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Resumen 

El objetivo de la tesis es investigar los beneficios que el atrapamiento de la luz mediante 

fenómenos difractivos puede suponer para las células solares de silicio cristalino y las de 

banda intermedia. Ambos tipos de células adolecen de una insuficiente absorción de fotones 

en alguna región del espectro solar. Las células solares de banda intermedia son teóricamente 

capaces de alcanzar eficiencias mucho mayores que los dispositivos convencionales (con una 

sola banda energética prohibida), pero los prototipos actuales se resienten de una absorción 

muy débil de los fotones con energías menores que la banda prohibida. Del mismo modo, las 

células solares de silicio cristalino absorben débilmente en el infrarrojo cercano debido al 

carácter indirecto de su banda prohibida. Se ha prestado mucha atención a este problema 

durante las últimas décadas, de modo que todas las células solares de silicio cristalino 

comerciales incorporan alguna forma de atrapamiento de luz. Por razones de economía, en la 

industria se persigue el uso de obleas cada vez más delgadas, con lo que el atrapamiento de la 

luz adquiere más importancia. Por tanto aumenta el interés en las estructuras difractivas, ya 

que podrían suponer una mejora sobre el estado del arte. 

Se comienza desarrollando un método de cálculo con el que simular células solares equipadas 

con redes de difracción. En este método, la red de difracción se analiza en el ámbito de la 

óptica física, mediante análisis riguroso con ondas acopladas (rigorous coupled wave 

analysis), y el sustrato de la célula solar, ópticamente grueso, se analiza en los términos de la 

óptica geométrica. El método se ha implementado en ordenador y se ha visto que es eficiente 

y da resultados en buen acuerdo con métodos diferentes descritos por otros autores. 

Utilizando el formalismo matricial así derivado, se calcula el límite teórico superior para el 

aumento de la absorción en células solares mediante el uso de redes de difracción. Este límite 

se compara con el llamado límite lambertiano del atrapamiento de la luz y con el límite 

absoluto en sustratos gruesos. Se encuentra que las redes biperiódicas (con geometría 

hexagonal o rectangular) pueden producir un atrapamiento mucho mejor que las redes 

uniperiódicas. El límite superior depende mucho del periodo de la red. Para periodos grandes, 

las redes son en teoría capaces de alcanzar el máximo atrapamiento, pero sólo si las 

eficiencias de difracción tienen una forma peculiar que parece inalcanzable con las 

herramientas actuales de diseño. Para periodos similares a la longitud de onda de la luz 

incidente, las redes de difracción pueden proporcionar atrapamiento por debajo del máximo 

teórico pero por encima del límite Lambertiano, sin imponer requisitos irrealizables a la 

forma de las eficiencias de difracción y en un margen de longitudes de onda razonablemente 

amplio. 

El método de cálculo desarrollado se usa también para diseñar y optimizar redes de difracción 

para el atrapamiento de la luz en células solares. La red propuesta consiste en un red 

hexagonal de pozos cilíndricos excavados en la cara posterior del sustrato absorbente de la 

célula solar. La red se encapsula  en una capa dieléctrica y se cubre con un espejo posterior. 

Se simula esta estructura para una célula solar de silicio y para una de banda intermedia y 

puntos cuánticos. Numéricamente, se determinan los valores óptimos del periodo de la red y 

de la profundidad y las dimensiones laterales de los pozos para ambos tipos de células. Los 



 

 

valores se explican utilizando conceptos físicos sencillos, lo que nos permite extraer 

conclusiones generales que se pueden aplicar a células de otras tecnologías. 

Las texturas con redes de difracción se fabrican en sustratos de silicio cristalino mediante 

litografía por nanoimpresión y ataque con iones reactivos. De los cálculos precedentes, se 

conoce el periodo óptimo de la red que se toma como una constante de diseño. Los sustratos 

se procesan para obtener estructuras precursoras de células solares sobre las que se realizan 

medidas ópticas. Las medidas de reflexión en función de la longitud de onda confirman que 

las redes cuadradas biperiódicas consiguen mejor atrapamiento que las uniperiódicas. Las 

estructuras fabricadas se simulan con la herramienta de cálculo descrita en los párrafos 

precedentes y se obtiene un buen acuerdo entre la medida y los resultados de la simulación. 

Ésta revela que una fracción significativa de los fotones incidentes son absorbidos en el 

reflector posterior de aluminio, y por tanto desaprovechados, y que este efecto empeora por la 

rugosidad del espejo. Se desarrolla un método alternativo para crear la capa dieléctrica que 

consigue que el reflector se deposite sobre una superficie plana, encontrándose que en las 

muestras preparadas de esta manera la absorción parásita en el espejo es menor. 

La siguiente tarea descrita en la tesis es el estudio de la absorción de fotones en puntos 

cuánticos semiconductores. Con la aproximación de masa efectiva, se calculan los niveles de 

energía de los estados confinados en puntos cuánticos de InAs/GaAs. Se emplea un método 

de una y de cuatro bandas para el cálculo de la función de onda de electrones y huecos, 

respectivamente; en el último caso se utiliza un hamiltoniano empírico. La regla de oro de 

Fermi permite obtener la intensidad de las transiciones ópticas entre los estados confinados. 

Se investiga el efecto de las dimensiones del punto cuántico en los niveles de energía y la 

intensidad de las transiciones y se obtiene que, al disminuir la anchura del punto cuántico 

respecto a su valor en los prototipos actuales, se puede conseguir una transición más intensa 

entre el nivel intermedio fundamental y la banda de conducción. 

Tomando como datos de partida los niveles de energía y las intensidades de las transiciones 

calculados como se ha explicado, se desarrolla un modelo de equilibrio o balance detallado 

realista para células solares de puntos cuánticos. Con el modelo se calculan las diferentes 

corrientes debidas a transiciones ópticas entre los numerosos niveles intermedios y las bandas 

de conducción y de valencia bajo ciertas condiciones. Se distingue de modelos de equilibrio 

detallado previos, usados para calcular límites de eficiencia, en que se adoptan suposiciones 

realistas sobre la absorción de fotones para cada transición. Con este modelo se reproducen 

datos publicados de eficiencias cuánticas experimentales a diferentes temperaturas con un 

acuerdo muy bueno. Se muestra que el conocido fenómeno del escape térmico de los puntos 

cuánticos es de naturaleza fotónica; se debe a los fotones térmicos, que inducen transiciones 

entre los estados excitados que se encuentran escalonados en energía entre el estado 

intermedio fundamental y la banda de conducción. 

En el capítulo final, este modelo realista de equilibrio detallado se combina con el método de 

simulación de redes de difracción para predecir el efecto que tendría incorporar una red de 

difracción en una célula solar de banda intermedia y puntos cuánticos. Se ha de optimizar 

cuidadosamente el periodo de la red para equilibrar el aumento de las diferentes transiciones 



 

 

intermedias, que tienen lugar en serie. Debido a que la absorción en los puntos cuánticos es 

extremadamente débil, se deduce que el atrapamiento de la luz, por sí solo, no es suficiente 

para conseguir corrientes apreciables a partir de fotones con energía menor que la banda 

prohibida en las células con puntos cuánticos. Se requiere una combinación del atrapamiento 

de la luz con un incremento de la densidad de puntos cuánticos. En el límite radiativo y sin 

atrapamiento de la luz, se necesitaría que el número de puntos cuánticos de una célula solar 

se multiplicara por 1000 para superar la eficiencia de una célula de referencia con una sola 

banda prohibida. En cambio, una célula con red de difracción precisaría un incremento del 

número de puntos en un factor 10 a 100, dependiendo del nivel de la absorción parásita en el 

reflector posterior. 

  



 

 

Abstract 

The purpose of this thesis is to investigate the benefits that diffractive light trapping can offer 

to quantum dot intermediate band solar cells and crystalline silicon solar cells. Both solar cell 

technologies suffer from incomplete photon absorption in some part of the solar spectrum. 

Quantum dot intermediate band solar cells are theoretically capable of achieving much higher 

efficiencies than conventional single-gap devices. Present prototypes suffer from extremely 

weak absorption of subbandgap photons in the quantum dots. This problem has received little 

attention so far, yet it is a serious barrier to the technology approaching its theoretical 

efficiency limit. Crystalline silicon solar cells absorb weakly in the near infrared due to their 

indirect bandgap. This problem has received much attention over recent decades, and all 

commercial crystalline silicon solar cells employ some form of light trapping. With the 

industry moving toward thinner and thinner wafers, light trapping is becoming of greater 

importance and diffractive structures may offer an improvement over the state-of-the-art.  

We begin by constructing a computational method with which to simulate solar cells 

equipped with diffraction grating textures. The method employs a wave-optical treatment of 

the diffraction grating, via rigorous coupled wave analysis, with a geometric-optical 

treatment of the thick solar cell bulk. These are combined using a steady-state matrix 

formalism. The method has been implemented computationally, and is found to be efficient 

and to give results in good agreement with alternative methods from other authors. 

The theoretical upper limit to absorption enhancement in solar cells using diffractions 

gratings is calculated using the matrix formalism derived in the previous task. This limit is 

compared to the so-called Lambertian limit for light trapping with isotropic scatterers, and to 

the absolute upper limit to light trapping in bulk absorbers. It is found that bi-periodic 

gratings (square or hexagonal geometry) are capable of offering much better light trapping 

than uni-periodic line gratings. The upper limit depends strongly on the grating period. For 

large periods, diffraction gratings are theoretically able to offer light trapping at the absolute 

upper limit, but only if the scattering efficiencies have a particular form, which is deemed to 

be beyond present design capabilities. For periods similar to the incident wavelength, 

diffraction gratings can offer light trapping below the absolute limit but above the Lambertian 

limit without placing unrealistic demands on the exact form of the scattering efficiencies. 

This is possible for a reasonably broad wavelength range. 

The computational method is used to design and optimise diffraction gratings for light 

trapping in solar cells. The proposed diffraction grating consists of a hexagonal lattice of 

cylindrical wells etched into the rear of the bulk solar cell absorber. This is encapsulated in a 

dielectric buffer layer, and capped with a rear reflector. Simulations are made of this grating 

profile applied to a crystalline silicon solar cell and to a quantum dot intermediate band solar 

cell. The grating period, well depth, and lateral well dimensions are optimised numerically 

for both solar cell types. This yields the optimum parameters to be used in fabrication of 

grating equipped solar cells. The optimum parameters are explained using simple physical 

concepts, allowing us to make more general statements that can be applied to other solar cell 

technologies. 



 

 

Diffraction grating textures are fabricated on crystalline silicon substrates using nano-imprint 

lithography and reactive ion etching. The optimum grating period from the previous task has 

been used as a design parameter. The substrates have been processed into solar cell 

precursors for optical measurements. Reflection spectroscopy measurements confirm that bi-

periodic square gratings offer better absorption enhancement than uni-periodic line gratings. 

The fabricated structures have been simulated with the previously developed computation 

tool, with good agreement between measurement and simulation results. The simulations 

reveal that a significant amount of the incident photons are absorbed parasitically in the rear 

reflector, and that this is exacerbated by the non-planarity of the rear reflector. An alternative 

method of depositing the dielectric buffer layer was developed, which leaves a planar surface 

onto which the reflector is deposited. It was found that samples prepared in this way suffered 

less from parasitic reflector absorption. 

The next task described in the thesis is the study of photon absorption in semiconductor 

quantum dots. The bound-state energy levels of in InAs/GaAs quantum dots is calculated 

using the effective mass approximation. A one- and four- band method is applied to the 

calculation of electron and hole wavefunctions respectively, with an empirical Hamiltonian 

being employed in the latter case. The strength of optical transitions between the bound states 

is calculated using the Fermi golden rule. The effect of the quantum dot dimensions on the 

energy levels and transition strengths is investigated. It is found that a strong direct transition 

between the ground intermediate state and the conduction band can be promoted by 

decreasing the quantum dot width from its value in present prototypes. This has the added 

benefit of reducing the ladder of excited states between the ground state and the conduction 

band, which may help to reduce thermal escape of electrons from quantum dots: an 

undesirable phenomenon from the point of view of the open circuit voltage of an intermediate 

band solar cell. 

A realistic detailed balance model is developed for quantum dot solar cells, which uses as 

input the energy levels and transition strengths calculated in the previous task. The model 

calculates the transition currents between the many intermediate levels and the valence and 

conduction bands under a given set of conditions. It is distinct from previous idealised 

detailed balance models, which are used to calculate limiting efficiencies, since it makes 

realistic assumptions about photon absorption by each transition. The model is used to 

reproduce published experimental quantum efficiency results at different temperatures, with 

quite good agreement. The much-studied phenomenon of thermal escape from quantum dots 

is found to be photonic; it is due to thermal photons, which induce transitions between the 

ladder of excited states between the ground intermediate state and the conduction band. 

In the final chapter, the realistic detailed balance model is combined with the diffraction 

grating simulation method to predict the effect of incorporating a diffraction grating into a 

quantum dot intermediate band solar cell. Careful optimisation of the grating period is made 

to balance the enhancement given to the different intermediate transitions, which occur in 

series. Due to the extremely weak absorption in the quantum dots, it is found that light 

trapping alone is not sufficient to achieve high subbandgap currents in quantum dot solar 

cells. Instead, a combination of light trapping and increased quantum dot density is required. 



 

 

Within the radiative limit, a quantum dot solar cell with no light trapping requires a 1000 fold 

increase in the number of quantum dots to supersede the efficiency of a single-gap reference 

cell. A quantum dot solar cell equipped with a diffraction grating requires between a 10 and 

100 fold increase in the number of quantum dots, depending on the level of parasitic 

absorption in the rear reflector. 
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Chapter 1. Introduction 

The purpose of this thesis is to contribute to the development of highly efficient photovoltaic 

devices. Specifically, the work is aimed at increasing the efficiency of quantum dot 

intermediate band solar cells (QD-IBSCs) by increasing the photon absorption in the quantum 

dots. The proposed method of doing this is to incorporate a diffraction grating into the solar 

cell. This deflects incident photons obliquely within the absorber layer causing them to have 

high path lengths and thus be more effectively absorbed. The work presented in the thesis 

also contributes to the advancement of diffractive light trapping in crystalline silicon solar 

cells, as well as to the understanding of photon absorption and subbandgap currents in QD-

IBSCs.  

The presented work overlaps two current topics in photovoltaic research. The first is the 

development of the QD-IBSC as a means of superseding the efficiency of conventional 

single-gap solar cells. The second is the use of diffraction gratings to achieve absorption 

enhancement. In this introductory chapter, I describe the background required to understand 

the motivation for and relevance of the work presented in this thesis. 

In Section 1.1, an introduction is given to the intermediate band concept as a means of 

producing high efficiency solar cells. I discuss the limiting efficiency of conventional single-

gap solar cells, followed by how this can be theoretically superseded by using a so-called 

intermediate band material as an absorber layer. The practical implementation of an 

intermediate band material using semiconductor quantum dots, leading to a QD-IBSC, is 

described. Experimental results of QD-IBSCs are reproduced from the literature to show that 

their efficiency is seriously limited by weak photon absorption in the quantum dot absorber 

layer. This provides the motivation for the work presented in this thesis. 

In Section 1.2, I give an introduction to so-called light trapping techniques for absorption 

enhancement in solar cells. This introduction is given in the context of bulk crystalline silicon 

solar cells. The need for light trapping in such cells is described, followed by a description of 

the light trapping textures currently employed commercial solar cells. Finally, an introduction 

of light trapping using diffraction gratings is given. 

In Section 1.3 the layout of the thesis is presented. 
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1.1. The quantum dot intermediate band solar cell 

Photovoltaic solar energy (PV) is a key technology for future energy generation, which has 

the potential to reduce society’s dependence on fossil fuels and stabilise carbon-induced 

global warming. Its mass deployment is only likely if it can compete with wholesale 

electricity prices. The price-per-kilowatt of PV can be reduced by developing higher 

efficiency solar cells. This is a central goal of research. 

The PV market is currently dominated by bulk crystalline silicon (c-Si) solar cells. This is a 

so called single-gap device, being based on a single conventional semiconductor absorber 

layer. This and other single-gap devices are thought have approached their theoretical 

efficiency limits, the current records being 25.0% for c-Si and 28.8% for GaAs under 

unconcentrated illumination by the global AM1.5 spectrum. Many so-called third generation 

technologies are being developed whose aim is to supersede the efficiency limits of single-

gap devices. 

The intermediate band solar cell (IBSC) was proposed by Luque and Martí in 1997 for 

exactly for this purpose[Luque'97]. In the same paper, detailed balance calculations 

demonstrated that the IBSC concept has a limiting efficiency of 63% under maximum 

concentrations (46 000 suns), to be compared to 41% for single gap solar cells[Shockley'61]. 

Development of the IBSC is the core activity of the Fundamental Studies research group of 

the Institute of Solar Energy, Universidad Politécnica de Madrid (IES-UPM): the group in 

which this thesis project was carried out. 

1.1.1. Limitations of single bandgap solar cells 

To effectively describe the most important principles behind the IBSC concept, it is useful to 

begin with a discussion of the theoretical efficiency limit of a conventional single-gap solar 

cell. This was derived by Shockley and Queisser to be 34% under unconcentrated 

illumination and 41% under maximum concentration[Shockley'61]. Here, a conceptual 

description of the main factor limiting efficiency is given. 

A photovoltaic (PV) solar cell absorbs optical energy incident from the sun and converts it 

into electrical energy, which is extracted as an electrical current. The most widely employed 

PV cells are so-called single-gap devices, which are based on a conventional semiconductor 

absorber layer. The electronic structure is characterised by a band of forbidden energies 

between the valence band (VB) and the conduction band (CB). The energy width of the 

forbidden band is denoted the band gap energy, Eg. An electron in the VB can absorb a 

photon incident from the sun and gain its energy. The electron is promoted from the VB to 

the CB, and a so-called hole (an empty electron state) is created in the VB. This process is 

known as photogeneration and is said to create an electron-hole pair. The reverse process, 

known as recombination, is also possible; an electron in the CB can fill a hole in the VB, thus 

annihilating an electron-hole pair. It is through photogeneration that the optical energy from 

the sun is converted into electrical energy in the PV device. 

The sun is a blackbody source and emits photons with a range of energies, as determined by 

Planck’s radiation law. The approximate photon flux that arrives at the Earth’s surface from 
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the sun is shown in Figure 1.1 (left); the bandgaps of two semiconductors commonly used as 

PV absorbers are marked in the figure. The efficiency of a single-gap device is fundamentally 

limited by its inability to efficiently convert the entire solar spectrum into electrical energy 

and deliver it as an electrical current, as is described in the following. 

      

Figure 1.1. Left: The global AM1.5 spectrum, which is characteristic of the photon flux 

incident on the earth from the sun on a clear day. Right: Fundamental losses in a single-gap 

solar cell. The above-bandgap-energy photon (blue) is absorbed only delivers a portion of its 

energy to the external circuit due to rapid thermalization of the photogenerated charge carriers. 

The below-bandgap-energy photon (red) is not absorbed in photogeneration and all its energy is 

wasted. 

Photons with energy less than Eg are unable to promote electrons across the bandgap and 

therefore pass straight through the absorber layer. These are denoted subbandgap photons 

and are represented by the red photon in Figure 1.1. All the energy contained in this part of 

the spectrum is therefore lost. This effect reduces the number of charge carriers that are 

photogenerated, and therefore limits the output current (I) of the PV device. 

Photons with energy greater than Eg are able to photogenerate an electron hole pair. If the 

photon energy is in excess of Eg, the electron and hole will be separated in energy from the 

respective band edges (blue photon in Figure 1.1). These carriers then undergo rapid 

thermalization, a process in which their excess kinetic energy is dissipated into the crystal 

lattice as heat and they relax to the respective band edge. Thermalization is typically much 

faster than recombination, taking place on a sub-picosecond timescale, and occurs before the 

carriers can be extracted. This is because there is a continuum of electron states between the 

electron and the CB edge. Electrons can make successive transitions via these states by 

giving up their energy to low energy phonons in the crystal lattice (similarly for holes). 

