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Abstract—A model for the free convection boundary-layer flow near a forward stagnation point driven 
by heating from a surface on which there is a catalytic reaction is discussed. The governing equations are 
mude dimensionless so as to highlight the ambient temperature with themain emphasis being to determine 
critical ambient temperatures. The basic model is then reduced to a standard free convection problern by a 
transformador! of variables from which bifurcation diagrams (plots of a dimensionless surface temperature 
against a dimensionless ambient temperature) can be constructed. These show a hysteresis bifurcation, 
the position of which can be readily deduced. A feature of the present formulation is the occurrence 
of disjoint bifurcation diagrams whereby the upper solution branch becomes separated from the lower 
solution branches. This aspect is also discussed in detail. 

1. INTRODUCTION 

There are many chemical reactions with important practical applications which pro-
ceed only very slowly, or not at all, except in the presence of a catalyst. A common 
eonfiguration for such reactions is for the reactants (usually, but not exclusively, in 
the gaseous phase) to be made to flow over the solid catalyst, with the reaction 
taking place on the surface of the catalyst. The reaction is maintained by a fresh 
supply of reactants being brought to the catalyst surface by the flow. A review of 
the chemical aspects of surface, or heterogeneous, reactions has been given recently 
by Gray and Scott (1990), and Scott (1991). A full discussion of catalysis and a 
dcscription of many of its practical applications is given by Bond (1987). Examples 
of such catalytic surface reactions, which are of importance in the chemical industry, 
are provided by the work (both experimental and theoretical) on methane/ammonia 
and propane oxidation over platinum by L. D. Schmidt and co-workers (Williams et 
al., 1991a,b;Songfiía/., 1991a,b,c). These processes are modelled by boundary-layer 
flows, rnostly stagnation-point flows (see also the work on hydrogen-air combustión 
by Ikeda et ai, 1993) with an exothermic reaction being allowed for on the boundary 

surface. 
The detailed modelling of these, often complex, reaction systems usually also in-

cludes the effect of the reaction in the bulk (homogeneous reaction). Though this 
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effect can, in some cases, play a significant role in the overall combustión process, 
there are many operating conditions for which it plays only a minor role, with response 
of the combustión system being dominated by the surface (or heterogeneous) reac-
tions. Even ín cases where the homogeneous reaction cannot be ignored, a catalytic 
surface reaction is needed for bulk reaction to be sustained. 

In order to gain some insight into this process, we decided to isolate the effect of 
the catalytic reaction and in a series of recent papers, Chaudhary and Merkin (1994a, 
b, c) we derived a model for free convection boundary layers which are driven purely 
by the heat supplied to the surrounding fluid by an exothermic surface reaction. We 
modelled the reaction by the single first order Arrhenius kinetics 

A—>B rate k0a&-E/RT, (1) 

where a is the concentration of reactant A, T is the temperature, E is the activa-
tion energy, and R is the gas constant. Heat is released by the reaction at a rate 
Qkoae~E/RT, which is taken from the surface into the surrounding fluid and a con-
vective fluid motion is set up by the resulting buoyancy forces. 

In Chaudhary and Merkin (1994a) we considered the two-dimensiona] boundary-
layer flow near a stagnation point, examining in detail the possible steady states that 
can arise. We found the parameter ranges over which múltiple steady states are 
possible and we were able to determine these ranges explicitly. We discussed some 
aspects of the time-evolution of this model in Chaudhary and Merkin (1994b). The 
analogous problem of the convective flow along a vertical surface was treated in 
Chaudhary and Merkin (1994c). Here we found that the system could stíll exhibit 
critical behaviour, i.e, undergo a rapid transition from a slow reaction state to a rapid 
reaction state, but now this was found to occur at a finite distance from the leading 
edge rather than for specific valúes of dimensionless parameters, as was the case for 
the stagnation-point flow. 

The most natural physical variable in any bifurcation analysis is, perhaps, the am
bient temperature Ta, since this is the most readily controlled experimentally. The 
response of the system is then described by a bifurcation diagram, i.e. a plot of some 
characteristic measure of the solution such as the surface temperature Tx against Ta. 
Such bifurcation diagrams usually have the typical S-shape from which the critical 
ambient temperature Tax can be determined. For valúes of Tít less than T(ttC the 
surface temperature lies on the Iower solution branch and the reaction proceeds very 
slowly. However, for Tu > TfíiC the lower solution branch is no longer accessible, and 
very much higher valúes of T¡¡ are attained on the upper solution branch. Thus, as 7], 
passes through T(liC, the system exhibits a large increase in its reactivity. 

