
Universidad Politécnica de Madrid
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2.1 Algunas caracteŕısticas de las escalas temporal y espacial, (a)
número de átomos en un cubo, (b) tiempo caracteŕıstico de
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Chapter 1

ABSTRACT

This thesis can be framed within the Computational Materials Sci-
ence field, and it has been devoted to the development of two new mod-
els concerning two of the most used methods in the Multiscale Modeling

Approach, namely, kinetic Monte Carlo (kMC) and Dislocation Dynamics

(DD). The first one aims to describe the diffusion and accumulation of de-
fects created in Radiation Damage, and the second follows the evolution of
an ensemble of dislocations responding under some set of external loading
conditions. Both methods are indispensable to the study of the change in
the mechanical properties of materials exposed to irradiation.

The manuscript is divided in two main parts. The first one deals
with the development of a new synchronous parallel kinetic Monte Carlo
algorithm, and the second describes the formulation of a new algorithm to
deal with partial dislocation within a DD methodology.

1.1 Part I: Synchronous Parallel Kinetic Monte

Carlo

A novel parallel kinetic Monte Carlo (kMC) algorithm formulated
on the basis of perfect time synchronicity is presented. The algorithm is
intended as a generalization of the standard n-fold kMC method, and is
trivially implemented in parallel architectures. In its present form, the al-
gorithm is not rigorous in the sense that boundary conflicts are ignored . We
demonstrate, however, that, in the their absence, or if they were correctly
accounted for, our algorithm solves the same master equation as the serial
method. We test the validity and parallel performance of the method by
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1.2. PART II: DISLOCATION DYNAMICS WITH PARTIAL

DISLOCATIONS

solving several pure diffusion problems (i.e. with no particle interactions)
with known analytical solution. We also study diffusion-reaction systems
with known asymptotic behavior and find that, for large systems with in-
teraction radii smaller than the typical diffusion length, boundary conflicts
are negligible and do not affect the global kinetic evolution, which is seen
to agree with the expected analytical behavior. We have nevertheless quan-
tified the error incurred by ignoring boundary conflicts and discuss possible
ways to make the method rigorous.

1.2 Part II: Dislocation Dynamics with Par-

tial Dislocations

We develop a nodal dislocation dynamics (DD) model to simulate
plastic processes in crystals with low stacking fault energy where perfect
dislocations split into partials, leaving a stacking fault between them. The
algorithm has been applied to fcc systems. The model explicitly accounts for
all slip systems and Burgers vectors observed in fcc systems, including stack-
ing faults and partial dislocations. We derive simple conservation rules that
describe all partial dislocation interactions rigorously and allow us to model
and quantify cross-slip processes, the structure and strength of dislocation
junctions, and the formation of fcc-specific structures such as stacking fault
tetrahedra. The DD framework is built upon isotropic non-singular linear
elasticity, and supports itself on information transmitted from the atom-
istic scale. In this fashion, connection between the meso and micro scales
is attained self-consistently with core parameters fitted to atomistic data.
We perform a series of targeted simulations to demonstrate the capabilities
of the model, including dislocation reactions and dissociations and dislo-
cation junction strength. Additionally we map the four-dimensional stress
space relevant for cross-slip and relate our findings to the plastic behavior
of monocrystalline fcc metals. Finally we study the interaction between a
dislocation and a stacking fault tetrahedron (SFT) which is the most typical
defect seen in fcc crystals under particle irradiation.
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Chapter 2

RESUMEN EN ESPAÑOL

2.1 INTRODUCCIÓN

2.1.1 Ciencia Computacional de Materials

Las propiedades de los materials no están completamente determi-
nadas por sus los valores medios de sus variables qúımicas o mecánicas. Esta
caracteŕıstica fundamental de los materiales sienta la base para el estudio de
la Ciencia de Materiales. Mientras que el estado final del sistema esta pre-
scrito por la termodinámica, el camino seguido hacia dicho equilibrio viene
descrito por la cinética, o termodinámica de no equilibrio. Dicho camino es
el que crea la gran variedad y complejidad existente en los materiales.

La microstructura puede ser definida como todos los defectos cristal-
inos que se encuentran fuera del equilibrio en una escala espacial que va
de Angstroms (e.g. atomos intersticiales fuera de equilibrio) a metros (e.g.
vasija de los ractores nucleares de agua a presion (PWR)) [73]. Por otro
lado , su evolución abarca desde los picosegundos (vibraciones atómicas)
hasta los años (corrosión, fatiga, etc).

El objetivo principal de la ciencia de materiales es relacionar cuanti-
tativamente el comportamiento macroscópico de la muestra con su estruc-
tura microscópica, y por lo tanto, predecir la respuesta del material ante
cualquier condición de trabajo posible. Para poder conseguir dicho obje-
tivo, los defectos responsables de cada especifica propiedad macroscópica
tienen que ser identificados y descritos tan rigurosamente como sea posible.
Cada defecto tiene asociada un escala espacial y temporal caracteŕıstica lo
que conlleva una jerarquia microscópica intŕınseca como se puede ver en las
figuras 3.1(a) y 3.1(b).
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2.1. INTRODUCCIÓN

Figure 2.1: Algunas caracteŕısticas de las escalas temporal y espacial, (a) número de
átomos en un cubo, (b) tiempo caracteŕıstico de un problema de simulación t́ıpico

Siguiendo estas escalas caracteŕısticas, los niveles de modelado de
la microestructura pueden ser divididos en nanoscópico (nivel atómico),
microscópico (agregados de defectos puntuales), mesoscópico (agregados de
defectos a una escala de tamaño de grano) y macroscópico (geometria de la
muestra) [155].

Debido a que las escalas espacial y temporal se extienden a lo largo
de varios órdenes de magnitud y a los complicados fenómenos de interacción
entre defectos, una predicción f́ısica cuantitativa de la evolución de la mi-
crostructura requiere la utilización de el modelado y la simulación. Esto
aplica sobre todo cuando no pueden ser formuladas expresiones anaĺıticas y
cuando el problema a estudiar no es fácilmente accesible a experimentos.

Las simulaciones computacionales complementan, hoy en dia, la mayo-
ria de los campos en la ciencia de materiales e ingenieŕıa. Se pueden con-
siderar como el puente entre la teoria, a menudo limitada por modelos
demasiado simplificados, y los experimentos, limitados a su vez por factores
f́ısicos. Sin embargo, las simulaciones computacionales pueden, parcial-
mente, completar ambos, debido a que estan basados en modelos teóricos,
siendo experimentos (computacionales) lo que llevan a cabo realmente, pu-
diendo variar las condiciones del experimento al antojo del investigador
incluso hasta hacerlas no f́ısicas.
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2.1.2 Modelo Multiscala de Materiales

Desde un punto de vista ingenieril, las simulaciones de la microestruc-
tura deberian proveer de un medio para la predicción y el entendimiento de
las propiedades de los materiales y de la evolución de la microestructura
para aplicaciones técnicas bajo condiciones aun no estudiadas o dif́ıciles de
reproducir en experimentos [155]. Para alcanzar estos requerimientos y al
mismo tiempo optimizar el poder predictivo de los modelos, los métodos
numéricos tipicamente utilizados son cada vez más complementados por
el concepto de modelos de integración y simulación [71], conocido actual-
mente como Modelos de Simulación Multiscala. Este término caracteriza el
acoplamiento entre codigos computacionales, pretendiendo la unión de las
diferentes escalas mediante diferentes niveles de simulación. Esto puede lo-
grarse mediante integración simultanea (integración directa) o integración
secuencial [154]. El primer método se caracteriza por emplear diferentes
códigos de simulación simultaneamente en un experimento computacional.
El segundo describe la idea de una adecuada transferencia de parametros
entre simulaciones que son cargados de manera secuencial.

Debido a que la evolución de la microestructura es dependiente del
camino, estos conceptos de modelos integrados debeŕıan incluir tantos pa-
sos relevantes para la microestructura y parametros como sea necesario.
Sin embargo, dicho proceso requiere la incorporación de escalas de tiempo
y longitud que pueden variar en algunos órdenes de magnitud. Una aproxi-
mación razonable para la combinación de escalas consiste en la incorporación
de leyes constitutivas que son derivadas de modelos o simulaciones a escalas
más pequeñas. Esto hace que el carácter fenomenológico del modelo se vaya
incrementando al aumentar la escala del problema.

La mejora cada vez más importante de los modelos, sumada al incre-
mento en el poder computacional hace que cada vez sean posibles descrip-
ciones más y más complejas de las propiedades de los materiales, incre-
mentándose asi las posibilidades predictivas de las herramientas conocidas,
llegándose al punto en el que será posible el diseño de materiales para apli-
caciones espećıficas mediante simulación computacional.

2.1.3 Daño por Radiación

Daño por irradiación es el ejemplo perfecto de problema inherente-
mente multiescala [144]. Los diferentes procesos que tienen lugar durante la
radiación van en logitud desde el nucleo atómico (∼ 10−15m) hasta las es-
calas macroscópicas del sistema (∼ 10m), expandiéndose más de 14 órdenes

5



2.1. INTRODUCCIÓN

de magnitud, mientras que las diferentes escalas temporales abarcan mas de
21 órdenes de magnitud, desde el tiempo de interacción entre un átomo de
la muestra y la part́ıcula incidente (< 10−15s) a efectos de fatiga ofluencia
que pueden aparecer despues de años de operación [128]. El objetivo del
estudio del daño por irradiación es el análisis del cambio en las propiedades
macroscópicas del material, tratando de asegurar que el material mantiene
las propiedades mı́nimas especificadas en sus condiciones de trabajo. El de-
sarrollo de un modelo predictivo es, como fue mencionado anteriormente, el
objetivo final del model, haciendo en su caso posible el diseño de materiales
espećıficos resistentes a la radiación.

Seguidamente se analizan brevemente los procesos que tienen lugar
a las diferentes escalas arriba mencionadas y el modelo computacional uti-
lizado para su estudio, mostrados tambien en la figura ??. Para una in-
formacion más detallada de los procesos de daño por irradiación se pueden
consultar las siguientes referencias [15, 212, 11, 29, 7, 151].

Figure 2.2: Diagrama de los fenómenos relevantes en daño por irradiación y los métodos
computacionales t́ıpicamente emp[leados [192]

1. Átomo primario de retroceso (APR): El proceso de daño comienza
con la creaci’on de un átomo de alta energia desplazado de su posición
original por la part́ıcula incidente. Las secciones eficaces y los modelos
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cinemáticos necesarios para el cómputo del espectro de APRs estan
implementados en códigos como SPECTER.

2. Producción de defectos primarios en cascadas de desplazamiento: La
alta enerǵıa del APR es rápidamente transferida a otros átomos me-
diante una cadena de colisiones atómicas generando una cascada de
vacantes y átomos intersticiales. Este proceso se simula mediante
codigos de dinámica molecular (MD) que integran las equaciones del
movimiento de agrupaciones de átomos.

3. Evolución de cascadas: Las recombinaciones y reacciones entre distin-
tos tipos de defectos creados en la cascada se estudia con un modelo de
cinética de Monte Carlo sobre una red cristalina (LkMC). En general
los átomos intersticiales son muy móviles migrando a gran velocidad
desde la zona de daño, mientras que las vacantes son más lentas, agru-
pandose en la mayoria de los casos y permaneciendo cerca del lugar
en el que la cascada fue creada.

4. migración de defectos de largo rango: Estudia como los defectos mi-
gran e interactúan entre ellos modificando asi la microestructura. Esta
difusion se expande a lo largo de la vida del material irradiado. En
general, los coeficientes de difusi’on de las especies que difunden son
hallados mediante técnicas ab initio o con MD, y utilizados por mod-
elos de cinética de Monte Carlo (kMC) para estudiar la evolución y
acumulación de dichos defectos.

5. Evolución de la nanoestructura: La evolución de los precipitados bajo
irradiación y la post-irradiación recuperación de la microestructura
tradicionalmente se han estudiado utilizando modelos cinéticos de
ecuaciones de tasas. Grandes conjuntos de ecuaciones diferenciales
se integran para predecir la evolución de los agregados de defectos.

6. Incremento en el stress de fluencia inducido por irradiación: Las het-
erogeneidades de la microestructura provocan un aumento substancial
en el estres de fluencia (∆σy) actuando como obstáculos dispersos para
el movimiento de las dislocaciones. Dicho estudio de la interacción
entre una dislocación y un obstáculo se ha realizado tradicionalmente
con modelos de dinámica molecular[143].

7. Dinámica de Dislocaciones (DD): Estudia el movimiento de las dis-
locaciones y su interacción entre ellas y con la posible introducción
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de obstáculos como precipitados que modifican el mapa de estreses
e impiden el movimiento de dichas dislocaciones libremente. En este
modelo las dislocaciones son discretizadas resolviendo la formulación
elástica y avanzando la estructura a través de una función de movil-
idad que relaciona la fuerza en un segmento de dislocaión con su ve-
locidad. Normalmente, esta función de movilidad se obtiene mediante
simulaciones con MD.

8. Curvas de cambio de la resistencia a la fractura con la temperatura:
Modificaciones en las propiedades constitutivas resultan en una degradación
d la resistencia a la fractura del material que se manifiesta como un
cambio (∆T ) en la temperatura de transición dúctil-frágil.

Esta tesis está centrada en el desarrollo de dos modelos independi-
entes, uno de cinética de Monte Carlo, presentado en la primera parte y en el
cual se describe un nuevo algoritmo trivialmente implementable en sistemas
de computación distribuidos y el segundo relacionado con la dinámica de
dislocaciones, descrito en la parte II, y en el cual se presenta un algoritmo
para la implementación de dislocaciones parciales caracteristicas de ciertas
estructuras cristalinas como fcc y hcp en los modelos existentes de DD con
la subsecuente extensión de dichos modelos al estudio más detallado de la
interacción dislocación-defecto en los materiales anteriormente citados.

En la parte I se desarrolla un nuevo algoritmo de cinética de Monte
Carlo con una implementación trivial en systemas de computación distribui-
dos.
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2.2. MONTE CARLO CINÉTICO SÍNCRONO PARALELO

2.2 MONTE CARLO CINÉTICO SÍNCRONO

PARALELO

El modelo de cinética de Monte Carlo (kMC) se ha probado a si
mismo como un método extremadamente poderoso en la simulación de la
evolución de procesos de Markov [93, 113]. kMC se basa en el conocimiento
a priori de un conjunto de frecuencias de transición que caracterizan el pro-
ceso a estudiar, que se asume sigue un modelo estad́ıstico de Poisson. El
rango de aplicación de kMC es extraordinariamente amplio, extendiéndose
desde epidemioloǵıa y cinética de población hasta crecimiento de superficies
o dañ por irradiación. Debido a su versatilidad, facilidad de implementación
y amplio rango de aplicación, kMC ha sido el objeto de un esfuerzo significa-
tivo en el desarrollo de algoritmos en paralelo tratando de obtener ventaja
de las capacidades computacionales existentes y por venir. Sin embargo,
la dificultad de paralelizar el modelo cinético de Monte Carlo estriba en la
intŕınseca discreticidad temporal de los eventos que tienen lugar a instantes
determinados, siendo secuencial en carácter, llevando a dificultades para su
externsión a algoritmos propios para máquinas en paralelo.

Dicho esfuerzo comentado anteriormente ha llevado al desarrollo de
algoritmos inherentemente aśıncronos que se fijan un tiempo futuro y evolu-
cionan cada dominio independientemente hasta que dicho ĺımite se alcanza.
Estos algoritmos son en general dif́ıciles de implementar ya que cada do-
minio se encuentra en su propio tiempo dictado por el proceso de Poisson,
existiendo serios problemas cuando las part́ıculas interaccionan a través de
dominios [121, 122, 103, 104, 183, 89]. Existen también lo que algunos
autores llaman metodos śıncronos aunque en esencia no lo son ya que se
basan en el mismo limite temporal citado anteriormente reduciéndolo en su
máxima extensión [182].

2.2.1 Algoritmo Śıncrono de Monte Carlo Cinético en
Paralelo (pkMC)

El algoritmo propuesto es una generalización del propuesto por Bortz,
Kalos y Lebowitz (BKL) [21]. En el BKL un sistema con N objetos, cada
uno con una frecuencia ri (i = 1 . . .N) evoluciona en el tiempo seleccionando
un de estos objetos al azar con una probabilidad ri/Rtot, donde Rtot =

∑N
i ri

es lo que se denomina ĺınea de frecuencia. El paso de tiempo es entonces
muestreado siguiendo una distribución de Poissonexp (−RtotδtBKL) [21]. El
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2.2. MONTE CARLO CINÉTICO SÍNCRONO PARALELO

algoritmo en paralelo se basa en la introducción de lo que se podria denomi-
nar ”no-eventos” (en inglés null events), para lograr sincronicidad perfecta.
La idea de la introdución de los no-eventos fue originalmente propuesta por
Hanusse y Blanché [75], pero siempre como modelo para su implementación
en serie. El algoritmo se puede esquematizar como sigue:

1. Se descompone la muestra en K subdominios Ωk.

2. Se construye la linea de frecuencia para cada Ωk como un agregado
de las frecuencias individuales , rik, de todos los objetos situados en
dicho subdominio:

Rk =

nk
∑

i

rik

donde nk y Rk son respectivamente el numero de objetos y la suma
total de frecuencias de los objetos en el subdominio k, Rtot =

∑K
k Rk,

y N =
∑K

k nk.

3. La máxima suma de frecuencias se define como:

Rmax = max
k=1,...K

{Rk}

4. Se asigna un no-evento a con frecuencia rk0 a cada linea de cada
subdominio k tal que:

rk0 = Rmax − Rk

donde en general los rk0 seran todos distintos. De esto se sigue:

∃ Ωα, α ∈ {k}, | Rα ≡ Rmax ⇒ rα0 = 0,

i.e., existe al menos un dominio donde no se definen no-eventos.

5. En cada Ωk se lleva a cabo independientemente un evento con proba-
bilidad pik = rik/Rmax, incluyendo los no-eventos pk0 = rk0/Rmax. En
este punto las posibles incongruencias en las fronteras entre dominios
tienen que ser consideradas y tratadas de la manera apropiada.

6. Como en el estandar BKL, el paso de tiempo es muestreado de la
distribición exponencial citada anteriormente.

δtp = − ln ξ

Rmax

10
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donde ξ ∈ (0, 1) es un numero aleatorio. El δtp, siguiendo una es-
tad́ıstica de Poisson, resulta el paso de tiempo global para todo la
muestra.

Se puede demostrar, y de hecho se demuestra en la versión extendida
de la tesis, que el algoritmo es riguroso para part́ıculas que no interactúan.
En este caso los dominios se pueden considerar independientes. En prob-
lemas en los que las part́ıculas interactúan, de hecho los más, existen oca-
siones en las que estos dominios dejan de ser independientes dando lugar
a desviaciones en la evolución cinética que hay que tener en cuenta a la
hora de analizar los resultados de las simulaciones realizadas. Como ver-
emos a continuación, en el campo para el cual el algoritmo esta pensado,
estas desviaciones son en la inmensa mayoria de los casos despreciables,
obteniendose la cinética correcta.

2.2.2 Analisis de los Conflictos entre Dominios

En la figura 4.1 se esquematiza la definición de conflicto. En general,
se puede definir como la desviación en la probabilidad de interacción de la
que ocurriŕıa para el caso en serie, que en este caso se toma como referencia.
En este caso la probabilidad de que se de una interacción en el caso en serie

B’

B

d

Ad

Bd

A

A’

Figure 2.3: Esquema de un comflicto en pkMC. Dos part́ıculas A y B situadas en
dominios diferentes son elegidas aleatoriamente para moverse al mismo tiempo.

en dos pasos sucesivos de tiempo viene dada por:

Ps(I) = P1(A) + P1(B) + P2(AA) + P2(BB) + P2(AB) + P2(BA) (2.1)
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donde P1(A) y P1(B) son las probabilidades de que ocurra una interacción
en el primer paso de tiempo moviendo A o B, P2(AA) y P2(BB) son las
probabilidades de interacción cuando se mueve la misma part́ıcula en los
dos pasos, y P2(AB) es la probabilidad de interacción si en cada paso se
elige una part́ıcula distinta. Cada una de estas probabilidades contiene dos
contribuciones, una es la probabilidad de que la part́ıcula sea elegida y la
segunda que la posición final sea tal que se produzca la interacción. La
expresión final de la probabilidad de interacción se puede expresar como:

Ps(I) =
rA

Rtot
ps1 +

rB

Rtot
ps1 +

r2

A

R2
tot

ps2 +
r2

B

R2
tot

ps2 + 2
rArB

R2
tot

ps2 (2.2)

En paralelo en cambio, la probabilidad de interacción vendrá dada por:

Pp(I) = P (A)P (B) + P (B)P (A) + P (AB) (2.3)

donde el primer término representa la probabilidad de interacción cuando
A es elegida y B no, el segundo es el opuesto, cuando B es elegida y A no,
y el tercero es la probabilidad de interacción cuando las dos son elegidas.
Entonces:

Pp(I) =
rA

Rmax

[

1 − rB

Rmax

]

pp1 +
rB

Rmax

[

1 − rA

Rmax

]

pp1 +
rArB

R2
max

pp2 (2.4)

Analizando estas probabilidades mediante simulaciones de Monte
Carlo para la obtención de las probabilidades de interacción ps1y ps2 para
ambos casos, se obtinen unas familias de curvas como las representadas en
la figura 4.2. A la vista de los resultados anteriores llegamos a la conclusión
de que toda aproximación puede ser controlada modificando las condiciones
de simulación, es decir, modificando por ejemplo el tamaño del sistema uti-
lizado, o modificando la subdivisión en dominios, siempre podemos hacer
que el error sea tan pequeño como queramos, por lo que a este tipo de
aproximaciones se las denomina, aproximaciones controladas.

2.2.3 Aplicaciones

Difusión de Part́ıculas Independientes

Como test básico de validación del algoritmo se estudiaron una se-
rie de problemas de difusión con solución anaĺıtica, comparándose con los
resultados obtenidos utilizando el algoritmo descrito.

12
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-0.05

0.00

0.05

0.10

0.15

0.20

0.25

0 1 2 3 4 5

E
rr

or

Spacing [dc]

ri/Rmax=1.000
0.500
0.333
0.250
0.125

Figure 2.4: Error en la probabilidad de interacción. Los resultados se dan en función
de la distancia de separación inicial entre las part́ıculas siendo ri y Rmax parámetros
variables en los que depende la forma de la curva. Como se puede apreciar, el error

converge rápidamente a 0.

El primer problema es la difusion de particulas con condiciones de
contorno absorbentes y una concentración inicial cosenoidal.

ρ(x; 0) = ρ0

n
∏

α=1

cos
(πxα

a

)

,x ∈ Ωa

ρ(x; t) = 0,x ∈ ∂Ωa

donde ρ0 es una constante.
El segundo problema es la evolución de un conjunto de part́ıculas

con condiciones periódicas de contorno y condiciones iniciales de función
cosenoidal. La solución en este caso viene dada por:

ρ(x; 0) = ρ0

n
∏

α=1

[1

a
− cos

(2πxα

a

)]

,x ∈ Ωa

ρ(x1, x2, . . . , xα, . . . , xn; t)

= ρ(x1, x2, . . . , xα ± a, . . . , xn; t), ∀ α

Los resultados se muestran en las figuras 4.3 y 4.4. En ambos casos
el sistema es cuadrado de a = 1 cm de lado, con Di = 1 cm2 · · ·−1, y

13
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ρ0 = 131072 part́ıculas. El valor anaĺıtico de los autovalores para este
problema viene dado por λabs = π

a

√
2D = λabs = 4.443s−

1
2 mientras que

para un conjunto de simulaciones los valores obtenidos fueron λabs = 4.410±
0.042s−

1
2 . Para el segundo problema, los autovalores tienen la forma λPBC =

π
a

√
4D = 6.28 s−

1
2 para la solución anaĺıtica, y λPBC = 6.27±0.044s−

1
2 .
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Figure 2.5: Comparación entre la solución anaĺıtica (linea continua) y la paralela uti-
lizando 64 procesadores (diamantes) para el problema de difusión sin interacciones con

condiciones de contorno absorventes.

Difusión con Interacción entre part́ıculas

En este caso se han estudiado dos casos distintos también, reacciones
del tipo NA → 0 (donde N es el número de part́ıculas interactuando y el
caso con dos especies distintas A + B → 0. Las condiciones de simulación
para el primer caso fueron, a = 1 cm, D = 1 cm2·s−1, y dA, el radio de
interacción de la part́ıcula, igual a 10−5 cm. El comportamiento asintótico

para este caso es conocido y sigue una ley del tipo t−
1

N−1 [94]. Se eligió dc =
2dA suficiéntemente pequeño para minimizar el número de interacciones
con N > 2, por lo que ρ(t) se espera siga la evolución dada por la aśıntota
1/t. La figura 4.6 muestra los resultados obtenidos utilizando el algoritmo
BKL en serie, el algoritmo propuesto en paralelo para 64 procesadores y la
solución asintótica. En la imagen se aprecia como la evolución cinética es
captura correctamente por el algoritmo en paralelo.

14



2.2. MONTE CARLO CINÉTICO SÍNCRONO PARALELO
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Figure 2.6: Comparación entre pkMC para 16 procesadores y la solución anaĺıtica de la
evolución temporal de una densidad de part́ıculas con un perfil sinusoidal y condiciones

de contorno periódicas.
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Figure 2.7: Comparación entre el BKL serie (linea continua), el algoritmo en paralelo
para 64 procesadore (diamantes) y el comportamiento asintótico (∼ 1/t) para el problema

de difusión con NA → 0 y condiciones periódicas de contorno.
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El segundo problema, A+B → 0, es de importancia en una gran var-
iedad de procesos f́ısicos y qúımicos y ha sido estudiado en profundidad en la
literatura (e.g. Refs. [94, 118]). En principio, la cinética de sistemas con dos
especies distribuidas al azar para la reacción indicada e iguales poblaciones
iniciales ρA(0) = ρB(0) viene dada por dos parámetros, el radio de captura
dc, y la distancia t́ıpica de difusión, ℓ =

√
4Dδt. Los valores relativos de ℓ

y dc dan lugar a dos reǵımenes bien diferenciados. En el llamado régimen
de reacción limitada (RLR), ℓ ≫ dc, y el sistema evoluciona según una ley
de decaimiento asintótico 1/kt, dosnde k es una constante de frecuencia. El
segundo régimen se denomina de difusión limitada (DLR) ℓ . dc, y en el
las part́ıculas reaccionan más fácilmente siguiendo la concentración una ley
del tipo t−

1
2 . En este último caso aparece en la muestra una separación en

dominios ricos en A ó B. La figura 4.7 muestra los cálculos realizados con
pkMC y la solución anaĺıtica asintótica. Para el caso de DLR ℓ = 5.0×10−4

y dc = dA + dB = 2.0 × 10−2 cm, mientras que para RLR los valores em-
pleados para ℓ y dc fueron de 10−2 and 2.0 × 10−5 cm respectivamente.

10-1

100

10-6 10-5 10-4 10-3 10-2 10-1 100 101 102

ρ A
(t

)/
ρ A

(0
)

Time [s]

DLR-pkMC
RLR-pkMC

DLR-Asymptotic
RLR-Asymptotic

Figure 2.8: Cinética de un proceso de aniquilación de dos especies (sólo se muestra la
especie A) para los reǵımenes de reacción (ℓ ≫ dc) y difusión (ℓ . dc) limitadas obtenidas

con pkMC. Los valores asintóticos se muestran como referencia.
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2.2.4 Análisis de Escalabilidad

Por último analizamos la escalabilidad del algoritmo implementado
en una máquina de memoria distribuidad, bajo Linux y con procesadores
2.4-GHz AMD Opteron. Para estudiar esta escalabilidad se utilizáron condi-
ciones iniciales homogéneas y periódicas de contorno. Lo que medimos en
la escalabilidad es la fracción entre el tiempo dedicado a computación y el
dedicado a comunicación (tcomputacion/tcomunicacion), y lo que se pretende es
hacerlo tan grande como sea posible. En nuestro caso, una de las man-
eras más sencillas de incrementar esta fracción es incrementar el número
de dominios tratados por cada procesador, j. En lo que sigue se analiza la
escalabilidad con dos parámetros diferentes, escalabilidad débil, y escalabil-
idad fuerte, variando a su vez, una serie de parámetros de los que ambas
dependen.

Escalabilidad débil

La escalabilidad débil (WS) mide la eficiencia de la implementación
usando K procesadores cuando el problema se incrementa en K veces. En
nuestro caso, debido a la existencia de una llamada global en el el código,
la WS seguirá una ley del tipo:

WS = 1 + a(log K)b (2.5)

La figura 5.10 muestra una familia de curvas para tres números distintos
de part́ıculas por procesador para el caso j = 64. Se muestra también la
inversa, denominada eficiencia ηws, y se compara la escalabilidad variando
j también.

Escalabilidad fuerte

En este caso se mide la ganancia cuando el mismo problema se simula
con un mayor número de procesadores. Los resultados para los casos de 220,
221, y 222 part́ıculas se muestran en la figura 4.10. En este caso, el parámetro
de escalabilidad fuerte sigue una ley que viene dada por:

ηst =
UR

1/K + a(log K)b
(2.6)
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Figure 2.9: Escalabilidad débil para condiciones de contorno periódicas.
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Figure 2.10: Escalabilidad fuerte para la implementación realizada del algoritmo
pkMC.
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2.2.5 Conclusiones

• Se ha desarrollado un nuevo algoritmo de cinética de Monte Carlo
para implementación en paralelo.

• El algoritmo este basado en la introducción de no-eventos para con-
seguir una sincronización perfecta.

• El algoritmo es exacto para el caso de part́ıculas no interactuantes,
y en el caso de que interactúen el error que se comete es siempre
controlable, y en la mayoria de los casos de interés, despreciable.

• La eficiencia obtenida en primera aproximación no es perfecta pero
tampoco es despreciable.

• La implementación del algoritmo en máquinas distribuidas es trivial,
lo que lo hace much́ısimo más atractivo que los algoritmos en paralelo
existentes hasta el momento.
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PARCIALES

2.3 DINÁMICA DE DISLOCACIONES CON

DISLOCACIONES PARCIALES

La plasticidad en cristales deformados esta governada por el com-
portamiento colectivo de un gran grupo de dislocaciones. A pesar de que
leyes en el continuo pueden ser formuladas basadas en una densidad efec-
tiva de dislocaciones para estudiar la respuesta del material bajo diversas
condiciones de carga, el movimiento de las dislocaciones y su interacción
son fenómenos heterogéneos con una complicada dependencia en la mi-
croestructura. Estos fenómenos complejos se pierdan en los modelos con-
tinuos, tipicamente basados en propiedades medias. Dinámica de Dislo-
caciones (DD) es un modelo cuyo objetivo es el estudio de agregados de
dislocaciones en una escala mesoscópica, resolviendo las ecuaciones de la
elasticidad y utilizando una función de movilidad que relaciona la fuerza
ejercidad en un segmento de dislocación con la velocidad de dicho segmento
f = Bv, analizando asi la evolución de dicho agregado de dislocaciones
[204, 180, 184, 51, 45, 109, 58, 179, 46]. Para ello las dislocaciones son dis-
cretizadas en segmentos que pueden ser rectos o curvos, se analiza el estrés
que cada segmento ejerce sobre todos los demás y sobre si mismo y se evolu-
ciona el sistema con un conveniente método de integración. Una excelente
revisión del modelo se puede encontrar en la referencia [225].

En los cristales en los cuales la enerǵıa de una falla de apilamiento
es lo suficientemente pequeña, las dislocaciones con vectores de Burger’s
perfectos se disocian en lo que se conoce como dislocaciones parciales, que se
caracterizan por no tener un vector de Burger’s perfect entre dos átomos de
la red cristalina, y por ejercer como ĺımites para fallas de apilamiento. Hasta
este momento no exist́ıa un algoritmo para tratar expĺıcitamente este tipo
de dislocaciones dentro de un modelo de dinámica de dislocaciones. En lo
que sigue se desarrolla un posible modelo capaz de tratar estas dislocaciones
parciales expĺıcitamente.

2.3.1 Implementación de Dislocaciones Parciales

El estudio de las dislocaciones parciales introduce la necesidad de e
tratar las fallas de apilamiento de alguna manera. Estas fallas se caracter-
izan por una energia normalmente denotada como γ. Esta enerǵıa dicta
la distancia de separación entre parciales, balanceando la enerǵıa elástica
de repulsión entre ellas. En un método como DD basado en expresiones
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para las fuerzas ejercidas en cada segmento, necesitaremos una expresión
para la fuerza ejercida por la falla sobre la dislocación, denotada como FSF .
Para derivar una expresión para esta fuerza, consideramos la configuración
de la figura 6.1, con dos parciales de Shockley (caracterizadas por vectores
de Burger’s del tipo 1

6
[112]) de una curvatura arbitraria separadas por la

anchura de la falla, o (r2 − r1). Entonces FSF para cada segmento viene
dada por:

ESF = γA
FSF1 = −∂ESF

∂r1
ur1 = γθr1ur1 = γℓ1ur1

FSF2 = −∂ESF

∂r2
ur2 = −γθr2ur2 = −γℓ2ur2

(2.7)

donde A es el area encerrada entre los dos segmentos. Esto signufica que la
fuerza por unidad de longitud de dislocación, fSF , es constate independien-
temente de la distancia de separación entre parciales.

FSF1/ℓ1 = FSF2/ℓ2 = fSF = γ

. Sin embargo, contrariamente a lo que se muestra en la figura 6.1, en

Figure 2.11: Configuración empleada en la derivación de FSF .

nuestras simulaciones no existe denotación especial para las dislocaciones
de la que se deduzca la posición de la falla, por lo que seguimos teniendo
la complicación de saber hacia donde se dirige la fuerza. Para un segmento
recto de dislocación, la fuerza debida a la falla tiene que estar contenida
en el plano de dicha falla n y ser perpendicular a la tangente a la linea,
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ξ. Además, como deducimos anteriormente, la fuerza tiene que ser propor-
cional a γ. Para el caso particular de las parciales de Shockley sabemos
que:

fSF = ξ × γn (2.8)

si n y ξ son vectores unitarios, siendo en este caso para materiales fcc

n =
〈

1√
3

1√
3

1√
3

〉

. El método de implementación de parciales se basa en la

introducción de un nuevo vector, γn, para cada segmento de dislocación,
tal que dicho segmento esta uńıvocamente definido por su vector de Burgers
b, su tangente ξ, y su vector γn. En general, el vector n no será unitario y
dependerá del tipo de dislocación que describa.

Las fallas de apilamiento son defectos cristalinos de dos dimensiones.
Al igual que en el caso de las lineas de dislocacion, estos defectos no pueden
terminar abruptamente en el interior del cristal, lo que implica que al igual
que el vector de Burgers se tiene que conservar a lo largo de una linea de
dislocación igual tiene que conservarse el vector γn. Un esquema de esta
regla de conservación se puede observar en la figura 6.2. Existen ahora dos

X
Y

Z

n

n1

2
γ

γ

bb

b2

2

t
ξ

ξ

ξ

t

1

2
fSF

11

f
1SF

Figure 2.12: Esquema de la conservación del vector γn. En la figura se ve una dislo-
cación perfecta disociánbdose en dos parciales de Shockley en un plano {111}

reglas de conservación que se tienen que satisfacer en cada nodo:
∑

i bi = 0
∑

i γni = 0
(2.9)
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Con estas dos reglas quedan caracterizadas todas las fuerzas sobre los seg-
mentos de dislocación y todas las posibles interacciones entre ellos. Una
vez que esta herramienta ha sido implementa se puede proceder al estudio
de, por ejemplo, el ”cross-slip” por el cual una dislocación cambia de plano
de deslizamiento, o la resistencia de uniones de dislocaciones (”junctions”).
Los modelos t́ıpicos de cross-slip de Fleisher [59] y Friedel-Escaig [56], han
sido implementados en el código. Un tercero para el caso de nodos múltiples
ha sido desarrollado, ilustrándose en la figura 6.3. Una vez que el modelo fue

n3
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1n0n

n2n

δ

γα

γα

δ
B

B
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4n

1n

0n

n2n

α

γα

γα
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B n6

n5

Bδ
δγ
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γB

Figure 2.13: (a) Esquema de un node múltiple (tetranodo) resultado de la intersección
de una δB Shockley y una γα ”stair-rod”. (b) Mechanismo de disociación del nodo
múltiple donde dos nuevos nodos , n5 and n6, han sido introducidos y conectados y los
vectores de Burgers de los segmentos n0n1 y n0n2 han sido actualizados reflejando el

nuevo estado topológico del multinodo.

implementado de manera completa, el algoritmo fue validado comparando
los resultados de ciertos experimentos computacionales producidos con la
nueva implementación de DD y simulaciones de dinámica molecular, como
puede ser el estudio de la distancia de separación entre parciales de Shockley
dependiendo del carácter y del nivel de estres aplicado o la formación de
una falla de apilamiento tetrahédrica ”Stacking Fault Tetrahedron” (SFT).
Los resultados se muestran en las figuras 6.5, 6.6 and 6.9.