Carrier thermalization clearly represents a limit to conversion efficiency. Each 

photogenerated electron can contribute a maximum energy of Eg to the electrical current. For 

each absorbed photon with energy greater than Eg, the excess energy is lost as heat. The PV 

device is therefore inefficient at converting high energy photons. Thermalization limits the 

chemical potential difference between the extracted electrons and holes to a maximum value 

of Eg, and therefore limits the output voltage (V) of the PV device to qeEg. 
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We can see from the previous paragraphs that the maximum possible I and V are respectively 

inversely proportional and proportional to Eg. Given that the output power P of the device is 

equal to the product IV, this limits the efficiency of a single-gap solar cell to the values 

quoted at the beginning of this subsection (34% under unconcentrated illumination and 41% 

under maximum concentration[Shockley'61]). This is much lower than the fundamental limit 

to photovoltaic energy conversion (the so-called Landsberg efficiency), which has been 

calculated to be 93.3%. Such a discrepancy has prompted the development of so-called third 

generation PV devices which aim to convert the solar spectrum more effectively, one of 

which is the IBSC. 

1.1.2. The intermediate band concept 

The intermediate band concept was first proposed by Luque and Martí[Luque'97] as a means 

of superseding the Shockley-Queisser (SQ) limit described in the previous section. The 

concept rests on developing a new kind of material that exhibits a VB and CB, as in a typical 

semiconductor, but also presents an intermediate band (IB) of allowed electron states within 

the forbidden band, as illustrated in Figure 1.2. The IB material acts as a special absorber 

layer within a solar cell, constituting and intermediate band solar cell (IBSC). 

 

Figure 1.2 Simplified band diagram of an intermediate band material. 

As in a typical semiconductor, the IB material is capable of photogenerating an electron-hole 

pair through absorption of an above-band-gap photon (blue photon in Figure 1.2). However, 

the material is also capable of photogenerating electron-hole pairs through the absorption of 

subbandgap photons by using the IB as a stepping stone. One photon is required to generate 

an electron from the VB to the IB (green photon in Figure 1.2), and one from the IB to the 

CB (red photon in Figure 1.2); thus the absorption of two subbandgap photons can lead to the 

photogeneration of a single electron-hole pair. Since the electron can have a finite lifetime in 
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the IB, the two photons need not be absorbed simultaneously. Photocurrent generated due to 

the absorption of subbandgap photons is denoted subbandgap photocurrent. Since this is 

additional to the photocurrent generated due to direct VB-CB transitions, an IBSC is capable 

of delivering a higher photocurrent than a single-gap solar cell of the same bandgap. 

For an IBSC to exceed the SQ limit, the extra photocurrent produced must not come at the 

expense of a reduced output voltage. As in the equivalent single-bandgap device, the output 

voltage must be limited by the overall bandgap, Eg, and not by either of the smaller 

subbandgaps. It has been shown[Luque'01b], that this is only achieved if the electron 

populations in the VB, IB and CB are not in thermal equilibrium with one another. Assuming 

that there is thermal equilibrium between the carriers in each individual band (a reasonable 

assumption given the aforementioned rapid thermalization within bands), this is equivalent to 

saying that the Fermi-Dirac distributions of electrons in the three bands are described by three 

unique quasi-Fermi levels. 

We can think of the IBSC as taking the best attributes from a low and a high bandgap device. 

The absorption threshold for photons is equal to the lower of the two subbangaps; therefore, 

the IBSC can exhibit the high photocurrent of a low bandgap device. However, the voltage is 

limited by the much higher overall bandgap, Eg; therefore, the output voltage of an IBSC is 

similar to that of a high-bandgap device. It has been shown that the detailed-balance limit of 

an ideal IBSC with ideal bandgaps is 63% under maximum concentration; this is 22% 

absolute higher than the SQ limit. 

It is worth reiterating that two conditions must be met simultaneously for an IBSC to exceed 

the SQ limit. 

1. Extra photocurrent must be generated compared to an equivalent single-gap device 

due to the absorption of subbandgap photons. 

2. The output voltage must be limited by the overall bandgap, Eg, and not by either of 

the two subbangaps. This condition is often denoted voltage preservation, the idea 

being that the voltage of an equivalent single-gap device is preserved, despite the 

introduction of the IB. 

These are the so-called operating principles of the IBSC. Much research to date has focused 

on demonstrating the operating principles for different types of IB materials[Ramiro'13]. It 

should be observed that the operating principles are necessary but not sufficient conditions 

for the SQ limit to be superseded. Other important issues are that the bandgap and 

subbandgap energies be properly selected, and that the subbandgap photocurrent be 

appreciable. The latter of these is the focus of this thesis. 

1.1.3. The quantum dot intermediate band solar cell 

In 2000, it was proposed that an IB material could be implemented using quantum dots (QDs) 

[Martí'00]. A QD is a nanoscale semiconductor crystal. Due to their small size, QDs exhibit 

electronic properties similar to atoms and molecules; namely, they support confined electron 

states with discrete energy levels, whose line spectrum is determined by the QD dimensions, 
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material and surroundings. Embedding QDs in a wider-bandgap semiconductor host material 

leads to an offset in the VB and CB band edges at the QD interfaces. Figure 1.3 shows the 

example of lower-bandgap QDs in a higher-bandgap host, in which the presence of the QDs 

presents potential wells in the host conduction bands. These give rise to confined electron 

states whose energies are within the host’s forbidden band. Since the QDs provide three-

dimensional confinement, these states have discrete energy levels, which are represented as 

horizontal lines in the figure. Though only one confined energy level is shown, many are 

possible. 

 

Figure 1.3. Simplified band diagram of intermediate band material implemented with QDs. 

The confined electron states serve as the intermediate levels that allow electrons to be 

photogenerated from the host VB to the host CB via the absorption of subbandgap photons. 

Since the intermediate energy levels are discrete, there is a zero density of states between the 

intermediate levels and the host conduction band. This presents the possibility for carrier 

thermalization from the CB to the intermediate levels to be slower than optical pumping from 

the intermediate levels to the CB, a requirement for voltage preservation [Luque'01b]. It is for 

this reason that QDs are preferred to quantum wells and quantum wires, which respectively 

provide one and two dimensional confinement and therefore present a continuum of states 

between the confined ground level and the host CB[Harrison'05]. 

If the QDs are widely spaced, the confined states are strongly localized within the QDs and 

form discrete energy levels, whereas if they are closely spaced, the states become delocalized 

across the QD array and their energies broaden into a miniband[Tomic'10]. Miniband 

formation is not strictly necessary for IBSC operation, since carrier mobility is achieved in 

the VB and CB[Martí'13]. In this thesis, no distinction is made between intermediate bands 

and levels; the term intermediate band is mostly used, for historical reasons. 
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To achieve voltage preservation, carriers must be extracted at the chemical potential of the 

host VB and CB, and not directly from the IB. This is achieved by sandwiching the QD array 

between n and p doped layers of the bulk host material, which are contacted to the external 

circuit. The n doped layer acts as a selective contact for electrons in the CB, setting their 

chemical potential to that of the metal anode. The p doped layer acts as a selective contact for 

holes in the VB, setting their chemical potential to that of the metal cathode. 

The first report of a QD-IBSC prototype was given in Ref. [Luque'04]. InAs QDs where 

grown in a GaAs host by molecular beam epitaxy (MBE) in the Stransky-Krastinov (SK) 

growth mode. This growth method consists of epitaxially growing thin layers of InAs (the so-

called wetting layer) on top of GaAs. Due to the lattice mismatch between the two materials, 

the InAs spontaneously clusters into small islands, whose dimensions can be controlled by 

growth conditions. Alternately growing spacer layers of GaAs and wetting layers of InAs 

allows stacks of QD layers to be grown. A tunnelling electron microscope (TEM) micrograph 

of a stack of InAs/GaAs QD layers viewed from the side is shown in Figure 1.4. Typically, a 

residual wetting layer is left beneath each layer of dots. These act as quantum wells and act to 

reduce the effective bandgap of the host material. 

 

Figure 1.4. TEM micrograph of InAs/GaAs QDs grown in the Stransky-Krastinov growth 

mode. 

The diagram of the structure of the reported QD-IBSC has been reproduced from Ref. 

[Luque'04] and is shown in Figure 1.5. The QD stack consists of 10 QD layers each with an 

areal density of around 4 x 10
10

 cm
-2

. This is sandwiched between an n type base an p type 

emitter, both of GaAs. The QD layers are modulation doped with Si, which acts as a donor in 

GaAs. The areal doping density per layer is around 4 x 10
10

 cm
-2

, providing one donor atom 

per QD. Since there are two electron states per QD ground level, the doping acts to half fill 

the QD ground level with electrons. Partial filing of the IB with electrons is necessary for 

IBSC operation, since empty states must be present to receive transitions from the VB, 

whereas filled states must be present to provide transitions to the CB. 
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Figure 1.5. Structure of the first reported QD-IBSC prototype. Reproduced from Ref. 

[Luque'04]. 

Electroluminescence measurements determined to absorption edge of the VB-IB transition to 

be around 1.04eV, and the absorption edge of the VB-CB transition to be at 1.41eV, the latter 

being in accordance with the bandgap of the GaAs host. It was therefore deduced that the IB-

CB subbandgap energy was 1.41 – 1.04 = 0.37 eV. 

The bandgaps of the InAs/GaAs QD-IBSC (Eg,eff = 1.42 eV, EH = 1.04 eV, EL = 0.37 eV) are 

clearly far from the optimum values determined from detailed balance calculations (Eg = 1.95 

eV, EH = 1.24 eV, EL = 0.71 eV)[Luque'97]. However, given its mature technology, the 

InAs/GaAs system was chosen to demonstrate the working principles of the QD-IBSC. 

Prototypes based on this and similar systems have been fabricated by many groups[Bailey'12, 

Blokhin'09, Hubbard'08, Luque'04, Oshima'08, Popescu'08], and the basic principles of IB 

operation have been demonstrated[Luque'05, Martí'06]. Prototype InAs/AlGaAs QD-IBSCs, 

where AlGaAs serves as a host with a higher bandgap than GaAs, have also been 

reported[Ramiro'12], as well as GaAs/AlGaAs QD-IBSCs in which the QDs where deposited 

by droplet epitaxy[Scaccabarozzi'13]. 

1.1.4.  Subbandgap photon absorption in QD-IBSCs 

Figure 1.6 shows J-V curves of some QD-IBSC prototypes taken from Refs. [Blokhin'09, 

Hubbard'08, Luque'04], each of which is compared to an appropriate GaAs reference. 

Although the exact measurements differ due to differing designs and material qualities, all 

QD-IBSC prototypes exhibit two key features. Firstly, the open circuit voltage (Voc) is 

reduced compared to the reference device. Secondly, any increase in the short circuit current 

density (Jsc) of the QD-IBSC compared to the reference is miniscule.  
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Figure 1.6. J-V curves of prototype QD-IBSCs taken from the literature. Top-left: Ref. 

[Luque'04]. Top-right: Ref. [Hubbard'08]. Bottom: Ref. [Blokhin'09]. 

The first feature signifies that the aforementioned voltage preservation has not been achieved 

at room temperature. Improving voltage preservation has formed a large part of QD-IBSC 

research in recent years. It has been demonstrated that InAs/GaAs QD-IBSCs can retain the 

Voc of a GaAs reference at low temperatures and under highly concentrated 

illumination[Linares'11b]. This has been achieved by growing thick GaAs spacers between 

the QD layers to prevent tunnel escape of electrons from the IB levels, amongst other 

measures[Antolín'10b]. Voltage preservation at room temperature remains elusive. In present 

samples, this is largely because of increased Shockley-Reed-Hall (SRH) recombination due 

to the presence of the QDs[Luque'12a]. However, it is believed that the voltage is more 

fundamentally limited by thermal escape of carriers from the IB levels to the host 

CB[Antolín'10b, Antolín'10c]. Voltage preservation is not the main focus of this thesis, 

although thermal escape from QDs is studied in some depth in Chapter 7. 

In this thesis, we are mainly concerned with the second feature: the fact that the QD-IBSC 

prototypes exhibit Jscs that are negligibly higher than those of the equivalent reference 

devices. This is due to the weak absorption of subbandgap photons by the QD array. Figure 

1.7 shows quantum efficiency (QE) measurements from aforementioned QD-IBSC 
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prototypes taken from the aforementioned references. The prototype QD-IBSCs have 

identical QEs to the GaAs reference devices when illuminated with photons above the GaAs 

bandgap energy (λ < 880 nm). The one exception in the blue curve in the top-right figure, 

which is for a QD-IBSC with poor material quality in the QD layer stack due to the absence 

of strain compensation layers. When Illuminated with lower energy photons, the QEs of the 

QD-IBSC prototypes are significantly higher than that of the reference devices, but are some 

orders of magnitude lower than unity. This shows that the QD-IBSC are indeed able to 

convert subbandgap photons to photocurrent, but only a small fraction of what is theoretically 

possible. This leads to the low Jsc improvements shown in Figure 1.6. 

     

 

Figure 1.7. QE curves of prototype QD-IBSCs taken from the literature. Top-left: Ref. 

[Luque'04]. Top-right: Ref. [Hubbard'08]. Bottom: Ref. [Blokhin'09]. 

Two possible explanations for the low subbandgap QEs are weak photon absorption in the 

QD array and poor carrier extraction of electron-hole pairs generated in the QD array. At the 

time this thesis project commenced, it was suspected that weak photon absorption was the 

limiting factor. Our own modelling work in Chapter 6 and Chapter 7  supports this view. 

It is worth commenting on the mechanism by which subbandgap photon current is generated 

in QE experiments. In the graphs in Figure 1.7, the QD-IBSCs exhibit QEs of around 10
-1

 in a 

wavelength range of 880 nm < λ < 930 nm. This is due to absorption by the quantum-well-
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like wetting layers in the QD array. There is then a lower QE (10
-3 

- 10
-2

) for wavelengths up 

to 1100 nm. This corresponds to photons above the absorption threshold for the VB-IB 

transition (i.e. photons with enough energy to photogenerate electrons in the VB to the QD 

ground state).  At first glance, it would appear that electron-hole pairs are generated in this 

wavelength range by absorption of two photons from the monochromator: one for the VB-IB 

transition and one for the IB-CB transition. However, it was demonstrated in Refs. 

[Antolín'10b, Antolín'10c] that this is not the case. Instead, electrons are pumped from the 

VB to the IB by photons from the monochromator, but then escape to the CB by thermal 

processes. This so-called thermal escape is one factor that prevents QD-IBSCs from 

preserving high voltages at room temperature. For the purposes of this introduction, it also 

has the following meaning. The QE in the 930 nm < λ < 1100 nm wavelength range is limited 

by the optical VB-IB transition. Assuming perfect carrier collection, we can therefore assume 

that the absorbance of the VB-IB transition is of the magnitude (10
-3 

- 10
-2

). Since the IB-CB 

transition occurs via thermal processes as opposed to via absorption of incident photons, it 

was initially deduced that the absorbance of the IB-CB transition is lower than that of the 

VB-IB transition. However, this view shall be revised in Chapter 6. 

To summarise, the problem to be addressed in this thesis is the following. The subbandgap 

photon absorption in QD-IBSCs is extremely weak. This causes the JSC of QD-IBSCs to be 

only marginally higher than that of references devices. Subbangap photon absorption must be 

approach unity if QD-IBSCs are to reach the high efficiencies of which they are theoretically 

capable. The proposed method of doing this is by employing light trapping techniques, 

namely by the use of diffraction grating textures. An introduction to light trapping in solar 

cells is given in the following section. 

1.2. Surface textures for light trapping in solar cells 

The following is an introduction into the topic of surface texturing for optical absorption 

enhancement in solar cells. This method was initially developed to improve the efficiency of 

wafer-based crystalline silicon (c-Si) solar cells. More recently, surface texturing has become 

of paramount importance in the development of thin-film solar cells. The QD-IBSCs that 

form the motivation for this thesis are grown and supported on wafer substrates of a few 

hundred microns thickness. Structurally, they therefore bear more resemblance to wafer-

based c-Si cells than to thin-film cells. This structural difference is important both with 

regard to the technological implementation of surface textures and to their optical analysis, 

design and optimisation. Much of this introduction is therefore given within the context of 

wafer based c-Si cells. 

To understand the importance of light trapping in c-Si solar cells, we must first review its 

optical absorption properties. The bandgap of c-Si is around 1.1eV; however, the bandgap is 

indirect up to around 3.4 eV. Consequently, photon absorption in the 1.1 – 3.4 eV energy 

range is weak, since an electron in the VB must simultaneously absorb a photon and a 

phonon to make the indirect transition to the CB. The absorption coefficient and photon 

penetration depth of bulk c-Si are shown in Figure 1.8. The penetration depth is defined as 
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the distance that incident radiation must travel through the material before its intensity drops 

to 1/e of its value just below the surface. Clearly, for a slab of c-Si to absorb most of the 

incident radiation of a given wavelength, it must be thicker than the penetration depth at that 

wavelength. Any above bandgap photons not absorbed do not contribute to the photocurrent 

and therefore represent an efficiency loss. 

 

Figure 1.8. Absorption coefficient and penetration depth of c-Si at 300K. Figure reproduced 

from Ref. [Hauser'12a], using data from Ref. [Clugston'97]. 

It can be seen from the figure that a few millimetres of material would be required to absorb 

most photons of energy close to the bandgap. Having solar cells of this thickness is 

undesirable for two reasons. Firstly, a large part of the cost of a c-Si solar cell is taken up by 

the cost of the silicon wafer, whose price decreases with volume. Secondly, to reduce bulk 

recombination losses, the solar cell thickness should not exceed the minority carrier lifetime, 

which is rarely higher than 300 μm in good quality c-Si. The thickness of a c-Si solar cell 

must therefore be chosen to achieve a trade-off between photon absorption on the one hand, 

and electrical optimisation and cost reduction on the other. 

The distance incident photons travel within an absorber layer (its so called optical thickness) 

can be increased without increasing the layer thickness by employing so-called light trapping 

or light confinement techniques. These involve the incorporation of optical components into 

the solar cell with the aim of increasing the optical path length of incident photons within the 

absorber layer. The most basic light trapping technique is to attach a metal reflector to the 

rear of the solar cell. Photons not absorbed on making a single pass of the absorber layer are 
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reflected and make another pass before leaving the cell, thus increasing their probability of 

absorption. This effectively allows the solar cell thickness to be reduced by half whilst 

photogenerating charge carriers at the same rate.  

Better light trapping can be achieved by the use of textured surfaces. This was first proposed 

by Redford in 1974[Redfield'74]. The principle is shown in Figure 1.9. A textured surface 

deflects incident light into oblique directions. These have higher path lengths in the absorber 

layer than light which traverses normally. What’s more, light deflected at certain angles can 

be confined in the absorber layer by total internal reflection at the front surface, causing it to 

make multiple passes of the absorber layer before escape. Either the front, rear, or both 

surfaces of the absorber layer can be textured to achieve this effect. 

 

 

Figure 1.9. Light-trapping property of textured surfaces. Top: front surface texture. Bottom: 

rear surface texture. 

Two main texture types are used for light trapping in present solar cell designs. One is sub-

micron scale surface roughening (Figure 1.10 left). This aims at scattering incident light 

isotropically, although, in practise, more light tends to be transmitted specularly than is 

scattered. The so-called haze of a scattering surface is the ratio of specularly transmitted to 
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scattered light, and is considered a figure of merit. Sub-micron surface roughening is 

favoured in thin-film cells. Another texture type is geometric pattering of the surface with 

features whose dimensions are many microns (Figure 1.10 right). The photons of interest for 

solar energy have wavelengths close to or below one micron. Hence, these textures scatter 

light according to geometric-optical phenomena, namely refraction and reflection from the 

facets of the textures. Geometric surface texturing is favoured in bulk c-Si solar cells. 

 

Figure 1.10. Left: light scattering by a sub-micron scale roughened surface. Right: light 

scattering by geometric textures whose dimensions of many microns. 

