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The laminar low Mach number flow of a gas in a tube is analyzed for very small and very large 
valúes of the inlet-to-wall temperature ratio. When this ratio tends to zero, pressure forces confine 
the cold gas to a thin core around the axis of the tube. This core is neatly bounded by an ablation 
front that consumes it at a finite distance from the tube inlet. When the temperature ratio tends to 
infinity, the temperature of the gas increases smoothly from the wall to the axis of the tube and the 
shear stress and heat flux are positive at the wall despite the fact that the viscosity and thermal 
conductivity of the gas scaled with their inlet valúes tend to zero at the wall. 

I. INTRODUCTION 

The laminar low Mach number flow of a gas in a tube 
and the heat transfer between the gas and the tube wall are 
classical problems that have been investigated extensively 
using experimental, numerical, and approximate analytical 
methods to take into account the variations of the gas den
sity, viscosity, and thermal conductivity with temperature.1^' 
Correlations for the friction coefficient and the Nusselt num
ber have been obtained which show that the first quantity is 
more sensitive than the second to temperature variations of 
the gas properties,4 and the effect of the radial velocity 
induced by the variation of the gas density has been quanti-
fied.2'3 It has been found that most of the effects of variable 
gas properties can be approximately taken into account 
through fairly simple correction factors for the friction coef
ficient and the Nusselt number evaluated for constant fluid 
properties, and thus cases in which a full solution of the con-
servation equations for the gas needs to be computed are 
rare. This is fortúnate for many engineering applications, but 
the question remains of what is the structure of the flow for 
very small and very large valúes of the inlet-to-wall tempera-
ture ratio, when the gas properties change much across the 
tube and the correction factors approximation is not adequate. 

The question has been addressed for the related cases of 
a boundary layer of a gas on a solid surface kept at a temper
ature much smaller or much larger than the temperature of 
the gas stream, and of a gas jet discharging into an infinite 
expanse of the same gas at a different temperature, both of 
which are elements of the flow in ejectors, combustión 
chambers, chemical reactors, and propulsión and plasma 
devices. In a jet diffusion fíame, for example, combustión 
leads to an annular layer of very hot gas surrounding the 
flame, which separates an inner cold fuel jet from an outer, 
stagnant or coflowing, cold oxidizer. Numerical computa-
tions and analyses of the reactive flow in the near wake of an 
injector,5 the interactive flow in the boundary layer around a 
step elevation of surface temperature,6 and discharging lami
nar gas jets,7 1 0 all reveal the existence of neatly defined 
boundaries between cold and hot gases, which in the limit 
when the cold-to-hot gas temperature ratio tends to zero 
become ablation fronts where the heat flux tends to zero and 

a mass flux crosses from the cold to the hot gas side. The 
work of Sánchez-Sanz et al.7~w points out the similarity 
between these ablation fronts and the fronts found by Zeldo-
vich and Kompaneetz11 in heated solids with temperature-
dependent conductivity and by Williams,12 Tarifa et al.,13 

and Crespo and Liñán14 in the heating and vaporization of 
gas pockets and liquid drops, respectively. 

Some of the applications mentioned above featuring gas 
jets with large temperature contrasts have counterparts with 
gases flowing in tubes, which, together with the evident 
interest of these flows for heat exchangers, justify an analysis 
parallel to that carried out for jets in Refs. 8-10. Such an 
analysis is the purpose of this paper. Its distinctive feature, in 
comparison with the case of jets, is the presence of a pressure 
gradient along the tube, which is generated to ensure conser-
vation of the mass flux. An ablation front appears in the tube 
when the inlet gas temperature is much smaller than the tem
perature of the wall, in which case the cold gas is rapidly 
squeezed into a thin core around the axis of the tube. No 
ablation front appears when the inlet gas temperature is 
much larger than the temperature of the wall. 