2.3.2 Análisis de la interacción de una dislocación y
un SFT

Una vez validada la metodoloǵıa, se han estudiado las interaciones
entre una dislocación y un SFT. La herramienta computacional empleada
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Figure 2.14: Distancia de separación entre parciales de Shockley como función del
Escaig estrés aplicado para una dislocación de tornillo.

t́ıpicamente para esta tarea ha sido MD, con el coste computacional que
conlleva. DD es una herramienta mucho más flexible en cuanto al estudio
de dislocaciones se refiere, permitiendo estudiar de manera trivial cualquier
tipo de geometŕıa y carácter de la dislocación deseado. Adeáms, al no
tratar cada átomo explicitamente el tiempo de computación se reduce con-
siderablemente.

Se han llevado a cabo multitud de simulaciones (ver caṕıtulo 7 de
la tesis) en las que se estudia la interacción dislocación-SFT en detalle. A
continuación se resumen los resultados fundamentales de los cálculos real-
izados.

Interacción de una dislocación de tornillo y un SFT

El mechanismo general que tiene lugar cuando una dislocación y un
SFT reaccionan se esquematize en la figura 7.4. La dislocación se constriñe
en la cara del tetrahedro y se disocia en el plano secundario (cross-slip). La
parcial de Shockley inferior reacciona con la stair-rod de la base formando
una nueva Shockley que barre la falla de apilamiento de la base del SFT. Se
estudió el estrés de deslizamiento dencesario para que la dislocación atraves-
ase el tetrahedro y se realizo dicho estudio variando una serie de parámetros
como son la altura de ataque de la dislocación en relación al tetrahedro, el
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Figure 2.15: Distancia de separación entre parciales en función del caracter de la
dislocación y del nivel de Escaig estrés aplicado.

tamaño del tetrahedro, el estrés aplicado y la geometŕıa inicial. La con-
clusión principal de este estudio, es que para los parámetros utilizados, con
una longitud de la dislocación de 70nm, la resistencia del SFT viene dada
únicamente por el area deltriángulo interseccionada por la dislocación. Los
resultados se muestran en la figura 7.27

Interacción de una dislocación mixta de 60◦ y un SFT

Para el caso de la dislocación mixta de 60◦ el estudio realizado fue
el mismo que el anterior para la dislocación de tornillo. El mecanismo de
interacción se muestra en la figura 7.12 Al igual que en el caso anterior,
la dislocación se constriñe y se disocia en la cara del tetrahedro, en este
caso leberando una parcial de Shockley y dejando una parcial de Frank
(caracterizada por un vector de Burgers de 1

3
[111]). La parcial de Shockley

reacciona con la stair-rod de la base y la nueva Shockley barre la parte
inferior del tetrahedro, dejando una estructura final similar a la obtenida
para la dislocación de tornillo. Como en el caso anterior, se estudiaron mul-
titud de configuraciones, llegando otra vez a la misma conclusión referente
al area triangular intersectada por la dislocación: El estrés necesario para
que la dislocación atraviese el tetrahedro en estas condiciones sólo depende
de dicho area intersectada. Esta ley se presenta en la figura 7.28.
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Figure 2.16: Comparación entre el proceso de formación de un SFT mediante simula-
ciones de dinámica molecular y dinámica de dislocaciones.
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Figure 2.17: Interacción entre una dislocación de tornillo y un SFT.
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teracción dislocación de tornillo-SFT. El ajuste de mı́nimos cuadrados resulta θa(a) =

171.02/a0.90.
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Figure 2.19: Detalles de la interacción entre un dislocación mixta de 60◦ y un SFT de
4.7-nm de arista.
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Figure 2.20: Variación del estrés, θa, por unidad de area triangular a para una
interacción dislocación mixta de 60◦-SFT. El ajuste de mı́nimos cuadrados resulta

θa(a) = 160.82/a0.943.
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Interacción de una dislocación mixta de 30◦ o edge y un SFT

En este caso, ambos tipos de dislocación son geométricamente equiv-
alentes, resultando entonces mecanismos y estreses similares. El mecanismo
de interacción se resume en la figura 7.18 La dislocación se constriñ en dos
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Figure 2.21: Interacción de una dislocación de cuña (δB, Aδ) y un SFT de 4.7nm de
arista.

de las caras del SFT disociándose ambos segmentos en dichos planos. Al
igual que en los casos anteriores las dislocaciones se deslizan por estos planos
hasta que reaccionan con las stair-rod de la base y barren la parte inferior
del tetrahedro, resultando una estructura final similar a la de los casos an-
teriores. El estrés necesario para que una dislocación de cuña atraviese el
tetrahedro en función del area triangular encontrada se muestra en el gráfico
7.29
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Figure 2.22: Variación del estrés, θa, por unidad de area triangular a para una in-
teracción dislocación de cuña-SFT. El ajuste de mı́nimos cuadrados resulta θa(a) =

133.103/a0.899.
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2.3.3 Conclusiones

• Se ha extendido el modelo de dinámica de dislocaciones al estudio de
dislocaciones parciales relevantes para una amplia variedad de mate-
riales de importancia tecnológica relevante.

• Se han implementado los procesos t́ıpicos caracteŕısticos para dichos
materiales como puede ser cross-slip.

• Se ha validado la metodoloǵıa con simulaciones de dinámica molecular
especialmente diseñadas para ello.

• Se ha realizado un estudio exaustivo de la interación entre una dislo-
cación y un SFT, estudiando los mecanismos relevantes del proceso.

• La resistencia de un SFT al paso de una dislocación sólo depende del
area triangular interceptada para el rango de longitudes de dislocación
estudiados.
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Chapter 3

INTRODUCTION

3.1 Computational Materials Science

Properties of materials are not fully determined by the average value
of their chemical or mechanical variables, but they are to a large extent influ-
enced by their microstructure. This is the foundation from which Materials

Science has been built. While the final states for a microstructural evolution
are prescribed by thermodynamics, the path followed to that equilibrium
state is described by kinetics, and this path, or non-equilibrium thermo-
dynamics, is what gives rise to all the variety and complexity found in
materials. Therefore, those non-equilibrium conditions are the ones respon-
sible for a sample to have the desired characteristics described in its design.
Microstructure can be defined as the totality of all thermodynamic non-
equilibrium lattice defects on a space scale that ranges from Angstroms (e.g.
non-equilibrium foreign atoms) to meters (e.g. sample surface) [73]. On the
other hand, its time evolution ranges from picoseconds (atom vibrations)
to years (fatigue, corrosion,etc.). The main goal of materials science is to
quantitatively relate macroscopic sample behavior to microscopic structure,
and therefore, to predict the material response under any possible working
condition. To be able to fulfill this goal, those defects responsible for the
specific macroscopic properties must be identified and described as rigor-
ously as possible. Each of these defects has characteristic time and length
scales leading to an intrinsic microscopic hierarchy as described in figures
3.1(a) and 3.1(b).

Following these characteristic scales , the various levels of micro-
scopic modeling can be roughly grouped into the nanoscopic, microscopic,
mesoscopic and macroscopic regimes. For this division nanoscopic refers the

35



3.1. COMPUTATIONAL MATERIALS SCIENCE

Figure 3.1: Some characteristic space and time scales, (a) number of atoms in a cube,
(b) characteristic times of typical simulation problems

atomic level, microscopic to lattice defects ensembles below the grain scale,
mesoscopic to lattice defect ensembles at the grain scale, and macroscopic
to the sample geometry [155].

Due to fact that spatial and temporal scales spread out over many
orders of magnitude and cumbersome interaction phenomena among the
various defects, even belonging to different scales, a quantitative physi-
cal prediction of microstructure evolution and of relevant microstructure-
property relations increasingly requires the employment of modeling and
simulation. This applies particularly when closed analytical expressions
cannot be formulated, and when the investigated problem is not easily ac-
cessible to experiments. Furthermore, as far as practical engineering as-
pects are concerned, the use of numerical approaches with predictive power
reduces the huge number of experiments typically required in optimizing
materials and designing new processes thus facilitates and accelerates the
development and optimization of new products. How to develop a model
and how to study the behavior of the model (simulation) for a set of con-
ditions, initial an boundary conditions, are questions we have to answer if
we want to go on with our task of controlling nature. To do that we start
defining system as the facility or process of interest , and in order to study
it scientifically we often have to make a set of assumptions about how it
works. These assumptions, which usually take the form of mathematical
or logical relationships, constitute a model that is used to try to gain some
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understanding of how the corresponding system behaves.
These relationships might be simple enough such that to be able to

extract rigorous information using mathematical methods such as algebra
or calculus. This is called an analytical solution. On the other hand, as it
is the case in most of the real-wordl systems, these relationships are way
too complicated to be solvable via analytical solutions and they must be
studied by means of simulation. Nowadays is very common that simula-
tions are carried out using a computer to evaluate the model numerically

comparing, if possible, the output of the model with the real system to asses
the goodness of such a model.

Computer simulations complements nowadays most if not all fields
of material science and engineering. They have become a very important
tool in this field since it is a bridge between theory, which is often limited
by its oversimplified models, and experiments, which are limited by physical
parameters. However, computer simulations can partially fulfill both since
it is based on theories and is in fact performing experiments but under any
arbitrary, even unphysical, conditions. Setting up computer simulations
follows a procedure very similar to that used in a laboratory experiment de-
signed to test the conceptual model or idea within the framework of existing
(accepted) physical laws. A laboratory experiment, in this application, is
always affected by either unknown influences or known influences which
cannot be placed under complete control in the sense of assigning them
arbitrary magnitudes and degrees of isolation from one another. This cir-
cumstance limits the level of information detail one can abstract from the
laboratory results, and restricts their usefulness in testing conceptual mod-
els and ideas. In a computer simulation or experiment, however, one has
complete control over external influences on the operation of the model. The
effect of a given physical factor on the behavior of the model can be precisely
isolated and systematically studied. A computer simulation can be used,
therefore, to give an exhaustive account of the logical consequences that
evolve from the specific assumptions, data, theory and mechanisms which
go together to make up a conceptual model. This provides a comprehensive
view which cannot be obtained in any other way [11]. A problem would be
suitable for computational analysis if it is possible to split in small pieces
that might to be done many times so that to obtain any valuable output.
An example of how a problem is tackled from a computational perspective
might be the solution of the Newtonian equations of an atomic arrange. It
is well known that the many-body problem is difficult to solve analytically.
The computational tool that solves this kind of systems is called Molecular
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Dynamics. Given an interatomic potential, more or less complex, which
does not depend on the conjugate moments, the equations of motion of
every atom can be described by

mir̈i = −∇Ui({rk}k=1,...,N , t) (3.1)

As we have said, this set of differential equations might be solved numeri-
cally. Knowing the initial and boundary conditions so the problem is well
posed the new position and momentum of every atom may be solved choos-
ing a time step obtaining those values by finite differences methods. In
every time step we are considering that the force on every atom is constant.
That would be the real solution it δt → 0 but this is of course not solv-
able and the time step has to be finite, although, cannot be as large as we
would like because otherwise the solution does not converge to the real one.
Therefore, we have to pick a time step small enough so to obtain a good
enough approximation. Each time step is one piece as referred to above
that we can do many time to follow the evolution of our atomic system and
therefore, our problem is suitable for computer analysis.

3.1.1 Systems, Models, and Simulation

In general, a system is defined to be a collection of entities that act
and interact together toward the accomplishment of some logical end [173].
In practice what is meant by ”the system” depends on the objectives of a
particular study. The state of a system might be defined as the collection
of variables necessary to fully describe if at a particular time or evolution
step.

A system may be discrete or continuous. A discrete system is one
for which the state variables change instantaneously at separated points in
time or evolution steps, while a continuous system is one for which the state
variables change continuously with respect to time. The boundary between
them is somehow blur so in practice few systems are wholly discrete or
wholly continuous. Most probably one of them will be predominant, but
it is ultimately a task of the researcher deal with the system as it would
be discrete or continuous. Figure 3.2 maps out different ways in which a
system might be studied [114].

• Experiment with the Actual System vs. Experiment with a Model of

the System. The researcher will have to make a choice in terms of
experimenting with the real physical system or set up a model, ana-
lyze it via simulation and extract some conclusions from it. The real
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Figure 3.2: Ways to study a system

experiment might be too costly, or not even possible so a model of the
system would be needed. This is the case, for example, in nuclear ex-
plosions. However, in most cases, both strategies are complementary
and by combining both the system could be analyzed in much greater
detail, validating models through experiments and designing further
experiments once the model has been analyzed.

• Physical Model vs. Mathematical Model. Physical models are those
built as a replica of the real system, so we are reproducing nature as
close as possible. They are not typical of the kinds of problems studied
in material science. The vast majority of models built to study this
kind of systems are mathematical, representing the system in term of
logical and quantitative relationships that are then manipulated and
changed to see how the model reacts, and thus how the system would
react.—if the mathematical model is a valid one.

• Analytical Solution vs. Simulation. Once we have built a mathemat-
ical model, it must then be examined to see how it can be used to
answer the questions of interest about the system it s supposed to
represent. If the model is simple enough, it may be possible to work
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with its relationships and quantities to get and exact, analytical so-
lution. If an analytical solution to a mathematical model is available
and is computationally efficient, it is usually desirable to study the
model in this way rather than via a simulation. However, many sys-
tems are highly complex, so that valid mathematical models of them
are themselves complex, precluding any possibility of an analytical
solution. In this case, the model must be studied by means of a simu-

lation, i.e., numerically exercising the model for the inputs in question
to see how they affect the output measures of performance.

As mentioned above, real-world systems are in most cases complex enough
so the models that try to represent them usually do not have an analytical
solution leading us to simulation. Given, then, that we have a mathematical
model to be studied by means of simulation we must then look for particular
tools to do this. It is useful for this purpose to classify simulation models
along three different dimensions:

• Static vs. Dynamic Simulation Models. In a static simulation model
the evolution of the system is of no importance, the only thing that
matters is the final state. On the other hand, a dynamic simulation
model represents a system as it evolves in any coordinate of interest,
being that evolution what is of importance in the study of the system.

• Deterministic vs. Stochastic Simulation Models. If a simulation does
not contain any probabilistic (i.e., random) components, it is called
deterministic. In deterministic models, the output is ”determined”
once the initial and boundary conditions are established as well as the
relationships between the variables in the model. Meanwhile, when
the system is modeled using any random components the simulation
model is called stochastic. These models are in its nature approximate
and must therefore be treated as only an estimate of the true char-
acteristics of the model. Controlling the error is a necessary task for
the model to represent the original system.

• Continuous vs. Discrete Simulation Models. Loosely speaking, we
define discrete (event) and continuous simulation models analogously
to the way discrete and continuous systems were defined above. It
should be mentioned that a discrete model is not always used to model
a discrete system, and vice versa. The decision whether to use a
discrete or a continuous model for a particular system depends on the
specific objectives of the study.
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3.2 Multiscale Modeling of Materials

Advanced microstructure simulations should meet three major re-
quirements. First, they should enable one to use, or even derive, advanced
path-independent microstructure-property relations with quantitative valid-
ity. Second, they should provide insight into the underlying thermodynamic
and path-dependent physical principals that govern the complex nature of
microstructure evolution at the various space and time scales. Third, they
should allow one, at least in certain cases, to replace and complement ex-
perimentation by simulation [155].

From an engineering point of view, microstructure simulations should
thus provide a convenient means of predicting and understanding mate-
rial properties and microstructure evolution for technical applications under
conditions that have not yet been studied or that are not amenable to exper-
iments. To fulfill these requirements and at the same time to optimize the
predictive power of models, the various numerical methods are increasingly
complemented by the concept of integrated modeling and simulation [71],
which nowadays is known as Multiscale Modeling. This term characterizes
the coupling of computer codes with the aim of bridging the scale discrep-
ancies between different simulation levels. This can be achieved by either
simultaneous integration (direct integration) or sequential integration [154].
The first notion means that various interacting simulation codes, which may
use different numerical techniques, are employed simultaneously in one com-
puter experiment. The second term describes the alternative method of an
adequate parameter-transfer between simulations that are used sequentially.

Since microstructure evolution is path-dependent, concepts of inte-
grated modeling and simulation should include as many of the microstruc-
turally relevant processing steps and parameters as possible. However, such
a procedure requires the incorporation of various space and time scales
which can differ by some orders of magnitude. One reasonable approach for
combining various scales consists in the incorporation of constitutive laws
that have been derived from non-averaged, i.e. space- and time-discretized,
simulations on the appropriate smaller scale. In such a concept, the results
obtained from simulations on a certain scale are averaged and condensed
before being considered at the next scale. This means that the phenomeno-
logical character of the model equations used in each step increases with
increasing scale.

However, there is also a more direct way of bridging scale discrepan-
cies. Most of the simulation techniques developed within the framework of
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computational materials science were originally confined to particular space
and time scales. This applies especially to methods which reveal intrin-
sic physical scaling parameters, e.g. molecular dynamics and Monte Carlo
methods. In contrast, most mesoscale models are continuum approaches,
i.e. they are not intrinsically calibrated and have thus a larger potential
for spanning time and length scales. In this context especially the vari-
ous crystal plasticity finite element and dislocation dynamics models are of
importance.

For instance, the finite element technique is designed to provide ap-
proximate solutions to coupled sets of partial differential equations subject
to appropriate boundary- and initial-value conditions. Its application in
computational materials science was originally confined to solving elastic
and simple plastic problems at the macroscopic level using averaging consti-
tutive laws and the conditions for equilibrium and compatibility. However,
through the introduction of improved constitutive laws, i.e. elements of
crystal plasticity, finite element methods are nowadays increasingly capable
of considering material heterogeneity also at the mesoscopic level.

This improvement of the models, as in the constitutive laws men-
tioned above, coupled with more and more powerful computers, enables
even more complex description of the materials properties and increments
the predictive capabilities of the available tools, becoming plausible the de-
sign of materials for any specific application via computer simulation.

3.3 Radiation Damage

Radiation damage is a perfect example of a inherently multiscale
problem [144]. Pertinent processes encompass the atomic nucleus (∼ 10−15m)
all the way to macroscopic length scales (∼ 10m), spanning more than 15
orders of magnitude. Time scales span more than 21 orders of magnitude,
from the interaction time of incident particle-atom collisions (< 10−15s) to
the fatigue, creep or corrosion that might happen after years of operation
[128]. The study of the change of properties in a given material exposed
to irradiation is the final goal for the Radiation Effects Modeling. Particle
irradiation takes place in a wide range of advanced technologies nowadays,
ranging from fission-fusion nuclear reactor to medical applications to fun-
damental physics studies. To achieve its goal, radiation effects modeling or
radiation damage modeling try to predict the generation, transport, fate and
consequences of all defect species created by irradiation [144]. Once all this
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knowledge is acquired it would be possible to foresee the microstructural
changes and how these changes modify the macroscopic response, being
able to design materials with the desired properties of radiation resistance
so that the system performs as it is expected. As mentioned above the pos-
sible interaction between defects at different time and length scale makes
this study a really complicated task.

In the following the different processes involved in in radiation dam-
age modeling are sketched ordered in time from lower to larger scales, and
the computational tools usually used to study them are briefly described,
and shown in figure 3.3. For further information review, for example, refer-
ences [15, 212, 11, 29, 7, 151].

Figure 3.3: Schematic diagram of relevant phenomena in radiation damage and the
computational methods typically used in its study [192]

1. Primary recoil atoms (PRAs): Radiation damage process begins with
the creation of energetic (typically a few tens of keV) PRAs from high-
energy particle-atom interactions. The cross sections and kinematics
models needed to compute PRA spectra are incorporated in codes
such as SPECTER.

2. Primary defect production in displacement cascades: The PRA kinetic
energy is quickly transferred by a chain of subsequent atomic collision
displacements, generating a cascade of vacancy and self-interstitial de-
fects. This is simulated by MD codes that integrate the equations of
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motion of large assemblies of atoms (105−107), interacting by a known
interatomic potential, for times of the order of 100 ps, when most of
the cascade thermal energy has dissipated. Many-body collisions lead
to spatial separation of vacancies and self-interstitials and clustering
of like defects. The large concentration of defects in high-energy PRA
cascades results in substantial and rapid vacancy-interstital recombi-
nation. Above approximately 1 keV, only about one-third of defects
survive cascade vacancy-interstitial recombination.

3. Cascade aging and delayed defect production: Spatial correlations
continue to play an important role in long-term evolution of the cas-
cade defects. MD simulations show that most self-interstital clusters
are very mobile. Mobile loops and isolated self-interstitials quickly
leave the cascade region. Recombination during this phase is treated
by KLMC simulations. The evolution of the remaining vacancy-
rich cascade core might be modeled using KLMC as well. Within
milliseconds, most of the cascade vacancies jump short distances to
form small, compact, three-dimensional clusters, while a small fraction
leave the cascade region. The small clusters are unstable. However,
they are also very mobile, and cluster diffusion-coalescence processes
lead to the formation of larger, more stable nanovoids, containing tens
of vacancies, prior to significant vacancy dissolution.

4. Long-range defect migration: How defects diffuse and interact with
each other modifying the microstructure. This diffusion expands over
the lifetime of the material under irradiation. The diffusion coefficients
for the different species are obtain either from ab-initio calculations
or using MD. The time evolution and accumulation of those defects
are studied employing kMC methods or rate equations.

5. Nanostructural and nanomechanical evolutions: Precipitate evolution
under irradiation and post-irradiation annealing has been treated us-
ing multistate kinetics rate theory models. Large sets of differential
equations, with terms for the formation and loss rates of discrete clus-
ter classes of the different species are integrated to predict cluster
evolution by nucleation, growth and coarsening. Transition-rate coef-
ficients are based on typical RT approximations with boundary con-
ditions set by alloy matrix and local-equilibrium precipitate-complex
thermodynamics.
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6. Irradiation-induced increases in the yield stress: Nanoscale features
produce substantial increases in the yield stress (∆σy) by acting as
dispersed obstacles to dislocation slip. Modeling ∆σy requires treat-
ing both (a) the obstacle strengths (β) and the strength contribution
(σi) of the individual features, and (b) the collective effect of these
relatively weak features in combination with preexisting strong obsta-
cles that are unaffected by irradiation. The strength factor β, which
varies with the type and size of the obstacle, is a measure of maximum
force needed for the dislocation to to cut through a weak obstacle or
bow around a strong obstacle. Recently, MD simulations have been
used to study the interaction of dislocations with various defect and
solute aggregations. The effective pinning force is given by the maxi-
mum in the derivative of the energy versus dislocation position curve.
The second issue in modeling ∆σy is how σi combines with, or is su-
perimposed on, the contribution to the unirradiated obstacle strength
(σu) from preexisting larger and stronger obstacles. This problem
was originally studied by Foreman and Makin [61] for two obstacle
strengths. More recent computer simulations of the stresses needed
to move a single dislocation through an array of weak (βw < 0.4) and
strong (βs > 0.6) obstacle configurations with a range of strengths
showed that superposition can be described by a parameter S that
weighs the balance between linear and root sum superposition limits:
∆σy = S[(σ2

i + σ2

u)
1/2]− σu + (1− S)σi. Further, S depends primarily

on βs and on βw in a way that can be described by a simple analytical
expression[143].

7. Dislocation Dynamics (DD): The ∆σy models described in the pre-
vious section are based on a number of assumptions and approxima-
tions and do not treat the critical issues of post-yield and localized
deformation. All of these problems can be addressed with disloca-
tion dynamics[66, 67]. The DD approach simulates three-dimensional
interactions of large numbers of discretized (in curved or straight seg-
ments) dislocations for general conditions of source configurations,
obstacle types and distributions, and boundary conditions. Very effi-
cient and mathematically elegant computational algorithms have been
developed to permit self-consistent treatments of elastic interactions
of all of the segments. The method also incorporates physically based
submodels of important local processes such as nucleation of kinks and
cross-slip, dislocation reactions, obstacle interaction mechanisms, en-
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ergetics and reaction paths, and dislocation velocity-stress relations.
Thus, DD can simulate strain hardening in pure crystals as well as
many other phenomena such as source and dispersed obstacle hard-
ening pertinent to irradiation effects. The submodels provide a direct
link to both atomistic simulations and dislocation theory. So far, DD
simulations have not been used for modeling embrittlement.

8. Shifts in fracture toughness versus temperature master curves: Changes
in the constitutive properties result in degradation of the fracture re-
sistance of the material manifested as shifts (∆T ) in the cleavage
transition temperature.
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Chapter 4

SYNCHRONOUS PARALLEL
KINETIC MONTE CARLO
FOR CONTINUUM
DIFFUSION-REACTION
SYSTEMS

4.1 Introduction

Kinetic Monte Carlo (kMC) has proven an extremely powerful method
to simulate the time evolution of Markovian processes [93, 113]. kMC relies
on the a priori knowledge of a given set of transition rates characterizing
the simulated processes, which are assumed to obey Poisson statistics. The
scope of applications for kMC is extraordinarily wide, ranging from epi-
demiology and population kinetics to surface growth or radiation damage.
Because of its versatility, ease of implementation, and wide range of applica-
tions, kMC has been the object of a significant parallelization effort in order
to take advantage of existing and upcoming tera- and peta-scale computing
capabilities. However, the difficulty of parallelizing kinetic Monte Carlo lies
in the intrinsic time discreticity underlying event-driven simulations, which
are sequential in character, and do not lend themselves to trivial parallel
implementations. The ultimate validity test for any parallel kMC (pkMC)
algorithm is that it solve the same master equation as the sequential (serial)
method rigorously. This does not necessarily imply that both approaches
give the same sequence of events, but that, on average, both give the same
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kinetic evolution resulting in the same statistical distributions as a function
of time.

Early attempts to use parallel algorithms achieved some speedup but
failed to satisfy these requirements [63, 197]. One family of methods that
do ensure this compatibility between sequential and parallel processes is
based on asynchronous kinetics, with different processors simulating events
independently and then accepting or rejecting them on the basis of do-
main correlation schemes that may severely limit the computational effi-
ciency [121, 122, 103, 104, 183, 89]. Most of the recent work in this area
has been inspired by Lubachevsky’s original paper [122], which provides an
exact parallel algorithm for discrete-event simulations. This class of algo-
rithms attempts to advance a ‘virtual time horizon’ (VTH) asynchronously
by a combination of kMC steps whose progression is controlled by relatively
cumbersome acceptance/rejection techniques. The progress rate of the sim-
ulation depends on the density of local minima of the instantaneous VTH,
which in turn depends on the relative occurrence of event roll-backs across
domain boundaries. Depending on the problem at hand, VTHs can display
a strongly fluctuating behavior, for which ingenious roughness-suppressing
algorithms have been proposed [103, 104]. Another interesting alternative
for parallel event-driven simulations is Jefferson’s time warp algorithm [89].
The time warp paradigm provides a protocol for minimizing the number of
conservative synchronization updates by ignoring causality errors, which are
later detected and retraced for their resolution. Whichever the method cho-
sen, owing to their intrinsic implementation complexity and limited parallel
efficiency, little use has been made of these methods in terms of physical
applications.

An obvious way to avoid roll-backs due to time evolution mismatches
is to advance time synchronously. However, in this case, boundary errors
due to conflicts among neighboring processors may still occur. There have
been several parallel algorithms involving the so-called synchronous relax-
ation scheme that treat these conflicts rigorously [54, 123, 181, 135]. How-
ever, although these algorithms effectively advance a flat VTH front (hence
the term ‘synchronous’), they still rely on an alternative form of roll-backs
whereby an iterative scheme is used to ensure consistency among the se-
quences of events generated in each processor. This may result in poor
efficiency and a large communications overhead that is seen to grow log-
arithmically with the number of processors [123, 181]. These limitations
can be partially mitigated by using more approximate methods, such as the
synchronous sublattice algorithm recently proposed by Shim and Amar in
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the context of thin film growth simulations [182]. Although this method is
only semi-rigorous, it has proven very promising due to its straightforward
scheme for solving boundary errors and the absence of global communica-
tions. Nevertheless, despite the recent progress in parallel discrete-event
simulations, both synchronous and asynchronous, the development and ap-
plication of rigorous efficient parallel algorithms for kMC simulations re-
mains a significant challenge.

A synchronous, parallel generalization of the rejection-free n-fold
kMC method of Bortz, Kalos and Lebowitz [21] (hereafter referred to as
BKL for brevity) is proposed in the following. The algorithm ensures a flat
VTH construction, thereby rendering all communications between domains
essentially trivial and facilitating its implementation. While our algorithm
is not exact in its present form, we show that for many practical applications
errors are essentially negligible. Next, we describe the algorithm in detail,
discuss its correctness and the treatment of boundary conflicts, and we study
its potential intrinsic performance. Then, in Section 4.3, we validate the
method and study its scalability by solving several well-understood diffusion
problems.

4.2 Parallel kMC algorithm

In BKL, a system with N walkers, each with rate ri (i = 1 . . .N),
is evolved in time by randomly selecting an event with probability ri/Rtot,
where Rtot =

∑N
i ri is what we hereafter term the frequency line, i.e. the

aggregate of all the individual ri. The system is then advanced in time by
randomly sampling from an exponential distribution exp (−RtotδtBKL) [21].
We build upon the BKL framework to formulate our parallel algorithm.

4.2.1 General algorithm

The algorithm is based on the introduction of ‘null’ events to achieve
perfect synchronicity. The idea was originally proposed by Hanusse and
Blanché to study large diffusion-reaction systems with their improved mini-
mal process method [75]. The concept has been elaborated further by other
authors [8, 13], although always in the context of serial calculations. Here,
we use null events to solve diffusion-reaction master equations in parallel.
In our algorithm the computational cell is divided into K arbitrary subdo-
mains Ωk (where, for consistency with the parallel computing literature, K
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is the number of processing units, PE’s). A parallel kMC step consists of
the following:

1. A frequency line is constructed for each Ωk as the aggregate of the
individual rates, rik, of all the walkers located within each subdomain
k:

Rk =

nk
∑

i

rik

where nk and Rk are, respectively, the number of walkers and the total
rate in subdomain k, Rtot =

∑K
k Rk, and N =

∑K
k nk.

2. The maximum rate, Rmax is defined as:

Rmax = max
k=1,...K

{Rk}

3. We assign a null event with rate rk0 to each frequency line in each
subdomain k such that:

rk0 = Rmax − Rk

where, in general, the rk0 will all be different. From this, it follows
that:

∃ Ωα, α ∈ {k}, | Rα ≡ Rmax ⇒ rα0 = 0,

i.e., there is at least one domain where there are no null events.

4. In each Ωk an event is carried out with probability pik = rik/Rmax,
including null events chosen with pk0 = rk0/Rmax. For this step,
we must ensure that independent sequences of random numbers are
produced for each K, using an appropriate parallel random number
generator. Also in this step is where boundary conflicts are checked
for, and the corresponding actions to resolve them taken.

5. As in standard BKL, a simple time increment is sampled from an
exponential distribution:

δtp = − ln ξ

Rmax

where ξ ∈ (0, 1) is a suitable random number. By virtue of Pois-
son statistics, δtp becomes the global time step for all of the parallel
processes.
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4.2.2 General proof of correctness: master equation

Here we prove that the synchronous decomposition of a serial master
equation into K subdomains results in the same master equation when the
null events are introduced. Let us start by considering an infinite system
with n particles characterized by an internal state X(n), and represented
by a homogeneous medium with periodic boundary conditions. In this ideal
system, particles can either diffuse, with rate constant d, or annihilate (two
by two) with rate constant a. The total rate of the system Rtot is:

Rtot = d(X) + a(X) (4.1)

Then, the probability that in step s + 1 the system is in state X(n) is (for
simplicity, we will assume that state X is characterized solely by the number
of particles n, i.e. X ≡ X(n)):

P (X; s + 1) = P (X + 2; s)
a(X)

Rtot

+ P (X; s)
d(X)

Rtot

(4.2)

In other words, the probability that the system is in state X at step s + 1
is the probability that the system is in state X + 2 at step s times the
probability that, in this state, two particles will annihilate (a(X)/Rtot), plus
the probability that the system is in state X at step s times the probability
that, in this state, a particle will diffuse (d(X)/Rtot). Making use of the
fact that d(X) = Rtot − a(X), we have:

P (X; s + 1) = P (X + 2; s)
a(X)

Rtot
+ P (X; s)

Rtot − a(X)

Rtot
(4.3)

(

P (X; s + 1) − P (X; s)
)

Rtot =
(

P (X + 2; s) − P (X; s)
)

a(X) (4.4)

Taking increments and assuming that ∆t = 1/Rtot:

∆P (X)

∆t
=
(

P (X + 2; s) − P (X; s)
)

a(X) (4.5)

In the limit of infinitesimal ∆t, eq. 4.5 is reduced to:

∂P (X)

∂t
=
(

P (X + 2; s) − P (X; s)
)

a(X) (4.6)

This is the master equation that represents our idealized system, where
the time step to go from s to s + 1 is 1/Rtot. Now let us decompose our
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initial computational box into K domains, Ωi, according to our parallel
algorithm. In this case, for each subdomain i, we have to add three new
transitions, namely the probability that a particle will escape each Ωi by
diffusion, e(Xi), the (complementary) probability that a particle will come
from other subdomains, c(Xi), and, to ensure synchronicity, the null event,
r0i. In this case, we have that the total rate in each Ωi is:

Rmax = d(Xi) + a(Xi) + e(Xi) + c(Xi) + r0i (4.7)

Now, the probability that in step s + 1, in each subdomain i, the system
will be in state Xi is:

Pi(Xi; s + 1) = Pi(Xi + 2; s)
a(Xi)

Rmax
+

Pi(Xi; s)
d(Xi)

Rmin

+

Pi(Xi + 1; s)
e(Xi)

Rmax
+

Pi(Xi − 1; s)
c(Xi)

Rmax
+

Pi(Xi; s)
r0i

Rmax

(4.8)

Making use of the fact that r0i = Rmax − d(Xi)− a(Xi)− e(Xi) + c(Xi), we
then have:

Pi(Xi; s + 1)Rmax = Pi(Xi + 2; s)a(Xi) + Pi(Xi; s)d(Xi) +

Pi(Xi + 1; s)e(Xi) + Pi(Xi − 1; s)c(Xi) +

Pi(Xi; s)
(

Rmax − d(Xi) − a(Xi) − e(Xi) + c(Xi)
)

(4.9)

which simplifies to:

(

Pi(Xi; s + 1) − Pi(Xi; s)
)

Rmax =
(

Pi(Xi + 2; s) − Pi(Xi; s)
)

a(Xi) +
(

Pi(Xi + 1; s) − Pi(Xi; s)
)

e(Xi) +
(

Pi(Xi − 1; s) − Pi(Xi; s)
)

c(Xi)

(4.10)
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Now, operating as for eq. 4.5:

∆Pi(Xi)

∆tp
=

(

Pi(Xi + 2; s) − Pi(Xi; s)
)

a(Xi) +

(

Pi(Xi + 1; s) − Pi(Xi; s)
)

e(Xi) +
(

Pi(Xi − 1; s) − Pi(Xi; s)
)

c(Xi) (4.11)

where, in this case, ∆tp = 1/Rmax is the time needed to go from step s to
step s + 1.

We now sum over all Ωi:

K
∑

i

∆Pi(Xi)

∆tp
=

K
∑

i

{

(

Pi(Xi + 2; s) − Pi(Xi; s)
)

a(Xi) +

(

Pi(Xi + 1; s) − Pi(Xi; s)
)

e(Xi) +

(

Pi(Xi − 1; s) − Pi(Xi; s)
)

c(Xi)

}

(4.12)

Evidently, the sum over all subdomains of the

[

(

Pi(Xi+1; s)−Pi(Xi; s)
)

e(Xi)+

(

Pi(Xi−1; s)−Pi(Xi; s)
)

c(Xi)

]

terms must be zero, as all particles coming

into any one Ωi do it after having escaped from other Ωj . In other words, the
detailed particle balance makes these terms vanish. Therefore, the reduced
equation is:

∆P (X)

∆tp
=

K
∑

i

(

(

Pi(Xi + 2; s) − Pi(Xi; s)
)

a(Xi)

)

(4.13)

Provided that boundary conflicts are solved rigorously, the rates a(Xi) are
not affected by the summation, as they are simply a constant acting on
the internal variables defining state Xi, i.e.

∑K
i Pi(Xi)a(Xi) = P (X)a(X).

Then:
∆P (X)

∆tp
=
(

P (X + 2; s) − P (X; s)
)

a(X) (4.14)

where, as in eq. 4.6, taking infinitesimal values of ∆tp we have:

∂P (X)

∂t
=
(

P (X + 2; s) − P (X; s)
)

a(X) (4.15)
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In other words, eqs. 4.6 and 4.15 are equivalent, and we prove that a syn-
chronous parallel decomposition of a global master equation for this ideal-
ized problem results in the same master equation as formulated in eq. 4.6.
In practice, what this means is that, on average, our pkMC method ad-
vances time by an amount equal to that resulting from simulating K events
sequentially in serial BKL. In reality, as eq. 4.16 shows, eq. 4.15 is advanced
faster in time by a factor of (K · UR).