Front surface texturing also has the benefit of reduce the reflection of incident light from the 

front surface. For the case of geometric surface textures, this can be visualised by looking at 

Figure 1.10 (right). When light is incident on a planar surface, some portion R of its intensity 

is reflected back due to the difference in refractive indices between the two media. Light 

reflected from a facet on a textured surface may be deflected toward an opposing facet, thus 

giving it two or more opportunities to be transmitted into the solar cell, and effectively 

reducing the overall reflection to R
2
 or R

3
. Improved solar cell performance due to the anti-

reflection properties of a textured front surface was first demonstrated by Dale and 

Rudenberg in 1960[Dale'60]. It should be mentioned that, in present commercial c-Si solar 

cells, the anti-reflection properties of textured surfaces play a larger role than light trapping. 

Most commercially produced c-Si solar cells to-date exhibit a surface texture of randomly 

arranged square based pyramids for anti-reflection and light trapping (Figure 1.11 (top)). This 

type of texture was developed for solar cells in Comsat Laboratories[Haynos'74], and is 

achieved by anisotropic etching to expose the (111) crystallographic planes on a (100) 

oriented substrate. The University of New South Wales have developed a regular inverted 

pyramid design (Figure 1.11 (bottom)). This is featured in the passivated emitter rear locally-

diffused (PERL) solar cell[Zhao'95a], which holds the current world record for c-Si solar cell 

efficiency[Green'13]. This design offers better anti reflection and light trapping than random 

pyramids, but requires deposition of a photolithographic mask before etching, a process 

considered too costly for commercial manufacture. 



Introduction 

15 

 

 

 

Figure 1.11. Top: Commercially produced c-Si solar cell with randomly arranged pyramid 

texture. Bottom: World record PERL solar cell with inverted pyramid surface texture. Both 

diagrams reproduced from Ref. [Green'93]. 

An important question is how much optical path length enhancement is offered by a given 

surface texture. In a seminal work, Yablonovitch and Cody made a theoretical study of a 

randomly textured slab of material illuminated externally[Yablonovitch'82]. They found that, 

in the limit in which scattering from the surface texture was Lambertian (i.e. isotropic), the 

mean path length of light rays in the slab tended to 4n
2
w, where n is the refractive index of 

the slab material and w its thickness. This is known as the Lambertian limit, and is further 

discussed in Chapter 3. It is around 50w for c-Si, and similar for the GaAs substrates on 

which QD-IBSCs are based. 

The kind of surface textures envisaged in Yablonovitch and Cody’s paper were sub-micron-

scale rough surfaces of the sort favoured for thin-film solar cells, as opposed to the larger 

scale geometric patterns that feature in bulk c-Si solar cells. Campbell and Green made a ray 
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tracing study of many geometric texture designs to compare their light trapping properties to 

the Lambertian limit[Campbell'87]. It was predicted that pyramid textures on one face of the 

solar cell would provide around half the absorption enhancement of ideally Lambertian 

trapping, whereas pyramid textures on both sides provided close to Lambertian trapping. This 

is in some ways unsurprising; in a geometric texture, the initially incident light is scattered 

into more or less well defined angles due to reflection and refraction from the texture’s facets. 

However, the light becomes continually randomised after making successive passes of the 

solar cell. 

Present c-Si solar cells have thicknesses above 200 μm. However, from the point of view of 

cost and electrical performance, it is desirable to reduce the thickness still further. As far back 

as 1995, efficiencies above 20% were demonstrated on cells with a thickness of 50 μm using 

high quality float zone (FZ) material[Zhao'95b]. More recently, similar efficiencies have been 

demonstrated for 36μm thick solar cells on cheaper Czochralski (Cz) material[Kray'09]. 

Historically, technological barriers have prevented cells of this thickness being produced 

industrially. Wafers of this thickness could not be cut directly from ingots, and thinner wafers 

break more easily during industrial processing, reducing yields. More recently, methods such 

as direct film transfer technology have made it possible to process wafers as thin as 50 μm 

with minimal material kerf loss[Henley'08]. Improvements have also been made in the 

handling of thin wafers in solar cell processing, which is expected to improve yields. The 

industry is now looking to reduce commercial c-Si solar cell thicknesses to 40 μm over the 

coming years. 

The prospect of even thinner wafers has promoted renewed interest in alternative schemes for 

improving light trapping in c-Si solar cells, with the aim of superseding the Lambertian limit. 

One such alternative is to replace the present geometric surface texture with a diffraction 

grating texture. The use of diffraction gratings for light trapping was first proposed by Sheng 

et. al. as means of increasing absorption in amorphous silicon (a-Si) solar cells[Sheng'83]. 

The first study into diffraction gratings for light trapping in bulk c-Si was made by Heine and 

Morf[Heine'95], and the first grating equipped c-Si solar cells were reported by Zaidi et. 

al.[ref]. 

The term ‘diffraction grating texture’ refers to a periodic surface texture whose period is 

similar to the wavelength of the incident light. Due to interference effects, light incident on 

the grating is scattered into discrete diffraction orders. This is illustrated in Figure 1.12. The 

trajectories of the diffracted orders are strictly defined by the grating period, incidence angle 

and incidence wavelength. It is this property that makes diffraction gratings a candidate for 

above-Lambertian light trapping. 
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Figure 1.12. Diffraction of light into discrete orders by a diffraction grating. 

Initial excitement was caused by the idea of deflecting incident light into a single diffracted 

order travelling at 90º to the normal. By considering the angular spread of light incident from 

the sun, Peters showed that a maximum path length 830n (2980 for c-Si) could be achieved if 

incident light of a single wavelength is deflected into a single oblique diffraction 

order[Peters'09]. Selecting the grating period to produce a single diffracted order isn’t 

necessarily the optimum strategy. However, this example serves to show that diffraction 

gratings can indeed offer light trapping well above the Lambertian limit, but not necessarily 

at all wavelengths. This is to be compared with the state-of-the-art geometrical or rough 

textures, which offer close-to Lambertian trapping that is largely wavelength independent. 

Whether or not diffraction gratings can offer a net improvement over the wavelength range 

required for thin bulk c-Si solar cells (800 – 1100 nm) was still an open question at the 

commencement of this PhD thesis. 

Returning to the QD-IBSCs described in Section 1.1, we can see that the extremely weak 

subbandgap absorption would certainly benefit from light trapping above the Lambertian 

limit. This is our motivation for studying diffraction gratings for this purpose. Of course we 

also require absorption enhancement over a wide wavelength range. Whether or not this can 

be achieved by diffraction gratings is one of the questions we try to address in this thesis. 

1.3. The layout of this thesis 

The primary purpose of this thesis is to investigate diffraction gratings for absorption 

enhancement in QD-IBSCs. Light trapping is a technology that has been developed for bulk 
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c-Si solar cells and various types of thin-film solar cell. Transferring this technology to QD-

IBSCs is far from trivial. Firstly, QD-IBSCs exhibit extremely weak absorption over a wide 

wavelength range. We therefore begin with a general study of diffraction gratings for light 

trapping with the aim of understanding the upper limits and trying to approach those limits 

through optimised designs. The optimised gratings were fabricated on c-Si substrates to test 

their light trapping properties. This had the added benefit of contributing to research into light 

trapping for c-Si solar cells. Secondly, the absorption properties of QD-IBSCs are little 

understood. The second half of the thesis is therefore devoted to a study of photon absorption 

and photogeneration in QD-IBSCs. The knowledge gained of light trapping and absorption in 

QD-IBSCs is brought together in the final chapter. The following is a chapter-by-chapter 

description of the layout of the thesis. 

In Chapter 2, we review the mathematical modelling of diffraction from gratings and derive 

an original formalism for modelling bulk solar cells equipped with grating structures. In 

Chapter 3 we calculate the upper limit to absorption enhancement using diffraction gratings 

as a function of the wavelength and compare to the Lambertian limit. This allows us to see if 

diffraction gratings are indeed able to offer a net improvement over the state-of-the-art over 

the wavelength ranges relevant to c-Si solar cells and QD-IBSCs. In Chapter 4, the developed 

mathematical formalism is applied to design and optimisation of diffraction grating profiles 

and parameters. In Chapter 5, the optimised gratings are fabricated on c-Si solar cell 

precursors, and their light trapping properties are tested by reflection spectroscopy 

measurements. By correlating experimental and simulation results, greater insight is gained 

into absorption in the solar cell precursors, and the accuracy of the modelling technique 

developed in Chapter 2 is verified. The results in this chapter both inform investigation onto 

light trapping for QD-IBSCs and contribute to the understanding of light trapping in c-Si 

solar cells. In Chapter 6, quantum calculations are made of photon absorption in InAs/GaAs 

QDs. Absorption coefficients are calculated and the effect of reducing the QD dimensions is 

investigated. In Chapter 7, the results of the previous chapter are used as input for a realistic 

detailed balance study of the quantum efficiency of state-of-the-art InAs/GaAs QD-IBSCs. 

The modelling results are used to reproduce published experimental measurements, with 

good agreement. In Chapter 8, we combine the detailed balance model of photogeneration in 

QD-IBSCs with results of absorption enhancement from the optimised gratings to make 

predictions of what benefit can be given to QD-IBSCs. 
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Chapter 2. Mathematical modelling of grating equipped 

solar cells: simulation methods 

2.1. Introduction 

In the previous chapter, we saw that the efficiency of QD-IBSCs is seriously limited by weak 

sub-bandgap photon absorption. The next chapters investigate how to enhance photon 

absorption in solar cells using diffraction gratings. The basic principle of light trapping using 

diffraction gratings was described in Chapter 1. In this chapter, I develop a mathematical 

method for modelling grating equipped solar cells (GESCs). The method combines a well-

known existing method, namely rigorous coupled wave analysis (RCWA), with our own 

formalism for describing the incoherent wave propagation in the solar cell bulk. The method 

developed in this chapter is used extensively in the following chapters. 

The chapter is structured as follows. In Section 2.2, the GESC structures investigated in this 

thesis are described.  In Section 2.3, an introduction to diffraction gratings is given laying out 

important definitions and concepts. In Section 2.4, RCWA is described qualitatively, with the 

main emphasis being on the knowledge required to effectively use the commercial software 

package GdCalc
®
 [Johnson'05], which implements the RCWA algorithm. In Section 2.5, I 

describe how RCWA and other wave-optical methods are inefficient for the simulation of 

whole GESCs based on thick substrates. In this section the transfer matrix method (TMM) is 

introduced as an illustrative example. In Section 2.6, a formalism is developed for coupling 

RCWA (or any wave-optical method) with an incoherent matrix treatment of the solar cell 

substrate. This formalism overcomes the inefficiency of wave-optical methods for simulating 

thick-substrate based GESCs. Finally, in Section 2.7, the validity of the presented method is 

investigated by comparing modelling results of an exemplary GESC with two alternative 

simulation techniques developed by other authors. 

The original contribution of this chapter is the method derived in Section 2.6 and its 

validation in Section 2.7. The preceding sections present the existing results and methods that 

are required to develop and implement the method derived in Section 2.6; these are not an 

original contribution of this work. However, in the following chapters, we will refer back to 

the concepts presented in these sections. 
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2.2. The grating equipped solar cells under investigation 

In this thesis, we are interested in light trapping in either quantum dot intermediate band solar 

cells (QD-IBSCs) or wafer based c-Si solar cells. Both are based on thick wafer substrates. 

The diffraction grating will be etched into either the front or rear surface of this wafer 

substrate. This is depicted for a c-Si solar cell in Figure 2.1 (a) and (b). In the case of the QD-

IBSC, the intermediate band material consists of a layer stack of InAs/GaAs quantum dots 

(QDs) grown on the front face of a GaAs wafer substrate, as shown in Figure 2.1 (c). To 

avoid etching into this layer, it will therefore be preferable to have the grating on the rear. 

However, in this and the following chapters we consider both configurations. 

 

Figure 2.1 Schematic of the GESCs investigated in this thesis. (a): c-Si solar cell with 

diffraction grating on front face. (b) c-Si solar cell with diffraction grating on rear face.  (c) 

InAs/GaAs QD-IBSC with grating on rear of GaAs wafer substrate. 

In addition to the diffraction grating, it is desirable to have an ant-reflection coating (ARC) 

on the front, and a reflector on the rear. The rear reflector may consist of a metal layer, either 

evaporated directly onto the rear of the wafer or separated from the wafer by a dielectric 

buffer layer (DBL). The rear reflector could also be a distributed Bragg reflector, as was 

studied in Refs. [Bermel'07, Zeng'06, Zeng'08]. Depending on the configuration, either the 

rear reflector or the ARC may be incorporated into the grating. 

The part of the solar cell in which photons are absorbed and converted into electrical current 

is denoted the active layer. Absorption in this layer is denoted useful absorption. For the c-Si 

cell, the active layer is the whole wafer substrate. For the QD-IBSC, the active layer is the 

Reflector

DBL

c-Si wafer

Diffraction grating
with ARC

Reflector

DBL

c-Si wafer

ARC

ARC
InAs/GaAs
QD layer stack

Reflector

DBL

GaAs wafer

w

w w
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thin QD stack at the front (since we are interested in the absorption of sub-bandgap photons). 

Since the QD matrix material and the substrate material are the same, both have a similar 

refractive index and no interference within the QD layer should be expected. There is 

therefore no fundamental difference between the c-Si cell and QD-IBSC from the point of 

view of optical modelling. In both cases, we can treat the active layer as a homogeneous slab 

of thickness w, refractive index nact(λ) and absorption coefficient α(λ). 

In this description, we have described the GESC as a thick planar structure with a diffraction 

grating on one of its faces. However, we could also talk about the whole GESC as being a 

diffraction grating. These distinct descriptions are the bases of the different models laid out in 

this chapter for simulating GESCs. 

2.3. Introduction to diffraction gratings 

In the simplest terms, a diffraction grating is a layer of finite thickness whose refractive index 

varies periodically in the plane of the layer (hereby the grating plane). Any layer with a 

spatially varying refractive index will cause incident light to scatter off of it in different 

directions. In the case of a diffraction grating, the periodicity causes incident light to be 

scattered into discrete diffraction orders with well-defined trajectories. In general, a single 

incident wave can excite multiple diffraction orders both in the incidence medium (reflected 

orders) and in the medium beyond the grating (transmitted orders). In the far-field of the 

grating, we can consider the incident and outgoing waves as rays and visualise the scattering 

of monochromatic light from a diffraction grating as in Figure 2.2. 
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Figure 2.2 scattering of monochromatic light from a diffraction grating. 

The grating shown in Figure 2.2 is periodic (with period Λ) in the x direction and 

homogeneous in the y direction, the z direction being the normal to the grating plane. This 

type of grating is often called a line grating, a one dimensional grating or a uni-periodic 

grating. As depicted in the figure, we consider that the grating is sandwiched between a 

homogeneous superstrate and substrate with refractive indices n1 and n2 respectively (both 

real). The grating is illuminated from the superstrate by a plane wave with incidence angle i

and vacuum wavelength 0 . The illumination is in-plane, meaning the illuminating wave 

propagates in the plane perpendicular to the grating plane and the grating lines (i.e. in the xz 

plane). The diffracted orders are also in-plane and their diffraction angles are given by the 

Grating Equation (or Fraunhofer Equation)[Neviere'02], which for line gratings is 
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(2.1) 

where the first equation is for reflected and the second for transmitted orders. m is an integer, 

thus indicating the discreteness of the diffraction orders. m also serves as the order index to 

label the respective orders (see Figure 2.2). 

There is a diffraction order for every m  ℤ. Orders for which sinθm is real propagate away 

from the grating. Orders for which sinθm is imaginary are evanescent; their amplitude fades 

exponentially away from the grating. There are a finite number of propagating modes and an 

infinite number of evanescent modes. It should be observed that the fading of the evanescent 

modes does not correspond to photon absorption in the substrate or superstrate, which, in this 

example, have been assumed transparent. In the absence of absorption of evanescent waves, 

conservation of energy requires that the power coupled into evanescent orders be zero. If an 

absorbing material (such as an aluminium back reflector) is placed near the grating, power 

can be coupled to the material via evanescent orders. This is touched on in Chapter 5. What’s 

more, evanescent waves inside the diffraction grating play an important role in the coupling 

between the incident wave and the diffracted orders. However, for now, we will mainly be 

interested in propagating diffraction orders in the substrate and superstrate. 

The diffraction angles and number of propagating orders depend only on the incidence angle 

and wavelength, and on the periodicity of the diffraction grating; they are in no way 

dependent on the specific profile of the diffraction grating. For our purposes, this property 

will be very useful when it comes to optimizing the grating period in Chapter 3. The simple 

and uniform wavelength dependence has also led to diffraction gratings being used as optical 

elements in devices such as monochromators. 

The number of propagating diffraction orders increases on increasing the grating period and 

decreases on increasing the wavelength. We can imagine three limiting cases. In the first 

case, the wavelength is much larger than the period. The only propagating orders are then the 

reflected and transmitted zero orders. Within this limit, the diffraction grating is often 

modelled using effective medium theory[Gjessing'12]. Applications of gratings in this limit 

include so-called moth-eye structures for anti-reflection[Clapham'73]. These are arrays of 

small bumps at an interface that achieve an effective graduation of the refractive index 

between one medium and another, thus reducing reflection at the interface. Such structures 

have been applied to solar cells[Boden'06a, Boden'06b]. In the second limiting case, the 

period is much larger than the wavelength. The propagating orders then form a continuum in 

angular space. In this case the scattering is often modelled in the limit of geometric optics, 

considering the reflection and refraction at each surface. Conventional surface textures for 

solar cells, which achieve both anti-reflection and light trapping, fall into this 

category[Green'99, Zhao'99c]. The third case is between the first two; the grating period and 

the wavelength are of a similar magnitude. In this thesis we will be interested in this third 
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case, in which the discreteness of the diffraction orders play an important role and the 

coupling into each order must be calculated in the wave-optics regime. Of course the wave-

optics regime is also valid for treatment of the first two cases, though it might not be the most 

efficient treatment. 

2.3.1. General formulation of the grating equation 

So far we have considered in-plane illumination of a line grating. Of course in general a 

grating can be bi-periodic and illuminated from any direction. The grating equation can be 

formulated in this general case, but first, some definitions must be made. 

The grating is defined as a unit cell that is periodically repeated in a two-dimensional lattice 

with lattice vectors a1 and a2. In general, a1 and a2 can be of different lengths and can have 

any angle between them. For any grating, we may define two reciprocal lattice vectors b1 and 

b2 by the relation ij2 ji ba , where the dot represent the vector inner product. 

The grating is illuminated by an electromagnetic plane wave whose complex phasor takes the 

form 

       incincincinc εrkεrrE tiEtEt incinc  exp,,
 

(2.2) 

where r is a position vector, incE is the wave amplitude, inck  is the incident wavevector, incε

is the unit polarization vector and   is the angular frequency. It is assumed that, in the 

pseudo steady state, the field oscillates everywhere with frequency  , and so the time 

dependence will be dropped for convenience. 

The most compact way of expressing the general grating equation is in terms of the 

wavevectors of the incident and diffracted orders. For a given wavevector 

zyxk ˆˆˆ zyx kkk  , we define its vector component tangential to the grating plane as 

yxkxy ˆˆ: yx kk  , and denote this the tangential wavevector. For both reflected and 

transmitted orders, the tangential wavevector of the diffraction order and incident wave are 

related by the following equation[Neviere'02, Tobias'08]: 

  xyinc1xy kbbk ,221,21
 mm,mm  

(2.3) 

For reflected orders, the normal component is 
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(2.4) 

For transmitted orders, the normal component is 
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(2.5) 

assuming that the incident wave is incident from the superstrate in the negative z direction 

(otherwise the signs in (2.4) and (2.5) are reversed. The positive root is taken in both cases. 

Eqns. (2.3), (2.4) and (2.5) constitute the grating equation for an arbitrary grating geometry 

and incidence. A derivation of the grating equation can be found in eg. [Neviere'02]. The 

derivation is based on observing that the solution to the wave equation (a derivative of the 

Maxwell equations) must be pseudoperiodic in a periodic space. The electric and magnetic 

fields are then expressed as Fourier series and substituted into the wave equation. For a 

homogeneous medium (as is the case for the substrate and superstrate) the wave equation can 

then be decomposed into an infinite set of uncoupled differential equations: one for each 

Fourier order. The solution is a set of plane waves representing the diffracted orders, whose 

wavevectors are found to satisfy Eqns. (2.3), (2.4) and (2.5). 

