


case, however, there is a finite amount of energy supplied to the wire and, 
therefore, ignition will occur or not occur depending on the thermal properties 
of the materials, amount of energy supplied, wire diameter, and chemical 
parameters of the condensed phase reaction. 

A numerical analysis of this problem has been carried out by Goldshleger et 
al. (1973). An asymptotic analysis for large activation energies was carried out 
by Berman and Ryazantsev (1976) for the case when the conductivity of the 
inert body is large enough, so that its temperature can be considered a function 
of time only, and the density ratio is of order unity, so that when ignition 
occurs under supercritical conditions only a thin layer has been heated in the 
reactive material. We consider more general cases including the case when the 
ratio of thermal diffusivities of the inert and reactive material is not large; our 
analysis leads to closed-form relations giving the critical hot-spot size, or 
critical ignition energy, in terms of the physicochemical parameters of the 
materials. 

Gap compression has been proposed by Randolph and Simpson (1973) and 
Randolph (1975), for example, as a mechanism responsible for the accidental 
ignition of high explosive charges. Accidental ignition occurs, for instance, 
when an explosive-filled shell explodes prematurely when accelerated during 
firing or when an encased high explosive charge is subjected to relatively small 
impacts, e.g., when dropped a few feet. Presumably, in both of these examples 
ignition was produced by compression heating of gas in voids or cracks due to 
defective explosive loading. Randolph (1975) considers different pressure rise 
curves and integrates numerically the equations describing the process. The 
problem considered in the present work models ignition by gas compression 
with a step-like pressure rise occurring in a time short compared with the 
characteristic thermal response time in the reactive solid. 

II. Formulation 
We consider a cylindrical or spherical inert spot of radius a whose tem

perature T is instantaneously raised at time zero to a value T, higher than the 
value T0 of the reactive material. A distributed exothermic reaction of the 
Arrhenius type takes place in the reactive solid. The energy conservation 
equation can be written as 

dT ( d2T n bT \ A / E \ 

assuming constant values for the density p, the specific heat c, and heat 
conductivity k, although not necessarily equal for the inert material, where we 
shall use the subscript /, and for the reactive medium, subscript 0. 

In Eq. (1), n = 1 for cylindrical spots and n = 2 for spherical spots. E is the 
activation energy, and A the pre-exponential factor of the reaction; A =0 in 
the inert material r<a. At r=a there is a jump in the thermal diffusivity a 
from its value u, = k,/p,c, in the inert material to the value a0 = k0/p0c0 in the 
reactive medium. 



Equation (1) must be solved with the initial condition T=T¡ for r<a, and 
T- T0 for r > a. The temperature and the heat flux kdT/dr must be continuous 
atr=a. 

When Eq. (1) is written in nondimensional form by measuring, for example, 
the distance r with a, the time t with a2 la0, the temperature T with T0, the 
following parameters are found to describe the solution: a nondimensional 
activitation energy E/RT0, a Damkóhler number Aa2/a0T0, the temperature 
ratio T,/T0, and the ratios k¡/k0 and a¡/a0 of heat conductivities and thermal 
diffusivities. 

For large values of the nondimensional activitation energy E/R T0, when the 
increment in hot-spot temperature T( - T0 is of the order of T0, the ignition 
time becomes very small compared with the adiabatic ignition time 
(RT0

2/EA)exp(E/RT0) of the reactive material, if the Damkóhler number 
Aa2/a0 T0 is larger than a critical value that we shall try to calculate in the 
following in terms of E/RT0, T,-/T0, k¡/k0, and a,/a.0. This critical value has 
been calculated by Berman and Ryazantsev (1976) for large values of k)/k0 
and values of k¡a0/k0a¡ of order unity. We shall consider first the case where 
the ratio k¡/k0 is also of order unity, and then in Sec. V we shall deal briefly 
with the cases where k¡/k0 is large, including the case when k¡a0/k0a¡ = 
p¡c¡/p0c0 is also large, when the analysis of Berman and Ryazantsev cannot be 
used. 

We begin by an analysis of the inert solution because for large values of 
E/RT0 a small increment in temperature, of the order of RT0

2/E, above the 
temperature given by the inert solution is sufficient to increase the reaction 
rate by a large factor, and thus may result in ignition due to a thermal 
runaway. That is, the inert solution gives, for large activation energies, the 
temperature distribution in first approximation; whether and when ignition 
occurs depends on the character of the solution of the nonlinear equation 
describing the small perturbations to the inert solution due to the effects of the 
chemical reaction. 

