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A new material, C12A7 : e� electride, which might present a work function as low as 0.6 eV and

moderately high temperature stability, was recently proposed as coating for floating bare tethers.

Arising from heating under space operation, current is emitted by thermionic emission along a thus

coated cathodic segment. A preliminary study on the space-charge-limited (SCL) double layer in

front of the cathodic segment is presented using Langmuir’s SCL electron current between

cylindrical electrodes and orbital-motion-limited ion-collection sheath. A detailed calculation of

current and bias profiles along the entire tether length is carried out with ohmic effects and the

transition from SCL to full Richardson-Dushman emission included. Analysis shows that in the

simplest drag mode, under typical orbital and tether conditions, thermionic emission leads to a short

cathodic section and may eliminate the need for an active cathodic device and its corresponding gas

feed requirements and power subsystem, which results in a truly “propellant-less” tether system for

such basic applications as de-orbiting low earth orbit satellites. VC 2012 American Institute of
Physics. [http://dx.doi.org/10.1063/1.4736987]

I. INTRODUCTION

Electrodynamic tethers are made of conductive wires,

which carry currents between the ends. Taking advantage of

basic principles of electromagnetism, the tether system

exchanges momentum with a planetary magnetosphere and

offers the opportunity for in-orbit “propellantless” propul-

sion around planets with a magnetic field and an ionosphere.

A non-relativistic transformation relates the electric

fields, in the frames moving with tether and local ambient

plasma1:

~ETetherFrame � ~EPlasmaFrame ¼ ðvt
!� vpl

�!Þ � ~B; (1)

where the planetary magnetic field ~B is common in both

frames, and vt
! and vpl

�! are the velocities of tether and

plasma, respectively. In the highly conductive plasma away

from the tether, the electric field is negligible in the frame

moving with the plasma. Then, the electric field outside the

tether yet in the frame of the tether, which is a motional elec-

tric field, can be written as

~Eoutside ¼ ~ETetherFrame ¼ Em
�! ¼ ðvt

!� vpl
�!Þ � ~B: (2)

The field inside the tether is determined by Ohm’s law.

For non-zero orbital inclination or a realistic magnetic

model, the projection of Em
�!

along the tether, Em, drives a

current ~I , while other components of Em
�!

produce negligible

potential difference across the thin tether. An insulated tether

with length L, carrying a uniform current, would in turn ex-

perience a Lorentz force

~F ¼ L~I � ~B: (3)

The power transferred to the tether is thus

Wt ¼ L~I � ~B � vt
!: (4)

In the case of a passive tether system, the net mechanical

power extracted from the orbital motion, Wm ¼ L~I � Em
�!

¼ �L~I � ~B � ðvt
!� vpl

�!Þ > 0, appears as the current in the

tether electric circuit. And the Lorentz force acts as a drag

(Wt < 0) if vt
! is in the same direction as vt

!� vpl
�!, otherwise

a thrust (Wt > 0). The component of Lorentz force that is per-

pendicular to the tether orbital plane, however, may lead a

coupled in-plane/off-plane unstable periodic motion.

A standard electrodynamic tether, which carries insula-

tion, collects or rejects electrons through a positively biased

anodic end device or a negatively biased cathodic end de-

vice, respectively. In the early 1990s, the bare-tether concept

was proposed as providing an electron-collecting anode lim-

ited by neither space charge nor magnetic guiding effects, to

be more effective than large conductive spheres at the tether

ends.2 The small cross-sectional dimension of the tether

allows it to collect electrons over the resulting positively bi-

ased (anodic) segment as a giant cylindrical Langmuir probe

in the orbital-motion-limited (OML) regime. In addition, the

collecting area is large because the anodic segment may be

many kilometers long.3

A standard bare tether emits the full electron current

through a low-impedance cathodic device, such as a hollow

cathode, located at the cathodic end of the tether. Since the

hollow cathode requires a low bias to eject the collected cur-

rent, the tether bias in the simplest drag mode is positive

over most of the tether length, which allows high current and

drag.4

In the absence of a low-impedance device, current is

emitted through ion collection along the negatively biased

(cathodic) segment. Ions arrive at the tether following the

a)Electronic mail: xin.chen@upm.es.
b)Electronic mail: juanr.sanmartin@upm.es.

