as a 

straight lines normal to any surface of constant phase of light waves (in terms of the 

wave theory of light), which is called wavefront. 

In geometrical optics the rays are deflected in accordance with the laws of refraction 

and reflection. When the light is reflected from a smooth surface the reflected ray make 

the same angle with the normal as the incident ray. In this case both rays and the surface 

normal are coplanar. When a ray passes from one refractive medium to another its 

direction changes according to Snell’s law. This law states that the ratio of the sines of 

the angles of incidence and refraction is equivalent to the ratio of phase velocities in the 

two media, or equivalent to the opposite ratio of the indices of refraction. In many lens 

designs the paraxial approximation is considered, which means that all rays are close 

enough to the axis to be equal to their own sines (and tangents).  

There are several equivalent formulations of geometrical optics. One of them is 

Fermat´s principle, which concerns the concept of optical path length, mathematically 

defined by the expression [2,9]: 

  , ,
B

A

L n x y z dl   (1.1.1) 

where n(x,y,z) is the refractive index of the medium at the point (x,y,z) and dl is the 

differential length along the light’s path between points A and B.  

Consider now an optical medium and ray path between two points in this medium, 

designated A and B. Fermat´s principle states that a physically possible ray path is the 

one for which the optical path length along it from A to B is an extremum as compared 
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to all neighbouring paths. In other words, given a light ray between two points and its 

travel time between them, any adjacent path close to it should have the same travel time.  

From Fermat’s principle can be derived the entirety of geometrical optics, including the 

laws of reflection and refraction and the equality of the optical paths among the rays of 

a continuous bundle linking any two given points.  

Another equivalent formulation of geometrical optics is the Hamiltonian formulation 

[2,9].  A ray is represented as the 6- dimensional vector (x, y, z, p, q, r), where (x, y, z) is 

a point in the space and (p, q, r) are the optical direction cosines (these values are 

cosines of the angles between the ray direction and the axis x,y,z multiplied by the 

refractive index). The Hamiltonian formulation states that the trajectories of the rays are 

given as solution of the following system of first-order ordinary differential equations: 

 

  

  

  

p x

q y

r z

dx dp
H H

dt dt
dy dq

H H
dt dt
dz dr

H H
dt dt

  

  

  

 (1.1.2) 

 
where t is a parameter without physical significance and  

  2 2 2 2, ,H n x y z p q r     (1.1.3) 

The solution should produce H=0, as can be deduced from the definition of (p, q, r).  

The five-dimension space defined by a point and two direction cosines is called 

Extended Phase Space. A ray-bundle M4D (or ray manifold) is a four-parameter entity, a 

closed set of points in the extended phase space, with each point representing a different 

ray (i.e., two different points cannot correspond to the same ray at two different 

instants). Often, a ray manifold M4D is defined at its intersection with a reference 

surface R, which must observe the condition of intersecting only the trajectories of the 

rays belonging to M4D. This reference surface defines a four-parameter manifold called 

Phase Space. For instance, if the reference surface is a plane z=0, then the phase space 

is (x, y, p, q).  

In 2D geometry, all these concepts can be defined similarly. For example, the extended 

phase space is the three-dimensional sub-manifold, defined by p2+q2=n2(x,y), in the 

four-dimensional space of coordinates x, y, p and q. 
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1.2 Nonimaging optics 

Nonimaging Optics was informally founded in early sixties with invention of the CPC, 

and has been constantly developed ever since [1]. 

The goal of nonimaging optical systems is to efficiently transfer total luminous power 

from a source to a receiver without need of image information. Nonetheless, designing 

nonimaging optics does not necessarily imply that image formation never occurs. 

Sometimes the nonimaging optics designs forms images of the source pretty good, as in 

example of RXI collimator shown in Chapter 7. A collimator is an optical system that 

provides sharper intensity pattern at the receiver than the one at its entry aperture. Since 

the ray trajectories are reversible, a collimator can be used in the opposite direction as 

concentrator. 

 
Figure 1.1 The difference between imaging and nonimaging optical systems is that of specific point-

to-point correspondence between the source and the receiver being required. 

Classic imaging systems are appropriate solutions for some paraxial non-imaging 

problems, i.e., those in which the transmitted rays at no time form large angles with the 

axis of the optical system. When a design problem is non-paraxial, as often occurs in the 

design of collimators or concetrators, the restriction imposed by image formation are 

usually quite inconvenient, but more importantly unnecessary in most illumination 

situations. Imaging optics has the prime goal of preserving spatial contrasts, while 

illumination engineering usually wants a contrast-free distribution of light upon a 

surface, in spite of source inhomogeneities.  

1.2.1 Design problem in nonimaging optics  

A bundle of rays impinging on the surface of the entry aperture of the nonimaging 

device is called the input bundle, and is denoted by Mi. The bundle of rays that links the 
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surface of the exit aperture of the device with the receiver is the exit bundle Mo. The set 

of the rays common to Mi and Mo is called the collected bundle Mc. The input and exit 

bundles are coupled by the action of the device.  

There are two main groups of design problems in Nonimaging Optics, bundle-coupling 

(like in the case of a collimator or a concentrator) and prescribed irradiance (as in the 

backlight design).  

In the first group, bundle-coupling, the design problem is to specify the bundles Mi and 

Mo, and the objective is to design the nonimaging device to couple the two bundles, i.e., 

making Mi=Mo=Mc.  

For the second group of design problems, prescribed-irradiance, it is only specified that 

one bundle must be included in the other, for example, Mi in Mo (so that Mi and Mc 

coincide), with the additional condition that the bundle Mc produces a prescribed 

irradiance distribution on one target surface at the output side. As Mc is not fully 

specified, this problem is less restrictive than the bundle-coupling one. The good 

example is the LED backlight system presented in Chapters 3 and 4.  

1.2.2 Edge-ray principle 

The edge-ray theorem is a fundamental tool in non-imaging optics design. This theorem 

states that for an optical system to couple two ray bundles Mi and Mo it suffices to 

couple bundles Mi and Mo, where Mi and Mo are the edge-ray subsets of bundles Mi 

and Mo (and as perimeters have one less dimension). A perfect matching between 

bundles Mi and Mo implies the coupling of their edge-rays. This theorem was proven by 

Miñano [3] in the mid-eighties, and Benítez [4] extended this demonstration in the late 

nineties.  

The edge-ray principle is the design key in most nonimaging devices, and shows the 

benefits that arise from the elimination of the imaging requirement. 

1.2.3 Nonimaging design methods 

There are several non imaging optical design methods: the flow-line, the Simultaneous 

Multiple Surface method in two dimensions SMS2D and in three dimensions SMS3D, 

as well as some others. 

The SMS method is a very powerful tool, capable of designing simultaneously several 

surfaces at once. It was originally developed for two dimensional designs, and letter 

extended to three dimensions as SMS3D, so that the surfaces without symmetry (free-
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form surfaces) could be designed.  This method generates two surfaces at the same time 

(refractive or reflective). Herein, in the thesis, it is presented construction of two free-

form surfaces, but in general the SMS method can been used for calculation of 

nonimaging devices included more surfaces [5, 6, 7, 8]. 

The flow-line method is another nonimaging design method. This method allows a high 

efficient control of the light confined inside of a light guide (for example a backlight, 

see Chapter 3). The backlight is firstly done in 2D and then extended to 3D by linear 

symmetry along on of the axis, z. Since the Hamiltonian H is independent of z, due to 

Eq.(1.1.2) r=const for each ray, then the system can be analyzed as a two dimensional 

one [9], merely replacing the refractive index n(x,y) by an effective index 

n*(x,y)=(n(x,y)2-r2)1/2, or relative to vacuum,  

    2 2
*2

2

,
,

1r

n x y r
n x y

r





 (1.2.1) 

Notice that if the refractive index n(x,y) is homogeneous, so is n*(x,y) (even though the 

value will be different, depending on the value of r), and so the ray paths will be straight 

lines. The projection of 3D rays on a xy plane match 2D trajectories; so that designing 

devices in 2D will suffice [9]. 
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Chapter 2                                                     

Geodesic lenses 

2.1 Introduction 

A geodesic lens consists of a thin curved dielectric sheet inside of which the light is 

confined to travelling by bouncing up and down between the sheet’s parallel surfaces 

(Figure 2.1). In the limit of zero sheet thickness these two surfaces become identical, so 

that (within the framework of geometric optics) the projections of the ray trajectories on 

this surface coincide with the geodesic curves on the surface (in geometry, a geodesic 

curve is the minimum distance between two points on the surface, for example in the 

case of a sphere, the geodesic curves are the great circles).  

 
Figure 2.1 Geodesic lens 

The geodesic lenses have been used since the ’80s in waveguide optics [2, 5, 8-13] to 

guide and focus laser beams within the integrated optoelectronic components. Its 

application in illumination systems is completely new, and has been possible only with 

the advent of LEDs, whose sizes, operating temperatures and power emissions are now 

such that they allow that application. Consider, for example, the problem of illumination 

of a plane with one LED at a distance without substantial loss of power. This can be 

resolved easily with a conventional lens. However, when radiation is confined within a 

guide, the use of conventional lenses is not suitable. If we want to use a conventional 

lens in such a system, the light guide has to be cut down. This increases the complexity 

Geodesic lens 
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of the illumination system. On the other hand, geodesic lenses can perform the same 

operation as conventional lenses without breaking the guide, but simply adjusting to its 

surface. These lenses are not visible because they are integrated into the guide sides. 

Their function is to ensure that the projected light conforming to a predetermined 

pattern, to a certain color combination (creating a specified color temperature) and that 

system is integrated and compact. 

Moreover, since the geodesic lenses are thin dielectric sheet they are suitable for mass 

production (for example by injection molding). This makes them a potentially very low 

coast tool for radiation guiding. However, geodesic lens efficiency depends strongly on 

the wall reflectivity, low bulk absorption of the dielectric material and low surface 

roughness (to avoid scattering).  

In order to make easier the explanation of the geodesic design procedure, all 

mathematical background theory is presented via analysis of the gradient index lenses. 

A geodesic lens can be obtained from its dual gradient index lens by applying an 

isometric mapping.  

At the end of the chapter some possible applications of the geodesic lenses are 

presented, such as in the systems for uniformization of illumination (Kohler integrator) 

and kaleidoscope. Introduction of the geodesic lenses into these devices has shown very 

good results. 

2.2 Gradient index lens 

In 1944 Luneburg described a spherically symmetric refractive structure with variable 

index that forms perfect geometrical images of two given concentric spheres on each 

other (Figure 2.2) [1].  

 
Figure 2.2 Trajectory of ray in the spherically symmetric medium 
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In order to obtain the refractive index profile of this structure, it is necessary to resolve 

an integral equation. Herein, it is presented the general solution for the lens refractive 

index distribution. In some cases it can not be done analytically and is necessary to use 

numerical approximations. 

Let us consider an inhomogeneous spherical lens with a unit radius, and with 

spherically symmetric refractive index distribution n(r), where r (0≤r≤1) is the radial 

position. Assume that this lens is embedded in air (n=1) and that it forms geometrically 

perfect images of two conjugate spheres of the radius r0 and r1 on each other (Figure 

2.2). The condition that every ray which starts from a point P0 (r=r0, φ=π) and enters the 

lens is bent to pass through P1 (r=r1, φ=0) may be mathematically expressed as 

 

0
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k dr
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 (2.2.1) 

where r* is the radial coordinate of the point of the minimal radial distance, and k is the 

skew invariant. This invariant appears in the spherically symmetric medium and is 

defined as k=n(r)rsin(), where   is the angle between the radius vector to a point on 

the ray and the ray (see Appendix A). At the point with the radial coordinate r*, the ray 

is perpendicular to the radial vector, therefore k=n(r*)r*. When arrange the last equation 

we obtain an integral equation that gives refractive index distribution as solution 
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 (2.2.2) 

where p(r)=n(r)r.  

The second and the third member in the integral equation (2.2.2) can be solved easily 

due to n(r)=1 when  r>1, thus p(r)=r, therefore  
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Now, Eq.(2.2.2) takes the following form 
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If we assume that p(r) is a monotonically continuous (hence invertible) function of r, 

then due to p(r)=n(r)r  it can be written  

 
ln ( )dr dp dn dp d n p

dp
r p n p dp

 
     

 
 (2.2.5) 

By substituting this result into (2.2.4) after elementary calculus we get an integral 

equation  

 
1

2 2
0 1

ln ( ) 1
(arcsin( ) arcsin( ))

2k

d n p k dp k k

dp r rp k

  
   

 
  (2.2.6) 

This fundamental equation may be solved by replacing the dummy variable on the left 

by s, multiplying both sides by 
2 2

1

k p
 and integrating over k from p to 1 [1]. 
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    (2.2.7) 

After interchanging the order of integration on left we obtain 
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    (2.2.8) 

This process is explained in Figure 2.3. It is clear that the integration area A can be 

parameterized in both manners as shown in Figure 2.3. 

 
Figure 2.3 Explanation of the interchanging of order of integration 
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1

0

1

2 (1 )

dz

z z   which can be reduced further to 
1

2
0 1

dt

t
 by changing z with t2. Finally 

we obtain the following expression 
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  (2.2.9) 

By substituting this result into Eq.(2.2.8), after elementary calculus we get an 

expression which defines the general solution for the lens refractive index distribution 
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  (2.2.10) 

where n(r)=1 (p(r) is a monotonic function, when p=1, n(r)=1 and r=1). 

The Luneburg lens is a spherically symmetric refractive structure that performs perfect 

geometrical images of two given concentric spheres (with radius 1 and infinite) on each 

other [1]. Therefore putting r0=1 and r1= ∞ into Eq.(2.2.10) we obtain 
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  (2.2.11) 

In order to solve this problem, let analyze Eq.(2.2.3) first. If we change the integral 

limits (a is replaced by k), the next term is obtained 
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Now, by replacing the dummy variable on the left by s, multiplying both sides by 

2 2

1

k p
 and integrating over k from p to 1, we get 
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After interchanging the order of integration on the left side of the equation we obtain  
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By substituting Eq.(2.2.9) into this equation and after elementary calculus we get 
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The last term is solved by introducing a new variable 1cosh ( )
k

x
p

 , which leads to  
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Now putting this equation into Eq.(2.2.15) we get 
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By substituting Eq.(2.2.17) into Eq.(2.2.11) we get 

 2( ) 1 1n p p    (2.2.18) 

Rearranging this term the function p(n) is obtained as 2( ) 2 ( )p n p n p  , thus 

2( ) 2 ( )
( )

p
r p n p

n p
   . 

Finally the refractive index distribution of Luneburg lens can be written as 

 
22 , 0 1

( )
1, 1

r r
n r

r

    


 (2.2.19) 

2.3 Geodesic lens 

A Geodesic lens consists of a thin curved dielectric sheet inside of which the light is 

confined by travelling by bouncing up and down between the sheet’s parallel surfaces 

(Figure 2.4).  

 
Figure 2.4. Geodesic lens and a ray trajectory inside it 

Geodesic lenses which collapse to the surface of rotational symmetry in the limit of cero 

thickness are dual form of the spherically symmetrical gradient index lenses explained 

in the previous section. However, there is no dual solution for all gradient index lenses. 

The function n(r) has to satisfy some conditions, as will be explained in this section. 
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The fundamental advantage of the geodesic lenses over the variable index lenses 

consists in their applicability to all substrate materials and they are free from chromatic 

aberration. A geodesic lens can be obtained by an appropriate mapping of ray 

trajectories in a refractive index plane into the geodesics of the geodesic lens surface. In 

order to achieve this, it is necessary to establish an isometric mapping between the 

refractive index plane and the lens surface. In the refractive index plane the differential 

optical path length is (see Eq.(A.1) and Figure A.1 in Appendix A) 

 2 2 2 2 2( ) ( )ds n r dr r d     (2.3.1) 

A rotational geodesic surface is generated by revolution of the curve ρ(σ) (that is the 

cross section of the surface), where ρ is one of the cylindrical coordinates of the space 

(ρ, θ, z) and σ is the curve length from the point where this curve meets the axis z 

(Figure 2.5). The differential length on the rotational surface is  

 2 2 2 2ds d d      (2.3.2) 

where 

 2 2 2d d dz    (2.3.3) 

 
Figure 2.5 Definition of coordinates used in the rotational surface 

The ray trajectories within the refractive index distribution n(r) are mapped into the 

geodesic curves of the rotational surface, by an isometric mapping between the plane 

(r,φ) and the surface (σ,θ), if θ=φ and ρ(σ) fulfils the equality of the differential length 

on the surface and the optical path differential length. This mapping is described by two 

equations  
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The function σ(r) can be obtained by integration of the second term in Eq.(2.3.4). Then, 

using the first term in Eq.(2.3.4) and the function n(p) (that is obtained for the dual 

refractive index variable lens), we can calculate σ(p), as well.  

Having in mind definition of the variable p, according to (2.3.4), we have p=ρ, thus  
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r
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  (2.3.5) 

The derivative of r with respect to ρ is 
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By substituting this equation into the second term of equation Eq.(2.3.4) and integrating 

over ρ we get the following expression 
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This equation can be written in other way  

 (ln ( ))d n       (2.3.8) 

By partial integration of the last equation one gets 

 (1 ln ( )) ln ( )n n d         (2.3.9) 

Once we have σ(p) we can calculate z(ρ), which describes the cross section of the 

geodesic surface. According to Eq.(2.3.3) we have 
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   (2.3.10) 

Integration of the last term over ρ leads to 
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   (2.3.11) 

Unfortunately, it is not possible to resolve all geodesic lenses analytically. For the sake 

of easier numerical calculation Eq.(2.3.8) is transformed into a new form. Since σ is the 

curve length (it is calculated from the point where this curve meets the axis z), we have 

σ(0)=0, therefore 
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Assuming z(0)=0, Eq.(2.3.11) remains the same, only the limits of the integral are 0 and 

ρ. It is clear now, that there is no solution for all types of refractive index distribution 

n(ρ) (or n(p)). Since σ>ρ, a geodesic lens dual form exists only if  

 
0

ln ( ) ln ( )n d n


     (2.3.13) 

This means that a geodesic lens exists only if its dual gradient index lens has a 

monotonically decreasing refractive index (this condition is obtained when one derives 

the last equation respect to ρ). Since the refractive index distribution of the Luneburg 

lens is a monotonically decreasing function, given by Eq.(2.2.18), this lens can be 

mapped into its dual form, known as the Rinehart lens. Even more this profile can be 

calculated analytically. By substituting Eq.(2.2.18) into Eq.(2.3.8) we get 
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  (2.3.14) 

If multiply the numerator and the denominator of the integrated function by 

2(1 1 )   one gets 
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Now z(ρ) is obtained by substituting Eq.(2.3.15) into Eq.(2.3.11)  
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Finally, by integrating the last term, the equation of the Rinehart lens is obtained [5] 
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 (2.3.17) 

Figure 2.6 shows the Rinehart lens and some geodesics on it. The free space region 

(n=1) surrounding the Luneburg lens corresponds to the plane part of the surface 

(Figure 2.6). 

The main problem that emerges is an extremely sharp transition between horizontal 

sheet to the vertical wall of the lens. As we can see by analyzing Eq. (2.3.16) when ρ 

tends to 1, the first derivative of z respect to ρ tends to infinity. On the other hand, when 

ρ>1 the derivative is zero (since the surface is a plane). Physically it means that 

Rinehart lens has a horizontal and a vertical tangent plane at ρ=1. This causes an 
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extremely sharp transition, which represents a source of losses in optical application 

(Figure 2.6).  

 
Figure 2.6 Rinehart lens. 3D view and its cross section  

This situation is highly undesirable especially in integrated optic circuits for energetic 

reasons. The solution of this problem is based on creating a smooth transition geodesic 

lens, also known as non-full aperture geodesic lenses. These lenses are designed 

similarly as the full aperture geodesic lenses explained in the previous text, but instead 

of prescribing only a flat horizontal plane for the points (ρ>1) we prescribe also a 

smooth transition for ρA<ρ<1. This smooth transition represents an additional degree of 

freedom that is used to avoid the losses due to sharp corners at ρ=1. Unfortunately, the 

entire lens can not been used, because the rays passing only the prescribed region are 

lost (Figure 2.7).  We need to do a trade off between the losses due to sharp transition 

and the losses caused by non-full aperture design. 

 
Figure 2.7 Non-full aperture lenses with smooth transition 
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2.4 Non-Full aperture geodesic lens 

The non-full aperture geodesic lenses can be obtained as a dual form of the non-full 

aperture gradient index lenses. In this section we are going to emphasize the distinctions 

that emerge due to non-full aperture characteristics. Non-full aperture gradient index 

lenses with the boundary index value N>1 (note that in the GRIN lens calculus 

presented in Section 2.2 it is assumed that n(r=1)=1) are explained in Appendix B.  In 

order to establish a mapping between the non-full aperture lenses it is necessary to 

assume that the refractive index of the geodesic surface differs from the refractive index 

of the horizontal plane (due to difference in the refractive index of the boarders of 

gradient index lens and ambient, that is the air). Thus the differential optical path length 

on the geodesic surface has a new form (see Figure 2.5) 

 2 2 2 2( )ds N d d       (2.4.1) 

where N is the refractive index at the borders of the corresponding gradient index. The 

differential optical path length in the gradient index lenses is 

 2 2 2 2 2( ) ( )ds n r dr r d     (2.4.2) 

where n(r) is the refractive index distribution. A new isometric transformation can be 

established by θ=φ and a function ρ(σ) that fulfils the equality of the differential optical 

path lengths 

 
( ) ( )

( )
r n r n r dr

d
N N

   
   (2.4.3) 

Nevertheless the relations σ(ρ), and z(ρ) maintain the same form as shown in Eq. 

(2.3.11) and (2.3.12).  

The non-full aperture lenses are designed to provide the possibility of easier lens 

production and to fulfil the practical requirements. In the case of gradient index lenses, 

these mean production of a lens with continuous and smooth index distribution, with 

N>1 at the borders (see Appendix B). On the other hand, the mentioned requirements in 

the case of geodesic lenses mean production of a lens with continuous and smooth 

surface, with a smooth transition to the horizontal plane. The difference between the 

refractive index of the geodesic surface and the horizontal plane is not important.  
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Figure 2.8 Ray tracing of the geodesic lens with aperture A=0.8 and N=1 

Herein, two different designs are calculated. In the first design, the refractive index of 

the geodesic surface and the horizontal plane are equal (Figure 2.8), while in the second 

design they are different (Figure 2.9). Each lens performs imaging between a spherical 

and a plane wavefront. Both designs are obtained from their dual non-full aperture 

gradient index lens using the transformation given in Eq.(2.3.11). These lenses have 

been calculated numerically.  

 
Figure 2.9 Ray tracing of the geodesic lens with aperture A=0.8 and N=1.33 

2.5 Applications 

In this section, we present a few waveguide devices for illumination engineering 

applications constructed by geodesic lens. All presented applications are based on a 

important property of the Rinehart geodesic lens, which will be explained first.  

Rinehart lens performs a rotation of the phase space (y, sinβ) of each ray passing the 

lens by 90 degrees (Figure 2.10). Since a Rinehart lens converts the spherical wave 

front to the plane front, the equality of the angles shown in Figure 2.10 are obvious.  
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Figure 2.10 The phase space coordinates of any ray rotates 90 degrees after crossing a Rinehart 

lens 

The transformation of the phase space (y, sinβ) caused by the lens is described by 

equations 

 0 0sin , sini iy y     (2.5.1) 

where β0 is negative.This means that the transformation is the rotation by 90 degrees. 

The same conclusion is obtained by scalar multiplication of the coordinates of the points 

in this phase space 

 0 0cos(( ,sin ) ( ,sin )) 90i iarc y y      (2.5.2) 

This means that Rinehart lens performs the intensity and illuminance patterns to be 

exchanged [3]. 

