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Abstract 

A novel methodology based on instrumented indentation is developed to determine the mechanical properties of amorphous materials 
which present cohesive-frictional behaviour. The approach is based on the concept of a universal hardness equation, which results from 
the assumption of a characteristic indentation pressure proportional to the hardness. The actual universal hardness equation is obtained 
from a detailed finite element analysis of the process of sharp indentation for a very wide range of material properties, and the inverse 
problem (i.e. how to extract the elastic modulus, the compressive yield strength and the friction angle) from instrumented indentation is 
solved. The applicability and limitations of the novel approach are highlighted. Finally, the model is validated against experimental data 
in metallic and ceramic glasses as well as polymers, covering a wide range of amorphous materials in terms of elastic modulus, yield 
strength and friction angle. 

1. Introduction 

Instrumented indentation, in which the load and depth 
of indentation are continuously recorded during the 
indentation process, is a simple testing technique, and a 
large research effort has been devoted to obtaining the 
elasto-plastic properties of materials from this test. Most 
of these studies focused on polycrystalline solids, in which 
the flow stress follows the von Mises criterion and is equiv
alent under uniaxial tension and compression [1-3]. This 
criterion is not representative, however, of the behaviour 
of amorphous solids such as ceramic glasses, bulk metallic 
glasses and both thermoset and thermoplastic polymers. 
They usually display brittle behaviour in tension, while 

deforming plastically in compression and/or shear, and 
the flow stress depends on the hydrostatic pressure [4]. As 
a result, the elasto-plastic properties of these cohesive-
frictional materials are difficult to measure by conventional 
methods such as tensile testing, owing to their inherent 
brittleness. In contrast, they are readily deformed by inden
tation, owing to the large hydrostatic compression under 
the indenter tip, the small volume of deformed material 
and the constraint of the surrounding material. Therefore, 
instrumented indentation stands as an ideal technique for 
characterizing the elasto-plastic constitutive behaviour of 
cohesive-frictional materials. 

Extracting material properties from instrumented inden
tation is, however, extremely challenging, because there is 
no one-to-one correspondence between the indentation 
curve and the material properties [3]. One of the main dif
ficulties in relating both is found in the uncertainty in how 
the material accommodates the volume displaced by the 



indenter. On the one hand, purely elastic material accom
modates the displaced volume by the elastic deformation 
of the surrounding material, leading to a sink-in of the 
material around the indenter and reducing the actual con
tact area. On the other hand, plastic flow displaces the 
material upwards around the tip, and the resulting pile-
up around the indenter will increase the actual contact area 
in very ductile materials. Engineering materials normally 
present intermediate behaviour between these extremes, 
which has been extensively studied in elasto-plastic solids, 
following the von Mises yield criterion [5]. However, very 
little is known about this phenomenon for cohesive-fric-
tional materials. Giannakopoulos and Larsson [6] and 
Vaidyanathan et al. [7] studied the pyramidal indentation 
of cohesive-frictional materials using the finite element 
method and, more recently, Narasimhan [8] and Patnaik 
et al. [9] analysed the applicability of the expanding cavity 
model [10,11] to studying the conical and spherical inden
tation response of elasto-plastic materials in which the flow 
stress depends on the hydrostatic pressure. However, none 
of these studies focused on the determination of the consti
tutive response of the material from the indentation curve, 
and there is no reliable methodology for estimating the 
yield stress and pressure sensitivity in amorphous materials 
from instrumented indentation. In fact, yield stresses of 
polymers and metallic glasses derived from indentation 
studies led to unreasonably large values [12]. 

This work aims to cover this gap by establishing a meth
odology to determine the constitutive elasto-plastic behav
iour of cohesive-frictional materials from instrumented 
indentation. The methodology is based on a universal 
hardness equation for cohesive-frictional materials based 
on the novel concept of the characteristic indentation pres
sure. The actual universal hardness equation (independent 
of the ratio of flow stress to elastic modulus and of the 
pressure sensitivity) was obtained from a systematic 
numerical simulation of the process of sharp indentation 
in cohesive-frictional materials. Based on this universal 
hardness equation, the inverse problem was solved to 
derive the material properties (elastic modulus, flow stress 
and pressure sensitivity) from the indentation curve, and 
the validity and limitations of the new methodology were 
established. Finally, the method was validated experimen
tally in various amorphous materials that follow a cohe
sive-frictional behaviour (metallic and ceramic glasses as 
well as polymers) and with very different flow stress/elastic 
modulus ratios. 

