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Resumen

Se desarrollan varias técnicas basadas en descomposición ortogonal propia (DOP)

local y proyección de tipo Galerkin para acelerar la integración numérica de problemas

de evolución, de tipo parabólico, no lineales. Las ideas y métodos que se presentan

conllevan un nuevo enfoque para la modelización de tipo DOP, que combina intervalos

temporales cortos en que se usa un esquema numérico estándard con otros intervalos

temporales en que se utilizan los sistemas de tipo Galerkin que resultan de proyectar las

ecuaciones de evolución sobre la variedad lineal generada por los modos DOP, obtenidos

a partir de instantáneas calculadas en los intervalos donde actúa el código numérico.

La variedad DOP se construye completamente en el primer intervalo, pero solamente

se actualiza en los demás intervalos según las dinámicas de la solución, aumentando de

este modo la eficiencia del modelo de orden reducido resultante. Además, se aprovechan

algunas propiedades asociadas a la dependencia débil de los modos DOP tanto en la

variable temporal como en los posibles parámetros de que pueda depender el problema.

De esta forma, se aumentan la flexibilidad y la eficiencia computacional del proceso. La

aplicación de los métodos resultantes es muy prometedora, tanto en la simulación de

transitorios en flujos laminares como en la construcción de diagramas de bifurcación en

sistemas dependientes de parámetros. Las ideas y los algoritmos desarrollados en la tesis se

ilustran en dos problemas test, la ecuación unidimensional compleja de Ginzburg-Landau

y el problema bidimensional no estacionario de la cavidad.
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Abstract

Various ideas and methods involving local proper orthogonal decomposition (POD)

and Galerkin projection are presented aiming at accelerating the numerical integration of

nonlinear time dependent parabolic problems. The proposed methods come from a new

approach to the POD-based model reduction procedures, which combines short runs with

a given numerical solver and a reduced order model constructed by expanding the solution

of the problem into appropriate POD modes, which span a POD manifold, and Galerkin

projecting some evolution equations onto that linear manifold. The POD manifold is

completely constructed from the outset, but only updated as time proceeds according

to the dynamics, which yields an adaptive and flexible procedure. In addition, some

properties concerning the weak dependence of the POD modes on time and possible

parameters in the problem are exploited in order to increase the flexibility and efficiency

of the low dimensional model computation. Application of the developed techniques to

the approximation of transients in laminar fluid flows and the simulation of attractors

in bifurcation problems shows very promising results. The test problems considered to

illustrate the various ideas and check the performance of the algorithms are the one-

dimensional complex Ginzburg-Landau equation and the two-dimensional unsteady lid-

driven cavity problem.
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CHAPTER

ONE

Introduction

This chapter provides (i) a general description of the scope of the thesis and the current

state of the art, (ii) an overview of the problems that will be used to test the various ideas

and methods, and (iii) an outline of the remaining parts of this work.

1.1 Scope, methods, and state of the art

The necessity of using numerical solvers is paramount in the analysis of both scien-

tific and industrial problems. This is because analytical solutions are known only for a

few, extremely simplified models of natural and industrial systems. On the other hand,

numerical analysis and computer technology have evolved during the last thirty years to

an extent that makes it possible coping with increasingly realistic mathematical formu-

lations. But the new computational means create new challenges in both the industrial

and more academic-oriented fields.

Concerning industrial applications, the conceptual design of, e.g., many engineering

systems in the aerospace sector involving fluid flows still relies on very low fidelity models,

ad hoc empirical constructs, and experiments. This is so, in particular, in the conceptual

design of commercial aircrafts (Price et al., 2006), in which (instead of just improving a

former configuration) new nonconventional configurations are sought, which requires ex-

ploring a significant part of the design parameter space. In other words, the aerodynamic

fields for many different values of the design parameters and various flight conditions

must be considered. The quite large cost of wind tunnel experiments and the very low

fidelity of the computational means that are generally exploited are promoting a trend

to use more accurate computational fluid dynamics (CFD) solvers, such as those based

on the Reynolds averaged Navier-Stokes (RANS) equations. The drawback is that these

1



2 1. Introduction

codes usually require large computational resources that both delay the design cycles

and increase costs. Therefore, new paradigms exhibiting a balance between a reasonable

accuracy and a satisfactory computational efficiency are highly needed.

Nonlinearity promotes instabilities and transitions/bifurcations that either are to be

avoided (e.g., flutter instabilities in aircrafts) or may have a beneficial effect (e.g., laminar

instabilities may promote a beneficial transversal convection in the microcooling devices

that are currently used to refrigerate avionics). The analysis of these instabilities and

transitions require considering time dependent models, whose numerical simulation may

be quite expensive, especially in three-dimensional spatial domains. Again, new solvers are

definitely necessary to reduce the computational costs. Bifurcations and instabilities are

also of great interest in purely scientific problems. Even though these problems usually

have simpler formulations than the realistic industrial ones, they may exhibit a quite

complex spatio-temporal structure associated with quasi-periodic and chaotic attractors.

Analyzing these behaviors can be done via Poincaré maps, whose calculation involves

considering transient behaviors and thus huge computational resources, especially near

bifurcation points, where the decay to the attractors can be extremely slow.

A possible solution to these difficulties consists in the use of reduced order models

(ROMs). There are many ROMs available, which are somehow customized depending on

the nature of the problem that is being considered; see, e.g., Lieu et al. (2006); Bizon

et al. (2008); Thomas et al. (2010), and the references therein. Among these, those based

on proper orthogonal decomposition (POD) have been developed during the last thirty

years. The attention given to these ROMs is seemingly due to both their flexibility and the

general character of the underlying ideas and ingredients. These models are constructed

in three steps, which consist in (i) CFD-computing some flow snapshots, (ii) extracting

the most energetic POD modes from the snapshots, and (iii) projecting the governing

equations onto the resulting POD manifold (namely, the linear manifold spanned by the

retained PODmodes). POD-based ROMs have been developed for both steady (LeGresley

& Alonso, 2001; Alonso et al., 2009) and time dependent (Dowell & Hall, 2001; Rempfer,

2003; Lucia et al., 2004) problems of direct industrial interest (see also Alonso et al.

(2012a)). Concerning the former, steady states are of interest in industrial applications

either (a) because they are the industrially interesting states or (b) because turbulence

modeling (via RANS equations) somehow averages in time the genuinely unsteady flow

and produces steady states of the averaged equations. Also, POD-based ROMs for steady

problems can be so computationally efficient that the key step to improve the whole

process is to reduce the effort associated with the CFD calculation of the snapshots.
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These are frequently computed as the final states of a time dependent solver, which itself

could be replaced by a time dependent ROM.

POD-based time dependent ROMs were introduced for the fast time dependent simu-

lation of complex dynamics in incompressible fluid flow problems (Berkooz et al., 1993).

The snapshots are flow portraits at specific values of time, which should be representative

of the dynamics that are being simulated (Sirovich, 1987). In other words, the snapshots

must span a portion of the phase space of the associated dynamical system that contains

all relevant orbits. Thus, these ROMs are suitable to reproduce attractors, not transient

behaviors. The ROM is obtained via Galerkin projection of the governing equations onto

the POD manifold. The resulting low dimensional equations will be referred to as the

Galerkin system (GS). A major difficulty is that a truncated GS may exhibit spurious

dynamics in a somewhat unpredictable way, being the reason still controversial. In some

cases, the instability seems to be due to the noninvariance of the POD manifold under

the true dynamics (Rempfer, 2000). Thus, intended solutions to the problem consist in

correcting either the GS or the POD manifold to make the latter invariant. This is done

either introducing some additional terms in the GS (Sirisup & Karniadakis, 2004; Couplet

et al., 2005; Sirisup & Karniadakis, 2005; Sirisup et al., 2005) or combining the GS with

the CFD solver (Sirisup et al., 2005; Bergmann et al., 2009); see Sirisup & Karniadakis

(2005) for the effect of time dependent boundary conditions. In these cases, the GS is

intended to approach the dynamics of the system in a particular attractor, which can

be periodic, quasi-periodic, or chaotic. POD modes are calculated from the outset, as

previously remarked. Thus, this procedure can be referred to as the pre-processed POD

plus Galerkin projection method. It is worth mentioning that instabilities play a major

role in the simulation of transient, transitional, and turbulent flows, since the pioneering

work by Sirovich (1987) and Aubry et al. (1988). In particular, the open flow around

a cylinder has been considered as a benchmark problem to identify means of stabilizing

POD-based ROMs, using the so-called shift modes, which have been introduced by Noack

et al. (2003) and Siegel et al. (2003) and further pursued and extended by others, es-

pecially in the context of optimal control of the cylinder wake (see Siegel et al. (2008);

Bergmann & Cordier (2008); Tadmor et al. (2010); and the references therein). It is also

interesting citing the use of residual modes analyzed by Bergmann et al. (2009).

A somewhat different approach was presented by Rapún & Vega (2010) for one-

dimensional parabolic equations and allowed to deal with transient dynamics, without

showing any numerical instability. As extensively explained and illustrated by the two

authors, the method is intended to apply to general parabolic systems and relies on the
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following two observations.

1. If a set of representative snapshots is CFD-calculated in a time interval [t0, t1] and

POD is applied, then the resulting POD manifold approximates well the solution

in a larger time interval, [t0, t2], with t2 > t1, provided that some more POD modes

than necessary are retained in the shorter interval. This can be seen as a natural

consequence of the parabolic character of the considered problems.

2. The instability connected with the high-order modes truncation can be detected

comparing the solutions of two Galerkin systems, which result from retaining n1

and n2 > n1 POD modes.

Figure 1.1: Sketch of the local POD plus Galerkin projection method. Snapshots (the planes)

are CFD-computed in each ICFD interval and used to either calculate (in the first ICFD interval)

or update (in subsequent ICFD intervals) some POD modes. Two GSs based on (different

numbers of) these modes are integrated in the IGS intervals.

The method (see the sketch in figure 1.1) is called the local POD plus Galerkin projection

(LPOD+GP) method and is based on the combined use of CFD and Galerkin projection

in interspersed time intervals, ICFD and IGS, respectively. POD modes are calculated in

the ICFD intervals. In fact, the POD manifold is completely constructed in the first ICFD

interval and only updated in subsequent ICFD intervals, which can thus be quite short.

Obviously, the key point is deciding when each IGS interval must be terminated (because

the GS approximation is no longer acceptable) and switching to a new ICFD interval is

needed. This is done in Rapún & Vega (2010) using an a priori error estimate based

on the amplitude of some additional high-order modes. Such error estimate is similar to

those used in the numerical analysis of spectral methods (Gottlieb & Orszag, 1977) and

works quite well. In addition, a second GS retaining a few more modes than necessary

is also time integrated, which together with the above mentioned a priori error estimate

provides a safe criterion for switching between IGS and ICFD intervals, even in cases that
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involve really complex transient dynamics. The method was applied in Rapún & Vega

(2010) to the complex Ginzburg-Landau equation (see §1.2), obtaining fairly good results.

A very important property of the LPOD+GP method is the adaptivity, which means

that the method (i) automatically updates the POD manifold when necessary and (ii)

calculates at each time step an estimate of the error of the approximation provided by the

ROM. In other words, the POD manifold is adapted while running the ROM, as needed.

In some sense, the method could be called “POD on the fly” (instead of “POD before

taking off”), as suggested by professor Edgar Knobloch.

The LPOD+GP method has something in common with the work by Sirisup et al.

(2005) and Bergmann et al. (2009) (where short runs with a CFD code are also combined

with Galerkin projection to stabilize the latter) with four main differences. Namely, the

LPOD+GP method (i) is able to simulate transients, not only a given attractor, (ii) uses

the short runs with the numerical solver to recalculate the POD modes, not to compute

the GS (which is constructed in a standard way), (iii) does not require to precalculate

the POD modes, and (iv) is designed to accelerate the CFD code, not to stabilize the

GS (stabilization of the GS is a byproduct of the truncation errors control). Bergmann

et al. (2009) also presented a method to update the POD manifold but is different in

both strategy and aim. The LPOD+GP method is also connected with other techniques

mentioned above. In particular, other adaptive methods are available in the literature (see

Ravindran (2000); Bergmann & Cordier (2008); Tadmor et al. (2010); and the references

therein), as are various already cited algorithms that are able to deal with transient

behaviors. The main difference with all of them is that adaptation is performed in the

LPOD+GP method on the basis of the two introduced observations.

The results in Rapún & Vega (2010) refer to one-dimensional equations and are based

on a well controlled numerical code. They represent a first step towards the intention of

developing a method to accelerate CFD industrial solvers in realistic industrial problems,

which poses two main difficulties. First of all, these solvers are frequently based on coarse

computational meshes and include unphysical terms to speed up calculations and/or gain

robustness by suppressing numerical instabilities; the numerical accuracy is generally not

very high. Secondly, realistic configurations (e.g., a whole aircraft) require a quite large

computational time, which makes the associated ROM too slow to perform the necessary

test runs. Thus, using a simpler solver and a simpler configuration is advisable, as it will

be done in this thesis to complete a further step towards the above mentioned final goal.

In bifurcation problems, the construction of general bifurcation diagrams entails cal-

culating and somehow continuing attractors, which frequently involve steady, periodic,
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quasi-periodic, and chaotic behaviors, and usually requires solving the underlying evo-

lution problem many times during a sufficiently large time span as to discard transient

behaviors. Such time span is in general fairly large, especially near bifurcation points,

which may involve huge computational resources when the subjacent physical problem is

modeled by partial differential equations. However, if the governing equations are dissi-

pative, the large-time behavior of the system is contained in a finite dimensional inertial

manifold (Foias et al., 1988b), which is frequently low dimensional (Foias et al., 1988a;

Promislow & Temam, 1991). Thus, using a low dimensional approximation of the asymp-

totic dynamics is a quite appealing idea, which was applied early after the discovering of

the concept of “inertial manifold” (Jolly, 1993) by combining the calculation of inertial

manifolds with Galerkin projection (see Robinson (2002) for the actual computation of

inertial manifolds).

Particular bifurcations can be analyzed/approximated calculating the associated cen-

ter manifold to derive the normal form equations. This can be done in a quite compu-

tationally efficient way, even for complex bifurcations in complex systems involving the

Navier-Stokes equations (Sánchez et al., 2006). Nevertheless, this procedure must be cus-

tomized for each specific bifurcation, which penalizes flexibility. Reduced order models

have already been used to construct bifurcation diagrams. Selection of the appropriate

snapshots is generally accomplished ad hoc, depending on the particular properties of the

desired bifurcation diagram. For instance, steady bifurcations have been considered by

Løvgren et al. (2006). The usual way of continuing across a bifurcation point consists

in calculating some snapshots close to it (Løvgren et al., 2006; Ilak et al., 2010) and use

them to construct the bifurcation diagram in a vicinity of the bifurcation point itself; the

best results are reported when both sides of the bifurcation point are taken into account

in the snapshots computation. The snapshots are usually of the same type as the relevant

states in the attractor of the system that are being calculated, and emphasis is sometimes

put on selecting the appropriate snapshots set. For instance, the snapshots are commonly

steady states when steady bifurcations are considered. In this thesis, instead, advantage

will be taken of the POD manifold property of being fairly independent of the parameters

that are present in the governing equations (Rapún et al., 2011). In other words, the POD

manifold that is appropriate for some specific values of the parameters is also suitable for

other parameter values, provided that some more modes than necessary are retained.

Against this background, the following extensions will be performed in this thesis.

A. In order to somewhat mimic industrial solvers, the basic adaptive LPOD+GP

method will be applied to a two-dimensional problem (the unsteady lid-driven cav-
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ity problem, see §1.2) in which the CFD solver used to calculate the snapshots will

be fairly rough. A more accurate spectral code will also be considered as a further

application.

B. The necessity of running two Galerkin systems to cope with truncation instabilities

will be avoided by using some residual modes. This will significantly improve the

computational efficiency of the LPOD+GP method.

C. Several improvements will be carried out in connection with the possibility of calcu-

lating the POD manifold using modes libraries. These libraries will be constructed

in various ways, as follows.

(a) Running the numerical solver for parameter values different from those that

are being considered (in problems depending on some parameters).

(b) Running the numerical solver for equations different from the ones that are

being approximated. This is quite relevant in industrial environments, since

it opens the possibility of using the results of former CFD runs (stored in

databases that are generally exhausted) for related but different configura-

tions/formulations to improve the current computational tasks.

(c) Using a numerical solver different from the one that is being run to calculate

the reference solution, namely the solution considered as “exact” when defining

the errors. The new solver may be much more computationally inexpensive,

which would improve the efficiency of the overall process.

D. The last improvement opens the possibility of constructing ROMs for bifurcation

problems in a quite computationally efficient way, which will also be addressed in

the thesis.

1.2 Test problems

The applications considered to test the efficiency of the adaptive methods proposed

in this thesis involve two well-known problems, which are widely used in the literature to

both illustrate complex dynamics and test the performance of CFD solvers.

The one-dimensional complex Ginzburg-Landau equation (CGLE)

∂tu = (1 + iα)∂2xxu+ μu− (1 + iβ)|u|2u , with ∂xu = 0 at x = 0, 1 , (1.1)
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is a paradigm of a simple nonlinear equation that exhibits intrinsically complex dynamics

and describes a variety of physical phenomena (Aranson & Kramer, 2002). For instance,

the amplitude equation of a reaction-diffusion system close to the onset of a supercrit-

ical Hopf bifurcation from a spatially uniform steady state can be written in the form

(1.1). Here, the state variable u is complex, which means that the equation could also be

considered as a system of two real equations, and the parameters μ, α, and β are real.

The various terms in the right-hand side of (1.1) describe diffusion, dispersion, linear

growth, nonlinear damping, and nonlinear frequency detuning, respectively. The problem

is invariant under the D1 × SO(2) group

x→ 1− x , u → u eic , (1.2)

where c is a real constant, and can exhibit the modulational instability if αβ < −1

(Newell’s condition) and μ is larger than a critical value, which is necessary for the system

to have complex (chaotic) behaviors at large time. On the other hand, the Neumann

boundary conditions prevent the existence of traveling waves (which would be present

with periodic boundary conditions) and open the possibility of fairly simple, spatially

constant attractors. In fact, in this case, the CGLE shows solutions of type

u(x, t) = eiδt u0 , (1.3)

where δ is a real frequency, which provides

(1) monochromatic, spatially uniform, periodic solutions, if u0 = constant;

(2) monochromatic, spatially nonuniform, periodic solutions, if u0 = u0(x);

(3) quasi-periodic solutions, if u0 = u0(x, t) is time periodic, with a period incommen-

surable with 2π/δ (which is generically expected).

These simple solutions are such that |u| = |u0| is (1) steady and spatially uniform, (2)

steady and spatially nonuniform, and (3) time periodic, respectively. As μ increases,

they can be found alternating with more complicated (quasi-periodic and chaotic) at-

tractors (Terragni & Vega, 2012). The CGLE (1.1) will be used to illustrate the ability

of the developed methods to simulate quite complicated chaotic-like transient dynamics

and reproduce complex bifurcation diagrams involving different types of bifurcations and

attractors, which represent two somewhat demanding test cases.

The second application is a widely studied benchmark problem in fluid dynamics.

The two-dimensional lid-driven cavity problem (LDCP) describes the circulating flow in
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a square domain whose upper wall is moved by an external horizontally directed forcing.

The simplicity of the geometry makes such problem relatively easy to code and boundary

conditions simple to be imposed. In spite of this, the flow in a cavity shows interesting

physical properties, e.g. the developing of a hierarchy of (counter) rotating vortices close

to the corners and the appearance of complicated large-time dynamics at high values of the

Reynolds number (Shankar & Deshpande, 2000). Thus, the LDCP has been extensively

used as a benchmark for numerical methods in terms of accuracy and efficiency. The

standard formulation, in which the lid moves steadily in a rigid-solid fashion, has been

studied by many authors with various techniques (Ghia et al., 1982; Schreiber & Keller,

1983; Shen, 1991; Botella, 1997; Botella & Peyret, 1998), POD included (Cazemier et al.,

1998; Kalb & Deane, 2007). The problem is modeled by the incompressible Navier-Stokes

equations, which in dimensionless form read as

∇ · v = 0 , (1.4)

∂v

∂t
+ (v ·∇)v = −∇p+ Re−1�v , (1.5)

in the spatial domain 0 < x < 1, 0 < y < 1, with boundary conditions

v = 0 at x = 0, 1 and y = 0 , v = (h(t)g(x), 0) at y = 1 . (1.6)

Here, v = (vx, vy) and p are the velocity and the pressure, respectively, and the Reynolds

number is defined as Re = u∗L/ν, where u∗ is the maximum lid-forcing velocity, L is the

width of the cavity, and ν is the kinematic viscosity. In the standard formulation h ≡ 1

and, depending on the author, the function g is taken as g ≡ 1 or assumed to be

g(x) = 16 x2(1− x)2 , (1.7)

which smooths out the flow singularity near the upper corners (regularized LDCP). In the

present work, as in Duck (1982) and Ahlman et al. (2002), a somewhat more general for-

mulation is considered, allowing the driving velocity to depend on time (unsteady LDCP).

More precisely, temporal oscillations are introduced in the upper boundary condition in

(1.6) through the function h, either periodic (e.g., h(t) = sin(t)) or quasi-periodic (e.g.,

h(t) = sin(πt/4) cos(t/16)), which will yield nontrivial large-time dynamics at moderate

values of the Reynolds number. Indeed, the solution will converge to either a periodic or

a quasi-periodic attractor (depending on forcing) in the viscous timescale (t ∼ T ∼ Re).

Instead, if forcing were constant, the solution would decay to a steady state for large

time unless Re > Rec, being the order of the threshold Reynolds number equal to 104.

In addition, (1.7) is used in chapter 4, which will enable to base CFD simulations on a
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spectral code, besides a finite differences solver. The numerical scheme of the latter con-

siders equations (1.4)–(1.6) in primitive variables, while the spectral code is based on the

dimensionless streamfunction-vorticity formulation of the incompressible Navier-Stokes

equations, namely

�ψ = −ω , (1.8)

∂ω

∂t
+
∂ψ

∂y

∂ω

∂x
− ∂ψ

∂x

∂ω

∂y
= Re−1�ω , (1.9)

where the streamfunction ψ is such that vx = ∂ψ/∂y and vy = −∂ψ/∂x, while the vorticity
ω is given by ω = −∂vx/∂y + ∂vy/∂x. In this formulation, the velocity field is obviously

divergence-free and physical boundary conditions can be provided for the streamfunction

and its derivatives only, namely

ψ = 0 at x = 0, 1 and y = 0, 1 ,

∂ψ/∂x = 0 at x = 0, 1 ,

∂ψ/∂y = 0 at y = 0 , ∂ψ/∂y = h(t)g(x) at y = 1 . (1.10)

The use of the flow variables ψ and ω allows for the construction of fast algorithms for

the direct numerical simulation of the LDCP (see §A.2).

1.3 Outline

The present thesis is organized into seven chapters. After the introduction, chapter 2

gives an overview of the main mathematical tools involved in the developed research

and illustrates the basic ideas underlying the proposed methods. Chapter 3 describes

the central algorithm used in the thesis, which firstly appeared in a preliminary version

in Rapún & Vega (2010), and presents some results for the CGLE (1.1). Application

of the introduced method to the approximation of transients in laminar fluid flows is

discussed in chapter 4 by means of the (regularized) unsteady LDCP (see §1.2). Results are
provided, analyzed, and compared for two different cases, namely when a finite differences

industrial-like CFD solver is coupled with the method and when a fast spectral CFD code

is considered otherwise. Chapter 5 is dedicated to the study of some improvements of the

strategy, including the use of modes libraries and residual modes, while its extension and

application to bifurcation problems is detailed in chapter 6. A final chapter with some

remarks on the obtained results and related future research is also included. Appendix A

reviews the main features of the codes which provide the CFD calculations for the LDCP.
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The development of alternative, adaptive, and efficient model reduction techniques for

the approximation of transients and attractors of dissipative systems, envisaging promising

improvements in various engineering problems, represents the novel contribution of the

thesis, which has been (partly) published mainly in Terragni et al. (2011) and Terragni

& Vega (2012).





CHAPTER

TWO

Mathematical tools

In this chapter, the mathematical tools that will be used throughout the thesis will be

introduced and briefly discussed. In addition, the notation and some general assumptions

on the considered models will be set. The goal of §2.3 is to highlight some simple ideas

that will be exploited in the next chapters in order to combine classical model reduction

techniques in a somewhat new and more efficient way.

The various ideas and methods in the present thesis will be developed keeping in mind

a class of parabolic equations and systems. For the sake of clarity, these can be recast

into the following general semilinear parabolic vector equation

M∂tq = Lq + f (q, t, μ) , (2.1)

with certain suitable boundary conditions. Here q is a state vector defined on a bounded

domain Ω ⊆ R
d and belonging to a phase spaceE, assumed to be a Hilbert space equipped

with an inner product 〈·, ·〉. Furthermore, M (positive definite) and L (elliptic) are

linear operators, with the highest-order spatial derivatives accounted for in L, while f is

a nonlinear operator which generically depends on time and a real parameter μ related

to some physical property of the involved system.