2.5.1  Kohler integration with the geodesic lenses 

Figure 2.11 shows a Kohler illuminator unit comprises a solid piece of refractive index 

n>1 material, bounded by two arrays of thin lenses separated by a distance equal to their 

focal length. This illuminator can be used, as long as source has a reasonably even 

illuminance pattern as well as a sharply defined intensity pattern [3]. As it can be seen 
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in Figure 2.11 the intensity pattern at the output of each lens of the second array is just 

as even as the illuminance pattern on the corresponding first-array lens. Thus, each 

Kohler exchanges the intensity and illuminance patterns. All these intensity patterns are 

superimposed in the far field giving a quite uniform global intensity pattern over the 

solid angle coming from the first lens array α. The modification of the incident angle of 

the parallel ray fan from normal incidence up to angle α does not affect the far field of 

the exit rays, only the emission points at the bottom array are shifted. On the other hand, 

the illuminance pattern at the exit of the second array is sharp (it is replication of the 

sharp input intensity pattern), but this sharp pattern is repeated at each lens of the 

second array. This is in contrast to most illuminators, wherefrom the far field pattern 

from a different emitting area can significantly vary at the different point location at the 

exit aperture, and device robustness is increased as well [3].  

 
Figure 2.11. Kohler integrator 

The problem occurs when the paraxial approximation is destroyed, when α gets greater 

values. As shown a Rinehart lens exchanges the intensity and illuminance patterns, thus 

an array of Rinehart lenses can be used to replace the system, shown in Figure 2.11. 

Moreover, in the new system formed by the geodesic lenses, there is no problem with 

the width of the angular span of the incoming rays. In order to avoid any overlap 

between the lenses in the array, these are collocated in alternate manner on booth sides 

of the plate (Figure 2.12).  
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Figure 2.12 Geodesic integrator, how to set geodesics to avoid overlap 

Figure 2.13 shows a geodesic integrator for the Center High Mounted Stop Lamps 

(CHMSL) used in automotive illumination. This device consists of a dielectric plate 

with a flat region and a geodesic integrator at its end.  

 
Figure 2.13 Front view of the Kohler integrator made of geodesic lens 

The LEDs are located at the distance much greater than the lens diameter out of the 

plate (there is a small gap between the LEDs and the plate), thus the rays reaching the 

lens entrance are almost parallel. This means that will be formed images close to the 

exit of the lenses (Figure 2.13). If we use the material with the refractive index n=1.41, 

the rays entering the plate are collimated within the angular span  45º, so in order to 

obtain this span at the exit of the lenses, the lenses have to be collocated forming angle 

θ=90º between each other (Figure 2.13). In references [3, 15], it is demonstrated that 

there is no any blocking effect caused by position of lenses when the angular span of 

 45º  is needed.  

LED images 
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If one of the LED is off or emits differently from the others, the effect is spread out 

among all the geodesic lenses illuminated by it, and in all these lenses it appears as a 

periodic tiny difference. This means that devise robustness is increased. 

Figure 2.14 shows the Light Tools ray trace simulation of the Kohler integrator, done 

with only one LED. 

 
Figure 2.14 Ray trace of the Kohler integrator made of geodesic lens  

2.5.2 Kaleidoscope with the geodesic lenses 

A Rinehart lens also can be used as a colour mixing device, named Kaleidoscope-

geodesic lens device. Figure 2.15 shows a unit-width rectangular kaleidoscope with four 

LEDs at its bottom.  

 
Figure 2.15 Rays in a kaleidoscope with 4 different colour LEDs 

The LEDs are located out the plate (there is a small air gap between), thus the angular 

span at the entrance of the plate is  arcsin(1/n), where n is the refractive index of the 

source images 
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dielectric. When n>1.411, the rays entering the plate can be reflected by total internal 

reflection by the plate walls (Figure 2.15). 

Figure 2.16 shows how the different colours are mixed as the kaleidoscope height 

increases (the coordinates x  and   are defined in Figure 2.15)).  

 
Figure 2.16 Phase space x, θ representation of the different colours at the exit aperture of 

kaleidoscopes of different heights 

As it can be noticed colour mixing is well done in the illuminance pattern (the 

horizontal lines in the graphs), but not in the intensity pattern (the vertical lines in the 

graphs), since there are no more than four portions in the vertical lines, even for large 

values of h . This can be solved by inserting a Rinehart lens in the kaleidoscope (Figure 

2.17).  

The Rinehart lens exchanges the intensity and the illuminance, thus a well mixed 

illuminance pattern at the lens entrance is converted to well mixed intensity pattern at 

the lens exit (Figure 2.17). Now, the illuminance pattern at the lens exit is not well 

mixed, so we need to put another kaleidoscope to remix the irradiance. Comparing 

graphs in Figure 2.16 and Figure 2.17, it can be deduced that the illuminance mixing is 

similar in both cases, but intensity mixing is better in the solution shown in Figure 2.17.  
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Figure 2.17 Phase space ,x  representation at different stages of the structure kaleidoscope-

geodesic-kaleidoscope 

Figure 2.18 shows the ray tracing result done in the Light Tools. Note that the pattern at 

the exit of the system is the pattern generated by j complete sets of LEDs at its input, 

where j is the number of complete sets of LEDs that are seen directly and by reflection 

at the output of the first kaleidoscope 

 
Figure 2.18 Ray trace of the structure kaleidoscope-geodesic-kaleidoscope 

2.6 Conclusions 

A detailed geodesic design procedure included all necessary mathematical background 

theory is presented. In this chapter we have begun to explore the numerous design 

possibilities based on a novel illumination-optical concept. The geodesic lenses have 

been used in the integrated optoelectronic components, but herein they are implemented 

in illumination systems, as well. Few designs are presented such as geodesic integrator 

CHMSL (mostly used vehicular lighting) and geodesic kaleidoscope (a colour mixing 
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device). All presented applications show good results, high levels of uniformity in 

illuminance and intensity patterns.  

Since the geodesic devices are thin dielectric sheets, they are very suitable for mass 

production using the injection molding.  
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Chapter 3                                                    

Backlight design 

3.1 Introduction 

This chapter presents an efficient backlight design procedure. A novel backlight concept 

suitable for LED’s has been designed using the flow-line design method. This method 

allows a high efficient control of the light extraction. The control is achieved via proper 

design of the surfaces between which the light is guided. The light is confined inside the 

guide by total internal reflection TIR, being extracted only at specially calculated 

surfaces, the ejectors. This backlight design is suitable for LCD illumination. 

Many LCDs include backlights with a cold cathode fluorescent lamp (CCFL). The 

development of the LEDs allowed the design of the illumination system (in general) 

with much better performances. The main advantages of LEDs over the fluorescent 

lamps are their low cost, low energy consumption and low weight. Lower electric power 

consumption is especially needed in the market of portable electronic devices. The 

advantages of using LEDs include their higher reliability, low voltage, instant start up, 

excellent light quality and brightness. This make them ideal for many applications 

including monitors in notebook personal computers, screens for TV, and many portable 

information terminals, such as mobile phones, personal digital assistants, etc. However, 

the LEDs introduce some problems such as the need for heat management, a lower 

efficiency (electricity to light conversion), low flux per single source.  

To satisfy market requirements for mobile and personal display panels, it is necessary to 

design backlight as an efficient, thin, light, and bright system, all at once. There are 

many backlight designs concerning these requirements [3-6]. The typical efficiency of 

the conventional backlights is 60% [7].  

This chapter starts with definition of some fundamental optical quantities required to 

explain the flow lines. Then, the flow-line method is shown via design of few LED 

backlights of interest. 
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3.2 The flow lines  

Let us explain some fundamental optical quantities. The vector flux usually is denoted 

as J and is defined by the following term 

 
dE

dA
 J n  (3.2.1) 

where E is the etendue through the elementary surface A, and vector n is the normal 

vector to the surface (Figure 3.1). The etendue is in relation with the radiation flux, and 

can be given by the following term 

 
*

d
dE

L


  (3.2.2) 

where Ф is the radiation flux and L* is so called basic luminance, defined as the ratio 

between the luminance L and the refractive index n in the material (L=L* / n2). 

 
Figure 3.1 Calculation of the radiation flux through an area dA 

Luminance is defined as the radiation flux per unit projected area and per unit solid 

angle 

 
2

cos ( )

d
L

dA d



  

 (3.2.3) 

Consider now, the flux crossing an elementary surface dA. If the radiation distribution is 

Lambertian, then L  is constant, so it will be taken out of integral, therefore the radiation 

flux is presented by the next equation. 

 * 2 cos ( )d L dA n d        (3.2.4) 

According  to Eq.(3.2.1)-(3.2.4) we can conclude 

 2 cos ( )n d    J n  (3.2.5) 

and 

 2 cos ( )dE n dA d      (3.2.6) 

In two dimensions, the element of area dA is replaced by the element of length da, thus 

using Eq.(3.2.1) and Eq.(3.2.2) one gets 

dA  

d  

  

t
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*

d

L da


 J n  (3.2.7) 

Equation (3.2.7) defines vector flux J at each point of the plane. These vectors form a 

vector field on the plane (Figure 3.2). Consider the lines that are tangent to J at each 

point. These lines are called the flow lines. The flux through an element of length da on 

one of the flow lines is zero, since the line is tangent to J (see Eq.(3.2.7)). This means 

that the flux crossing da from both sides of the flow line is equal, so the flux is 

conserved between the flow lines. Since the basic radiance is conserved in the optical 

system, we conclude that the etendue is conserved between flow lines [1, 2]. 

 
Figure 3.2 Definition of the vector flux and the flow lines 

In two dimensions Eq.(3.2.5) and Eq.(3.2.6) are reduced to the next equations  

 cos ( )n d    J n  (3.2.8) 

 cos ( )dE n da d      (3.2.9) 

Equation (3.2.8) can been transformed to  

 1 1 2 2cos ( ) cos ( )n d n d           1 2J e e  (3.2.10) 

where θ1 and θ2 are the angles between the axis of the Cartesian coordinate system x, y 

and the ray, e1, e2 are the unit vectors along the axis (Figure 3.3) [2].  

 
Figure 3.3 Definition of the flux vector in two dimensions 
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Consider now, the radiation passing through a point P contained between two edge rays 

r1 and r2 (Figure 3.4). We can choose a coordinate system such that the axis y bisects 

the edge rays. Then the vector flux is given by 

 

2

1 1 2 2

2

cos ( ) cos ( )

(sin ( ) sin ( )) (sin ( ) sin ( )) 2 sin ( )
2 2

n d n d

n n n

  

 

   

     





       

              

 1 2

1 2 2

J e e

e e e

 (3.2.11) 

Note that the vector flux points in the direction y, the direction of the bisector of the 

edge rays. This means that a flow line can be defined as the edge rays bisector. 

 
Figure 3.4 The vector flux as the bisector of the edge rays 

Let us introduce a new optical quantity, the optical momentum vector p defined as 

 n p k  (3.2.12) 

where n is the refractive index and k is the unit vector that coincide with the ray. 

Figure 3.5 shows two sets of edge rays propagating through the system. According to 

the Eikonal equation the optical momentum p can be calculated as  

 ( , )O x y p


 (3.2.13) 

where O(x,y) is the optical path length, measured from the wavefronts (each wavefronts 

is defined as O(x,y)=const). Due to Eq.(3.2.13), one gets 

 1 2

1 2

( ( , )) ( ( , ))

( ( , )) ( ( , ))

O x y O x y

O x y O x y

   

   
1 2

1 2

p p

p p

 

   (3.2.14) 

Obviously the functions 1 2( ( , )) ( ( , ))O x y O x y 
 

 and 1 2( ( , )) ( ( , ))O x y O x y 
 

 

represent the bisectors of the edge rays (Figure 3.5). 
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Figure 3.5  Definition of a new coordinate system 

Define two more functions 

 1 2

1 2

( , ) ( , ) ( , )

( , ) ( , ) ( , )

O x y O x y i x y

O x y O x y j x y

 
 

 (3.2.15) 

According to (3.2.14), we have 

 ( , ) ( , ) 0i x y j x y  
 

 (3.2.16) 

This means that the sets i(x,y)=const and j(x,y)=const create a two-dimensional 

orthogonal coordinate system. Since the flow lines bisect the edge rays, it can be 

concluded that the flow lines coincide with the lines j(x,y)=const. 

 
Figure 3.6 Calculation of the etendue passing through a curve AB 
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Now, consider the two parameter ray bundle having O1(x,y) and O2(x,y) as the edge 

rays. Let calculate the amount of etendue passing throw a line AB (Figure 3.6).  

According to Eq.(3.2.9)  

 1 2cos ( ) ( ) ( )E n d da n sin da n sin da                 (3.2.17) 

Note that θ2 is negative (Figure 3.6). Assign the vectors in the direction of the edge rays 

as k1 and k2 respectively. Now we can write 

 
1

2 2

sin ( )

sin ( )

n da n d

n da n d





    

     

 
 

1k a

k a
 (3.2.18) 

where da is a vector having magnitude da and is tangent to the line AB. Putting 

Eq.(3.2.18) into Eq.(3.2.17), we have 

 
B B B B

A A A A

E n d n d d d            1 2 1 2k a k a p a p a  (3.2.19) 

where p1 and p2 are the momentums of the edge ray wavefronts. According to Eikonal 

equation, the last equation is transformed to 

 1 2( ( , )) ( ( , ))
B

A

E O x y O x y d      a
 

 (3.2.20) 

Due to equation (3.2.15) we have  

 ( , ) ( , )B B A AE j x y j x y   (3.2.21) 

This means that the etendue of the bundle is equal to the difference between the value of 

the function j(x,y) at both curve extremes. If the curve C is the differential da, then the 

differential of etendue dE of the bundle of rays crossing da equals dj [3]. 

3.3 Backlight components 

A LED backlight consists of three elements, a LED, a collimator, and a beam expander 

(Figure 3.7). The light emitted by the LED, in general, has a wide solid angle. The 

purpose of the collimator is to provide some collimation that allows the light to flow 

properly through the following stages of the device. The beam expander is the main part 

of the system. Its function is to “slice” the incoming bundle into small “light ribbons”, 

which are ejected perpendicularly toward the LCD. These strips must be close together 

enough to be perceived as a continuous light beam by the human eye [3]. A backlight 

can involve a diffuser placed between the expander and the LCD.  The purpose of the 

diffuser is to increase the angular field of view at the output of the system. 
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Figure 3.7 Cross section of a generalized LED backlight design based on the flow-line method 

Consider the backlight system in two dimensions. The beam expander is a single 

dielectric piece containing a deflector surface and a microstructured surface. The light 

enters into the beam expander after the collimation at the collimator through the beam 

expander entry aperture which coincides with the collimator exit aperture (Figure 3.7). 

The microstructured line is a line formed by two alternating segments, flow lines and 

ejectors. The deflector line is a flow line, as well. The input rays coming from the 

collimator need to be collimated enough such that all are totally internally reflected 

when they hit any flow line or ejector. The light reflected on the flow lines is redirected 

to other flow lines or to ejectors. The ejectors reflect the light impinging on them and 

send it toward the deflector line. The light reflected by the ejectors reach the deflector 

line almost perpendicularly, so that this light is refracted outside the beam expander 

As shown in Figure 3.7, each ejector connects two flow lines. When a slice of the input 

bundle is ejected by an ejector, the bundle remains unaffected excepting that it contains 

one slice less, but the edge rays of the remaining bundle are the same as they were 

before the ejection.  This is because each of the deflections suffered by the rays is either 

a reflection at a flow line (which do not disturb the bundle) or a reflection that ejects the 

rays from the beam expander (and thus these rays are not proceeding anymore inside the 

beam expander). Assume that the difference between two flow lines intercepted by an 

ejector is dj, then the etendue of the ejected bundle slice is dE=dj (see Eq. (3.2.21)).  

The collimator is an angle transformer, which is similar to the CPC [2]. This collimator 

reduces the angle width of the input bundle from 42.12º (that is the critical angle for 

Polymethyl-methacrylate PMMA) to a value around 10º.  
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3.4 Backlight design with the flow line method 

Consider the bundle of rays leaving the strip AB within the angle θ. We assume n=const 

everywhere. The edge ray bundle is formed by the rays shown in Figure 3.8. Obviously 

in the region bounded by the rays r1 and r2 every point is crossed by two edge rays (one 

ray of each edge ray subset).  

 

Figure 3.8 Edge rays of the beam radiating from the strip AB within the angle ±θ 

Figure 3.9a shows the flow lines for the beam whose edge rays are those of Figure 3.8. 

These flow lines are the lines j=constant, as has been shown in Section 3.2. In order to 

obtain uniform illumination for the LCD, the microstructure line has to be calculated 

properly. The ejectors need to intercept the same amount of the etendue.  

 

Figure 3.9 Flow lines for the beam radiating from the strip AB (in red), (a) Definition, (b) Ejector 
intercepting the amount of etendue dj 

Moreover, the ejectors need to be equally spaced along the axis x. Since, each ejector 

intercepts the same amount of etendue dj and they are equally spaced, the ejected 

irradiance pattern will be uniform. Figure 3.9b shows a member of the mictrostructure 

line containing a flow line segment (a piece of the lines j=constant) and the ejector. 
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3.4.1 Conical backlight design  

Let us explain the first flow line design, the conical backlight design. The flow lines are 

presented in Figure 3.10. Assume that the points A and B are symmetric respect to the 

axis x. Each flow line consist of 3 parts: a line (in the region I, Figure 3.10), a parabola 

(in the region II) and a hyperbola (I n the region III). Figure 3.10 shows the division of 

the plane xy (the lines in blue).  In the first region each point is intercepted by two edge 

rays (coming from the interior of the strip AB) having the angle θ respect to the axis x. 

The flow lines in the region I are straight lines y=const.  

 
Figure 3.10 Conical design, definition of the characteristics regions 

In the second region one edge ray comes from an interior point of the strip AB, while 

the other from an extreme point of the strip (A or B). Note that all the edge rays coming 

from the interior of AB are parallel (making the angle θ with the axis x).  The flow lines 

in the region II are the parabolas with the foci at A or B. Finally, in the last region both 

edge rays come from the interior of the strip AB, so the flow lines become the 

hyperbolas with focal points at A and B.  

Let take the flow line that coincide with the axis x as the deflector line. Consider a 

conical design with the entrance thickness d0, where d0≤abs(yA) (Figure 3.11). Total 

input etendue injected into the backlight by a LED is Etot=2dLED. After passing the 

collimator, the etendue remains the same, so at the entrance of the expander is 

 02 sin( )totE d n     (3.4.1) 

thus a relation between the entrance thickness and the input bundle width is obtained 

 0 sin( )
LEDd

d
n 




 (3.4.2) 

Denote a segment of the microstructure line, containing a piece of the flow line and an 

ejector, as the pitch p. Assume that the expander longitude is 150 mm and that the pitch 
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is 1mm. Then, we need 150 equally spaced ejectors. Total amount of etendue injected 

into the expander is equal to –j(xA,yA).  Since, each ejector intercepts the etendue dj, we 

obtain 

 
( , )

150
A Aj x y

dj


  (3.4.3) 

 
Figure 3.11 Design of the microstructure line.  

The angle width of the input bundle (after collimation) is about 10 degrees, so the TIR 

conditions at the flow line part of the microstructure line are satisfied. The ejectors are 

designed as inclined straight lines providing the TIR reflection. This is achieved if the 

inclination angle is  

 max

1
90 arcsin( )i n

     (3.4.4) 

where θmax= θ in the regions I and II, and θmax= max(θ1, θ2) in the region III (θ ,θ1, θ2 

being the angles between the edge rays and the line y=const, Figure 3.11).  

Each conical design is defined by the longitude of the strip AB and by the angle θ. A 

design with the following specifications: AB=5mm, θ=10º, dmin=0.5mm, dmax=2.9mm, 

p=1mm (where dmin and dmax are the smallest and the biggest thicknesses) is modeled. 

Figure 3.12  shows the profile of the design. As can be seen, the design thickness in the 

first part increases, then decreases. The minimum thickness is at the end of the 

expander. 

 
Figure 3.12 Cross section of the conical design 
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3.4.2 Linear backlight design 

Consider a special case when the strip limits A and B tend to infinity. In this case, the 

edge rays at each point of the plane xy coming from the interior of the strip AB. This 

means that the regions II and III disappear.  The flow lines are straight lines y=const. 

This model is called linear backlight. In order to compare the linear and the conical 

backlight designs, a linear model with similar specifications: θ=8º, dmin=0.5mm, 

dmax=2.89mm, p=1mm is calculated, as well. Figure 3.13 shows the profile of the linear 

design. Now, the thickness constantly decreases along the expander. 

 
Figure 3.13 Cross section of the linear design 

3.4.3 Backlight with constant thickness 

Let us design a backlight with constant thickness. This design is especially suitable for 

injection molding since the constant thickness reduces the contractions in material 

during the injection process. Assume that the deflector line coincides with the axis x, as 

in the previous cases. Then, the microstructure line is located along the line y=−d, where 

d is the guide thickness (Figure 3.14). 

 
Figure 3.14 Backlight design with constant thickness, design procedure 

In order to obtain an uniform irradiance pattern it is necessary that each ejector 

intercepts the same etendue, thus derivative of the etendue respect to x has to be  

constant at the line y=−d. Since, along this line the coordinate y does not depend on x, 

the uniformity is satisfied if the partial derivative of the etendue respect to x is constant 
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On the other side, According to Eq.(3.2.15) and Eq.(3.2.20) we have 

 1 2O OE

x x x

 
 

  
 (3.4.6) 

Due to the Eikonal equation the last equation is transformed into 

 2 1 2 1(cos( ) cos( ))x x

E
p p n

x
 

    


 (3.4.7) 

where p1x and p2x are the optical momentum components of the edge rays along the axis 

x.  The angles θ1 and θ2 are the angles between the edge rays and the line y=−d. Assign 

Eout as total output etendue (total amount of the ejected etendue toward the LCD), and l 

as expander longitude. Then, for uniform illumination we have 

 outEE

x l





 (3.4.8) 

Two parameters influence the design, the angular width of the input bundle θ, and total 

amount of ejecting etendue Eout. Once these parameters are prescribed, the entire 

backlight design is defined.  Total input etendue injected in the expander via the entry 

aperture of the thickness d is given by Eq.(3.4.1). 

According to Eq.(3.4.1) and Eq.(3.4.6)−(3.4.8) one gets 

 2 1

2 ( )
cos( ) cos( )

l sen

d

    
   (3.4.9) 

where η is efficiency of the design defined as η=Eout /Ein. 

Consider now the design procedure for this type of the backlight, shown in Figure 3.14. 

Each flow line segment in the microstructure line is a free form curve properly 

calculated to satisfy two conditions: all the edge rays have to be reflected by TIR and 

the relation between new pair of the edge rays is the same as in Eq.(3.4.9) (Figure 3.14). 

Although these lines, in general, are free-form curves, they are very small and close to 

straight lines.  Therefore we will approximate them by the straight lines.  

The design procedure starts by calculating the segments A0A1 and A1A2 using the edge 

rays at the backlight entrance (defined by θ). The procedure continues thereafter using 

the edge rays defined by θ1 and θ2 (obtained after reflection at the previous calculated 

flow lines), thereby calculating the segments A3A4 and A4A5. This procedure is repeated 

to obtain other segments along the backlight. The process stops when θ2=0. The goal is 

that this happens at the end of the backlight. Therefore, the input bundle width θ and 

total ejected etendue Eout must be calculated properly to provide the condition θ2=0 at 

the point (l,-d).  