2. Theoretical considerations 

2.1. Constitutive behaviour of cohesive-frictional materials 

Amorphous materials deform plastically in compression 
by the formation of shear bands. Further loading leads to 
the localization of the deformation within the shear band 
(or in an array of parallel bands) without any strain harden
ing. There is a wide body of experimental evidence showing 

that the yield criterion for shear band formation in metallic 
[13-16] and ceramic glasses [17,18] as well as in polymers 
[19-22] depends on the hydrostatic stress and that the yield 
surface of these materials is adequately represented by 
either the Mohr-Coulomb or the Drucker-Prager yield cri
terion. Mathematically, the yield surface (<P — 0) is given by 
[23] 
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/ 3 ^ 2 - ^ + ^ t a n ^ = 0 (1) 

where I\ stands for the first invariant of the Cauchy stress 
tensor atJ, and J2 for the second invariant of the deviatoric 
part of the Cauchy stress tensor according to 

h = °u °',j = °.j-j Ji = 2a''ja'p (2) 

The elasto-plastic behaviour of the material is thus char
acterized by the two elastic constants E and v (assuming 
isotropic behaviour) and the two parameters which dictate 
the onset of plastic deformation, namely the cohesion d and 
the friction angle f$, which controls the pressure-sensitivity 
of the material. Eq. (1) represents a conical surface in prin
cipal stress space with the vertex on the hydrostatic stress 
axis. The trace of the yield surface on the deviatoric plane 
is circular and leads to the von Mises yield criterion (with 
yield stress equal to d) in the particular case of f> — 0°. 

2.2. Analysis of instrumented indentation test 

The output of an instrumented indentation test is the 
load-displacement curve during loading and unloading of 
the indenter, as shown in Fig. 1. The main parameters 
obtained from the test are the maximum indentation load 
Anax, the maximum indentation depth /*max, and the elastic 
stiffness upon unloading S. Another interesting factor is 
the elastic energy/total energy ratio, WjWt—Wj 
(We+ Wp), where the elastic energy We and the energy dis
sipated by plastic deformation Wp are shown in Fig. 1. It 
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Fig. 1. Schematic of a load-indentation depth curve showing the most 
relevant experimental parameters that can be obtained from the test. 



was demonstrated [3] that only two of these parameters are 
independent, and thus extra hypotheses are necessary to 
determine the material properties from a single pyramidal 
indentation test, as the constitutive behaviour of an elasto-
plastic solid following the Drucker-Prager model is 
described by four independent constants (see Section 2.1). 
This additional information is provided by the characteristic 
indentation pressure concept, which is presented in Section 
2.3. 

Another challenge of the instrumented indentation test is 
the estimation of the actual contact area. This is normally 
accomplished by means of analytical methods, of which 
the most widely used is due to Oliver and Pharr [24]. This 
method provides a good approximation of the actual con
tact area when the material surrounding the indenter sinks 
in, but it does not consider situations that lead to pile-up of 
the material around the indenter, as schematically repre
sented in Fig. 2 [5]. The development of material pile-up 
or sink-in depends on the indenter geometry and the mate
rial properties, and the contact area will be severely under
estimated if pile-up is dominant (as is the case in metallic 
glasses and other amorphous materials [25]). 

To avoid the uncertainty arising from the determination 
of the contact area, the present methodology uses the 
apparent hardness Hap instead of the actual hardness H 
as the basis of the analysis. They are given by 

fj — — 
p A 

H = 
Pr, 

A 
(3) 

where Aap and A stand for the apparent and actual contact 
area, respectively. The apparent contact area is directly ob
tained from the shape of the indenter tip as a function of 
the maximum depth Aap —f{hmax), and it is related to the 
actual contact area through the pile-up parameter cp, de
fined as 

(4) 

Hence, cp > 1 indicates that material piles up around the 
indenter, while cp < 1 is representative of a sink-in phenom
enon, as illustrated in Fig. 2. 

Once cp is known, it is possible to determine the elastic 
properties of the material from the reduced elastic modulus 
E*, which is given by 

1 1 
(5) 
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and accounts for the elastic deformation of the indenter 
through its elastic constants (Eh v,). E* can be obtained 
from the unloading stiffness S according to Sneddon's 
equation [37]: 

2VA~ 
(6) 

The determination of the cohesion d and of the frictional 
angle f> from the actual hardness H is not, however, imme
diate, as shown below. 

2.3. The concept of characteristic indentation pressure: a 
novel approach 

The average hardness measured in an indentation test is 
always higher than the uniaxial compressive yield stress ayc 

because of the confining pressure generated by the elasti-
cally strained material around the indenter. The ratio 
between the indentation mean contact pressure and the 
uniaxial compressive yield stress is called the constraint fac
tor C. For very ductile metals (with a plasticity index ayJ 
E* < 0.001), C~ 2.5-3 is generally considered to be 
appropriate, in agreement with Lockett's solution [26] for 
rigid-perfectly plastic materials. This value is only valid, 
however, when the material is in the fully plastic regime. 