4.2.3 Parallel efficiency

The length conservation of the frequency lines in all Ωk guarantees
exact synchronicity. This is a key aspect of our algorithm: time is ad-
vanced exactly the same amount in all processors, which enables direct
communication across domain boundaries trivially, eliminating the need for
sophisticated rejection minimization schemes across boundaries commonly
found in other parallel methods [89, 54, 123, 181, 135]. However, note that,
because in principle the spatial decomposition may be arbitrary (i.e. it does
not affect the global kinetics), optimal efficiency is not guaranteed per se.
Evidently, an optimum decomposition will be that which renders

{
∑

k rk0

}

minimum, but the solution is not unique and the catalog of options is quite
varied. For example, in his proposed improvement of the original minimal
process method, ben-Avraham chose a cell-coarsening scheme that preserves
the half-life of the particle concentration [8]. Our method of choice is to
perform a domain decomposition using the method of orthogonal recursive
bisection (ORB) [14] so as to equally subdivide the aggregate of all the
rates in each subdomain after each recursive partition. In the ideal limit
of numbers of walkers that are an exact multiple of K, with equal rates,
such decomposition yields optimum gain by producing {rk0 = 0, ∀ k}. The
deviation from this optimum behavior can be measured by the utilization

ratio (UR), defined as the fraction of ‘real’ —rather than ‘null’— events in
the entire system:

UR = 1 − 1

KRmax

∑

k

rk0 (4.16)

The intrinsic time step gain of the method is governed by this utiliza-
tion ratio. A domain decomposition (or any other distributed decomposi-
tion) that prescribes {rk0 = 0, ∀ k} will yield ideal gain (UR=100%). Under
these conditions, Rmax = Rtot/K and, hence, on average, δtp = KδtBKL.
UR=100% is the theoretical efficiency limit and acts as an upper bound to
the time step gain. Of course, generally, for discrete systems with varying
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rates ri, UR6 100%, Rmax > Rtot/K, and δtp 6 KδtBKL. The general
relation between δtp and K, which represents the true time step gain with
respect to an equivalent serial BKL simulation, is therefore:

δtp = K · UR · δtBKL (4.17)

As interdomain migration occurs, the {rk0} must be recomputed to con-
tinue ensuring synchronicity. However, the communication of Rmax to all
processors is needed only if, after a given pkMC step, the sum

∑

i rk,i in
any subdomain is greater than the current Rmax. Thus, the sixth step of
our algorithm can be expressed as follows:

(6) if (
∑

i rk,i > Rmax), communicate Rmax globally

However, even when this condition is not satisfied, the UR may drop if Rmax

is not updated regularly (e.g. if the r0k are preponderant in the frequency
line), leading to inefficient simulations. Depending on the problem at hand,
an optimum balance between updating and communicating Rmax can be
achieved to ensure maximum efficiency. Communicating Rmax only when
step (6) prescribes presents some technical difficulties when it comes to the
practical implementation of the algorithm. Indeed, we have not been able to
eliminate the use of global calls to check condition (6), which limits the total
efficiency of our method (see Appendix 4.5). Nevertheless, this pertains to
the technical aspects of the implementation, which we separate from the
formulation of the method.

Steps (2) to (6) above provide a synchronous, parallel algorithm in
closed form. So far, no numerical arguments have been made as regards the
computational efficiency of the method. However, in the event that the time
evolution of the density profile results in a spatial redistribution of parti-
cles that deviates from the original optimum decomposition, the utilization
ratio may drop below what may be considered an acceptable parallel perfor-
mance. The metrics chosen to establish reasonable tolerance limits on UR
are typically problem-dependent (e.g. diffusion coefficients, cell sizes, etc.).
In general, when this occurs, the domain decomposition must be updated,
either by performing some type of dynamic load balancing, or by generating
a new decomposition (such as a global ORB). Irrespective of the method
chosen, this process can be integrated between steps (6) and (2) of our kMC
algorithm:

if (UR < TOL), then update domain decomposition (perform ORB)
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where TOL is a problem-dependent tolerance. It is worth stressing that this
is an optional modification that does not detract from the generality of our
algorithm, since correct kinetics (see next Section) arise independent of the
domain partition scheme chosen. Refreshing the domain decomposition is
aimed simply at optimizing the parallel performance, although, as we shall
discuss below, it can also help in mitigating the effect of boundary conflicts.

4.2.4 Analysis of boundary conflicts

Owing to the intrinsic asynchronicity of discrete-event kinetics, bound-
ary errors due to subdomain interactions are bound to occur in parallel kMC
simulations of any kind. Consider for example the Ising system, where the
flip probability of each particle depends on its local spin distribution. In
this case, no two neighboring particles can flip their spins at the same time,
as this would result in a causality error that could lead to the wrong kinetic
evolution. Another potential source of conflicts in parallel is the violation
of the lattice ‘exclusion’ principle. A case in point is solute diffusion via
a vacancy mechanism, where only one solute atom can jump into a vacant
site at a given instant. These processes are trivially modeled using a serial
kMC method such as BKL, for such conflicts never arise. Methods to treat
them have also been devised within the framework of asynchronous parallel
algorithms, as seen in Section 6.1, e.g. roll-back schemes. Described in
this fashion, these conflicts are mostly pertinent to discrete system kinet-
ics, where particles can only occupy specified sites —or small deviations
thereof—, such as in lattice kMC or other lattice-based methods. In con-
tinuum media, the definition of conflict is somewhat blurrier, as no two
particles ever occupy the same location. In this case, we may consider that
a conflict has occurred whenever two particles move concurrently within dc

of one another, where dc is a suitable interaction distance. In this sense, it
is worth remarking that one of the most salient advantages of our method
with respect to parallel asynchronous algorithms is that conflicts only arise
when co-occurring particles interact. In other words, the reaction between
a particle jumping across a domain boundary and an inactive one in the
neighboring subdomain is trivial using our algorithm. Not so for asyn-
chronous methods, where such instances must be considered carefully to
avoid causality errors.

Here we restrict ourselves to the study of diffusion-reaction systems
in continuum media, and we leave the treatment of conflicts in discrete
systems for future studies. In any case, the solution of these conflicts de-
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termines the ‘correctness’ of the method, i.e. whether a parallel method
can rigorously simulate the kinetics of a given problem as obtained with a
serial simulation1. In our case, the event histories generated in each Ωk are
independent of each other as long as events in one subdomain do not affect
events in others. When this occurs, interactions, e.g. as when two particles
A and B moving concurrently during the same pkMC iteration within a dis-
tance dc of each other2, may give rise to boundary conflicts. Fig. 4.1 shows
schematically such an instance, with A and B following random trajectories
to their final positions A′ and B′ within the same time step. Formally, a
conflict occurs whenever the probability of interaction between two particles
in parallel, Pp(I), randomly selected in different domains, differs from the
equivalent serial probability, Ps(I).

B’

B

d

Ad

Bd

A

A’

Figure 4.1: Schematic diagram of a conflict in parallel kMC. Two particles A and B
located on opposite sides of a processor boundary (dashed line) are randomly chosen at

the same time to move within the capture radius of one another: d < dc = dA + dB .

This equivalency condition is simply that the number of kMC events

1It is worth noting that the benchmark serial simulation may itself be an approxima-
tion, as is the case of BKL for continuum media

2dc = dA + dB, where dA and dB are the interaction radii of two particles A and B.
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required in either case to arrive at the same final configuration be the same.
For example, if a conflict involves m particles from as many subdomains, the
condition for correctness is that Pp(I) and Ps(I) be equal after m events (m
kMC steps) have been considered. For the simplified case shown in Fig. 4.1
involving two particles, the interaction probability in serial is obtained from
all the different possibilities:

Ps(I) = P1(A) + P1(B) + P2(AA) + P2(BB) + P2(AB) + P2(BA) (4.18)

where: P1(A) and P1(B) are the probabilities for the interaction to occur
in just one move by either A or B; P2(AA) and P2(BB) are the probabil-
ities for the interaction to occur by two consecutive moves by either A or
B; P2(AB) is the probability for the interaction to occur by the sequential
combination of an A move and a B move (or, if viceversa, P2(BA)). Each
one of these probabilities includes two distinct contributions, for example
P1(A) = rA

Rtot
ps1, where rA

Rtot
is the probability that particle A is selected

during a Monte Carlo step, and ps1 is the probability that A end up within
a distance dc from particle B in a single jump. Bearing this in mind, and as-
suming that the particle rates rA and rB are time and position independent
(i.e. P2(AB) = P2(BA)), the detailed expression for Ps(I) is:

Ps(I) =
rA

Rtot

ps1 +
rB

Rtot

ps1 +
r2

A

R2
tot

ps2 +
r2

B

R2
tot

ps2 + 2
rArB

R2
tot

ps2 (4.19)

In parallel, the interaction probability is given by:

Pp(I) = P (A)P (B) + P (B)P (A) + P (AB) (4.20)

where the first term represents the interaction probability when A is chosen
and B is not; the second term is the complementary of the first; and P (AB)
represents the probability that both particles react after concurrent jumps,
akin to the situation illustrated in Fig. 4.1. Therefore:

Pp(I) =
rA

Rmax

[

1 − rB

Rmax

]

pp1 +
rB

Rmax

[

1 − rA

Rmax

]

pp1 +
rArB

R2
max

pp2 (4.21)

where, as above, pp1 and pp2 are, respectively, the probabilities to react in
a single jump by either particle, or in concurrent jumps by both particles.
Strictly speaking, the jump probabilities ps1, ps2, pp1, and pp2, are overlap
integrals of the probability distribution functions solution to the diffusion
equation (see Sec. 4.3 below) subject to the condition d 6 dA + dB. For
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Figure 4.2: Interaction probability error between a parallel calculation involving two
particles located in different domains, and an equivalent serial calculation. Results are
given as a function of the separation distance between the two interacting particles (in
units of dc, the interaction distance) for a family of curves for different ri/Rmax ratios
(in legend, although several more have been obtained, not shown for clarity). The error
converges rapidly to zero as particles become separated beyond d & 3dc, except for
the worst case scenario of one particle per domain (ri/Rmax = 1), which converges for

d & 4dc.
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simplicity, however, we have computed all the jump probabilities numeri-
cally using specifically-tailored Monte Carlo simulations for the simplified
scheme shown in Fig. 4.1. In Figure 4.2 we plot the error between the serial
and parallel calculations, defined as (Ps(I) − Pp(I)), as a function of the
separation distance between the interacting particles. For this simplified
case, rA = rB = ri, Rtot = 2Rmax, and the interaction probabilities in each
case are:

Ps(I) =
ri

Rmax

[

ps1 +
ri

Rmax
ps2

]

(4.22)

Pp(I) =
r2

i

R2
max

[

pp2 − 2pp1

]

+
2ri

Rmax

pp1 (4.23)

Error = Ps(I) − Pp(I) =
r2

i

R2
max

[

ps2 − pp2 − 2pp1

]

+
ri

Rmax

[

ps1 − 2pp1

]

(4.24)

Results in Fig. 4.2 are given for a family of curves with different ri

Rmax
ratios

(in legend). One can readily see that for large numbers of particles per PE
(small ri

Rmax
ratios) the error rapidly converges to zero. We have also cal-

culated the error varying the value of Rmax and have seen that convergence
is accelerated. These results suggest that conflicts are indeed important
only in cases with few particles per processor, in close proximity to one
another, which is precisely where our method is expected to underperform.
For large systems with typical particle densities (e.g. in the examples dis-
cussed in Section 4.3, ri

Rmax
∼ 10−3 to 10−4), neglecting conflicts results in

very small errors, as will be showcased in Section 4.3.2, where our pkMC
simulations provide a very accurate kinetic evolution disregarding the treat-
ment of conflicts. It is worth mentioning that a fine-tuned ORB can also
help drive the system towards the ideal conditions for the application of
our method, namely large numbers of particles per PE, in large spatial do-
mains. Evidently, under such conditions, spatial locality is achieved, and
events within one subdomain can be considered independent from events in
other Ωk. Conversely, when the particle separation distance (or the number
of walkers per processor) is low, causal dependencies develop among events,
which, if not treated properly, can lead to a flawed kinetic evolution. This
effects have been noted by Merrick and Fichthorn in their study of thin film
growth, where boundary shifting was seen to play an important role in the
efficiency and accuracy of the calculations [135].

Fig. 4.2 can be taken as the basis from which to redefine Pp(I) so
that the interaction error is zero. This is a necessary condition to make
our method rigorous from a mathematical standpoint. All the error curves
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in the Figure are seen to follow the same qualitative trends (rapid decay),
which could be used to fit a general error function from which to extrapolate
to correct Pp(I) during a simulation. Another possibility is to compute the
ps and pp analytically, and bias pp so as to comply with the requirement of
zero error. Whichever the case, at present we simply outline the conditions
under which our pkMC simulations reach satisfactory levels of accuracy
depending upon the problem under study, with no explicit treatment of
these issues.

4.3 Applications

4.3.1 Diffusion of independent particles

We have studied diffusion of independent particles as a simple test
of the basic ideas, as a validation of the time-scaling of the method, and
as a first vehicle for assessing the parallel efficiency. Pure diffusion without
volumetric terms satisfies the following master equation:

[

− D∇2 +
∂

∂t

]

ρ(x; t) = 0 (4.25)

where ρ(x; t) is the time and space-dependent particle number density and
D is the diffusion coefficient. In this case the method is exact, as there
is no possibility of conflicts. We consider two cases with known analytical
solution involving diffusion in an n-dimensional square domain of side a,
Ωa, subject to the following boundary conditions:

(i) Absorbing (‘black box’) boundary conditions:

ρ(x; 0) = ρ0

n
∏

α=1

cos
(πxα

a

)

,x ∈ Ωa

ρ(x; t) = 0,x ∈ ∂Ωa

where ρ0 is a constant.

(ii) Periodic boundary conditions (PBC):

ρ(x; 0) = ρ0

n
∏

α=1

[1

a
− cos

(2πxα

a

)]

,x ∈ Ωa

ρ(x1, x2, . . . , xα, . . . , xn; t)

= ρ(x1, x2, . . . , xα ± a, . . . , xn; t), ∀ α
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Here we focus on the two-dimensional (2D) case. In both cases (i) and (ii)
the solution of the diffusion equation is given by the time dependent Green’s
function for an infinite medium with diffusion constant D:

G(x,x0; t) =
e−

(x−x0)2

2σ2

√
4πDt

(4.26)

where x and x0 are the initial and final position of each walker, t is the
time, and σ2 = 2Dt is the mean square displacement. For a fixed D,
the mean square displacement must be conserved in all Ωk, from which it
follows that, for each walker i, ti = δtpRmax/ri. Both of these cases are
eigenvalue problems 3 with known eigenvalues of (i) λabs = π

a

√
2D, and (ii)

λPBC = π
a

√
4D. Figure 4.3 shows the comparison between the analytical

solution and our parallel algorithm for case (i) with a = 1 cm, Di = 1

cm2·s−1, and ρ0 = 131072 walkers. For these values, λabs = 4.443 s−
1
2 , while

in a series of runs with K = 2n (n = 1, . . . , 7) processors we obtained an

average value of 4.410±0.042 s−
1
2 . For case (ii) with the same parameters, we

show in Fig. 4.4 the time evolution with eigenvalue λPBC = 6.28 s−
1
2 of the

spatial particle distribution (ii). The plot contains the projection of ρ(x; t)
on one of the box dimensions at four different times. Note that, for a = 1 cm
and D = 1 cm2·s−1, the exponent of the time dependent terms is ∼40 so that
the convergence to ρ0 is very fast. We obtain 〈λPBC〉 = 6.27 and an average

error of ±4.4% with respect to the analytical value of 6.28 s−
1
2 . For all other

parallel runs performed the values were of the same order of magnitude. In
this particular case (ii) the initial particle density evolves with time towards
a more flattened profile. Thus, the utilization ratio derived from the initial
ORB will gradually worsen as walkers diffuse and the mapping between the
spatial particle distribution and the initial domain decomposition degrades.
For the specific simulation shown in Fig. 4.4, the UR decreases from its
initial value of 97.2% to a steady state value of ∼77.5% after homogenization
has completed. Figure 4.5 illustrates the temporal variation of the UR for
this case, compared with the case of a flat particle density profile using the
same number of processors. While both cases start out at UR≈97%, the
domain decomposition that maps the initial sinusoidal particle distribution
in (ii) becomes gradually unsatisfactory, resulting in a steady-state UR of
∼77.5%, compared to a value of 96.8% for the flat density profile. Although

3i.e. the formal solution to eq. 4.25 may be expressed in terms of the eigenfunctions,
φm, of the operator −∇2. Then we may express the Green’s functions for the operator
[

−∇2 + ∂
∂t

]

as G(x,x0; t) =
∑

m e−λm

2tφm(x)φm(x0).
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Figure 4.3: Comparison between the analytical solution (continuous line) and a parallel
run with 64 processors (open diamonds) for the problem of simple diffusion with no

particle interactions and absorbing boundaries.
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Figure 4.4: Comparison between pkMC for 16 processors and the analytical solution
of the time evolution of the spatial density profile for the case (ii) of diffusion without

particle interactions and periodic boundary conditions.
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Figure 4.5: Time evolution of the utilization ratio (UR) for three different 32-processor
cases with periodic boundary conditions: (i) homogeneous particle distribution with no
interactions; (ii) cosinusoidal particle distribution with no interactions; (iii) homogeneous

distribution with A + A → 0 particle annihilations.
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these results, which are perfectly satisfactory, have been obtained for a
single ORB, as noted above, nothing precludes carrying out subsequent
ORBs to improve the efficiency when the value of UR drops below some
problem-specific (arbitrary) tolerance.

4.3.2 Diffusion with particle interactions

Next we turn to the study of cases where particles interact. In par-
ticular, we consider the multiparticle reaction NA → 0 (where N is the
number of reacting particles) and the two-species annihilation A + B → 0.
In both cases, boundary conflicts as defined in Section 4.2.4 may arise, al-
though the chosen simulation conditions are such that the errors, as given
by Fig. 4.2, are almost negligible. Figure 4.6 shows the time evolution in
2D of an ensemble of 32768 A-type walkers with a = 1 cm, D = 1 cm2·s−1,
and dA, the particle interaction radius, equal to 10−5 cm. For an arbitrary

value of N the appropriate asymptotic decay is t−
1

N−1 [94]. Here we have
chosen dc = 2dA small enough to minimize the number of interactions for
which N > 2, i.e. ρ(t) is expected to scale approximately as 1/t, which is
equivalent to the biparticle (A+A → 0) annihilation time decay. The figure
shows results for 64 processors and a single-CPU BKL run, with excellent
agreement between both calculations. Also shown is the 1/t asymptotic
trend characteristic of the A + A → 0 reaction. The time evolution of the
UR in this particular case varies with the number of processors K, ranging
from 98% to 89% for K = 4, and from 97% to about 70% for K = 32 (shown
in Fig. 4.5).

The two-species reaction A + B → 0 is important in many physi-
cal and chemical processes, and has been studied in detail in the literature
(e.g. Refs. [94, 118]). In principle, the kinetics of a random homogeneous
bimolecular system with cross-annihilations and equal initial populations
ρA(0) = ρB(0) is governed by two parameters, namely, the capture radius dc,
and the typical diffusion length, ℓ =

√
4Dδt. The relative values of ℓ and dc

give rise to two well-differentiated regimes. In the so-called reaction-limited
regime (RLR), ℓ ≫ dc, and the system obeys an asymptotic decay law of
the type 1/kt, where k is a rate constant. However, in the diffusion-limited
regime (DLR), ℓ . dc, spatial fluctuations asymptotically result in the sep-
aration of A and B particles into A and B-rich domains. In this case, the
kinetics is considerably decelerated and the system evolves as t−

1
2 . Figure

4.7 shows pkMC calculations for both the reaction- and the diffusion-limited
regimes and their corresponding asymptotic decay laws. For the DLR case
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Figure 4.6: Comparison between a serial BKL run (continuous line) and a parallel run
with 64 processors (open diamonds) for the problem of multiparticle NA → 0 annihilation
with periodic boundary conditions. The asymptotic behavior ∼ 1/t expected for this

reaction is also shown.
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we have used ℓ = 5.0×10−4 and dc = dA +dB = 2.0×10−2 cm, whereas, for
RLR, we used values for ℓ and dc of 10−2 and 2.0× 10−5 cm respectively. It
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Figure 4.7: Two-species annihilation kinetics (only the A-type normalized density is
shown) for the reaction (ℓ ≫ dc) and diffusion (ℓ . dc) limited regimes as obtained with
our parallel kMC algorithm. The expected asymptotic decay law in each case is also

shown for reference.

is quite clear from the figure that the parallel kMC calculations capture the
correct asymptotic kinetics in each case. To further analyze the separation
kinetics (or lack thereof) in the RLR and DLR, we show in Figure 4.8 the
A-B pair correlation function, gAB(r), for both cases4. gAB(r) measures
the probability of finding a B-type particle from an A particle, averaged
over the entire simulation area. These probabilities are given relative to
the overall background particle density (〈ρ〉) in each case, i.e. a probability
higher than unity at a distance r simply means that, at that distance, the
pair density of particles is higher than 〈ρB〉. In the DLR, where particles
separate into A and B-rich domains, gAB(r) is initially very low, correspond-

4Here r is a generic radial distance, not to be confused with the rates of the diffusing
species ri, rik.
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ing to a B-depleted, A-type domain. As the distance is increased, the pair
correlation function gradually reaches its background value of 1.0. On the
contrary, in the RLR, where homogenization is expected, gAB(r) resembles
the pair distribution for an ideal gas. Different amounts of roughness can be
appreciated in both curves, presumably indicating short and medium range
order. In summary, our parallel calculations satisfactorily capture the time
and spatial correlations of a particle population subject to the A + B → 0
kinetics.

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

0.0 0.2 0.4 0.6 0.8 1.0

g
A

B
(r

)

normalized distance

RLR
DLR

Figure 4.8: A−B pair correlation function for the diffusion (DLR) and reaction (RLR)
limited regimes. The function measures the probability to find a B particle from an A-
type particle, averaged over the entire simulation cell. The particle distance is normalized

to half of the box length.

In both of these cases, the simulated kinetics follows the expected
asymptotic behavior due to the scarcity of boundary conflicts of the type
specified in Section 4.2.4. In general, one can obtain a first-order estimate of
the error incurred by neglecting boundary conflicts by entering Fig. 4.2 with
a characteristic particle separation distance and a ri/Rmax ratio. Particu-
larly, for the multiparticle annihilation case (NA → 0) above, with a priori
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homogeneous particle distributions, the average inter-particle separation is
d ∼ ρ− 1

2 = 5.5×10−3 cm, which in units of interaction radius (dc = 2.0×10−5

cm) is d ≈ 275dc. For 64 processors, the initial ratio ri/Rmax ≈ 0.002. En-
tering the corresponding error curve (as those in Fig. 4.2) with these two
values yields an error of 1.3 × 10−8. Indeed, for the simulation shown in
Fig. 4.6, we have explicitly counted the number of times a conflict such
as that depicted in Fig. 4.1 takes place and have found zero occurrences,
in agreement with the computed value of 7.0 × 10−7 (virtually zero error).
As the simulation proceeds and the particle concentration diminishes, the
kinetics is characterized by increasing separation distances and ri/Rmax ra-
tios, which have opposite effects on the total error. Therefore, the dynamic
evolution of the error will be governed, among others, by the interplay be-
tween these two effects. In all the cases considered in this work we did
not observe a significant deviation of the error with respect to the starting
estimation as given by the initial d and ri/Rmax. However, the dynamic
behavior of the error, always governed by Eq. 4.24 and Fig. 4.2, will depend
on each physical problem. Here, we take these results as a partial validation
of the analyses performed in Section 4.2.4.

4.3.3 Discussion on the generality of the method

The time scale intrinsic to any physical process governed by diffusion
is τ ≈ l2/D, where l is a characteristic length scale. As explained in the
previous Section, in a 2D system with a homogenous particle density ρ,
l ∼ ρ− 1

2 , which gives τ ≈ (ρD)−1. In rejection-free kMC algorithms such
as BKL, this time scale acts as an upper bound on the value of δt that can
be simulated. The time scale inherent to a physical process is of course
independent of the method employed to simulate it, which means that, in
cases where τ may be relatively small, e.g. in concentrated systems, or
in systems with particles with a large interaction radius, there exists an
effective cap on the time step gain that our algorithm can provide. In
other words, one must impose δtp 6 τ to ensure the correct kinetics in
the ‘physical’ sense. This inequality must be satisfied dynamically over
the course of a pkMC simulation, which can be readily attained e.g. by
enforcing:

Rmax >
1

τ
(4.27)

In practice, this requires that Rmax be adjusted by increasing the value of
the {rk0} as much as necessary. Evidently, in cases where δt is reasonably
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close to τ from the outset, this results in a loss of efficiency (given by
eq. 4.16) that may limit the usefulness of our algorithm. Furthermore,
in Green’s functions Monte Carlo [146], such as in the present work for
continuum systems, enforcing eq. 4.27 does not necessarily guarantee that
δr = |r−r0| < l, as there exists a small probability, from sampling eq. 4.26,
that violates this premise. This is a limitation intrinsic to BKL that carries
over to our method, which, nonetheless, by setting an upper limit on δtp,
gives a more accurate kinetic evolution. In discrete systems, where l is
quantized, this is no longer a concern, and eq. 4.27 suffices to give the
exact kinetics (provided, of course, that boundary conflicts are correctly
resolved). Additionally, this measure is necessary to treat problems where
the time scales associated with different events differ considerably, as is
the case in the thin film growth problem studied by several researchers
[181, 135], characterized by monomer deposition and diffusion rate relative
ratios of the order of 10−3 ∼ 10−7, or in irradiation damage accumulation,
where vacancies and interstitials diffuse with rates that differ by three to
four orders of magnitude [37].

We acknowledge this limitation in our method, which effectively sets
a limit on the maximum time step gain that can be achieved. Note, however,
that, subject to the qualification relating to boundary conflicts (here very
small), our method provides very accurate results. Nevertheless, as with
other parallel methods published in the literature, a careful analysis of the
timescale characteristics of each kinetic problem is advised prior to the use
of our algorithm.

4.4 Performance Analysis

Next we turn to the study of the parallel efficiency of our algorithm
as implemented on a distributed-memory Linux cluster with 2.4-GHz AMD
Opteron processors with version 1 of the MPI libraries [140]. We define
two metrics for our scalability analysis, namely ‘weak’ and ‘strong’ scalabil-
ity. For simplicity, we study these metrics on a PBC system in 2D with a
uniform particle distribution with no interactions. The PBC case is an ex-
treme one in the sense that the parallel capabilities are minimally exploited.
Recalling that walkers are reassigned to processors after every move, rela-
tive to other diffusion problems, the communication-to-calculation ratio is
disproportionately high in PBC simulations, where no particle interactions
exist and all that a calculation cycle entails is the trivial diffusion of a given
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walker. Any relative increase in the calculation component of the overall
computational cost will result in an improved parallel performance. A nat-
ural way to achieve this is to subdivide each Ωk into several cells —denoted
by the subindex j—, so as to break the one-to-one correspondence between
processors and Ωk (cf. Refs. [121, 182]). In this manner, j calculations are
performed per each communication during every pkMC iteration. The re-
sults shown below are for j = 64, found to be the optimum value of j for the
PBC problem5. Nevertheless, comparisons between j = 1, 64 are provided
to give an idea of the relative improvement achieved in each case.

4.4.1 Weak Scalability

Weak scalability (WS) measures the performance of a parallel algo-
rithm using K processing units when the problem size is increased K-fold.
From step (6) of our algorithm, it is clear that, although not strictly neces-
sary for this computation, our program incurs a communications overhead
when particles that move across domain boundaries are reassigned to the
corresponding PE’s. As we show in Appendix 4.5, this communications cost
shows a dependence with the number of processors of the type (eq. 4.36):

WS = 1 + a(log K)b (4.28)

The weak scalability is plotted in Figure 5.10, which shows a family of
curves for three different numbers of walkers per processor (see legend),
all for j = 64. It is common in the literature to find the inverse of WS,
the parallel efficiency ηws, as the metric of choice to study the parallel
performance, so in the figure we give the corresponding values of ηws for
comparison (in the right-hand axis). Essentially, WS, or, equivalently, ηws,
estimates the cost of parallel communications when all other factors are
kept invariant. Ideal weak scaling is represented by a horizontal line at
WS = 1, and, thus, the deviation from horizontality illustrates the relative
parallel performance. As the figure shows, the agreement between eq. 4.28
and the data points is excellent. The coefficients a and b of the non-linear
fits are given in Fig. 5.10’s legend, and their ranges are (0.12 6 a 6 0.21)
and (1.31 6 b 6 1.45), respectively. The latter are on the higher end of
those computed by Shim and Amar [181] and Merrick and Fichthorn [135]
using synchronous relaxation algorithms with similar efficiency behavior.

5The optimum number of Ωkj ascribed to each PE is problem and machine dependent,
but the parallel efficiency is expected to worsen again for large values of j due to the
extra cost associated with vectorized nested loops.
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However, a and b are strongly problem and machine dependent, both of
which were different in Refs. [181, 135], which diminishes the meaningfulness
of the comparison. By way of example, the efficiency for the 216-particle case
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Figure 4.9: Weak scalability of our algorithm for PBC cases with different numbers
of particles per processor (in legend) with j = 64 (see text). The points are the data
computed in our runs, whereas the lines are fits using eq. 4.28. The coefficients a and b
for each case are given in the legend. Inset: comparison between the j = 1 and j = 64
cases for the 215-particle problem. The K and WS axes have the same scale as the main

graph.

is ∼86% for K = 4, and ∼52% for 64 processors. As expected, the method
scales better (significantly) when the number of particles per processor is
increased. Since our aim is to use large parallel architectures to study large
problems, this is the most relevant regime, and weak scalability the more
meaningful metric.

In the inset to Fig. 5.10 we show the comparison between the stan-
dard case (j = 1) and a case for which each ΩK is subdivided into 64
cells (j = 64), both for 215 particles per processor. As expected, WS is
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slightly better when j is increased. The curves, especially that for j = 1
display marked increases from one value of K to the next. This is because
the communications overhead has been shown to correlate directly with the
perimeter-to-surface area ratio [95]. The communication-to-calculation ra-
tio in 2D is known to improve as the aspect ratio of the subdomains tends
toward perfect quadrature [70]. Of course, a perfectly quadratic decompo-
sition can only be achieved when K is an even power of 2, e.g. 4, 16, 64,
etc., which explains why the curves in the inset to Fig. 5.10 display abrupt
increases at, for example, K=2 and K=8.

4.4.2 Strong Scalability

In contrast, strong scalability measures the computational speedup
when an increasing number of processors is applied to a problem of fixed
size. Results for up to K=64 processors for three PBC cases with, approx-
imately, one, two and four million (220, 221, and 222) walkers are presented
in Fig. 4.10. Results in Fig. 4.10 have also been obtained using j = 64 cells
per processor. Results for j = 1 and 222 particles are given in the inset to
the Figure, where a slightly worse scaling is measured with respect to the
j = 64 case (also shown in the inset). For the results shown in Fig. 4.10 it
is clear that, as in the previous section, the larger the problem, the better
the scalability, although by a modest margin. As above, we have fitted the
data shown in the figure to eq. 4.33:

ηst =
UR

1/K + a(log K)b
(4.29)

for which we have obtained coefficients in the range of 0.66 to 0.92 for a and
0.50 to 0.68 for b (assuming, from Fig. 4.5, that UR≈1). This translates
into efficiencies, ηst, of the order of almost 100% for K = 2 to ηst ≈ 0.50 ∼
0.55 for 64 processors. In the (K6 64)-range explored, all three curves
increase monotonically, albeit concavely, so that the parallel performance is
eventually expected to follow Amdahl’s Law for problem size bound scaling
[3], and gradually saturate.

The PBC results effectively represent a lower-bound estimate of the
general scalability behavior of our algorithm, which will presumably be
enhanced in problems where the communication-to-calculation ratio is not
as unfavorable. Also, as discussed in Section 4.2.3, the total speedup benefits
from two distinct contributions, namely (i) the time step gain derived from
decreasing the length of Rtot, and (ii) a contribution associated with the
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Figure 4.10: Strong scalability for our parallel kMC algorithm as implemented in our
prototype code with j = 64. Three PBC cases are considered with 220, 221, and 222

walkers. The curves confirm the tendency outlined in the text that our method behaves
better for large problems with many particles. Inset: comparison between the j = 1 and
j = 64 cases for the 222-particle problem. The K and Speedup axes have the same scale

as the main graph.
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ORB decomposition implemented here. As implemented, the computational
cost associated with selecting an event out of the frequency line is O(N)6.
After performing our ORB, each processor must now perform a search with
cost O

(

N
K

)

. In other words, ignoring the overhead, there is a factor of K
speedup related simply to the cost of carrying out smaller search operations
in parallel. These considerations are also formulated and analyzed in 4.5.

4.5 Parallel efficiency

The parallel efficiency, ηst, related to strong scaling, is defined as:

ηst =
ts

Ktp
(4.30)

where ts and tp are, respectively, the times expended in identical serial and
parallel calculations, and K, as above, is the number of processors. The
computational cost of performing a serial calculation is the time it takes
to complete a kMC cycle times the number of cycles, ns. The CPU time
per cycle can be decomposed into the cost of doing a frequency line search
—which, as we have shown in Section 4.4.2, scales as O(N), where N is
the total number of particles— plus the execution time of an event, texe.
In the same fashion, tp is composed of a ‘serial’ (calculation) time plus a
communications time. The calculation time comprises an execution cost,
nptexe, where np is the number of cycles needed to complete the parallel
calculation (np < ns), and a search cost that scales as O(N/K). Evidently,
texe is the same for a parallel calculation, and depends only on the char-
acteristics of the processor and the compiler. Taking all these details into
account, eq. 4.30 can be written as:

ηst =
nstexe + nsO(N)

K
(

(nptexe + npO(N/K)) + nptcomm

)

=
ns

Knp

(

texe + O(N)

texe + O(N/K) + tcomm

)

(4.31)

6A more efficient way to do this is by using a binary search tree, which carries an
associated computational cost that ideally scales as log(N) [222, 101], or more optimized
variations thereof [12]. However, the speedup generally achieved with a binary search
may be severely curtailed in parallel computations, where the overhead associated with
updating the frequency lines after communication among PE’s scales no better than
O(N) in any case.

77



4.5. PARALLEL EFFICIENCY

The number of serial and parallel kMC cycles needed to complete a simu-
lation of duration tsim is, respectively:

ns =
tsim
δts

np =
tsim
δtp

where δts and δtp are the average serial and parallel time steps (δts =
δtBKL = 1/Rtot, δtp = 1/Rmax). From eq. 4.17 we have that ns/np =
K · UR, which means that the first term in the right-hand side of eq. 4.31
is equivalent to UR. In the spirit of the so-called log P model for global
communications [39, 36], we take the MPI communications overhead to be
proportional to (log K)b, where b is a constant. Assuming that the CPU cost
of performing linear searches and the communications cost are characterized
by two constants c0 and c1 (architecture and compiler dependent)7, eq. 4.31
becomes:

ηst = UR
texe + c0N

texe + c0(N/K) + c1(log K)b
(4.32)

Assuming texe ≪ c0N, c0(N/K):

ηst ≈ UR
c0N

c0(N/K) + c1(log K)b

=
UR

1/K + (c1/c0N)(log K)b

=
UR

1/K + a(log K)b
(4.33)

Equation 4.33 gives an idea of the factors that affect the parallel efficiency.
For example, the numerator indicates that ηst is directly proportional to
the utilization ratio, and, hence, to the time step gain introduced by the
parallelization. It also shows that the efficiency is inversely proportional
to the factor a(log K)b, associated with the cost of point-to-point commu-
nications in distributed parallel systems. In the limit of large numbers of
processors, 1/K ≪ log K, and η ≈ UR/a(log K)b, i.e. the parallel effi-
ciency does not saturate, but converges slowly to zero. On the other hand,

7We have not attempted to fit c0 and c1. Suffice it to say that, for the two cases shown
in the inset to Fig. 4.10, the relative amount of time spent on MPI functions (obtained
via code profiling) for K = 8 was 15.7 and 12.2% for j = 1 and j = 64 respectively
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when K = 1 (no communications), ηst ≈ UR, which gives the maximum
theoretical efficiency, consistent with eq. 4.17.

For its part, the parallel efficiency, ηws, associated with weak scaling,
is defined as:

ηws =
1

WS
=

t′s
t′p

(4.34)

where t′s is the CPU time required to complete a standard serial simula-
tion of one domain with one PE, and t′p is the time required to simulate a
system K times as big as the serial one with K processors. In this case,
both approaches require the same number of kMC cycles to complete the
simulation, i.e. ns = np = n. Then:

ηws =
ntexe

ntexe + c0(log K)b
(4.35)

where, as before, we have assumed that the communications cost is propor-
tional to a(log K)b. Evidently, with the communications overhead factored
out, texe is the same for both the serial and parallel cases, as the parallel
simulation is the equivalent of K replicas of the serial simulation. Therefore,
ηws is simply:

ηws =
1

1 + (c0/ntexe)(log K)b

=
1

1 + a(log K)b
(4.36)

in agreement with recent works published in the literature [181, 135]. Of
course, for K = 1 (serial case), ηws = 1/WS = 1, which is the ideal limit
for weak scalability.