Since the bundle width decreases along the design (θ1≤θ, θ2<θ) we need to define an 

additional edge ray set (the rays in yellow, Figure 3.14) to fill all the vacancies.  
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The flow line segment and the ejectors in the microstructure lines are defined by angles 

β and γ, where  

 1 2
1

1
, 90 arcsin( )

2 n

   
     (3.4.10) 

We have done an approximation in the design. The edge rays coming to the segments 

colored in yellow, are not equal along the pitch. However, since the pitch is very small, 

the inclination of the edge rays is almost the same. The flow line segment in the 

microstructure line is calculated using Eq.(3.4.10). This time, θ1 and θ2 are mean value 

of all the edge ray angles along the pitch. The inclination of the ejector γ is calculated 

using Eq.(3.4.10) assuming the worst case (the maximum value of θ1 is considered).  

Figure 3.15 shows the flow lines along the expander. A flow line consists of horizontal 

lines, inclined lines, and intermediate connecting parts. If slopes are steeper (which 

means that the difference between the angles θ1 and θ2 is bigger), then the flow lines 

tend to the line y=−d faster, thus more light is extracted along the expander which leads 

to higher efficiency. 

 
Figure 3.15 Flow lines in the design with constant thickness 

An analysis of the system for various entrance angles θ, gives a very complicated 

dependence between the angle θ and the efficiency. Note a trend of increasing 

efficiency for higher values of the entrance angle θ (for example when comparing the 
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designs with the angle θ=8º and θ=11º, Table 3.1), which is in relation with the 

expander thickness. 

θ [°] 8 9 10 11 12 

d [mm] 2.89 2.57 2.32 2.11 1.93 

η [%] 60.5 57.4 68.19 68.53 67.92 

Table 3.1 2D theoretical efficiency for different designs with constant thickness d 

The higher the angle θ is the smaller the thickness is (due to conservation of etendue). 

Also, the faster the flow lines approach to the line y=−d, the higher the efficiency of the 

system is. When comparing two models with similar entrance angles θ, the explained 

trend fails due to a phenomenon shown in Figure 3.16.  

 
Figure 3.16 Values of the angles θ1 and θ2 along the expander for different entrance angles θ 

In the first graph (θ=8º), there is a very broad region at the end of the guide where the 

difference between the angles is very large. In this region the slope of the flow lines is 

very steep so the flow lines tends to the line y=−d rapidly.  This region does not exist in 

the case when θ=9º. Therefore, despite the lower thickness of this model the efficiency 

is worse than in the case θ=8º. The same is concluded when analyze the cases with the 

angles θ=11º and θ=12º (Figure 3.16).  



Chapter 3 Backlight design 

 41

As shown in Table 3.1 the efficiency is low due to losses at the end of the expander. 

Consider now another, similar design. In order to decrease the losses, let change a bit 

the shape of the deflector line . The idea is to increase the efficiency by forcing the flow 

lines toward the line y=−d at the end of the expander (Figure 3.17 ).  

 
Figure 3.17 Cross section of modified constant thickness design 

The modified design consists of two parts. The first part (from the entrance to the points 

O and S) is the same as the previous model with constant thickness, but now designed 

for a shorter length of the guide. Then, θ2=0 at the point S, whose x coordinate is less 

than 150mm. This happens when (see (3.4.9)) 

 *
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2 ( )
cos(1 )

S

d sen
arc

x

  
   (3.4.11) 

where xS 
 is longitude of the first part of the expander.  

In the second part of the design, the deflector line is a curve properly calculated to 

reflect all the edge rays (by TIR) toward the microstructure line making the same angle 

θ1
* with the line y=−d . The dimensions of the first and second part are adjusted to 

fulfill two conditions: the maximum possible efficiency, and the minimum thickness at 

the end of the design dmin=0.5mm. The deflector slope is small so it does not harm the 

design. Table 3.2 shows results for different angles θ. 

θ [°] 8 9 10 11 12 

dmax [mm] 2.72 2.57 2.31 2.11 1.93 

xO [mm] 64.53 60.9 54.82 74.54 87.0 

xS [mm] 91.31 86.18 77.58 95.51 106.15 

η [%] 95.45 95.67 95.80 94.90 94.41 

Table 3.2 2D theoretical efficiency for different modified constant thickness designs 

3.5 Backlight design in three dimensions 

The backlight design in three dimensions is constructed using the two dimension 

models explained in the previous section. A 3D design is obtained when a 2D design is 
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extruded along the axis z (Figure 3.18). The goal is to design a backlight illumination 

for the LCD with dimensions of 210x150 mm. Also, the objective is to obtain uniform 

illumination of 500 lux. According to the LCD dimensions, this means that we need the 

output flux of 16 lm. 

 
Figure 3.18 3D backlight design 

For this purpose, we have chosen OSRAM white microside LED with dimensions of 

1.9x0.6 mm, emitting 3 lm. The illumination goal is fulfilled with six LEDs. However 

due to losses in the expander we need to put one LED more. Figure 3.18 shows 7 LEDs 

equally spaced along the axis z.  
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The collimator collimates the light only in the plane xy. In the plane xz the bundle width 

is defined by the critical angle θc. When the piece is done in PMMA, the critical angle 

θc is 42.2º. As shown in Figure 3.18, we have added a transition zone between the 

collimator and the expander. This flat piece helps in mixing the light (in the plane xz) 

coming from different LEDs. The light is partially mixed in the collimator. However, 

the collimator longitude (depends on the entrance angle θ) is not enough for a good 

mixing (it would be good mixing if there were more LEDs). The mixing zone longitude 

is calculated to provide uniform irradiance pattern at the entrance of the expander. 

In order to compare the designs presented in Section 3.4, we have traced their 3D 

models in a commercial ray trace software Light Tools. Each model is obtained using 

the procedure explained in this section. Since the longitude of the collimator and the 

mixing zone is 30mm (all together), the longitude of the backlight is 180mm.  

Table 3.3 shows results of these simulations.  

 Geometric efficiency Efficiency 

Conical  92.03 79.87 

Linear  82.04 71.3 

Constant thickness  65.55 57.61 

Modified cons. thickness 91.25 79.1 

Table 3.3 Comparation of various 3D backlight designs 

The conical backlight has following specifications: AB=5mm, θ=10º, dmin=0.5mm, 

dmax=2.9mm, p=1mm (where dmin and dmax are the smallest and the biggest thicknesses). 

The linear backlight has similar specifications: θ=8º, dmin=0.5mm, dmax=2.89mm, 

p=1mm.  

The backlight with constant thickness has the next specifications: θ=11º, d=2.11mm, 

p=1mm.   

Finally, the modified constant thickness design has the next specifications: θ=11º, 

d=2.11mm, p=1mm. 

The second column in Table 3.3 represents the efficiency of the models including the 

Fresnel losses and the absorption of the material. All pieces have been done in PMMA. 

Comparing Table 3.1 and Table 3.2 with Table 3.3, it can be noticed that 2D theoretical 

efficiencies of the models with constant thickness are higher than their simulated 3D 

geometric efficiencies. This happens in the other designs, as well. For example, in the 

case of the linear backlight, theoretical efficiency in two dimensions is mere relation 
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between the bigger and the smaller thickness (since all the flow lines are straight 

parallel lines). Thus the theoretical efficiency in 2D for this model would be 82.7%, 

which is higher than the simulated 3D geometric efficiency of 82.04%.  

This efficiency reduction occurs due to two sources of losses. The first one is related to 

the LED-backlight coupling. Between the LEDs and the collimator there is a thin air 

gap. Although the gap width is very small, it is about 1μm, there are some rays that do 

not enter the collimator (Figure 3.19).  

 
Figure 3.19 Losses caused by an air gap between the LEDs and the collimator 

The second effect causing losses, occurs in the light guide. As said, all designs are done 

in two dimensions, thus when passing to the third dimension some problems with TIR 

reflection happen. Consider the rays ejected toward the deflector surface (3D design), 

which is normal to the axis y (Figure 3.18). A ray coming from an ejector passes the 

deflector surface if its angle respect to the axis y is smaller than the critical angle θc. 

Denote the projections of the unit ray vector as (p,q,r). Thus the ray reaches the LCD if 

q>cos(θc). Since p2+q2+r2=1, the condition can be written as 

 2 2 2sin ( )cp r    (3.5.1) 

 
Figure 3.20 Ejected rays reflected at the deflector instead of being refracted (region in blue) 
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As explained in Figure 3.18, inside the light guide, the ray bundle width along the axis x 

is 2θ, while along the axis y is 2θc. Also, the light bundle coming to the deflector is 

slightly tilted with respect to the normal (this will be explain in the next section), thus 

their representation in the plane pr is given by an ellipse displaced from the origin 

(Figure 3.20, the ellipse in red). The rays contained in blue region (Figure 3.20) are 

reflected by TIR at the deflector line and do not reach the LCD. 

The irradiance distribution is measured at a small distance from the optics (about 

0.1mm), at the position of the LCD screen as shown in Figure 3.18. In all simulations, 

the Fresnel losses and absorption of the material are included. The conical and the linear 

designs provide high irradiance uniformity. Figure 3.21 shows the irradiance 

distribution obtained in the case of the conical design. The coordinates x and z coincide 

with the Cartesian coordinates presented in Figure 3.18.  The results for the linear 

design are similar (see Section 4.6.1). 

 
Figure 3.21 Irradiance distribution of the conical backlight design 

Less uniformity of the irradiance distribution is obtained in the case of the constant 

thickness design (the results for the the modified constant thickness design are similar). 

The approximations made in this design (see Section 3.4.3) have drooped a bit the 

irradiance uniformity. Figure 3.22 shows the irradiance distribution obtained in the case 

of the constant thickness design. Note, that the mean irradiance value is lower than in 

Figure 3.21, due to lower efficincy of the constant thickness backlight (see Table 3.3). 

Irradiance (lux) 



Dejan Grabovičkić 

 46

 
Figure 3.22 Irradiance distribution of the design with constant thickness 

3.6 Polarization recycling 

One of the main sources of losses in an LCD backlight system comes from the need for 

polarized light. The LCD is contained between two polarizers and this set only transmits 

light with one polarization, while the other one is absorbed or reflected. In order to 

obtain a high-efficiency backlight, it is necessary to recycle the light in unwanted 

polarization. If this light is not recycled, we will lose 50% of the available light in the 

backlight.  Such significant losses have impelled ideas for increasing the LCD backlight 

efficiency.  

 
Figure 3.23 Cross-section of the backlight system with polarization recycling 

Figure 3.23 shows a simple system providing an efficient recovery of the unwanted 

polarization. The additional elements in the figure represent a polarization recycling 

system. This recycling system comprises a quarter-wave retarder, a reflector and a 

reflective polarizer film. 
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As explained, the light confined in the expander is extracted in small portions toward 

the LCD by the ejectors. The other alternated segments are the flow lines. These 

segments, which typically are much longer (about ten times) than the ejectors, can be 

used to recycle the unwanted polarization.  The light ejected by the beam expander is 

slightly tilted with respect to the normal to the reflective polarizer film that is placed 

between the expander and the LCD. An example of such film is Dual Brightness 

Enhancement Film (DBEF), in which the desired polarization filter characteristics are 

achieved by a use of birefringent films. These films have high reflectivity of the 

unwanted polarization (up to 95%) and high transmittance of the desired polarization 

(more than 90%). However, they are not ideal, about 4% of the unwanted polarization is 

transmitted toward the LCD, and about 9% of the desired polarization is reflected. Since 

the ejected beam is slightly tilted, the unwanted reflected polarization finds a flow lines 

segment when it crosses back over the microstructured line.  This allows recycled light 

to cross the beam expander and to find a quarter-wave retarder. This retarder rotates the 

polarization of the recycled light by 45°. The light passing the retarder reaches a 

reflector, which sends back the light toward the retarder. Then, the polarization is 

rotated by 45° once more, which means that the recycled light get desired polarization.  

Now, this light crosses a flow line segment in the microstructure and finds the LCD. 

Using this simple system, the unwanted polarization is recycled, and the number of light 

strips is doubled.  

3.7 Moire effect 

A moire pattern is an interference pattern created, for example, when two grids are 

overlaid at an angle, or when they have slightly different mesh sizes [9]. In the backlight 

system a moire effect can appear in the superposition of two periodic structures which 

are the pixels of LCD and backlight extraction microstructures. Each LCD has a 

network of contacts which causes losses in the system. 

 
Figure 3.24 LCD screen 
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Today, the dark surface (the surface mesh) representing 30% of the LCD surface 

(Figure 3.24). The relation between the black and white strip widths is 

 
(1 0.7)

0.0976
2 0.7

LCD
LCD LCD

b
a b


    (3.7.1) 

In a conventional LCD screens these values are a≈0.041mm and b≈0.41mm. The 

backlight design presented in this thesis has been designed to provide the same light 

flux for each 1x1mm cell (see Section 3.4, each pitch p=1mm). However, within each 

cell, the irradiance distribution is not uniform and it is more similar to the graph shown 

in Figure 3.25 (the graph in red). The irradiance distribution inside of each cell is 

approximated by a pulse function with center at the point of maximum irradiance and 

the width of a half of the pitch (Figure 3.25 in blue). 

 
Figure 3.25 Approximation of the output lightning.  

As the result of this approximation we obtain a set of equidistant alternated strips (black 

and white). The width of both strips is equal aBL=bBL=0.5mm. 

 
Figure 3.26 Approximate irradiance pattern at the backlight exit aperture 

Consider now, a superposition of a LCD screen grid and the grid produced by the 

backlight illumination. By symmetry, no matter which set of LCD screen grids is 

chosen (we can choose the horizontal or vertical grid), the moiré structures will be the 

same only rotated by 90. Let take only the horizontal set. When the backlight is 

positioned ideally (this means that the light strips are parallel to the axis z) there is no 
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any moiré pattern, since the grids are parallel. However in the real case, the positioning 

of the backlight is not ideal, so the light strips are tilted by an angle θ respect to the axis 

z. In this case as the result of the overlap, a new periodic structure appears along the 

axis q, Figure 3.27 (some kind of triangular texture, see Appendix C). The transmittance 

function of the overlap image, considering that each black dot has zero transmittance 

and white dots are perfect transmitters, in the spectral domain is (see Eq.(C.10) ) [9] 
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 (3.7.2) 

Each frequency in the 2D frequency domain is f=ufu+vfv, where u and v are unity 

vectors. The fundamental frequencies of each periodic structure are  

 1 1
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f f  (3.7.3) 

As given in Eq.(3.7.2), the superposition of two grids is a set of Dirac impulses whose 

frequency is obtained as a linear relation between any two members of the initial 

spectrums and whose amplitudes are equal to the product of the amplitudes of those 

initial impulses. Figure 3.27 shows two moire patterns (two of many possible patterns) 

that could appear in the superposition. The moire pattern along the axis p is less 

important due to low amplitude of its fundamental frequency 2f2-f1. This amplitude is  
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 (3.7.4) 

that is negligible respect to the amplitude of fundamental frequency of another moire 

pattern along the axis q (this pattern is defined by the fundamental frequency f2-f1), due 

to properties of the function sinc 
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 (3.7.5) 

The same conclusion is obtained when one consider the other possible moire patterns 

appearing when two harmonics of higher order are combined (in that case, the 

fundamental frequency is f=k1f1+k2f2, for k1 or k2 greater than 1). Therefore, we consider 

only the moire pattern along the axis q. The intensity of the fundamental frequency is 
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1 2 1 22 cosMq     f f f f f  (3.7.6) 
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where f1=2.22mm-1, f2=1mm-1, and θ is the angle between two grids (this angle 

represents the positioning error). 

 

 
Figure 3.27 Superposition of the LCD screen and the backlight 

The moire effect is not visble if its fundamnetal frequency is larger than the cutoff 

frequency 

 cutoffff  (3.7.7) 

Cutoff frequency is related to the human eye's visual angle, which means that depends 

on the distance of an observer. If the observer is farther from the screen the "cutoff" 

frequency is lower. 

On the other hand, the moire effect is negligible if its frequency is very low, i.e.  if the 

wavelength is large. This means that  

 4
qM LCDl    (3.7.8) 

where lLCD=150mm.  

To avoid the moiré effect, at least one of these two conditions has to be satisfied. This 

can be achieved when 

1. The frequencies of the backlight lighting and the LCD are separated.  

2. The backlight is positioning with high accuracy.  

Note that the frequency of the backlight can’t be changed much. The increase of this 

frequency leads to a reduction in the size of the ejectors and complicates the 

manufacture. On the other hand, lower frequency means increasing the ejectors, which 

become visible. 
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3.8 Conclusions  

A backlight design based on the flow-line method has been explained. Each design 

contains a collimator and a light guide (the expander) which periodically ejects a part of 

the light toward the LCD. The flow-line method provides an efficient control of the 

guide light, so it can be constructed the backlights with high efficiency (up to 80%, 

included all losses and absorption Table 3.3). All presented designs are thin and 

compact dielectric pieces suitable for LED illumination systems. Moreover, since the 

designs can be used easily in a polarization recycling system (without any change in the 

backlight structure), makes this backlight concept ideal for illumination for the LCD. 

Few designs of interest have been calculated using the flow-line method. All these 

designs have been modeled and simulated in the Light Tools. Considering efficiency, 

the best models presented here are the conical backlight design and modified constant 

thickness design. However, the third most efficient design, the linear backlight, is much 

easier and cheaper for production since its microstructure lines consists of straight lines, 

the thickness decreases constantly and all the ejectors have the same size. Even thought 

the linear backlight is a simple design, its simulated efficiency (including all losses, and 

absorption is 71.3%, Table 3.3) is higher than the efficiency of the conventional designs 

(about 60%, [7]).  In order to analyze the potential of the backlight designs based on the 

flow-line method, a linear backlight prototype has been fabricated and characterized, 

which will be presented in the next chapter.  
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Chapter 4                                                

Fabrication and characterization of the linear 

backlight design 

4.1 Introduction 

In the previous chapter, a detailed explanation of the backlights based on the flow-line 

method is given. Due to its simplicity and good features, the linear backlight design has 

been chosen as a test prototype.  

This chapter starts by explanation of the fabrication process. The prototype has been 

made of plastic by direct cut using a five axis diamond turning machine. This 

sophisticate machine can shape very complicate workpieces since the piece can been 

moved and rotated during the process. The backlight plastic has been chosen 

appropriately to satisfy the system specifications.  

This chapter presents also the characterization of the backlight. Some features have 

been measured, as the efficiency and the irradiance. These measurements are compared 

with simulations done in Light Tools.   

4.2 Fabrication 

4.2.1 Fabrication process 

The linear backlight has been fabricated using a five-axis diamond turning machine, 

shown in Figure 4.1. This advanced machine can work in different modules depending 

on the form of the workpiece.  

For the pieces having  linear symmetry, such as the linear backlight,  the machine works 

in Raster Fly Cutting mode. Figure 4.2 shows the cutting process of the backlight. The 

diamond is located on a quick rotating axis, while the workpiece is moving slowly. 

During each rotation, the diamond touches the workpiece and removes small pieces of 

the material.  
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Figure 4.1 Five-axis diamond turning machine  

In the cutting process there are two motions: "feed motion" (movement of the axis 

during the cutting process) and the "raster motion" (the axis displacement between the 

cutting lines). There are two types of raster cutting in terms of how to make "feed 

motion": horizontal and vertical. Figure 4.2 shows horizontal raster cutting (or milling). 

This method has been used in manufacturing of the backlight. 

 
Figure 4.2 Fabrication of the backlight. Raster Fly Cutting process 

4.2.2 Plastic materials 

The glasses have been used traditionally for optical manufacture, especially in optics 

that requires high stability and thermal resistance. However, they are not suitable for 

mass production. On other hand, plastics are suitable for mass production, they are 

lighter than the glasses, but their thermal resistance is lower. Since a backlight needs to 

be a thin, light and cheap system, it is done in plastic. 

The plastic materials most used in optics are poly (methyl methacrylate) (PMMA) and 

polycarbonate (PC) due to their high transparency. The transparency of a polymer is 
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closely related to its molecular structure. Interatomic or intermolecular interactions of a 

polymer exposed to light produce absorption in the ultraviolet and visible region, due to 

electronic transitions or absorption in the infrared due to vibrational transitions.  PMMA 

has higher transparency than PC, since in its molecular structure there are no absorption 

centers for visible light.  

Another important feature of polymers is their refractive index. The higher the index is, 

the larger the Fresnel losses are at the interfaces material-air and air-material. 

Polycarbonate has higher refractive index than PMMA, so the amount of transmitted 

light in this material is lower. Fresnel losses can be reduced when an anti-reflexive layer 

is placed on the optical surfaces, but it complicates the design.   

The following features are also important: birefringence (or double refraction) and heat 

resistance. Birefringence only occurs when a material is anisotropic, making the 

material behave as having different refractive indices for different polarizations of light. 

In situations where the temperature changes a lot, the plastics may not be appropriate 

material, due to huge refractive index variation which is 10-100 times higher than in the 

case of the glasses.  

PMMA characteristics include high transparency, low birefringence, high hardness and 

resistance to deterioration by light. The PMMA is used in large lenses, such as 

condensers, Fresnel lenses, automobile lenses or cameras. Due to its high transparency 

it is also used in light guides for backlights for LCDs. 

The PC features include: low level of impurities, good transparency, high refractive 

index (high light diffusion), resistance to heat. It is used for optical discs, optical lenses 

and optical films for liquid crystals. It has great impact resistance, so it is used in 

multiple applications.  

In optics such as backlights, light travels long distances within the optical material 

before being ejected. To obtain a high efficient system, the used material must have 

high transparency, so we have chosen PMMA.  

4.3 Fabricated piece 

In order to make the backlight tolerant to LED non-uniformities and LED collimator 

mismatching (the LEDs and the guide side where the light is injected are of the same 

size, see Chapter 3), an addition flat surface is added between the LEDs and the 

collimator, Figure 4.3. The inserted surface acts as a homogenizer. 
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Ray tracings with smaller sources (width of 0.45mm) show no appreciable variation in 

the target illuminance or efficiency. Figure 4.3. shows a side view of the entrance 

aperture of the backlight with 0.45mm wide LEDs. 

 
Figure 4.3 Homogenizer reducing LED-collimator mismatch problems 

The fabricated protoype of the linear design includes this homogenizer. Figure 4.4 

shows the fabricated piece. 

 
Figure 4.4 Fabricated linear design 

 
The edges have been observed under a microscope (Figure 4.5). It was very hard to 

calculate precisely the curvature of each corner of the microstructure surface, however, 

it has been noticed that the edge curvatures fluctuate about 10 μm. 

 
Figure 4.5 Microscope view of an ejector 
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These imperfections affect the backlight efficiency. Some rays impinging upon the 

curved edges are refracted  instead of being reflected by TIR. These rays are not ejected 

toward the LCD.  Also the curvatures produce unwanted dispersions of the guided beam 

which influences the illumination uniformity. These effects are considered in Sections 

4.6 and 4.9. 

4.4 Supportive structure 

Since all backlight surfaces have optical functions, the piece has to be well polished and 

clean. Thus, it is not possible to drill holes or add extra material that could be used as 

support in conjunction with a mechanical system. The solution is to support the 

backlight on the sides, minimizing the contact area between the support structure and 

the optics. In addition, the optical alignment of the LEDs is crucial in these settings. 

Thus, the support structure was designed in such a way to ensure this alignment.  

.

