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Abstract

The proliferation of wireless sensor networks and the variety of envisioned applications

associated with them has motivated the development of distributed algorithms for

collaborative processing over networked systems.

One of the applications that has attracted the attention of the researchers is that

of target localization where the nodes of the network try to estimate the position

of an unknown target that lies within its coverage area. Particularly challenging is

the problem of estimating the target’s position when we use received signal strength

indicator (RSSI) due to the nonlinear relationship between the measured signal and

the true position of the target. Many of the existing approaches suffer either from high

computational complexity (e.g., particle filters) or lack of accuracy. Further, many of

the proposed solutions are centralized which make their application to a sensor network

questionable. Depending on the application at hand and, from a practical perspective

it could be convenient to find a balance between localization accuracy and complexity.

Into this direction we approach the maximum likelihood location estimation problem by

solving a suboptimal (and more tractable) problem. One of the main advantages of the

proposed scheme is that it allows for a decentralized implementation using distributed

processing tools (e.g., consensus and convex optimization) and therefore, it is very

suitable to be implemented in real sensor networks. If further accuracy is needed an

additional refinement step could be performed around the found solution. Under the

assumption of independent noise among the nodes such local search can be done in a

fully distributed way using a distributed version of the Gauss-Newton method based

on consensus.

Regardless of the underlying application or function of the sensor network it is al-

ways necessary to have a mechanism for data reporting. While some approaches use

a special kind of nodes (called sink nodes) for data harvesting and forwarding to the

xi



outside world, there are however some scenarios where such an approach is impractical

or even impossible to deploy. Further, such sink nodes become a bottleneck in terms

of traffic flow and power consumption. To overcome these issues instead of using sink

nodes for data reporting one could use collaborative beamforming techniques to forward

directly the generated data to a base station or gateway to the outside world. In a dis-

tributed environment like a sensor network nodes cooperate in order to form a virtual

antenna array that can exploit the benefits of multi-antenna communications. In col-

laborative beamforming nodes synchronize their phases in order to add constructively

at the receiver. Some of the inconveniences associated with collaborative beamforming

techniques is that there is no control over the radiation pattern since it is treated as a

random quantity. This may cause interference to other coexisting systems and fast bat-

tery depletion at the nodes. Since energy-efficiency is a major design issue we consider

the development of a distributed collaborative beamforming scheme that maximizes

the network lifetime while meeting some quality of service (QoS) requirement at the re-

ceiver side. Using local information about battery status and channel conditions we find

distributed algorithms that converge to the optimal centralized beamformer. While in

the first part we consider only battery depletion due to communications beamforming,

we extend the model to account for more realistic scenarios by the introduction of an

additional random energy consumption. It is shown how the new problem generalizes

the original one and under which conditions it is easily solvable. By formulating the

problem under the energy-efficiency perspective the network’s lifetime is significantly

improved.



Resumen

La proliferación de las redes inalámbricas de sensores junto con la gran variedad de posi-

bles aplicaciones relacionadas, han motivado el desarrollo de herramientas y algoritmos

necesarios para el procesado cooperativo en sistemas distribuidos.

Una de las aplicaciones que suscitado mayor interés entre la comunidad cient́ıfica es

la de localización, donde el conjunto de nodos de la red intenta estimar la posición de

un blanco localizado dentro de su área de cobertura. El problema de la localización es

especialmente desafiante cuando se usan niveles de enerǵıa de la seal recibida (RSSI por

sus siglas en inglés) como medida para la localización. El principal inconveniente reside

en el hecho que el nivel de seal recibida no sigue una relación lineal con la posición del

blanco. Muchas de las soluciones actuales al problema de localización usando RSSI se

basan en complejos esquemas centralizados como filtros de part́ıculas, mientas que en

otras se basan en esquemas mucho más simples pero con menor precisión. Además,

en muchos casos las estrategias son centralizadas lo que resulta poco prácticos para

su implementación en redes de sensores. Desde un punto de vista práctico y de im-

plementación, es conveniente, para ciertos escenarios y aplicaciones, el desarrollo de

alternativas que ofrezcan un compromiso entre complejidad y precisión. En esta ĺınea,

en lugar de abordar directamente el problema de la estimación de la posición del blanco

bajo el criterio de máxima verosimilitud, proponemos usar una formulación subóptima

del problema más manejable anaĺıticamente y que ofrece la ventaja de permitir en-

contrar la solución al problema de localización de una forma totalmente distribuida,

convirtiéndola aśı en una solución atractiva dentro del contexto de redes inalámbricas

de sensores. Para ello, se usan herramientas de procesado distribuido como los algorit-

mos de consenso y de optimización convexa en sistemas distribuidos. Para aplicaciones

donde se requiera de un mayor grado de precisión se propone una estrategia que con-

siste en la optimización local de la función de verosimilitud entorno a la estimación
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inicialmente obtenida. Esta optimización se puede realizar de forma descentralizada

usando una versión basada en consenso del método de Gauss-Newton siempre y cuando

asumamos independencia de los ruidos de medida en los diferentes nodos.

Independientemente de la aplicación subyacente de la red de sensores, es necesario

tener un mecanismo que permita recopilar los datos provenientes de la red de sensores.

Una forma de hacerlo es mediante el uso de uno o varios nodos especiales, llamados

nodos “sumidero”, (sink en inglés) que actúen como centros recolectores de información

y que estarán equipados con hardware adicional que les permita la interacción con el

exterior de la red. La principal desventaja de esta estrategia es que dichos nodos se

convierten en cuellos de botella en cuanto a tráfico y capacidad de cálculo. Como alter-

nativa se pueden usar técnicas cooperativas de conformación de haz (beamforming en

inglés) de manera que el conjunto de la red puede verse como un único sistema virtual

de múltiples antenas y, por tanto, que exploten los beneficios que ofrecen las comu-

nicaciones con múltiples antenas. Para ello, los distintos nodos de la red sincronizan

sus transmisiones de manera que se produce una interferencia constructiva en el recep-

tor. No obstante, las actuales técnicas se basan en resultados promedios y asintóticos,

cuando el número de nodos es muy grande. Para una configuración espećıfica se pierde

el control sobre el diagrama de radiación causando posibles interferencias sobre sis-

temas coexistentes o gastando más potencia de la requerida. La eficiencia energética

es una cuestión capital en las redes inalámbricas de sensores ya que los nodos están

equipados con bateŕıas. Es por tanto muy importante preservar la bateŕıa evitando

cambios innecesarios y el consecuente aumento de costes. Bajo estas consideraciones,

se propone un esquema de conformación de haz que maximice el tiempo de vida útil

de la red, entendiendo como tal el máximo tiempo que la red puede estar operativa

garantizando unos requisitos de calidad de servicio (QoS por sus siglas en inglés) que

permitan una decodificación fiable de la seal recibida en la estación base. Se proponen

además algoritmos distribuidos que convergen a la solución centralizada. Inicialmente

se considera que la única causa de consumo energético se debe a las comunicaciones con

la estación base. Este modelo de consumo energético es modificado para tener en cuenta

otras formas de consumo de enerǵıa derivadas de procesos inherentes al funcionamiento

de la red como la adquisición y procesado de datos, las comunicaciones locales entre

nodos, etc. Dicho consumo adicional de enerǵıa se modela como una variable aleatoria

en cada nodo. Se cambia por tanto, a un escenario probabiĺıstico que generaliza el



caso determinista y se proporcionan condiciones bajo las cuales el problema se puede

resolver de forma eficiente. Se demuestra que el tiempo de vida de la red mejora de

forma significativa usando el criterio propuesto de eficiencia energética.





1

INTRODUCTION

Decentralized systems have become more and more popular over the past years, as a

result a new paradigm of communication systems has emerged. Although decentralized

systems are not new the traditional approach used to have a number of subsystems

that, ultimately were coordinated by a central entity or management center. Such an

approach made those central units a bottleneck both in terms of computation and com-

munication requirements making it necessary for those systems to be highly reliable and

therefore, costly. Over the past years there has been a transition towards a new way

of looking at decentralized systems that addresses the aforementioned issues. The new

trend relies on the use of a large amount of subsystems (smart agents) that can take

autonomous decisions, interact and cooperate with other agents in order to perform a

global task. The robustness of the system is provided by the fact that the computa-

tion is performed in a fully distributed way by a large amount of subsystems making

the network resilient to eventual node failures. As a consequence the deployment and

maintenance costs are also reduced since the requirements in terms of reliability are

much more relaxed.

A very popular example of such decentralized systems are Wireless Sensor Networks

(WSN). The main feature of a WSN is that it is composed by a large number of sens-

ing nodes deployed over a certain area, and whose purpose is to gather and process

information from the environment and, eventually take an action. Advances in digital

electronics and wireless communication systems have made possible the development

of small, low-cost and low-power devices that can communicate wirelessly over short
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INTRODUCTION

range distances. Such sensor nodes can be equipped with a variety of sensors like tem-

perature, motion, vibration, humidity, magnetic fields, pressure, lighting conditions,

etc. Due to these features a wide range of applications have been envisioned (Akyildiz

et al., 2002; Chong & Kumar, 2003) for sensor networks ranging from environmental

monitoring of the natural environment (Martinez et al., 2004; Polastre et al., 2004; Hart

& Martinez, 2006), healthcare (Stankovic et al., 2005; Ko et al., 2010; Alemdar & Er-

soy, 2010) or smart home (Hussain et al., 2009; Sharma & Reddy, 2012), among others.

Localization is a key task in sensor networks for applications like positioning, track-

ing or monitoring. For these reasons there has been high research activity into this

field (Sayed et al., 2005; Patwari et al., 2005). In the localization task the position

of some unknown nodes is to be determined through the interaction between the un-

known nodes and the nodes with known positions (also called anchor nodes). There

are two main categories into which localization strategies can be grouped: range-free

and range-based methods.

In range-free methods, the unknown nodes estimate their own position by their

interaction with anchor nodes without explicitly estimating their absolute distances to

the anchor nodes. Among such approaches (Bulusu et al., 2000) proposes a proximity-

based positioning strategy where nodes estimate their location as the centroid of their

neighboring anchor’s coordinates. The accuracy of the method is about one third the

separation among anchoring nodes which leads to highly dense networks for practi-

cal accuracy values. An alternative method is proposed in (Niculescu & Nath, 2001)

where anchors first broadcast their locations to all nodes in the network using a flood-

ing mechanism. Nodes count the number of hops from the anchors and compute an

average distance per hop based on anchor’s coordinates. The unknown target position

is estimated via multilateration using the average distance to some anchor nodes and

their respective coordinates. In (Savarese et al., 2002) a two-step procedure is proposed

that achieves higher accuracy. In a first stage, a coarse estimate of the target’s position

is obtained using a similar procedure as in (Niculescu & Nath, 2001). A refinement

step then follows considering only those nodes that belong to the one hop neighbor-

hood of the target. In a similar flavor the work in (Savvides et al., 2002) proposes to

use a two-step procedure for target localization. Node (target) to anchor distances are

determined by adding ranges and the position estimate is obtained using a nonlinear

2



technique called minmax. This method builds a bounding box around the anchor where

the node should lie and then it obtains the intersection among regions of all anchors.

The position estimate is obtained as the mass center of the resulting region. An it-

erative multilateration refinement process is then applied in order to obtain the final

estimate.

The main advantage of range-free methods is their simplicity that also makes them

very convenient for their implementation in real hardware platforms. However, these

methods use idealized propagation models that ultimately, make them suffer from

higher localization errors and, therefore their use could be limited depending on the

application requirements.

The second type of localization strategies are the so-called range-based methods.

In such methods anchor nodes use absolute distance estimates to the target in order

to get a position estimate via e.g., multilateration (Patwari et al., 2005; Sayed et al.,

2005). In obtaining distances estimates different measures have been proposed in the

literature like time-of-arrival (TOA) and time-difference-of-arrival (TDOA) (Shen et al.,

2008), angle-of-arrival (AOA) (Niculescu & Nath, 2003) or received signal strength

indicator (RSSI). One of the most famous localization techniques that employs TOA

is Global Positioning System (GPS) (Hofmann-Wellenhof et al., 2001) that provides

accurate positioning in outdoor environments. However its use in sensor networks is

not practical since it will require the incorporation of a GPS module on each sensor and,

therefore increasing costs. In general, methods based on time-differences provide more

accurate estimates than methods based on RSSI or AOA at the expense of additional

hardware and tighter synchronization requirements. Since the use of RSSI does not

require the incorporation of additional hardware its use in the context of WSNs is

very suitable. However, the use of RSSI readings poses new challenges that should be

addressed. One of the main issues when using RSSI measurements is that the mapping

between the measured signal and the target’s position follows a nonlinear relationship

and hence, finding a good estimate becomes more challenging. Several alternatives can

be found in the literature to cope with that problem. For example, in (Chen et al.,

2009b) a piecewise linear mapping between RSSI and distance is used for localization

and tracking. A different study carried out in (Awad et al., 2007) shows the influence

of different node parameters values like antenna orientation, transmission power and
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INTRODUCTION

carrier frequency into the RSSI values. They then propose to map RSSI to distance

using a neural network. An alternative is to use particle-filtering methods (Chen &

Liu, 2000; Arulampalam et al., 2002; Djuric et al., 2003) where the true posterior of the

target’s position is approximated by a weighted sum of candidate points (or particles)

randomly drawn from a proposal distribution. Into this direction several works propose

the use of particle filters for localization and tracking using RSSI measurements in

the context of WSNs and robotics (Zàruba et al., 2007; Tai & Bo, 2009; Wu et al.,

2008; Ren & Meng, 2009). Particle-filtering based methods have shown high accuracy

even when using low-volume information updates (Aounallah et al., 2009). However,

their accuracy depends on the choice of a suitable proposal (or importance function)

distribution and the number of particles generated. The computational cost required

is very high making such kind of approaches not suitable to be used in real hardware

platforms.

More recently, some localization strategies have been proposed based on convex

optimization concepts (So & Ye, 2007; Dattorro, 2005; Luo et al., 2010). Following a

similar line the approach in (Lui et al., 2009) uses semidefinite relaxation technique to

cast the localization problem into a semidefinite program (SDP) that can be solved ef-

ficiently via interior point methods, see (Boyd & Vandenberghe, 2004; Dattorro, 2005)

and references therein. An additional iterative procedure is then performed that pro-

vides a more accurate estimate (close to the Cramer–Rao bound). Accurate results can

be obtained using semidefinite programming. However, these approaches are central-

ized and not suitable for sensor networks. Additionally, they use TOA measurements

and their extension to deal with RSSI readings may deviate from the optimal solution

as well.

A distributed localization strategy that uses signal energy measurements have been

proposed in (Blatt & Hero, Sept. 2006). The algorithm iteratively finds the best

estimate using projection onto convex sets (POCS). When the unknown node lies within

the convex hull defined by the anchor node’s coordinates, the algorithm asymptotically

approach the maximum likelihood estimate as the number of anchor nodes increases.

The work in (Shi & He, 2008) presents an alternative and more general approach

that can handle variations in the path-loss exponent. Such approaches offer a trade-

off between performance and computational cost. Furthermore, they are distributed

and therefore, suitable for sensor networks. However, the main disadvantage of both
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approaches is that they do not impose any restrictions in terms of communication

among nodes. In real applications this will cause fast battery depletion if far away

nodes are to communicate. Even when using low-range communication among nodes

the necessary routing overhead used to coordinate distant nodes may be prohibitive

and cause too large delays. Another disadvantage is that only a subset of the nodes

participates in the localization process. While this might be a clear advantage in terms

of accuracy (if the proper subset of nodes is selected) it also makes it more difficult

the coordination among nodes since such a subset must be know by all nodes prior to

performing the localization task.

It becomes clear that among the localization algorithms there is a gap to be filled

that trades-off between complexity and performance, and that can be implemented in a

fully distributed way as dictated by the topology of the sensor network and not allowing

arbitrary communication among any pair of nodes.

Regardless of the underlying application of the sensor network, it is always neces-

sary to account for a mechanism of reporting the generated data towards a base station.

There exist different alternatives for harvesting the data produced by a sensor network.

One typical way of operation is that where sensor nodes periodically sense the environ-

ment and report the data. Another possibility is that the network respond to certain

events or changes in its environment, like a query coming from the base station. In

either case, it is necessary to have a mechanism for transmitting the captured or gen-

erated data to a base station that acts as an interface to the outside world. A common

technique is to use one or several sink nodes (that are also part of the network) with

enhanced transmission capabilities (e.g., more powerful radios) that can forward the

generated information to the base station. This approach has the disadvantage of creat-

ing a bottleneck in communications and processing power requirements of the sink node

very much like in traditional approaches of distributed processing. Furthermore, such

an approach also requires very efficient routing and scheduling algorithms for packet

forwarding (Al-Karaki & Kamal, 2004). An alternative to this approach is to transmit

the information directly to the base station using collaborative beamforming strategies

(Ochiai et al., 2005) where the benefits of multi-antenna communication systems (Fos-

chini, 1996; Telatar, 1999; Huang et al., 2012) can be exploited by cooperatively forming
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a virtual antenna array among the nodes (Scaglione et al., 2006). Beamforming tech-

niques adjust the antenna weights in order to mitigate fading channel or interference

effects, thus enhancing the quality of the signal of interest. Collaborative beamforming

would therefore avoid the issues associated with the use of sink nodes while allowing

reliable data reporting. Further, directly transmitting to a remote base station using a

virtual antenna array is also a very suitable solution in situations where the deployment

of sink nodes is impractical or even impossible due to physical restrictions in the sensed

area.

The principle behind collaborative beamforming is quite simple. Nodes synchronize

their phases in order that their respective signals add constructively at the base station.

In a sensor network environment the deployment of the nodes is assumed to be random

without following any specific layout. Due to this reason, the radiation pattern is con-

sidered in (Ochiai et al., 2005) as a random variable itself. The statistical properties of

the radiation pattern in terms of directivity and sidelobe level have been analyzed as-

suming a uniform distribution of the nodes over a disc of certain radius. As the number

of nodes gets large the average directivity of the resulting antenna array approaches

its maximum. However, the values of the sidelobes are also high which may cause a

strong interference with coexisting systems. This issue have been addressed in (Ahmed

& Vorobyov, 2008, 2009a) where it is shown that lower sidelobe levels are obtained if

nodes are deployed using a Gaussian distribution over the disc but at the expense of

some degradation in terms of directivity. This result is in agreement with the antenna

theory for (equally-spaced) linear arrays and can be thought as its “random” exten-

sion to the 2-dimensional case. Remember that uniform antenna weights provide the

maximum directivity but also the highest sidelobe level while smoothing the weights

towards the end of the array would result in a broader beam but with lower sidelobe

levels (recall that the radiation pattern is proportional to the Fourier transform of the

spatial distribution of the weights). A different analysis has been done in (Zarifi et al.,

2009) where it is proposed to choose the nodes within a ring of a certain radius. Such

a choice will help to reduce the beamwidth, allowing a better connectivity among the

nodes and thus, helping to reduce energy consumption.

All the aforementioned approaches rely on the average properties of the radiation

pattern. Although very insightful these properties only hold asymptotically as the num-

ber of nodes becomes large. However, for a particular realization (node deployment),
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the radiation pattern is random and we loose control of the true directivity, beam di-

rection or sidelobe level. Besides, collaborative beamforming techniques usually ignore

the channel effects and only propagation losses (free-space) are considered as a matter

of signal attenuation. Such an assumption is too simplistic since the particular channel

characteristics could drastically change the shape of the radiation pattern. Addition-

ally, these collaborative beamforming schemes may result in very inefficient strategies

in terms of power consumption. Energy-efficiency is a major design issue in sensor

networks since wasting more power than required will cause fast battery depletion at

the nodes, shortening their time of activity, and increasing maintenance and operation

costs. In an attempt to reduce the energy consumption there have been proposed several

node selection strategies in the literature. For example, in (Chang et al., 2008) they

propose to group nodes that exhibit small phase differences among them. In principle, if

the phase differences among a subgroup of nodes is small, then their phases should add

constructively at the receiver end. For a particular period of time only one subgroup

of nodes will be active. The active group of nodes will be switching over time in order

to keep a balanced energy consumption among the nodes. Other selection mechanisms

try to control the interference into specific directions by reducing the sidelobe levels

(Ahmed & Vorobyov, 2009b, 2010). The collaborative beamformer is formed by joining

one node at a time until some Quality of Service (QoS) requirement is met. Feedback

messages are used to comply with the QoS and interference constraints. The main

limitation of these selection mechanisms comes at the time to coordinate the nodes

which requires some central unit to do it as well as efficient routing and scheduling

policies. A more sophisticated null-steering beamformer have been proposed in (Zarifi

et al., 2010) where it is shown that the asymptotically (as the number of nodes goes

to infinity) optimal beamformer can be computed in a distributed way by only using

local information at each node. However, if the number of nodes is not large enough

and given a particular realization, the radiation pattern is random and hence we may

be far from optimality.

As it was already mentioned, energy-efficiency is a major design issue in sensor net-

works. It becomes clear then that there is a need for finding distributed energy-efficient

algorithms for data reporting exploiting the advantages of collaborative beamforming.
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1.1 Objectives

Two main problems have been raised in the context sensor networks that we aim to

address in this thesis. One of them is related to the underlying application of the

sensor network, and to be more specific to the problem of target localization. The

second problem relates to the data reporting mechanism of the network by means of

collaborative beamforming strategies.

In the context of sensor networks, most of the existing localization methods that use

RSSI measurements lie at one extreme of the complexity-accuracy plot. It is therefore

necessary to find solutions to the problem that offer a good trade-off between com-

plexity and localization accuracy. It is also desirable that such approaches could be

implemented in a fully distributed way by allowing only local interactions as dictated

by the underlying communication graph.

For data reporting, collaborative beamforming appears to be a suitable alternative

to the use of sink nodes and their associated congestion and routing problems. However,

since nodes are battery-powered, the major design limitation in the context of sensor

networks is energy consumption. At the same time, a certain QoS requirement must be

met at the receiver side in order to allow reliable signal recovery. There has been little

attention to this issue in the context of collaborative beamforming which has lead to

very energy-inefficient solutions. There is a clear need to find distributed (collaborative)

beamforming strategies for data reporting under the premise of energy-efficiency. For

example, one could try to maximize the lifetime of the network (e.g., the time that it

can be operative without battery replacement) while, at the same time, guaranteeing

certain QoS at the receiver side.

1.2 Contributions

The main contributions of this work are associated with finding suitable formulations

and solutions for the problems under consideration. Besides the centralized solution

of the problems at hand, a significant amount of work has been invested in finding

distributed solutions to the problems as well. This latter objective has been achieved

by using distributed processing tools.

8



1.2 Contributions

As a consequence of the increasing interest in distributed systems and applications,

a new communication paradigm has emerged. This new paradigm has brought also new

problems into the picture that have challenged the research community. In particular,

it was necessary to account for the necessary tools for the analysis, development and

management of such distributed systems. As a result, a considerable amount of effort

has been devoted to find distributed algorithms over networked systems that are simple,

robust and scalable.

One of the most popular algorithms of that flavor is average consensus (DeGroot,

1974; Lynch, 1997; Olfati-Saber & Murray, 2004; Boyd, 2006) where the elements of

the network compute global averages from local measurements and 1-hop neighbor

interactions (provided that the network is connected). Although simple consensus

algorithms are tremendously powerful since, in many cases more general averages can

be computed from only local ones. For example, a distributed implementation of the

Kalman filter is possible by means of consensus (Olfati-Saber, 2007).

Putting together consensus algorithms with convex optimization theory (Censor &

Zenios, 1997; Bertsekas, D. P., 1982; Boyd & Vandenberghe, 2004) it is possible to de-

rive distributed consensus-based algorithms for solving general optimization problems

(Rabbat et al., 2005; Nedić & Ozdaglar, 2010; Boyd et al., 2011). If the problem has a

separable structure, general optimization problems can be solved by a two-step proce-

dure that alternates between solving local optimization problems (at each node) and a

second step that entails information exchange among neighboring nodes.

Equipped with these processing tools we face the problems of target localization and

energy-efficient beamforming in the context of sensor networks. We can summarize our

main contributions in the following points:

• Along the line of distributed processing methods we propose a distributed consensus-

based version of the well-known Gauss-Newton method. For a special class of

separable problems we show that the search direction of the algorithm can be

computed in a fully distributed way by only local, low-volumen information ex-

change. In order to do so we need that the Jacobian matrix of the cost function

exhibits a blockwise structure. This will allow its computation by means of sim-

ple average consensus over low-dimensional (local) Jacobian sub-matrices. The
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Gauss-Newton method has quadratic convergence properties and, therefore its

application is preferred whenever possible since it will speed up the optimiza-

tion process compared to gradient-descent methods. The method was initially

proposed for localization in sensor networks (Bejar et al., 2010; Dopico et al.,

2011).

• For the target localization problem using RSSI readings we propose to solve a sub-

optimal nonlinear least-squares problem that uses local distance estimates com-

puted at each node. Due to the non-convexity of the considered cost function,

semidefinite relaxation technique is used in order to solve the problem. The result-

ing relaxed problem is convex and, therefore can be solved efficiently. Conditions

under which the relaxed version and the original problem yield the same solution

are also provided. In order to make the proposed solution appealing for sensor

networks we derive a distributed algorithm based on augmented Lagrangian and

primal-dual decomposition methods. We also show by means of simulations that

a performance in the localization error close to that of the maximum likelihood

estimate can be achieved by performing an additional local search around the pre-

viously found solution using the distributed version of the Gauss-Newton method.

The proposed strategy offers a good trade-off between performance and complex-

ity since each node only needs to solve a low-dimensional optimization problem

and then exchange information with its neighbors using consensus. These results

can be found in (Bejar et al., 2011; Bejar & Zazo, 2012).

• Regarding data reporting using collaborative beamforming, our main contribu-

tions are as follows: We formulate the beamforming problem as a constrained

optimization problem where the metric to be optimized is the network’s lifetime.

The network’s lifetime is defined as the maximum time that the network can be

operative without violating the QoS constraint. As a QoS measure we use the re-

ceived signal to noise ratio (SNR) at the receiver side. We consider that the only

source of battery depletion at the nodes is due to the far-away communication

process with the base station. Under this assumption, a closed-form expression

for the optimal beamformer is derived and an iterative algorithm for its numeri-

cal computation is also given. Using only local information about battery status

and channel conditions, a distributed consensus-based version of the centralized
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algorithm is also provided. Further, a second alternative is also provided using

augmented Lagrangian methods and dual decomposition. In order to make our

results more general we consider the extension of the energy consumption model

by accounting for additional sources of energy consumption like data processing,

sensing, or local communications among nodes. This extra energy consumption

due to non-beamforming tasks is modeled as a random variable with a certain

distribution. The problem then switches to a probabilistic design that is shown

to generalize the original problem. Conditions under which the general problem

is convex (and hence easily solvable) are also provided. By optimizing the an-

tenna weights a significant improvement over standard collaborative beamforming

methods can be achieved as verified by the simulations. These ideas can be found

in (Bejar et al., 2012b) and (Bejar et al., 2012a).

1.3 Outline

In what follows we briefly discuss the organization of the thesis:

We start our discussion in Chapter 2 by first reviewing some fundamental concepts

about graphs, consensus and convex optimization theory that will be used throughout

the thesis. In this chapter we also present the distributed consensus-based version of

the Gauss-Newton method.

Chapter 3 focuses on the target localization problem in sensor networks using RSSI

readings. We approach the maximum likelihood problem by formulating a suboptimal

version based on local distance estimates at the nodes. A distributed implementation

of the proposed solution is also discussed that could be further refined by performing

a local search around the previous estimate using the Gauss-Newton method. The last

part of the chapter illustrates the application of the proposed strategy to a tracking

problem.