1070-664X/2012/19(7)/073508/9/$30.00 VC 2012 American Institute of Physics19, 073508-1

PHYSICS OF PLASMAS 19, 073508 (2012)

http://dx.doi.org/10.1063/1.4736987
http://dx.doi.org/10.1063/1.4736987
http://dx.doi.org/10.1063/1.4736987


OML law, each ion picking up an electron and leaving as a

neutral, electrons thus leaking out at the ion impact rate. The

current flowing along the tether vanishes at both ends and

the tether is said to be completely passive and electrically

floating. In this case, under OML electron/ion collection, the

anodic-to-cathodic length ratio is low because the ions are

much heavier than the electrons, about
ffiffiffiffiffiffiffiffiffiffiffiffiffi
me=mi

3
p

¼ 0:03 for

oxygen ions. Therefore, less current is collected compared to

a standard bare tether with the same length, and the length-

averaged current is reduced. However, if coating with low

enough work function is available and the cathodic segment

is heated to high-enough temperature, thermionic emission,

instead of ion collection, improves efficiency.

A low-work-function electron-emitting material

C12A7 : e� was developed by Hosono’s group at the Univer-

sity of Tokyo.5 Since this material has a work function

potentially as low as 0.6 eV, it can emit intense current at

temperature about 300 K, well below values (1300–1400 K)

required by, say, LaB6 and CeB6 (2.7 eV). Williams brought

such advances in materials science to the tether community.

In work together with Sanmartin and Rand, C12A7:e� was

proposed as coating for floating bare tethers.6 Thermionic

emission along the coated cathodic segment, arising from

heating under space operation, might be well more efficient

than ion collection.

The C12A7 : e� electride is derived from the compound

12CaO � 7Al2O3 (C12A7). The crystalline ceramic C12A7

has a naturally formed nanostructure, in which subnanometer-

sized cages form a three-dimensional crystal lattice. The unit

cell is ½Ca24Al28O64�4þðO2�Þ2, composed of two C12A7 mol-

ecules. A positively charged lattice framework, as the first

term of the chemical formula, contains twelve crystallo-

graphic cages, each with a radius of 0.2 nm The extra-

framework free oxygen ions ðO2�Þ2, clathrated (floating)

within two of the twelve cages, can be replaced exclusively

by electrons, which results in the formation of the electride

½Ca24Al28O64�4þðe�Þ4, or C12A7 : e�. Due to the large lattice

spacing, electrons are loosely bound to the crystal lattice, and

this inorganic conducting ceramic may have a low work func-

tion. An extremely low work function of 0.6 eV was predicted

from the field-emission characteristics by Hosono’s group at

the Tokyo Institute of Technology.5 Subsequent studies at

higher operation temperatures gave a higher value of 2.1 eV,7

which is still low compared to the state-of-art electron emit-

ting materials, e.g., LaB6 and CeB6 with 2.7 eV. The same

group evaluated the work function as 2.4 eV by photoelectron

yield spectroscopy (PYS) and UV photoelectron spectroscopy

(UPS) techniques.8 Recently, a work function of 0:8260:1eV

has been measured by Williams’ group at Colorado State Uni-

versity.9 Although this work function increased over time, it

is thought that this is due to the formation of a contamination

layer on the sample surface and removal of the contamination

layer would help the material return to the low work function.

Another feature of interest of C12A7 : e� electride is its

high stability compared to the state-of-art electron emitting

materials. Finding a material with a sufficiently low work

function often results in the compromise of other properties

that has led to materials that are consumable, easily pois-

oned, and susceptible to being sputtered away. For instance,

the barium-calcium aluminate impregnated porous tungsten

(Ba–W), with a work function of 2.1 eV, is susceptible to

both poisoning and high rates of evaporation if operated at

high current. For C12A7 : e� electride, when it is exposed to

an ambient atmosphere, the rigid structure of the lattice

framework made of Ca–O and Al–O bonds prohibits the dif-

fusion of H2O and O2 molecules into a cage to react with the

low work-function electrons.8 As a result, this electron-

emitting material is stable up to several hundred degrees Cel-

sius in an ambient environment.9

With this low-W coating, each point on the cathodic

segment of a kilometers-long floating bare-tether would emit

current as if it were part of a hot cylindrical probe uniformly

polarized at the local tether bias, under 2D probe conditions

that are also applied to the anodic-segment analysis. Around

a negatively biased probe with intense thermionic emission,

immersed in plasma, a double layer (DL) would be estab-

lished with electrons being emitted from the tether and ions

coming from the ambient plasma. The thermionic current

density, varying along the cathodic segment, might follow

two distinct laws under different conditions, space-charge-

limited (SCL) or full Richardson-Dushman.