 
Figure 4.6 Scheme of the supportive structure  

Figure 4.6 shows a detail of the support structure. The optics is supported on a 

peripheral basis containing the PCB with the LEDs, and by a side rail. Figure 4.7 shows 

the linear backlight prototype  fixed on the supportive structure. The side view (on the 

right side of the figure) shows how the backlight is support on the side rails. In the same 

figure a detail of the PCB with the LEDs is presented.  
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Figure 4.7 Optics fixed on the supportive structure 

4.5 Backlight and frontlight system 

4.5.1 Backlight  

Even though the guide is designed to provide uniform illumination for the LCD (it is 

assumed that the LCD is placed at a small distance from the backlight) when one 

observers the backlight from a certain distance (much larger than the distance of the 

LCD), some bright lines are perceived (Figure 4.8). 

 
Figure 4.8 Backlight system. a) The LEDs off, b) The LEDs on 

Figure 4.9 explains this effect. The ejected rays coming from a LED reach the 

observer’s eye forming a LED image on the deflector with the similar dimensions. 

Given that there are 150 equally spaced microstructures, the manifestation of the effect 

is a bright line. In fact, there are 150 equally spaced LED images (1mm between each 

one, approximately).  However, from a certain much larger distance (1m, for example), 

the human eye cannot distinguish the LED images, so a continuous line is perceived.  

Backlight 

LEDs 

LEDs 
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Figure 4.9 Explanation of appearing bright lines 

The shape of the bright lines depends on the observer position. As explained in Chapter 

3, the ejected rays are inclined respect to the axis y, so when the guide is observed from 

the point B (Figure 4.9), the bright lines disappear. This is also shown in Figure 4.10. 

The brightness of the image is low, since only a small portion of the light reaches the 

camera.  
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Figure 4.10 Backlight system viewed from the point B 

4.5.2 Frontlight 

The designed linear light guide can be used also in systems known as frontlight.  

 
Figure 4.11 Concept of the frontlight 

A frontlight is a transparence projecting device used for example in advertising signs or 

illumination of a given area (like painting, drawing, etc.). Also, this system can be 

integrated as home window. When the frontlight is off, since it is transparent, it acts as a 

conventional window and when is turned on, it becomes a shiny surface that emits light 

only in one direction (for example in the house). Figure 4.12 shows illumination of a 

white paper.  

 
Figure 4.12 Linear frontlight illuminating a white paper, viewed from  points A and B 

Most of the extracted light (by the ejectors) is refracted through the deflector surface 

and reaches the paper (as in Figure 4.11). The white paper acts as a diffuser and spreads 

Piece to illuminate 
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the light in all directions. Since the guide is transparent, the mayor part of the diffused 

light passes the system (a small part of this light is lost by reflection at the ejectors), 

being perceived by an observer. However, about 4% of the light is reflected on the 

deflector surface (Fresnel reflection) and reaches the observer directly instead of being 

diffused at the paper first (Figure 4.13). Bearing in mind the input bundle is quite 

collimated (about16°),  this light portion increases the intensity for small values of solid 

angle. The Fresnel reflection at the deflector surface is then perceived as a set of bright 

lines.  

 

Figure 4.13 Explanation of creation of bright lines in the frontlight 

4.6 Ray tracing of the linear backlight 

The linear backlight illumination for the LCD has been simulated in Light Tools. The 

LEDs are modeled as perfect Lambertian sources with dimensions of 1.9x0.6 mm, 

emitting 3 lumens. These modeled LEDs have the same dimensions and the same flux 

as microside Osram LEDs, which are used in the characterization of the prototype. 

Since Osram LEDs are very close to Lambertian sources, the ray tracing simulates quite 

well the backlight system.  

Few simulations have been done. First, the theoretical model has been analyzed. This 

model includes the Fresnel losses and absorption of the material. Thereafter, the 

simulation of a model of fabricated pieces is done. In this model, all edge curvatures are 

the same, 10 μm, which is the tolerance of the manufacturer. In reality, the curvatures 

fluctuate about this value, along the guide, however, the approximation is good. 

4.6.1 Theoretical model 

Figure 4.14 shows the irradiance distribution at the backlight output aperture. The 

irradiance is measured at a small distance from the optics (about 0.1mm), at the position 

of the LCD screen as shown in Figure 4.9. Since the diameter of the luxmeter used in 
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the measurements is 6mm, the simulated receiver has been divided into 6x6 mm cells. 

Thus the number of cells is 875 (35x25). The model has been traced using 8 million 

rays, which is quite enough for required resolution (at each cell is coming almost 10 000 

rays).  The simulation gives a quite uniform irradiance distribution, with maximum 

variation about 6.8%. (it is calculated as maximum excursion from the mean to extreme 

values). The minimum value is 442.7 lux, the maximum value is 513.4 lux and the mean 

value is 475.3 lux (if it was ideally uniform illumination, this value would be 

irradiance), as shown in Figure 4.14. The coordinates x and z coincide with the 

Cartesian coordinates presented in Figure 4.9. This simulation demonstrate that the 

designed linear backlight illuminates quite uniformly 

 
Figure 4.14 Irradiance distribution of the theoretical model 

The efficiency of this simulated model is 71.3%, which is the ratio between the output 

power of 14.973 lum, and the input power of 21 lum (7 LEDs, emitting 3 lum each). 

4.6.2 Prototype model 

The main problem of the backlight design is its high sensitivity to surface errors. The 

backlight concept presented in this thesis is designed controlling the flow of the rays 

along the guide. However, during the calculation process, possible surface errors were 

not considered. Thus, when the rays find any roughness on the surface or some surface 

error, their behavior drastically change. These rays could be extracted toward the LCD 

in some way that is not predicted. Unfortunately some of them are lost.  

The prototype model has round ejectors edges with the radius of 10 μm. The surface 

roughness is not considered, since it is too hard to be simulated realistically.  

Irradiance (lux) 
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Figure 4.15 Irradiance distribution of the prototype model  

Figure 4.15  shows the irradiance pattern at the exit aperture. The minimum value is 340 

lux, the maximum value is 459 lux and the mean value is 408.2 lux. The maximum 

variation of the pattern is 16.6 %. Clearly the surface errors decrease the illumination 

uniformity.  The efficiency also drops down, and Light Tools simulation gives 61.2%.  

4.7 Illumination measurement 

To verify the uniformity of the backlight illuminance we have taken measurements at 

various points on the exit aperture. The screen is divided into nine rectangles. The 

measurements are taken in the centers of these rectangular regions (Figure 4.16, in 

blue). Also we have measured the irradiance at four backlight corners (Figure 4.16, in 

green). Moreover, four additional measurements were made at the intersections of the 

imaginary dashed lines that separate the nine rectangles mentioned above (Figure 4.16 

in black). 

Since, it was very complicated to measure input LEDs flux with the same luxmeter, we 

have not done an absolute measurement. Moreover the coupling between the LEDs and 

the collimator has not been perfect. Note that both have the same side of 0.6 mm, which 

means that a small displacement produces huge losses at the LEDs collimator interface. 

This means that the measured irradiance shown in Figure 4.16 (it changes from 92 to 

118 lux) cannot be compared directly with simulation results of the models given in the 

previous section. However, the variations in the irradiance pattern give sufficient 

information about the uniformity of the backlight illumination. 

Irradiance (lux) 
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Figure 4.16 Irradiance measurement results 

According to the measurements, the maximum variation of illuminance is from 92 to 

118 lux, that is, a maximum variation of around 12.3% respect to the mean value of 105. 

Obviously, the maximum variation is probably a little bit higher, since we did not 

measure the irradiance at each point of the exit aperture. However, these measurements 

are good specimen of the irradiance pattern. If we compare them with the simulated 

results for the prototype model (see section 4.6.2) one sees a good correlation between 

them. The maximum variation is similar. Also, there are noticed higher values for the 

points with greater distance from the LEDs in both cases.  

4.8 Efficiency measurement 

The efficiency was measured using optical measuring equipment called Luca. Since the 

contribution of each LED to the backlight efficiency is equal, in order to make the 

measurement process easier, the system is measured using only one LED. The losses at 

the LED collimator interface can be avoided using a smaller LED with dimensions of 

0.4 mm. Since the input bundle is homogenized in the LED homogenizer, when a 

smaller LED is introduced, we do not change the backlight efficiency.  

The Luca is versatile measuring equipment that measures three things: radiance of a 

light source, irradiance in a plane at any distance from the light source and light 

intensity. This measurement system comprises a camera, lens, screen and software that 

processes the information collected by the CCD camera (Figure 4.17). 
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Figure 4.17 Scheme of Luca measurement equipment 

The camera’s aperture is very small, so the screen can be consider as a plane placed at 

infinity. This means that the CCD measures the power emitted by each point on the 

screen. The set up for the efficiency measurement is shown in Figure 4.18. The screen is 

located on one side of the lens at a fixed distance (the focal length of the lens) while the 

light source is positioned on the other side. Parallel rays from the source will focus on 

the screen. The camera records the light power of each point on the screen.  

 
Figure 4.18 Work principle of Luca equipment 

Since each point corresponds to a parallel beam entering the lens, one can get the source 

emitted power in each direction. From this data it is easy to calculate overall emitted 

power. Therefore, it is essential that each ray coming to the screen passes firstly through 

the lens.  Although the angular aperture of the screen is ±15º in one dimension and ±30º 
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in another, due to the backlight and Luca’s lens sizes, one measurement can involve 

only the light contained in a range of ±5º and ±10º.  

In order to measure total output radiation, the backlight was set on the platform of a 

two-axis rotator and rotated from -90º to 90º in both axes with steps of 10º and 20º, as 

shown in Figure 4.19. One measurement is taken for each position of the platform (18x9 

measurements). After each rotation we measure only a portion of the light, thus the 

overall power illuminated from the backlight is as a sum of all measured light portions. 

Total efficiency is defined as the ratio between output power (ejected light) and input 

power (the LED power). The same procedure has been done twice. First, only the LED 

emission is considered. Then, the entire backlight system is measured.  

After calculating these powers, we obtained 51.7% of the efficiency.  The Light Tools 

simulation of prototype model has given an efficiency of 61.2%. It must be emphasized 

here again that the simulation has not considered the surface roughness (the optics was 

ideally smooth). Also, all the curvature radius of the microstructure sharp edges, are 

assumed to be the same, 10μm, which is the tolerance of the manufacturer. 

 
Figure 4.19 Explanation of the efficiency measurement process 

4.9 Recycling measurements 

The efficiency drop caused by surface errors is reduced when the polarization recycling 

system is used. This means that the recycling system acts also as a power recycling 

system. We will use only a reflector (a high reflective mirror) to simulate this additional 

feature of the recycling system. Consider the system presented in the next figure. 
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Figure 4.20 Scheme of power recycling system 

The light leaving the guide due to surface errors or Fresnel reflection at the deflector 

surface is reflected by the reflector and send back to the LCD (Figure 4.20). Thus some 

lost power is recycled. 

 
Figure 4.21 Irradiance distribution of the realistic model including the recycling system 

The Light Tools simulation now gives the efficiency of 67.85%. Comparing it to the 

efficiency of prototype model without the recycling system one can see a considerable 

efficiency recovery.  

Figure 4.21 shows the simulated irradiance pattern at the exit aperture.  The minimum 

value is 358 lux, the maximum value is 452.4 lux and the mean value is 532.1 lux. The 

maximum variation of the pattern is 20.8 %.  Although we have recycled most of the 

lost rays, the illumination uniformity decreases. There is more power at the end of the 

guide. 

We have done few irradiance measurements to check the behavior of the recycling 

system. Figure 4.22 shows the measurements results. The greater the distance was from 

the LEDs, the greater the irradiance measured. Also, the increase of the maximum 

irradiance (from 118 lux to 186) is larger than the increase of the minimum irradiance 
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(from 92 to 116 lux), which is also noticed in simulations (Figure 4.15 and Figure 4.21). 

The maximum variation is about 23.7%.  

 
Figure 4.22 Irradiance measurement results of the prototype including the recycling system 

Generally, the variations in irradiance occur due to surface errors (round edge shapes 

and the scattering). When an ejector edge is not sharp, its active length reduces, so the 

amount of extracted light reduces, as well. The light impinging at the microstructure 

corners or at a rough region diffuses, being extracted partly toward the LCD. Some of 

the diffused rays continue their flow along the expander and join to the rest of 

controlled light. Now, there is more light for other ejectors, thus the rays have more 

chances of being extracted as they move away from the collimator. This effect is also 

demonstrated by the simulations (see Figure 4.21). 

4.10 Conclusions  

Among all the designs presented in the previous chapter, the linear backlight has been 

chosen as a test prototype. The linear model is made of PMMA by direct cutting 

process. The measurements have shown worse results than it was expected according to 

the Light Tools simulations. The efficiency is much lower (51.7%, while in ideal case 

would be 71.3%), and the irradiance pattern is less uniform. The efficiency drop and 

worse features of the characterized model are caused by surface errors. The surface 

roughness and round ejector edges are detected by observation of the piece under a 

microscope. The measured features are much more similar to the simulated features of 

the prototype model, which means that the sources of losses are well detected.  
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The efficiency problem can be resolved by introducing a recycling system. Although its 

function is to recycle the unwanted polarization as explained in the previous chapter, 

herein, it is shown that this system also recovers the lost power. Using the recycling 

system, we could reach the efficiency of 67.85 % even with the model included rounded 

edges. However, the efficiency recovery increases the irradiance non-uniformity. The 

correction of illumination uniformity could be an interesting task in future work.  With 

all knowledge gained, we should redesign the guide, and extract more light at the 

beginning of the guide to compensate the described effect. 
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Chapter 5                                                                

V- groove reflector design in two dimensions 

5.1 Introduction 

The goal of this chapter is to develop a design method for free-form V-groove reflectors 

in two dimensions. The general design problem is to achieve perfect coupling of two 

wavefronts after two reflections at the groove, no matter which side of the groove the 

rays hit first.  

A V-groove reflector is fully described by a system of functional differential equations 

that can be solved using the method of successive approximations, as described in 

appendix D. Herein we present another, much easier design procedure that comprises 

two steps. The first step is calculation of a polynomial approximation of the two sides of 

the V-reflector profile near the groove peak (the common point of two sides). Once this 

is done, the Simultaneous Multiple Surface design method in two dimensions (SMS2D) 

is applied to build the entire reflector starting from previously calculated polynomial 

approximation. 

This chapter presents several symmetric and asymmetric V-groove designs. Computer 

simulations for each example are done using the software Light Tools.  

5.2 State of the art 

The flat V-groove reflector is formed by two flat profiles that join at the groove peak 

with an angle of 90 degrees, as shown in Figure 5.1.(a). One important property of this 

reflector configuration is that an incident ray in two dimensional geometry (2D) with 

direction cosines (p,q) that reflects at each of the two sides of the reflector, ends up with 

direction cosines (-p,-q), that is, the ray trajectory is reversed. This well known V-

groove reflector  is a perfect retroreflector for 2D planar wavefronts. 
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Figure 5.1 Examples of groove reflectors (a) The flat 90º reflector is a perfect retroreflector in 2D 

for plane wavefronts (b) The carambola reflector is a perfect retroreflector for a spherical 
wavefront. 

Another example of retroreflector is the one shown in Figure 5.1.(b), which was 

described in reference [1] for brightness enhancement of light sources. This device is 

formed by a combination of n equal pieces equiangularly disposed around the center A 

(in Figure 5.1.(b), n=5). Each piece comprises two symmetric confocal parabolas, with 

their common focus at point A. The symmetric confocal parabolas form a perfect 

retroreflector for a single point source. This retroreflector configuration was also 

proposed in reference [2].  

This thesis states a more general design problem for two arbitrary given wavefronts [3] 

and find that there exist solutions whose profiles are analytic (i.e. admit Taylor series 

expansion).  

5.3 Statement of the problem 

We will start with the definition of two possible design problems, as shown in Figure 

5.2.  

 
Figure 5.2 Definition of design problems (a) Type I (b) Type II. 
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The first design, herein called reflector Type I, represents a retroreflector for two 

wavefronts. Each wavefront is converted into itself after two reflections at both sides of 

the groove. The second design, herein called reflector Type II, provides perfect coupling 

between the rays of two wavefronts. In both cases, two profiles at adjacent sides of the 

groove peak need to be designed. In particular cases, both profiles can be symmetric 

with respect to a line passing through the groove peak (the axis y) but, in general, the 

profiles are not symmetric. 

These design problems can be formulated in the framework of Functional Differential 

Equations, as discussed in reference [4]. For this formulation we will consider the 

particular case of two spherical wavefronts for Type I reflector. The implementation of 

an analogous formulation for a Type II reflector is straightforward.   

5.4 Calculation of V-groove reflector 

Figure 5.3 presents an asymmetric Type I reflector. Without loss of generality, we can 

select the coordinate system such that the groove peak has coordinates (0, 0) and that 

two centers of the wavefronts are points (xA, h) and (-xB, h), where xA, xB and h are input 

parameters of the design. Let us describe the reflector profiles by two functions f(y) and 

g(y). A ray leaving source A reflects on the first profile at the point (f(y),y), then reflects 

on the other profile at the point (g(ε),ε), finally going back to source A. Clearly the 

variable ε depends on the variable y, so we can write ε(y).  

 
Figure 5.3 Nomenclature to formulate the reflector Type I for two spherical wavefronts. 
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According to Fermat’s principle, a light ray trajectory between any two points must be 

such that the optical path length is stationary. Therefore, when two points (xA, h) and 

(g(ε), ε) are fixed, then Fermat’s principle implies that 

  1 2( ) ( , ) 0d y d y
y


 


 (5.4.1) 

the partial derivative indicates that the other variable ε is being held fixed. Also the light 

ray between the points (f(y),y) and (xA, h) must satisfy 
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we get  
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where f £(y) denotes /y, and f £(ε) denotes /ε. 

On the other side a ray leaving source B reflects on the first surface at the point (f(y),y) 

than reflects on the other surface at the point (g(φ),φ), and then goes back to source B, 

giving 
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Equations (5.4.1)-(5.4.8) give 
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where the primes denote the derivative respect to the indicated argument of function 

(i.e. f £(y) denotes /y, and f £(ε) denotes /ε). 

Since the arguments ε and φ are functions of y, system of equations (5.4.9) is a system 

of four functional differential equations, the solutions of which are the functions f(y), 

g(y), ε(y) and φ(y). The first initial conditions is obvious 

 (0) (0) 0f g   (5.4.10) 

Also, at the reflector initial point the light ray reflects twice at the same point, so that  

 (0) (0) 0    (5.4.11) 

Let find an approximate solution in the neighbourhood of y=0. Assign the terms from 

Eq.(5.4.9) as Fj, where j=1,2,3,4. Then, the system can be written as Fj=0. If the 

solutions f(y), g(y), ε(y) and φ(y) are analytic about y=0 (in Section 5.6 will be proved 

the existence of the analytic solution), they are functions Fj(y) as well, so that by 

Taylor’s theorem 
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Thus Eq.(5.4.9) is fulfilled if n→∞ and 

 ( ) (0) 0i
jF   (5.4.13) 

where j=1,2,3,4 and i=0,1,...,n. 

System (5.4.13) comprises 4(n+1) nonlinear equations with 4(n+1) unknowns, and is 

quite difficult to solve even for small values of n. The unknown quantities of the system 

are the values of the i-th derivatives of functions f(y), g(y), ε(y) and φ(y) at y=0, where 

i=0,1,..., n. System  was solved for n=3, giving Taylor polynomials of degree 3 for each 

function. This requires an additional condition, the value of the first derivative of f(y) at 

y=0. The value of g£(0) is obtained then immediately since the functions f(y), g(y) are 

perpendicular at the groove peak (retroreflector for two plane wavefronts is a 90º 
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corner, see Figure 5.1.(a)). This additional condition is necessary because there are 

infinitely many solutions, but if f £(0) is given then there is a unique analytic solution of 

the problem in the neighborhood of  y=0, see Section 5.6. 

5.5 Symmetric retroreflector 

Consider now symmetric solution. The optical path length for both ray trajectories LAA 

(the rays from source A) and LBB are equal, also g(y)=-f(y) and α=β=45º. We can select 

the coordinate system such that the groove peak has coordinates (0, 0) and that two 

centers of the wavefronts are points (x0, h) and (-x0, h).  

 
Figure 5.4 Definition of symmetric reflector Type I 

To calculate the reflector shape, it is sufficient now to trace only the rays emerging from 

one of the sources. Let it be source A. A ray leaving source A reflects on the first profile 

at the point (f(y),y), then reflects on the other profile at the point (-f(ε), ε), and goes back 

to source A. Equations (5.4.1) and (5.4.2) remain the same, while the path segments are  
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 (5.5.1) 

thus we get a system comprising two functional differential equations 
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where the primes denote the derivative respect to the indicated argument of function f. 

The unknown functions are f(y) and ε(y). The initial conditions remain the same 

 (0) 0, (0) 0f    (5.5.3) 

Let find an approximate solution in the neighbourhood of y=0. Assigning the terms 

from (5.5.2) as Fj, where j=1,2, by Taylor’s theorem we have 
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      (5.5.4) 

System (5.5.4) comprises 2(n+1) nonlinear equations with 2(n+1) unknowns. The 

unknown quantities of the system are the values of the i-th derivatives of functions f(y) 

and ε(y) at y=0, where i=0,1,...,n. System was solved for n=4, giving Taylor 

polynomials of degree 4 for each function  
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 (5.5.5) 

5.5.1 Analysis of the solution in the neighbourhood of y=h 

Consider now the V-groove reflector problem shown in Figure 5.4 in the neighbourhood 

of y=h. Equations (5.5.1) and (5.5.2) remain the same. The optical path length 

(L=LAA=LBB) impose the first initial condition f(h)=L/4. Due to the symmetry of the 

system the second initial condition is ε(h)=h. Thus we have 

 0( ) , ( )f h a h h   (5.5.6) 

where a0=L/4. Let find an approximate solution in the neighbourhood of y=h. The new 

system is  
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         (5.5.7) 

Using the same procedure, we get two solutions near  y=h. The first one is  
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The second solution is  

 

2 40 0
0 2 2 2 2 2

0 0 0 0

30 0 0 0
4

0 0 0 0

( ) ( ) ( )
2( ) 8( )

( ) ( ) ( )
( )

a a
f y a y h y h

a x a x

x a x a
y h y h y h

a x a x


    
 


    

 

 (5.5.9) 

Let analyze the first solution. When y→h then ε(y)≈h+(y-h)(a0+x0)/(a0-x0). When y<h, 

since a0>x0, clearly ε(y)<h. This means that after first reflection, rays do not cross the 

line y=h. Note that when y→h then f(y)≈a0-(y-h)2/(4a0), which is the solution for a 

special case of reflector Type I problem when both sources coincide at the point (0,h). 

This reflector comprises two parabolas with the focus at the point (0,h) as shown in 

Figure 5.5. See the Carambola reflector, Figure 5.1.(a). In general (when the sources do 

not coincide), the other members of Taylor series must be found.  

 
Figure 5.5 Reflector Type I in the case when two sources coincide 

Consider the second solution, Eq.(5.5.9). When y→h then ε(y)≈h+(y-h)(-a0+x0)/(a0+x0) 

and f(y)≈a0-(y-h)2a0/2(a0
2- x0

2) . Therefore, when y<h, we have ε(y)>h. This means that 

the reflected rays cross the line y=h, Figure 5.6. Choosing any ray coming from source 

A, we can calculate the intersection point with the line y=h. Denote b1=(-a0+x0)/(a0+x0)  

and a2=a0/2(a0
2- x0

2). Therefore we have 
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One calculates that inclination of the ray respect to the axis x  between the points (x1,y1) 

and (x2,y2)  is  
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Figure 5.6 Ellipse, as a solution for retroreflector problem 

Thus the value of the coordinate x, at the cross point between the reflected ray from the 

point (x1,y1)  and the line y=h is  
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 (5.5.12) 

In the paraxial case, x1≈ a0 and y1≈ h so  
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 (5.5.13) 

Putting the value of b1 into Eq.(5.5.13), finally we get xc= -x0. This means that in 

paraxial case all rays leaving source A, reflect on the first surface, intersect source B  

and go back to source A after second reflection. Due to the symmetry, the rays coming 

from B, intersect source A, and go back to B. Thus, the solution is an ellipse with the 

focus in the points A and B.  