4.6 Conclusions

In summary, we have developed a novel parallel kinetic Monte Carlo
algorithm that promises to access time and length scales as-of-yet unex-
plored in kMC simulations. Our algorithm is based on a perfectly-synchronous
parallel decomposition of the master equation, to which it provides an ex-
act solution for the case of independent walkers. The correct simulation
of interacting systems is contingent on the rigorous treatment of boundary
conflicts, which we will address in future publications. Regardless, in the
limiting case of large problems (large number of particles, many PE’s), our
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algorithm provides fairly accurate solutions for interacting systems. The ef-
ficiency of the method is dependant on the characteristics of the problem at
hand and the optimization facilities of the decomposition chosen. We have
shown the validity and performance of our algorithm in a few well under-
stood diffusion problems, with reasonable scaling and excellent agreement
between our computational results and analytical and serial cases. Due to
its trivial implementation in parallel architectures, our algorithm suggests
itself as a practical alternative to other previously published parallel meth-
ods.
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Chapter 5

SYNCHRONOUS PARALLEL
KINETIC MONTE CARLO
FOR DISCRETE SYSTEMS:
ISING MODEL

5.1 Introduction

Lattice models are a big industry within statistical mechanics. These
models have a variable at each site of a regular grid, and a Hamiltonian or
evolution law for these variables. Critical phenomena and phase transi-
tions, lattice quantum chromodynamics and quantum field theories, quan-
tum magnetism and models for high-temperature superconductors, phase
diagram for alloys, the behavior of systems with dirt or disorder, and non-
equilibrium systems exhibiting avalanches and crackling noise all make im-
portant use of lattice models [178]. The Ising model has been applied among
many to magnetism, binary alloys, and the liquid-gas transition. The Ising
model is the most extensively studied lattice model in physics. The Ising
model has a lattice of N sites i with a single, two-state degree of freedom si

on each site that may take values ±1. The Hamiltonian for the Ising model
is:

H = −
∑

i,j

Jsisj − H
∑

i

si (5.1)

Here the sum i, j is over all pairs of nearest-neighbir sites, and J is the
coupling between these neighboring sites.
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5.1.1 Magnetism

The Ising model was originally used to describe magnets. Hence the
degree of freedom si on each site is normally called a spin, H is called the
external field, and the sum M =

∑

i si is term the magnetization.
The energy of two neighboring spins −Jsisj is -J if the spins are parallel,
and +J if they are antiparallel. Thus if J > 0 (the usual case) the model
favor parallel spins; we say that the interaction is ferromagnetic. At low
temperatures, the spins will organize themselves to either mostly point up
or mostly point down, forming a ferromagnetic phase. If J < 0 we call the
interaction antiferromagnetic; the spins will tend to align (for our square
lattice) in a checkerboard antiferromagnetic phase at low temperatures.
At high temperatures, independent of the sigh of J, we expect entropy
to dominate; the spins will fluctuate wildly in a paramagnetic phase and
the magnetization per spin m(T ) = M(T )/N is zero. The Ising model
parameters are rescaled from the microscopic ones. The Ising sping si = ±1
represents twice the z-component of a spin-1/2 atom in a crystal, σz

i = si/2.
The Ising interaction between spins, Jsisj = 4Jσz

i σ
z
j , is thus shifted by a

factor of four from the z − z coupling between spins. The coupling of the
spin to the external magnetic field is microscopically gµBH · σz

i , where g is
the gyromagnetic ratio for the spin (close to two for the electron) and µB =
e~/2me is the Bohr magneton. Hence the Ising external field is rescaled
from the physical one by gµB/2. Finally, the interaction between spins in
most materials is not so anisotropic as to only involve the z-component of
the spin; it is usually better approximated by the dot product σi · σj =
σx

i σx
j + σy

i σ
y
j + σz

i σ
z
j , used in the more realistic Heisenberg model.

5.1.2 Binary Alloys

The Ising model is quite a convincing model for binary alloys. Imag-
ing a square lattice of atoms, which can be either of type A or B. We set
the spin values A = +1 and B = −1. Let the number of the two kind of
atoms be NA and NB, with NA+NB = N , let the interaction energies (bond
strengths) between two neighboring atoms be EAA, NBB and NAB, and let
the total number of nearest-neighbor bonds of the three possible types be
NAA, NBB and NAB. Then the Hamiltonian for our binary alloy is

Hbinary = −EAANAA − EBBNBB − EABNAB (5.2)

Since each site interacts only with its nearest neighbors, this must be the
Ising model in disguise. Indeed, one finds J = 1

4
(EAA + EBB − 2EAB) and
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H = EAA − EBB .
To make this a quatitative model, one must include atomic relaxation ef-
fects. We must also incorporate thermal position fluctuations into the
Hamiltonian, making it a free energy. More elaborate Ising models are
commonly used to compute realistic phase diagrams for alloys. Sometimes,
though, the interactions introduced by relaxations and thermal fluctuations
have important long range pieces, which can lead to qualitative changes in
the behavior, for example, they can change the transition from continuous
to abrupt.

5.1.3 Markov Chains

Monte Carlo methods in general are examples of Markov chains.
Markov chains provide the mathematical language for studying random
walks and other random evolution laws in discrete and continuum systems.
We will consider Markov chains with a finite set of states α, through which
the system evolves in a discrete seres of steps n. There are analogues of
Markov chains which have an infinite number of states, and/or are contin-
uous in time and/or space. The probabilities of moving to different new
states in a Markov chain depend only on the current state. In general,
systems which lack memory of their history are called Markovian. Let the
probabilities of being in various states α at step n be arranged in a vector
−→ρα(n). Then the rates Pβα for moving from α to β form a matrix, which
when applied to the probability vector −→ρα takes it to one time to the next.
In general, we want to undestand the probability of finding different states
after long times. Under what circumstances will an algorithm, define by our
matrix P , take our system into thermal equilibrium? To sudy this we need
to understand some properties of the transition matrix P , its eigenvalues
and its eigenvectors. Pβα in general must have the following properties

• Time evolution. The probability vector at step n + 1 is

−→ρ (n + 1) = P · −→ρ (n) (5.3)

• Positivity. The matrix elements are probabilities so

0 ≤ Pβα ≤ 1 (5.4)

• Conservation of probability. The state α must go somewhere
∑

β

Pβα = 1 (5.5)
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• Not Symmetric!. Typically Pβα 6= Pαβ

P will have eigenvalues and for each distinct eigenvalue there will be at least
one right eigenvector: P · −→ρ λ = λ−→ρ λ

and one left eigenvector: −→σ λT · P = λ−→σ λT

However, for degenerate eigenvalues there may not be multiple eigenvectors,
and the left and right eigenvectors usually will not be equal to one another.
For the particular case of our transition matrix P , we can go further. If our
Markov chain reaches an equilibrium states −→ρ ∗ at long times, that state
must be unchanged under the time evolution P . That is, P · −→ρ ∗ = −→ρ ∗ and
thus the equilibrium probability density is a right eigenvector with eigen-
value one. We can show that our Markov chain transition matrix P has
such a right eigenvector.
Theorem The matrix P has at least one right eigenvector −→ρ ∗ with eigen-
value one.
Proof P has a left eigenvector −→σ ∗ with eigenvalue one, the vector all of
whose components are one, −→σ ∗T = (1, 1, ..., 1):

(−→σ ∗T · P )α =
∑

β

σ∗
βPβα =

∑

β

Pβα = 1 = σ∗
β (5.6)

Hence P must have an eigenvalue equal to one, and hence it must also
have a right eigenvector with eigenvalue one. We can also show that all the
other eigenvalues have right eigenvectors that sum to zero, since P conserves
probability.
Theorem Any right eigenvector −→ρ λ with eigenvalur λ different from one
must have components that sum to zero.
Proof −→ρ λ is a right eigenvector, P · −→ρ λ = λ−→ρ λ. Hence

λ
∑

β

−→ρ λ
β =

∑

β

(λ−→ρ λ
β) =

∑

β

(

∑

α

Pβα
−→ρ λ

α

)

=
∑

α

(

∑

β

Pβα

)

−→ρ λ
α =

∑

α

−→ρ λ
α

(5.7)
This implies that either λ = 1 or

∑

α
−→ρ λ

α = 0.
Markov chains can have more than one stationary probability distribution.
They can have transient states, which the system eventually leaves, never
to return. They can also have cycles. which are probability distributions
which like a clock 1 → 2 → ... → 12 → 1 → ..., shift through a finite
number of distinct classes of states before returning to the original one. All
of these are obstacles in our quest for finding the equilibrium states in sta-
tistical mechanics. We can bypass all of them by studying ergodic Markov
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chains. A finite-state Markov chain is ergodic if it does not have cycles and
it is irreducible, that is, one can get from every state α to every other state
β in a finite sequence of moves
Theorem (Perron-Frobenius) Let A be a matrix with all non-negative
elements such that An has all positive elements. Then A has a positive
eigenvalue λ0, of multiplicity one, whose corresponding right and left eigen-
vectors have all positive components. Furthermore any other eigenvalue of
A must be smaller, |λ| < λ0. An ergodic Markov chain will take any initial
probability distribution −→ρ (0) and converge to equilibrium. A Markov chain
satisfies detailed balance if there is some probability distribution −→ρ ∗ such
that Pαβ

−→ρ ∗
β = Pβα

−→ρ ∗
α for each state α and β. Detailed balance allows us

to find a complete set of right eigenvectors for our matrix P .
Theorem (main theorem) A discrete dynamical system with a finite
number of states can be guaranteed to converge to an equilibrium distribu-
tion −→ρ ∗ if the computer algorithm is

• Markovian (has no memory)

• ergodic (can reach everywhere and is acycle), and

• satisfies detailed balance

Proof Let P be the transition matrix for our algorithm. Since the algorithm
satisfies detailed balance, P has a complete set of eigenvectors −→ρ λ. Since our
algorithm is ergodic there is only one right eigenvector −→ρ 1 with eigenvalue
one, which we can choose to be the stationary distribution −→ρ ∗; all the
other eigenvalues |λ| < 1. Decompose the initial condition −→ρ (0) = a1

−→ρ ∗ +
∑

|λ|<1
aλ
−→ρ λ. Then

−→ρ (n) = P · −→ρ (n − 1) = P n · −→ρ (0) = a1
−→ρ ∗ +

∑

|λ|<1

aλλ
n−→ρ λ (5.8)

Since the finite sum in this equation decays to zero, the density converges
to a1

−→ρ ∗. This implies both that a1 = 1 and that our system converges to
−→ρ ∗ as n → ∞.

5.2 Parallel kMC algorithm for lattice sys-

tems

The algorithm proposed in this paper is a slight modification of the
one described in reference [132] more suitable for lattice systems, sketched
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in the following points:

1. The whole domain is divided following a spatial decomposition and
each subdomain is assigned to different processors.

2. A frequency line is constructed for each Ωk as the aggregate of the
individual rates, rik, of all the objects located within each subdomain:

Rk =

nk
∑

i

rik

where nk and Rk are, respectively, the number of objects and the total
rate in each subdomain k. Here Rtot =

∑K
k Rk and N =

∑K
k nk.

3. We choose the maximum rate, Rmax as:

Rmax = max
k=1,...K

{Rk}

4. We assign a null event with rate rk0 to each frequency line in each
subdomain k such that:

rk0 = Rmax − Rk

where, in general, the rk0 will all be different. From this, it follows
that:

∃ Ωα, α ∈ {k}, | Rα ≡ Rmax ⇒ rα0 = 0,

where there is no possibility of null events.

5. In each Ωk an event to be carried out is sampled with probability pik =
rik/Rmax, including null events chosen with pk0 = rk0/Rmax. For this
step, we must ensure that independent sequences of random numbers
be produced for each K, using an appropriate parallel random number
generator.

6. As in standard BKL, a time increment is sampled from an exponential
distribution:

δtp = − ln ξ

Rmax

where ξ ∈ (0, 1) is a suitable random number. Here, by virtue of Pois-
son statistics, δtp becomes the global time step for all of the parallel
processes.
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As it is shown in the previous chapter this algorithm solves the mas-
ter equation exactly for non-interacting particles. In the specific case of the
Ising Model we are able to solve boundary conflicts rigourosly based on a
sublattice decomposition as the one described in [181, 182], for example,
in which each subdomain is further divided into sublattices, and then one
color is assigned to every of them so that two sublattices of the same color
are not close neighbors. With this further subdivision we ensure that no
boundary conflict is ever going to take place. The result of this coloring is
shown in figure 5.1. For this model we have chosen that each subdomain

Figure 5.1: Coloring of the sublattices in order to avoid boundary conflicts

was divided into the same number of sublattices and the same number of
colors. In principle there is no need to do so, but by doing it we ensure that
every processor is working about the same, obtaining a better load balance.
To choose Rmax we have now two options:

1. We can pick one color at a time following the algorithm described
in reference [75], so we have a combination of the serial and parallel
algorithms.
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2. We propose a slight modification of the algorithm above by choosing
a full permutation of colors per cycle, so every color is visited each
cycle. As we will see, this algorithm might introduce a larger spatial
correlation than the original one, although the number of random
numbers used is reduced, being the implementation faster.

The latter algorithm as described above could have problems of asyncronic-
ity due to the fact that one modification in one sublattice could modify
the frequency line in a neighboring one so that in the latter the Rmax is
overpassed, driving us out of synchronicity. In order to avoid this kind of
problem, for the specifique case of the Ising model we have a set of different
choises, all of them based on the a priori knowledge of an upperbound for
Rmax:

1. There is an analitycal expression for the maximum rate we may have
among the sublattices so we can calculate it only once and forever
as a preprocessing value, therefore avoiding the global communica-
tion needed in the previous description. This theoretical maximum is
calculated as follows:

∆Emax = −2|J |N i
max − 2|H| (5.9)

where ∆Emax is the maximum energy increment when changing one
spin, and N i

max is the number of neighbors of the spin chosen. This
gives us the maximum theoretical rate among domains as:

Rmax =
1

τ
Smax

[

exp(−∆E/kT )

1 + exp(−∆E/kT )

]

(5.10)

where Smax is the maximum number of spins among the sublattices
and τ is the characteristic time scale for discrete events.

2. As another option we could add to the maximum Rmax the maxi-
mum possible change in the frequency line, as we know the number of
neighboring sublattices and the maximum rate a modification in one
sublattice can exert in a neighboring one. With this option we are
not avoiding the global comunication but we are reducing the amount
of null events included in each frequency line. A balance between
the utilization ratio (as described in [132] UR = 1 − 1

KRmax

∑

k rk0)
and the parallel comunication must be achieved in order to obtain the
maximum efficiency.
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3. The last thing we could do is to try to perform a self-learning calcula-
tion in which we could start using the maximum theoretical Rmax and
collect information about the total rate aggregate in each sublattice
and then use this information to reduce the number of null events we
have to use therefore increasing the efficiency of the calculation. It is
not clear for the authors if this last choise can be implemented using
MPI. What is easly doable is to set a fixed number of cycles to update
the Rmax so that we are increasing the efficiency as the simulation
runs. In this case we have to keep memory of the last configuration
of the previous cycle in case the Rmax is overpassed during a cycle.

In summary, one simulation cycle goes as follows:

1. A random permutation is chosen, showing the sequence of sublattice
colors to be followed.

2. Within the sublattice picked, same color for every processor, an event
is chosen to change independently in each subdomain. This possible
events include, of course, the null events. If one of these is chosen
nothing happens in the sublattice.

3. Update the rates in the neighboring sublattices bearing in mind that
Rmax cannot be overpassed.

4. Do this following the different sublattices pointed out by the random
permutation.

5. Update the time as described above.

6. Update Rmax if needed.

7. Pick up a new random permutation and start the cycle again.

The only point we have to add to the described algorithm is the fact that
a random permutation of colors is chosen at the beginning of each cycle,
the same in each subdomain, in order to avoid boundary conflicts. Besides
that, we have to choose an Rmax depending on the problem at hand and
parallel comunication factors.
As it is shown above, the flexibility gained using null events is enormous,
being able to reduce the time step at will in order to avoid boundary conflicts
while retaining synchronicity at every step. This algorithm solves the same
master equation as in the serial case rigorously. We are not aware of any
other manuscript where it is shown the rigorous solution for the master
equation using an algorithm suitable for parallelization.
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5.3 Validation

To validate the algorithm we have study the error incurred in as we
increment the number of boxes, in other words, when we reduce the number
of objects per box. We have studied the cases of having 64 spins in the whole
sample and we have divided it up to 64 boxes, having the 1 spin per box. We
have done the same for 512, 4096 and 32768 spins, subdividing the sample
always up to 64 boxes, therefore incrementing the number of objects per
box. We have compared, as well, both of the algorithms described above,
meaning the one in which one color is selected per cycle and the one in
which the full permutation is selected in a cycle, and the algorithm where
no sublattice is used and boundary conflicts are not handled in any special
way. Besides that we have varied J between 1 and −1. The maximum
number of colors used for these calculations have been eight, meaning that
the cases with sublattice and less than eight boxes are exact [75], beacuse
things are not moved at the same time so every box is trully independent.
Using eight colors we make sure that any boundary conflict will be avoided
being the minimum number of colors for this to happen, moving then as
many things at the same time as possible.

As it is easily shown in the figures the error decreases as the number
of particles increases due to the fact that the spatial correlation diminishes
for the cases with sublattices, and the probability if having a boundary con-
flicts goes down for the case where no sublattice is used. For the cases of 64
spins we readily see that the algorithm with the best approach is the one
with sublattice and in which one color is picked each cycle, without permu-
tation, followed by the one with sublattice and with a whole permutation
per cycle, and the greater error is for the algorithm without sublattice. In
every case,but the one particle per box without sublattice, we see that the
results converge in time to the serial one, and they converge as well de-
creasing the number of boxes. As we increase the number of particles of
the sample the results get closer and closer, decreasing the error. For the
512 spin case the best approach is again the one with sublattice and a color
per cycle, followed by the sublattice with the whole permutation per cycle
and the approach without sublattice. In this case, the number of particles
per box for 64 boxes is as few as 8. It is worth noting that this algorithm
is thought for large systems and that even if the algorith were exact for
this many particles, the efficiency would be very poor and no need for it is
required.

For the case of a system with 4096 spins, subdivided up to 64 boxes,
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we cannot appreciate any deviation of the results beyond hte standard de-
viation bars of the serial case when a sublattice with a color per cycle is
used, leading us to think that this algorithm could be consider as exact as
the serial case for the conditions studied with as few particles per box as
64. Again, the algorithm has not been thought for this kind of systems
with this few particles inside. For the case with sublattice and the whole
permutation per cycle we still see a slight deviation for the 64 boxes case.

5.4 Performance Analysis

We have studied the weak scaling as described in section 4.4 of the
previous chapter. In this case we have compared the results given by each
one of the algorithms described above setting the size of a processor to 32768
spins in each domain, subdivided into 64 boxes, what makes a 512 spins per
box. As we showed in section 5.3, that gives for every algorithm the results
within the standard deviation of the serial BKL algorithm. Following the
plot we see that the better the scaling the worst the approximation. We
have obtained an almost perfect scaling for the algorithm without sublat-
tice, while both of the models with color sublattices degrade their scaling
progressively while improving the approximation. Depending on the prob-
lem at hand the user will have to choose between accuracy or better scaling
for an implementation as it is now.

5.5 Conclusions

• We have developed a new kinetic Monte Carlo algorithm suitable for
parallel implementations and applicable to discrete systems.

• The better approximation to the serial BKL is given by the algorithm
with sublattice and picking a color per cycle, the following one is the
algorithm with sublattice and a color permutation per cycle and the
worst approach is the one where no sublattice is used.

• For more than 64 particles per box the results of any algorithm are
within the standard deviation of the serial case.

• Scaling for the algorithm without sublattice results almost the ideal.
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Figure 5.2: Energy evolution of an Ising system with 64 spins using up to 64 boxes with
a maximum of 8 different colors. Figure 5.2(a) shows the evolution using the algorithm
without permutation and J = 1. Figure 5.2(b) shows the evolution using the algorithm
with permutation and J = 1. Figure 5.2(c) shows the evolution using the algorithm
without sublattice and J = 1. Figure 5.2(d) shows the evolution using the algorithm
without permutation and J = −1. Figure 5.2(e) shows the evolution using the algorithm
with permutation and J = −1. And figure 5.2(f) shows the evolution using the algorithm

without sublattice and J = −1.

92



5.5. CONCLUSIONS

-30

-15

 0

 15

 30

 1e-06  1e-05  0.0001  0.001  0.01  0.1  1

M
ag

ne
tiz

at
io

n

time[s]

1B
2B
4B
8B

16B
32B
64B

(a)

-30

-15

 0

 15

 30

 1e-06  1e-05  0.0001  0.001  0.01  0.1  1

M
ag

ne
tiz

at
io

n

time[s]

1B
2B
4B
8B

16B
32B
64B

(b)

-30

-15

 0

 15

 30

 1e-06  1e-05  0.0001  0.001  0.01  0.1  1

M
ag

ne
tiz

at
io

n

time[s]

1B
2B
4B
8B

16B
32B
64B

(c)

-10

-5

 0

 5

 1e-06  1e-05  0.0001  0.001  0.01  0.1  1

M
ag

ne
tiz

at
io

n

time[s]

1B
2B
4B
8B

16B
32B
64B

(d)

-10

-5

 0

 5

 1e-06  1e-05  0.0001  0.001  0.01  0.1  1

M
ag

ne
tiz

at
io

n

time[s]

1B
2B
4B
8B

16B
32B
64B

(e)

-5

 0

 5

 1e-06  1e-05  0.0001  0.001  0.01  0.1  1

M
ag

ne
tiz

at
io

n

time[s]

1B
2B
4B
8B

16B
32B
64B

(f)

Figure 5.3: Evolution of the magnetization for an Ising system with 64 spins using up
to 64 boxes with a maximum of 8 different colors. Figure 5.3(a) shows the evolution using
the algorithm without permutation and J = 1. Figure 5.3(b) shows the evolution using
the algorithm with permutation and J = 1. Figure 5.3(c) shows the evolution using the
algorithm without sublattice and J = 1. Figure 5.3(d) shows the evolution using the
algorithm without permutation and J = −1. Figure 5.3(e) shows the evolution using the
algorithm with permutation and J = −1. And figure 5.3(f) shows the evolution using

the algorithm without sublattice and J = 1.
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Figure 5.4: Energy evolution of an Ising system with 512 spins using up to 64 boxes with
a maximum of 8 different colors. Figure 5.4(a) shows the evolution using the algorithm
without permutation and J = 1. Figure 5.4(b) shows the evolution using the algorithm
with permutation and J = 1. Figure 5.4(c) shows the evolution using the algorithm
without sublattice and J = 1. Figure 5.4(d) shows the evolution using the algorithm
without permutation and J = −1. Figure 5.4(e) shows the evolution using the algorithm
with permutation and J = −1. And figure 5.4(f) shows the evolution using the algorithm

without sublattice and J = 1.
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Figure 5.5: Evolution of the magnetization for an Ising system with 512 spins using
up to 64 boxes with a maximum of 8 different colors. Figure 5.5(a) shows the evolution
using the algorithm without permutation and J = 1. Figure 5.5(b) shows the evolution
using the algorithm with permutation and J = 1. Figure 5.5(c) shows the evolution using
the algorithm without sublattice and J = 1. Figure 5.5(d) shows the evolution using the
algorithm without permutation and J = −1. Figure 5.5(e) shows the evolution using the
algorithm with permutation and J = −1. And figure 5.5(f) shows the evolution using

the algorithm without sublattice and J = 1.
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Figure 5.6: Energy evolution of an Ising system with 4096 spins using up to 64 boxes
with a maximum of 8 different colors. Figure 5.6(a) shows the evolution using the
algorithm without permutation and J = 1. Figure 5.6(b) shows the evolution using
the algorithm with permutation and J = 1. Figure 5.6(c) shows the evolution using the
algorithm without sublattice and J = 1. Figure 5.6(d) shows the evolution using the
algorithm without permutation and J = −1. Figure 5.6(e) shows the evolution using the
algorithm with permutation and J = −1.And figure 5.6(f) shows the evolution using the

algorithm without sublattice and J = 1.
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Figure 5.7: Evolution of the magnetization for an Ising system with 4096 spins using
up to 64 boxes with a maximum of 8 different colors. Figure 5.7(a) shows the evolution
using the algorithm without permutation and J = 1. Figure 5.7(b) shows the evolution
using the algorithm with permutation and J = 1. Figure 5.7(c) shows the evolution using
the algorithm without sublattice and J = 1. Figure 5.7(d) shows the evolution using the
algorithm without permutation and J = −1. Figure 5.7(e) shows the evolution using the
algorithm with permutation and J = −1. And figure 5.7(f) shows the evolution using

the algorithm without sublattice and J = 1.
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Figure 5.8: Energy evolution of an Ising system with 32768 spins using up to 64
boxes with a maximum of 8 different colors. Figure 5.8(a) shows the evolution using
the algorithm without permutation and J = 1. Figure 5.8(b) shows the evolution using
the algorithm with permutation and J = 1. Figure 5.8(c) shows the evolution using the
algorithm without permutation and J = −1. And figure 5.8(d) shows the evolution using

the algorithm with permutation and J = −1.
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Figure 5.9: Evolution of the magnetization for an Ising system with 32768 spins using
up to 64 boxes with a maximum of 8 different colors. Figure 5.9(a) shows the evolution
using the algorithm without permutation and J = 1. Figure 5.9(b) shows the evolution
using the algorithm with permutation and J = 1. Figure 5.9(c) shows the evolution using
the algorithm without permutation and J = −1. And figure 5.9(d) shows the evolution

using the algorithm with permutation and J = −1.
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Figure 5.10: Weak scaling of the different pkMC algorithms for discrete systems up to
64 processors for 32768 spins and 64 boxes per processor
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Chapter 6

ATOMISTICALLY-
INFORMED DISLOCATION
DYNAMICS IN FCC
CRYSTALS

6.1 Introduction

Crystal plasticity in deformed materials is governed by the collec-
tive behavior of large ensembles of dislocations. Although continuum laws
based on effective dislocation densities can be formulated to describe the
macroscopic material response under a variety of loading conditions, dislo-
cation motion and interactions are heterogeneous phenomena that display
an intricate dependence on the underlying microstructure. As described in
the Introduction, microstructure evolution depends on the followed path.
Anyhow, the details of these interactions, which are often important in
many scenarios, are lost in continuum models based on average dislocation
densities. In this sense, atomistic methods have been profusely utilized in
recent times to study isolated dislocation interaction mechanisms. However,
they suffer from space and time scale limitations and therefore fail to prop-
erly capture the long-range character of dislocation stress fields, let alone
the statistical nature of crystal plasticity. Alternatively, Dislocation Dy-
namics (DD) is a direct approach that attempts to simulate the aggregate
behavior of large dislocation ensembles at the mesoscale by decomposing
dislocation lines of arbitrary curvature and character into piecewise seg-
ments [107, 44, 108, 223, 174, 66, 224, 27, 32]. Nevertheless, the number of
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segments, N , can get quite large (∼106 to 108) for meaningful simulations
and the computation of long-range forces is an O(N2) problem that can be-
come computationally intensive for large systems. For an excellent review
on these and more aspects of DD see [225] and references therein.

The application of DD to model one aspect or another of crystal plas-
ticity in fcc metals in 3D started in the early 90’s with the pioneering work of
Kubin and collaborators [107]. However, it has not been until recently that
detailed studies involving complex geometries and relatively large disloca-
tion densities have been undertaken [204, 180, 184, 51, 45, 109, 58, 179, 46].
Most of these works focus on mapping the strength of dislocation junctions
as a function of the reacting geometry, in a clear attempt to capture the
elementary mechanisms attendant to forest hardening in stage II of fcc de-
formation. Nevertheless, with the notable exception of the work by [180]
and [184], and the 2D studies by [76] and [137, 138], we are not aware of any
work in the literature where the extended nature of dislocations in fcc mate-
rials has been explicitly taken into account1. However, important details of
dislocation junction formation may be overlooked by using models that ne-
glect dislocation dissociation in fcc crystals. In addition, several aspects of
dislocation cross-slip, relevant to stage III plasticity, which are non-trivial in
fcc metals, may not be properly described using traditional cross-slip mod-
els. Furthermore, the theoretical framework of most dislocation dynamics
tools is based on isotropic linear elasticity, which ignores core effects despite
the fact that it has recently been shown that they govern important aspects
of dislocation processes [207, 92], and that the core cut-off radius is not a
universal parameter and may affect the calculation of dislocation energies
[117, 120]. Another important reason to consider partial dislocation reac-
tions is the study of irradiation defects, such as stacking fault tetrahedra
(SFT), and their interactions with dislocations. Often, defects created in
far-from-equilibrium conditions in fcc systems (e.g. irradiation, quenching,
etc.) will not generally be expressible in terms of perfect dislocations, which
precludes the use of DD techniques that do not contain this level of detail.

For the reasons outlined above, in this work we set out to provide
a dislocation dynamics methodology that accounts for perfect dislocation
dissociation and incorporates atomistic information regarding core sizes and
energies. Our methodology hinges on a novel non-singular linear elasticity
formulation, whose free parameters are fitted to carefully-designed atomistic
simulations. In the following we describe the existing DD framework upon

1Although the implementation of simple stacking fault dislocation models in 2D dates
back to Duesbery and co-workers [48, 49]
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which we build our methodology, Section 6.2, we present the new theoretical
developments incorporated in DD to treat dislocation partials, and explain
the atomistics-based fitting procedure; next, in Section 7.3, we apply our
method to several well-studied plastic phenomena in fcc metals, including
dislocation junctions, cross-slip, and the formation of SFTs, and discuss the
results; finally, in Section 6.4 we present our conclusions.

6.2 Methodology

This section comprises four main parts. First, we give a brief overview
of the mean features of the existing DD methodology. Second, we show the
theoretical developments leading to new conservation rules for the introduc-
tion of partial dislocations. We then propose a new algorithm for treating
complex multinodes, which are bound to appear when partial dislocations
are present. Finally, we fit the adjustable parameters of our DD methodol-
ogy to results of Shockley partial equilibrium spacings obtained with Molec-
ular Statics (MS), which here acts as our first-principles technique.

6.2.1 Underlying dislocation dynamics model

Non-singular continuum theory of dislocations

The linear elastic formulation used in our DD method is the non-
singular theory derived by [33]. The singularity intrinsic to the classical
continuum theory is removed in this formulation by spreading the Burgers
vector isotropically about every point on the dislocation line using a spread-
ing function characterized by a single parameter a, the so-called core width.
A particular form of the spreading function chosen in this formulation leads
to simple analytic formulations for the stress produced by straight disloca-
tion segments, the segment self- and interaction energies, and the forces on
the segments. For any value a > 0, the total energy and the stress remain
finite everywhere and, what is more, the well-known singular expressions are
recovered for a = 0. Additionally, the formulation is self-consistent in the
sense that the expressions for the force obtained by direct differentiation
of the non-singular energy and by recurring to the Peach-Köhler formula
are identical. The value of a partitions the energy of a dislocation between
its elastic (long-range) and core (short-range) contributions. a ought to be
chosen so as to make this partition as faithful to the atomistic description
as necessary. For example, below we match the atomistic and continuum
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energies of a given dislocation configuration to obtain a general value for
our simulations. In this fashion, we can then compute core energies and
include core effects during dislocation reactions, an issue largely ignored to
date in DD simulations. However, in principle the value of a depends upon
the Burgers vector and the character of a dislocation [120], something that
is not taken into account in the present formulation (there is no analytical
theory at present that deals with this shortcoming). In any case, the gen-
eral solution for a single a still has a clear connection to more fundamental,
atomistic models of dislocations, as we shall show below.

Brief overview of ParaDiS

ParaDiS, and its companion serial version DDLab, are the fruits of a
sustained effort at Lawrence Livermore National Laboratory to develop a
massively-parallel three-dimensional DD methodology specifically designed
for investigating the collective behavior of large numbers of dislocations
[28, 5]. The dislocation ensemble is replaced by a network of nodes with
the appropriate connectivity, which act as pointwise limits of each of the
discretized segments. Each segment carries a unit of ’vector current’ or
Burgers vector, which denotes the direction and magnitude of the displace-
ment accumulated as the dislocation moves. Each segment is assigned a line
tangent, given by the unit vector connecting the two segment nodes. The
nodes move in response to the local stress tensor as dictated by the mo-
bility law, which essentially translates the local force exerted on each node
into the corresponding nodal velocities. In addition to moving the nodes,
ParaDiS evolves the network topology to reflect the physics of dislocation
motion and collisions in real crystals. Handling the evolving topology of
moving and intersecting lines is a daunting bookkeeping task, especially in
a parallel implementation. It is therefore highly desirable to keep the logical
complexity of the topological switches to a minimum. Presently, ParaDiS
relies on two basic operations: i) insertion of new nodes, and, ii), merg-
ing two nodes into one. Even though topological changes consume only a
small fraction of the computing time, the associated logic and bookkeeping
constitute upwards of 50% of the ParaDiS source code.

6.2.2 Implementation of partial dislocations

From a topological point of view, the dissociation of a (perfect) dis-
location can be achieved by using a simple node-splitting scheme. Splitting

106



6.2. METHODOLOGY

highly connected dislocation nodes is one of the most commonly-used topo-
logical changes in discrete dislocation dynamics methods. However, the ex-
plicit introduction of partial dislocations in an fcc-DD model presents two
main difficulties which are not generally encountered in the modeling of bcc
or other systems. First, dislocation dissociation is governed by Frank’s rule,
which is an energy criterion that relies solely on the crystal’s geometry and
the stacking fault energy. However, the direct consideration of the system
energetics is generally not a structural part of discrete DD models, where
forces are calculated directly from the applied stresses through the well-
known Peach-Köhler formula. Thus, one must resort to splitting criteria
based on power dissipation, which can be calculated without the explicit
knowledge of the system energetics. In our model, the energy per unit time
dissipated by the forces acting on a specific dislocation node ni is calculated
as Ẇi = Fivi, where Fi and vi are the total force and the velocity acting on
node i. The power dissipation criterion states that a new state S ′ will be
preferred over the current state S if and only if ∆Ẇ > Ẇ ′ − λẆ , where
λ > 1 is an adjustable parameter that reflects the inertial resistance of a
dislocation node to change its current state. In other words, splitting will
spontaneously occur only if more energy per unit time is dissipated by un-
dergoing the topological change than by remaining in the (biased) present
state. Here we have taken a conservative value of λ = 1.01 for all our
dislocation simulations.

Secondly, the treatment of partial dislocations in fcc metals intro-
duces the need to account for stacking faults, characterized by the stacking
fault energy, γ. Although stacking faults are inherent to all partial dislo-
cations, for clarity we derive all expressions for Shockley partials, and then
provide suitable generalizations for the rest.

γ dictates the equilibrium separation distance between adjoining
Shockley partials by balancing the elastic repulsion with the increase in
system energy due to the stacking fault area. In a force method such as
DD we need to express this interaction in terms of the appropriate force
FSF . To derive an expression for FSF we consider the configuration shown
in Figure 6.1, with two Shockley partial dislocation segments of arbitrary
curvature separated by a distance (stacking fault width) of (r2 − r1). FSF

for each segment is then:

ESF = γA
FSF1 = −∂ESF

∂r1
ur1 = γθr1ur1 = γℓ1ur1

FSF2 = −∂ESF

∂r2
ur2 = −γθr2ur2 = −γℓ2ur2

(6.1)
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where A is the area enclosed between the two dislocation segments (see
Figure 6.1). This means that the force per unit dislocation length, fSF ,
as we can see, is constant regardless of the partial separation distance, i.e.

FSF1/ℓ1 = FSF2/ℓ2 = fSF = γ.

Figure 6.1: Illustration of the general configuration used to derive FSF . The hatched
area represents the stacking fault ribbon enclosed between the two partials (thick seg-

ments).

However, contrary to the example shown in Figure 6.1, in our simula-
tions there is no explicit labeling of leading and trailing partials and, thus,
the area enclosed between them is not defined. Hence, one complication
remains, that is, to ensure that the force due to the stacking fault always
point towards the other partial, i.e., as equations 6.1 show, the stacking
fault force must be self-contained. In addition, the force due to the stacking
fault must act on the plane where the stacking fault is defined ({111}-type
planes in fcc metals). Thus, fSF must be locally orthogonal to both the
line tangent ξ and the slip plane normal n. Also, as discussed above, fSF

must be directly proportional to γ. The expression that compounds these
requirements is:

fSF = ξ × γn (6.2)

To ensure fSF = γ, both n and ξ must be unit vectors. This fixes n =
〈

1√
3

1√
3

1√
3

〉

for Shockley partial dislocations. Below we will show that the

magnitude of γn is dislocation dependent, and need not be a unit vector,
nor does it need to correspond to a given slip plane in particular. Therefore,
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we hereon assign a new quantity, γn, to each dislocation segment such that
it is now unequivocally defined by its Burgers vector b, its local line tangent
ξ and its plane normal n weighted with the stacking fault energy γ.

Stacking faults are two-dimensional crystal defects that have a spe-
cific energy (per unit area). This means that, analogous to dislocation
lines themselves, they cannot have an infinite extension and thus must end
at the physical boundaries of the system (free surfaces, grain boundaries,
etc.) or at a dislocation. Much like the conservation of the Burgers vec-
tor along a dislocation line is a requisite to satisfy the axiom of continuity,
the vector γn must be conserved along dislocation lines acting as physical
limits of stacking fault surfaces. This conservation condition is most conve-
niently cast at the nodal level as

∑

i γni = 0. In other words, as Figure 6.2
shows, the value of γn must be transferred along the dislocation line when a
dissociation occurs. Naturally, for perfect dislocations resulting from com-
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Figure 6.2: Schematic diagram of the continuity rules applied to dislocation dissocia-
tion. The figure shows a perfect dislocation dissociating into two Shockley partials on a

{111} plane. For the configuration shown: γn1 = −γn2, γnt = 0

plementary Shockley partials γn = 0. This is consistent with the known
fact that perfect dislocations are not physical boundaries of stacking fault
surfaces.
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Therefore, at any given dislocation node two rules must now be sat-
isfied:

∑

i bi = 0
∑

i γni = 0
(6.3)

These rules provide a useful check for topological self-consistency during DD
simulations involving multiple partial dislocations, and suffice to describe
all dislocation reactions and dissociations in fcc systems.

