
Nonlinear description of transversal motion in a

laminar boundary layer with streaks

J.A. Mart́ın∗∗ and C. Martel††
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The nonlinear streamwise growth of a spanwise periodic array of steady streaks in a
flat plate boundary layer is numerically computed using the well known Reduced Navier-
Stokes formulation. It is found that the flow configuration changes substantially when the
amplitude of the streaks grows and the nonlinear effects come into play. The transversal
motion (in the wall normal-spanwise plane), which is normally not considered, becomes
non-negligible in the nonlinear regime, and it strongly distorts the streamwise velocity
profiles, which end up being quite different from those predicted by the linear theory.
We analyze in detail the resulting flow patterns for the nonlinearly saturated streaks, and
compare them with available experimental results.

I. Introduction

Streaks naturally develop in a flat plate boundary layer in the presence of small free stream perturbations.
They are three dimensional boundary layer flow structures that take the form of spanwise thin and streamwise
elongated regions of high speed and low speed flow that alternate in the spanwise direction. The resulting
streamwise velocity profile exhibits a strong modulation in the spanwise direction, with a characteristic scale
of the order of the width of the boundary layer, and a slow downwards motion in the high speed region and
upwards in the low speed region (see Fig. 1).

Figure 1. Sketch of the downstream development of a spanwise periodic array of streaks on a flat plate boundary layer,
with the asymptotic scaling for Re ≫ 1 indicated. HS (LS) stands for high (low) streamwise velocity .

Streak computation and analysis is obviously of relevance for the field of fluid mechanics since these are
basic flow structures that develop in a canonical problem as it is the flat plate boundary layer. But recently
they have become also interesting from the technological point of view. A new strategy has been introduced
in order to try to extend the laminar flow region by delaying the transition to turbulence. The idea consists of
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inducing streaks in the laminar boundary layer as a way to improve its stability characteristics and to move
further downstream the location of the transition point. This stabilizing effect has been experimentally
reproduced using small amplitude streaks,13 and stable, intense, fully nonlinear streaks have been also
generated experimentally using miniature vortex generators.27

Moreover, the edge states for the boundary layer flow, which are receiving so much attention these days,
typically include low speed streaky structures.6, 7, 10 These edge states are unstable solutions that live in the
boundary of the basin of attraction of the laminar Blasius flow, and somehow mark the threshold for the
triggering of the transition to turbulence.

The linear development of small streaks from the Blasius velocity profile was computed in,2, 18, 29 where
optimization techniques were applied to the linearized problem in order to locate the maximum streak
growth in the streamwise direction. The optimization process is not strictly necessary, as it was reported
in,16 and the maximum streak growth can be also obtained just by following downstream the only spatially
non-decaying mode that comes out from the analysis of the problem in the vicinity of the leading edge.17

The linear results indicate that the streaks exhibit transient growth in the streamwise direction (i.e.,
their amplitude first increases algebraically and then decays to zero to recover the Blasius profile), with the
maximum growth taking place for steady streaks and for a particular spanwise wavenumber.2, 18, 29

In the experiments, the algebraic growth of the streaks is, in general, well detected, but there are other
results from the linear analysis that show clear quantitative differences with respect to the observations. In
the case of streaks excited by free stream turbulence1, 21 and by energetic turbulent eddies,3, 4 the measured
spanwise scale is approximately half of that predicted by the optimal disturbance computations. And, for
streaks forced using an array of small roughness elements placed near the leading edge (see12, 30), although the
general trends are correctly reproduced, there are substantial discrepancies in the downstream development
of the streak and in the wall normal disturbance profile for the streamwise velocity, which appears to exhibit
two maxima.

In this paper, numerical computations of fully nonlinear streaks are presented that could be helpful in
order to understand some of the discrepancies mentioned above. The nonlinear effects, which come into
play when the amplitude of the streaks ceases to be negligible, produce a strong distortion the streamwise
velocity profile that is not captured in previous linear or small amplitude analyses.

II. Formulation

Steady streaks are computed using the so-called Reduced Navier Stokes equations (RNS), which are
appropriated for the description of thin streamwise elongated flow configurations and are asymptotically
derived from the full 3D Navier Stokes equations (NS) in the limit of large Reynolds number.