Again, m1 and m2 are integers. From Eqns. (2.4) and (2.5) we can see that there is a 

propagating order (real   z,mmk ,21
) for every possible combination of indices  21,mm  for 

which 

  0, 2
21

n,mm xyk
 

(2.6) 

where n is the refractive index of the medium in which the order propagates (n=n1 for 

reflected orders and n=n2 for transmitted orders). Every other  21, mm  ℤ2 represents an 

evanescent order. 

For propagating orders, the polar angle   and azimuth  of the orders can be retrieved from 

the wavevectors by the relations 
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(2.7) 

From Eqn. (2.3), we can see that the tangential wavevectors of the diffraction orders form a 

regular arrangement in reciprocal space. To better visualise this, we will consider the three 

types of grating geometry studied in this thesis. These are line gratings, crossed gratings and 

hexagonal gratings. The lattice vectors and reciprocal lattice vectors are listed for each 

grating geometry in Table 2.1. The vectors x̂  and ŷ represent unit vectors in the x and y 
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directions. The vector a1 is chosen parallel to x̂  in each case. For the bi-periodic gratings 

(crossed and hexagonal), we have restricted ourselves to  21 aa . As a point of interest, 

we can quickly observe that the specific form of the grating equation for in-plane illumination 

of a line grating (Eqn. (2.1)) can be reproduced from Eqns. (2.3), (2.4) and (2.5) by applying 

the reciprocal lattice vectors for a line grating given in Table 2.1. 

Table 2.1. Lattice vectors and reciprocal lattice vectors for a line grating, a crossed grating and 

a hexagonal grating. 

Grating type lattice vectors reciprocal lattice vectors 

line grating 
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Figure 2.3. Left Column: Lattice geometries of a line grating, a crossed grating, and a 

hexagonal grating. Right column: tangential wavevectors of the diffracted orders for each 

geometry type. The red dot represents the tangential wavevector of the incident plane wave and 

the blue dots those of the diffracted orders. In each case, the solid and dashed circle show 

which orders propagate inside a medium of refractive index n=3.5  and n=1 respectively. In 

these examples, the relationship between the grating period and the vacuum wavelength is λ0 = 

2.2Λ. 
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The left column of Figure 2.3 shows the three grating geometries. The right column shows, 

for each geometry, the tangential wavevector of an incident plane wave (red) and the 

resulting diffracted orders (blue) in reciprocal space. Only some of the infinite orders are 

shown. It should be observed that the dots represent both transmitted and reflected orders, 

and that the red dot represents not only the incident wave, but also the (m1,m2) = (0,0) 

diffracted orders. 

It is useful to draw circles of radius 2πn/λ0 to show which orders are propagating in certain 

media. In each diagram, the solid and dashed circle show which orders propagate inside a 

medium of refractive index n=3.5  and n=1 respectively. These are chosen to correspond to 

the solar cell substrate (c-Si or GaAs) and incidence medium (air) for the GESCs shown in 

Figure 2.1. If the diffraction grating is placed on the front of a solar cell (Figure 2.1 (a)), than 

the solid circle contains the propagating transmitted orders and the dashed circle contains the 

propagating reflected orders. If the diffraction grating is placed on the rear of a solar cell 

(Figure 2.1 (b) or (c)), there are only reflected orders, which fall within the solid circle. 

However, in this case, the dashed circle represents the escape cone at the planar font surface. 

The reflected orders inside this circle are therefore able to escape the solar cell, whereas those 

outside the dashed circle are confined by total internal reflection. 

Until now, we have not discussed the polarization of the diffraction orders. An arbitrarily 

polarized plane wave can be decomposed into two orthogonal linear polarizations, which do 

not interfere with one another. For our purposes, it is most useful to decompose the 

diffraction orders into s and p polarizations. That is, for a diffraction order with wavevector 

k, the electric field polarization vector ε  is decomposed as 

psε ps εε 
 

(2.8) 

s and p are unit vectors. s is parallel to the grating plane and perpendicular to k, and p is 

perpendicular to k and s. Note that s and p point in different directions for each diffraction 

order. For the special case of in plane illumination of a line grating, s polarization 

corresponds to transverse electric (TE) polarization and p polarization corresponds to 

transverse magnetic (TM) polarization. ε, εs and εp can be complex valued, as such any 

elliptical polarization can be decomposed according to Eqn. (2.8). Using this decomposition, 

each diffraction order (m1,m2) can be thought of as two linearly polarized orders (m1,m2)s and 

(m1,m2)p. 

2.3.2. Translational symmetry of the grating equation 

We note that the grating equation has translational symmetry. Following the argument of 

Tobías[Tobias'08], consider that a plane wave with wavevector inc,1k  illuminates a grating, 

producing a set of diffracted orders as in Eqn. (2.3). Now imagine that one of those orders, 

say with indices (p1,p2), is reflected back to the grating from a planar surface that is parallel 

to the grating plane. The newly incident wave has tangential wavevector 
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  xyinc11xyxyinc2, kbbkk ,221,21
 pp,pp  

(2.9) 

This newly incident wave produces a new set of diffraction orders whose tangential 

wavevectors are given by 
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(2.10) 

where q1 = m1 + p1 and q2 = m2 + p2. We can see that the set of diffraction orders produced 

by the second incidence is the same as the set of diffraction orders produced by the first 

incidence. This is easily visualised by looking at Figure 2.3 and moving the incidence 

tangential wavevector (red dot) to one of the diffracted order wavevectors (blue dots). The 

effect is to shift the whole pattern onto itself. 

This is an important result with regard to GESCs and forms the basis of the formalism 

presented in Section 2.6. Consider that either of the GESC structures presented in Figure 2.1 

is illuminated by a plane wave. The incident wave is diffracted into a number of orders inside 

the solar cell bulk, whose trajectories are given by the grating equation. Each of these orders 

may be either totally or partially reflected at the opposite surface. Since the opposite surface 

is planar, reflection from it causes no change in the tangential wavevector of the orders. The 

orders are therefore re-incident on the diffraction grating with the same tangential 

wavevectors as before. Due to the translational symmetry of the grating equation, each order 

is diffracted into a new set of orders, whose trajectories are the same as the first set of orders. 

Allowing this process to continue, we can see that there is a finite set of illuminated orders 

inside the solar cell bulk in the steady state, and that the trajectories of these orders are given 

by the grating equation applied to the initial incidence from the illuminating source. By 

drawing the diagrams in Figure 2.3, we can immediately know which trajectories are 

illuminated both inside and outside of the solar cell in the steady state, for a given incidence 

angle, incidence wavelength, grating geometry and grating period. 

2.3.3. Scattering efficiencies 

In this section, we shall be interested in how much of the incident power is coupled into each 

diffraction order. The electric field amplitude of each diffraction order is linearly related to 

that of the incident plane wave by a constant that, in this work, is called the scattering 

efficiency. The scattering efficiencies for reflected and transmitted waves shall be denoted by 

A and B respectively, though later in Section 2.6 they shall both be denoted by S. 

The incident wave and all diffracted waves are decomposed into s and p polarizations: 
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where the amplitudes 0,,sincE  etc. are complex valued, allowing the incident wave to have a 

general elliptical polarization. The amplitudes of the reflected (m1,m2)s and (m1,m2)p 

diffraction orders are related to the incident amplitude by 
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and similarly for transmitted orders 
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(2.13) 

The scattering efficiencies are complex valued, reflecting the fact that the diffraction orders 

can differ in phase and amplitude from the incident wave. 

The term scattering efficiency has been employed so as not to be confused with the better-

known grating efficiency. The grating efficiency is the ratio of the power carried in a given 

diffraction order to the incident power, where the power fluxes are calculated over some 

surface element in the grating plane. The power incident on surface element dA and the 

power in the (m1,m2) transmitted order emanating from that surface element are respectively 
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Therefore, the diffraction efficiency of the (m1,m2) transmitted order is 
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, which can be defined similarly for reflected orders. 

Whereas the wavevectors of the diffraction orders depend only on the grating periodicity, the 

scattering efficiencies depend on the grating profile. Profile here refers to the three-
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dimensional form of the periodically repeated unit cells that make up the grating, or, more 

precisely, on the spatially dependent refractive index n(r) in the unit cell. Calculation of the 

scattering efficiencies for a given grating profile requires that the field be known everywhere 

in space, and thus requires solution of the Maxwell Equations in regions I, II and III. 

Standard methods for doing this and their computational implementation are discussed in 

Section 2.4. First, we note some fundamental relations between the scattering efficiencies that 

will be useful to the discussions in this and the following chapter. 

2.3.3.1. Conservation of Energy 

The incident EM wave represents an energy flux. Conservation of energy requires that all this 

energy flux either be absorbed by or emitted from the grating. For a lossless grating, we can 

therefore deduce that the sum of all the grating efficiencies is equal to one. 

  1
21,  mm  (2.16) 

If the grating is absorbing, then all power not diffracted into propagated into diffraction 

orders can be interpreted as being absorbed in the grating. The grating absorption is therefore 

given by 

 
21,1  gratingin      absorption mm  (2.17) 

2.3.3.2. Reciprocity 

Reciprocity in electromagnetism states that the intensity of an EM signal remains the same if 

the source and detector swap places. This is a consequence of time reversal invariance of the 

Maxwell equations. In the context of diffraction gratings, reciprocity has the following 

consequence. Imagine two situations. In the first, a plane wave with wavevector kinc 

illuminates the grating and is diffracted into a set of orders, one of which is the (p1,p2) order 

with wavevector k(p1,p2). In the second, the same grating is illuminated with a plane wave 

with wavevector k*inc = - k(p1,p2); that is, by a wave travelling antiparallel to the (p1,p2) order 

diffracted from the first incidence. It is easy to verify from Eqn. (2.3) that the (-p1,-p2) order 

from the second incidence is antiparallel to the incident wave from the first incidence; that is, 

k*(-p1,-p2) = -kinc. Reciprocity requires that the diffraction efficiency from the first incidence 

into the (p1,p2) order is equal to the diffraction efficiency from the second incidence into the 

(-p1,-p2) order: η(p1,p2)= η*(-p1,-p2). 

2.4. Standard wave-optical techniques for diffraction grating simulation 

The diffraction gratings of interest to us have features on the scale of the wavelength of the 

interacting light. This means that the interaction of light with the grating is not in the limit of 

geometric optics. To calculate the scattering efficiencies, the interaction must therefore be 

treated wave-optically, by solving Maxwell’s equations in the volume of space occupied by 

the grating. There are a number of standard techniques for doing this, most of which have 
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been incorporated into commercial software packages. These techniques can be either 

frequency-domain or time-domain. The most used of these techniques are the following: 

Rigorous coupled wave analysis (RCWA), a frequency-domain technique; the finite-

difference time domain method, a time-domain technique; and the finite element method 

(FEM), which can be formulated either in the time domain or the frequency domain. 

These methods are so-called exact methods, since they solve Maxwell’s equations exactly to 

within an arbitrary accuracy (where the practically achievable accuracy depends on 

computational constraints). Recently, there has been a renewed interest in approximate 

methods based on scalar diffraction theory for nanostructured solar cell 

simulations[Catchpole'07a, Catchpole'07b, Mokkapati'11]. These approximate methods have 

reduced accuracy, but provide the benefits of quicker computation and at times provide a 

more intuitive insight into the processes involved[Luis'09]. No such methods are used in this 

thesis. 

In this work, we used a commercial software package called GD-Calc
®
 [Johnson'05] which 

calculates scattering efficiencies using RCWA. In the following, I give a brief description of 

the fundamentals of RCWA. The purpose of the explanation is to present the concepts that a 

user of the GD-Calc
®
 program must understand to effectively calculate scattering efficiencies 

for diffraction gratings of different geometries, profiles and materials. A detailed 

mathematical derivation of the RCWA algorithm can be found in [Moharam'81] and details 

of its computational implementation can be found in Refs. [Moharam'95a, Moharam'95b]. 

More accessible descriptions can be found in Refs. [Gjessing'12, Neviere'02, Peters'09]. 

 

Figure 2.4. (a). Schematic of uni-periodic diffraction grating with a sawtooth profile. (b): 

approximation of the grating as a layer stack with 5 layers for implementation of the RCWA 

method. (c): approximation of the grating as a layer stack with 30 layers. Figures (b) and (c) are 

obtained directly from the GD-Calc
®
 program. 

Due to the periodicity of the diffraction grating, the electric and magnetic fields are 

everywhere pseudoperiodic and can be expressed as Fourier series. In regions I and III, the 

Fourier terms are the individual diffraction orders discussed in the previous section. The 

Fourier terms in region II are identified as internal modes that couple with the external 

diffraction orders. The purpose of the RCWA is to find the coefficients of the Fourier terms 

in all regions. This is done by approximating the diffraction grating profile as a layer stack of 

rectangular blocks. The block approximations of two grating profiles are shown in Figure 2.4. 

The purpose of the block approximation is that the permittivity is independent of z in each 

(a) (b) (c)
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layer. This allows the wave equation to be solved in each layer by a separation z and (x,y) 

variables. 

The (x,y) wave equation is solved in each layer by expanding both the field and the 

permittivity as Fourier series. The wave equation then becomes an infinite matrix equation, 

where the matrix indices are the Fourier terms of the field and permittivity expansions. The 

Fourier components of the field in each layer are found by solution of the matrix equation and 

by matching of the field to that in the adjacent layer. The matching involves applying the 

appropriate boundary conditions: continuity of the tangential E field and of the normal H 

field at the layer interfaces. To simultaneously match the fields in a many layered stack, a 

stacking matrix algorithm is used. Finally, matching the fields at the interfaces between 

region II and regions I and III yields the field amplitudes of the diffraction orders. The 

scattering efficiencies are then calculated from Eqns. (2.12) and (2.13). 

Let L be the number of layers used to approximate the grating profile and N be the number of 

terms retained in the approximate Fourier expansion of the field and permittivity. The RCWA 

is exact in the limit where L→∞ and N→∞. In practical computation, the choice of L and N 

involves a trade-off between computation time and accuracy. The most computationally 

costly part of the calculation is the solution of the wave equation in each layer. This requires 

numerical solution of an N x N matrix eigenvalue problem, the computation time of which 

scales with N to the third power. One of these calculations must be performed for each layer, 

as such the computation time scales linearly with L. 

For the field matching to be performed using the stacking matrix algorithm, the same set of 

Fourier terms must be retained in each layer of region II and in regions I and III. It should 

therefore be apparent that the minimum set of Fourier terms that must be considered are those 

corresponding to propagating orders in regions I and III. However, more may be required to 

achieve a reasonable accuracy. This is physically intuitive. Evanescent waves can carry 

power over short distances. It therefore makes sense that an incident propagating wave can 

couple to evanescent modes within the diffraction grating and that these modes couple to the 

propagating diffraction orders. Evanescent modes with smaller tangential wavevectors decay 

over longer distances and are therefore more effective intermediate couplers between 

propagating orders. Of the Fourier orders that correspond to evanescent modes, we will 

therefore wish to retain those with the lowest index. 

For a linear grating, the usual procedure with be to choose some truncation limit mmax and 

retain all Fourier orders whose indices satisfy |m| < mmax. For a crossed grating, we can 

employ the conditions |m1 | < mmax and |m2| < mmax. For a hexagonal grating, a preferable 

choice is |m1| < mmax and |m2- m1| < mmax, which produces a hexagonal boundary for the orders 

ensuring all extreme orders are of a similar distance from the origin[Johnson'05]. These 

conditions lead to the Fourier order retention shown in Figure 2.3, with mmax = 2 in that 

figure. 

An appropriate choice of L and the mmax can be made by convergence testing. As an example, 

we consider the line grating shown in Figure 2.4 under in-plane illumination with incidence 

angle 30º and wavelength 500 nm. The grating period and depth are both 1 μm and the 
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materials of the white and grey coloured regions in the figures are chosen to be air (n = 1) and 

aluminium (n = 0.77 + 6.1 i). Figure 2.5 shows the diffraction efficiency of the reflected m=2 

diffraction order as a function of mmax and L. Figure (a) is for TE incidence and (b) is for TM 

incidence. 

Convergence is achieved when the calculated diffraction efficiency stabilises with respect to 

both L and mmax. We can see that, for TE polarized incidence, convergence is achieved for 

very low L and mmax. For TM polarized incidence, this is not so. Many layers are required 

before adding more layers gives rise to no significant difference in the result. Furthermore, 

when more layers are considered, more Fourier orders are required to achieve convergence. 

This is because the electric field exhibits large spikes in the corner regions of the blocks. As 

the blocks become narrower, so do the spikes, and more orders are required in the Fourier 

expansion to resolve them[Neviere'02]. This is particularly true for metallic materials and, in 

the case of linear gratings, for TM polarized incidence. A discussion of convergence of the 

RCWA algorithm in different circumstances can be found in [Neviere'02]. 

 

Figure 2.5. Two parameter convergence test for the grating profile shown in Figure 2.4. 

The illumination from the sun is unpolarized and we will therefore need to simulate both TE 

and TM polarization. It is therefore advisable to avoid metallic gratings where possible. In  

the grating optimisation in Chapter 4, we therefore consider purely dielectric gratings, 

making use of a planar reflector at the very rear of the solar cell. In Chapter 5, it will be 

necessary to model metallic gratings, in order to properly simulate our fabricated samples. 

This is possible because the fabricated samples are either binary or have shallow pyramid 

profiles. 

All the optical GESC simulations presented in this thesis have undergone rigorous two-

parameter convergence testing, where convergence is only achieved when the diffraction 

efficiency has simultaneously stabilised with regard to the number of layers and orders.  

2.5. The inefficiency of wave-optical methods for simulating thick 

structures 

One way of calculating the absorption in a GESC is to treat the entire GESC structure as a 

diffraction grating and simulate it using RCWA or another wave-optical method. In this case, 
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the propagating diffraction orders represent all the incident light that escapes the solar cell, 

either due to the initial reflection at the front surface, or due to incomplete absorption in the 

solar cell. If the only absorbing medium in the GESC is the active layer, one can simply 

calculate the diffraction efficiencies of the propagating orders and conclude that any incident 

power not coupled into these orders is absorbed in the active layer. If there are other 

absorbing media, such as a metal rear reflector, the useful absorption (in the active layer) 

must be calculated from the internal near field. Both approaches are employed in Ref. 

[Peters'12]. From the near field, one can also calculate a depth dependent absorption profile, 

which can be used for electro-optical simulations [Peters'10b]. It should be observed that 

calculating the absorption from the near field requires special interpolation of the field and is 

more time consuming than calculating the absorption from the far-field. 

The GESC structure that is of interest to us presents a problem with regard to this method of 

simulation. Whereas the diffraction grating has modulations on the wavelength scale, the 

thickness of the solar cell substrate is some tens or hundreds of wavelengths. This causes the 

computation of full wave-optical simulations of the entire GESC to be extremely time 

consuming. In the following, we describe why this is so for both time-domain and frequency-

domain methods. In dealing with the frequency domain, it shall be demonstrated how this can 

be overcome by treating the thick substrate incoherently. This leads on to the coupled method 

described in Section 2.6. 

2.5.1. Time-domain methods 

Although time-domain methods are not employed in this thesis, I shall briefly comment on 

difficulties that may be encountered when using them to simulate thick structures. In a time-

domain method, the excitation beam can be described as having a broadband spectrum and 

the broadband response can be calculated in a single simulation. The frequency dependent 

response can then be extracted via Fourier transform if desired. The simulation begins with 

the excitation beam being ‘switched on’. The simulation then marches on in time, and the 

field evolves until it reaches a steady state. For a defined GESC structure, the computation 

time therefore depends on the number and length of time steps required for the system to 

reach the steady state. 

An upper bound is required of the length of the time step to achieve numerical accuracy and 

stability. The Courant–Friedrichs–Lewy condition[Courant'67] requires that the time step be 

less than the time taken for the EM wave to travel from one grid point to the next in the 

spatial discretization of the simulation domain. The spatial grid must in turn be fine enough to 

resolve the wavelength of the incident light (as well as the features of the diffraction grating 

structure). The upper bound to the time step is therefore set by the wave period of the incident 

light. 

