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AERONÁUTICOS

Efficient numerical methods for global

linear instability. Analysis and modeling

of non-orthogonal swept

attachment-line boundary layer flow

Doctoral Thesis

By
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M.Sc. Physics

Madrid, Septiembre 2012



This page intentionally left blank



Efficient numerical methods for global linear instability. Analysis and modeling of
non-orthogonal swept attachment-line boundary layer flow

THESIS

Efficient numerical methods for global linear
instability. Analysis and modeling of non-orthogonal

swept attachment-line boundary layer flow
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Abstract

The aim of this thesis is to study the mechanisms of instability that occur in swept wings when the
angle of attack increases.

For this, a simplified model for the a simplified model for the non-orthogonal swept leading edge
boundary layer has been used as well as different numerical techniques in order to solve the linear
stability problem that describes the behavior of perturbations superposed upon this base flow. Two
different approaches, matrix-free and matrix forming methods, have been validated using direct
numerical simulations with spectral resolution.

In this way, flow instability in the non-orthogonal swept attachment-line boundary layer is ad-
dressed in a linear analysis framework via the solution of the pertinent global (Bi-Global) PDE-based
eigenvalue problem. Subsequently, a simple extension of the extended Görtler-Hämmerlin ODE-
based polynomial model proposed by Theofilis, Fedorov, Obrist & Dallmann (2003) for orthogonal
flow, which includes previous models as particular cases and recovers global instability analysis
results, is presented for non-orthogonal flow. Direct numerical simulations have been used to verify
the stability results and unravel the limits of validity of the basic flow model analyzed.

The effect of the angle of attack, AoA, on the critical conditions of the non-orthogonal problem
has been documented; an increase of the angle of attack, from AoA = 0 (orthogonal flow) up to
values close to π/2 which make the assumptions under which the basic flow is derived questionable,
is found to systematically destabilize the flow. The critical conditions of non-orthogonal flows at
0 ≤ AoA ≤ π/2 are shown to be recoverable from those of orthogonal flow, via a simple analytical
transformation involving AoA.

These results can help to understand the mechanisms of destabilization that occurs in the
attachment line of wings at finite angles of attack. Studies taking into account variations of the
pressure field in the basic flow or the extension to compressible flows are issues that remain open.
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Abstract: Spanish version

El objetivo de esta tesis es estudiar los mecanismos de la inestabilidad que se producen en ciertos
dispositivos aerodinámicos cuando se aumenta el ángulo de ataque.

Para ello se ha utilizado un modelo simplificado del flujo de base, aśı como diferentes técnicas
numéricas, con el fin de resolver el problema de estabilidad lineal asociado que describe el com-
portamiento de las perturbaciones. Estos métodos; sin y con formación de matriz, se han validado
utilizando simulaciones numéricas directas con resolución espectral.

De esta manera, la inestabilidad del flujo de capa ĺımite laminar oblicuo entorno a la ĺınea de
estancamiento se aborda en un marco de análisis lineal por medio del método Bi-Global de re-
solución del problema de valores propios en derivadas parciales. Posteriormente se propone una
extensión simple para el flujo no-ortogonal del modelo polinomial de ecuaciones diferenciales ordi-
narias, Görtler-Hämmerlin extendido, propuesto por Theofilis et al. (2003) para el flujo ortogonal,
que incluye los modelos previos como casos particulares y recupera los resultados del analisis global
de estabilidad lineal. Se han realizado simulaciones directas con el fin de verificar los resultados
del análisis de estabilidad aśı como para investigar los ĺımites de validez del modelo de flujo base
utilizado.

En este trabajo se ha documentado el efecto del ángulo de ataque AoA en las condiciones cŕıticas
del problema no ortogonal obteniendo que el incremento del ángulo de ataque, de AoA = 0 (flujo
ortogonal) hasta valores próximos a π/2, en el cual las hipótesis sobre las que se basa el flujo base
dejan de ser válidas, tiende sistemáticamente a desestabilizar el flujo. Las condiciones cŕıticas del
caso no ortogonal 0 ≤ AoA ≤ π/2 pueden recuperarse a partir del caso ortogonal mediante el uso
de una transformación anaĺıtica simple que implica el ángulo de ataque AoA.

Estos resultados pueden ayudar a comprender los mecanismos de desestabilización que se pro-
ducen en el borde de ataque de las alas de los aviones a ángulos de ataque finitos. Como tareas
pendientes quedaŕıa realizar estudios que tengan en cuenta variaciones del campo de presión en el
flujo base aśı como la extensión de éste al caso de flujos compresibles.
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Chapter 1

Introduction

Scientific and industrial motivation that justify this work are argued in this section.

1.1 General Objectives

The aerodynamic bodies are surrounded by a thin boundary layer in which the velocity of the fluid
drops to zero on the solid surface. Viscous effects are important inside the boundary layer while
the flow outside of this is potential.

Boundary layers can be either laminar or turbulent, depending on the smooth or rough fields
of flow variables. A way of discerning if the boundary layer is laminar or turbulent is by looking
to the Reynolds number based on local flow properties. This dimensionless number is the ratio
between inertial and viscous forces. Turbulent flows correspond to high Reynolds number while
laminar flows correspond to small Reynolds number.

For sufficiently low Reynolds number and under favorable conditions; lifting bodies, small angles
of attack, etc. the boundary layer is laminar and stable. However, the increased or the fluid inertia,
or changes in the aforementioned parameters tend to destabilize or destroy this. Moreover, even
when the boundary layer is stable, this can develop downstream over the body surface in different
ways, depending on certain characteristic physical parameters.

Two mechanisms tend to alter the laminar boundary layer; (a) hydrodynamic instabilities and
(b) separation. In the first case the boundary layer transitions to a turbulent flow through the growth
of small initial instabilities. In the later, separation occurs when the boundary layer encounters an
adverse pressure gradient strong enough. In that case, the flow becomes detached from the body
surface and forms eddies and vortices. In general, flow separation generates an increase of the
pressure drag and a decrease of lift force. In the same way transition, from laminar to turbulent
flows, increases the friction coefficient.

Therefore, the transition process has important consequences in the performance of the aero-
dynamic devices. Thus, for example, the boundary layer transition near the attachment line in
swept wings is important in order to control the flow behavior downstream on the wing surface;
understanding of this mechanism is necessary for the accurate prediction of fluid variables and
aerodynamic parameters and then it may help to improve the performance of aircraft.

For these reasons, a great effort has been developed in the last decades with the aim of delaying
flow transition, trying to maintain the flow laminar as far along the wing chord as possible. This

15



16 CHAPTER 1. INTRODUCTION

problem, important in the case of lifting bodies, is even more important in blunt bodies, where
both, angle of attack and geometry, produce separated flows and transition.

As shown in many studies, the behavior of the flow in the attachment line in swept wings
depends strongly on the Reynolds number defined from the velocity along the wingspan. For this
reason, some authors have developed different devices with the aim of delaying the transition. So
for example, Gaster (1965) proposed to place a bump in the wing-fuselage junction with the aim
of slowing down the sweep flow over the wing surface. Other authors have chosen to apply suction
mechanism through the wing surface. Despite the good results obtained with these devices, even
today a more deeper understanding of this physical mechanism is needed in order to adopt more
efficient strategies.

The study of these phenomena using different computational techniques is the subject of this
thesis. For this purpose, modal stability study will be used in the two different alternatives present
in the literature; a matrix-free method in which a time-stepping algorithm is used and matrix-
forming method, in which the eigenvalue problem that arises in the context of stability analysis is
solved by explicitly forming the matrix corresponding to the spatial discretization of the linearized
Navier-Stokes equations and iteratively analyzing its eigenspectrum.

A more detailed description of the problem is given in the following section.

1.2 Attachment line flow

Plane stagnation flows are commonly employed models to describe flow in the vicinity of the leading
edge of cylinders and airfoils in the limit of vanishing curvature. Plane stagnation point flow, formed
when a uniform flow impinges on a flat plate at right angles to the surface, is described by the
classic (orthogonal, unswept) Hiemenz (1911) boundary layer, which is an exact solution of the
incompressible continuity and Navier-Stokes equations (Schlichting, 1979). Customarily, Hiemenz
flow is defined on the plane Oxy, where x is the chord-wise and y is the wall-normal spatial direction,
the free-stream velocity component being −V∞, as schematically depicted in Figure 2.1. Stagnation
line flow arises when a constant free-stream velocity component, W∞, is also introduced along the
spanwise direction, represented by the z-axis in Figure 2.1 and resulting in a fully three-dimensional
boundary layer, which is also an exact solution of the incompressible equations of motion. This so-
called infinite swept attachment line boundary layer flow is widely accepted as a model describing
incompressible flow in the vicinity of the the windward face of swept cylinders and airfoils at
high Reynolds numbers (Rosenhead, 1963). The limitations of this flow model are encountered
when compressibility or curvature are introduced. Stagnation line flow, in which the sweep angle
Λ may be defined through the external free-stream velocity components, Λ ≡ arctan (W∞/V∞),
is anti-symmetric as far as the chordwise boundary-layer velocity component is concerned, and
symmetric as regards the wall-normal and spanwise velocity components inside the boundary layer.
The symmetry of orthogonal plane stagnation flows is broken when a non-zero chordwise free-
stream velocity component U∞ exists and defines the angle of attack, AoA ≡ arctan (U∞/V∞).
Non-orthogonal stagnation point flow, defined by the existence of U∞, V∞ 6= 0 and W∞ = 0, has
independently been re-discovered in a space of thirty years by Stuart (1959), Tamada (1979) and
Dorrepaal (1986), and will be referred to as STD flow in what follows. Non-orthogonal stagnation
line flow arises on account of three non-zero free-stream velocity components, U∞, V∞,W∞ 6= 0,
as schematically shown in Figure 2.1. A compressible non-orthogonal stagnation line flow model
valid at small Mach numbers has been first presented by Lasseigne & Jackson (1992). More realistic
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models of boundary layer flow in the vicinity of swept leading edges have been studied by Lin &
Malik (1997), who introduced curvature effects in the incompressible orthogonal swept attachment
line boundary layer, while compressible laminar steady states pertinent to orthogonal stagnation
flows have been obtained by direct numerical simulation in the neighborhood of swept cylinders
of circular (Collis & Lele, 1999), elliptic (Xiong & Lele, 2007) and parabolic (Mack, Schmid &
Sesterhenn, 2008) cross-sections.

The vast majority of both theoretical and experimental work as regards instability of plane stag-
nation flows has been performed in the orthogonal limit. Summarized next are only facts related
with the present work. Early experimentation (Gray, 1952) detected boundary layer transition on
swept wings with laminar airfoils, which was found to move toward the attachment line direction
when the sweep angle was increased. The associated instability was attributed to a crossflow mech-
anism (Gaster, 1967; Pfenninger & Bacon, 1969) while Poll (1979) postulated that there exists a
clear distinction between attachment line and crossflow instabilities, for which viscous and invis-
cid processes are responsible, respectively. In addition, in the experiments of both Pfenninger &
Bacon (1969) and Poll (1979) a critical Reynolds number, Re ≈ 245, was obtained when finite-
amplitude perturbations were used to drive the transition process. This number corresponds to
the lowest value of the Reynolds, below which no linear instability may be observed , see Joslin
(1996a). Modeling of attachment-line instability in the limit of orthogonal stagnation point flow,
AoA = Λ = 0, commenced with the classic works of Görtler (1955) and Hämmerlin (1955). These
authors postulated that linear perturbations inherit the symmetries of the basic flow, for which
the chordwise velocity component inside the boundary layer is a linear function of the chordwise
coordinate, while the wall-normal perturbation velocity component is only a function of the wall-
normal spatial coordinate. A stable mode was obtained with this formulation. Later, Wilson &
Gladwell (1978) showed that there exist two types of linear stability modes in stagnation point flow;
those that decay algebraically in the wall-normal direction and others that decay exponentially.
They argued that the former disturbances must be excluded for physicals reasons and showed that
exponentially decaying modes are always stable, in line with the earlier predictions. Still within
the realm of linear theory, Brattkus & Davis (1991) discussed an expansion of arbitrary distur-
bances in Hermite polynomials of the chordwise coordinate; they obtained linear stable flows in
which the modes postulated by Görtler-Hämmerlin (GH) were the least damped. Finally, Lyell &
Huerre (1985) addressed both linear and nonlinear instability of plane stagnation point flow and
showed that, while linearly stable this flow can become nonlinearly unstable to three-dimensional
perturbations, a result which was later corroborated in the direct numerical simulation of Spalart
(1988b). Regarding linear instability of orthogonal plane stagnation line flow, the work of Hall,
Malik & Poll (1984) extended the unswept Hiemenz basic flow model for stagnation point flow to
incorporate a constant spanwise velocity component. The GH model for the linear perturbations,
extended to the third, spanwise perturbation velocity component was incorporated in the analysis,
which showed that the incompressible stagnation line flow becomes linearly unstable for a critical
Reynolds number Re ≈ 583.1, a result confirmed experimentally in the same work and also by
solving the initial-value problem for linear perturbations (Theofilis, 1993); work in this context
was completed by the solution of the corresponding spatial stability eigenvalue problem (Theofilis,
1995). Criminale, Jackson & Lasseigne (1994), recognizing the impossibility of treating the stability
problem by normal modes having one-dimensional amplitude functions in the general case in which
no special structure on their dependence on the spatial coordinates is assumed, also addressed the
initial-value problem in the inviscid limit; they found that two-dimensional plane stagnation flow is
stable, as opposed to its three-dimensional counterpart in which linear instability may develop. The
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first three-dimensional direct numerical simulation (DNS) of incompressible stagnation line flow by
Spalart (1988b) delivered a number of important results: Firstly, stagnation point flow was found to
be nonlinearly stable. Secondly, the GH structure of the most unstable eigenmodes was recovered
in a DNS initialized by noise. Finally, finite-amplitude perturbations delivered a critical Reynolds
number of Re ≈ 245, that is substantially lower than that delivered by linear stability theory. In
this manner, both the experimental results of Pfenninger & Bacon (1969) and Poll (1979) and the
theoretical predictions of Lyell & Huerre (1985) regarding nonlinear instability of unswept flow were
fully confirmed.

Global linear instability analysis was also first performed in the orthogonal limit. Lin & Malik
(1996) were the first to go beyond the apparently restrictive Görtler-Hämmerlin Ansatz assumption
and perform a modal linear stability analysis of the incompressible stagnation line flow without being
conditioned by this hypothesis. The leading GH eigenmodes of the earlier local analyses were recov-
ered as the most amplified global modes, while additional eigenmodes were discovered, which are less
amplified than that discovered by Hall et al. (1984). Lin & Malik (1997) went on to analyze by global
linear stability theory the effect of streamwise curvature and concluded that it stabilizes the flow,
thus offering additional motivation to analyze the stability of plane stagnation flows first. Theofilis
et al. (2003) also performed global instability analysis and DNS of the incompressible swept Hiemenz
flow, fully confirming the existence of the sequence of the global modes predicted by Lin & Malik
(1996), and proposed a polynomial model to describe the chordwise dependence of the amplitude
functions of these modes. The polynomial model converts the partial-differential-equation based
global linear instability analysis eigenvalue problem (EVP) into an ordinary-differential-equation
based one, without loss of physical information in the linear regime. Bertolotti (1999) dealt with
the problem of connection between attachment-line instabilities and stationary crossflow vortices,
the latter observed in the DNS of Spalart (1988b), using a parabolized stability equations formula-
tion, and showed that these two classes of disturbances are connected with one-another. Recently
Mack et al. (2008), using DNS-based global stability analysis of the compressible swept leading-edge
flow around a parabolic body, confirmed that a connection between attachment-line and crossflow
modes exists also in compressible flow. Evidence is thus amassed against the separation between
attachment-line and stationary crossflow modes, postulated in earlier descriptions of stagnation line
flow instabilities. The global instability analysis problem in compressible swept attachment-line
boundary layer flow was first solved by Theofilis, Fedorov & Collis (2006), who also presented an
ordinary-differential-equation based eigenvalue-problem model, the results of which compared fa-
vorably with the global eigenvalue problem solutions in the subsonic regime. More recently, Mack
et al. (2008); Mack & Schmid (2010b) studied the global stability of flow in the leading-edge region
of a swept blunt cylindrical body of infinite span in compressible flow using DNS-based global sta-
bility analysis. Besides confirming the connection between attachment-line and crossflow modes,
these authors also identified acoustic branches of instability and found evidence of the presence of
non-modal instability effects in compressible orthogonal stagnation line flows.

Finally, receptivity and non-modal linear instability analyses have also been performed in the or-
thogonal stagnation line flow limit. Receptivity has been addressed by Floryan & Dallmann (1990),
who studied the effect of wavy-surface roughness on linear amplification of modal perturbations
satisfying the GH Ansatz in incompressible flow and found that this type of roughness generates
streamwise vorticity. Xiong & Lele (2007), building upon and extending the vorticity amplification
theory of Sutera (1965), addressed the effect of length-scales of free-stream turbulence on the dis-
tortion and linear amplification of unsteady disturbances inside the swept Hiemenz boundary layer,
and arrived at a parameter relating the free-stream and the inherent boundary layer scales as being
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the determining parameter to describe this phenomenon. Collis & Lele (1999) also investigated
surface roughness, but concentrated on its effect in a region of a parabolic cylinder body where
stationary crossflow vortices are generated and showed that curvature and non-parallel effects were
the major counter-acting competitive mechanisms in order to predict the initial amplitude of the
stationary crossflow vortices. Non-modal effects of incompressible stagnation line flows were ad-
dressed in several efforts during the last decade. Obrist & Schmid (2003) showed that the modes
predicted by linear stability theory can exhibit strong transient growth for polynomial orders higher
than zero, while Guégan, Schmid & Huerre (2008) identified optimal disturbances for the spatial
stability problem.

Substantially less is known regarding stability of the non-orthogonal stagnation flows. In the
incompressible regime Floryan (1992) introduced a perturbation model satisfying an extension of
the GH Ansatz to describe linear stability of the (stagnation point) STD flow, as well as a class
of perturbations which did not assume this Ansatz; he found both classes to be linearly stable.
Lasseigne & Jackson (1992) employed local theory to the compressible non-orthogonal stagnation
line problem at low Mach- and constant Prandtl numbers in order to investigate temperature and
suction effects near the attachment line. These authors proposed a self-similarity solution for the
basic flow based on the STD model, and used the GH Ansatz to describe the most unstable modal
perturbations. Although a priori the presence of AoA 6= 0 prohibits the imposition of symmetries
along the chordwise direction, an angle-independent version of the stability system was recovered
by a suitable scaling with the angle of attack. In subsequent work Lasseigne, Jackson & Hu (1992)
used the same basic flow model to study the effect of suction and heat transfer on the stagnation
line region and found that suction and cooling stabilizes the flow, while to the opposite effect is
caused by blowing and heating.

1.3 Specific Objectives

The present thesis is concerned with the stability behavior of incompressible flow in the leading
edge region of aerodynamic bodies at high angles of attack such as swept attachment line flows
that occurs at the leading edge of aircraft wings when these take off. More precisely, we focus
on the mechanisms that destabilize these flows near the leading edge and propagate downstream
generating transition to turbulence. For this end different techniques applied to a model of this
problem are used in this work. There are few results about the importance of this parameter in the
transition process and its study is a current topic. On the other hand, understanding this transition
mechanism and in particular, the role played by the angle of attack, yields to the improvement of
the the aerodynamics performance of aircraft wings at high angles of attack. The following list
summarizes the main objectives:

1. To develop the tools needed to perform the global (Bi-Global) instability analysis study

2. To reproduce previous results documented in the literature for the orthogonal case

3. To study the effect of the angle of attack on the critical conditions for linear instability

4. To analyze the global eigenvalue problem solution results, and if possible reduce the compu-
tational effort required for their recovery, such that our predictions may be of engineering
utility
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1.3.1 Overview

The present thesis is divided into seven chapters. A general introduction, motivation, overall and
specific goals are given in this chapter.

A detailed description of the problem to be solved is presented in Chapter 2. In this chapter
the basic flow around which the stability analysis will be performed is obtained starting from the
more general version of the Navier-Stokes equations and particularizing this in function of some
characteristic parameters of the problem. For this, the STD basic flow model ((Stuart, 1959),
(Tamada, 1979) and (Dorrepaal, 1986)) is extended to include sweep angle, see Section 2.3.1. This
chapter includes the formulation of the problem including its geometrical description.