Equation (2.1) is generally an infinite dimensional partial differential equation or sys-

tem, but will be treated as finite dimensional upon spatial discretization in all applications

below. Note that the introduced assumptions, besides the test problems of this work,

include many dissipative systems of scientific and industrial interest, such as reaction-

diffusion-convection systems, the incompressible Navier-Stokes plus energy equations of

micro-fluidics, and the usual pattern-forming, thermal convection problems.

The remaining of this chapter recalls the standard proper orthogonal decomposition

and Galerkin projection, and discusses their combination. The last section introduces

13
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some general ingredients concerning bifurcation problems.

2.1 Proper orthogonal decomposition

Proper orthogonal decomposition (POD) is also known as either Karhunen-Loève de-

composition or principal component analysis, depending on the context, and has been

extensively used in a variety of fields and applications (Holmes et al., 1998). In simple

words, POD is a procedure that provides an optimal linear basis for the approximate,

low-dimensional description of (either numerical or experimental) data associated with

high-dimensional complex systems. Thus, a dimension reduction is accomplished by a set

of modes, as the result of identifying correlations between the variables underlying the

given data. If applied to a system of vectors organized as columns of a matrix, POD is

closely related to singular value decomposition.

In the context of evolution problems like (2.1), a POD basis can be obtained by

the so-called method of snapshots (Sirovich, 1987), which consists in applying the POD

methodology to a set of numerically calculated spatial distributions of q at N values of

time, namely

q1 = q(t1), . . . , qN = q(tN) . (2.2)

Note that the snapshots (2.2) should be representative of the dynamics that are being

simulated (Sirovich, 1987). They will be computed in various ways in this thesis. POD

modes and the associated singular values, denoted as

Q1, . . . ,QN and σ1 ≥ σ2 ≥ . . . ≥ σN ≥ 0 , (2.3)

respectively, are calculated from the covariance matrix R associated with the snapshots

(2.2), given by

Rij =
〈
qi, qj

〉
, (2.4)

in terms of a suitable inner product, which may not coincide with the natural one defined

on E; in fact, it may not be a true inner product in E (see §2.2). Indeed, POD modes

can be written as

Qi =
1

σi

N∑
k=1

αk
i qk , (2.5)

where αk
i are the eigenvectors of the (Hermitian, positive definite) covariance matrix R;

the singular values are the square roots of the associated eigenvalues. Here, all singular

values are assumed to be strictly positive, which occurs in the generic case when all
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snapshots are linearly independent; if the snapshots exhibited a rank r < N only the first

r POD modes and singular values would be considered. Moreover, the POD modes are

orthonormal as the eigenvectors of R can be chosen to be so, namely

N∑
k=1

ᾱk
jα

k
l = δjl and

N∑
k=1

ᾱj
kα

l
k = δjl , (2.6)

where δjl (= 1 if j = l and 0 otherwise) is the Krönecker delta and the overbar stands

hereafter for the complex conjugate.

After truncation to n ≤ N terms, the original snapshots can be reconstructed in terms

of POD modes as

qPOD
l =

n∑
j=1

σjᾱ
l
jQj . (2.7)

Note that, for each n < N , the expansion (2.7) provides the best joint root mean square

(RMS) approximation of the snapshots (2.2) among all expansions with n terms. The

truncation error (in terms of the norm associated with the inner product that is being

used) is then readily obtained as

N∑
l=1

∥∥ql − qPOD
l

∥∥2 = N∑
l=1

∥∥∥∥∥
N∑

j=n+1

σjᾱ
l
jQj

∥∥∥∥∥
2

=

N∑
j=n+1

(σj)
2 , (2.8)

which means that the relative RMS error when reconstructing the N snapshots after

truncation to n POD modes is

RRMSEN
n =

√∑N
j=n+1(σj)

2√∑N

j=1(σj)
2

. (2.9)

Thus, the truncated approximation retaining a small number of terms will be good if the

singular values decay fast. In this case, the low dimensional manifold spanned by the first

n POD modes is expected to approximate well the dynamics. The exact estimate (2.9)

will be used in the next chapters to select the appropriate number of POD modes for a

desired accuracy.

2.2 Galerkin projection

A possible approach to obtain ROMs for evolution problems is the combination of

POD with the projection of the governing equations onto the linear manifold generated

by the POD modes (hereafter, the POD manifold). POD-based time dependent ROMs
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were introduced for the fast simulation of complex dynamics of incompressible fluid flow

problems (Berkooz et al., 1993). Later on, they received a great attention in the literature

in connection with a variety of applications.

As a first step, the state variable q is assumed to belong to the linear manifold spanned

by the most energetic POD modes, that is

q(x, t) �
n∑

j=1

Aj(t)Qj(x) , (2.10)

where n is appropriately chosen (see below) and Aj are the time dependent mode ampli-

tudes. Expansion (2.10) is then substituted into (2.1) and the resulting residual

R = ϕ(A′

1Q1, . . . , A
′

nQn, A1Q1, . . . , AnQn, t, μ) (2.11)

is finally minimized, intending that (2.10) approximates well the solution of the given

equations. Time derivatives of the amplitudes are denoted hereafter with primes, namely

A′
j = dAj/dt. Minimization can be performed in various ways, e.g. by means of a

gradient-like method or a genetic algorithm (Alonso et al., 2010; Baché et al., 2012). In

this work, the standard Galerkin method is used, in which the component of the residual

that is orthogonal to the POD manifold is imposed to be zero, namely 〈Qi,R〉 = 0, for

i = 1, . . . , n. In other words, taking into account (2.10), equation (2.1) is projected onto

the POD manifold, which yields

n∑
j=1

MGS
ij

dAj

dt
=

n∑
j=1

LGS
ij Aj + fGS

i (A1, . . . , An, t, μ) , (2.12)

where the matrices MGS and L
GS, and the nonlinear function fGS are defined by

MGS
ij =

〈
Qi,MQj

〉
, LGS

ij =
〈
Qi,LQj

〉
, fGS

i =

〈
Qi, f

(
n∑

k=1

AkQk, t, μ

)〉
. (2.13)

The system of ordinary differential equations (2.12) will be referred to hereafter as the

Galerkin system (GS). This is a low dimensional ROM of the given vector equation, whose

unknowns are the time dependent mode amplitudes A1, . . . , An.

The boundary conditions of the original problem must be accounted for in the ROM.

POD modes automatically satisfy homogeneous boundary conditions, since snapshots do

so. When they are nonhomogeneous, a usual practice is to replace q by q − q0 in the ex-

pansion (2.10), where q0 satisfies the nonhomogeneous boundary conditions (see §4.1.1).
In the latter case, another natural approach consists in Galerkin projecting a weak for-

mulation of the problem. In other words, the divergence theorem allows to transform
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some of the integrals over the whole spatial domain (appearing when Galerkin projection

is performed) into integrals over the boundary, which provides a natural way to incor-

porate nonhomogeneous boundary conditions into the formulation. A drawback of this

approach is that it can only be applied if the inner product used to perform Galerkin

projection coincides with the standard L2 inner product, which leads to quite computa-

tionally expensive formulations (see below); avoiding the application of the divergence

theorem permits considering more efficient inner products, but may lead to fairly unnat-

ural and involved formulations. As alternative approaches, one can either project the

numerical scheme used to discretize (2.1), which should already account for all boundary

conditions (see §4.1.2 and §4.1.3), or consider a penalty method (Sirisup & Karniadakis,

2005). The latter strategy (see §4.2) includes the boundary conditions in the governing

equations as constraints, enforced via suitable penalty parameters.

The n × n matrices M
GS and L

GS must be computed only once, but the function

fGS depends nonlinearly on A1, . . . , An and t, and (in principle) must be calculated at

each time step when (2.12) is integrated over time. This can be quite computationally

expensive if the standard L2 inner product is considered in (2.13), which would involve the

whole computational mesh used in the spatial discretization of the problem. When the

nonlinearity is algebraic (as in the Ginzburg-Landau and the Navier-Stokes equations),

fGS
i is also a polynomial in the POD mode amplitudes, whose coefficients could be cal-

culated offline from the outset. Nevertheless, if the number of these coefficients is large,

their calculation may take a considerable CPU time, especially when the GS needs to be

repeatedly constructed. On the other hand, computational efficiency can be improved

by noting that the evaluation of fGS
i may be performed using a limited number of mesh

points, namely few times the number of retained POD modes. The idea of computing

Galerkin projections over a restricted subset of mesh points is not new and can be found,

e.g., in Astrid et al. (2008). Indeed, if the used snapshots are approximated well by n

POD modes and all calculations were exact, then only n mesh points should be enough

to project the exact equations onto these modes 1 (Alonso et al., 2009). Thus, a set of

mesh points is selected in the spatial grid where snapshots are discretized, {x1, . . . ,xM},
which defines the following inner product

〈q1, q2〉 =
1

M

M∑
k=1

q̄1(xk) · q2(xk) , (2.14)

where · is a natural inner product to multiply two state vectors. Note that (2.14) is not

1In some sense, this is the same idea underlying the fact that a n-dimensional linear manifold could

be exactly determined by requiring it to contain a set of n linearly independent vectors.
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a true inner product in the (infinite dimensional) phase space E of (2.1). Usually, it is

neither a true inner product in the space of all possible spatial distributions of q on the

whole computational mesh, but it is generically an inner product in the POD manifold,

provided that the selected number of mesh points, M , be somewhat larger than the num-

ber of retained POD modes. This has been checked and applied to different problems

by Alonso et al. (2009, 2010, 2012b); Baché et al. (2010, 2012); Rapún & Vega (2010);

Terragni et al. (2011). These authors show that the mesh points can be selected using

mild requirements, namely they should include the representative regions of the expected

solutions. In fact, an equispaced distribution is generally a good choice, although concen-

trating points in those parts of the domain where the solution exhibits a strong activity

(e.g., boundary layers) improves computational efficiency (Terragni et al., 2011). A care-

ful selection also allows to avoid regions of concentrated errors, which must be expected in

the fairly rough numerical solvers commonly used in industrial applications (Alonso et al.,

2009, 2010, 2012b; Baché et al., 2010). In this thesis, unless explicitly indicated, the inner

product (2.14) will always be used to perform both POD and Galerkin projection, which

will drastically reduce the involved computational time, and the mentioned ideas will be

adapted to the presented applications. It is worth observing that an optimal selection

of the mesh points involved in (2.14) is related to the so-called sampling problem (see

Braconnier et al. (2011) and the references therein) and would lead to a further improve-

ment of the computational efficiency. However, the latter strategy will not be pursued

any further in the thesis.

Concerning errors, the (instantaneous) spatial, relative error associated with the ap-

proximation (2.10) is measured by

Errorn =

∥∥∥q −∑n
j=1AjQj

∥∥∥
‖q‖ , (2.15)

in terms of the norm associated with the inner product that is being used. Now, if Errorn1

is sufficiently small for some n1 > n, then the quantity

En1

n =

√∑n1

j=n+1(Aj)2√∑n1

j=1(Aj)2
(2.16)

is a good estimate of Errorn. This is because if Errorn1 is sufficiently small, then q �∑n1

j=1AjQj and thus (recall that POD modes are orthonormal)∥∥∥∥∥q −
n∑

j=1

AjQj

∥∥∥∥∥
2

�
∥∥∥∥∥

n1∑
j=n+1

AjQj

∥∥∥∥∥
2

=

n1∑
j=n+1

(Aj)
2 , (2.17)
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namely En1

n � Errorn. The error estimate (2.16) is fairly standard and is similar, e.g., to

the one used in spectral methods for dealiasing (Gottlieb & Orszag, 1977). It will play

an essential role in the methods presented in the next chapters.

Finally note that, in some cases, q could be conveniently split into various compo-

nents (e.g., the velocity components and the pressure in incompressible fluid flows). After

expanding each one of them as a linear combination of its own POD modes, the corre-

sponding vector equations could be independently Galerkin projected. This would lead

(see §4.1.2) to a system of GSs similar to (2.12), to which all the observations above still

apply.

2.2.1 Which equations to be projected?

The approach described above consists in projecting the exact equations governing

the problem, namely (2.1), onto a certain POD manifold, performing the projection via a

suitable inner product. The resulting system of ordinary differential equations (i.e., the

GS) is then properly numerically discretized in time according to the desired order of

accuracy. This is a classical way of proceeding, which however could be replaced by other

techniques.

Regardless of the considered inner product, some recent works, e.g. by Alonso et al.

(2012b), Terragni et al. (2011), and Barone et al. (2009), exploit the idea of projecting the

full-order numerical scheme of the solver employed to compute the necessary snapshots.

In this case, the equations to be Galerkin projected may read

M̂

(
q̂k+1 − q̂k

δt

)
= Γ̂

(
q̂k, q̂k−1, tk, tk−1, μ

)
, (2.18)

if transition between two consecutive time instants, tk and tk+1, is given by an explicit

two-step method. In (2.18), δt = tk+1 − tk is the time step, while q̂k, M̂, and Γ̂ are a

spatial discretization of q(tk),M, and the right-hand side of (2.1), respectively. The latter

projection could be neither possible, when a black box commercial software is used, nor

trivial, as one may be able to access only a part of the numerical code or the latter may be

fairly involved. Indeed, industrial solvers usually show features like intermediate variables

or equations, turbulence models, numerical stabilizers, and spurious artifacts to increase

robustness and efficiency. Nevertheless, such projection would reduce the dimensionality

of (precisely) the mathematical model satisfied by the calculated snapshots. Hence, except

for the truncation error intrinsic to any reduction technique, no further errors would be

introduced in the ROM through the projection, since the discretization is conserved. Even
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more, it has been investigated (see, e.g., Alonso et al. (2012b)) that some of the numerical

details included in the full-order scheme can be carefully disregarded when constructing

the reduced equations, which would make this procedure easier and more robust.

Another strategy results from Galerkin projecting an alternative discretization of the

the governing equations (2.1), which in principle can be completely different from that

implemented in the used solver. Then, a possibility may be to approximate (2.1) by

a standard Crank-Nicolson-like scheme (Cebeci, 2002), which uses a two-step Adams-

Bashforth method to predict the nonlinear term 2, as

M̂

(
q̂k+1 − q̂k

δt

)
= L̂

(
q̂k+1 + q̂k

2

)
+

3

2
f̂ (q̂k, tk, μ)− 1

2
f̂ (q̂k−1, tk−1, μ) , (2.19)

to be finally projected onto suitable POD modes. Notation in (2.19) is similar to that in

(2.18). It is worth mentioning that projecting (2.19) is formally the same as projecting the

exact equations (2.1) and then discretizing the resulting GS by a Crank-Nicolson method

as above.

This point, namely which equations should be projected, is a very important one

envisaging industrial applications. For instance, it has been shown by Alonso et al. (2012b)

that ROMs for external transonic aerodynamics around commercial aircrafts components

can be obtained using the Euler equations, even though the solver used to compute the

snapshots is a viscous code based on the Reynolds averaged Navier-Stokes equations.

This possibility may be justified by the extremely large values of the Reynolds number

and the fact that the appropriate vorticity distributions resulting from detachment of the

boundary layers (which are not accessible to the Euler equations) are already accounted

for in the snapshots. The ROM just chooses the appropriate linear combinations of POD

modes resulting from the snapshots. This opens a wide class of possibilities regarding the

choice of the equations that are to be projected and increases the flexibility of the resulting

ROMs in industrial applications. For instance, different ROMs, calculated at different

company sites, could be simultaneously used to construct the desired low dimensional

approximation. The various strategies followed in this thesis to select the equations that

are Galerkin projected are precisely in this spirit.

2.3 Combining local POD and Galerkin projection

In general, a GS obtained as described in §2.2 aims at approaching the dynamics of the

given system on a particular attractor. Thus, POD need to be applied to a set of snapshots

2For short, the scheme (2.19) will be referred to hereafter as a Crank-Nicolson scheme.
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calculated over a sufficiently large time interval, in order to ensure that the resulting orbit

covers a representative part of the attractor to be approximated, which requires some a

priori knowledge of the asymptotic dynamics. Nevertheless, one of the objectives of the

present thesis is to show how a critical view of the POD-based reduction techniques, by

exploiting some properties of parabolic problems like (2.1), can lead to robust ROMs able

to approximate any dynamics, namely not only attractors but transients too.

Suppose that a time dependent (CFD) numerical code is given, which allows to cal-

culate the trajectories of (2.1), assumed as the exact dynamics of the system. Apply this

CFD solver over a time interval ICFD, beginning at t = 0, and select some snapshots

which provide a good approximation of the solution in the whole interval ICFD. Finally,

calculate the most energetic POD modes from these snapshots so that the associated POD

manifold approaches well the solution in ICFD. Now, it turns out that such POD manifold

still approaches the orbit in a larger time interval, provided that a few more modes than

those necessary for a desired accuracy in the smaller time interval are selected (Rapún

& Vega, 2010; Terragni et al., 2011). This can be seen as a natural consequence of the

expected continuous dependence of the POD manifold on time and the well posedness

of the evolution problem that is being considered. Namely, both the full-order and the

reduced-order dynamics in the near future depend continuously on the present.

Then, a basic method to obtain an approximation of a solution of (2.1) in some time

span 0 < t ≤ T , which is divided into interspersed intervals of two types, ICFD and IGS,

may be defined. The method switches between the two types of intervals and can be

summarized as follows.

(i) Select a suitable set of N CFD-computed snapshots in a time interval ICFD and

calculate the associated POD modes and singular values, as described in §2.1.

(ii) Construct a GS, as explained in §2.2, and integrate it over a time interval IGS,

defined such that the GS solution approaches well the CFD solution in IGS .

(iii) Set a new ICFD interval (starting from the time instant where the last IGS interval

ends) and go back to step (i).

(iv) Repeat steps (i)–(iii) as many times as needed, until the final time instant T is

reached.

In this strategy, time integration of the original problem and time integration of the

reduced model alternate in interspersed intervals, ICFD and IGS, respectively, where the

lengths of the ICFD and IGS intervals could be maintained as fixed and chosen after some
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calibration. A first improvement consists in still keeping the lengths of the ICFD intervals

unchanged (and comparable to the characteristic time of the expected trajectories) but

letting the algorithm choose the lengths of the IGS intervals, deciding when they should

be terminated because the constructed GS fails to approximate the true dynamics and

switching to a new ICFD interval is necessary. This can be done, without using the CFD

solver, by means of the error estimate (2.16), which relies only on the assumption that

the GS approximation converges to the CFD solution if an appropriately large number

of POD modes is retained. In particular, in order to approximate the orbit in the next

IGS interval within an accuracy ε, the error bound ε1 < ε (say, ε1 = ε/k, where k is

suitably calibrated) is used to select the first n POD modes, namely n is chosen as the

smallest integer satisfying RRMSEN
n < ε1. In addition, n1 > n is defined as the smallest

integer such that RRMSEN
n1
< ε1/k and the GS is constructed by using the first n1 POD

modes. In other words, the first n modes give the GS approximation of the solution in

IGS, while the additional n1−n modes are used to estimate the corresponding error versus

the CFD solution through (2.16). The GS is integrated as long as En1

n ≤ ε; when the

latter condition is violated, a new POD manifold is computed in a new ICFD interval.

Since the POD manifold is calculated in each ICFD interval taking into account the

local dynamics, the introduced basic method is expected to provide a good approximation

of the true (either asymptotic or transient) dynamics over any time interval, eliminating

spurious behaviors.

In the basic method, the POD manifold is completely constructed in each ICFD in-

terval from local snapshots, ignoring the information conveyed by the modes calculated

at previous ICFD intervals. Seemingly, (at least a part of) this information could be im-

portant to describe future dynamics and beneficial for the performance of the method.

Even more, the continuous dependence of the local POD manifold on time suggests that

the POD manifold itself (which provided a good approximation in the last IGS interval)

only suffers a small rotation between two consecutive ICFD intervals. Therefore, only

this rotation must apparently be calculated, which would require much less information

(namely, shorter ICFD intervals) than calculating the whole POD manifold.

An obvious idea to take all the available information into account may be to consider

as snapshots (when the POD manifold has to be computed) both the solution portraits

calculated in the last ICFD interval and the newly calculated ones. Note that the idea of

mixing snapshots can be found in other works, e.g. in Bergmann et al. (2009) even if in a

different context. It turns out that such strategy somewhat enlarges the IGS intervals but

produces a progressive contamination of the POD manifold; namely, more POD modes are



2.3. Combining local POD and Galerkin projection 23

necessary to approximate the same trajectory. In fact, the POD manifold would be defined

as to approximate all snapshots in both the “old” and the “new” ICFD intervals, which

means that its dimension would increase until an attractor is approached. This is because

mixing snapshots and applying POD implicitly bears the same weight for all of them and

their number influences the results. In order to avoid the mentioned contamination, the

POD modes (instead of the snapshots) can be mixed after being assigned suitable weights.

Indeed, the POD modes depend only on the dynamics, while the snapshots depend on

the particular choice that is done; the only requirement for the modes to define a good

POD manifold is that the snapshots be representative of the solution, which is a fairly

mild requirement.

Thus, the basic method can be improved in the following way (Terragni et al., 2011).

In the first ICFD interval, the POD manifold is generated from some CFD-computed

snapshots, as before. In subsequent ICFD intervals, it is computed by applying POD to

the set of vectors

ν̂1Q̂1, . . . , ν̂N1
Q̂N1

, ν1Q1, . . . , νN2
QN2

. (2.20)

Here, Q̂1, . . . , Q̂N1
are the POD modes used in the last IGS interval and the weights

ν̂1, . . . , ν̂N1
, ν1, . . . , νN2

are defined as

ν̂j = min

⎧⎨
⎩ σ̂j√∑N1

k=1(σ̂k)
2

,
〈|Aj|〉√∑N1

k=1〈|Ak|〉2

⎫⎬
⎭ , νj =

σj√∑N2

k=1(σk)
2

, (2.21)

where, for each j, σ̂j is the singular value associated with Q̂j calculated in the last ICFD

interval and 〈|Aj|〉 is the temporal mean value of |Aj| in the last IGS interval, namely

〈|Aj|〉 =
(∫

IGS
|Aj | dt

)
/δGS, being δGS the length of IGS

3. In addition, Q1, . . . ,QN2

are the POD modes calculated from the new snapshots in the new ICFD interval, and

σ1, . . . , σN2
are the associated singular values. Defining the weights of the older POD

modes as in (2.21) eliminates those modes whose averaged energy decreased too much in

the last IGS interval (because they will exhibit a small value of 〈|Aj|〉). Without these

weights, the less energetic modes would have the same contribution to the new POD

manifold as the most energetic ones, thus leading to an increasing contamination (as if

all available snapshots were used). Finally, the use of σ̂j in the first equation in (2.21)

does not enhance those older modes whose averaged energy increased too much in the

last IGS interval, which could be due to the GS high-order modes truncation instability

3The numerical approximation of 〈|Aj |〉 may consider an integral extending only over a part of the

last IGS interval. For instance, one could restrict the temporal average to the “more recent” behavior of

the amplitude, thus using only the final part of the involved IGS interval.
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(see below). Calibration of N1 and N2 in (2.20) will be discussed in chapter 3, still being

the method fairly robust in connection with their values. Thanks to the described way of

updating the POD manifold, subsequent ICFD intervals can be fairly short; furthermore,

their lengths can be automatically adjusted according to the time evolution of the solution

(see chapter 3).

Now, it turns out that, when the method discussed so far is applied, the constructed

GS may sometimes exhibit spurious dynamics in a fairly unpredictable fashion. Indeed,

the introduced strategy relies on the assumption that the POD manifold spanned by the

first n1 POD modes provides a good approximation of the solution in the next IGS interval.

Nevertheless, it might happen that in such interval some transition related to unexpected

dynamics (i.e. absent at previous values of time) occurs. In this case, the new features of

the solution will not be correctly described by the GS since not recorded in the retained

n1 POD modes, the ROM trajectory will diverge from the exact one, and the method will

fail. In other words, when transitions associated with high-order modes and not captured

by the truncated GS happen, then the intrinsic truncation instability, which is typical of

standard POD-based Galerkin methods, arises.

This issue is illustrated with an example in figure 2.1 (bottom, left plot), where the

method introduced so far is applied to the CGLE (1.1) with (μ, α, β) = (30,−1, 10)

and initial condition u(x, 0) = (1 + i) cos(πx) + 3i cos(2πx). The plot displays the time

evolution of the relative RMS error of the GS solution in two ways: the estimate provided

by the method, namely En1

n in (2.16), and the “exact” error computed versus the CFD

solution. The ICFD intervals can be identified because there all errors have been set to

zero. The first one is clearly appreciated, while subsequent ICFD intervals consist of just

one snapshot each and can only be distinguished as enclosed by two nearby vertical lines.

Note that the estimate En1

n (based on (n, n1) that oscillate around (11, 15), depending on

the IGS interval) does not provide a good approximation of the error, which grows beyond

the required bound ε = 0.005. In other words, the strategy is not able to correctly

predict a transition occurring in the dynamics (see top plot in figure 2.1) and the GS

approximation diverges from the actual behavior of the solution.