III. Inert Solution 
The solution of the inert problem can be obtained analytically, see for in

stance Carslaw and Jaeger (1959), but if n~\, it is difficult to use since it 
involves complicated integrals of Bessel functions. We shall need only some 
details of the solution for small times, and these can be obtained more simply 
with the aid of asymptotic techniques. 

At time zero the temperature at the surface of the spot r=a rises in
stantaneously to an intermediate "jump" temperature T¡ 

Tj=(T0 + TTi)/(l + T) (2) 

where T=V (kpc), (kpc) 0 is the ratio of thermal responsivities. This jump 
temperature is obtained at time zero at the interface of two semi-infinite slabs 
with different initial temperatures. In the planar case the interface temperature 
remains constant while the width of the heat-up zones increases with the 
square root of time. In the cylindrical or spherical cases, however, the in-



terface temperature will decrease with time if T0 < T¡; initially, because energy 
from a decreasing volume is used to heat an increasing volume, and later, 
when the thermal wave reaches the center of the spot because of the finite 
amount of energy contained in the spot. 

In fact, the asymptotic procedure described by Letcher (1969) can be used to 
calculate the temperature distribution for small times, such that VaF is much 
smaller than the inert spot dimension a; the solution can be written as ex
pansion injiowers ofyfaoi/a times functions of the similarity variable 
(r-a)/\a0t. Figure 1 compares this solution with the exact solution given by 
Crank (1956) for a spherical hot spot in an homogeneous material. 

It is observed that for times small compared with the characteristic diffusion 
time a2 la, the quasisimilar solution follows closely the exact solution, and in 
particular, the approximate solution remains valid close to the surface even 
when the thermal wave has already reached the center of the spot. 

The expansion of the inert solution for small times, near the surface is, for 

T- Tj_ 
T-T: Vira0i 

(3) 

Thus, curvature effects cause the surface temperature to decrease from its 
jump value with the square root of time. However, the exothermicity of the 
chemical reaction tends to increase the surface temperature, and therefore to 
further accelerate the reaction rate. Ignition will or will not occur depending 
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on whether cooling associated with curvature effects or heating associated with 
the exothermicity of the chemical reaction dominates. 

In the following section we shall see how the effects of chemical reaction 
lead to ignition for supercritical hot spots of inert materials with moderate 
values of the heat conductivity, such that T is of order unity and T} is not too 
close to either T0 or Tj. The case T> 1 will be dealt with in Sec. V. 

IV. Ignition Analysis for T ~ 1 
In the limit of high activitation energy of the Arrhenius reaction, small 

changes in temperature of order R T}
 2 IE produce changes of order unity in the 

reaction rate. Thus, the chemical reaction term is only important in a thin 
region near the surface where the temperature differs from the jump tem
perature by a small quantity of order RTj2/E. Outside of this inner zone the 
reaction is frozen. Figure 2a is a schematic representation of this problem, 
showing the width of the reaction and transport layers. To describe the 
ignition process it is convenient to introduce as dependent variable, the 
deviation of the nondimensional temperature from its inert value 6, 

X=P(6-6J) (4) 

where 

&=E(T,-TJ)/RTJ2 (5) 

and 

e=(T-TJ)/(Ti-TJ) (6) 

so that x is of order unity in the reaction zone. 
The characteristic time of the problem tc is determined from Eq. (3), by 

requiring that the change of temperature during time tc be equal to 1//J, so that 

, = JL_ a ^ + r > 2
 (7) 

0 n2p2 r2(V^+VÍÍ¡)2 k ' 

and therefore the characteristic variables of the process are 

<7=</íc, £=(r-a)/V¡^7 (8) 

In terms of these variables, Eq. (1) becomes, up to terms of order 1//3, 

^^«v^^^^^^/^ mx (9) 
da a0 a 3? a0 di2 \ vira / 
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where a = a 0 and A, assumed of order unity, is given by 

A=Atc (T, - Tj) -' exp( -E/RTj) (10) 

in the reactive zone £ > 0, and a = a,-, A = 0 in the inert spot £ < 0. 
The factor n/r in the first term of the right-hand side of Eq. (1) has been 

replaced by n/a, because during the ignition transient the thickness of the 
transport zone, of order \latc ~ a/¡3, is small compared with a; the resulting 
first term in the right-hand side of Eq. (9) resembles a term due to a convective 
flow toward the hot spot, and its effects in the ignition process are similar to 
those of convection due to gasification analyzed by Kindelán and Liñán 
(1978). Equation (9) has to be solved with boundary conditions implying 
continuity of temperature and heat flux at £ = 0. 