The problem of data reporting (communications) using collaborative beamforming

is treated in detail in Chapter 4. We move from theoretical aspects inherited from

centralized scenarios to actual distributed implementations of beamforming strategies.

We focus on the design of beamformers that minimize the energy consumption of the

network while satisfying a pre-specified QoS requirement. The problem is analyzed
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and solved using convex optimization tools. Different energy consumption models are

considered and presented in an increasing level of generality.

We finally close the thesis in Chapter 5 by summarizing the main conclusions and

discussing some possible lines of future research.

Notation

Vector-valued quantities are denoted using bold lower-case letters. The optimal value

of a variable x in an optimization problem is denoted by x?. The symbol Z denotes the

set of integers while C, R, and R+ denote the set of complex, real, and non-negative real

numbers, respectively. The symbols Sn and Sn+ refer to the set of n×n symmetric, and

symmetric and positive semi-definite matrices, respectively. For a scalar a, its complex-

conjugate is denoted by a∗. For vectors, xT denotes transposition while xH = (xT)∗

denotes complex-conjugate transposition. In an iterative procedure (e.g., within an

algorithm) the superscript (k) is used to denote the kth iteration of the algorithm while

brackets [k] are used to indicate time-dependence.
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2

OPTIMIZATION OVER

NETWORKED SYSTEMS

2.1 Introduction

In the past years there has been an increasing interest in networked systems for large-

scale data analysis and monitoring. Such systems are composed by a large number of

devices that can communicate and cooperate in order to achieve a common task or goal.

A new communication paradigm has emerged that is mainly based on the interaction

of smart nodes or agents that can take autonomous decisions without the supervision

of a centralized entity. The use of such systems offers an advantage over traditional

centralized ones in terms of cost, robustness and scalability. One clear example of

networked systems that have become very popular over the past years are Wireless

Sensor Networks (WSN). WSNs are composed by a large number of low-cost devices

(nodes) equipped with a variety of sensors like temperature, humidity, camera, motion,

etc. Such nodes have limited computational and power resources and their purpose is

to gather and retrieve information from the environment. WSNs must also be scalable

and robust against changes in the topology (i.e., node failure or addition of new nodes)

as well as energy efficient. These are the major design issues in WSNs that limits the

application of centralized approaches and make the development of simple and efficient

algorithms a challenging problem. As a consequence, there has been an effort to develop

the necessary tools for the analysis and design of such networks.

Average consensus algorithms (DeGroot, 1974; Borkar & Varaiya, 1982; Tsitsiklis &

13



OPTIMIZATION OVER NETWORKED SYSTEMS

Bertsekas, 1986; Olfati-Saber & Murray, 2004) have gained a lot of popularity in recent

years and have been widely used for the integration of the acquired information across

the network. Under mild connectivity conditions, average consensus algorithms can be

used for the computation of global averages from local estimates. One very successful

application of consensus algorithms is the distributed Kalman filter as proposed by

(Olfati-Saber, 2007).

The use of consensus algorithms have been further extended to deal with more gen-

eral cost functions. Using convex optimization concepts the work in (Rabbat et al.,

2005) proposes to use consensus in order to solve general averages involving strictly

convex functions. In (Li et al., 2010) a more general method is proposed that works

for convex (but not necessarily strictly convex) functions based on augmented La-

grangian (Bertsekas, D. P., 1982) and primal-dual decomposition methods (Boyd &

Vandenberghe, 2004). A closely related method is the Alternating Direction Method

of Multipliers (ADMM) recently reviewed in (Boyd et al., 2011) that can be applied

to a variety of problems in signal processing and statistics. The general procedure for

distributed consensus-based optimization consists of two main steps: In the first step

each node usually performs the optimization of a cost function that requires only local

information and therefore, this step is can be carried out independently by each node.

A second “consensus” step follows in order to update the local estimates by using some

additional information coming from nearby neighbors. This second step usually con-

sists of a gradient-like update rule of the optimization variable moving all nodes in the

network towards a common global estimate.

It is important to mention that convergence to the global optimum may be slow if

high accuracy is required (Boyd et al., 2011) due to the nested consensus loop within

the optimization process. However, in some situations the problem structure can be

exploited in order to solve it in a faster and efficient way.

In this chapter we review the basics behind distributed consensus-based optimiza-

tion that will be essential for the understanding of the distributed algorithms in Chap-

ters 4 and 3. We also propose a distributed consensus-based version of the well-known

Gauss-Newton procedure that can be applied to a special class of least-squares op-

timization problems over networked systems. For such class of problems the use of

the proposed distributed consensus-based Gauss-Newton method may be advantageous

since it benefits from the faster convergence properties of the Gauss-Newton method
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compared to gradient descent type algorithms (Boyd & Vandenberghe, 2004). The

proposed method has been successfully applied for localization in WSNs (Bejar et al.,

2010, 2011; Dopico et al., 2011).

2.2 Review of Average Consensus

In this section we review the standard average consensus algorithm, see (Olfati-Saber &

Murray, 2004; Ren et al., 2007; Nedić & Ozdaglar, 2010) for a comprehensive overview.

We first proceed by reviewing some basic concepts from Graph theory that will be used

to relate consensus algorithms with networked systems.

2.2.1 Preliminaries

A graph G = (V,E) is defined by an ordered set of vertices V and edges E. We say

that two vertices vi and vj are adjacent if there exist an edge eij that joins them.

For example, two vertices could correspond to two transceivers and the radio link

between them would be the corresponding edge. The order of a graph is the number of

vertices, usually denoted as ν(G) = |V | while its size is the number of edges, denoted

as ε(G) = |E|. Two vertices vi and vj are adjacent (denoted as vi ∼ vj) if they share

an edge.

Definition 1 (Walk). A walk over a graph G is a sequence of vertices vi, vj , vk . . . , vl

such that vi ∼ vj ∼ vk ∼ . . . ∼ vl.

Definition 2 (Path). A path between two vertices vi and vj is a walk where there are

no repeated edges.

A graph is said to be connected if for every pair of nodes vi and vj , i 6= j there exist

a path that joins them. The Emergency lemma is a useful result in graph theory that

states that if there exist a walk between two vertices vi, vj , i 6= j, then there exist a

path between them.

Definition 3 (Simple Graph). A simple graph G is a finite, undirected (same flow

on both directions) graph that has no loops (no edge starting and ending in the same

vertex) and no multiple edges between any pair of nodes (i.e., there can be at most one

edge between any two pair of nodes).
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In the discussion that follows we will consider only the case of simple connected

graphs. The interested reader about Graph Theory and related topics is referred to the

book (West, 2000) for further details.

For a given graph we can define several matrices that capture the structure and

some of the properties of the graph. One of such matrices is the Adjacency matrix that

captures whether or not a pair of vertices are adjacent. In order to simplify notation,

let M = ν(G) be the number of vertices of G. The Adjacency matrix A of G is an

M ×M symmetric matrix whose (i, j) entry is given by

[A]ij = aij =

{
1 vi ∼ vj , i 6= j
0 otherwise

(2.1)

with i, j = 1, . . . ,M .

The degree of vertex vi denoted as d(vi), is the number of vertices adjacent to vi

(i.e., the number of 1-hop neighbors). Another interesting matrix is what is called the

Degree matrix D of G which consists of a (square) diagonal matrix such that

[D]ij =

{
d(vi) i = j

0 otherwise
, (2.2)

for i, j = 1, . . . ,M . In words, the Degree matrix is a diagonal matrix whose elements

of the main diagonal correspond to the degrees of the vertices.

The Laplacian matrix L of G is a M ×M symmetric matrix with entries

[L]ij =


d(vi) i = j
−1 vi ∼ vj
0 otherwise

. (2.3)

for i, j = 1, . . . ,M . Alternatively, the Laplacian matrix can be expressed in a more

compact form as

L = D−A. (2.4)

Note that the Laplacian matrix is always singular since by construction, the vector of

all ones is an eigenvector with associated eigenvalue equal to 0, that is

L 1 = 0 (2.5)

1TL = 0T (2.6)

The Laplacian matrix is also positive semi-definite with eigenvalues (also known as the

spectra of the graph) that satisfy

0 = λ1 ≤ λ2 ≤ . . . λM . (2.7)

16



2.2 Review of Average Consensus

Of special interest is the second smallest eigenvalue of the Laplacian matrix also

known as the algebraic connectivity of the graph. It can be shown that a (simple)

graph is connected if and only if the second smallest eigenvalue of the Laplacian matrix

is positive. Intuitively, the second smallest eigenvalue of the Laplacian matrix gives

us a measure of how well the network is connected (i.e., the smaller λ2 the lower

the connectivity of the network). As a consequence its value is also related to the

convergence speed of the consensus algorithm (Xiao & Boyd, 2003; Boyd, 2006; Boyd

et al., 2006). A detailed survey about the spectra of graphs and its properties can be

found in (Mohar, 1991).

Example

Consider the (simple) graph represented in Figure 2.1 composed by 5 vertices and 5

edges. The corresponding Adjacency, Degree and Laplacian matrices are respectively,

given by

A =


0 1 0 0 0
1 0 1 1 0
0 1 0 1 0
0 1 1 0 1
0 0 0 1 0

 , D =


1 0 0 0 0
0 3 0 0 0
0 0 2 0 0
0 0 0 3 0
0 0 0 0 1

 , L =


1 −1 0 0 0
−1 3 −1 −1 0

0 −1 2 −1 0
0 −1 −1 3 −1
0 0 0 −1 1


and the Laplacian eigenvalues are 0 < 0.69 < 1.38 < 3.61 < 4.30.

2.2.2 Average Consensus

The use of average consensus algorithms has become very popular over the last years

(Olfati-Saber & Murray, 2004; Garin & Schenato, 2011) due to increasing interest in

distributed systems and the proliferation of WSNs as a particular example. There was

a need for the development of distributed algorithms and tools to handle computations

over networked systems. To that end consensus algorithms have appeared as a simple

and efficient method for distributed averaging over networked systems that can be used

as a basic tool for solving more general problems in a distributed fashion.

Consider a networked system like a WSN consisting of M sensors or nodes that

take measurements of a common parameter. Let the vector of measurements be

x = [x1, x2, . . . , xM ]T, (2.8)
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Figure 2.1: A simple graph - Illustration of a simple graph of order 5 (vertices) and

size 5 (edges)

where xm, m = 1, . . . ,M corresponds to the measurement taken by the mth node. The

goal in a consensus problem is to cooperatively minimize the disagreement function

defined as

J(x) =
1

2

M∑
i=1

M∑
j=1

aij(xi − xj)2 =
M∑
i=1

M∑
j=1

aij(xi − xj)2, (2.9)

where the second equality holds by the symmetry of A (aij = aji). By further devel-

oping the squares in (2.9) it can be shown that

J(x) = xTLx. (2.10)

Thus, the objective is to minimize a convex quadratic function (since L is positive semi-

definite). For that purpose, each node updates its measurement by using a gradient-like

update rule of the form

x
(k+1)
i = x

(k)
i − h

M∑
j=1

aij

(
x

(k)
i − x

(k)
j

)
= x

(k)
i − h

∑
j∈Ni

(
x

(k)
i − x

(k)
j

)
, (2.11)

where h is the step-size and Ni is the set of neighbors of node i. Putting all variables
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together we have that

x(k+1) = x(k) − h


∑M

j=1 a1j

(
x

(k)
1 − x

(k)
j

)
...∑M

j=1 aMj

(
x

(k)
M − x

(k)
j

)
 = (I− hL) x(k). (2.12)

Hence, we have that after k iterations the variables are given by

x(k) = (I− hL) x(0) = Wkx(0), (2.13)

where x(0) are the initial measurements taken by the sensors.

In order to ensure that the system converges (i.e., to be stable) it is necessary that

the eigenvalues of W have a magnitude less than 1. From the definition of W we can

easily relate its eigenvalues to those of the Laplacian matrix L. Let denote λi the ith

eigenvalue of L (sorted in increasing order). Then the ith eigenvalue λ′i of W is given

by

λ′i = 1− hλi. (2.14)

Since L is positive semi-definite and always have an eigenvalue equal to 0, then the

largest eigenvalue of W is then

λmax(W) = 1− hλmin(L) = 1, (2.15)

with corresponding eigenvector u1 = 1√
M

1. Similarly, the minimum eigenvalue of W

is given by

λmin(W) = 1− hλmax(L). (2.16)

Therefore, for the system to be stable we require the step-size h to be chosen such that

h <
1

λmax(L)
, (2.17)

which is equivalent to say that W must also be positive semi-definite. Note that with

such a choice of the step-size h, all eigenvalues of W other than the maximum (2.15) are

positive and strictly smaller than 1. Let W = U∆UT be the eigenvalue decomposition

of W such that

W = U∆UT = U


1 0 . . . 0

0 λ′2 . . .
...

...
. . .

0 . . . λ′M

UT. (2.18)
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OPTIMIZATION OVER NETWORKED SYSTEMS

We can now rewrite (2.13) as

x(k) = Wkx(0) = U∆kUTx(0). (2.19)

Note that in the limit (k →∞) all eigenvalues of Wk vanish but the first one

lim
k→∞

∆k =


1 0 . . . 0

0 0 . . .
...

...
. . .

0 . . . 0

 . (2.20)

Thus, in the steady-state we have that

lim
k→∞

x(k) = U lim
k→∞

∆kUTx(0) = u1u
T
1 x(0) =

(
1

M

M∑
m=1

x(0)
m

)
1. (2.21)

Therefore, all nodes converge to the same value which corresponds to the average of

the initial set of measurements.

In the above discussion we have exposed a possible way of choosing the weighting

matrix for the local averaging in the consensus step. However, there are other choices

of the weighting matrix W that could be more interesting to explore since the selection

of W will have an impact in the speed of convergence of the consensus algorithm. In

the more general case we want an update of the local averages of the form

x(k+1) = Wx(k) (2.22)

where W must satisfy

lim
k→∞

Wk =
1

M
11T (2.23)

As shown in (Xiao & Boyd, 2003) there exist necessary and sufficient conditions for

(2.23) to hold. The first one is that W is a doubly-stochastic matrix which means that

both its rows and its columns add up to one, that is

W1 = 1 (2.24)

1TW = 1 (2.25)

The second necessary and sufficient condition is that

ρ

(
W − 1

M
11T

)
< 1 (2.26)
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where, for a matrix A, ρ(A) denotes its spectral radius

ρ(A) = max
i

(|λi(A)|) (2.27)

Note that for the previous case of W = I − hL, the resulting matrix W is doubly-

stochastic since W1 = I1− hL1 = 1 and 1TW = 1. The second constraint is satisfied

if condition (2.17) holds. Thus

ρ(W) = max
i

(∣∣∣∣λi(W − 1

M
11T

)∣∣∣∣) (2.28)

2.3 Duality theory

In this section we introduce some of the basic concepts of duality theory for convex

optimization. For a more complete explanation the reader is referred to (Boyd & Van-

denberghe, 2004; Bertsekas & Tsitsiklis, 1989).

Consider an optimization problem (primal problem) in standard form (Boyd &

Vandenberghe, 2004) as

minimize
x

f(x)

subject to fi(x) ≤ 0, i = 1, . . . ,m
hi(x) = 0, i = 1, . . . , p

(2.29)

with x ∈ Rn being the optimization variable, and where f : Rn 7→ R is the objective

function, fi : Rn 7→ R define m inequality constraints, and the functions hi : Rn 7→ R
define p equality constraints. The domain of the problem is D ⊆ Rn and corresponds

to the intersection of the domains of both the objective and constraint functions. Let

x? be the optimal solution of problem (2.29) and f(x?) its optimal value.

The Lagrangian

The Lagrangian is defined as

L(x,λ,µ) = f(x) +

m∑
i=1

λifi(x) +

p∑
i=1

µihi(x) (2.30)

where λ = [λ1, . . . , λm]T is the vector of Lagrange multipliers associated with the

constraints fi(x) ≤ 0, and µ = [µ1, . . . , µp]
T is the vector of Lagrange multipliers

associated with the equality constraints hi(x) = 0.
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OPTIMIZATION OVER NETWORKED SYSTEMS

The Lagrange dual function is defined as the infimum of the Lagrangian over the

domain D, that is

g(λ,µ) = inf
x∈D

L(x,λ,µ). (2.31)

Note that for any λi ≥ 0, i = 1, . . . ,m and any µ ∈ Rm the dual function g(λ,µ) is

a lower bound of the objective f(x) for any x ∈ D. In particular, at the optimum x?

(assuming that the problem is feasible) we have that

g(λ,µ) ≤ f(x?). (2.32)

The Dual Problem

It is important to mention that the dual function g(λ,µ) is always concave since it is

the infimum of a family of affine functions of λ and µ. This property holds for any cost

and constraint functions regardless whether they are convex or not. Based on (2.32)

we could try to find the tightest lower bound by maximizing g(λ,µ) over λ ∈ Rm+ and

µ ∈ Rp. This is precisely the dual problem of (2.29) and is given by

maximize
λ,µ

g(λ,µ)

subject to λ � 0
(2.33)

where � denotes element-wise inequality. The dual problem (2.33) is always convex

(i.e., is the maximization of concave function with linear constraints) regardless whether

the primal problem is convex or not. Recall that the dual function is a lower bound of

the primal function for any feasible point (2.32) and so it is for the optimal λ? and µ?

that solve problem (2.33). More specifically,

g(λ?,µ?) ≤ f(x?). (2.34)

This result is known as weak duality and the difference between both values

f(x?)− g(λ?,µ?) (2.35)

is known as the duality gap. As a consequence, the dual problem can always be used

to find lower bounds on the primal objective. However, if the duality gap is zero, i.e.,

g(λ?,µ?) = f(x?), then this is called strong duality, meaning that the primal and dual

problems yield the same optimal value. If the primal problem is convex, that is if both

f(x) and fi(x), i = 1, . . . ,m are convex and hi(x) = aT
i x − bi are affine (and hence
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2.3 Duality theory

convex) for i = 1, . . . , p, then under some conditions (called constraint qualifications)

strong duality holds.

A simple condition for strong duality to hold is Slater’s constraint qualification that

states that for a convex problem of the form

minimize
x

f(x)

subject to fi(x) ≤ 0, i = 1, . . . ,m
Ax = b

(2.36)

strong duality holds if the problem is strictly feasible (i.e., there exist at least one point

in the relative interior of D that satisfies all constraints).

If strong duality holds, we have by (2.34) the following set of relations

f(x?) = g(λ?,µ?) = inf
x
L(x,λ,µ)

= inf
x
f(x) +

m∑
i=1

λ?i fi(x) +

p∑
i=1

µ?ihi(x)

≤ f(x?) +
m∑
i=1

λ?i fi(x
?) +

p∑
i=1

µ?ihi(x
?)

≤ f(x?)

(2.37)

Since the last inequality must hold with equality we have the following implications:

• x? is a minimizer of L(x,λ?,µ?) and, therefore its derivative must equal zero at

that point.

• Since λ?i ≥ 0 and fi(x
?) ≤ 0 then the only way that the sum

∑m
i=1 λ

?
i fi(x

?) = 0

is that

λ?i fi(x
?) = 0 (2.38)

for all i = 1, . . . ,m.

Equation (2.38) is called complementary slackness condition since for all i = 1, . . . ,m

it implies that

λ?i > 0 =⇒ fi(x
?) = 0 (2.39)

fi(x
?) < 0 =⇒ λ?i = 0 (2.40)
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Karush-Kuhn-Tucker Conditions

If we put all constraints together we have a set of optimality conditions for differentiable

functions called the Karush-Kuhn-Tucker (KKT) conditions:

• Primal feasibility

fi(x
?) ≤ 0, i = 1, . . . ,m

hi(x
?) = 0, i = 1, . . . , p

• Dual feasibility: λ? � 0

• Complementary slackness: λ?i fi(x
?) = 0, for i = 1, . . . ,m.

• Zero gradient of the Lagrangian with respect to x

∇xf(x) +
m∑
i=1

λi∇xfi(x) +

p∑
i=1

µi∇xhi(x) = 0. (2.41)

If strong duality holds KKT conditions are not only necessary but also sufficient

conditions for convex problems.

2.4 Consensus Optimization over Networked Systems

In average consensus the cost function to be minimized is a quadratic function given by

(2.9). However, consensus algorithms can be generalized to deal with more general cost

functions (Bertsekas, D. P., 1982; Tsitsiklis & Bertsekas, 1986; Cortés, 2008). In this

section we review the basic principles behind distributed optimization over networked

systems via consensus (Rabbat et al., 2005; Li et al., 2010; Boyd et al., 2011). We

also propose a distributed version of the well-known Gauss-Newton method based on

consensus that can be used for solving a specific family of least-squares problems.

2.4.1 Dual Ascent

Consider an equality-constrained convex optimization problem of the form

minimize
x

f (x)

subject to Ax = b
(2.42)
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2.4 Consensus Optimization over Networked Systems

with optimization variable x ∈ Rn, and where A ∈ Rm×n and b ∈ Rm. The Lagrangian

is then given by

L(x,µ) = f(x) + µT(Ax− b) . (2.43)

The dual function g(µ) is the infimum over x of the Lagrangian, i.e., g(µ) = inf
x
L(x,µ)

and the dual problem is given by the following unconstrained optimization problem

maximize
µ

g(µ) (2.44)

If the duality gap is zero (i.e., strong duality holds) the primal and dual problems

provide the same optimal value

g(µ?) = L(x?,µ?) = f(x?) . (2.45)

Therefore, we can get an optimal primal point x? as

x? = arg min
x

L(x,µ?) , (2.46)

where µ? is a dual-optimal point. The dual ascent method solves the dual problem by

alternating between the following two updates:

x(k+1) = arg min
x

L(x,µ(k)) (2.47)

µ(k+1) = µ(k) + α (Ax(k+1) − b) (2.48)

where Equation (2.54) corresponds to a gradient update of the Lagrange multipliers µ

with step size α > 0.

2.4.2 Dual Decomposition

When the objective function is of the form

f(x) =
M∑
m=1

fm(xm) , (2.49)

with xT =
[
xT

1 , . . . ,x
T
M

]
and when A and b can be expressed as

A = [A1, . . . ,AM ] (2.50)

bT =
[
bT

1 , . . . ,b
T
M

]
(2.51)
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the problem is said to be separable. In this case the Lagrangian can be expressed as

the sum of M sub-Lagrangians as

L(x,µ) =
M∑
m=1

fm(xm) + µT(Amxm − bm) =
M∑
m=1

Lm(xm,µ) . (2.52)

Then, the optimization of the dual function can be decomposed as M subproblems

for the optimization of xm that can be carried out independently at each node, and a

master problem that updates the Lagrange multipliers. The dual ascent method gets

the name of dual decomposition and iterates between the updates:

x(k+1)
m = arg min

xm
Lm(x,µ(k)) , m = 1, . . . ,M (2.53)

µ(k+1) = µ(k) + α (Ax(k+1) − b) (2.54)

2.4.3 A Primal-dual Approach to Consensus Optimization

Consider a networked system of M nodes with underlying graph G = (V,E). We are

interested in solving a convex optimization problem of the form

minimize
x

M∑
m=1

fm (x) , (2.55)

where the functions fm : Rn 7→ R are convex in the (global) vector variable x. Assume

that the underlying graph G is connected. Consider the introduction of a variable

xm ∈ Rn at each node. Then the problem (2.55) can be rewritten as

minimize
x

M∑
m=1

fm (xm)

subject to xi = x, i = 1, . . . ,M,

(2.56)

which still depends on the global variable x. However, as suggested in (Rabbat et al.,

2005), the above problem is equivalent to the following optimization problem

minimize
x

M∑
m=1

fm (xm)

subject to xi = xj , j ∈ Ni, i = 1, . . . ,M,

(2.57)

provided that the graph is connected. The consensus constraints xi = xj , i ∈ V ,j ∈ Ni

ensure that the optimal solution of problem (2.55) coincides with that of (2.57), i.e.,

x?1 = x?2 = . . . = x?M = x?. (2.58)
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2.4 Consensus Optimization over Networked Systems

The Lagrangian of (2.57) is then given by

L(x, {λij}) =
M∑
m=1

fm (xm) +
M∑
m=1

∑
j∈Nm

λT
mj(xm − xj), (2.59)

where λij , i, j ∈ V are the Lagrange multipliers. The Lagrangian in (2.59) can be

rewritten as the sum of M sub-Lagrangians each one depending on one variable xm:

L({xm}, {λij}) =
M∑
m=1

fm (xm) +
M∑
m=1

∑
j∈Nm

(λmj − λjm)Txm =
M∑
m=1

Lm(xm, {λij}).

(2.60)

Then the dual problem of (2.57) is the following maximization problem

maximize
{λij}

inf
{xm}

M∑
m=1

Lm(xm, {λij}) = maximize
{λij}

M∑
m=1

inf
xm

Lm(xm, {λij}). (2.61)

Note that given the multipliers {λij}, i, j ∈ V , each node can perform the inner mini-

mization independently. Hence, the problem can be divided into M separate problems

coordinated by a master problem that updates the Lagrange multipliers. In particular if

the functions fm(·) are strictly convex then the minimization of (2.55) can be performed

by alternating the following two updates (Rabbat et al., 2005; Li et al., 2010):

x(k+1)
m = arg min

x
fm(x) + xTφ(k)

m (2.62)

φ(k+1)
m = φ(k)

m + δ
∑
j∈Nm

(x(k+1)
m − x

(k+1)
j ) (2.63)

where φ
(0)
m = 0 are a local variables at each node and δ is the step-size for the updates.

The procedure is as follows: Each node computes the inner minimization in (2.62) and

then broadcasts the obtained value to its neighbors. Once received the information

coming from the neighbors, each node updates its multipliers as per (2.63).

Augmented Lagrangian Approach

The update equations in (2.62) and (2.63) are valid for the case of strictly convex

functions. For the general case of convex but not necessarily strictly convex functions,

the authors in (Li et al., 2010) propose to use a penalized version of the Lagrangian,

namely the augmented Lagrangian method (Bertsekas, D. P., 1982). The method relies
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on the addition of a quadratic penalty to the cost function so that the problem becomes:

minimize
x

M∑
m=1

fm (xm) +
c

2

M∑
m=1

∑
j∈Nm

‖xm − xj‖2

subject to xi = xj , j ∈ Ni, i = 1, . . . ,M,

(2.64)

where c is a parameter. Note that both problems (2.57) and (2.64) have the same

solution since for every feasible point the quadratic term in (2.64) is zero. Therefore

both problems are equivalent since they have the same optimal solution. Following the

same steps as before it is possible to build the (augmented) Lagrangian and find an

update rule that can be performed independently at each node with the exchange of

only local estimates. The introduction of the quadratic penalty makes the cost function

strictly convex and it can be shown (Li et al., 2010) that the penalized problem (2.64)

can be minimized by alternating between the following two update rules:

x(k+1)
m = arg min

x
fm(x) + xTφ(k)

m + c
∑
j∈Nm

(x− 1

2
(x(k)
m + x

(k)
j ))2 (2.65)

φ(k+1)
m = φ(k)

m + c
∑
j∈Nm

(x(k+1)
m − x

(k+1)
j ), (2.66)

where, as before, φ
(0)
m = 0, for all m ∈ V . Augmented Lagrangian approaches offer

an advantage over traditional methods based on primal-dual decompositions since they

can result in a significant improvement in the speed of convergence by an appropriate

choice of the parameter c (Bertsekas, D. P., 1982). However there is no rule for choosing

c and its value has to be chosen in an ad-hoc way. Also, c can be a sequence of values

as long as they are non-decreasing (Bertsekas, D. P., 1982). For a detailed treatment

of augmented Lagrangian methods and its properties the interested reader is referred

to (Bertsekas, D. P., 1982).