The problem can be dealt with by further exploiting the ideas already presented.

More precisely, a second GS is constructed by retaining n2 > n1 POD modes, where n2

is the smallest integer satisfying RRMSEN
n2
< ε1/k

2. It turns out that an appropriate

comparison of the solutions provided by this second GS and the first GS based on n1

POD modes can anticipate transitions not captured by the latter. Indeed, the truncation

error is smaller when more POD modes are taken into account. The criterion to stop the
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Figure 2.1: Solution and errors for the CGLE (1.1) with (μ, α, β) = (30,−1, 10) and initial

condition u(x, 0) = (1+ i) cos(πx) + 3i cos(2πx), when the ROM anticipated in this section and

detailed in chapter 3 is applied without (bottom, left) and with (bottom, right) the error control

appearing in (2.22). Top plot: exact time evolution of |u| at x = 1/4 (thin solid), x = 1/2 (thick

solid), and x = 3/4 (dashed). Bottom plots: estimated (solid) and exact (dashed) relative

RMS errors of the GS solution with n POD modes, namely En1

n in (2.16) and Errorn in (2.15),

respectively, and the estimate Ên2

n1
in (2.22) (dot-dashed, only right).

ROM integration and switch to a new ICFD interval is then modified as follows. The two

GSs are simultaneously integrated as long as En1

n ≤ ε and Ên2

n1
≤ ε1, where

Ên2

n1
=

∣∣∣∣‖qn
GS − q̃n2

GS‖
‖q̃n2

GS‖
− En1

n

∣∣∣∣ , (2.22)

which is an estimate of Errorn1 . Note that

qn
GS =

n∑
j=1

AjQj , q̃n2

GS =
n2∑
j=1

ÃjQj (2.23)

are the first GS solution reconstructed by n modes and the second GS solution recon-
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structed by n2 modes, respectively; furthermore

‖qn
GS − q̃n2

GS‖ =

√√√√ n∑
j=1

(Aj − Ãj)2 +

n2∑
j=n+1

(Ãj)2 , ‖q̃n2

GS‖ =

√√√√ n2∑
j=1

(Ãj)2 . (2.24)

Requiring that Ên2

n1
be small can be seen as imposing consistency between the two GSs in

connection with high-order modes. The effectiveness of the estimate (2.22) is highlighted

in the case considered in figure 2.1. The bottom, right plot evidences that, after introduc-

ing in the method the new idea, the estimate En1

n is basically indistinguishable from its

exact counterpart and, together with Ên2

n1
, yields a safe strategy able to accurately predict

the dynamics in the whole given time interval (in this case, (n, n1, n2) oscillate around

(13, 19, 23), depending on the IGS interval).

All the ingredients detailed in this section will be set together in a robust and adaptive

method described in chapter 3.

2.4 Bifurcation problems

Bifurcation phenomena are of paramount scientific interest and have been the object

of active research over the last decades (Kuznetsov, 1998; Crawford, 1991). In the setting

of this thesis, equation (2.1) can be regarded as a nonlinear dynamical system (with

certain properties) explicitly depending on the real parameter μ, whose changes may

alter the topological features of the solutions. Namely, μ can play the role of a bifurcation

parameter and if one varies its value, then the dynamics of (2.1) may be significantly

modified, producing a qualitative change, namely a bifurcation, in the phase portrait of

the system. It is worth remarking that the phase portrait is defined as the set of all the

orbits (curves parametrized by t) in the phase space E determined by the solutions of

(2.1) for all possible initial conditions, which provides a global qualitative picture of the

dynamics.

Bifurcations, such as the appearance or disappearance of equilibria, periodic or quasi-

periodic orbits, or more complicated attractors, can be studied in different ways. For

instance, particular bifurcations can be analyzed via projection onto the center manifold to

derive the normal form equations (Kuznetsov, 1998). This can be performed for realistic,

infinite dimensional systems by various techniques, either analytic (Martel et al., 2000) or

purely numerical (Sánchez et al., 2006). However, the procedure must be customized for

each type of bifurcation, which penalizes flexibility and makes the method impractical in

complex bifurcation problems exhibiting various bifurcations.
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Construction of general bifurcation diagrams (showing the large-time values of a quan-

tity associated with the solutions of the given system as a function of a bifurcation param-

eter μ) requires calculating and somehow continuing attractors, which frequently involve

steady, periodic, quasi-periodic, and chaotic behaviors. In other words, the following two

steps are always required.

1. A convergent iterative process to provide a point of the bifurcation diagram, for a

certain value of μ (e.g., a standard Newton method can be used to calculate steady

states, while a time dependent solver can be run to approach generic stable states).

2. A continuation method, e.g., a standard pseudo-arch-length continuation (Allgower

& Georg, 2003) combined with the Newton method, to obtain all other branches of

the bifurcation diagram.

Direct continuation of complex time dependent attractors (i.e., quasi-periodic and chaotic)

is however problematic. A more flexible method to construct a bifurcation diagram con-

sists in considering a Poincaré map, which can be defined for the system (2.1) using the

intersections of the orbits with the Poincaré hypersurface

H(q) ≡ 〈 q,M−1 [Lq + f (q, t, μ) ] 〉 = 0 , (2.25)

where 〈·, ·〉 is the inner product the phase space E is equipped with. This hypersurface is

readily seen to contain (a) all steady states and at least two points of each periodic orbit,

and (b) at least two points of any time oscillation of ‖q‖ for the remaining (quasi-periodic

or chaotic) attractors. This is because

1

2

d

dt
‖q‖2 = H(q) . (2.26)

Thus, outward and inward intersections of the orbits with the Poincaré hypersurface are

associated with local maxima and minima of the function t → ‖q‖2, respectively. A

computationally efficient way to calculate these intersections is to monitor ‖q‖2 at the

discrete values of t in the time discretization of (2.1) and use linear interpolation to

compute its maxima and minima. Then, the bifurcation diagram is obtained by plotting

such maxima (or minima) in a time interval tA < t ≤ tB, disregarding the time interval

0 < t ≤ tA, which contains the transient behavior in which the orbits approach the

attractor; the time marks tA and tB are tunable parameters. The orbits q can be computed

by a time dependent numerical solver. In the continuation process, the desired bifurcation

parameter span

μ0 ≤ μ ≤ μ1 (2.27)
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is discretized by a (uniform) grid of size Δμ, which is chosen according to the intended

level of detail in the bifurcation diagram to be constructed. Then, the initial condition at

μ0

q = qinitial at t = 0 (2.28)

must be selected such that it (i) belongs to the basin of attraction of the desired attractor,

and (ii) breaks all the symmetries of (2.1). The latter condition prevents the continuation

process from following a particular (symmetric) branch of the bifurcation diagram. For

subsequent values of μ, the initial condition at t = 0 is the final state (at t = tB) for

the previous value of μ (possibly slightly perturbed, again to break all the symmetries).

The procedure is described above for increasing values of μ, but it could be applied for

decreasing values of μ also, beginning from an attractor at μ1.

In any event, a continuation procedure to compute bifurcation diagrams usually re-

quires solving the evolution problem (2.1) many times during a time span that must be

sufficiently large as to discard transient behaviors. In fact, especially near bifurcation

points, such a time span is usually fairly large, which may involve huge computational re-

sources when the subjacent physical problem is modeled by partial differential equations.

Nevertheless, if the latter are dissipative and the spatial domain is bounded, as assumed

for (2.1), then the large-time behavior of the system is contained in a finite dimensional

inertial manifold (Foias et al., 1988b), which is frequently low dimensional (Promislow &

Temam, 1991). Thus, using a low dimensional approximation of the asymptotic dynamics

is a quite appealing idea, which will be exploited in this thesis by means of ROMs based

on the already discussed combination of POD and Galerkin projection.

Concerning the use of ROMs in bifurcation problems, selection of the appropriate

snapshots set is generally accomplished in various ways depending on the author (see

chapter 1) and is usually a crucial point to increase the overall computational efficiency of

the process, especially when the numerical treatment of (2.1) is quite demanding. Now,

it turns out that taking into account some properties of dissipative systems can make

the calculation of low dimensional approximations and the computation of bifurcations

quite flexible and fast (Terragni & Vega, 2012). Indeed, the main ideas that will be

followed in this work to develop efficient reduced models to simulate transients have

already been stressed in the previous sections, relying on the continuous dependence of

the POD manifold on time. Even more, the latter is seen to be fairly independent of the

parameters in the governing equations (Rapún et al., 2011). In other words, the POD

manifold leading to good low dimensional approximations for some specific values of the

parameters are also appropriate for other parameter values, provided that some more
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modes than necessary (for a desired accuracy) are retained. This observation will be

used in chapter 5 to further increase the computational efficiency of the adaptive method

described in chapter 3. Also, it has obvious implications in the simulation of attractors

and the construction of robust ROMs to speed up the computation of complex bifurcation

diagrams, which will be the main object of chapter 6.





CHAPTER

THREE

The adaptive method

The ideas and the basic algorithm outlined in chapter 2 can be suitably set together

in a robust adaptive method, which intends to approximate a solution of (2.1) in a time

span 0 < t ≤ T within an error bound ε. This goal is achieved by combining CFD

calculations and local POD plus Galerkin projection in interspersed time intervals, ICFD

and IGS, respectively, as emphasized in figure 3.1 through the sketch already proposed in

figure 1.1. Indeed, consistently with remarks in chapter 2, a ROM of (2.1) is constructed

at the beginning of each IGS interval, by using some POD modes calculated from CFD-

computed snapshots in previous ICFD intervals, and then integrated in the same IGS

interval.

Figure 3.1: Sketch of the local POD plus Galerkin projection method. Snapshots (the planes)

are CFD-computed in each ICFD interval and used to either calculate (in the first ICFD interval)

or update (in subsequent ICFD intervals) some POD modes. Two GSs based on (different

numbers of) these modes are integrated in the IGS intervals.

The fundamental ingredients of the method can be summarized as follows.

A. The a priori error estimate En1

n given in (2.16) is used to detect when the ROM

approximation in a IGS interval is no longer acceptable and the POD modes need

to be updated.

31
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B. The POD manifold is updated when necessary by mixing weighted “old” and “new”

modes, as detailed in (2.20) and (2.21), which involves running the considered CFD

code during few time steps. This makes the POD manifold dependent on the local

dynamics.

C. Possible intrinsic instabilities (due to high-order modes truncation) of the ROM in

a IGS interval are anticipated by comparing the approximations given by two GSs

of different orders (i.e. based on different numbers of POD modes) in connection

with high-order modes, namely by means of (2.22).

D. Local POD and Galerkin projection are performed by means of the inner product

(2.14), which involves few points of the grid the considered CFD code is based on.

The resulting strategy will be called local POD plus Galerkin projection (LPOD+GP)

method and will turn out to efficiently speed up the numerical integration of (2.1) in

comparison with the given CFD solver. The corresponding algorithm (Terragni et al.,

2011) is described in details in the next section.

3.1 The local POD plus Galerkin projection method

The LPOD+GP method consists of the following five steps.

(i) The desired relative RMS error bound, ε, the time interval between snapshots, δsnaps,

the factor used in the selection of the numbers of POD modes, k, a minimum length

for the IGS intervals, δGS,min, the initial length of the first ICFD interval (beginning

at t = t0 = 0), δCFD,init = N δsnaps, the initial length of the remaining ICFD intervals,

δCFD,init = δsnaps, and the final time instant, T , are selected.

(ii) In the first ICFD interval, POD modes are calculated taking as snapshots the CFD-

computed portraits of q at tj = t0 + j δsnaps, with j = 1, . . . , N , defined in step

(i). In the remaining ICFD intervals, POD modes are calculated from the vectors

defined in (2.20).

(iii) Three numbers of POD modes, n, n1, and n2, are chosen as the smallest integers

satisfying

RRMSEN
n < ε1 =

ε

k
, RRMSEN

n1
<
ε1
k
, RRMSEN

n2
<
ε1
k2
, (3.1)

where the relative RMS error is defined in terms of the singular values associated

with the computed modes as in (2.9).
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(iv) Two GSs are constructed by retaining n1 and n2 POD modes, respectively. Each

one of them, considering as initial condition at t = t0 + δCFD the projection of the

CFD solution calculated in step (ii) at the same t onto the corresponding POD

manifold, is integrated in IGS until the last time instant t = tlast such that

En1

n ≤ ε , Ên2

n1
≤ ε1 , (3.2)

where the involved error estimates are given by (2.16) and (2.22). Now, there are

two alternatives.

1. If δGS < δGS,min, then a new value of δCFD is estimated as that multiple of

δsnaps which is closest to

δCFD,estimated = δCFD,old +max

{
δsnaps,

δGS,min − δGS

δGS,min

δCFD,old

}
(3.3)

and is finally defined as

δCFD,new = min {δCFD,estimated, 2 δCFD,old} . (3.4)

The CFD solution is computed in the new part of the resulting ICFD interval

and step (ii) is repeated.

2. Otherwise, the method proceeds to step (v).

(v) If tlast < T , then t0 is set equal to tlast, the approximation q̃n2

GS at tlast is taken as

initial condition at the same t, and the method goes back to step (ii). Otherwise,

the procedure ends.

Note that, according to (3.1), some more POD modes than necessary are retained in the

two GSs in order to obtain approximations within relative RMS error bounds ε and ε1.

The additional n1 − n POD modes in the first GS play two roles, namely they (i) allow

to extend the validity of the ROM approximation over the following IGS interval and

(ii) provide information to check its accuracy versus the CFD solution through the error

estimate En1

n . The additional n2−n1 POD modes in the second GS play an analogous role

in connection with the second GS and also check the consistency of the approximations

provided by the two GSs. Inconsistences between the two GSs indicate that (high-order

modes truncation) instabilities are coming into play. In other words, the additional n2−n1

POD modes in the second GS are necessary to detect possible truncation instabilities in

the first GS, which is done by means of the second error control in (3.2).
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The efficiency of the LPOD+GP method is measured in two ways. The theoretical

compression factor is defined as the ratio of the total time span to the total length of the

required ICFD intervals, namely

theoretical compression =
T∑
δCFD

, (3.5)

while the CPU compression factor is the ratio of the CPU time the CFD solver alone

would need to integrate the given problem to the CPU time actually required by the

ROM, namely

CPU compression =
CFD–CPU time

ROM–CPU time
. (3.6)

Note that the ROM–CPU time involves POD plus Galerkin projection and the integration

of two GSs in the IGS intervals, and CFD calculations in the ICFD intervals. Of course,

(3.6) depends on both the CPU unit and the used software. It could be improved by

optimally implementing the ROM with appropriate software (as usually done in industrial

solvers), but such optimization will not be pursued in this thesis, where the main focus is

not on deriving optimal ROMs from the point of view of the implementation. Instead, the

goal is to invent (and check) new ideas and methods that provide a significant improvement

of the computational efficiency. The theoretical compression factor is the asymptotic

value of the CPU compression factor as the computational cost associated with POD plus

Galerkin projection and the GSs integration vanishes.

3.1.1 Tunable parameters

As described above, the LPOD+GP method exhibits several parameters mentioned

in step (i) that must be somewhat calibrated. Indeed, the algorithm is quite robust

in connection with these tunable parameters, which can be selected according to some

simple, flexible criteria. In other words, moderately changing any of them has a small

quantitative effect on the performance of the strategy; for instance the factor k associated

with the selection of the numbers of modes can be either divided or multiplied by two

without significant changes in the effectiveness of the method. The following remarks are

related to the calibration of the main involved parameters, whose actual values will be

indicated for each application in the next chapters.

• The time interval between snapshots, δsnaps, should correspond to few CFD time

steps, in order the snapshots to convey nonredundant and significant information

on the dynamics. Anyway, such selection is not critical and δsnaps can be taken as
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one CFD time step if no better judgement is available. The initial guess for the

length of the first ICFD interval (i.e. the number of snapshots N) is introduced just

to decrease the number of iterations implicit in (3.3)–(3.4). A good choice would be

δCFD,init = n2 δsnaps, where n2 is the expected dimension of the POD manifold.

• The factor k appearing in (3.1) can be calibrated by analyzing the spectra of the

singular values associated with typical solutions, with the only requirement that the

difference between the numbers of POD modes (n, n1, n2) be at least equal to few

units.

• Concerning the numbers of “old” and “new” modes in (2.20) used to update the

POD manifold when needed, N2 is defined through the same criterion applied to

choose n2 in (3.1), while N1 comes from disregarding those “old” modes for which

ν̂j ≤ ε1/k
2. Thus, the corresponding involved amplitudes in (2.21) are conveniently

those associated with the second GS. In addition, condition N1 < 1 + N2/2 or

N1 < 1 + N2/3 can be imposed, thus ignoring one old mode for each two or three

new added modes, on the assumption that the relevant dimension of the final POD

manifold does not suddenly increase too much.

• The minimum acceptable length for the IGS intervals, δGS,min, can be set attending

to two issues. Firstly, it should not be smaller than the characteristic timescale

associated with the dynamics. This is to ensure that the error estimate (which

is monitored precisely in these intervals) provides a good mean to guarantee that

the approximation is indeed a good one during a sufficiently large time span. On

the other hand, this length should be a portion of the timescale associated with

possible instabilities (e.g., the convective timescale, t ∼ 1, in the LDCP considered

in chapter 4). In other words, too small values of δGS,min could not produce a

sufficiently good approximation, and too large values could not be attained due to

intrinsic instabilities of the GS. On the other hand, the length of the IGS intervals

may generally be greater in the attractor than in the transient phase. Thus δGS,min

can be maintained constant in an initial period T0 and then linearly increased,

namely

δGS,min = δGS,0 if t ≤ T0 , δGS,min = δGS,0+δGS,1(t−T0)/(T−T0) if t > T0 . (3.7)

• The simple formula (3.3) roughly assumes that the required value of δCFD depends

(locally) on δGS as a straight line of slope one. This could obviously be optimized,

which however will not be done in this thesis.
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• A maximum length for the IGS intervals, δGS,max, is also introduced to eliminate

those older POD modes that either are no longer necessary to describe the ac-

tual dynamics or have been contaminated by the accumulation of numerical errors

through repeated iterations of the LPOD+GP method. As a result, both the qual-

ity of the POD manifold and the overall performance of the iterative process are

improved. Nevertheless, without imposing δGS,max, the method still works fine, ex-

cept for a (possible) slight increase in the number of retained POD modes as time

proceeds. In this case, the CPU compression factor decreases but a better theo-

retical compression factor can be achieved as some ICFD intervals may be avoided.

For instance, in the test case considered in the upper plot of figure 4.7 below, the

CPU compression factor decreases from 5.4 to 4.3, while the theoretical compression

factor increases from 11.6 to 18.6, when no maximum length for the IGS intervals is

imposed.

3.2 Results for the Ginzburg-Landau equation

The LPOD+GP method was already applied to the complex Ginzburg-Landau equa-

tion with homogeneous Dirichlet boundary conditions by Rapún & Vega (2010), and it

turned out to be quite efficient in approximating fairly complex dynamics. In this section,

a couple of examples involving the CGLE (1.1) is given in order to clarify the behavior of

the method, as described in §3.1.
In the simulations below, the initial condition u(x, 0) = (1 + i) cos(πx) + 3i cos(2πx)

is set and a Crank-Nicolson method (see (2.19)) based on a uniform mesh of 1000 points

and a time step δt = 0.0001 provides the necessary CFD calculations. On the other

hand, the parameters of the method are selected as ε = 0.005, δsnaps = 0.0002, k = 100,

δGS,min = 0.06 (no δGS,max is considered), and the ROM is constructed by using the inner

product (2.14) with M = 100. All programs are implemented in MATLAB.

In the first test case (see left plots in figure 3.2), the values (μ, α, β) = (18,−20, 10)

yield a solution that, after a relatively short transient, exhibits regular oscillations. Snap-

shots are CFD-computed in a interval of length δCFD = 0.1 and the resulting (n, n1, n2) =

(7, 11, 13) POD modes allow the LPOD+GP method to ensure a good approximation of

the dynamics over the whole considered time span 0 < t ≤ 1. Namely, two fixed GSs based

on 11 and 13 POD modes, respectively, are time integrated in the interval 0.1 < t ≤ 1

(where errors are monitored through the estimates En1

n and Ên2

n1
) and provide a fairly

good 7-dimensional model without updating the POD manifold. The performance of the
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Figure 3.2: Application of the LPOD+GP method to the CGLE (1.1), with (μ, α, β) =

(18,−20, 10) (left) and (145,−10, 2) (right), and initial condition u(x, 0) = (1 + i) cos(πx) +

3i cos(2πx). Top: time evolution of |u| at x = 1/4 (thin solid), x = 1/2 (thick solid), and

x = 3/4 (dashed). Bottom: estimated (solid) and exact (dashed) relative RMS errors of the

GS solution with n POD modes, namely En1

n and Errorn, respectively, and the estimate Ên2

n1

(dot-dashed).

method is characterized by a theoretical compression factor equal to 10.0; actually, the

constructed ROM is almost three times faster than the used CFD code.

Results for the parameter values (μ, α, β) = (145,−10, 2) are shown in figure 3.2,

right plots, and evidence rapidly oscillatory, highly unstable dynamics, whose behavior

gets even more complicated after t � 0.8. As a consequence, the method is forced to

update the POD manifold seven times, always because the integration of the current two

GSs is stopped by the second error control Ên2

n1
≤ ε/100, due to a truncation instability.

The numbers of retained POD modes vary around (n, n1, n2) = (9, 14, 17), the error

estimate En1

n works fine, and the necessary ICFD intervals are very small. In this case,

the theoretical compression factor is given by 9.8 and the ROM halves the needed CPU

time.

It is worth remembering that, here and in all plots throughout the thesis that show
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the errors time evolution resulting from the application of the LPOD+GP method, the

ICFD intervals (where snapshots are CFD-computed to update the POD manifold) can

be identified because there all errors are set to zero; small ICFD intervals will thus be

distinguished as enclosed by two nearby vertical lines. Furthermore, in the IGS intervals

(where two fixed GSs based on the POD modes constructed in the previous ICFD interval

are time integrated) three errors series will always appear, namely En1

n in (2.16), Errorn

in (2.15), and Ên2

n1
in (2.22).



CHAPTER

FOUR

Approximation of transients in laminar fluid

flows

Application of the LPOD+GP method to fluid dynamics is challenging and attractive

at the same time, due to the proved ability of POD-based ROMs to give both an interesting

insight into basic mechanisms of fluid systems and a computationally affordable approach

to their numerical simulation. In this thesis, a benchmark model for closed laminar flows

will be considered, namely the unsteady LDCP already introduced in §1.2. This is a

fairly demanding test problem for the method, as the time depending shear forcing is

produced in the upper boundary layer, which plays an essential role in the dynamics and

increases the number of required POD modes. Two different solvers will provide the CFD

calculations and their performance will be considerably improved upon application of the

LPOD+GP method, which will be used to approximate the flow transient behavior from

the quiescent state to the corresponding final attractor.

4.1 Accelerating an industrial-like code

Results presented in this section, which were published by Terragni et al. (2011),

regard the construction of ROMs for the flow in an unsteady lid-driven cavity, based

on a fast CFD fractional-step code using staggered grids and solving (1.4)–(1.7). This

topic meets the intention of developing efficient ROMs to accelerate solvers typically

employed in industry. Indeed the mentioned CFD code, implemented by professor Eusebio

Valero and detailed in §A.1, was chosen as it someway mimics industrial or open-source

solvers, in which several numerical artifacts are generally included to both increase the

computational efficiency and avoid numerical instabilities. Such artifacts largely remain

39
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unknown for the users. Thus, some routines and features of the code are neither analyzed

nor taken into account when computing the necessary CFD calculations and constructing

the reduced equations, as it happens with black box tools. Moreover, the inclusion of

some unphysical artifacts in the implemented method to speed up runs and/or suppress

numerical instabilities (see §A.1) and the limited accuracy of the results are additional

difficulties to handle. The latter is illustrated in figure 4.1, where the CFD solution (using

64× 64 staggered grids and time step δt = 0.005) at Re=100 with periodic forcing h(t) =

sin(t) is compared with that obtained by the (more accurate) spectral code considered in

§4.2. Both the error in the nonhomogeneous upper boundary condition for the horizontal

velocity and the relative RMS error in the whole computational domain are fairly large,

being the latter slightly smaller than 10−2. Hence, this value will be a reasonable relative

RMS error bound to be imposed on the ROM solution. Therefore, using an industrial-
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Figure 4.1: Errors of the CFD solution provided by the industrial-like code used in §4.1 at

Re=100 with periodic forcing h(t) = sin(t). Left: error in the nonhomogeneous upper boundary

condition for the velocity, E = vx(x, 1, t) − h(t)g(x), at four equally spaced values of t along a

forcing period. Right: time evolution of the relative RMS error in the whole domain.

like CFD solver means that the LPOD+GP method must compete with fast simulations

yielding poorly accurate snapshots, which negatively influences the ROM performance.