A major difficulty associated with the traditional way in which the equations for 
combustión systems are made dimensionless is the identification of the critical ambient 
temperature, as has been shown by B. F. Gray and co-workers (Gray and Wake, 1988; 
Burnell et al., 1989; Gray et al., 1990, 1991; Gray and Merkin, 1990, 1993). The 
problem is that the ambient temperature usually appears in more than one of the di
mensionless parameters and so changes in just one of these parameters, while holding 
the others fixed in a theoretical bifurcation analysis, cannot be identified directly with 
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changes only in Ta. In our previous work on our free convection model we adopted 
the standard (Frank-Kamenetskii) approach to the non-diraensionalisation of the sys-
tem. This led naturally to a series of dimensionless parameters all involving Ta. Here 
we wish to concéntrate on evaluating critical ambient temperatures and to do so we 
follow the approach suggested by Gray et al. (1991). This enables us to make the 
equations dimensionless in such a way that Ta appears in only one dimensionless 
parameter, which we then use as our bifurcation parameter. 

A further consequence of adopting the approach suggested by Gray et al. (1991), 
which is not seen when using the Frank-Kamenetskii variables, is the occurrence 
of disjoint bifurcation diagrams. Here the critical temperature on the upper solution 
branch (extinction point) approaches zero as the parameters of the system are varied, 
and for further changes in the parameters would require it to continué into, physically 
unacceptable, negative (absolute) temperatures. This point is addressed in some detail 
by Gray et al. (1991) and Sadiq and Merkin (1994). We find this situation to hold 
also in our model. 

2. EQUATIONS 

We consider the two-dimensional steady free convection boundary-layer flow near a 
stagnation point. For simplicity we make the standard Boussinesq approximation. 
This leads to the equations (Chaudhary and Merkin, 1993) 

du dv 
+ — = 0, (2a) dx dy 

du 'du „ /_ _ \ _. . d2u 
u + u - - = í/3(r-r f l)5U) + u - T l (2b) 

ax oy ay¿ 

dT dT v d2T 
dx oy a óy¿ 

da da v d2a 
ax oy Sc óy¿ 

where x and y are coordinatcs measuring distance along the surface and normal to it, 
u and v are the corresponding velocity components, T and a are the temperature and 
concentración of reactant A, respectively, V is the kinematic viscosity, a and Sc are 
Prandtl and Schmidt numbers, respectively, g is the acceleration due to gravity, and 
p is the cocfficient of thermal expansión. The boundary conditions to be applied are 

u = 0, v = 0, kc^- = -Qkoae-VRT, 
oy 
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D— = k0ae-E/RT on y = O, (3a) 
dy 

u ~> O, T -> Ta, a -+ aQ as y -» oo, (3b) 

where «o is the (constant) concentraron of the reactant A in the ambient fluid and kc 

and D are thermal conductivity and mass diffusivity, respectively. The function S(x) 
is the sine of the angle between the outward normal to the body and the downward 
vertical and will involve some length scale / (say) for the body. For flow near a 
stagnation point we will have 

S(x)=x/l (4) 

To make Eqns (2), (3) dimensionless, we start with the variable for the temperature 
suggested by Gray et al. (1989, 1991), putting 

A. RT M RT« tK ^ 

<¿ = — , (¡>a = — • (5a) 
This gives a temperature scale E/R and leads naturally to a free convection velocity 
scale Ux and Grashof number Gr as 

We then put 

u ~ Ugti, v — UsGr~
]^v, x = lx, y =zlG~l^y, a—ciQa, (6) 

Equations (2), (3) then become, on dropping the bars for convenience, 

du dv 

¡r + ̂  = 0' (7a> 
du du ¡, t \„, . d2u 

"Tx^Ty^-^M + W (7b) 

8x dy a dy1' 

da da 1 d2a 
M —- + U - = - - r , (7d) 

subject to the boundary conditions 

9y 
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— = «Aae W o n ^ = 05 ( g a ) 

M -> O, 0 -+ 0fl> G -y 1 a s y -» OO. (gty 

The parameters X and a are given by 

A.= 
Qk0a0Rl kcE 

kcEGl
r
//[' O« 0 2^ 

a = 7T7TT77- (9) 

Thus the system is specified by Eqns (7), (8) and involves the dimensionless parame
ters 0fl, A. and OÍ (as well as a and Sc). Note that the ambient temperature Ta appears 
only in the single parameter <pa. 