Chapter 3 presents an introduction to the linear stability theory. Modal and Non-modal stability
models are described starting from a general point of view. Focusing on the first case, two techniques
are taken into account when solving the eigenvalue problem that arise from the stability analysis:
Matrix free-methods in which the matrix of the eigenvalue problem is not formed and its action on
the vector is obtained by the numerical integration of the linearized equations of the problem, and
matrix-forming methods, in which the matrix is constructed explicitly. In the last case, attention is
focused on spatial stability problems in both local and global models. The classic Orr-Sommerfeld
model for parallel flows, described in the framework of three-dimensional disturbances, is used
as example of local problems. Regarding global models, the attention is focused on the Bi-Global
stability analysis in which the disturbances have homogeneous behavior along one spatial dimension.
This model represents the governing equations of the global linear stability problem to be solved in
this work, see Section 3.1.2.

Chapter 4 presents the numerical methods and algorithms employed in the solution of the
eigenvalue problem (EVP) and the direct numerical simulations. General concepts used in the
spatial discretization are described at the beginning of chapter, Section 4.1. The rest of the chapter
can be divided into two parts according to the methodologies described above. The first part is
devoted to the methods and algorithms used in the linear stability analysis with matrix formation,
Section 4.2. The second part is devoted to the algorithms used in the matrix-free methods, Section
4.3. A new algorithm whose goal is to capture a specific part of the spectrum using matrix-free
methods is proposed in this section. This algorithm will be validated in Chapter 5.

Some preliminary results as well as the validation of the different numerical methods used in
the stability analysis are presented in Chapter 5. For this purpose, cross-validation with direct
numerical codes and comparisons with well known results described in the literature are performed
successfully.

The effect of AoA on the eigenspectrum of non-orthogonal leading-edge boundary layer flow
is presented in Chapter 6. These results were obtained using Bi-Global stability analysis. Based
on these results, a new perturbation model for the perturbations is proposed in which the two-
dimensional system of partial differential equations used in the Bi-Global stability analysis is reduced
to a system of one-dimensional ordinary differential equations. This model is an extension of the
analogous one proposed Theofilis et al. (2003) for the orthogonal case and permits recovery of the
Bi-Global linear instability results in the non-orthogonal swept attachment line boundary layer from
a system of ODE-based linear eigenvalue problems of the Orr-Sommerfeld class. From a physical
point of view, the existence of the ODE-based model permits efficient parametric study of linear
(global) instability of the non-orthogonal flow. It is found that an increase in AoA destabilized
the flow subcritically to the orthogonal case. It should be noted, however, that this destabilization
does not explain the discrepancy between linear and nonlinear instability in the orthogonal flow
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(see (Poll, 1979) and (Theofilis, 1998) for details). Finally, a simple algebraic relationship is found
to relate the linear critical conditions of orthogonal flow with those of the flow at a given value of
AoA. Such an expression should become an invaluable tool for efficient estimation of the state of
the laminar flow, stable or unstable, at any value of AoA.

Finally, the conclusions of this work and some proposals for future work are presented in Chapter
7.
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Chapter 2

Governing equations

In this chapter the problem to be solved is formally defined. This includes the formulation of the
problem, its geometry, some parameters, the equations that govern the basic flow, as well as the
derivation of the laminar flow solution in different limits.

2.1 Navier-Stokes equations

Many physical problems of interest in the field of engineering are described by the Navier-Stokes
equations. Among other applications, they are used in the design of more efficient vehicles and
aircrafts, in oceanographic and meteorological studies, in the prediction of pollutant diffusion, the
motion of blood in the body, in optimization process in the power generation, etc.

These equations are based on the principle of conservation of momentum, given by the Newton’s
Second Law, for Newtonian fluids i.e. fluids in which there is a linear relationship between the strain
and stress tensors. The equations do not provide a complete set of equations and two additional
principles of conservation must be considered. These are the principles of conservation of mass and
energy, where the later is based on the First Law of Thermodynamics.

Additional equations and relationships are necessary in order to close the system, such as the
equation of state as well as the dependence of the fluid viscosity or thermal conductivity with the
temperature. For the later case the Sutherland’s formula are commonly used in the literature while
for the former ideal gases equation state is commonly used.

Mathematically speaking, the compressible Navier-Stokes equations are a set of second order
partial differential equations that can be described as a combination of hyperbolic and parabolic
equations in time. This system has five independent variables, three spatial coordinates x, y and z
and the time t and five dependent variables. Usually these later are the three components of the
velocity vector, u, v and w and two of the following thermodynamic variables; density ρ, pressure
p and temperature T . The relations between these variables is given by the aforementioned state
equation.

These equations for a calorically perfect gas are presented below in conservative from without
proof, for more details see (Batchelor, 2002),

Ut + (F (U)− Fµ (U))x + (G (U)−Gµ (U))y + (H (U)−Hµ (U))z = S , (2.1)

where U is the vector of conserved variables equal to [ρ, ρu, ρv, ρw,E], u, v and w are the fluid

23
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velocity components, p is the thermodynamic pressure, E is the total energy per unit volume, F,
G and H are the inviscid fluxes defined by,

F =


ρu

ρu2 + p
ρuv
ρuw

u (E + p)

 , G =


ρv
ρuv

ρv2 + p
ρvw

v (E + p)

 , H =


ρw
ρuw
ρvw

ρw2 + p
w (E + p)

 . (2.2)

Fµ, Gµ and Hµ are the viscous flux due to viscosity and heat conduction,

Fµ =


0
σxx

σxy

σxz

u σxx + v σxy + w σxz − qx

 , (2.3)

Gµ =


0
σyx

σyy

σyz

u σyx + v σyy + w σyz − qy

 , (2.4)

Hµ =


0
σzx

σzy

σzz

u σzx + v σzy + w σzz − qz

 . (2.5)

where,
σ = µ

(
∇u +∇uT

)
− µ′ (∇ · u) I , (2.6)

is the viscous stress tensor, q = (qx, qy, qz) is the heat transfer, µ is the dynamic viscosity and µ′ is
the second dynamic coefficient. In general the relationship µ′ ≈ −2/3 µ is a good approximation,
except when either the structure of shock waves or the attenuation of acoustic waves are considered.
Usually, Fourier’s law is used for heat transfer by conduction, so that q = −κ∇T , where κ is the
thermal conductivity and T is the temperature. Finally, S is the source term, given by,

S =


0
ρfx

ρfy

ρfz

ρ (fx u+ fy v + fz w) +
∂Q

∂t

 (2.7)

where f ≡ (fx, fy, fz) is the body force per unit volume and Q is the rate of heat produced by unit
volume by external influences. The most common body force is the gravitational in which this force
is equal to the acceleration of gravity vector, g.
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In order to close the system of equations it is necessary to establish relations between the
thermodynamic variables; pressure, density, temperature, internal energy and enthalpy as well as
to to relate the transport properties viscosity and thermal conductivity, with the thermodynamic
variables. Equation for ideal gases and Sutherland’s formulas for viscosity and thermal conductivity
are used for this purpose.

The equation of state for ideal gases is given by p = ρ R T where R is the gas constant1.
This expression is valid when the intermolecular forces is small, for instances this happens at high
pressure of low temperature conditions. The assumption of calorically perfect gas with constant
specific heats, is often considered, especially in gases at low temperatures. The following expressions
are valid under this hypothesis; e = cv T , h = cp T , γ = cp/cv and cv = R/ (γ − 1) where cp and
cv are the specific pressure and volume heats, respectively. In this case, there is an alternative way
to write the equation of state, given by e = p/ (ρ (γ − 1)), where e is the specific internal energy
and γ is a constant that depends on the particular gas under consideration. The Prandtl number
Pr = cp µ/κ is used in order to determine κ from µ, or vice versa. This is possible because cp/Pr
remains constant for a large range of temperatures. For air at standard conditions this value is
equal to 0.72.

This expression allows us to define the total energy per unit volume that appears in the law of
conservation, (2.2),

E = ρ

(
1
2
V2 + e

)
, (2.8)

where, V2 =
(
u2 + v2 + w2

)
. The sound velocity is defined as, a =

√
(∂p/∂ρ)s. For thermally ideal

gases we have the following expression,
√
γ p/ρ. On the other hand, the Sutherland’s formulas are

given by,

µ = C1
T 3/2

T + C2
, (2.9)

κ = C3
T 3/2

T + C4
, (2.10)

Regarding the parameters that appear in equations (2.9) and (2.10), these are constant at moderate
temperatures for air and are (in the SI) given by: C1 = 1.458× 10−6 C2 = 110.4, C3 = 2.495× 10−3

and C4 = 194, see (Schlichting, 1979) for more detail.
In order to perform simplifications, a dimensionless form of these equations is found using the

characteristics length (L), time (T∞), velocity (U∞), density, (ρ∞), viscosity, (µ∞) and internal
energy, (e∞).

x∗ =
x

L
y∗ =

y

L
z∗ =

z

L
t∗ =

t

L/U∞

u∗ =
u

U∞
v∗ =

v

U∞
w∗ =

w

U∞
ρ∗ =

t

L/ρ∞

p∗ =
p

ρ∞U2
∞

T ∗ =
T

T∞
e∗ =

e

e∞
µ∗ =

µ

µ∞

(2.11)

The non-dimensional equations are:

1For air at standard conditions, R = 287 in the International System of Units
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∂ρ

∂t
+∇ · (ρu) = 0 , (2.12)

∂ (ρu)
∂t

+∇ · (ρuu) = − 1
γM2

∇p+
1
Re
∇ · σ , (2.13)

∂p

∂t
+ u · ∇p+ γp∇ · u =

γ

RePr
∇ · (κ∇T ) +

γ (γ − 1)M2

Re
Φ , (2.14)

where u = (u, v, w) and

Φ =
1
2

(
∇u +∇uT

)
: σ . (2.15)

is the dissipation function. Here µ and κ are dimensioned by their free-stream values.
Two of these dimensional parameters are the Reynolds number Re = ρL∞U∞/µ and the Mach

number M∞ = U∞/
√
γRT∞. The later represent the ratio between the characteristic velocity and

the local speed of sound while the former gives the ratio between the inertial and viscous forces.
The asterisks dropped from the equations for simplicity.

Special attention must be paid to the scaling of pressure. In the previous relationships the
characteristic dynamic pressure ρ∞ U2

∞ was considered. This scale is most adequate when fluid
inertia is important because the pressure differences are proportional to this. However, the proper
pressure scale is given by µ∞ U∞/L∞ when the flow is dominated by viscosity. The first possibility
will be used in this work.

Different numerical approximations could be considered in function of the different dimensionless
parameters obtained. In the limit of high Reynolds numbers, i.e. when the viscous forces are
negligible with respect to the inertial forces, or equivalently, the Re number is very high, the viscous
dissipation terms could be deleted, obtaining thus the Euler equations. Similarly, the incompressible
Navier-Stokes equations are obtained in the limit of Mach number tending to zero. In this case the
equations are given by,

St
∂u
∂t

+ (u · ∇)u = −Eu∇p+
1
Re
∇2u +

1
Fr2

f , (2.16)

where, St = τ L/U∞ is the Strouhal number which expresses the ratio of the intrinsic time scale
τ to the convective time scale L/U∞, Eu = P∞/ρU

2
∞ is the Euler number and Fr = U∞/

√
Lg is

the Froude number. The incompressible Navier-Stokes is derived by assuming a constant viscosity
and then it cannot be applied to the case of non-isothermal flows or flows whose viscosity has a
strong dependence with the temperature. On the other hand, there is a change in nature of the
equations and now the equations are a combination of elliptic and parabolic equations. Finally,
steady problems are given when St� 1 and external body forces are not considered when Fr � 1.

These equations have no analytical solutions, except for a small number of academic problems
and its resolution requires the use of numerical techniques of integration. Different numerical
approaches could be considered in order to solve the compressible/incompressible Navier-Stokes
equations. The more direct, and at the same time more expensive (computationally speaking)
method, is the direct numerical simulation, DNS. As the name suggests this technique consists in
the full resolution of all degrees of freedom, DOF, of the system without any approximation. More
specifically, this DOF number is proportional, on each time step to Re9/4. Taking into account
that Reynolds number is about 107, the DOF number is prohibitive. Furthermore, typical temporal
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integration implies tens of thousands of iterations involving computational requirements beyond the
possibilities of the most powerful supercomputers.

These regimes will be not considered in this work in which only laminar and transitional problems
will be considered. In this case the computational cost is lower.

2.2 Boundary Layer Flows

Another approximation that can be considered in order to obtain solutions of the Navier-Stokes
can been performed in the proximity of boundaries for which the concept of boundary layer flows
is needed. This concept was introduced by Prandtl (1904) who assume that the flow around the
bodies can be decomposed in a thin viscous region near the body surface which the viscous effects
are important and an external inviscid region in which not. Then, the viscous effects in these flow
are localized in a thin layer surrounding the body surface or the thin free mixing-layer in jets or
wakes. However, boundary layer effects must be considered on the entire flow even for obtaining
physical results in the inviscid region, as happens with the D’Alembert’s paradox.

Modeling of laminar and turbulent boundary layers in the presence of a pressure gradient is
a topic of interest both in the field of engineering and science. For example, the aerodynamic
performance of many technological devices depends on the flow separation is given or not on the
body surface, and this only can be captured by modeling properly the boundary layer.

The importance of this description in this thesis is due to the fact that the problem to study
consist precisely in a body immersed in an external fluid at high Reynolds numbers. The basic
concepts concerning to the boundary layers will be introduced in Section 2.2.1 while a prototypical
solution of the problem to study in this work will be given in Section 2.2.2.

2.2.1 Steady two-dimensional boundary layer

The conservation laws for the two-dimensional boundary layers are derived from the two-dimensional
steady Navier-Stokes equations after the separation of scales is taken into account. For this, equa-
tions are dimensionless using two characteristics length scales L, δ. The former correspond with
the scale of the problem and represent the characteristic distance on the body surface. The later
is the boundary layer thickness and represent the distance measured in the normal direction to the
wall in which viscous effects are important. Then, a simplification can be done when the ratio of
boundary-layer thickness to a reference length is sufficiently small. In such case high orders terms
in δ/L are neglected. The resulting equations are the Boundary Layer (BL) equations proposed
by Prandlt, as mentioned above. The two-dimensional laminar version of this equations will be
discussed in this section.

The continuity and incompressible Navier-Stokes equations for two-dimensional and steady flow
are obtained from (2.16) for the two-dimensional case when St� 1, Fr � 1 and Eu = 1,

∂u

∂x
+
∂v

∂y
= 0 , (2.17)

u
∂u

∂x
+ v

∂u

∂y
+
∂p

∂x
=

1
Re

(
∂2u

∂x2
+
∂2v

∂y2

)
, (2.18)

u
∂v

∂y
+ v

∂v

∂y
+
∂p

∂y
=

1
Re

(
∂2v

∂x2
+
∂2v

∂y2

)
, (2.19)
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where (x, y) are the streamwise and wall-normal coordinates, respectively. The characteristic length
scale of the boundary-layer is thin compared to the length L, this implies that the dimensionless
variables satisfy the following relations; x ∼ O(1) and y ∼ O(δ/L), see Schlichting (1979). On
the other hand only the dimensionless streamwise velocity is imposed to be O(1). The order of
magnitude of the remaining variables and the final form of the equations are obtained by using a
order-of-magnitude analysis on these equations.

The order of magnitude of the dimensional normal velocity is obtained from the continuity
equation (2.17),

O(1)
O(1)

+
v

O(δ/L)
= 0 , then v → O(δ/L) .

This means that the wall-normal velocity is small in the boundary layer in comparison with the
streamwise velocity.

The following equation is obtained from the x-momentum equation (2.18) by replacing each
variable by its corresponding order of magnitude,

O(1)
O(1)
O(1)

+O(δ/L)
O(1)
O(δ/L)

= −∂p
∂x

+
1
Re

(
O(1)
O(1)

+
O(1)

O((δ/L)2)

)
.

This permits neglected some terms in the momentum equation. For example, the first viscous
term, which is of order 1/Re, is small compared to the second viscous term, which is of order
L2/(Reδ2), and then the term ∂u/∂x could be neglected in equation (2.18). This equation could
be used too in order to obtain the relation between the length scale of the boundary-layer and
the Reynolds number δ ∼ Re−1/2 by assuming that convective and viscous terms are of the same
order-of-magnitude. Regarding the pressure terms, its order of magnitude is unknown a priori.

In the same way, the following relations are obtained when the order of magnitude analysis is
applied to the y-momentum equation (2.19),

O(1)
O(δ/L)
O(1)

+O(δ/L)
O(δ/L)
O(δ/L)

= −∂p
∂y

+ (δ/L)2
(
O(δ/L)
O(1)

+
O(δ/L)
O((δ/L)2)

)
.

The largest terms in the above equation are of order O(δ/L). This means that the only term
remaining is ∂p/∂x ∼ O(1) or in other words that ∂p/∂y = 0. This is a very interesting result since
it means that pressure difference across the boundary layer is essentially zero and can be obtained
from the inviscid solution outside the boundary layer.

Therefore, retaining the leading-order terms (Schlichting, 1979) the following system results,

∂u

∂x
+
∂v

∂y
= 0 , (2.20)

u
∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+

1
Re

∂2u

∂y2
, (2.21)

∂p

∂y
= 0 . (2.22)

These are a set of parabolic equations which disturbances are propagated downstream and then
these can by solved by marching from a specific point; for instances, starting from the trailing-
edge or separation point. This is very different what happens with the two-dimensional Navier-
Stokes equations that are a set of elliptic equations which disturbances propagating downstream
and upstream.
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2.2.2 Falkner-Skan Equation

The momentum equation on the x-direction (2.21) could be transformed on the following partial
differential equation (Schlichting, 1979),

f ′′′(η) +
m+ 1

2
f(η)f ′′(η) +m

(
1− f ′2(η)

)
= −ξf ′′(η)

∂f(η)
∂ξ

, (2.23)

by using the stream-function, Ψ =
√
U∗e νx

∗f(ξ, η), where m is a dimensionless pressure-gradient
parameter defined by (ξ/U∗e ) dU∗e /dξ, and ξ = x∗/L and η = y∗

√
U∗e / (νx∗) are the dimensionless

boundary layer variables. This equation could be reduced to a partial differential equation by
neglecting the right hand side of this. On the other hand, given the previous stream-function,
velocities and local shear stress tensor are given by,

u? = U∗e · f ′ , (2.24)

v? =
1
2

√
U∗e ν

ξ

[
(m+ 1)f + 2ξ

∂f

∂ξ
+ (m− 1)ηf ′

]
, (2.25)

∂u?

∂y?
= U∗e

√
U∗e
νξ
f ′′ . (2.26)

2.3 Non-orthogonal swept attachment-line boundary layer flow

2.3.1 Incompressible non-orthogonal swept attachment-line boundary layer flow

A schematic representation of the problem geometry and the incoming flow conditions are shown in
Figure 2.1. The x-axis is taken to be along the chordwise spatial direction, y is the normal direction
to the body surface and the z-axis is along the spanwise direction. No pressure gradients are present
along the spanwise direction, and the effect of wall curvature is neglected. The oblique potential
flow vector, Q3D, far from the wall has a constant component W∞ in the spanwise direction, while
its direction is defined by the angles Λ ≡ arctan(W∞/V∞) and AoA ≡ arctan(U∞/V∞).

A similarity solution is proposed here for oblique stagnation line flow with a sweep component.
This model is based on the solution for the (two-dimensional) unswept problem (W∞ = 0) that
was independently proposed by Stuart (1959), Tamada (1979) and, in a most complete form, by
Dorrepaal (1986). Common to all three works is the consideration of a linear combination of
orthogonal stagnation and shear flows. Under this assumption, the two-dimensional stream-function
is decomposed into a normal component corresponding to the Hiemenz solution describing the
orthogonal limit, (Hiemenz, 1911), and a tangential component:

ψ(x, y) = xνf(y) + νg(y) , (2.27)

where x and y are dimensionless variables scaled by ∆ = (ν/S)1/2, ν is the kinematic viscosity and
S = (∂Ue/∂x)x=0 is the local strain rate at the boundary layer of the orthogonal basic flow. The
tangential and normal velocity components are then obtained from

u(x, y) = xS ∆f ′(y) + S∆g′(y) , v(y) = −S∆f(y) . (2.28)
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Figure 2.1: Schematic representation of the non-orthogonal swept attachment-line boundary layer
flow where QSTD is the potential flow velocity vector discussed by Stuart (1959), Tamada (1979)
and Dorrepaal (1986), QSH is that used by Hall et al. (1984), while Q3D is that corresponding to
the general case discussed herein.