The steady state is reached when every photon that entered the solar cell at t=0 has either 

been absorbed or has undergone some number of reflections and escaped. In the limit of weak 

absorption, the time taken to reach the steady state is therefore related to the path lengths of 

light rays inside the solar cell. We will assume that we are simulating a system that provides a 
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path length enhancement equal to the 4n
2
 limit [Yablonovitch'82], i.e. that the mean path 

length of light rays inside the solar cell absorber is 4n
2
 times the absorber thickness (in fact, it 

shall be seen that some of the simulated structures provide path length enhancements far 

greater than this at certain wavelengths). In the case of a 200 μm thick silicon wafer, as is 

studied in Chapter 5, this implies a path length of around 10 mm. If we take the broadband 

solar spectrum to have a characteristic wavelength of 1 μm, then 10 000 periods are required 

to even approach the steady state (note that 4n
2
 is the mean path length enhancement, many 

photons will travel much further than this). Hence we would expect the simulation to be 

extremely time consuming, which restricts our ability to investigate large numbers of 

parameter sets in optimisation procedures and to investigate complex structures. 

2.5.2. Frequency-domain methods 

In a frequency-domain method (such as RCWA), the excitation beam is described as an 

incident EM wave with a single frequency, and Maxwell’s equations are solved in the steady 

state. The broadband response is then built up by conducting simulations over a number of 

discretized frequency steps. In this case, the total simulation time is therefore proportional to 

the length and number of wavelength steps required to span and resolve the spectral response. 

Among other features, the spectral response exhibits frequency domain oscillations due to 

Fabry-Perot interference between EM waves traversing the absorber. Due to the thickness of 

the absorber, these oscillations are very rapid, setting a low upper bound to the required 

frequency step and hence demanding a long computation time. 

To better illustrate this, we consider the transfer matrix method (TMM) for calculating 

reflection, absorption and transmission in planar layer stacks. TMM is a standard method 

whose detailed description can be found in the literature[Yeh'88]. We give a brief description 

here for the purpose of our argument. The TMM is also used in this thesis to calculate the 

reflection spectra of ARCs and multi-layer reflectors. 

2.5.3. A brief description of TMM 

Consider a single layer of thickness d and complex refractive index n2 sandwiched between 

semi-infinite materials of indices n1 on the left and n3 on the right. If we wish to calculate the 

reflection and transmission for an EM plane wave normally incident from the left, we will 

need to take account of the multiple reflections and transmissions within the layer and the 

interference between them. A simple way of doing this is using the TMM. We define the 

complex amplitudes of right and left traveling waves at certain points in the structure. Right 

and left travelling waves immediately to the left of the left interface are denoted xl- and yl- 

respectively. Those to the right of the left interface are xl+ and yl+, those to the left of the right 

interface are xr- and yr-, and those to the right of the right interface are xr+ and yr+. This is 

depicted in Figure 2.6. 
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Figure 2.6. Single layer for TMM study with left and right travelling waves at each side of each 

interface.  

Each pair of amplitudes can be related to an adjacent pair by a matrix. Taking the left 

interface as an example we have 



























l

l

l

l

y

x

y

x
lM

 











1

11

l

l

l
r

r

t
lM

 

(2.18) 

where lr  and lt  are the complex Fresnel reflection and transmission coefficients for the left 

interface. These describe both the amplitude and phase changes of reflected and transmitted 

waves, and depend on the refractive indices, incidence angle and polarization. For the layer 

interior, the waves undergo an absorption and phase change, so we have 
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We can relate the left-most amplitudes to the right-most amplitudes by simply multiplying 

these matrices.  
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where the composite matrix M is the product of the other three. The complex Fresnel 

reflection and transmission coefficients are found by solving for ly  and 
rx under the 

condition that 1lx  and 0ry . These are 

1,1
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(2.21) 

where 1,1M is the element occupying the first row and column of M etc. The reflection, 

transmission and absorption of intensity are then 

2
rR 
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(2.22) 

This procedure can be applied to an arbitrary layer stack by simply constructing matrices for 

each interface and interior and multiplying them in order. Layer specific absorption can also 

be extracted with some more handling. It should be observed that this formulation of the 

TMM constitutes a full wave optical treatment of the layer stack. 

2.5.4. TMM applied to a simple layer stack 

We now compare the measured reflection, transmission and absorption of a simple layer 

stack with results calculated using TMM. The layer stack consists of a 160 um thick 

monocrystalline silicon wafer coated with SiN layers on both sides. The front and rear side 

layer thicknesses are 80 nm and 95 nm respectively. Reflection, transmission and absorption 

of the sample were measured using reflection and transmission spectroscopy. The refractive 

index spectra used in the simulations are taken from Palik [Palik'97]. The measurement and 

simulation results are shown for a broad wavelength range in Figure 2.7 (a) and (b) 

respectively. 
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Figure 2.7. Reflection absorption and transmission through a layer stack for coherent and 

incoherent methods. 

There is almost perfect agreement between the results for wavelengths lower than 900 nm. 

For this range, the Si wafer absorbs all light that passes through it and so reflection and 

absorption are completely determined by refection at the front interfaces. The reflection 

minimum at 650 nm corresponds to destructive interference from the two interfaces of the 80 

nm thick front side SiN layer. It was therefore necessary to treat this layer wave-optically to 

reproduce the experimental result. 

For wavelengths greater than 900 nm, the calculated spectra exhibit oscillations that are so 

rapid they appear as solid areas in the graph. These are not present in the measured data. 

Figure 2.7 (c) and (d) show the same results for the narrow wavelength range between 1000 

and 1050 nm, where (c) is the measured and (d) the calculated data. This range corresponds 

to the grey shaded area in Figure 2.7 (a) and (b). In Figure 2.7 (d) the interference oscillations 

are more clearly visible; their wavelength is roughly 1 nm. This is much higher than the 

resolution of the spectrometer; thus, the measured result is the average over many 

oscillations. We can perform a numerical averaging of the calculated data over 10 nm 

intervals. This produces the thicker curves in Figure 2.7 (d). By doing so, the measured data 

is now reproduced. The full wave-optical TMM has therefore been effective in predicting 

experimental results; however, to do so, we have had to employ a 0.1 nm resolution in the 

calculation. 13 000 calculations were therefore necessary to produce Figure 2.7 (b). This is 

fine for TMM, which is extremely fast; however, when we incorporate a diffraction grating 

and need to employ a technique such as RCWA, this will lead to prohibitively long 

simulation times. 
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2.5.5. Incoherent treatment of the wafer interior 

To make the calculation more efficient, we can a priory take the statistical contribution of the 

Fabry-Perot interferences within the wafer to be zero over some narrow wavelength range 

either side of the wavelength we are dealing with. This is equivalent to assuming incoherence 

between the wavefronts after successive reflections[Born'99]. To do this, we simply ignore 

the phase of the waves traversing the wafer interior and consider only their time averaged 

intensity; i.e. the wafer is considered geometric-optically. 

In the context of the TMM, this is achieved by a simple modification. In the following, we 

reproduce some of the derivation in Ref. [Katsidis'02] for the purpose of our argument. We 

consider the same layer stack as before. The full composite matrix for the layer stack can be 

expressed as 

rearSifront MMMM 
 

(2.23) 

SiM  has the form of iM  in Eqn. (2.19) and represents the Si wafer interior without 

interfaces. frontM  and rearM  describe the front and rear SiN layers and are each composed of 

the product of three matrices describing the front interface, interior and rear interface of each 

layer, similarly to in Eqn. (2.20). 

We wish to treat the SiN layers wave-optically but the Si wafer geometric-optically. We do 

so by replacing Eqn. (2.20) with a matrix formulation that describes the transfer not of 

complex field amplitudes but of intensities. To calculate the intensity reflection and 

transmission of the front SiN layer individually, we simply apply Eqns. (2.21) and (2.22) to 

frontM  to yield frontR  and frontT . The intensity transfer matrix for the front layer is then 
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and similarly for rearM . The matrix for the Si interior need only account for absorption: 
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where α and W are the absorption coefficient and thickness of the Si wafer. The composite 

intensity transfer matrix for the stack is then 

rearSifront MMMM 
 

(2.26) 
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the reflection, transmission and absorption of the whole stack are 
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(2.27) 

The reflection, transmission and reflection of the sample calculated using this modified semi-

coherent TMM are shown in Figure 2.8. It can be seen that the measured data (Figure 2.7 (a)) 

is reproduced without the need for any averaging. By ignoring the phase inside the wafer, the 

Fabry-Perot oscillations are implicitly cancelled out. The advantage of this technique is that 

the resolution required for produce Figure 2.8 is only 10 nm. Thus the number of calculations 

is reduced by a factor of 100. This reduction in computing time is indispensable when it 

comes to running RCWA calculations. 

 

Figure 2.8. Reflection, absorption and transmission using incoherent TMM method. 

A final note is required regarding which features can be ignored and which must be 

considered. In our argument, we have taken the resolution of the spectrometer to be the judge 

of which interference effects need to be accounted for and which do not. However, the 

spectrometer resolution is in some sense an arbitrary quantity. The final measure of all 

proposed light trapping structures is the efficiency of the solar cell they are incorporated into. 

The solar cell, by its nature, integrates the spectrum; it absorbs photons at a range of 

frequencies and returns an electrical current at a single voltage. The important issue is that the 

absorbance of the solar cell active layer and the photon flux incident from the sun are 

wavelength dependent. In our example, the 80 nm thick front side SiN layer produced a broad 

reflection minimum at around 650 nm. Changing the layer thickness by 10 nm would change 

the position of this peak by 100 nm. The photon flux and absorbance change over this scale; 

hence, such a change will cause a notable difference in the output current. A wave-optical 

treatment of the thin SiN layer is therefore necessary to optimise its thickness for maximum 
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efficiency. Contrarily, The Fabry-Perot interference across the wafer produces oscillations 

with 1 nm period. Neither the absorbance nor the incident photon flux change appreciably 

over this wavelength scale; hence the exact positions of the peaks are unimportant and the 

wave-optical treatment of the wafer is unnecessary. 

2.5.6. Summary of the inefficiency of frequency-domain methods for thick structures 

The purpose of this digression was to explain how fully wave-optical frequency domain 

methods can be inefficient for the simulation of structures that have some component that is 

optically thick, in this case the wafer substrate. It has also been explained how this can be 

overcome by a partly wave-optical, partly geometric-optical formulation. Both the TMM and 

the modified semi-coherent TMM presented here can be found in the literature [Born'99, 

Katsidis'02], and were not developed within this work. However, they serve as an illustrative 

introduction to the following section, where we describe a matrix formalism in which a wave-

optical treatment of the diffraction grating using RCWA is coupled to a geometric-optical 

treatment of the wafer. The below described formalism is an original development of this 

thesis. It’s relation to pure RCWA is in many ways analogous to the relation between the 

semi-coherent TMM and the fully wave-optical TMM described in this sub-section. 

2.6. Mathematical Formulation of the Grating Problem; Calculating the 

Absorption from the Scattering Matrix 

In this section, we describe the simulation technique developed in this thesis to model GESCs 

based on thick substrates. As in the TMM, the technique consists in dividing the GESC into 

distinct regions and defining a matrix to describe how the field amplitude or power is 

transferred between EM waves from one region to another. When we investigated planar 

structures using TMM, there were only two plane waves in each layer — one travelling in 

each direction — leading to 2x2 matrices. Now, on the other hand, one of the surfaces is a 

diffraction grating. The incident wave is therefore diffracted into N orders inside the solar 

cell (plus some other number of orders outside the solar cell). These make another pass of the 

absorber, are partially or totally internally reflected at the opposite surface, are re-incident on 

the grating and are diffracted again. The most important thing to grasp is that, due to the 

planarity of the front surface and the translational symmetry of the grating equation (2.8), 

each re-incident order is diffracted into the same set of orders as those produced by the 

initially incident plane wave[Tobias'08]. This was explained in Section 2.3.1 (In Eqns. (2.9) 

and (2.10)). There are therefore only N orders propagating inside the solar cell in the steady 

state, power being intercoupled between the orders via the grating. It is for this reason that we 

may apply a steady state matrix method to the problem instead of employing ray tracing and 

Monte Carlo, as is done in Refs. [Peltzer'11, Rothemund'12]. 

As in the semi-coherent TMM, the wafer bulk is treated incoherently or geometric-optically. 

The other regions are treated wave-optically; the diffraction grating itself is treated with 

RCWA and any ARC or multi-layer reflector is treated using fully wave-optical TMM. This 

semi-coherent treatment will increase the computational speed of the simulations 
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significantly. What’s more, the geometric-optical treatment of the absorbing layer makes it 

easy to implement angle-extended illumination from an incidence cone instead of a plane-

wave (as in Ref. [Tobias'08]). This will be useful when simulating light trapping under 

concentrated solar illumination, where the incidence cone is wide. Finally, the insight gained 

in developing the model will be useful in calculating the upper limits to light trapping in this 

kind of GESC and in designing optimal gratings for light trapping, as is done in Chapter 3 

and Chapter 4 respectively. We now proceed to the mathematical development of the 

formalism. 

The solar cell absorber is modelled as a homogenous planar slab, extended in the xy plane, 

which is sandwiched between two layers. One layer is a planar layer stack and the other is the 

diffraction grating. By this generality we allow both the configuration in Figure 2.1 (a) 

(grating on front) and in Figure 2.1 (b) (grating on rear) to be described by the formalism, and 

allow the incorporation of a multi-layered reflector and ARC to either structure by defining 

the layers accordingly. The real part of the refractive index of the active layer is nact and the 

absorption coefficient α. The external medium is non-absorbing and has real refractive index 

next < nact. 

The structure is illuminated from the front (from above in the Figure 2.1) by a plane wave, 

with wavevector 0k and electric field amplitude 0E , which shall be denoted the source order. 

The source order is diffracted by the grating into N orders in the absorber and M orders in the 

exterior, where the order trajectories are given by the grating equation (2.3) and N and M are 

determined by the condition in Eqn. (2.6), applying refractive indices nact and next 

respectively. The orders in the absorber are partially or totally reflected at the opposite 

surface and are re-incident on the grating where their field amplitudes are redistributed 

amongst one another but no new orders are excited. We therefore have N+M propagating 

orders in the steady state. 

For the purpose of the formalism, we take each order to consist of two waves travelling in the 

positive and negative z directions, though some will necessarily have zero amplitude. In this 

way, the source order is one of the N+M orders. When we later consider illumination from a 

wide cone (Section 2.6.1), multiple orders may be inside the illumination cone, all of which 

will be source orders. We therefore allow multiple source orders in the development. All 

other orders are denoted non-source orders. Finally, each order is decomposed into s and p 

polarizations as described in Section2.3.1. We therefore have 2(N+M) propagating orders in 

the system in total. 

Instead of dealing with plane waves, it will be convenient to consider all orders as plane-

wave manifolds of infinitesimal solid angle d . The brightness (defined as power flux per 

unit area per unit solid angle – also known as radiance) of a manifold is related to the 

intensity I  and hence electric field amplitude E  by[Born'99] 
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where 0  is the vacuum permittivity, n the refractive index of the medium in which the 

manifold propagates, dS  is a differential surface element in the xy plane,   is the angle the 

manifold makes with the z axis and Gd 2  is the differential étendue of the manifold. 

Each order is labelled with a unique index and we consider the electric filed amplitude and 

brightness of each order both immediately before incidence on the grating and immediately 

after diffraction from the grating. The complex electric field amplitude of the i
th

 order 

diffracted from the grating is linearly related to that of all other orders incident on the grating 

by the complex scattering efficiencies described in Section 2.3.3.  

 inc
jji

diff
i ESE ,  (2.29) 

Here we use the symbol jiS ,  to denote the scattering efficiency from the j
th

  to the i
th

 order. In 

Section 2.3.3, these were  
sp

mm
A

21,
,  

pp

mm
B

21,
 etc.; however, the unique index now determines 

the polarization and if the order propagates in the solar cell or in the air, so a single symbol 

can be used. So far, interference between the different incident orders is accounted for by the 

complex nature of the terms in Eqn. (2.29). 

The complex scattering efficiencies must be calculated by a wave-optical treatment of just the 

grating layer. As mentioned, in this thesis, RCWA implemented in GDCalc
®

 has been used. 

It must be remember that, to achieve good accuracy in the RCWA calculation, it may be 

necessary to consider more Fourier orders than are propagating in the solar cell active layer. 

The brightnesses of diffracted rays can be calculated by substituting (2.29) into (2.28). 

Taking the modulus squared of the sum on the right side of (2.29) introduces a number of 

cross terms that correspond to interference between the different orders incident on the 

grating. It is the interference between these orders that leads to narrow Fabry-Perot type 

interferences as we saw for the planar layer stack in Section 2.5.4. Similarly to the incoherent 

TMM method in Section 2.5.5, we simply consider that the net contribution of these 

interference terms is zero over some narrow wavelength range either side of the wavelength 

we are dealing with. Thus, the Fabry-Perot interference oscillations are implicitly averaged 

out in a single simulation. Mathematically this allows us to say the following: 


22

,

2
inc

jji

diff

i ESE  (2.30) 

As mentioned in Section 2.5.5, this is equivalent to assuming that the orders lose mutual 

coherence between diffraction from and incidence on the grating [Born'99]. This is a valid 

assumption, given that the coherence length of sunlight is around 1µm, and the wafer 

thickness is some tens or hundreds of microns. 

The reader will observe that we have used two seemingly different arguments to justify Eqn. 

(2.30). The first is that the Fabry-Perot oscillations are so narrow that they are not measured 

and not important with regard to the current generated in the solar cell. The second is that the 

different orders lose mutual coherence upon making a double pass of the wafer, and as such 
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the time averaged statistical contribution of the interference terms is zero [Born'99]. 

Demonstrating that these two arguments are equivalent goes beyond my intellectual 

capability. In fact, I have even heard experts in optics say that these ideas are contradictory. 

For our purposes, it is sufficient to observe that the two arguments lead to the same result. 

Using this result, efficient simulations have been performed that reproduce experimental 

results, both for planar layers in Section 2.5.5 and for c-Si wafers equipped with diffraction 

gratings in Chapter 5.  

We return to the derivation. All diffraction orders have the same étendue [Tobias'08]. 

Employing Eqns. (2.28) and (2.30), the brightnesses of incident and diffracted orders can 

therefore be related by 
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  (2.31) 

in  is the refractive index in which the thi  order propagates and i  angle the thi   order makes 

with the z  axis.  

Eqn. (2.31) can be expressed in matrix form: 

incdiff BB R  (2.32) 

where diff
B  and inc

B  are 2(N+M) dimensional vectors with elements 
2

i

diff

i nB  and 
2

i

inc

i nB  

respectively.  R  is denominated the redistribution matrix and has elements 
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R  (2.33) 

We now require a linear map from diff
B  to inc

B  to complete the matrix equation. After 

diffraction from the grating, the internal orders undergo a pass of the solar cell active layer, 

are partially reflected at the planar surface opposite the grating, and undergo another pass 

before returning to the grating. Applying the Lambert-Beer law, the brightness of the  

incident non-source order is therefore 

  orders source-non    i      2exp  ii
diff
i

inc
i RlBB   (2.34) 

where ii wl cos/  is the length travelled by the thi  order in a single pass across the active 

layer. Ri is the real valued reflection coefficient of the thi  order from the planar layer. This 

depends on the kind of layer. For a bare semiconductor/air or semiconductor/reflector 

interface, R can be calculated using the Fresnel equations. For a multilayer stack, R can be 

calculated using the wave-optical TMM. The incidence angle and the polarization of the 

thi
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order must be taken into account in each case. The external orders are not reflected back 

toward the grating. These can be dealt with by applying Eqn. (2.34) with 0iR . Similarly, 

totally internally confined orders have 1iR . 