In practice, the most convenient initialization of a dislocation en-
semble for plasticity simulations is to start with perfect dislocations (b =
1

2
〈110〉,n = 0), and let dissociations occur naturally according to eqs. 6.3.

Although attempts to model the force due to stacking faults have been pub-
lished recently [180, 76, 137, 42], we believe that our algorithm provides a
level of generality not achieved in previous works.

6.2.3 Topological changes relevant to partial disloca-

tions

Cross-slip

As noted earlier, in fcc crystals cross-slip is a non-trivial process
that involves dislocation reactions. [87], [153], and [35], among others, have
published comprehensive reviews covering the theoretical and experimental
aspects of cross-slip in fcc metals. Among the many proposed mechanisms
for cross-slip, two of them, namely the Friedel-Escaig [56] and the Fleischer
[59] models, stand out as the ones that have best withstood the test of ex-
perimental [185, 18, 34, 19] and atomistic [50, 156, 157, 158, 203] validation.
In real crystals, both mechanisms can coexist simultaneously, and the rel-
ative likelihood of either one occurring is only determined by the intrinsic
physical properties of the crystal and the external loading conditions. For
consistency with the current experimental and theoretical understanding
regarding cross-slip processes, we have developed an algorithm compati-
ble with the implementation of partial dislocations explained in Section
6.2.2 that includes both the Friedel-Escaig and the Fleischer mechanisms of
close-packed cross-slip. A similar approach has been implemented by [210]
in their study of image effects in thin Cu films using parametric dislocation
dynamics.

Therefore, our model allows dislocations to cross-slip by either mech-
anism, depending only upon the local nodal conditions, i.e. with no a priori

110



6.2. METHODOLOGY

assumption of what the cross-slip pathway should be. Both the Friedel-
Escaig and the Fleischer mechanisms have been implemented as follows:

• Friedel-Escaig: At any given time, a node belonging to a perfect dis-
location whose line tangent is locally parallel to the 〈110〉 direction
of its Burgers vector may split on any {111} plane that contains it as
long as it increases the rate of dissipated energy.

• Fleischer: At any given time, a node belonging to a Shockley partial
dislocation may be split into an immobile stair-rod node at the point
of splitting plus a Shockley node on the cross-slip plane.

These nodal splittings are consistent with eq. 6.3 so that the new nodes
are assigned the correct γn and b vectors. The new configuration is then
accepted or rejected on the basis of the power dissipation criterion.

It is worth stressing that the advantage of this procedure is that
both of these mechanisms, together with the partial dislocation splitting
explained in Section 6.2.2 operate simultaneously on every node at every
time step and no assumptions are made as to which one should be favored. It
is the applied stress, the configuration’s geometry and the elastic parameters
that determine, by way of the power dissipation criterion, which process
should occur.

Topological changes in multinodes

The above splitting procedure works very efficiently for nodes with
single connectivity, i.e. for non-branching dislocation segments, but it is
not sufficient to describe all possible dislocation configurations with more
complex geometries. For nodes with multiple connectivity, the so-called
physical nodes or junctions, a modified splitting algorithm must be used
in order to allow for the topological changes associated with nodes where
several dislocation segments converge. On top of the multinode splitting
scheme existing in ParaDiS, which, in general, does not preserve the original
node connectivity, we have developed a new algorithm to explore additional
partial dislocation core transitions. Particularly, we are interested in a
procedure that permits cross-slip of physical nodes.

This splitting algorithm must now ensure that the connectivity is
maintained, and that the junction, as a physical entity, is not altered by any
topological transformations. The optimum way to do this is to insert two
nodes in two of the converging segments. How and where are these nodes
inserted will depend on the specifics of the system under study. In our case,
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we must particularize this algorithm for fcc systems introducing appropriate
geometric constraints consistent with dislocation theory. Specifically, if two
of the segments arriving at a multinode, S1 and S2, are non-degenerate
〈110〉 directions of the same {111} plane, defined by the product (ξ1 × ξ2),
then nodes are inserted if the following condition holds:
(b1 × ξ1) 6= (ξ1 × ξ2) and (b2 × ξ2) 6= (ξ1 × ξ2)
The new nodes are inserted on each one of the involved segments at a
distance da from the original multinode (as for simple node splitting) and
the connectivity of the newly-inserted nodes is then increased by linking
them to one another, thereby effectively ’bypassing’ the original multinode.
Next, b’s and γn’s are assigned to the new nodes taking into account their
local environment so as to conform with the continuity rules 6.3. Finally,
all possible configurations are compared against each other and the final
choice (which may very well include the starting configuration) is made on
the basis of our power dissipation criterion.

The procedure is schematically outlined in Figure 6.3, where we have
chosen a tetranode as example. Note that this mechanism acts in addition
to —not instead of— the topological changes described in Sections 6.2.2
and 6.2.3.

6.2.4 Model parametrization

In order to parameterize our DD methodology, we have performed a
series of MS simulations of perfect screw dislocation dissociation to measure
the Shockley partial equilibrium separation. Subsequently, we have bench-
marked our calibrated model against atomistic and analytical equilibrium
spacing results at zero stress as a function of dislocation character. We have
chosen Cu as our model fcc system, due to the extensive literature available
regarding its plastic properties. We use material parameters derived from
the interatomic potential used in the MS calculations, which corresponds
to the Cu potential labeled ’EAM1’ by [136]. The values for the lattice
parameter, the intrinsic stacking fault energy, and the shear modulus are,
respectively, a0 = 3.615 Å, γ = 2.77 × 10−3 eV·Å−2, and, after rotating
the canonical shear modulus of 76.2 GPa to the particular geometry used
in the MS simulations (this is done to incorporate the lattice anisotropy in
a simple way: see Appendix ??), µ = 63.2 GPa. For self-consistency with
the elastic constants reported by Mishin et al. we have used a Poisson’s
ratio of 0.305, which gives the correct value for the bulk modulus for the µ
employed here.

112



6.2. METHODOLOGY

n3

4n

1n0n

n2n

δ

γα

γα

δ
B

B

(a)

n3

4n

1n

0n

n2n

α

γα

γα

δ

B

B n6

n5

Bδ
δγ

(b)

γB

Figure 6.3: (a) Schematic representation of a physical node (tetranode) resulting from
the intersection of a δB Shockley partial and a γα stair-rod dislocation. (b) Splitting
mechanism of the multinode, where two new nodes, n5 and n6, have been inserted and
connected, and the connectivities and Burgers vectors of segments n0n1 and n0n2 have
been updated to reflect the new topological state of the multinode. The Burgers vector
directions and line tangents shown in the figures are not intended to define the character

of the dislocations, and are simply for labeling purposes.
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Shockley partial equilibrium separation distance

For the MS calculations we use a Parrinello-Rahman, conjugate-
gradient algorithm with convergent image summations [31]. A perfect 1

2
[11̄0]

screw dislocation was introduced in the MS computational box and allowed
to relax for a given level of Escaig stress. The Escaig stress tensor is defined
as that which produces a force only upon the edge components of the Shock-
ley partials. Once the equilibrium configuration is attained, we calculate
the separation distance by measuring the spacing between the dislocation
cores of the resulting pair of partials. The cores have been identified by
plotting the atomic disregistry along the edge and screw directions, namely
[11̄0] and [112̄], on the dislocation glide plane at each stress. Figure 6.4
shows the screw and edge components of the atomic disregistry at zero and
2000 MPa, where constriction is seen to occur. At zero stress, we measure a
Shockley partial dislocation spacing of 2.0087 nm, in good agreement with
the 1.85 nm calculated from Escaig’s model [56], and in reasonable agree-
ment with atomistic results of 1.52 nm by [50], and 1.77 nm by [80] using
core fields. Other values obtained via analytical models show some dis-
crepancy, however, such as the 0.97 nm calculated by [50] using anisotropic
linear elasticity.

As the applied Escaig stress is increased, the partial dislocation spac-
ing decreases in discrete steps commensurate with the [112̄] interplanar dis-
tance down to full constriction. Figure 6.4b shows the atomic disregistry for
the dislocation configuration at 2000 MPa. The discontinuity in the screw
component profile can be clearly appreciated, indicating the disappearance
of most of the stacking fault ribbon. The edge component curve displays
an offset close to the center of the box, which is a sign that, in reality, the
dislocation is not fully constricted and some splitting is retained. Neverthe-
less, this is too small to produce an identifiable stacking fault, and, for all
practical purposes, the dislocation can be considered fully constricted. The
slope in the curve for the edge component simply represents the background
homogeneous shear deformation resulting from the applied Escaig stress.

Following this procedure to measure separation distances, we have
explored the constriction stress range from zero up to 2500 MPa. At stresses
> 2500 MPa, the dislocation is seen to spontaneously dissociate on a dif-
ferent {111} plane, i.e. akin to a Friedel-Escaig transition. The results are
shown in Figure 6.5. Clearly, between 2000 and 2500 MPa, the equilibrium
separation distance lies on the same plateau, corresponding to one interpla-
nar distance (∼0.54 nm). In other words, we take constriction to occur at
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σE = 2000 MPa based both on the core disregistry criterion explained in
the above paragraph, as well as on the fact that the minimum separation
distance attained before spontaneous dissociation on a different {111} plane
is first reached at that stress. We have also performed calculations applying
a negative Escaig stress that tends to separate the partial dislocations. In
DD, which lacks the energetics that ensures a finite stacking fault ribbon in
between the two Shockleys, when the separation forces created by the ap-
plied stress surpass the value prescribed by fSF , we have unbound runaway
partials. We have observed this to occur at approximately −500 MPa.

We now possess all the information needed to calculate the value of
a that provides the best fit to the MS data. The observations that emanate
from the MS calculations can be summarized as follows:

• We have established the stress range over which the dislocation is split
into (−500 < σE < 2500 MPa). partials

• The equilibrium (zero stress) separation distance is 2.0087 nm.

• Constriction is taken to occur at 2000 MPa.

Figure 6.5 shows three DD linear elastic curves for three different trial values
of a. Clearly, the curve corresponding to a = 1.75b (where b is the modu-
lus of the Burgers vector of the perfect dislocation) is found to provide the
best fit to the MS data, and hereon we set a = 1.75b = 0.447 nm for all
subsequent calculations. Though the agreement between both approaches
is remarkable, the comparison between the two curves is burdened by limi-
tations coming from both sides. For example, the assumption of isotropy in
DD ignores the crystal orientation of the relevant slip systems in fcc met-
als. For its part, despite using methods for minimizing image interactions,
the use of periodic boundaries in MS causes artifacts that may affect the
equilibrium configurations of the simulated structures.

Friction coefficients and core energies

Next, we turn to the calculation of the friction coefficients attendant
to the mobility functions. In the present DD implementation, the mobility
function, M, is a second-order tensor that maps the nodal forces obtained
from the applied stress onto the corresponding nodal velocities:

f = Mv
M = B

(

(m × ξ) ⊗ (m × ξ)
) (6.4)
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Here, only the glide contribution of M is considered —the glide direction
is given by (m × ξ), where m is a unit vector representing the glide plane
normal (e.g., for Shockleys, m = n

‖n‖)—. The parameter B is a friction
coefficient that is constant in the low-velocity regime that is of interest in
the present calculations. A simple model for B takes the form:

B = Bs cos2 θ + Be sin2 θ (6.5)

where θ is the angle between the dislocation line and the Burgers vector and
Bs and Be are the friction coefficients for the perfect screw and edge dis-
locations respectively. Following the procedure described by [129], we have
carried out large scale three-dimensional molecular dynamics simulations to
calculate the values of the respective friction coefficients. For this potential,
we have obtained Bs = 9.82× 10−6 and Be = 2.31× 10−6 Pa·s respectively.

The final ingredient extracted from MS calculations to be used in
our DD simulations is the dislocation core (inelastic) energy for a fixed core
width of a = 1.75b for all possible partial dislocations considered. In our
model, the force on node i associated with the spatial derivatives of the core
energy, ǫ, of the system is Fc

i =
∑

j f c
ij , where f c

ij is simply taken as [?]:

f c
ij = ǫ(bij) ξij (6.6)

In other words, the force f c
ij can be considered as the part of the core force on

node i attributable to its connection to node j. We use the procedure out-
lined by [119], coupled with the non-singular elastic formulation described
in Section 6.2.1, to calculate the elastic energy of a dislocation dipole and
subtract the value of ǫ. Table 6.1 shows all the relevant core energies for
both a = 1.75b and, for academic interest, a = bp, where bp is the Burgers
vector of the corresponding partial dislocation. The partition of the total
MS energy between elastic and core energies has been done on the basis of
a parameter, a, which is of course non unique. As well, in general, each
dislocation type need not have the same a as considered here. What this
means is that the set of core energies given here is chosen to fit certain
properties of our choosing and that the numbers given in Table 6.1 are as
good a representation of core energies as any other.

6.3 Results

As discussed above, our methodology includes a panoply of topologi-
cal transformations for each dislocation node that reflects the special charac-
ter of the fcc lattice. At any given instant, depending on the local geometry
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Table 6.1: Partial dislocation core energies for core widths, a of 1.75b and bp as cal-
culated with MS simulations for Cu. Burgers vector moduli are given in Å, while core
energies are given in units of eV·b−1. The core configurations were obtained following
the procedure of [119] with the modification for the perfect dislocation outlined in [25].

Dislocation type bp bp ǫ(1.75b) ǫ(bp)
Shockley partial 1

6
〈112〉 1.476 0.317 0.189

Stair-rod 1

6
〈110〉 0.852 0.193 0.062

Hirth partial 1

3
〈001〉 1.205 1.451 1.085

Frank partial 1

3
〈111〉 2.088 1.835 1.450

Perfect dislocation 1

2
〈110〉 2.557 0.530 0.236

and stress conditions, topology changes are accepted or rejected on the ba-
sis of the maximum power dissipation criterion explained in Section 6.2.2.
This criterion determines which transformations will occur but it does not
provide precise quantitative information, such as partial dislocation separa-
tion distance, critical stresses for cross-slip or strength of junctions. Below,
we perform quantitative predictions relevant to fcc metals with the fully
parameterized method. Specifically, we will focus on the calculation of the
strength of dislocation junctions, the formation of stacking-fault tetrahedra
(SFT) and the mapping of the cross-slip space for a single screw disloca-
tion. Our goal is to show that, after fitting to simple (MS) systems, our
parameterized dislocation dynamics model effectively captures the behavior
of more complex systems.

6.3.1 Simple validation test: Calculation of the sepa-
ration distance as a function of dislocation char-
acter

We start by performing a simple validation test, namely the cal-
culation of the equilibrium spacing as a function of stress and dislocation
character. Our intention is to benchmark our results against existing atom-
istic data at zero stress, and to calculate the critical constriction stress in
each case. For the latter calculation, the critical stress is taken to be that
at which constriction is attained, i.e. when the non-singular stress barrier
is surpassed. Results are shown in Figure 6.6, where we have considered
perfect screw and edge dislocations as well as 30◦ and 60◦ mixed dislo-
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cations. We can see that the agreement of our curves with the available
atomistic data (from [80]) at zero Escaig stress is quite reasonable. The
critical constriction stresses for the perfect screw, 30◦, 60◦ and perfect edge
dislocations are, respectively, 2000, 1900, 1700 and 1500 MPa. Approxi-
mately, the critical constriction stress varies linearly with the dislocation
character.

6.3.2 Strength of dislocation locks

In the absence of significant lattice resistance, the main impediment
to dislocation glide in pure fcc materials are forest interactions, i.e. inter-
sections of mobile dislocations with dislocations lying on other slip systems.
There are a large number of potentially important intersections mechanisms
but here we focus on the reactions between attractive extended dislocations
that form strong barriers to the motion of other dislocations. The strength
of these barriers is important to estimate the strength coefficient matrix,
αij in Taylor’s equation for hardening:

τij = µb
√

αijρj (6.7)

where τij is the critical resolved shear strength (C.R.S.S.) in slip system i,
µ and b, as above, are the shear modulus and the Burgers vector’s magni-
tude and ρj is the dislocation density in slip system j. Essentially, eq. 7.3
relates the strength in slip system i due to dislocations in slip system j. To
obtain the total C.R.S.S. in slip system i, one simply adds all the different
contributions from all the other slip systems. By virtue of symmetry, the
number of independent αij among the 12 mutually interacting slip systems
in fcc crystals reduces to only six. However, two of them involve weak elas-
tic interactions between dislocations gliding on parallel slip planes [9, 124],
and here we only consider those interactions that result in strong locks,
namely the Lomer-Cottrell locks, the glissile junctions, co-linear junctions
and Hirth locks [83, 62].

There have been several works on dislocation junctions in fcc metals
both using dislocation dynamics and atomistic simulations. For example,
[226] investigated the formation of perpendicular extended dislocations us-
ing large-scale molecular dynamics simulations and found it to be a com-
plex process involving zipping, bowing and unzipping, leading to the for-
mation of a unit jog. On the other hand, [180] and [164] have studied the
strength of the Lomer-Cottrell junction in Al using more coarsened meth-
ods (dislocation dynamics and the Quasicontinuum method respectively)
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and found relatively good agreement with atomistic and continuum cal-
culations. These and other works [184, 51, 45, 109, 58, 179] have mostly
focused on the Lomer-Cottrell lock, as this has traditionally been thought
of as the strongest of all attractive junctions. Recently, [124] have proposed
that the junction governing the hardening in fcc crystals is that resulting
from interactions between dislocations with co-linear Burgers vector glid-
ing on intersecting planes. Their argument is sustained on the fact that,
based on the computed magnitude of the hardening coefficient α, co-linear
interactions contribute the most to the total hardening in eq. 7.3. [46] have
further refined and confirmed Madec’s calculations in a recent publication.

Here we study each attractive reaction and we investigate the min-
imum stress required to break them once they are formed spontaneously.
In principle, all the details of each dislocation reaction are contained in
the corresponding yield curve as a function of the interaction angle (for
example [180, 184, 51]). Strength yield curves are typically obtained as
the loci of the pairs of primary, τ1, and forest, τ2, stresses that produce
junction dissolution. We are intent on exploring these fcc junctions with
our newly developed methodology in an attempt to establish whether core
energetics —via the line stiffness model— and partial dislocation reactions
provide any additional insights beyond the classical, purely elastic treat-
ment utilized to date in the literature. To this end, we have only computed
the three points that define the positive quadrant of the yield curve —i.e.

(τ1,τ2=0), (τ1=0,τ2) and (τ1=τ2)—, our main aim simply being to demon-
strate the numerical capabilities of our method. Except where noted, all
reactions have been simulated for parallel dislocation segments with 205-nm
long segments. The equilibrium configurations for each reaction are shown
schematically in Figure 6.7.

Lomer-Cottrell junction

The Lomer-Cottrell lock appears when two perfect dislocations of the
same {111} zone occur gliding on different planes. The two leading partials
are attracted to one another and react along the 〈110〉 line of intersection
between the two planes to form a pure-edge 1

6
〈110〉 stair-rod partial disloca-

tion. Both the elastic self-energy and the core energy of a stair-rod disloca-
tion are relatively low (see Table 6.1) which makes this reaction very stable
and the lock quite strong. Here, we have studied Lomer-Cottrell junctions
with geometries involving a pair of perfect dislocations with b1 = 1

2
[1̄10] and

b2 = 1

2
[101], gliding respectively on (111) and (11̄1̄) planes. In Thompson’s
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notation this corresponds to a AB(d)+DA(b) reaction.
For the geometry considered, with relatively long line segments (>

200 nm) lying parallel to one another, the two trailing partials collapse onto
the stair-rod dislocation to form a perfect 1

2
〈110〉 Lomer dislocation, capable

of gliding on {001}-type planes (see Figure 6.7). This is a real effect, since
when we fix γ = 0 in our simulations, this collapse does not occur. Indeed,
we have simulated an infinite Lomer dislocation using molecular statics and
it is stable. Nevertheless, as we shall see below, this phenomenon is quite
sensitive to the initial reaction geometry.

Another important aspect to consider is the two types of configu-
rations that are geometrically possible, namely the case where the angle
between the two intersecting planes is acute and the case when it is obtuse.
The formation of an obtuse Lomer-Cottrell junction entails having extrinsic
stacking faults [84, 193, 20], which are considerably higher in energy than
intrinsic ones, such as those found for an acute lock (84.5 vs. 44.4 mJ·m−2,
according to our interatomic potential). The main implication of this is
that obtuse configurations can be considered practically forbidden for our
purposes, a fact supported by our own atomistic simulations of junction
formation and cross-slip. The outcome is precisely that, although geomet-
rically plausible, the energy cost incurred when creating an extrinsic fault
in our Cu model is far too high for these transitions to be allowed. This
observation is supported by [20]’s linear elastic analysis of Lomer-Cottrell
junctions reconciled with experimental observations.

Having established these constraints, we now turn to the calculation
of the lock strength. As the geometry in Figure 6.7 suggests, in principle,
the yield curve of the Lomer-Cottrell is symmetric with respect to stresses
applied on the forest and glide planes and thus σ1|σ2=0 = σ2|σ1=0. For
this particular geometry, the stress required to dissolve the junction under
this stress state is rather large, ∼ 2850 MPa (0.0452µ), whereas for the
case of equally stressed planes we obtain σ1 = σ2 = 712.5, or 0.0113µ.
The normalized strength for the (σ1 = σ2) stress point, along with the slip
geometry and the corresponding b and γn reactions are shown in Table 6.2.

Another useful check to validate our methodology is to compare with
the particular geometry chosen in several studies [164, 180, 184], where the
initial dislocation lines form 60◦ with the line of intersection of their respec-
tive glide planes. Figure 6.8 shows the final structure after relaxation, in
good qualitative agreement with mentioned studies. For this 60◦ configu-
ration we obtained a junction length of 7.7 nm, while, for example, [184]
obtained values in the range of 6.6 to 9.0 nm using a variety of methods.
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However, our calculated junction strength is much weaker, of the order of
0.0015µ, which may be related to a material dependence. As the Figure
shows, in this case, the collapse onto a Lomer dislocation does not occur, in
agreement with the Quasicontinuum results by [164], and the elastic analy-
ses by [180] and [184] using dislocation partials.

Hirth lock

The Hirth lock is formed when two perfect dislocations with per-
pendicular Burgers vectors glide on intersecting planes. This reaction re-
sults in a sessile 1

3
〈001〉 Hirth partial dislocation flanked by the two trailing

partials. The Hirth lock is the conjugate of the Lomer-Cottrell in that
only the obtuse configurations will produce an intrinsic fault. Thus, in this
case we need not consider the acute configuration. For these simulations
we have also chosen two perfect dislocations with slip systems 1

2
[1̄10](1̄1̄1)

and 1

2
[1̄1̄0](1̄11̄) (CD(a)+BA(c) in Thompson’s notation). The normalized

junction strengths are given in Table 6.2 for the three points in the positive
quadrant of the yield curve. In the same fashion as the Lomer-Cottrell, the
Hirth lock is symmetric about the bisectrix plane that contains the inter-
section line of the forest and the glide planes (see Figure 6.7). Thus, the
strength of the junction is invariant with respect to which is the activated
plane and equal to 201 MPa or 0.0032µ. On the other hand, the strength for
(σ1 = σ2) is 208 MPa or 0.0033µ. The normalized strength for the (σ1, 0)
stress point along with the slip geometry and the corresponding b and γn
reactions are shown in Table 6.2.

Based on purely elastic considerations, [83] considered this reaction
to be the strongest barrier to dislocation glide in fcc metals. Contrarily,
our calculations show that the strength of this junction is lowest among
all four considered, for the parallel geometry and zipping length of ∼ 205
nm. From the point of view of the reacting geometry, [109] have recently
extended Hirth’s analysis by mapping the dislocation reaction space as a
function of dislocation character. They find that only a very small deviation
from perfectly-parallel reactant segments is allowed for the formation of a
Hirth lock. Nevertheless, they also found the Hirth lock to be the weakest
among all fcc junctions.

Co-planar junction

A co-planar junction —also referred to as ’glissile’ junction—, is
formed when two perfect dislocations lying on different planes react along
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the plane intersection to produce the third perfect dislocation of the {111}
zone whose glide plane normal is b1×b2. The simulated geometry is similar
to the Lomer-Cottrell, except that in this case one of the reacting disloca-
tions, the 1

2
[11̄0], is a perfect screw dislocation on the (111) plane, while

the remaining dislocation is a 1

2
[1̄01̄] lying on a (1̄1̄1) plane. The new dislo-

cation is also perfectly glissile on the (1̄1̄1) plane, which acts as the forest
plane in our simulated geometry. This means that the only stress compo-
nent governing junction dissolution in this case is σ1, as σ2 simply acts as
a glide component on the forest plane. Thus, only those stress combina-
tions for which the applied σ1 can overcome the glide force created by σ2

are relevant for junction strength calculations. Presumably, this will result
in a discontinuous yield curve with a gap at low σ1 stresses. Indeed, we
found that there is no (0, σ2) nor (σ1 = σ2) solution for this lock, as the
new dislocation simply glides on the forest plane and the junction nodes
act as a Frank-Read source. For the (σ1, 0) we obtain a value of 656 MPa
(0.0136µ) to recover the first Shockley partial. This value, along with the
slip geometry and the corresponding b and γn reactions are given in Table
6.2.

Because of its glissile nature on the forest plane, the co-planar junc-
tion is the only non-symmetric one among the four fcc locks studied. The
schematic equilibrium configuration is shown in Figure 6.7, where the (d)
plane is the initial glide plane and (c) is the forest plane.

Co-linear junction

The co-linear junction results from the mutual annihilation of locally-
screw segments of perfect dislocations with opposite Burgers vectors gliding
on different {111} planes. These dislocations attract one another and, when
sufficiently close, may alter the local character of the dislocation line affect-
ing the reaction length. The geometry we have used in this case involves a
BA(d) and a AB(c) dislocations annihilating along their glide plane inter-
section (see Table 6.2 for the numeric expressions). By way of this reaction,
segments of both dislocations become connected on either sides of the anni-
hilated length. If one takes into account the extended nature of dislocations
in the fcc lattice, the reacting dislocations form tetranodes that are ses-
sile on either of the two original planes (although they can glide along the
line). Therefore, these nodes effectively act as pinning points, contributing
to hardening. The dissolution of this lock involves the unzipping of the
virtual junction by glide of the tetranodes along the intersection line. This
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is precisely the dissolution mechanism for the point of the yield curve with
equally activated planes, for which σ1 = σ2 = 898.3 MPa or 0.0142µ (see
Table 6.2 for more details). The behavior is somewhat different when only
one of the planes is activated. In those cases, the tetranodes act partially as
dislocation sources via their activated dislocation segments, which increases
the amount of stress required to break the lock: ∼1740 MPa or 0.0275µ.

6.3.3 Formation of stacking-fault tetrahedra

We now turn to another important aspect of fcc metals, namely
the treatment of Frank partial dislocations and the formation of stacking
fault tetrahedra. The Frank partial is an edge dislocation and since its
Burgers vector is not contained in a close-packed {111} plane it cannot glide
conservatively under the action of an applied stress. Moreover, the Burgers
vector of a Frank partial is not a lattice vector, and therefore a Frank loop
encloses a stacking fault. If the stacking fault energy is sufficiently high, the
Frank loop will be stable, but in low stacking-fault energy metals the loop
must unfault to become stable. Depending on size, a Frank loop can unfault
by one of two mechanisms, namely by a Shockley partial sweeping the habit
plane leaving a perfect dislocation loop in its wake, or by dissociation into
a low-energy stair-rod dislocation and a Shockley partial on an intersecting
{111} plane. As we show below, the latter mechanism is responsible for the
formation of SFTs. Both of these mechanisms are allowed in our simulations
and, again, which one should operate is solely determined on the basis of
the power dissipation criterion.

Due to its higher complexity and interest, here we focus on the
formation of a stacking-fault tetrahedron from a Frank loop in Cu. The
formation of stacking fault tetrahedra from vacancy platelets in quenched
metals and from the collapse of irradiation cascades has been studied in de-
tail, both experimentally [97, 214, 100, 229, 171, 72], and using simulations
[170, 142, 219, 208, 202]. In standard dislocation theory, the formation of
stacking fault tetrahedra from dissociated Frank loops is governed by two
competing elastic processes, namely, the reactions of pairs of Shockley par-
tials into stair rod dislocations along the SFT edges, and the creation of
stacking faults on each of the facets of the {111} tetrahedron (cf. Ref. [84]).
According to this mechanism, known as Silcox-Hirsch [186], the energetic
balance between these two processes determines the equilibrium SFT struc-
ture. We show that this that this mechanism is recovered for < 22-nm
Frank loops in Cu using our DD methodology [131] as in figure 6.9. How-
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ever, for larger sizes, the elastic energy reduction due to reactions of the type
1

6
[11̄2] + 1

6
[1̄21̄] → 1

6
[011] along the tetrahedron edges may not be sufficient

to sustain the increase in stacking fault area, which leads to equilibrium
configurations known as truncated SFTs.

Here we use DD simulations of triangular Frank loops in the 0 to
108.5-nm size range to study the morphology of the resulting SFTs and
establish the critical truncation size. For the purpose of validation, we have
performed a number of molecular dynamics simulations for tetrahedron sizes
of 4.1, 19.9, 22.5 and 25.6 nm. In Figure 6.10 we compare the morphology
of the 25.6-nm SFT, obtained with dislocation dynamics, with the final
structure obtained from atomistic relaxations performed for a triangular
platelet of the same size containing 5058 vacancies. The figure clearly shows
the good agreement between the DD and MD results.

Each side of the original triangle is a Frank segment with Burgers
vector 1

3
[111] (shown in black). Each segment undergoes a dissociation of

the type:
1

3

[111] → 1

6

[110] +
1

6

[112] (6.8)

into a Shockley partial and a stair-rod dislocation. Basically, the Shockley
partials are each glissile on the remaining {111} planes of the Thompson
tetrahedron and react with one another on the edges of it. Although dis-
sociation initially occurs close to the center of the triangle sides, as we can
see, in our case the Shockley partials are more inclined to react among
themselves than to glide along the facets of the tetrahedron, reason why
reactions at the edges occur in advance of glide on the {111} planes. This
means that the edges grow faster than the facets, something commonly as-
sumed to occur inversely. 2 To ensure that this is not an artifact of the
simulation introduced by the line tension effects we look at the node inser-
tion criterion. The initial triangle contains only three nodes, then, as the
dissociation proceeds, more nodes are introduced automatically to maintain
the equilibrium shape of the new partials. Our criterion for the insertion
of nodes can be fine-tuned to achieve a satisfactory line shape but we have
seen little influence of this on the final dynamics. In other words, this ef-
fect appears to be a consequence of the system dynamics, governed by the
stacking fault energy and the power dissipation criterion, and not an ar-
tifact resulting from discrete effects. In fact, these observation has been

2Generally, dislocation theory books depict SFT formation as a process in which
Shockley partial reaction on the edges lags glide on the {111} planes, reason why segments
on the planes appear as bulging out.
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confirmed recently by [218] using molecular dynamics simulations.
The initial dissociation of the Frank loop as written in eq. 6.8 is

governed by eqs. 6.3, whereby new Burgers and γn vectors are assigned
to the product dislocations in eq. 6.8. Otherwise, the process is solely
driven by the power dissipation criterion explained earlier. As a useful
application, we have computed at ≈22 nm the critical size above which the
dissociation of a triangular Frank loop no longer results in the formation of
a full SFT. Instead, we observe the formation of a truncated tetrahedron
with three Shockley partials bounding the truncated portion. The relatively
large stacking fault area prevents the closure of these partials into stair rods
to form the full structure. The first SFT size at which we see truncation is
L = 22.42 nm, with a ratio L′/L = 0.58, where L′ is the truncated edge’s
size. A direct comparison with [84]’s isotropic linear elastic analysis using
the material models in this paper for this L′/L ratio yielded a value of
L ∼ 15.0 nm.

In Figure 6.11 we plot the truncation factor, defined as tSFT =
1− h/h0, as a function of the length h0 of the initial triangular Frank loop.
h is the characteristic length of the truncated dimension (see Figure 6.9).
A value of tSFT = 0 represents a perfect SFT, whereas a value of tSFT = 1
indicates a non-dissociated Frank loop. From the figure, the maximum size
for a perfect SFT in Cu is 22.0 nm. Beyond this value, the tSFT is seen to
grow abruptly, e.g. 60% for h0 = 25.3 nm, before gradually levelling off into
a monotonic function that approaches unity asymptotically. For the largest
simulated SFT size of 108.5 nm, we obtained a truncation factor of 91.7%.
Note that a 108.5-nm SFT corresponds to a triangular platelet containing
64375 vacancies, something for which no MD simulation exists. Two of
the MD data points provided for comparison, 4.1 and 19.9 nm, match the
DD results and fall below the truncation threshold of h < 22.0 nm. For
the 22.5 and 25.6-nm SFTs, both methods give truncated tetrahedra, al-
though, while the agreement between DD and MD for the former structure
is excellent, in the latter case there is a ∼18% disparity in the calculated
truncation factor. This can be rationalized in terms of the different cur-
vatures observed in Figure 6.9, which lead to different equilibrium values
of h. Second-order effects, such as non-linear and/or anisotropic elasticity,
core-core interactions, and periodic image effects, all of them present in the
MD simulations, may also contribute to this discrepancy, although, notably,
the stacking-fault areas enclosed by each SFT facet are very close in both
cases.

125



6.3. RESULTS

6.3.4 Cross-slip

We now turn to the application of our methodology to cross-slip.
Our goal is to map the stress space for which cross-slip occurs at 0K using
the mechanisms outlined in Section 6.2.3. Figure 6.12 shows the geometry
of the cross-slip space of interest. In essence, we are only interested in the
four components of the stress tensor that are relevant for cross-slip, namely
Escaig (E) and glide (G) stress applied independently on the primary (glide)
and secondary (cross-slip) planes [49]:

σE1 = σ̃ : SE1

σG1 = σ̃ : SG1

σE2 = σ̃ : SE2

σG2 = σ̃ : SG2

(6.9)

where the σαi are the resolved stresses of each type (α = E, G) on each plane
(i = 1, 2), σ̃ is the local stress tensor, and the Sαi are projection matrices.

The stress tensor σ̃ is obtained from the linear superposition of the
four relevant components considered in Figure 6.12:

σ̃ = σE1S
′
E1 + σG1S

′
G1 + σE2S

′
E2 + σG2S

′
G2 (6.10)

where the S′
αi are the Schmidt tensors that give the maximum resolved shear

stress of each component on each plane. However, as defined in eq. 6.10,
the four tensors S′

αi will not necessarily be independent of one another and
the application of one isolated component on any one plane may result in a
resolved shear stress on the other. This is not in itself an erroneous propo-
sition, as in reality any combination of stresses, independent or not, that
produces the desired Peach-Köhler forces is valid. However, for simplicity
and mathematical elegance it is best to find a solution for eq. 6.9 that ren-
ders the Sαi tensors independent from one another through a relation with
the Schmidt tensors in eq. 6.10.

The relation between the S′
αi and the Sαi simply follows from the

imposition of orthogonality:

S′
αiSαi = I

S′
αiSβj = 0

(6.11)

In this fashion, we ensure that the σαi are mutually orthogonal and, thus,
can be applied independently.

Now, our intention is to explore the four-dimensional (4D) stress
space defined by the four components in equation 6.9 in order to identify
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the threshold stress hypersurface that marks the transition from glide to
cross-slip. Additionally, we are also interested in determining the pertinent
cross-slip mechanism, as given in Section 6.3.4, under each stress condition.
For simplicity, we study the projections of this 4D stress space on the three-
dimensional subspaces defined by the combinations of Escaig and glide stress
on each plane: i.e. σG1-σE1-σG2, σE1-σG2-σE2, σG1-σG2-σE2 and σG1-σE1-
σE2.

All calculations have been performed for the following geometry:
b = 1

2
[11̄0], n1 = (111) and n2 = (111̄). The length of the initial straight

dislocation was of approximately 75 nm. The value ranges for each of the
stress components considered was determined from geometric stability con-
ditions such as partial dislocation constriction or runaway partials.

Finally, we have calibrated the cross-slip maps from the minimum
glide stress on the secondary plane required to induce cross-slip by a Fleis-
cher mechanism in the absence of any Escaig stress on the primary plane,
(σE1 = 0, σG2 = 2122.6 MPa). This value is closely related to the energy re-
quired to nucleate a stair-rod dislocation in Fleischer’s’ model. Both of these
values have been obtained numerically using specifically-designed atomistic
simulations and provide physically-based input from which to build the
stress maps. In what follows, we make use of this and the parametrization
performed in Section 6.2.4 to construct the surfaces plotted in Figures 6.14
to 6.17. More details about each one of them are given in each corresponding
subsection below.

Glide and Escaig stress on primary plane; Escaig stress on sec-
ondary plane.

The 3D map for this stress combination is plotted in Figure 6.14.
The calculations were performed by relaxing the screw dislocation to the
equilibrium distance dictated by the value of σE1 and then applying pairs
(σG1,σE2) to obtain the surface points. The surface obtained (in color)
represents the locus of the triad σG1-σE1-σE2 above which the dislocation
is seen to cross-slip by a Fleischer mechanism, i.e. no cross-slip occurs
below the colored surface. σE1 ranges from the value for runaway partials
at −0.0079µ to 0.0316µ at which full constriction is attained in the absence
of any other stress components (see Section 6.2.4).