Note that the non-orthogonality only affects the tangential velocity component, while the wall-
normal velocity is formally identical with that of the orthogonal flow. A spanwise velocity component
is introduced when W∞ 6= 0. It is assumed that the spanwise velocity component depends only on
the wall normal direction y. Scaling velocities with W∞, the Reynolds number Re = W∞∆/ν is
introduced and, in a manner consistent with the orthogonal swept stagnation line formulation, the
complete form of the basic flow is written as

U(x, y) =
x

Re
f ′(y) +

1
Re

g′(y), V (y) = − 1
Re

f(y), W (y) = w̄(y). (2.29)

Introducing these expressions into the Navier-Stokes momentum equations, since continuity is satis-
fied by definition (see equation 2.28) delivers the following system of ordinary differential equations

Normal component:

f ′′′(y) + f(y)f ′′(y)− f ′(y)2 + sin(α)2 = 0 ,

f(0) = f ′(0) = 0 , f ′(∞) = sin(α) .
(2.30)

Tangential component:

g′′′(y) + f(y)g′′(y)− f ′(y)g′(y) +A sin(α)1/2 cos(α) = 0 ,

g(0) = g′(0) = 0 , g′′(∞) = cos(α) .
(2.31)
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Spanwise component:
w̄′′(y) + f(y)w̄′(y) = 0

w̄(0) = 0 , w̄(∞) = 1 .
(2.32)

In the previous expressions, primes denote differentiation with respect to y, A ≈ 0.647900 is the
displacement thickness (Dorrepaal, 1986) and (−2 tanα) is the slope of the streamline ψ = 0 on
the outer potential flow. In the limit α = π/2 the well-known swept Hiemenz flow is obtained. The
angle of attack, AoA and the angle α are related via,

AoA = tan−1 (−2 tanα) +
π

2
. (2.33)

An angle-independent version of the system (2.30-2.32) can be recovered introducing the scaled
wall-normal variable η = ay, where a =

√
sinα, and the following change of variables,

f(y) = aF (η) ,

g′(y) =
cosα
a

H(η) ,

w̄(y) = E(η) .

(2.34)

The resulting system of equations for the basic flow, independent of α, is

F ′′′(η) + F (η)F ′′(η)− F ′(η)2 + 1 = 0 ,

F (0) = F ′(0) = 0 , F ′(∞) = 1 .

H ′′(η) + F (η)H ′(η)− F ′(η)H(η) +A = 0 ,

H(0) = 0 , H ′(∞) = 1 .

E′′(η) + F (η)E′(η) = 0 ,

E(0) = 0 , E(∞) = 1.

(2.35)

The relative scale factors of normal and tangential components can be obtained by replacing the
previous equations on (2.28) and taking the limit for large y. Therefore, the tangential component
is scaled by S sinα and the normal component is scaled by S cosα.

Table 2.1: Comparison of the present basic flow solution against the reference work of Dorrepaal
(1986). Shown is the streamwise coordinate x of the streamline ψ = 0.

α Present results Dorrepaal (1986)
70◦ 0.426 0.429
50◦ 1.089 1.094
30◦ 2.793 2.795

The ODE system governing the basic flow (2.30-2.32) was solved numerically using a shooting
method. Estimates for the second derivatives of functions f and g at the wall are required, and
can be obtained from the asymptotic expressions of f and g for small y: f ′′(0) = C sin(α)3/2 and
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g′′(0) = D cosα where, C = 1.232588 = f ′′(0)α=π
2

and D = 1.406544, as discussed by Dorrepaal
(1986). The shooting method was used to obtain solutions between the wall and a relatively large
value of y, where the functions have reached their asymptotic behavior; the latter are then extended
analytically until the end of the computational domain. Extensive validation of the basic flow has
been performed, including the recovery of the orthogonal swept Hiemenz basic flow in the limit of
α = π/2 and asymptotic results provided by Dorrepaal (1986) at small and large y values. The
location of the stagnation point on the xy plane for different values of α was computed as a validation
check. As demonstrated by Dorrepaal (1986), the stagnation point shifts from x = 0 towards the
direction of the incoming flow as the angle α decreases from α = π/2. The stagnation point location
obtained numerically by the present algorithm is compared in Table 2.1 with the theoretical values
of the reference work at different values of the angle α. The streamlines and isocontours plot of
wall-normal velocity component are presented in Figures 2.2(a) and 2.2(b) for two different angles,
namely α = π/2 and α = π/3.

(a) α = π
2

(b) α = π
3

Figure 2.2: Streamlines and normal velocity component of the basic flow at two angles, α = π/2
(orthogonal flow) and α = π/3. The displacement of the stagnation point is shown in the inset on
Figure (b). This displacement shift correspond to the value corresponding value presented on Table
2.1.

2.3.2 Compressible non-orthogonal swept attachment-line boundary-Layer flow

In the way manner as was done in the incompressible case, the base flow variables in the compressible
flow are dimensionless with the outer edge of the boundary layer variables; We, Te, ρe and µe, see
Theofilis et al. (2003) for more details. Then, the base flow is given by,
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U(x, y) =
1
Re

u(x, y) =
x

Re
U∞(y) +

1
Re

H∞(y), (2.36)

V (y) =
1
Re

V∞(y), W (y) = W∞(y),

T (y) = T∞(y), ρ(y) =
1

T∞(y)
, µ(y) = µ∞(y)

where x and y are the dimensionless variables defined in the previous section. In equations (2.36)
U∞ is the streamwise velocity component of orthogonal flow and H∞ is the shear flow component in
the same direction. Note that the spanwise velocity, W∞, only depends on the normal direction y.
Substituting these expressions into the equations for conservation of mass, momentum and energy,
yields the following second-order differential equations,

U∞ −
V∞T

′
∞

T∞
+ V ′∞ = 0 , (2.37)

1
T∞

(
U2
∞ + V∞U

′
∞

)
− sinα2 − T ′∞U

′
∞
dµ

dT
− µU ′′∞ = 0 , (2.38)

1
T∞

(
H∞U∞ + V∞H

′
∞

)
− T ′∞H

′
∞
dµ

dT
− µH ′′

∞ = A cosα
√

sinα , (2.39)

1
T∞

V∞W
′
∞ −

dµ

dT
T ′∞W

′
∞ − µW ′′

∞ = 0 (2.40)

1
Pr

dκ

dT

(
T ′∞

)2 +
1
Pr

κT ′′∞ −
V∞T

′
∞

T∞
+ (γ − 1)M2µ

(
W ′
∞

)2 = 0 , (2.41)

where the prime denotes differentiation with respect to y, A is the displacement thickness described
in the previous section.

These equations must meet the following boundaries conditions for adiabatic walls (T ′∞(0) = 0),

U∞(0) = V ′∞(0) = W∞(0) = H∞(0) = 0, V∞(0) = −CqT∞(0) ,

W∞(∞) = T∞(∞) = 1, U∞(∞) = sinα,H ′
∞(∞) = cosα .

(2.42)

where, Cq is a suction parameter, T∞(0) is the wall temperature and M = We/ae is the reference
Mach number. On the other hand, a linear dependence between dynamic viscosity and temperature
is assumed in order to close the system of equations, µ/µ∞ ≈ λT/T∞ where λ =

√
Tw/T∞

T∞+C
Tw+C is

derived from Sutherland’s law described in equations (2.9-2.10).
Finally, the pressure field, given by P = 1/

(
γM2

)
+ P̂ where,

P̂ (x, y) = − 1
Re

sinα2 η
2

2
−A cosα

√
sinαη −

(
1
2
V 2
∞ − V ′∞

)
,

arises from the integration of the derivatives of P in the x− and y−spatial directions. A solution
of these equations are show in Figures 2.3 for orthogonal and non-orthogonal flows.

The equations obtained in this section for the compressible non-orthogonal swept attachment-
line flow are consistent with those obtained in the incompressible limit. Therefore, equations (2.37-
2.41) could be obtained from the compressible equations (2.12-2.14) by eliminating the derivatives
of the temperature field.
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These equations are also compatible with the corresponding equations in the orthogonal case.
Therefore, the basic flow used by Theofilis et al. (2003) in the incompressible case, and the one used
by Theofilis et al. (2006) in the compressible case could derived from the solutions described in this
chapter when α = π/2.
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Figure 2.3: Left: Base solution for α = 60 degrees in the incompressible limit. Stream function and
normal flow velocity. Right: Base solution of compressible flow for α = 90 degrees, Mach number
equal to 0.25 and T (wall) = 303.23



Chapter 3

Hydrodynamic stability

The first works on linear stability analysis were performed by Rayleigh (1880) and Reynolds (1883)
who introduced the bases of the initial stages in transition process from laminar to turbulent flows.

The study of the evolution in space and time of small-amplitude disturbances of a basic flow
can be done by using the linearization of the Navier-Stokes equations around this basic flow. The
basic flow is a solution of the Navier-Stokes equations and, in most cases, only can be calculated
numerically.

The general flow can be decomposed into a a basic flow q̄ =
(
ρ̄, ū, v̄, w̄, T̄

)T and unsteady small

disturbance or perturbation, q̂ =
(
ρ̂, û, v̂, ŵ, T̂

)T
. In principle, steady or unsteady basic flow can

be considered. The former is only available at low Reynolds numbers and will only be considered in
this thesis. Increased in complexity, unsteady time-periodic instability problems are treated through
Floquet theory, see (Barkley & Henderson, 1996).

The following initial value problem (IVP) for the small-amplitude disturbances is obtained by
introducing the flow decomposition into the Navier-Stokes equations, subtracting the equations
verified by the basic flow alone and neglecting nonlinear perturbation terms, based on the smallness
of their amplitude:

B(q̄)
∂q̂
∂t

= A(q̄) q̂ . (3.1)

Once these disturbances have been resolved, its evolution can be measured by calculating the
kinetic energy defined in a conveniently defined control volume V ,

EV =
1
2

∫
V
uiuidV , (3.2)

where ui are the three velocity components.
Joseph (1976) presented four definitions of linear stability based on the disturbance kinetic

energy (3.2):

Stable flow: A solution of the Navier-Stokes equations is stable if the energy of the perturbations
tends to zero in the limit of infinite time, limt→∞EV (t)/EV (0) → 0.

Conditional stability: A solution of the Navier-Stokes equations is conditional stable if there is
a threshold of energy, δ > 0 such that the solution is stable when the initial energy of the

35
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perturbations verifies E(0) < δ.

Global stability: A solution is globally stable if the flow is conditionally stable for all values of δ
(i.e., when δ →∞).

Monotic stability: A flow is monotonically stable if dEv/dt < 0, ∀t > 0.

3.1 Modal stability analysis

In the particular case of steady basic flow, a separation between spatial and temporal coordinates
allows the use of Fourier modes in time q̂(x, t) = q̂(x) exp(−iΩt) in equation (3.1), obtaining the
following generalized eigenvalue problem (EVP),

A q̂ = Ω B q̂ . (3.3)

The eigenvalue Ω is a complex number where the real part represent the frequency of the pertur-
bation and the imaginary part is the corresponding growth rate. Then the flow is considered stable
when the growth rate is negative for any perturbation. In this last case, the lineal approximation
ceases to be valid when the amplitude of the perturbation is large enough to neglect the nonlinear
terms.

The general eigenvalue problem obtained from the linearized Navier-Stokes equations (3.3) is
three-dimensional. Often, the particularities of the physical problem of interest permits the intro-
duction of additional assumptions in order to simplify the problem.

In general the perturbations can be written as the product of a phase exp iΘ where the depen-
dence with homogeneous variables (including time) is taken into account and an amplitude function
that depends on the inhomogeneous variables. The specific form of these amplitude and phase
functions is determined by the dependence assumed in the basic flow. Table 3.1 summarized the
different instability approaches arranged by decreasing the constrains applied to this. The most
restrictive case is defined by the so-called parallel-flow assumption which the basic flow is assumed
homogeneous in two of the three spatial directions, here x and z. The resulting model is called
Orr-Sommerfeld equation (OSE) and will be described in more detail in Section 3.1.1. A slightly
less restrictive model is defined by the Parabolized Stability Equations (PSE) (Herbert, 1994) where
a slowly varying dependence is assumed in an additional coordinate (represented by x? in Table
3.1). The next step in the generalization consists in relaxing the restriction imposed on the basic
flow along the x direction, allowing it to have an arbitrary dependence. Then, the basic flow as well
as the amplitude functions of the perturbation depends on two inhomogeneous coordinates while
the phase function only depends on z. This case is defined as Bi-Global stability approximation and
will be described in more detail in Section 3.1.2. Finally the more general case is the Tri-Global
stability model in which inhomogeneous dependency is assumed along all spatial coordinates.

As conclusion, the numerical complexity of the system of equations can be reduced by assuming
a homogeneous dependency of the problem in one or more coordinates. This simplification involves
an increase in the number of parameters of the system and then difficult the parametric problem.
Of course such a reduction is appropriate or not depending on the problem to be solved.
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Table 3.1: Different instability approaches arranged by decreasing constrains to the basic flow

Problem Basic Flow Perturbation Phase

OSE q(y) + ε q̂(y) exp (iΘ1D), Θ1D = αx+ βz − Ω t

PSE q(x?, y) + ε q̂(x, y) exp (iΘ?
2D), Θ?

2D =
∫ x
x0
α (ξ) dξ + βz − Ω t

Bi-Global q(x, y) + ε q̂(x, y) exp (iΘ2D), Θ2D = βz − Ω t

Tri-Global q(x, y, z) + ε q̂(x, y, z) exp (iΘ3D), Θ3D = - Ω t

3.1.1 Local instability

As said before, the most restrictive hypothesis assumes that the basic flow is homogeneous in two
of the three spatial directions, x and z, see the Orr-Sommerfeld equation model OSE in Table 3.1.
This is called the parallel-flow assumption which the Ansatz described in Table 3.1,

q̂(x, y, z, t) = q̂(y) exp (i (αx+ βz − Ωt)) . (3.4)

This solution assume periodicity at lengths Lx = 2π/α and Lz = 2π/β. The resulting equations
are given by,

i αû+
∂v̂

∂y
+ i βŵ = 0 , (3.5)

−i (αu+ βw) û− ∂u

∂y
v̂ − i αp̂+

1
Re
Dû = −i Ωû ,

−i (αu+ βw) v̂ − ∂p̂

∂y
+

1
Re
Dv̂ = −i Ωv̂ ,

−i (αu+ βw) ŵ − ∂w

∂y
v̂ − i βp̂+

1
Re
Dŵ = −i Ωŵ ,

where D = ∂2/∂y2 − k2 and k2 =
(
α2 + β2

)
is the wavenumber of the perturbation. This system

of equations are a one-dimensional eigenvalue problem for the evolution of viscous wave-like dis-
turbances, superposed to a basic flow given by a velocity profile. This system can be reduced to a
system of two coupled equations when w̄ = 0,
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[
−i (Ω + αu)D − i α

d2u

dy2
− 1
Re
D2

]
v̂ = 0 , (3.6)[

−i (Ω + αu)− 1
Re
D

]
η̂ = −i β du

dy
v̂ , (3.7)

where η̂ = ∂û/∂z − ∂ŵ/∂x is the normal vorticity. The equation (3.6) is the Orr-Sommerfeld
equation and is used in problems like the plane-Poiseuille and Couette flow. On the other hand,
equation (3.7) is the Squire equation. This equations becomes an EVP for the normal vorticity
when v̂ = 0, otherwise, the Squire equations represent a linear problem once the Orr-Sommerfeld
equation has been solved.

3.1.2 Bi-Global instability

The next level of complexity is to assume that the basic flow is homogeneous in one of the three
spatial directions, z. In this case the perturbation is given by,

q̂(x, y, z, t) = q̂(x, y) exp (i (βz − Ωt)) , (3.8)

where periodicity is assumed in the z direction with periodicity length Lz = 2π/β. Now, the general
solution of the equations of motion is decomposed as

Q(x, y, z, t) = q(x, y) + ε < (q̂(x, y, z, t)) , (3.9)

where ε � 1 is the amplitude of the perturbation. The system of equations obtained upon sub-
stitution of the Ansatz (3.9) into the incompressible continuity and Navier-Stokes equations and
linearization around the basic state is called the incompressible Bi-Global instability eigenvalue
problem. This problem is described in detail by Theofilis (2003, 2011) and is given by,

Dxû+Dxv̂ + iβŵ = 0 , (3.10)

[N − (Dxu)] û− (Dyu) v̂ −Dxp̂ = −iΩû , (3.11)

− (Dyv) û+ [N − (Dyv)] v̂ −Dyp̂ = −iΩv̂ , (3.12)

− (Dxw) û− (Dyw) v̂ −N ŵ − iβp̂ = −iΩŵ . (3.13)

where q(x, y) = (u, v, w) are the components of the basic flow, q̂(x, y) = (û, v̂, ŵ, p̂) (x, y) is the
vector of two-dimensional disturbance amplitude functions defined in (3.8), Ω is the complex eigen-
value: <{Ω} and ={Ω} are the phase velocity and the growth or damping rate of the perturbation,
respectively, Dx = ∂/∂x, Dy = ∂/∂y and N = 1/Re

(
D2

x +D2
y − β2

)
− uDx − vDy − iβw.

This system defines a two-dimensional generalized eigenvalue problem for the temporal evolution
of three-dimensional perturbations when complemented by appropriate boundary conditions for the
disturbance variables and that depends on the problem addressed.
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3.2 Temporal vs. spatial instability

Only temporal evolution of the disturbances has been considered in the previous sections. However,
many relevant process from laminar to turbulent flows evolves in space instead of time. Broadly
speaking, temporal formulation study the evolution in time of a disturbance given as initial con-
dition where the real part of the eigenvalue describes the frequency of the perturbations and its
imaginary part represents the corresponding temporal growth rate, while spatial formulation study
the evolution in space of a disturbance given as inflow condition where the real part of the eigenvalue
describes the spanwise wavenumber of the perturbations and its imaginary part −β is the amplifi-
cation rate of the perturbation growing in the positive direction of the axis z. Both formulations
are sketched in Table 3.2.

The EVP obtained for spatial stability analysis is analogous to the temporal EVP but now the
wave number β is complex and Ω is real. Unlike the temporal stability problem the spatial EVP has
a nonlinear dependence on the eigenvalue β. This system can be solve numerically by reducing the
order of the eigenvalue problem to a linear case by using a system of auxiliary vectors, see Chomaz,
Huerre & Redekopp (1988) and Theofilis (1995). This method is based on the companion matrix
defined by Bridges & Morris (1984).

Table 3.2: Temporal vs. spatial formulations

Scheme β Ω EVP

Temporal Real Complex A q̂ = Ω B q̂

Spatial Complex Real A q̂ =
∑N

k=1 β
k Bk q̂

The adequacy of the formulation to use depends on the problem at hand. Instabilities of shear
flow problems are commonly studied using the temporal formulation, in which the spatial flow
periodicity is fixed in one o more spatial coordinates while temporal evolution of the perturbation
is assumed. However, in many experiments the instabilities arise at a given point and develops in
space in the direction of mean velocity, for example in vibrating ribbons in boundary layers. In the
general case the parameters Ω and β are complex and both formulations are present at the same
time.

A link between temporal and spatial problems is provided by the Gaster relation (Gaster, 1962).
He assumes an analytical relation between Ω = Ω(β) and β = β(Ω) in the complex plane where
their imaginary parts and their cross-derivatives ∂Ωi/∂βr and ∂βi/∂Ωr are small. Using Taylor
expansions, he derives an analytical relation between the temporal growth rate and the spatial
growth rate showed that if the real part satisfies Ωr,temporal = Ωr,spatial or (βr,temporal = βr,spatial)
then βr,temporal ≈ βr,spatial ((Ωr,temporal ≈ Ωr,spatial)) and

Ωi,temporal = −∂Ωr

∂βr
βi,spatial .