This is a fairly strong challenge, which is accepted on purpose. In addition, using such

rough solvers rises the question of which kind of equations should be better projected onto

the POD manifold to construct the GSs (see §2.2.1), an issue which will be addressed in

the next subsections. In any event, all numerical artifacts used in the CFD code will

never be taken into account for the ROM construction. Indeed, as already commented in

§2.2.1 and done in the works cited there, some details of the involved solver neither are

important in the model reduction nor affect the accuracy of the approximations. Finally,

it has to be remarked that, while the CFD solver is optimally implemented, the quite



4.1. Accelerating an industrial-like code 41

good ROM results presented below were obtained without optimizing the corresponding

FORTRAN90 program.

4.1.1 Standard projection of the exact equations

A standard approach consists in projecting onto the POD manifold the exact Navier-

Stokes equations (1.4)–(1.5), in which the state vector is q = (v, p), by the L2 inner

product

〈q1, q2〉L2
=

∫
Ω

v1 · v2 dx dy , (4.1)

where Ω = (0, 1)× (0, 1) is the spatial domain and · is such that v · v = vxvx + vyvy. As

a first step, a vector q0 = h(t)(v0, 0) is considered, where v0 satisfies both the continuity

equation and all boundary conditions. Among various possible definitions of v0, formula

v0 = vN/h(tN) is used, where vN is the velocity field associated with the last CFD-

computed snapshot in the first ICFD interval 1. Using q0, the POD modes Qj = (V j, Pj)

are calculated by means of (4.1) from the modified snapshots qj − q0, and the solution q

is approximated as

q � h(t)(v0, 0) +
n∑

j=1

Aj(t)Qj(x, y) . (4.2)

In this way, both the continuity equation and all boundary conditions are automatically

satisfied by q and only the momentum equation needs to be projected. This is because

both involve linear, homogenous relations among the flow variables that are identically

satisfied by the snapshots, and thus by the POD modes (which depend linearly on the

snapshots). Similarly, any linear, homogeneous relation among the flow variables need

not be imposed in the construction of the GS. In addition, the pressure term in the

momentum equations does not provide any contribution. This is seen upon application

of the divergence theorem, which yields∫
Ω

V j · ∇p dx dy =

∫
Ω

∇ · (V j p) dx dy =

∫
∂Ω

pV j · n ds = 0 , (4.3)

where ∂Ω is the boundary of the spatial domain and n denotes the outward unit normal.

The last equality holds as all POD modes V j vanish at the boundaries. The introduced

ingredients, after discretizing (4.1) on the staggered grids of the CFD code and approxi-

mating all spatial derivatives by second-order finite differences, are taken into account to

1In case h(tN ) is close to zero, then the velocity field associated with the snapshot (among those calcu-

lated in the first ICFD interval) corresponding to the time instant where h is maximum (and generically

far from zero) is taken into account.
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construct the LPOD+GP method as explained in §3.1. Here, the resulting GSs are time

integrated by a standard implicit subroutine for ordinary differential equations, taken

from the FORTRAN90/IMSL library.
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Figure 4.2: Application of the LPOD+GP method to the unsteady LDCP, with a standard

projection of the exact equations at Re=100 with steady (left) and periodic (right) forcing.

Top: time evolution of vx at two points near left (dot-dashed) and right (dashed) upper corners,

the center of the domain (thick solid), and a point near the right lower corner (thin solid).

Bottom: estimated (solid) and exact (dashed) relative RMS errors of the GS solution with n

POD modes, namely En1

n and ‖q−qnGS‖L2
/‖q‖L2

, respectively, and the estimate Ên2

n1
appearing

in (3.2) (dot-dashed).

Results for Re=100 are given in figure 4.2, for both steady (h(t) = 1) and periodic

(h(t) = sin(t)) boundary conditions. The total time span, 0 < t ≤ T = 40, is large enough

to reach the final attractor from the quiescent state. In these simulations, the size of the

staggered grids used to run the CFD code is 64×64 and the time step is δt = 0.005. This

time step is also set for the stable time integration of the GSs. The relative RMS error

bound required to the ROM is ε = 10−2, the values of the remaining parameters of the

method are δsnaps = 0.03, k = 20, δGS,min = 0.2 (no δGS,max is considered), and N = 60
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snapshots are used in the first ICFD interval. The following remarks deserve a mention:

• Under both steady and unsteady forcing, the horizontal velocity near the right upper

corner and the center of the cavity is about ten times smaller than the maximum

forcing velocity (which is one), and it is even smaller near both the left upper

corner and the lower corners (only the right one is plotted). This is because (i) the

upper corners singularity is smoothed out through (1.7), (ii) the Reynolds number

is somewhat large, and (iii) forcing involves a shear mechanism. Indeed, these facts

make the approximation of the unsteady case quite demanding.

• The numbers of retained POD modes depend on the IGS interval, oscillating around

(n, n1, n2) = (10, 14, 16) and (n, n1, n2) = (11, 21, 25) for steady and periodic bound-

ary conditions, respectively.

• The error estimate En1

n is not satisfactory. It is worth remembering that, here and

in the remaining subsections, the CFD solution is assumed to be the exact one and

all errors (whether exact or estimated) are computed on the basis of the velocity

field only (by means of the appropriate inner product that is being used in the ROM

construction).

• The method works quite well in connection with the length of the ICFD intervals.

The latter are quite small, except of course for the first one (δCFD = 60 δsnaps),

where the POD manifold must be completely constructed. The remaining ICFD

intervals, where the POD manifold only need to be updated, are much shorter

(δsnaps ≤ δCFD ≤ 4 δsnaps).

• The theoretical compression factor (3.5) is fairly good, namely 19.9 and 13.5 in the

steady and unsteady cases, respectively, but the ROM is not faster than the CFD

solver. This is mainly due to the standard L2 inner product used in the Galerkin

projection of the equations, which requires to compute convective terms at all CFD

mesh points in order to avoid large errors in the calculation of the integral appearing

in (4.1).

The performance of the LPOD+GP method can be greatly improved in various ways,

which will be done in the next subsections.
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4.1.2 Projecting the CFD numerical scheme

In the CFD code, transition from the kth to the (k + 1)th time step is performed by

solving the linear problem (A.7)–(A.8), which is rewritten here for convenience as

(
I− δtL1

2Reδ2s

)(
vk+1
∗ − vk

)
= δt

2L1v
k + (hk + hk+1)G

2Reδ2s
− δtL3p

k

δs

− δt
3F (vk) + 3hkL2v

k − F (vk−1)− hk−1L2v
k−1

2δs
, (4.4)

L4p
k+1
∗

δs
=

L5v
k+1
∗

δt
, pk+1 = pk + pk+1

∗ ,
vk+1 − vk+1

∗

δt
= −L3p

k+1
∗

δs
, (4.5)

where δs and δt are the spatial and temporal mesh sizes, respectively, I stands for the

unit matrix, and hk = h(tk). The actual form of the matrices L1, . . . ,L5, the vector G,

and the nonlinear vector function F is omitted for the sake of brevity. At each time step,

equations (4.4)–(4.5) are four vector equations with four vector unknowns, vk+1
∗ , vk+1,

pk+1
∗ , and pk+1. Since v∗ and p∗ are linearly linked by the first equation in (4.5), according

to the comment in the previous subsection regarding the continuity equation, that can

be ignored by using joint POD modes in vk+1
∗ and pk+1

∗ . Since the numerical scheme

itself, (4.4)–(4.5), is to be projected and it already accounts for the nonhomogeneous

upper boundary condition, no change of variable as (4.2) is needed. Instead, the following

truncated expansions in terms of POD modes are introduced

vk =
nv∑
j=1

Ak
jV

j ,
(
vk+1
∗ ,pk+1

∗

)
=

n∗

v∑
j=1

Ak+1
∗j

(
V j

∗,P
j
∗

)
, pk =

np∑
j=1

Bk
jP

j , (4.6)

where the numbers of retained modes nv, n
∗
v, and np may not coincide. The numbers

of modes (n, n1, n2) defined by (3.1) are denoted in connection with the expansions (4.6)

as (nv, nv1, nv2), (n
∗
v, n

∗
v1, n

∗
v2), and (np, np1, np2). New POD modes V j and (V j

∗,P
j
∗) are

calculated from CFD-computed snapshots for v and v∗, respectively, by means of the

inner product

〈v1, v2〉Iv =
1

card(Iv)

∑
i∈Iv

vi1 · v
i
2 , (4.7)

while new POD modes P j are calculated from CFD-computed snapshots for p, by means

of the inner product

〈p1,p2〉Ip =
1

card(Ip)

∑
i∈Ip

pi1 p
i
2 . (4.8)

The inner products defined in (4.7) (where · is such that vi · vi = vixv
i
x + viyv

i
y) and (4.8)

are as given by (2.14), and are based on the idea (see §2.2) of using a limited number
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of CFD mesh points to perform all ROM calculations. Here, the involved grid points,

corresponding to the index sets Iv and Ip, may be selected under mild assumptions. In

fact, their number can be a few times larger than the number of retained POD modes

in the second GS, say card(Iv) = 3max{nv2, n
∗
v2} and card(Ip) = 3np2. In addition, the

chosen points should be concentrated near the upper and lateral boundaries, where the

solution exhibits a richer spatial structure, but not too close to the upper lid and corners

in order to avoid the large numerical errors revealed by the snapshots in that part of the

domain (see figure 4.1, left), as already mentioned in §2.2. For illustration, those points

selected in the 64× 64 and 256× 256 CFD vx-meshes (see §A.1), which are used e.g. for

simulations at Re=100 and Re=800, respectively, are shown in figure 4.3.

x

y
1

10 x

y
1

0 1

Figure 4.3: Points to perform both POD and Galerkin projection selected in the 64× 64 (left)

and 256 × 256 (right) CFD vx-meshes.

The first GS is obtained substituting the expansions (4.6) into (4.4)–(4.5) (retaining

nv1, n
∗
v1, and np1 modes, respectively), multiplying with the inner product (4.7) equa-

tion (4.4) by the POD modes V i
∗ and the last equation in (4.5) by the POD modes V i,

and multiplying with the inner product (4.8) the second equation in (4.5) by the POD

modes P i. Taking into account that POD modes are orthonormal, the projected equations

are (
I− δtL

GS
11

2Reδ2s

)
Ak+1

∗ = L
GS
01 A

k + δt
L

GS
12 A

k + (hk + hk+1)GGS

2Reδ2s
− δtL

GS
31 B

k

δs

− δt
3FGS(Ak) + 3hkLGS

2 Ak − FGS(Ak−1)− hk−1L
GS
2 Ak−1

2δs
, (4.9)

Bk+1 = Bk +L
GS
02 A

k+1
∗ , Ak+1 =

(
L

GS
01

)�
Ak+1

∗ − δt
L

GS
32 A

k+1
∗

δs
, (4.10)

where Ak+1 = (Ak+1
1 , . . . , Ak+1

nv1
), Ak+1

∗ = (Ak+1
∗1 , . . . , Ak+1

∗n∗

v1
), and Bk+1 = (Bk+1

1 , . . . , Bk+1
np1

)

are the amplitude vectors, the superscript � stands for the transpose, and the matrices
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L
GS
11 , L

GS
01 , L

GS
12 , L

GS
2 , LGS

31 , L
GS
32 , and L

GS
02 are defined as

LGS
11,ij =

〈
V i

∗,L1V
j
∗

〉
Iv
, LGS

01,ij =
〈
V i

∗,V
j
〉
Iv
, (4.11)

LGS
12,ij =

〈
V i

∗,L1V
j
〉
Iv
, LGS

2,ij =
〈
V i

∗,L2V
j
〉
Iv
, LGS

31,ij =
〈
V i

∗,L3P
j
〉
Iv
, (4.12)

LGS
32,ij =

〈
V i,L3P

j
∗

〉
Iv
, LGS

02,ij =
〈
P i,P j

∗

〉
Ip
, (4.13)

while the vector GGS and the function FGS are given by

GGS
i =

〈
V i

∗,G
〉
Iv
, FGS

i (Ak) =

〈
V i

∗,F

(
nv1∑
j=1

Ak
jV

j

)〉
Iv

. (4.14)

Thus, the kth step of the first GS is performed by solving the linear system (4.9) and

replacing Ak+1
∗ into (4.10), which yields Bk+1 and Ak+1. The second GS is obtained

similarly and the LPOD+GP method is constructed proceeding as explained in §3.1.

Figure 4.4: Counterpart of bottom plots in figure 4.2 when projecting the CFD numerical

scheme at Re=100 with steady (left) and periodic (right) forcing.

Some results obtained with the method in the same cases illustrated in figure 4.2

are shown in figure 4.4. CFD calculations are performed using 64 × 64 staggered grids

and time step δt = 0.005, which is also used to integrate the ROM. The inner products

(4.7) and (4.8) based on 144 CFD mesh points (see figure 4.3, left) are used for POD

and Galerkin projection. The values of the other involved parameters are the same as

in figure 4.2, except for δGS,min, which is now varied according to (3.7) with δGS,0 = 0.2,

δGS,1 = 0.5, T0 = 10 and 16 for steady and periodic forcing, respectively, and δGS,max = 3

in both cases. Observe that the first ICFD interval requires N = 104 and 60 snapshots

for steady and periodic forcing, respectively, while the remaining ICFD intervals are fairly

short, typically requiring 1 or 2 snapshots. Furthermore, some comments follow.
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• The numbers of retained POD modes are much smaller than when the exact equa-

tions are projected in a standard way (see §4.1.1), namely they oscillate around

nv ∼ n∗
v ∼ np ∼ 3 and 7, nv1 ∼ n∗

v1 ∼ np1 ∼ 8 and 12, nv2 ∼ n∗
v2 ∼ np2 ∼ 10 and 14

for steady and periodic forcing, respectively. However, three sets of modes are now

required.

• The theoretical/CPU compression factors are quite good: 10.8/5.6 and 9.3/7.2 in

the two cases. Indeed, the CPU time required by the CFD solver is roughly divided

by 7, which means that the actual performance of the method is quite good. This is

in contrast with the actual performance of the first version of the method considered

above, which used a standard L2 inner product to project the governing equations.

• The error estimate En1

n works much better than in the cases presented in §4.1.1,
being essentially indistinguishable from its exact counterpart, especially when both

of them are close to the upper bound ε = 10−2.

• In some IGS intervals, the ROM integration is stopped since the second error control

in (3.2) reached its cutting value, ε1 = ε/20 = 5·10−4, due to truncation instabilities

of the first GS.

• Periodic forcing with different frequencies yields similar results, as well as quasi-

periodic forcing at the same value of the Reynolds number.

In order to further check the performance of the LPOD+GP method when projecting

the CFD numerical scheme, the flow at Re=800 for steady, h(t) = 1, periodic, h(t) =

sin(t), and quasi-periodic, h(t) = sin(πt/4) cos(t/16), boundary conditions is simulated.

The CFD code at this value of the Reynolds number uses 256 × 256 staggered grids

and time step δt = 0.0025. ROM calculations are based on 400 CFD mesh points (see

figure 4.3, right), with the same δt = 0.0025. Regarding the remaining parameters of the

method, ε = 10−2, δsnaps = 0.03, k = 20 (except for the quasi-periodic case, in which

k = 30), and δGS,max = 15 are set. The value of δGS,min varies with time as (3.7) suggests,

where T0 = 50, δGS,0 = 0.2, δGS,1 = 2 and 0.3 for steady and periodic forcing, respectively.

In the quasi-periodic case, the constant value δGS,min = 0.2 seems to be a better option

because, as two timescales are present, the POD manifold needs to be updated more

often2.

2Similarly, as already stated above, the factor k = 30 is used in order to consider few more POD

modes, which are necessary in the quasi-periodic case.
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Figure 4.5: Counterpart of top plots in figure 4.2 when projecting the CFD numerical scheme

at Re=800 with periodic (left) and quasi-periodic (right) forcing.

• The number of snapshots needed to construct the POD manifold in the first ICFD

interval is N = 150, 140, and 101 for steady, periodic, and quasi-periodic upper

boundary conditions, respectively. In the remaining ICFD intervals, only 2–8 snap-

shots are typically enough to update the POD modes.

• At Re=800, reaching the attractor from the quiescent state at t = 0 requires a

moderately large time, namely T = 250. Figure 4.5 illustrates the response of the

flow to periodic and quasi-periodic lid movement in the interval 130 < t ≤ T . The

amplitude of the oscillations near the right upper corner is larger than at Re=100

but the amplitude at the center of the cavity is smaller, which is due to the effect

of the higher Reynolds number in the shear forcing mechanism. In addition, it is

worth observing that two timescales are appreciated in the right plot of figure 4.5,

which are induced on purpose to make the quasi-periodic test case fairly demanding.

On the other hand, time evolution of the solution in the steady case is qualitatively

similar to its counterpart at Re=100.

• The required numbers of POD modes in the second GS at the beginning/end of the

time span 0 < t ≤ T are nv2 ∼ n∗
v2 ∼ np2 ∼ 25/5, 23/19, and 19/31 in the steady,

periodic, and quasi-periodic cases, respectively. The corresponding error estimates

En1

n and Ên2

n1
work fine and are given in figure 4.6, where only a short part of the

time span is plotted for a good illustration.

• The theoretical/CPU compression factors are 9.5/4.9, 7.2/5.8, and 3.7/2.6 in the

three cases. The CFD solver is quite fast when a steady forcing is considered, which

justifies the lower associated speed-up compared to other cases. Finally, the smaller
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compression factors for quasi-periodic forcing are due to the higher dimension of the

attractor in this case, which is seen in the larger number of required POD modes.

Figure 4.6: Counterpart of bottom plots in figure 4.2 when projecting the CFD numerical

scheme at Re=800 with steady (top), periodic (bottom, left) and quasi-periodic (bottom, right)

forcing.

4.1.3 Projecting an alternative discretization of the equations

As already anticipated and discussed in §2.2.1, it turns out that an alternative dis-

cretization of the governing equations (different from the CFD numerical scheme) can

be used in the LPOD+GP method when constructing the ROM. This new discretization

can be selected such that it not only yields good results, but also simplifies the Galerkin

projection. In the present application, this approach corresponds to projecting onto a

suitable POD manifold equation (A.12), which comes from the CFD numerical scheme

(A.7)–(A.8) with the assumption |vk+1
∗ − vk+1|  1. Note that projecting (A.12) can be

seen as projecting the exact governing equations discretized by a Crank-Nicolson scheme

(see (A.9)–(A.11)). As above, the continuity equation (A.9) is satisfied by the CFD-

computed snapshots for the velocity field v and does not need to be considered. Thus,
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joint POD modes for the velocity and the pressure, (V j,P j), are defined using the inner

product (4.7), and the solution at time step tk is expanded as

(vk,pk) =
n∑

j=1

Ak
j (V

j,P j) . (4.15)

Finally, the GSs are obtained (retaining the proper numbers of modes, namely n1 and n2

in the first and second GS, respectively) by substituting (4.15) into (A.12) and multiplying

with (4.7) the resulting vector equation by the POD modes V i, so that the corresponding

kth step reads(
I− δtL

GS
12

2Reδ2s
+
δtL

GS
31

δs

)
Ak+1 = Ak + δt

L
GS
12 A

k + (hk + hk+1)GGS

2Reδ2s

− δt
3FGS(Ak) + 3hkLGS

2 Ak − FGS(Ak−1)− hk−1L
GS
2 Ak−1

2δs
, (4.16)

where Ak+1 is the amplitude vector, and L
GS
12 , L

GS
2 , LGS

31 , G
GS, and FGS are defined as

in (4.12) and (4.14) with V i
∗ replaced by V i in the first argument of all inner products.

Note that the ROM (4.16) is simpler and computationally cheaper than its counterparts

in §4.1.1 and §4.1.2. This is because (i) the nonhomogeneous upper boundary condition

is imposed in a more natural way than in §4.1.1 and no change of variable is needed;

(ii) both POD and Galerkin projection are performed by using a limited number of mesh

points, which makes the two procedures low CPU time consuming; (iii) only one set of

POD modes is considered, instead of three sets of modes as in §4.1.2; and (iv) only one

vector equation is Galerkin projected, instead of three equations as in §4.1.2.
Results for Re=100 show error estimates similar to those in figure 4.4 but better

accelerations, when the same method’s parameters are used. In fact, the theoretical/CPU

compression factors in the interval 0 < t ≤ 40 are 15.5/7.2 and 10.0/8.0 for steady and

periodic forcing, respectively. Results for Re=800 are given in figure 4.7, which is the

counterpart of figure 4.6, obtained again with the same method’s parameters except for

δGS,min in the steady and periodic simulations, where its value depends on T0 = 50,

δGS,0 = 0.2, and δGS,1 = 8 (see (3.7)). Note that now the IGS intervals are somewhat

larger than when the CFD numerical scheme is projected. The required numbers of POD

modes for the second GS at the beginning/end of the time span 0 < t ≤ 250 are n2 ∼ 25/6,

24/22, and 19/37 in the steady, periodic, and quasi-periodic cases, respectively, while the

theoretical/CPU compression factors are 11.6/5.4, 9.3/8.4, and 4.4/3.3, respectively. As

in §4.1.2, the steady ROM gives a lower speed-up of the CFD solver, while simulation

of the quasi-periodic case requires a larger number of POD modes and yields smaller

compression factors.
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Figure 4.7: Counterpart of bottom plots in figure 4.2 when performing the Galerkin projection

described in §4.1.3 at Re=800 with steady (top), periodic (bottom, left) and quasi-periodic

(bottom, right) forcing.

It is worth mentioning that once the attractor has been reached, the compression

factors highly increase; for instance, a CPU compression factor of 31.5 is achieved in the

interval 250 < t ≤ 300 at Re=800 with periodic upper boundary condition. The results

detailed in this subsection show that, for the present application, those ROMs based on

a careful projection of the exact governing equations produce the best results, namely in

this case the LPOD+GP method is able to compute solutions with accuracy comparable

to that of the CFD code, in a much smaller CPU time.

4.2 Accelerating a spectral code

This section is devoted to the application of the LPOD+GP method to a spectral

solver for the direct numerical simulation of the (regularized) unsteady LDCP formulated

as in (1.8)–(1.10). The code was implemented by the author and is based on a fast

algorithm detailed in §A.2. The strategy followed to construct the ROM for the problem
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in connection with the given CFD solver presents similar ingredients to what described

in the previous section. The reasons behind this part of the thesis and its main (partially

still under research) goals are the following.

• Showing that the LPOD+GP method can be combined with spectral solvers, which

are quite common in academic (but not only) applications.

• Illustrating that POD-based ROMs can be computationally more efficient even than

a very fast code like the one used here.

• Introducing two new elements in the ROM construction approach, namely (1) an

alternative way of imposing nonhomogeneous boundary conditions when Galerkin

projection is performed and (2) the feasibility of integrating the low dimensional

model with a time step that might be larger than the one used in the CFD solver.

• Opening the possibility of exploiting the proposed method for simulations at high

values of the Reynolds number. In fact, the spectral code in §A.2 has such poten-

tiality, even if the current version of the LPOD+GP method should be extended

as addressed in §5.2 in order to handle those cases. Some general comments on

this challenge will be done below; nevertheless the problem will not be faced in this

work.

The ROM for the problem (1.8)–(1.10) is now briefly outlined. POD modes are com-

puted on the basis of representative snapshots for the streamfunction only, through the

inner product (2.14) defined by few points selected on the Chebyshev collocation mesh

of the CFD solver (see §A.2). Namely, joint POD modes for the streamfunction and the

vorticity, (Ψj,Ωj), are used to expand the flow variables as

(ψ, ω) =
n∑

j=1

Aj(Ψ
j ,Ωj) . (4.17)

Obviously, these modes satisfy the boundary conditions ψ = 0 at x = 0, 1 and y = 0, 1,

and the other homogeneous ones on the streamfunction derivatives. Nevertheless, the

previous expression does not account for the nonhomogeneous boundary condition at the

upper lid of the cavity. A flexible way of imposing the latter lies in introducing it, as a

constraint, into the governing equations to be projected. Thus, the ROM would comprise

the projections onto appropriate POD manifolds of (1.9) and the equation

δ
∂

∂t

(
∂ψ

∂y

)
= h(t)g(x)− ∂ψ

∂y
, (4.18)
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defined on the upper boundary y = 1. It is worth remarking that equation (1.8) does not

need to be included due to its linearity and the use of joint POD modes for the two flow

variables. The real parameter δ > 0 appearing in (4.18) is small (δ  1) and ∂ψ/∂y tends

to the desired value h(t)g(x) as δ vanishes. It is interesting to observe the minus sign

in the right-hand side of the new equation that makes the solution stable. Indeed, the

procedure turns out to yield good results even when the limit case δ = 0 is considered (see

below). The presence of the constraint (4.18) requires taking into account a new inner

product (besides the already introduced one, (2.14)) to construct the low dimensional

model, namely

〈q1, q2〉b =
w

Mb

Mb∑
k=1

q̄1(x
b
k) · q2(x

b
k) , (4.19)

where the points {xb
1, . . . ,x

b
Mb

} are selected on the upper boundary among those defining

the CFD mesh, and the real parameter w is used (in case) to differently weight the

contribution given by the lid against that provided by the interior of the domain when

the equations of the problem are Galerkin projected.