5.6 Existence of the full analytic solution 

This section considers the existence of the full analytic solution of the V-groove 

reflector problem. We will analyze the particular case of two spherical wavefronts for 

Type I reflector. The same procedure can be implemented for a Type II reflector. 

Without loss of generality, due to easier calculus procedure, we will analyze the 

symmetric reflector.  Firstly Van Brunt’s theorem is presented [5]. This theorem is a 

generalization of the Cauchy’s theorem for the functional differential equation.  

Cauchy’s theorem states that if F(x,y) is some function analytic in x and y in some 

neighbourhood of (x0,y0), than there is a unique solution to equation y£(x)=F(x,y), 

satisfying y(x0)=y0, and that solution is analytic as well.  

y
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Let consider the system of functional differential equations  

 1 1( ) ( ) ( , ( ), ( ),..., ( ), ( ),..., ( ))m my y y y z z z z    Z Z H Z Z Z Z Z  (5.6.1) 

with initial condition  

 (0) 0Z  (5.6.2) 

where Z(y)=(z1(y),...,zn(y))T, H=(h1,…,hn)
T and m<n. The prime denotes differentiation 

with respect to the indicated argument. 

In the further text, it will be shown, that our initial system (5.5.2) can be presented as 

the system described in Eq.(5.6.1).  

The main difference between the functional and ordinary differential equation is fact 

that the unknown functions appear also as an argument in the equation. If the all zk(y), 

k=1,2,...,m were equal to y, this equation would reduce to an ordinary differential 

equation. Now it is clear that the following theorem is a generalization of the Cauchy’s 

theorem. 

 

Van Brunt’s  Theorem  
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and the iL  are positive constants such that  

1

1
m

i
i

L 


   

Then for δ sufficiently small, yBδ, there exists a unique solution Z(y) to system 

(equation (5.6.1) and (5.6.2)) and that solution is analytic.  

 

The proof of the theorem is given in appendix D.  

The existence of a solution of system described in (5.5.2) can be established using Van 

Brunt’s theorem, but firstly the system has to be converted into the same form as shown 

in (5.6.1). If all conditions are satisfied than existence, uniqueness and analyticity of the 

solution of symmetric reflector Type I are proved.  

Let  

 1 3

2 4
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 (5.6.3) 

where prime denotes differentiation with respect to the indicated argument. Now let V 

be the optical path length function. This function (see (5.5.1)) depends on y, ε(y), f(y), 

f(ε) so we can write V=V(y,ε(y),f(y),f(ε)). Let  

 1 2 6 1 2 3 3 2 4 4 2( , ,..., ) ( , , , ( ), , ( ))z z z z z z z z      (5.6.4) 
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then Eq.(5.4.1) and Eq.(5.4.2) get a new form 
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The next step is to find the hi. Considering Eq.(5.6.3) it is clear that h1=1 and h3=z4. The 

remained hi are to be obtained by differentiating equation (5.6.6) and later equation 

(5.6.7) with respect to y. Hence we have  
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so, we get 
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and also 
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System of functional differential equations (5.5.2) can be written as 

 1 2 1 2( ) ( ; ( ), ( ); ( ), ( ))

( ) 0

y y z z z z

y

  


Z H Z Z Z Z

Z
 (5.6.10) 

where Z(z1)=(z1(z1),z2(z1),z3(z1),z4(z1))
T, H=(h1,h2,h3,h4)

T, z1(y)=y and z2(y)=ε(y). 

Let consider the conditions of Van Brunt’s theorem. According to (5.5.5) in the 

sufficiently small neighbourhood of y=0 we have 

 0
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 (5.6.11) 

thus the third condition is satisfied. The first condition is satisfied since 

 (0) ) Z H 0(  (5.6.12) 

where ζ0=[0;0,0;Z£(0),Z£(0)] which is paraxial solution. 

Consider the second condition. It is clear that the partial derivatives of V in (5.6.8) and 

(5.6.9) are analytic in the μk, k=1,2,...,6 (see (5.5.1)).Let calculate the denominators in 

(5.6.8) and (5.6.9) in the neighbourhood of y=0. Having in mind that the function 

V=d1+d2+d3  we get 
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 (5.6.14) 

Since h is always greater than x0, the denominator in (5.6.8) is not zero. Also 
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 (5.6.15) 

Therefore the denominator in (5.6.9) tends to infinity when y→0. On the other side the 

nominator tends to infinity, as well. One can rearrange equation  (5.6.9) to obtain 
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 (5.6.16) 

Now the denominator tends to  

 0
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 (5.6.17) 

which is always greater than zero. The same result is obtained when one founds the 

limit value of the approximate function for ε(y) given in (5.5.5). 

Since the partial derivatives of V in (5.6.8) and (5.6.9) are analytic in the μk, k=1,2,...,6  

and the denominators do not vanish at y=0, then the continuity of the variables Z(zi) and 

Z£(zi) will ensure that there exists an >0 such that the hi are analytic in the variables 

Z(zi) and Z£(zi) for [y; Z(z1),Z(z2);Z
£(z1), Z

£(z2)]N(ζ0, ), where ζ0=[0;0,0;Z£(0),Z£(0)].    

It remains to show the fourth condition. As we have shown, the hi are analytic in all 

their arguments, so they are Lipschitz continuous with respect to the variables Z(zi) and 

Z£(zi). Therefore there exist all derivatives  hi / ζk [4]. 

Since the first functional argument in the system is z1(y)=y, the system (5.6.10) can be 

rearranged and written as 

 
( ) ( ; ( ), ( ); ( ))

(0) 0

y y y   


Z H Z Z Z

Z
 (5.6.18) 

where (y)= z2(y). 

As H does not depend on Z£(y), L1 can be chosen to be zero [4]. Now, in order to prove 

the fourth condition, we have to show that there exists a vector norm such that for y 

sufficiently small, there exists an L2<1.  

Considering the definition of  L2 we get that  
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Contemplating the terms for the hi, one can not that the only function containing a z£(z2) 

is h2. Thus  

 2
2
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z z





 (5.6.20) 

Using equations (5.6.9) and (5.6.17) we get 
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   (5.6.21) 

Where M is the denominator in (5.6.9). Therefore a vector norm of the form  

 1 1 2 2 3 3 4 4max( , , , )V V V V V     (5.6.22) 

where VV(V1,V2,V3,V4) and i are positive constants, ensures that the fourth condition 

is satisfied. This norm is equivalent with the maximum norm (see appendix D). 

Since we have connected our system to Van Brunt’s theorem, it can be concluded that 

for given initial conditions, there is a unique analytic solution of the reflector Type I 

problem. The first few members of the solution series are given in (5.5.5).  

This solution is guaranteed only in some neighbourhood of y=0, but global result can be 

established, too. The solution can be extended by analytic continuation [4,5]. 

5.7 Construction of the full analytic solution 

The entire reflector surface can be constructed using the method of successive 

approximations, as described in Appendix D. The solution is obtained as the limit 

function of the infinite series of functions. 

The accuracy of the method depends on the number of the successions. The more 

successions are the better solution is. The first function in the sequence is the paraxial 

solution. The other are obtained by calculating the following integral 
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 (5.7.1) 

If  k the sequence tends to the true solution, which is an analytic function [5].  

The second approach is via a procedure comprising two steps. The first step is 

calculation of a polynomial approximation of two sides of the reflector profile near the 

groove peak, as described in Section 5.4. The second step, the construction of the entire 

groove reflector by SMS design method is presented next. 
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5.7.1 Construction of reflector Type I  

The SMS method [6] builds a sequence of isolated points of the solution starting from 

the location and normal vector of a point of one side of the reflector, as shown next. 

Consider the scheme of a Type I reflector, shown in Figure 5.7. For given wavefronts 

centered at A and B, a design continues by choosing a point P0 on the polynomial 

approximation of the curve (g(y),y), in a neighbourhood of the y=0 obtained previously. 

Let nP0 be the normal vector to the polynomial approximation at P0. Once {P0, nP0} are 

prescribed we are able to calculate a point on the other surface Q0. The point Q0 is 

calculated along the trajectory of the ray from A, after the reflection at P0 being the one 

satisfying that the total optical path length equals 2 22AA AL x h  . The normal vector nQ0 

is then calculated to produce the reflection from P0-Q0 to Q0-A. The procedure continues 

thereafter using the ray form B impinging at the point {Q0, nQ0}, thereby calculating the 

next point P1 of the first surface (Figure 5.7 the ray in red), using the optical path length 

2 22BB BL x h  . This procedure is repeated to obtain further points Q1, P2, Q2, etc. along 

the curves (with the y coordinate of the points increasing thereby). 

 
Figure 5.7 SMS 2D method of reflector design Type I 

Other points P-1, Q-1, P-2, etc. are obtained when one starts the SMS procedure using the 

point P0 and the ray from B (instead of the ray from A, as before). The sequence of 

points {…, P-2, Q-1, P-1, Q0, P0, Q1, P2, Q2, …} together with their associated normal 

vectors is called an SMS chain, in the SMS nomenclature. The sequence {Pi} results to 

converge to the groove peak for i-. The sequence {Pi} for i+ does not, however, 

generally converge 
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Once the first SMS chain is calculated from {P0, nP0} we choose two consecutive points 

of the sequence on one side, for example, P0 and P1.  Interpolating a C1 line segment in 

between them defines a set of new initial points lying on this segment. That segment 

will be very close to the approximate polynomial curve (g(y),y) previously calculated, 

and their difference can be made as small as desired by choosing P0 close enough to the 

groove peak. 

By launching a set of rays from A towards the points of the segment P0P1 with the same 

optical path length LAA, a new set of points on the other surface is calculated, between 

points Q0 and Q1 (those rays indicated by blue dashed lines). Repeating the same 

process, now using rays from B and the points of segment Q0Q1, we obtain the points of 

the segment P1P2. This procedure can be implemented until the all segments are filled 

by new points. We call it “skinning” process. The number of the points of the first 

segment P0P1 can be chosen without any restriction, so the density of the calculated 

curve points can be as high as necessary for accurate specification.  

5.7.2 Construction of  reflector type II 

The design of a Type II reflector is quite similar. Consider the scheme of a Type II 

reflector for given wavefronts centered at A and B, shown in Figure 5.8. 

 
Figure 5.8 SMS 2D method of reflector design Type II 

The point Q0 is calculated along the trajectory of the ray from A, after the reflection at 

P0 being the one satisfying that the total optical path length equals LAB=LA+LB. The 

procedure continues thereafter using the ray form A impinging at the point {Q0, nQ0}, 
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thereby calculating the next point P1 of the first surface, using the same optical optical 

path length LAB. This procedure is repeated to obtain further points Q1, P2, Q2, etc. along 

the curves (with the y coordinate of the points increasing thereby). 

When one starts SMS procedure using the point P0 and the ray from B (instead of the 

ray from A, as before) other points P-1, Q-1, P-2, etc. are obtained as well. This sequence 

tends to the reflector peak at (0,0). 

The skinning process is implemented to calculate entire reflector surface (see Figure 

5.8, the rays indicated by dashed lines).  

5.8 Results for  two sphere wavefronts 

Figure 5.9 shows a symmetric and an asymmetric reflector Type I, both with the same 

optical path length and distance between the sources. For given initial conditions, the 

symmetric reflector is the unique symmetric solution () of the problem, while the 

asymmetric one is only one of many possible solutions (in this figure , because 

there are an infinite number of asymmetric solutions (given by the parameter ).  

 
Figure 5.9 Curves obtained by Taylor development in the neighborhood of the groove peak (in red) 

and SMS curve (in black) for the symmetric and an asymmetric Type I reflector  

The curves obtained by Taylor development near the groove peak are presented in the 

same figure (the curves in red). In the case of symmetric reflector this curve is a 

polynomial of degree 4 (see (5.5.5)), while in other case is a polynomial of degree 3. 

We could not calculate other members of Taylor series due to complicity of the 

calculus. Note, that the approximate polynomial for the symmetric reflector almost 

coincide with the SMS curve, which is the analytic solution of the problem. 

B  A  B A  
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Figure 5.10 Ray-trace simulations for a symmetric and an asymmetric Type I reflector for two 

spherical wavefronts 

All designs have been traced in the Light Tools. Figure 5.10 shows perfect imaging of 

two point sources into themselves after two reflections at the reflector walls. Figure 5.11 

shows two models of a Type II reflector.  

 
Figure 5.11 Ray-trace simulations for a symmetric and an asymmetric Type II reflector for two 

spherical wavefronts. 

For a given optical length and distance between the sources there is a unique symmetric 

solution but an infinite number of asymmetric ones.  

B  A  B A  

B  

A  
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A  
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5.9 Results for circular caustic  

Microstructures based on small V-groove reflectors are already in use in solar 

collectors.  These structures provide separation between reflector and receiver without 

transmission losses or reduced concentration [8-10]. Next is a V-reflector suitable as a 

cavity confining surface for cylindrical receivers.  In solar collectors, the cavity 

confining surface recycles energy emitted from the receiver.  

Figure 5.12 shows a V-reflector designed to transfer all rays emanating from a circular 

source back to itself. Due to the edge ray theorem all source edge rays must be sent to 

those of the receiver.  This is a case of Type I reflector design in which the wavefronts 

WFA and WFB define a common circular caustic. Then, the functions (xA(t), yA(t)) and 

(xB(t’), yB(t’)) are two different parameterizations of the circle. 

The design procedure of this reflector is quite similar to those previously described.  

 
Figure 5.12 Ray-trace simulation of a symmetric V-reflector design for a circular caustic. 

5.10 Conclusions 

A new design method for V-groove reflectors is explained. The SMS method has been 

shown to be a very powerful method for aspheric V-reflector designs. Taylor expansion 

of the reflector surfaces near the convergent points (groove peaks) provides a good 

approximation of the first curve segment. 

Light Tools simulations have been done to check the quality of the designed V-groove 

reflectors. All the canonical examples  show perfect coupling of two wavefronts.  

Also, using Van Brunt theorem we have proved the existence and uniqueness of the 

analytic solution, once the initial conditions are prescribed. In this chapter, it is done 

considering the reflector Type I for two sphere wavefronts. The generalization of this 
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approach to other wavefronts can be done by substituting functions id  and ˆ
id  (See 

Eq.(5.4.3) and Eq.(5.4.8)) with the eikonal functions associated with those wavefronts. 

The existence and uniqueness of the analytic solution is expected to be obtained 

provided that the functions (xA(t), yA(t)) and (xB(t’), yB(t’)) describing the caustics of 

those two wavefronts are also analytic functions. In the last section it is presented a V-

groove design for circular caustic. The ray-trace results are as good as in the case of two 

spherical wavefronts. 

As shown in Section 5.5, the ellipse is another solution for two point sources retro 

reflecting problem. Since the elliptic reflector is used as a source extended device (see 

[7]), the presented V-groove reflector Type I design can be used as an extended-source 

device as well. 
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Chapter 6                                                           

Free-form V-groove reflector in 3D 

6.1 Introduction 

The goal of this chapter is to present a design method for the metal-less reflectors. 

These reflectors are designed as thin dielectric grooved sheets providing the same 

reflection as the mirrored surface. The idea is to replace conventional mirrored 

reflectors used in many optical applications, such as concentration and illumination. The 

main disadvantage of the high-reflective mirrored reflectors is their high cost. The lower 

price of the dielectric grooved reflectors is achieved due to possibility of massive 

production using injection molding machines.   

The main step in the design procedure for the metal.less reflectors is the calculation of 

free-form V-groove reflectors. These reflectors are an extension to 3D of the Type II 2D 

reflector explained in the previously chapter. The general design problem is how to 

achieve the perfect coupling of two wavefronts after two reflections at the 3D V-groove, 

no matter which side of the groove the rays hit first. Some canonical V-groove designs 

are ray-traced in detail.  

Besides the theory and design work, first prototypes were produced of a mirrorless TIR 

device using V-grooves that emulates a parabolic reflector. The experimental 

measurements of the TIR reflector show reflectance up to 98%. 

6.2 State of the art 

The linear V-groove reflector is a well known optical device, formed by two flat 

profiles that orthogonally join at a straight edge-line. Its use has spread to several 

applications, particularly signaling and displays.  

If the edge-line is parallel to the x axis (Figure 6.1), an incident ray with direction 

cosines (p,q,r) reflects at each of the two sides of the reflector, ending up with direction 

cosines (p,-q,-r), that is, its components in the y and z axis are reflected back.  
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Figure 6.1 The  linear 90º  groove reflector 3D view and its cross section 

The design of non-flat V-groove reflectors in three dimensions has already been 

considered in [6-8] for the particular design problem of coupling between a plane and a 

spherical wavefront, so that the V-groove performs the same function as a parabolic 

mirror. The design procedure in [7] and [8] approximates the groove’s cross-sectional 

profile with straight lines, while the method use in [6] is based on numerical 

optimization. 

In this chapter we examine the more general design problem of coupling two arbitrary 

given wavefronts, and derive formally exact solutions with a direct method (i.e., not by 

numerical optimization) based on the Simultaneous Multiple Design method in three 

dimensions (SMS3D) [3]. These solutions comprise two intersecting free-form surfaces 

(i.e., no linear or rotational symmetry), as illustrated in Figure 6.2.  

 
Figure 6.2 Free-form V-groove reflector 
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6.3 Statement of the problem 

A V-groove free-form reflector is tasked to couple the rays of two wavefronts, spherical 

WFA and planar WFB, after consecutive reflections on each side of the groove, either 

one first. At the groove edge-line, both reflections are at the same point (as one of the 

rays does in Figure 6.2). In some cases, the profiles can be symmetric with respect to 

the groove edge-line but, in general, the profiles are asymmetric. 

Without loss of generality Figure 6.3 illustrates the overall design problem, showing the 

case of a plane wavefront with ray vectors vo and vo′ and a spherical wavefront with its 

center shown as originating the ray vectors. The two free-form surfaces P(u,v) and 

Q(u,v) form the V-groove reflector. The parameterization of both surfaces is preferably 

done in an interrelated manner, as follows. Parameter v is the arc length along the 

groove edge-line G(v), along which the groove walls intersect to define the bottom of 

the groove. The parameter u for each surface coincides with the arc length of two 

specific v =constant lines (shown in green).  These two lines are contained in the V-

groove surfaces and intersect at the groove edge-line G(v). Those lines fulfil two 

conditions: they are analytic, and after a first reflection at either line there will be 

another reflection at the other line. Those conditions univocally define the v=constant 

lines, under certain contour conditions, as shown Section 6.5. 

 
Figure 6.3 (a) In green, ν = constant lines of the V-groove surfaces are such that after a first 
reflection at either line the second reflection will be at the other line. (b) Vectors at a point of the 
groove edge-line G(v) and contained in the plane perpendicular to its tangent vector t=G(v). The 
angle (v) is defined as the one formed by the normal vector of the surfaces P, NP(0,v), and the 
plane formed by the ray vectors vi and vo impinging on G(v). 

Figure 6.3a shows two v=constant lines (the lines in green) and two representative rays 

for the second condition, which hit the surfaces on points P(u,v), Q(u,v) and Q(u,v). 

Note that the variables u and u depend on the variable u, so we can write u(u) and 
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u(u). The normal vectors of the surfaces, described by functions NP(u,v) and NQ(u,v), 

are not shown in Figure 6.3a.       

6.4 Mathematical formulation of the 3D V-groove reflector problem 

 Straightforward but dense calculations that are detailed in the next section yield: 

1. The groove edge-line G(v) is defined as a solution of the differential equation: 

   '( ) 0v  o iv v G  (6.4.1) 

Here vi and vo are the ray vectors of WFA and WFB, respectively, passing through 

G(v). In the example considered in Figure 6.3, the center of WFA is the origin of 

coordinates, so that vi=G(v)/│G(v)│ and vo=(1,0,0). 

2. As in the case of the linear V-groove reflector of Figure 6.1, the normal vectors to 

the surfaces, NP(0,v) and NQ(0,v) on the groove edge line G(v) are mutually 

perpendicular (see Figure 6.3b).  

3. The V-groove surfaces, P(u,v) and Q(u,v), together with normal vectors NP(u,v), 

NQ(u,v), and the auxiliary functions u(u) and u(u), are defined as a solution of a 

system of ordinary functional differential equations (Eq.(6.4.6)-(6.4.12)) in the 

variable u for each v. As shown in the next section, there exists a unique analytic 

solution, provided that G(v) and α(v) are known (see Figure 6.3.b) and there also 

exists a unique second order approximation of the unknown functions. 

6.4.1 Conditions on the groove edge-line 

Consider the v = constant lines on surfaces P(u,v) and Q(u,v) shown in Figure 6.3(a). 

We will omit the v dependence of the functions P(u,v), Q(u,v), NP(u,v) and NQ(u,v) in 

order to simplify our nomenclature, but it will be shown explicitly when needed to 

avoid confusion.  

Let vi be the ray vector for a ray coming from spherical wavefront WFA in Figure 6.3(a) 

and impinging on the groove point P(u,v). This ray is reflected twice, once at each v = 

constant line, at the points P(u,v) and Q(u,v). Clearly the variable u depends on the 

variable u, as expressed by the function u(u). The reflection law for these two 

reflections gives: vx=vi-2(vi·NP(u))NP(u) and vo=vx-2(vx·NQ(u))NQ(u), where NP(u) 

and NQ(u) are the normal vectors of the surfaces at P(u) and Q(u), vo is reflected ray 

vector, and vx is the ray vector after the first reflection (Figure 6.3(a)). Eliminating vx 

from these equations yields the two-reflection law at the groove sides: 
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Also, for a ray leaving WFA  that reflects first at the point Q(u(u)), then reflects on the 

other side at P(u) and then goes to WFB, we similarly have: vx=vi-2(vi·NQ(u))NQ(u) 

and vo=vx-2(vx·NP(u))NP(u). Eliminating vx from these equations yields 
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 (6.4.3) 

At the groove edge-line, both reflections occur at the same point, so that vi=vi and 

vo=vo and if we subtract Eq.(6.4.3) from Eq.(6.4.2) with u = 0, we get 

 ( (0) (0)) ( (0)) (0) ( (0)) (0) 0      P Q i P Q i Q PN N v N N v N N  (6.4.4) 

This means that NP(0)NQ(0), so the lines P(u) and Q(u) form a 90º corner at the 

groove edge-line. The second solution of Eq.(6.4.4), NP(0)=NQ(0) represents the 

conventional ungrooved single-surface reflector. Imposing the condition NP(0)NQ(0) 

upon Eq.(6.4.2) and Eq.(6.4.3) yields for u=0 the collapse of the equations to the same 

form: vo=vi-2(vi·NP(0))NP(0)-2(vi·NQ(0))NQ(0). Since any vector vi can be written in 

terms of its components on the triorthogonal system NP(0), NQ(0) and t as 

vi=(NP(0)·vi)NP(0)+(NQ(0)·vi)NQ(0)+(t·vi)t (where t=G’(v) is the tangent vector to the 

groove edge line), the two-reflection law for grooved surfaces at the groove edge-line is 

 2( )  o i iv v v t t  (6.4.5) 

At an arbitrary point the vectors vo and vi are known (the rays coming from the 

wavefronts WFA and WFB), thus from Eq.(6.4.5) we see that vo+vi is parallel to t, as 

stated in Eq.(6.4.1), which is the equation for that vector field.  Integrating it provides 

the candidate lines for groove edge-lines.  