The streamwise, wall-normal, and spanwise coordinates, (X, Y, Z), are nondimensionalized using a refer-
ence length L, and the corresponding velocities (U, V, W ) with the stream flow velocity U∞ and the resulting
Reynolds number is defined in the usual form, Re = U∞L/ν, where ν is the kinematic viscosity. The asymp-
totic structure of the streaks for Re ≫ 1 exhibits, as sketched in Fig. 1, slow spatial dependence only in the
streamwise direction, and two short spatial scales, in the normal and spanwise direction. The appropriate
scaling for the flow variables is given by

x = X, y = Y
√

Re, z = Z
√

Re,

u = U, v = V
√

Re, w = W
√

Re, (1)

and P = p0 + p/Re + . . . ,

The last equation above indicates that, inside the boundary layer, the pressure deviations from the outer
inviscid pressure P∞(x) has to be small. P∞(x) = 0 in the case considered here of a flat plate boundary
layer.

Once the expansions in (1) are taken to the 3D steady NS, the full set of RNS is obtained at leading
order:

ux + vy + wz = 0,

uux + vuy + wuz = −P ′
∞(x) + uyy + uzz, (2)

uvx + vvy + wvz = −py + vyy + vzz,

uwx + vwy + wwz = −pz + wyy + wzz .
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Note that, in contrast with the standard 3D boundary layer equations,25 now the higher order y and z
momentum equations are required to complete the formulation of the problem, and the correction term of
the pressure, p, has to be computed to obtain the solution.

The appropriate boundary conditions for a spanwise periodic array of streaks are periodicity in z,

(u, v, w, p) (x, y, z + Lz) = (u, v, w, p) (x, y, z), (3)

together with no slip at the bottom wall

(u, v, w) = (0, 0, 0) at y = 0, (4)

and, at the upper edge of the boundary layer, the velocities must behave as

(u, v, w) → (U∞(x), < v >z, 0) as y → ∞, (5)

where U∞(x) is the free stream velocity, which verifies

U∞
dU∞

dx
= −

dP∞

dx
,

and in the present case it is simply U∞ = 1.
The boundary condition (5) states the matching of the velocities with their inviscid counterparts in the

simple case considered here of no external free stream disturbances. The wall normal velocity v has to

become uniform in z for y → ∞, that is, it has to approach its spanwise mean value < v >z=
1

Lz

∫ Lz

0
v dz.

The spanwise mean value < v >z for y → ∞ depends only on x, and it is just the displacement velocity of
the boundary layer. As it happens in the 2D boundary layer, the displacement velocity is an output of the
RNS and it is to be obtained as part of the solution.

The equations (2) together with the boundary conditions (3), (4), (5) and the extra condition to determine
the value of the pressure

< p >z= 0 at y = 0, (6)

complete the RNS formulation.
The RNS equations have been known for quite some time now (see, e.g.,11, 24, 28). Their linearized version

has been successfully applied to compute the transient growth of small amplitude streaks from the 2D Blasius
boundary layer.16–18, 29 The full RNS formulation has been used to obtain the nonlinear growth of Gortler
vortices over a curved wall,14 and to analyze the interaction of a slow streamwise vortex and a fast TS wave
(see15 and references there in). The RNS have also been extensively used by Goldstein, Wu and co-workers to
describe the excitation of streaks through free stream turbulence, see e.g.22, 23, 31 and the references therein
(note that they use the name of Boundary Region Equations for the RNS).

The results shown in this paper are obtained by numerically integrating the RNS using a very fast
second order BDF marching scheme in x together with a second order finite difference discretization in the
transversal plane (y, z). A complete description of the numerical method used to compute nonlinear streaks
and the details of the derivation of the RNS can be found in.19, 20

III. Nonlinear streak simulations

The streaks presented in this paper, similarly to those in8, 9 and,5 are computed starting at x0 = 0.4 with
the following initial condition:

(u0, v0, w0) = (Ub, Vb, 0) + As0(up cos(β0z), vp cos(β0z), wp sin(β0z)),

where (Ub, Vb, 0) is the Blasius flow, (up, vp, wp) is the optimal perturbation profile obtained in,2 β0 = 0.45
is the corresponding optimal spanwise wavenumber, and As0 is the initial streak amplitude.