There are also other alternatives that have been proposed in the literature for dis-

tributed optimization using consensus algorithms. For example the work in (Johansson

et al., 2008) proposes to use consensus iterations among the individual variables at

the nodes before projecting them into the feasible set. The authors establish bounds

and conditions on the number of consensus iterations under which the proposed ap-

proach converges to the optimal solution. Another more general approach that dates

back to the 60’s and that has attracted the attention of the researchers over the past

years is the Alternating Direction Method of Multipliers (ADMM). The method relies

28



2.4 Consensus Optimization over Networked Systems

on similar principles as those exposed in the augmented Lagrangian approach and has

been recently reviewed in (Boyd et al., 2011) showing its applications many interesting

problems in the fields of statistics and signal processing.

2.4.4 Distributed Consensus-based Gauss-Newton Method

In this section we propose a distributed version of the Gauss-Newton method based

on consensus. The method can be used as an alternative to the approaches presented

in Section 2.4 for a family of least-squares problems. Since it is directly based on

the Gauss-Newton, its convergence speed is expected to be faster than the previously

discussed approaches. The method has been applied for localization and tracking ap-

plications in WSN (Bejar et al., 2010, 2011; Dopico et al., 2011) and will be used later

in Chapter 3.

A Family of Least-Squares Problems

Consider again the minimization problem (2.55) but also assume that the cost functions

fm(x) are non-negative and differentiable for all x.

Due to the non-negativity assumption we can use a tricky representation to rewrite

(2.55) in the form of a least-squares problem. To that end, let define the vector-valued

cost function f : Rn 7→ RM as

f (x) =
[
f̃1(x), f̃2(x), . . . , f̃M (x)

]T
, (2.67)

where f̃m(x) =
√
fm(x) for m = 1, . . . ,M . Note that the square root can be computed

since we are assuming non-negativity. We can then rewrite (2.55) as the following

(possibly non-linear) least-squares optimization problem

minimize
x

‖f(x)‖2 , (2.68)

where ‖·‖ denotes Euclidean vector norm.

If the involved functions fm(x) are convex, then problem (2.68) is convex and the

global minimizer can be found using an iterative descent algorithm like the Gauss-

Newton method (Madsen et al., 2004; Boyd & Vandenberghe, 2004). If however, the

problem is not convex the descent algorithm can only be guaranteed to converge to a

local optima.
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The Gauss-Newton Algorithm

For the class of problems under consideration (i.e., problems of the form of (2.55) that

can be cast into a least-squares form as in (2.68)), it is possible to find the global min-

imizer in a distributed way by means of consensus. In this section we first review the

general Gauss-Newton iterative procedure for least-squares problems and then present a

consensus-based variant that computes the solution of the problem in a distributed way.

The standard (centralized) Gauss-Newton procedure is given in Algorithm 1 where

Algorithm 1 Gauss-Newton method

1: x(0) ← x0 k = 0 {Initialization}

2: while !found & k < kmax do

3: h← −
(
J(k)TJ(k)

)−1
J(k)Tf(x(k)) {Descent direction}

4: if @ h then

5: found = true

6: end if

7: x(k+1) ← x(k) + εh {Update}
8: k ← k + 1

9: end while

the superscript (k) denotes the iteration number, h represents the descent direction (i.e.

direction that reduces the value of the cost function), ε is the step size and J(k) = J(x(k))

with J(x) ∈ RM×n representing the Jacobian matrix of f(x) whose entries are given by

[J(x)]ij =
∂f̃i
∂xj

(x) , i = 1, . . . ,M , j = 1, . . . , n , (2.69)

where x = [x1, . . . , xn]T. Due to the block-wise structure of f(x) the Jacobian matrix

also exhibits such a structure as

J(x) =

 J1(x)
...

JM (x)

 (2.70)

with Jm(x) =
[
∂f̃m
∂x1

(x), . . . , ∂f̃m∂xn
(x)
]
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Keeping in mind the block-wise structure of matrix J(x) it is easy to realize that

J(x)TJ(x) =
∑
m

Jm(x)TJm(x) (2.71)

J(x)Tf(x) =
∑
m

Jm(x)Tf̃m(x) (2.72)

and therefore, the above quantities can be computed in a distributed fashion by means

of average consensus (Olfati-Saber & Murray, 2004). Once we have computed the

products (2.71) and (2.72), it is straightforward to compute the descent search direction

h.

Based on these observations we propose here a fully distributed algorithm, shown as

Algorithm 2, which asymptotically approaches the same result as in the centralized case

using only local information and the exchange of low-volume intermediate results within

each node’s 1-hop neighborhood. We immediately note that the steps 3-5 and 10-11 can

Algorithm 2 Distributed Consensus-based Gauss-Newton

1: x̂(0) ← same initial value ∀ m ∈M

2: for k = 0 to K − 1 do

3: Compute J
(k)
m and f̃m(x(k))

4: ∆
(k)
m ← J

(k)T
m J

(k)
m

5: γ
(k)
m ← J

(k)T
m f̃m(x̂(k))

6: begin consensus

7: ∆
(k)
∗ ← 1

M

∑M
m=1 ∆

(k)
m = 1

M J(k)TJ(k)

8: γ
(k)
∗ ← 1

M

∑M
m=1 γ

(k)
m = 1

M J(k)Tf̃m(x̂(k))

9: end consensus

10: h(k) ←∆
(k)
∗
−1

γ
(k)
∗ =

(
J(k)TJ(k)

)−1
J(k)Tf(x̂(k))

11: x̂(k+1) ← x̂(k) + εh(k)

12: end for

all be performed locally by each node. The only communication occurs in the steps 7

and 8 via standard average consensus algorithms (Olfati-Saber & Murray, 2004). If the

consensus step is accurate enough then both algorithms are virtually the same.
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Example of Application

In this subsection we illustrate the use of the distributed Gauss-Newton method for

optimization over networked system by a toy example of a two-class classification prob-

lem.

For the particular example shown here, it happens that there is a closed form so-

lution for the computation of the local Jacobian matrices. However, it is important

to mention that such situation need not to be the case since the computation of the

Jacobian could be carried out numerically as well.

Consider a binary classification problem with labels ym ∈ {+1,−1} and feature

vectors xm ∈ Rn, m = 1, . . . ,M . The goal is to find a linear classifier that best

separates the data for some loss function. The problem can be then written as the

following optimization problem

minimize
w,b

‖w‖2 + 1
M

∑M
m=1 `(ym(wTxm + b)) , (2.73)

where w ∈ Rn is the normal to the separating hyperplane, b ∈ R is the offset of the

hyperplane, and the loss function `(·) penalizes the misclassification of the samples.

Let zT = [wT, b] be the optimization variable and `(·) be the exponential loss, i.e.,

`(µ) = e−µ. Then, it is easy to see that the computation of J
(k)
m and f̃m(z(k)) in step 3

of Algorithm 2 is locally carried out at each node as:

f̃m(ẑ(k)) =
1√
M

(
(ẑ(k))TDẑ(k) + e−x̃T

mẑ(k)
)1/2

(2.74)

J(k)
m = C

[
2 ẑ

(k)
1 − ym xm,1 e−x̃T

mẑ(k) ,

2 ẑ
(k)
2 − ym xm,2 e−x̃T

mẑ(k) , . . . ,−yme−x̃T
mẑ(k)

] (2.75)

where C = (2f̃m(ẑ(k)))−1, D = diag (1, . . . , 1, 0), x̃T
m = ym[xT

m, 1], and where ẑ
(k)
i and

xm,i refer to the i-th element of the vectors ẑ(k) and xm, respectively.

Consider a toy example (that allows its visualization) where the dimension of the

feature vectors is two (n = 2). The feature vectors of class 1 and 2 are generated

from a Gaussian distribution with covariance Σ = (0.8)2I and mean µT
1 = [−1,−1]

and µT
2 = [1, 1], respectively. We have generated a connected random network of 100
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nodes (50 per class) with average degree of 5. In Figure 2.2 we have represented the

performance of the distributed Gauss-Newton procedure in Algorithm 2. The dashed

lines represent the intermediate estimates at the nodes while the continuous (thick) line

represents the final estimate. As it can be appreciated the network converges to the

global solution in a few iterations.
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Figure 2.2: Two-class classification problem - The figure illustrates the successive

estimates of the separation boundary for the two-class classification problem considered.

Dashed lines represent intermediate estimates while the solid line is the final estimate.

2.5 Chapter summary

In this chapter we have reviewed the basic concepts of average consensus and consensus

optimization over networked systems. We have also proposed a distributed version

of the Gauss-Newton method that can be applied for a special class of least-squares

problems. This chapter provides the basis for some of the algorithms developed in

Chapters 3 and 4.
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3

DISTRIBUTED OUTDOORS

TARGET LOCALIZATION

3.1 Introduction

The deployment of a large number of scattered sensors in a certain area constitutes a

very powerful tool for sensing and retrieving information from the environment (e.g.,

temperature, humidity, motion). The main features of wireless sensor networks are

that of a large number of low-cost nodes with limited computational and power re-

sources. WSNs must also be scalable and robust against changes in topology (i.e.,

node failure or addition of new nodes), as well as energy efficient. These are the major

design issues in WSNs that make the development of simple and efficient algorithms

a challenging problem. These limitations also make centralized approaches not very

suitable for being used in WSNs. Localization is a key task (often mandatory) in many

applications (Sayed et al., 2005) and therefore, distributed localization algorithms are

of high practical importance.

In this chapter we look at the target localization problem in the context of wireless

sensor networks. We assume that a number of sensors have been deployed over a certain

area and that those nodes try to localize a target within the network.

Global Positioning System (GPS) is one of the most famous localization technolo-

gies that provide accurate positioning results provided that the target has, at least,

direct visibility from four satellites. In the context of WSN, however, the incorporation
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of a GPS receiver induces a considerable cost increase and, therefore its application

to a WSN scenario is limited. There exist in the literature other positioning methods

that are more suitable for WSN. Desirable properties of a localization algorithm in

WSN are those of self-organization (i.e., do not depend on a global infrastructure),

scalable and robust (i.e., node failure, node join / leave) and energy efficient both in

terms of computational cost and communication. One of such algorithms is Ad-hoc

positioning (Niculescu & Nath, 2001) where the distances between anchors and nodes

are first resolved considering Euclidean geometry properties and having into account

the co-linearity of the nodes. Then the position estimate is obtained by multilatera-

tion. Multilateration basically consists of solving for the unknown target position by

triangulation based on distance estimates. However, due to the presence of noise in

the estimates there is not a unique intersection of the triangulation among different

triplets of nodes. The problem is then solved in a least-squares fashion and gets the

name of multilateration, instead. In (Savarese et al., 2002) an alternative procedure is

proposed. Distances are obtained based only on connectivity properties of the network

using DV-hop (Savarese et al., 2002). This algorithm searches for the minimum num-

ber of hops from the anchors to the edges of the network and compute the distance to

the anchors based on the number of hops and the range for communication. Then the

position of the nodes is obtained as in (Niculescu & Nath, 2001) by multilateration. A

significant difference is that an additional refinement procedure is applied in order to

get the final position estimate. In (Savvides et al., 2002) node to anchor distances are

determined by adding ranges and the position estimate is obtained using a nonlinear

technique called minmax. It basically constructs a bounding box around the anchor

where the node should lie and then obtains the intersection among regions of all an-

chors. The position estimate is obtained as the mass center of the resulting region. An

iterative refinement process is then applied in order to obtain the final estimate. None

of the aforementioned approaches is better for all the situations as reported in (Lan-

gendoen & Reijers, 2003) where a quantitative comparison is performed for different

scenarios. Multilateration is a common used technique to determine the position of a

node however, there exist other approaches as in (Ramesh & Soman, 2009) where they

use Cayley-Menger determinants so that the measured distances meet all the Euclidean

geometric properties. By using a quadratic solver a position estimate of the node can

be obtained.
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There exist different measurement sources that can be fused in order to get an es-

timate of the target’s position (or distance to the target) (Sayed et al., 2005; Patwari

et al., 2005), like time-of-arrival (TOA), time-difference of arrival (TDOA), angle of

arrival (AOA) or received signal strength indicator (RSSI). In general, methods based

on time-differences provide more accurate estimates than methods based on RSSI or

AOA at the expense of tighter synchronization requirements. In the context of WSNs,

we will focus on single antenna nodes without tight synchronization abilities, which

leads us to the use of RSSI measurements for the localization task. One of the main

challenges when using RSSI measurements is that the mapping between the measure-

ment and target’s position is nonlinear and hence, finding a suitable solution becomes

more challenging. In (Awad et al., 2007) it is presented a study of the influence of the

different configuration parameters (i.e., transmission power, antenna orientation and

carrier frequency) on the RSSI values. They propose a mapping between RSSI and dis-

tance based on building an artificial neural network. A localization algorithm for park

lighting control and child location tracking is presented in (Chen et al., 2009b) that

uses a piecewise linear mapping between RSSI and distance and minmax algorithm for

position estimate. The use of a piecewise linear mapping and discarding untrustable

RSSI readings can reduce localization error.

Some other approaches to deal with non-linearities are based on particle filter-

ing principles (Arulampalam et al., 2002). In the context of WSN particle filtering

approaches have also been proposed for localization and tracking using RSSI measure-

ments in WSNs and robotics (Zàruba et al., 2007; Tai & Bo, 2009; Wu et al., 2008;

Ren & Meng, 2009; Aounallah et al., 2009). In (Ren & Meng, 2009) they introduce a

tracking particle filter that takes into account the fact that no static power need to be

used in WSN as power adaptation can improve the energy efficiency of the system. In

(Aounallah et al., 2009) they propose a tracking particle filter based on the sing of inno-

vations that requires only one bit of information exchange. In general, particle filtering

approaches have shown very good performance when dealing with RSSI measurements

but they are centralized and suffer from a high computational cost and hence, their

applicability in a real scenario is questionable.

A recent approach based on convex optimization concepts has been proposed in

(Lui et al., 2009; Luo et al., 2010) for the node localization problem. In (Lui et al.,

2009) a semidefinite relaxation approach is used to cast the localization problem into a
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semidefinite program (SDP) that can be solved efficiently via interior point methods, see

(Boyd & Vandenberghe, 2004) and references therein. The obtained position estimate

through SDP is then further refined via an iterative algorithm. Although the proposed

method provide near optimal results (i.e., close to the Cramer–Rao bound) they are

centralized so their application to WSN may be limited. Another limitation is that in

both approaches they use TOA measurements and therefore, their extension to deal

with RSSI readings may not yield to optimal results either.

The problem of source localization using energy measurements has also been treated

in (Blatt & Hero, Sept. 2006), where a distributed algorithm based on projections

onto convex sets is presented. The algorithm is shown to asymptotically approach the

maximum likelihood (ML) estimate as the number of nodes increases when the target

lies in the convex hull defined by the node’s coordinates. In (Shi & He, 2008), an

alternative approach is presented that can handle variations in the path-loss exponent.

However, in both approaches no restrictions are imposed in the communication among

nodes. In real applications this will cause fast battery depletion if far away nodes are to

communicate. Further, in both approaches the estimation is performed only by a subset

of nodes that are selected according to their received signal to noise ratio. The main

drawback is that such subset must be known to every node in the network. In a real

scenario, the required signaling and routing overhead necessary for node coordination

may limit their application.

In this chapter, we describe a distributed algorithm for localization in WSN’s that

fuses RSSI measurements (Bejar et al., 2010; Bejar & Zazo, 2012). We approach the ML

estimation problem by solving a simplified and more tractable problem which allows

the use of the convex optimization tools presented in Chapter 2 for its distributed

solution. The developed approach offers an advantage over centralized approaches as

it is scalable, robust against changes in network’s topology and requires only local

communication among neighboring nodes. These are key properties very desirable in

the context of WSN’s.

The last part of the chapter discusses the extension of the distributed localization

approach to a tracking scenario (Bejar et al., 2011).

The chapter is organized as follows: Section 3.2 introduces the localization prob-

lem and the underlying propagation model. In Section 3.3, we present the localization

approach based on RSSI readings and its distributed implementation is presented in
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Section 3.4. Section 3.4.4 presents a local optimization step for further estimate re-

finement based on the consensus Gaus-Newton approach. Simulations are provided in

Section 3.6, while a chapter summary and some concluding remarks are given in Section

3.7.

3.2 Target Localization Problem

Consider a wireless sensor network, as the one depicted in Figure 3.1, consisting of

M nodes randomly deployed on a certain area (in the same x-y plane). Nodes are

static and able to communicate with adjacent nodes that lie within a given range for

communications. Nodes are aware of their own location but not aware of the location

of any other element in the network. Assume the presence of a target node that emits

beacon frames that can be heard by all nodes in the network. The goal is to determine

the location of the target node in the x-y plane.
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Figure 3.1: Wireless sensor network - This figure is a representation of the network

used for the simulations. Blue circles represent the nodes and the link between them

indicates that those nodes can communicate. The target is represented as a red square.

For getting estimates of the target position, nodes employ RSSI measurements. The
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use of RSSI readings is of practical convenience when working with real hardware as

they do not need tight synchronization requirements. We assume that the RSSI follows

a linear relationship with the received power (we assume they are equal). Let denote

rm as the received power at node m. A common assumption, see (Patwari et al., 2005)

and references therein, is that the received power follows a lognormal distribution with

a distance-dependent mean as

rm = pm − 10αm log10

(
dm
d0

)
+ nm, (3.1)

where pm is the received power (in dB) at reference distance d0, αm is the path-

loss exponent, dm is the true distance between the target and the mth node and nm

represents the measurement noise. The noise is assumed to be Gaussian of zero mean

and variance σ2
m, that is nm ∼ N(0, σ2

m). The received power rm at each node will be

used to get an estimate of the true target position.

3.3 Localization Strategies

In this section, we present different localization strategies using the received power (in

dB) at the nodes. We first consider the (centralized) ML estimate and then we propose

to use a suboptimal strategy based on local distance estimate at each node. We show

that the proposed localization strategy can be implemented in a fully distributed way

by only local communication among neighboring nodes using consensus.

3.3.1 Maximum Likelihood Target Localization

Consider the presence of a centralized unit that gathers all measurements coming from

the nodes. Let r = [r1, . . . , rM ]T be a vector whose components are the different mea-

surements taken by each sensor and denote x = [xt yt]
T ∈ R2 as the target’s position.

The true distance between the target and the mth sensor can be then expressed as

dm = ‖x− cm‖ , (3.2)
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where cm = [xm ym]T ∈ R2 are the coordinates of node m with m = 1, . . . ,M . The

vector of measurements r can now be written as

r =


p1 − 10α1 log10

(
‖x−c1‖
d0

)
...

pM − 10αM log10

(
‖x−cM‖

d0

)
+

 n1
...
nM

 = µ(x) + n (3.3)

where the vector n ∼ N (0,Σ) is jointly Gaussian with zero mean and covariance Σ. It

is easy to see that r will follow a Gaussian distribution with mean µ(x) and covariance

Σ, that is

p(r ; x) =
1

(2π)M/2
√

det Σ
exp

[
−1/2(r− µ(x))TΣ−1(r− µ(x))

]
(3.4)

where p(r ; x) is the probability density function of r with parameter x. The ML

estimate of the target position is then

x̂ML = arg max
x

p(r ; x) , (3.5)

which is equivalent to maximizing the log of p(r ; x). Neglecting all terms that do not

depend on x it is easy to see that

x̂ML = arg min
x

µ(x)TΣ−1µ(x)− 2 rTΣ−1µ(x) . (3.6)

The objective to be minimized in (3.6) is not convex and therefore, finding the global

optimum is not trivial. In Figure 3.2 (left), we have an illustration of how the objective

in (3.6) looks like for a network of 20 nodes over a normalized square area. It is clear

that the function is not convex and that several local minima and saddle point may

exist. Instead of dealing directly with the ML estimate we propose to use a suboptimal

approach that offers a reasonable good performance and that allows for its distributed

computation.

3.3.2 Suboptimal Approaches

In this section, we propose to estimate the target’s position based on local distance esti-

mates computed at each node. The use of local distance estimates allows the derivation

of simple and distributed estimators of the target’s position.
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Figure 3.2: Contour plot of the objective function - This figure represents, on the

left, the contour plot of the log of the original cost function in (3.6) while on the right side

we have the modified cost function in (3.28).
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3.3.2.1 Maximum Likelihood Distance Estimation

Recall that the measurement noise follows a Gaussian distribution. Then, it is clear

that the received power at the mth node follows a Gaussian distribution with distance-

dependent mean as

p(rm ; dm) =
1√

2πσ2
m

e
− 1

2

(
rm−µm(dm)

σm

)2
(3.7)

where the distance-dependent mean is given by

µm(dm) = pm − 10αm log10

(
dm
d0

)
. (3.8)

Taking the log(·) of (3.7) and differentiating with respect to dm we get

∂ log p(rm ; dm)

∂dm
= −

(
rm − µm(dm)

σm

)
∂µm(dm)

∂dm

=

(
rm − µm(dm)

σm

)(
10αm

d0

dm log(10)

) (3.9)

Equating (3.9) to zero requires that

rm = µm(dm) = pm − 10αm log10

(
dm
d0

)
. (3.10)

Solving for dm, we have that, for the propagation model (3.1), the ML estimate of the

distance between the mth node and the target is given by

d̂m = d0 10
pm−rm
10αm . (3.11)

Let us further characterize the properties of the maximum likelihood distance estimate

(3.11) by looking at its bias and variance. Since d̂m is a function of random variables,
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it is itself a random variable and therefore we can compute its expected value as

E
[
d̂m(rm)

]
=

∫
d̂m p(rm ; dm) drm =

∫
d0 10

pm−rm
10αm

1√
2πσ2

m

e
− 1

2

(
rm−µm(dm)

σm

)2
drm

= d0 10
pm

10αm

∫
10

(
−rm
10αm

)
1√

2πσ2
m

e
− 1

2

(
rm−µm(dm)

σm

)2
drm

= d0 10
pm

10αm

∫
e

(
− log(10) rm

10αm

)
1√

2πσ2
m

e
− 1

2

(
rm−µm(dm)

σm

)2
drm

= d0 10
pm

10αm

∫
1√

2πσ2
m

e
− 1

2

(
rm−µm(dm)

σm

)2
e−βmrm drm

= d0 10
pm

10αm

∫
1√

2πσ2
m

e
− 1

2

(
r2m+µ2m(dm)−2(µm(dm)+σ2mβm)rm

σ2m

)
drm

= d0 10
pm

10αm e
1
2

(σ2
mβ

2
m+2βmµm(dm))

∫
1√

2πσ2
m

e
− 1

2

(
rm−µ̃m(dm)

σm

)2
drm

= d0 10
pm

10αm e
1
2

(σ2
mβ

2
m+2βmµm(dm))

(3.12)

where βm = log 10
10αm

and µ̃m(dm) = µm(dm) + σ2
mβm. Replacing βm by log 10

10αm
into the last

part of (3.12) we get

E
[
d̂m(rm)

]
= d0 10

pm
10αm e

1
2

(σ2
mβ

2
m+2βmµm(dm))

= 10
log 10

2
( σm
10αm

)2 d0 10
pm−µm(dm)

10αm

= 10
log 10

2
( σm
10αm

)2 dm

(3.13)

Therefore, the maximum likelihood distance estimate is biased since E
[
d̂m

]
− dm 6= 0.

However, for small values of the noise variance the bias is negligible.

Remember that for any random variable X with E [X] = µX , the variance can be

computed as

Var [X] = E
[
(X − µX)2

]
= E

[
X2
]
− µ2

X . (3.14)

The second moment of d̂m can be computed in a similar fashion as for the first moment:
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E

[(
d̂m(rm)

)2
]

=

∫
d2

0 10
2(pm−rm)

10αm
1√

2πσ2
m

e
− 1

2

(
rm−µm(dm)

σm

)2
drm

= d2
0 10

2 pm
10αm

∫
1√

2πσ2
m

e
− 1

2

(
rm−µm(dm)

σm

)2
e−2βmrm drm

= d2
0 10

2 pm
10αm e

1
2

(σ2
m4β2

m+4βmµm(dm))

= eσ
2
m2β2

m d2
0 10

2 (pm−µm(dm)
10αm

= 102 log 10( σm
10αm

)2 d2
m

(3.15)

The variance of the maximum likelihood distance estimator is then

Var
[
d̂m

]
= E

[
(d̂m)2

]
−
(

E
[
d̂m

])2

=
(

102 log 10( σm
10αm

)2 − 10log 10( σm
10αm

)2
)
d2
m

(3.16)

Therefore, the variance of the distance estimate is proportional to the true squared

distance to be estimated. This means that nodes that are far away from the target

would have a much higher variance in their estimates than those nodes located closer

to the target.

3.3.2.2 Multilateration

In this section we review the multilateration approach for position estimation based

on local distance estimates. Recall that the distance to the target is given by (3.2).

Taking the square at both sides of (3.2) and further developing, it is easy to see that

the following set of equations must be satisfied

d2
1 = xTx− 2cT1 x + ‖c1‖2

...
d2
M = xTx− 2cTMx + ‖cM‖2

(3.17)

The set of equations in (3.17) can be transformed into a linear set of equations if we

choose some node as a reference. This is the principle of multilateration (Sayed et al.,

2005). Consider without loss of generality that the first node is chosen as a reference

i.e., we perform a translation in the xy-plane so that it is located at the origin (0, 0).

Let c̃m = cm − c1 be the relative coordinates of all the nodes with respect to node 1

45



DISTRIBUTED OUTDOORS TARGET LOCALIZATION

and let also x̃ be the relative coordinates of the target with respect to reference node

1. We can now rewrite (3.17) as

d2
1 = x̃Tx̃

d2
2 = x̃Tx̃− 2c̃T2 x̃ + ‖c̃2‖2

...
d2
M = x̃Tx̃− 2c̃TM x̃ + ‖c̃M‖2

(3.18)

By subtracting the first equation into the rest of equations we get

d2
2 − d2

1 = −2c̃T2 x̃ + ‖c̃2‖2
...

d2
M − d2

1 = −2c̃TM x̃ + ‖c̃M‖2
(3.19)

It is easy to realize that by a proper arrangement of the terms we can express the above

set of linear equations into matrix form as

1

2

 ‖c̃2‖2 + d2
1 − d2

2
...

‖c̃M‖2 + d2
1 − d2

M

 =

 c̃T1
...

c̃TM

 x̃ = C̃ x̃ (3.20)

where C̃ is of dimensions M by 2. If we had the actual distances equation (3.34) would

be automatically satisfied. However we do not account for the true distances to the

target but a noisy version of them as per (3.11). Therefore, we can compute the relative

coordinates of the target x̃ by solving a linear least-squares problem as

x̃ = (C̃TC̃)−1C̃Tb̃. (3.21)

where

b̃ =
1

2

 ‖c̃2‖2 + d̂2
1 − d̂2

2
...

‖c̃M‖2 + d̂2
1 − d̂2

M

 (3.22)

Finally, the offset of the first node’s coordinates is added in order to get the final target’s

position estimate.

x̂ = x̃ + c1. (3.23)

A reasonable choice of the reference node is to select the one with the closest distance

estimate to the target. An illustrative example is displayed in Figure 3.3 where a

network of 4 nodes localize a target. The shaded areas correspond to the points that lie

within the distance estimates of each node. In the particular example of Figure 3.3 both
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Figure 3.3: Multilateration - Illustrative example of the multilateration approach for

a network with 4 nodes (black circles). The true target’s position is represented by the

green triangle while the estimated target’s position corresponds to the red square.
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the target (green triangle) and the estimate (red square) lie within the intersection of

the shaded areas. The main advantage of the multilateration approach is that it can be

cast into a linear least-squares problem that can be easily solved. However, it requires

that every node in the network knows the coordinates of the reference node whenever

the position of the target is to be estimated. Another disadvantage is that it introduces

some bias in the position estimate due to the translation of coordinates. However, this

effect becomes less pronounced as the number of nodes increases.