Finally, with all these ingredients, after substituting the expansion (4.17) into (1.9)

and (4.18), multiplying with the inner product (2.14) the former by the POD modes

Ψi, multiplying with the inner product (4.19) the latter by the POD modes derivatives

∂Ψi/∂y, and summing the resulting two equations, the first GS in the LPOD+GP method

reads

M
GS d

dt
A(t) = L

GSA(t) + FGS (A(t)) + h(t)GGS , (4.20)

where A(t) = (A1(t), . . . , An1
(t)). The matrices M

GS and L
GS, the nonlinear function

FGS, and the vector GGS, are defined as

MGS
ij =

〈
Ψi,Ωj

〉
+ δ

〈
∂Ψi

∂y
,
∂Ψj

∂y

〉
b

, (4.21)

LGS
ij = Re−1

〈
Ψi,ΔΩj

〉− 〈∂Ψi

∂y
,
∂Ψj

∂y

〉
b

, (4.22)

FGS
i =

〈
Ψi,

(
n1∑
k=1

Ak

∂Ψk

∂x

)(
n1∑
k=1

Ak

∂Ωk

∂y

)
−
(

n1∑
k=1

Ak

∂Ψk

∂y

)(
n1∑
k=1

Ak

∂Ωk

∂x

)〉
(4.23)

GGS
i =

〈
∂Ψi

∂y
, g(x)

〉
b

. (4.24)

The second GS is similarly constructed by retaining n2 POD modes. The spatial deriva-

tives of all modes are calculated as linear combinations of the derivatives of the snapshots
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used for their computation (see (2.5)). In other words, the spatial discretization is inher-

ited from the CFD solver. Temporal integration of the two GSs (where, in consistency

with notation in (2.1), f = FGS + hGGS) could be performed in various ways, for in-

stance by means of the Crank-Nicolson scheme already considered in §4.1 (see (2.19)) or

the SMR algorithm implemented in the spectral code (see (A.19)–(A.21)). The latter is

more accurate but computationally more expensive, as it requires solving for each GS and

at each time step three linear systems of equations. Finally, as time integration of the

GSs proceeds, the error estimates (2.16) and (2.22) monitored in the LPOD+GP method

are based (similarly to §4.1) on the values of the two velocity components vx = ∂ψ/∂y

and vy = −∂ψ/∂x recovered from the expansion (4.17).

An example of the results that can be obtained by the LPOD+GP method when

combining the introduced ROM with the spectral solver of §A.2 is shown in figure 4.8.

The flow evolution at Re=800 from the quiescent state at t = 0 to the attractor at T = 250

is simulated for three different forcing of the cavity lid, namely steady (h(t) = 1), periodic

(h(t) = sin(t)), and quasi-periodic (h(t) = sin(πt/4) cos(t/16)). The CFD spectral code

is based on a 33 × 33 collocation mesh and a time step δt = 0.005, which is also used

to integrate the GSs (by the Crank-Nicolson scheme). POD and Galerkin projection are

performed by selecting 180 inner points on the CFD mesh, mainly concentrated in the

upper part of the domain, while the nonhomogeneous boundary condition is imposed via

equation (4.18) with δ = 0 and setting w = 1 and Mb = 9 in the inner product (4.19)

(the Mb chosen points are nonuniformly distributed on the upper boundary). The ROM

is required to approximate the CFD solution within a relative RMS accuracy ε = 10−2

and the necessary snapshots are computed at distance δsnaps = 0.03.

Plots in figure 4.8 show only a short part of the considered time span 0 < t ≤ T = 250

for a fine appreciation of the results. Indeed, they evidence a good behavior of the error

estimate En1

n (see (2.16)) and a safe monitoring of truncation instabilities (see (2.22)).

Moreover, as for the ROM constructed in §4.1, the length of the ICFD intervals (reasonably

except for the first one) is fairly small. Concerning the steady case, POD modes are

selected according to (3.1) with k = 20, which maintains their number quite small. The

dimension of the POD manifold is progressively reduced as time increases, also thanks

to the parameter δGS,max = 70, exhibiting (n, n1, n2) = (2, 6, 8) in the last IGS interval.

The value of δGS,min varies as (3.7) suggests, with T0 = 50, δGS,0 = 0.2, and δGS,1 = 0.05.

In this case, the theoretical and CPU compression factors are 10.5 and 4.9, respectively.

Simulation of the periodic flow involves the value k = 10 and a trend for δGS,min defined

by T0 = 50, δGS,0 = 0.5, and δGS,1 = 0.01 (δGS,max is not used). Note that the POD
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Figure 4.8: Application of the LPOD+GP method to the unsteady LDCP, when the spec-

tral code of §A.2 is considered. Simulations refer to the flow configuration at Re=800 with

steady (top), periodic (bottom, left), and quasi-periodic (bottom, right) forcing. Plots show

the estimated (solid) and exact (dashed) relative RMS errors of the GS solution with n POD

modes, namely En1

n and ‖q − qnGS‖L2
/‖q‖L2

, respectively, and the estimate Ên2

n1
appearing in

(3.2) (dot-dashed).

manifold update performed at t � 56 yields (n, n1, n2) = (11, 16, 18) and provides a ROM

that approximates well the flow behavior until the attractor at T = 250. The theoretical

and CPU compression factors are 9.2 and 2.3, respectively. Finally, the quasi-periodic

forcing (in this case k = 30 and δGS,min = 0.15 are set, while δGS,max is not taken into

account) represents the most problematic test, due to the presence of different timescales

and strong truncation instabilities. Thus, as happened to the ROM in §4.1, the numbers of

modes are fairly large (e.g., n2 oscillates between 20 and 26) and the LPOD+GP method

is forced to update the POD manifold quite often, which affects the theoretical and CPU

compression factors (equal to 3.0 and 1.4, respectively).

Now, the following general remarks about the results above are in order:

• The overall performance of the ROM constructed in this section is similar to that
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of the low dimensional model defined in §4.1. The numbers of needed POD modes

in the various iterations of the LPOD+GP method are instead smaller. In fact,

the considered spectral code computes highly accurate snapshots, which reflects on

the fast decay of the associated singular values. In spite of that, some spurious

modes (which are generally filtered out through the way the POD manifold is up-

dated, see (2.21)) may possibly contaminate the initial condition for the CFD code

when a new ICFD interval is required, thus introducing errors into the new POD

manifold through the newly calculated snapshots. A good procedure to avoid this

effect consists in disregarding the first (few) new snapshots when the POD modes

are updated. This is done in the steady and quasi-periodic cases illustrated in fig-

ure 4.8, where the first 1 and 2 snapshots, respectively, of each ICFD interval are

not considered in POD computation.

• The spectral CFD code is based on a very fast algorithm, especially when the num-

ber of collocation points is small (see §A.2). Nevertheless, results above highlight

that the LPOD+GP method is faster anyway, which is even more remarkable tak-

ing into account that the FORTRAN90 program implementing the ROM was not

optimized. In addition, it turns out that the CPU compression factor can be further

increased by setting a larger time step for the ROM integration in comparison with

the one used by the CFD solver. This strategy can sometimes slightly worsen the

theoretical compression factor but leads to remarkable accelerations of the method.

For instance, integrating both GSs in the simulations of figure 4.8 with δGS
t = 6 δCFD

t

yields the CPU compression factors 7.2, 4.7, and 2.4, in the steady, periodic, and

quasi-periodic cases, respectively.

• The way of imposing the nonhomogeneous boundary condition at the cavity lid

through equation (4.18) and the inner product (4.19) is general and flexible. In

particular, (i) the method does not depend on the particular equations or boundary

conditions that are involved, (ii) the value w can be changed in order to assign a

smaller weight to certain regions of the domain where numerical errors may be con-

centrated, and (iii) the number of points Mb can be fairly small (errors in verifying

the imposed boundary condition do not strongly depend on its value).

The results produced by the ROM detailed in this section could be improved in vari-

ous ways. Indeed, this part of the thesis is still a work in progress, especially envisaging

a method to accelerate simulations at large values of the Reynolds number. It is worth

remembering that, in order to eliminate the high-order modes truncation instability (i.e.
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to dissipate energy), the LPOD+GP method uses short runs of the CFD solver to de-

crease the truncation error by expanding the solution in the updated modes. But, as

the Reynolds number increases, the high-order POD modes get strongly unstable and the

cost of this strategy can be huge. Simulation of flow dynamics in these cases may then be

problematic if the algorithm described in chapter 3 is taken into account. Actually, new

ingredients are necessary. For instance, the use of residual modes (presented in chapter 5

for the CGLE) could be an efficient way of improving the stability of the truncated GSs

allowing to handle the mentioned cases, or more likely a different approach to the problem

may be required. Clearly, such extensions are beyond the scope of the present thesis.





CHAPTER

FIVE

Improvements of the LPOD plus GP

method

The already good performance of the LPOD+GP method introduced in chapter 3 can

be further increased by improving some of the ingredients of the strategy. Such improve-

ments will be especially efficient for problems that involve a wide range of spatial and/or

temporal scales, in which the dynamics may be highly changing and the reduced model

more liable for truncation instabilities. Indeed, the ROM is much more computationally

inexpensive than the CFD solver, hence the major effort of the algorithm is associated

with the snapshots calculation in the ICFD intervals. Furthermore, the required time

integration of two GSs obviously doubles the CPU cost. Thus it would be advisable to

perform the following crucial steps.

(a) Decreasing the length of the first ICFD interval.

(b) Limiting the number of necessary ICFD intervals.

(c) Reducing the computational cost for integrating the second GS.

Point (a) is handled in §5.1 by means of adapting to the desired case modes coming from

other simulations. The resulting strategy turns out to be fairly efficient and also useful to

attain the goal of point (b), which is better carried out together with point (c) through

the ideas presented in §5.2. A part of this is still under current research.

5.1 Modes libraries

The POD manifold is completely constructed, at the start-up of the LPOD+GP

method, on the basis of a set of representative snapshots in the first ICFD interval. This

59
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is usually fairly large, as the computed portraits of the state variable need to cover a

sufficiently large time span so that the POD modes may contain good information on the

dynamics. The major cost is then connected with the first ICFD interval; the remaining

ones can be quite small as they are only used to rotate the POD manifold and adapt it

to the solution (see chapter 3).

A key observation is that the POD manifold depends only weakly on the particular

values of the parameters of the problem. This idea will be extensively discussed and

exploited in chapter 6 in the context of bifurcation problems. Here, it is the core of a

strategy, used to accomplish point (a) above, which consists in constructing suitablemodes

libraries by considering the POD manifolds obtained from sets of snapshots calculated

for different parameter values (in, e.g., previous applications of the LPOD+GP method).

These POD modes may (possibly) not contain a good approximation of the true dynamics

for the actual set of parameters, but they can be adapted by adding few snapshots for the

desired parameter values. The computation of such new snapshots only requires to run

the CFD solver in a small ICFD interval, provided that the modes library includes some

of the directions of the needed POD manifold.

A modes library can be constructed in various ways (Rapún et al., 2011).

• The POD manifold resulting from applying POD to a set of generic functions, such

as Fourier or orthogonal polynomials, can be taken into account depending on the

boundary conditions of the given problem. In this case, each final POD mode is

weighted by the corresponding normalized singular value (see the second expression

in (2.21)).

• The POD manifold deriving from a run of the LPOD+GP method for different

(from the actual ones) parameter values can be considered. In this case, the final

POD modes are those used in the last IGS interval and their weights are defined by

the first expression in (2.21).

• Different libraries can be mixed up by applying POD to the joint set of all the

involved modes, after appropriately weighting each one of them as explained in the

previous item. In this case, every final POD mode is weighted by the corresponding

normalized singular value (see the second expression in (2.21)).

Once a POD modes library is defined, it is used in the first ICFD interval as done in

the LPOD+GP method with the older manifold in subsequent ICFD intervals. In other

words, the POD manifold in the first ICFD interval is calculated by applying POD to the
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set (2.20), where ν̂jQ̂j are the weighted (as detailed above) modes from the library, while

νjQj are as in (2.20).

5.1.1 Results

For illustration, the improvement of the LPOD+GP method promoted by the use of

modes libraries is shown on the two test problems introduced in §1.2 (Rapún et al., 2011).

The CGLE (1.1) is firstly considered, where the Neumann boundary conditions are

replaced by the homogeneous Dirichlet boundary conditions (see Rapún et al. (2011) for

the used discretizations). Thus, fairly complex dynamics are obtained (in the modu-

lationally unstable region) for moderate values of μ. In addition, the initial condition

u(x, 0) = i sin(2πx)+ (1+ i) sin(3πx) is set. Four test cases are studied, which are defined

by the following parameter values.

(μ, α, β) = (95,−1.5, 12) (TC1) , (μ, α, β) = (85,−2, 19) (TC2) , (5.1)

(μ, α, β) = (65,−1.5, 10) (TC3) , (μ, α, β) = (180,−2, 15) (TC4) . (5.2)

These yield representative dynamics of the equation, as plotted in figure 5.1, and are

used to construct some POD modes libraries (cases TC1 and TC2 are also considered

to check the performance of the method). Note that after a transient the system shows

reflection-symmetric relaxation oscillations in TC1 and even simpler oscillations in TC3,

while TC2 and TC4 show representative, non-reflection-symmetric chaotic dynamics. The

performance of the basic and improved versions of the LPOD+GP method is illustrated

in figure 5.2, where the lengths of the ICFD intervals are indicated in terms of the required

time steps. Results by means of various libraries are labeled in the following way. The

label LF stands for the library resulting from applying POD to the set of Fourier modes

sin(πx), with  = 1, . . . , 50, and the labels LTCk, for k = 1, . . . , 4, denote the last

POD manifold resulting from the application of the basic LPOD+GP method to the test

case TCk in the interval 0 < t ≤ 1. Finally, LF + LTC3, LF + LTC1, and LTC1 + LTC3

denote the libraries resulting from mixing (as explained above) the two indicated libraries.

In all MATLAB simulations, the inner product (2.14) with M = 100 is set and the

parameters of the method are ε = 0.005, k = 100 (see (3.1)), δsnaps = 0.0005, and

δGS,min = 0.06 (no δGS,max is used). The numbers of retained POD modes oscillate around

(n, n1, n2) = (25, 30, 40) in both TC1 and TC2. Some remarks concerning the test case

TC1 (see the top plot of figure 5.2) are now in order.

• The basic LPOD+GP method requires only two ICFD intervals, whose lengths con-

sist of 403 and 1 time steps, respectively. The resulting theoretical compression
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Figure 5.1: Solution of the CGLE considered in this section. Time evolution of |u| at x = 1/4

(thin solid), x = 1/2 (thick solid), and x = 3/4 (dashed), in the test cases TC1 (top left), TC2

(top right), TC3 (bottom left), and TC4 (bottom right).

factor is 5.0.

• Using the generic library LF or the customized library LTC3 produces similar results,

namely both of them roughly divide by 4 the length of the first ICFD interval (the

new theoretical compression factors are 17.1 and 18.5, respectively). This is because

the dynamics of the test case TC3 are much simpler than those of the test case that

is being simulated (see figure 5.1).

• Using the library LTC4 produces optimal results since it reduces the length of the

first ICFD interval to its minimum value, namely just one time step (the resulting

theoretical compression factor is 1000). This can be explained by noting that the

new library results from the test case TC4, which exhibits more complex dynamics

than the test case TC1. It is remarkable that the parameter values in TC1 and TC4

are quite different from each other (see (5.1) and (5.2)).

• If the (somewhat simple) libraries LF and LTC3 are mixed up, the performance of
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Figure 5.2: Performance of the LPOD+GP method applied to the CGLE considered in this

section: ICFD ( ) and IGS ( ) intervals in 0 < t ≤ 1 for the test cases TC1 (top plot)

and TC2 (bottom plot). The number shown above each ICFD interval indicates the number of

required time steps.

the method is as optimal as when the (more complex) library LTC4 is applied. This

seems to be due to the fact that each one of the libraries LF and LTC3 spans a

limited part of the phase space of the CGLE, but when they are combined then the

resulting library covers a larger part of it. The latter is in fact large enough as to

allow to complete the POD manifold calculation only through a slight update in the

first ICFD interval.

The last two remarks illustrate well the robustness of the strategy proposed in this section.

The performance of the basic and improved versions of the LPOD+GP method for the

test case TC2 (see the bottom plot in figure 5.2) exhibits similar trends to TC1. The

main difference is that the dynamics of TC2 are more complicated, which justifies the

larger size of the required ICFD intervals when no modes libraries are taken into account.

The improved method highly decreases the lengths of the ICFD intervals, especially when
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the LTC1 and LTC3 libraries (both resulting from much simpler dynamics than those

of TC2) are mixed up, which increases the theoretical compression factor from 3.8 to

400. The selection of an appropriate modes library is not critical as can be stressed by

considering a random generation of the parameter values in the intervals μ ∈ [50, 100],

α ∈ [−2.5,−1.5], and β ∈ [10, 20], giving (μ, α, β) = (81.87,−1.77, 15.45). In this case,

the method behaves as above: without libraries the theoretical compression factor is 3.0,

while using the libraries LTC3, LTC1, LF +LTC1, and LTC1+LTC3 the factors become 8.2,

15.0, 333, and 400, respectively.

The unsteady LDCP introduced in §1.2 is now taken as a further example to evidence

the efficiency of embedding a modes library in the LPOD+GP method. The numerical

solver is the industrial-like code considered in §4.1 and the ROM construction approach

is that analyzed in §4.1.3. The five test cases used to build up the POD modes libraries

are based on Re=100, g(x) as given in (1.7), and the following expressions for the time

dependent function h(t) appearing in the boundary conditions (1.6).

h(t) = sin(2πt/7) cos(t/14) (TC1) , h(t) = sin(πt/10) cos(5t/4) (TC2) , (5.3)

h(t) = sin(2t/π) + 0.5 cos(t) (TC3) , h(t) = sin(t) (TC4) , h(t) = 1 (TC5) . (5.4)

Note that the first three of them are quasi-periodic, the fourth one is periodic, and the

last one is steady. The initial condition is always the quiescent state, meaning that all the

cases show unsteady behaviors, even under steady forcing. In all simulations, the inner

product is that used in §4.1.3 at Re=100 and the parameters of the method are ε = 0.01,

k = 20 (see (3.1)), δsnaps = 0.03, and δGS,min = 0.2 (no δGS,max is used). The counterpart

of figure 5.2 is figure 5.3. The performance of the basic and improved versions of the

LPOD+GP method has the same trends as in the CGLE. In particular:

• The libraries always shorten the length of the first ICFD interval and the effect is

stronger when the library results from a test case exhibiting more complex dynamics.

• Mixing libraries always produces a greater benefit than when each library is used

alone. This is true even when the dynamics implicit in the libraries are simpler than

those that are being simulated.

• The reduction of the first ICFD interval (which turns out to be somewhat small

even when the basic LPOD+GP method is applied) is only moderate. However, the

modes libraries also succeed in reducing the length of subsequent ICFD intervals,

thus improving the overall performance of the method.
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Figure 5.3: Performance of the LPOD+GP method applied to the unsteady LDCP considered

in this section: ICFD ( ) and IGS ( ) intervals in 0 < t ≤ 5 for the test cases TC1

(top plot) and TC2 (bottom plot). The number shown above each ICFD interval indicates the

number of required time steps.

The efficiency of starting up the LPOD+GP method by means of modes libraries

is thus highlighted. Results show that libraries obtained from more complex dynamics

than those to be simulated or the combination of two (or more) libraries are usually

the best choices. The construction of such sets of POD modes is fairly flexible, since

they can result either out of a set of generic functions or from POD manifolds related to

previous runs of the basic method for different parameter values. This fact may be quite

interesting in industrial applications, where solvers are usually run for a large amount

of parameter values. On the other hand, it suggests that many parabolic equations and

systems might exhibit a POD manifold that approximately contains (or almost contains)

not only the attractors but also a significant part of the most relevant transient behaviors

(see chapter 6). Finally, it is worth saying that the procedure proposed in this section not

only decreases the length of the first ICFD interval, but also guarantees that the size and

possibly the number of subsequent ICFD intervals will be reduced (see figures 5.2 and 5.3),
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which seems to lie in the better “quality” of the POD manifold when a modes library is

taken into account.

5.2 Residual modes

High-order modes truncation instabilities are detected in the LPOD+GP method by

running a second GS and checking the consistency of the approximations provided by

the two computed GSs. The drawback is that time integrating the latter system (at

least) doubles the CPU cost required by the strategy. Then a question arises: are there

alternative means to detect high-order modes truncation instabilities? Now, it turns out

that the residuals of the governing equations play a major role in constructing dissipative

models for partial differential equations (Wang & Oberai, 2010) and stabilizing POD-

based ROMs (Bergmann et al., 2009). In the context of the present work, this property

suggests the following two ideas.

• Truncation instabilities could be anticipated by monitoring the residual of the in-

volved low dimensional model. Namely, the growth of the residual beyond a given

tolerance may indicate that some high-order POD modes are getting unstable and

the GS cannot sufficiently dissipate energy. In fact, it would be enough to check the

residual value at the limited number of mesh points that are selected to perform

the Galerkin projection, which would make this step completely computationally

inexpensive. Replacing the integration of the second GS by such strategy would

approximately halve the CPU cost of the LPOD+GP method.

• The previous approach could be combined with the inclusion of residual modes in the

constructed local POD manifold. In other words, when the residual value excessively

increases, then a new mode calculated out of the residual itself could be mixed up

with the standard POD modes resulting from the snapshots, in a similar fashion

to the way the “old” and “new” modes are combined to update the POD manifold

in the LPOD+GP method. The result would be a fairly efficient stabilization of

the current GS, which is stronger and less computationally expensive than the one

attained in the standard LPOD+GP method. However, the CPU cost would not

be halved as in the simpler strategy described in the previous remark, since the

residual modes should be conveniently computed by means of all the CFD mesh

points, which makes the associated effort comparable to that of one CFD solver

iteration.



5.2. Residual modes 67

The implementation of the consequent methods is somewhat beyond the objective of this

thesis. Nevertheless, some preliminary tests have shown that the ideas above may highly

contribute to further improve the overall computational efficiency of the LPOD+GP

method by carrying out the points (b) and (c) introduced at the beginning of the chapter.
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Figure 5.4: Application of the LPOD+GP method to the CGLE (1.1), with (μ, α, β) =

(145,−10, 2) and initial condition u(x, 0) = (1 + i) cos(πx) + 3i cos(2πx), when the residuals-

based strategy described in this section is performed. The plot shows the estimated (solid) and

exact (dashed) relative RMS errors of the GS solution with n POD modes, namely En1

n and

Errorn, respectively. The vertical lines indicate the time instants where the residual modes are

mixed up with the local POD manifold.

This can be illustrated by the following example, in which the strategy resulting from

implementing (in a MATLAB program) the two ideas above is followed. The same test

case as in the right plots of figure 3.2 is then performed by applying the LPOD+GP

method, based on the same numerical solver and the same parameters, in which only one

GS is integrated and the second error control appearing in (3.2) is substituted by a control

on the residual of the involved GS. More precisely, together with the estimate En1

n , the

relative RMS residual based on the M = 100 points selected for the ROM construction

is monitored. In the considered time span 0 < t ≤ 1, the value of the latter quantity

exceeds the imposed tolerance, ε1 = ε/100, four times and the residuals (computed by

means of all the CFD mesh points) at the corresponding time instants (indicated by

vertical lines in figure 5.4) are mixed up with the current modes to stabilize the POD

manifold and the low dimensional model. Note that the last residual mode needs to be

added at t � 0.84, approximately when the dynamics get more complicated. Results (see

figure 5.4) shows that (i) the error estimate En1

n works well, (ii) in the one quite large IGS

interval the GS is updated through the residual modes fewer times than in the counterpart
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simulation in the right plots of figure 3.2, and (iii) the final numbers of POD modes are

(n, n1) = (13, 18). Even if such numbers are comparable to those needed in the standard

application of the LPOD+GP method, with the present strategy only one GS (instead of

two) is time integrated and the POD manifold is updated less frequently, which indicates

that the current stabilization process is quite strong. As a consequence, in this case, the

resulting ROM is roughly two times faster than the standard one (see §3.2), that is four
times quicker than the used numerical code.



CHAPTER

SIX

Simulation of attractors in bifurcation

problems

This chapter is devoted to introducing, justifying, and testing some basic properties

of the POD-based reduced order modeling methodology. These can be used to construct

ROMs that are appropriate to compute complex bifurcation diagrams. To this end, some

(reasonable) assumptions on the problem (2.1) are first introduced that reflect some com-

mon properties of a wide class of dissipative systems, like those quoted at the beginning of

chapter 2. In this setting, the robustness of the POD manifold is highlighted by showing

that a set of POD modes resulting from snapshots calculated for a specific value of the pa-

rameter μ also contain the attractors for other values, which means that these POD modes

are good enough to compute the bifurcation diagram of the problem in a certain param-

eter span. Note that this remarkable fact is closely related to the basic ideas underlying

the use of modes libraries considered in chapter 5. A first illustration is done for a sim-

ple, scalar, Fisher-like equation. The property is then made plausible (without providing

any rigorous mathematical proof) for the general class of dissipative systems previously

presented. The consequence is that appropriate POD manifolds can be calculated quite

efficiently and a strategy to drastically reduce the computational cost associated with the

construction of complex bifurcation diagrams can be delineated. The latter is described

for the complex Ginzburg-Landau equation in the second part of the chapter. Finally,

a generic, adaptive method to approximate bifurcation diagrams is detailed, which is an

extension of the LPOD+GP method (see chapter 3) adapted to bifurcation problems.