Two streaks, with initial amplitudes As0 = 0.1 and As0 = 0.3, have been computed. The resulting
downstream evolution of the streak amplitude

As(x) =
1

2
(max

y,z
(u − Ub) − min

y,z
(u − Ub)),
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is plotted in Fig. 2. The small intensity streak As0 = 0.1 (which is very similar to streak C in8, 9) shows
the typical transient growth shape predicted by the linear theory: initial increase followed by a decay to
the Blasius solution. On the other hand, the streak with mild intensity As0 = 0.3 exhibits a much faster
growth at the beginning, and the location of the maximum moves significantly upstream, as it is found in
the experiments.30
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Figure 2. Streamwise evolution of the streak amplitude.

Streaks are basically composed of spanwise alternating regions of faster and slower streamwise flow (see
the sketch in Figure 1) but, in order to understand the details of the streak flow structure, the motion in
the transversal plane has to be also taken into account. As the flow progresses downstream, the transversal
velocities, which are small as compared with the streamwise velocity (recall the scaling in eq. (1)), induce a
transversal motion that is not negligible.

The flow structure of the streaks is more clearly appreciated in Fig. 3, which shows the surface of particle
trajectories that depart from a horizontal line situated at the beginning of the computational box (x = 0.4
and y = 3). The small amplitude streak just shows a slight vertical motion that goes up (down) in the slow
(fast) streamwise velocity region. But for the streak with As0 = 0.3 the situation is quite different, there is
an evident effect of the counter rotating motion in the transversal plane that gives these trajectory surfaces
a characteristic mushroom-like shape.

Figure 3. Surfaces of particle trajectories departing from the line x = 0.4, y = 3, for the streaks with initial amplitudes
As0 = 0.1 (top) and As0 = 0.3 (bottom). Several representative particle trajectories are also plotted with blue lines.
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Figure 4. From top to bottom: characteristics of the streak with initial amplitude As0 = 0.1 in the transversal plane
at x = 0.4, 1, 3, 5 and 7. Left: constant streamwise contour lines for u = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 0.99. Right:
sections of the particle trajectories starting at the horizontal line x = 0.4, y = 3.
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Figure 5. From top to bottom: characteristics of the streak with initial amplitude As0 = 0.3 in the transversal plane
at x = 0.4, 1, 3, 5 and 7. Left: constant streamwise contour lines for u = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 0.99. Right:
sections of the particle trajectories starting at the horizontal line x = 0.4, y = 3.
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The transversal structure of the streaks with As0 = 0.1 and As0 = 0.3 at several streamwise locations is
presented in Figs. 4 and 5. The streamwise component of the velocity is plotted in the left column. And,
in order to be able to appreciate the accumulation of the particle trajectories, the downstream evolution
of the particles trajectories is also shown in the right column, where all particles are marked with a thick
line except for the 10% initially around the center of the box and the 10% initially near the edges that are
plotted using a thin line.

For the As0 = 0.1 case (Fig. 4) the evolution is similar to that predicted by the linear theory. The
streamwise velocity shows an approximately sinusoidal variation, and the particles just go up in the slow
flow region and down in the fast, without any relevant transversal motion.

On the other hand, for the streak with higher amplitude As0 = 0.3 (Fig. 5) it can be seen in the right
column that, as the flow evolves downstream, the motion in the transversal plane is much more intense,
generating a mushroom-like structure. The trajectories strongly drift away from the bottom edges and from
the center of the top part: the bottom plot shows that, at x = 7, 80% of the trajectories are curled into
two separated roll structures. This rolling of the particle trajectories is an essentially nonlinear effect, which
is not captured in the linear approximation, and it becomes more intense as the amplitude of the streak is
increased (as it can be seen in the computations presented in20).

This concentration of the particles in two counter-rotating rolls would suggest that, in a smoke visualiza-
tion, one would end up with the smoke accumulated into two separated rolls, giving rise to two smoke traces
(instead of one) in the low speed region of a single streak.

In the experiments1, 3, 4, 21 top view smoke visualization images of the boundary layer are used to estimate
the spanwise period of the streaks. The period is computed as the characteristic spacing between adjacent
streamwise smoke traces (i.e., one single smoke trace per streak spanwise period), and the value found is
approximately half of that predicted by the optimal disturbance theory.2, 18, 29 As the above results suggest,
the possibility of having two smoke traces per spanwise period for a nonlinear streak, could help to understand
this quantitative discrepancy between theory and experiments.