A salient characteristic of this stress subspace is the absence of cross-
slip for negative Escaig stresses on the secondary plane. The reason is that,
with the simulated geometry, only positive values of σE2 will produce acute
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cross-slip. As we showed in Section 6.3.2, obtuse cross-slip is forbidden in
our simulations due to, presumably, the high extrinsic stacking fault energy
in our Cu model. Therefore, a positive or negative value for σE2 must not
be understood strictly in terms of constriction or separation of partials in
this case, but, rather, as giving the direction of the force that produces
cross-slip in the acute or obtuse sense. Because σE2 acts upon both partials
simultaneously and in the same fashion, cross-slip with these components
always produces anti-symmetric structures such as those shown in Figure
6.13. In this sense, the primordial effect of the glide stress on the primary
plane is simply to facilitate or hamper (for small and large values of |σG1|
respectively) the onset of cross-slip in this subspace. Of course, the cross-
slip map is perfectly symmetric with respect to any glide component on
either plane, as in the starting configuration the two Shockley partials can
be considered indistinguishable for all practical purposes.

The shaded boundary plane at σE1 = 0.0316µ shown in the figure
effectively marks the transition from a Fleischer to a Friedel-Escaig cross-slip
mechanism for any non-zero value of the stress components acting on the
secondary plane. However, because the only component on the secondary
plane considered for this subspace is σE2 and, as we showed, this can only
take positive values, in order to have Friedel-Escaig cross-slip it is actually
required that σE2 be positive. In other words, the mathematical condition
that must be satisfied in this stress subspace to have Friedel-Escaig cross-slip
is: (σE1 > 0.0316µ, ∀ σE2).

σE2 shows a parabolic dependence with σE1 with a maximum at a
value of σE1 = 600 MPa (0.0095µ). Presumably, this is the point at which
the elastic force balance between the different dislocations involved is such
that cross-slip is most hindered.

Glide and Escaig stress on primary plane; glide stress on sec-
ondary plane.

As pointed out above, all solutions are symmetric with respect to
either of the two glide stresses. This is clearly illustrated in Figure 6.15,
where both σG1 = 0 and σG2 = 0 are planes of mirror symmetry. In this
case, the surfaces shown in the figure represent the loci σG2 = f(σG1, σE1)
above which cross-slip by a Fleischer mechanism occurs. Of course, by
virtue of symmetry, the mathematical condition for cross-slip can simply
be expressed as |σG2| > f(|σG1|, |σE1|), i.e. cross-slip takes place for stress
triads on or above the red surface or on or below the blue surface.
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Again in these calculations, there exists a maximum (in absolute
value) σE2 at the point where the elastic force balance is most unfavorable
for cross-slip. (σE1 = 0.0095µ) This is a somewhat puzzling observation,
as one would think that the higher energy configurations induced by the
Escaig stress might be relaxed by spreading on the cross-slip plane. How-
ever, we have checked this observation by simulating equivalent dislocation
geometries using molecular dynamics and the atomistic results are consis-
tent with the DD simulations: cross-slip is eased at primary Escaig stresses
below and above ∼ 600 MPa.

As for the previous case, the maximum value of σE1 is that for which
full partial dislocation constriction is attained and, hence, the plane σE1 =
0.0316µ marks the transition from Fleischer to Friedel-Escaig for any non-
zero value of σG2.

Validation of these simulations is an important aspect of this work.
Consequently, for this particular stress space, we have chosen to explore
the quadrant defined by (σE1 = 0, σG1 > 0, σG2 < 0) using MS simulations.
The results appear as light octahedral dots in Figure 6.15. The MS data
are consistently higher (with errors ranging from ∼5% to 17%) than the
dislocation dynamics calculations, signaling the occurrence of cross-slip at
lower stresses. Nevertheless, the trend followed by the atomistic results is
in agreement with that displayed by DD. Although, these results are pre-
liminary, and suffer from the same limitations as those obtained in Section
6.2.4 using MS, they add confidence to our methodology. The inset in Fig-
ure 6.15 shows an edge-on view of a screw dislocation undergoing cross-slip
as obtained in our molecular statics calculations.

Escaig stress on primary plane; glide and Escaig stress on sec-
ondary plane.

The σE1-σG2-σE2 map is plotted in Figure 6.16. In this case, the
curves exhibit only one symmetry plane (σG2 = 0), at which they intersect.
This means that for certain combinations of σE1 and σE2 that satisfy the
relation σE2 > f(σE1)|σG2=0, cross-slip by a Fleischer mechanism always
occurs regardless of the value of σG2.

The same effect observed in Section 6.3.4 regarding Escaig stress on
the secondary plane is also seen here. The sign of σE2 cannot be interpreted
in terms of constriction/separation but rather as assisting in inducing acute
or obtuse cross-slip. For acute cross-slip (the only one possible) to occur
when σE2 < 0, increasing amounts of glide stress on the secondary plane
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must be applied to overcome the obtuse cross-slip tendency created by the
secondary Escaig stress. Consequently, the cross-slip forces on each partial
due to the stress components acting on the secondary plane are additive in
one case and opposing in the other, akin to the mechanism shown in Fig-
ure 6.13. Therefore the mathematical condition for cross-slip by a Fleischer
mechanism is simply: (|σG2| + σE2 > 0, ∀ σE1). Here we also capture the
repulsive effect caused by constricted partials on cross-slipped configura-
tions, i.e. the more we depart from the critical value of σE1 = 0.0095µ, the
lower the value of the glide stress on the secondary plane needed to provoke
cross-slip. As expected from their co-linearity, a linear relationship exists
between σE2 and σG2.

Here too σE1 ranges between −0.0079µ and 0.0316µ, beyond which,
respectively, we have runaway partials and Friedel-Escaig cross-slip. The
mathematical condition required for Friedel-Escaig cross-slip in this case is:
(σE1 > 0.0316µ, ∀ σG2 6= 0).

Glide stress on primary plane; glide and Escaig stress on sec-
ondary plane.

The stress surface corresponding to the σG1-σG2-σE2 map is shown
in Figure 6.17. Here again two planes of symmetry exist, as corresponds
to having both glide components active. With this stress combination, no
cross-slip by a Friedel-Escaig mechanism can ever occur, as, in the absence of
any σE1, the orthogonality conditions 6.11 prevent any constricting stresses
to develop on the primary plane.

In this case, the effect of having Escaig stress on the secondary plane
is also to direct cross-slip in the acute (σE2 > 0) or obtuse (σE2 < 0) senses.
Since obtuse cross-slip is forbidden, a negative σE2 must be overcome by the
secondary glide stress acting in the opposite direction so that acute cross-
slip can occur. That is why the surfaces exhibit an increasing trend for
negative values of the secondary Escaig stress. At (σG1, σE2 = 0), σG2 takes
the calibrated value of 2122.6 MPa (0.034µ). With respect to the σG1-σE2

dependency, similar to the case in Section 6.3.4, there is only a very weak
coupling between these two stress components.

Lastly, the σG2 = f (σG1) relation is of hyperbolic type, such that
for increasingly larger values of |σG1|, |σG2| must be increased to overcome
the inertial resistance of the dislocation to cross-slip. As for the previous
cases where σE2 is present, the cross-slip mechanism in this case is a combi-
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nation of glide and Escaig on each partial, synergistic for one of them and
competing for the other (Figure 6.13).

6.3.5 Discussion

Below we briefly touch upon certain aspects of the methodology pre-
sented here. We have developed a DD model that takes into account the
particular geometry of the lattices where perfect dislocations split into par-
tials. Moreover, we have attempted to fit all the free parameters of the
model (µ, γ, Poisson’s ratio, ν, the dislocation mobility friction coefficients,
B, and the dislocation core width, a, and energies, ǫ) using physically-sound
data, preferably obtained from the atomistic scale. Let the examples pre-
sented in Section 7.3 suffice to highlight the capabilities of the method and
provide simple and consistent validation checks. The central idea of our
work is that a detailed DD methodology fitted to simple systems can be
usefully applied to study complex systems. We have focused our work in
fcc Cu beacuse of the ample literature available for this material.

As regards dislocation locks and forest hardening, the coefficients αij

in equation 7.3 can either be calculated directly —by a number of different
methods—, or can be inferred from plasticity experiments and large-scale
dislocation dynamics simulations. In this sense, our calculations in Section
6.3.2 suggest that, for the conditions chosen in our study (equi-stressed
planes), the co-linear junction is the strongest, followed by the Lomer-
Cottrell, and the Hirth locks. Nevertheless, the strength of a particular
type of lock does not necessarily correlate with its relative importance in
terms of plastic hardening. The appropriate method to establish the true
importance of each junction is to separate their relative contribution to the
total hardening (as measured via equation 7.3) in large-scale DD plasticity
simulations. This has been the approach employed by a number of workers,
most notably [124] and [46], who have come up with self-consistent ways
to differentiate among each fcc lock in their simulations. Their conclusions,
interestingly, confirm the first-order assumption (which also emanates from
our results) that there might be a direct correspondence between junction
strength and their comparative contribution to hardening.

In conventional fcc plasticity, the rate of work hardening in stage
II deformation, θII, is taken to be approximately universal and equal to
∼ µ

300
. These phenomenological models are formulated independently of

the stacking fault energy of the material, or the zipping length over which
the junction occurs, with reasonable agreement with experimental obser-
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vations. What this suggests, indirectly, is that all that is needed to study
stage II hardening are purely elastic models that neglect core effects and/or
dislocation dissociation into partials. Our results, obtained incorporating
core effects, do not disprove this extent, at least with the dislocation core
model implemented here. The only way to shed more light on this issue is
by performing studies of junction formation and dissolution with methods
that resolve the dislocation core explicitly, e.g methods capable of atomistic
resolution.

Another interesting exercise is to further coarsen the different dis-
location locks considered in Section 6.3.2 so that they can be expressed in
terms of 1

2
〈110〉 dislocations. This may be useful in large plasticity sim-

ulations, where the detail of the reactions studied in Section 6.3.2 may
lead to numerically-intensive calculations and poor computational efficiency.
The idea then would be to achieve self-consistency between the junctions
obtained using the detailed partial dislocation model and the simplified
perfect-dislocation approximation. As a preliminary example, we have com-
puted the value of the core energy such that the strength of the Lomer-
Cottrell lock studied in Section 6.3.2 matches the value given in Table 6.2.
We have obtained a value of 4.11 eV·b−1 for these conditions.

Regarding cross-slip, Figs. 6.15 to 6.17 show ’cold’ stress maps, which
provide a simple and effective criterion for cross-slip solely in terms of the
remote stress state. However, in addition to their inherent numerical value,
two important physics findings emanate from these stress maps. Firstly,
we have discovered that there exists a value of constricting Escaig stress
on the primary plane (∼ 600 MPa) for which the dislocation ensemble is
most unfavored to undergo cross-slip. We argue that this is due to the
combination of elastic interactions among the partials involved. More cal-
culations are needed, however, to prove or disprove this extent. Secondly,
our results may narrow down the number of possible pathways for dislo-
cation annihilation in [110]’s recent study on plastic recovery by removing
the plausibility for obtuse cross-slip. As shown in Sections 6.3.2 and 6.3.4,
we have demonstrated both using MS and DD simulations that, at least
for Cu, the energy cost of creating extrinsic faults precludes the formation
of inverse junctions (e.g. obtuse Lomer-Cottrell or acute Hirth locks) and
obtuse cross-slip. However, it is still difficult at this point to identify a di-
rect means to validate our simulations, other than perhaps using atomistic
results where available. In this sense, the comparison performed in Section
6.3.4 using atomistic data represents an encouraging quantitative and qual-
itative validation of our methodology, which makes use only of one stress
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data point as input. Ultimately, however, these stress maps will have to
be incorporated into large-scale DD crystal plasticity simulations and the
results benchmarked against existing experimental databases.

The remaining, and final, issue concerning cross-slip in fcc metals is
to produce a full energy landscape of the cross-slip process as a function
of stress so that thermal effects can be incorporated into the simulations.
This can in principle be achieved by way of atomistic calculations (the
atomistic works referenced in the previous paragraphs are essentially zero-
stress calculations of these energies), although the associated computational
cost can be daunting, or, provided that core energies and radii are properly
accounted for, using numerically-light elastic models in the fashion of [153]
to calculate configuration energies as a function of dislocation position and
character. Once these energy barriers are known, one can use simple kink-
pair/cross-slip models such as that devised by [160] to study temperature
effects on plasticity.

6.4 Conclusions

In summary, we have extended the discrete dislocation dynamics
methodology as developed by [5] and [28] to fcc systems by explicitly con-
sidering all dislocation dissociations and reactions among partials. To this
end, we have derived simple continuity laws that enable the treatment of
stacking faults and partial dislocation nodes. In addition, we have added
appropriate topological rules to account for the specific transformations rel-
evant to fcc slip, e.g., dislocation dissociation, junction formation, cross-slip,
etc. Our dislocation dynamics methodology has been fitted to atomistic re-
sults in Cu, including core energetics, and has withstood the test of several
simple validation checks. We show that, consistent with real crystals, the
sole parameter needed to describe all dislocation dissociations and reactions
is the stacking fault energy.

We have compared the morphology of a SFT depending on the size
of the vacancy platelet using MS and the new DD methodology, obtaining
a very nice agreement between them.

We have obtained the dissolution strengths of the main four disloca-
tion junctions in fcc metals, namely the Lomer-Cottrell, Hirth, co-linear and
co-planar junctions, for the straightforward geometry of perfectly-parallel
initial dislocation segments. We find that, in agreement with the cur-
rent state-of-the-art in DD simulations, the co-linear junction is clearly the
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strongest. A full mapping of the junction strength as a function of the
character of the reacting dislocations will be undertaken in future studies.

We have characterized the four-dimensional cross-slip surface by map-
ping threefold stress subspaces and have extracted simple mathematical
rules to implement the different cross-slip mechanisms considered. Based
on atomistic simulations, our model does not include cross-slip into ob-
tuse planes, as the stress required for this process is significantly larger
than for the acute case. The thermally-activated nature of cross-slip has
not been treated here and our stress surfaces provide a cross-slip map in
zero-temperature equivalent conditions. Future work includes computing
the cross-slip energy landscape as a function of the applied stress so that
thermal effects can be accounted for.
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Figure 6.4: Atomic disregistry in Burgers vector units on the dislocation glide plane for
a perfect 1

2
[11̄0] screw dissociated into partials: (a) at zero stress we measure a distance

of 2.0087 nm, whereas at 2000 MPa (b) full constriction has been attained.
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Figure 6.5: Shockley partial separation distance as a function of Escaig stress for a
screw dislocation. The MS curve has a descending staircase shape, a reflection of the
quantized nature of the separation distance stemming from lattice discreteness. The best
DD fit (obtained for a = 1.75b) is achieved by matching the MS results for the separation
distance at zero stress and the stress at which constriction is attained. For this specific

case, the constriction Escaig stress of 2000 MPa is matched exactly.
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mixed dislocations, and a perfect edge dislocation. All curves have been obtained with
the model as parameterized in Section 6.2.4. Our curves are compared with the data

points obtained by [80] using atomistic simulations.
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Figure 6.7: Schematic representation of each junction geometry in equilibrium as ob-
tained with our methodology. With the notable exception of the co-planar lock, all
junctions are symmetric with respect to the intersection line of the glide and forest
planes (for the parallel initial configuration treated here). Thompson’s notation is used

for clarity.
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Figure 6.8: Equilibrium structure of the Lomer-Cottrell lock for the 60◦ geometry
as obtained with our model. The dashed line represents the intersection between the
two glide planes, whereas the dotted lines give the initial orientation of the reacting

dislocations. The length of the stair-rod segment (in green) is 7.7 nm.
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Table 6.2: Geometry and strength of the Lomer-Cottrell, Hirth and co-planar junctions.
The relative geometries are given in terms of the Thompson tetrahedron. The values for
the strength correspond to the (σ1 = σ2) points of the yield curve (both the glide and the
forest planes equally activated). for the Lomer-Cottrell, Hirth and co-linear junctions.
For the co-planar junction only the (σ1, 0) point is given, as there is no stable (σ1 = σ2)

state in this case (see text). The b and γn reactions are also shown for reference.

Junction type Reactions Strength (µ)

Lomer-Cottrell

(geometry)

b1

1n

n2

b2

0.0113
(b reaction) 1

2
[1̄10] + 1

2
[101] → 1

2
[011]

(γn acute reaction) 1√
3
[1̄1̄1̄] + 1√

3
[11̄1̄] → 1√

3
[02̄2̄]

Hirth

(geometry) b1

1nn2

b2

0.0033
(b reaction) 1

2
[1̄10] + 1

2
[1̄1̄0] → 1

6
[2̄11̄] + 1

6
[2̄1̄1] + 1

3
[1̄00]

(γn obtuse reaction) 1√
3
[1̄1̄1] + 1√

3
[11̄1̄] → 1√

3
[02̄0]

Co-planar

(geometry) b1

1n

n2

b2

0.0136
(b reaction) 1

2
[11̄0] + 1

2
[1̄01̄] → 1

6
[112] + 1

6
[1̄21]

(γn acute reaction) 1√
3
[1̄1̄1̄] + 1√

3
[1̄1̄1] → 1√

3
[2̄2̄0]

Co-linear

(geometry)

b1

1n

n2

b2 0.0142
(b reaction) 1

2
[11̄0] + 1

2
[1̄10] → local annihilation

(γn acute reaction) 1√
3
[1̄1̄1̄] + 1√

3
[1̄1̄1] → 1√

3
[2̄2̄0]
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Figure 6.9: Simulation of the transformation of a 4-nm triangular Frank loop into a
perfect stacking-fault tetrahedron. Dislocation segments are color-coded according to
their Burgers vector: in black are Frank partials, blue are Shockley partials and green

segments are stair-rod dislocations.
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Figure 6.10: Two different views of a 25.6-nm truncated SFT as obtained with DD.
Dislocation segments are color-coded according to their Burgers vector: blue represents
Shockley partials, and green stair-rod dislocations. Two MD snapshots for the same size

SFT are shown for comparison, with very good agreement.
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Figure 6.11: Truncation factor, tSFT , for stacking fault tetrahedra as function of their
size. tSFT is zero, indicating perfect SFTs, up to a size of 22 nm, which can be considered
the size limit for full SFT stability in Cu. After that, the truncation factor grows abruptly
to values of 0.75 at ∼ 40 nm, after which it is seen to vary smoothly up to the largest
simulated SFT size of 108.5 nm (Note: a value of tSFT = 1 indicates a non-dissociated
(‘flat’) triangular Frank loop). Four MD points, at 4.1, 19.9, 22.5, and 25.6 nm, are

included for comparison.
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Figure 6.12: Schematic diagram showing the geometry of the glide (primary) and cross-
slip (secondary) planes with the four relevant components of the stress tensor, namely
Escaig and glide stresses on both planes. Shown schematically on each plane are two
extended screw dislocations. The shaded stripes are the stacking fault ribbons. Shockley

partials are shown in black.
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E1

E2
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Figure 6.13: Schematic view along the dislocation line of the different forces created by
the four orthogonal stresses relevant for cross-slip. The direction of the forces shown for
each Shockley partial correspond to positive values of the stress. As shown in the figure,
in some instances, the stresses produce forces with opposite signs on different partials.
This interplay among different stress components governs the cross-slip mechanisms and

gives the stress maps shown below.
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Figure 6.14: Three-dimensional stress map for the cross-slip of a perfect screw dislo-
cation from the primary to the secondary plane according to Figure 6.12 when Escaig
stress is applied on both planes and glide stress is only applied on the primary plane.
All stresses are normalized to the value of the shear modulus µ. Positive values of σE1

or σE2 indicate constriction stress. Note how σE1 ranges from the value for runaway
partials of −0.0079µ to 0.0316µ at which full constriction is attained (shaded plane).
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Figure 6.15: Three-dimensional stress map for the cross-slip of a perfect screw disloca-
tion from the primary to the secondary plane according to Figure 6.12 when glide stress is
applied on both planes and Escaig stress is only applied on the primary plane. All stresses
are normalized to the value of the shear modulus µ. The shaded plane marks the divide
between cross-slip by Fleischer and Friedel-Escaig mechanisms. The light octahedral
dots are equivalent MS results in the (σE1 = 0, σG1 > 0, σG2 < 0) stress quadrant. The
inset shows an edge-on view of a screw dislocation undergoing cross-slip as obtained with
molecular statics (red atoms are partial dislocations, white atoms belong to a stacking

fault).
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Figure 6.16: Three-dimensional stress map for the cross-slip of a perfect screw dislo-
cation from the primary to the secondary plane according to Figure 6.12 when Escaig
stress is applied on both planes and glide stress is only applied on the cross-slip plane. All
stresses are normalized to the value of the shear modulus µ. The shaded plane indicates

the divide between cross-slip by Fleischer and Friedel-Escaig mechanisms.
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Figure 6.17: Three-dimensional stress map for the cross-slip of a perfect screw disloca-
tion from the primary to the secondary plane according to Figure 6.12 when glide stress
is applied on both planes and Escaig stress is only applied on the cross-slip plane. All

stresses are normalized to the value of the shear modulus µ.
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Chapter 7

A DISLOCATION
DYNAMICS STUDY OF THE
STRENGTH OF STACKING
FAULT TETRAHEDRA TO
DISLOCATION PASSAGE

7.1 Introduction

Energetic-particle irradiation of metallic materials results in microstruc-
tural changes that can lead to mechanical property degradation and failure
[167, 189, 205]. In the low-to-intermediate temperature regime, these char-
acteristic changes typically appear in the form of increases in the yield
stress and a loss of ductility. The yield stress increase is attributed to the
production of a high number density of radiation induced defects, which
may include cavities, interstitial dislocation loops, stacking fault tetrahedra
(SFT), etc. In face-centered cubic (fcc) metals, the most commonly ob-
served irradiation induced defects are glissile interstitial loops, interstitial
Frank loops, and SFTs [188]. Moreover, in low stacking-fault-energy met-
als, a large fraction (∼ 25% in austenitic steels [40, 227], 40 ∼ 90% in Cu
[227, 228, 171]) of the observed defects under neutron and ion irradiation
are SFTs. In Cu, SFTs typically appear in sizes of 2.5±0.5 nm and densities
of the order of 1023 m−3 for experiments conducted at temperatures up to
∼ 250◦C [169, 228, 55, 171]. For its part, the ductility loss is believed to be
related to a reduction in strain hardening capability [30, 77], which, in turn,
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is caused by the softening effect due to dislocation channeling [201, 213].
Indeed, transmission electron microscopy (TEM) observations of irradiated
specimens prior to and following deformation reveal the formation of defect-
free channels, which appear as clear, elongated bands, with very low visible
defect densities [209, 1, 145].

Regardless of the existing microstructure, most experimental irradi-
ation studies reveal homogeneous defect densities, with no appreciable spa-
tial patterning [229]. This means that plastic localization along defect-free
channels must be related to some SFT removal mechanism by dislocations
originating at activated sources. Early models proposed that a single dislo-
cation interacting with a radiation produced defect cluster led to sweeping or
annihilation, producing decreased resistance for subsequent dislocation glide
in a localized region of the material [205]. Dislocation-SFT interactions in-
volve processes that occur on scales of the order of one nm or less, thus only
accessible via state-of-the-art TEM techniques [133, 172, 162, 134] or com-
puter simulations [220, 165, 147, 198, 148, 162, 115]. The majority of these
computational works are molecular dynamics (MD) simulations of edge and
screw dislocations interacting with small (< 5 nm) tetrahedra. However,
although these MD simulations provide detailed atomistic insights into the
interaction mechanisms, the computational cost associated with large-scale
simulations —needed to mitigate image and strain-rate artifacts— precludes
its application to extract information of statistical nature such as strength
laws (critical stresses), effects on plasticity (e.g. hardening), or other quanti-
tative averages. In this sense, dislocation dynamics (DD) suggests itself as a
natural approach for calculating all these magnitudes at relatively low com-
putational cost while treating all dislocation interactions rigorously. The
fundamental assumption to justify the use of DD is that interactions be-
tween SFTs and dislocations are governed by elasticity, which may break
down when SFTs are very small and the interaction dynamics are dominated
by short-range core effects. Several authors have indeed employed disloca-
tion dynamics to study different aspects of irradiation-induced hardening
in Cu [68, 69, 105], but the particulars of the SFT removal mechanisms by
dislocations are not considered explicitly due to the absence of partial dislo-
cation reactions in their methodologies. Several analytical works have been
published in an attempt to remove this limitation, where the elastic field be-
tween a screw dislocation and an SFT is solved for explicitly [195, 81, 82].
The main conclusion extracted from these studies is that SFTs, even for
small sizes, are very stable defects and do not budge under the influence of
stress fields of the order of those produced by dislocations. However, the
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problem is that their analyses rely on rather rigid geometric assumptions
and are quite limited in terms of the number of possible configurations that
can explored.

There have been several recent molecular dynamics (MD) simula-
tions of edge dislocation-SFT interactions in Cu. For example, Osetsky et

al.have reported that the critical resolved shear stress (CRSS) required to
traverse an SFT increases as the glide plane of an edge dislocation gets
closer to the base of the SFT and the temperature decreases [148]. Also,
Wirth et al.have shown that SFTs are neither absorbed nor destroyed, but
sheared, by an edge dislocation [219, 220]. They find that successive dislo-
cation passages can result in further shearing of the tetrahedron, leading to
separation into two pieces about the dislocation glide plane. Lee et al.have
recently performed MD simulations where edge dislocations carry out a rich
reaction-driven interaction with 4.6-nm SFTs, leading to structures similar
to those left by screw dislocations [116]. In contrast, the amount of avail-
able atomistic simulations on mixed dislocations is quite limited [226, 116].
This is primarily due to the difficulties associated with non-orthorhombic
boundary conditions, which complicates the simulations’ set up in terms of
computational box orientation, stress (or strain) application, etc. In any
case, time and length scale limitations, and associated artifacts —strain-
rate effects, image forces, etc.— limit the amount of statistically significant
information that can be extracted from MD studies.

These difficulties are virtually non-existent in DD and the study of
dislocation-SFT interactions as a function of dislocation character is trivial
from a dislocation dynamics point of view. Two aspects need to be kept
in mind to ensure the fidelity of DD simulations for such a study, however,
namely, that the assumption of linear elasticity hold, and that partial dislo-
cations be explicitly considered. We have solved both of these issues in the
previous chapter. In the following we applied the methodology developed
above to study the interaction of one dislocation and a SFT in Cu.

Our simulations are not influenced a priori by observations extracted
from previous MD results. However, there is one physical aspect of the
dislocation-SFT interaction process which appears naturally in MD and
molecular statics (MS) but not in our simulations. This is the fact that
a surface defect such as a stacking fault carries an associated stress field.
Unless they are amenable to representation by dislocation lines explicitly,
these fields cannot be directly modeled using the current DD implementa-
tion, and no closed-form expressions exist for their evaluation. However,
here we make use of a very advantageous property of grain boundary stress
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fields: they generally decay much faster than dislocation fields (∼exp (−r)
vs. ∼1/r [84]). This allows us to simplify their treatment considerably by
assuming that the surface can be modeled by a piecewise Heaviside function
that creates a local stress of zero range. Hence, to close our model, we need
to calculate this critical stress, σSF , required for a dislocation to traverse
a stacking fault. This is done in Section 7.2, where σSF is computed using
MS calculations and expressed in terms of an equivalent force.

7.2 Calculation of the critical stress to tra-

verse a stacking fault

To calculate σSF we set up an fcc crystallite containing 46080 atoms
oriented along the [112̄], [111], and [11̄0] directions. We create an intrinsic
stacking fault by removing one of the (111) planes, and an infinitely-straight
screw BA dislocation dipole at a distance of 2.5 nm from the stacking fault.
The screw dislocations dissociate on a [1̄1̄1] plane, i.e. forming 70.52◦ with
the stacking fault plane. The initial configuration can be seen in Fig. 7.1(a),
with the BA(c) dislocations and the (d) stacking fault. We then apply shear
stress to the computational box so as to make (c) the plane of maximum
resolved shear stress (RSS) while ensuring that no force is resolved on (d).
Our setup is similar to that used in other recent simulations [90]. As shown
in Fig. 7.1(b), the bottom dislocation pole glides away from the stacking
fault, whereas the top one is driven into it. The latter proceeds toward the
fault, but becomes arrested once it reaches it. Upon increasing the RSS,
the dislocation starts constricting until, at 1273.3 MPa, full constriction is
attained (see cross-like structure in Fig. 7.1(b)), and becomes pinned at the
fault. From here, only after the RSS is increased to a value of σSF = 1658.9
MPa is the dislocation able to penetrate the stacking fault and move on
the other side of the crystal (Fig. 7.1(c)). It is worth noting that σSF is
independent of the sign of the applied stress, i.e. the results are the same
regardless of which pole is driven into the stacking fault. The force per
unit length resolved on the (b) plane on a screw dislocation due to σSF is
f ∗ = 9.58 × 10−11 N·b−1, where b is the modulus of the perfect Burgers
vector. Our method to incorporate this information into our model is as
follows. First, we detect when a node has reached a stacking fault; then, we
compute its local force during each time step; if the projection of the nodal
force in the direction orthogonal to the stacking fault surface is greater than
the prescribed value given by f ∗, the node penetrates the fault; else, the
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Figure 7.1: Atomistic configurations of a screw dislocation dipole in the presence of
a stacking fault plane. Shear stress is applied on the dislocation glide plane but not on
the fault plane. (a) Initial configuration visualized using the centro-symmetry deviation
parameter. (b) The top dislocation pole is driven into the stacking fault, leading to its
constriction at 1273.3 MPa. (c) At σSF = 1658.9 MPa the dislocation is able to traverse

the stacking fault.
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node remains at the stacking fault surface.
As a preliminary check, we have performed a simple DD simulation

whereby we apply shear stress incrementally to drive a dissociated screw
dislocation into an 4.7-nm SFT, as shown in Fig. 7.2(a). When the dis-
location nodes of the leading Shockley partial come into contact with the
stacking-fault surface they become pinned (Fig. 7.2(b)), corresponding to
the repulsion of magnitude f ∗ exerted by the facet plus the effect of the
elastic fields stemming from the SFT stair-rods (not present in Fig. 7.1).
This repulsion due to the tetrahedron is greater than the force required for
dislocation constriction, so that when the stress is increased the trailing
partial eventually reacts with the pinned leading partial. This leads to full
constriction across the SFT facet (Fig. 7.2(c)) at an applied stress of approx-
imately 145 MPa. As we shall see, this constricted configuration, locked at
the stacking-fault plane of the SFT can result in several reaction pathways
depending on the reacting geometry and stress conditions. Indeed, supple-

Figure 7.2: Sequence of snapshots from a DD simulation of a dissociated screw dislo-
cation being driven toward an SFT at its mid-height plane face-on. (a) Initial geometry.
(b) Constriction starts at the edge of the facet, in contact with one of the stair-rod dislo-
cations. (c) Full constriction is attained before f∗ is surpassed. Dislocation segments are
colored according to their Burgers vector: Shockley partials in blue, stair-rods in green,

and perfect dislocations in red.

mentary MS simulations taking the constricted state in Fig. 7.1(b) as the
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starting configuration have been carried out with stress also applied on the
fault plane. In such conditions, dislocations are seen to dissociate on the
fault plane (cross-slip), partially removing it by cancellation with their own
intrinsic fault. Thus, cross-slip is indeed an accessible pathway for the con-
stricted dislocation, especially in the presence of the complex tetrahedron
geometry and associated stress fields.

In short, these molecular statics simulations serve as unit input to
our DD method, and allow us to extract two important conclusions:

• The force exerted by a stacking fault on an impinging dissociated screw
dislocation is sufficient to cause constriction at the fault. In other
words, a single Shockley partial cannot traverse a stacking fault on its
own. We have calculated this force from MS to be f ∗ = 9.58 × 10−11

N·b−1.

• Upon constriction at a stacking-fault surface, it is possible for a screw
dislocation to dissociate on it, locally removing it by cancellation with
the dislocation’s own intrinsic fault.

Beyond these results, no other assumptions are made regarding screw dislocation-
SFT interactions in our model, and in the next section we proceed to study
several interesting applications.

7.3 Results

The simplified model presented in Section 6.2 suffices to provide
a satisfactory framework to study dislocation interactions with SFTs. In
this section we study the interaction mechanism between a dislocations
and stacking-fault tetrahedra for several reacting geometries and disloca-
tion characters. Finally, we provide a detailed study of SFT strength as a
function of the distance of the glide plane from the SFT base as a function
of tetrahedron size.

7.3.1 Interaction mechanisms between screw disloca-

tions and SFTs

In the classical picture of Kimura and Maddin screw dislocations
are more effective at annihilating SFTs due to their ability to cross-slip
and remove the stacking faults on each of the tetrahedron’s facets [98].
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Indeed, early TEM observations by Johnson and Hirsch [91] and, more
recently, by Robach et al. [161] and Matsukawa et al. [133] show that screw
dislocations are more efficient than edge dislocations at removing radiation
obstacles. Several recent MD studies are in qualitative agreement with
this observation [161, 165, 147, 149, 115]. However, these atomistic works
differ on the SFT absorption mechanisms, ranging from multiple shearing,
absorption of vacancies into super-jogs and spirals, or transformation of
the defects into others with reduced resistance. In this section we present
results of DD simulations of SFT-screw dislocation interactions in fcc Cu.
We study four different geometries, namely, face-on and edge-on interactions
between a 70-nm-long ±1

2
[11̄0](111) (AB/BA(d)) screw dislocation, and, for

comparison with the MD simulations of Lee et al. [115], a 4.6-nm SFT.
The simulations are performed with stress resolved only on the glide plane,
with dislocation velocities in the 0.1 ∼ 10-m·s−1 range. All simulations are
stress-driven. For simplicity, Thompson’s notation is used to describe all
dislocation reactions. The geometry of the Thompson tetrahedron dictates
the nature of the possible interaction configurations. As it is shown in
Figure 7.3, screw dislocations lend themselves to ’perfect’ face and edge-on
interactions. The same is true for 60◦ mixed dislocations, but edge and 30◦

mixed dislocations are special in that there is only one possible interaction
geometry. Moreover, as we shall see, all interactions can in principle be
reduced to a few basic partial dislocation reactions.

Face-on interaction mechanism

We apply shear stress incrementally on plane (d) to drive a screw
dislocation toward a stacking-fault tetrahedron. For the face-on case, we
immediately reach the state shown in Fig. 7.2(c), i.e. when the leading
Aδ Shockley partial reaches the (c) facet, it stops (fi < f ∗, where i is the
segment index), resulting in a constricted AB dislocation by collapse of
the trailing partial. Following constriction, the perfect AB dislocation now
dissociates on the (c) plane into Aγ and γB. This results in the removal of
the stacking fault area enclosed by the Aγ and γB partials. This process,
illustrated in Fig. 7.4(1), is common to all interaction ‘heights’ but we have
seen that, from that point on, the mechanism proceeds differently depending
on the distance from the base. For distances > 0.23h0, the basal stair-
rod —δγ in this case— is able o exert a sufficiently strong attraction on
the lower partial and trigger a string of reactions, sequentially shown in
Fig. 7.4, which we proceed to describe in detail. In the following, there is a
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Figure 7.3: Geometry of a perfect edge and 30◦ mixed dislocation (looking down onto
the glide plane (d)) with respect to an SFT. In both cases, this geometry only allows
for a single possible orientation. (1) Schematic diagram of the initial configuration. h0

and h are, respectively, the SFT size and the glide plane height (with respect to the SFT
base). (2) Configuration after the dislocation collides and ‘hugs’ the tetrahedron. Both
types of dislocations become a perfect screw on one facet and a 60◦ mixed dislocation on

the other two.
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direct correspondence among the frames shown in the figure and the bullets
describing the mechanism:

(1) As just mentioned, the constricted perfect screw dislocation AB dis-
sociates on the SFT’s (c) facet as an Aγ and a γB Shockley pair. This
dissociation now produces a stacking fault of opposite sign to the ex-
isting one, resulting in the ‘healing’ of the (111̄) facet plane. Thus,
the reactions on (c) are:

AB → Aγ + γB

(2) Pulled by the basal δγ dislocation, the γB Shockley quickly moves
down facet (c), removing the stacking fault in its wake. When it
reaches the base, it reacts with δγ:

γB + δγ → δB

In addition, when it reaches the facet’s edge, it reacts with αγ:

γB + αγ → αB

(3) The αB and δB Shockleys are glissile on (a) and (d) respectively, which
they proceed to sweep.

(4) The left outer arm of the original dissociated AB dislocation curves
around the SFT, collapsing onto itself on face (a) as a perfect BA
dislocation segment1.

It is worth mentioning that, at this stage, Osetsky et al. see an alter-
native mechanism using MD by which the γB partial (curved until it
reverses sign into Bγ) collapses onto the σβ stair-rod, giving rise to a
high-energy Bβ dislocation [149]. This Frank segment is unstable and
quickly dissociates, emitting a perfect dislocation node (e.g. BA or
BD) and leaving a Shockley partial segment behind (Aβ or Dβ). The
new perfect dislocation may dissociate on (c) or (b) forming a super-
jog. In principle, this mechanism is completely plausible within our
methodology, although it does not occur in our case due to the local
stress conditions, which prevent the constriction between Bγ and γβ.