The brightness of a source order when incident on the grating has a contribution from the 

reflected part of the diffracted order of the same index, as in Eqn.(2.34), and a contribution 

from the external illumination: 

     orders source  i   -1exp 2exp
2

0

22
 ii

ext

ii

i

diff
i

i

inc
i Rl

n

B
Rl

n

B

n

B
  (2.35) 

where 0B  is the brightness of the external illumination (it is assumed that the incident 

brightness is isotropic within the incidence cone, but this could be changed with little 

difficulty). To have a complete linear map from diff
B  to inc

B , it is necessary to write 0B  in 

terms of the elements 
diff

jB . This requires incident, absorbed and escaping powers to be 

balanced. In the following, the incident power is defined as being that which actually enters 

the cell, and the factor of d  is missing since it is common to all terms. 
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 (2.36) 

Balancing these we have 
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(2.37) 

Substituting into (2.35) we have 
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(2.34) and (2.38) constitute a full linear map from diff
B  to inc

B . The corresponding matrix is 

denoted C : 

diffinc BB C  (2.39) 

where the elements of C  are given by 

 

Combining (2.32) and (2.40) we have 

incBBinc
CR  (2.41) 

which is the desired matrix equation from which the brightnesses in the orders can be 

calculated. 

The grating region itself may incorporate a metal reflector and therefore be absorbing. To 

account for this, a loss channel is included in the matrix formulation by adding an extra 

element to the vectors diff
B  and inc

B  . An extra column and row are added to matrices C  

and R  accordingly. The elements of the extra row in R  corresponding to the loss channel are 

calculated by considering conservation of power; any power from an order j not diffracted 

into the diffracted orders must be absorbed in the grating region. We therefore have 

channel loss  j ,  channel loss  i   1 ,,  
orders

jkji RR  (2.42) 

where the sum is over all column entries other than that of the loss channel. The loss channel 

itself does not couple back into the orders; hence the extra column corresponding to the loss 

channel contains zeroes. Similarly, the diffracted orders do not contribute to the loss channel 
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and the loss channel does not contribute to the incident orders. Hence, the extra column and 

row in C  corresponding to the loss channel contain zeroes. 

Formulated in this way, R  is right stochastic (all columns add to 1). C  is also right 

stochastic. Hence, the product CR is right stochastic. This ensures, by the Perron-Frobenius 

theorem, that a non-trivial solution to Eqn. (2.41) exists and is unique up to a scalar multiple 

[Berman'87]. Eqn. (2.41) can be solved using a standard numerical technique, yielding the 

brightness in each order and the brightness being absorbed by the grating in the steady state. 

2.6.1. Wide-angle illumination 

In general, the solar cell may be illuminated by a wide angle manifold. The simplest cases 

would be a narrow cone of light, corresponding to direct solar radiation, a wide but restricted 

cone, corresponding to direct solar radiation under concentration, or isotropic illumination 

over the hemisphere, corresponding to diffuse solar radiation. 

In the development of the formalism so far, we have assumed illumination by an infinitesimal 

manifold of plane waves. Mathematically, any illumination conditions can be simulated by 

dividing the incident manifold into infinitesimal manifolds and applying the above formalism 

to each. Non-isotropic illumination can be dealt with by assigning distinct incident brightness 

to each manifold, though this is not studied in this thesis. 

For practical computation, the incident manifold must be divided into a small set of sub-

manifolds of finite solid angle. An example is illustrated in Figure 2.9 (a). In the example, a 

solar cell equipped with a crossed grating is illuminated by a cone of light, which corresponds 

to a circle in kxy space. Diffraction from the grating produces a set of diffracted cones of 

equal étendue, which, in kxy space, correspond to circles of the same radius displaced by the 

reciprocal lattice vectors[Tobias'08]. The larger empty circle is the angular extent of the solar 

cell interior (of radius 2πn/λ0).The incident manifold has been divided into four sub-

manifolds, which are quarter cones. We can see that each incident quarter cone has its own 

unique set of diffracted quarter cones (represented by different colours). Therefore, each 

incident quarter cone can be treated using a separate matrix formalism, and a different 

scattering matrix must be calculated for each. Thus the simulation time is four times as long 

as for a single incidence manifold. 
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Figure 2.9. (a): division of a narrow incidence cone into four sub-manifolds. (b): in some cases, 

certain divisions are necessary so that, in each incident sub-manifold, all rays produce the same 

set of orders. (c): Overlapping cones produce sub-manifolds in which a single system of 

diffracted orders can have two or more orders within the incidence cone. 

Clearly, the brightness must be assumed isotropic within each diffracted sub-manifold. For 

this to be accurate, the sub-manifolds must be small enough so that the scattering matrix 

elements are similar for the different waves in the manifold. The number of divisions of the 

incident manifold can be chosen by convergence testing. 

There are some mandatory divisions of the incident manifold that must be made for the 

matrix formalism to be applicable. This is illustrated in Figure 2.9 (b). The figure again 

shows the example of illumination by a cone, but in this case the diffracted cones are further 

appart(i.e. either the wavelength is longer or the grating period is smaller) and the 

illumination cone is larger (e.g. a higher concentration factor is assumed). The different 

coloured parts of the incidence cone are fundamentally different in that the set of internal 

(a) (b)

(c)
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orders is different for each. For example, for the yellow sub-manifold, the internal orders are 

(0,0) and (0,1), whereas for the green sub-manifold the internal orders are (0,0) and (1,0). 

Clearly these sub-manifolds must be treated separately. 

An interesting situation arises when diffracted manifolds overlap. This is illustrated in Figure 

2.9 (c) for a solar cell equipped with a line grating. Consider the incident wave represented by 

the red cross. This produces a set of diffracted orders represented by the blue crosses. We can 

see that one of the blue crosses is within the incidence cone. This is therefore a single system 

with two source orders. It is for this reason that in the above derivation we allowed for the 

eventuality of multiple source orders. This is true for all waves within the overlapping parts 

of diffracted cones; hence the overlapping parts must be treated separately and with the 

Formalism for multiple source orders. Furthermore, they must not be counted more than 

once. 

In the above derivation, we have made extensive use of the term  ilexp , this being the 

transmission the i
th

 order when making a single pass of the active layer. For a wide angle 

manifold, the length il  may vary significantly for the different rays in the manifold. This is 

particularly true for manifolds containing oblique rays. It is therefore necessary to replace 

every instance of  ilexp  in the above derivation with an average transmission factor iTa  

given by 

   dlTa ii exp
 

(2.43) 

where the integral is made over the solid angle of the i
th

 diffracted manifold. 

The final comment in this section is on computational implementation of the matrix method 

for wide angle illumination. The entire kxy space inside the GESC is divided into a grid. For 

each grid square in the incident manifold, the grating equation (2.3) is applied to determine 

which propagating diffraction orders exist for this incidence, and which of these are confined 

orders, source orders and non-source orders. Grid squares with the same sets of each are 

grouped together forming sub-manifolds, similar to those depicted in Figure 2.9 (b). Each 

incident sub-manifold and its corresponding diffracted sub-manifolds are then treated as an 

isolated system using the matrix formalism. 

For each diffracted sub-manifold in the system, the average transmission factor iTa  and 

reflection coefficient at the planar surface Ri is calculated. This allows calculation of the 

matrix C  for this system. A central ray is then chosen for each diffracted sub-manifold. The 

scattering matrix is calculated for this set of rays using RCWA, yielding the matrix R . The 

brightness diffracted sub-manifold is then calculated from the matrix equation (2.41). 

Repeating this for each incident sub-manifold yields a complete angle-dependent description 

of the brightness inside the absorber; that is, ),( incB  and ),( diffB are known for all   

and  . From these we can calculate the mean path length of light rays inside the absorber, 

the total absorption of incident radiation, and the total power absorbed in the grating. 
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2.6.2. Direct Calculation of the Absorption 

The fraction of incident power absorbed in the solar cell active layer can be calculated 

directly from ),( incB  and ),( diffB  by using the Lambert-Beer law. A ray diffracted 

from the grating with brightness ),( diffB  has a fraction  )cosexp(1 w  of its power 

absorbed before reaching the opposite side, implying an absorption of 

  ),()cosexp(1  diffBw . Also, a ray incident on the grating with brightness ),( incB

is at the end of a trajectory from the other side, over the course of which its brightness has 

been reduced by )cosexp( w . The brightness at the beginning of that trajectory is 

therefore ),()cosexp(  incBw  and the absorption of this ray is 

  ),(1)cosexp(  incBw  . Assuming the external illumination is has brightness B0 within 

a cone of solid angle Ω0 (and zero brightness outside it), the incident power is 

0

sincos0  ddB . The total fractional absorption in the active layer is therefore given by 
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(2.44) 

2.6.3. Calculation of the power loss in the grating region 

Denoting the brightness in the loss channel as lossB , the power absorbed in the grating is 

calculated from 

 dBP lossloss  
(2.45) 

Explicit calculation of the power loss in the grating region will be of particular interest when 

simulating rear side gratings that incorporate a metal rear reflector, as is done in Chapter 5. 

The absorption in the grating region is, in that case, the parasitic photon absorption in the rear 

reflector. One of the strengths of the here presented simulation technique is that the useful 

absorption in the solar cell absorber and the parasitic absorption in the rear reflector can be 

calculated independently of one another just using the far-field data of the grating region. 

This is much more efficient than simulating the whole GESC structure with RCWA and 

computing the separate absorptions from the near field. 

2.7. Numerical Validation of the Model – Comparison with existing 

techniques 

In this section, the efficacy of the matrix formalism presented in the previous section is tested 

by comparison with two alternative simulation methods. The alternative (reference) methods 

were developed by Marius Peters and Dominik Peltzer of the Fraunhofer ISE. The 

comparison presented in this section was an attempt to validate each of our respective 
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methods. A common exemplary GESC was simulated with all three methods; the results are 

presented and discussed herein. Throughout this section, the method presented in this thesis 

shall be referred to as the matrix method, and the reference methods described in Sections 

2.7.1.1 and 2.7.1.2 shall be referred to as the RCWA and ray tracing methods respectively.  

2.7.1. Description of the reference methods 

2.7.1.1. RCWA with wavelength averaging 

This method was developed by Marius Peters and is fully first presented in Ref. [Peters'10a]. 

The method consists in simulating the whole GESC using RCWA, described in Section 2.4, 

and using a fine wavelength sampling to resolve the Fabry-Perot interference oscillations 

mentioned in Section 2.5. An averaging of the calculated absorption spectrum is then 

performed over wavelength intervals of around 10 nm. 

The main disadvantage of this method is that long simulation times are required to fully 

resolve the absorption spectrum and achieve high accuracy. The main advantages of this 

method over the method presented in this thesis are that it can also be applied to thin-film 

structures and that it requires little extra programming work beyond the actual RCWA scripts, 

which are available commercially. 

2.7.1.2. Hybrid RCWA and ray tracing method 

This method was developed by Dominik Pelzer as part of his Diplom dissertation 

[Peltzer'11]. A similar method has also been published by another group in Ref. 

[Rothemund'12]. The method is similar to that presented in this thesis in that the grating 

region is isolated and treated wave-optically with RCWA, and the absorber bulk is treated 

geometric-optically. The difference is that the absorber is described using a Monte-Carlo 

style ray tracing routine, instead of a steady state matrix method as we employ. 

An RCWA simulation of the grating region is made for a large set of discretized incidence 

angles that span the whole hemisphere, yielding the diffraction directions and corresponding 

diffraction efficiencies for each possible incidence. This gives a bidirectional reflectance 

distribution function (BRDF) for the diffraction grating, which states the probability that a 

photon incident from any given direction is diffracted into any other given direction. A ray 

tracing simulation of the entire GESC is then made using the BRDF to describe the 

diffraction grating. When each ray is incident on the grating, a numerical decision is made as 

to which direction it is diffracted into using the probabilities listed in the BRDF. Each ray 

continues its path, perhaps making multiple interactions with the grating, until it escapes the 

cell or its intensity reaches some small fraction of its initial value due to absorption in the 

absorbing layer. The total absorption of each ray is logged. Many rays are initiated until 

convergence of the average absorption is reached. 

The main disadvantage of this method is that it is relatively slow; for each wavelength, the 

RCWA simulation has to be run for a high number of incidence angles to fully represent the 

whole hemisphere, not just for a few select incidence angles as is the case in our method. The 

method is also subject to inaccuracies due to the necessary interpolation of the diffraction 
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efficiencies for incidence angles not explicitly included in the BRDF. A trade-off between 

accuracy and speed must be sought when choosing the incidence angle step size in the 

discretization of the BRDF. 

The main advantage of this method is that it can be used to simulate GESCs with an above-

wavelength scale surface texture on the surface opposite the diffraction grating [Peltzer'11, 

Rothemund'12]. This extra versatility is extremely useful for research into rear-side 

diffraction gratings applied to c-Si solar cells, which normally employ a front-side surface 

texture with features on the order of ten microns. It is not possible to simulate such structures 

using the method presented in this thesis, since the non-planar surface means that the set of 

internal orders does not remain finite in the steady state; thus the argument in Section 2.3.2 

falls apart. 

2.7.2. The exemplary structure for comparison 

The exemplary GESC simulated using the three models is shown in Figure 2.10. The GESC 

consists of a 40 μm thick c-Si wafer with an ARC on the front and a binary line grating on the 

rear. There is a SiO2 DBL on the rear side of the wafer, the grating being the interface 

between the c-Si and the SiO2. On the rear of the DBL is a planar perfect reflector. It should 

be noted that the ray tracing method and the matrix method assumed a 114nm thick SiO2 

anti-reflection coating, whereas the RCWA method assumed a 67.8nm thick SiN anti-

reflective coating. Comparison of absorption curves for planar reference cells without 

gratings calculated using the different coatings showed good agreement, leading us to believe 

the effect to be negligible. The refractive indices used in the simulations for each material 

have been taken from Ref. [Palik'97]. 

The exemplary GESC has been simulated with different grating periods Λ and grating depths 

δ (nomenclature shown in Figure 2.10). The three parameter sets investigated were (Λ, 

δ)=(350,180) nm, (Λ, δ)=(730,180) nm and (Λ,δ) = (990,160) nm. These values were chosen 

since they were found in Ref. [Peters'12] to yield local optima with regard to absorption 

enhancement. In all cases, normal incidence has been assumed, and a wavelength range of 

800 – 1200 nm has been sampled, this being the region for which absorption enhancement is 

expected for a 40 μm thick c-Si GESC. 
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Figure 2.10. Exemplary GESC for comparison of the three methods 

2.7.3. Comparison of the methods 

The absorption calculated using all three simulation methods is shown in Figure 2.11. Each 

graph is for a different set of parameter sets (shown in inset). On each graph, the absorption 

in an equivalent cell with no grating and a planar DBL is also shown. This has been 

calculated using the TMM described in Section 2.5.3. Table 2.2 shows the absorbed 

photocurrent density calculated using Eqn. (2.46), where GAM 5.1  is the photon flux of the 

AM1.5G spectrum [Gueymard'02] and abs(λ) is the calculated photon absorption in the c-Si 

plotted for each method in Figure 2.11. 

    absdqJ GAMeph 5.1  
(2.46) 
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Figure 2.11. Comparison of absorption spectra of the GESE shown in Figure 2.10 calculated 

using the three methods. The simulated parameter are shown in the inset of each graph. 

Table 2.2. Comparison of the photocurrent density calculated with each method for each set of 

grating parameters  

method Jph (3518) 

/mAcm
-2

 

Jph (7318) 

/mAcm
-2

 

Jph (9916) 

/mAcm
-2

 

ray tracing 9.8 10.1 10.1 

RCWA 9.6 9.8 10.0 

matrix 9.5 9.8 10.1 

no grating 8.3 8.3 8.3 

The agreement for the (Λ, δ)=(350,180) nm parameter set is excellent, though the absence of 

well-defined features in the absorption curve makes this a weak comparison. For the (Λ, 

δ)=(730,180) nm parameter set, there is a clear peak in the absorption enhancement at around 

1000 nm. This is well reproduced by each of the simulation methods, with some slight 

discrepancy. The matrix and ray tracing methods show a feature at around 1080 nm, which is 

not reproduced by the RCWA method. This feature has a width of around 10 nm, so it is 

possible that it has been smoothed out by the averaging in the RCWA method. 
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The (Λ,δ) = (990,160) nm parameter set presents more discrepancies . The matrix and RCWA 

methods show a clear peak at around 1000 nm that is not reproduced by the ray tracing 

method. At 1170 nm, there is a sharp step shown by the matrix method, which is much 

shallower for the other two methods. Finally, there is also a clear quantitative difference in 

the 1060 – 1160 nm range between the RCWA method on one hand and the matrix and ray 

tracing methods on the other. The first two discrepancies are explained in the following 

paragraph by looking at the orders that exist in the c-Si wafer at these wavelengths. I offer no 

explanation for the third.  

The step at 1170 nm corresponds to the introduction of the m = ±3 propagating orders into the 

c-Si wafer. In the matrix method, this order is introduced abruptly and, on its introduction, it 

propagates laterally leading to a peak in the optical path length, hence the abruptness of the 

step in the absorption spectrum. It is conceivable that, in the RCWA method, this step is 

smoothed somewhat by the averaging, and that, in the ray tracing method, the angle 

discretization means that the order is not completely laterally propagating at its onset, again 

making the step less pronounced. From this I would argue that the matrix method provides a 

more exact solution to the stated mathematical problem. However, whether this type of 

abrupt behaviour would be reproduced in an experiment is doubtful; imperfections in the 

diffraction grating and finite the resolution of spectrometry equipment will lead to a 

smoothing out of such features. As such, the matrix method offers no real advantage with 

regard to accuracy here. Nonetheless, the matrix method might capture interesting physical 

phenomena that are missed by the other methods. 

The peak around 1000 nm is explained by two complementary phenomena. Firstly, the 

specular reflection of the incident sunlight from the grating exhibits a minimum around 1040 

nm. Sunlight reflected speculary from the grating escapes the solar cell after only two passes 

and is poorly absorbed; hence a minimum in this quantity leads to a peak in the absorption 

around this wavelength. Secondly, for wavelengths below 990 nm, the m = ±1 are within the 

escape cone of the front face and are no longer confined in the c-Si wafer. This leads to a 

drop in the absorption for wavelengths below 990 nm. Both of these factors lead to the broad 

peak around 1040 nm. From these considerations, it can be concluded that the ray tracing 

method is at fault in missing the presence of the peak at 1040 nm. This could be due to a 

randomization of the rays inside the wafer caused by the angle discretization. 

The phenomena described in the last paragraph are very important when it comes to 

optimizing the grating parameters, and as such they are explained in greater detail in Chapter 

4. Indeed, it is no coincidence that this peak is observed at this wavelength for the parameter 

set that was found to be a global optimum in Ref. [Peters'12]. The fact that this is missed by 

the ray tracing technique is therefore a critical omission. 

The principal purpose of this sub-section is to provide confidence in the matrix method as a 

numerical tool to calculate absorption enhancement in GESCs. In general, good agreement 

has been observed between the matrix method and the two alternative methods. The only 

major discrepancies are for the (Λ,δ) = (990,160) nm parameter set. However, we observe 

from Table 2.2 that even for this parameter set, the methods are in good agreement when the 

Jph is calculated. 
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As a secondary point, we can comment on the relative merits of each method. My personal 

view is that the matrix method developed in this chapter is the most appropriate for the 

GESCs studied in this thesis (those that have a planar surface on the face opposite that of the 

grating). The matrix method is by far the quickest. What’s more, the inherent inaccuracies in 

the other two methods - incomplete resolution of the Fabry-Perot oscillations in the RCWA 

method and angular discretization in the ray tracing method - are not present in the matrix 

method. I cannot think of an inaccuracy that is exclusive to the matrix method. The pure 

RCWA method offers the advantage that it can be applied to thin films. The ray tracing 

method is probably the least appropriate for the GESCs studied in this thesis, since it is the 

slowest and apparently misses important features. However, it is extremely powerful in that it 

is able to simulate GESCs with large scale surface textures on the face opposite that of the 

grating. This is particularly useful for c-Si technology, in which a larger scale front surface 

texture is employed for anti-reflection purposes. 
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Chapter 3. Upper limits to absorption enhancement in 

solar cells using diffraction gratings 

In this chapter, I derive the upper limit to the absorption enhancement that can be achieved in 

a GESC where the solar cell is based on a thick substrate. Discussions of upper limits are 

commonplace in the research fields of energy conversion technologies. Of course the most 

important work on upper limits in the field of photovoltaics is the classic Shockley-Queisser 

derivation of the absolute limiting efficiency of a single gap solar cell[Shockley'61]. In our 

own field of IBSCs, the attractiveness of the technology was first highlighted by stating a 

high upper limit[Luque'97]. In the field of light trapping, proposed light trapping structures 

are often compared to the Yablonovitch 4n
2
 limit (or Lambertian limit)[Yablonovitch'82]. 