The first analysis of DL was conducted by Langmuir10

for an one-dimensional, planar DL, giving the ratio of ion to

electron SCL current density. Although the result is not self-

consistent, it is a good approximate for a strong DL. The

computations of space charge, electric field, or potential

inside the planar DL in front of a hot cathode were later car-

ried out using a fluid model.11–13 The SCL, counter-flowing

monoenergetic ion and electron currents between two spheri-

cal surfaces, which also forms a DL, was studied by Wei and

Wilbur.14 For cylindrical DL, not many studies have been

found. Chang and Bienkowski15 developed a method for the

SCL DL in front of spherical and cylindrical probes (posi-

tively or negatively biased), using orbital motion theory, but

under the assumption of Debye length being much smaller

than probe radius. Although the attracted particles were con-

sidered monoenergetic, this paper casts light on the problem

to find a self-consistent DL solution. Recently, Fruchtman

et al.16 presented a two-scale analysis for a DL in front of a

negatively biased emissive cylindrical probe, but, with van-

ishing net current.

In the case of the cathodic emission around the floating

bare tether, of which each point is considered as a uniformly

polarized probe, high plasma-to-tether potential results in a

thick 2D cylindrical DL carrying currents, which has not

been resolved in previous works. Also, the transition

between SCL and non-SCL emission has not been analysed,

which is important for floating bare-tether analysis. In this

work, as a preliminary study on the two dimensional SCL

DL, using the rough model in the work of Williams et al.,6

we calculate the emission current inside the DL by patching

Langmuir’s SCL electron current between cylindrical elec-

trodes17 and OML ion-collection sheath.3 The Richardson-

Dushman emission law is then used beyond the SCL regime.

Self-consistent current collection and emission along the

entire bare tether, taking into account ohmic effects, are

studied. The transition between different cathodic emission

regimes is identified by a transition in tether length. Basic
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features in the balance of currents are presented and dis-

cussed considering typical space parameters.

II. THERMIONIC EMISSION AROUND A NEGATIVELY
BIASED CYLINDRICAL PROBE

When the plasma-to-probe bias reaches some high

enough value, the thermionic-emission current density—lim-

ited by the emitter temperature T—follows the Richardson-

Dushman’s law with Schottky effect (RDS current density):

jRDSðT;W;EsÞ ¼ j0ðT;WÞ � SðT;EsÞ; (5)

where W is the work function of the material. The

Richardson-Dushman current density is

j0ðT;WÞ ¼
4pmeek2

h3
T2exp � W

kT

� �
; (6)

where k is the Boltzmann constant and h is the Plank con-

stant. The Schottky enhancement factor S is given by

SðT;EsÞ ¼ exp
e

kT

ffiffiffiffiffiffiffiffiffi
eEs

4pe0

r� �
; (7)

where e0 is the vacuum permittivity and Es is a (moderate)

electric field established at the emitter surface.

However, at a lower plasma-to-probe bias, the electron

emission at the emitter surface is limited by the electric field

at the emitting surface which arises from the space charge of

the emitted electrons. This current is referred to as SCL cur-

rent, being lower than RDS current. In this preliminary study

on the SCL double layer, we shall make use of work by

Langmuir and Blodgett on SCL current emitted by a hot

inner cylinder to a cold positively biased cylinder.17

For a negatively biased cylindrical hot cathode which

has a radius r0 and emits electrons outwards with negligible

initial velocity, Langmuir described the SCL electron current

density per unit length as

il ¼ 4pe0 �
2/ðrÞ

9r½bðr=r0Þ�2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2e/ðrÞ

me

s
constant along the path;

(8)

where /ðrÞ > 0 is the potential relative to the cathode at a

distance r to the cylindrical axis. The value of b is zero for

r=r0 ¼ 1 and increases until it approximates unity for

r=r0 > 10. Evaluating the current at the outer anodic cylin-

der with radius ran > 10r0, one sets b � 1 and the current

per unit length becomes

il ¼ 4pe0 �
2/ðranÞ

9ran
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2e/ðranÞ

me

s
: (9)

In the case of the DL around a hot cylindrical probe neg-

atively biased with respect to ambient plasma, the coaxial

cylindrical sheath will represent an anode collecting the elec-

tron current as described in Eq. (9) and emitting ions

inwards, with most of the potential drop, at the high bias of

interest, taking place inside the sheath,

ran � rsh; /ðrshÞ � �DV; (10)

where DV < 0 is the probe-to-plasma bias. If one neglects

the ion space charge, Eq. (9) can be used to evaluate the total

SCL current inside the sheath, as the ion current is supposed

to be negligible. We still assume that the sheath radius is

indeed much larger than the probe radius (rsh � R � r0).