1Due to the curvature, the line sense is actually reversed, resulting in a BA segment,
rather than the original AB
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(5) This constricted segment reacts with the nearby αB Shockley, giving
rise to a αA Frank segment. Reactions on (a):

BA + αB → αA

At the same time, after curving around the defect, the leading partial
reconnects with itself, detaching.

(6) The combination of applied stress and fSF pull originating from the
detached leading partial results in the reconnection of the trailing
partial, downstream of the SFT, freeing the entire screw dislocation
from the defect. The detachment of the δB Shockley leaves a ledge,
which protrudes from the (b) facet and remains as a dissociated AB
segment. The structure and evolution of this ledge might be different
if we had considered finite displacements, i.e. accounting for the shear
(of magnitude bSp) transported by the dislocation (our simulations do
not). In fact, we speculate that this could trigger the dissociation of
αA into αδ and δA. The δA Shockley could in turn sweep the glide
plane back into the existing Aγ to give the remaining stair-rod to
convert the leftover configuration of Fig. 7.4(6) into a smaller SFT
with base on the original glide plane.

It is worth emphasizing that, because shear stress is only applied on the
glide plane, all processes not occurring on (d)-type planes are driven solely
by spontanoeus dislocation reactions. As we have pointed out, the spon-
taneous reactions occurring on plane (c) are suppressed beyond a critical
distance between the initial glide plane and the SFT base. In such cases,
the attractive force between the stair-rod and the Shockley partial dislo-
cations on (c) is not sufficient to pull the two segments together and the
SFT behaves as an impenetrable obstacle, leaving an Orowan loop behind
(cf. Fig. 7.5). For the 4.7-nm Cu SFT, this critical height lies between
0.23h0∼0.31h0, although this value can be controlled by applying stress on
the facet plane. Indeed, we have seen that for a RSS of ≈ 20 MPa on
(c), the critical height ascends to approximately 0.60h0. For the BA dis-
location, the mechanisms observed are simply a mirror image of those just
described and, therefore, this interaction is qualitatively independent of the
Burgers vector orientation (although the stresses may differ, as we shall see
in Section 7.3.4).

Interestingly, under no circumstances was the dislocation seen to be
able to overcome the repulsive force due to the stacking fault, f ∗, which
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Figure 7.4: Sequence of snapshots from a DD simulation illustrating the interaction
mechanism between a screw dislocation and a 4.7-nm SFT face-on. Segments are color-
coded according to their Burgers vector: Shockley partials are blue, stair-rod dislocations
are green, Frank partials black, and perfect dislocations are shown in red. The inset
in frame (1) shows the orientation of the Thompson tetrahedron used for this set of

simulations.
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Figure 7.5: Mechanism of Orowan looping around an SFT as obtained with our DD
simulations. The trailing dislocation is just about to detach, leaving a triangular dislo-
cation loop (in red: perfect Burgeres vector) behind. Upon relaxation, each segment of
the loop may dissociate either on the facet plane or on the glide plane, depending on the

dislocation character relative to the facet orientation.

would lead to shearing of the SFT. Thus, we establish two interaction
regimes, separated by a critical distance from the tetrahedron’s base: (i)
reaction-induced partial SFT removal below it, and, (ii), Orowan looping
above it. These mechanisms are in excellent agreement with the MD results
by Lee et al. [115] and, to a lesser degree, Osetsky et al. [149]. Together with
these works and recent experimental observations by Robach et al. [162],
our results provide sufficient new mechanistic information to effectively su-
persede Kimura and Maddin’s original mechanism of SFT absorption [98].
Furthermore, our results support the assumption that an isotropic elastic
treatment suffices to describe the interaction between a screw dislocation
and a stacking-fault tetrahedron, at least in this SFT size range. This cer-
tainty enables us to now apply the method to more quantitative aspects of
the effect of irradiation on fcc crystal plasticity.

In Figure 7.6 we show the stress displacement curve for the mecha-
nisms shown in Figs. 7.4 and 7.5. Numbered frames in Fig. 7.4 have a direct
correspondence with the numbered labels on the stress-displacement curve
for h = 0.23h0. Horizontal steps indicate rapid dislocation glide, both on
the glide plane —e.g. (5), release of the leading partial, and (6), release of
the trailing partial— as well as on the SFT facets —such as (1), dissociation
of the original dislocation on the (d) facet plane—. These horizontal steps
punctuate regions of rapid stress buildup.
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Figure 7.6: Stress-displacement curves for the two regimes occurring for the face-on
interaction. The blue (upper) curve corresponds to the interaction shown in Fig. 7.4,
where the different snapshots have been labeled correspondingly. The red (lower) curve
is representative of heights where the operating mechanism is Orowan looping. The
displacement is measured on the glide plane and varies from the initial dislocation-SFT
point of contact (0%) to the SFT exit point (100%) plus a certain amount of glide

downstream of the defect.
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Edge-on interaction mechanism

The starting geometry is again an AB(d) perfect dislocation disso-
ciated into two δB (leading) and Aδ (trailing) Shockley partials on a glide
plane situated at a distance 0.23h0 above the SFT base. The mechanism is
described in the following, with direct correspondence among the different
steps and the snapshots shown in Fig. 7.7:

(1) Upon contact with the edge, the leading partial hugs the tetrahe-
dron and forms a ‘V’-shaped segment on the facets (a) and (b) of
the tetrahedron. This stagnates the process until the trailing partial
catches up and produces two locally constricted segments on the said
facets. These constricted segments are now perfect 60◦ mixed AB dis-
locations, and, as such, can only dissociate into a sessile Aα Frank
segment and a αB Shockley partial on the (a) plane, and into a Aβ
and βB on (b). These two dissociations however have different effects
depending on what facet they occur. For example, on plane (b), the
basal stair-rod dislocation βδ attracts the Aβ Shockley, which sweeps
the stacking fault on its way, leaving a perfect crystal behind. Con-
versely, on plane (a), the δα stair-rod repels the αB Shockley, making
the stress-assisted sweep much more difficult.
Reactions on (a):

AB → Aα + αB

Reactions on (b):
AB → βB + Aβ

As for the face-on case, due to the local constriction states that occur
on the SFT facets, this mechanism is independent of the Burgers vec-
tor sign (AB vs BA), and the equivalent mechanisms are just mirror
images of the one described here.

(2) After sweeping the portion of the (b) facet below the glide plane, the
Aβ Shockley reacts with βδ into an Aδ Shockley partial on the SFT
base. This partial is of course glissile on the base, whose stacking fault
is removed almost completely.
Reactions on (d):

Aβ + βδ → Aδ

(3) As it proceeds through the basal plane, the Aδ Shockley partial reacts
with the δγ stair-rod acting as the lower limit of the SFT’s back face
(c), giving rise to a Aγ dislocation. This dislocation removes the
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stacking fault on (c) from the base up to the glide plane.
Reactions on (c):

Aδ + δγ → Aγ

On the original impinging edge of the SFT (defined by the βα stair-
rod), below the glide plane, the original Aβ Shockley on (b) reacts with
βα on its way down the face and, in turn, with the other Shockley
partial that remains in (a), αB, to give the original perfect dislocation
B:

Aβ + βα + αB → AB

(4) Under the influence of the applied stress, partials δB and Aδ curve
around the tetrahedron. The base node of the AB segment is dragged
along the lower edge of the (a) facet, decreasing the length of the
original δα stair-rod dislocation.

(5) In an ‘Orowan’-type process, the leading partial δB reconnects with
itself after significant curvature, and leaves a residual Bδ (the line
tangent changes sign) segment on the backside (c) of the tetrahedron
(on the glide plane). The detachment of the leading partial accelerates
the reconnection of the trailing partial.

(6) The collapse of the trailing partial, as δA (see footnote 1) upon facet
(c) causes the following reaction:

δA + Aγ + Bδ → γB,

and the resulting structure consists of an SFT whose portion from
the glide plane down to the base has essentially been removed. Con-
ceivably, all Frank partials left on the glide plane could in principle
dissociate to close in a new base at the glide plane level, giving rise to
a smaller, closed SFT

As for the face-on case, steps (1)-(6) give the operating mechanism up to
to the third height tried (h = 0.23h0). At the point immediately above
(h = 0.31h0), the observed mechanism is Orowan looping all the way up
to the SFT apex. We emphasize that the critical transition height can be
increased and controlled by applying stress on the facet planes.
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Figure 7.7: Sequence of snapshots from a DD simulation illustrating the interaction
mechanism between a screw dislocation and a 4.7-nm SFT edge-on. Segments are color-
coded according to their Burgers vector: Shockley partials are blue, stair-rod dislocations
are green, Frank partials black, and perfect dislocations are shown in red. The inset
in frame (1) shows the orientation of the Thompson tetrahedron used for this set of

simulations.

167



7.3. RESULTS

Basal mechanisms

In this case, the mechanisms for the AB and BA perfect dislocations
are different, as, instead of pinning leading to constriction, the Shockley
partials can react freely with the basal stair-rods.

a. AB dislocation face-on.
Figure 7.8 shows four different frames of the face-on interaction mech-
anism. There is a direct correspondence between the frames in the
figure and the itemized mechanism below. The process starts with an
AB dislocation, dissociated into a pair of Shockley partials Aδ (lead-
ing) and δB, gliding on the (d) plane at some short distance from the
SFT.

(1) The leading partial reacts with the basal stair-rod δγ, and creates
a Shockley Aγ that is glissile on the tetrahedron’s facet (c):

Aδ + δγ → Aγ

For its part, this partial curves on (c) and comes into contact
with the γβ stair rod:

Aγ + γβ → Aβ

(2) After the δγ stair-rod is removed, the trailing partial sweeps the
base, removing the stacking fault after itself. When it reaches
the back face (a), it reacts with δα, giving rise to a Bα Shockley:

δB + δα → Bα

At the same time, Aβ glides on (b), removing more stacking fault.

(3) With the removal of all the basal stair-rods the SFT appears as
truncated, with its original base completely gone.

(4) After the leading and trailing partials curve around the defect,
δB collapses onto Bα, reconstructing the original δα dislocation:

δB + Bα → δα

b. BA dislocation face-on.
The mechanism is shown in Fig. 7.9. In this case we have a BA dis-
location dissociated into δA (leading) and Bδ. The simulation starts
with the dislocation placed on the (d) plane at a short distance from
the SFT base. The subsequent reaction mechanism is as follows:
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Figure 7.8: Base mechanism for an AB screw dislocation interacting with a 4.7-
nm SFT face-on. Segments are color-coded according to their Burgers vector: in
blue Shockley partials and in green stair-rod dislocations. The inset in frame (1)
shows the orientation of the Thompson tetrahedron used for this set of simulations.
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(1) The leading partial reacts with the basal stair-rod δγ, giving rise
to a sessile δA:δγ across the entire base:

δA + δγ → δA : δγ

The product dislocation corresponds to a Burgers vector of 1

6
[03̄1],

which is unstable from an elastic energy point of view and would
thus be expected to dissociate when stress ceases to be applied.
Interestingly, this type of dislocation has been proposed in the
literature to hypothesize a new type of dislocation lock in fcc
crystals [196].

(2) The segment of the dislocation to the left of the SFT reacts with
the δα stair rod, first giving rise to a Hirth-type segment via
reaction with the leading partial:

δA + δα → δA : δα

i.e. δA : δα ≡ 1

3
[010], which is energetically favorable. The

trailing partial then collapses onto this Hirth segment, producing
a BA:δα:

Bδ + δA : δα → BA : δα

This BA:δα dislocation corresponds to a Burgers vector of 1

6
[2̄31],

which renders this reaction endoergic as well.

(3) A similar process is seen for the other arm of the screw disloca-
tion, where the following reaction takes place (note that, due to
the line curvature, the initial BA dislocation reverses its sign):

Aδ + βδ → Aδ : βδ

which has a Burgers vector of 1

6
[13̄0]. After sweeping the entire

edge, the leading partial detaches.

(4) The trailing partial detaches converting the entire left edge of
the base to a BA : δα dislocation and leaving an independent δB
segment on the right-hand side, which, interestingly, does not
collapse onto the existing Aδ : βδ.

This mechanism is the basal equivalent to the Orowan loop process
observed in Section 7.3.1. As we have seen, all the segments compris-
ing the triangular perimeter of the loop are energetically unfavorable
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Figure 7.9: Base mechanism for a BA screw dislocation interacting with a 4.7-
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171



7.3. RESULTS

and expected to dissolve in the absence of applied stress. These stress-
stabilized dislocations are topologically plausible, and physically pos-
sible within the framework of linear elasticity. However, little is known
about them —explicit mentions to them are virtually absent in the
literature— and here we simply note their existence. 1

6
〈013〉 disloca-

tions are the high-energy equivalents of traditional 1

6
〈110〉 stair-rod

dislocation, i.e. they provide the lattice disregistry required to ro-
tate a stacking fault from one {111} plane to another. For their part,
1

6
〈123〉 dislocations resemble 1

3
〈001〉 Hirth dislocations in that they

can act as the physical limit of three stacking faults.

c. AB dislocation edge-on.
The basal mechanism when the dislocation impinges edge-on is shown
in Fig. 7.10. The interaction process proceeds as follows:

(1) The leading Aδ partial is locally pinned at the SFT vertex, mak-
ing it curve around until it comes in contact with the edges δα
and βδ.

(2) The reaction of the leading partial (which becomes δA due to
curvature) with the βδ edge results into a βA partial:

δA + βδ → βA

The trailing partial penetrates the SFT base, sweeping the stack-
ing fault in its wake, until it reaches the δα edge, giving rise to a
Bα partial. This partial reacts in turn with the curved portion of
the leading partial, locally resulting in a Hirth-type dislocation:

δB + δα → Bα

Aδ + Bα → AB : δα

(3) The newly-created Bα can glide (up)on the (a) plane, which it
does, removing the stacking fault until it stops repelled by the
βα stair-rod. When Bα glides up on (a), the leading partial Aδ
is able to glide unimpeded on the basal plane until it encounters
βA, giving rise to a reconstructed βδ:

Aδ + βA → βδ

For its part, the section of the trailing partial that had penetrated
the base reaches the back edge δγ giving rise (after correcting the
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sign for curvature) to a Bγ partial:

Bδ + δγ → Bγ

Frame (3) in Fig. 7.10 marks the maximum degree of SFT re-
moval of the entire process.

(4) After Aδ and βA zip and reconstruct the βδ edge entirely, the
leading partial detaches. Meanwhile, the trailing partial reacts
with the Bδ Shockley, reconstructing the δα edge. Finally, when
δB curves around the back face of the SFT it reacts with Bγ,
leaving the original tetrahedron intact.

d. BA dislocation edge-on.
When the Burgers vector’s direction is reversed the interaction mech-
anism, shown in Fig. 7.9 changes substantially:

(1) On the left side of the SFT, the leading partial reacts with the
δα stair-rod, giving rise to the following Hirth segment:

δA + δα → δA : δα

which has a 1

3
[010] Burgers vector. When the trailing partial

collapses onto this segment, it forms a 1

6
[2̄31] dislocation:

Bδ + δA : δα → BA : δα

.

(2) The Hirth dislocation now suffers an interesting transformation:
it re-dissociates into δA and δα inside the base of the tetrahedron.
This results in the Shockley partial removing the stacking fault
as it glides inward, attracted by the βδ stair-rod of the opposite
side. In terms of eq. ?? this dissociation involves a reversal of the
γn vector associated with the original δA and δα dislocations.

(3) The inner δA partial curves about (changing its sign), reacting
with BA:δα to give a Shockley partial that is glissile on (a):

Aδ + BA : δα → Bα

On the right side of the SFT, the leading partial bears down on
βδ leading to the following reaction:

δA + δβ → δA : δβ

which is a high-energy 1

6
[1̄30] dislocation.
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Figure 7.10: Base mechanism for a screw dislocation interacting with a 4.7-nm
SFT edge-on. Segments are color-coded according to their Burgers vector: in blue
Shockley partials, in green stair-rod dislocations, and in orange, Hirth-type and
other dislocations. The inset in frame (1) shows the orientation of the Thompson

tetrahedron used for this set of simulations.
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(4) The inner δA partial now reacts with the three base edges as
follows. On the left side the first reaction of the previous step
is completed. On the right-hand side it reacts (as Aδ) with the
product of the second reaction of the previous step:

Aδ + δA : δβ → δβ

On the back edge, the following reaction takes place:

δA + γδ → γA

which is a Shockley partial capable of gliding on the back face (c).
With these set of reactions, the (d) stacking fault (the original
base) is completely removed.

(5) The leading partial inverts itself to collapse onto the just-obtained
γA Shockley, giving rise to the original stair-rod dislocation γδ:

Aδ + γA → γδ

After this, the leading partial detaches, pulling the trailing par-
tial, which completes its reaction with δα. This enables the re-
sulting Bα partial to slightly glide up on facet (a).

(6) Finally, the trailing partial inverts itself to collapse onto γδ:

δB + γδ → γB

after which it detaches. γB also glides up on (c), leaving a slightly
truncated SFT with no base and no possibility of reconstruction.

7.3.2 Interaction mechanism between 60◦ mixed dis-
locations and SFT’s

A 60◦ mixed dislocation impinging face-on with an SFT bears sig-
nificant similitudes with the mechanism described for screw dislocations in
reference [?]. The main difference is that the initial dissociation, shown in
frame (1) of Figure 7.12 results in a Shockley partial plus a Frank partial,
rather than a simple re-dissociation into Shockleys on the plane of the SFT
facet. All other aspects of the interaction mechanism remain fundamentally
the same. In fact the surviving structure after dislocation passage, shown
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Figure 7.11: Base mechanism for a screw dislocation interacting with a 4.7-nm SFT
edge-on. Segments are color-coded according to their Burgers vector: in blue Shockley
partials, in green stair-rod dislocations, and in orange, Hirth and other dislocations. The
inset in frame (1) shows the orientation of the Thompson tetrahedron used for this set

of simulations.
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in Figure 7.12(6), is of the same type as that shown in frame (6) of Figure
5 of Part I. The same can be essentially said of the edge-on interaction.
In the following we analyze the interaction mechanism between a 60◦ mixed
dislocations and a SFT for the case of a BC(d) mixed dislocation of 70 nm
long gliding toward a 4.7 nm SFT when the initial dislocation tangent is
set in the [11̄0] direction. The applied stress has only a resolved component
on the glide plane and, as for the screw dislocation case, the dislocation ve-
locity ranges between 0.1 ∼ 10m · s−1. We have used Thompson’s notation
along the subsequent analysis.

Face-on interaction mechanism

As we did for the screw dislocation in Part I, we applied stress in-
crementaly so that to drive the dislocation into the SFT. Constriction is
always reached in our simulations when the trailing partial collapses into
the leading one stacked on the tetrahedron facet (c). The mechanism can
be sketched as in the following steps in direct correlation with figure ??:

(1) The trailing partial Cδ collapses into the leading δB on the (c) SFT
facet and the perfect CB segment dissociates into a Frank dislocation,
Cγ and a Shockley partial γB.

CB → γB + Cγ

(2) The partial γB glides on the (c) plane and reacts with the basal stair-
rod δγ giving the new Shockley partial δB.

γB + δγ → δB

In its wake removing the stacking fault, γB reacts as well with the
stair-rod at the edge of the facet, αγ.

γB + αγ → αB

(3) δB and αB Shockley’s are glissile on the SFT facets (d) and (a) re-
spectively, and so they do, removing stacking fault as they glide. The
leading partial reacts with the new segment Bα to form the stair-rod
dislocation δα as shown in figure 7.12(c).

δB + Bα → δα
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(4) The trailing partial catches up and its left-hand side reacts with the
new-formed stair-rod to give the Shockley partial Cα.

Cδ + δα → Cα

(5) The leading partial reconnects downstream as described in figure 7.12(5)

(6) Trailing reconnects as well leaving an SFT-like defect with a perfect
Frank loop as an appendix. It is worth noticing that the Frank seg-
ment Cγ may easily dissociate leaving a δγ stair-rod and realising a
Cδ Shockley, which could glide on the new (d) facet and react with
the Cα Shockley to form the missing stair-rod δα so that to form an
smaller SFT with the commented aggregate.

When the Burger’s vector of the initial mixed dislocation is the opposite one,
the perfect segment formed on the (c) facet of the SFT remains constricted
due to the fact that in this case the basal stair-rod δγ repels it elastically.
On the other hand, the perfect screw segment created on the (a) plane
dissociates itself leading to a screw-type interaction mechanism.
In this case, when the applied stress only has a resolved component on the
glide plane, the set of reactions described above happens to take place when
the glide plane of the dislocation is < 0.15 h

h0
above the basal plane. If the

glide plane is above this value, either a Orowan loop-wise structure remains,
or an interaction as in the screw dislocation case takes place.

Edge-on interaction mechanism

The initial configuration for this case is the same as above, being
the dislocation driven to the tetrahedron through the opposite side. Figure
7.13 shows the interaction details.

(1) The leading Shockley partial δB embraces the SFT and gets stacked
on the tetrahedron facets (a) and (b). As stress is increased the trailing
partial approaches the leading and constriction is attained, forming a
perfect screw segment on the (a) plane and a 60◦ mixed dislocation on
the (b) facet. The perfect screw segment dissociates and the reaction
proceeds as in the case described in [?], while the 60◦ dissociates as
describe in 7.3.2.
Reaction on (a) plane:

CB → αB + Cα
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Figure 7.12: Details of the face-on interaction of a 60◦ dislocation with a 4.7-nm SFT.
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Reaction on (b) plane:

CB → βB + Cβ

(2) The new Shockleys move on their glide planes towards the SFT base.
Shockley Cβ reacts with the basal stair-rod βδ and with the one at
the edge βα.

Cβ + βδ → Cδ

Cβ + βα → Cα

(3) Shockley segments Cα have opposite signs and annihilate each other
while Cδ segment sweeps the basal stacking fault.

(4) For a minimuum level of stress, both leading and trailing Shockley
partials reconnect downstream leaving a structure similar to one de-
scribed above (7.3.2). Again, the Frank segment may dissociate to
leave a reconstructed smaller SFT and a Frank loop by it.

Basal interaction mechanism

We have four different cases, plus the symmetric ones.

a. Reaction CB face-on, as in figure 7.14.

(1) The leading partial δB reacts with the stair-rod at the base δγ
to give an uncommon Burger’s vector segment, 1

6
[301̄] which we

name in the same way as a Hirth due to their similar features
in the sense that both could act as“hinge” dislocations, joinning
two stacking fault regions on the same plane plus another from a
secondary plane. As we mentioned above, after the dissociation
of this type of dislocation, an acute stair-rod may transform on
an obtuse one, releasing a Shockley free to sweep the basal stack-
ing fault. Even though this kind of reactions seem to be clear
following the interaction process, the dissociation itself has not
been implemented in our code yet. This reaction is very unfavor-
able elastically, therefore the applied stress has to be considerably
high.

δB + δγ → δγ : δB
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Figure 7.13: Details of the edge-on interaction of a 60◦ dislocation with a 4.7-nm SFT.
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(2) Both arms of the leading partial, left and right, curve around the
SFT base to react with stair-rod δα and βδ, respectively. The
reactions taking place are the following:

δB + δα → δα : δB

δB + βδ → βδ : Bδ

None of the above are elastically favorable, making harder the
dislocation passage through the SFT base.

(3) The trailing partial is pushed towards the SFT, but is strongly
repelled by the δγ : δB dislocation and it curves around it. Its
right-side arm reacts with the Hirth segment on the base to form
a new uncommon Burger’s vector, the 1

6
[312̄],named as CB:βδ for

being the sum of a perfect plus a stair-rod partial dislocations.

βδ : Bδ + δC → CB :βδ

(4) On the other hand, the left-side the sum of the Burger’s vector of
the leading, trailing and stair-rod gives another uncommon resul-
tant for the Burger’s vector, 1

6
[402̄], named again as CB:δα for

the same reasons.The Shockley partials reconnect downstream
leaving a SFT which has uncommon Burger’s vector on its base.
It is worth noting that these Burger’s vector will be most prob-
ably dissociate. Unfortunately, how this dissociation takes place
is unknown to us, although it might be important to understand
the final SFT structure.

δα : δB + Cδ → CB :δα

b. Reaction BC face-on, as in figure 7.15.

(1) In this case, the leading partial is attracted towards the SFT
base by the stair-rod δγ. They react to form a new Shockley
with Burger’s vector Bγ. This Shockley glides on the (c) facet of
the SFT removing some stacking fault surface on that plane.

Bδ + δγ → Bγ
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Figure 7.14: Face-on interaction of a (δB, Cδ) 60◦ mixed dislocation and the
base of a 4.7-nm SFT.
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(2) As it is always the case, the leading partial curves around the
SFT and, this time, the left-hand side reacts with the stair-rod
on the base, δα, to give a new Shockley, Bα, which glides on the
(a) facet towards the SFT apex. The vertex B is then pulled
up to the apex as well, removing the stacking fault on its glide
plane. The trailing partial keeps gliding sweeping stacking fault
as it moves.

Bδ + δα → Bα

(3) The trailing reacts then with the stair-rod left on the base, βδ,
forming the Shockley βC, which glides on the (b) plane.

δC + βδ → βC

The Shockley partial Bγ might react with the stair-rod γβ to
give the Frank segment Bβ even thought this reaction is not
elastically favorable is stress-assisted.

Bγ + γβ → Bβ

The Hirth segment CB:αδ is given by the triple reaction

δB + δC + δα → Aδ : δα

(4) The trailing partial gets to vertex C and pulls it to the apex,
while the leading partial reacts with the Shockley Bγ on facet (c).
Because of its curvature, 180◦, the leading partial has changed
its sign.

Bγ + δB → δγ

(5) The leading partial reconnects by vertex C whereas reacts to
Shockley Bα on (a) facet to form again the original stair-rod δα.

δB + Bα → δα

(6) The trailing partial and the Shockley gliding on plane (b), βC,
reacts as well to form the stair-rod βδ.

βC + Cδ → βδ

Both arms collide by the vertex C reconnecting the whole dislo-
cation and leaving a perfect SFT behind.
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c. Reaction CB edge-on, as in figure 7.16.

(1) The leading partial bends around the base and reacts with the
stair-rod on the left-hand side, resulting in a new Shockley partial
with Burger’s vector Bα. The signs of the tangents of the original
segments is opposite so the final reaction is the following:

Bδ + δα → Bα

Meanwhile, the right-side arm curves around in a similar way
reacting with the basal stair-rod on its side to form a Frank
segment.

δB + βδ → βB

(2) The trailing partial catches up finding a hole to glide on the base
as the Shockley partial Bα moves on the (a) SFT facet towards
the apex D. Trailing reacts with the Frank segment βB to form
the Hirth-like type of segment shown in purple in figure 7.16(2).

Cδ + βB → Aδ : βδ

Meanwhile, Shockley Bα has reacted to γα so to form Shockley
Bγ

Bα + αγ → Bγ

(3) The trailing partial reacts with the stair-rod δγ to form the Frank
segment Cγ. It reacts as well with the Hirth-like segment to
annihilate with the same component of opposite sign and restore
the Frank segment βB.

Bδ + δγ → Bγ

(4) Both leading and trailing partials annihilate with itself as they
curve around on the AC and AB segments, and finally recon-
nects at the opposite side of the SFT, reacting as well with the
Frank segment Cγ to leave the Shockley partial Bγ as part of a
truncated SFT.

d. Reaction BC edge-on, as in figure 7.17.

(1) Curving around the leading partial reacts with its left-hand basal
stair-rod to form a Hirth segment, while on its right-hand side
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Figure 7.16: Edge-on interaction of a (δB, Cδ) 60◦ mixed dislocation and the
base of a 4.7-nm SFT.
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the Shockley reacts with the stair-rod δα forming the segment
with Burger’s vector 1

6
[31̄0].

Bδ + βδ → Bδ : βδ

δB + δα → δB :δα

(2) The Hirth segment connects two identical stacking fault regions
plus another one on the secondary plane. It is possible that this
segment dissociates into the originals βδ stair-rod and δB be-
ing this last one inside the base. The partial inside reacts with
the uncommon Burger’s vector 1

6
[31̄0] leaving the original stair-

rod behind and reconnecting the leading partial, and sweeping
stacking fault on the base as it glides. As discribed above, the
new-formed stair-rod have the same Burger’s vector but are con-
necting obtuse stacking fault planes.

(3) The trailing keeps gliding towards the SFT reacting both arms
with the basal stair-rods. The resulting Shockley partials may
glide on their respective SFT facets, (b) and (a).

δC + βδ → βC

Cδ + δα → Cα

The partial gliding inside the base is driven into the opposite
face, reacting with the stair-rod δγ.

Bδ + δγ → Bγ

This last Shockley glides on plane (c) and reacts with the stair-
rod γα as follows:

Bγ + γα → Bα

(4) The segment Bγ glides on the (c) facet towards the apex, while
the Shockley βB reacts with the stair-rod γβ to form the Frank
segment Cγ

βB + γβ → Cγ

(5) A triple reaction on the edge AD takes place as follows to give
an inmobile perfect segmet. This is a Lomer-Cottrell lock, the
perfect dislocation is not stable at this stress level and it remains
dissociated.

βC + γβ + Bγ → BC
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(6) Dislocation detaches from the original SFT leaving a defect which
can be analized in terms of perfect dislocations as follows: The
Frank segment Bβ plus the Shockley partial results in the per-
fect segment BC. This is a Lomer type dislocation and it would
be immobile in case of both segments to collide. The original
segments δC and Bδ gliding on the primary plane. And finally
the segments αB and Cα gliding on the secondary plane (a) and
forming the original perfect BC as well. Therefore, the remaining
defect could be seen as a perfect loop partly mobile object. It is
possible that this configuration is what was reported in reference
[162].

7.3.3 Interaction mechanism between 30◦ and edge
dislocations and SFT’s

As Figure 7.3(1) shows, neither a perfect 30◦ nor a perfect edge dis-
location are aligned with any of the SFT facets or edges. This means that
there is only one single interaction geometry, which simplifies the treatment
in this case.Furthermore, upon contact with the tetrahedron, both disloca-
tions bow around it (Figure 7.3(2)), changing their character in accordance
with each one of the contact facets. In both cases, the resulting dislocation
character is pure screw on one facet, and 60◦ mixed on the other two. In
other words, edge and 30◦ mixed dislocation-SFT interactions are equiva-
lent, and here we only study the edge dislocation case.

Non-basal interaction mechanism

The starting configuration involved a perfect edge dislocation with
Burger’s vector AB (δB, Aδ) with a [112̄] tangent, gliding on a (111) plane
towards the SFT following a [1̄10] direction. In this kind of interactions
the edge dislocation gets constricted on both facets (c) and (a), becoming
a perfect screw segment and a perfect 60◦ mixed dislocation, respectively.
These segments dissociate following the reactions describe either on [?] for
the screw and above for the mixed case. This dissociation is shown in
figure 7.18(1). The subsequent reactions are described in the following using
Thompson’s notation for simplicity.

(1) The perfect screw segment on face (c) dissociates as follows

AB → γB + Aγ
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While the 60◦ mixed segment release the Shockley αB leaving the
Frank segment Aα

AB → Aα + αB

(2) Both Shockleys gliding towards the base react with the stair-rod αγ
to annihilate.

γB + αB + αγ → 0̄

(3) Shockley partial γB glides downwards and reacts with the basal stair-
rod δγ to form the new Shockley δB. Same thing happens on the (a)
facet where the Shockley αB glides towards the basal stair-rod δα to
form again the Shockley δB.

γB + δγ → δB

αB + δα → δB

Once formed, Shockley δB glides on the basal plane just as both γB
and αB move on their respective SFT facets, (c) and (a). At the same
time, the original dislocation curves itself around the SFT until the
leading partial reconnects by the (b) facet as in figure 7.18(3).

(4) The trailing partial catches up and reconnects as well at the end of the
SFT. Both segments react to form the perfect 30◦ mixed dislocation
on facet (b).

Basal interaction mechanism

In this case we have analysed both different Burger’s vectors AB and
BA and their possible way of interacting with the SFT.

a. Interaction of a AB edge dislocation and an SFT.
The interaction process is depicted in figure 7.19 and the reactions
that we found are enumerated in the following.

(1) The dislocation curves around encountering the SFT at vertex
B.

(2) The leading Shockley δB reacts with the basal stair-rod δα to
give and uncommon Burger’s vector of the type 1

6
[31̄0] reported

already in this same paper for the 60◦ mixed dislocation interac-
tion and in the references [?, 196].

δB + δα → δα : δB
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(3) Both leading and trailing partials keep curving around the SFT
reacting with the basal stair-rod as shown in figure 7.19(3).

Bδ + βδ → βδ : Bδ

Aδ + δα : δB → AB : δγ

(4) Eventually both sides of the dislocation reconnect and leave the
SFT as in the picture 7.19(4).As explained above, these uncom-
mon segments will most probably dissociate, even though the
path they will follow is unknown to us.

b. Interaction of a BA edge dislocation and an SFT.
Figure 7.20 shows the processes found in our calculations.

(1) The leading Shockley Bδ reacts with both basal stair-rods, δα
and δγ

Bδ + δα → Bα

Bδ + δγ → Bγ

(2) Both new Shockleys glide on their facet (a) and (c) towards the
apex D. The trailing partial keeps gliding on the primary plane
sweeping stacking fault as it moves.

(3) Finally, it reaches the opposite face reacting with the stair-rod
βδ

δA + βδ → βA

which glides on face (b) towadrs the apex.

(4) Once the leading partial has reconnected, the segment left behind
glides backwards reacting with the Shockley Bα to reform the
stair-rod δα.

δB + Bα → δα

(5) The trailing reacts with Shockley βA to form again the stair-rod
βδ. At the same time, the leading segment gliding backwards
reacts with Shockley Bγ gliding on (c) resulting in the original
stair-rod δγ.

δB + Bγ → δγ

Aδ + βA → βδ

(6) The trailing reconnects leaving the βδ stair-rod behind as on the
opposite vertex the SFT is reconstructed.
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Figure 7.19: Interaction of a (δB, Aδ) edge dislocation and the base of a 4.7-nm SFT.
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Figure 7.20: Interaction of a (Bδ, δA) edge dislocation and the base of a 4.7-nm SFT.
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7.3.4 Strength of SFTs dislocation passage

Screw dislocation

In order to study the SFT strength as a function of the distance
between the dislocation glide plane and the SFT base, we have extended
the above simulations to the entire range of ‘heights’ going from the SFT
base all the way up to its apex. The simulations are stress-driven, with
shear stress applied only on the glide plane until the dislocation is able to
traverse the obstacle. In total, 14 different heights were explored in each
case. Figure 7.21 shows strength results for a h0 = 4.7-nm perfect SFT
as a function of the normalized height, h/h0. In all cases the reaction
mechanisms are those described, respectively, in Sections 7.3.1 and 7.3.1,
except at the bases (h/h0 = 0.0), which are given in Section 7.3.1 and
Appendices 4.2.2 and 4.5.

In general, the SFT becomes progressively weaker with distance from
the base, the exception being at or close to the base itself, where, as we have
seen, the interaction mechanism differs from that observed elsewhere. For
example, for the BA(d) dislocation impinging face-on, the basal stress τb is
slightly lower than the first point tried, just 0.35 nm above the base. Con-
versely, for all the other cases, τb is significantly higher than the stresses
calculated at higher intersection locations, which leads to appreciable soft-
ening already at the first point considered. Above h ≈ 0.27h0, Orowan’s
mechanism sets in for both face-on and edge-on interactions, resulting in
the monotonically decreasing behavior observed in Fig. 7.21. No shearing2

was observed for any of the cases considered here. Generally speaking, more
stress is required to traverse the SFT edge-on than face-on. However, at the
apex the dislocation is able to traverse the SFT more easily when it is ori-
ented edge-on —118 vs. 100 MPa (collision stresses)—. This is presumably
related to the coupling between the stress fields of the dislocation and the
tetrahedron, as no reactions among dislocations occur at this location. It
is worth remarking that, despite the absence of reactions, we treat the SFT
apex as a dislocation point, thus offering resistance to dislocation passage.
Turning off the collisions feature of our codes for this point, the measured
stress is much lower, 86.7 and 42.2 MPa for the face-on and edge-on cases
respectively. It is reasonable to expect that the real value will lie in between
these two results, which essentially act as upper and lower-bound estimates
of the apex strength.

2Shearing is characterized by fi > f∗, i = 1, ....Ns where Ns is the number of nodes
in contact with a stacking fault surface
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Figure 7.21: SFT strength as a function of the normalized interaction height, h/h0, for a
screw dislocation impinging on a h0 =4.7-nm SFT face and edge-on. A value of h/h0 = 0
corresponds to the SFT base. Both directions of the Burgers vectors are considered,
with a noticeable effect. The vertical line marks the transition from a reaction-based

mechanism to an Orowan loop mechanism.
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Another important aspect to keep in mind is the effect of the dis-
location segment length, L, on the results presented in this paper. Our
simulations have been carried out with 70-nm dislocations pinned at the
end points, which corresponds to a forest dislocation (or obstacle) density
of ρf ≈ L−2 = 2.04 × 1010 cm−2. The separation between pinning points
also gives the curvature under stress of the dislocation, as dictated by the
accumulated line tension σl = µb/L. Preliminary calculations using 150-nm
segments indicate that the effect is notable: the SFT strength for 150-nm
dislocations is approximately 42% of that for 70-nm segments (Figure 7.22).
However, if we assume that all interactions are governed by elasticity, then
σlL = µb ≈ constant and the ‘force’ σlL opposed by an SFT is indepen-
dent of the dislocation line length. As Figure 7.22 shows, this relation is
satisfied to a good degree of accuracy for the two segment lengths tried, 70
and 150 nm: σ150nm/σ70nm = 0.42 ≈ 70/150 = 0.47. In other words, what
these calculations suggest is the existence of a scaling behavior of the type
σ
σ′

= L′

L
, indicating that local curvature effects at or near the SFT are neg-

ligible compared to the line tension curvature. Obviously, this scaling will
break down for dislocation segment lengths of the order of the SFT size.