For flow near a stagnation point, where S(x) is given by (4), the system can be 
reduced to a set of ordinary differential equations by the transformation 

u=xf'(y), v = -f(y), a = a(y). (10) 

This results in the ordinary differential equations 

/ / " + 0 - 0 f l + / / " - / # 2 = O, (lia) 

- 0 " + / 0 ' = O, (11b) 
a 

va" + fa' = 0 (11c) 

with boundary conditions 

/ = / ' = 0, 0' = -Xae" 1^, a; = aAae - 1^ on v = 0, (12a) 

/ ' - • O , 0 -> 0a, a —> 1 as v -> oo (12b) 

(where primes denote differentiation with respect to y). 
Thus we require a solution of Eqns (11) subject to boundary conditions (12). This 

will give us valúes of the dimensionless surface temperature tf>s, related to Ts vía Ts = 
E(j)x/R. In particular, we wish to construct bifurcation diagrams, plots of <ps against 
<pa (ambient temperature parameter), for different valúes of the other parameters, from 
which the critical ambient temperatures can be determined. 
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3. SOLUTION 

To determine the solution of Eqns (11), (12), we exploit an invariance property of 
the equations that has been noted for the previous formulation of the problem in 
Chaudhary and Merkin (1994a). Suppose 

0.r=0(O) = 0 f l +0 o , (13a) 

then a rescaling of Eqns (11) via 

/ = 0¿7V, 0 = 0 f l + 0 o # , a = \-{l-aQ)A, r]=</>¡)
/4y, (13b) 

where aQ = a(0), leads to the standard free convection problem 

F'" + H + FF" - F'2 = 0, (14a) 

H"+crFH' = 0, (14b) 

A" + SCFA' = 0 (14c) 

subject to the boundary conditions 

F(0) = F'(0) = 0, ff(0) = l, A(0) = 1, (15a) 

F' -» 0, H-+Q, A -+ 0 as »? -* oo (15b) 

(primes now denote differentiation with respect to rj). The solution of the system 
(14), (15) provides valúes for 

H'(0) = -cQ(a)t A'(0) = -cx(o, Sc), (16) 

where the valúes of cQ and cx are positive and will be known for given valúes of a 
and Sc. Note that A = H and c0 = C] when Sc~cr. 

If we now apply (13) in boundary conditions (12a) we obtain 

^ / 4 c 0 = A.a0c-1/*', (1.7a) 

( l - f l o ^ c ^ o f X a o e - 1 ^ . (17b) 

Combining (17) gives 

% = l~Y<h, (18) 
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Figure 1. Plots of (a) c0 against a, (b) cx against a for 5C =0.2, 1.0, 5.0, (c) Cj against Sc for a =0.2, 
1.0, 5.0; obtained from the numerical solution of Eqns (14), (15). 
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t>, 

tf. 

Figure 2. A typical sequence of bifurcation diagrams, plots of c¡>s and tp„, for a = Sc 

and (a) X = 0.5, (b) X = 1.0051, (c) X = 1.5, (d) X = 2.5977, (e) X = 3.5. 
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Figure 2. (continuad). 

where y = y (a, Sc) — acQ/c{, Then applying (18) in either of (17a,b) gtves finally 

( ^ - ^ « ^ ( í - y ^ - ^ e - 1 ^ . (19) 

Expression (19) gives a relation between </>,v and (¡>tl for given valúes of the other 
parameters, X, a, er, and Sc. Note that from (18) (or (19)), we must have, for aQ ¿¡ 0, 

4>s - 4>Ü < 
1 

(20) 

Before proceeding to discuss the implications of expression (19) for the critical am
bient temperatures of the system, it is worth noting that the standard free convection 
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problem (14), (15) can be solved numerically without difñculty by a standard two-
point boundary valué problem solver; the results are shown in Figs la-c. In Fig. la 
we give a plot of c0 against a, while in Figs Ib and le we give plots of c] against o 
and Sc, respectively, for representan"ve valúes of either Sc or o. 