II. FORMULATION 

The following problem is considered for definiteness. A 
mass flux G of a gas initially in a reservoir at temperature TQ 
and density po discharges through a circular tube of radius a 
whose wall is kept at a temperature Tw. The Mach number 
í/o/\JyRgTo, where Uo = G/na po and Rg and y are the gas 
constant and ratio of specific heats, is assumed to be small. 
The Reynolds number Re = p0U0a/fi0, where fi0 is the vis
cosity of the gas at temperature 7o, is assumed to be large. In 
these conditions, the quasi-isobaric and boundary layer 
approximations can be used. In addition, it is assumed that 
the Prandtl number of the gas is constant and its viscosity 
and thermal conductivity are given by the power laws 
H/Ho = k¡'Xü = (T/T0)

a, where XQ is the thermal conductivity 
at temperature TQ. Defining e = TQ/TW and scaling T and p 
with Tw and epo, the distances along the tube and normal 
to its axis (x and r) with eaRea and a, the axial and radial 
components of the velocity (u and v) with UQ/E and 
C/o/(ea+ Re), and the pressure variations with p^U^/e, the 
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equations and boundary conditions governing the flow in the 
tube, assumed to be laminar, are 
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Equations (l)-(3) are the continuity, axial momentum, and 
energy conservation equations, and (4) is the equation of 
state in the quasi-isobaric approximation. Here Pr = p0cp/Xo, 
where cp is the specific heat at constant pressure and p(x) is 
the pressure of the gas referred to the inlet pressure, which is 
uniform in each cross-section of the tube and must be found 
as part of the solution to satisfy the mass conservation condi-
tion J0 purdr = 1 / 2 [obtained by integrating Eq. (1) across 
the tube and using Eqs. (5)-(7)]. 

The solution of the problem must be computed numeri-
cally. For the numerical treatment, Eqs. (l)-(3) are discre-
tized using Keller's second order finite difference method15 

and solved with a standard iterative method. 

III. RESULTS AND DISCUSSION 

The purpose of this paper is to describe the structure of 
the solution of Eqs. (l)-(7) for very small and very large val
úes of e, when the inlet temperature of the gas is very low or 
very high compared to the temperature of the wall. A numer
ical solution of the problem for e = 0.02, a = 0.15, and 
Pr=\ is displayed in Fig. 1. Some isotherms and stream-
lines of the flow are shown in the upper and lower halves of 
Fig. l(a) together with temperature and velocity profiles at 
various sections of the tube, while Fig. l(b) shows profiles of 
the radial heat flux and shear stress (upper and lower halves, 
respectively) and Fig. 1 (c) shows the temperature and veloc
ity along the axis of the tube. As can be seen, the cold gas 
rapidly confines itself to a thin core around the axis whose 
velocity increases with streamwise distance but remains 
small compared to the velocity of the hot gas filling most of 
the tube cross-section. The radius of the central core 
decreases along the tube, partially due to this acceleration 
but also because of the ablation due to radial conduction. 
The ablation continuously decreases the mass flux of cold 
gas until the central core disappears at about x = 0.5, and the 
velocity and temperature in Fig. l(c) increase smoothly 
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FIG. 1. Numerical solution of(l)-(7) for e = 0.02, <r = 0.75, and P r = 1. (a) 
Isotherms and temperature profiles (upper half) and streamlines and velocity 
profiles (lower half). (b) Profiles of minus the radial heat flux (Pr~lTadT/dr, 
upper half) and the shear stress (T°du/dr, lower half). (c) Temperature 
(solid) and velocity (dashed) along the axis of the tube. 

T=\. The length required for the ablation front to reach the 
axis and that required subsequently for the flow to reach uni
form temperature are both of order unity with the scales 
selected. The existence of an ablation front that neatly 
bounds the cold gas in the asymptotic limit e —> 0 is a conse-
quence of the variation of the thermal conductivity with tem
perature. As for the related problem of a jet of cold gas 
discharging into a hot stagnant gas analyzed by Sánchez-
Sanz et al., ' Fig. l(b) shows that the shear stress and the 
heat flux scaled with their characteristic valúes in the hot gas 
[with (JÍQIea)(U0/a) and (Á0/e

a)(Tw/a)] tend to zero at the 
ablation front when e —> 0, leaving a mass flux of order unity 
(up to logarithms of e) that crosses the front and is subse
quently heated up. 