The previous hypothesis, wherein imaginary parts and cross-derivatives are small, is valid in the
vicinity of neutral curves. For the temporal formulation these curves are defined from the critical
Reynolds number in the α−Ωi plane. Physically, the term ∂Ωr/∂βr is the group velocity of a wave
packet centered on the critical wave number β.
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Although this work focuses on the study of temporal stability, some results for the spatial
stability formulation will be presented in Chapter 6.

3.3 Modal vs. Non-Modal stability analysis

The IVP (3.1) has a formal solution by assuming that the operator B can be inverted,

q̂ = eB
−1Aq̂(t = 0) ,

where q̂(t = 0) ≡ q̂(0) is the initial state. The exponential matrix Φ(t) ≡ eCt, where C = B−1A, is
known as the propagator operator, Farrell & Ioannou (1996).

The perturbation equations described the evolution in time of the disturbances around the basic
flow and are valid while the disturbance amplitude remains small enough. In these cases, the growth
rate of an initial linear perturbation σ, may be obtained by,

σ2 =

〈
eC

? teC tq̂(0), q̂(0)
〉

〈q̂(0), q̂(0)〉
=
〈Φ?(t)Φ(t)q̂(0), q̂(0)〉

〈q̂(0), q̂(0)〉
, (3.14)

where C? and Φ? are the adjoint representation of C and Φ defined for an inner product 〈 , 〉;
see Morse & Feshbach (1953) for more information.

The propagator can be decomposed using a singular value decomposition, (SVD),

Φ (t) ≡ eC t = UΣV∗ . (3.15)

where the unitary matrices V and U are composed by the initial and final states, respectively,
and Σ is a diagonal propagator which contains the growth rate σ associated with each initial state
defined in U or V.

This solution is valid for all times, allowing the study of both modal and non-modal perturbations
in a general way. In contrast, the EVP assumes that the behavior of the disturbances is described
only by the asymptotic solution in which the perturbation is divided into a infinite number of modes
where the evolution of each one is independent of other modes.

The asymptotic description is appropriate when the operator C is normal and therefore the
eigenmodes are orthogonal. However, in general, this operator is non-normal. Due to the non-
normality of the modes, the evolution of the amplitude of an arbitrary perturbation is not bounded
by the evolution of the dominant eigenmodes, so strong transient growth can be observed at finite
times. This effect is not important in long times because the perturbation is governed by the most
unstable eigenmodes. Although the linear operator C is not normal, the validity of the modal
approach depends on the problem at hand. For a review of the non-normality of the linear operator
C see (Chomaz, 2005) and (Schmid, 2007). Note that the evolution of the general system (3.1) can
be recovered from the EVP as the sum of all eigenmodes.

Only modal stability analysis will be considered along this work. However, transient growth
analysis is an open issue for the non-orthogonal swept attachment-line boundary layer flow.

3.4 Matrix Free-Methods

As we have seen before, investigation of hydrodynamic instability mechanisms is essential for the
understanding of the transition process from a stable steady or time-periodic laminar state to a
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transitional and turbulent flow state. A modal linear stability analysis of the flow, focusing on
the eigenspectrum, and a non-modal analysis, examining the short-time perturbation development
provides a complete insight into the linear underlying physical mechanisms. In particular, when the
laminar flow analyzed is steady, transition to a time-periodic state occurs via a Hopf bifurcation; a
stable complex conjugate pair of eigenvalues crosses the imaginary axis as a parameter of the flow
is increased. The resulting time-periodic state is determined by the sub-critical or super-critical
nature of the instability. The former occurs when periodic solutions are unstable and the later
when these are stable.

In order to study this problem, matrix-free numerical methods (Knoll & Keyes, 2004a) for flow
stability analysis are used. These methods present clear advantages against approaches in which
the matrix is formed, especially in terms of computational memory required when the objective is
to study a small number of eigenvalues (Gómez, Gómez & Theofilis, 2011).

A time-stepping matrix-free methodology for flow stability analysis was first introduced by Eriks-
son & Rizzi (1985), who introduced the concept of numerical differentiation of a direct numerical
simulation code, along with a temporal polynomial approximation. In that work, finite differ-
ences were used in order to study an inviscid incompressible flow over a NACA airfoil. Later on,
this class of time-stepping methods was improved by Chiba (1998), who extended the original ap-
proach in order to use the full non-linear Navier-Stokes equations. Following this approach, Tezuka
(2006); Tezuka & Suzuki (2006) successfully solved the first Tri-Global (three-dimensional partial-
differential-equation-based) eigenvalue problem by applying Chiba’s method to the flow around a
spheroid. Meanwhile, Edwards, Tuckerman, Friesner & Sorensen (1994) developed an analogous
time-stepping methodology in conjunction with the linearized Navier-Stokes equations, which has
been successfully used by several investigators since, e.g. in the classic analyses of instability in the
cylinder wake by Barkley & Henderson (1996); the latter method is reviewed in the recent work of
Barkley, Blackburn & Sherwin (2008).

However, these classical time-stepping matrix-free procedures can be slow (Eriksson & Rizzi,
1985; Knoll & Keyes, 2004a) and computationally expensive in terms of CPU time (Tuckerman,
2000; Gómez et al., 2011) when eigenvalues close to the imaginary axis need to be studied, which
is the case of the Hopf bifurcation. In order to accelerate the procedure to obtain such eigenvalues,
an analogous technique to the shift-and-invert strategy used in the approach in which the matrix
is formed can be applied to the time-stepping methods; this idea was first proposed by Goldhirsch,
Orszag & Maulik (1987) and more recently by Tuckerman (2000) for the case of bifurcation analysis
using inverse matrix-free strategies.

In particular, Tuckerman (2000) proposes using the inverse of the Jacobian in order to obtain the
eigenvalues close to the imaginary axis without spectrum transformation. The effect of the inverse
Jacobian operator can be applied by means of an iterative procedure, such as the Bi-Conjugate
Gradient Stabilized algorithm (Van der Vorst, 1992) (Bi-CGSTAB). However, the latter algorithm
can also be slow (Saad, 1980), but a preconditioner based on the Stokes operator can be used to
accelerate this iterative procedure. Such a preconditioner cannot be directly applied to the time-
stepping, as shown by Mack & Schmid (2010a) who successfully resolved this issue for compressible
flows by using a Caley transformation, applying both the Jacobian and the inverse Jacobian with
an explicit preconditioner matrix. Despite this method can be considered as a general strategy to
extract a particular eigenvalue, the choice of appropriated parameters in the numerical method is
still unclear and strongly depends on the physics of the flow.

This section describes a new methodology based on a shift transformation plus the application
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of the exponential of the inverse Jacobian matrix. Unlike previous approaches, this exponential of
the inverse Jacobian matrix is carried out by means of a Direct Numerical Simulation, coupled with
an iterative approach for inversion of the Jacobian.

3.4.1 General equations

A time stepping algorithm (DNS) is used in the matrix-free method in order to perform the stability
study. This method is based on the integration of the conservation of mass and the incompressible
Navier-Stokes equations defined in (2.16) for Fr � 1 and Eu = 1. Rearranging this equation in a
more convenient from, one obtains

∇ · u = 0 ,

∂tu = Au−∇p+
1
Re
∇2u ,

(3.16)

where A = −1
2

[u · ∇u +∇ · uu] are the nonlinear advection terms, p is the kinematic pressure and
Re is the Reynolds number. In this way, the Navier-Stokes equations can be written in a more
compact,

∂tu = Nu + Lu , (3.17)

where the pressure term is solved by a Poisson problem in which the condition of divergence-free
velocity field is considered, and N = −

(
I−∇∇−2∇·

)
A. The numerical solution of the previous

system can be expressed symbolically as follows,

u (t+ ∆t) = NS∆t [u (t)] . (3.18)

The specific form of the non-linear operator NS∆t depends on the temporal scheme used to
solve the system. For the explicit-implicit Euler time-stepping this operator can be written as
follows, NS∆t ≈ (I−∆tL)−1 (I + ∆tN). For simplicity this numerical scheme will be considered
throughout this section, although the procedure described can be extended to other temporal-
integration scheme. The numerical techniques used to integrate this system were described by
Blackburn (2002).

3.4.2 Stability analysis using the Linearized Navier-Stokes Equations

The stability analysis studies the evolution of a small perturbation u′ superposed at small amplitude,
ε� 1, upon an O(1) basic flow, U. Substituting the total velocity field, u = U + εu′ in equations
(3.17), assuming that U is a solution of these equations and linearizing the resulting system we
obtain the following Linearized Navier-Stokes Equations (LNSE),

∂tu′ = ∂UNu′ + Lu′ := LNS∆tu′ , (3.19)

where ∂UN is the Jacobian of N around the base flow. Since this operator is linear, it can be
expressed as LNS∆t = exp [∆t (∂UN + L)].

Assuming a exponential time evolution of the perturbation (modal analysis), the system (3.19)
can be converted into a eigenvalue problem defined as follows,

(∂UN + L)u′ = γu′ , (3.20)
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where γ = χ+ iψ is a complex eigenvalue. The real part represents the growth or damping rate of
the perturbation and the complex part is its frequency. This definition is different to that used in
Section 3.1 (χ = Ωi and ψ = Ωr) and has been chosen because it is consistent with the notation
used in the literature for stability analysis performed using matrix-free methods.

This problem can be re-written in a more convenient way in order for most unstable eigenvalues
to be obtained. To this end, the following (exponential) transformation is used

exp [∆t (∂UN + L)]u′ = Γu′ , (3.21)

where the eigenvalues Γ are equal to exp (∆tγ) and the eigenvectors remain unchanged with respect
to those of (3.19). Note that the left hand side of the previous equations is equal to LNS∆tu′. The
numerical implementation of this approach is not trivial, and is detailed in Section 4.3.
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Chapter 4

Numerical Methods

Two complementary methodologies for the analysis of linear instability are employed in this work,
namely a partial-derivative-based eigenvalue problem, usually referred to as the Bi-Global insta-
bility eigenvalue problem, and a matrix-free methods based on direct numerical simulations. The
independence of the instability results on the methodology employed is used as cross-validation.

In both cases, linear instability analysis considers a three-component basic flow velocity vector
(2.29) which is inhomogeneous in two out of the three spatial directions, i.e. no dependence exists on
the spanwise coordinate z. This permits the introduction of Fourier modes in order to describe the
behavior of the perturbations along the z-direction. In the context of a linear analysis, the individual
spanwise modes, characterized by the wavenumber β = 2π/Lz with Lz a spanwise wavelength, are
mutually independent and the linear stability problem can be studied for each β separately.

The linear algebra work is performed using two alternatives in Bi-Global instability; dense
linear-algebra library routines and the sparse MUltifrontal Massively Parallel Sparse direct Solver
(MUMPS) package (Amestoy, Duff, L’Excellent & Koster, 2001), the latter first successfully em-
ployed to global linear instability problems by Crouch, Garbaruk & Magidov (2007).

A similar shift-and-invert strategy has been used in the case of matrix-free methods in methods
which Lagrange functions are used in the discretization of the inhomogeneous components.

A more detailed description of the numerical methods used in the two approaches will be pre-
sented below.

4.1 Spatial discretization

4.1.1 General considerations

Given a system of partial differential equations expressed as,

∂Q
∂t

= L (m,Q) , (4.1)

where L is the spatial differential operator, Q are the variables and m is a vector of parameters.
The numerical solution of this system can be described generally by the concept of Weighted

Residual Methods (WRM). These methods assume that the solution can be approximated analyti-
cally or piecewise analytically by a linear combination of a base set of linearly independent functions,
{φi}, that is,

45



46 CHAPTER 4. NUMERICAL METHODS

Q ≈ QNumerical =
N∑

i=1

ai φi , (4.2)

where ai is a set of N coefficients. The numerical solution is not, in general, equal to L (m,Q). The
difference between both define the residual of the approximation,

R = QNumerical −
∂Q
∂t

:=
N∑

i=1

ai φi − L (m,Q) 6= 0 . (4.3)

The residual measures how well the local solution satisfies the original equation. The main
objective of this method consists in choosing the coefficients ai in order to minimize in some sense
the residue R over the definition domain of the partial differential equation. That is,∫

Ω
R(Q)WidQ = 0 , ∀i = 1, 2, . . . N , (4.4)

where Wi are the weight functions whose number is equal to the number of unknowns to find. This
system define a set of N algebraic equations and N unknown ai.

There are five standard ways to achieve this goal in function of the weight functions chosen.

1. Collocation method: In this method the weighting functions are chosen to be Dirac delta
functions, δ (Q−Qi). This implies that the residual is forced to be zero at the collocation
points Qi or the numerical error is zero at the chosen collocation points.

2. Sub-domain method: In this case the weighted residual is forced to be zero over various
subsections of the domain. Then, the method minimizes the residual error in each of the
chosen sub-domains by using the following weighting functions,

Wi =

{
1 Q ∈ Ωi ,

0 Q /∈ Ωi .

Therefore the system of algebraic equations is given by,

∑
i

(∫
Ωi

R (Q) dQ
)

= 0 , i = 1, 2 . . . N .

3. Least Squares method: The weighting functions are defined from the residual in the following
way,

Wi =
∂R
∂ai

.

4. Galerkin method: This method may be viewed as a modification of the Least Squares Method.
In this case the weighting functions are defined from the derivative of the numerical solution
with respect the parameters,
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Wi =
∂QNumerical

∂ai
:= φi .

this implies that the weight functions are chosen to be identical to the base functions.

5. Method of moments: In this method, the weight functions are chosen from the family of
polynomials,

Wi = xi , i = 0, 1, 2 . . . , N − 1 .

The most known numerical methods can be described as a function of the WRM depending on
the maximization weighting functions used; finite volume, finite element, finite difference methods
and spectral methods. The latter uses global base functions and attains the best accuracy for
smooth functions in simple domains. The others, use local approximations and are suitable for
irregular domains, variable grid resolution and relatively simple boundary conditions.

Given the simplicity of the computational domain used in this thesis, essentially a rectangular
box, and the requirement of high accuracies, spectral methods are the best choice. These methods
use global functions over the computational domain as trial functions in which the residual is
minimized in an specific set of collocation points (method 1 in the above list).

4.1.2 Spectral collocation methods

Spectral methods are a class of techniques used in order to compute numerically some kind of partial
differential equations (smooth functions). These are high accuracy methods due to the fact that
use interpolant polynomials of high order, comprising all the points in the discretization domain.
The main difference between spectral methods and finite element method is that spectral methods
build the solution as a linear combination of global continuous functions that are nonzero on a set of
points of the domain and the finite difference methods build the solution as a linear combination of
piecewise functions that are nonzero on small sub-domains. Therefore, while for the former the error
is proportional to O (1/N)N , where N is the number of discrete nodes, the later is proportional to
O (h)p where h is the mesh size and p is the order of the local polynomial. Obviously both methods
errors are equivalents when p = N .

More specifically, given a function f(x), this could be approximated by,

f(x) =
N∑

k=0

f(xk) φk(x), (4.5)

where {φk(x)} is a base of functions that are equal to zero in the N discretization points, xk. These
points depends on the base functions considered, for example in the case of Fourier functions these
points are xk = 2πk/N while in the case of Chebyshev-Gauss-Lobatto functions these are defined
by, xk = cos (kπ/N). The former are used for periodic problems while the later for not periodic
ones.

Two families of polynomials will be discussed in detail in the following sub-sections. These
belong to the class of orthogonal Jacobi polynomials that are the eigenfunctions of the singular
Sturn-Liouville problem defined by,
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−(p u′)′ + q u = λ w u in I = (−1, 1) ,

+ suitable bc’s for u .
(4.6)

The solution of this problem is defined by the eigenvalues λ and its corresponding eigenvectors
u, where p(x) is a strictly positive real valued function in I, q is a real valued function continuous
and bounded in I and w is a continuous weight function for which the integral exists and is positive
defined in I. This problem is singular if p is identically null at the end of the interval.

Legendre polynomials

The Legendre polynomials Lk(x) are the eigenfunctions of the Sturm-Liouville problem with p(x) =
1 − x2, q(x) = 0 and w(x) = 1. These polynomials define a set of orthogonal functions on the
computational domain, (−1, 1) that could be obtained from the following recursion relation,

Lk+1(x) =
2 k + 1
k + 1

x Lk(x)−
k

k + 1
Lk−1(x) , where L0(x) = 1 and L1(x) = x .

The quadrature nodes for the Gauss-Lobatto integration formula are the extrema of the interval
and the zeros of L′N (x). The residual of the expansions building with this polynomials is minimized
in the quadrature nodes where the following weights functions are used,

wj =
2

N (N + 1) (LN (xj))
2 , j = 0, . . . , N .

This polynomials will be used in the stability study using the matrix free-methods.

Chebyshev polynomials

The Chebyshev polynomials of first kind, Tk(x) are the eigenfunctions of the Sturm-Liouville prob-
lem with p(x) =

√
1− x2, q(x) = 0 and w(x) = 1/

√
1− x2. These polynomials define a set of

orthogonal functions on the computational domain, (−1, 1) that could be obtained from the follow-
ing recursion relation,

Tk+1(x) = 2 x Tk(x)− Tk−1(x) , where T0(x) = 1 and T1(x) = x .

The residual of the expansions building with this polynomials is minimized in the following
collocation points,

xj = cos
(

(2 j + 1)π
2 N + 2

)
, wj =

π

N + 1
, j = 0, . . . , N .

where the weights functions are given by wj .
These collocation points are defined in the domain (−1, 1). A different alternative may be

considered in order to work in a closed domain by using the Chebyshev Gauss-Lobatto (CGL)
points defined by,
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xj = cos
(
π j

N

)
, wj =


π

2 N
, j = 0, N ,

π

N
, j = 1, . . . , N − 1

These collocation points are the zeros of T ′N+1 in the interval [−1, 1].

Differentiation

The computational derivative of f(x), in the collocation points xj , could be obtained from the
derivatives of the base functions in the following way,

D (f (xj)) =
N∑

k=0

φ′k(xj) f(xk), (4.7)

A matrix representation of the operator D based on Chebyshev polynomials, for N nodes (col-
location points), is given by the following expression, (see Canuto, Hussaini, Quarteroni & Zang
(2006)),

(DN )ij =



ci
cj

(−1)i+j

xi − xj
0 ≤ i, j ≤ N, i 6= j ,

− xi

2(1− x2
i )

1 ≤ i = j ≤ N − 1, i 6= j ,

2N2 + 1
6

i = j = 0 ,

−2N2 + 1
6

i = j = N

(4.8)

where,

ci =

{
2 i = 0, N ,

1 i = 1, . . . , N − 1 .
(4.9)

Finally, high order derivatives are obtained by apply the later operator a number of times equal
to the order of derivation. Use spectral methods allows obtain high order derivatives from the
differential operator D by applying this several times without lost of accuracy.

4.1.3 Two-dimensional operators

The one-dimensional results discussed above can be generalized to more dimensions by using the
direct sum of one-dimensional domains and the Kronecker product of the one-dimensional operators.
This generalization is defined in the following way for the two-dimensional problem: Given a m×n
matrix A that represent a linear transformation form Im to Im, and a p × q matrix B (from Ip to
Iq), then the Kronecker product A⊗B is the mp× nq matrix defined in the domain Ω = Imn ⊕ Ipq

given by,

A⊗B :=

 a11B · · · a1nB
...

. . .
...

am1B · · · amnB

 .
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In this way, given a two dimensional function ξ(x, y) this can be represented by,

ξ(x, y) =
Nx∑
i=0

Ny∑
j=0

ξ(xi, yj)φi(x)φj(y) =
Nx∑
i=0

Ny∑
j=0

ξ(xi, yj)φij(x, y) . (4.10)

Then, the differentiation matrices in a two-dimensional problem are, Dx = D ⊕ I (equation
(4.11)), Dy = I ⊕ D (equation (4.12)), Dx,y = (D × I) × (I ⊕ D), Dx,x = D2 ⊕ I, Dy,y = I ⊕ D2

etc, where I is the N × N identity matrix and D is the one-dimensional differential operator.
Note that the orthogonality of the two dimensional tensor is derived by the orthogonality of the
one-dimensional tensors.