To gain some initial insight into the nature of the solution, we present a sequence 
of bifurcation diagrams in Figs 2a-e, determined frorn expression (19) for the case 
a = Sc = 1.0 (where cQ = cl = 0.42143) for increasing valúes of the parameter X. 
These diagrams depend only on the parameter y and we take y = 1.0 (equivalent 
here to taking a = 1.0). There are two important features to note about this seqnence 
of diagrams. First, there is the oceurrence of a hysteresis point at X = XR (say) 
(XH = 1.0051 in this case), with the curve being monotone for X < Xfj, As X is 
increased from A#, rnultiplicity of solution appears, with the diagram having a typical 
S-shape. However, a valué of X is reached at X — XQ (say) (here XQ = 2.5977) where 
the upper critical point (extinction point) touches the <p(l — 0 axis. For valúes of 
X > XQ this would have to be continued into the (physically unacceptable) <ficl < 0 
región. As a consequence the bifurcation diagram becomes disjoint for X > XQ with 
the upper solution branch becoming separated from the lower solution branches. We 
now examine both these features in detail. 

3.1. Critical points, hysteresis 

To find the critical points (<f>atC,<Ps,c) w e n e e d to solve Eqn (19) together with the 
condition that d0„/d0l¥ = 0 at (jf>atCt 0lV,c). This leads, after a little calculation, to the 
extra relation 

Ytlc - (5 + 4y + yc/>a,c)<Plc + 4(1 + 2y0„,c)0,,(r - 40a,c(l + yfa.c) = 0. (21) 

Equations (21) can be used in (18) to obtain 

= 4rtfiC(&,c-6,,c) 
0 4(^ lC - 4>a,c) - 50?>£. 

with (20) and the requirement that a0 ^ 0 giving the condition 

4>a,c í$ 1/5. (22b) 

For given valúes of the other parameters, the critical ambient temperatura <¡>IUC is 
then determined by solving Eqns (19) and (21). It is straightforward to show that 
Eqn (21), regarded as a cubic equation for 0JiC, has at least one positive root and this 
largest root is always such that condition (20) is violated. It is also straightforward 
to show that the turning points of Eqn (21) (when they exist) oceur at positive valúes 
of (pStC. Henee we require the two smaller (positive) roots of Eqn (21). We next need 
to consider the existence of these two real roots, and to do this, we determine the 
valúes of y and (p(hC at which these roots are co-incident, giving a hysteresis point 
at tl>aiC = 0ai/„ 4>¡¡tC = <¡>s<h. Thus to find (pa¡h, we have to solve Eqns (19), (21) 
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(with <l>atC and 0íiC replaced by 0fli/l and 0Jifc, respectively) together with the further 
equation 

3y^.A - 2(5 + 4y + y<f>alh)(t>Slh + 4(1 + 2y0fl|ft) = 0. (23) 

It is readily shown that, for small y 

1 4 
*"" ~ 5 - 125 y + 

2 16 
^ ~ 5 - 1 2 5 y + 

x¡¡ 
cQe5/2 

55/4 V1 + \Y + 

(24) 

For y large, we have, from Eqns (21), .(23), that 

0«,A (2v/5™4^y-1/2, 0,,,, ~ 0fli, + f5 - 2V5V1 
(25 a) 

with A/, then determined from (19) 

Xh/cQ ~ 0.95298y~5/4exp (2.11803y1/2) (25 b) 

as y —>• 00. 

For general valúes of the parameters, the equations have to be solved numerically. 
This is relatively straightforward (<¡>Síh and 0flift are determined from Eqns (21), (23) 
for a given valué of y and these results are then used in Eqn (19)). The results 
are shown in Fig. 3, where we plot A/,/c0 against y. For valúes of kh and y that 
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Figure 3. Plots of XQ/CQ and XA/Ü0 against y. 
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Figure 4. Graphs of <£„,;, against (a) y and (b) logi0y at which Eqn (21) has equal roots (hystercsis). 
For valúes of <fia¡c and y below the curve two roots exist, whereas for valúes above the curve no roots 
exist. 
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lie above this curve múltiple solutions exist whereas for valúes below the curve, the 
bifurcation diagrams are monotone. The corresponding valúes of <j>aih, plotted against 
y, are shown in Figs 4a,b. The broken line in Fig. 4b corresponds to the asymptotic 
form (25a). Expressions (24) show that 0fl,/, and tf>Sih both decrease linearly with y for 
y small and that Xh increases linearly with y. This is in line with the results shown 
in Fig. 4a. Expressions (25a) show that 4>üik and <¡>Sih decrease relatively slowly with 
y, whereas Xh increases rapidly with y, as suggested by the results shown in Figs 3 
and 4b. 