At variance with the case of a jet, the condition that the 
continuously increasing mass flux of hot gas must be con-
fined to a tube of constant radius leads to the appearance of a 
pressure forcé — dp/dx > 0 in Eq. (2). This pressure forcé 
also accelerates the cold gas, confining it to the thin core 
mentioned above. With the variables scaled as in Eqs. 
(l)-(7), it is (p, T) = 0(1) in the hot gas, where also u = 0(1) 
when the hot gas accounts for a substantial fraction of the 
total mass flux, for x= 0(1) and beyond. The pressure varia-
tions generated in the hot gas must be p = 0(1) in order for 
the pressure forcé to have an effect on this gas. In the core of 
cold gas, where p = 0(e_1), these pressure variations lead to 

1 /2 

a dimensionless velocity uc = 0(e ' ), which is large com
pared to the inlet velocity (u = e at x = 0) but still small com
pared to the velocity of the hot gas. By continuity, the radius 

downstream of this point toward the final state « = 2(1 - r ), of the core of cold gas is rc = 0(e ' ). Viscous forces and - n<M\ 
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FIG. 2. Numerical solution of (l)-(7) for e = 50, cr = 0.75 and Pr = 0.7. (a) 
Profiles of temperature (solid) and velocity (dashed) at four sections near the 
inlet scaled with the valúes of these variables at the axis of the tube. (b) 
Rescaled temperature (solid) and velocity (dashed) along the axis of the 
tube. 

heat conduction are negligible in the cold gas because 
[r-1d(rTadu/dr)/dr}/(pv • Vw) = 0{ea) < 1 in Eq. (2) and 
a similar estímate holds for Eq. (3). Further analysis of the 
asymptotic limit e —> 0 is given in the appendix. 

Consider now the solution of Eqs. (l)-(7) for large val
úes of e, when the inlet temperature of the gas is large com
pared to the temperature of the wall. The dimensionless 
viscosity and conductivity of the hot gas are now large, of 
order ea, and therefore the characteristic dimensionless 
length of the región along the tube where convection and 
radial diffusion balance each other is small of order e~a. 
Equations (l)-(4) and (6) are left unchanged if (x, r, u, v, p, 
p, T) are rescaled with the factors (e_a, 1, e, ea+ , e, e~ , e). 
respectively. Using tildes to denote rescaled variables, the 
inlet conditions (5) become ü = T = 1, p = 0 at x = 0, while 
the conditions (7) at the tube wall become ü = v = 0, 
T = 1/e at f = 1. This is the only place where e appears in 
the rescaled problem, and the conditions at the wall reduce 
totí = S = r = 0 a t f = l i n the limit e —> oo. 

Figure 2 shows some temperature and velocity profiles 
computed for e = 50, a = 0.15, Pr = 0.7, as well as the 
rescaled temperature and velocity along the axis of the tube. 
As can be seen, the flow evolves smoothly along the tube 
and the radial temperature and velocity profiles are smooth 
beyond the initial región of x <C 1 where transport effects 
are confined to a thin boundary layer [leftmost profiles in 
Fig. 2(a)]. There is no ablation front for e >> 1. The rate of 
cooling, as reflected by the evolution of the temperature on 
the axis in Fig. 2(b), continuously decreases along the tube 
due to the decrease of the dimensionless rescaled conductiv
ity from valúes of 0(1) at the inlet to valúes of 0(e~a) in the 
last stages of cooling. The difference between temperature 
and velocity profiles, which are nearly identical in Fig. 2(a) 
for Pr = 0.7, increases when Pr is decreased, but this differ
ence does not cause qualitative changes in the solution. 