The software MATLAB was used for all the simulations below.

69
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6.1 Discussion on the POD manifold robustness

The problem (2.1) is considered, with the following supplementary assumptions. It

is assumed that the linear operator L
−1 is well defined and compact, and also that the

nonlinear operator q → L
−1f (q, t, μ) is compact (Renardy & Rogers, 2004). The latter

assumption holds if |f | is bounded and, more generally, if L is a strongly elliptic operator

and f involves spatial derivatives of a lower order than those associated with the principal

part of L. Recall that compact operators map the unit ball onto a set that is close to a

finite dimensional linear manifold. Here, the dimension of such a manifold is supposed

to be small. In other words, the operators L
−1 and q → L

−1f(q, t, μ) are required to

strongly “flatten” the unit ball of E onto a low dimensional manifold, which means that

the image of the unit ball of E is approximated well by a low dimensional linear manifold

of E. Note that the last assumption is formally (but not quantitatively) accounted for in

the compactness of L−1.

As a particular realization of the introduced general dissipative system, the one-

dimensional Fisher-like equation

∂tu = 0.1 ∂2xxu+ ∂xu+ 1 + μu− u3, with u = 0 at x = 0, 1 , (6.1)

is considered, where u and μ are a real state variable and a bifurcation parameter, re-

spectively. The difference with the standard Fisher equation relies on the inclusion of

the terms ∂xu and 1, which break the reflection-symmetries x → 1 − x and u → −u,
respectively. Breaking the latter symmetry converts the usual pitchfork bifurcation ex-

hibited by the standard Fisher equation into two separated bifurcation branches (not

related between each other by any symmetry), one that is monotone as μ increases and

the other one showing a saddle node point (see figure 6.1, top plot). On the other hand,

the scalar problem (6.1) defines a monotone flow (Smoller, 1994). Indeed, standard max-

imum principles readily show that if two solutions are such that u1(x, 0) < u2(x, 0), then

u1(x, t) < u2(x, t) for all t > 0, which means that (i) the attractors of the system are all

steady states and (ii) the problem exhibits a minimal and a maximal steady states, u∗ and

u∗, which depend on μ, are stable, and verify u∗ ≤ u ≤ u∗ for all steady states u. This

means, in particular, that if u∗ = u∗ then the system shows a unique steady state, which

is asymptotically stable. Both u∗ and u∗ can be calculated as limits of two sequences of

lower solutions and upper solutions (Smoller, 1994), which can be recursively defined by
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the following systems of linear problems

0.1 ∂2xxuj+1 + ∂xuj+1 − θ uj+1 + 1 + μuj − (uj)
3 + θ uj = 0 , (6.2)

0.1 ∂2xxu
j+1 + ∂xu

j+1 − θ uj+1 + 1 + μuj − (uj)3 + θ uj = 0 , (6.3)

in 0 < x < 1, with boundary conditions

uj+1 = uj+1 = 0 at x = 0, 1 . (6.4)

Appropriate initial iterates are u0 = −√1 + |μ| and u0 = √
1 + |μ|. The constant θ > 0

must be such that the function u → μu − u3 + θ u be strictly increasing in the interval

u0 ≤ u ≤ u0, which holds if θ > 3+2 |μ|. In this case, the sequences defined above satisfy

u0 < u1 < . . . < uj < . . . < u∗ ≤ u∗ < . . . < uj < . . . < u1 < u0 (6.5)

for all j. Moreover, uj → u∗ and uj → u∗ as j → ∞. The bifurcation diagram (whose

stable part is plotted in figure 6.1, top) shows two disjoint branches: an upper monotonous

branch of positive steady states that exists for all μ, and a lower C-shaped branch of

negative steady states that exists for μ ≥ μc � 7.47, with a saddle node bifurcation

at μ = μc. This bifurcation diagram is calculated by a numerical solver (discretizing

first-order and second-order spatial derivatives by centered finite differences with 1000

equispaced mesh points), in two steps:

1. For a given value of μ > μc (e.g., μ = 20) the sequences of lower and upper solutions

defined by (6.2)–(6.3) are used to calculate the minimal and maximal solutions u∗

and u∗. Since convergence is not too fast, the sequences are only used to approach

the steady states at this particular value of μ. Then, a standard Newton method is

applied to accelerate convergence. Thus one point for each branch of the bifurcation

diagram is provided.

2. A continuation method (see §2.4) is applied to obtain the remaining stable steady

states in the lower and upper branches.

Results are illustrated with plain circles in the top plot of figure 6.1. Note that the first step

is performed by using sequences of lower and upper solutions due to the special (monotone)

nature of the Fisher-like equation (6.1). Nevertheless, running a time dependent solver

leads to the same stable steady states for the selected value of μ; this latter variant of the

method can be used to treat general, not necessarily monotone problems.

Now, the question is: is it possible to construct a low dimensional POD-based ROM

that reproduces well the whole bifurcation diagram of (6.1), using snapshots from only a
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Figure 6.1: Top plot: stable part of the bifurcation diagram (umax for the positive branch

and umin for the negative branch vs. μ) for the Fisher-like equation (6.1) as calculated by the

numerical solver (plain circles) and the ROM (solid lines). Bottom plots: stable steady states

for the indicated values of μ.

few applications of the numerical solver? As a first attempt, the series of 20 equispaced

(in the index j) upper solutions previously used to approach the upper steady state at

μ = 20 is considered as a snapshots set. Applying POD and selecting the 10 most energetic

POD modes yields a GS (constructed as explained in §2.2, using the inner product (2.14)

based on M = 40 equispaced mesh points) that allows to compute the stable part of

the bifurcation diagram, which is plotted with solid lines in figure 6.1, top. The latter

(obtained by time integrating the GS at μ = 20, with initial conditions u0 and u
0, in order

to perform the step 1 above) is plot-indistinguishable1 from its counterpart calculated by

the numerical solver, as are the steady solutions for various, representative values of μ in

1Relative errors are smaller than 0.01.
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both the lower and the upper branches (see figure 6.1). It is remarkable that the snapshots

that have been considered to calculate the POD manifold used to construct the GS consist

of only some upper solutions approaching just one point of the upper branch. In spite of

this, the resulting ROM approximates well the entire bifurcation diagram in the interval

−100 ≤ μ ≤ 100.

In order to further test the robustness of the POD manifold, snapshots have been

chosen in various additional ways. In particular, they have been selected from each of the

following different sets:

• The sequence of lower solutions defined by (6.2) at μ = 20.

• The sequence of either lower or upper solutions defined by (6.2)–(6.3) at μ = 0.

• A set of spatial portraits resulting from the time evolution of (6.1), at either μ = 0 or

μ = 20, with initial condition equal to either u0 or u0. Such evolution is calculated

discretizing in time with a Crank-Nicolson scheme (see (2.19)).

• Any of the above sets at other values of μ. Note that depending on the value of μ

and the initial condition, these snapshots are iterates converging to either the lower

or the upper bifurcation branches.
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Figure 6.2: Four representative snapshots used to calculate the POD manifold in four cases.

From left to right: upper solutions at μ = 20, time realizations at μ = 20, upper solutions at

μ = 0, and time realizations at μ = 0.

All these sets of snapshots provide results that are plot-indistinguishable from those in

figure 6.1. It is interesting to observe in figure 6.2 that the lower solutions, the upper

solutions, and the time realizations used as snapshots in the various sets mentioned above

show a quite simple structure. In particular, they are qualitatively similar among each

other and those obtained at μ = 0 are less steep close to the boundaries than some of the
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solutions that are approximated well by the ROM (e.g., the steady states at μ = 100 in

figure 6.1). Regarding the ROM construction, the following remarks are relevant:

• Increasing either the number of snapshots or the number of retained POD modes

extends the validity of the ROM to larger values of μ, while decreasing their number

exhibits the opposite trend.

• Since in the Fisher-like equation (6.1) activity is somewhat concentrated near the left

boundary (due to the small positive coefficient of the diffusive term), concentrating

the mesh points selected in (2.14) close to the left part of the domain would be a

good strategy to decrease their number.

• If the constant θ appearing in (6.2)–(6.3) is written as θ = 1/δt, then these two

equations can be seen as providing the successive time marching realizations of

the evolution problem (6.1) in a semi-implicit method with a time step δt. Thus,

the snapshots obtained from either lower or upper solutions and also from time

realizations of the time dependent problem are somewhat related to each other.

• The Fisher-like equation (6.1) exhibits no symmetries, hence the selection of the

functions u0 and u0 (used above either as initial iterates for the lower and upper

solutions or as initial conditions for the time dependent problem) is not subject to

further requirements. Instead, if the equation were invariant under some symme-

tries, then the initial condition should not be invariant under any of the symmetries.

This is to avoid that the POD manifold be contained in the invariant subspace of a

symmetry, which could restrict the validity of the ROM (see next sections).

The results presented above clearly illustrate that the POD manifold is fairly robust in

the considered case, as it was computed from snapshots converging to steady states at

a specific value of μ and allowed to build a ROM providing a good approximation of

the whole bifurcation diagram. Thus, a method is readily envisaged that is much more

computationally efficient than the usual techniques proposed in the literature to construct

bifurcation diagrams.

Now, one may think that the Fisher-like equation (6.1) is quite particular, which

is true. However, the generality of the ideas above can be disclosed and their validity

made plausible for the wide class of dissipative systems quoted in equation (2.1), with

the assumptions stated at the beginning of this section. In particular, what follows shows

(without providing any rigorous mathematical proof) that a POD manifold calculated

by means of a time dependent solver at a specific value of μ is expected to give a good
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approximation of the bifurcation diagram of (2.1) in a certain parameter span, say in

(2.27). The (generally unsteady) attractors of the system (2.1) in this parameter span

can be parametrized as

q = qBD(t, μ) , (6.6)

where the subscript BD stands for “bifurcation diagram”. It is furthermore assumed

(which is reasonable) that both ‖qBD‖E and ‖M∂tqBD‖E are bounded in the interval

(2.27). Thus, the state variable q can be scaled such that these two norms are contained

in the unit ball of E. Now, since all the attractors are solutions of equation (2.1), qBD

satisfies

qBD = L
−1 [M∂tqBD − f (qBD, t, μ) ] . (6.7)

Since the operators L−1 and q → L
−1f (q, t, μ) strongly “flatten” the unit ball of E onto

a low dimensional manifold, this equation implies that qBD is approximated well in the

interval (2.27) by a low dimensional (say, of dimension n) manifold, S ⊂ E. As S is

low dimensional, the projection onto S of a generic (for a specific value of μ) orbit of the

system in a non-small time span is not expected to be contained in a lower dimensional

submanifold of S. Thus, if a set of N > n snapshots is taken (for specific values of time),

the associated POD manifold is expected to contain S provided that N is appropriately

larger than n. In other words, good POD manifolds (to calculate bifurcation diagrams) are

expected from snapshots computed by a numerical solver with generic initial conditions,

in generic time spans, and for generic values of μ, as it has been shown for the Fisher-like

equation (6.1). The only limit to this expected property is associated with qualitative

transitions of S, involving new dimensions of the phase space and appearing as μ is

increased, which are not accounted for in the formerly calculated snapshots. Note that

the new features cannot be appropriately described if they are not accounted for in the

POD manifold that is being used. However, these qualitative transitions of S are not

expected to occur in most bifurcations. Also note that the argument does not require

further assumptions on the particular form of the right-hand side of equation (2.1), which

means that it should hold for a wide class of dissipative equations and systems. The

conclusion deals with the close relation between the POD manifold that approximately

contains the dynamics of the given system in a certain time span (for specific values of

the parameters) and other manifolds associated with the attractors for a wider range of

parameters. These and similar ideas can be found in the papers this thesis is based on,

by Rapún & Vega (2010), Rapún et al. (2011), Terragni et al. (2011), Terragni & Vega

(2012), and in other works on steady problems, by Alonso et al. (2009), Alonso et al.

(2010), Baché et al. (2010), Baché et al. (2012), Alonso et al. (2012b).
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6.2 The basic method

Results presented in this section were published by Terragni & Vega (2012). Summa-

rizing what has been discussed above, the following basic method is proposed for the fast

calculation of the bifurcation diagrams of (2.1). The method is organized in four steps:

(i) Choose a fixed value of μ, a generic initial condition, and a non-small time span;

then run a time dependent numerical solver to calculate the associated orbit q(t, μ)

of the system (2.1).

(ii) Select N equispaced values of t in the time span and apply POD to the set of

snapshots q(t1, μ), . . . , q(tN , μ).

(iii) Retain the n most energetic POD modes, Galerkin project equation (2.1) onto these

modes, and construct the bifurcation diagram of the resulting GS as explained in

§2.4.

(iv) Validate the results (as usually done in practice with numerical methods) repeating

the procedure with a larger number of POD modes.

It is worth remarking that (i) the whole set of snapshots is calculated for a specific

value of μ and (ii) the snapshots are just iterates of solutions approaching a specific

attractor, which makes a difference with other methods, such as that in Ilak et al. (2010),

which requires computing snapshots for representative values of the bifurcation parameter

around bifurcation points; also, the snapshots themselves are attractors (namely, steady

states) that must be calculated, instead of just iterates converging to the steady states.

Since the calculation of snapshots is the most expensive part of the process, the advantage

of the suggested method (especially in complex diagrams involving many bifurcations) is

obvious.

In order to test the efficiency of the strategy, the CGLE (1.1) with

α = −10 , β = 1 , (6.8)

letting μ be the bifurcation parameter, is considered. The values in (6.8) are such that

αβ < −1, as required for the system to exhibit the modulational instability, which is

necessary to get chaotic attractors. The numerical solver used to both check results and

compute the snapshots is a Crank-Nicolson method (see (2.19)), with a time step size of

10−4 and a uniform mesh of 1000 points used to discretize the spatial derivatives with

centered finite differences. The ROM is constructed as explained in §2.2, with POD
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Figure 6.3: Solution of the CGLE with α = −10, β = 1, μ = 20, and initial condition (6.9).

Left: time evolution of |u| at x = 1/4 (thin solid), x = 1/2 (thick solid), and x = 3/4 (dashed).

Right: |u| vs. x for 6 representative snapshots in the time interval 0 < t ≤ 0.1 (the interval is

marked by a vertical line in the left plot).
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Figure 6.4: Logarithm of the first 30 singular values (left) and the 5 most energetic POD modes

(right) resulting from the snapshots referred to in figure 6.3 (numbered in order of decreasing

singular value).

modes resulting from snapshots computed in various ways. To begin with, 100 snapshots

uniformly distributed in the time interval 0 < t ≤ 0.1 are calculated. These snapshots

result from the time evolution of (1.1) at μ = 20 with the initial condition

u(x, 0) = (1 + i) cos(πx) + 3i cos(2πx) , (6.9)

which is chosen such that it breaks reflection-symmetry. Figure 6.3 shows that the snap-

shots cover only a small part of the transient behavior in which the time dependent

solution approaches a periodic attractor of type (1) (see §1.2). This is done on purpose

to illustrate the robustness of the ROM construction method. In figure 6.4 the associated

singular values distribution and the first 5 POD modes are presented. Note that only 19

singular values are relevant, since the higher-order ones are essentially zero. Retaining



78 6. Simulation of attractors in bifurcation problems

the 8 most energetic POD modes, u is expanded as

u(x, t) =
8∑

j=1

Aj(t)Uj(x) (6.10)

and the corresponding GS is constructed by using the inner product (2.14) based on

M = 40 equispaced mesh points.

The bifurcation diagrams below will be constructed, using either the numerical solver

or the ROM, as detailed in §2.4. The first step consists in noting that if μ ≤ 0 then the

null solution is globally, asymptotically stable. The bifurcation diagrams for larger values

of μ are constructed (increasing μ) by continuing from the null solution at μ = 0 and

using the Poincaré map resulting from the intersections of the orbits with the Poincaré

hypersurface

H(u) ≡
∫ 1

0

[−|∂xu|2 + μ|u|2 − |u|4] dx = 0 , (6.11)

which satisfies
1

2

d

dt

∫ 1

0

|u|2 dx = H(u) , (6.12)

as readily obtained by multiplying equation (1.1) by ū, adding the complex conjugate of

each term, integrating in 0 < x < 1, applying the integration by parts, and invoking the

boundary conditions. Then, the outward intersections of the orbits with H are associated

with the local maxima of the function t→ ∫ 1

0
|u|2 dx. When using the numerical solver, H

is constructed discretizing the integral appearing in (6.12) with the trapezoidal rule; when

using the ROM, H is determined in a similar fashion after substituting (6.10) into (6.12).

In both cases, the outward intersections of the solutions in the time interval 9 < t ≤ 9.5

are plotted, after disregarding the time interval 0 < t ≤ 9, which contains the transient

behavior in which the orbits approach the attractor. The time marks 9 and 9.5 have been

selected after some calibration. In the continuation process, the bifurcation parameter

μ is equispacedly increased by Δμ = 0.05 and 0.25 when constructing the bifurcation

diagrams in 0 < μ ≤ 300 and 0 < μ ≤ 2000, respectively. As described in §2.4, the
initial condition for a given value of μ is the final state for the previous value of μ. The

procedure above can also be applied decreasing μ, beginning from an attractor at the last

value of μ in the chosen bifurcation parameter span.

6.2.1 Results

The bifurcation diagram in the interval 0 < μ ≤ 300 is considered in figure 6.5, where

the top and bottom plots are provided by the numerical solver and the ROM, respectively.
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In order to appreciate the reflection-symmetry, the bifurcation diagram is depicted in

terms of both |u(0.25, t)| and |u(0.75, t)|, in the left and right plots, respectively. Note

that all nonzero solutions involved in this bifurcation diagram (and generically in all

other bifurcation diagrams presented in this chapter) are time dependent and have the

form (1.3). In particular, all states in figure 6.5 that yield one or two intersections with the

Poincaré hypersurface (6.11) are of types (1), (2), or (3), with |u| either steady or periodic

(see §1.2). More complex solutions such that |u| is either quasi-periodic or chaotic provide
a larger number of intersections. Some representative attractors are given in figures 6.6

and 6.7 in three different ways: plotting |u| vs. x for solutions of types (1) and (2),

plotting |u(0.25, t)| vs. |u(0.75, t)| for solutions of type (3), and providing the spatio-

temporal evolution of |u| for more complex attractors. A glance at the various plots in

Figure 6.5: Forward (increasing μ) bifurcation diagrams for the CGLE (1.1) in the interval

0 < μ ≤ 300, showing the values of |u0.25| ≡ |u(0.25, t)| (left plots) and |u0.75| ≡ |u(0.75, t)|
(right plots) at the outward intersections of the orbits with the Poincaré hypersurface (6.11),

as obtained by the numerical solver (top plots) and the ROM associated with (6.10) (bottom

plots).

figures 6.5 and 6.6 shows that the bifurcation diagrams provided by the numerical solver
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and the ROM are almost identical, as are the periodic and quasi-periodic attractors. The

only deviation is appreciated in the intervals 55.6 < μ < 75.3 and 143.6 < μ < 234.2,

where the ROM seems to provide branches with a different structure. But a closer look

at the four plots in figure 6.5 shows that such a difference is just an artifact of symmetry-

breaking, since the numerical solver and the ROM followed different branches of the

bifurcation diagram that are reflection-symmetric between each other. This would also

have happened in different runs of the numerical solver itself if different strategies to

continue along the bifurcation diagram were applied. In other words, any of the two

bifurcated branches in a symmetry-breaking bifurcation can be followed depending on

the way in which continuation across the bifurcation point is performed. Thus, in the

two considered intervals, left and right, upper plots must be compared with right and left,

lower plots, respectively. The quite good performance of the ROM is even more impressive

if one considers the complexity of the involved bifurcations, which are now described.
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Figure 6.6: Solutions for the indicated values of μ: |u| vs. x for solutions of types (1) and (2),

and |u0.25| ≡ |u(0.25, t)| vs. |u0.75| ≡ |u(0.75, t)| for solutions of type (3), as provided by the

numerical solver (plain circles) and the ROM (solid line). The type of each solution is indicated

below the corresponding value of μ.
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The null solution is stable if μ < 0 and shows a supercritical Hopf bifurcation at

μ = 0 that provides a branch of periodic solutions of type (1) (see the case μ = 20 in

figure 6.6), which in turn loses stability in a symmetry-breaking bifurcation at μ = 55.6.

The latter produces non-reflection-symmetric solutions of type (2) (see the case μ = 60

in figure 6.6). In other words, “symmetry-breaking bifurcation” means here that a state

of type (1) (which is such that |u| = constant and thus obviously reflection-symmetric)

loses symmetry and yields a nonsymmetric solution of type (2) (see §1.2). This can

alternatively be seen as a (+1)–Floquet multiplier bifurcation. The new branch exhibits

a further bifurcation2 at μ = 70.0 that produces new quasi-periodic solutions of type (3),

which in turn gain reflection-symmetry at μ = 75.3. The reflection-symmetric branch

subsequently bifurcates at μ = 79.2 and μ = 98.8 to new branches of reflection-symmetric

solutions of types (2) and (3), respectively. The latter branch (see the case μ = 120 in

figures 6.6 and 6.7) exhibits various bifurcations in the vicinity of μ = 132 that rapidly lead

to a quasi-periodic window, where the attractors are three-tori of type (1.3) with |u| quasi-
periodic, with two frequencies incommensurable with δ (a representative quasi-periodic

solution such that |u| exhibits the frequencies ω1 = 0.74 and ω2 = 41.66 is provided for

μ = 135 in figure 6.7). This quasi-periodic window extends to μ = 143.6, where a branch

of nonsymmetric solutions of type (2) (see the case μ = 200 in figure 6.6) appears, which

in turn loses stability at μ = 234.2, gaining reflection-symmetry (see the case μ = 260 in

figure 6.6). The latter branch exhibits a further bifurcation at μ = 279.9, producing quasi-

periodic solutions of type (3), which show instantaneous reflection-symmetry (namely, |u|
is reflection-symmetric for all t, see the case μ = 300 in figures 6.6 and 6.7).

In order to emphasize the robustness of the basic method in providing ROMs for

bifurcation problems, new reduced models are constructed using snapshots calculated in

various different ways, as follows.

A. Using the same numerical solver described above for the CGLE (1.1), in the same

time span (0 < t ≤ 0.1), and with the same initial condition (6.9), but:

A.1. Replacing the considered value of μ (namely, μ = 20) by other values, such

as μ = 0, and retaining 8 POD modes (the values of α and β are maintained

as in (6.8)). It is interesting to note that the resulting snapshots belong to a

temporal run that converges to the null solution.

2This bifurcation is associated with a complex Floquet multiplier and thus the new branch should have

a vertical slope. However, the latter is not appreciated in figure 6.5 as only the outward intersections

with the Poincaré hypersurface (6.11) are plotted (the inward ones are not depicted).
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Figure 6.7: Spatio-temporal plots of |u| in the attractors for the indicated values of μ, as

provided by the ROM.

A.2. Maintaining the value μ = 20 but changing the values of α and β by, e.g.,

(α, β) = (−5, 2) and (α, β) = (0, 0), and retaining 8 and 9 POD modes, re-

spectively. It is worth mentioning that the new values of α and β would lead

to quite different bifurcation diagrams. In particular, in the case α = β = 0

the bifurcation diagram would be quite simple, namely no further bifurcations

would be present for μ > 0, since the attractor of type (1)

u =
√
μ (6.13)

is stable for all μ > 0.

B. Maintaining the numerical solver described above, the time span 0 < t ≤ 0.1, the

initial condition (6.9), the values μ = 20, α = −10, and β = 1, but replacing the

CGLE (1.1) by the following quintic equation

∂tu = (1 + iα)∂2xxu+ μu− (1 + iβ)|u|2u− |u|4u , (6.14)

which again would show a quite different bifurcation diagram. In this case, 9 POD

modes are retained.

C. Maintaining the CGLE (1.1), the initial condition (6.9), the values μ = 20, α = −10,

and β = 1, but using a new numerical solver to calculate the snapshots. The
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counterparts of the lower and upper solutions used (to obtain snapshots for the

Fisher-like equation) in §6.1 are iterates coming from the first-order semi-implicit

scheme
uj+1 − uj

δt
= (1 + iα)∂2xxu

j+1 + μuj − (1 + iβ)|uj|2uj , (6.15)

with ∂xu
j = 0 at x = 0, 1, which is simpler and more robust (but less accurate in

simulating the evolution problem) than the previously used Crank-Nicolson method.

In fact, a larger time step can be considered. Performing the spatial discretization

as before, the new solver (6.15) is run in the interval 0 < t ≤ 0.1, with a time

step δt = 0.001 (ten times larger than that used before), which yields exactly 100

snapshots. The computational cost required to calculate the snapshots is then

divided by 10. In this case, the number of retained POD modes is 8.