Dx = D ⊕ I =

d0,0 d0,1 d0,N

d0,0 d0,1 d0,N

. . . . . . . . .
d0,0 d0,1 d0,N

d0,0 d0,1 d0,N

d0,0 d0,1 d0,N

. . . . . . . . .
d0,0 d0,1 d0,N

. . .
dN,0 dN,1 dN,N

dN,0 dN,1 dN,N

. . . . . . . . .
dN,0 dN,1 dN,N



(4.11)

Dy = I ⊕ D =

d0,0 d0,1 · · · d0,N

d1,0 d1,1 · · · d1,N

. . .
dN,0 dN,1 · · · dN,N

d0,0 d0,1 · · · d0,N

d1,0 d1,1 · · · d1,N

. . .
dN,0 dN,1 · · · dN,N

. . .
d0,0 d0,1 · · · d0,N

d1,0 d1,1 · · · d1,N

. . .
dN,0 dN,1 · · · dN,N



(4.12)
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4.1.4 Transformations and stretching functions

Nodes can be clustered the regions of strong gradients (walls) from a uniform domain by a trans-
formation of coordinates. Geometric conservation laws must be meet in order to avoid additional
errors, Thomas & Lombard (1979). A general grid transformation from x to y is represented by,

gα : [Leftx, Rightx] ⇒ [Lefty, Righty]
x 7→ y = gα(x)

(4.13)

where α is a parameter of the transformation. Derivatives in the transformed variable could be
obtained from the previous one by the use of the chain rule,

df(yi)
dy

=
1

g′α (xi)

N∑
j=0

Dijf(yj) ,

where g′ represent the Jacobian of the transformation.
More specifically, this transformation maps the standard CGL grid, η ∈ [−1, 1] onto the semi-

infinite domain, y ∈ [0, y∞]. Two parameters are used in order to control this mapping; the location
of the upper boundary defined by y∞ and the location where the half of points are contained, yfrac.
Therefore, this mapping is defined by,

y = l
1− x

1 + s+ x
, f ′(x) = − (l + x)2

l (2 + s)
, (4.14)

where l =
y∞ym

y∞ − 2ym
, s =

y∞ym

y∞ − 2ym
and ym =

y∞
yfrac

. This functions belong to the calls algebraic

mapping, the other alternative are the exponential mapping that will no be considered in this work.

4.1.5 Fringe method

This technique is used in order to adapt a code that uses a Fourier expansion in one direction to
solve problems that are not periodic along that direction. A linear damping term is added to the
Navier-Stokes equations at the ends of the non-periodic coordinate. More precisely, the Navier-
Stokes equations are modified in such a way that the flow in the domain of interest is solve exactly
(xin, xout) but the solution is damped in the fringe region defined by (xstart, xin) and (xout, xend) such
that the solution is periodic and then the Fourier expansion could be used, see (Spalart, 1988b,a),
(Lundbladh, Schmid, Berlin & Henningson, 1994) and (Nordström, Nordin & Henninsgon, 1999).
Then, the Navier-Stokes equations (NS) are modified in the following way,

NS + λ(x) (Qr −Q) = 0 .

where λ is the damping function and Qr represent the desired behavior of the inlet and outlet flow.
This function is zero everywhere except in the fringe region. A suitable function λ is given by,

λ(x) = λmax

[
S

(
x− xstart

drise

)
− S

(
x− xin

dfall

)
+ 1

]
.
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Figure 4.1: Computational domain is divided in two regions; (a) Physical region de-
fined between xin and xout and where Navier-Stokes equations are satisfied and (b)
Fringe region defined at both sides of the physical domain and where input and output
boundaries conditions of the Navier-Stokes equations are satisfied at xin and xout and
the solution is damped at the end of the full-domain, xstart and xend.

where

S(x) =


0 x ≤ 0 ,

1

1 + e
1

x−1
+ 1

x

0 < x < 1 ,

1 x ≥ 1 ,

Here drise and dfall are the control widths of the fringe region at the beginning and end of the
computational domain.

4.2 Matrix forming methods

The eigenvalue problem (3.10-3.13) derived from the Bi-Global stability analysis is solved numeri-
cally using Chebyshev spectral collocation method which is discretized in a coupled manner using
the Chebyshev-Gauss-Lobatto (CGL) collocation grid along both the x− and y-directions. A linear
mapping of the CGL grid is used along the x− direction, while an algebraic mapping is used to
cluster points in the vicinity of the wall with the aim to better resolve the strong gradients in the
boundary layer; the details of the transformation are discussed in Section 4.1.4. A shift-and-invert
implementation of the Arnoldi algorithm is employed in order to recover a window of the eigenspec-
trum centered around the shift parameter σ. Consequently, the Arnoldi algorithm is applied to the
problem

ÂX = µX , where Â = (A− σB)−1 B , µ =
1

Ω− σ
. (4.15)
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Where A and B are a matrix representation for a given discretization of the operators A, B,
respectively, defined in (3.3) for a given appropriate boundary conditions.

Regarding the boundary conditions, no-slip boundary condition is imposed at the wall to the
velocity components, along with a compatibility condition for the pressure was chosen (Neumann
boundary condition). On the other hand, the election of boundary conditions on open flows is not
straightforward in the far-field, specially when the flow is dominated by convective instability or
when a continuous spectrum exists; as happens in the problem study in this thesis. For this purpose;
vanishing of all the perturbation components was imposed in the far-field while a linear extrapolation
at |x| → ∞, (Theofilis et al., 2003) and pressure compatibility conditions were imposed along the
chordwise direction. More specifically the second derivative of the disturbances along chordwise
direction was imposed equal to zero, ∂2q̂/∂x2 = 0. Although these boundary conditions can create
problems, its effect can be reduced in two ways: (a) extending the computational domain, i.e.
displacing the boundaries away from the stagnation point, and (b) increasing the resolution at the
boundaries (for example, by using a stretching function). The values of the parameters in the
computations (size domain and number of points) were chosen after a study of convergence of the
solutions (growth rate, etc) considering the points described in (a) and (b). For these parameters,
the amplitude functions of more unstable modes as well as the growth rate are practically unaffected
by the boundary conditions considered in the computations.

The real and imaginary structure of matrix A defined by (3.10-3.13) are represented schemati-
cally in Figures 4.2. This matrix is unsymmetric which makes difficult the treatment of this during
the solution of the generalized eigenvalue problem, EVP. Regarding matrix B, this is a complex
diagonal matrix. An iterative method for solve the EVP defined by these matrices is described in
the following sections, 4.2.1 and 4.2.2.
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Figure 4.2: Block-diagonal structure of the non-orthogonal swept attachment line boundary layer
Bi-Global EVP. For these matrices Nx = 22 and Ny = 32 Chebyshev-Gauss- Lobatto points were
used.
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4.2.1 QZ algorithm

Given a generalized non-Hermitian generalized eigenvalue problem, A · q = λ B · q where A and
B are general Cn×n matrices. This system can be calculated by using dense linear algebra, like
the QZ algorithm. QZ algorithm computes the eigenvalues and eigenvectors of a generalized non-
Hermitian eigenvalue problem, based on the Schur decomposition. This algorithm requires O(N3)
operations and needs O(N2) of memory, where N = 4×Nx×Ny is leading dimension of the matrix
and Nx and Ny are the number of nodes in x and y directions, and is implemented in many open-
source libraries, like LAPACK (Anderson, Bai, Bischof, Blackford, Demmel, Dongarra, Du Croz,
Greenbaum, Hammarling, McKenney & Sorensen, 1999).

4.2.2 Arnoldi algorithm

The basic Arnoldi Method is very closely related to the Implicitly Shifted QR-Algorithm for dense
problems. This method provides a number of dominant eigenvalues (large module) at lower compu-
tational cost requested by the QZ algorithm. The number of eigenvalues is related with the Krylov
subspace dimension, that is a free-parameter of the method. The upper limit of this parameter
correspond with the leading dimension of the matrices.

The Krylov subspace is constructed by

Km =
{
q,

(
A−1 · B

)
q,

(
A−1 · B

)2 q, . . . ,
(
A−1 · B

)m−1 q
}

(4.16)

where m is the dimension of the Krylov space. The upper triangular Heisenberg matrix Hm is
defined by,

Hm = VH
m

(
A−1 · B

)
Vm . (4.17)

where Vm has as columns the vectors defined in (4.16). An equivalent standard eigenvalue problem,
with dimension m, could be defined as follows,

HmVH
m · q = µVH

m · q. (4.18)

The eigenvalues of this problem, µ are approximations of the original eigenvalues as well as the
Krylov dimension increases. Finally, a shift-invert strategies could be implemented in order to
modify the eigenvalue problem such that the desired eigenvalues correspond with the dominant
eigenvalues of the problem. A detail description of the algorithm is given in Algorithm 1.

4.3 Matrix Free-Methods

A shift-invert strategy for the linearized problem is described in this section. The real version is
described in Section 4.3.1. Based on this version, a model for the complex case is described in
Section 4.3.2.

4.3.1 Real shift-invert

The exponential transformation, (3.21), shifts large negative eigenvalues to zero and leading eigen-
values to infinity, as schematically shown in Figure 4.3(c). However, an issue remains regarding the
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Algorithm 1 Arnoldi algorithm

S1: Compute Â = A− Bσ

S2: Initialization:

B1: r̂0 = [1, 1, . . . , 1]T

B2: r̂0 := r̂0 /||r̂0 ||2
B3: h00 = ||r̂0||2
B4: V0 = r0

A1: Loop: For j = 0, . . . ,m− 1 do,

B1: Set rj := (B, rj)
B2: Solve Â · x = rj and overwrite rj with the solution
B3: Internal loop: For i = 0, . . . j do

C1: hij := (Vi, rj)
C2: rj := rj − hijVi

B4: Set hj+1,j = ||rj ||2 and
B5: Vj+1 = rj /hj+1,j

A2: Compute the eigenvalues of Hm using QZ

A3: Compute the Ritz vectors qi = (Vm, y
m
i )



56 CHAPTER 4. NUMERICAL METHODS

eigenvalues with small real and large imaginary parts, like those responsible of a Hopf type bifurca-
tion, which remain unchanged by this transformation. An alternative strategy must be considered
in order to obtain these eigenvalues. In designing such an alternative, any function that transforms
the original eigenvalue problem (3.19), must meet the following requirements: (a) the eigenvectors
must remain unchanged, (b) the leading eigenvalues of (3.19) should be dominant eigenvalues of
the new eigenvalue problem and (c) the conjugate complex pair of eigenvalues defined near the
imaginary axis must be separated from the rest of eigenvalues shifting to zero.
The shift-invert transformation, defined by

(exp [∆t (∂UN + L)]− σI)−1 u′ = Γu′ , (4.19)

meets these objectives, where now

Γ =
1

e∆tγ − σ
(4.20)

and σ ∈ R. Then, taking σ = 1, eigenvalues of (3.20) close to zero are mapped to unity by the
exponential application, to zero by subtracting I, and to ∞ by the inversion, see Figure 4.3. In the
general case, eigenvalues of (3.20) closed to log (σ) are separated from the rest being the dominant
eigenvalues. This shift is valid only for real σ since the exponential is a real operator.
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Figure 4.3: Dominant eigenvalues as function of the eigenvalue problem considered. The most
unstable eigenvalue on the left becomes the dominant eigenvalue by using the shift-invert transfor-
mation.

4.3.2 Complex shift-invert

For complex shifts, the following expression1 can be considered during each Arnoldi iteration,

(
exp [∆t (∂UN + L)]− σrI σiI

−σiI exp [∆t (∂UN + L)]− σrI

)
·
(
ur

ui

)
k+1

=
(
ur

ui

)
k

(4.21)

1see Tuckerman et al. Tuckerman & Barkley (2000) for the direct method
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where σr = <{σ} and σi = ={σ}. In this case the leading dimension of the matrix is twice that of
the real case, leading to a proportional increase in computational effort when time-stepping is used.

4.3.3 The shift-invert algorithm

The Arnoldi iteration scheme can be used with a real shift in order to obtain the dominant eigen-
values of (4.19), which are the leading eigenvalues of (3.20). Then, a sequence of k vectors, u′0,
u′1, u′2,... u′k−1 must be generated in the Arnoldi process from a initial perturbation, u′0, for which
u′l = (LNS∆t − σI)−1 u′l−1 must be provided in the iterative process. This implies inversion of the
operator, which can be achieved iteratively using a Bi-Conjugate Gradient Stabilized algorithm (Bi-
CGSTAG) Saad (1980), developed for linear systems that are not symmetric definite. In this case,
the following operation must be performed in the internal Arnoldi loop, (LNS∆t − σI) r, where
r is the residual of the method. Therefore, the problem is reduced to solving equation (3.19) by
time-stepping a number of times. With respect to the complex shift, the action of the matrix oper-
ator defined in (4.21) involves solving (LNS∆t − σI)u′jl−1 separately for the real and the imaginary
components. In this case, identical real and complex initial conditions are considered. In summary,
the following scheme is used in order to obtain the eigenvalues of largest magnitude for the real
shift-invert problem:

Algorithm 2 The real shift-invert algorithm
S1: Set tolArnoldi and NArnoldi (maximum number of Arnoldi iterations)

S2: Set tolBi−CGSTAB and NBi−CGSTAB (maximum number iterations used in Bi-CGSTAG)

S3: Choose random initial condition for residual vector and u′l

S4: Perform outer loop (Arnoldi) until convergence, (l = 1, ..., NArnoldi),

A1: Initialize u′j=0
l = 0 and rj=0 = u′l−1 − (LNS∆t − σI)u′j=0

l , where r denotes the residual
error

A2: Perform inner loop (Bi-CGSTAB) until convergence, (j = 1, ..., NBi−CGSTAB),

B1: Compute M · rj , where M is the preconditioner.
B2: Call DNS in order to compute A = LNS∆t − σI on an internal vector
B3: u′jl and rj are obtained
B4: Iterate until convergence, tolBi−CGSTAB, or maximum NBi−CGSTAB is reached

A3: Iterate until convergence, tolArnoldi, or maximum NArnoldi is reached

S5: Eigenvalues are recovered if convergence has been achieved,

S6: Leading eigenvalues of (3.20) are obtained from dominant eigenvalues; Γ =
1

e∆tγ − σ

Reverse communication interfaces for Arnoldi iteration as implemented in ARPACK Lehoucq,
Sorensen & Yang (1998) and the iterative template routine Bi-CGSTAB, implemented by Barrett,
Berry, Chan, Demmel, Donato, J. Dongarra, Pozo, Romine & van den Horst (1993) were used in
the process described above. This algorithm was implemented in the stability code based on Semtex
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Blackburn (2002).
Semtex is a spectral DNS code for the solution of the incompressible Navier-Stokes equations

in primitive variables. Standard nodal Gauss-Lobatto-Legendre basis functions are used in two
inhomogeneous directions while a Fourier expansions is used in the other one, for three-dimensional
problems, that is assumed homogeneous. More specifically, the domain is divide into blocks and
these in quadrilateral obtained by using continuous Galerkin projection from a canonical domain,
[−1, 1] × [−1, 1]. The nodes on each direction are obtained from the zeros of Legendre polyno-
mials. These are generalized to two-dimensional problems by using tensor-product interpolants of
one-dimensional grids distribution. These interpolants are the Gauss-Lobatto-Legendre Lagrange
functions defined by,

φj (x) =
1

N (N + 1)LN (xj)

(
1− x2

)
L′N (x)

x− xj
.

such that on each direction are equal to one in one of the N + 1 Gauss-Lobatto points defined in
[−1, 1], and zero at the other points, see page 48 for more information. The order of the discretization
is related with the order of the polynomial and hence with the number of zeros. This imposes
restrictions on the definition of Courant-Friedrichs-Lewy -CFL number, i.e., more restrictive CFL
condition implies works with high polynomial order. 2

Finally time integration employs a backwards-time differencing scheme described by Karni-
adakis, Israeli & Orszag (1991). This code has been validated and used in a number of works, see
Blackburn & Henderson (1999), Blackburn & Lopez (2000), Blackburn, Govardhan & Williamson
(2001), Blackburn & Lopez (2002), Blackburn (2002), or Blackburn & Lopez (2002).

4.3.4 A preconditioner

Conjugate gradient iterative methods for non-symmetric definite systems may converge slowly,
requiring a large number of iterations when the condition number is high. This is what happens from
the spatial discretization of the Navier-Stokes equations, especially for three-dimensional problems
where, in addition, the size of the matrices, LNS∆t, is large. In this case even a moderately large
condition number of the operator has an adverse influence on the overall rate of convergence of
the iterative method. Preconditioning techniques help improve the convergence of the stability
problem, see Knoll and Keys Knoll & Keyes (2004b) for a recent overview. The origin of the large
condition number is the wide range of eigenvalues of L and for this reason the Stokes preconditioner
P = ∆t (I −∆tL)−1 is often used, see Tuckerman & Barkley (2000). A review of this method
applied to the direct problem (equation (3.20)) is presented below. The system of equations to
solve on each Arnoldi iteration is given by,

(A− σI)u′k+1 = u′k , (4.22)

where A = ∂UN + L. The following equation is obtained multiplying both sides of the previous
equation by the Stokes preconditioner,

∆t (I −∆tL)−1 (A− σI)u′k+1 = ∆t (I −∆tL)−1 u′k . (4.23)

2The Courant-Friedrichs-Lewy condition is the necessary condition for the numerical convergence of the partial
differential equations to be solved. This condition define a number that gives an upper bound between time step of
the simulation and the characteristic size of the spatial discretization that ensure the numerical convergence of the
simulation.
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After some manipulations on the left hand side one obtains[
(I −∆tL)−1 (I + ∆t (∂UN− σI))− I

]
u′k+1 = ∆t (I −∆tL)−1 u′k . (4.24)

Taking σ = 0, equation (4.24) may approximate LNS∆t for small ∆t. However, the precon-
ditioner works optimally when ∆t is taken larger than the characteristic time-step considered in
the numerical integration of the equations, in which case the previous identification is no longer
valid. As such, the process proposed by these authors is not formally a time-stepping integration
because they use only the Stokes operator without pressure and convective terms, and where the
time step does not match the CFL condition it could be as large as that required by the shift-invert
algorithm. Moreover, this preconditioner has the disadvantage that can not be applied directly to
a real/complex shift-invert time-stepping a new preconditioner must be used for the problem at
hand. This is an open field which will be discussed in Chapter 7.

4.3.5 Inversion Algorithms: Bi-CGSTAB

The coefficient matrix arising from discretization of the diffusion terms is non-symmetric and in
general sparse. This matrix must be inverted when a semi-explicit time scheme is used. Iterative
algorithms, based on Krylov subspace iteration for general non-symmetric systems, could be used
in order to solve these problems. Let A · u = f the linear system to solve, where A is an arbitrary
non-symmetric matrix of order n. Therefore, the Bi-Conjugate Gradient Stabilized Method, Bi-
CGSTAB, developed by (der Vorst, 1992) represents a standard approach for solve this systems in
an optimal condition. 3 This method is a variant of the Bi-Conjugate Gradient method (BiCG), and
can be viewed as a combination of this and the Generalized Minimal Residual algorithm, GMRES
(developed by Saad & Schultz (1986)). At least locally, a residual vector is minimized, which
leads to a considerably smoother convergence behavior. All this methods are based on the Arnoldi
algorithm, that is a generalization of the Lanczos recurrence, in the case of non-symmetric matrices.
Therefore, starting from a initial vector, v1, a orthogonal basis v1,v2, . . . ,vk could be calculated
from the action of A over vi. An orthogonal vector vk+1 to {v(j)}k

j=1 could be constructed using
a modified Gram-Schmidt process. The pseudocode for the Preconditioned Conjugate Gradient
Squared Method with preconditioner M is shown in Algorithm 3.

3i.e. the energy norm of the error is minimized with respect to the k-dimensional Krylov space.
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Algorithm 3 The Preconditioned Bi-CGSTAB Method
S1: Choose u(0), compute r(0) = f−A · u(0),

S2: Set r̃ = r(0)

S3: for i = 1, 2,...