For elasto-plastic materials following the von Mises yield 
criterion, Johnson [11] concluded that the constraint factor 
depends on the plasticity index aycjE*. If aycjE* < 0.01, the 
indentation is in the fully plastic regime and therefore 
C~ 2.5-3. The elastic deformation is not negligible, how
ever, for higher values of ayc/E*, and the constraint factor 
decreases. Similarly, strain hardening also affects the con
straint factor, but it shows an upper limit of 3 for elasto-
plastic materials following the von Mises yield criterion [2]. 

Few analyses of the constraint factor are available for 
cohesive-frictional materials, in which the flow stress 
depends on the hydrostatic stress. Keryvin et al. [15] stud
ied the case of spherical indentations, while Ganneau et al. 
[27] dealt with pyramidal indentations, but their investiga
tion was limited to rigid-plastic materials (very small 
aycjE*). Thus, there is not a systematic study which relates 
the indentation hardness to the compressive yield strength 
and the friction angle, and that is the objective of this sec
tion. The equations governing the hardness in von Mises 
elasto-plastic materials are first reviewed and a novel 
method is proposed to extend the analysis to cohesive-fric-
tional solids. 

In the case of von Mises materials, it is well established 
from dimensional analysis [28] that the relationship 
between the hardness H and the yield stress ay for a given 
conical indenter angle y adopts the form 

H 
Fig. 2. Schematic diagram showing pile-up/sink-in effects around the 
indenter tip. 
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where the constraint function/depends on the plasticity in
dex. Eq. (7) was generalized for strain-hardening materials 
by Mata et al. [29] by replacing the yield stress ay with the 
stress level in the uniaxial stress-strain curve at a character
istic plastic strain sr, which is usually ~0.01 for Berkovich 
indenters. The concept of the characteristic indentation 
strain was first introduced by Tabor [30] for fully plastic 
indentations and extended by Johnson [10] and Mata 
et al. [29] for the case of elasto-plastic indentations. 

In the case of cohesive-frictional materials, Eq. (7) is 
expected to take the following form: 

where ayc stands for the uniaxial compressive yield stress, 
and f> the pressure sensitivity index. Inspired by the above, 
the concept of a characteristic indentation stress o> is pos
tulated for cohesive-frictional materials. That is, the exis
tence of a characteristic hydrostatic stress, ah is assumed, 
induced by the conical indenter, which is related to the 
characteristic indentation stress according to (Eq. (1)) 

Gr = d — ah tan f> (9) 

Furthermore, and since the hardness is a measurement 
of the average pressure applied on the contact area [10], 
it is postulated that the characteristic hydrostatic stress 
should be proportional to the hardness H, and hence Eq. 
(9) can be rewritten as 

ar = d — aH tan f$ (10) 

where a is a proportionality constant that will be obtained 
from finite element simulations of the indentation process. 
If the assumption is correct, Eq. (8) can be rewritten as 

vrf® <") 
where the effect of the friction angle is already incorporated 
into ar, and the constraint function/should only depend on 
the plasticity index ar/E* and not on f>. The validity of this 
assumption was demonstrated from the results of the numer
ical analyses of the indentation process, as shown below. 

3. Numerical analysis of indentation 

3.1. Finite element model 

The indentation process was simulated by means of the 
finite element method, assuming axial symmetry around 
the indenter axis (Fig. 3). The conical indenter was rigid 
with a semi-apex angle 9 — 70.3°. This conical indenter 
has the same area-to-depth ratio as the actual Berkovich 
indenter, and it has been demonstrated that the indentation 
response of both indenters is equivalent for a wide range of 
material properties [31,32]. 

The material was discretized with four-node bilinear axi
symmetric elements with full integration (CAX4). The 
model dimensions were large enough to neglect boundary 

Fig. 3. Discretization and boundary conditions of the axisymmetric model 
to simulate a conical indentation, equivalent to a pyramidal Berkovich tip. 

effects, and the mesh was refined around the indenter, as 
shown in Fig. 3 together with the boundary conditions. 
The minimum element size was selected in each case to 
maintain ^40 elements in contact with the indenter at the 
maximum indentation depth. It was checked that further 
mesh refinement only marginally affected the load-indenta
tion curve. In all cases, the contact between the indenter 
and the material was assumed to be frictionless, because 
the effect of friction on the indentation response can be 
neglected for blunt tips [10,33]. To support this assump
tion, simulations with a coefficient of friction of 0.3 
between the indenter and the material were carried out in 
the worst case scenario, i.e. a rigid perfectly plastic von 
Mises material. The effect of friction led to an increase in 
hardness below 10%. 

Most of the simulations were carried using Abaqus/ 
Standard within the framework of the finite deformations 
theory with the initial unstressed state as reference. How
ever, element distortion was too large to provide accurate 
results of the pile-up when the plasticity index was very 
low. In these cases, simulations were carried out using Aba-
qus/Explicit with four-node axisymmetric bilinear elements 
with reduced integration and hourglass control (CAX4R) 
together with the arbitrary Lagrangian-Eulerian mesh 
adaptivity option. The curves obtained with the explicit 
and implicit algorithms led to the same results when com
parison was possible. 