3.3.2.3 Nonlinear Least-squares Approach

Instead of choosing a reference node in order to linearize the problem we could directly

try to solve the nonlinear set of equations in (3.17). The first step is to note that

rearranging terms we can express (3.17) in a more compact form as d2
1 − ‖c1‖2

...
d2
M − ‖cM‖2

 =
(
xTx

)
· 1− 2

cT1
...

cTM

x =
(
xTx

)
· 1− 2 C x , (3.24)

where 1 is a M ×1 vector of all ones. Again, we do not have the actual distances to the

target but a maximum likelihood estimate of them as given by (3.11). In an analogous

way as in the multilateration case, define the vector b as

b =

 ‖c1‖2 − d̂2
1

...

‖cM‖2 − d̂2
M

 (3.25)

and the vector-valued cost function f(x) : R2 7→ RM as

f(x) =
(
xTx

)
· 1− 2 C x + b . (3.26)

We can then get an estimate of the target’s position by minimizing the norm of (3.26).

In order to incorporate robustness and make the localization task more applicable to

realistic scenarios we propose to use a weighted version of the cost function (3.26). In

a WSN it may happen that some of the nodes exhibit a bias in their measurements

due to the presence of obstacles. Additionally, nodes do not have precise information

about their own locations instead, some errors may be present. The incorporation of

weights will mitigate the effects of biased nodes and uncertainties in nodes’ positions.
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Therefore, we compute an estimate x̂ of the true target’s position x as the solution to

the following non-linear (weighted) least-squares problem

x̂ = arg min
x

‖D f(x)‖ , (3.27)

where D = diag (γ1, . . . , γM ) is a diagonal weighting matrix with γm ≥ 0 for all

m = 1, . . . ,M . A proper choice for the weights would be inversely proportional to

the variance of the measurements. Since we are assuming the log-normal model for

the measurements we have shown that the variance of the ML estimate (3.11) is pro-

portional to the squared of the true distance to be estimated (3.16), see also (Patwari

et al., 2003, 2005). With this consideration in mind, a reasonable selection of the

weights would be inversely proportional to the measured distance, that is γm = 1/d̂m.

This problem has been studied in (Bejar et al., 2010, 2011) where the distributed

version of the Gauss–Newton method described in Chapter 2 was used for its solution.

In a recent work (Bejar & Zazo, 2012) the problem has been formulated under the more

general framework of optimization theory using Semidefinite Relaxation technique. For-

mulating the problem under a convex optimization framework allows its generalization

and also makes it straightforward to include additional constraints into the problem

that may prevent it from instabilities.

3.3.2.4 Semidefinite Program Formulation

In this section we transform the non-linear least-squares problem (3.27) into a linear

least-squares problem by using semidefinite relaxation technique as described in (Bejar

& Zazo, 2012).

In order to proceed let’s write problem (3.27) as the following equivalent problem

x̂ = arg min
x

M∑
m=1

γm

(
xTx− 2cTmx + bm

)2
(3.28)

Note that, although (3.27) and (3.28) are equivalent problems (i.e., with the same

solution), they are different because in the latter case we are minimizing the squared

norm of D f(x). The minimization of the squared norm is motivated by the fact that

it allows a simple distributed implementation as it can be guessed from the structure

of (3.28). The use of the objectives in (3.27) and (3.28) instead of trying to solve

directly the maximum likelihood problem (3.6) is well motivated by the fact that we
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get a smoother surface of the objective function at the cost of introducing some bias

with respect to the ML solution. This effect is illustrated in Figure 3.2 (right) where we

can appreciate the differences between the original maximum likelihood cost function

of (3.6) compared to that of (3.28). However, if the bias is small, we may still get

to the ML estimate by performing a local search around the solution of (3.28). In

order to apply the distributed convex optimization tools presented in Chapter 2 we

need problem (3.28) to be convex. Unfortunately, the objective function is not convex

because we are adding the squares of quadratic (convex) but not necessarily positive

functions (Boyd & Vandenberghe, 2004). It would be interesting to exploit some hidden

convexity of the problem so that convex optimization methods can be applied.

A possible approach to make the problem convex is to use semidefinite relaxation

technique. Let X = xxT and note that Tr (X) = ‖x‖2, where Tr(·) is the trace operator.

We can rewrite the problem (3.28) as

minimize
X,x

M∑
m=1

γm

(
Tr(X)− 2cTmx + bm

)2

subject to X = xxT

(3.29)

We now have that the objective is convex as it is the composition of an affine function

of X and x with a convex function (Boyd & Vandenberghe, 2004). However, the above

problem is still non-convex due to the non-linear constraint X = xxT. We can then

relax the equality constraint by replacing it with a semidefinite constraint. As a result

we end up with the following (convex) Semidefinite Program (SDP)

minimize
X,x

M∑
m=1

γm

(
Tr(X)− 2cTmx + bm

)2

subject to X− xxT � 0
X ∈ S2

+

(3.30)

where S2
+ is the set of 2×2 symmetric positive semidefinite matrices. As we are allowing

for a larger feasible set, the optimal value of problem (3.30) would provide a lower bound

on the optimal value of the original problem (3.28). However, if the optimal solution

X? of (3.30) is of rank-one, we have that the semidefinite relaxation approach is not a

relaxation at all and the found solution x? of (3.30) is also optimal for (3.28).

It would be interesting to give conditions under which (3.30) provides a rank-one

solution so that the obtained solution is optimal for the original problem, too. To that
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end let define the matrix A as

A =

 2
∑

m γmxm 2
∑

m γmym −
∑

m γm
2
∑

m γmx
2
m 2

∑
m γmymxm −

∑
m γmxm

2
∑

m γmymxm 2
∑

m γmy
2
m −

∑
m γmym

 (3.31)

and let the vector δ be given by

δ =

 ∑m γmbm∑
m γmbmxm∑
m γmbmym

 (3.32)

We then define the following feasibility problem

find {z, t}
subject to ‖z‖2 ≤ t

A

[
z
t

]
= δ

(3.33)

with variables z ∈ R2 and t ∈ R+. The above problem is convex since it belongs to the

class of second-order cone program (SOCP) (Boyd & Vandenberghe, 2004). Based on

the feasibility problem (3.33) we can state the following result:

Proposition 1 (Rank-one solution). Assume problem (3.28) has at least one strictly

feasible point. If problem (3.33) is not feasible, then the optimal solution x? of the

semidefinite relaxed problem (3.30) is also optimal for the original problem (3.28).

Proof. See the Appendix A.

Corollary 2. If matrix A is singular then, the solution X? of (3.30) is of rank one

with X? = x?(x?)T and x? is also optimal for (3.28).

Proof. It follows directly from Proposition 1. If A is singular then, problem (3.33) is

infeasible (because matrix A is not invertible) so that the relaxed problem is not a

relaxation at all.

It is worth to mention that the feasibility problem (3.33) can be easily checked

without the requirement of an optimization solver. If matrix A is singular then, the

problem is infeasible and we are done. If however, matrix A is full-rank, we compute

A−1δ (which is unique) and check whether it satisfies the Second Order Cone (SOC)

constraint ‖z‖2 ≤ t. If the constraint is not met then we conclude that the problem is

infeasible.
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3.4 Distributed Localization Algorithms

In this section we provide distributed versions of the presented localization approaches

using the tools provided in Chapter 2, namely distributed consensus-based Gauss–

Newton and primal-dual decomposition methods. We assume that nodes communi-

cate with their one-hop neighbors as dictated by the underlying communication graph

G(V,E), where V is the set of vertices and E is the set of edges of the graph. As

discussed in Chapter 2, by only local communication exchange, nodes can agree to

compute some desired (global) quantity using consensus algorithms (Olfati-Saber &

Murray, 2004) and convex optimization tools.

3.4.1 Distributed Multilateration

In the multilateration approach we have seen that the target localization problem can

be formulated by a linear least-squares problem with solution given by (3.21). However,

the linear least-squares formulation is achieved by choosing some node as a common

reference. Since local distance estimates are used for the localization task and based

on the variance of the maximum likelihood distance estimate (i.e., proportional to the

squared of the true distance to be estimated) we stated that a good choice for the

reference node would be the one that is closer to the target. However, such infor-

mation is not available so we could choose the one with the closer distance estimate

to the target. As pointed out earlier this is an inconvenience when trying to find a

distributed implementation since all nodes in the network need to know the reference

node. Nevertheless, under the assumption that such information is available to the

nodes a distributed solution of the linear least-squares problem is indeed possible using

the consensus-based distributed Gauss–Newton method presented in Chapter 2.

In order to show that a distributed solution is possible note first that that the

multilateration estimate of (3.21) is the solution to a linear least-squares problem as

x̃ = arg min
x

‖C̃x− b̃‖2 (3.34)

Note that the problem can be equivalently written as

minimize
x

M∑
m=1

(
c̃Tmx− b̃m

)2
(3.35)
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which is separable and can be solved using the consensus-based Gauss–Newton ap-

proach described in Section 2.4.4. Following the notation in Section 2.4.4, it is clear to

see that for m = 1, . . . ,M ,

f̃m(x) = c̃Tmx− b̃m (3.36)

and that

Jm(x) = c̃Tm. (3.37)

Note that since the local Jacobian Jm does not depend on the current estimate we don’t

need to perform a consensus step on the Jacobian matrix for every iteration. Instead,

a first consensus round could be done at the beginning and keep the values stored for

subsequent iterations. The modified procedure is summarized in Algorithm 3.6 where

the consensus on Jm is done in step 6 prior to the inner iteration loop.

Algorithm 3 Distributed Consensus-based Gauss-Newton Multilateration

1: x̂(0) ← same initial value for all nodes

2: Nodes agree on a common reference c1

3: Compute relative coordinates c̃m ← cm − c1 and Jm ← c̃T

4: ∆m ← JT
mJm

5: begin consensus

6: ∆∗ ← 1
M

∑M
m=1 ∆m = 1

M JTJ

7: end consensus

8: for k = 0 to K − 1 do

9: f̃m(x(k))← c̃Tmx(k) − b̃m
10: γ

(k)
m ← J

(k)T
m f̃m(x̂(k))

11: begin consensus

12: γ
(k)
∗ ← 1

M

∑M
m=1 γ

(k)
m = 1

M JTf̃m(x̂(k))

13: end consensus

14: h(k) ←∆∗
−1γ

(k)
∗ =

(
JTJ

)−1
JTf(x̂(k))

15: x̂(k+1) ← x̂(k) + εh(k)

16: end for
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3.4.2 Distributed Non-linear Least-squares Localization

Keeping in mind the analogy between the linear least-squares formulation of the mul-

tilateration approach and the nonlinear least-squares counterpart of (3.27) (and its

equivalent representation of (3.28) ), it is easy to realize that the distributed Gauss–

Newton method could also be applied for the solution of (3.27) in distributed way (Bejar

et al., 2010). However, the key difference is that contrary to the linearized version, the

problem in (3.27) is not convex and therefore, we may not converge to the optimal

solution but a local minima.

From (3.28) we immediately note that the local objective functions f̃m, m =

1, . . . ,M are given by

f̃m(x) =
√
γm

(
xTx− 2cTmx + bm

)
. (3.38)

The local Jacobian is then given by

Jm(x) = 2
√
γm(x− cm)T. (3.39)

For completeness we outline the complete procedure in Algorithm 4. In this case

we cannot skip the consensus step on the Jacobian matrices as they depend on the

current position estimate. However, we only need a broadcast of 5 real values on each

consensus iteration (note the symmetry of JT
mJm).

Example

Consider the illustrative example depicted in Figure 3.4 consisting of a network com-

posed of five anchor nodes (black circles) randomly deployed over an area of 20 × 20

squared meters. Nodes try to locate the target (star) using Algorithm 4. In this par-

ticular example five consensus rounds were used in each Gauss-Newton iteration. In

the figure we can observe the evolution of the position estimate of each of the anchor

nodes as the algorithm iterates. We note that all the anchors follow trajectories close

to the centralized solution (red line). With an increased number of consensus rounds,

they all converge ever more closely to the same (centralized) solution.
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Figure 3.4: One-shot simulation - Illustrative example of the distributed Gauss–

Newton method (DGN) in a network of 5 anchor nodes and using 5 consensus rounds.

The centralized solution (G–N NLLS) as well as the linearized least-squares version of

multilateration are included as references.
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Algorithm 4 Distributed Nonlinear Least-squares Localization

1: x̂(0) ← same initial value ∀ m ∈M

2: for k = 0 to K − 1 do

3: J
(k)
m ← 2

√
γm(x(k) − cm)T

4: f̃m(x(k))← √γm
(
xTx− 2cTmx + bm

)
5: ∆

(k)
m ← J

(k)T
m J

(k)
m

6: γ
(k)
m ← J

(k)T
m f̃m(x̂(k))

7: begin consensus

8: ∆
(k)
∗ ← 1

M

∑M
m=1 ∆

(k)
m = 1

M J(k)TJ(k)

9: γ
(k)
∗ ← 1

M

∑M
m=1 γ

(k)
m = 1

M J(k)Tf̃m(x̂(k))

10: end consensus

11: h(k) ←∆
(k)
∗
−1

γ
(k)
∗ =

(
J(k)TJ(k)

)−1
J(k)Tf(x̂(k))

12: x̂(k+1) ← x̂(k) + εh(k)

13: end for

3.4.3 Augmented Lagrangian Approach for Distributed Localization

Let us consider now the localization problem using the semidefinite relaxation formu-

lation as in (3.30). If the feasibility conditions stated in proposition 1 are satisfied, we

have that the semidefinite relaxation formulation solves problem (3.27). One of the

main advantages of the formulation in (3.30) is that it allows for a distributed imple-

mentation using primal-dual decomposition methods. The use of convex optimization

tools is of particular interest as it allows the introduction of additional constraints into

the problem in a straightforward manner and hence, the localization approach can be

generalized to more specific scenarios and situations. Additionally, the minimization

is handled in a single loop of iterations avoiding possible convergence issues when the

consensus step is not accurate enough.

Let’s proceed by reformulating problem (3.30) into a SDP with a single matrix
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variable Z ∈ S3
+. For that purpose, let us formulate the following problem

minimize
Z

M∑
m=1

γm (Tr(MmZ) + bm − 1)2

subject to Z(3, 3) = 1
Z ∈ S3

+

(3.40)

where Mm = I − 2

[
0 0
cTm 0

]
and I is the identity matrix. With the above problem

definition we have the following equivalence:

Lemma 1 (Single variable problem). The two problems (3.30) and (3.40) are equiv-

alent. Further, if we denote Z? as the optimal solution to (3.40), then the optimal

solution x? of (3.30) is given by x? = [Z?(3, 1), Z?(3, 2)]T.

Proof. See the Appendix A.

Now that we have established the equivalence between problems (3.30) and (3.40)

through Lemma 1 we show how to solve it in a distributed way. For that purpose we use

the optimization framework for consensus-networked systems as proposed in (Li et al.,

2010) and reviewed in Chapter 2. Recall that the approach in (Li et al., 2010) uses an

augmented Lagrangian approach (Bertsekas, D. P., 1982) that generalizes the previous

work of (Rabbat et al., 2005). A quadratic penalty term is added to the objective

function that is zero at the optimal solution. The resulting problem is then equivalent

to the original problem as both of them end up with the same solution.

In order to derive a distributed solution consider first the introduction of M new

variables and a global consensus constraint into the problem as

minimize
Z,{Zm}

M∑
m=1

γm (Tr(MmZm) + bm − 1)2

subject to Z(3, 3) = 1
Zm = Z
Z ∈ S3

+

(3.41)

The problem is now separable in the objective function (as it is the sum of M terms,

each one dependent of one node) but we still have the coupling “consensus” constraint

Zm = Z. However, we do not need to impose that all nodes agree on the same quantity

instead, we only require nodes to agree with their one-hop neighbors. Let Nm be the
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set of neighbors of node m, we can then reformulate the problem as

minimize
{Zm}

M∑
m=1

γm (Tr(MmZm) + bm − 1)2

subject to Zm(3, 3) = 1
Zm = Zj , j ∈ Nm

Zm ∈ S3
+

(3.42)

The two problems (3.41) and (3.42) are equivalent provided that the underlying

graph is strongly connected (Rabbat et al., 2005). We can now use the developed

framework in (Li et al., 2010) to derive an augmented Lagrangian method for the dis-

tributed solution of (3.42). Consider then, the introduction of the additional variables

Wm,j ∈ S3
+ and formulate the equivalent problem

minimize
{Zm},{Wmj}

M∑
m=1

γm (Tr(MmZm) + bm − 1)2

subject to Zm(3, 3) = 1
Zm = Wm,j , j ∈ Nm

Zj = Wm,j , j ∈ Nm

Zm ∈ S3
+

(3.43)

The penalized problem (Bertsekas, D. P., 1982) can be written as

minimize
{Zm},{Wmj}

M∑
m=1

γm (Tr(MmZm) + bm − 1)2

+
c

2

M∑
m=1

∑
j∈Nm

(‖Zm −Wm,j‖2 + ‖Zj −Wm,j‖2)

subject to Zm(3, 3) = 1
Zm = Wm,j , j ∈ Nm

Zj = Wm,j , j ∈ Nm

Zm ∈ S3
+

(3.44)

where c > 0 is a constant that controls the penalization of the disagreement among

neighbors and where ‖A‖ denotes the Frobenius norm of matrix A, i.e., ‖A‖2 =

Tr
(
ATA

)
. Remember that c could be a sequence as long as it is non-decreasing

and that its choice has a direct impact on the rate of convergence of the distributed

algorithm (Bertsekas, D. P., 1982). It becomes clear from the formulation of problem

(3.44) that the penalty term is zero at the optimum and, therefore the optimal solution

to (3.44) is also optimal for (3.42). We can now find a solution of (3.44) by solving
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its dual problem. By relaxing the consensus constraint we form the partial augmented

Lagrangian Lc as

Lc ({Γm,j}, {Φm,j}, {Zm}, {Wm,j}) =

M∑
m=1

γm (Tr(MmZm) + bm − 1)2

+

M∑
m=1

∑
j∈Nm

Tr (Γm,j(Zm −Wm,j))

+
M∑
m=1

∑
j∈Nm

Tr (Φm,j(Zj −Wm,j))

+
c

2

M∑
m=1

∑
j∈Nm

(‖Zm −Wm,j‖2 + ‖Zj −Wm,j‖2)

(3.45)

where Γm,j and Φm,j are the Lagrange multipliers. We then have that the dual problem

is given by

maximize
{Γm,j},{Φm,j}

inf
{Zm},{Wm,j}

Lc ({Γm,j}, {Φm,j}, {Zm}, {Wm,j})

subject to Zm(3, 3) = 1
Zm ∈ S3

+

(3.46)

The problem is now separable and strictly convex which allows its solution by alter-

nating the minimization over Zm and Wm,j as

Z
(k+1)
m = minimize

Zm
Lc

(
{Γ(k)

m,j}, {Φ
(k)
m,j}, {Zm}, {W

(k)
m,j}

)
subject to Zm(3, 3) = 1

Zm ∈ S3
+

(3.47)

W
(k+1)
m,j = minimize

Wm,j

Lc

(
{Γ(k)

m,j}, {Φ
(k)
m,j}, {Z

(k+1)
m }, {W(k)

m,j}
)

(3.48)

and then performing an update of the Lagrange multipliers using a subgradient step

Γ
(k+1)
m,j = Γ

(k)
m,j + c(Z

(k+1)
m −W

(k+1)
m,j ) (3.49)

Φ
(k+1)
m,j = Φ

(k)
m,j + c(Z

(k+1)
j −W

(k+1)
m,j ) (3.50)

where the superscript (k) denotes the kth iteration. Following the same steps as in (Li

et al., 2010), we can take the partial derivative of the augmented lagrangian Lc with

respect to Wm,j and set it to zero in order to get

∇Wm,jLc(·) = −c
(
Z(k+1)
m + Z

(k+1)
j − 2Wm,j

)
− Γ

(k)
m,j −Φ

(k)
m,j = 0 (3.51)
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which requires that the update of Wm,j is given by

W
(k+1)
m,j =

1

2

(
Z(k+1)
m + Z

(k+1)
j +

1

c
(Γ

(k)
m,j + Φ

(k)
m,j)

)
. (3.52)

Adding Equations (3.49) and (3.50) we also get

Γ
(k+1)
m,j + Φ

(k+1)
m,j = Γ

(k)
m,j + Φ

(k)
m,j + c (Z(k+1)

m + Z
(k+1)
j − 2W

(k+1)
m,j ). (3.53)

Substituting (3.52) into the last equation (3.53) we finally get that

Γ
(k+1)
m,j = −Φ

(k+1)
m,j (3.54)

W
(k+1)
m,j = 1

2(Z
(k+1)
m + Z

(k+1)
j ) (3.55)

The above result allows to reduce the number of multipliers as follows: Let ∆m,j =

Γm,j = −Φm,j and define Ψm = ∆m,j −∆j,m. Based on these definitions and the

above results we can compute the solution to problem (3.46) in a distributed way by

alternating between the following two updates

Z
(k+1)
m = minimize

Zm
γm (Tr(MmZm) + bm − 1)2

+ Tr(ΨmZm) + c
∑
j∈Nm

‖Zm −
1

2
(Z(k)

m − Z
(k)
j )‖2

subject to Zm(3, 3) = 1
Zm ∈ S3

+

(3.56)

and

Ψ(k+1)
m = Ψ(k)

m + c
∑
j∈Nm

(
Z(k+1)
m − Z

(k+1)
j

)
(3.57)

with Ψ
(0)
m = 0 and m = 1, . . . ,M .

The network will then operate as follows: At the beginning of the kth iteration,

each node locally solves (3.56). Then, nodes broadcast the computed estimates Z
(k+1)
m

to their neighbors. With the local estimates of the corresponding neighbors at hand,

each node updates its multipliers as in (3.57). The process is repeated until all nodes

converge to the same solution which, in turn would be the same as in the centralized

case.
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3.4.4 Approaching the Maximum Likelihood Estimate

So far, we have shown how to solve (3.27) by formulating the relaxed problem (3.30).

We have also provided conditions under which the solutions to (3.27) and (3.30) co-

incide. Further, the solution can be computed in a distributed fashion using convex

optimization tools. However, the performance of the followed approach in (3.27) is be-

low the ML estimate (3.6). In order to come closer to the ML solution we could perform

an additional local search that improves the obtained estimate through the solution of

(3.30). The idea is to run a distributed optimization routine, taking the solution of

(3.30) as the starting point, to solve for (3.6). If the previously computed estimate by

solving (3.30) is close to the ML estimate we may converge to it by optimizing in the

neighborhood of the solution of (3.30), otherwise we will converge to a local optima

but still improving performance.

In order to do the local search we resort again to the distributed version of the

Gauss–Newton method already presented that has also been applied to both the mul-

tilateration and the nonlinear least-squares formulation of the localization problem in

the previous sections.

Observe that the ML estimate (3.6) can be cast into a non-linear least-squares

problem of the form of (3.27). Assuming that Σ is positive definite, we can write the

ML estimation problem (3.6) as the following unconstrained optimization problem

x̂ML = minimize
x

‖fML(x)‖2 , (3.58)

where fML(x) = S (r− µ(x)) and S is the Cholesky factorization of the inverse covari-

ance matrix, i.e., STS = Σ−1. The problem thus falls into the category of problems

that can be solved using the distributed version of the Gauss-Newton method of Section

2.4.4. Therefore, a local minimum of the above non-linear least-squares problem (3.58)

can be found using Algorithm 1 with fML(x) = [fML
1 (x), . . . , fML

M (x)]T and

[J(x)]ij =
∂fML

i

∂xj
(x) , i = 1, . . . ,M , j = 1, 2 . (3.59)

If the covariance matrix Σ has no special structure, then the problem (3.58) re-

quires a central entity that gathers all the information coming from the nodes in order

to solve it. However, it is reasonable to assume independence of the noise processes

among the nodes so that Σ has a diagonal structure, say Σ = diag(σ2
1, . . . , σ

2
M ). In
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that case, matrix S = diag(1/σ1, . . . , 1/σM ) is also diagonal and the problem becomes

separable. Hence, a local optima of problem (3.58) can be found in a distributed way

using Algorithm 2.

It can be easily verified that the local computations to be carried out in step 3 of

Algorithm 2 will reduce to:

f̃m(x̂(k)) = σ−1
m (rm − pm + 10 log10 d0

+ 5αm log10‖x̂(k) − cm‖2)
(3.60)

J(k)
m =

−10αm

σm‖x̂(k) − cm‖2
(
x̂(k) − cm

)T
(3.61)

The complete algorithm is outlined in Algorithm 5. It is important to note that each

consensus round requires a broadcast of only five real values. Also note that the Algo-

rithm 5 can only be applied under the assumption of i.i.d. noise otherwise, the coupling

among the noise variables would require a central entity that gathers all the measure-

ments in oder to solve problem (3.58). In any case we are not guaranteed to converge to

the global minimum since the algorithm could converge to a local optimum. However, if

the starting point is close enough to the maximum likelihood solution we may converge

to it by using this local search.

Example

As an illustration, consider a connected network of 20 nodes with average degree of 4

randomly deployed over a squared area of 100× 100 squared meters. The propagation

model parameters used for the simulation are d0 = 1, pm = 0, αm = 2 and σ2
m =

9. The nodes (black circles) are represented in Figure 3.5 where the contour levels

correspond to the negative log-likelihood function in (3.4). Algorithm 5 was used for

the optimization with starting point at the origin. The red-star line represents the

evolution of the estimates over time. The target has been placed at the center of the

area (triangle). It can be appreciated how the algorithm converges to the target. In

this particular situation it happens that despite the non-convexity of the problem the

algorithm converges to the global optimum.
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Algorithm 5 Distributed (Approximate) Maximum-likelihood Localization

1: x̂(0) ← same initial value ∀ m = 1, . . . ,M

2: for k = 0 to K − 1 do

3: J
(k)
m ← σ−1

m (rm − pm + 10 log10 d0 + 5αm log10‖x̂(k) − cm‖2)

4: f̃m(x(k))← −10αm
σm‖x̂(k)−cm‖2

(
x̂(k) − cm

)T
5: ∆

(k)
m ← J

(k)T
m J

(k)
m

6: γ
(k)
m ← J

(k)T
m f̃m(x̂(k))

7: begin consensus

8: ∆
(k)
∗ ← 1

M

∑M
m=1 ∆

(k)
m = 1

M J(k)TJ(k)

9: γ
(k)
∗ ← 1

M

∑M
m=1 γ

(k)
m = 1

M J(k)Tf̃m(x̂(k))

10: end consensus

11: h(k) ←∆
(k)
∗
−1

γ
(k)
∗ =

(
J(k)TJ(k)

)−1
J(k)Tf(x̂(k))

12: x̂(k+1) ← x̂(k) + εh(k)

13: end for
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Figure 3.5: Target localization - Iterates (red stars) of the distributed Gauss-Newton

method using 3.60 and 3.61. Black circles represent the nodes while the triangle represents

the target.
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3.5 Application to tracking in Wireless Sensor Networks

In this section we explore the direct application of the proposed localization strategy

to tracking problems in the context of WSNs. We propose to use a two-step procedure

based on the presented distributed localization strategies followed by local tracking at

the nodes. The output of the localization algorithm will be used as the noisy input of

a tracking filter that is locally run at each node (see Figure 3.6). Some of these ideas

appear in (Bejar et al., 2011) and have also been applied to a real-tracking problem

using commercial motes (Dopico et al., 2011).