Note: we have calculated that NP(0)NQ(0), but we do not know the exact position of 

these vectors in the plane perpendicular to the tangent vector t.  The orientation of the 

vectors NP(0) and NQ(0) is defined by the angle α(v) as shown in Figure 6.3.(b).  

6.4.2 Functional differential equations of the v = constant lines 

Once the groove edge-line G(v) is selected as a candidate, the v = constant lines are 

calculated starting at the points of G(v). These lines are given as P(u,vc,α(vc)) and 

Q(u,vc,α(vc)), where vc, is a value of the arc-length parameter v. The normal vectors of 

each grooved surface along these lines are given as  NP(u,vc,α(vc)) and NQ(u,vc,α(vc)).  
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Let us now find the equations defining v=contant lines P(u) and Q(u). Consider first the 

ray WFA-P(u)-Q(u)-WFB (the ray in blue, Figure 6.3(a)). The first reflection at P(u) is 

given by vx=vi-2(vi·NP(u))NP(u), which means that vectors vi-vx and NP(u) have the 

same direction. Therefore, vi-vx has to be perpendicular to the vectors P’(u) (where the 

prime denotes the partial derivative of Pu(u,v)) and P’(u)NP(u), where P’(u) is tangent 

vector to the line at P(u), so that 

 ( ) ( ) 0, ( ) ( ( ) ( )) 0i x i xu u u       Pv v P v v P N  (6.4.6) 

The second reflection at the point Q(u) is given by vo=vx-2(vx·NQ(u))NQ(u), so that vx-

vo must be perpendicular to the vectors Q’(u) and Q’(u)Nq(u), where Q’(u) is 

tangent vector to the line at Q(u), hence 

 ( ) ( ) 0, ( ) ( ( ) ( )) 0x o x ou u u          Qv v Q v v Q N  (6.4.7) 

Since u(u) is an unknown function, the equations in Eq.(6.4.7) are functional 

differential equations.  

Similar equations can be established for the ray WFA-Q(u)- P(u)-WFB (the ray in red, 

Figure 6.3(a)). For this ray, the two reflections at the groove lines are given by  

 ( ) ( ) 0, ( ) ( ( ) ( )) 0i x i xu u u              Qv v Q v v Q N  (6.4.8) 

 ( ) ( ) 0, ( ) ( ( ) ( )) 0x o x ou u u           Pv v P v v P N  (6.4.9) 

Here Q’(u) is the tangent vector to the line at Q(u). Having in mind that the 

parameter u respresents the line’s arc-length, we have 

 ( ) 1, ( ) 1u u  P Q  (6.4.10) 

Also we need to make sure that NP(u)  P’(u) and NQ(u)  Q’(u) so that  

 ( ) ( ) 0, ( ) ( ) 0u u u u    P QN P N Q  (6.4.11) 

Finally, the fact that the normals to the lines are unit vectors gives 

 ( ) 1, ( ) 1u u P QN N  (6.4.12) 

For each value of v, the system Eq. (6.4.6)-(6.4.12) comprises fourteen equations (some 

of them are functional differential equations, for example Eq.(6.4.7)), with fourteen 

unknown functions P(u), Q(u), NP(u), NQ(u), u(u) and u(u). Also, since NP(0)NQ(0), 

these vectors are in the plane perpendicular to t and they are defined by α(v), as shown 

in Figure 6.3(b).  
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Assuming α(v) and G(v) are given, this system of functional differential equations 

belong to the class described in [9], wherein it is proven that there exists a unique 

analytic solution provided that: 

(1) the following contour conditions are set P(0)=Q(0)=G(v), u(0)=0  and u(0)=0, and 

(2) a unique solution of the second-order approximation of the Eq.(6.4.6)-(6.4.12) 

exists.  

This latter condition is discussed next. 

6.4.3 Second-order approximation 

Let us represent Eq.(6.4.6)-(6.4.12) by functions Fj(u), where j=1,2,..14, for example            

F1(u)(vi-vx)·P(u) , F2(u)(vi-vx)·(P(u)NP(u)), ... F14(u)6NQ(u)6-1. Hence we have 

Fj(u)=0, for each j. When the functions P(u), Q(u), NP(u), NQ(u), u(u) and u(u) are 

analytic about u=0, then the functions Fj(u) are analytic as well, so that by Taylor’s 

theorem: 

 
( )

1(0)
( ) (0) (0) ... ( )

!

n
j n n

j j j

F
F u F F u u O u

n
      (6.4.13) 

Thus Eq.(6.4.6)-(6.4.12) are fulfilled for n→∞ and  

 ( ) ( ) 0i
jF h   (6.4.14) 

Here j=1,2,..14 and i=0,1,...,n. 

The system in Eq.(6.4.14) comprises 14(n+1) nonlinear equations with 14(n+1) 

unknowns. The unknown quantities of the system are the values of the i-th derivatives 

of functions P, Q, NP, NQ, u(u) and u(u) respect to u at u=0, where i=0,1,...,n. We 

have solved system in Eq.(6.4.14) for n=2, obtaining polynomials of degree 2 as 

approximations for each function.  

6.5 Design Procedure 

The construction of the system of Eq.(6.4.6)-(6.4.12) is by a procedure comprising nine 

Steps:  

Step 1. Calculate the groove edge-line G(v) by solving differential Eq.(6.4.1) with the 

contour condition G(0)=G0. Then it is possible to calculate the optical path length L 

between the two wavefronts. 

Step 2. Set v = 0 and consider the value (0)=0 
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Step 3. Calculate a second-order approximation in the variable u (for v=constant) of the 

unknown functions P(u,v), Q(u,v), NP(u,v), NQ(u,v), u(u) and u(u) of the groove 

surfaces near the groove edge line, for a fixed value of v. As shown in Section 6.4.3, 

this is obtained by solving the Taylor series expansion of Eq.(6.4.6)-(6.4.12).  

Step 4. Apply the SMS3D design method [3] starting from one point of one of the 

approximated v = constant lines, designated as P0, and the normal vector to the 

surface there (NP0). The method builds the entire lengths of the v = constant lines 

P(u,v), Q(u,v) of the V-groove reflector, for the desired range u=0 to u=umax(v). In 

that calculation, the normal vector of the surfaces on those lines, functions NP(u,v), 

NQ(u,v), and the function linking the parameters u(u) and u(u) are obtained, as 

well. Details are in Section 6.5.1. 

Step 5. Compute the partial-derivative functions Pu(u,v) and NPu(u,v)  

Step 6. Consider an incremental increase v in the value of parameter v, and the 

corresponding point G(v+v) on the groove line. Initially, take (v+v) = (v).  

Step 7. Repeat Steps 3 to 5 for the new value v+v in order to calculate functions 

P(u,v+v) and NP(u,v+v). Compute the integrability condition on surface P around 

v = constant line P(u,v), using the Malus-Dupin theorem [5] in the form:  

 
( ) ( ) ( ) ( )

( , ) ( , ) ( , )u u

v v v v v v
e u v v u v u v

v v
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N N P P
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Step 8. Repeat Step 7, iterating on the value of (v+v) to minimize:  

 
max ( ) 2

0
max

1
( )

( )

u v

u
E v e du

u v 
   (6.5.2) 

This will prove the integrability of surface P(u,v). Note that Q(u,v) will be 

automatically integrable, since both are linked by the invariance of the optical path 

length between the wavefronts. 

Step 9. Increment the v value again and repeat steps 3 to 7 to advance to the next point 

of the groove edge line. 

6.5.1 SMS3D calculation of the V-groove reflector 

Step 4 in the design procedure applies the SMS3D method to calculate the v = constant 

lines from a starting point on one of the surfaces, given its normal vector, designate 

them P0 and NP0. This is an extension to 3D of the SMS2D V-groove construction 
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explained in [2] and in the previous chapter, in which the 3D lines are constructed 

point-by-point. Each new point of one of the lines permits the calculation of a further 

point of the other line, and so on [1].  

Without loss of generality, the SMS3D calculation can be explained using the example 

shown in Figure 6.3(a), which provides coupling of a plane and a spherical wavefront. 

In this case, the vector field of the input and output rays are defined as vi(r) = r/│r│ 

and vo(r) = z, where z = (0,0,1) in Cartesian coordinates. It is easy to see that the 

groove edge-lines (calculated using Eq.(6.4.1)) are parabolas with focus at the origin 

and axis coincident with the axis z. Choose one of those parabolas as the groove edge- 

line.  

 
Figure 6.4  3D V- groove reflector which reflects a plane into a spherical wavefront. Perspective 

and front views 

Figure 6.4 shows the V-groove reflector and the v = constant lines (in green) to be 

calculated, which were also shown in Figure 6.3(a). The point P0, calculated in Step 3 in 

the neighborhood of the groove edge-line, has not been drawn very close to that line in 

Figure 6.4 for clarity. The SMS3D design will first involve the calculation of a 

sequence of points on both surfaces (called an SMS chain [3]), shown in Figure 6.4. 

From the starting point P0 and NP0, on surface P(u,v), the next point Q0 on the v = 

constant line of surface Q(u,v) is calculated along the trajectory of the ray from WFA, 

after the reflection at {P0, NP0} being the one with a total optical path length equalling 

L, which was calculated in Step 1. The normal vector NQ0 is then calculated that 

produce the reflection from P0-Q0 to Q0-WFB. Then, the procedure continues thereafter 

using the ray from WFA impinging at the point {Q0, nQ0}, thereby calculating the next 

point P1 on the v = constant line of the surface P(u,v). This procedure is repeated to 

obtain further points Q1, P2, Q2, etc. along the lines. Note that the points of the sequence 

{P0, Q0, P1, Q1, P2, Q2, …} are not, in general, coplanar. 
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An SMS skinning process [3] calculates the remaining points of the v = constant lines. 

Consider an interpolation between two adjacent points {P0, NP0} and {P1, NP1}. Each 

point of the interpolated line is taken as initial point of a further sequence of points. The 

interpolation is taken from the second-order approximation of Step 3, in the same way 

that was carried out in the 2D V-groove designs in the previous chapter. 

 
Figure 6.5 3D V- groove reflector which reflects a plane into a spherical wavefront. Perspective and 

front views 

The SMS3D method, as explained, calculates all the v = constant lines  along the groove 

edge-line. These curves are interpolated in the CAD program Rhinoceros. The density 

of the points at each v = constant line and the density of these lines on the reflector 

surfaces can be as much as necessary.  

6.6 Results for canonical designs 

In this section, few canonical V-groove designs, calculated using the procedure 

explained in the previous sections,  are presented.  

6.6.1  V-groove reflector for a plane and a spherical wavefront 

Figure 6.6 shows the Light Tools simulation of the V-groove design providing perfect 

coupling between a plane and a spherical wavefronts. 

As the source we used a plane 400x200 mm wavefront. About 80% of the rays have 

reached the receiver inside the square 5x5 μm, concentric with the spherical wavefront, 

96% are in 10x10 μm square, while the other 4% are in the 30x30 μm square. 

 

AWF  

BWF   BWF  

AWF  

0P  
1P  

2P  

0Q  

1Q  

2Q  

0Q  
1Q  

2Q  

0P  1P  

2P  



Chapter 6 Free-form V-groove reflector in 3D 

 101

 
Figure 6.6 Light tools simulation for the symmetric 3D V-groove design for a plane and a spherical 

wavefront 

Figure 6.7 shows the from and size of the simulated hot spot.  

 
Figure 6.7 Simulated hot spot  for the symmetric 3D V-groove design for a plane and a spherical 

wavefront.  

In the second design an asymmetric contour condition has been forced, Figure 6.8. We 

have found that the constant function α(v)=/6 (30°), along the groove edge-line, is an 

asymmetric solution. Although, we did not calculate this function using the procedure 

explained in Section 6.5, we did obtain smooth groove sides. Dimensions of the 

asymmetric design are similar as in the previous case of symmetric reflector. About 

78% of the rays have reached the receiver inside the square 5x5 μm, concentric with the 

spherical wavefront, 91% are in 10x10 μm square while the other 9% are in the 40x40 

μm square. The form of the hot spot is the same as in Figure 6.7 
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Figure 6.8 Light tools simulation for an asymmetric 3D V-groove design for a plane and a spherical 

wavefront 

6.6.2 V-groove reflector for two spherical wavefronts 

Figure 6.9 shows another canonical example, a reflector that achieves perfect coupling 

of two spherical wavefronts. 

 
Figure 6.9 Light tools simulation for the symmetric 3D V-groove design for two spherical 

wavefronts 
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 In this case the guiding lines can be all ellipses having focus at the centres of the 

spherical wavefronts This design has been simulated in the Light Tools as well. Only 

one point source is used, the other one being replaced by a receiver. About 80% of the 

rays have reached the receiver inside the square 5x5 μm, concentric with the replaced 

spherical wavefront, about 89% are in the square 10x10 μm while the other 11% are in 

the square 35x35 μm.  

The dimensions of the groove are: a maximum height of 126mm, a maximum width of 

95mm, and a maximum length of 195mm. The separation between the source and the 

receiver is 20mm, and the point source emits rays into a ±60° cone. The form and size of 

the hot spot is similar as in Figure 6.7 

Figure 6.10 shows an asymmetric solution (30ºalong the guiding line. Dimensions 

are similar as in the previous case of symmetric reflector. The results are slighly worse 

than in the previous cases. About 80% of the rays have reached the receiver inside the 

square 10x10 μm. All rays reaches the receiver inside the square 50x50 μm. 

 

 
Figure 6.10 Light tools simulation for an asymmetric 3D V-groove design for two spherical 

wavefronts 

6.7 Applications 

Consider now a design procedure for a thin dielectric free-form reflector providing 

perfect coupling between two arbitrary wavefronts (Figure 6.11). The entrance surface 

is the smooth side while the grooved surface comprises an array of free-form grooves. 

The conventional free-form reflector that performs this function is the reflective 

generalised Cartesian Oval, discovered by Levi-Civita in 1900 [5].  
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Figure 6.11 Free from thin dielectric sheet that acts as a TIR reflector 

The design starts by prescribing the form of the entrance surface, which can be 

arbitrary. In order to obtain a thin reflector sheet, however, one has to be aware of the 

entire design problem of providing an optimal shape for the entrance surface. A 

particular preferred entrance surface is one that coincides with a (reflective) generalised 

Cartesian oval, which will couple the Fresnel reflection at the entrance surface. Then, 

we refract wavefronts WF1 and WF2 through the entrance surface to obtain a new pair 

of wavefronts WFA and WFB. For two given wavefronts WFA and WFB, using 

Eq.(6.4.1), one can calculate the candidates for the groove edge-lines. Once the edge-

lines are selected, the grooves are built as described in Sections 6.4 and 6.5.  

This design procedure does not ensure that the rays coming to the groove surface will 

suffer two TIR reflections. This condition has to be independently checked after the 

reflector has been calculated. If, however, the reflector is thin, the grooves will be small 

and their shape in the normal planes to the edge groove line will be close to a flat 90° 

corner.  

When the normal sections along the groove are a 90° corner, the TIR condition is 

fulfilled for all rays with a (p,q) representation inside the solid region of Figure 6.12 (for 

the refractive index n = 1.492). Now (p,q,r) represents cosines respect to the vectors t, 

n1 and n2, where t is tangent to the groove edge-line. The orthogonal system formed by 

the vectors t, n1 and n2 changes along the edge line. The narrower portion of the solid 

region corresponds to rays with p=0, i.e., rays contained in planes normal to the groove 

edge-line. For these rays q must be between ±{(n2-1)½-1}/2½, which implies that n must 
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be greater than 2½=1.414 for a non-null range of q to exist at p=0. For rays with p≠0, the 

range of q for which two total internal reflections are achieved is bigger 

 

 
Figure 6.12 Linear V-groove reflector. Condition for rays having two TIR at the groove sides 

6.8 Experimental results for a TIR reflector 

In order to analyze the potential of the TIR reflector a prototype was developed and 

fabricated. Figure 6.13 shows a thin dielectric sheet with rotational symmetry, acting as 

a parabolic mirror. The entrance surface is flat (due to easier fabrication), so that the 

rear surface (containing the groove’s guiding curves) is a Cartesian Oval, designed to 

couple two wavefronts obtained by respectively refracting a plane wave and a spherical 

wave through the flat surface. The dimensions of the entrance surface are 50x50 mm. 

 

Figure 6.13 Thin dielectric sheet acting as a parabolic metallized reflector 

This reflector includes small flat grooves. In the ideal case we would use the free form 

grooves calculated by the SMS as shown in Section 6.5. Since the fabrrication of the 
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ideal prototype is more difficult and expensive, an approximation was done instead, and 

was quite good due to the small groove dimensions. 

6.8.1 Measurement results 

The TIR prototype has been characterized and compared with the Light Tools 

simulation. In both cases a collimated source is used and a receiver placed in the plane 

at the expected hot-spot point.  

Figure 6.14 shows  the set up of the measurement system. The collimated lens is used to 

collimate the rays and to improve the uniformity of the source.  

 
Figure 6.14 The measurement set up 

In order to avoid the influence of the lateral reflector walls, the aperture of the system 

has been decreased by a circular diaphragm (with the radius of 20 mm), Figure 6.15. 

 
Figure 6.15  Illuminated reflector area. 
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Figure 6.16 shows two photos of the focal plane. In order to capture the shape of the hot 

spot, the first photo has been done with short exposition. The purpose of the second one 

is to show some additional less shiny forms in the focal plane.  

 
Figure 6.16 The focal plane of the grooved reflector 

Figure 6.17 shows the focal plane obtained in Light Tools.  

 
Figure 6.17 The focal plane of the simulated grooved reflector 

The size of the hot spots presented in Figure 6.16 and Figure 6.17 is very similar. 

However, in the real receiver plane there are two symmetric hot spots instead of one, 

separated by 3 mm. Also, in the actual receiver plane one can see an additional light 

form. All these shapes are caused by the groove side errors which will be discussed in 

the further text. 

All measurements are done by a power meter. This sensor gives the current proportional 

to the input power. The area of the sensor is 100 mm2. Two measurements have been 

done: the input power given by a collimated light source and the power in the center of 

the focal plane. Due to the dimensions of the piece and the sensor, we have done few 

measurements to calculate the overall input power reaching the reflector, Iin=13.19 A. 
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Here it has to be emphasized that the noise signal (the ambient noise) in the dark room 

during the measurements was only 0.4 nA, so it can be neglected. 

The light power measured in the centre of the hot spot is Iout=10.8 A, so the measured 

efficiency of the reflector is  

 81.89%out
M

in

I

I
    (6.8.1) 

Since the entrance surface is flat, in the ideal case (Light Tools simulation) about 92% 

of the input power is transferred to the hot spot (the same sensor is simulated), due to 

8% Fresnel losses. Clearly this can be avoided by proper design of the entrance surface 

(as explained in Section 6.7, this surface can be prescribed in the beginning of design). 

The measurements show that about 89% of the theoretical power contained in the Light 

Tools hot spot is redirected into the central part of the receiver (the part that coincides 

with the LightTools hot spot). 

The light power contained in the “arc” and the “butterfly” has been measured, as well. It 

is calculated that this power is about 9% of the power contained in the Light Tools hot 

spot. As we expected the influence of the scattering is significant. 

Also, it is measured the light power that crosses the reflector instead of being reflected. 

This has been done by an integrating sphere positioned right behind the groove surface. 

It has been noted that only about 2% transmits through the reflector. These losses are in 

relation with the form of the groove peaks. If the curvature of the peaks were zero, there 

would not be any losses. Since the peaks are not ideal, the rays are not reflected by the 

groove sides close to the peaks. 

 
Figure 6.18 Microscope view. (a) “Valley groove peak” . (b) “Mountain groove peak” 

The grooves have been observed under a microscope (Figure 6.18). One can see very 

sharp form of  the “valley peaks” (the curvature radius is smaller than 5 μm). On the 
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other hand the “mountain peaks” have certain rounded form. The curvature radius of 

observed  “mountain peaks” fluctuate about 10 μm. 

 
Figure 6.19 “Longitudinal view”of a “mountain groove peak” 

Figure 6.19 shows “longitudinal view”of a “mountain groove peak”. The dark line that 

appears in the picture is a consequence of the rounded form of the peak, since the light 

coming there passes through the reflector. The figure also shows the groove roughness.  

6.8.2  Influence of the surface errors  

Let explain now the existence of two hot spots in Figure 6.16. Consider the cross 

section of the groove (the plane perpendicular to the groove’s guiding line). As 

explained, in the case of the liner V-groove reflector, this cross section is a 90º corner. 

Thus the angle β is 90º. The angle γ defines the groove inclination respect to the normal 

to the surface containing the guiding lines. In the theoretic model γ= 45º.  

 
Figure 6.20 Groove cross section. Defintion of the angles β and γ 

When β =90º , a ray reflected at both groove sides is retroreflected as shown in Figure 

6.1. In the case when β is not 90º but some other value, for example 90+Δβ, the 

reflected ray do not have the same direction as the incident ray. The deviation of the ray 

is calculated as a function of Δβ. Figure 6.21 shows that the inclination of the reflected ray 

respected to the desired direction (the dashed line) is 2Δβ.  
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Figure 6.21 Deviation of the reflected rays when β90º 

Since we use PMMA as the material, in this 2D model the angle difference will be 

approximately 2ΔβnPMMA. When a ray hits firstly the left groove side and then the right 

side, the deviation will be -2ΔβnPMMA. Thus, at the focal plane there are two hot spots 

formed by the rays coming from different groove walls. Figure 6.22 shows the 

simulated focal plane for a groove reflector design with β=88º.  

 
Figure 6.22 Light Tools simulation of the β=88º reflector design 

When β=88º then Δβ=4º. Since the focal length of the reflector is about 150 mm, the 

separation of the hot spots is d2tan(4)1.492150 mm=31.3 mm. Light Tools simulation 

has confirmed this calculus, Figure 6.22. Also, the size of the hot spots is 5 times 

greater, approximately. Since the separation of the hot spots, in the case of the 

fabricated V-groove reflector (see Figure 6.16) is about 3 mm, it can be concluded that 

the grooves has been done with high precision. If the all grooves had the same angle, 

due to the measured separation, this angle would be =89.9 or =90.1. It is clear that 

this fast calculus cannot give the value of each groove angle. However, it is very 

suitable to demonstrate that the grooves have been done with high precision.  
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The angle γ has the influence to the efficiency of the system. Figure 6.23 shows a case 

when the groove angle is ideal one (90 degrees) and the angle γ differs to 45 degrees 

(for example, γ=45º-Δγ). Clearly, we have  

 2

1

(2 )

(45 )

l tg

l tg







 (6.8.2) 

This means that if we want losses to be less than 1% (l2/l1=0.01), then γ needs to be 

smaller than 0.28º. During the control inspection of the piece, significant errors in the 

groove angle γ  were not perceived. 

 

Figure 6.23 Loses when γ45º 

In order to analyze the influence of the observed roughness, consider an approximated 

model of the groove (Figure 6.24). The transversal roughness is clearly perceived in 

Figure 6.19. The longitudinal roughness is less visible in Figure 6.19, however it has 

been noticed along the groove.  

 
Figure 6.24 The groove, “longitudinal view”, approximated model 
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The influence of the longitudinal roughness is explained in the next figure. Firstly we 

are going to analyze the 2D model. Longitudinal roughness can be presented as small 

oval structures. One part of the light coming to the groove walls is scattered due to 

reflection at the microstructures, thus in the focal plane an additional light form (strip 

form) is formed (Figure 6.25). This form is less brilliant due to smaller energy 

contained and larger area that occupies. 

 
Figure 6.25 Influence of the longitudinal roughness 

The influence of the transversal roughness is explained in Figure 6.26. This section can 

be approximated by a parabola (actualy it is a free-form curve close to the parabola).  