The viscosity and conductivity scaled with their 
valúes at the inlet tend to zero at the tube wall when e —> oo. 

but the rescaled shear stress and heat flux, say TW and qw, 
do not tend to zero. That Pr~lf°df/'dr —t —qw and 
Tadü/df —> —íw for f —> 1 determine the local temperature 
and velocity as f = [(a + l)Prqw}1/{a+1\l - f ) 1 / ( < r + 1 ) and 
ü = (ff + 1)TW(1 - ~r)llXa+l)/[{a + l)Prqwf{°+1) for (1 - r) 
<C 1 or, upon eliminating qw and íw between these relations 
and their derivatives, df/df= — T/[(a + 1)(1 — r)] and 
dü/df = -Ü/[{G + 1)(1 - f)} for (1 - f) < 1. These latter 
relations can be used as boundary conditions at a certain 
r cióse to 1 to numerically solve the limiting problem for 
e —> oo in terms of the rescaled variables. The results of this 
computation differ very little from the results shown in 
Fig. 2 for e = 50. 

IV. CONCLUSIONS 

The laminar, low Mach number flow of a gas in a circu
lar tube whose wall is kept at a constant temperature much 
larger or much smaller than the inlet temperature of the gas 
has been analyzed using the boundary layer and quasi-
isobaric approximations. In the limit when the inlet-to-wall 
temperature ratio tends to zero, pressure forces accelerate the 
cold gas and confine it to a thin core around the axis of the 
tube. An ablation front, where the heat flux tends to zero, 
bounds the cold gas and consumes it at a finite distance from 
the inlet. No ablation front appears in the opposite limit 
when the inlet-to-wall temperature ratio tends to infinite, in 
which the shear stress and the heat flux are different from 
zero at the wall despite the fact that the viscosity and the 
thermal conductivity of the gas tend to zero there. 
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APPENDIX: LIMIT eH>0 

The temperature and velocity in the hot gas near the 
ablation front, for 0 < r — rc <C rc, can be determined as in 
Refs. 5 and 6. For a > 1/2 and aPr ^ 1, these variables are 

— (r-rc)+a(r-rc)' -\ . 
(aPr - l)(f>dx 

é l 
pv = 

Í/CT 

= T=[aPrf;) 
l/cr 

(Al) 

where <¡>{x) and a(x) are functions of x to be determined from 
the numerical solution together with rc(x) and the pressure gra-
dient. In particular, 27i(/) is the mass flux crossing the ablation 
front per unit length along the tube, which is given by 

(A2) 

from the continuity equation for the core of cold gas where 
Bemouilli's equation u2

c/2e+ p = 0 has been used to 
eliminate uc. The shear stress and heat flux computed from 



Eq. (Al) tend to zero when r —> rc. Since rc = 0{ellA) <C 1. 
the range of r where Eq. (Al) can be used is very narrow 
in the present problem. However, the analysis leading to 
Eq. (Al) can be easily extended to take into account the cur-
vature of the ablation front. The results valid for any 
(r — rc) <C 1 are 
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In principie, these results could be used to set up a limiting 
problem f or e ^ 0 involving the hot gas only. In fact, the core 
of cold gas acts as a porous solid rod of radius rc(x) through 
which the mass flux (A2) is injected with u = T=0. At first 
sight, Eqs. (l)-(4) with these boundary conditions and bound-
ary conditions (7) at the tube wall should have a solution [deter-
mining in particular p(x)] for any rc(x). However, the heat flux 
reaching the rod per unit length of the tube, q(x) say, will not 
be zero in general, leading to a temperature of the form 
T=[(a+l)Prq/2n}1/(-a+1)(]nr/rc)

1/(-a+1) for r < 1. The 
additional condition that q(x) = 0, so that the temperarure takes 
the form (A3) near the rod, determines rc(x). Unfortunately the 

limiting problem for e <C 1 is not free of the small parameter e 
due to the presence of logarithms in Eq. (A3), and thus it is of 
limited practical valué. The analogous limiting problem for a 
two-dimensional channel, with effectively a thrn porous layer 
around its center-plane, does not contain e and may be more 
useful. 
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