We will provide first a review of well-known tracking filters such as the Kalman

filter (KF) (Kalman, 1960) and the the Unscented Kalman filter (UKF) (Julier et al.,

1995; Julier & Uhlmann, 1997). The latter one is one of the variants of the Kalman

filter that allows to deal with nonlinear and / or non-Gaussian noise processes. The

UKF is considered here since in our localization model we make use of RSSI readings

which clearly follow a nonlinear relationship with the target’s position.

3.5.1 The Tracking Problem

The general formulation of the tracking problem is represented by two equations, com-

monly referred to as state-space representation. The first equation describes the dynam-

ics (time-evolution) of the state variable (i.e., variable to be tracked) while the second

one relates the state variable with the measured signal. The state and measurement

equations respectively, are given by

s[k + 1] = f (s[k],u[k + 1]) (3.62)

z[k] = g (s[k],n[k]) (3.63)

where s[k] is the state variable at time instant k and u[k] is the driving noise process.

The variable z[k] represents the measurement at time instant k and n[k] is the mea-

surement noise process. The functions f(·) and g(·) may be nonlinear functions of the

state and noise processes. The goal is to keep track of the state variable s[k] as time

evolves using the information about the system’s dynamics and the measurement z[k].
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3.5.1.1 The Kalman Filter

The Kalman filter is one of the most celebrated results in signal processing (Kalman,

1960) and has been extensively used in many tracking applications. The Kalman filter

consist of a set of equations for the recursive solution of a linear filtering problem.

It was originally proposed by R. E. Kalman in 1960. Since then it has found many

applications in the field of communications and signal processing. The Kalman filter-

ing principles can be found in many reference textbooks. For example in (Therrien,

1992) an easy introduction to the Kalman filter for the scalar case can be found. A

more formal and complete description for the multidimensional case is given in (Scharf,

1990; Poor, 1994). For a more recent and intuitive explanation of the application of the

Kalman filter to signal processing problems we refer the reader to (Welch & Bishop,

2006).

In agreement with the previously introduced notation for the tracking problem, let

denote s[k] as the state variable at time k with the following state dynamics:

s[k + 1] = F s[k] + W u[k + 1],

where u[k] is known as the driving noise process and consists of a sequence of inde-

pendent and identically distributed Gaussian random variables with zero mean and

identity covariance, that is u[k] ∼ N(0, I). The matrices F and W represent linear

transformations on the state and noise variables, respectively. In general, F and W

need not to be constant over time but we restrict ourselves to the time-invariant case

as it will be the case considered later.

Additional to the above state equation we also have a measurement of the form

z[k] = G s[k] + n[k],

where n[k] represents the measurement noise and consists of a sequence of i.i.d. Gaus-

sian random variables of zero mean and covariance R, i.e., n[k] ∼ N(0,R) that are also

independent of u[k] and s[k]. The matrix G maps the state variable to the measure-

ment.

As a result, we end up with the following state-state representation

s[k + 1] = F s[k] + W u[k + 1] (3.64)

z[k] = G s[k] + n[k] (3.65)
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Note that the above state-space model is a particular case of the general representation

given by (3.62) and (3.63) where the involved functions f(·) and g(·) are linear and the

noise processes are Gaussian.

Under these circumstances the Kalman recursions consist of a set of equations that

provide the optimal state estimate in the MMSE sense. These equations can be divided

into two steps: the prediction step and the correction step.

Given the set of measurements z[1], . . . , z[k], let denote ŝ[k] as the estimate of the

true state s[k] and ŝ[k+1 | k] as the predictive estimate of the state s[k+1]. Keeping in

mind the state-space representation given by (3.64) and (3.65) the predictive estimate

is characterized by

ŝ[k + 1 | k] = E [s[k + 1] | z[1], . . . , z[k]]

= E [F s[k] + W u[k + 1] | z[1], . . . , z[k]]

= F E [s[k] | z[1], . . . , z[k]] + W E [u[k + 1] | z[1], . . . , z[k]]

= F ŝ[k],

(3.66)

where we have used the fact that in a Bayesian framework, the MMSE estimate of s[k]

given the measurements corresponds to the conditional expectation (Poor, 1994).

The covariance Σ[k + 1 | k] of the predictive estimate (predictive error covariance)

can also be computed as

Σ[k + 1 | k] = Cov [s[k + 1] | z[1], . . . , z[k]]

= Cov [F s[k] + W u[k + 1] | z[1], . . . , z[k]]

= Cov [F s[k] | z[1], . . . , z[k]] + Cov [W u[k + 1] | z[1], . . . , z[k]]

= F Σ[k] F + W WT

(3.67)

where Cov [x] = E
[
(x− E [x])(x− E [x])T

]
and Σ[k] is the covariance of ŝ[k].

In the correction step, the current estimate at time instant k can be computed as a

function of the predictive estimate as

ŝ[k] = ŝ[k | k − 1] + K[k] (z[k]−G ŝ[k | k − 1]) (3.68)

with covariance matrix given by

Σ[k] = Σ[k | k − 1]−K[k] G Σ[k | k − 1], (3.69)
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and where K[k] is referred to as the Kalman gain and is given by

K[k] = Σ[k | k − 1] GT
(
G Σ[k | k − 1] GT + R

)−1
. (3.70)

The complete procedure of the Kalman filter is summarized in Algorithm 6, where s0

and Σ0 denote the initial state and covariance estimates.

Algorithm 6 Kalman Filter

1: k ← 0

2: ŝ(0) ← s0 and Σ(0) ← Σ0

3: while true do

4: Prediction step

5: ŝ(k+1 | k) ← F ŝ(k)

6: Σ(k+1 | k) ← F Σ(k) F + W WT

7: Update step

8: K(k) ← Σ(k | k−1) GT
(
G Σ(k | k−1) GT + R

)−1

9: ŝ(k) ← ŝ(k | k−1) + K(k)
(
z[k]−G ŝ(k | k−1)

)
10: Σ(k) ← Σ(k | k−1) −K(k) G Σ(k | k−1)

11: k ← k + 1

12: end while

3.5.1.2 The Unscented Kalman Filter

The Kalman filter provides the optimal solution to the tracking problem when the

model is linear and Gaussian. However, there are situations, like the problem at hand,

where the measurements do not follow a linear relationship with the state variable.

Even the Gaussian noise assumption may not be valid in some other applications or

scenarios. In that regard, there have been proposed different methods that try to cope

with nonlinearity and / or non-Gaussianity. One of the classical approaches is the

Extended Kalman Filter (EKF) which is based on a linear approximation of the non-

linear functions by their first order Taylor expansion. The state-space representation is

then approximated by a linear representation around the current estimate. Then, the

Kalman recursions of Algorithm 6 are applied.
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An alternative approach to deal with non-linearities and / or non-Gaussian noise is

to use Particle Filtering methods (PF) (Arulampalam et al., 2002; Djuric et al., 2003;

Chen & Liu, 2000). Particle filtering methods have shown very good performance in

tracking applications with RSSI readings (Zàruba et al., 2007). However, they are

centralized and computationally expensive which makes their application to WSNs not

appropriate. Another approach that offers a trade-off between EKF and PF is the

Unscented Kalman Filter (UKF) proposed by Simon Julier et al. (Julier et al., 1995;

Julier & Uhlmann, 1997). The basic principle behind the unscented Kalman filter is to

approximate the nonlinear functions that govern the evolution of the state variable and

measurement equation by a statistically linearized version of them using a set of sigma-

points. Sigma-points are drawn deterministically from the covariance matrix of the

state variable (e.g., using the Cholesky factorization) and then propagated through the

nonlinear state/measurement functions. The method is shown to capture the second

order statistics of the state variable outperforming in many cases the EKF (van der

Merwe, 2004). There exist a whole family of the so-called Sigma-point Kalman Filters

(SPKF) (van der Merwe, 2004) and the UKF can be thought as a particular case of

them. Based on the general state-space representation given by (3.62) and (3.63), the

general algorithm of the UKF is as follows: We start at an initial estimate of the state

ŝ0 and covariance matrix Σ0. From the covariance matrix a set of sigma-points are

drawn deterministically for example, by performing the Cholesky factorization of the

covariance matrix

Σ[k] = P[k]P[k]T. (3.71)

Then, given the current estimate ŝ[k], a total of 2n + 1 of sigma-points are generated

as

S0[k + 1] = ŝ[k] (3.72)

Si[k + 1] = ŝ[k] + σi[k], i = 1, . . . , n (3.73)

Si+n[k + 1] = ŝ[k]− σi[k], i = 1, . . . , n (3.74)

where n is the dimension of the state variable, Si[k + 1] denote the ith sigma-point at

iteration k+ 1 and σi[k], i = 1, . . . , n, correspond to a scaled version of the ith column

of P[k]. More precisely,

σi[k] =
√
n+ κ [P[k]]i , i = 1, . . . , n (3.75)
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where [A]i denotes the ith column of matrix A and κ is a parameter of the filter.

There is no fixed rule for choosing the parameter κ, however the heuristic n + κ = 3

is suggested (Julier & Uhlmann, 1997) when the process is assumed to be Gaussian.

After that, the sigma-points are passed through the nonlinear function f(·) in order to

generate the predictive sigma-points Si[k + 1 | k] as

Si[k + 1 | k] = f (Si[k]) , i = 0, . . . , 2n. (3.76)

The state prediction is then computed as the weighted average of the sigma-points:

ŝ[k + 1 | k] =

2n∑
i=0

wiSi[k + 1 | k], (3.77)

with weights given by

w0 =
κ

n+ κ
(3.78)

wi =
1

2(n+ κ)
, i = 1, . . . , 2n. (3.79)

Similarly, the covariance of the predictive estimate Σk+1 | k (prediction error covariance)

is computed as a weighted sample covariance from the predictive sigma-points:

Σ[k + 1 | k] =

2n∑
i=0

wi (Si[k + 1 | k]− ŝ[k + 1 | k]) (Si[k + 1 | k]− ŝ[k + 1 | k])T (3.80)

In a similar way, the predicted sigma-points are further propagated through the mea-

surement equation in order to get the predictive sigma-points corresponding to the

measurement:

Zi[k + 1 | k] = g (Si[k + 1 | k]) , i = 0, . . . , 2n. (3.81)

From the set of points Zi[k + 1 | k] the prediction of the measurement ẑ[k + 1 | k] is

computed analogously as for the state variable:

ẑ[k + 1 | k] =
2n∑
i=0

wiZi[k + 1 | k] (3.82)

and the predicted measurement covariance Φ[k+ 1 | k] and cross-covariance Ψ[k+ 1 | k]

between the predicted measurement and state are respectively, given by

Φ[k + 1 | k] =

2n∑
i=0

wi (Zi[k + 1 | k]− ẑ[k + 1 | k]) (Zi[k + 1 | k]− ẑ[k + 1 | k])T (3.83)

Ψ[k + 1 | k] =

2n∑
i=0

wi (Si[k + 1 | k]− ŝ[k + 1 | k]) (Zi[k + 1 | k]− ẑ[k + 1 | k])T . (3.84)

69



DISTRIBUTED OUTDOORS TARGET LOCALIZATION

With the predicted measurements we can compute the measurement prediction

error or innovation as

ν[k + 1] = z[k + 1]− ẑ[k + 1 | k], (3.85)

whose covariance E[k] is given by

E[k + 1] = Φ[k + 1 | k] + R . (3.86)

The final update of the state and its covariance is carried out in a similar way as in the

Kalman filter as

ŝ[k + 1] = ŝ[k + 1 | k] + K[k + 1]ν[k + 1] (3.87)

Σ[k + 1] = Σ[k + 1 | k]−K[k + 1] E[k + 1] K[k + 1]T (3.88)

where the Kalman gain is given by

K[k + 1] = Ψ[k + 1 | k] E[k + 1]−1. (3.89)

The complete procedure of the UKF is summarized in Algorithm 7.

It is worth to mention that the presented UKF considers an additive noise model.

This is the case in our particular tracking problem where the noise processes are additive

and Gaussian. However, this not necessarily need to be the case since the noises could

go over the nonlinear functions f(·) and g(·). In such situations one could use an

augmented representation of the state vector where the noises are included as part

of the state variable (van der Merwe, 2004) to directly account for the effects of the

nonlinearities over the noise processes into the state.

3.5.2 Distributed Tracking

In this section we explore the use of the proposed localization strategy to the tracking

problem. We do it in the most intuitive way based on the combination of the proposed

distributed localization method with a local filtering step as illustrated in the filtering

structure of Figure 3.6. The jointly position estimate is used as the noisy input of the

tracking filters and the resulting estimate is then fed back to the localization algorithm

as starting point for the next iteration. We first explore the use of the Kalman filter on

top of the joint localization estimate and assume the estimate coming from the joint

localization procedure as a noisy version of the true target position. We then explore

a second alternative using the Unscented Kalman filter as the local tracker.
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Algorithm 7 Unscented Kalman Filter

1: ŝ(0) ← s0, Σ(0) ← Σ0, k ← 0 {Initialization}

2: while true do

3: Draw sigma-points

4: S
(k)
0 ← ŝ(k)

5: S
(k)
i ← ŝ(k) +

√
n+ κ

[
(Σ(k))1/2

]
i
, i = 1 . . . n

6: S
(k)
i+n ← ŝ(k) −

√
n+ κ

[
(Σ(k))1/2

]
i
, i = 1 . . . n

7: Mean and Covariance of the predictive state

8: S
(k+1 | k)
i ← f

(
S

(k)
i

)
, for i = 0, . . . , 2n {Sigma-point propagation}

9: ŝ(k+1 | k) ←
∑2n

i=0wi S
(k+1 | k)
i

10: Σ(k+1 | k) ←
∑2n

i=0wi

(
S

(k+1 | k)
i − ŝ(k+1 | k)

)(
S

(k+1 | k)
i − ŝ(k+1 | k)

)T
11: Mean and Covariance of the predictive measurement

12: Z
(k+1 | k)
i ← g

(
S

(k+1 | k)
i

)
, i = 0, . . . , 2n {Sigma-point propagation}

13: ẑ(k+1 | k) ←
∑2n

i=0wi Z
(k+1 | k)
i

14: Φ(k+1 | k) ←
∑2n

i=0wi

(
Z

(k+1 | k)
i − ẑ(k+1 | k)

)(
Z

(k+1 | k)
i − ẑ(k+1 | k)

)T
15: Ψ(k+1 | k) ←

∑2n
i=0wi

(
S

(k+1 | k)
i − ŝ(k+1 | k)

)(
Z

(k+1 | k)
i − ẑ(k+1 | k)

)T
16: Innovation and Kalman gain

17: ν(k+1) ← z[k + 1]− ẑ(k+1 | k) {Innovation}

18: E(k+1) ← Φ(k+1 | k) + R {Error covariance}

19: K(k+1) ← Ψ(k+1 | k) (E(k+1 | k))−1 {Kalman gain}

20: Update step

21: ŝ(k+1) ← ŝ(k+1 | k) + K(k+1) ν(k+1)

22: Σ(k+1) ← Σ(k+1 | k) −K(k+1) E(k+1) (K(k+1))T

23: k ← k + 1

24: end while

71



DISTRIBUTED OUTDOORS TARGET LOCALIZATION

3.5.2.1 Target Movement

So far we have not talked about the state evolution of the target. In order to have a

full state-space representation of the system’s dynamics we need to assume a model for

the target movement. In our case we will assume that the target moves freely through

the network by following a random force movement given by

x[k + 1] = x[k] + v[k]T +
1

2
a[k + 1]T 2 (3.90)

v[k + 1] = v[k] + a[k + 1]T , (3.91)

where x[k] is the target position, v[k] is the target speed, a[k] is the acceleration at

time instant k and T is the elapsed time between consecutive samples. It is assumed

that the target is initially at some location x[0] = [xt[0], yt[0]]T with initial speed

of v[0] = [vx[0], vy[0]]T and that the acceleration is the driving noise process that is

assumed to follow a Gaussian distribution, a ∼ N(0, σ2
aI).

Equations (3.90) and (3.91) together with the RSSI measurement equation (3.10)

allow us to cast our problem into the general representation given by (3.62) and (3.63).

Local Tracking of the Joint Position Estimate

Consider the combination of the proposed distributed joint-localization scheme together

with a local tracking filter run on each node (e.g., like in the filtering structure of Figure

3.6). The main advantage of using the joint-position estimate to feed the local tracker is

that it provides a straightforward distributed solution to the tracking problem. Further,

the use of weights in the localization process makes it more robust against small errors

in the actual node’s coordinates as we shall see later in the simulations.

3.5.2.2 Local Kalman Filtering

Consider the case where we use the Kalman filter as the local tracking filter. Note,

however that in this case the joint localization is done prior to the tracking filter and not

before as in Figure 3.6. Let denote x̂ the position estimate obtained through distributed

localization (e.g., Augmented Lagrangian or Gauss-Newton). As the number of nodes

increases and, assuming that the measurement noises are i.i.d, we can approximate the

position estimate as

x̂ = x + e , (3.92)
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Figure 3.6: Distributed filtering structure - Proposed filtering structure for tracking.

Estimates of the target’s position are obtained through distributed joint localization and

fed back to the local trackers.

where e is an error term that will be modeled as Gaussian. It is well known that

the Kalman filter provides the optimal tracking filter when the system is linear and

Gaussian. If the Gaussian approximation holds we could use the jointly estimated

quantity as the (noisy) input of a Kalman filter tracker. To express it more formally

consider the state variable s[k]T =
[
x[k]Tv[k]T

]
of the position and velocity of the

target at time instant k. Using the target movement model in 3.5.2.1 and considering

joint distributed estimation of the target position, the state-space representation in

(3.64) and (3.65) particularize as

s[k + 1] = Fs[k] + Wa[k + 1] (3.93)

z[k] = Gs[k] + e[k] (3.94)

where we have identified the driving process with the target acceleration and the mea-

surement process with the estimation error e of (3.92). The system’s matrices are given

by

F =


1 0 T 0
0 1 0 T
0 0 1 0
0 0 0 1

 , W = σa


T 2/2 0

0 T 2/2
T 0
0 T


G =

[
1 0 0 0
0 1 0 0

]
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Using this representation we can now build a distributed tracker using a local

Kalman filter on each node. The procedure is summarized in Algorithm 8.

Algorithm 8 Local Kalman filter on the joint estimate

1: (s(k))T =
[
xT

0 vT
0

]
and P(0) = I {Initialization}

2: for i = 1 to N do

3: z
(k)
m ← ri {Local sensing}

4: d̂
(k)
m ← d0 10

Pm−z
(k)
m

10np {Distance estimate}

5: end for

6: Get joint position estimate x̂(k) using Augmented

Lagrangian and/or distributed Gauss-Newton

7: Kalman filtering step

8: P(k+1) ← F Σ(k) FT + W WT

9: E(k+1) ← G P(k+1) GT + σ2
eI

10: s(k+1) ← F s(k) + P(k+1) GT E(k+1)−1 (
x̂(k) −G F s(k)

)
11: Σ(k+1) ← P(k+1) −P(k+1) GT E(k+1)−1

G P(k+1)

12: k ← k + 1

3.5.2.3 Local Unscented Kalman Filtering

Instead of using the joint estimate in order to have a linear and (approximate) Gaussian

state-space representation we can resort to the UKF in order to deal with nonlinearity

and/or non-Gaussianity. For the tracking step, nodes perform local target tracking us-

ing the Unscented Kalman Filter (Julier et al., 1995; Julier & Uhlmann, 1997; van der

Merwe, 2004) and then combine the smoothed data (coming from the tracking filters) in

a distributed fashion using consensus-based localization (Bejar et al., 2010, 2011; Bejar

& Zazo, 2012). The obtained joint position is then used as feedback information to the

local tracking filters following the filtering structure in Figure 3.6. For that purpose, we

use an augmented state variable that takes into account the previous target’s position

allowing its incorporation into the UKF formulation.
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Consider the following representation of the state evolution

s[k] =

 x[k]
v[k]

x[k − 1]

 = Fs[k − 1] + Wa[k] , (3.95)

where matrices F and W are given by

F =

 I T I 0
0 I 0
I 0 0

 , W =

 (T 2/2) I
T I
0

 . (3.96)

The measurement available at each node is then composed by the received power

from the target and the jointly estimated position with Algorithm 4 as illustrated in

Figure 3.6. Formally written, we have that the measurement available for the mth node

is then given by

zm[k] =

[
pm − 10np log

(
‖Gs[k]−cm‖

d0

)
+ nm[k]

x̂[k − 1]

]
, (3.97)

where nm[k] ∼ N(0, σ2
m) , m = 1 , . . . , M is the measurement noise variance and

G = [I 0 0]. The joint position estimate at time instant k can also be expressed as

x̂[k] = x[k] + e[k], where e[k] is the error term at time instant k. As the number of

nodes increases and by virtue of the Central Limit Theorem we can model the error

e[k] to have a Gaussian distribution of zero mean and covariance σ2
eI. We can now

rewrite the measurement equation at node m as

zm[k] =

[
pm − 10αm log

(
‖Gs[k]−cm‖

d0

)
x[k − 1]

]
+ nm[k] , (3.98)

where nm[k] is the total measurement noise term given by

nm[k] =

[
nm[k]
e[k]

]
, (3.99)

As all components of nm[k] are Gaussian, so it is the total measurement noise (i.e.

nm[k] ∼ N(0,R)). Note that the components of nm[k] are correlated through the

distributed localization procedure. However, as the number of nodes increases this

correlation becomes negligible so that we can approximate the noise covariance to be

diagonal with entries

R =

 σ2
m 0 0
0 σ2

ε 0
0 0 σ2

ε

 . (3.100)
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Unfortunately we cannot provide a closed-form expression for the variance σ2
e . This

value is considered as a filter parameter that has to be tuned. However, we have verified

through simulations that the value of σ2
e is not critical for the filter performance.

The benefit of these approaches is that they share the same desirable properties as

the distributed localization methods presented: they are scalable (i.e. nodes do not

care about the network topology), computationally simple (nodes only need to run a

local KF or UKF) and energy efficient (only 1-hop broadcast messages are used).

3.6 Numerical Simulations

In this section, we provide several numerical examples in order to evaluate the per-

formance of the proposed approach. For the simulations we consider a network of

randomly deployed nodes over an area of 100 × 100 squared meters. We have used

the same propagation model for all the nodes with reference power pm = −40 dB at

reference distance d0 = 1 m and path-loss exponent αm = 2 for m = 1, . . . ,M . We fur-

ther assume that the noise processes are independent and identically distributed with

nm ∼ N
(
0, σ2

dB

)
for all m.

In Figure 3.7, we have simulated the distributed localization task using a network

of 50 nodes (see Figure 3.1) with a randomly located target. We have performed

distributed estimation of the target’s position by the alternating between (3.56) and

(3.57) with penalty parameter c = 0.05. We have plotted in Figure 3.7 the error between

each node’s local estimate and the centralized solution of the problem. As it can be

appreciated, the distributed algorithm converges to the optimal centralized solution as

the number of iterations increases.

We have also simulated the localization task over the same network of Figure 3.1.

For the propagation model the measurement noise variance has been set to σ2
dB = 9.

We have evaluated the performance of the proposed approach with and without weights

(labeled SDP and wSDP, respectively) over 1000 random target locations (test points).

We compare our approach with Multilateration localization approach where the node

with the closest distance estimate is chosen as a reference. Recall that the linearized

problem can be solved in a distributed way by Algorithm . Note, however that nodes

must first agree on the reference node. In the figures, we also provide the performance
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Figure 3.7: Norm of the difference between the local and the centralized es-

timate as a function of the iteration number. This figure represents the absolute

error between the local (distributed) estimate and the centralized one as the number of

iterations increases.

of the centralized ML estimate for comparison purposes. The empirical cumulative

distribution function (CDF) of the localization error is represented in Figure 3.8. As it

can be observed in Figure 3.8, the proposed scheme outperforms that of Multilateration.

Further, we observe that the use of weights improves the localization accuracy of the

algorithm considerably. By the incorporation of weights we are giving less importance

to those nodes that are typically far from the target. As a result, there is a reduction

in the localization error that makes the performance to come closer to that of the ML

estimate.

The performance of the algorithm has also been tested for different values of the

measurement noise variance. The results are displayed in Figure 3.9 where the av-

erage error over 1000 random locations is depicted as a function of the measurement

noise standard deviation. We observe that the proposed approach outperforms that

of multilateration as can be seen in Figure 3.9. We have also displayed the results

when combining the proposed distributed localization approach with a local search
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Figure 3.8: Empirical CDF of the localization error. This figure represents the

empirical CDF of the localization error for the considered methods based on 1000 realiza-

tions.

(wSDP+local). As it can be observed the results of such combination provide close to

ML performance. This implies that our method is capable of providing good estimates

that could be used to run a local solver in order to come close to the ML estimate.

Further, under the i.i.d. noise assumption we have shown that the distributed Gauss-

Newton method based on consensus can be used to locally minimize the likelihood

function.

Application to Tracking

In order to analyze the performance of the proposed approach we have run several

simulations with synthetic data. The same network as in the localization part has been

used for the tracking experiment where a total of 100 random trajectories have been

generated to test the tracking algorithms. For comparison purposes we also consider

in our simulations a centralized version of the UKF where a central entity is assumed

to collect all data coming from the nodes. The use of local trackers together with the

joint localization approach are labeled as “local UKF” and “local KF”, depending on
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Figure 3.9: Average localization error as a function of the measurement noise

standard deviation. This figure represents the average error of the considered methods as

a function of the noise standard deviation. The average is taken over 1000 noise realizations.

what type of local tracking filter has been used. A perfect consensus is assumed among

the nodes.

In Figure 3.10 it is depicted the empirical CDF of the average tracking error per

trajectory for the centralized UKF and the combined local filtering and joint localization

strategies. For the joint localization part we have used the SDP approach of Section

3.4.3. As it can be observed the use of local smoothing UKF-type filters prior to the

joint localization task provides close performance to that of the centralized UKF. On

contrast, the use of a Kalman tracker on the joint position estimate does not provide

good results and is far from the other two approaches.

Uncertainties in node locations

We have performed an additional simulation where we have introduced a small

error in the actual node coordinates. More precisely, we replace cm, m = 1, . . . , M

with c̃m = cm + N
(
0, σ2

LI
)
. We have varied σL in order to evaluate the robustness of

the proposed approach against uncertainties in nodes’ positions. For each trajectory
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Figure 3.10: CDF of the tracking error - Comparison of the average tracking error

CDF’s for the considered approaches based on 100 random trajectories.

new random values for the uncertainties have been generated.

In Figure 3.11 we have represented the average error (over time & trajectories) for

both the distributed tracking strategies based on local filtering and joint localization

as well as for the centralized UKF. The average values of the error are represented as

a function of σL. We observe from Figure 3.11 that, also in the noisy coordinates case,

the use of a local KF on the joint position estimate provides a much worse accuracy

than the use of local UKF prior to the joint localization task. As it can be observed,

when perfect knowledge about the nodes’ positions is available, the (centralized) UKF

provides better results than the proposed approaches. However, as the uncertainties

increase the difference among the centralized UKF and the use of local UKF filters

plus joint localization reduces and eventually, the proposed approach outperforms the

centralized UKF when the uncertainties in the positions are high. This result indicates

that the use of weights in the joint localization procedure reduces the effect of the errors

of those nodes that are far-away from the target and hence, making the procedure more

robust to uncertainties in the actual node’s coordinates.
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Figure 3.11: Average tracking error - Average tracking error of the considered ap-

proaches as a function of the standard deviation of the error in the actual node’s coordi-

nates.