 
Figure 6.26 Influence of the transversal roughness 
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The transversal roughness is presented as the set of triangular microstructures. The light 

reflected at the microstructures forms another spot in the focal plane (Figure 6.26). This 

form is less brilliant due to smaller contained energy. 

In 3D, these additional forms are converted to the “arc” and the “butterfly” forms, due 

to the groove distribution along the reflector (Figure 6.27). The grooves are marked by 

numbers in order to be connected with the “strips” formed by the scattered light at these 

grooves. These strips build the “arc” and the “butterfly” forms from Figure 6.16 . 

 
Figure 6.27 Explanation of the “butterfly” and the “arc” forms. 

6.9 Conclusions 

A novel design procedure for dielectric grooved reflectors is presented. The procedure 

can be implemented for general wavefronts, which means that all conventional 

reflectors can be replaced by their corresponding mirrorless grooved substitutes. 

1 2  
3  

2  
3  

4  4  
5  5  

6  6  

1 
2  
3  
4  
5  

6  

1 2  
3  

4  

5  

6  

Groove



Dejan Grabovičkić 

 114

The free-form V-reflectors are designed using the SMS3D methos. All the canonical 

examples show perfect coupling of two wavefronts.  

The mirrorless TIR reflectors will be a potent alternative to conventional metallized 

reflectors, especially because of the potential for mass production, by injection molding. 

Since, however, there are two reflections instead of the one of conventional reflectors, 

the TIR reflectors are more sensitive to the surface roughness and surface errors. The 

measurements of a TIR prototype show good reflectivity of the piece. Unfortunately the 

surface errors produce undesired additional light forms at the focal plane. 
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Chapter 7                                                         

Metal-less RXI design 

7.1 Introduction 

This chapter presents a design of metal-less RXI collimator. In the previous chapter it is 

explained a procedure for metal-less V-grooved reflector construction. As an example a 

grooved reflector substitute for parabolic mirrored reflector was fabricated and 

characterized. Herein we will implement gained experience from developed groove 

surface theory to design a metal-less substitute for a well known optic device, RXI 

collimator. Unlike to the convectional RXI collimators, whose back surface and central 

parts of the front surface have to be metalized to provide specular reflection, this 

collimator does not include any mirrored surface. The back surface is designed as a 

grooved surface providing two TIR reflections for all rays impinging on it. The main 

advantage of the presented design over the conventional RXI is lower manufacturing 

cost since there is no need for the expensive process of metalization. Also, unlike to the 

conventional RXI collimators this design performs good colour mixing. 

 The first prototype of V-groove RXI collimator have been made of PMMA by direct 

cutting process, using a five axis diamond turning machine. The experimental 

measurements of the V-groove RXI collimator are presented in this chapter, as well.   

7.2 State of the art 

A RXI collimator consists of two surfaces: front surface and back surface, Figure 7.1. A 

ray comming from the LED is reflected first by TIR at the front surface, then reflected 

specularly at the mirrored back surface and finaly leaves the collimator being refracted 

at the front surface. There is a small central region at the front surface that has to be 

metalized as well, since the TIR conditions are not satisfied for the rays impinging on 

this surface for the first time [1,2].  
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Figure 7.1 RXI collimator 

The LED and the collimator must be joined with silicon to avoid influence of the air gap  

This complicates the manufacture of the design, so the next architecture were proposed 

by Muñoz and Benítez [5,6], Figure 7.2. This collimator contains an additional surface 

that separates the LED from the optics. Now, along the ray path there is another 

refraction (at the entrance surface), so this collimator is called RIXR. The back surface 

and the central part of the front surface are metalized like in the previous design. 

 
Figure 7.2 RIXR collimator 

Herein, we present a metal-less V-groove RXI collimator, Figure 7.3. A ray coming 

from a light source refracts first at the entrance surface, then reflects at the front surface 

by TIR, and reaches the back surface. There, on the back surface the ray is reflected 

twice by TIR at each groove side (see Figure 7.3(b)), and redirected toward the front 

surface, where the ray will be refracted again. Considering the ray path from the source 

(in this case a LED), each ray suffers five deflections: a refraction,  three total internal 

reflections, and again refraction. Thus, this design can be named also RI3R collimator.  

The central part of the collimator is designed as a lens to provide smooth far field 

pattern for higher values of the solid angle (see Sections 7.3.2 and 7.4).  
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Figure 7.3 Metal-less V-groove RXI. (a) Cros section  (b) 3D View with the rays traced in Light 
Tools 

 

7.3 Design Procedure 

Design of the metal-less V-groove RXI starts by the calculation of the mirrored RIXR 

shown in Figure 7.2. Once this is done, we replace the mirrored surface by a properly 

calculated grooved reflector. Since, the entrance and the front surface are known, we are 

able to calculate the wavefronts coming to the mirrored surface and reflecting from it. 

Denote them as WF1 and WF2.  Then, the V-groove reflector, which is in this case the 

back surface (see Figure 7.3(b)), can be constructed using the procedure explained in 

the previous chapter.  

7.3.1 Design of RIXR 

The calculation of RIXR is completely done in 2D, as presented in [5]. The 3D model is 

obtained by the revolution of the 2D model respect to the optical axis.  

Fisrt we need to define a light source (for example a LED), an angle of desired 

collimation and collimator’s material. The LED is considered as a perfect Lambertian 

source. As in the previous designs, we have chosen PMMA for collimator’s material.  

In order to design the collimator we need to couple the edge rays of the input and the 

output bundle (Figure 7.4). Since the LED is considered as a perfect Lambertian source, 

the set of the edge rays of the input bundle is defined completely by the rays coming 
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from the extreme LED points L- and L+. The edge rays of the output bundle consist of 

the rays that arise from the strip P0Q0 (also the strip can have a dark zone in the center, 

defined by the parameter xD) and make the angle  with the optical axis z, and also the 

rays coming from the extreme points P0 and Q0 forming an angle smaller or equal to  

(Figure 7.4) 

 
Figure 7.4 Definition of the  edge rays for input and output bundles 

Since RIXR is symmetric respect to the optical axis z, we will explain design procedure 

only for a half of the collimator. The design procedure starts by defining the first 

segment of the front surface A0A2 (Figure 7.5). This segment is taken as an arc of 

circumference (the radio of the circumference is much bigger than the arc). 

 

Figure 7.5 Calculation of the first segments of the back and entrance surface 

Consider the edge rays at an extreme point of the strip P0Q0. These rays are contained 

between the rays q0- and q0+, as shown in Figure 7.5. First, we refract them at the front 

surface, and then we calculate the first segment of the back surface B0B1 as a Cartesian 

Oval surface providing that all these rays are reflected toward the point A2. Next, we 

need to check the TIR conditions at the point A2. If they are not satisfied, we back to the 
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beginning of the procedure and prescribe a different form of the segment A0A2. 

Afterwards, the first segment of the entrance surface C0C1 is calcualted as a Cartesian 

Oval which couples the reflected rays at A2 and the input edge rays coming from L-, 

after the refraction at C0C1. 

Once C0C1 is calculated, the entire entrance surface is defined as an arc of 

circumference C1Cn  (the dashed arc in Figure 7.5), having the same derivative as the 

segment C0C1 at C1. 

 
Figure 7.6 Calculation of the second segment of the front surface A2A3 

 
Next, we use the calculated piece of the back surface B0B1 to find more points of the 

front surface. Let refract now the set of parallel rays, contained between q0+ and qx+ 

(Figure 7.6), at the front surface, then reflect them at the previously calculated segment 

B0B1. Since the entrance surface is completely defined, we are able to find the new 

piece of the front surface A2A3 as Cartesian Oval that couples the rays coming from 

B0B1 and L- (Figure 7.6). 

 
Figure 7.7 Calculation of the second segment of the back surface B1B2 
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contained between q0- and qy.. As the result of this coupling, a new piece of the back 

surface B1B2 is obtained (Figure 7.7).  

The procedure continues thereafter repeating alternately the last two steps (shown in 

Figure 7.6 and Figure 7.7 ) until the surfaces reach the optical axis z. Each new segment 

of the back surface is obtained by coupling the rays from L+ with the rays that leave the 

RIXR making the angle -respect to z. The calculation of the front surface progresses 

using the rays coming from L- and the rays that leave RIXR forming the angle respect 

to z.  

Note that during the procedure it has to be checked each reflection at the front surface. 

If the TIR conditions are not satisfied, the procedure stops.  

7.3.2 Design of the V-groove RXI collimator 

The back surface and the central part of the front surface of the RIXR design presented 

in the previous section have to be metalized (see Figure 7.2). The back surface can be 

replaced by a properly calculated grooved surface. The central part of the front surface 

can be replaced by a grooved surface as well. However, since this surface is close to the 

optical axis, the grooves are very small. This complicates the fabrication process, so we 

decided to replace the central part by a lens. This lens provides smooth intensity pattern 

for higher angles (from 10º-30º) as shown in Figure 7.10.  

The V-groove back surface can be designed using the procedure explained in the 

previous chapter. However, for the sake of easier fabrication, we decided to 

approximate the design using the flat V-grooves. 

 
Figure 7.8 Flat V-groove. The cross section is a 90º corner 

A flat groove has a free-form edge-line, but its cross section (the plane perpendicular to 

the edge-line) is merely a 90º corner (the curve in red, Figure 7.8). In our case, the 

groove-edge line coincides with the curve that defines back surface in 2D RIXR model 
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Plan perpendicular to 
the groove-edge line 

90º corner 
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(which is not a straight line). One can consider a flat groove as a composition of 

infinitely small linear V-grooves (see linear V-groove reflectors in the previous chapter, 

Section 6.2). The edge-lines of these small linear grooves coincide with the tangent 

vectors of the edge-line of the flat groove. When the groove’s cross section is small, the 

flat V-groove approximation is good.  

7.3.3 Final model for fabrication 

The number of the V-grooves in the presented design can be chosen freely. The larger 

the number is, the smaller the grooves are. Due to the restrictions on groove’s size given 

by the manufacturer, we have designed model with 60 equal flat V-grooves (see Figure 

7.8). The size of the 90º groove’s cross section changes along the curved edge-line, 

from c=0.6 mm to c=1.15 mm, c being the longitud of each corner side. Figure 7.9 

shows the final V-groove RXI, the one that has been chosen for the protype. This model 

has been fabricated and characterized, see Sections 7.6 and 7.7.  

 
Figure 7.9 V-groove RXI model for fabrication with XP-G Cree LED 

32 mm 

1.3 mm 
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7.4 Ray-tracing results  

The V-groove RXI prototype is simulated in Light Tools. The LED has been modeled 

using the ray set of XP-G Cree white LED (this ray set is provided by the 

manufacturer).  Figure 7.10 shows simulated  far field pattern (LED power is 100 lm).  

 
Figure 7.10 Far field pattern obtained in Light Tools 

Most of the power have reached the far field receiver inside the square 10º x 10º (about 

69.1%), about 88.6% of the power reaches inside the square 30ºx30º.  

7.5 Colour Mixing 

The V-groove RXI, unlike to the others metalized RXI mixes well the colours. This 

means that RGB LED chips can be used, as well. It is well known that the conventional 

RXI designs form good image of the source. This feature is bed when colour mixing is 

needed. When four different colour LED chips are used (for example RGGB or RGBW 
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LED), since the far field pattern replicates well the source image, in the far field we will 

have four separated images of each chip.  

Colour mixing features of both designs are simulated in Light Tools. The LEDs are 

modeled as perfect Lambertian sources emitting in different wavelengths. We put two 

green LEDs, one blue and one red LED, Figure 7.11. The spacial distribution of these 

LEDs, their size, and optical properties are similar to a conventional RGB LED. 

 
Figure 7.11 Set up for Light Tools colour mixing simulation.  

Figure 7.12 shows the simulated far field pattern for metalized RIXR. Although the 

collimator do not form perfect image of the source (look the image edges), the colours 

are not mixed, and four images of each chip can be perceived.  

 
Figure 7.12 Colour mixing with  RIXR collimator, far field pattern 

Clearly when a point source is considered, only a shiny point appears in the far field. 

Figure 7.13 shows far field image when the point source is placed at the center of one of 
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the LED chips (the red one). Since our RIXR design do not form ideal image of the 

source, the far field pattern is not a point. When the point source is closer to the optical 

axis the obtained hotspot is smaller and its form is close to a point 

 
Figure 7.13 RIXR collimator. Far field , for a point source placed in the centre of the red LED 

Let analyze the V-groove RXI, made of flat 90º grooves. As as explained in Section 7.3,  

one can consider a flat 90º groove with curve groove edge-line as a composition of 

infinitely small linear grooves. In the case of a linear groove, an incident ray with 

direction cosines (p,q,r) reflects at each of the two sides of the reflector, ending up with 

direction cosines (p,-q,-r), that is, its components in the y and z axis are reflected back 

(see Section 6.2). A conventional single surface reflector reflects normal to the axis z 

reflects the same ray with direction cosines (p,q,-r), which means that only its 

component in z axis is reflected back. The retroreflection of the q ray component is 

fundamental for good colour mixing feature of the V-groove RXI.  

 
Figure 7.14 Defintion of the orthogonal system along the groove-edge line 
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Consider Figure 7.14. It is established an orthogonal system formed by the vectors t, n1 

and n2 that changes along the edge line, t being the tangent vector and n1 and n2 being 

the normal to the groove sides. Let the p, q, r are direction cosines respect to the axis t, 

n1 and n2 respectively.  

For a ray having q=0 (we will call it a meridional ray), two reflections at the groove side 

provide the same ray deflection as in the case when this ray impinging on a smooth 

mirrored surface. However, a ray having q∫0, after two reflections at the groove sides 

ends with the direction cosine –q, which do not happen in the case of the mirrored 

RIXR. This change of the value q rotates the far field pattern. Since the V-groove RXI 

has revolution symmetry along the axis z, when a point source is considered, as the 

results we will have a ring form in the far field. In the case of a flat 90º groove, this 

effect can be seen when the groove’s crooss section (see, Figure 7.8) is very small. In 

order to proove it, we have designed another model with very small grooves (there are 

1800 grooves in the design) and traced it in Light Tools. Figure 7.15 shows the far field 

of this model, for a point source placed in the centre of  red LED (see  Figure 7.11).  

 
Figure 7.15  V-groove RXI with 1800 V-grooves. Far field, for a point source placed in the centre of 

the red LED  

The ring form of the far field pattern is crucial for well colour mixing. Note, that all 

LEDs are of the same size and symmetrically placed around the optic axis z. This means 

that there exist points on each of four LEDs forming exactly the same ring shape in the 

far field, which provides perfect mixing. This effect is analyzed in details in [3,4]. Note, 

the ring form in Figure 7.15 is not uniform nor centered. This happens since our RIXR 

desing (which is used for V-groove design) does not form image perfectly (Figure 7.12). 
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Figure 7.16 Fabricated V-groove RXI with 60 V-grooves. Far field, for a point source placed in the 

centre of the red LED 

The behaviour of the prototype model (the one with 60 grooves) is analyzed in the same 

simulation, as well. Figure 7.16 shows the far filed pattern of the prototype model for a 

point source. Due to higher groove size, the ring form has deformed, and the intensity is 

not uniform. However, the rays coming from a point source are dispersed in the far field 

inside the circle of about 8 degrees (Figure 7.16), which means that there we still can 

have good mixing. Finally, we repeat the colour mixing simulation shown in Figure 

7.11 for the fabricated V-groove RXI.  

 
Figure 7.17 Colour mixing with fabricated V-groove RXI collimator, far field pattern 
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Although the colour mixing is not ideal, one can clearly perceives white zones in the 

central part of the far field pattern from Figure 7.17. Comparing the far field patterns in 

Figure 7.12 and Figure 7.17, obviously we can conclude that the fabricated V-groove 

RXI performs much better colour mixing than conventional mirrored RIXR collimators.  

7.6 Fabricated prototype 

The first prototype has been made of PMMA by direct cutting, on the same way as 

previously described components. Figure 7.18 shows the fabricated piece. 

 
Figure 7.18 Fabricated prototype 

The geometrical measurements of the prototype have proven good quality of cutting 

process. This means that the surface roughness is low and that the curvature radio of the 

groove peaks are small. The edges have been observed under a microscope (Figure 

7.19), and it has been noticed that the edge curvatures fluctuates being smaller than 10 

μm, which is the tolerance of the manufacturer.  

 
Figure 7.19 Microscope view of the groove edges 

The angle of the groove’s cross section fluctuates from 89.7º to 90.3º. This causes a 

little deviation of the ray trajectory, as explained in Section 6.8.2. Since the difference 
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in angle is small and much lower than the value of the collimator’s full-width half-

maximum angle, these slight errors do not change the features of the design.  

7.7 Measurements of the prototype 

The measurements of the far field pattern and the efficiency were done using the optical 

measurement system LUCA (see Section 4.8). As explain in Chapter 4, LUCA’s screen 

is located at the focal length of the lens, so the parallel rays from the collimator focus on 

the screen. Since the collimator is much smaller than LUCA’s lens, we are able to 

calculate the power contained in ±15º without rotation of the piece (as was the case 

when the backlight was characterized). The angular aperture of LUCA’s screen is ±15º 

in one dimension and ±30º in another. The image appearing on the screen represents the 

far field pattern of the V-groove RXI.  

 
Figure 7.20 V-groove RXI prototype. Real photo of the far field pattern  

 
The V-groove RXI and a XP-G Cree LED are fixed on a supportive structure in front of 

LUCA’s lens as shown in Figure 7.21.  

 
Figure 7.21 Fixture of the V-groove collimator and LED 
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Figure 7.22 shows front view of the set up. In the picture on the right side, the LED was 

switched off, while in the picture on the left it was switched on. The grooved surface is 

shiny, since the rays are reflected on it.  

 
Figure 7.22 Fixture of the V-groove collimator and LEd. a) The LED is off, b) The LED is on 

Figure 7.23 shows measured far field pattern for the V-groove RXI. We have captured 

two far field image, first,  the one of the V-groove RXI, and then, the one of the LED 

(without RXI optics). According to these measurements, 70.1% of the input power 

reaches the far field inside the rectangular ±15º. This is very good result, since in the 

theoretical case (the Light Tools simulation) it is 74.9%.  

 
Figure 7.23 Measured intensity distribution in the far field (for the input power of 1 lm) 

Figure 7.23  and Figure 7.24 show the measured and the simulated intensity distribution 

(for the input power of 1 lm). As one can see, both graphs are very similar, with the 

same value of the full-width half-maximum angle of about 4.5º. The maximum value of 

the measured intensity is slightly lower then the simulated one. 

(a) (b)
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Figure 7.24 Simulated intensity distribution in the far field (for the input power of 1 lm) 

7.8 Conclusions  

In this chapter a metal-less V-groove RXI design has been presented. Unlike to the 

conventional RXI collimators, this collimator does not need any metalization. One of its 

side is a properly calculated grooved surface that reflects the rays by two TIR 

reflections, acting as a mirrored surface in the conventional RXI. Considering the ray 

path from the LED each ray suffers five deflections: a refraction, three total internal 

reflections, and again refraction, thus, this design can be named also RI3R collimator.  

A V-groove RXI design with 60 flat V-grooves is designed, fabricated, and 

characterized. The measurements of the fabricated piece show good efficiency (about 

94% of the theoretical value). Also, the measured far field pattern coincides with the 

simulated one.  
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Conclusions 

This thesis presents few metal-less nonimaging optical devices. All these devices are 

designed as thin plastic pieces, so that, there are suitable for mass production by 

injection molding process. Due to possibility of mass production, their price is low. The 

presented devices are built using the nonimaging design methods: the flow-line method, 

the Simultaneous Multiple Surface method in two dimensions SMS2D and in three 

dimensions SMS3D, which are explained herein in details, as well.  

In Chapter 2 it is presented a design procedure for geodesic lenses, included all 

necessary mathematical background theory. In order to solve the problem of the abrupt 

lens transition toward the horizontal plane (as happens in Rhinehart lens), few non-full 

aperture geodesic lenses are designed. The geodesic lenses have been used in the 

integrated optoelectronic components for year, but herein they are implemented in 

illumination systems, as well. It is shown that a Rhinehart lens performs rotation of the 

phase space, which is used in illumination optic devices, such as geodesic integrator 

CHMSL (mostly used in vehicular lighting) and geodesic kaleidoscope (a colour mixing 

device). The ray-tracing of these devices demonstrates their good optics performances:  

high uniformity in illuminance and intensity patterns.  

Chapters 3 and 4 presents a backlight design procedure based on the flow-line method, 

and characterization of the first linear prototype. Using the flow-line method the light 

was controlled efficiently, so the backlights with high efficiency (up to 80%, included 

all losses and absorption) were designed. All presented designs are thin and compact 

dielectric pieces with possibility of inclusion of the polarization recycling system, 

which make them ideal for LED illumination systems. Considering efficiency, the best 

models are the conical backlight design and modified constant thickness design (more 

than 79%, included all losses and absorption). The third most efficient design, the  

linear backlight (71.3% of efficiency) was chosen for the prototype due to its simpler 

form. The linear model is made of PMMA by direct cutting process. The measurements 

have shown worse results than it was expected according to the Light Tools simulations. 

The measured efficiency of the prototype is lower, 51.7%. Also, the measured 
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irradiance pattern is less uniform than the simulated one. The maximum variation of the 

irradiance respect to the mean value is 12.3% that is higher than in the designed model 

(about 6.8%), but still good enough for illumination purposes. These undesired losses  

are caused by surface errors at the ejector’s edges and the surface roughness. The 

efficiency drop can be compensated by introducing the polarization recycling system. 

Although its function is to recycle the unwanted polarization, it is shown that this 

system also recovers the lost power. The simulation of the prototype model gives an 

efficiency of 67.85 %. However, the efficiency recovery increases the irradiance non-

uniformity, which can be corrected by proper redesign of the backlight ejectors.  

Chapter 5 and 6 describes a novel design procedure for V-groove reflectors. The general 

design problem of perfect coupling of two wavefronts after two reflections at the groove 

is defined by a system of functional differential equations. The problem has been solved 

using the SMS method starting at a polynomial approximation of the surface near the 

groove peak. The presented canonical examples in two and three dimensions show 

perfect coupling of two wavefronts. Also, using Van Brunt theorem we have proved the 

existence and uniqueness of the analytic solution, once the initial conditions are 

prescribed. Chapter 6 explains a design procedure for thin TIR dielectric grooved 

reflector. The measurements of a parabolic TIR prototype show good reflectivity, up to 

98%.  

The concept of the grooved reflectors is implemented in the last chapter. It is designed a 

metal-less RXI collimator. The measurements of the first prototype show good 

efficiency (about 94% of the theoretical value). Also, the measured far field pattern 

coincides with the simulated one. In this chapter, it is shown that unlike to the 

conventional designs the V-groove RXI provides good colour mixing. 

Good experimental results for the V-groove optical components encourages their use in 

optical systems.  These devices will be a potent alternative to conventional metalized 

ones, especially because of the potential for mass production, by injection molding. 

However, they are more sensitive to the surface roughness and surface errors, since  

there are two reflections instead of the one of conventional metalized surfaces.  
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Appendix A                                                        

Skew invariant in the spherically symmetric 

medium 

The ray equation defines propagation of the light through media. In the general case, 

when there is no any symmetry in media, the ray equation has following form [2] 

 ( ( ) ) ( ( ))
d d

n grad n
ds ds

 
r

r r  (A.1) 

where r is a position vector of a point on the ray from a given origin, n(r) is the 

refractive index of that point and s is the arc length along the ray trajectory.  