While the ion space charge is neglected, we go further in

simplifying this preliminary analysis by using the model for

rsh arising from ion OML collection. The maximum radius

Rmax for the OML regime to be hold depends on kDi,

eDV=kTi, and Ti=Te. For a typical ion-to-electron tempera-

ture ratio Ti=Te � 1, the maximum radius is close to the

Debye length (Rmax � kDi), being weakly dependent on

eDV=kTi.
3 Considering Ti=Te � 1 and R ¼ kDi � Rmax, the

sheath radius rsh reads

rsh ¼
Rffiffiffiffiffi
r1
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�eDV

kTi

s
; (11)

where r1 is a constant with a value 0.24.18 Then, the SCL

current per unit length becomes

iSCL ¼
8pe0

9

ffiffiffiffiffi
r1

p �DV

R

� � ffiffiffiffiffiffiffiffiffi
2kTe

me

s
: (12)

Although the Langmuir theory describes the emitted

electrons and the OML theory describes independently the

incoming ions, this preliminary analysis may give correct

magnitude for the DL considering both species.

III. FLOATING BARE TETHERS WITH THERMIONIC
EMISSION

As shown in Fig. 1, the anodic segment AB collects elec-

trons from the ambient plasma until the zero-bias point B. For

a round tether with a radius R less than or equal to Rmax, it can

be assumed that the current collection follows the high-bias

OML theory (DV ¼ Vt � Vp � kTe � 0:1eV) except in

regions very close to B. Again, for Ti=Te � 1 and R ¼ Rmax,

the OML current density at distance y from A then reads

jOMLðyÞ ¼
en1
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2eDVðyÞ

me

s
; (13)

where n1 is the unperturbed plasma density.

At the cathodic segment immediately after B, with a low

plasma-to-tether bias, the current is emitted at the rate of

SCL current iSCL in Eq. (12). In regions very close to B,

although this high-bias approximation may not be correct,

the current emission in these regions is negligible. If the

plasma-to-tether bias reaches a certain value while increas-

ing along the tether, current is emitted at the rate of RDS cur-

rent density jRDS in Eq. (5).
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In some circumstances, tethers operate in highly

inclined orbits or at high altitude will not be able to collect a

very significant electron current by the anodic segment, as if

the tether were short. In this short case, the current can be

emitted fully just by a SCL segment, as the dashed line in

Figure 1. If more current is collected by the anodic segment,

the cathodic segment might first emit current by a SCL seg-

ment up to the transition point B	, beyond which current is

emitted by a RDS segment, as the full line in Fig. 1. In this

long case, jRDS and iSCL=2pR are identical at point B	.
Besides the anodic collection, the transition between

two cases is also determined by the cathodic emission which

is critically related to the work function and the temperature

of the emitting surface. The RDS current density, if being

low due to high work function or low temperature [Eq. (5)],

would move upward the transition point B* and prevent the

emission from further increment, which thus reduces the

emission efficiency and drag production. Thus, the new low-

W material is important because it allows reaching desired

emissions at lower temperatures. Tether temperature is deter-

mined from a thermal balance, where the heating mainly

arises from ohmic dissipation and solar irradiation. Note that

in going from the eclipse to the non-eclipse phase in orbit,

cathodic electron emission will increase because solar heat-

ing dominates ohmic heating,1 while anodic electron collec-

tion will also increase along with ambient plasma density

n1. In this work, the temperature is considered as constant

along the tether and thermal balance is left to future analysis.

The floating bare tether system with thermionic emis-

sion can self-consistently adjust the position of B, and of B	

if present, to establish a current that vanishes at both ends.

Detailed calculations for each segment and each case are car-

ried out in Secs. IV and V. For simplicity, the Schottky effect

is assumed negligible.