3.7 Chapter summary

We have presented a distributed localization approach over sensor networks using con-

sensus and convex optimization. An alternative problem to the ML position estimation

problem has been proposed based on local ML distance estimates at each node. In or-

der to circumvent the non-convexity of the problem, semidefinite relaxation technique

has been employed and conditions that guarantee zero gap between the relaxed and

the original problem have been given. A distributed algorithm based on an augmented

Lagrangian approach using primal-dual decompositions have been proposed and it has

been shown to converge to the centralized solution. The approach is suitable for its

real implementation in WSN as it is scalable, robust against changes in topology and

energy efficient by the use of only local broadcast-type communication among nodes.

Another interesting property of the proposed algorithm is that it allows the introduc-

tion of additional convex constraints to the localization problem in a straightforward

manner.
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The proposed algorithm is intended to be usable in real networks and its suitability

in terms of accuracy would be determined by the application at hand. However, if

higher accuracy is required, we could run an additional optimization step around the

found solution. We have verified by means of simulations that the combination of our

suboptimal method with a local search provides a localization error close to the ML

estimate.

It is worth to mention that the proposed approach has a direct application to

distributed tracking in WSN’s as well. We have explored the use of the proposed

joint localization strategy together with local tracking filters. Simulation results show

that this suboptimal combination may produce a tracking performance close to that of

well-known centralized tracking strategies like the UKF.
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4

ENERGY EFFICIENT

COLLABORATIVE

BEAMFORMING

4.1 Introduction

The use of multi-antenna systems is well motivated by the increasingly demand of re-

liable, high data-rate communications due to the capacity increase predicted by multi-

antenna systems (Telatar, 1999; Foschini, 1996). Beamforming techniques adjust the

antenna weights in order to mitigate fading channel or interference effects, thus enhanc-

ing the quality of the signal of interest. In the context of a Wireless Sensor Network

(WSN), it may happen that the area of interest to be sensed is located in a remote

region of difficult access. We assume that the network is composed by a number of

low-power, low-cost and single-antenna nodes randomly deployed over a certain area.

To overcome the problem of retrieving the gathered data, nodes can cooperate to form

a virtual beamformer in order to send the acquired data to a far-away base station for

further processing and analysis. A certain Quality of Service (QoS) measure must be

imposed at the receiver side (i.e., base station) that allows reliable signal decoding.

One possible solution to this end is the concept of collaborative beamforming (Ochiai

et al., 2005), where nodes synchronize their phases to add constructively at the base

station. Since the deployment of the nodes is assumed to be random the radiation

pattern is considered a random variable as well. The statistical properties of the average
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radiation pattern have been analyzed for the case of uniformly distributed nodes over a

disc of a certain radius (Ochiai et al., 2005). It is demonstrated that as the number of

nodes increases, the average directivity of the virtual array approaches its maximum.

In the same direction, the work (Ahmed & Vorobyov, 2008, 2009a) shows that better

properties in terms of sidelobe level can be obtained if we change the spatial distribution

of the nodes over the disc. In particular, they show that the average sidelobe level

decreases when the nodes are deployed following a Gaussian distribution over the disc.

Obviously this comes at the expense of some degradation in terms of directivity. An

alternative analysis has been carried out in (Zarifi et al., 2009), where it is shown

that if nodes are chosen within a ring of an appropriate radius the beamwidth can be

reduced and, at the same time, connectivity of the network is easily preserved while at

the same time energy consumption may be reduced.

Although the average properties of the radiation pattern are insightful they only

hold asymptotically when the number of nodes is very large. There are several issues

regarding the collaborative beamforming strategy that should be pointed out. The first

one is that channel effects are usually ignored and the only source of signal attenuation

considered is due to propagation losses. This is a particular simplistic assumption since

the channel may completely change the radiation pattern of the free-space propagation

model. Another point is that in many situations we may be wasting more power than

necessary (far from optimality) or even violate some radiation power constraints (i.e.,

interference caused to coexisting systems). To overcome these issues some authors

propose to use selection mechanisms that allow the reduction of the sidelobe level while

at the same time saving some energy. For example, in (Chang et al., 2008). They

propose to group nodes according to the existing phase differences among them. The

motivation behind is that nodes with small phase differences will add their signals

constructively at the receiver. The active collaborative beamforming set is switched

over time in order to further save energy and increase the network’s lifetime. Different

selection schemes have also been proposed in (Ahmed & Vorobyov, 2009b) and (Ahmed

& Vorobyov, 2010) in order to control the sidelobe level into a specific directions. The

selection mechanism consists on adding one node at a time until we meet some specific

QoS and interference requirements. A new node joins the collaborative beamformer

and a test message is sent to the intended base station. The intended receiver replies

with the received SNR while base stations other than the intended one send a reject
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feedback message if the interference caused to them is above some threshold. The main

disadvantage of node selection approaches is that they require some central unit that

decides or coordinate them. Thus requiring the development of efficient routing and

scheduling mechanisms in order to coordinate the nodes. A more sophisticated null-

steering beamformer have been proposed in (Zarifi et al., 2010) where it is shown that

the asymptotically (as the number of nodes goes to infinity) optimal beamformer can

be computed locally on each node. However, for a particular realization the radiation

pattern is random and hence we may be far from optimality.

In order to meet some QoS at the receiver, it would be more energy-efficient to op-

timize the individual antenna weights so as to maximize the network’s lifetime (i.e., the

time that the network is going to be operative), using the more mature beamforming

technology for centralized scenarios, otherwise we may cause rapid energy depletion at

the nodes, shortening their time of activity and increasing maintenance costs.

In the last few years, the application of convex optimization techniques to beam-

forming problems has been proven very successful, see (Gershman et al., 2010; Palo-

mar & Eldar, 2010) and references therein. The use of convex optimization can help to

produce optimal or close-to-optimal solutions in many beamforming problems. When

designing a beamformer, two common approaches are found in the literature that ei-

ther try to maximize the SNR subject to (individual or total) power constraints or

consider energy minimization while ensuring a specified QoS. In the context of WSN,

energy efficiency is a major design issue that should be looked at carefully. It is desir-

able for such networks to be autonomous and capable of working for long periods of

time without battery replacement. There has been little attention to this issue in the

context of beamforming applications. In (Han & Poor, 2007) they consider this issue

when collaborative beamforming is used. However, the work in (Han & Poor, 2007)

is oriented to routing optimization instead of energy efficient beamforming. A routing

scheduling policy has been recently proposed in (Feng et al., 2010) that helps to extend

the network’s lifetime. Again, in (Han & Poor, 2007; Feng et al., 2010), collaborative

beamforming is considered without weight optimization; therefore, the network may

be using more energy than strictly required. It becomes clear that the development

of distributed optimization techniques that take into account energy efficiency are of

paramount importance in the context of sensor networks. A closely related scenario
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to that of sensor networks is the network relay beamforming scenario where a num-

ber of single-antenna nodes are used in order to forward the signal to the end-user,

reducing deployment costs while enhancing communications. In such scenario several

distributed beamforming approaches have been proposed (Havary-Nassab et al., 2008;

Zheng et al., 2009b,a; Chen et al., 2011; Yi & Kim, 2007; Chen et al., 2009a). However,

those are not fully distributed since they are based on centralized optimization and

reduced feedback between the relay network and the transmitter / receiver pair. In

our context of WSN’s, such approaches would be impractical as they require constant

feedback between sensors and base station (i.e., battery level and channel state infor-

mation). It is therefore preferable to devise distributed algorithms that do not require

a constant interaction and information exchange with the base station.

We consider the distributed beamforming problem with QoS constraints where the

metric to be optimized is the network’s lifetime (i.e., the time that the network can guar-

antee the specified QoS requirement). We derive closed-form expressions for the opti-

mal beamformer and provide iterative algorithms for its numerical computation. Using

only local information about battery status and channel conditions, we use consensus

(Olfati-Saber & Murray, 2004) and primal-dual decomposition methods (Bertsekas, D.

P., 1982) to propose fully distributed solutions (i.e., only require local communication

among nodes) to the problem. We start by considering that the only cause of battery

depletion is far-away communication with the base station. However, this assumption

is quite unrealistic as there are other processes that consume energy, too. With this

consideration in mind we go one step further and provide a general energy consumption

model to account for other tasks like data processing, sensing, or local communications

among nodes. Energy consumption due to non-beamforming tasks is modeled as an

additional random energy consumption. The problem then switches to a probabilistic

design that generalizes the original problem. Conditions under which the general prob-

lem is convex (and hence easily solvable) are also provided. Part of the content of the

chapter appears in (Bejar et al., 2012b)

The chapter is organized as follows: In the first part we provide some general def-

initions and describe the problem in an intuitive manner. Afterwards a more formal

description follows in Section 4.2. In Section 4.3 we formulate the energy-efficient
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beamforming problem and provide a closed-form expression for its computation. Sec-

tion 4.4 is devoted to study algorithms for the computation of the optimal beamformer.

We provide an iterative (centralized) algorithm that is shown to converge to the op-

timal beamvector. Then we derive a distributed consensus-based counterpart that

requires only local interaction among neighboring nodes to arrive to the same central-

ized solution. A second approach is also provided that uses augmented Lagrangian

and primal-dual decomposition methods. In Section 4.5 we extend the energy con-

sumption model to account account for other sources of battery depletion like local

sensing, computation or node to node communications. We show how the new prob-

lem generalizes the previous one and provide conditions under which it can be solved

efficiently. To illustrate the performance of the developed approach and algorithms,

numerical simulations are provided in Section 4.6 where we show the improvement in

the network’s lifetime of the proposed scheme over collaborative beamforming strategy.

At the end of the chapter, in Section 4.7 a short summary and conclusions are provided.

4.2 System Model

Consider a WSN composed of M nodes scattered over a certain area. Nodes are battery-

powered elements equipped with a single-antenna whose purpose is to sense and retrieve

information from the environment. The information sensed is to be sent to a far-away

base station where data is processed and analyzed. For example, we could think that

the network is localizing or tracking a target and that the position of the target is being

reported to a remote surveillance center. In order to reach the base station, nodes need

to cooperatively form a virtual beamformer for transmitting the acquired data to the

base station, see Figure 4.1. At the base station, a minimum QoS requirement must

be fulfilled that allows reliable decoding of the received signal. We aim to maximize

the time that the network remains operative without human intervention (i.e., battery

replacement). The problem is then to design a virtual beamformer that meets the

required QoS at the base station while maximizing the network’s lifetime. For all

the remaining discussion it is further assumed that all elements (i.e., nodes and base

station) lie on the same plane and that all sensing nodes are aware of the information
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to be transmitted to the base station (i.e., they have already spread the information

over the network via, e.g., a consensus algorithm).
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Figure 4.1: Beamforming scenario - Illustration of the beamforming process between

the nodes and the base station. Nodes adjust their phases and antenna weights in order to

point towards the base station while satisfying the necessary QoS constraints for reliable

signal decoding.

We consider a discrete-time communication system where some information is to

be sent to the base station. Let wm[k] denote the complex antenna weight of the mth

node at the kth sampling instant and let s[k] be the discrete-time modulated signal to

be transmitted to the base station. The received signal y[k] at the base station can be

expressed as

y[k] =

M∑
m=1

hmw
∗
m[k]s[k] + n[k] , (4.1)

where the superscript ∗ denotes complex conjugate, hm is the channel coefficient (as-

sumed flat during the transmission) between the mth node and the base station, and

n[k] represents the discrete-time measurement noise process. The noise samples n[k]

are assumed to be independent and identically (i.i.d.) distributed random variables.

More precisely, they are assumed to follow a Gaussian distribution with zero mean and
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variance σ2
n, that is n[k] ∼ N(0, σ2

n).

The (instantaneous) received Signal to Noise Ratio (SNR) at destination is given

by

Γ[k] =

∣∣∣∣∣
M∑
m=1

hmw
∗
m[k]

∣∣∣∣∣
2
Ps
σ2
n

=
∣∣∣wH[k]h

∣∣∣2 ρ0 , (4.2)

where h = [h1, . . . , hm]T, wH[k] = [w∗1[k], . . . , w∗m[k]], and where the expectation is

taken over the noise n[k] and the symbols s[k], with Ps = E
[
|s[k]|2

]
, E [s[k]] = 0, and

ρ0 = Ps/σ
2
n.

We will use the instantaneous received SNR in (4.2) as our QoS measure, i.e., we

want to design our beamformer in order to ensure that the received SNR is above

some threshold. Besides, we also seek to maximize the network’s lifetime so that it

can be operative for the longest period of time. Several measures of network’s lifetime

have been proposed in the literature (see (Dietrich & Dressler, 2009) and references

therein) attending to different criteria like percentage of alive nodes, coverage area, or

connectivity, among others. In our problem, a natural measure of the network’s lifetime

is the time that the network can satisfy the QoS constraint since this will imply that

the transmitted signal can be reliably decoded at the base station. We will show later

that such lifetime criterion is equivalent, in our system model, to maximizing the time

for the first node to deplete its battery.

It is important to mention that, since our discretized transmission model is an

approximation of a continuous-time transmission, we will consider the network’s lifetime

as a real-valued variable in the optimization process.

4.3 Energy-efficient Beamforming

Throughout this section, we will assume that the only source for energy depletion is

due to the process of far-away transmission to the base station. Other sources of energy

consumption like sensing, data processing or local communication are not considered

here (cf. Section 4.5).

Let Em denote the initial battery level of node m. The amount of energy consumed

during the kth sampling period at node m would be

em[k] = |wm[k]|2 Ts , (4.3)
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where Ts is the sampling period.

In order to allow for a reliable signal decoding at the base station we want to satisfy

a minimum QoS constraint imposing that the SNR at destination (base station) should

be above some pre-specified value or threshold ρ. Such constraint can be expressed in

terms of the instantaneous SNR (4.2) as

∣∣∣wH[k]h
∣∣∣2 ρ0 ≥ ρ . (4.4)

As stated in the previous section, a natural measure of the network’s lifetime is the

longest time (or maximum time) that we can guarantee the QoS constraint (4.4) to be

fullfilled. We then define the network’s lifetime as follows.

Definition 4 (Deterministic network lifetime). The lifetime of the network is the

longest time (or maximum time) that the QoS constraint (4.4) can be satisfied.

Our goal is then to find the sequence of beamforming vectors {w[k]} that maximize

that network’s lifetime given in Definition 4. As nodes are battery-equipped elements

with limited power resources, we also impose a maximum transmission power pm on

each node:

|wm[k]|2 ≤ pm , (4.5)

for m = 1, . . . ,M .

Let denote K? as the maximum time that the QoS constraint (4.4) can be satis-

fied, then the problem of finding the optimal beamvectors {w[1], . . . ,w[K?]}, can be

expressed as

find {w[1], . . . ,w[K?]} ∈ CM

subject to
∣∣wH[k]h

∣∣2 ρ0 ≥ ρ k = 1, . . . ,K?

|wm[k]|2 ≤ pm for all m, k∑K?

k=1 em[k] ≤ Em m = 1, . . . ,M

(4.6)

where the last constraint ensures that no node can waste more energy than its actual

battery level.

Based on problem (4.6) we can establish the following result:

Lemma 2 (Matched beamformer). Let {w?[1], . . . ,w?[K?]} be a solution (feasible

point) of the feasibility problem (4.6). Then, the set of vectors z[k], k = 1, . . . ,K?

with |zm[k]| = |w?m[k]| and ∠zm[k] = ∠hm are also optimal.
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Proof. Since |zm[k]| = |w?m[k]| for all m and k, the second and third constraints of

problem (4.6) are automatically satisfied as they only involve the magnitude of wm[k].

We only need to show that the first constraint is also satisfied. We then have that ρ ≤
ρ0

∣∣∣w?H[k]h
∣∣∣2 = ρ0

∣∣∣∑M
m=1(w?m[k])∗hm

∣∣∣2 ≤ ρ0

(∑M
m=1 |w?m[k]||hm|

)2
= ρ0

∣∣zH[k]h
∣∣2,

and the result follows.

Let introduce the variables w̄m[k] = |wm[k]| and h̄m = |hm|, i.e., the magnitude of

the mth beamweight and the mth channel coefficient, respectively. Based on Lemma 2

we could fix the phase of the beamvectors {w[1], . . . ,w[K?]} to match that of the chan-

nel and replace problem (4.6) by the following real-valued feasibility power allocation

problem
find {w̄[1], . . . , w̄[K?]} ∈ RM

subject to w̄T[k]h̄ ≥
√
ρ/ρ0 k = 1, . . . ,K?

w̄2
m[k] ≤ pm for all m, k

Ts
∑K?

k=1 w̄
2
m[k] ≤ Em m = 1, . . . ,M

(4.7)

where w̄[k] = [w̄1[k], . . . , w̄M [k]]T and h̄ = [h̄1, . . . , h̄M ]T. Note that feasibility problem

(4.7) is convex and, hence, can be solved efficiently. Further, it can be easily shown

that an optimal constant beamvector (independent of time) exists as stated next.

Lemma 3 (Constant beamformer). Assume that the feasibility problem (4.7) is feasible.

Then, there exist an optimal solution {w̄?[1], . . . , w̄?[K?]} to (4.7) such that w̄?[i] = w̄?

for all i = 1, . . . ,K?.

Proof. Assume {w̄?[1], . . . , w̄?[K?]} is a solution to the feasibility problem (4.7). Then,

any permutation of the sequence of beamvectors is also a solution to the problem. Since

the problem is convex any convex combination of the solutions is also a solution. Take

the average over all permutations, i.e., w̄? = 1
K?

∑K?

k=1 w̄[k], and the result follows.

However, we still need to compute the optimal time K? in order to compute the

optimal beamvectors. Since, by Lemma 3 the optimal beamvector is independent of

the time k, we can now formulate the lifetime maximization problem as:

maximize
w̄,K

K

subject to w̄Th̄ ≥
√
ρ/ρ0

w̄2
m ≤ pm m = 1, . . . ,M

Kw̄2
mTs ≤ Em m = 1, . . . ,M.

(4.8)

Note that the last constraint of problem (4.8) is not convex. However, note that the

problem is convex for fixed K and therefore could be solved by bisection search over K.
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A more elegant alternative is to convert it into convex form by an appropriate change

of variables. Consider the change of variable t = 1/K. Since the function f(x) = 1/x is

monotonically decreasing in x, we can replace the maximization problem (4.8) by the

following minimization problem:

minimize
w̄,t

t

subject to w̄Th̄ ≥
√
ρ/ρ0

w̄2
m ≤ pm m = 1, . . . ,M

w̄2
m ≤ tEm/Ts m = 1, . . . ,M.

(4.9)

where now the last constraint of (4.9) corresponds to a second order cone constraint

and, hence, it’s convex and can be solved efficiently. Note that both problems (4.8)

and (4.9) are equivalent in the sense that they provide the same optimal beamformer.

One question that may arise in our particular problem is whether there are going to

be nodes that do not participate in the beamforming task (i.e., nodes with w̄m = 0).

Intuitively, this should not be the case as we are trying to maximize the network’s

lifetime. Even when channel conditions are bad the contribution of any node will help

to increase the time that the network can satisfy the QoS constraint. This intuition is

formalized by the following result.

Lemma 4 (All nodes active). Suppose that problem (4.9) is solvable, then, at the

optimum, all nodes must be active (w̄m > 0 for all m) and the SNR QoS constraint

must hold with equality.

Proof. See the Appendix B.

As we mentioned earlier, it turns out that, in our particular setting, maximizing

for the QoS lifetime criterion of Definition 4 coincides with maximizing the time that

takes for the first node to deplete its battery (i.e., 1st node depletion criterion).

Lemma 5 (Lifetime and first node). The maximum time that the network can satisfy

the QoS constraint (4.4) is equal to the maximum time that takes for the first node to

deplete its battery.

Proof. In order to show that problem (4.9) is equivalent to maximizing the time for

the first node to deplete its battery let’s define the forecast longevity of node m (i.e.,

expected node lifetime) as

lm =
Em

|wm|2 Ts

, m = 1, . . . , M . (4.10)
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Maximizing the time for the first node to deplete its battery can be then expressed as

the maximization of the minimum of lm. Alternatively, it could be expressed as the

minimization of the maximum of 1/lm. If we follow the latter approach we can express

the 1st node lifetime maximization problem as the following minmax optimization

problem:

minimize
w

max
(
|w1|2Ts
E1

, . . . , |wM |
2Ts

EM

)
subject to

∣∣wHh
∣∣2 ρ0 ≥ ρ

|wm|2 ≤ pm m = 1, . . . ,M .

(4.11)

As previously done for problem (4.6) in Lemma 2, it can be easily shown that the same

result also holds for problem (4.11). Fixing the phase of w to match that of the channel

h we end up with

minimize
w̄

max
(
w̄2

1Ts
E1

, . . . ,
w̄2
MTs
EM

)
subject to w̄Th̄ ≥

√
ρ/ρ0

w̄2
m ≤ pm m = 1, . . . ,M .

(4.12)

We immediately realize that problem (4.9) is the epigraph form of problem (4.12).

4.3.1 Closed-form Solution

The power allocation problem (4.9) can be solved using general purpose optimization

software packages like SeDuMi (Sturm, 1999). However, problem (4.9) allows for a

closed-form solution that can be derived from its dual problem as stated next.

Proposition 3 (Closed-form solution). Suppose problem (4.9) is solvable, then the

optimal power allocation is given by

w̄?m = min

(√
t?Em
Ts

,
√
pm

)
, (4.13)

where

t? =

(√
ρ/ρ0 −

∑
m/∈M |hm|

√
pm∑

m∈M |hm|
√
Em/Ts

)2

(4.14)

and M = {m | |w̄m|2 < pm} is the set of nodes not transmitting at maximum power.

Proof. See the Appendix B.

Corollary 4. The optimal beamformer is then given by

w? =

[
w̄?1

h1

|h1|
, . . . , w̄?M

hM
|hM |

]T
. (4.15)

where w̄?m is given by (4.13) - (4.14).
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Proof. The result follows directly from Proposition 3 and Lemma 2.

From the closed-form expressions (4.13) and (4.14) it is easy to see that, at the

optimum, all nodes must be active (i.e., w̄m > 0 for all m) as already stated in Lemma

4. Additionally, we also have the following result

Lemma 6 (Simultaneous depletion). Let M denote the set of nodes not transmitting

at their maximum transmission power as stated in Proposition 3. Then, all nodes in

M deplete their batteries at the same time.

Proof. From Proposition 3 we have that all nodes transmitting below its maximum

allowed transmission power have the same ratio Em/|w?m|2, m ∈ M (i.e., share the

same value of t?). Therefore, they will deplete their batteries at the same time.

4.4 Algorithms

So far we have analyzed the beamforming problem (4.6) showing its convexity and

providing a closed-form solution as per (4.64). In this section we develop algorithms

for the computation of the solution both in a centralized and in a distributed way.

First, a centralized iterative algorithm that yields the optimal beamvector of (4.64) is

presented. We then consider the distributed computation of the optimal beamformer

by means of consensus and primal-dual decomposition methods.

4.4.1 An Iterative Algorithm

In this subsection we present an iterative (centralized) algorithm for the computation

of the optimal beamformer of problem (4.9) using the closed-form expressions (4.13)

and (4.14). By matching the phase of the beam-vector to that of the channel we obtain

a solution to the original beamforming problem (4.6). Again, we use the superscript

(k) to denote the kth iteration of the algorithm. The algorithm works as follows:

At the first stage of the algorithm, all nodes are assumed to be transmitting below

their respective maximum transmission power, hence the set M(0) contains all nodes.

Then, the initial power allocation is computed using (4.14) and (4.13). If the resulting

power allocation [w̄
(0)
1 , . . . , w̄

(0)
M ] does not violate any of the power constraints pm, m =

1, . . . ,M , then it means that such power allocation is the optimal one. The optimal

beamformer is obtained according to Lemma 2 by matching the phase of each node
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to that of its respective channel coefficient and the algorithm terminates. If, however,

some nodes violate the power constraint pm, then the power allocation needs to be

recomputed. This is done by firstly removing those nodes from the set M(0) forming

the new set M(1) as

M(1) = M(0) − {m | w̄(0)
m = pm} . (4.16)

Then a new power allocation w̄
(1)
m is computed using Equations (4.14) and (4.13). This

process is repeated iteratively until there are no changes in the power allocation. Note

that for the kth iteration we have that the set of nodes not transmitting at maximum

power is updated as

M(k) = M(k−1) − {m | w̄(k−1)
m = pm} . (4.17)

Therefore, the algorithm has converged when M(k) = M(k−1) which means that there

are no changes in the power allocation. The complete process is summarized in Al-

gorithm 9 which is guaranteed to converge to the optimal solution provided that the

problem is feasible (i.e., has a solution).

Proposition 5. Assume problem (4.9) is feasible, then Algorithm 9 converges to the

optimal solution of the problem.

Proof. In order to prove the convergence of Algorithm 9 to the optimal solution it

is important to realize that the sets M(k) are monotone nonincreasing, meaning that

M(0) ⊇M(1) ⊇ . . . ⊇M(k). This is true because, by construction of the algorithm, the

sequence of generated t(k) is nondecreasing. It is easy to see that M(0) ⊇M(1) and also

that t(0) ≤ t(1). In order to see this note that

√
ρ/ρ0 =

√
t(0)

M∑
m=1

|hm|
√
Em/Ts

=
√
t(1)

∑
m∈M(1)

|hm|
√
Em/Ts +

∑
m/∈M(1)

|hm|pm
(4.18)

and also

√
t(0)

M∑
m=1

|hm|
√
Em/Ts =

√
t(0)

∑
m∈M(1)

|hm|
√
Em/Ts

+
∑

m/∈M(1)

|hm|
√
t(0)Em/Ts

(4.19)
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By construction of the set M(1), we have that for M(1) 6= M(0) (i.e., M(0) ⊃ M(1)) the

following relation holds:∑
m/∈M(1)

|hm|
√
t(0)Em/Ts >

∑
m/∈M(1)

|hm|
√
pm. (4.20)

Combining (4.19) and (4.20) we get

√
t(0)

M∑
m=1

|hm|
√
Em/Ts >

√
t(0)

∑
m∈M(1)

|hm|
√
Em/Ts

+
∑

m/∈M(1)

|hm|
√
pm.

(4.21)

Using (4.21) together with (4.18) it is easy to see that t(1) > t(0) whenever M(1) 6= M(0).

On the other hand, t(1) = t(0) if M(1) = M(0). Therefore, we have that t(1) ≥ t(0) where

equality holds only if M(1) = M(0). By induction it can be shown that the relation also

holds for all k, that is t(k+1) ≥ t(k) where equality holds only if M(k+1) = M(k). Note

also that if M(k+1) = M(k), then t(k) is optimal.

It is clear then that Algorithm 9 produces a sequence of sets

M(0) ⊃M(1) ⊃ · · · ⊃M(k) = M(k+1), (4.22)

whose corresponding sequence of t’s is

t(0) < t(1) < . . . < t(k) = t(k+1) = t?. (4.23)

It is obvious that the algorithm provides the optimal solution when all nodes are

transmitting below their maximum respective powers (as the algorithm performs only

one iteration). Since the number of possible generated sets Mk is finite, convergence

in the general case when some nodes may be transmitting at their maximum powers is

guaranteed by (4.22) and (4.23).

4.4.2 Distributed Implementation

The computation of the optimal solution to problem (4.9) via Algorithm 9 requires a

central entity with full knowledge about channels, battery levels, and power constraints.