Discussions of upper limits are useful for the design of practical devices. Firstly, they allow a 

judgement on whether a possible technology has promise or not. For example, if we found 

that the upper limit to absorption enhancement using diffraction gratings was lower than what 

is conventionally achieved using roughened surfaces or larger scale surface textures, that 

would be a motivation to cease investigation into diffraction gratings for absorption 

enhancement. Secondly, they tell us when to stop optimizing our systems. Thirdly, they 

provide insight into how a device might be designed for optimum performance. For example, 

if we found that the upper limit for a diffraction grating is only high for a particular set of 

grating parameters — as we do in this chapter — we would know what parameter space to 

sample in an optimization procedure. 

This chapter is organized as follows: In Section 3.1, we discuss the concepts of the mean 

optical path length and the weak absorption limit. In Section 3.2, the Lambertian limit and the 

absolute limit upper to absorption enhancement are presented and discussed. In Section 3.3, 

we derive the upper limit to absorption enhancement in GESCs in the weak absorption limit. 

In Section 3.4, the limit is revised to account for finite absorptivity of the absorbing layer. In 

Section 3.5, the relevance of the results of the preceding sections is discussed. 

All definitions including the definition of the coordinate space relative to the diffraction 

grating are as defined in the previous chapter. 
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3.1. The mean optical path length enhancement and the weak absorption 

limit 

The mean optical path length <l> is roughly defined as the mean path that an incident ray 

travels through the absorbing layer before the ray leaves the device, where the mean is 

performed over all the rays in the incident manifold. Its usefulness is described later in this 

section. 

In our GESCs, an incident ray is divided into multiple rays after diffraction from the grating, 

and some of these rays may retrace their initial path after multiple diffraction events. We 

therefore define the mean optical path length as the summed lengths of all internal rays 

divided by the number of rays in the incidence manifold, where both internal and incidence 

rays are weighted by their brightnesses. An internal ray here means any directed line segment 

that connects a point on the front surface to a point on the rear, or vice versa. The mean 

optical path length enhancement is the mean optical path length of an absorber slab equipped 

with some light trapping mechanism divided by the thickness of the layer: <l>/w. 

If the absorbing layer is modelled as an infinitely extended slab that is illuminated by a 

manifold of rays with solid angle 0  and isotropic brightness 0B  within the manifold, the 

mathematical definition is the following[Tobias'08]: 
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where the integral in the numerator is made over the entire sphere. Since we wish to define 

this as a geometric quantity that is independent of the absorber absorptivity, we must 

calculate the internal brightness ),( yx uuB  assuming the active layer to be transparent. In this 

way, ),( yx uuB  refers to the brightness of a ray path, and is independent of z. It is assumed 

that both incident and internal brightnesses are uniform in the xy plane. 

If we take f(l) to be the distribution of optical path lengths in the active layer, the absorption 

at a given wavelength can be expressed as[Miñano'90] 

      dlllfabs exp1
 

(3.2) 

In the weak absorption limit, where 1l , we have 

       lldllfdlllf    exp1
 

(3.3) 

Without light trapping, the mean path length is merely w, and so, in the weak absorption 

limit, the absorption enhancement due to light trapping is 
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(3.4) 

It must be emphasised that almost all practical cases are actually outside of the weak 

absorption limit. It is often argued that, for light trapping to be of interest, the absorption 

must be weak and therefore the weak absorption limit is valid. However, inspection of Eqns. 

(3.2) and (3.3) shows that the condition is not α w << 1 but rather α<l> << 1.  Therefore it is 

the final absorption after light trapping that must be weak for Eqn. (3.3) to hold. Light 

trapping is only of interest for PV if can produce close to full absorption; hence, the weak 

absorption limit is not valid in any case that would be of interest. 

Nonetheless, analysing a light trapping mechanism in terms of the mean optical path length 

enhancement they offer is extremely useful, both within and outside of the weak absorption 

limit. For most of the materials employed in solar cells, the real part of the refractive index is 

almost non-dispersive in the near infrared range where light trapping is important. Hence, all 

wavelength dependent features of the mean optical path length enhancement are due entirely 

to optical effects arising from the geometry of the light trapping structure, allowing them to 

be studied in more depth. This scalability is also useful for period optimisations; if the 

diffraction grating is defined in dimensionless variables, the mean path length can be 

calculated for a single period and the optimisation is made by matching the result to the 

absorptivity and incident solar spectrum. Finally, analysing structures in terms of their mean 

path length enhancements allows us to build up a general picture about which structures are 

best, which can be applied to a number of solar cell technologies. 

For these reasons, we focus on the mean optical path length when discussing upper limits in 

Sections 3.2 and 3.3. In these sections the absorber layer is therefore taken to be transparent. 

The upper limits are later revised in Section 3.4 to account for the finite absorptivity of the 

absorber layer. 

3.2. Benchmark limits – the Lambertian limit and the thermodynamic 

limit 

Before deriving the upper limit to light trapping in GESCs, we discuss two existing limits to 

light trapping that will serve as benchmarks to which we can compare our results. The first is 

the absorption enhancement achieved in a slab of material equipped with a Lambertian or 

isotropic scatterer. This was derived by Yablonovitch and Cody[Yablonovitch'82], and shall 

be named the Lambertian limit. The Lambertian is not an upper limit, but rather the 

enhancement expected in the limit where the scatterer is ideally Lambertian. The second is 

the absolute upper limit to the absorption enhancement that can be achieved inside a slab of 

material equipped any scatterer. This limit was alluded to by Yablonovitch and 

Cody[Yablonovitch'82], but demonstrated more generally by Miñano [Miñano'90]. It shall be 

referred to as the absolute limit. 
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We consider a slab of material of thickness w and refractive index n that is illuminated from 

one side by a cone of light with apex half-angle θ0 and brightness B0. To discuss the 

Lambertian limit, we consider the slab to have a perfect reflector on the rear and an ideally 

Lambertian scatterer on the front (actually, the limit is valid if the scatterer is on the rear or 

even within the absorber layer). An ideally Lambertian scatterer has the property that light 

incident from any direction is scattered isotropically. This is illustrated in Figure 3.1 (a). 

Yablonovitch and Cody reasoned that, in the steady state, both the internal and escaping light 

must be isotropic. For a transparent slab, a balancing of the incident and escaping power flux 

yields that the internal brightness must be  

0

2

0

2

int sin BnB 
 

(3.5) 

From this, they calculated the mean path length for ideally Lambertian light trapping: 

wnl
Lambertian

24
 

(3.6) 

 

Figure 3.1. Illustration of the type scattering that leads to the light trapping limits described in 

this section. The red triangle represents the illumination cone and the blue arrows represent the 

illuminated directions in the steady state, both inside and outside the solar cell absorber. (a): 

The Lambertian limit is achieved when, in the steady state, the scattered light is isotropic in the 

solar cell and the emission is isotropic in the incidence hemisphere. (b) The absolute 

thermodynamic upper limit is achieved when the scattered light is isotropic in the solar cell and 

the emission is restricted to a manifold whose étendue is no greater than the incidence étendue. 

It should be repeated that the Lambertian limit is not an upper limit. Stated in the most 

general way, it is the absorption enhancement in the limit in which the internal light is 
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isotropic and the escaping light is isotropic in the hemisphere. Yablonovitch and Cody state 

that such a limit will be approached by any sufficiently roughened absorber layer due to 

progressive randomization of light after a number of passes through the layer. 

In this work, we use the Lambertian limit to represent the state-of-the-art in absorption 

enhancement. In wafer based solar cells, light trapping is conventionally achieved via above-

wavelength-scale geometric surface textures[Green'99, Zhao'99a, Zhao'99b]. These textures 

are not Lambertian, instead deflecting light preferably into certain directions by refraction.  

However, it has been shown by ray tracing that a such structures, when well designed, 

provide light trapping close to the Lambertian limit [Campbell'87]. In thin-film solar cells, 

light trapping is conventionally achieved via random surface roughening[Isabella'10]. It is 

extremely difficult to achieve a rough surface that delivers Lambertian reflection; most 

deliver stronger specular reflection than diffuse reflection, leading to light trapping below the 

Lambertian limit[Nelson'03]. However, some authors have shown well-designed roughened 

surfaces to provide light trapping close to the Lambertian limit[Jin'10]. In this thesis, the 

Lambertian limit is therefore viewed as a benchmark to be beaten or at least matched. 

We now move to the absolute limit to absorption enhancement. In this case, we do not 

assume a Lambertian scatterer. Instead, the only restriction placed on the scattering 

mechanism is that it obeys the first and second law of thermodynamics, i.e., that energy is 

conserved and entropy is not decreased by the scattering process. Under these conditions, the 

brightness theorem[Born'99] states that the brightness intB  of a given internal ray path is 

limited to 

0

2

int BnB   (3.7) 

If all ray paths within the cell are illuminated with the maximum brightness then the mean 

path length of light rays in a cell illuminated by a light cone of half angle 0  is 

0

2

2

max sin

4



wn
l   (3.8) 

which represents the thermodynamic absolute upper limit. Miñano[Miñano'90] reasoned that 

this limit is achieved under two conditions. Firstly, the illumination inside the slab must be 

isotropic (as in the Lambertian case). Secondly, the escaping light must be restricted to a 

manifold whose étendue is equal to that of the incidence manifold. An example of this would 

be light escaping through a cone whose apex half-angle is also θ0, which is illustrated in 

Figure 3.1 (b), though other possibilities exist. The étendue of the escaping manifold cannot 

be any smaller than that of the incident manifold by the principle of conservation of 

étendue[Born'99]. 

Both the Lambertian limit and the absolute limit are valid when the light can be treated 

geometric-optically in the absorbing layer. In the case of solar cells, this generally means that 

the absorbing layer must be at least some tens of microns thick for the limits to hold. For 
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thin-film cells, whose thickness is on the order of a micron, the absorbing layer cannot be 

treated geometric-optically and the limits do not hold. Some authors have suggested that the 

absolute limit applicable to thin-films is lower[Stuart'97] and some have suggested that it is 

higher[Yu'10]. In this thesis, we only investigate solar cells based on thick substrates, in 

which the active layer can be treated in the limit of geometric optics. For the QD-IBSCs, the 

active layer is only a few microns thick; however, it is grown on a thick substrate of the same 

refractive index and can be treated geometric-optically. 

There is some confusion in the literature regarding the range of validity of the absolute limit 

in Eqn. (3.8). It has been suggested [Yu'10], that a thick GESC is not limited by (3.8), 

because a diffraction grating operates in the wave-optical regime, whereas Eqn. (3.8) is only 

valid in the geometric-optical regime. This is false; Miñano only assumes that the absorbing 

medium can be treated in the geometric-optical regime. The only assumptions that are made 

about the interaction of light with the light-trapping mechanism are that this interaction 

conserves energy and does not increase entropy. These conditions must be met by any optical 

element in both the geometric-optical and wave-optical regimes. 

The Lambertian and absolute limits are plotted in Figure 3.2.The vertical lines show the half-

angles corresponding to direct solar illumination from the solar disc, and illumination from a 

solar concentrator with 1000X concentration. In both cases, there is a significant difference 

between the two limits. It is this difference that we wish to exploit when designing GESCs. 

As mentioned, the goal is to surpass the Lambertian limit and approach the absolute limit, 

thus demonstrating that GESCs can provide better light trapping that conventional schemes, 

such as surface roughening or larger scale geometric-optic designs. To do this, we must seek 

to fulfil the following conditions: 

Condition 1: maximise the number of ray paths within the cell that are illuminated 

Condition 2: minimize the escaping étendue and hence maximise the brightness of 

illuminated paths inside the cell. 

Fulfilling condition 1 allows us to approach the Lambertian limit, and fulfilling conditions 1 

and 2 simultaneously allows us to approach the absolute limit. 
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Figure 3.2. Lambertian and absolute limits as a function of the apex half-angle of the incident 

manifold. 

3.3. The upper limit to light trapping in GESCs 

We now derive the upper limit to light trapping in GESCs. We shall consider the GESC 

configurations shown in Figure 2.1 (a) and (b). It is assumed that all materials other than the 

absorber layer (the diffraction grating, the reflector etc.) are non-absorbing. In the case of the 

configuration shown in Figure 2.1 (b), we shall also assume that the ARC is perfectly 

transmitting (except for rays that are totally internally reflected). At first, we shall assume the 

absorbing layer to be transparent and calculate the upper limit to the mean path length 

enhancement. Later, in Section 3.4, we shall consider the effect of finite absorptivity of the 

absorber layer.  

We apply the formalism derived in Section 2.6 of Chapter 2. In that section, we saw that 

which internal ray paths are illuminated depends entirely on the periodicity of the diffraction 

grating, whereas the brightness of those ray paths depends on the grating’s profile and hence 

its scattering matrix. The scattering matrix is subject to certain thermodynamic restrictions, 

namely that the scattering from the diffraction grating obey conservation of energy and 

reciprocity. 

Conservation of energy implies that the power in any incident order must be fully diffracted 

into the propagating diffracted orders. This means that the scattering matrix must be left 

stochastic, i.e. 
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1, 
j

ji

 
(3.9) 

where the sum is made over all propagating diffracted orders. 

As a consequence of reciprocity, the scattering matrix must also be right stochastic, i.e. 

1, 
i

ji  (3.10) 

where this time the sum is made over all propagating incident orders. This second condition 

is proved formally in Appendix 1. Hence, conservation of energy and reciprocity imply that 

the scattering matrix is doubly stochastic. In Appendix 1, it is shown that the converse 

relationship is also true, i.e. that any diffraction grating whose scattering matrix is doubly 

stochastic obeys conservation of energy and reciprocity. 

3.3.1. Maximising the internal brightness: the ideal scattering matrix 

Our strategy for finding the upper limit to absorption enhancement in GESCs will be to ask 

“What is the form the scattering matrix must take to maximise the brightnesses of the internal 

ray paths”. By ensuring that the search is restricted to scattering matrices that are doubly 

stochastic, we can we ensure that the resulting ‘ideal’ scattering matrix does not violate the 

laws of thermodynamics. We can then state that the resulting absorption enhancement is the 

upper limit for the given periodicity.  This process does not tell us what profile the ideal 

grating would have, or if a grating that has such a scattering matrix is even conceivable. 

Nevertheless, we have no a priory reason to believe that it is not conceivable, and therefore 

the upper limit holds until new knowledge or insight becomes available. Analogously, no one 

knows if a single-gap solar cell that achieves the Shockley-Quiesser efficiency limit is 

conceivable either. 

In the weak absorption limit, the form that the ideal scattering matrix must take depends on 

the ratio of the incidence wavelength λ to the grating period Λ. We consider two regimes: λ < 

Λ and λ > Λ. 
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Figure 3.3. Different order types in reciprocal space. (a): λ > Λ. (b) λ < Λ. Blue dots: confined 

orders. Red dot: source order. Green dots: non-source escaping orders.  
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3.3.1.1. The λ > Λ regime 

If λ > Λ (this condition is actually λ > (√3/2)Λ for hexagonal lattice gratings), then all orders 

other than the source order cannot propagate in the incidence medium. This is depicted in 

reciprocal space in Figure 3.3(a), for the case of normal illumination of a hexagonal lattice 

GESC. The dashed and solid circles represent the boundary for orders propagating in the 

incidence medium and the absorber layer respectively. The red dot represents the source 

order, and the blue dots represent confined orders that are excited by the source order but 

only propagate inside the absorber layer. These are totally internally reflected at the surface 

opposite the diffraction grating, as depicted in Figure 3.3(b) and (c). Remember from the 

previous chapter that these are the only orders excited in the steady state. 

Looking at the definition of the confinement matrix C in Eqn. (2.40), and setting Ri=0 for all 

source orders, Ri=1 for all non-source orders, and α→0 since the absorber is assumed 

transparent, this implies that C = I: the identity matrix. Since R is doubly stochastic, then the 

product CR (= R) is also doubly stochastic. In this case, the solution to the matrix equation 

(2.41) is that all confined orders have the maximum thermodynamically allowed brightness 

of n
2
B0, regardless of the grating profile. 

Perhaps counterintuitively, it seems that, when λ > Λ, the exact profile of the grating is 

unimportant and maximum brightness in the internal orders is guaranteed. This is because, in 

this regime, the periodicity ensures that the escaping étendue is no greater than the incident 

étendue; hence it is guaranteed that Condition 2 in section 3.1.1 is satisfied for any grating 

profile. This result holds if all elements of CR are strictly positive, which automatically 

excludes trivial situations such as a perfect reflector on the front surface, or a grating with no 

surface modulation (a flat surface). Of course this result is only valid in the weak absorption 

limit. When the absorptivity of the absorbing layer is larger, the absorption enhancement will 

depend on the grating profile. However, we shall find that GESCs tend to perform very well 

in this regime, even outside the weak absorption limit. 

The obvious setback of working in the λ > Λ regime is that very few internal ray paths are 

illuminated, as is seen in the figure. To satisfy Condition 1, it is necessary to move to the λ < 

Λ regime. 

3.3.1.2. The λ < Λ regime 

If λ < Λ, then there are multiple escaping orders, as is depicted in Figure 3.3 (d)-(f). 

Assuming that the illumination is via a narrow cone centred on the z axis, all of these orders 

other than the zero order are not illuminated by the source. These are denoted non-source 

escaping orders are shown in green in the figure. 

Since there are now more orders escaping from the GESC than there are incident on the 

GESC from the source, the periodicity no longer guarantees that the escaping étendue is 

equal to the incident étendue. Hence we must ask what the ideal scattering matrix is in this 

regime. Consider the decomposition of R into the following block matrix (keeping in mind 

that the set labelled escaping orders is the union of the source orders and the non-source 

escaping orders): 
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(3.11) 

We wish to minimise R3:  the coupling from confined to escaping orders, whilst maximising 

R4: the coupling from source orders to confined orders. Double stochasticity of R requires 

that the sum of all elements in R3 be at least the sum of all elements in R4 because 
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(3.12) 

Physically this means that the degree of coupling out of the confined orders must be greater 

than or equal to the degree of coupling into confined orders, there being more orders escaping 

the cell then illuminated orders coupling into it. Confinement is maximised when equality is 

reached in the second line of (3.12), which is achieved if R5=0: a zero matrix. Under this 

condition, the orders are separated into two separate cavities. The green orders in Figure 3.3 

only couple to one-another, and the red and blue orders couple between themselves. The 

grating then acts as an angle selector, restricting coupling of non-illuminated ray paths into 

the cell. Looking at (3.11), we can see that there are many choices of the scattering matrix 

that satisfy this condition and are doubly stochastic. Hence this is thermodynamically 

permitted. 

Again we can calculate the confinement matrix C from in Eqn. (2.40) for the conditions laid 

out at the beginning of this section by setting Ri=0 for all source orders,  Ri=1 for all non-

source orders, and α→0. The confinement matrix can be decomposed into 6 blocks: 

 

(3.13) 

where  

orders source,1 1 NC
ji
  (3.14) 
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Nsource orders being the number of source orders. The product CR then becomes 

 

(3.15) 

Inspecting this product matrix, it can be seen that all row sums are 1, except the rows that 

correspond to non-source-illuminated escaping orders, whose row sums are 0. Under these 

conditions, the solution to the matrix equation (2.41) is that brightness in all confined orders 

is again 0

2Bn ; the brightness limit for confined orders coincides with the thermodynamic limit 

imposed by the brightness theorem. It must be emphasized that no grating is proposed here 

which would satisfy this condition. It is merely stated that a grating with such a property 

would offer maximum light trapping without violating the thermodynamic or reciprocal 

constraints to which diffraction gratings are subject. It is therefore appropriate to refer to such 

a grating as an ideal grating in a discussion of limits. 

To summarise this section, we can state that, in the weak absorption limit, the brightnesses of 

the internal orders in a GESC can simultaneously be as high as n
2
B0. If λ > Λ, this is in fact 

guaranteed for any grating profile. If λ < Λ, this brightness can only be achieved if the 

scattering matrix of the grating has R5=0, i.e., if the non-source-illuminated escaping orders 

do not couple with the confined orders nor with the source orders. We have shown that this 

would not violate the laws of thermodynamics. In the following, we calculate the mean path 

length enhancement for GESCs of different periodicities that satisfy this ideal grating 

condition. 