IV. THE ANODIC-SEGMENT COLLECTION A-B

Under OML collection, Eq. (13), the current variation

along the AB segment follows

dI

dy
¼ 2eRn1

ffiffiffiffiffiffiffiffiffiffiffi
2eDV

me

s
: (14)

Accounting for ohmic effects, the local bias varies

throughout the length of the tether following the equation:

dDV

dy
¼ I

rcAt
� Em; (15)

where At is the tether cross-sectional area and rc is the tether

conductivity. Three dimensionless variables are defined:

n ¼ y

L	
; i ¼ I

I	
; / ¼ DV

EmL	
; (16)

where we introduce the short-circuit current I	 ¼ rcAtEm

and a characteristic length L	 defined as

L	 � l1=3 � R2=3; (17)

with l given by

l ¼ 9p2mer2
cEm

128e3n2
1

: (18)

At particular values, typical of tether applications

(n1 � 3� 1011=m3 and Em � 150V=km) l is about

3:1� 1017m. As a result of ohmic effects, the maximum cur-

rent that can be collected by the tether is the short-circuit

current I	, which limits i to a range 0 < i < 1. Thus, Eqs.

(14) and (15) become

di

dn
¼ 3

4
/1=2; (19)

d/
dn
¼ i� 1; (20)

with the latter holding all along the tether. The entire solu-

tion can then be given in terms of a single free parameter,

FIG. 1. Scheme of plasma potential Vp, tether potential

Vt, and current I along a floating bare tether with therm-

ionic emission, operating in drag mode. To show each

segment clearly, this figure is not drawn in scale.
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say /A. An immediate first integral of Eqs. (19) and (20) is

i2 � 2i� /3=2 ¼ C, where C is a constant. After substituting

the tip values (i¼ 0, / ¼ /A at n ¼ 0; i ¼ iB, / ¼ 0 at

n ¼ nB), C is evaluated as C ¼ iB
2 � 2iB ¼ �/A

3=2 with /A

lying in the range 0 < /A < 1. Then, one has the current

profile in the anodic segment:

i ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� /A

3=2 þ /3=2

q
; (21)

and the current at B:

iB ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� /A

3=2

q
: (22)

Substituting Eq. (21) into Eq. (20) and integrating with

i¼ 0 and / ¼ /A at n ¼ 0 yields the potential bias profile at

the anodic segment:

n ¼
ð/A

/
ð1� /A

3=2 þ /3=2Þ�1=2
d/: (23)

Then, the anodic-segment length can be written in terms

of /A:

nBð/AÞ ¼
ð/A

0

ð1� /A
3=2 þ /3=2Þ�1=2

d/: (24)

For different values of /A, the current profile and poten-

tial bias profile are shown in Fig. 2. If the tether length is

very large, L� L	, the total collected current approaches

the short-circuit current, iB ! 1, corresponding to dominant

ohmic effects. Then, both /A and nB approach limits

lim
iB!1

/A ¼ 1; lim
iB!1

nB ¼ 4: (25)

When iB is very close to unity, Vt and Vp meet at B being

nearly parallel to each other, as in Fig. 2 the / curve meets

with the line / ¼ 0 nearly tangentially. Note that iB can only

approach unity, other than being equal to unity. If iB ¼ 1, the

tether is zero-biased at B with the derivative of the bias being

zero, which cannot provide the negative bias after B for cur-

rent emission.

V. THE CATHODIC-SEGMENT EMISSION

Along the SCL segment, Eq. (12) gives the current

variation:

dI

dy
¼ 8pe0

9

ffiffiffiffiffi
r1

p DVðyÞ
R

ffiffiffiffiffiffiffiffiffi
2kTe

me

s
: (26)

Using the dimensionless variables in Eq. (16) together

with a dimensionless parameter to gauge the SCL emission

ks ¼
2L	

3R

2e0

Rrc

� �1=2
2kTer1

me

� �1=4

; (27)

the current variation along the SCL segment becomes

di

dn
¼ ks

2/: (28)

In the long case, when more current is collected, a SCL

segment is followed by a RDS segment, along which the cur-

rent varies as

dI

dy
¼ �2pRj0; (29)

where Schottky effect is assumed negligible (jRDS ¼ j0).