A1: ρi−1 = r̃T r̃(i−1)

A2: if ρi−1 = 0 method fails

A3: if i = 1

B1: p(i) = r(i−1)

A4: else

B1: βi−1 =
ρi−1

ρi−2

αi−1

wi−1

B2: p(i) = r(i−1) + βi−1

(
p(i−1) − wi−1v(i−1)

)
A5: endif

A6: solve M p̂ = p(i)

A7: v(i) = Ap̂

A8: αi =
ρi−1

r̃T v(i)

A9: s = r(i−1) − αi v(i)

A10: if ||s|| < tolerance

B1: u(i) = u(i−1) + αi p̂
B2: stop

A11: endif

A12: solve M ŝ = s

A13: t = Aŝ

A14: wi =
tT s
tT t

A15: u(i) = u(i−1) + αi p̂ + wi ŝ

A16: r(i) = s− wi t

A17: if ||r(i)|| < tolerance , exit

A18: if wi = 0 stop

S4: end



Chapter 5

Validation and performance of the
numerical solutions

5.1 Validation of Matrix-Free method algorithm

5.1.1 Real shift-invert

Two problems have been considered in this section in order to test the real shift-invert method
described above: (a) Stenotic flow and (b) Backward-facing step flow. In all cases, the base solution
was obtained using Newton iteration started from a known initial solution, see Blackburn Blackburn
(2002) for details.

The stenotic flow: real shift-invert

Linear stability around the steady stenotic flow at Re = 700 is considered in this section, mesh and
x−component of the basic flow being presented in Figure 5.1(a). For these simulations a polynomial
order Np = 5 was considered in order to expand flow variables within each element. This low value
of Np was chosen because it is known to be sufficiently accurate for our study and at the same time
permits fast simulations. The Krylov subspace dimension, the maximum number of iterations and
the tolerance were taken equal to 8, 200 and 10−5, respectively.

There is a good agreement between the results obtained with the exponential method (equation
(3.21) and the real shift invert method (equation (4.19)), as seen in Table 5.1 and Figures 5.2.
The most unstable modes obtained using the two strategies agree up to the third decimal place.
Different tolerances considered delivered converged solutions in all cases, see Table 5.2. Likewise,
it can be seen that the number of Arnoldi iterations could be reduced from 76 to 8 when the shift-
invert method is used in place of the direct method. This however does not imply a reduction in
the computational cost, due to the high number of iterations required to invert the matrix on each
Arnoldi iteration. These numbers used in the Bi-CGSTAB loop are summarized in Table 5.2. As
can be seen the maximum number of iterations was not achieved in any case. The following behavior
of the simulations was observed: (a) usually, only one converged eigenvalue is obtained with the
real-shift invert method. (b) at convergence, the number of iterations carried out in the internal
loop is independent of the Arnoldi tolerance, (c) random initialization of u′j=0

l at the beginning of
the Bi-CGSTAB iteration deteriorated the results obtained.

61
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Figure 5.1: Details of the meshes used in each of the three problems solved. Note that a high-degree
polynomial is used inside each element. Superposed in color is the streamwise component of the
basic velocity field.

Table 5.1: Convergence of most unstable eigenvalues for stenotic flow, where Np = 5 and N is the
number of Arnoldi iterations. Krylov dimension = 8, tolArnoldi = 10−5, NArnoldi = 200. Case a:
Exponential method, Case b: Real shift-invert method for σ = 0, tolBi−CGSTAB = 10−3 and
NBi−CGSTAB = 300

Cases Magnitude Angle Growth Rate Frequency N
a 9.9723(-01) 0.0000 -3.7011(-03) 0.0000 76
b 9.9737(-01) 0.0000 -3.5113(-03) 0.0000 8

Table 5.2: Number of iterations carried out by the Bi-CGSTAB algorithm for the stenotic flow
problem. Krylov dimension = 8, tolArnoldi = 10−5, NArnoldi = 100. Case a: Magnitude = 9.9737(-
01), Growth Rate = -3.5111(-03), tolBi−CGSTAB = 10−3 and NBi−CGSTAB = 300 Case b: Magnitude
= 9.9737(-01), Growth Rate = -3.5113(-03), tolBi−CGSTAB = 10−4 and NBi−CGSTAB = 300 a.b(c) =
a.b× 10c.

Arnoldi Iteration Case a Case b
1 62 73
2 43 50
3 44 51
4 53 53
5 66 67
6 69 95
7 78 101
8 80 109
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5.1.2 Complex shift-invert

Backward-facing step: real and complex shift-invert

With increasing Re steady two-dimensional laminar separated backward-facing step flow at longi-
tudinal to transversal aspect ratio of 2 first becomes unstable to a steady 3D bifurcation at critical
Reynolds number about 750, as discovered by D. Barkley & Henderson (2002). The mesh and the
streamwise basic flow velocity components in the backstep are represented in Figure 5.1(b).

The most unstable eigenmodes for this configuration have been obtained using the exponential
method with Krylov dimension equal to 25, tolArnoldi = 10−6 and maximum number of iterations
NArnoldi = 500; results are summarized in Table 5.3. Both real and complex shift-invert methods
have been used in order to obtain these results using the same Arnoldi iteration parameters. Three
validation tests are considered in Table 5.3, the first corresponds to the solution of the problem
when the direct method is used, case a, the others are obtained by using the shift-invert method
with different resolutions used in the Bi-CGSTAB algorithm, cases b and c. As can be seen in case
(b) of Table 5.3, the most unstable mode obtained using the shift-invert method and the result
obtained using the exponential method agree up to the sixth decimal place. This agreement can
also be seen in the eigenvectors obtained with either of the two methods, see Figures 5.3.

A value of σ = 0 was considered in the third test case (c), in order to validate if the real shift-
invert method can converge to the leading eigenvalue when the shift parameter σ is taken far away
from the known eigenvalue. This exercise also led to the same level of agreement between results
of the shift-invert and the exponential methods although, as expected, convergence is worse with
respect to the case (b).

Table 5.3: Convergence of most unstable eigenvalues for the backward-facing step flow, where N
is the number of Arnoldi iterations. Krylov dimension = 25, tolArnoldi = 10−6, NArnoldi = 500.
Case a: Exponential method. Case b: Real shift-invert method for σ = 1.0, tolBi−CGSTAB = 10−3

and NBi−CGSTAB = 200. Case c: Real shift-invert method for σ = 0.0, tolBi−CGSTAB = 10−4 and
NBi−CGSTAB = 300. a.b(c) = a.b× 10c.

Cases Magnitude Angle Growth Rate Frequency N
a 1.0009 0.0000 4.2583(-04) 0.0000 330
b 1.0009 0.0000 4.2579(-04) 0.0000 25
c 1.0008 0.0000 4.0127(-04) 0.0000 25

Two-dimensional swirl flow: complex shift-invert

In the third application analyzed, the steady flow in a two-dimensional swirl flow has a number of
axisymmetric modes, as described by Lopez et al. J. M. Lopez & Sanchez (2001). At Re = 4000
a Hopf bifurcation to periodic axisymmetric flow at intermediate aspects ratios (Λ ≈ 2.5) has been
identified by these authors. Again, mesh and x−component of the basic flow velocity are shown in
Figure 5.1(c).

The most unstable modes using the exponential method, Krylov subspace dimension equal to
25, tolerance used on Arnoldi iterations equal to 10−6 and maximum number of iterations equal to
500 are summarized in Table 5.4; a component of the respective eigenvectors is shown in Figure 5.4.
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In this application several values of the shift parameter σ have been considered. A value of σ
closed to the most unstable mode obtained by the exponential method, −1.2 + 0.1i, was chosen in
the first validation test considered in Table 5.4. The result obtained by the complex shift-invert
method is equal to the obtained using the exponential method for the accuracy considered. On the
other hand, a comparison of the eigenvectors delivered by both methods, graphically presented in
Figures 5.4(a) and 5.4(c), shows that the second most unstable eigenvalue obtained by the shift-
invert method, Figure 5.4(c), corresponds to that of the first mode obtained by the exponential
method, Figure 5.4(a), while the eigenvector of the most unstable mode obtained by the shift-invert
method correspond to the second mode delivered by the exponential method. Finally, a global
change of phase was observed between both formulations. However, this effect cannot be seen in
the kinetic energy where the phase shift is removed.

Particular attention has been paid to the convergence of eigenvalues during this validation
using several combinations of the related parameters, since two iterative processes are involved,
the external loop (Arnoldi iteration) and the internal loop (Bi-CGSTAB iteration). The effect of
tolerance used on the matrix inversion is summarized in Table 5.5. The tolerance considered in
the first case was very low and the eigenvalues did not converge. An interesting property of this
result is that the solution does not correspond to a complex conjugate pair. This is something
that was observed throughout this work in different test cases. Comparing cases (b) and (c) we
note that convergence was already achieved on case (b). On the other hand, given the parametric
configuration used in the exponential case for the Arnoldi loop, the number of Arnoldi iterations
was independent of the parameters used on the matrix inversion.

Table 5.4: Convergence of the leading eigenvalues for the 2D swirl problem where N is the number
of Arnoldi iterations. Case a: Exponential method, Krylov dimension = 10, NArnoldi = 200 and
tolArnoldi = default. Case b: Complex shift-invert method, σ = −1.2 + 0.1i, Krylov dimension
= 10, NArnoldi = 200 and tolArnoldi = default tolBi−CGSTAB = 10−4 and NBi−CGSTAB = 300,
a.b(c) = a.b× 10c.

Cases Eigenvalues Magnitude Angle Growth Rate Frequency N
a 0 1.1831 3.0637 1.2178(-02) 2.2185(-01) 124

1 1.1831 -3.0637 1.2178(-02) -2.2185(-01)
b 0 1.1831 3.0637 1.2178(-02) 2.2185(-01) 10

1 1.1831 -3.0637 1.2178(-02) -2.2185(-01)

5.2 Validation of Matrix-forming method

5.2.1 Performance of the sparse solution

The use of dense linear algebra algorithms in the solution of the lineal system Ax = b that must
be solved in the Arnoldi iteration (step B2 in Algorithm 1) implies using large computational
resources in terms of computational time and storage requirements. Therefore, alternative matrix
storage and inversion methodologies based on sparse formulations are needed in order to reduce
the computational effort. The package MUMPS was used in the solution of the above system on
that purpose. This software implements a direct method based on a multifrontal approach in order
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Figure 5.2: Stenotic flow at Re = 700, in which (K =
√
u2 + v2 + w2). Kinetic energy of the most

unstable eigenvector calculated by the exponential and the Arnoldi shift invert strategy with shift
equal to 1. Left: Exponential method. Right: Real shift-invert method.
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Figure 5.3: Back-step problem at Re = 750, in which (K =
√
u2 + v2 + w2). Kinetic energy of the

most unstable eigenvector calculated by the exponential and the Arnoldi shift invert strategy with
shift equal to 1. Left: Exponential method. Right: Real shift-invert method. See results of Table
5.3.
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Table 5.5: Sensitivity of the two leading converged eigenvalues to the tolerance used on matrix
inversion. σ = −1.2 + 0.1i and kdim = 10. The number of Arnoldi iterations was 10 in both
cases. Case a: N = 100 and tolinv = 10−3. m = 100, tolinv = 10−3. Case b: N = 300 and
tolinv = 10−4. m = 300, tolinv = 10−4. Case c: N = 600 and tolinv = 10−5. m = 600,
tolinv = 10−5. a.b(c) = a.b× 10c.

Case Eigenvalue Magnitude Angle Growth Rate Frequency
a 0 1.2110 3.0735 1.3862(-02) 2.2257(-01)

1 1.0995 3.1183 6.8720(-03) 2.2581(-01)
b 0 1.1831 3.0637 1.2178(-02) 2.2185(-01)

1 1.1831 -3.0637 1.2178(-02) -2.2185(-01)
c 0 1.1831 3.0637 1.2178(-02) 2.2185(-01)

1 1.1831 -3.0637 1.2178(-02) -2.2185(-01)
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Figure 5.4: Two-dimensional swirl problem at Re = 4000, in which (K =
√
u2 + v2 + w2). Kinetic

energy of the most unstable eigenvector calculated by the exponential and the Arnoldi shift invert
strategy with shift equal to −1.2 + 0.1i. Upper: Exponential method. Lower: Real shift-invert
method.
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to performs the LU factorization of matrix A = LU where L is a lower triangular matrix and U
an upper triangular matrix. The matrices are stored in sparse format (Compressed Sparse Row
CSR-format, see Saad (2000)) where only the non-zero elements are considered. This package can
be used by either unsymmetric, symmetric positive definite and general symmetric matrix. In our
problem the matrix is unsymmetric, as can been seen in Figure 4.2.

The most computationally demanding task of the numerical solution is the storage and LU
factorization of the matrix. This involves multiplying two rows in the following way,

ai,j = ai,j −
∑

k

ai,kak,j/ak,k .

Then, ai,j will be nonzero even if its value were zero when the second term in the right hand side
is nonzero. This implies that the number of nonzero elements grows in the factorization process
and then increasing the memory requirements. The number of non-zero elements needed is called
fill-in. This number is estimated by MUMPS in the initial process and can be reduced by the
use of different re-ordering methods; AMD (Approximate Minimum Degree), AMF Approximate
Minimum Fill, PROD and METIS, see Amestoy et al. (2001); Amestoy, Guermouche, L’Excellent
& Pralet (2006) for more information. The fill-in obtained for the solution of the EVP for a typical
configuration using different re-ordering methods is presented in Table 5.6. As we can see METIS
and AMF methods gives a good results for all cases in this problem.

The following step in the inversion process is the symbolic factorization in which the matrix is
analyzed. In this case the AMF approach gives the best results followed by the METIS method,
see Table 5.7.

The time used in the last step (LU factorization) is summarized in Table 5.8. As we can
see MUMPS scale like the dense solvers, for which the time scales with the leading dimension as
t ∼ N3, but with a gain of at least one order of magnitude, see Figure 5.5. Among all methods,
PROD-ordering method gives the best CPU times.

As conclusion of these three tables, the ordering process PROD was used in the numerical
simulations carried out for the study of the generalized eigenvalue problem.

Although the LU factorization is the most time consuming operation, a number of back substi-
tutions equal to the dimension of the Krylov space must be carried out in the Arnoldi iteration. The
CPU time needed for this operation could be of the same order of magnitude of the LU factorization
when the Krylov dimensions is high enough.

5.2.2 Convergence studies

A previous study of convergence of the EVP was performed using MUMPS in order to optimize the
available computational resources. Then, the main objective was to reduce memory requirements
which led us to use a sparse formulation.

Convergence of the eigenvalues is attained using 64 CGL nodes in either the chordwise and
wall-normal directions, and a computational domain x ∈ [−200, 200] and y ∈ [0, 150], see Figure
5.6. Changes in the domain length affect the eigenvalues beyond the seventh significant figure, see
Table 5.9. Convergence of the leading eigenvalues is also attained using a domain smaller in the
x−direction, as well as a smaller number of discretization points. However, a large domain in the
x−direction eases the comparison with the direct numerical computations to be presented below
in this section (due to the presence of the fringe region), and all subsequent computations in this
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Table 5.6: Step I: Fill-in reducing ordering as a function of resolution for the incompressible Bi-
Global eigenvalue problems, using different methods. a.b(c) = a.b× 10c

Resolution nonzeros AMD AMF PORD METIS

10× 10 1.10(4) 1.05(5) 1.04(5) 1.16(5) 1.03(5)
20× 20 8.38(4) 1.63(6) 1.61(6) 1.74(6) 1.57(6)
30× 30 2.78(5) 8.11(6) 8.00(6) 8.59(6) 7.25(6)
40× 40 6.55(5) 2.58(7) 2.56(7) 2.72(7) 2.52(7)
50× 50 1.27(6) 6.22(7) 6.32(7) 6.63(7) 5.89(7)
60× 60 2.19(6) 1.30(8) 1.28(8) 1.38(8) 1.19(8)
70× 70 3.48(6) 2.32(8) 2.39(8) 2.55(8) 2.42(8)

Table 5.7: Step II: Symbolic factorization. Estimated memory requirements for the LU decomposi-
tion (Mb)

Resolution Dense AMD AMF PORD METIS

10× 10 25 4 4 4 5
20× 20 80 53 27 36 35
30× 30 277 223 107 154 184
40× 40 760 699 282 438 605
50× 50 1747 1657 704 1012 1047
60× 60 3494 2837 1210 1918 2087
70× 70 6230 6094 2095 3264 4446

Table 5.8: Step III: Elapsed time for factorization (s)

Incompressible LEBL
Resolution Dense AMD AMF PORD METIS

10× 10 0.1 0.0 0.0 0.0 0.0
20× 20 2.3 0.8 1.0 0.7 1.0
30× 30 28.4 5.5 6.7 5.6 6.9
40× 40 152.7 28.5 30.7 27.1 34.7
50× 50 553.9 99.8 104.0 96.0 97.0
60× 60 1603.4 322.3 281.8 273.1 292.0
70× 70 4665.8 866.7 660.3 666.0 1516.6
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Figure 5.5: CPU time. Dense vs. Sparse. Incompressible flow at Re = 800 and β = 0.255.

work are performed using this domain size. Further validations of the Bi-Global eigenvalue problem
are performed by comparing its results with those delivered by direct numerical simulations of the
problem at hand. These validations are presented in Section 5.2.4.
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Figure 5.6: Relative error of the leading eigenvalue of orthogonal swept leading edge boundary layer
global instability analysis. Incompressible flow at Re = 800, β = 0.255. Converged result Theofilis
et al. (2003) Ωi = 0.00585327. (a) <{Ω/β}. (b) ={Ω/β}.
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Table 5.9: Grid refinement history for the numerical solution of the temporal eigenvalue problem.
First most unstable modes: GH (S1), A1, S2, A2 at Re = 800 and (a) β = 0.255 (b) 0.3384631.
Comparison with the extended Görtler-Hämerlin model proposed by Theofilis et al. (2003) as well
as with the results presented by Lin & Malik (1996).

GH (S1) A1
(a) Resolution cr ci(×102) cr ci(×102)

32 0.35840821 0.58563321 0.35791822 0.41016370
48 0.35840979 0.58532945 0.35791967 0.40989108
80 0.35840979 0.58532945 0.35791967 0.40989109

Ref. Lin & Malik (1996) 0.35840982 0.58532472 0.35791970 0.40988667
S2 A2

32 0.35743404 0.23454862 0.35695562 0.05879403
48 0.35743538 0.23430417 0.35695685 0.05857507
80 0.35743538 0.23430417 0.35695685 0.05857507

Ref. Lin & Malik (1996) 0.35743540 0.23430006 0.35695678 0.05857127
GH (S1) A1

(b) Resolution cr ci(×102) cr ci(×102)
32 0.37552603 0.00032987 0.37515403 -0.12654240
48 0.37551362 0.00000813 0.37514273 -0.12682752
80 0.37551363 0.00000837 0.37514273 -0.12682730

Ref. Theofilis et al. (2003) 0.37551359 0.00000005 0.37514273 -0.12682730
S2 A2

32 0.37478551 -0.25358814 0.37442046 -0.38080317
48 0.37477524 -0.25384020 0.37441113 -0.38102543
80 0.37477524 -0.25384000 0.37441113 -0.38102525

Ref. Theofilis et al. (2003) 0.37477524 -0.25384000 0.37441113 -0.38102525

5.2.3 Comparison with the Orthogonal case

A first validation case of the present numerical solution is performed by revisiting the orthogonal
case of Lin & Malik (1996) at Re = 800 and β = 0.255. For this purpose, the growth rates and
frequencies of the most unstable modes are compared with results presented in the literature. There
are an infinite number of modes. The most unstable modes, in increasing stability order, are; GH
(or S1), A1, S2 and A2,... where the first and third are symmetric modes around the stagnation
point and the other two ones are antisymmetric.

As can be seen in Table 5.9 there is a good agreement between the results obtained in the
present work and the results presented in the literature by different authors. Thus, for example,
the discrepancy in the leading eigenvalue is beyond the seventh significant figure.
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5.2.4 Cross-validation of instability analysis results using direct numerical sim-
ulation

Verification and validation of the non-orthogonal global linear stability eigenvalue problem is com-
pleted by comparisons against results delivered by direct numerical simulations, utilizing a spatial
DNS code originally written by Lundbladh et al. (1994), as modified by Obrist (2000). The same
approach has been successfully used in validating results in the orthogonal limit (Theofilis et al.,
2003) where the modifications made in order to solve the problem at hand are described. In this
code, the incompressible Navier-Stokes equations are implemented in a velocity-vorticity formula-
tion. Fourier series are used on lateral variables and Chebyshev series on wall-normal variables. A
mixed explicit-implicit time integration scheme is used.

Regarding the boundary conditions, the following relationships are imposed in the wall-normal
direction; v′ = ∂v′/∂y = w′ = 0 at y = 0,∞ where

(u, v, w) =
(
Re−1xU + u′, Re−1V + v′,W + w′

)
.