60◦ mixed dislocation

The strength curves are given in Figure 7.23, where, as for the screw
case, the edge-on interaction is harder than face-on. In general, these curves
show a weaker dependence with h than for the screw dislocation case, with
relatively ’flatter’ shapes. In this fashion, although close to the base SFTs
are harder obstacles to screw dislocations, at the apex more stress is required
to traverse the defect. In the inset a comparison between dislocation lengths
is shown. As for the screw case, dislocation length appears to be a strongh
factor for the required stress to overpass the SFT. The plot reminds clearly
the one obtain for the screw dislocation [?], so the same comment might be
done – for the lengths studied the line tension of the dislocation seems to
be a very important variable in the quantification of the stress.

30◦ mixed and edge dislocations

With regard to the strength, Figure 7.24 shows the (τ -h/h0) curve
for an edge dislocation traversing through a 4.7-nm SFT. Quantitatively,
this strength is quite similar to the case of the 60◦ mixed dislocation face-
on, and about 20% weaker than for the screw dislocation case. However,
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Figure 7.22: SFT strength to a BA(d) screw dislocation impinging face-on for initial
dislocation legths of 70 and 150 nm.
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Figure 7.23: SFT strength as a function of the normalized interaction height, h/h0,
for a 60◦ mixed dislocation impinging on a h0 = 4.7nm SFT face and edge-on.
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Figure 7.24: SFT strength as a function of the normalized interaction height, h/h0, for
a perfect edge dislocation impinging on a h0 = 4.6nm SFT according to the geometry
shown in Figure 7.3. Also shown are the data points for an edge dislocation at 10K

interacting witha 4.2-nm SFT obtained from MD[147].
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as explained in the previous paragraph, it is not clear whether this interac-
tion would result in a partially weakend or destroyed SFT, as for the screw
and mixed cases, and thus the comparison may not be fully meaningful. In

situ TEM straining experiments by Robach and Robertson have shown that
dislocations with mostly edge character are less effective at removing de-
fects than their screw counterparts[161, 163]. Recent atomistic simulations
also substantiate this observation[147, 149]. These works may indicate that
what our DD simulations show may indeed resemble the real interaction
mechanisms. In conclusion, according to our simulations (with no finite
displacements), stacking-fault tetrahedra act as relatively weak obstacles to
edge and 30◦ mixed dislocation glide, but they are not effective in removing
or weakening these defects.

Glide and SFT-facet yield curve

The results presented above have been obtained with stress resolved
on the glide plane only. All the processes ocurring on SFT {111} facets
—other than at the base, which sees the same resolved stress as the glide
plane— are driven by spontaneous reactions among partial dislocations. It
is reasonable to assume, then, that the dislocation-SFT interaction process
can be assisted by applying stress on the facet plane. Here we present a
simple analysis to obtain the yield curve of the screw dislocation-tetrahedron
interaction at a prescribed height h/h0 = 0.47 for the face-on reaction.
We have explored the facet, τf , and glide, τg, stress space for mutually
orthogonal stress tensors, i.e. the Peach-Köhler force resulting from one
stress tensor does not have a component resolved on the other’s plane.

This yield curve is shown in Figure 7.25. Negative values of τg in-
dicate a glide force toward the tetrahedron, whereas τf > 0 indicates a
downward force resolved on the SFT facet. The stress space is divided into
two regions, namely the one labeled ‘does not traverse’, where the com-
bined stress is not sufficient to force the dislocation through the SFT, and
that labeled ’traverses’. In the lower stress quadrant (τg > 0, τf < 0), the
strength of the stacking fault tetrahedron to dislocation passage is strictly
independent of the stress applied on the SFT facet plane. For τf > 0, the
yield curve develops a very slight positive slope, indicating that more glide
stress is required to overcome the contrary force resulting from high values
of τf . As we have mentioned earlier, the primary effect of τf is to control de
transition height from a reaction to an Orowan-loop governed mechanism.

As a good self-consistency check, for τf = 0, we recover the value of
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Figure 7.25: τf -τg yield curve for a screw dislocation traversing a 4.7-nm SFT. The
stress space is divided into two regions, namely the one labeled ‘does not traverse’,
where the dislocation is unable to cut through the SFT, and that labeled ‘traverses’.
The strength of the stacking fault tetrahedron is practically independent of the stress

applied on the SFT facet plane.
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τ = τg ≈ 193 MPa presented in Figure 7.21 for h/h0 = 0.47.

7.3.5 SFT size effects

Screw dislocation

Next we turn to the study of SFT size effects on screw dislocation-
SFT interactions. We have carried out simulations for 2.5 and 3.6-nm tetra-
hedra in the same fashion as in Section 7.3.1 for h0 = 4.7 nm. Results are
shown in Figure 7.26, where the strengths for each case as a function of the
normalized cutting height are plotted.
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Figure 7.26: SFT strength as a function of normalized cutting height for three SFT
sizes. Inset: basal strength as a function of SFT size.

Several interesting results emanate from the graphs shown in the
figure. First, there is a direct correlation between SFT size and strength.
At the base, the 4.7-nm tetrahedron is about 23% stronger than the 2.5-nm
one, and approximately 10% stronger than the 3.6-nm SFT. The depen-
dence of the basal strength with SFT size is given in the inset to Fig. 7.26.
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However, further analysis reveals that the dislocation-SFT interaction stress
depends only on the area of the SFT intersected by the dislocation glide
plane. This means that the SFT size is not the truly relevant parameter to
define the SFT strength: equal triangular areas encountered in different-size
tetrahedra give rise to the same response. This dependence gives rise to the
self-similar behavior shown in Figure 7.27, wherein the stress per unit area,
θa, required to cut the tetrahedron as a function of the ‘encountered’ area,
a, is plotted. The results can be conveniently cast into an analytical power
law of the type θa(a) = A

an , where A and n are constants, a =
√

3

4
ℓ2 is the

triangular area intersected by the dislocation glide plane, and ℓ = h0 − h is
the size of the intersected triangle. This universality is surprising if we keep
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Figure 7.27: Variation of the stress per unit triangular area, θa, with the area, a,
encountered by a screw dislocation inside stacking-fault tetrahedra of several sizes. The
curves show that the SFT strength is independent of the tetrahedron size, and depends
solely on the area intersected by the dislocation glide plane. The basal stresse are taken

from the inset to Fig. 7.26. The least-squares fit to the data is θa(a) = 171.02/a0.90.

in mind that the interaction mechanism is not necessarily the same for all

205



7.3. RESULTS

the data points shown in the figure. A least-squares fit to the data from the
three SFT sizes explored gives θa(a) = 171.02

a0.90 , very close to an a−1 behavior.
As the figure shows, the agreement between the fit and the calculated data
is remarkable in the entire range of areas explored.

Second, all three absolute curves converge to the same apex stress,
≈118 MPa if we assume the apex is a resistance point that pins the dislo-
cation, or 86.7 MPa if we only take into account the stress field due to the
SFT below. The observed convergence as a function of size suggests that,
at the apex, local effects dominate over long-range effects. For the figures
we have taken the conservative (upper-bound) value of 118 MPa, although,
as mentioned above, it is reasonable to expect that the actual strength lies
between this value and the lower estimate of 86.7 MPa.

All this information may now be used to derive a simple rule to
calculate the strength of a tetrahedron of arbitrary size to screw dislocation
passage face-on. The only parameters needed to define these interactions are
now the size-independent apex strength and the global fitting function, also
size-independent, given above for the data shown in Fig. 7.26. Evidently,
at the apex the fitting function is not defined (a = 0), but the apex stress
is finite and known, and the θa(a) function can be applied all the way up
to a prescribed distance from it (e.g. a fraction of a nm):

θa =
τ

a
=

171.02

a0.90
(7.1)

τ = 171.02a0.10 (7.2)

where stresses are given in MPa and areas in nm2. We can carry the analysis
even further by assuming that the total dislocation line L represents the
average spacing of obstacles in the glide plane3. Then, L can be related

to the planar obstacle density ρd as L ≈ ρ
− 1

2

d , and, assuming a simple line
tension model, τ in eq. 7.2 can be written as:

τ =
αµb

L
≈ αµb

√
ρd (7.3)

where α is an interaction coefficient, µ the shear modulus and b the Burgers
vector. The coefficient α is akin to the constant that represents the obstacle
strength used in conventional Taylor hardening theory. However, here it
lacks the generality, in the statistical sense, of a true ‘hardening’ coefficient,

3This is a reasonable assumption when the obstacles are strong, giving rise to localized
forces [86].
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and here α is simply particularized for screw dislocations 70 nm in length,
interacting face-on with SFTs in the 2.5∼4.7-nm size range. As we have
seen above, the product τL is conserved for any value of L:

τL = 171.02a0.10 [GPa] · 70 [nm] = 11971.4a0.10 = αµb (7.4)

which gives:

α =
11971.4a0.10

µb
= Ca0.10 (7.5)

which, together with a =
√

3

4
(h0 − h)2 suffices to provide a closed model

for α in the case of 70-nm screw dislocation interacting with small SFTs.
In our case, with µ = 63.2 GPa [131], b = 0.255 nm, we have C = 0.743,
which, when areas are expressed in nm2, gives non-dimensional values of
α. Eq. 7.5 does not necessarily have to be interpreted in terms of a critical
angle in the sense of Fleischer/Friedel [60]. α is taken from strength results
directly that condense all the physical information (not just bowing) of
the dislocation-SFT interaction. SFTs essentially behave as impenetrable
obstacles, and the dislocation escape angle is always close to zero (i.e. α ≈ 1
in the Fleischer/Friedel model). However, this does not necessarily mean
that in our model α is capped at one. Eq. 7.1, from which α is derived,
displays a certain degree of universality (see Fig. 7.27), indicating that it
can be used to extrapolate values outside the studied size range. In fact,
from eq. 7.5, α = 1 is achieved for a ≈ 19.5 nm2, which corresponds to an
SFT approximately 6.7 nm in size, well within the size interval for which
eq. 7.1 is expected to hold (cf. Fig. 7.26).

It is important to emphasize that this model for α is simply a rough
way to relate the strength results shown in Fig. 7.27 with the underlying
ideas of Taylor’s hardening theory. For α to truly represent a hardening
coefficient in the context of continuum models, large-scale DD simulations
integrating statistical effects in the parametric space explored here (SFT
sizes, dislocation line lengths, orientation, distance from the SFT base to
the glide plane, and, possibly, others) ought to be performed.

60◦ mixed dislocation

As in the case for the screw dislocation, we turn now to the study of
the SFT size on the interaction behavior. The same sizes have been study,
namely, 2.5 and 3.6 nm tetrahedra, plus the 4.7 nm one described above. As
shown in figure 7.28 there exists, as in the screw case, a direct correlation
between the encountered SFT area and the stress that per unit area has to
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be applied to pass the obstacle. All the data obtained from our simulations
have been casted into a fitting function of the form θ(a) = A

an where A

and n are constants and a =
√

3

4
l2 is the triangular area intersected by the

dislocation where l is the length of the edge of the traversed triangle. The
values for the constants after the fitting have been A = 160.82 and n = 0.943
really close to the a−1 behavior. Once we have these parameters, we can
obtain a general expression for the shear stress that a mixed dislocation
need to traverse the SFT interacting face-on and for the length of L = 70nm
studied here.

θ(a) = τ
a

= 160.82
a0.943 (7.6)

τ = 160.82a0.057 (7.7)

Assuming a simple line tension model where the shear stress might be given
by

τ =
αµb

L
≈ αµb

√
ρd (7.8)

where α is an interaction coefficient, µ is the shear modulus, b the Burger’s
vector, L is a characteristic lenght of your problem, related to the separation
distance between obstacles (e.g. [84]) and ρd is the planar obstacle density

related to L as L ≈ ρ
− 1

2
d . For this model we have then that the interaction

coefficient will be given by:

α =
L

µb
160.82a0.057 = C60mixeda

0.057 (7.9)

And for the case studied in this paper where µ = 63.2GPa, b = 0.255nm,
and L ≈ 70nm, for a mixed dislocation interacting face-on with an SFT, it
results then C60mixed = 0.698.

30◦ mixed and edge dislocations

The SFT-size effects in this case has been studied as in the previous
cases. As shown in figure 7.29 there exists, as in the screw and 30◦ mixed
cases, a direct correlation between the swept SFT area and the stress that
per unit area has to be applied to pass the obstacle. Again, the fitting
function used has been of the form θ(a) = A

an where A and n are constants

and a =
√

3

4
l2 is the triangular area intersected by the dislocation where l is

the length of the edge of thetraversed triangle. The values for the constants
after the fitting have been A = 133.103 and n = 0.899 again close to the
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Figure 7.28: Variation of the stress per unit triangular area, θa, with the area, σ
a
,

’swept’ by a 60◦ mixed dislocation inside stacking-fault tetrahedra of several sizes. The
curves show that the SFT strength is independent of the tetrahedron size, and depends
solely on the area intersected by the dislocation glide plane. The least-squares fit to the

data is θa(a) = 160.82/a0.943.
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a−1 behavior. Once we have these parameters, we can obtain the same kind
of general expression as we did for the screw and mixed dislocations for the
shear stress needed to traverse the SFT.

θ(a) = τ
a

= 133.103
a0.899 (7.10)

τ = 133.103a0.101 (7.11)

Assuming a simple line tension model where the shear stress might be given
by

τ =
αµb

L
(7.12)

where α is the hardening coefficient, µ is the shear modulus, b the Burger’s
vector and L is a characteristic lenght of your problem, related to the sep-
aration distance between obstacles (e.g. [84]). For this model we have then
that the hardening coefficient will be given by:

α =
L

µb
133.103a0.101 = Cedgea

0.101 (7.13)

And for the case studied in this paper where µ = 63.2GPa, b = 0.255nm,
and L ≈ 70nm, resulting then Cedge = 0.578

7.3.6 Comparison of the SFT strength depending on
dislocation character and SFT size

It is remarkable how both curves for screw and edge dislocations
run almost parallel thoughtout all the plot and how the mixed dislocation
behaves very close to an edge dislocation close to the SFT base and its
behaviour changes as the area diminishes to the one similar to a screw
dislocation. This results may indicate that the interaction strength is indeed
bounded by the edge and screw behaviors and all mixed characters fall
within the ribbon drawn by those two extreme behaviors.

7.4 Discussion

7.4.1 Methodology

First, let us discuss some of the strengths and weaknesses of our DD
methodology with respect to other techniques. From a qualitative point of
view, our DD simulations are representative of low strain-rate experiments
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Figure 7.29: Variation of the stress per unit triangular area, θa, with the area, σ
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,

’swept’ by an edge dislocation inside stacking-fault tetrahedra of several sizes. The
curves show that the SFT strength is independent of the tetrahedron size, and depends
solely on the area intersected by the dislocation glide plane. The least-squares fit to the

data is θa(a) = 133.103/a0.899.
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(∼10−5 s−1), where dislocations move sufficiently slow to allow dislocation
reactions to occur quasi-statically. In fact, although analytically cumber-
some for non-trivial geometries, in principle these interactions could be ex-
tracted directly from static elasticity theory, as it has been done [195, 81, 82].
Conversely, most atomistic simulations operate at strain rates of the order
of 106 s−1 and higher, potentially resulting in high dislocation velocities. In
such cases, dynamic effects dominate over stress field coupling, and trivial
interactions, such as simple shear of SFTs, are typically observed. On the
other hand, our methodology lacks finite displacements, which are impor-
tant if one wants to model elementary atomistic mechanisms. For example,
our simulations cannot explicitly account for the b-magnitude shear carried
by dislocations as they glide and interact with obstacles. Although the im-
pact of neglecting this shear on the nature and timescale of the dislocation
reactions observed is unclear, it may become important for the long-term
evolution of the resulting SFT structures. Another important issue is the
possibility for vacancy removal in our simulations, leading to truly smaller
SFT sizes. Evidently, atomic-wise processes such as vacancy diffusion and
reorganization cannot be taken into account in DD rigorously. However,
there is a parameter in our methodology which can be critically tuned to
model processes of vacancy absorption by dislocation segments: the climb
drag coefficient, Bc, in the mobility equation described in the previous chap-
ter, section 6.2.4. Calibrating this parameter in the proximity of stacking-
fault tetrahedra may be useful to enrich our interaction physics and capture
mechanisms such as those observed in reaction R4 of Ref. [149]. Finally, for
these simulations we have added an extra free parameter to our methodol-
ogy, namely, the critical stress necessary to traverse a stacking-fault surface.
Our value of σSF = 1658.9 MPa is within reasonable tolerances although
still subject to the limitations inherent to atomistic calculations.

Recently, several atomistic simulations of interactions between a dis-
location and stacking-fault tetrahedra have been carried out quasistatically
[115, 162, 149]. These simulations are in excellent agreement with the mech-
anism showcased in Figure 7.4, although this mechanism is by no means
unique, as we have seen in step (4) of Section 7.3.1. In any case, a com-
mon feature shared by all these atomistic studies and our simulations is the
impossibility of completely removing the tetrahedron in a single passage.
These conclusions stand in contrast with some experimental studies, which
generally support the idea of complete SFT removal according to Kimura’s
model or some variation thereof[133, 172]. Nevertheless, recent in situ TEM
experiments have revealed new mechanisms that are not inconsistent with
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our simulations (e.g. see ‘Type 3’ process in Ref.[134]). Also, new MD
studies provide further evidence that truncated or SFT-like structures left
after a first dislocation passage are relatively easier to remove than perfect
tetrahedra [168].

The stresses computed here, between 100 and 300 MPa, are gener-
ally higher than those typically measured experimentally [172, 161], which
are of the order of . 100 MPa for defect densities consistent with our seg-
ment length of 70 nm. However, these critical stresses are obtained from a
variety of defects (not all SFTs) in different conditions, most notably finite
temperature and dislocation segment length. Indeed, Osetsky et al. have
shown that the critical stress displays a marked temperature dependence
[147]. Our data are in much better agreement with the MD results, which
give values in the range of ∼ 250 MPa [161, 147].

An obvious advantage of DD is the computational savings with re-
spect to atomistic methods. In general, these savings are the result of a
number of assumptions, which reduce the amount of physical information
incorporated into the method. With the methodology presented here, we
believe that we have achieved a satisfactory compromise among numerical
accuracy, computational cost, and generality. Futhermore, one of our most
important conclusions is the fact that our DD simulations are obtained with
a closed model that uses unit input extracted from the atomistic scale. This
atomistic information is entirely fundamental in the sense that is not specific
to the dislocation-SFT problem. Thus, our simulations can be considered
‘stand-alone’ in the sense that they can be independently compared or added
to existing simulation databases involving dislocation-SFT interactions.

7.4.2 Implications for irradiated material experiments:
shear band formation

The interaction among gliding dislocations and SFTs (as well as
other small irradiation-produced obstacles) is believed to be one of the mech-
anisms responsible for the formation of defect-free shear bands (‘channels’)
in deformed irradiated metals. However, recent experiments have shown
that there still exists a large number of uncertainties regarding the quali-
tative and quantitative predictions made by models based on dislocation-
defect interactions [53, 78, 68, 190]. Ghoniem et al. have proposed that local
heating may be responsible for the dissolution of SFTs, by emission of indi-
vidual vacancies that are then absorbed by the dislocation [68]. According
to these authors, this results in local dislocation climb and jog formation,
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which, accumulated over the glide distances available to moving dislocations
(e.g. grain size, specimen size, etc.), is what gives rise to the formation of
channels. This picture assumes that, similar to the Kimura mechanism [98],
SFTs are completely removed by a single dislocation passage (after some
critical angle has been reached). Recent estimates do indeed suggest that
an average amount of 1.5 dislocations are needed to remove SFTs from the
channels in order to account for the measured shear deformation accumu-
lated in the channels [206]. However, there is very little evidence for this
mechanism, both from MD and, now, from DD simulations. Nor is there
evidence for the cross-slip mechanism suggested by Hiratani et al. that re-
quires the stress-assisted conversion of SFTs into Frank loops [81]. This is
also the mechanism proposed by Khraishi et al. for the absorption of SFTs,
i.e. that they become glissile via a collapse onto a Frank loop before they
can be eliminated by the dislocation [105].

Our simulations, on the other hand, may suggest a different scenario,
not necessarily opposed to the one proposed by Ghoniem and co-workers,
but complementary. Our results indicate that stacking fault tetrahedra are
significantly weakened after one dislocation passage, which, although not
sufficient to fully destroy the SFT, may shrink it below the standard TEM
resolution threshold (it is worth remarking that irradiation-produced SFTs,
at 1.5∼3.0 nm, are already close to such threshold to start with). We argue
that our mechanisms, characterized solely by partial dislocation reactions,
may possibly produce softening locally, triggering strain localization. As a
matter of fact, preliminary calculations show that the structures shown in
Figs. 7.4(6) and 7.7(6) represent weaker obstacles to subsequent dislocation
passage than the corresponding initial tetrahedra.

The width of the channels, experimentally observed to range between
100 and 200 nm, has been rationalized in terms of (i) recurrent atomic-wise
climb over long glide distances [68], and (ii) double cross-slip [105]. This pre-
supposes the activation of a single slip plane, which, by successive climb and
double cross-slip events, multiplies into other sources on co-planar systems,
until, according to Khraishi et al.[105], the back-stress created by dipoles
opposing further cross-slip reaches a critical value. However, although we
do not question the plausibility of these mechanisms, nothing precludes
the pre-existence of co-planar dislocation sources across some distance (the
‘channel’ width) acting in unison. This was in fact observed by Robertson
and co-workers[161, 163] in polycrystalline Cu, where dislocations nucle-
ate heterogeneously (see also Edwards and Singh[52]) at crack tips or grain
boundaries on multiple planes. In addition, no double cross-slip is observed
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in our simulations. In fact, the activation energies for cross-slip have been
calculated atomistically [156, 139] to be rather high, of the order of 2.5
eV. In the previous chapter, we provided estimates of the critical cross-slip
stress in a variety of loading conditions, and found it to be a non-negligible
fraction of the shear modulus. This may limit the prolificness for cross-slip
required in these models, even in the presence of high local stress concen-
trations in the vicinity of radiation-induced defects. The question, in our
minds, is why only a range of co-planar sources (100∼200 nm, again the
‘channel’ width) is activated. We do not provide information here to answer
this, and more research is needed in order to shed more light on these and
other aspects of irradiated materials plasticity.

7.4.3 Large-scale simulations by model homogeneiza-

tion

The final point that we want to touch upon is the coarsening of these
results to be used in large-scale DD plasticity simulations. The short-range
nature of many of the partial dislocation reactions observed in our simula-
tions drives the integration timestep below one picosecond in some cases,
which precludes the direct use of our technique for large-scale simulations
in the e.g. ε > 5 ∼ 10% regime. In this regard, the modifications pointed
out by Martinez et al. to self-consistently reduce multi-partial dislocation
reactions to equivalent perfect dislocation reactions may represent a step
toward coarsening the model to expedite the calculations [131].

The overarching question is how to condense our most important
findings, namely, (i), that the strengh of a stacking-fault tetrahedron to
dislocation passage is independent of its size, and, (ii), that this strength is
governed purely by line tension effects, into higher-level hierarchical models.
Per (i), our results indicate that the parameter that governs SFT strength is
the triangular cross section intersected by the glide plane, and that equal ar-
eas intersected in different size tetrahedra give rise to the same mechanical
response. Point (ii) suggests that the interaction mechanisms are simply
internal transformations necessary to accommodate the line tension built
up into the outer dislocation segments when they are stress-loaded. As we
have mentioned, this behavior is expected to break down for very short line
lengths (of the order of the tetrahedron size). To apply additional levels of
homogenization to these results is no clear task, as real plasticity in irradi-
ated materials is a concoction of different processes involving multiple SFT
orientations and sizes, dislocation line lengths and characters, etc. The inte-

216



7.5. CONCLUSIONS

grated effect of all these processes, obtained via large-scale DD simulations,
is what defines the hardening coefficients in the Orowan-Taylor framework.
In this sense, the analysis performed in Section 7.3.5, albeit not statistically
meaningful, provides a simplified model to isolate the effect of a particu-
lar process: that involving 70-nm dislocation segments interacting face-on
with small SFTs. As discussed in Section 7.4.1, our methodology now con-
tains the ingredients required to accomplish this, namely, computational
expeditiousness balanced with atomic-like resolution.

Nevertheless, much work remains before this information can be in-
tegrated into a continuum plasticity model based on effective dislocation
densities that can supersede the more phenomenological models used in
previous works [68, 4]. Ultimately, for meaningful simulations, other mech-
anisms, such as interactions with interstitial Frank loops [194, 165], or dis-
location decoration [200, 194], ought to be included. These levels of ho-
mogenization, for which further studies are required, will help in carrying
out DD simulations into the stress-strain regimes that are more relevant for
comparison with experiments.

7.5 Conclusions

• We have carried out a comprehensive dislocation dynamics study of
SFT stability and dislocation-SFT interactions in fcc Cu.

• Where the comparisons are meaningful, our DD simulations have been
benchmarked against and validated with atomistic and experimen-
tal data, with reasonable agreement. However, our DD simulations
can be considered independent of prior atomistic and DD studies, as
the methodology is not influenced by conclusions previously extracted
from computational or experimental works, and stand by themselves
as an independent source of data.

• We have computed the stress required by a dislocation in fcc Cu to tra-
verse a stacking fault tetrahedron as a function of SFT size, distance
between the SFT base and the glide plane and dislocation character.

• We have identified the interaction mechanisms in each case and ana-
lyzed the resulting SFT structures. We see that dislocations require
higher stresses to traverse the defect when they are close to the base,
and that there exist two interaction regimes, namely, reactions vs.
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Orowan loops, as a function of the interaction height. In the former,
dislocations are effective in removing the SFT, although this removal
is only partial and we do not see complete absorption in any of the
cases studied.

• We have obtained a power law that gives the SFT strength as a func-
tion of the area intersected between the SFT and the dislocation glide
plane. This law is strictly valid for the segment lengths explored in
this study interacting with 2.5∼4.7-nm SFTs face-on.

• We observe that the results are very sensitive to the initial dislocation
line length, which suggests that a line tension model could suffice
to capture these processes, and that results could differ substantially
depending on the internal microstructure.

• Two new kinds of Burgers vectors have been observed, namely, 1

6
〈013〉,

which is topologically similar to a stair-rod, and 1

6
〈321〉, akin to a

Hirth dislocation. Although these dislocations are unstable, they can
occur temporarily, stabilized by shear stress.

• Screw dislocations requires the highest level of stress to traverse the
SFT, followed by the 60◦ mixed dislocation and finally the 30◦ mixed
and edge dislocations.

• 60◦ mixed dislocation behaves closely to a screw at the apex and
basically like an edge at the base of an SFT.
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[75] P. Hanusse, A. Blanché, J. Chem. Phys., 74 (1981) 6148

[76] Hardikar, K., Shenoy, V. & Phillips R., J. Mech. Phys. Solids, 49 (2001)
1951

[77] N. Hashimoto, B. T. S., K. Farrell, and S. J. Zinkle, J. Nucl. Mater.
329-333, 947 (2004).

[78] N. Hashimoto, T. S. Byun, and K. Farrell, J. Nucl. Mater. 351, 295
(2006).

223



[79] H.L.Heinisch, Radiat. Effec. 113 (1990) 53.

[80] Henager, C. H. & Hoagland, R. G., Philosophical Magazine, 85 (2005)
4477

[81] M. Hiratani, H. M. Zbib, and B. D. Wirth, Phil. Mag. A 82, 2709
(2002).

[82] M. Hiratani, V. V. Bulatov, and H. M. Zbib, J. Nucl. Mater. 329-333,
1103 (2004).

[83] Hirth, J. P., Journal of Applied Physics, 32 (1961) 700

[84] Hirth, J. P. & Lothe, J., ”Theory of Dislocations” (Krieger Publishing
Company, Malabar, Florida, 1992) p. 345

[85] D.K.Holmes, ORNL Report No. 2614 (1958), p. 65

[86] Hull, D. & Bacon, D. J., ”Introduction to Dislocations, 3rd Edition”,
(Butterworth-Heinemann, Oxford, UK, 1984 )

[87] Jackson, P. J., Progress in Materials Science, 29 (1984) 139

[88] W.Jager, P,Ehrhart and W.Schilling, in: Nonlinear Phenomena in
Materials Science, Eds. G.Martin and L.P.Kubin (Trans Tech, Aed-
ermannsdorf, Switzerland, 1988) p.279.

[89] D. R. Jefferson, ”Virtual Time”, ACM Trans. Prog. Lang. & Sys. 7
(1985) 404

[90] Z.-H. Jin, P. Gumbsch, E. Ma, K. Albe, K. Lu, H. Hahn, and H. Gleiter,
Scripta Mater. 54, 1163, (2006).

[91] E. Johnson and P. E. Hirsch, Phil. Mag. A 43, 157 (1981).

[92] Justo, J. F., Bulatov, V. V. & Yip, S. Scripta Materialia, 36 (1997) 707

[93] M. H. Kalos, P. A. Whitlock, ”Monte Carlo Methods” (John Wiley &
Sons, New York”, 1986)

[94] K. Kang, S. Redner, Phys. Rev. A 32 (1985) 435

[95] D. J. Kerbyson, H. J. Alme, A. Hoisie, F. Petrini, H. J. Wasserman,
M. Gittings, Proceedings of the ACM/IEEE SC2001 Conference, 2001

224



[96] A.G.Khachaturyan. Theory of Structural Transformations in Solids.
John Wiley, New York, 1983.

[97] H. Kimura, D. Kuhlmann-Wilsdorf, and R. Maddin, Appl. Phys. Lett.
3, 4 (1963).

[98] H. Kimura and R. Maddin, in Proceedings of an International Confer-

ence, edited by R. Cotterill, Argonne National Laboratory (Academic
Press, New York, 1965), p. 319.

[99] G.H.Kinchin and R.S.Pease, Repts. Prog. in Phys. 18, 1 (1955)

[100] M. Kiritani, Mater. Chem. Phys. 50, 133 (1997).

[101] D. E. Knuth, ”The Art of Computer Programming: Sorting and
Searching (vol. 3)” (Addison-Wesley Professional, 2nd edition, 1998)

[102] U.F.Kocks, A.S.Argon, and M.F.Ashby in Prog. Mater. Sci., Ser.
eds.: B.Chalmers, J.W.Christian, and T.B.Massalski, Vol. 19, Perg-
amon Press.

[103] G. Korniss, Z. Toroczkai, M. A. Novotny, P. A. Rikvold, Phys. Rev.
Lett. 84 (2000) 1351

[104] G. Korniss, M. A. Novotny, H. Guclu, Z. Toroczkai, P. A. Rikvold,
Science 299 (2003) 677

[105] T. A. Khraishi, H. M. Zbib, T. Diaz de la Rubia, and M. Victoria,
Metall. Mater. Trans. B 33B, 285 (2002).

[106] L.P.Kubin. Non-Linear Phenomena in Materials Science I, Vol-
ume 3-4 of Solid State Phenomena. Trans. Tech. Publication, CH-
Aedermannsdorf, 1988.

[107] Kubin, L. P., Canova, G., Conat, M., Devincre, B., Pontikis, V., &
Brechet, Y., Solid State Phenomena, 23&24 (1992) 455

[108] Kubin, L. P., Devincre, B. & Tang, M., Journal of Computer-Aided
Materials Design, 5 (1998) 31

[109] Kubin, L. P., Madec, R. & Devincre, B., in Multiscale Phenomena in
Materials - Experiments and Modeling Related to Mechanical Behavior,
Mater. Res. Soc. Symposium Proceedings, vol. 779, p. 25 (Warrendale,
PA, USA, 2003)

225



[110] Kubin, L. P., Devincre, B. & Hoc, T., Philosophical Magazine, 86
(2006) 4023

[111] Kukta, R. V., ”Observations on the kinetics of relaxation in epitaxial
films grown on conventional and compliant substrates: a continuum
simulation of dislocation glide near a surface”, PhD Thesis, Brown
University, 1998

[112] N.Q.Lam, P.R.Okamoto, H.Wiedersich and A.Taylor, Metall. Trans.
9A (1978) 1707.

[113] D. P. Landau, K. Binder, ”Monte Carlo Simulations in Statistical
Physics” (Cambridge University Press, 2000)

[114] A.M.Law, W.D.Kelton. ”Simulation Modeling and Analysis”. Mac
Graw-Hill in Industrial Engineering and Management Science, Third
Edition, 2000.

[115] H. J. Lee, J. H. Shim, and B. D. Wirth, J. Mater. Res. (accepted)
(2007).

[116] H.-J. Lee, J.-H. Shim, B. D. Wirth, Key Engineering Materials 345-
346, 947 (2007).

[117] LeSar, R., Physica Status Solidi (b), 241 (2004) 2875

[118] F. Leyvraz, S. Redner, Phys. Rev. Lett. 66 (1991) 216

[119] Li, J., Wang, C.-Z., Chang, J.-P., Cai, W., Bulatov, V. V., Ho, K.-M.
& Yip, S., Physical Review B, 70 (2004) 104113

[120] Lothe, J. & Hirth, J. P., Physica Status Solidi (b), 242 (2005) 836

[121] B. D. Lubachevsky, Complex Sys. 1 (1987) 1099

[122] B. D. Lubachevsky, J. Comp. Phys. 75 (1988) 103

[123] B. D. Lubachevsky, A. Weiss, Proceedings of the 15th workshop on
parallel and distributed simulations, Lake Arrowhead, CA, 2001, p. 185

[124] Madec, R., Devincre, B., Kubin, L., Hoc, T. & Rodney, D., Science,
301 (2003) 1879

[125] M.J.Makin, Jour. Inst. of Metals 86, 449 (1957)

226



[126] M.J.Makin, A.T.Churchman, D.R.Harries, and R.E.Smallman, Sec-
ond United Nations International Conference on the Peaceful Uses of
Atomic Energy (1958), Paper No. 80

[127] L.K.Mansur and E.H.Lee, in: Proc. Int. Conf. on Fusion Reactor Ma-
terials, Kyoto, Japan, December 1989, J. Nucl. Mater. 179-181 (1991)
105.

[128] J.Marian. Improved Understanding of Radiation Damage in Ferritic
Alloys: A Multiscale Modeling Study phD Thesis. Universidad Politec-
nica de Madrid. Escuela Tecnica Superior de Ingenieros Industriales.

[129] Marian, J. & Caro, A., Physical Review B, 74 (2006) 024113

[130] G.Martin and L.P.Kubin. Non-Linear Phenomena in Materials Science
II, Volume 23-24 of Solid-State Phenomena. Trans. Tech. Publication,
CH-Aedermannsdorf, 1992.

[131] E. Mart́ınez, J. Marian, A. Arsenlis, M. Victoria, and J. M. Perlado,
J. Mech. Phys. Solids, doi:10.1016/j.jmps.2007.06.014 (2007).

[132] E.Martinez, J.Marian, M.H.Kalos, J.M.Perlado, ’Synchronous Paral-
lel Kinetic Monte Carlo for Continuum Diffusing Systems’, to be pub-
lished

[133] Y. Matsukawa and S. J. Zinkle, J. Nucl. Mater. 329-333, 919 (2004).

[134] Y. Matsukawa, Y. N. Osetsky, R. E. Stoller, and S. J. Zinkle, J. Nucl.
Mater. 351, 285 (2006).

[135] M. Merrick, K. A. Fichthorn, Phys. Rev. E 75 (2007) 011606

[136] Mishin, Y., Mehl, M. J., Papaconstantopoulos, D. A., Voter, A. F. &
Kress, J. D, Physical Review B, 63 (2001) 224106

[137] Mohles, V., Materials Science and Engineering A, 319-321 (2001) 206

[138] Mohles, V., Materials Science and Engineering A, 324 (2002) 190

[139] D. Mordehai, I. Kelson, and G. Makov, Mater. Sci. Eng. A 400-401,
37 (2005).

227



[140] The LLNL ”Zeus” cluster on which all kMC simulations were
performed runs version 1 of the MPI libraries, with two-sided commu-
nications.
(http://www.llnl.gov/computing/tutorials/lc resources/IntelSystems).

[141] S.M.Murphy and J.M.Perks, J. Nucl. Mater. 171 (1990) 360.

[142] K. Nordlund and F. Gao, Appl. Phys. Lett. 74, 2720 (1999).

[143] G.R.Odette and G.E.Lucas, Radiat. Effect. Defects Solids, 144 (1998)
p.189

[144] G.R.Odette, B.D.Wirth, D.J.Bacon and N.M.Ghoniem, Multiscale-
Multiphysics Modeling of Radiation-Damaged Materials: Embrittle-
ment of Pressure-Vessel Steels. MRS Bulletin, March 2001.
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