Introducing a dimensional parameter to gauge the RDS

emission

kt ¼
2j0L	

rcREm
; (30)

the current variation along the RDS segment becomes

di

dn
¼ �kt: (31)

A. The short case B–C

In the short case, Eqs. (20) and (28) hold all the way to

the cathodic end C. After an immediate first integral and sub-

stituting the tip values at both ends of BC (i ¼ iB, / ¼ 0 at

n ¼ nB; i¼ 0, / ¼ /C at n ¼ nC), it gives /C and the current

profile at the SCL segment:

/C ¼ �
/A

3=4

ks
; (32)

i ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� /A

3=2 þ ks
2/2

q
: (33)

Substituting Eq. (33) into Eq. (20), and integrating from

i ¼ iB, / ¼ 0 at n ¼ nB, the bias profile at the SCL segment

can be written in a reverse way as

n ¼ nB þ
1

ks
arcsinh

�ks/ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� /A

3=2
p

 !
: (34)FIG. 2. Tether-to-plasma bias profile and current profile along the anodic

segment.
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Using Eq. (24), the tether length can be associated to /A

as follows:

L

L	
¼ nC ¼ nBð/AÞ þ

1

ks
arcsinh

/A
3=4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� /A
3=2

p
 !

: (35)

This relationship shows that, for environmental, geomet-

ric and material tether parameters within certain domain, /A

is a function of L, /A ¼ f ðLÞ. So, to discuss the dependence

of current emission/collection on /A is equivalent to discuss

the dependence on L. Equation (35) also tells that in the case

of dominant ohmic effects, since /A approaches unity, the

tether length can be very large as nC !1. Using Eq. (20),

the average current over the overall tether length can be calcu-

lated as

iav ¼
ðnC

0

i=nCdn ¼
ðnC

0

ð1þ d/=dnÞ=ncdn ¼ 1þ /C � /A

nC
:

(36)

Therefore, the average current in the short case is

iav ¼ 1� /A
3=4=ks þ /A

nC

: (37)

Finally, in the short case, if nC is so large that the cur-

rent collection falls into the case of dominant ohmic effects,

the cathodic-segment magnitudes tend to their limits:

lim
iB!1

nBC ¼ lim
iB!1
ðnC � nBÞ ¼ 1;

lim
iB!1

/C ¼ �
1

ks
; lim

iB!1
iav ¼ 1: (38)

B. The long case B–B*–C

In the long case, the cathodic-segment emission switches

from SCL current to RDS current at B	. Thus, equalizing the

RHS of Eqs. (28) and (31), one has the bias at B	,

/B	 ¼ �
kt

ks
2
: (39)

The current and bias profiles along this SCL segment

BB	 are the same as those described by Eqs. (33) and (34).

The SCL-segment magnitudes can now be written down in

terms of /A as

iB	 ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� /A

3=2 þ ðkt=ksÞ2
q

; (40)

nB	 ¼ nB þ
1

ks
arcsinh

kt=ksffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� /A

3=2
p
 !

: (41)

Along the RDS segment B	C, the first integral of Eqs.

(20) and (31), together with the tip values (i ¼ iB	 , / ¼ /B	

at n ¼ nB	 ; i ¼ 0, / ¼ /C at n ¼ nC), gives the current and

bias profiles along B	C:

i ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� /A

3=2 � ðkt=ksÞ2 � 2kt/
q

; (42)

n ¼ nB	 �
1

kt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� /A

3=2 þ ðkt=ksÞ2
q

þ 1

kt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� /A

3=2 � ðkt=ksÞ2 � 2kt/
q

: (43)

The overall length of the tether nC and the cathodic end

bias /C are found as

nC ¼ nB	 �
1

kt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� /A

3=2 þ ðkt=ksÞ2
q

þ 1

kt
; (44)

/C ¼ �
/A

3=2

2kt
� kt

2ks
2
: (45)

Again, in the dominant ohmic effects limit, /A ! 1, the

tether length thus being very large, we have nC !1 in this

long case. The average current, using Eq. (36), then becomes

iav ¼ 1� /A
3=2

2kt
þ kt

2ks
2
þ /A

� ��
nC: (46)

Finally, in the long case, if nC is so large that current

collection falls into the case of dominant ohmic effects, the

cathodic-segment magnitudes tend to their limits as

lim
iB!1

nBB	 ¼ 1; lim
iB!1

nB	C ¼ �
1

ks
þ 1

kt
;

lim
iB!1

/C ¼ �
1

2kt
� kt

2ks
2
; lim

iB!1
iav ¼ 1: (47)

C. The short/long cathodic-segment transition

If kt > ks, the maximum RDS segment length

limiB!1 nB	C is negative as shown in Eq. (47), which tells that

the tether would always work in the short case, regardless of

the tether length. Under the condition kt < ks, if the tether

falls into the long case, the value of /C in Eq. (45) must be

less than /B	 in Eq. (39) as the probe-to-plasma bias decreases

throughout the tether as in Eq. (20) and Fig. 1. Thus, the con-

dition for a bare tether to work in the long case is

/A 
 ðkt=ksÞ4=3; (48)

where the value of kt=ks, as found from Eqs. (27) and (30),

reads

kt=ks ¼
3j0

Emrc

Rrc

2e0

� �1=2 me

2kTer1

� �1=4

: (49)