The outflow boundary is treated with a fringe region technique because the flow at the two chordwise
ends of the computational domain is not periodic. Finally, periodic boundary conditions are assumed
in the spanwise direction.

Further modifications are necessary here in order to introduce a non-orthogonal basic flow. The
computational domain x ∈ [−150, 150], y ∈ [0, 150] is considered, using (192× 97× 16) collocation
points along the x, y and z spatial directions, respectively. A fringe region extending 10% of the
chordwise domain extension is placed at each side of the computational domain to prevent reflec-
tions of the perturbations. Advective and diffusive CFL numbers are taken equal to 0.08 and 0.5,
respectively. Two test cases are considered, discussed in what follows.

The Spalart test in non-orthogonal flow

The most unstable linear perturbations are recovered from the temporal evolution of random per-
turbations superposed upon on the basic flow, at several combinations of the Reynolds number and
wavenumber parameters, of which results at Re = 1000, β = 0.2, α = 60◦ are discussed in some
detail next. Figure 5.7 shows the spatial development with x of the r.m.s. (root mean square of
velocities integrated over z) of the velocity components pertaining to the leading eigenmode, after
the introduction of noise at time t = 0. As can be seen, there exists a region around the stagnation
point where the modal energy distribution of the most unstable mode is recovered from the initial
noise perturbation. As seen in Figure 6.2, the chord-wise perturbation velocity component depends
nearly linearly on x, while the other two velocity components are practically independent of x, as
predicted by the classic Görtler-Hämmerlin Ansatz. Further discussion of this point will be offered
in Section 6.2.

Recovery of amplification rates

The amplification or damping rate of modal perturbations may be obtained using the DNS code
(e.g. Rodŕıguez & Theofilis, 2010), through

Ωi =
lnE(β, t+ δt)− lnE(β, t)

2∆t
, (5.1)
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Figure 5.7: Maximum over y of the r.m.s. integrated over z of disturbance velocity components at
Re = 750, β = 0.25 and α = 60◦. Figures/LST 5.7(b) are obtained by DNS from an initial noise.
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Table 5.10: Growth rates of the leading GH eigenmode for oblique cases predicted by the Bi-Global
linear stability theory, ci,2D−EV P and by DNS, ci,DNS , for a range of angles. β = 0.25, Re = 750.

α ci,2D−EV P × 10−3 ci,DNS × 10−3 Relative error

80◦ 4.636 4.624 0.26 %
70◦ 5.292 5.292 0.01 %
60◦ 6.052 6.060 0.13 %
50◦ 6.236 6.296 0.96 %
40◦ 4.336 4.324 0.28 %
30◦ -3.380 -3.356 0.71 %

where E(β, t) = 1
2L′

∫ Ly

0 dy
∫ L′

−L′
1
2 ûûdx is the modal energy, û is the disturbance velocity vector, L′ is

a streamwise domain extent, excluding the influence of the fringe region, and ∆t the CFL-controlled
time-step.

Table 5.10 compares the growth rates of the leading GH eigenmode predicted by Bi-Global eigen-
value problem ci,2DEV P = Ωi,2DEV P /β with those extracted from the DNS, ci,DNS = Ωi,DNS/β,
for Re = 750 and a variety of α values. In these direct numerical simulations, the length used in
the chordwise direction L′ = 200 was based on a convergence study for the growth rate and the
amplitude functions while a spanwise extension of the domain z ∈ [−8π, 8π] was chosen in order to
accommodate 2 periods of the fundamental wavelength associated with β = 0.25. The simulations
are initialized with the amplitude functions corresponding to the GH mode obtained in the solution
of the Bi-Global EVP, scaled to have a maximum kinetic energy equal to A = 10−10,

This cross-verification builds confidence on the integrity of the results obtained by numerical
solution of the EVP (3.10-3.13). However, instead of embarking upon parametric studies of insta-
bility by numerical solution of the partial-derivative eigenvalue problem or by DNS, the question
is addressed next whether it is possible to simplify the full system of equations describing linear
stability by a polynomial model analogous with that proposed by Theofilis et al. (2003) for the
orthogonal case; attention is turned to this issue next.
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Chapter 6

Stability results for the
attachment-line boundary layer flow

The stability results obtained for the non-orthogonal swept attachment-line boundary layer flow are
presented in this section. Having ensured the integrity of the numerical results obtained by using
Bi-Global stability analysis in previous section, parametric studies were performed in order to study
the effect of the angle of attack, AoA (or α), on the critical parameters.

Section 6.2 presents the polynomial model which recovers the global instability analysis results
of Section 3.1.2. This model is an extension of the polynomial model proposed by Theofilis et al.
(2003) in the orthogonal case and is one of the major contributions of this thesis. The dependence
of neutral curves as a function of the angle of attack is studied in Section 6.3. These results were
subsequently confirmed by using the simplified model for the perturbations described in Section
6.2. Based on the observations made on the preceding sections, Section 6.4 proposes a theoretical
scaling of the instability results with the angle of attack. This functional dependence has been
obtained by using a global stability analysis at difference of the previous ad hoc assumptions (at
low order) used previously in the literature. Prior to these chapters it is instructive to expose some
fundamental properties of the eigenspectrum and the corresponding eigenfunctions associated with
the non-orthogonal swept attachment-line flow. These will be presented in the following section.

6.1 Characteristics of the eigenspectrum provided by Bi-Global
stability analysis

Some fundamental properties of the eigenspectrum and the corresponding eigenfunctions associated
with the non-orthogonal swept attachment-line flow are presented in this section, paying particular
attention to the comparison with the well-known results of the orthogonal case.

Figure 6.1 shows the eigenspectrum corresponding to three different angles: α = 90◦ (orthogonal
flow), α = 45◦ and α = 30◦ at a single set of parameters, Re = 800, β = 0.255. The orthogonal
case is the same as that was used in the validation test discussed in Section 5.2.2. An analogous
eigenspectrum structure appears for any of the combinations of parameters examined. The leading
family of eigenvalues that was identified in the case of orthogonal stagnation-line flow by Lin & Malik
(1996), comprising symmetric (S1, S2, etc) and antisymmetric modes (A1, A2, etc), is also recovered
here. In the case of non-orthogonal stagnation flow, the division of modes in symmetric and anti-

75
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symmetric is not strictly applicable, as the symmetry properties are not preserved. However, the
location of the eigenmodes in the spectra, as well as some qualitative properties of the eigenfunctions,
can be traced from the orthogonal case as the angle α is decreased from α = 90◦ (or AoA increased
from 0◦), and therefore this notation will be preserved in what follows.
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Figure 6.1: Typical spectra at Re = 800, β = 0.255 and three angles, α = 90◦ (orthogonal flow),
α = 45◦ and α = 30◦.

The first mode of this family was postulated by Görtler (1955) and Hämmerlin (1955) to have
a linear dependence in the chordwise direction in the case of orthogonal flow, and is commonly
referred to in the literature as the Görtler-Hämmerlin (GH) mode or the S1 mode. As the case is
in orthogonal flow, the GH mode dominates at any parameter combination in the range analyzed,
and consequently neutral curves of the non-orthogonal flow may be obtained by reference to this
eigenmode alone. Two additional branches of eigenmodes are present, but they are irrelevant to
the linear modal instability, due to their stable behavior. The splitting in the tail of the third
eigenvalue branch, observable towards higher damping rates in Figure 6.1, is known to be the result
of finite-precision arithmetic and a fixed maximum permissible resolution on the hardware utilized.1

In the orthogonal case, it was found that there is a relation between the position of a mode on its
branch, and the order of the polynomial model representing the amplitude function behavior along
the chordwise direction. This relation is not exact in the non-orthogonal case, i.e. eigenfunctions
for mode GH are not exactly linear functions of x, but serves as a first approximation, especially as
α → 90◦. Figure 6.2 shows the amplitude functions corresponding to the mode GH at Re = 800,
β = 0.255, α = 45◦ highlighted in Figure 6.1. The remaining eigenvectors is presented in less detail
in Figure 6.3. Chordwise velocity component û is approximately linear with x, and the other two
velocity components, v̂ and ŵ are independent of this coordinate.

1a desktop computer featuring a 3.06GHz Intel Core 2 Duo processor 8Gb 1067 MHz DDR3 of RAM
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Figure 6.2: Perspective view of the real parts of the disturbance eigenfunctions of the GH (S1) linear
eigenmode, as obtained by numerical solution of the Bi-Global eigenvalue problem, corresponding
to Re = 800, β = 0.255 at α = 45◦.

6.2 An ODE-based polynomial model for the disturbances. Anal-
ysis of Bi-Global results

The question is now addressed whether global instability of incompressible non-orthogonal stagna-
tion line flow can be described by a model which takes into account a potentially existing polynomial
nature of the leading eigenmodes along the chordwise spatial direction. Models expanding the eigen-
modes of non-orthogonal flow into polynomials of the chordwise coordinate have been employed in
an ad hoc manner by Floryan (1992) in incompressible and by Lasseigne & Jackson (1992) in com-
pressible non-orthogonal stagnation line flow, while Brattkus & Davis (1991) and Theofilis et al.
(2003) respectively showed that local and global stability of orthogonal incompressible flow can be
described by a polynomial model reducing the stability problem to a system of ODEs. Guided by
the latter work, the amplitude functions of three-dimensional disturbances are assumed to take the
form

Qp(x, y) =
∞∑

k=0

q̂k (y)xk , (6.1)

where q̂k(y) = (û, v̂, ŵ, p̂) (y) is the vector of one-dimensional disturbance amplitude functions.

6.2.1 An ODE-based polynomial model for the temporal disturbances

Substituting (6.1) into the incompressible continuity and Navier-Stokes equations and linearizing
around the basic flow (2.29) the following system of equations for an arbitrary order K ≥ 1 is
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Figure 6.3: Perspective view of the real parts of the disturbance eigenfunctions of the A1, S2
and A2 linear eigenmode, as obtained by numerical solution of the Bi-Global eigenvalue problem,
corresponding to Re = 800, β = 0.255 at α = 45◦.
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obtained:

(k + 1) ûk+1 + v̂′k + i β ŵk = 0 , (6.2)

−Re p̂k+1 + (k + 2) (k + 1) ûk+2 +
(
L+ i Re Ω− (k + 1) f ′

)
ûk

− θk f
′′ v̂k−1 −

(
(k + 1) g′ ûk+1 + g′′ v̂k

)
= 0 , (6.3)

−Re p̂′k + hk (k + 2) (k + 1) v̂k+2 + hk

(
L+ i Re Ω− (k − 1) f ′

)
v̂k

− hk (k + 1) g′ v̂k+1 = 0 , (6.4)

−i Re β p̂k + hk (k + 2) (k + 1) ŵk+2 + hk

(
L+ i Re Ω− k f ′

)
ŵk

− hk Re w
′ v̂k − hk (k + 1) g′ ŵk+1 = 0 , (6.5)

where L = D2 + fD− β2 − i β Re w, D = d/dy, D2 = d2/dy2, θ0 = 0, θk = 1 (∀k ≥ 1), h0 = 1 and
hk = k (∀k ≥ 1).

Model equations for the disturbances in the non-orthogonal case proposed in the past in the
literature can be recovered as particular cases of (6.2-6.5). For clarity, the Ansatz and scalings used
in the present case and in the other two related works in the literature are summarized in Table
6.1. First, in order to compare with Lasseigne & Jackson (1992) in the limit of zero Mach number,
a low chordwise polynomial order must be considered. Concretely, using k = 0 in (6.2), (6.4) and
(6.5) and k = 1 in (6.3) one obtains,

û1 + v̂′0 + i β ŵ0 = 0 , (6.6)

0 = v̂′1 + i β ŵ1 , (6.7)(
L+ i Re Ω− f ′

)
û0 = g′ û1 + g′′ v̂0 +Re p̂1 , (6.8)(

L+ i Re Ω− 2 f ′
)
û1 − f ′′ v̂0 = g′′ v̂1 , (6.9)(

L+ i Re Ω + f ′
)
ξ̂0 = g′ ξ̂1 + g′′ ŵ1 + iβRe w′ ŵ0 +ReS v̂0 , (6.10)

0 = (L+ i Re Ω) ξ̂1 − iβRe w′ ŵ1 −ReS v̂1 , (6.11)

where S = (w′′ + w′ D). The first two equations correspond to the mass conservation equation,
the following two are the x−momentum conservation and the last two equations are the vorticity
equations obtained from the y− and z−momentum equations, with ξ̂k = −i βv̂k + ŵ′k. Note that,
although this system is not closed due to the presence of v̂1 and ŵ1, Lasseigne & Jackson (1992)
have based their analyses on system (6.6-6.11), with all right-hand-side terms taken equal to zero.
The degree to which this hypothesis is valid in the incompressible limit is examined in what follows
by reference to the global instability analysis results.

Floryan (1992) used the GH model in the non-orthogonal plane stagnation flow in order to
model the functional dependence of the perturbations with the chordwise direction. This model is
equivalent to the one proposed by Lasseigne & Jackson (1992) in the limit of zero Mach number and
to the model described in equations (6.6-6.11) when all the right-hand side terms, corresponding
to higher truncation orders, are neglected. Both Lasseigne & Jackson (1992) and Floryan (1992)
considered real eigenvalues only, corresponding to stationary perturbations. This hypothesis was
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based on the earlier work of Wilson & Gladwell (1978) on the stability of plane orthogonal stagnation
flows which predicted that, owing to the absence of a sweep component in the basic flow, the leading
instability was stationary. By taking Ω to be complex in the present case, the leading instability
eigenmode is permitted to have non-zero frequency.

Finally the extended Görtler-Hämmerlin model for 3D disturbances described by Theofilis et al.
(2003) is recovered directly from (6.2-6.5) in the limit at α = π/2,

(k + 1) ûk+1 + v̂′k + i β ŵk = 0 ,

−Re p̂k+1 + (k + 2) (k + 1) ûk+2 + (L+ i Re Ω− (k + 1) f ′) ûk − θk f
′′ v̂k−1 = 0

−Re p̂′k − hk (k + 2) (k + 1) v̂k+2 + hk (L+ i Re Ω− (k − 1) f ′) v̂k = 0

−i Re β p̂k + hk (k + 2) (k + 1) ŵk+2 + hk (L+ i Re Ω− kf ′) ŵk − hk Re w
′v̂k = 0 .

(6.12)

Table 6.1: Scalings of the present ODE system compared to alternatives in the literature

Present work Lasseigne & Jackson (1992) Floryan (1992)

Ansatz exp (i (βz − Ωt)) exp
(
i
(
aβz + a2ωt

))
sin (βz) exp (σt)

=[Eigenvalue] Ωi a2ω/Re σ
<[Eigenvalue] Ωr 0 0
Wave number β aβ β
Eigenfunction not-scaled scaled with α not-scaled

Further, in the orthogonal case two families of solutions can be identified; symmetric solutions,
for even powers of p̂, and anti-symmetric solutions, for odd powers of p̂, as described in Theofilis
et al. (2003). This classification is no longer valid in the non-orthogonal case, and all powers must
be included in the expansion for all variables. The first concern is to demonstrate convergence of
the above series with k. Convergence of this expansion for the disturbances was demonstrated by
Theofilis et al. (2003) in the orthogonal case, where three-dimensional disturbances were classified
in symmetric and anti-symmetric families. Some aspects must be taken into account when choosing
the truncation order of the series. The lower-order coefficients depend on the higher-order ones at
any given truncation order. Consequently, the truncation of expansion (6.1) is only justified if the
coefficients associated with the terms neglected are effectively negligible numerically, compared to
those retained. Finally, it should be remarked that the truncation of the system of equations (6.12)
does not correspond exactly to the system of equations considered by Theofilis et al. (2003). In the
latter case, the truncation order is taken so that the number of equations is equal to the number of
variables for the corresponding symmetric or antisymmetric case, while in the present work a single
system of equations is solved.

Table 6.2 shows the eigenvalues c corresponding to the eigenmodes GH and A1, obtained as
solutions of system (6.2-6.5) for different truncation orders, compared to the solution of the Bi-
Global eigenvalue problem at α = 70◦, Re = 775.0 and β = 0.245. The results show that the GH
eigenvalue is converged up to the seventh decimal place when the series are truncated at orderK = 1,
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highlighting the approximately linear dependence of the disturbance shapes on the x-direction. In
addition, as GH mode is nearly symmetric, the truncation at order K = 0 already delivers a good
approximation to the eigenvalue. The opposite happens when considering the A1 eigenmode, for
which the truncation at K = 0 does not deliver a physical eigenvalue; the truncation at order
K = 1 delivers an eigenvalue converged up to the second decimal place, and the eigenvalue for the
truncation at K = 2 is accurate up to the fourth decimal place.

Table 6.2: Effect of truncation order of the convergence of the solution of the one-dimensional EVP
(6.2-6.5) for α = 70◦, Re = 775.0 and β = 0.245.

GH A1
Truncation order, K cr ci(×102) cr ci(×102)

0 0.3568818305 0.48279122 - -
1 0.3578462058 0.57797198 0.3554227537 0.21141593
2 0.3578462058 0.57797198 0.3573506523 0.40070171
3 0.3578462057 0.57797198 0.3573506519 0.40070172
4 0.3578462063 0.57797197 0.3573506523 0.40070171

(3.10-3.13) 0.3578462113 0.57797207 0.3573489537 0.40053579

Figure 6.4 shows the relative contribution of each polynomial term on the total kinetic energy
of the GH mode at Re = 775, β = 0.245 and α = 70◦. Scaling the amplitudes for the k = 0
(x-independent) contribution to be equal to one, the contribution of term k = 1 responsible for
the linear dependence is O(10−5). Contributions of higher order terms are below 10−12. This
observation suggests that even while the polynomial expansion (6.1) cannot be reduced exactly to
a linear function, the truncation at K = 1 already accounts for most of the physical behavior and
delivers consistent linear stability results.

The question addressed next is whether a change of α has an effect on the qualitative and
quantitative agreement between the numerical solutions of the full global linear stability eigenvalue
problem (3.10-3.13) and those obtained by solving the model EVP (6.2-6.5). Results of the respective
systems are obtained at different α values, keeping the pair of (Re, β) parameters constant. Out
of several such comparisons made, a representative result is shown in Figure 6.5. On the basis
of this and analogous results not presented here the following conclusions may be drawn. First,
the very good agreement shown earlier at a given angle α between numerical solutions of the
full and the reduced EVP is maintained when the angle α is changed. Second, the hierarchy of
leading eigenmodes known from the orthogonal flow is also present when the angle α is varied;
the non-orthogonal analog of the GH mode is always the dominant eigenmode. Third, a given
spanwise wavenumber/wavelength at a given Reynolds number experiences amplification beyond
that of the orthogonal flow as the angle α is reduced from 90◦, while all modes are stabilized below
a certain value of α; in the concrete example shown the maximum amplification rate at a fixed
(Re = 800, β = 0.255) is obtained at αmax ≈ 58.16◦, while at this (Re, β) parameter combination
the flow is found to be linearly stable below α ≈ 34.1◦.
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6.2.2 An ODE-based polynomial model for the spatial disturbances

A spatial linear stability study of the ODE system (6.2-6.5) is discussed on this section. In this
case, a real frequency Ω is imposed and the response of the boundary layer is obtained in terms
of the wavenumber <(β) and growth rate =(β). The difficulty in this case arises from the non-
linearity of the equations with respect the complex eigenvalue β. A numerical solution to address
this non-linearity was presented by Bridges & Morris (1984). The method is based on considering
auxiliary unknowns accounting for the non-linearity in the eigenvalue. This so-called companion
matrix approach was used successfully by Theofilis (1995) in the stability study of the incompressible
attachment line flow.