It should be observed that in the reactive solid £>0, there is an outer zone, 
where £ is of order unity, in which the chemical reaction is frozen, and an inner 
zone, where £ is of order 1//3, in which the effect of the chemical reaction has 
to be retained. 

In the outer unsteady transport zone the term due to geometrical effects in 
Eq. (9), of order 1//3, can also be neglected in first approximation compared 
with the transient and heat conduction terms. Therefore, the lowest order in an 
asymptotic expansion in powers of 1//3 for the outer zone Xoi satisfies the one-
dimensional diffusion equation; thus its solution, for £>0, can be written in 
the form 

- L " ' e x p ( - g ' / * ( g - g ' ) } dXo, da' (11) 

in terms of the apparent surface heat flux dxoi / d£ I s > a function of a', coming 
from the thin reaction zone. 

In the inner reactive zone, the characteristic spatial variable is y = /3£; so that 
y~ 1 insures that the change of temperature from its surface value is, as the 
increment due to chemical reaction, of order 1 in x> and therefore the reaction 
term has to be retained. 

Introducing the expansion x = Xi(y,<t) +P~'x2(y>o) + ~- m Eci- (9)> 
previously written in terms of the variable y, and collecting like powers of 0, 
the following equations are obtained 

d2X, 

'X2 

By2 

that can be integrated to yield 

• A exp(x, -J¿-yY/JVa) (13) 

TL=F(<r) (14) 
dy 



and 

dx¿ 
dy 

dx2 

'' dy 

\V0 f— , r— 

+ —-A{exp(x;-V«T-3'r/Viro-)-exp(x/-VffJ (15) 

if we anticipate that F= 0. 
In the inert material £ < 0, the solution is analogous to that of the outer zone 

of the reactive solid £>0, and therefore the lowest order solution, x¡¡> c a n be 
written as 

( " " % 0 Jo 
"* exp{-£2a0/4cii(o~a')} ñx¡¡ 

VÍVCT-ÍT' d£ 
da' (16) 

in terms of the interface gradient dxu /d% IQ2 evaluated at a=a'. 
The solution for the inner zone of the reactive material has to be matched on 

one side y = 0 to the solution given by Eq. (16) for the inert spot, and on the 
other side y—oo to the solution given by Eq. (14) for the outer unsteady trans
port zone. Continuity of temperature and heat flux at £ = 0 provide the 
following relationships to be used in matching with the inert spot 

dx¿ 
dy o+ 

= 0, 
' 3 Í 

— k0 dy 0+ 
(17) 

Xi,(0,<r)=xi(0,a), xi2 ifl.a) =Xl (0,a) (18) 

From Eqs. (14) and (17) we obtain, as anticipated above, 

dXl/dy=0, x,(y.°)=xA°) (19) 

The matching conditions between the solutions for the inner and outer zones 
require 

Xoi(°-a)=Xs> 
dXoi 

3Í 

and from Eq. (15) 

dx2 

dy ' dy .+ r 

dX2 
' dy 

Tffexp(xr-Vff) 

(20) 

(21) 

Using Eq. (11) for £ = 0 we obtain 



Also, from Eqs. (16) and (17), 

' j -M^, , , (23) 

We can combine Eqs. (22) and (23) to generate the following nonlinear 
integral equation 

X í ( f f ) = P LV¿~7^ exp tx,('')-V57]d«r' (24) 

to describe the evolution with time of the interface temperature. The 
parameter P=A/T(r + 1), of order unity in the regime of transition from 
subcritical to supercritical conditions, 

a2 irU + r)2Aexp(-E/RT¡) 
(V^+V57)2 n2Y3 P2(T,-Tj) ( ' 

is a measure of the cooling effect associated with the curvature of the inert hot-
spot. 