Substituting /A ¼ ðkt=ksÞ4=3
into Eq. (35), with nBð/AÞ

given in Eq. (24), yields the shortest length for a tether to

work in the long case:

Ltr ¼ L	 �
ððkt=ksÞ4=3

0

½1� ðkt=ksÞ2 þ /3=2��1=2
d/þ L	

� 1

ks
arcsinh

kt=ksffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðkt=ksÞ2

q
2
64

3
75: (50)
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As a conclusion, the conditions of the short/long
cathodic-segment transition is shown in Table I.

VI. DISCUSSION

Let us discuss the results with some typical data in space:

rc ’ 3� 107S=m for aluminium, kTe � kTi � 0:1eV, a low

day density n1 � 3� 1011=m3, R ¼ kD � 4:29 mm, and

r1 � 0:24. The conductivity of the aluminium tether would

remain unchanged with this thin coating. For a vertical tether

in LEO (low earth orbit) equatorial orbit and a nontilted cen-

tered magnetic dipole model, a typical motional field lying

along the tether reads Em ¼ vtB � 7:5 km=s� 2000T

¼ 150 V=km, with ~B being perpendicular to the tether orbital

plane and the resultant current~I . A tentative daytime tempera-

ture for the tether T¼ 300 K is used. Different values of work

function (0.6 eV, 0.65 eV, and 0.7 eV) are considered for the

C12A7 : e� coating. We then have L	 ¼ 17:94 km and

ks ¼ 9:18, both independent of W. The Lorentz force exerted

on the tether, calculated as F ¼
Ð
~I � ~Bdy ¼

Ð
BIdy

¼ BLiavI	, is shown in Table II for different values of tether

length.

For W¼ 0.6 eV, one has kt ¼ 14:35 > ks and the tether

always working in the short case regardless of tether

length (Fig. 3(a)). A slight increase in the work function, say

W ¼ 0:65eV (Fig. 3(b)) or W ¼ 0:7eV (Fig. 3(c)), results,

however, in kt ¼ 2:07 < ks and a transition in tether length

beyond which the tether works in the long case Ltr ¼ 2:96km

(nCtr ¼ Ltr=L	 ¼ 0:16), or kt ¼ 0:52 < ks and Ltr ¼ 0:25km

(nCtr ¼ 0:014). The short/long cathodic-segment transition is

sensitive to the work function. This is because the work func-

tion influences the transition conditions in Table I and the

transition length in Eq. (50) through the ratio kt=ks—the

greater the ratio is, the greater the value of Ltr is, or even there

is not a transition length for long case to be present—and the

ratio kt=ks [see Eq. (49)] is proportional to j0 and thus propor-

tional to the exponential term expð�W=kTÞ, being sensitive

to the work function.

As mentioned at the beginning of this article, a small ca-

thodic-to-total length ratio ðL� LBÞ=L would correspond to

efficient cathodic emission. Shown in Figs. 3(a) and 3(b) for

W ¼ 0:6eV and W¼ 0.65 eV, respectively, the ratio first

decreases rapidly with the increase of the total tether length

down to around 15%, which is indeed small and implies

quick current emission from a short segment at the cathodic

end of the tether. However, as mentioned, the current emis-

sion efficiency is very sensitive to the work function of the

material as the work function determines critically the RDS

current density. Shown in Fig. 3(c) for W¼ 0.7 eV, the ca-

thodic segment is around 50% of total length, and, for a

given tether total length, the average current is reduced sig-

nificantly compared to the results for the other two values of

work functions.

If the tether length is further increased, L� L	, the

tether falls into the case of dominant ohmic effects, iB � 1,

and the cathodic-to-total length ratio is increased (Fig. 3)

because the SCL segment length keeps increasing while the

OML segment length is limited. The cathodic bias j/Cj is

limited to 1=ks for W ¼ 0:6 eV as in the short case or limited

to ð1=2ktÞ þ kt=2ks
2 for W¼ 0.65 eV as in the long case,

both being much smaller than /A as shown in Figs. 3(a) and

3(b). As a result, the plasma and tether potential lines move

close to each other, covering most of the cathodic segment,

and the current decreases to zero rapidly at the short end of

the tether. Thus, a long segment possessing the near short-

circuit current tells an efficient current emission in the case

of dominant ohmic effects. Again, for W¼ 0.7 eV, j/Cj
increases to a value larger than /A (Fig. 3(c)), as opposite

lower W values, which prevents the cathodic segment from

possessing a long section with the short-circuit current and

thus the current emission is much less efficient.