This implies that the information should be transferred to a central node that performs

the computation of the optimal beamforming weights (4.64). This approach is not

practical in the context of WSNs. Instead, it would be preferable to arrive at the same
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Algorithm 9 - Iterative Centralized Beamforming Algorithm

1: k ← 0

2: M(0) ← {1, . . . ,M}
3:
√
t(0) ←

√
ρ/ρ0∑M

m=1 |hm|
√
Em/Ts

4: w̄
(0)
m ←

√
t(0)Em
Ts

,m = 1, . . . ,M

5: repeat

6: k ← k + 1

7: M(k) ←M(0) − {m | w̄(k−1)
m >

√
pm}

8:
√
t(k) ←

√
ρ/ρ0−

∑
m/∈M(k) |hm|

√
pm∑

m∈M(k) |hm|
√
Em/Ts

9: w̄
(k)
m ←

√
t(k)Em
Ts

, for all m = 1, . . . ,M

10: until M(k) = M(k−1)

11: wm ← min
(
w̄

(k)
m ,
√
pm

)
hm
|hm| ,m = 1, . . . ,M

solution through a distributed procedure where each node uses only local information

about battery status, channel fading and power constraints. In forthcoming sections we

present two different approaches for arriving at the same centralized solution of (4.9) in

a distributed way. One of the approaches is based directly on the iterative Algorithm 9

and constitutes its distributed consensus-based couterpart. The second approach relies

on concepts of convex optimization over networked systems (Rabbat et al., 2005; Li

et al., 2010) reviewed in Chapter 2. In both cases it is assumed that the total number

of nodes in the network is known.

4.4.2.1 Consensus-based Algorithm

It is clear from the solution of (4.9) that in order to arrive to the optimal solution in a

distributed way, it will suffice to compute the optimal value t? in a distributed fashion.

By direct inspection of Algorithm 9 it is easy to realize that a distributed counterpart

based on consensus is possible. The key idea relies on the observation that t(k) in step

8 of Algorithm 9 can be obtained by taking the ratio of two terms, each of which can be

computed by means of consensus. To that end, consider two variables per node γm and

βm, the first one contributing to the numerator and the latter one to the denominator of

(4.14). Initially, we assume that all nodes are transmitting below their maximum power

(the same as in Algorithm 9) so that γ
(0)
m =

√
ρ/ρ0/M and β

(0)
m = |hm|

√
Em/Ts. If we
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perform an average consensus over these two quantities, they converge to 1
M

∑
m γ

(0)
m

and 1
M

∑
m β

(0)
m at each node (Olfati-Saber & Murray, 2004). By dividing these two

average quantities we get

1
M

∑
m γ

(0)
m

1
M

∑
m β

(0)
m

=

√
ρ/ρ0∑M

m=1 |hm|
√
Em/Ts

=
√
t(0) , (4.24)

which is precisely the same initial value
√
t(0) as in the centralized Algorithm 9. After

that, each node computes its initial power allocation w̄
(0)
m as per (4.13). If a node is

required to transmit at its maximum power then, it sets γ
(1)
m =

√
ρ/ρ0/M − |hm|

√
pm

and β
(1)
m = 0 for the next iteration. In general, after k iterations we have that

γ(k+1)
m =

{ √
ρ/ρ0/M w̄

(k)
m < pm√

ρ/ρ0/M − |hm|
√
pm w̄

(k)
m = pm

(4.25)

and that

β(k+1)
m =

{
|hm|

√
Em/Ts w̄

(k)
m < pm

0 w̄
(k)
m = pm

(4.26)

Note that Equations (4.25) and (4.26) are well defined since w̄
(k)
m can only take values

less than or equal to pm. Note also that at iteration k + 1 and after performing a

consensus on γ
(k+1)
m and β

(k+1)
m the ratio of the consensus averages is

1
M

∑
m γ

(k+1)
m

1
M

∑
m β

(k+1)
m

=

√
ρ/ρ0 −

∑
m/∈M(k+1) |hm|

√
pm∑

m∈M(k+1) |hm|
√
Em/Ts

=
√
t(k+1) , (4.27)

which gives the same value of
√
t(k+1) as in step 8 of Algorithm 9. From

√
t(k+1) the

new power allocation w̄
(k+1)
m is then computed. It is important to mention that now the

nodes do not have knowledge about the set M(k) so they cannot detect changes in the

that set in order to decide upon convergence. However, as they all share the same value

of t(k) convergence can be decided based on the changes in t(k). For example, nodes

could declare that they have converged to the solution if the changes in the updates of

t(k) is smaller than some pre-specified value ε. That is, we declare convergence if

t(k) − t(k−1) ≤ ε . (4.28)

Once converged to the optimal power allocation each node adjust its phase to match

that of the channel. The complete algorithm is outlined in Algorithm 10. It is easy to

see that both the centralized Algorithm 9 and its distributed version given in Algorithm

10 yield the same solution.
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Algorithm 10 - Consensus-based Iterative Beamforming Algorithm

1: k ← 0

2: γ
(0)
m ←

√
ρ/ρ0/M , β

(0)
m ← |hm|

√
Em/Ts for all m = 1, . . . ,M

3: repeat

4: k ← k + 1

5: begin consensus

6: γ
(k)
c ← 1

M

∑M
m=1 γ

(k−1)
m

7: β
(k)
c ← 1

M

∑M
m=1 β

(k−1)
m

8: end consensus

9: Locally, at every node m = 1, . . . ,M compute:

10: t
(k)
m ←

(
γ

(k)
c /β

(k)
c

)2

11: w̄
(k)
m ← min

(√
t
(k)
m Em/Ts,

√
pm

)
12: if w̄

(k)
m ==

√
pm then

13: γ
(k)
m ←

√
ρ/ρ0/M − |hm|

√
pm

14: β
(k)
m ← 0

15: end if

16: until t(k) − t(k−1) ≤ ε
17: wm ← w̄

(k)
m

hm
|hm| for all m = 1, . . . ,M
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4.4.2.2 Primal-dual Approach

In this section we propose an alternative algorithm for the distributed computation of

the solution of problem (4.9) based on a primal-dual decomposition approach with aug-

mented Lagrangian (Bertsekas, D. P., 1982; Bertsekas & Tsitsiklis, 1989) and consensus

as described in Chapter 2. We consider solving problem (4.9) by alternating between

a maximization step and a minimization step that come from the dual formulation

of the problem. We show how the minimization step is separable as it involves only

local variables at the nodes and therefore can be computed in a distributed way. The

maximization step involves the update of the (common) Lagrange multiplier using a

subgradient step. Since this update must be the same for all nodes they must previ-

ously agree on the SNR value in order to update it separately.

Consider now the formulation of problem (4.9). By the introduction of additional

variables tm we can express the power allocation problem (4.9) as the following equiv-

alent problem

minimize
w̄, {tm},t

∑M
m=1 tm

subject to w̄Th̄ ≥
√
ρ/ρ0

w̄2
m ≤ tEm/Ts m = 1, . . . ,M

w̄2
m ≤ pm m = 1, . . . ,M

tm = t m = 1, . . . ,M

(4.29)

This new equivalent problem (4.29) presents a more separable structure. However, both

the second and the last constraints in (4.29) are still global constraints coupling all the

nodes. The last constraint can be modified by a consensus constraint as in (Rabbat

et al., 2005) where each node must agree only with its neighbors hence, avoiding the

global coupling. The problem can be the written as

minimize
w̄, {tm}

∑M
m=1 tm

subject to w̄Th̄ ≥
√
ρ/ρ0

w̄2
m ≤ tmEm/Ts m = 1, . . . ,M

w̄2
m ≤ pm m = 1, . . . ,M

tm = tj m = 1, . . . ,M, j ∈ Nm

(4.30)

where Nm is the set of neighbors of the mth node. Note that the two problems (4.29)

and (4.30) lead to the same solution provided that the underlying graph is strongly
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connected (Rabbat et al., 2005). We can now relax the coupling SNR and tm constraints

to form the partial augmented Lagrangian (Bertsekas, D. P., 1982) as

L =

M∑
m=1

tm + λ
(√

ρ/ρ0 − w̄Th̄
)

+

M∑
m=1

∑
j∈Nm

µm,j(tm − tj)

+
c

2

M∑
m=1

∑
j∈Nm

(tm − tj)2

=
M∑
m=1

(tm − λ|hm|w̄m +
∑
j∈Nm

(µm,j − µj,m) tm

+
c

2

∑
j∈Nm

(tm − tj)2) + λ
√
ρ/ρ0

=
M∑
m=1

Lm(wm, tm;λ, {µi,j}) + λ
√
ρ/ρ0 ,

(4.31)

where we have implicitly defined the local Lagrangians Lm(·) as

Lm(wm, tm;λ, {µi,j}) = tm − λ|hm|w̄m +
∑
j∈Nm

(µm,j − µj,m) tm

+
c

2

∑
j∈Nm

(tm − tj)2
(4.32)

and where c > 0 is a parameter that weights the importance of the quadratic the

penalty term. Remember that the penalty parameter c need not to be a constant but

can be a sequence over time as long as it is non-decreasing (Bertsekas, D. P., 1982) and

that its choice has a direct impact on the rate of convergence of the algorithm.

Note that the solution to the original problem does not change by the addition of

the quadratic penalty term since it is zero for any feasible point.

We can now solve the original problem (4.29) by solving its dual problem

maximize
λ,{µi,j}

{
λ
√
ρ/ρ0 +

M∑
m=1

inf
w̄m≥0,tm

Lm(wm, tm;λ, {µi,j})

}
(4.33)

From the formulation of problem (4.33) it becomes clear that it can be solved in an

iterative way by alternating the inner (local) minimization with the global update of

the multipliers (maximization step) using a subgradient step. As it can be noticed from

(4.33) the inner minimization part can be performed independently at each node since
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it only involves local variables. After that, every node m = 1, . . . ,M needs to update

its multipliers {µm,j}, j ∈ Nm and to agree with the rest of the nodes on the multiplier

value λ. It is important to mention that nodes will actually agree on the SNR value

(e.g., by consensus) so that they can update λ separately.

In a similar fashion as in (Li et al., 2010), the number of multipliers can be reduced

by defining δm =
∑

j∈Nm (µm,j − µj,m) for each node m = 1, . . . ,M . Then, it can be

shown that the inner minimization for node m at kth iteration can be written as the

following optimization problem:

minimize
w̄m, tm

(1 + δ
(k−1)
m )tm − λ(k−1)h̄mw̄m

+ c
∑

j∈Nm(tm − 1
2(t

(k−1)
m + t

(k−1)
j ))2

subject to w̄m ≥ 0
w̄2
m ≤ tmEm/Ts

w̄2
m ≤ pm

(4.34)

The same as in the centralized case, problem (4.34) admits a closed-form solution

that can be derived from the KKT conditions of the problem. We have the following

result:

Proposition 6 (Inner minimization). The optimal solution to problem (4.34) is given

as follows:

If t?mEm
Ts

< pm, then

w̄?m =

√
t?mEm
Ts

, (4.35)

where t?m is a positive number that satisfies1 + δm − c
∑
j∈Nm

(t(k−1)
m + t

(k−1)
j )

 (t?m)1/2

+ 2 c |Nm|(t?m)3/2 − λ(k−1)h̄m
2

√
Em
Ts

= 0.

(4.36)

Otherwise,

w̄?m =
√
pm (4.37)

t?m =
c
∑

j∈Nm(t
(k−1)
m + t

(k−1)
j )− δm − 1

2 c |Nm|
. (4.38)

Proof. See the Appendix B.
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The algorithm then works as follows: After initialization of the Lagrange multipliers

to zero, each node m computes t
(k)
m and w̄

(k)
m for the kth iteration as given in Proposition

6. This corresponds to the (inner) minimization step. After that an update of the

multipliers follows. In order to update the set of multipliers δ
(k)
m each node m needs to

know the t
(k)
j , j ∈ Nm values of its neighbors. Therefore a broadcast of the t

(k)
m values is

performed among neighboring nodes. Once they know their own t
(k)
m value and the one

of their neighbors an update of the δ
(k)
m multipliers is done using the penalty parameter

c as the step-size (Li et al., 2010).

δ(k)
m = δ(k−1)

m + c
∑
j∈Nm

(
t(k)
m − t

(k)
j

)
. (4.39)

It only remains to update the multiplier λ(k) using a (sub)gradient step. For that

purpose nodes first compute the achieved SNR value by means of consensus (assuming

the number of nodes is known) so that they can update the multiplier λ(k) as

λ(k) = λ(k−1) + α

(
M∑
m=1

w̄(k)
m h̄m −

√
ρ/ρ0

)
, (4.40)

where α is the step-size of the update.

Convergence can be decided when the changes in the multiplier λ(k) are smaller

than some threshold value ε1 and when the squared error between the t
(k)
m values of

neighboring nodes is small (say less than ε2).∣∣∣λ(k) − λ(k−1)
∣∣∣ ≤ ε1 (4.41)∑

j∈Nm

(t(k)
m − t

(k)
j )2 ≤ ε2 (4.42)

The use of these two thresholds instead of only one is a means of guaranteeing that

the algorithm has indeed reached to a point close to the optimal solution. Remember

that contrary to Algorithm 10 where all nodes share the same estimate of t
(k)
m in the

primal-dual formulation each node has its own local variable which motivates to look

not only at the changes in t
(k)
m but also to λ(k) in order to decide upon convergence.

The complete procedure for computing the solution to the beamforming problem (4.9)

in a distributed way using primal-dual decompositions is summarized in Algorithm 11.
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Algorithm 11 - Primal-dual Distributed Beamforming Algorithm

1: k ← 0

2: λ(k) ← 0 , δ
(k)
m ← 0 , t

(k)
m ← 0 for all m = 1, . . . ,M

3: repeat

4: k ← k + 1

5: Each node computes t
(k)
m and w

(k)
m using the result stated in Proposition 6

6: Each node broadcasts t
(k)
m to its neighbors

7: Each node updates its multipliers

δ(k)
m = δ(k−1)

m + c
∑
j∈Nm

(
t(k)
m − t

(k)
j

)
(4.43)

8: begin consensus

9: Nodes agree on the SNR value
∑M

m=1 w̄
(k)
m h̄m

10: end consensus

11: Update of the multiplier λ (stepsize α)

λ(k) = λ(k−1) + α

(
M∑
m=1

w̄(k)
m h̄m −

√
ρ/ρ0

)
(4.44)

12: until
∣∣λ(k) − λ(k−1)

∣∣ ≤ ε1 and
∑

j∈Nm(t
(k)
m − t(k)

j )2 ≤ ε2 for all m = 1, . . . ,M

13: wm ← w̄
(k)
m

hm
|hm| for all m = 1, . . . ,M
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4.5 Beamforming with Additional Random Energy Con-

sumption

So far we have considered the lifetime maximization problem when the only source of

battery depletion was due to the communication process with the far-away base station.

However, this is a simplified scenario since we are neglecting other energy-consuming

tasks like sensing, data processing, or node to node communication that need to be

considered in a more realistic setting. This is precisely the main point that we address

in this section. We do it by extending the energy consumption model to allocate for the

energy demands of processes other than far-away communication beamforming. This

extra energy consumption on each node is modeled as a random quantity. We first

consider that such additional energy consumption is random among nodes but fixed

over time and then we look at the more general case where energy consumption is

a stochastic process on every node. Due to the introduction of randomness into the

problem, we have to switch from a deterministic to a probabilistic design. Therefore,

we need a new definition of the network’s lifetime in terms of the probability that the

network will be operative.

4.5.1 Random Energy Consumption among the Nodes

Assume that each node has a fixed energy consumption due to non-beamforming com-

munications but that this energy consumption is random among the nodes. We denote

the additional energy consumed per sampling period at node m as ξm. The total energy

consumed in one sampling period at node m is

ẽm(wm) = ξm + Ts |wm|2 . (4.45)

After K time samples, the battery level at node m will be reduced by an amount of

K ẽm(wm) units of energy. Our goal is then to design a beamformer that maximizes the

time that the network will be operative with a certain probability. For that purpose

we have the following definition of the network’s lifetime:

Definition 5 (Probabilistic network lifetime). The δ-lifetime of the network (0 ≤ δ ≤
1) is the longest time (or maximum time) after which the network will have all its nodes

active with probability no less than δ.
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In agreement with Definition 5 let denote δ as the probability that the network is

operating afterK sampling periods and, assuming independence of the energy consump-

tion at each node, we can formulate the probabilistic network lifetime maximization

problem as

maximize
w,K

K

subject to
∣∣wHh

∣∣2 ρ0 ≥ ρ
|wm|2 ≤ pm, for all m = 1, . . . ,M∏M
m=1 Pr [Em −Kẽm(wm) ≥ 0] ≥ δ.

(4.46)

Note that the last constraint in problem (4.46) imposes that, after K sampling peri-

ods, all nodes will be active with a probability no less than δ. Problem (4.46) is a

generalization of (4.6) since if there were no randomness then, the two problems will

be exactly the same. Note also that we have assumed a constant beamvector over time

in problem (4.46). As it will be shown later for the stochastic case (which generalizes

this one), if the underlying pdf’s of ξm are log-concave, then a constant beamvector

maximizes the lifetime of the network.

We have already mentioned that the above problem is a generalization of the orig-

inal problem (4.6) and that both problems coincide if ξm = 0 (i.e., no randomness).

Furthermore, since the last constraint involves only the magnitude of the beamvector,

the result of Lemma 2 still applies (i.e., the optimal phase must match that of the

channel). Hence, in order to compute the optimal beamvector of (4.46) it suffices to

solve for the optimal power allocation by solving

maximize
w̄,K

K

subject to w̄Th̄ ≥
√
ρ/ρ0

w̄2
m ≤ pm, for all m = 1, . . . ,M∏M
m=1 Pr

[
Em −K

(
ξm + w̄2

mTs

)
≥ 0
]
≥ δ .

(4.47)

Consider now the change of variables t = 1/K and take the log(·) in the last constraint

so that we can express problem (4.47) as the following equivalent minimization problem

minimize
w̄, t

t

subject to w̄Th̄ ≥
√
ρ/ρ0

w̄2
m ≤ pm, for all m = 1, . . . ,M∑
m log Pr

[
Em − ξm+w̄2

mTs
t ≥ 0

]
≥ log δ.

(4.48)
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The new problem (4.48) is a generalization of problem (4.9) and it can be shown to be

convex under certain conditions on the random variables ξm.

Let pξm(ξm) denote the probability density function (pdf) of ξm. Based on the

curvature properties of the underlying probability density functions pξm(ξm) we can

decide upon convexity of problem (4.48).

Lemma 7 (Convexity and log-concavity). If the family of probability density functions

pξm(ξm), m = 1, . . . ,M are log-concave, then problem (4.48) is convex.

Proof. The objective is linear (convex), the first constraint is affine and hence, convex

while the second set of constraints are quadratic and convex as well. Therefore, in order

to show convexity of (4.46) it remains only to show that the last constraint in (4.46)

is, indeed, convex. For that purpose recall from (Boyd & Vandenberghe, 2004) that

the Cumulative Distribution Function (CDF) of a random variable with log-concave

pdf is also log-concave. We also have that the composition of a non-decreasing concave

function with a concave function is also concave (Boyd & Vandenberghe, 2004). Keeping

in mind these results, note that

Pr [Em − ẽm(wm)/t ≥ 0] = Pr
[
ξm ≤ tEm − Tsw̄

2
m

]
= Fξm

(
tEm − Tsw̄

2
m

) (4.49)

where Fξm (·) is the CDF of ξm. We can now rewrite the last inequality in (4.48) as

M∑
m=1

log
(
Fξm

(
tEm − Tsw̄

2
m

))
≥ log δ (4.50)

Since, by assumption, pξm(ξm) is log-concave, so it is Fξm(ξm). Note that the argument

of Fξm(·) is concave in t (actually, affine) and w̄m and note also that logFξm(·) is

concave and non-decreasing since it is a CDF. Then, applying the composition rule of

concave functions we conclude that log
(
Fξm

(
tEm − Tsw̄

2
m

))
is concave. The addition

of concave functions is also concave and therefore the above constraint defines a convex

set (i.e., it is a convex constraint).

The result in Lemma 7 is very useful since many common distributions (i.e., Gaus-

sian, exponential, uniform) have log-concave pdf’s.

Example - Uniform case

We provide here an illustrative example where we consider that the additional random

energy consumption due to non-beamforming task ξm follows a uniform distribution
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on some interval. More precisely, assume that ξm ∼ U (emin, emax); then, it is easy to

check that

Fξm(ξm) =

∫ ξm

−∞
pξm(x) dx

=


0 ξm < emin

ξm−emin
emax−emin

emin ≤ ξm ≤ emax

1 ξm > emax

(4.51)

So we can write the last constraint in (4.48) as

M∑
m=1

log

(
min

(
tEm − Tsw̄

2
m − emin

emax − emin
, 1

))
≥ log δ (4.52)

together with the additional set of constraints for m = 1, . . . ,M

tEm − Tsw̄
2
m ≥ emin . (4.53)

Observe that, as expected from Lemma 7, the expression in (4.52) defines a convex set.

In particular, the left-hand-side (LHS) of (4.52) is the sum of concave functions since

the point-wise infimum (minimum) of concave functions is concave and the log of a

concave function is also concave (Boyd & Vandenberghe, 2004).

Example - Gaussian case

Assume that ξm follows a Gaussian distribution of mean µm and variance σ2
m, that is

ξm ∼ N(µm, σ
2
m). Let the CDF of a normalized Gaussian be defined as

Φ(x) =
1√
2π

∫ x

−∞
e−t

2
dt . (4.54)

Then, the last constraint in (4.48) can be written as

M∑
m=1

log Φ

(
tEm − Tsw̄

2
m

σm

)
≥ log δ , (4.55)

whose LHS is concave as it is the sum of concave functions (note that Φ(x) is log-concave

(Boyd & Vandenberghe, 2004)).

In Figure 4.2 we have an illustration of the log(·) of the CDFs of two distributions:

A uniform distribution U(0, 1) between 0 and 1 on the left and a Gaussian distribution

N(0, 1) with zero mean and unit variance on the right. As it can be appreciated both

curves are concave.
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Figure 4.2: Log-concve CDFs - Illustration of the log-concavity of the CDFs of a

uniform distribution (left) between 0 and 1, U(0, 1) and of a Gaussian distribution (right)

with zero mean and unit variance N(0, 1).
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4.5.2 Stochastic Energy Consumption

If the network has no fixed way of operation, the amount of energy consumed on each

node for non-beamforming tasks may vary over time. In this section we consider the

more general case where ξm is a stochastic process (i.e., ξm is a random variable at

each sampling period). Denote ξm[k] as the random energy consumption at sampling

period k then, the total energy consumed per sampling period is given by

ẽm[k] = ξm[k] + Ts |wm[k]|2 . (4.56)

After K samples, the battery level at node m will be equal to

Ẽm[K] = Em −
K∑
i=1

ξm[i]− Ts

K∑
i=1

|wm[i]|2 (4.57)

Again, we aim to maximize the network lifetime (i.e., the longest time that guarantees

that all nodes will be alive with a certain probability) as in (4.46). As a result we end

up with a family of feasibility problems indexed by K:

find {w[1], . . . ,w[K]} ∈ CM

subject to
∣∣wH[k]h

∣∣2 ρ0 ≥ ρ k = 1, . . . ,K
|wm[k]|2 ≤ pm for all m, k∏M
m=1 Pr

[
Ẽm[K] ≥ 0

]
≥ δ,

(4.58)

where w[k] is the beamvector at sampling period k and K is fixed. Maximizing the

network’s lifetime is equivalent to finding the maximum K for which problem (4.58)

is feasible. It would be interesting to see whether the results of Lemmas 2 and 7 can

also be extended to problem (4.58). Intuitively, one may think that such equivalent

conditions may exist as maximizing the network’s lifetime for the stochastic case can

be shown to be a generalization of problem (4.11). The answer is that similar results

indeed hold for problem (4.58) as shown next.

Lemma 8. Let {w?[1], . . . ,w?[K]} be a solution (feasible point) of the feasibility prob-

lem (4.58). Then, the set of vectors z[k], k = 1, . . . ,K, with |zm[k]| = |w?m[k]| and

∠zm[k] = ∠hm are also optimal.

Proof. Same argument as in Lemma 2.
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The result in Lemma 8 implies that we can reduce problem (4.58) to a real-valued

power allocation problem. In a similar fashion as we did for problem (4.6), consider

again w̄m[k] = |w[k]| for m = 1, . . . ,M , and define the following power allocation

feasibility problem:

find {w̄[1], . . . , w̄[K]} ∈ RM

subject to w̄T[k]h̄ ≥
√
ρ/ρ0

w̄2
m[k] ≤ pm∑M
m=1 log Pr

[
Em −

∑K
i=1 ξm[i]

− Ts
∑K

i=1 w̄
2
m[i] ≥ 0

]
≥ log δ .

(4.59)

The solution to the original problem (4.58) will be then given by the optimal power

allocation of problem (4.59) with the phases matched to the channel coefficients.

The feasibility problem (4.59) need not to be convex in general, but under some

relaxed conditions it is.

Lemma 9. If the family of probability density functions pξm(ξm), m = 1, . . . ,M are

log-concave, then the feasibility problem (4.59) is convex.

Proof. The first constraint is linear and, hence, convex while the second set of con-

straints define a set of balls and therefore, are convex, too. It only remains to show

that the last constraint defines a convex set. Let ηm =
∑K

i=1 ξm and denote pηm(ηm)

and Fηm(ηm) its probability density function and cumulative distribution function, re-

spectively. Note that pηm(ηm) is the convolution of a set of log-concave functions. Since

log-concavity is preserved under convolution (Boyd & Vandenberghe, 2004), pηm(ηm)

is log-concave and so it is Fηm(ηm). Now rewrite the last constraint in (4.59) as

M∑
m=1

logFηm

(
Em − Ts

K∑
i=1

w̄2
m[i]

)
≥ log δ . (4.60)

Since logFηm(·) is concave and non-decreasing (since it is a CDF) and Em−Ts
∑K

i=1 w̄
2
m[i]

is concave in w̄m[i], then applying the composition rule of concave functions we con-

clude that the functions logFηm

(
Em − Ts

∑K
i=1 w̄

2
m[i]

)
are concave and, hence, the last

constraint defines a convex set.

It is important to mention that, the pdf’s pξm(·) need not to be constant over time.

Indeed, they could vary over different periods of time as long as they are log-concave.
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We have seen that if the involved density functions are log-concave the problem is

convex. However, problem (4.59) can be shown to be convex asymptotically even when

log-concavity does not hold.

Lemma 10 (Asymptotic convexity). Assume, without loss of generality, that ξm[k]

are i.i.d. random variables with E [ξm[i]] = 0 and E
[
ξ2
m[i]

]
= 1. As the number of

time periods K goes to infinity, the feasibility problem (4.59) is asymptotically convex

regardless of the distribution of ξm.

Proof. In order to show convexity of (4.59) for K sufficiently large, it only suffices to

show that the third constraint is asymptotically convex as K increases. Rewrite the

last constraint in (4.59) as

M∑
m=1

log Pr

[
Em −

√
K

1√
K

K∑
i=1

ξm[i]

− Ts

K∑
i=1

w̄2
m[i] ≥ 0

]
≥ log δ .

(4.61)

Let φm = 1√
K

∑K
i=1 ξm[i], where ξm[i] are i.i.d. by assumption. As the number of slots

K increases and, by virtue of the Central Limit Theorem, φm can be well approximated

by a Gaussian distribution (φm ∼ N(0, 1)). We can now approximate (4.61) by

M∑
m=1

log Φ

(
1√
K

(Em − Ts

K∑
i=1

w̄2
m[i])

)
≥ log δ . (4.62)

Since, for fixed K, the function 1√
K

(Em − Ts
∑K

i=1 w̄
2
m[i]) is concave in w̄m[i], i =

1, . . . ,K, and the Gaussian distribution Φ(x) is log-concave (Boyd & Vandenberghe,

2004) and non-decreasing, we have by the composition rule of concave functions (Boyd

& Vandenberghe, 2004) that Equation (4.62) defines a convex set. Therefore, the

feasibility problem (4.59) is asymptotically convex for large values of K.