The indented material was modelled as an isotropic, elas-
to-plastic solid without hardening, following the Drucker-
Prager yield criterion. A non-associative flow rule was used 
to compute the directions of plastic flow in the stress space, 
and rate effects were neglected [34]. Simulations were carried 
out for a wide range of properties with 0.005 < ayc/E* < 0.1 
and 0 < f> < 48°. The results were assumed to depend on 
Young's modulus and Poisson's ratio only through aycjE*. 

3.2. Effect of the friction angle on the indentation response 

The friction angle had a very large effect on the indenta
tion response, especially for small values of the plasticity 
index ayjE*. For instance, the maximum indentation load 
increased by a factor of 2 for soft materials in the fully plas
tic regime {ayjE* — 0.002) when the frictional angle 
increased from 0° to 42° (Fig. 4a). The effect of f$ was 
noticeable, but smaller when ayc/E* — 0.02, which stands 
for the elasto-plastic regime (Fig. 4b), while it was negligi
ble when the behaviour of the material under the indenter 
was elastic (ayc/E* — 0.2, Fig. 4c). 

This behaviour can be easily understood, owing to the 
effect of the hydrostatic pressure on the flow stress. The 
higher the frictional angle fi, the higher the von Mises equiv
alent stress (y/3J2) necessary to promote plastic deforma
tion under the indenter and, thus, the higher the 
indentation load (Fig. 5). These observations are qualita
tively similar to those advanced by Vaidyanathan et al. [7], 
Giannakopoulos and Larsson [6], and Patnaik et al. [9] for 
Berkovich, Vickers and conical indenters, respectively. 

3.3. Effect of friction angle on hardness 

The evolution of the constraint factor H/ayc with the 
plasticity index aycjE* is plotted in Fig. 6 for material with 
different friction angle. These results present the three 
indentation regimes postulated by Johnson [10]. If ayJ 
£* > 0.1, the deformation under the indenter is elastic 
and, therefore, the hardness (understood as the mean pres
sure of indentation) is independent of the flow stress and of 
the friction angle. In contrast, the indentation is in the fully 
plastic regime if aycjE* is very low and the constraint factor 
tends towards a constant value. Finally, the constraint fac
tor decreases with aycjE* in the intermediate, elasto-plastic 
regime. 

The numerical simulations presented in Fig. 6 show that 
the friction angle strongly influences both the constraint fac
tor and the transition between the different indentation 
regimes. For instance, the fully plastic regime in non-fric-
tional materials (fi — 0°) was attained for aycjE* < 0.01 and 
the corresponding constraint factor was ~2.&<ryc, in agree
ment with previous studies. This fully plastic regime was 
not attained, however, for ayc/E* — 0.001 when fi — 48° 
and the corresponding constraint factor was >\Qayc. 

These results can be used to test the validity of 
the assumption about the existence of a characteristic 
hydrostatic stress in Section 2.3 and to calculate the value 
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Fig. 5. Von Mises equivalent stress contours under the Berkovich indenter 
for a material with a plasticity index oyc/E* = 0.04: (a) p = 0°; (b) p = 24°. 

12.0 

' >K, 

10 .0-

8.0 

J 6.0 

4.0 

2.0-

0.0 

"* 

A-- - -A-

©—-©•-
n — D -

1E-3 
n- rq 

0.01 
TTTT 

0.1 
a /E* 

yc 

Fig. 6. Evolution of the constrain factor Hjayc as a function of the 
plasticity index cyjE* for materials with different Drucker-Prager friction 
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of a in Eq. (10). The latter can be inferred from the behav
iour in the fully plastic regime, in which the constraint factor 
is constant. Thus, Eq. (11) can be written as 

Fig. 7. Evolution of the constraint factor H/ar as a function of the 
plasticity index cjE* for materials with different Drucker-Prager friction 
angles. 

H 
CE (12) 

where CFP represents the constraint factor in the fully plas
tic regime. From Eq. (10), this equation can be re-written 
as 

H 
~d 

CE 

1 + CICEP tan /? 
(13) 

and Cpp « 2.9 and a — 0.29 can be obtained by the least 
square fitting of this equation to the data corresponding 
to the fully plastic regime in Fig. 6. CFp ~ 2.9 is in good 
agreement with the expected constraint factor for non-fric-
tional materials. No reference exists for the characteristic 
hydrostatic stress in cohesive-frictional materials and a 
value of ah - —0.297/ is obtained for Berkovich indenters. 