Expansion of the ray equation in the spherical polar coordinates has following form [2] 
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In the spherically symmetric medium the refractive index depends only on the spherical 

coordinate r, so the partial derivatives of n(r, φ, θ) respect to other two variables are 

zero. In this medium a ray is confined in the plane that passes through the origin, so we 

can put 0
s





 (we can contemplate propagation of the ray, for example in the 

equatorial plane θ=π/2). Now the ray equation in the spherically symmetric medium can 

be written as 
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The elemental arc length is expressed by (Fig. A.1) 

 2 2 2 2ds dr r d    (A.4) 
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If multiply the second equation in Eq.(A.3) by r and rearrange it we have 
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 (A.5) 

Note that the term nr2dφ/ds is constant along a given ray. Let denote this constant  

 k n r sen    (A.6) 

where Ψ is the angle between the radius vector to a point on the ray whose ray constant 

is k, and the tangent to the ray at the point (Fig. A.1).  

 
Fig. A.1 Ray in the meridional plane of spherically symmetrical variable medium 

This invariant have the main rule in the analysis of the ray propagation through the 

spherical symmetry medium. Using Eq.(A.4) we can rearrange Eq.(A.6) 
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and resolving equation by dφ, one gets 
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which represents the polar equation of the ray trajectory in the spherically symmetric 

medium [1]. 
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Appendix B                                                         

Non-Full aperture gradient index lens 

The main disadvantage of the full aperture gradient index lenses is the requirement that 

the boundary index of the lens be identical with that of the surrounding medium. This 

condition implies that is impossible to make these lenses for conventional applications 

in the air environment, because there is no solid material with refractive index of n=1. 

Therefore, the non-full aperture gradient index lenses with the boundary index value 

N>1 are employed in these applications. For the sake of easier fabrication process of the 

non-full aperture gradient index lenses, it is necessary to achieve a continuous, smooth, 

and monotonic index distribution, which can be obtained by an appropriate election of 

the prescribed transition ring. This property is very important for dual non-full aperture 

geodesic lens, as well, since the smoothness of n(r) distribution implies the smoothness 

of n(p) (it can be easily derived r
p

r

n
n

n r n


 
), which implies the smoothes of z(ρ) 

function (Eq.(2.3.11)). The smoothness of the geodesic surface avoids the undesired 

loses.  

 
Fig. B.1 Non-full aperture gradient index lens, and definition of the deflection functions 
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Let us analyze a non-full aperture gradient index lens with a smooth and monotonic 

index distribution with the boundary index N>1 (Fig. B.1). By substituting equation 

(2.2.5) into (2.2.4) and imposing that the boarding refractive index is equal to N>1, we 

have 
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The skew invariant k can not have a value bigger than 1 since  n(r)=1, when r>1. Thus 

Eq. (B.1) is valid for all rays that enter the lens area and are numerated by 0≤k≤A where 

A<1 (this will be proved later). Putting Eq.(2.2.3) into Eq.(B.1), it is obtained 
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Now we can define the deflection function, which expresses deviation of rays caused by 

the index gradient and refractions at the lens boundaries as (see Fig. B.1) 
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Also the gradient induced deflection function, which expresses only deviation of rays 

caused by the lens index gradient can be defined as (see Fig. B.1) [2] 
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       (B.4) 

In the case, when N=1 there is no abrupt refraction at the lens boundaries so equation 

(B.4) is reduced to (B.3). Now, equation (B.2) gets the following term 
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  (B.5) 

This equation is mathematically equivalent to equation (2.2.4) and gives the same 

refractive index distribution, but in its present form it behaves as if the lens were 

apparently immersed in a liquid of refractive index N (so the external configuration of 

rays differs, Fig. B.1 light solid line). In order to solve equation (B.5), the equation can 

be defined for all the values 0≤k≤N, since the apparent immersion conditions permit 

A≤k≤N, thus to meet the last requirement we introduce a function f1
*(k), which is 

defined for A≤k≤N [2]. This function represents an additional degree of freedom that 

will provide a smooth refractive index distribution. Now, Eq.(B.5) takes its final form 
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The last term can be solved using the same process explained in Section 2.2, by 

replacing the dummy variable on the left by s, multiplying both sides by 
2 2

1

k p
, 

integrating over k from p to N. Therefore the left side of  Eq.(B.6) has the next form 
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In the case when 0≤p≤A, the dummy variable of the main integral can takes values 

0≤k≤N, thus the term in (B.7) is equal to 
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A<p≤N, k takes values A<k≤N, so Eq.(B.7) is equal to 
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the order of integration, Eq.(B.7) gets the following form 
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Now by substituting Eq.(2.2.9) into (B.8), we get the refractive index distribution as 
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The gradient induced deflection function f*(k) is given by Eq.(B.4). In order to obtain a 

continuous and smooth index distribution by solving Eq.(B.9), we have to propose an 

appropriate function f1
*(k). The form of this function will be obtained imposing the 

conditions of continuity and smoothness. The refractive index distribution is continuous 

at p=A. The condition of smoothness is obtained when both partial distribution functions 

(the upper and the lower term in Eq.(B.9)) have the same derivative respect to p at the 

point p=A. These derivatives can be calculated using the Leibniz’s rule 
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The derivative of the lower term gets the following form  
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Now integrating the last term by parts we get 
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After some elemental calculus we get the final term  
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In order to make the calculus easier we will introduce a function defined as 
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where x and A are constants [2]. Derivative of this function can be found using 

Leibniz’s rule, thus  
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  (B.15) 

After sttraightforward calculations, we get 

 
2 2

2 2 2 2
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arcsin( )

A
Ad p x A A p x
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 (B.16) 

The derivative of function 
*

1

2 2

( )1
)

N

A

f k dk

k p 
  can be obtained using Eq.(B.10)-(B.13). If we 

notice 
*

2 2

1 ( ) ( )A

p

d f k dk F p

dp pk p 

 
 

   
 , using equations (B.4), (B.9) and (B.16) we get that 

the upper term in the Eq.(B.9) has the following form 

 
* * *

1 1 1

2 2 2 2 2 2

( ) ( ) ( )( ) ( )
( ) 0

N

A

df k f N N f A Adn p n p k dk
F p p A

p p k k p N p A p

  
      

     
  (B.17) 

where  



Appendix B Non-Full aperture gradient index lens 

 139

 

2 2 2 2 2 2 2 2

2 2 2 2 2 2 2
0 1
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0 1
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1
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A p A p A p A p
F p

r p r p N p p

A A A A
A

r r NA p

   
    

   

 
    

  

 (B.18) 

Now we can conclude easily considering Eq.(B.13) and Eq.(B.17) that the smoothness 

of the refractive index distribution will be satisfied in the point p=A if  

 *
1

0 1

( ) arcsin( ) arcsin( ) 2arcsin( ) arcsin( )
A A A

f A A
r r N

     (B.19) 

Equation (B.19) is the first condition that defines function f1
*(k). Due to Eq.(B.4) we 

have f1
*(A)= f*(A). If we want to obtain a smooth refractive index distribution the value 

of A has to be smaller than 1. When A=1, according to Eq.(B.18) the fourth term in this 

equation gets value π, so F(p) can not be made to vanish. 

Also, it can be imposed the second condition, that is not important for the non-full 

gradient index lenses but is the clave condition for the non-full geodesic lenses. This 

condition is zero value of derivative of index distribution at the boarders of the lens, 

thus it can be written as 

 
( )

0
p N

dn p

p 

  (B.20) 

This equation is crucial for the dual geodesic lens since the surface is smooth even at its 

borders (we need zero derivative of z respect to ρ at the borders since the lens is 

connected with a horizontal plane (see Section 2.3 and Eq. (2.3.11)). 

This is achieved if 

 
*

1

2 2

( )1
lim ( ) lim 0
p N p N

f N N
n p

N p 


  


 (B.21) 

This means that f1
*(k) needs to tend faster to zero at the point k=N than the function 

1
2 2 2( ) ( )g p N p   at the point p=N. Having in mind Eq.(B.19) function f1

*(k) can take 

the following form 

 
2 2

*
1 2 2

0 1

( )
( ) [arcsin( ) arcsin( ) 2arcsin( ) arcsin( )]

( )

m

m

A N k A A A
f k A

k N A r r N

 
   

 
 (B.22) 

The greater the value of m is (m has to be greater than 0.5), the faster the derivative 

tends to zero, and the greater the curvature of the geodesic curve is. This is not a good 

property for the dual geodesic lens, so a trade off has to be done.  
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Fig. B.2 shows the refractive index distribution of the non-full gradient index lens, with 

N=1.33, A=0.8, and the ray tracing of the lens (m=2). This design is dual form of the 

non-full aperture geodesic lens presented in Figure 2.9. 

 
Fig. B.2 Ray tracing of the non full aperture gradient index lens, with N=1.33 and A=0.8 and the 

refractive index distribution of the lens 
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Appendix C                                                       

Moire effect for two overlapped grids 

Moire effect  appears in the superposition of two periodic structures. Let consider this 

effect arising when two grids are overlapped, making the angle θ (Fig. C.1). The 

thickness of the black strips is a, while the thickness of the holes (white strips) is b. The 

effect is measured by calculating the transmittance of the overlapped region. Each black 

dot has zero transmittance, while white dots are perfect transmitters. 

 
Fig. C.1 Superposition of two grids 

Transmission of the first grid (has a periodicity along the axis y) in Fig. C.1 is given by 

the next equation 

 1

1
( , ) ( )* ( )

y y
t x y comb rect

a b a b b


 
 (C.1) 

where rect(x) is the rectangular function defined as 

 

0, 0.5

( ) 0.5, 0.5

1, 0.5

x

rect x x

x

 


 
 

 (C.2) 

comb(y/a) is a set of the Dirac functions defined as 

 ( ) ( )
n

n

y
comb a y na

a






   (C.3) 

and * represents the convolution of the functions 

x  

y  

r  

  

a b 
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 ( )* ( ) ( ) ( )f x g x f x g x x dx




       (C.4) 

Using equations (C.1)-(C.4), we get the transmission of the first grid in Fig. C.1. 

 1

( )
( , ) ( ( )) * ( ) ( )

n n

n n

y y n a b
t x y y n a b rect rect

b b


 

 

       
   (C.5) 

Transmission of the second grid (the inclined grid) is obtained in the same way. We 

change only the axis y by the axis r 

 2

1
( , ) ( )* ( )

r r
t x y comb rect

a b a b b


 
 (C.6) 

The transmittance of the structure obtained in the superposition can be expressed as the 

product of the transmittances of the initial sets 

 1 2( , ) ( , ) ( , )t x y t x y t x y   (C.7) 

It is convenient to analyze this model in the frequency domain. The convolution 

theorem says that the Fourier transform of the product of functions is the convolution of 

the Fourier transforms of individual functions. Denote the Fourier transform of each 

function with the same capital letter, and also assign 2D convolution with **, then  

 1 2( , ) ( , )** ( , )T u v T u v T u v  (C.8) 

Each frequency in the frequency domain is given by 

 ( , ) u vu v f f   f u v  (C.9) 

where u and v are unity vectors. Each member of the frequency spectrum is defined by 

its amplitude Af  and frequency f(u,v).  

( , ) ( ( ( )) ( )) )**( ( ( )) ( )) )
n n

n n

y r
T u v F y n a b F rect F r n a b F rect

b b
 

 

 

                        
 

 (C.10) 

Since the Fourier transform of the rectangular and the Dirac function are 
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  (C.11) 
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     (C.13) 

we can conclude that the spectrum comprises the Dirac functions with different 

amplitudes and the same period T=a+b (Fig. C.2). 
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Fig. C.2 Superposition spectrum (the amplitudes are not shown) 

The fundamental frequency of both spectrums is equal f1=f2=1/(a+b). The 

convolution of two Dirac functions is another Dirac function with frequency 

 1 2 f f f  (C.14) 

Therefore, we conclude that the spectrum, obtained as the superposition of initial 

spectrums, is a set of Dirac impulses whose frequency is obtained as a linear relation 

between any two members of the initial spectrum  

 1 2 1 1 2 2( , )k k k k   f f f  (C.15) 

and whose amplitudes are equal to the product of the amplitudes of those initial 

impulses. 

The human eye can’t distinguish signals with high frequency. The human visual system 

has a low band filter, thus we can see only the signals whose frequency is less than a 

"cutoff" frequency. In the frequency domain, the visible spectrum is represented by a 

circle whose radius is the "cutoff" frequency (actually, it is a circle with a hole near the 

center, since the signals with very low frequency can’t be seen either). A moire effect 

occurs if the fundamental frequency falls within this ring of visibility. Fig. C.2 shows an 

example, when the effect occurs. The impulses located along the line passing through 

the impulses f1-f2 and f2-f1 (p axis in Fig. C.2), belong to a new spectrum that defines 

the shape of the moiré. Their frequencies can be expressed as 

 
1 2( ),

1
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k k Z
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a b



  

   


f f f

f
 (C.16) 

The amplitudes are  
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Thus the spectrum of the moire pattern is given as 
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2
2

sin ( ) ( )
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k

b b k
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  f  (C.18) 

Applying the inverse Fourier transform on the term in (C.18) one gets the spatial form 

of the effect (this is transmission along the axis p) 

 ( )* ( )p
n

b a b
m tri p p nL

a b b L







   

    (C.19) 

where tri(x) is the triangular function defined as 

 
1 , 1

( )
0, 1

t t
tri t

t

   


 (C.20) 

Fig. C.3 shows transmission of the moire pattern 

 
Fig. C.3 Transmission along the axis p.  

Fig. C.4 shows the moire effect along the axis p.  

 
Fig. C.4 Moire patterns 
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Appendix D                                                          

Van Brunt’s theorem 

This appendix gives the prove of Van Brunt’s theorem. The prove is completely done in 

reference [1]. This theorem defines the conditions for the existence and uniqueness of 

the analytic solution for the system of functional differential equation.  

Let consider the system of functional differential equations  

 1 1( ) ( , ( ), ( ), ( ))y y y z z Z H Z Z Z  (D.1) 

with initial condition  

 (0) 0Z  (D.2) 

where Z(y)=(z1(y),...,zn(y))T, H=(h1,…,hn)
T and m<n. The prime denotes differentiation 

with respect to the indicated argument. 

Statement of the theorem 

Let 

1 7 1 2 1 1 2 1 1 1 2 1( ,..., ) ( , ( ), ( ), ( ), ( ), ( ), ( ))y z y z y z z z z z z z z      

0 1 2(0,0,0,0,0, (0), (0))z z    

7

1
k

k

 


  

 :B y y    

( ) supsup ( ) 1,2jy z y for j y B
  Z  

and suppose initial value problem (equations (D.1) and (D.2)) satisfies the following 

conditions 

(i) 0 0(0) ( )  Z H H  

(ii) there exists an 0   such that in the neighbourhood  0 0( ; ) :N          

the ih  are analytic in the k  
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(iii) 1 0( ) 1h    

(iv) H  satisfies the Lipschitz condition 

1 1 1 1 1 1
ˆ ˆ( , ( ), ( ), ( )) ( , ( ), ( ), ( )) ( ) ( )y y z z y y z z z z

 
      H Z Z Z H Z Z Z Z Z  

where 0 1    

Then for δ sufficiently small, yBδ, there exists a unique solution Z(y) to system of 

functional differntial equations (Eq.(D.1) and Eq.(D.2)) and that solution is analytic.  

The prove of the theorem 

The first condition requires the derivatives of Z to be uniquely defined at y=0. The 

second condition is same as in the Cauchy’s theorem. The third condition ensures that 

the functional argument z1(y) is contained in Bδ. In other words this condition implies 

that for δ>0 sufficiently small, yBδ 

 1( )z y y  (D.3) 

The fourth condition provides that for y sufficiently small the system is uniquely 

solvable in N(ζ0, ). 

Having in mind that the hi are analytic in the ζk, there exist all derivatives  hi / ζk and 

they are analytic in the neighbourhood N(ζ0, ), using the mean value theorem the fourth 

condition can be written as 

 ( ) 1

C  (D.4) 

where 

 

1 1

6 7

2 2

6 7

( ) ( )

( )
( ) ( )

h h

h h

 
 


 

 

  
   
  
   

C  (D.5) 

The initial problem is equivalent to the integral equation problem 

 

(0)

1 1

0

( )

( ) ( , ( ), ( ), ( ))
y

y y

y z z d  



 

Z H

Z H Z Z Z

0

 (D.6) 

Now we are going to analyze the sequence of functions defined as 

 ( ) ( )
1 1

0

( ) ( , ( ), ( ), ( ))
y

k ky z z d   Z H Z Z Z(k+1) (k) (k) (k)  (D.7) 
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The first function in the sequence Z(0) is obviously analytic. Since the second condition 

ensures that there exist a neighbourhood N(ζ0, ) wherein H is an analytic function of ζk, 

k=1,2,...,7 it can be concluded (using Eq.(D.7)) that function Z(1) is also analytic. 

Continuing this process one can easily see that for   sufficiently small the all functions 

in the sequence are analytic in Bδ.  

Let consider the convergence of the sequence.  

Let 

 
( ) ( )

( ) ( )

k

k

y y

y y








 

  

Z Z

Z Z

(k+1) (k)

(k+1) (k)
 (D.8) 

Since y<δ, obviously  

 k k   (D.9) 

The sequence k converge if there is a constant , 0<<1  such that is  

 1k k    (D.10) 

Using the definition of the sequence k and sequence Z(k) one can get  

 1k P Q R      (D.11) 

where 

( 1) ( 1) ( 1) ( 1) ( 1) ( ) ( 1) ( 1) ( 1) ( 1)
1 1 1 1

( ) ( 1) ( 1) ( 1) ( 1) ( ) ( ) ( ) ( 1) ( 1)
1 1 1 1
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( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

( , ( ),

k k k k k k k k k k

k k k k k k k k k k

k

P y y z z y y z z

Q y y z z y y z z

R y y

        



     



  

  



H Z Z Z H Z Z Z

H Z Z Z H Z Z Z

H Z ( ) ( ) ( 1) ( 1) ( ) ( ) ( ) ( ) ( )
1 1 1 1( ), ( )) ( , ( ), ( ), ( ))k k k k k k k k kz z y y z z 


 Z Z H Z Z Z

Since function H is analytic in all the indicated arguments for y sufficiently small (the 

second condition), using the mean value theorem we get 

 ( 1) ( )( ) ( )k kP y y


  Z Z  (D.12) 

where for ζN(ζ0, )  and  

 

11

32

2 2

2 3

( )( )

( )
( ) ( )

hh

h h





 

 

 
  
  
   

A  (D.13) 

the constant  is greater than norm on A 

 


  A  (D.14) 

Due to Eq.(D.8) we have 

 kP    (D.15) 
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Similary 

 ( 1) ( 1) ( ) ( )
1 1( ) ( )k k k kQ z z 


  Z Z  (D.16) 

where for ζN(ζ0, )  and  

 

11

54
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4 5
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( )
( ) ( )

hh

h h





 

 

 
  
  
   

B  (D.17) 

the constant  is greater than norm on B 

 


  B  (D.18) 

The quantity Q can be bounded in terms of k. Equation (D.16) and the triangle 

inequality implies 

  ( 1) ( 1) ( 1) ( ) ( 1) ( ) ( ) ( )
1 1 1 1( ) ( ) ( ) ( )k k k k k k k kQ z z z z   

 
    Z Z Z Z  (D.19) 

Using the mean value theorem and inequality (D.3) we have that the first term in (D.19) 

is bounded by 

 ( 1) ( 1) ( 1) ( ) ( 1) ( )
1 1 1 1( ) ( )k k k k k kz z z z   


  Z Z  (D.20) 

where supsup ( )jh   for j=1,2 and ζN(ζ0, ). Due to Eq.(D.8) one gets 

 
 ( 1) ( )

1 1

(1 )

k k
k

k

Q z z

Q

 

 

   

   
 (D.21) 

In the same way the quantity R can be bounded. Using the mean value theorem we get 

(see the fourth condition of the theorem) 

  ( 1) ( 1) ( 1) ( ) ( 1) ( ) ( ) ( )
1 1 1 1( ) ( ) ( ) ( )k k k k k k k kR z z z z   

 
       Z Z Z Z  (D.22) 

Like in the previous case using the mean value theorem and the inequality (D.3) the first 

term in Eq.(D.22) is bounded by 

 ( 1) ( 1) ( 1) ( ) ( 1) ( )
1 1 1 1( ) ( )k k k k k kz z z z   


   Z Z  (D.23) 

where  supsup ( ( ))jh y
y

 



 for j=1,2 and ζN(ζ0, ) 

Due to Eq.(D.8) one gets 

 
 ( 1) ( )

1 1

( )

k k
k

k k

R z z

R

 

 

   

   
 (D.24) 

By putting equations (D.15), (D.21) and (D.24) into (D.11), follows 
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  1 (1 )k k k            (D.25) 

According to Eq.(D.9) we obtain  

  1k kM       (D.26) 

where (1 )M       . 

Now >0 can be made arbitrarily small. The fourth condition implies <1, thus there 

exists a  such that 0<=M+<1, therefore the sequence k converges.  

Having in mind the definition of the sequence k, it is clear that the sequence Z£(k)(y) 

converges uniformly . Also having in mind that  

 ( ) ( )

0

( ) ( )
y

k ky d  Z Z  (D.27) 

finally it can be concluded that the sequence Z(k)(y)  also converges uniformly to 

function Z(y), which is defined as 

 ( )( ) lim ( )k

k
y y


Z Z  (D.28) 

Due to Weierstrass’ convergence theorem the limit function Z(y) is analytic function. It 

is clear that the theorem can be generalized to initial value problem of the form 

 1 1( ) ( , ( ), ( ),..., ( ), ( ),..., ( ))

(0) 0
m my y y z z z z  


Z H Z Z Z Z Z

Z
 (D.29) 

where Z(y)=(z1(y),...,zn(y))T, H=(h1,…,hn)
T and m<n. It is clear that in this case the 

conditions are 

(i) 0 0(0) ( )  Z H H  

(ii) there exists an >0 such that in the neighbourhood  0 0( ; ) :N          the 

hi are analytic in the ζk. Now the vector ζ has following form 

1 1 1 1 1 1 1 1( ; ( ),..., ( );... ( ),..., ( ); ( ),..., ( );... ( ),..., ( ))n n n m n n n my z z z z z z z z z z z z z z z z      

(iii) 0( ) 1jh   , where j=1,2,...,m  

(iv) H satisfies the Lipschitz condition 
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Z Z Z Z
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and the Li are positive constants such that  
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1

1
m

i
i

L 


   

The first and the second conditions remain the same as in the previous case. The third 

condition is also the same, only now insures that all the functional arguments are not 

advanced (this is very important, look equations (D.3), (D.21) and (D.24) ).  

The fourth condition provides that for y sufficiently small the system is uniquely 

solvable in N(ζ0, ). Repeating the same process as described in the proof of Van 

Brunt’s theorem, Eq.(D.26) takes the following form  

 1
1

m

k i k
i

M L  


   
 

  (D.30) 

where M is real number.  

As >0 can be made arbitrarily small, and the fourth condition implies 
1

1
m

i
i

L


 , the 

sequence k converges 

Here it has to emphasized, that the choice of the maximum norm 

  has been made 

only for convenience. This norm can be replaced with any equivalent norm such as 

 supsup 1,2,..,j jz for j n y B  Z  (D.31) 

where 0j   are constants. 

The important property of the equivalent norms is that if the sequence of the vectors 

defined on a vector space  converges in on norm, then its converges also in all 

equivalent norms.  

The maximum norm is a p-norm (when p= ). The p-norm are defined as 

 
1

1

( )
n

p p
ip

i

x


 x  (D.32) 

where x=(x1,x2,...,xn). It is clear that by putting p=2 into Eq.(D.32) we get the Euclidian 

norm. All p-norms are equivalent. 
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