In order to integrate numerically Eq. (24), it is convenient to introduce s = 
-JaP as the new time variable. After integrating by parts to remove the 
singularity at a' = a, the equation is written in a finite-definite form, so that at 
each new step an implicit algebraic equation in the unknown xs (

s) ls solved by 
a Newton-Raphson procedure. The resulting increment in interface tem
perature Xs due to the chemical reaction is shown in Fig. 3 as a function of the 
modified time variable s for different values of P. A critical value Pc = 0.381 of 
the parameter P is found such that for values of P smaller than Pc the surface 
temperature increment x* goes through a maximum at s=smm (P) and ignition 
does not take place; for values of P larger than Pc, a runaway of the interface 
temperature occurs at a finite ignition time, sign, which is shown together with 
smm as a function of P in Fig. 4. For values of P<PC the cooling of the in
terface due to geometrical effects dominates over the heating due to the 
exothermic chemical reaction, while for P>PC the last effect dominates. It is 
observed that when P approaches Pc, both the ignition time and the time when 
the temperature increment x* is maximum tend to infinity. 

Notice that P-~ oo in the planar case, so that our results cannot be used to 
calculate the critical hot-spot size if it is in the form of a slab; in this case, 
analyzed numerically by Vilyunov and Kolchin (1966), the critical conditions 
are given in order of magnitude by«=Va,/c. 

V. Critical Conditions for T > 1 
The analysis of the previous section was carried out under the assumption 

that ki/k0 and (pc) ¡/(pc)0, and therefore T, are of order unity. If the ratio 
k¡/k0 is large, V becomes large and the previous results are not applicable, 
when ignition takes place at times tc such that Va,rc2;a. Berman and 
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Fig. 3 Non dimensional interface temperature as a function of the non dimensioinal timé 
s2 =aP for different values of the geometrical parameter P. 

Ryazantsev (1976) used asymptotic techniques to calculate, for large activation 
energies, the critical hot-spot size in the limiting case k¡/k0 — QD and 
(pc)¡/(pc)0 of order unity. We generalize their analysis here to include the 
cases where (pe) ¡l{pc) 0 is large, assuming as they did that *Ja¡tc >a. 

In the limit k¡/k0~oo, the temperature can be considered to be uniform 
T- Ts (t) in the inert spot during most of the ignition transient, so that Eq. (1) 
must be solved for r >a with the boundary conditions at r= a replaced by 

r=a: T=T„ dr (n + I)k0 at 
(26) 

If this problem is written in terms of the nondimensional variables x=r/a, 
T=a0t/a

2, and T/T0 mentioned in the Introduction, the parameters k¡/k0 and 
a¡/a0 appear in the solution only through the combination (pc),/(pc)0. We 
shall look for the asymptotic description, for large values of e_ / =E/RT¡, of 
the ignition process in near critical conditions in the distinguished limiting case 
where 

X= 
RT, (PC): 

Ti-T0 (n + l)E {pc)0 

(27) 
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is of order unity. In this case ignition under supercritical conditions occurs at a 
time of order a2 /a0, when the thermal heating of the reactive material has 
reached distances of order a; the chemical reaction is still confined to a thin 
layer of thickness of the order ae, adjacent to the interface with the hot spot, 
where T-T¡~e(T¡ — T0). Figure 2b shows a schematic representation of this 
problem. 

When the temperature in the outer frozen region is expanded in powers of e, 
we obtain the following expression 

(T-T0)/Ti-T0)=$(x,T) (28) 

if terms of order e are neglected in the right-hand side of Eq. (28). This is the 
temperature distribution in the reactive material for A = 0 and with the 
temperature of the hot spot kept constant at the value T=T¡ for t>0. The 
solution to this problem is described by Crank (1956) for the spherical case. 
From the solution we need to calculate 

dT 

(T,-T0) dr 

di(x,T) 
dx = -g(r) (29) 

which in the spherical case is given by g(r) = 1 + 1/VTT. 