If problem (4.59) is convex we can further show that a constant power allocation

(independent of the slot index k) can be built to solve for (4.59).

Lemma 11. Assume that the last constraint in (4.59) is convex then, there exist an

optimal solution {w̄?[1], . . . , w̄?[K]} to (4.59) such that w̄?[i] = w̄? for all i = 1, . . . ,K.

In particular, as K goes to infinity and for ξm[k] i.i.d. such a solution always exist.
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Proof. If the last constraint in (4.59) is convex then the problem is convex. We know

that, by convexity, any convex combination of the optimal solution will also be optimal

(Boyd & Vandenberghe, 2004). Take, for example, the average w̄? = 1
K

∑
i w̄

?[i] and

the result follows. Since by Lemma 10 the problem is convex as K goes to infinity then

an optimal constant power allocation over time is possible regardless of the distribution

of ξm.

Proposition 7 (Asymptotic approximation). Assume, without loss of generality, that

ξm[k] are i.i.d. with zero mean and unit variance. For K sufficiently large, feasibility

problem (4.59) can be well-approximated by the following problem:

find w̄

subject to w̄Th̄ ≥
√
ρ/ρ0

w̄2
m ≤ pm∑
m log Φ

(
Em−TsK w̄2

m√
K

)
≥ log δ .

(4.63)

Proof. The result follows directly from Lemmas 10 and 11.

Corollary 8. Under the same assumptions as in Proposition 7 an optimal solution to

(4.58) is given by

w?[k] =

[
w̄?1

h1

|h1|
, . . . , w̄?M

hM
|hM |

]T
, (4.64)

where w̄?m is given by the solution to (4.63).

Proof. The result follows directly from Proposition 7 and Lemma 8.

Note that feasibility problem (4.63) is convex. Then, we can approximately find

the beamformer that maximizes the network lifetime by first finding the optimal power

allocation and then setting the phase to match that of the channel. The optimal power

allocation can be obtained by solving a sequence of feasibility problems by performing

a bisection search over K. A lower bound on the optimal value of K can be easily

obtained as

Kmin =
1

Ts
min

(
E1

p1
, . . . ,

EM
pM

)
. (4.65)

An upper bound can be obtained as follows: If we assume that there is no additional

energy consumption (i.e., ξm = 0 for all m = 1, . . . ,M) then, finding the optimal

beamformer is equivalent to solving the original problem (4.11). Then, the optimal

value of (4.6) will give an upper bound on the value of K. We can now run a bisection

search over K between these two values in order to find the optimal beamformer.
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4.6 Numerical Simulations

In this section we provide some numerical simulations in order to illustrate the per-

formance of the proposed approach and algorithms. We first provide some examples

and results for the basic problem (4.6) where far-away communication beamforming

is the only considered source of energy consumption. We then extend our simulations

to the more general case where other sources of battery depletion like sensing, data

processing and node to node communications are modeled as an additional random

energy consumption.

For the simulations we have generated a random network ofM = 50 nodes uniformly

distributed in a unit square. Connectivity among nodes has been set based on a coverage

radius criterion (i.e. nodes are connected if they are separated by a distance less than

a certain threshold) with an average degree of 4 neighbors per node. The symbol to

background noise power ratio ρ0 = Ps/σ
2
n has been set to 20 dB. The initial battery

level at the nodes have been set randomly from a uniform distribution in the interval

[0.5 1], Em ∼ U(0.5, 1) for m = 1, . . . ,M . The channel coefficients are i.i.d. and follow

a circularly-symmetric complex Gaussian distribution of zero mean and unit variance

(i.e. Rayleigh fading).

4.6.0.1 Basic Model and Algorithms

We have performed a number of simulations where the only source of energy depletion

is due to beamforming towards the base station. We have compared the proposed

our energy-aware lifetime maximization collaborative beamforming strategy (Optimized

CB) with a standard collaborative beamforming strategy (Benchmark CB) (Ochiai

et al., 2005) that does not perform weight optimization. For the Benchmark CB strategy

we assume that all nodes transmit with the same power which corresponds to the

minimum power level that is required to meet QoS constraint. The phase of each node

is also matched to the channel. In Figure 4.3 we have plotted the average lifetime for a

number of 1000 realizations as a function of the target SNR (QoS). For the Benchmark

CB strategy we have represented the time at which the first node depletes its battery,

labelled as “Benchmark CB 1st” and the time for which the QoS can be guaranteed,

labelled as “Benchmark CB QoS”. For the proposed approach we only display one curve
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Figure 4.3: Average lifetime - Average over 1000 realizations of the network’s lifetime

as a function of the target Quality of Service.
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Figure 4.4: Lifetime CDF - Empirical Cumulative Distribution Function of the net-

work’s lifetime based on 1000 realizations with a target QoS of ρ = 20 dB.
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since by Lemma 5 the time that takes for the first node to deplete its battery is the same

that the maximum time that the network can guarantee a specific QoS requirement.

It is clear from Figure 4.3 that the proposed collaborative beamforming scheme

improves the lifetime of the network by more than one order of magnitude compared to

standard collaborative beamforming. This fact can be better appreciated in Figure 4.4,

where we have plotted the lifetime CDF over the 1000 realizations for the particular

case that the target SNR is equal to ρ = 20 dB.
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Figure 4.5: Battery depletion - Evolution of the battery level over time when using

the optimized weights.

In Figure 4.5 it is illustrated the battery level of the different nodes as a function

of time when using the optimized weights. The vertical axis has been represented

in a logarithmic scale to make the effect of simultaneous battery depletion easier to

visualize. In this particular example there are no nodes transmitting at their maxi-

mum transmission power and therefore, all of them deplete their batteries at the same

time. This figure also serves to illustrate that maximizing the time that the QoS can

be satisfied is equivalent to maximizing the time for the first node to deplete its battery.
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Figure 4.6: Convergence to QoS requirement - Illustration of the convergence of the

distributed algorithms to the target QoS SNR.

For the computation of the optimal beamformer when there is no additional random

energy consumption we have proposed two distributed algorithms. The first one was a

direct consensus extension of the iterative procedure in Algorithm 9 while the second

approach used augmented Lagrangian and primal-dual decomposition methods. We

have performed a simulation for a target SNR (QoS) of 20 dB and have computed

the optimal beamweights using the distributed Algorithms 10 and 11. The results in

therms of SNR as a function of the iteration number are displayed in Figure 4.6 for

both the Consensus Iterative Algorithm 9 and the Augmented Lagrangian approach

(outer loop) in Algorithm 11. As it can be appreciated, both algorithms converge to

the target SNR of 20 dB as the iteration number increases. We have also compared

the differences between the centralized and the distributed estimates as a function of

time. This is illustrated in Figure 4.7 for the consensus-iterative Algorithm 10 and in

Figure 4.8 for the primal-dual decomposition approach of Algorithm 11. In both cases

we verify that the algorithms converge to the centralized solution as the error term

goes to zero as the iteration number increases.
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Figure 4.7: Error versus centralized approach - Error with respect to the centralized

solution of Algorithm 10.
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Figure 4.8: Algortihm 11 versus centralized solution - Error with respect to the

centralized solution of Algorithm 11.
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4.6 Numerical Simulations

4.6.0.2 General Energy Consumption Model

We now proceed to show some simulations when using the extended model that takes

into account additional energy consumption due to tasks other than beamforming for

communication like sensing, local (node to node) communication, and data processing.

Consider first the case where nodes have an additional random (but fixed over

the optimization period) energy consumption due to the aforementioned additional

tasks. We provide here an illustrative example of such situation by assuming that the

distribution of ξm is uniform onto some interval. For the simulations we have set to

unit the sampling period Ts = 1 and a target probability of δ = 0.8 that is, we want

to find the maximum time that our network is going to be alive at least in δ × 100 %

of the realizations. We set the target SNR to ρ = 20 dB and perform a simulation

over 1000 realizations. The additional random energy consumption coming from non-

beamforming tasks is randomly generated from a uniform distribution U(0, 0.01) units

of energy. For the 1000 realizations we have computed the empirical CDF of the

network lifetime for the case where we consider the presence of the additional energy

consumption term and compare it with the previous scenario where no additional power

is assumed to be wasted.

The results are displayed in Figure 4.9 where the “Probabilistic design” refers to

the random formulation of the problem while the “Deterministic” case refers to the

scenario without random energy consumption. It can be appreciated that the prob-

abilistic approach outperforms the deterministic case since in the latter case we are

neglecting the additional energy consumption term. We obtain through the solution of

the optimization problem (4.48) that the maximum time that the network will be alive

δ × 100 % of the realizations is 54.383 time units. As it can be seen in the figure the

results are in agreement with the empirical CDF.

A similar simulation has been performed but in this case we consider that the energy

consumption varies from time period to time period (stochastic model). The energy

consumption has been modeled as an i.i.d. stochastic process with uniform distribution

U(0, 0.02). We have computed the empirical CDF’s using the three different approaches,

i.e. deterministic (no random consumption considered), static (random but fixed over
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Figure 4.9: Network’s lifetime for the random model - CDF of the network’s lifetime

computed from 1000 independent experiments. The curves for both the deterministic and

the random energy consumption models are displayed.
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the optimization period) where we used the uniform distribution for the random energy

model and using the Gaussian approximation (4.63). As it can be observed in Figure

4.10 the Gaussian approach outperforms the other two approaches. We can see that the

number of time periods that the network is alive is in the order of hundreds. Therefore,

we can consider the Gaussian approximation to be accurate.
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Figure 4.10: Network’s lifetime CDF using the stochastic random model - CDF

of the network’s lifetime under the stochastic energy consumption model based on 1000

realizations.

4.7 Chapter Summary

In this chapter we have presented a energy-efficient approach for beamforming in the

context of sensor networks. Nodes need to synchronize their phases and adjust their

antenna weights in order to transmit some information to a far-away base station. The

goal is to maximize the network’s lifetime which is defined as the maximum or longest

time that a certain quality of service requirement can be met at the base station. In the

developed approach the received signal to noise ratio has been proposed as a measure

for the QoS. A closed-form expression for the optimal beamformer has been derived
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as well as an iterative algorithm for the centralized computation of the solution. The

results have been validated by simulations showing that the proposed scheme maximizes

the network’s lifetime outperforming the existing collaborative beamforming strategy.

In order to make the results more appealing for sensor networks two different dis-

tributed algorithms have been proposed for the computation of the optimal beamweights

by only local interactions among neighboring nodes. The proposed algorithms use con-

sensus and primal-dual decomposition methods and it has been verified by means of

simulations that both algorithms converge to the optimal (centralized) solution.

In the second part of the chapter a random energy consumption model has been

proposed in order to account for other possible causes of energy depletion like sensing,

local communications, or data processing. Due to the introduction of randomness into

the problem we had to switch to a probabilistic design that has been shown to general-

ize the deterministic case. It has also been shown that the resulting problem is convex

under certain general assumptions on the distributions of the additional energy waste

and therefore, it can still be solved efficiently using general purpose convex optimiza-

tion software. Furthermore, we have provided asymptotic conditions under which the

problem is convex regardless the distribution of the additional random energy consump-

tion associated to non-beamforming tasks. By taking into account the extra (random)

energy waste it has been shown through simulations that a significant improvement of

the network’s lifetime can be obtained.
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5

CONCLUSIONS & FUTURE

WORK

In this chapter we summarize the contributions of the present dissertation for dis-

tributed localization and collaborative beamforming in sensor networks. We discuss

their advantages, limitations, and draw some conclusions as well some lines of future

work.

5.1 Conclusions

Two main problems have been addressed in this thesis: The first one dealt with the

particular application of the sensor network namely, outdoors target localization, while

the second referred to the method used for reporting the generated / acquired data by

the network to a base station that, ultimately would serve as a gateway to the outside

world. Both problems have been addressed under the distributed processing paradigm

and therefore, a strong emphasis has been put into finding suitable distributed ap-

proaches that can be implemented in real systems.

The first problem investigated is that of target localization using RSSI readings in

the context of sensor networks. Instead of trying to solve the maximum likelihood esti-

mation problem, which is non-convex and and may have several saddle point and local

minima, a more tractable but suboptimal alternative procedure has been proposed.

The considered methodology relies on a nonlinear least-squares formulation of the lo-
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calization problem using local distance estimates computed by the nodes. In order to

take advantage of distributed optimization tools, the nonlinear least-squares problem

has been replaced by a relaxed version of it using semidefinite relaxation technique.

The resulting problem is convex and has the additional advantage of having a sepa-

rable structure that allows the computation of the optimal solution in a distributed

way. Conditions under which the relaxed and the original problems yield the same

solution have been provided and a distributed implementation based on the augmented

Lagrangian approach has been proposed. Additionally, a distributed consensus-based

implementation of the Gauss-Newton method has been proposed that can be used for

solving a family of least-squares problems. The method can be used to optimally solve

the multilateration problem, and to locally solve the nonlinear least-squares localiza-

tion problem and the maximum likelihood location estimation problem provided that,

in the latter case, the measurement noise is independent among the nodes.

The advantages of the proposed strategy are that it is distributed and can be com-

puted only by local interactions among neighboring nodes, it is scalable and very suit-

able to be implemented in real networks. Although our initial motivation was the use

of RSSI readings, it is important to note that the procedure is not limited to work with

RSSI measurement as long as we can get distance estimates from them. Nevertheless,

the use of RSSI is of practical interest since it does not require additional hardware

modules. However, the flexibility of the presented strategy comes at the expense of

some degradation in the localization accuracy. If further accuracy is needed we have

shown (by means of simulations) that an additional (distributed) local search around

the found solution can provide an accuracy close to the maximum likelihood estimate.

The application of the proposed localization strategy to distributed tracking has

also been explored. We have proposed the combination of local tracking filters at the

nodes with the joint localization method presented. Simulation results indicate that al-

though not designed for the tracking task, the combination of the proposed localization

scheme with local filtering can provide results close to those of well-known centralized

tracking filters like the UKF. The use of weights has also been proven beneficial when

imprecise information about the node’s coordinates is considered, providing more ro-

bustness to the approach.
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5.1 Conclusions

The second problem under consideration was the design of a data reporting mecha-

nism for sensor networks. Instead of using sink nodes for data reporting, which makes

such nodes a bottleneck in terms of computation and traffic flow, collaborative beam-

forming strategies have been considered as an alternative to cope with the issues asso-

ciated with the use of sink nodes. In addition, collaborative beamforming is of practical

interest when the area to be sensed is in a remote region of difficult access. However,

the main drawback associated with current collaborative beamforming techniques is

that no power optimization is usually done and therefore, we may be wasting more

power than strictly required. This leads to very energy-inefficient mechanisms that

would cause fast battery depletion at the nodes and thus, an increase in the associated

costs of the network’s maintenance. An efficient management of the energy resources

is then critical in sensor networks. For that reason, we have proposed a collaborative

beamforming scheme that maximizes the lifetime of the network, that is, the time that

the network can be operative without battery replacement while, at the same time, sat-

isfying a specified QoS requirement that allows reliable signal decoding at the receiver

side. A closed-form solution to the problem has been derived and an iterative procedure

for its computation has also been proposed. Additionally, two distributed algorithms

for the computation of the optimal solution have been proposed based on consensus

and dual decomposition methods with augmented Lagrangian, respectively. It has been

shown by simulations that the proposed scheme provides a significant improvement over

traditional collaborative beamforming schemes in terms of energy efficiency.

The initially proposed energy consumption model considers that the only cause for

battery depletion is due to far-away communication with the base station. To make our

approach more general, the energy consumption model has been extended to account for

other sources of battery depletion like sensing, data processing or local (node to node)

communications. This additional energy term has been modeled as a random quantity

of a certain distribution. The problem is then formulated considering a probabilistic

definition of the network’s lifetime. Conditions under which the resulting problems are

convex have been provided as well as asymptotic results for convexity. It has been

shown that the new model generalizes the original model of energy consumption.
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5.2 Future Work

Regarding the presented study, there are several aspects of the localization and beam-

forming strategies that could be further developed.

In the context of localization one of the assumptions that have been made is that

nodes have perfect information about their own locations. In a real scenario is reason-

able to think that some degree of uncertainty is present. In the tracking part, it has

been shown that the use of weights makes the proposed localization approach more

robust against small errors in the actual node coordinates. A more in-depth study

regarding this issue is required. Further, the incorporation of the uncertainties into the

formulation of the problem should result into more robust approaches to that respect.

When developing the proposed energy-efficient collaborative beamforming technique

we have considered a restriction in terms of QoS of the received signal at the base sta-

tion. Another important issue that should be taken care of is the interference caused

to nearby or coexisting systems. It may happen that the interference level should be

controlled or even avoided into particular regions of the space. This could be easily

achieved by the incorporation to the problem formulation of additional (linear) con-

straints that would limit the interference into some particular directions. Since such

additional constraints would be linear, similar distributed approaches are still possible

using dual decomposition methods. However, closed-form expressions could no longer

be available when we add further constraints to the problem.

Another interesting extension to the collaborative beamforming problem is to con-

sider imperfect channel state information at the nodes. It would be interesting to

quantify the degradation in performance that happens when the information about the

channel is noisy or even statistical (e.g., up to second order moments) and to inves-

tigate alternative formulations that maximize the lifetime of the network under such

assupmtions.
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Appendix A

Localization

Proof of Proposition 1

To show the validity of Proposition 1, consider first the Lagrangian of (3.30) which is

given by

L (X,x) =

M∑
m=1

γm

(
Tr(X)− 2cTmx + bm

)2
− Tr

(
Ψ
(
X− xxT

))
(A.1)

with Ψ � 0 being the Lagrange multipliers. Since problem (3.30) is convex and there

exists, by assumption, at least a strictly feasible point, Slater’s constraint qualifications

are satisfied and therefore, strong duality holds. Moreover, from duality theory we have

that, at the optimum, the derivative of the Lagrangian with respect to X and x must

be zero, that is

∇XL (X,x) = 2
M∑
m=1

γm

(
Tr(X)− 2cTmx + bm

)
I−Ψ = 0 (A.2)

and

∇xL (X,x) = −4
M∑
m=1

γm

(
Tr(X)− 2cTmx + bm

)
cm − 2Ψx = 0 (A.3)

From Equation (A.2) it becomes clear that Ψ must be a diagonal matrix. This fact,

together with the complementary slackness condition

Tr
(
Ψ
(
X− xxT

))
= 0 (A.4)

implies that the off-diagonal elements of X must equal those of xxT. However, this

does not necessarily mean that X is of rank one. From the complementary slackness
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condition (A.4) we have that X will equal xxT whenever the constraint is active (i.e.,

Ψ 6= 0). So by finding under which conditions Ψ 6= 0 we will find the conditions that

guarantee that the solution of (3.30) coincides with the solution of the original problem

(3.28). For that purpose, if we set Ψ = 0 we have from (A.2) and (A.3) that

M∑
m=1

γm

(
Tr(X)− 2cTmx + bm

)
= 0 (A.5)

M∑
m=1

γm

(
Tr(X)− 2cTmx + bm

)
cm = 0 (A.6)

Let t = Tr(X) and z = [z1, z2]T = x, keeping in mind that cm = [xm, ym], we can

rewrite the above equations as

2

(∑
m

γmxm

)
z1 + 2

(∑
m

γmym

)
z2 −

(∑
m

γm

)
t =

∑
m

γmbm (A.7)

2

(∑
m

γmx
2
m

)
z1 + 2

(∑
m

γmymxm

)
z2 −

(∑
m

γmxm

)
t =

∑
m

γmbmxm (A.8)

2

(∑
m

γmxmym

)
z1 + 2

(∑
m

γmy
2
m

)
z2 −

(∑
m

γmym

)
t =

∑
m

γmbmym (A.9)

which can be expressed in a compact way as

A

[
z
t

]
= δ (A.10)

Therefore, Ψ will be equal to 0 only if (A.10) has a solution where x = z and Tr(X) = t.

Additionally, we have that for the solution to be a feasible point it must be satisfied

that Tr(X−xxT) ≥ 0 which implies that Tr(X) ≥ ‖x‖2 or, equivalently ‖z‖2 ≤ t. This

implies that if problem (3.33) is infeasible, then Ψ 6= 0 and hence, X = xxT so that

the solution of the relaxed problem (3.30) coincides with that of the original problem

(3.28), which proves Proposition 1.

Proof of Lemma 1

By the Schur’s complement we have that

X− xxT � 0 ⇐⇒
[

X x
xT 1

]
� 0 (A.11)
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Let introduce a new variable Z =

[
X x
xT 1

]
. We then have that Tr(X) = Tr(Z) − 1

and that

cTmx =
[
0T1

]
Z

[
cm
0

]
= Tr

(
Z

[
0 0
cTm 0

])
(A.12)

By rearranging terms and the previous conditions on Z we end up with problem (3.40)

and the equivalence is established. The equivalence between the two solutions follows

directly from the definition of Z.
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Appendix B

Beamforming

Proof of Lemma 4

As the problem is solvable it admits an optimal solution w̄?. To show that all nodes

must be active assume, without loss of generality, that the beamforming weights are

sorted in increasing longevity order that is, E1/(w̄
?
1)2 ≤ E2/(w̄

?
2)2 ≤ . . . ≤ EM/(w̄?M )2.

Assume that there exist some nodes that are not transmitting (i.e. ∃n ∈ Z, 1 < n ≤M

such that w̄?m = 0 for m = n, . . . ,M). Let the vector z be defined as follows: zm =

w̄?m, m = 2, . . . ,M − 1, zM = εw̄?1h1/h
∗
M and z1 = (1− ε)w̄?1, where ε ∈ (0, 1) is chosen

such that E1/z
2
1 ≤ EM/z2

M and z2
M ≤ pm or, equivalently,

ε ≤ min

(
EM h̄

2
M

E1h̄2
1 + EM h̄2

M

,
pM h̄

2
M

(w̄?1h̄1)2

)
(B.1)

Note that z is a feasible vector that increases the worst-node lifetime, thus w̄? can

not be an optimal solution. This argument can be successively applied while there are

inactive nodes and, therefore, we can conclude that any optimal solution cannot have

inactive nodes.

To show that the SNR constraint must hold with equality let assume that
(
h̄Tw̄?

)2
>

ρ/ρ0. We can always find a vector z = (1 − ε)w̄? with ε ∈ (0, 1) that satisfies all

constraints (i. e. is feasible). Since z also causes a reduction in the objective function

we conclude that w̄? can not be optimal. The only possibility is that the SNR constraint

holds with equality.
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Proof of Proposition 3

In order to derive the closed form expression in Proposition 3 note that the Lagrangian

of (4.9) is given by

L (t, w̄;λ, {µm}, {σm}) = t+ λ
(√

ρ/ρ0 − w̄Th̄
)

+
M∑
m=1

µm
(
w̄2
m − tEm/Ts

)
+

M∑
m=1

σm
(
w̄2
m − pm

)
= t
(

1− µTe
)

+ w̄T diag (µ + σ) w̄ − λh̄Tw̄

+ λ
√
ρ/ρ0 − σTp ,

(B.2)

where λ, µm, σm ∈ R+ are the associated Lagrange multipliers, µ = [µ1, . . . , µM ]T,

σ = [σ1, . . . , σM ]T, e = 1
Ts

[E1, . . . , EM ]T, p = [p1, . . . , pM ]T and diag (µ + σ) is a

diagonal matrix whose diagonal is given by the elements of µ + σ.

The Karush-Kuhn-Tucker (KKT) conditions are then given by

Feasibility

w̄Th̄−
√
ρ/ρ0 ≥ 0, λ ≥ 0

w̄2
m − tEm/Ts ≤ 0, µm ≥ 0

w̄2
m − pm ≤ 0, σm ≥ 0

Complementary Slackness

λ
(√

ρ/ρ0 − w̄Th̄
)

= 0 (B.3)

µm
(
w̄2
m − tEm/Ts

)
= 0 (B.4)

σm
(
w̄2
m − pm

)
= 0 (B.5)

Zero gradient of the Lagrangian

By differentiating (B.2) with respect to t and w̄ and equating to zero we get

µTe = 1 (B.6)

2 diag (µ + σ) w̄ − λh̄ = 0 (B.7)

Assume that w̄m <
√
pm, we have by (B.5) that σm = 0. From Lemma 4 we further

have that all nodes must be active (i.e. w̄m > 0) which implies by (B.7) that µm > 0.
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We then have by (B.4) that w̄m =
√
t Em/Ts. The other possibility is that w̄2

m = pm,

i.e. the node transmits at its maximum power. Recall from Lemma 4 that the SNR

QoS constraint must hold with equality which means

M∑
m=1

w̄mh̄m =
M∑
m=1

min
(√

t?Em/Ts,
√
pm

)
h̄m =

√
ρ/ρ0 . (B.8)

We can then write ∑
m∈M

√
t?Em/Ts h̄m +

∑
m/∈M

√
pm h̄m =

√
ρ/ρ0 . (B.9)

with M being the set of nodes transmitting below their maximum power pm. Solving

the above equation for t? leads to (4.14) and completes the proof.

Proof of Proposition 6

The closed form expression in Proposition 6 can be derived by first forming the La-

grangian of (4.34) which is given by

Lm(tm, w̄m;κm, φm, αm) = (1 + δm)tm − λh̄mw̄m

+ c
∑
j∈Nm

(tm −
1

2
(t(k−1)
m + t

(k−1)
j ))2

− κmw̄m + φm(w̄2
m −

tmEm
Ts

) + αm(w̄2
m − pm),

(B.10)

where αm, φm, κm ∈ R+ are the associated Lagrange multipliers.

The KKT conditions are then given by

Feasibility

w̄m ≥ 0, κm ≥ 0
w̄2
m − tmEm/Ts ≤ 0, φm ≥ 0

w̄2
m − pm ≤ 0, αm ≥ 0

Complementary Slackness

κmw̄m = 0 (B.11)

φm
(
w̄2
m − tmEm/Ts

)
= 0 (B.12)

αm
(
w̄2
m − pm

)
= 0 (B.13)
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Zero gradient of the Lagrangian

By differentiating (B.10) with respect to tm and w̄m and equating to zero we get

1 + δm + 2c
∑
j∈Nm

(tm −
t
(k−1)
m + t

(k−1)
j

2
)− φm

Em
Ts

= 0 (B.14)

−λh̄m − κm + 2(φm + αm)w̄m = 0 (B.15)

Assume that w̄m <
√
pm, we have from (B.11) and (B.13) that κm = 0 and αm = 0,

respectively. Similarly, from (B.12) we have that w̄m =
√

tmEm
Ts

. Having in mind these

conditions we can rewrite (B.14) and (B.15) as

φm =
λh̄m

2

√
Ts

tmEm
(B.16)

tm =
c
∑

j∈Nm(t
(k−1)
m + t

(k−1)
j )− δm − 1 + φm

Em
Ts

2 c |Nm|
(B.17)

Substituting the first equation into the second, multiplying both sides of the last equa-

tion by
√
tm and rearranging terms we end up with

(1− c
∑
j∈Nm

(t(k−1)
m + t

(k−1)
j ) + δm)t1/2m

+2 c |Nm|t3/2m − λh̄m
2

√
Em
Ts

= 0

(B.18)

If, however, w̄m =
√
pm, complementary slackness conditions (B.12) and (B.11) impose

that φm = κm = 0. These conditions, together with (B.14) imply that

tm =
c
∑

j∈Nm(t
(k−1)
m + t

(k−1)
j )− δm − 1

2 c |Nm|
(B.19)

and the proof is complete.
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