Once o> and f$ axe known, the uniaxial yield stress in 
compression ayc can be easily calculated from Eqs. (1) 
and (9) as 

d <jr + ati tan [1 
l - t a n £ / 2 = l - t a n / ? / 2 

(14) 

The characteristic hydrostatic stress under the indenter 
has been estimated from the behaviour in the fully plastic 
regime, and it is necessary to assess the validity of this 
concept in other regimes. The results of the finite element 
analyses in Fig. 6 are re-plotted in Fig. 7 in terms of ar 

instead ayc. All data, irrespective of friction angle f>, lie on 
the same curve, and the limits between the fully plastic, 
the elastic-plastic and the elastic regimes are clearly recog
nized. Tabor's fully plastic regime develops for arj 
E* < 0.012, while the elastic regime is dominant for a J 
E* > 0.1. The elasto-plastic regime is found between these 
limits, and the decrease in the constraint factor with arjE* 
is in good agreement with the results reported for f$ — 0° 
[2,29]. In the elasto-plastic region, the variation in the con
straint factor with the plasticity index can be fitted using 
the same expression derived by Hill [35], Marsh [36] and 
Johnson [10], leading to 
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Finally, the finite element results in the elastic regime 
follow the analytical expression for the elastic contact of 
a conical indenter on a semi-infinite half space [37] 

H tan y E* 

ar o> 
(16) 

It should be noted, however, that it is extremely unlikely 
that real materials will lie within this region in the case of a 
blunt indenter (such as the one used here). 

The current approach to developing a universal hardness 
equation for cohesive-frictional materials is debatable from 
a conceptual viewpoint, as the characteristic hydrostatic 
stress is derived from the data in the fully plastic regime. 
Nevertheless, the finite element simulations demonstrate 
that the substitution of ayc by ar in Eq. (8) certainly leads 
to very good correlation between the hardness and the 
mechanical properties of the material for a wide range of 
E, ayc and f>. This relationship is strictly valid for a conical 
indenter with y = 19.7°, and hence applicable to pyramidal 
Vickers and Berkovich indentations in amorphous materials 
that display a non-hardening frictional behaviour. 

4. Determination of the mechanical properties from 
instrumented indentation 

The methodology presented above allows estimation of 
the hardness, provided that the material properties are 
known. The inverse problem is, however, more difficult 
for the reasons stated in Section 2.3, but it is far more inter
esting. The basic objective of this section is to determine the 
elastic (E*) and plastic (ayc and f>) parameters which control 
the mechanical response of cohesive-frictional materials 
from the apparent hardness Hap (defined by .Pmax and Amilx), 
the elastic unloading stiffness S and the WjWt ratio, which 
are readily obtained from instrumented indentation. The 
latter parameter is very useful, because WjWt is closely 
related to the plasticity index ar/E*, which is not known a 
priori. WjWt — 1 in an elastic material, while WjWt will 
tend to 0 in the fully plastic regime, and Cheng and Cheng 
[28] proposed a linear relationship between both parame
ters. This may not be exact, but the data in Fig. 7 can be 
re-plotted in Fig. 8 as a function of WjWt instead of a J 
E*, showing that the constraint factor H/ar for the different 
friction angles lies within the same line up to WjWt < 0.9. 

Taking this relationship into account, Fig. 9 re-plots the 
data in Fig. 6 as a function of Hap and WjWt. This figure 
provides the basis for obtaining the constitutive behaviour 
from the loading-unloading curve, as it is expressed as a 
function of parameters that are readily provided by instru
mented indentation. However, more information could be 
obtained from the test if the actual contact area A (or, in 
other words, the pile-up parameter cp) were known. The finite 
element simulations detailed above can provide useful infor
mation in this respect, and Fig. 10 shows the dependence of 
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ratio for materials with different Drucker-Prager friction angles. 

the pile-up parameter on WjWp obtained from the simula
tions. For the sake of comparison, the pile-up parameter 
obtained applying the Oliver and Pharr method [24] to 
the simulated curves is also included in Fig. 10. 

It is obvious that the Oliver and Pharr method leads to 
very large errors in the actual contact area for very ductile 
materials (WjWt < 0.5) and/or materials with low pressure 
sensitivity, while it can be used to estimate cp if WjWt > 0.5. 

Based on the above considerations, two main scenarios 
can be found to determine the mechanical properties of 
the material from instrumented indentation. If Wj 
Wt > 0.5, the actual contact area can be obtained from 
the Oliver and Pharr method. Then E* and H axe readily 
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obtained from Eqs. (6) and (3), respectively. Nevertheless, 
the pile-up parameter in this regime is insensitive to the 
friction angle (Fig. 9), and it is not possible to determine 
both oyc and f$ unless one of them is known in advance. 
If ayc is known, f> can be obtained from Hap and WjWt 

in Fig. 9. Otherwise, if f$ is known, Fig. 8 provides o> from 
WjWt, and ayc is obtained from Eq. (14). 