We have considered a round-wire radius R ¼ kD

throughout for simplicity; with Rmax near kD independent of

bias for Ti ¼ Te, we then have rsh as given by Eq. (11) with

r1 � 0:24 and R ¼ kD. This results in too heavy tethers,

however, for R¼ 4.3 mm, an aluminum wire just 1 km long

would be 157 kg heavy. In the case of a sensible radius well

below kD, one must use a more complex sheath-radius law

given in Refs. 18 and 19. Alternatively, one can consider a

tether of thin-tape cross section and width w. Round-wire

OML results hold for tapes with perimeter 2w replacing 2pR
or w ¼ pR. Further, the maximum width for OML current to

hold is wmax ¼ 4Rmax.3 A tape 0.1 mm thick and 15 mm wide

say, roughly satisfying the above, would only be around 4 kg

heavy for 1 km length. The detailed dependence of SCL cur-

rent on the electron emitter being cylindrical, through the

bðrsh=r0Þ function, was lost for rsh > 10r0 (b ¼ 1), as repre-

sented by Eq. (9).

As regards geomagnetic-field effects, the Parker-

Murphy 2D canonical upper-bound on current lies well

above the OML current if the ratio of tether radius to elec-

tron thermal gyroradius R=le is small. Detailed analysis

shows that both ðR=leÞ2 and ðR=kDÞ2 must be small for such

effects to be negligible.3 In turn, effects of the magnetic field

generated by the tether current itself prove negligible for

thin-tape tethers because ohmic effects then limit the current

in the tether.20,21

Due to the tether-to-plasma relative flow, there will be

the differences in upstream and downstream structures, as

there are also differences in sheath structures around round

and thin-tape tethers at rest in the plasma.3 This need not

have an effect in collected current, however. In Ref. 22, it

TABLE I. The short/long cathodic-segment transition.

Conditions Case

kt=ks > 1, any L Short

kt=ks < 1, L < Ltr Short

kt=ks < 1, L > Ltr Long

TABLE II. Lorentz force.

1 km 5 km 10 km 20 km

0.6 eV 0.02 N 1.1 N 5.8 N 29.5 N

0.65 eV 0.02 N 1.0 N 5.5 N 26.7 N

0.7 eV 0.01 N 0.6 N 2.6 N 11.8 N

073508-7 X. Chen and J. R. Sanmartı́n Phys. Plasmas 19, 073508 (2012)



was shown that the 2D OML current law does not depend on

azimuthal symmetry; it just requires that (1) the undisturbed

velocity distribution of the attracted species is isotropic, and

(2) all orbits traced back in time from the probe reach infinity

(there may be no potential barrier for the probe surface). For

the no-flow case, condition (2) holds for a round tether with

radius below Rmax. Condition (1) is clearly satisfied for the

anodic segment, where electrons are the attracted particles.

As regards the cathodic segment, the collected ion current is

negligible against the emitted electron current, and only the

simplest description was needed.

A basic issue arises, however, from the mesothermal

character of the relative flow, which results in the density of

ions exceeding n1 where rammed back (upstream), and in

electron density lying below n1 everywhere,22 breaking qua-

sineutrality in a large upstream region. It has been sug-

gested23,24 that a fundamental plasma phenomenon, adiabatic

electron trapping,25 might resolve this paradox.

VII. CONCLUSIONS

A new material, C12A7 : e� electride, with a possible

work function as low as 0.6 eV and high-temperature stabil-

ity, has the potential to allow an efficient floating bare tether

system to be developed. Under typical orbital and tether con-

ditions, in the simplest drag mode, thermionic emission

along the cathodic segment (with a thin coating of this ultra

low-W material) would result in a short cathodic segment, or

the short circuit current covering most of the cathodic seg-

ment in the case of dominant ohmic effects. When compared

to ion collection, thermionic emission leads to much higher

drag values and to eliminating the need for an active ca-

thodic device, corresponding gas feed requirements, and

power subsystems, which results in a truly “propellant-less”

tether system for such basic applications as de-orbiting LEO

satellites.
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