For the thin reaction zone we use as independent variables T and ti = 
(r-a)Jea. For Twe assume the expansion 

T=Ti{J + e4>(n,T)+...\ (30) 

and obtain the following differential equat ion for 0 

at*-+
<T'-y^o on 

dr¡2 2T¡" 

representing a balance between the chemical reaction and heat conduct ion 
terms, if 

5=2^(-%-)2^exp{-E/RT,) (32) 
E \T,-T0J oi0Ti 

The boundary conditions at the interface i\ = 0 with the ho t spot lead to 

,-* -«.<* £ - ^ £ 
The matching conditions with the solut ion for the outer frozen region provide 
the condit ion 

-(l-T0/T,)g(T) (34) 
Tfl — CO 

These two conditions together with Eq. (31) lead to the differential equation 

\^PL = -{g2(,T)-6e*s)'A (35) 

When this equation is integrated with the condition <¿s(0) = 0 for a fixed 
value of X and various 5, we find that cj>s is a decreasing function of T for all 
times if 6<6C (X), while the right-hand side of Eq. (35) becomes imaginary if 
8>SC after a time 7/(X) that can be considered as the ignition time. 

The analysis of Berman and Ryazantsev (1976) corresponds to the case 
X< 1, for which ignition occurs at small r, when g(r) = IA/TTT and <f>s is given 
by the solution of the limiting form 

X ^ = -{7/ r r - iexp* I } ' 4 (36) 

of Eq. (35) for small X. If 5 is larger than 6C = 0.312X~2
J the solution shows a 

thermal runaway occurring at an ignition time 77X2 which is a function of 6X2. 
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In the opposite limiting case \>1, it is easy to show that 5C — 1 in the 
spherical case, when <j>s is given by 

A*. j = - V [(] +1/^)2-8)» da (37) 

Figure 5 shows 5C for spherical spots as a function of X, as well as the asymp
totic limits for X large and small. 

VI. Conclusions 
We have carried out an asymptotic analysis, for large activitation energy of 

the problem of ignition of reactive materials by hot inert bodies of finite size 
with the aim of obtaining closed-form expressions for the ignition time and for 
the critical body size resulting in ignition. This problem is a classical problem 
in the "Theory of Thermal Ignition" reviewed by Merzhanov and Averson 
(1971). 

In Sec. IV we considered the case where the ratios of heat conductivities 
k,/k0 and heat capacities p¡c¡/p0c0 are both of order unity. A nonlinear in
tegral Eq. (24) was found for the description of the interface temperature, 
given in terms of \s by 

T.-T, 1. 
T-T-

nY 
I + T * E(T, a 

RT¿_ X(s) (38) 



with 

¡ = tA exp(-E/RTj) 
(T,-T.) r(r+i) 

The function \s of time s2 and P, defined in Eq. (25), is represented in Fig. 3. 
The parameter P measures the cooling effects due to the finite body size. For 
supercritical hot spots corresponding to values of P>PC =0.381 a thermal 
runaway occurs at an ignition time s,2 depending on P that tends to infinity 
when P-*PC. The process becomes subcritical (i.e., without ignition before the 
adiabatic thermal explosion time associated with the initial temperature T0) if 
P<PC, for spot sizes smaller than the critical. For large hot spots, whenP— oo, 
the ignition time coincides with that obtained by Kindelán and Liñán (1976) 
when analyzing the ignition of a semi-infinite reactive solid by a hot semi-
infinite gas; s,2(<x>) =0.393. 

For cases where k,/ke is large, corresponding to ignition by hot metal 
bodies, the analysis of Sec. V should be used to calculate the interface tem
peratures Ts, represented by <t>s=(Ts-T¡)E/RT¡2

t that is given in terms of 
the nondimensional time r=a0t/a

2 by the solution of the differential Eq. (36). 
For each fixed value of the ratio of heat capacities X, an ignition time 77 (5, X), 
defined, following Zel'dovich (1963), as the time when the heat loss from the 
hot spot becomes zero, exists if 5 is larger than a critical value o\.(X); for 
smaller values of ó the hot spot becomes subcritical, cooling down to the initial 
temperature T0 without ignition. For large values of 5 ignition takes place, 
without significant change in the hot-spot temperature, at a time 77 = I/x5, 
first given by Zel'dovich (1963). This time is modified substantially when 
higher order terms are retained in an asymptotic expansion for large RT¡/E, as 
shown by Liñán and Williams (1979). 

For small values of X, corresponding to p¡c¡/p0c0~\, the asymptotic 
analysis of Berman and Ryazantsev (1976) is reproduced, with 8C = 0.312X~2. 
For large values of X, corresponding to ignition of a reacting gas by a hot solid 
body, 6C — 1 for spherical spots and 5C —0 for wire ignition. 
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