If We/Wt< 0.5, the Oliver and Pharr method does not 
provide a good estimation of the pile-up parameter, and 
the best solution is to measure the contact area A after 
the test by microscopy. Then, E* and H are readily 
obtained from Eqs. (6) and (3), respectively, while cp is 
obtained from Eq. (4). cp and WjWt provide the pressure 
sensitivity f> directly from Fig. 9 and, as in the previous 
case, Fig. 8 provides ar from Wj Wt, while ayc is obtained 
from Eq. (14). If the contact area cannot be measured after 
the test, it is necessary to know a priori at least one of the 
material properties (E*, ayc or f>) to determine the others. 

It should be noted that this methodology to determine 
the elasto-plastic properties of cohesive-frictional materials 
was based on a single indenter geometry. An alternative 
approach is the use of two indenters with different geome
try, as suggested for pressure-insensitive materials [3,38]. 
This approach was proposed by Ganneau et al. [27] for 
cohesive-frictional materials, using two pyramidal inden
ters with different tip angles (Berkovich and cube corner). 
Their analysis was only valid, however, for indentations 
in the fully plastic regime, a category hardly fulfilled by 
most amorphous materials, as shown experimentally 
below. In addition, the coefficient of friction between the 
indenter and the material plays an important role on the 
constraint factor when the semi-apex angle of the indenter 
falls below 60° [10], introducing yet another unknown 
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Fig. 11. Representative nanoindentation curves obtained on (a) metallic 
glasses, (b) ceramic glasses and (c) polymers, respectively. 

parameter in the analysis. As an alternative, Seltzer et al. 
[39] proposed the use of Berkovich and spherical indenters 
to determine the Drucker-Prager parameters of pressure-
sensitive elastic-perfectly plastic polymers. Nevertheless, 
the method is limited to materials with We/Wt> 0.5, 
because the contact area is estimated by the Oliver and 



Pharr method. It is shown below that this condition is 
rarely met by amorphous materials, with the exception of 
some ceramic glasses. 

5. Experimental validation 

5.1. Materials 

The model described above was applied to the charac
terization of different amorphous materials: three bulk 
metallic glasses, two ceramic glasses and three polymers 
of technological interest. The metallic glasses were pro
vided by the University of Sheffield: one Zr-based metallic 
glass with composition Zr65Cui5Al10Ni10 and two Mg-
based glasses (Mg5g.5Cu30.5Yn and Mg61Cu2gGdn). The 
ceramic glasses studied were a soda-lime glass (commercial 
denomination Starphire®) manufactured by PPG (Pitts
burg, PA) and a borosilicate glass (commercial denomina
tion Borofloat® 33) manufactured by Schott Glass [17,18]. 
Finally, the polymers studied were an epoxy resin of aero
nautical grade and two thermoplastic polymers of techno
logical interest: PMMA and PVC. 

5.2. Nanoindentation tests 

Indentation experiments were conducted using a Nano 
Indenter XP (MTS, Nanoinstruments, Oak Ridge, USA) 
instrument. At least ten indentations were performed in 
each material, employing a Berkovich tip to an approxi
mate depth of 2 (im and an equivalent strain rate of s = 
h/h — 0.005 s_1, where h and h are, respectively, the pene
tration and the penetration rate of the indenter. Representative 

indentation curves for the metallic glasses, the ceramic 
glasses and the polymers are shown in Fig. 11. These amor
phous materials cover a very wide range of hardness and 
modulus values to check the applicability of the new meth
od. Ceramic glasses present the highest hardness and elastic 
recovery, while metallic glasses show the lowest plasticity 
index. Polymers display the lowest hardness, but the plas
ticity index may be very high (epoxy), intermediate 
(PMMA) or very low (PVC). 

The residual imprints in the bulk metallic glasses were 
measured by scanning electron microscopy (SEM) on a 
Zeiss EVO MA 15 microscope and by atomic force 
microscopy (AFM) on a Park XE150 instrument. This 
was not necessary in the case of the ceramic glasses, 
because We/Wt> 0.5, and hence the contact area can be 
estimated using the Oliver and Pharr method. In the case 
of polymers, their inherent viscoelastic and viscoplastic 
behaviour led to a significant recovery of the residual 
imprint after unloading, and the actual contact area could 
not be measured. The analysis performed in each class of 
materials is described below. 

5.3. Bulk metallic glasses 

Metallic glasses showed WjWt&03\ (Table 1). Since 
no prior knowledge of their properties was available, the 
residual imprints were directly measured by SEM and 
AFM. It is important to notice that the accuracy of this 
method to determine the mechanical properties depends 
strongly on the precise determination of the contact area 
A. In this sense, AFM is better suited than SEM, as it pro
vides a topographic image of the residual imprint, from 

Table 1 
Elasto-plastic material properties obtained from the nanoindentation tests in bulk metallic glasses; literature data for the compressive strength and friction 
angle are also included for comparison. 