3,2, Disjoint bifurcation diagrams 

The onset of disjoint bifurcation diagrams, as seen in Figs 2a-e, occurs when the 
upper critical (extinction) point touches the (¡)a = 0 axis at <pSiC = 0íiO (say). From 
Eqn (21), we then have 

&,o = Y ($ + 4y - V25 + 24y + 16yA (26) 

with the corresponding XQ then given by expression (19) with <¡>a put to zero. For y 
small, 

4 64 
0f,O ^ 7 - -rrr y + • • •, (27a) 

5 125 

(27b) 

For y large 

& , o ~ - ( l - - + • • • ) ' (28a) 

Xo ~ c 0 y - ] / V + . . . . (28b) 

A graph of X0/cQ plotted against y is also shown in Fig. 3, with there being disjoint 
bifurcation diagrams for valúes of A, and y above this curve. Expressions (28) show 
that (pXio decreases relatively slowly with y, whereas A,0 increases exponentially with 
y, much faster than A,/,, as can be seen by results shown in Fig. 3. 

4. RESULTS 

The diseussion of the previous section shows that the critical temperatures of the 
systcm depend on just the two parameter groups X/c0 and y (and through these on 
the basic parameters introduced originally). Consequently, we need only consider how 
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<j>a¡c varíes with X/cQ and y. In Fig. 5 we present graphs of 0a,c at the lower critical 
point (ignition point) plotted against X/cQ for fixed valúes of y (y = 0, y = 1), The 
broken Une shows the hysteresis curve. We can see that these curves, which start on 
the hysteresis curve, follow it closely. We examined these curves for larger valúes of 
y and found that this trend becomes even more pronounced, the larger the valué of 
y taken. Thus the hysteresis valúes <¡)0th at a given valué of X/c0 should provide a 
reasonable estímate of the critical temperature parameters 0a,c for ignition. 

To see how 4>a,c varíes for X/cQ large, it is, perhaps, easiest to consider the case 
when y — 0. Here 

&,c = 5 ( 1 ~ 7 1 -~5(Pa,c) , (29a) 

which for X = X/c0 large and <pa,c small becomes 

(¡>s,c ~ <¡>a,c + ^ 0fl,c + (29b) 

Using this in expression (19) gives, to leading order, 

' 5 X 5 / 4 

*~ ( Í ) e2^" (30a) 

* « 

X/c„ 

Figure 5. Graphs of <f>a¡c at the lower critical point (ignition) plotted against k/cQ for y = 0, y 
broken line shows the hysteresis curve. 

= 1, The 
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Inverting this, shows that 0fliC has an inverse logarithmic behaviour of the form 

1 
0a, c 

ln (0.7566X(ln A.)5/2) 
+ (30b) 

as X —> oo. We expect this weak logarithmic decay of <¡>a,c with X to persist for 
y T¿ 0. In fact, from (25) we have, for y large that 

* ( 2 V 5 - 4 ) 7 / 2 0 f l ^ 

<Pa,I 

ln(0.1607XA(lnX/,) 5/2 
+ 

(31a) 

(31b) 

which have the same functional forms as (30) when y = 0. The only difference 
between the two expressions is in the multiplicative factor (1.322 for y — 0 and 
6.222 for y > 1), with the expressions for other valúes of y lying between these two 
extreme cases. 

Expressions (30b), (31b) show that the critical temperatures on the lower solution 
branch are insensitive to the valúes of X/cQt at least for relatively large valúes of this 

0.15-

0 . , 0,1 

0.05-

Figuro 6. Grapha of <f>(l,c plotted against y for k/cQ = 2, 5, and 10. The broken Une shows the hysteresis 

curve. 



144 M, A. Chaudhary et al. 

pararneter, with 0a,c log (X/cQ) being alraost constant. Thus using the measurements 
of the critical ambient temperature to estimate valúes for k could well prove unreliable. 

In Fig, 6 we show the graphs of 0fliC plotted against y for fixed valúes of X/cQ. 
Again the broken line shows the hysteresis valúes with the upper curve being the lower 
critical point (ignition) and the lower curve being the upper critical point (extinction). 
We can see that, as expected, both curves start on the hysteresis curve with the ignition 
point then decrease only slightly as y is decreased to zero. The upper critical point 
(extinction) decreases rapidly as y is decreased and, as predicted above, reaches the 
(¡)ac = 0 axis at a non-zero valué of y. Frora this we can infer that the ignition point 
is only weakly sensitive to variations in y, whereas the extinction point has a much 
stronger dependence on y and can be made to disappear altogether at an appropriate 
valué of y. 
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