Retaining the number of POD modes indicated in each case, all these new sets of snapshots

provide bifurcation diagrams and attractors (omitted here) that are plot-indistinguishable

from those in figures 6.5, 6.6, and 6.7. It is remarkable that the number of retained

modes is either the same as in the reference case or slightly larger (one additional mode

in the worst case). Furthermore, in cases A.2 and B, the snapshots are obtained from

equations that are different from the one providing the bifurcation diagram that is being

approximated. In all cases, the appropriate number of POD modes is selected repeating

calculations with a larger number of modes and comparing results (see step (iv) of the

basic method).

As it happened with the Fisher-like equation (see §6.1), increasing either the number

of snapshots or the number of retained POD modes extends the validity of the ROM to

larger values of μ, which is checked by considering the snapshots and the modes illustrated

in figures 6.3 and 6.4, respectively. Indeed, retaining 11 and 12 POD modes produces bi-

furcation diagrams (omitted here) in the intervals 0 < μ ≤ 500 and 0 < μ ≤ 1000,

respectively, that are plot-indistinguishable from their exact counterparts. Finally, re-

taining 14 POD modes (which are almost all the available modes) yields good bifurcation

diagrams in the interval 0 < μ ≤ 2000, as shown in figure 6.8. These diagrams (where

Δμ = 0.25 is used for the forward continuation) exhibit further, more complex bifurca-

tions than those in 0 < μ ≤ 300 (see figure 6.5), whose detailed description is not the

objective of the present thesis. It can be observed that increasing μ the dynamics alter-

nate between regular behaviors (similar to types (2) and (3) previously introduced) and

quasi-periodic or chaotic behaviors. A sample of these is provided in figures 6.9 and 6.10

for μ = 400, μ = 500, μ = 600, μ = 1000, μ = 1500, and μ = 1800. Comparison of the

bifurcation diagrams provided by the numerical solver and the ROM (top and bottom
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Figure 6.8: Counterpart of figure 6.5 but considering the interval 0 < μ ≤ 2000.
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Figure 6.9: Counterpart of figure 6.6 for the attractors at the indicated values of μ.

plots in figure 6.8) shows that they slightly deviate from each other. Nonetheless, such

deviation is just an artifact of the bifurcation diagrams. In other words, the only apparent

differences between the exact and the approximate diagrams are appreciated in:

• A quite narrow quasi-periodic window near μ = 528, which is present in the bifurca-

tion diagram provided by the numerical solver (top plots) but is absent in that given
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Figure 6.10: Counterpart of figure 6.7 for the attractors at the indicated values of μ.

by the ROM (bottom plots). This is due to the narrowness of the quasi-periodic

window; in fact, it would also be lost under small perturbations of the numerical

solver itself.

• A window with solutions of type (3) near μ = 1112, which exhibits a distinct

structure in the bifurcation diagrams provided by the numerical solver and the

ROM. This difference (as similarly remarked in the case 0 < μ ≤ 300) is an artifact

of the symmetry-breaking, since the numerical solver and the ROM followed different

branches of the bifurcation diagram, which are reflection-symmetric between each

other. The same happens, even if less visibly in the plots, to the branch of solutions

of type (2) the case μ = 200 belongs to.

A further comparison is emphasized in figure 6.11, where the backward bifurcation dia-

grams resulting from decreasing the bifurcation parameter from μ = 2000 to μ = 0 are

illustrated. Comparison with figure 6.8 shows hysteresis in some regions, which was to be

expected. Again, the numerical solver and the ROM provide almost coincident results,

except for some artifacts due to symmetry-breaking (as in figure 6.8).

Summarizing, reduced order models can be constructed on the basis of snapshots

calculated from the time evolution of (1.1) at only one particular value of μ, e.g. μ = 20,

where the system may exhibit quite simple dynamics (see figure 6.3). In particular, quite

good approximations of the bifurcation diagrams and the attractors of the system (1.1)
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Figure 6.11: Counterpart of figure 6.8 but continuing backwards in μ from the last attractor

in figure 6.8 at μ = 2000.

can be obtained in the intervals 0 < μ ≤ 300 and 0 < μ ≤ 2000 if 8 and 14 POD modes

are retained, respectively. It is noteworthy that in the latter case (i) the considered POD

modes are almost all the available ones (see figure 6.4), (ii) the interval 0 < μ ≤ 2000

is quite wide, and (iii) the CGLE exhibits a fairly large variety of bifurcations, involving

periodic, quasi-periodic, and chaotic attractors. The basic method is extremely flexible,

since its performance is only slightly degraded when the snapshots are calculated either

setting different values of all the involved parameters (such that, in some cases, the large-

time dynamics are trivial), or taking into account distinct equations, or using a rough

time dependent numerical solver. The strategy is also fairly computationally efficient.

For instance, computing the bifurcation diagram in the interval 0 < μ ≤ 300 by the

8-dimensional ROM constructed in this section is almost 20 times faster than performing

a standard continuation (e.g., than using the Crank-Nicolson solver considered above).

Concerning the results in figure 6.5, the bifurcation diagram was constructed by means

of the numerical code in almost four days and a half, while the ROM performed all

calculations in approximately six hours 3.

3All simulations were run on a cluster with 12 cores (3.46GHz).
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In the results of this section, only the final attractors of the system are considered.

Indeed, the basic method does not guarantee that all the transient behaviors leading to

the final attractors are also approximated well. Nevertheless, the procedure is implicitly

able to deal with complex transients in fairly demanding situations. As an example, the

CGLE (1.1) with α = 0.45 and β = −1.9 is discussed. The latter values are such that

αβ = −0.855 > −1; hence the equation does not show the modulational instability, but is

almost modulationally unstable since −0.855 is somewhat close to −1. As a consequence,

for large values of μ, transient chaos may appear, namely the solution may approach a

nearly stable chaotic state during a transient stage and then decay to solutions of type

(1) for larger values of t. This was found by Houghton et al. (2010), who considered

the same values of α and β with a different scaling, setting μ = 1 and letting free the

length of the spatial domain L. The value L = 60 and the time interval 0 < t ≤ 1200

were used in figure 1 of the mentioned work, which correspond to μ = L2 = 3600 and

0 < t ≤ 1200/L2 � 0.35 with the scaling used here. As in Houghton et al. (2010), an initial

condition of small amplitude (compared to the size of the final attractor) random noise is

set. Results by the numerical solver and the ROM are compared in figure 6.12. The ROM

is constructed by means of the inner product (2.14) based on M = 240 equispaced mesh

points and retaining 60 POD modes, which in turn are computed from 100 snapshots of

the numerical solver run in the time interval 0 < t ≤ 0.1 at μ = 3600. The approximation

of the final attractor is quite good (the relative error is smaller than 0.002) and that of the

transient behavior is reasonable: an initial stage in 0 < t < 0.06 is almost identical and

the spatio-temporal plots are qualitatively similar in the whole time interval. Obviously,

the exact and the approximate dynamics in the chaotic regime are not (pointwise) similar

to each other, due to the intrinsic nature of chaos. Indeed, during the transient phase,

the orbits remain close to the chaotic attractor; hence, any two of them (even if almost

identical but not coincident) will necessarily diverge from each other after a short time.

The resulting transient times to the attractor are similar too, but it must be noted that

such time (∼ 0.25) is quite sensitive to both the initial condition and the discretization

parameters, as thoroughly checked by Houghton et al. (2010). Thus, slightly changing the

parameters of the ROM and the initial condition would provide here also fairly different

transient times. In other words, the approximation is as good as could be expected.

In any event, ensuring better and safer approximations of transients requires evolving

the simple basic method presented in this section into an adaptive method, able to deal

with the high-order modes truncation instability (see chapter 2) that may play a role in

complex transient dynamics. This extension can be performed following the same ideas
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Figure 6.12: Results obtained for the CGLE (1.1) with α = 0.45, β = −1.9, and μ = 3600.

The spatio-temporal plots provide the transient chaotic behavior resulting from the numerical

solver (left) and the ROM (middle). The final attractor is a type (1) solution and is shown in

the right plot, as obtained by the numerical solver (plain circles) and the ROM (solid line).

the LPOD+GP method is based on (see chapter 3), which is done in the next section.

The result consists in a version of the latter adapted to bifurcation problems.

6.3 The generic, adaptive method

A more flexible and efficient approach to bifurcation problems via POD-based reduced

order models can arise from properly combining the ingredients of the LPOD+GP method

(summarized at the beginning of chapter 3) with the ideas (behind the robustness of the

POD manifold, see §5.1) that have been exploited in §6.2 to construct the basic method

to approximate bifurcation diagrams.

The method presented in this section is a generic (not specific for a particular equation

or problem) procedure aiming at approximating the bifurcation diagram of the general

dissipative system (2.1), which adapts to both the varying values of the bifurcation pa-

rameter and the (time dependent) dynamics of the relevant attractors as the bifurcation

parameter itself is varied. The assumptions on the problem are those stated in §6.1. As

in the LPOD+GP method (see chapter 3), a ROM is constructed that is based on a time

dependent numerical solver and two GSs, which are interspersedly used to calculate the
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Figure 6.13: Sketch of the generic, adaptive method to approximate bifurcation diagrams.

Snapshots (the planes) are computed by a numerical solver at convenient values of the bifurcation

parameter and used to either calculate (at μ = μ0) or update (at subsequent μ = μs) some POD

modes. Two GSs based on (different numbers of) these modes are time integrated for successive

values of μ in the IGS intervals during the continuation process.

attractors of the system (see the sketch in figure 6.13). The procedure starts (at the low-

est bound of the parameter span) with a POD manifold resulting from some snapshots

calculated by the numerical code in a short time span, with generic initial conditions. The

computed POD modes are used to construct the two GSs, which differ from each other

in the number of retained modes, with one of them yielding the approximate bifurcation

diagram. As the bifurcation parameter is increased and continuation is performed, the

method is able to estimate when the POD manifold needs to be updated, which is done

by appropriately mixing the available modes with some newly calculated ones. Detecting

when an update is required is accomplished by means of two criteria (already introduced

in §2.3) resulting from (i) the behavior of high-order POD modes and (ii) the comparison

of the approximations provided by the two GSs. After updating the POD manifold, the

GSs are recalculated in order to proceed to larger values of the bifurcation parameter.

The strategy can be complemented with an additional way of decreasing the dimension

of the POD manifold (see §6.3.2).
As already highlighted in §6.2, the equations providing the snapshots do not need to

coincide with the governing equations (2.1) that are Galerkin projected, which makes the

method quite flexible. In addition, the numerical code is not required to give a good

approximation of the time evolution of the system. For instance, the first-order semi-

implicit scheme (see (6.15))

M
qj+1 − qj

δt
= Lqj+1 + f (qj, tj , μ) (6.16)

can be run with a moderately small time step δt. An optimal choice from the compu-

tational point of view would be to select δt such that each time iteration provides one
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snapshot. The numerical solver is applied with a generic initial condition (which may co-

incide with the initial condition that is used to initiate the calculation of the bifurcation

diagram, see (2.28)) to compute the set of snapshots for the POD manifold construction

at the lowest bound of the parameter span. In subsequent applications (to obtain new

snapshots for the POD manifold update), the initial condition is

q = qold +Kpert Qpert , (6.17)

where qold is the final state (in time) provided by one of the GSs at the last value (in

the continuation process) of μ, Qpert is the most energetic non-reflection-symmetric POD

mode, and the factor Kpert is a tunable perturbation. Indeed, the method turns out to

be quite insensitive to this factor, which should be neither too large (to avoid spurious

modes) nor too small (to obtain new dynamics). The value Kpert = 0.1Δμ could be set

in the absence of a better a priori information. The state (6.17) is also used as initial

condition for subsequent values of μ when continuing in the bifurcation parameter (see

§2.4).
Before applying the procedure, the following tunable parameters have to be chosen

offline through some calibration.

• The desired bifurcation parameter span (2.27), μ0 ≤ μ ≤ μ1, the initial condition

(2.28) at μ0 to start up the continuation process, the bifurcation parameter step,

Δμ, and the time marks tA and tB to identify the attractors (see §2.4).

• The number of mesh points the inner product (2.14) is based on, M , to perform

both POD and Galerkin projection (see §2.2).

• The time interval between snapshots, δsnaps, the desired order of accuracy, ε, and

the factor k appearing in (3.1) to select the required numbers of POD modes (see

chapter 3).

• The initial condition and the time interval 0 < t ≤ τ0 for the first run of the

numerical solver; the perturbation factor Kpert appearing in (6.17) and the time

interval 0 < t ≤ τ1 for subsequent runs of the numerical solver.

Once these parameters have been set, the proposed generic, adaptive method to approx-

imate the bifurcation diagram of (2.1) in the parameter span μ0 ≤ μ ≤ μ1 by means of

a n-dimensional POD-based ROM, within a relative RMS error bound ε, proceeds in five

steps, as follows.
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(i) A set of snapshots at distance δsnaps is computed by running the numerical solver

(6.16) with the following parameters.

• In the first iteration, the code is run, at μ = μ0, in the time interval 0 < t ≤ τ0

with the chosen generic initial condition.

• In subsequent iterations, the code is run, at μ = μs, in the time interval

0 < t ≤ τ1 with the perturbed initial condition (6.17).

(ii) In the first iteration, POD is applied to the snapshots computed in step (i). In

subsequent iterations, POD is applied to the vectors defined in (2.20), where Q̂j are

the old POD modes and Qj are the POD modes coming from the new snapshots

calculated at μ = μs in step (i).

(iii) Three numbers of POD modes, n, n1, and n2, are selected according to (3.1).

(iv) Two GSs are constructed by retaining n1 and n2 POD modes, respectively. Each

one of them is time integrated (starting from the projection onto the corresponding

POD manifold of (2.28), if μ = μ0, or (6.17), otherwise; see §2.4) using a Crank-

Nicolson scheme (see (2.19)) in the time interval 0 < t ≤ tB. The Poincaré map is

constructed using the GS based on n1 modes (see §2.4).

(v) Forward continuation is performed (in a IGS interval, see the sketch in figure 6.13)

through the parameter step Δμ, until either of the following alternatives hold:

• μ = μ1. In this case, the procedure ends.

• μ is such that one of the conditions

En1

n ≤ ε,
‖qn1

GS − q̃n2

GS‖
‖qn1

GS‖
≤ ε , (6.18)

is violated. Here, En1

n involves the amplitudes of the first GS and is given by

(2.16) and qn1

GS and q̃n2

GS are the first GS solution reconstructed by n1 modes

and the second GS solution reconstructed by n2 modes, respectively. In the

this case, the procedure goes back to step (i).

Some elements of the described algorithm deserve to be stressed.

• The method is fairly robust in connection with all tunable parameters, but a further

careful calibration would improve its performance. For instance, as it happens in

the LPOD+GP method, the factor k appearing in (3.1) to select the numbers of
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retained POD modes should be neither too small (to avoid a bad approximation)

nor too large (to avoid retaining many, possibly useless, modes). The value k = 100

could be a reasonable choice.

• The above mentioned initial conditions (for both the numerical solver and the GSs)

should not exhibit any of the symmetries of the governing equations (if any). As

already discussed in §6.1 and applied in §6.2, this is to avoid that the resulting

POD manifold and the ROM be invariant under any of the symmetries, which

could impose spurious restrictions on the approximation.

• In the LPOD+GPmethod detailed in chapter 3, the ROM approximation is required

to be good at least in the time interval δGS,min, which is calibrated a priori according

to some knowledge on the solution (see §3.1). Similarly, in the generic, adaptive

method the two GSs (more precisely, their behaviors in connection with high-order

modes) are expected to remain close to each other in a certain time span, Γ0. Due to

the presence of various timescales when dealing with a whole bifurcation diagram,

Γ0 is estimated at each μ as

Γ0 = 10 δμ , (6.19)

where the characteristic timescale δμ is in turn estimated as

δμ =

√∫ 0.1

0
‖u‖2dt√∫ 0.1

0
‖∂tu‖2dt

, (6.20)

where the factor 10 and the limit 0.1 (in (6.19) and (6.20), respectively) are tunable

parameters. Note that in the last expression, u and ∂tu are as given by the current

ROM approximation (or by the numerical solver if one of the conditions in (6.18)

failed in 0 < t ≤ 0.1). Thus, during the remaining time integration span, the first

GS is set equal to the second GS after subsequent time intervals of length Γ0.

• In order to ensure that the computed snapshots contain enough information on the

solution, the time span τ0 should be comparable to the characteristic timescale of

the problem at μ = μ0, namely to the time interval in which the state variable varies

by a quantity comparable to its norm. Instead, the time span τ1 can be smaller,

since it is just used to update the POD manifold. Nevertheless, if the information

contained in the chosen τ1 were insufficient to guarantee a successful integration of

the GSs with the new POD manifold, then both τ1 and the factor Kpert in (6.17)

could be slightly increased 4.

4The calibration of this strategy is still the object of current research.
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• The POD manifold is updated by applying POD to the vectors in (2.20) weighted

as indicated in (2.21). Both the definition and the role of the modes weights are

completely similar to their counterparts in the LPOD+GP method. Note that, in

the adaptive method described in this section, the term 〈|Aj|〉 is the temporal mean

value of |Aj | in the GS approximation of the attractor (i.e., in tA < t ≤ tB) at the

last value of μ.

• Consistency between the two GSs (to monitor the high-order modes truncation

instability) is imposed through the new estimate appearing in the second condition

in (6.18), in which the same tolerance as in the first control is used. This is equivalent

to considering the estimate in (2.22) even if less restrictive.

6.3.1 Results

As in §6.2, the generic, adaptive method is applied to the CGLE (1.1), which is a

quite convenient test case as the associated bifurcation diagrams exhibit a complexity

that alternately increases and decreases when (forward) continuing in μ. To begin with,

the parameter values α = −10 and β = 1 are considered, which facilitates the comparison

with the results obtained by the basic method. In the procedure, the values of the

parameters are set to be the same as (or consistent with, for the new ones) those used

in §6.2 to approximate the bifurcation diagrams in the parameter spans 0 < μ ≤ 300

and 0 < μ ≤ 2000 5. Namely, the numerical solver run to compute the snapshots is the

same Crank-Nicolson scheme (see (2.19)), the initial condition at μ0 to start up both the

continuation process and the first application of the numerical code is (6.9), M = 40 and

200 (when μ1 = 300 and 2000, respectively), ε = 10−2, k = 100, δsnaps = 0.0025 and

0.0005 (when μ1 = 300 and 2000, respectively), τ0 = τ1 = 0.1, and Kpert = 0.1Δμ.

Results in the parameter span 0 < μ ≤ 300 are shown in figure 6.14 and evidence

that, except for the same artifacts of symmetry-breaking discussed in §6.2.1, the adaptive
method yields fairly good approximations of the desired bifurcation diagrams. Further-

more, the adaptive ROM provides better results than those given by the basic method. In

fact, the new strategy (A) adapts the numbers of retained POD modes to the complexity

of the dynamics as both time and μ are varied, (B) consequently makes use of smaller

numbers of modes in the presence of simple attractors, and (C) ensures a more flexible

and safer approximation of transients (not only of final attractors) thanks to its ability

5Bifurcation diagrams are also constructed as in §6.2, with tA = 9, tB = 9.5, Δμ = 0.05 and 0.25 in

0 < μ ≤ 300 and 0 < μ ≤ 2000, respectively.
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to deal with the high-order modes truncation instability. The last point is assured by

the two error controls in (6.18), which are performed in the whole integration time span

where the system evolves from transient to asymptotic dynamics. Properties (A) and (B)

are highlighted in table 6.1, which shows how the numbers (n, n1, n2) of modes change as

long as μ is increased and new POD manifold updates become necessary. Note that the

ROM approximation at the end of the bifurcation parameter span is based on n = 9 POD

modes, which is comparable to the number of modes required by the basic method in the

same case (i.e. n = 8, see §6.2). In other words, thanks to the efficient way of updating

the POD basis, all the involved transients (not only the attractors) are approximated well

in 0 < μ ≤ 300 by means of just one additional mode.

Figure 6.14: Forward (increasing μ) bifurcation diagrams for the CGLE (1.1) with the pa-

rameter values α = −10 and β = 1 in the interval 0 < μ ≤ 300, showing the values of

|u0.25| ≡ |u(0.25, t)| (left plots) and |u0.75| ≡ |u(0.75, t)| (right plots) at the outward inter-

sections of the orbits with the Poincaré hypersurface (6.11), as obtained by the numerical solver

(top plots) and the ROM constructed by the generic, adaptive method of §6.3 (bottom plots).

Results in the parameter span 0 < μ ≤ 2000 are given in figure 6.15. Again, the

bifurcation diagrams provided by the numerical solver and the adaptive ROM are almost
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μ (n, n1, n2)

79.20 (6, 8, 10)

130.05 (8, 11, 14)

141.40 (8, 11, 14)

141.45 (8, 11, 14)

142.25 (9, 12, 15)

Table 6.1: Evolution of the numbers of modes (right) when new POD manifold updates are

necessary at certain values of μ (left). Results refer to the case illustrated in figure 6.14, in

which (n, n1, n2) = (4, 7, 9) at the first considered value of μ in the bifurcation parameter span.

identical, with few differences similar to those stressed for the same case in connection

with the basic method’s performance (see §6.2.1). The numbers of involved POD modes

are now quite large, ranging from (n, n1, n2) = (5, 7, 9) to (n, n1, n2) = (27, 45, 61) in

0 < μ ≤ 2000, since some of the simulated transients are spatio-temporally quite complex.

The POD manifold needs to be updated 39 times.

The efficiency of the generic, adaptive method is further tested in a more demanding

test case given by the parameter values α = −10 and β = 10. Note that the imaginary

parts of both the coefficient of the second-order spatial derivative and the coefficient of

the nonlinear term are somewhat large compared to the real parts, which means that

these coefficients are close to purely imaginary numbers. In other words, the Ginzburg-

Landau equation is somewhat close to a Schrödinger-like equation. This equation is almost

conservative and almost dispersive, thus preventing efficient mechanisms of wavepacking,

usually provided by diffusion (which is here small compared to dispersion). This is the

main reason for the large numbers of modes that are needed in this test case. Bifurcation

diagrams in the parameter span 0 < μ ≤ 100 are shown in figure 6.16. In this case,

time integration of both the full and the reduced problem is performed with a time step

δt = 0.00005, snapshots are computed at distance δsnaps = 0.001, the ROM is constructed

by usingM = 100 mesh points, and the bifurcation parameter step is set to Δμ = 0.02; all

the remaining parameters are the same as in the other simulations. The low dimensional

approximation consists in (n, n1, n2) = (7, 11, 14) and (17, 26, 33) POD modes at the

beginning and the end of the bifurcation parameter span, respectively. In between, the

POD manifold is updated 19 times and its dimension alternately increases and decreases.

The final attractors for three representative values of μ are provided in figure 6.17.
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Figure 6.15: Counterpart of figure 6.14 but considering the interval 0 < μ ≤ 2000.

6.3.2 Improving the reduction of the POD manifold dimension

The way the generic, adaptive method updates the POD manifold (see step (ii) of

the algorithm at the beginning of this section) succeeds in discarding those (no longer

necessary) modes whose averaged energy decreased too much in the attractor at the last

value of μ. However, it is not able to reduce the number of modes when the POD manifold

dimension can be decreased (since the dimension of the attractor has decreased) but the

appropriate modes are not just a subset of the already available set of modes. Thus,

a new POD manifold treatment may be convenient (but not essential) to increase the

performance of the method.

This new treatment of the POD manifold proceeds as follows. At some specific values

of the bifurcation parameter, the time span tA < t ≤ tB (or the initial part of it) where

the system approaches the attractor is divided into N∗ (a tunable parameter) equispaced

values of t, t1, . . . , tN∗ . For each one of them, the amplitudes associated with the second

GS

Ã = (Ã1, . . . , Ãn2
) (6.21)
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Figure 6.16: Counterpart of figure 6.14 but considering the parameter values α = −10 and

β = 10 in the CGLE (1.1) and the interval 0 < μ ≤ 100.

are considered, obtaining the vectors

Ã1 = Ã(t1), . . . , ÃN∗ = Ã(tN∗) . (6.22)

Applying POD to this set of vectors, a new number of modes n∗
2 is determined according

to the last condition in (3.1), where the relative RMS error is defined in terms of the

resulting singular values ξj . Now, POD provides the n∗
2 modes for the amplitudes vector

(6.21) as

Hj =
1

ξj

N∗∑
k=1

hkj Ãk , (6.23)

where hkj are the eigenvectors of the covariance matrix given by 〈Ãi, Ãj〉, in terms of the

inner product that is being used. Using the latter expansion in the second GS (the first

GS is similarly dealt with) is equivalent to substituting the current POD modes, Qj , by

the new ones, Q∗

j , defined as

Q∗

j =
n2∑
i=1

H i
j Qi , (6.24)
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μ = 50 μ = 65 μ = 90

Figure 6.17: Spatio-temporal plots of |u| in the attractors for the indicated values of μ, as

provided by the adaptive ROM.

for j = 1, . . . , n∗
2, where H

i
j is the ith component of Hj. This is convenient when n

∗
2 < n2,

since using the new modes decreases the order of both GSs.