Material 

Zr65Cu15Al10Ni10 

Mg5g.5Cu30.5Yn 

Mg61Cu28Gd„ 

Indentation data 

Hap (MPa) 

4038 ± 18 
2564 ± 17 
2463 ± 10 

wjwt 

0.32 ±0.01 
0.31 ±0.01 
0.32 ±0.01 

c2 

0.77 ± 0.01 
0.74 ± 0.02 
0.74 ± 0.03 

Material 

E* (GPa) 

52 ± 1 
35 ± 1 
35 ± 2 

properties 

ayc (MPa) 

1800 ± 100 
o47+84 ?t^_i49 
956+124 

PC) 
14 ± 6 
29 ± 5 
25 ± 7 

Literature data 

ayc (MPa) 

1600-1800 [40,41] 
986 ± 28 [42] 
1075 ± 35 [43] 

PC) 
<20 

(a) Topography (AFM) (b) Laplacian (AFM) (c) SEM 

2/im •:£• •,;•. ' ,v': • 2 /mi 2 pm 

Fig. 12. Images of a residual imprint in the Zr-based metallic glass: (a) topography (AFM); (b) Laplacian (AFM); (c) SEM. 
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Fig. 13. Experimental values of Hap/ayc as a function of WjW, for the 
materials under study, together with the master curves obtained from the 
numerical simulations. 

which the edges of the indentation are more readily 
obtained through the computation of the Laplacian. 
Fig. 12 shows three different images of the same residual 
indentation as measured by AFM (topography and Lapla
cian) and SEM for the Zr-based glass. The material pile-up, 
indicative of indentation dominated by plastic deforma
tion, was clearly identified. The images also show the 
semi-circular shear bands, in the form of overlapping layers 
of upwardly displaced material, typical of indentations in 
bulk metallic glasses [16]. The pile-up behaviour makes 
the sides of the residual imprint bow out, leading to the 
concavity found in the indentation edges. 

Table 1 summarizes the results of the analysis from the 
values of Hap, WjWt and cp. Bulk metallic glasses lie 
exactly in the elasto-plastic regime (0.30 < WjWt< 0.35), 
where the pressure sensitivity has a marked influence on 
the indentation response. These materials present an impor
tant pile-up, even though they are not in the fully plastic 
regime, so any method based on this assumption (such as 
that of Ganneau et al. [27] based on slip line theory) and/ 
or that neglects pile-up effects (such as that of Seltzer 
et al. [39]) cannot provide accurate results. 

The experimental results for Hapjayc as a function of 
WjWt are plotted together with the numerical master 
curves in Fig. 13. The Zr-based glass is found to have a 
low pressure dependence with a Drucker-Prager friction 
angle f> < 12°. However, the two Mg-based glasses pre
sented moderate pressure sensitivities, with average values 
of f> ranging from 24° to 30° although the glass containing 
Y showed a slightly higher pressure sensitivity. Literature 
data for the uniaxial compressive strength are also included 

0.00 0.05 0.10 0.15 0.20 
True Strain 

0.25 0.30 0.35 

Fig. 14. Compressive stress-strain curves for three polymeric materials: 
epoxy, PMMA and PVC. The solid lines stand for the experimental 
results, while the discontinuous lines represent the approximation to an 
elasto-plastic non-hardening behaviour in each case. 

in Table 1 and are in very good agreement with the results 
obtained from instrumented nanoindentation. 

The literature values of friction angle of bulk metallic 
glasses present a large scatter. They are measured by differ
ent methods, including the orientation of the shear bands 
during uniaxial compression, multiaxial tests in a confining 
sleeve, or the ratio between tensile and compressive 
strength. Keryvin et al. [15], Lewandowski and Lowhap-
handu [44] and Yuan et al. [45] suggested that Zr-based glass 
shows limited pressure sensitivity with f$ < 10°. Others 
authors [16,46] maintain that these materials present a mod
erate pressure dependence with f> « 20°. The present results 
(fi K, 14°) and the good agreement in the estimation of the 
compressive strength support the validity of the method 
for determining the mechanical properties of metallic glasses 
from instrumented indentation. In the case of the Mg-based 
glasses, no reference values could be found in the literature, 
but the present results suggest a larger pressure sensitivity, 
with f$ from 24° to 30°, which is higher for the Y-doped 
Mg than for the Gd-doped Mg. Once again, the compressive 
yield strength derived from indentation was very close to 
that obtained from conventional uniaxial tests. 

5.4. Ceramic glasses 

The ceramic glasses displayed WjWt values in excess 
of 0.5 (Table 2) and were placed in the region where the 

Table 2 
Elastic modulus and friction angle of ceramic glasses obtained from the nanoindentation tests. 