In our case, the eigenvectors are defined as follows, q̂ = (û, v̂, ŵ, p̂, βû, βv̂, βŵ)T , where each
variable is a vector of (M +1) components, for instance û = (û0(η), û1(η), . . . , ûM (η)). This implies
that given a truncation value M, the leading dimension of the matrix EVP is (M+1)×7×(NGL + 1),
where 7 is the number of independent variables. Therefore, the matrices associated with the spatial
stability problem, A · q̂ = βB · q̂ , are defined as

A =



Mu,0
x Mv,0

x 0 Mp,0
x 0 0 0

0 Mv,0
y 0 Mp,0

y 0 0 0
0 Mv,0

z Mw,0
z 0 0 0 0

Mu,0
mass Mw,0

mass 0 0 0 0 0
0 0 0 0 I 0 0
0 0 0 0 0 I 0
0 0 0 0 0 0 I


(6.13)

B =



−Mu,1
x 0 0 0 −Mu,2

x 0 0
0 −Mv,1

y 0 0 0 −Mv,2
y 0

0 0 −Mw,1
z −Mp,1

z 0 0 Mw,2
z

0 0 −Mw,1
mass 0 0 0 0

I 0 0 0 0 0 0
0 I 0 0 0 0 0
0 0 I 0 0 0 0


(6.14)

where Mα,j
i is the coefficient that multiplies variable α on the momentum equation i and order j

in β. The application of these coefficients on the unknowns is described below.

Mass conservation equation:

Mu,0
mass · û = (k + 1) ûk+1 ,

Mv,0
mass · v̂ = v̂′k ,

Mw,1
mass · βŵ = i β ŵk .

(6.15)
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x-momentum equation:

Mu,0
x · û = (k + 2) (k + 1) ûk+2 − (k + 1) g′ ûk+1+(

D2 − v D + i Re Ω− (k + 1)u
)
ûk ,

Mv,0
x · v̂ = −g′′ v̂k − fk u

′ v̂k−1 ,

Mp,0
x · p̂ = −Re p̂k+1 ,

Mu,1
x · βû = −i β Re w ûk ,

Mu,2
x · β2û = −β2 ûk .

(6.16)

y-momentum equation:

Mv,0
y · v̂ = hk (k + 2) (k + 1) v̂k+2 − hk (k + 1) g′ v̂k+1+

hk

(
D2 − v D + i Re Ω− (k − 1)u

)
v̂k ,

Mp,0
y · p̂ = −Re p̂′k ,

Mv,1
y · βv̂ = −i β Re hk w v̂k ,

Mv,2
y · β2v̂ = −β2 hk v̂k .

(6.17)

z-momentum equation:

Mv,0
z · v̂ = −hk Re w

′ v̂k ,

Mw,0
z · ŵ = hk (k + 2) (k + 1) ŵk+2 − hk (k + 1) g′ ŵk+1+

hk

(
D2 − v D + i Re Ω− ku

)
ŵk ,

Mw,1
z · βŵ = −i β hk Re w ŵk ,

Mp,1
z · βp̂ = −i β Re p̂k ,

Mw,2
z · β2ŵ = −β2 hk ŵk .

(6.18)

The boundary conditions imposed on disturbance velocities were viscous boundary condition at
the wall and homogeneous Direchlet condition in the far field. In order to ensure the divergence-free
condition at the ends of the domain, zero first derivative of the wall-normal disturbance velocity
was imposed at both ends, |x| → ∞.

A comparison between the results obtained with the spatial one-dimensional extended EVP and
the results presented by Theofilis et al. (2003) for the orthogonal case is shown in Table 6.3. This
test correspond to the one presented by Joslin (1996b), Re = 700 and Ω = 0.1017. In the first case,
the two modes GH and A1 are unstable and in the second case the GH mode is neutrally stable.
The converged results are practically identical in all cases.

With respect to the non-orthogonal case, a comparison between temporal and spatial stability
of the one-dimensional extended GH model EVP was performed at different AoA for neutral modes,
see Table 6.4. In this situation, both stability (temporal and spatial) should give consistent results.
These modes were chosen close to the corresponding critical values. For these cases, both formula-
tions should give the same predictions and, as expected, for α = 30 degrees, both models predict
that the GH mode is unstable while the other nodes are stable.

6.3 The effect of α on the neutral curves and critical conditions

Exploiting the agreement between numerical solutions of systems (3.10-3.13) and (6.2-6.5) the neu-
tral curves of non-orthogonal flow are obtained by focusing on the latter system and the leading
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Table 6.3: Grid refinement history for the numerical solution of the spatial one-dimensional extended
GH model eigenvalue problems for truncation order equal to 5. First most unstable modes: GH
(S1), A1, S2 at (a) Re = 700 and Ω = 0.1017 Joslin (1996b) and (b) Re = 800 Ω = 0.1270977, Hall
et al. (1984); Theofilis et al. (2003)

(a) (b)
GH(S1) Resolution βr βi(×102) βr βi(×102)

32 0.27481335 -0.227071 0.33845415 -0.000367
48 0.27481154 -0.226961 0.33846356 -0.000001
80 0.27481154 -0.226962 0.33846358 -0.000000

Ref. Theofilis et al. (2003) (80) 0.27481154 -0.226961 0.33846355 0.000000
A1 Resolution βr βi(×102) βr βi(×102)

32 0.27515414 -0.106087 0.33862871 0.102204
48 0.27515246 -0.105990 0.33863743 0.102556
80 0.27515246 -0.105990 0.33863743 0.102555

Ref. Theofilis et al. (2003) (80) 0.27515245 -0.105989 0.33863743 0.102555
S2 Resolution βr βi(×102) βr βi(×102)

32 0.27549062 0.0147288 0.33880117 0.204708
48 0.27548905 0.0148142 0.33880925 0.205046
80 0.27548906 0.0148152 0.33880921 0.205043

Ref. Theofilis et al. (2003) (80) 0.27548905 0.0148152 0.33880910 0.205053

Table 6.4: Comparison between Bi-Global stability code and spatial one-dimensional extended GH
model eigenvalue problems for modes GH (S1) and A1 at different AoA and for the same resolution,
(60 CGL nodes). case (a): α = 30o, Re = 412.5, β = 0.203 and Ω = crβ ≈ 0.077602. case (b):
α = 50o, Re = 510.4, β = 0.252 and Ω = crβ ≈ 0.096388. case (c): α = 70o, Re = 565.4, β = 0.278
and Ω = crβ ≈ 0.106260

Spatial Temporal
α Modes βr βi(×102) cr ci(×102)
30 GH(S1) 0.20299899 -0.00044688 0.38227809 0.00098960

A1 0.20328195 0.10360053 0.38165384 -0.22970969
S2 0.20356068 0.20747190 0.38103848 -0.46057238

α Modes βr βi(×102) cr ci(×102)
70 GH(S1) 0.27800872 -0.00034899 0.38221611 0.00056208

A1 0.27839735 0.14231873 0.38159102 -0.23045043
S2 0.27878017 0.28474459 0.38097484 -0.46162599
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GH eigenmode; the results, calculated with 48 Chebyshev Gauss Lobatto (CGL) nodes and steps
of ∆Re = 0.5 and ∆β = 0.001 in the Reynolds and wavenumber parameters respectively, are shown
in Figure 6.6. Linear interpolation between these results yields the critical parameters shown in
Table 6.5. This Table compares the critical parameters obtained as the solution of the ODE system
(6.2-6.5) for the truncation orders K = 1 and K = 4, with those obtained by solving the Bi-Global
eigenvalue problem. The excellent agreement in all cases strengthens the statement that the ODE
model (6.2-6.5) at a reasonable truncation level, K = 1, suffices to deliver accurate predictions for
the leading eigenmode and the critical conditions of non-orthogonal flow.
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Figure 6.6: Neutral curves of non-orthogonal stagnation line flow. Curves correspond, from right
to left, to α = 90◦ (10◦) 30◦.

A second conclusion that can be drawn from these results is that a decrease of the angle α
(an increase of AoA) has a destabilizing effect on the flow. At the same time, increasingly longer-
wavelength perturbations become unstable as the angle α decreases (AoA increases).

6.4 α-independent linear critical conditions

The previous discussion is completed by paying closer attention to the trends observed regarding
the dependence of the critical parameters on α as its value is decreased from the orthogonal flow.
Concretely, a simple relation is sought relating the critical parameters at a given value of α (or AoA)
with those of orthogonal flow. In Section 2.3.1 a formulation for the non-orthogonal stagnation flow
was given that, through the introduction of the scaled wall-normal variable η = ay, delivers an
α-independent set of equations. Using this formulation, the three components of velocity can be
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Table 6.5: Dependence of the critical parameters (Re, β) on the angle α. The results of Bi-Global
EVP and ODE systems with truncation orders K = 1 and K = 4 are shown.

Global EVP ODE K=1 ODE K=4

α Rec βc Rec βc Rec βc

90◦ 583.36 0.287 583.10 0.286 583.10 0.286
80◦ 578.55 0.285 578.65 0.284 578.55 0.285
70◦ 565.35 0.278 565.24 0.277 565.35 0.278
60◦ 542.89 0.266 542.64 0.266 542.89 0.266
50◦ 510.41 0.251 510.35 0.250 510.38 0.252
40◦ 467.71 0.229 467.50 0.229 467.48 0.230
30◦ 412.41 0.203 412.31 0.202 412.45 0.202

written as

U(x, η) = 1/Re xa2F ′(η) + 1/Re cos(α)/a H(η), (6.19)
V (η) = −1/Re aF (η), (6.20)
W (η) = E(η). (6.21)

On the other hand, the results presented in Section 6.3 show that the linear expansion of the
disturbances along the x-direction

Qp(x, η) = q̂0(η) + δq̂1(η)x (6.22)

suffices to capture accurately the leading eigenvalue. Coefficient δ is a parameter that will be
determined when matching terms in the disturbance equations, as follows.

Introducing (6.19-6.21) and (6.22) in the linearized Navier-Stokes equations, collecting terms on
different powers of x, and defining δ = a, one arrives at the system:

Continuity equation:

×(x0) : û1 + v̂′0 + iβ̃R̃e ŵ0 = 0, (6.23)
×(x1) : ŵ1 = 0, (6.24)

x-momentum equation:

×(x0) : (L̃+ F ′) û0 = − cos(α)/a2 H û1 − R̃e p̂1 − cos(α)/a2H ′ v̂0, (6.25)
×(x1) : (L̃+ 2F ′) û1 + F ′′ v̂0 = 0, (6.26)
×(x2) : v̂1 = 0 (6.27)

y-momentum equation:

×(x0) : (L̃ − F ′) v̂0 + R̃e p̂′0 = − cos(α)/a2H v̂1, (6.28)
×(x1) : L̃ v̂1 + R̃e p̂1 = 0 (6.29)
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z-momentum equation:

×(x0) : L̃ ŵ0 + R̃eE′ v̂0 + iβ̃R̃e p̂0 = − cos(α)/a2H ŵ1, (6.30)
×(x1) : L̃ ŵ1 + R̃e E′ v̂1 + iβ̃R̃e p̂1 = 0. (6.31)

In the previous system of ODEs, primes denote differentiation with respect to η and L̃ =
−iΩ̃R̃e − F∂/∂η + iEβ̃R̃e − ∂2/∂η2 + β̃2. The new variables R̃e = Re/a, β̃ = β/a and Ω̃ = Ω/a
have been introduced in order to obtain a system of equations analogous to (6.6-6.11) but in which
the angle α does not appear explicitly on the left-hand-side terms. The only terms that depend
on α are those of the form cos(α)/a2, and are negligible if α → π/2. Moreover, from the system
of equations it follows that v̂1 = ŵ1 = p̂1 = 0, resulting in all right-hand-side terms vanishing and
leading to a system of equations for the disturbances analogous with the one used by Lasseigne &
Jackson (1992).

The main result of this derivation is that the linear instability results in non-orthogonal flow,
corresponding to the leading GH mode, can be recovered accurately using an α-independent system
of equations with parameters R̃e and β̃, and then scaled to the corresponding physical values of Re
and β. In particular, the critical conditions, e.g. critical Reynolds number Rec, critical spanwise
wavenumber βc and critical frequency Ωcr for any non-orthogonal case defined by α, can be obtained
directly from the results for the orthogonal stagnation line flow by

Rec(α) = Rec(α = π/2)
√

sinα ≈ 583.1
√

sinα ,
βc(α) = βc(α = π/2)

√
sinα ≈ 0.286

√
sinα ,

Ωr,c(α) = Ωr,c(α = π/2)
√

sinα ≈ 0.109
√

sinα .
(6.32)

This effect could be observed numerically, as shown in Figure 6.7(a) for the S2 mode obtained
in the orthogonal case, even polynomial coefficients are larger than odd coefficients for v̂, ŵ and p̂
variables, while the opposite is the case û velocity. Although the above relationship is observed in
the non-orthogonal case too, see Figure 6.7(b), the difference between the coefficients in this case
have the same order of magnitude for each polynomial order and variable (at least for the first
coefficients). Therefore, Figures 6.7 show how the symmetry of the disturbances is broken when
the angle of attack decreases from the orthogonal case, α = 90. As for the convergence of the
expansions, in both cases there is an exponential decay of the coefficients, and hence, the series
described in equation (6.1) are convergent. This decay justifies the truncation of the equations and
compensates for the growth in x away from the stagnation point giving equations with physical
meaning.

Figure 6.8 compares the critical conditions as a function of α shown in Table 6.5, with the
theoretical scaling (6.32), showing a very good agreement. It should be remarked that in the
previous derivations within this section it was assumed that the angle α is close to π/2; however,
the present results show that the proposed scaling holds true for a wide range of angles. Another
interesting consequence is that all the eigenvalues presented as c = Ω/β (Figure 6.1 and Tables 5.10
and 6.2) do not depend directly on α and are valid for different angles as far as the values of R̃e
and β̃ are preserved.
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Figure 6.7: Maximum values of amplitude functions of the extended S2 eigenvalue Upper: α = 90o,
Re = 800 and β = 0.255. Lower: α = 50o, Re = 720 and β = 0.25.
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Chapter 7

Conclusions and Future Directions

7.1 Conclusions

The present thesis studies the effect of the angle of attack in the stability of the non-orthogonal swept
attachment-line boundary layer flow. This study is motivated by the incomplete understanding
of boundary-layer transition in the wing surface that arise in the leading edge. For this, linear
global stability analysis has been done using a simplified basic flow model. However, this is a
complicated problem which all three basic flow velocity components are present and no reductions
of the linearized Navier-Stokes equations are possible. The present contribution addresses the
following open issues in incompressible stagnation line flow:

First, a model for the basic state describing this flow is derived. This model is an extension of
the STD flow (proposed by by Stuart (1959), Tamada (1979) and Dorrepaal (1986)) and is identical
with that proposed by Lasseigne & Jackson (1992), if the limit of zero Mach number is taken in
the latter work. For this end, a combination of the 2D non-orthogonal STD basic flow and swept
boundary layer flow was considered as basic flow.

Second, stability of incompressible non-orthogonal stagnation line flow is addressed from a global
modal linear instability analysis perspective, by solving the Bi-Global eigenvalue problem pertinent
to this flow for the first time, in order to study the effect of the angle of attack on the known linear
stability results of swept Hiemenz flow, as well as on those of plane non-orthogonal stagnation point
flow (Floryan, 1992). This methodology does not assume any symmetries in the disturbances as the
local models does.

Third, in the spirit of earlier work on the plane stagnation line flow, an ordinary-differential
equation model is derived to describe the instability of plane non-orthogonal stagnation line flow.
It correspond with a polynomial model analogous to the presented by Theofilis et al. (2003) but
without assuming any symmetry in the leading eigenmodes. This model includes and extends the
models of Floryan (1992) and of Lasseigne & Jackson (1992) in the incompressible limit, and is
shown to recover the instability results offered by the solution of the partial-derivative eigenvalue
problem, at a fraction of the cost of the latter, without loss of physical information. The polynomial
model transforms the PDE-based global EVP into an ODE-based EVP, the results of which were
shown to agree very well with those of the more general methodologies: global instability analysis
and DNS.

Fourth, parametric studies varying the Reynolds number and the spanwise wave number at
several discrete values of 0 < α ≤ π/2 (0 ≤ AoA < π/2) have been used to obtain the neutral values

91
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of non-orthogonal flows as a function of angle of attack. The computational efficiency advantage
offered by the ODE-based model permitted calculating the neutral curves with a low computational
cost. All eigenvalue problem results are validated by direct numerical simulations and demonstrate
destabilization of the flow with increasing angle of attack, up to the highest values of the latter
parameter examined. As was done in earlier work in an ad hoc manner (Floryan & Dallmann,
1990) or (Lasseigne & Jackson, 1992), the critical conditions of non-orthogonal flow were related to
those of its orthogonal counterpart by a simple algebraic transformation; the present work provided
the justification missing for this transformation by reference to global linear instability and direct
numerical simulation results.

Present results show the linear destabilization of the flow when α decrease, then might raise the
question of the validity of the results as α→ 0. In this work, the STD non-orthogonal attachment
line flow model, that verifies the Navier-Stokes equations for all α, is taken as a canonical flow field.
Identification of the canonical model with a particular application and its corresponding α value is
beyond the scope of this work. In this regard, the experimental data obtained by (Poll, 1979) in the
case of orthogonal flow is the only known confirmation that the swept Hiemenz model to which the
STD model reduces at α = π/2 is relevant to the attachment line application. Further experimental
efforts are desirable in this respect.

Finally, a time-stepping solver has been applied to study global instability analysis using real or
complex shift-invert strategy, aiming at the efficient capturing of complex-conjugate eigenvalue pairs
corresponding to Hopf bifurcations or more generally in order to recover a window of the eigenspec-
trum centered around the shift parameter. The Arnoldi iteration with an embedded Bi-CGSTAB
iteration have been used and the resulting algorithm was shown to improve the convergence prop-
erties of the Arnoldi iterations in all test cases examined, in which real and complex-conjugate pair
of eigenvalues where delivered. However, a preconditioner is mandatory in order to further enhance
performance of the present algorithm.

7.2 Future Work

Despite its scientific and technological interest, and although the instability of the swept leading
edge boundary layer flow has been studied for more than thirty years, the knowledge of this problem
is still incomplete. In this regard, the bump suggested by Gaster (1965) and the suction systems
used in the wing surfaces aimed to delay the transition to turbulence are in principle not directly
related to the instabilities studied in the present work. So, the former is used in order to avoid
leading-edge contamination of perturbations generated in the wing-fuselage junction by creating an
undisturbed laminar boundary layer along the attachment line. The latter had been designed to
eliminate the cross-flow instability. This instability kind is due to a velocity component inside the
boundary layer that is transversal to external streamlines, (see (Bippes, 1999) for details). Also, the
large differences existing between experimental set-ups, on one hand, and the results from linear
stability analysis, on the other hand, show that this is an open field of research. Understanding
the instabilities that arise in the vicinity of the attachment line as well as its dependence on the
sweep Reynolds number or the angle of attack is an important issue in order to design more efficient
aerodynamic bodies and apply most effective methods of control.

On the other hand, progress on computational capabilities allows to deal with more realistic
models and review studies which were done some years ago. Thus, the matrix-free methods that
allow to obtain the more unstable modes using DNS solvers over complex geometries, and matrix-
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forming methods, which gives a more complete and accurate picture of the spectrum, can be used
as complementary tools for the study of such more realistic models.

Moreover, two possible extensions of this work can be done. These are described below: (a)
(Drazin & Riley, 2006) generalized the STD model including a free parameter, β, which modifies the
strength of the uniform stream. This parameter represents the connection between the horizontal
pressure gradient and the shear flow. In this way, the non-orthogonal component has a region of
reversal flow near the wall for values of β large enough, while STD model is recovered for β = 0.
These reversed flow can have an important influence in the stability study and could be considered
in future studies. (b) Few studies have been conducted in the non-orthogonal compressible case. As
was argued in Section 1.2, only the work of Lasseigne & Jackson (1992), who employed local stability
analysis on a simplified model for the disturbances a low Mach number, is noteworthy. More general
models for perturbations are not known. For example, Kazakov (1990) proposed polynomials models
in order to modeling these disturbances without success. However, taking into account that the
compressible laminar boundary layer can be transformed into the incompressible one by using the
Illingworth-Stewartson transformation, it seems logical to think that both linear stability problems
are related. As conclusion, extend the global stability analysis to the non-orthogonal compressible
swept attachment line boundary layer flows over blunt bodies with curvature is the logical extension
to be done.

Finally, once time-stepping stability algorithm are validated with Bi-Global stability analysis
results, the former can be used to solve transient growth stability problems in order to study the
influence of the angle of attack. Since only the orthogonal case has previously been studied (Obrist
& Schmid, 2003), its extension for non-orthogonal flows will become novelty. In this regard, the
study of a suitable preconditioner is necessary for the method to be competitive.
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