The proposed procedure to reduce the dimension of the POD manifold is to be applied

at some values of the bifurcation parameter spaced by Δμ0, which is chosen to be neither

too small (to avoid increasing the associated computational cost) nor too large (to obtain

an effective reduction in the number of modes). In this process, a minimum dimension of

the POD manifold is preserved, in order to guarantee a good performance of the overall

adaptive method.

Some preliminary calculations using the strategy described in this subsection have

shown that it may provide an efficient decrease of the number of retained POD modes in

those regions of the bifurcation parameter span where the dynamics are simpler. However,

pursuing this further is beyond the scope of the thesis.



CHAPTER

SEVEN

Concluding remarks

The main object of this thesis has been to both improve and extend the applicability of

the LPOD+GP reduced order modeling method, already constructed and tested (Rapún

& Vega, 2010) in the time dependent simulation of transient behaviors in one-dimensional

parabolic problems. As a general comment, emphasis has been put on exploring the

potential of the main ideas behind the method, opening new lines for further improvements

in actual industrial environments, more than constructing a particular customized ROM

for a specific task. In other words, the intention has been to open avenues and illustrating

basic ideas, instead of closing a specific ROM for a specific application.

Firstly, the LPOD+GP method has been extended to allow the treatment of two-

dimensional problems, keeping in mind the convenience of combining the method with

somewhat rough CFD solvers. As a two-dimensional application, the unsteady lid-driven

cavity problem at moderate values of the Reynolds number has been taken into account,

using a CFD code containing some numerical artifacts that have been completely ignored

in the construction of the ROM. This means that the ROM can be made somewhat

independent of the CFD solver that is used to calculate the snapshots, which is consistent

with former conclusions about similar ROMs for steady problems (Alonso et al., 2012b).

The improvement is relevant envisaging industrial applications in which the CFD codes

can be quite rough (namely, they may use fairly rough meshes, and include numerical

stabilizers and turbulence modeling artifacts); furthermore, the details of such solvers

may be largely unknown to third party users. In the lid-driven cavity problem, the

resulting ROM turned out to divide the computational time required by the CFD solver

by a factor in the range 5–10. It is to be noted here that the software used to construct

the ROM has not been optimized, while the CFD code was fairly optimal from the point

of view of the implementation. This means that there is space for a further improvement

99
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of the computational efficiency of the ROM, which is however beyond the main scope of

the thesis.

As a second improvement, the feasibility of using residual modes to update the POD

manifold has been explored in the context of the one-dimensional complex Ginzburg-

Landau equation. This avoids the necessity of integrating two Galerkin systems to mon-

itor truncation instabilities and thus bears a significant increase in the computational

efficiency. The results turned out to be quite promising envisaging the application of the

method in more spatial dimensions, combined with less accurate numerical solvers.

In order to decrease the computational effort of the first stage in which the POD

manifold needs to be completely constructed (it is only updated at later time stages),

the possibility of using modes libraries has been exploited. The conclusion has been that

modes libraries can be applied in a fairly flexible way. Furthermore, this idea has opened

the opportunity to use the LPOD+GP method to construct bifurcation diagrams that

exhibit complex time dependent attractors. The computational efficiency of the adapted

ROM turned out to be quite high concerning various aspects.

• Snapshots resulting from a specific run of the numerical solver, for specific values of

the bifurcation parameter, were good enough to construct a ROM that simulated

well the desired bifurcation diagram in a wide range of the bifurcation parameter.

Furthermore, the resulting bifurcation diagram included quite complex dynamics

(also quasi-periodic and chaotic attractors), which were by no means similar to

the dynamical behavior along the specific orbit that provided the snapshots. This

opens an impressive amount of possible strategies to construct complex bifurcation

diagrams in a fairly inexpensive way. Indeed, the ROM-based computation of some

bifurcation diagrams presented in the thesis was up to 20 times faster than when a

standard numerical method was used.

• Snapshots could be calculated by a quite rough time dependent solver, with a fairly

large time step, which would not provide an acceptable approximation of the time

dependent evolution of the solution. In spite of this, the resulting snapshots turned

out to be good enough to construct an efficient ROM.

• Snapshots could be even computed from numerical runs on partial differential equa-

tions different from the one that was being considered.

The conclusions resulting from the three improvements above (and the consequences)

suggest that the construction of the POD manifold is much more flexible than the actual
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ROM resolution of the equation, which is performed in the Galerkin projection stage of

the LPOD+GP method. Also, they could be seen as somewhat surprising, especially in

comparison with current means to calculate snapshots in bifurcation problems. Namely,

snapshots are always computed using a good CFD solver and are recalculated for each

specific bifurcation through various time dependent runs near the bifurcation point that is

being considered. Here, instead, a unique time dependent run is performed for the whole

bifurcation diagram (which includes a large number of essentially different, fairly complex

bifurcations) and the numerical code can be chosen with great flexibility. These ideas

have been fully combined with those implicit in the LPOD+GP method to construct an

adaptive tool for the calculation of bifurcation diagrams, which is able to (i) update the

POD manifold as the bifurcation parameter is increased and (ii) check the validity of the

approximation.

The results in this thesis could be completed in various ways, which will be the object

of future research.

• The developed ideas could be used to accelerate the CFD calculation of steady

states as attractors of instrumental time dependent formulations, as done in the

computation of steady aerodynamic fields around commercial aircrafts via RANS

equations.

• Residual modes have been used to update the PODmanifold only in one-dimensional

problems, such as the complex Ginzburg-Landau equation. The extension to more

involved, higher dimensional problems is conceptually similar but its implementation

is, in principle, quite dependent on both the specific problem and the CFD solver,

especially regarding the computational cost. Developing generic ways of construct-

ing residual modes for general time dependent systems would be possible noticing

that, in the end, these modes should result from performing one time iteration with

the considered CFD solver.

• The way of updating the POD manifold in the adaptive methods constructed in the

thesis could be improved in order to produce a more drastic reduction of the manifold

dimension, when possible. This could be done by performing POD decompositions

and further truncations to the sets of mode amplitudes resulting from the integration

of the ROM itself. Such POD decompositions would be quite computationally

efficient and should provide a better adaptation of the POD manifold when the

dynamics are highly intermittent, as it happens, e.g., in the lid-driven cavity problem

at higher values of the Reynolds number than those considered in this thesis.
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• The adaptive method developed in §6.3 to treat bifurcation problems must be con-

sidered as a preliminary algorithm. Constructing a more elaborate and generic tool

would allow to speed up computations of bifurcation diagrams for a wide class of

systems arising in scientific and industrial applications.

• Combining the ideas in the present thesis with multiscale descriptions of flow fields

would highly increase the computational efficiency (both decreasing the CPU time

required by the ROM and decreasing the number of necessary POD modes). This

will be quite useful to simulate dynamics exhibiting a spatio-temporal intermittent

behavior and also to handle complex spatio-temporal patterns in extended pattern-

forming systems.

• Actual industrial problems have been mimicked in some cases, but not really consid-

ered. Dealing with such problems involves several difficulties whose treatment is far

beyond the scope of the thesis. Customizing the ideas and methods analyzed in the

present work in order to cope with this challenge will be a step further in the already

mentioned intention of developing computationally inexpensive, yet sufficiently ro-

bust, flexible, and accurate, ROMs to be used in real industrial environments.



APPENDIX

A

The CFD codes

In this appendix, the main features of the solvers used in chapter 4 to provide the

necessary CFD simulations of the (regularized) unsteady LDCP are briefly introduced.

References cited in each section below can be examined for further details on the algo-

rithms, both of which were implemented by FORTRAN90 programs.

A.1 The finite differences code

The CFD solver considered in §4.1 results from the spatial discretization of a second-

order, fractional-step method (Armfield & Street, 2002), which approximates the time

evolution of (1.4)–(1.7) from tk to tk+1 = tk + δt as

vk+1
∗ − vk

δt
= −3f (vk)− f(vk−1)

2
−∇pk +

(∂2xx + ∂2yy)(v
k+1
∗ + vk)

2Re
, (A.1)

(∂2xx + ∂2yy)p
k+1
∗ =

1

δt
∇ · vk+1

∗ , (A.2)

vk+1 − vk+1
∗

δt
= −∇pk+1

∗ , pk+1 = pk + pk+1
∗ , (A.3)

vk+1
∗ + vk = 0 , ∇pk+1

∗ · n = 0 at y = 0 and x = 0, 1 , (A.4)

vk+1
∗ + vk =

(
(hk+1 + hk)g(x), 0

)
, ∇pk+1

∗ · n = 0 at y = 1 , (A.5)

where δt is the time step, f (v) = (v · ∇)v accounts for the convective term in the

momentum equation (1.5), n denotes the outward unit normal, and the superscript k

indicates evaluation of the corresponding variable or function at time instant tk. Note

that v∗ and p∗ (obtained by solving (A.1) and (A.2)) are approximations of the velocity

field and the pressure function (the former generally not satisfying continuity), which are
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finally corrected through equations in (A.3). An unphysical Neumann boundary condition

is imposed on the pressure in order to solve the Poisson-like equation (A.2).

Spatial discretization is performed on three staggered grids, like those sketched in

figure A.1. The vx-mesh and vy-mesh (which exhibit m× (m−1) and (m−1)×m points,

respectively) are used to discretize the x and y components of (A.1) and the first equation

in (A.3); the p-mesh, formed by (m−1)× (m−1) points, is considered to discretize (A.2)

and the second equation in (A.3). First-order and second-order spatial derivatives are

approximated by second-order finite differences, taking into account boundary conditions

(A.4)–(A.5). In each staggered grid, those flow variables that are defined on a different

mesh are approximated by an average value based on their counterparts in the (either

two or four) neighboring points where such variables are known. Thus, discretizing the

right-hand side of (A.1) at each selected point requires using ten nearby points.

Finally, the following approximation is applied to equation (A.1)

I− δt
∂2xx + ∂2yy

2Re
�
(
I− δt∂

2
xx

2Re

)(
I− δt∂

2
yy

2Re

)
, (A.6)

where I stands for the unit operator. Thus, an unphysical fourth-order term is added,

producing a correction that is negligible outside a small spurious boundary layer near the

cavity walls, provided that δt/Re is small (which generally holds).

Figure A.1: Left: vx-mesh (plain circles), vy-mesh (filled circles), and p-mesh (crosses) in the

cavity domain Ω = [0, 1] × [0, 1]; the three staggered grids contain m × (m − 1), (m − 1) ×m,

and (m−1)× (m−1) points, respectively, with m = 16. Right: blow-up of a generic elementary

cell.



A.1. The spectral code 105

The resulting numerical scheme is finally written as(
I− δtL1

2Reδ2s

)
(vk+1

∗ − vk) = δt
2L1v

k + (hk + hk+1)G

2Reδ2s
− δtL3p

k

δs

− δt
3F (vk) + 3hkL2v

k − F (vk−1)− hk−1L2v
k−1

2δs
, (A.7)

L4p
k+1
∗

δs
=

L5v
k+1
∗

δt
,

vk+1 − vk+1
∗

δt
= −L3p

k+1
∗

δs
, pk+1 = pk + pk+1

∗ , (A.8)

where δs = 1/(m− 1) and I stands for the unit matrix. The actual form of the matrices

L1, . . . ,L5, the vector G (which accounts for the nonhomogeneous boundary condition),

and the quadratic vector function F (which accounts for the convective terms) is omitted

for the sake of brevity. Note that the notation used in (A.1)–(A.5) for the velocity field

coincides with the one considered in (A.7)–(A.8) for its spatial discretization. The time

dependent terms in the right-hand side of (A.7) are due to the effect of the boundary

conditions in the convective and diffusive terms. Hence, both L2 and G vanish at all

mesh points except for those in the outer lines of the staggered grids.

Now it is interesting to observe that in (A.1)–(A.5) the continuity equation∇·vk+1 = 0

is satisfied well because |vk+1
∗ − vk+1| is small. This means (adding (A.1) and the first

equation in (A.3)) that the method is an approximation of the following Crank-Nicolson

scheme (Cebeci, 2002)

∇ · vk+1 = 0 , (A.9)

vk+1 − vk

δt
= −3f(vk)− f(vk−1)

2
−∇pk+1 +

(∂2xx + ∂2yy)(v
k+1 + vk)

2Re
, (A.10)

vk+1 = 0 at y = 0 and x = 0, 1 , vk+1 =
(
hk+1g(x), 0

)
at y = 1 . (A.11)

Assuming that (A.9) holds, equations (A.10)–(A.11) can be spatially discretized as(
I− δtL1

2Reδ2s

)
(vk+1 − vk) = δt

2L1v
k + (hk + hk+1)G

2Reδ2s
− δtL3p

k+1

δs

− δt
3F (vk) + 3hkL2v

k − F (vk−1)− hk−1L2v
k−1

2δs
, (A.12)

in a similar way as above.

A.2 The spectral code

The spectral code considered in §4.2 is based on the EVD4 algorithm detailed in the

appendix B of the work by Theofilis (2003), extended to deal with nonhomogeneous time
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dependent boundary conditions as (1.10). This section just pretends to give an idea of

the method. Before that, the spatial and temporal discretizations of the (regularized)

unsteady LDCP implemented in the solver are briefly recalled, since they slightly differ

from their counterparts in Theofilis (2003).

The dimensionless streamfunction-vorticity formulation (1.8)–(1.9) of the problem is

taken into account, together with the boundary conditions (1.10) on the streamfunction

and its derivatives. The equations are spatially discretized using a Chebyshev collocation

spectral method on a mesh of collocation points defined as follows. Two sets of Chebyshev-

Gauss-Lobatto points

ξi = cos

(
π i

nx

)
, i = 0, . . . , nx , (A.13)

ηj = cos

(
πj

ny

)
, j = 0, . . . , ny , (A.14)

are given in −1 ≤ x ≤ 1 and −1 ≤ y ≤ 1, respectively, and then linearly mapped by

xi = 0.5 + 0.5 ξi , i = 0, . . . , nx , (A.15)

yj = 0.5 + 0.5 ηj , j = 0, . . . , ny , (A.16)

onto the intervals 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1, respectively, yielding a mesh on the

domain of the problem. Spatial derivation is accomplished in the physical space via

matrix multiplication by the Chebyshev collocation derivative matrices. The elements of

the first-order collocation matrix related to points (A.13) can be given by

(
D̂(1)

x

)
jl

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

δl
δj

(−1)j+l

ξj − ξl
, j �= l ,

−
nx∑

i=0, i �=j

δi
δj

(−1)j+i

ξj − ξi
, j = l ,

(A.17)

with δl = 1/2 if l = 0 or nx, and δl = 1 otherwise, while those of the second-order

collocation matrix can be obtained by

(
D̂(2)

xx

)
jl

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2
(
D̂

(1)
x

)
jl

((
D̂

(1)
x

)
jj
− 1
ξj − ξl

)
, j �= l ,

2
(
D̂

(1)
x

)2
jl
+ 2

nx∑
k=0, k �=j

(
D̂

(1)
x

)
jk

1
ξj − ξk

, j = l .
(A.18)

The previous expressions (Canuto et al., 2006) are seen to reduce the round-off errors

compared with other alternative formulas. Then, first-order and second-order derivatives
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with respect to x of a flow variable discretized at points (xi, yj), which is a matrix of

dimension (nx + 1) × (ny + 1), are computed via left multiplication by Dx = 2 D̂
(1)
x and

Dxx = 4 D̂
(2)
xx , respectively. On the other hand, those with respect to y are computed via

right multiplication by the transpose of the counterparts Dy and Dyy, respectively.

Temporal integration is based on an implicit treatment of the linear part of the equa-

tions; the nonlinear terms are instead explicitly handled. The third-order three-substep

SMR method proposed by Spalart et al. (1991) is used, in which the iteration from tk to

tk+1 = tk + δt for the general problem (2.1) is written as

Mq′ = Mqk + δt
[
L(α1q

k + β1q
′) + γ1 f (q

k, tk, μ)
]
, (A.19)

Mq′′ = Mq′ + δt
[
L(α2q

′ + β2q
′′) + γ2 f (q

′, t′, μ) + ζ1 f (q
k, tk, μ)

]
, (A.20)

Mqk+1 = Mq′′ + δt
[
L(α3q

′′ + β3q
k+1) + γ3 f (q

′′, t′′, μ) + ζ2 f (q
′, t′, μ)

]
, (A.21)

where δt is the time step, the values of the intermediate time instants are deduced for

consistency as t′ = tk +
8
15
δt and t′′ = tk +

2
3
δt, and all parameters are chosen in order

to achieve the desired accuracy and the stability of the scheme. Sample values of such

constants for a self-starting algorithm as well as some remarks on the appropriate time

step size can be found in Spalart et al. (1991).

According to the introduced discretization and the EVD4 algorithm, the following cou-

pled problems need to be solved for (ω,ψ) (the matrices representing the discretized flow

variables at the collocation points) in the three substeps of the SMR scheme (Theofilis,

2003)

First substep

Dxxω
′ + ω′D�

yy −
Re

β1δt
ω′ = − Re

β1δt
ωk − α1

β1

(
Dxxω

k + ωkD�

yy

)
+ Re

γ1
β1

N k + G
k
1 ,

D̃xxψ
′ +ψ′D̃�

yy = −ω′ + G
′

2 , (A.22)

Second substep

Dxxω
′′ + ω′′D�

yy −
Re

β2δt
ω′′ = − Re

β2δt
ω′ − α2

β2

(
Dxxω

′ + ω′D�

yy

)
+ Re

γ2
β2

N ′ + Re
ζ1
β2

N k + G
′

1 ,

D̃xxψ
′′ +ψ′′D̃�

yy = −ω′′ + G
′′

2 , (A.23)
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Third substep

Dxxω
k+1 + ωk+1D�

yy −
Re

β3δt
ωk+1 = − Re

β3δt
ω′′ − α3

β3

(
Dxxω

′′ + ω′′D�

yy

)
+ Re

γ3
β3

N ′′ + Re
ζ2
β3

N ′ + G
′′

1 ,

D̃xxψ
k+1 +ψk+1D̃�

yy = −ωk+1 + G
k+1
2 , (A.24)

where the superscript � stands for the transpose, N accounts for the nonlinear terms in

(1.9), D̃xx and D̃yy are the second-order collocation derivative matrices modified after

imposing all boundary conditions (see (1.10)), G1 comes from the values of the discrete

Laplace operator applied to the vorticity at the boundary collocation points, and G2

accounts for the nonhomogeneous boundary condition of the problem. Note that, in

each substep, (i) the first equation is considered at the inner collocation points only, (ii)

the second one is restricted to the grid points (xi, yj) such that i = 2, . . . , nx − 2 and

j = 2, . . . , ny − 2, and (iii) all boundary conditions and the discretized equation (1.8)

are taken into account in order to compute the values of ψ and ω at the remaining

collocation points, where their values have not been calculated from the two Poisson-

like equations. Now, due to the nature of the Chebyshev collocation method, these

are defined by dense matrices. Hence, efficiency can only be achieved through a fast

technique for their inversion. The core of the EVD4 algorithm is the application of the

eigenvalue decomposition to diagonalize the four matrices Dxx(1 : nx − 1, 1 : nx − 1),

D�
yy(1 : ny −1, 1 : ny −1), D̃xx(2 : nx−2, 2 : nx−2), and D̃�

yy(2 : ny −2, 2 : ny −2), which

allows to compute the values of the flow variables in each substep by solving systems of

algebraic equations (see the appendix B of Theofilis (2003) for all the details).

Thus, the introduced spectral code turns out to be highly efficient and fast from the

computational point of view. As an example, the CPU time required to time integrate

the regularized LDCP with steady forcing (see §1.2) in the interval 0 < t ≤ 10 is shown in

table A.1. Results refer to Re=400 (see the streamlines of the corresponding steady state

solution in figure A.2) and different mesh sizes (together with a suitable time step), and

were obtained by running the simulations on a Intel� CoreTM2 Duo Processor (3.16GHz)

workstation.

The accuracy of the EVD4 solver is briefly illustrated by comparing some results with

those obtained by other authors with different Chebyshev collocation spectral algorithms

for the same problem. First of all, the values of the following three characteristic flow

quantities are calculated for the steady state solutions at Re=100 and Re=400, with

different grid sizes.
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x

y

10

1

Figure A.2: Streamlines of the steady state solution at Re=400.

mesh size CPU time (sec)

17× 17 4.7

25× 25 15.3

33× 33 35.5

49× 49 116.9

65× 65 556.5

97× 97 5886.5

Table A.1: CPU time required by the spectral solver to time integrate in 0 < t ≤ 10 the

regularized LDCP with steady forcing at Re=400, when using different mesh sizes.

• M1 = max |ψ(xi, yj)| , on the inner collocation points;

• M2 = max |ω(xi, yny
)| , on the upper boundary collocation points;

• M3 = max |ωinterp(xs, 1)| , on the points xs of the upper boundary, where the steady

state vorticity is interpolated 1 (ωinterp represents the interpolated solution) .

Tables A.2 and A.3 show the comparison with the results found by Botella (1997). Observe

that, regarding the values ofM1 andM2, the agreement is fairly good, even if the evolution

of such quantities as the spatial resolution increases is not the best indication of the

convergence of the solution. Indeed, especially M2 is quite sensitive due to the strong

1Interpolation is performed by natural cubic splines on 201 equally spaced points xs along the upper

boundary.
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variation of the vorticity (close to the upper boundary) and the nonuniform distribution

of the Chebyshev collocation points. The values of M3, which is a better convergence

index, also exhibit a good agreement (for a sufficient number of collocation points) and

reveal that a 33×33 mesh is suitable to describe well the flow at the considered Reynolds

numbers (the relative difference between the value of M3 computed by a 33 × 33 mesh

and a 41× 41 mesh is smaller than 4 · 10−5).

mesh size M1 M1

EVD4 code Botella (1997)

25× 25 8.3315E − 02 8.3315E − 02

33× 33 8.3402E − 02 8.3402E − 02

41× 41 8.3595E − 02 −
mesh size M2 M2

EVD4 code Botella (1997)

25× 25 13.4227 13.4226

33× 33 13.3422 13.3423

41× 41 13.4433 −
mesh size M3 M3

EVD4 code Botella (1997)

25× 25 13.4443 13.4446

33× 33 13.4441 13.4448

41× 41 13.4446 13.4447

Table A.2: Comparison of the characteristic flow quantities M1, M2, and M3 computed by the

EVD4 code with those appearing in Botella (1997) at Re=100 for different spatial resolutions.

A steady state flow configuration is characterized by the magnitude and the location of

the centers of the vortices developing inside the cavity, according to the Reynolds number.

Thus, a further test consists in checking the accuracy of the EVD4 code when approxi-

mating what follows.

• The center (xc, yc) of the primary vortex, defined as the location of the minimum

value of the streamfunction, and its magnitude ψc = ψ(xc, yc);

• The centers (xs1 , ys1) and (xs2 , ys2) of the secondary vortices, defined as the loca-
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mesh size M1 M1

EVD4 code Botella (1997)

25× 25 8.5715E − 02 8.5716E − 02

33× 33 8.5481E − 02 8.5480E − 02

41× 41 8.5897E − 02 −
mesh size M2 M2

EVD4 code Botella (1997)

25× 25 24.9556 24.9157

33× 33 24.7845 24.7845

41× 41 24.8627 −
mesh size M3 M3

EVD4 code Botella (1997)

25× 25 24.9545 24.9148

33× 33 24.9100 24.9111

41× 41 24.9104 24.9109

Table A.3: Counterpart of table A.2 for Re=400.

tions of the maximum values of the streamfunction, and their magnitudes ψs1 =

ψ(xs1 , ys1) and ψs2 = ψ(xs2 , ys2).

In order to find the mentioned locations, the numerical solution for ψ is interpolated by

natural cubic splines on a 1001×1001 uniform mesh. The obtained results are satisfactory

as shown in table A.4, where the comparison with the work by Shen (1991) is stressed. It

is worth noting that slight discrepancies may be due to a different form of interpolating

the computed solutions.
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Re parameter EVD4 code Shen (1991)

100 (xc, yc) (0.608, 0.755) (0.609, 0.750)

ψc −8.3688E − 02 −8.368E − 02

(xs1, ys1) (0.036, 0.036) (0.031, 0.031)

ψs1 1.2669E − 06 1.3987E − 06

(xs2, ys2) (0.954, 0.050) (0.953, 0.047)

ψs2 4.8878E − 06 4.6676E − 06

400 (xc, yc) (0.579, 0.617) (0.578, 0.625)

ψc −8.5406E − 02 −8.584E − 02

(xs1, ys1) (0.042, 0.044) (0.031, 0.047)

ψs1 4.6372E − 06 6.3146E − 06

(xs2, ys2) (0.902, 0.114) (0.922, 0.094)

ψs2 2.4685E − 04 1.9774E − 04

Table A.4: Comparison of the magnitude and the location of the centers of primary and

secondary vortices computed by the EVD4 code with those appearing in Shen (1991) at Re=100

and Re=400, with a 17× 17 collocation mesh.
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