Material 

Starphire 
Borofloat 

Indentation data 

WJW, 

0.52 ±0.01 
0.58 ±0.01 

Hap (MPa) 

4204 ± 57 
4109 ± 8 1 

IP (MPa) 

7249 ± 98 
7609 ± 150 

Material properties 

E* (GPa) p (°) 

61.6 ±0.4 45 ± 7 
77.7 ± 0.5 45 ± 5 

Literature data 

oyc (MPa) 

2000 ± 600 
1750 ± 450 

PC) 
49 [18] 
52 [17] 

a Using Oliver and Pharr [24]. 



Table 3 
Elastic modulus and friction angle obtained from indentation tests in the polymers. 

Material 

Epoxy 
PMMA 
PVC 

Indentation data 

wjwt 

0.52 ±0.01 
0.41 ±0.01 
0.31 ±0.01 

Hap (MPa) 

262 ± 3 
200 ± 1 
152 ± 1 

Compression tests 

ayc (MPa) 

153 ± 5 
101 ± 2 
61 ± 0 

Material properties 

E* (MPa) 

3490 ± 47 
3090 ± 141 
2950 ± 173 

PC) 
29 ± 2 
20 ± 2 
20 ± 2 

Literature data 

PO 
30 [20] 
17 [20] 
13 [47] 

Oliver and Pharr method provides an accurate estimation of 
the contact area A. As explained above, f> can only be deter
mined under such conditions if the compressive yield 
strength ayc is known a priori. From the ayc values deter
mined by Chocron et al. [17] and Dannemann [18], it was 
found that both Starphire and Borofloat glasses present very 
high pressure sensitivity, f$ > 48° (Fig. 13). This is in agree
ment with previous results obtained from multiaxial 
compression tests, which reported friction angles of ^50° 
[17,18]. 

5.5. Polymers 

The polymers studied showed We/Wt< 0.5. Instru
mented indentation can only be used to measure the pres
sure sensitivity if the compressive yield strength is known 
in advance, since the residual imprint is not representative 
of the indentation contact area owing to viscoelastic and 
viscoplastic effects. For this reason, uniaxial compression 
tests were carried out to measure aya while nanoindenta-
tion provided the pressure sensitivity. 

Uniaxial compression tests were carried out at the same 
strain rate of 0.005 s_1 as the nanoindentation tests. The cor
responding stress-strain curves are plotted in Fig. 14, show
ing typical behaviour for polymers with slight softening after 
the peak strength. The yield stress is difficult to determine, as 
it might differ by as much as 10% from the maximum stress 
[20], and it was denned as the average between the maximum 
and the plateau stress in compression (Fig. 14). 

Table 3 summarizes the Hap and WjWt values obtained 
from the nanoindentation tests, together with the elastic 
modulus and the friction angle obtained from these data. 
Both PMMA and PVC showed similar pressure sensitivity, 
with f$ « 20°, while the epoxy resin presented a slightly 
higher influence of pressure on the yield stress, with 
f> « 29°. This latter value agrees well with those reported 
by Quinson et al. [20], who measured the yield point of var
ious epoxy resins subjected to different triaxiality levels 
(uniaxial tension and compression, simple shear and plane 
strain compression), suggesting a friction angle of ~30°. In 
the case of PMMA and PVC, other authors [47^19,50] also 
reported values very close to those obtained in this work. 

which control the elasto-plastic deformation of amorphous 
materials with a cohesive-frictional behaviour. The 
approach is based on the concept of a universal hardness 
equation for cohesive-frictional materials which results 
from the assumption of a characteristic indentation pressure 
which is proportional to the hardness. 

The actual universal hardness equation was obtained 
from a detailed finite element analysis of the process of 
sharp indentation for a very wide range of material proper
ties. Based on this universal hardness equation, the inverse 
problem (i.e. how to extract the material parameters E*, ayc 

and f> from instrumented indentation) was solved, and the 
applicability and limitations of the new method analysed. 
It was found that, if the deformation under the indenter 
is mainly elastic (WjWt > 0.5), the pressure sensitivity 
can only be determined if the yield compressive strength 
is known in advance. If plasticity controls deformation 
under the indenter, all the parameters can be extracted 
from a single pyramidal indentation test, provided the con
tact area is measured independently (e.g. by AFM). If the 
actual contact area is not measured independently, the con
stitutive behaviour can only be determined if one of the 
three parameters (E*, ayc, f>) is known in advance. The 
method was validated experimentally in a number of amor
phous materials (metallic and ceramic glasses as well as 
polymers) which exhibited cohesive-frictional behaviour 
and covered a wide range of elastic and plastic properties. 
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6. Conclusions 

A novel methodology based on instrumented indentation 
was developed to determine the parameters (elastic 
modulus, compressive yield strength and friction angle) 
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