The experimental measurements of a streaky boundary layer presented in Fig.4 of ref.1 appear to support
this possibility of two smoke traces per streak. They are reproduced in Figs. 6 and 7: Fig. 6 shows a top view
of a smoke visualization (flow goes from top to bottom), and the corresponding velocity field at a horizontal
section with the average velocity subtracted is plotted with arrows in Fig. 7.

Figure 6. Top view of a streaky boundary layer smoke
visualization from1 (flow goes from top to bottom), with
a sketch above of the corresponding transversal structure
for a four streak configuration.

Figure 7. Arrows pointing down (up) indicate mean ve-
locity above (below) the average for the flow shown in
Fig. 6 (from1 ), with the corresponding regions of high
speed (HS) and low speed (LS) marked above for a four
streak configuration.
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The interpretation given in ref.1 is that there are four streaks in the visualized region. Following this
interpretation we have sketched in the top of Fig. 6 the corresponding transversal structure of the four streaks
with four mushroom structures, and, since the streaks correspond to spanwise alternating low (LS, arrows
pointing up in Fig. 7) and high (HS, arrows pointing down) streamwise velocity structures, we have tried
also to approximately mark these alternating LS/HS regions for the four streaks in the top part of Fig. 7.

There is a clear HS region in the center of Fig. 7, but the two adjacent HS regions are much smaller
or practically not present at all, as it happens on the left side of the plot where no arrows pointing down
can be seen. So, it would not be completely unreasonable to think of a configuration with one HS region in
the center of the plot and two wider LS regions on its sides, as it is sketched in the top of Fig. 9. And, in
the light of the above results, one could suggest that the appropriate configuration for these visualizations
corresponds to two streaks with two smoke traces each in the low speed region, as it is indicated in the top
of Figure 8.

Figure 8. Top view of a streaky boundary layer smoke
visualization from1 (flow goes from top to bottom), with
a sketch above of the corresponding transversal structure
for a two streak configuration.

Figure 9. Arrows pointing down (up) indicate mean ve-
locity above (below) the average for the flow shown in
Fig. 6 (from1 ), with the corresponding regions of high
speed (HS) and low speed (LS) marked above for a two
streak configuration.

This is of course just a guess that seems quite probable but that definitely would require more experi-
mental work in order to be confirmed. It would be very interesting to know if there is actually the possibility,
as the numerics suggest, that the two counter-rotating rolls of the mushroom structure of a high amplitude
streak could end up producing two separated smoke traces.

Finally, it is also interesting to point out that the motion in the transversal plane has a strong influence on
the streamwise velocity through the nonlinear terms. This is clearly seen in Fig. 10 where the perturbation
of the streamwise velocity,

u′
rms =

√

1

Lz

∫ Lz

0

(u − Ub)2dz,

is plotted at different downstream locations. The linear theory2, 16–18, 29 predicts u′
rms to approximately take

the form of the Stewartson mode26 with a streamwise varying amplitude. This is basically what is obtained
for As = 0.1, but for As = 0.3 the nonlinear effects are clearly important and distort the profiles, which now
exhibit two peaks, and are very similar those reported in the experiment in.30
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Figure 10. Perturbation of the streamwise velocity at x = 0.4, 1, 3, 5and7, for the streaks with initial amplitudes As0 = 0.1
(top) and As0 = 0.3 (bottom).

IV. Concluding remarks

In the present numerical study, the RNS has been used to describe the downstream evolution of a
spanwise periodic array of fully nonlinear streaks in a flat plate boundary layer. The RNS are a set of
Reynolds number independent equations that provide the correct asymptotic structure of the streaks in the
high Reynolds number limit.

The RNS simulations presented in this paper indicate that the motion in the transversal plane (spanwise
and wall normal) is essential to understand the flow configuration of the streak. If the streak amplitude is
not small, then, as it progresses downstream, the transversal counter-rotating motion has a strong influence
on the streamwise velocity profiles through the convective terms. This is a completely nonlinear effect that is
simply not detected in previous linear and small amplitude streak computations. This nonlinear interaction
between the transversal motion and the streamwise velocity has been analyzed, and it has been shown that it
is clearly present in the available experimental results on laminar streak development in flat plate boundary
layers.

An interesting effect detected in the simulations is the possibility, for the high amplitude streaks, to end
up generating two separated smoke traces, both in the low speed region of the streak, as a consequence of
the motion in the transversal plane. This effect, if it were corroborated experimentally, could help solve the
existing discrepancy between the spanwise period of the streaks from the optimal theory and that measured
in the experiments.
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