3.3.2. The mean path length enhancement for an ideal grating 

We consider GESCs equipped with the three grating geometries outlined in Table 2.1 and 

shown Figure 2.3. These are a line grating, a square lattice grating and a hexagonal lattice 

grating. To begin with, the diffraction grating is taken to be on the front face of the solar cell; 

therefore, all internal orders are confined orders following the definition in the previous 

section (See Figure 3.3 (b) and (e)). All confined orders are taken to have brightnesses of 

n
2
B0, since the gratings are taken to be ideal. 

The GESCs are illuminated with a cone of light of apex half-angle θ0. In the context of a 

solar cell operating under concentrated illumination, the angle θ0 can be related to the 

concentration factor C by 

accC  sinsin 0   
(3.16) 
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where θacc, taken to be 1º, is the acceptance angle at the concentrator aperture[Swanson'03]. 

XC 1 corresponds to a flat panel system that tracks the sun such that the whole solar disc is 

within θacc of the normal. 

For a given wavelength and grating period, the orientations of the diffracted cones are given 

by the grating equation (2.3). The mean path length enhancement is calculated by Eqn. (3.1), 

considering the brightness to be n
2
B0 in the diffracted cones, and 0 elsewhere. The mean path 

length for ideal line-, square lattice- and hexagonal lattice gratings are shown in Figure 3.4 as 

a function of the parameter |b|λ/2π , where |b|λ/2π = λ/Λ for line- and square lattice gratings 

and |b|λ/2π =(2/√3) λ/Λ for a hexagonal lattice grating (see Table 2.1). Figure 3.4 (a) is for a 

concentration factor of 1X (θ0 = 1º) and Figure 3.4 (b) is for a concentration factor of 1000X 

(θ0 = 33.5º). The absorber layer refractive index is taken to be n=3.33: roughly that of GaAs 

and Si in the near infrared. For clarity, the lattice geometries are pictured in (b), and the 

internal diffracted cones pictured at certain points on the curves in (a). 
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Figure 3.4. Mean path length enhancement as a function of wavelength to grating period ratio 

for (a) 1X and (b) 1000X concentration and an acceptance angle of 1°. n=3.33 (GaAs). The red, 

pink and blue curves show path lengths for ideal triangular lattice, square lattice and line 

gratings respectively. The dashed red curves show results from simulation of a grating 

geometry consisting of a triangular lattice of cylindrical wells. Black dashed horizontal lines 

represent the Lambertian and thermodynamic limits and are labelled. 
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Beginning with Figure 3.4 (a), the sharp peaks correspond to wavelengths at which highly 

oblique diffracted cones are introduced into the solar cell. Each peak tails off on decreasing 

λ/Λ until a new order (or set of orders) is introduced. There is a general increase in the mean 

path length enhancement as λ/Λ decreases, due to the accumulation of diffracted cones inside 

the solar cell. In Figure 3.4 (b), the peaks are broader and merge into one another, due to the 

diffracted cones being wider; nevertheless, the general behaviour is the same. 

The mean path length enhancement for the ideal uni-periodic line grating is considerably 

lower than for the bi-periodic gratings (square and hexagonal). The line grating only diffracts 

light along a single axis and is incapable of filling all directions within the solar cell with 

light (see the lower insets in Figure 3.4 (a)). This suggests that we should focus our attention 

on bi-periodic gratings and not line gratings. In Chapter 5, experimental evidence will be 

shown to support this. 

At low λ/Λ, the absolute limit, discussed in Section 3.2, is reached by the ideal square- and 

hexagonal-lattice gratings. This occurs when the diffracted cones completely fill the solar 

cell, fulfilling condition 1. Condition 2 is already fulfilled by our definition of an ideal 

grating. We can therefore state that the theoretical upper limit to light trapping with bi-

periodic diffraction gratings is equal to the absolute upper limit. 

The vertical dotted line in both graphs separates the regimes discussed in Sections 3.3.1.1 and 

3.3.1.2. To the right of the line, the plotted mean path length enhancement would be achieved 

by any grating. To the left of the line, it would only be achieved by an ideal grating satisfying 

0R5   in (3.11), as previously discussed. To clarify this, <l>/w has been calculated 

numerically for a simple grating geometry consisting of a hexagonal lattice of cylindrical 

wells with well depth d = 0.3Λ and well radius r = 0.35Λ, placed on the front face of the solar 

cell. The results are plotted as dashed red curves in Figure 3.4 (a) and (b). No results are 

shown for very low λ/Λ, since the high number of propagating orders makes calculations 

computationally costly. To the right of the vertical dotted line, <l>/w  for the simulated 

grating coincides with the ideal grating as discussed. Below the line, it falls dramatically. 

This is because multiple escaping orders now exist. The simulated grating is not ideal and 

does not restricting coupling between these and confined orders, causing the internal 

brightness to decrease. 

3.3.2.1. The upper limit for a grating placed on the rear face 

The curves in Figure 3.4 were calculated assuming the grating to be placed on the front face 

of the solar cell. If the grating is placed on the rear, some of the internal orders are escaping 

orders (See Figure 3.3 (f)). These cannot be fully illuminated if we wish to restrict the 

escaping étendue. We would therefore expect <l>/w to be lower for a grating placed on the 

rear. 

Figure 3.5 shows <l>/w for an ideal hexagonal lattice grating placed on the rear as a 

percentage of <l>/w for an ideal hexagonal lattice grating placed on the front. Given that this 
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result only expresses the upper limit, the difference is too small to say that placing the grating 

on the front is preferable to placing the grating on the rear from a practical point of view. 

 

Figure 3.5. The mean path length for ideal triangular lattice grating placed on the rear surface as 

a percentage of the mean path length for the same grating placed on the front. Black and red 

curves show results for 1X and 1000X concentrations respectively. 

3.4. Light trapping outside of the weak absorption limit 

So far, we have only considered the weak absorption limit, and have taken the absorption 

enhancement to be equal to the mean path length enhancement (Eqn. (3.3)). We will find that, 

in almost all cases of practical importance, this relationship does not hold, and we cannot rely 

on the mean path length enhancement alone as a measure of the absorption enhancement. 

This is not a problem when we simulate GESCs in the following chapters, since the 

absorption can be calculated directly. However, it requires some discussion with regard to 

upper limits. 

We return to the expression for the absorption shown in Eqn. (3.2). Miñano[Miñano'90] used 

the property of the exponential function to show that 

      ldlllf   exp1exp1  (3.17) 

The absolute upper limit to the absorption is therefore 
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maxmax exp1 labs   (3.18) 

where <l>max is as defined in Eqn. (3.8). The equality in Eqn. (3.17) is achieved when f(l) is a 

Dirac delta function, i.e., when the lengths of all internal ray paths are the same. This implies 

that there is a third condition to be fulfilled to maximise the absorption enhancement: 

Condition 3: minimize the variance of the distribution of path lengths within the cell 

It is interesting to ask how such a condition could be fulfilled by a diffraction grating. If each 

column and row the scattering matrix R contains a single 1 and all other elements are 0, the 

incident ray follows a single path through the solar cell, passing though each diffracted order 

in sequence. As long as the source order does not couple immediately into escaping orders, 

and if we also have that R5=0 as before, then the ray will pass through all confined orders 

before escaping the cell. Under this condition, the maximum absorption in Eqn. (3.18) can be 

achieved by a GESC without violating the laws of thermodynamics (the scattering matrix 

remains doubly stochastic). 

In Figure 3.6, we assume the solar cell absorber layer to have a non-dispersive absorption 

coefficient and plot the absorption in a GESC equipped with an ideal hexagonal lattice 

grating. The different coloured plots are for different values of the absorbance (defined as the 

product αw). Figure 3.6 (a) is for 1X concentration and Figure 3.6 (b) for 1000X 

concentration, as before. The horizontal dashed line is the Lambertian limit, which, outside of 

the weak absorption limit, is calculated using the analytical method proposed by Green 

[Green'02]. The absolute limit is not shown explicitly to avoid confusion; however, I confirm 

that the value at which each GESC absorption curve saturates is the respective absolute limit. 
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Figure 3.6. The absorption expected for GESCs equipped with an ideal hexagonal lattice 

grating. The solar cell absorber layer is assumed to have a non-dispersive absorbance. Different 

curves are for different absorbances and are labelled. The horizontal dashed lines show the 

Lambertian limit, calculated using the analytical method in Ref. [Green'02], for each 

absorbance. (a) is for 1X illumination and (b) is for 1000X illumination. 
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Figure 3.6 is useful in the context of light trapping for QD-IBSCs, since it tells us the best we 

can hope to achieve from light trapping given the absorption strength of the sub-bandgap 

transitions. From the results in [Antolín'10b], we can see that the IQE of the VB-IB transition 

is between 10
-3

 and 10
-2

. If we are to assume that the IQE is limited by the weak absorption, 

as we argue in Chapter 6 and Chapter 7, then this corresponds to αw between 10
-3

 and 10
-2

. 

Under 1X illumination (Figure 3.6 (a)), full absorption is theoretically possible for these 

absorbances, but will probably not be achievable in practise, given the difficulty in designing 

an ideal grating. Under 1000X illumination, full absorption is not even theoretically possible. 

It is clear then that light trapping can only form part of the solution, and that a significant 

contribution to increased absorption must be made by drastically increasing the number of 

QDs, as is discussed in Chapter 8. 

3.5. Discussion 

It has been demonstrated that the theoretical upper limit to absorption enhancement using 

diffraction gratings coincides with the absolute light-trapping limit stated in Eqns. (3.8) and 

(3.18). However, we must be very clear about what is required for the limit to be met or even 

approached by a practical diffraction grating. The limit can only be approached in the low λ/Λ 

regime, in which there are many escaping orders excited by the source order. For the limit to 

be approached in this regime, the grating efficiencies must be such that the escaping orders 

only couple to one-another, or equivalently that the source order and the confined orders only 

couple amongst themselves, and not with the escaping orders. Furthermore, outside of the 

weak absorption regime, there is the added condition that all rays have the same path length, 

requiring that scattering matrix consist entirely of zeroes and ones. For either or both of these 

conditions to be achieved by all orders simultaneously and over a significant range of 

wavelengths seems practically impossible, and is certainly well beyond the capabilities of 

current photonic engineering. A more practical solution must therefore be sought. 

Perhaps the most relevant contribution of this chapter from a practical point of view is the 

identification of the two λ/Λ regimes described in Sections 3.3.1.1 and 3.3.1.2, which are 

divided by the vertical dotted line in Figure 3.4. In the low λ/Λ regime, the potential for light 

trapping is high but difficult to achieve. In the high λ/Λ regime, the potential is lower but 

easier to achieve. 

In the high λ/Λ regime, just to the right of the vertical dotted line, a significant improvement 

over Lambertian limit is possible for a wide wavelength range. This is the region that will be 

exploited in Chapter 4, where the grating parameters are optimised. 

In the low λ/Λ regime, escaping orders are introduced, meaning that the aforementioned 

coupling condition must be met for good light trapping. Fulfilling the coupling condition 

seems inconceivable for many escaping orders, but could be possible for a single ring of 

orders with the same elevation, as is the case just to the left of the vertical line in Figure 3.4. 

A strategy for improved light trapping could be to work in the region just to the left of the 

vertical line and engineer the grating to couple the escaping orders to one another (for 

example by specular reflection). Unfortunately this has not been achieved in this thesis. 
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In Chapter 1, we observed that the absorbance of subbandgap photons in present QD-IBSC 

prototypes was on the order of 10
-2

 - 10
-3

. Looking at Figure 3.6, we can see that achieving 

full absorption for such an absorbance is demanding for 1X concentration and impossible for 

1000X concentration. It will therefore be necessary to increase the subbandgap absorbance by 

other means as well as employing light trapping if full absorption is to be approached. In 

Chapter 6, we investigate decreasing the QD dimensions and increasing the QD density as a 

means of increasing the subbandgap photon absorption. In Chapter 8 we investigate the 

combined effect of increasing the QD density and employing light trapping. 

A final note is required on the practicability of above-Lambertian light trapping for PV 

applications. Restricting the escaping étendue implies that the acceptance angle of the solar 

cell is also restricted. Hence, the consequence of superseding the Lambertian limit is that 

light incident from some directions must be rejected. This is acceptable for certain types of 

PV systems but not for others. Concentrating PV systems are equipped with solar trackers 

and only direct solar illumination is directed to the solar cell by the concentrating optics. 

Hence, the solar cell receives negligible light from outside an illumination cone whose half-

angle is defined by the concentration factor. Flat-panel systems may or may not have a solar 

tracker. In the absence of a tracker, direct solar illumination is incident from different angles 

over the course of a day. A restricted acceptance angle is not, therefore, tolerable, and above-

Lambertian trapping should not be sought. If the system has a tracker, the direct solar 

illumination falls within a cone centred on the z axis (where the half-angle depends on the 

accuracy of the tracker). However, diffuse solar radiation is incident from all angles, and 

some will be rejected by a light trapping mechanism that supersedes the Lambertian limit. 

Whether or not to employ such a mechanism must then be decided based on the amount of 

diffuse radiation expected to be incident over the year, and on the degree in which the solar 

cell is limited by incomplete absorption. 

For our purpose of increasing absorption in QD-IBSCs, the weak absorption limits the 

performance of the cell so much that we must accept the consequence of restricted acceptance 

angle and seek to supersede the Lambertian limit. In the case of flat panel systems, this means 

that a tracker would have to be used, and that performance would be seriously degraded in 

cloudy weather. However, QD-IBSCs are mostly intended for application in concentrator 

systems. In this case, the system already implies a restricted acceptance angle and the light 

trapping mechanism adds no extra disadvantages. 
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Chapter 4. Optimisation of diffraction grating 

parameters 

4.1. Introduction 

In this chapter, diffraction gratings are designed an optimised for maximum absorption 

enhancement in solar cells. Optimisation is performed using the simulation technique 

described in Chapter 2. We consider simple binary grating profiles consisting of hexagonal 

arrays of elliptical wells and towers. The grating parameters are optimised for use in two 

different kinds of solar cell: a crystalline silicon (c-Si) solar cell, and a QD-IBSC. Some 

naïve assumptions are made about the absorption properties of the QD-IBSC. These are 

rectified in Chapter 8. Throughout this chapter, simulation results will be compared to the 

limits described and calculated in Chapter 3. Some arguments and descriptions from previous 

chapters will be repeated for the reader’s convenience. Many of these results in this chapter 

were published in Ref. [Mellor'11a] 

This chapter is structured as follows. In Section 4.2, the structure of the solar cell and 

diffraction grating under investigation are described. In Section 4.3, the diffraction grating 

parameters are optimised for both types of solar cell. In Section 4.4, conclusions are drawn. 

4.2. The Simulated Structure and Conditions 

4.2.1. The GESC structure 

Two types of solar cell absorber shall be considered. The first is a QD-IBSC grown on a 

GaAs wafer substrate. The second is a crystalline silicon (c-Si) solar cell. Both are based on 

wafer substrates and can therefore be treated using the simulation technique developed in 

Chapter 2. In both cases, the study will be restricted to the configuration shown in Figure 4.1, 

in which the diffraction grating is etched onto the rear of the wafer. The motivation for this 

was explained in Chapter 1. The diffraction grating is encased in a transparent cladding. The 

refractive index of the cladding material is taken to be nclad=1.52, which corresponds roughly 

to SiO2 at the studied wavelengths. A planar perfect reflector is attached to the rear of the 

cladding material. Transmission of light through the front surface of the solar cell is assumed 

perfect. It is assumed there is no absorption in the grating region. 



Optimisation of diffraction grating parameters 

79 

 

 

Figure 4.1. basic structure of solar cell with a diffraction grating on the rear face. 

For each cell type, the absorber layer is modelled using three parameters: the real part of its 

refractive index n, its absorption coefficient α and its thickness w. The latter two are 

conveniently expressed by their product αw, which shall be denominated the absorbance. For 

the refractive index, we take the non-dispersive value of n = √11 (≈3.33) for both cell types. 

This is a reasonable value for c-Si and GaAs in the wavelength ranges of interest. Taking the 

same value for both means the same set of RCWA calculations can be used for both cell 

types, and taking a non-dispersive value means that period optimisations can be done in a 

fraction of the time, as is explained Section 4.3.1. Each cell type shall now be described in 

more detail.  

4.2.2. The QD-IBSC 

As described in Chapter 1, present InAs/GaAs QD-IBSCs suffer from extremely weak 

subbandgap photocurrent. The main purpose of this thesis is to study diffraction gratings as a 

means of increasing this subbandgap photocurrent by enhancing the photon absorption of 

subbandgap transitions. As shall be seen in Chapter 6 and Chapter 7, present QD-IBSCs are 

complicated multi-level systems in which subbandgap photocurrent is generated by multiple 

transitions via the different levels. At the time the work presented in this chapter was done, 

much of the detail of this multi-level system had not been studied, particularly the energies of 

the different levels and the optical matrix elements of the transitions between them. We 

therefore made much more simple assumptions about the subbandgap photocurrent in the 

QD-IBSC.  

The QD-IBSC was modelled as a simple three level system, as shown in Figure 4.2 (left), in 

which the IB level is the ground state in the CB offset caused by the presence of the QD. 

Photoluminescence measurements showed the IB level to be 1.04eV above the VB 

bandedge[Luque'04]. Given that the overall bandgap of the GaAs host is 1.42eV, it is 

deduced that the IB level is 0.37eV below the CB band edge. 
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Figure 4.2. (left): Simplified model of the QD-IBSC as a three-level system. (right): Assumed 

absorption coefficients for the different transitions. 

The absorption coefficients were assumed to have the form shown in Figure 4.2 (right). 

Above-bandgap photons are assumed to be fully absorbed in the GaAs emitter, thus the VB-

CB transition does not require absorption enhancement. The weak photon absorption in the 

IB-CB and VB-IB transitions was discussed in Chapter 1. Since generation currents g2 and 

g3 operate in series, the current via the IB is limited by the lower of these illumination 

currents. It was therefore reasoned that light trapping is required for the g3 (IB-CB) 

transition, which is the weakest of the two. 

Since the absorption coefficient for the IB-CB transition had not been measured 

quantitatively, we assumed a flat absorption coefficient with a value of αIB-CBw=0.01. This 

may be optimistic; however, the absolute value of the absorbance in unimportant with respect 

to optimisation of the diffraction grating parameters. When optimising the grating for the 

QD-IBSC, the figure of merit is the photogenerated current corresponding to the IB-CB 

transition Jph IB-CB. 

   

3350nm

1190nm

,  absΦdqJ AM1.5DeCBIBph

 

(4.1) 

where ΦAM1.5D is the flux of the AM1.5D solar spectrum, abs fraction of incident photons 

absorbed, calculated using the simulation technique presented in Chapter 2 for the given 

grating parameters. The wavelength range 1190nm < λ < 3350nm corresponds to the energy 

range 0.37 < ħω < 1.04 eV, i.e., photons with enough energy to make the IB-CB transition 

but not enough to make the VB-IB transition, given the aforementioned energy of the IB 

level. 

Although the substrate is some 200-300μm thick, IB-CB transitions only occur within the QD 

stack, whose thickness is a few microns. It is assumed that there is no parasitic free carrier 
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absorption in the GaAs bulk. This implies that most of the substrate be undoped, with only 

thin doped layers above and below the QD stack to provide the pn junction. Consequentially 

the cell would need lateral contacts instead of a rear contact. This could be achieved in the 

same way the middle contact is often realized in monolithic, three-terminal tandem solar cells 

[Wanlass'91], which have been shown to lead to good efficiencies published in efficiency 

tables [Green'06]. In any case, the results obtained here could be extended to include parasitic 

absorption by multiplying the calculated currents by the factor 

PPQDstackCBIB

QDstackCBIB

ww

w









 

(4.2) 

where αP is the absorption coefficient for any parasitic absorption and wP is the width of the 

layer in which such absorption takes place. 

The three-level system shown in Figure 4.2 (left) is a very simplified model of the energy 

levels and transitions in the QD-IBSC prototypes presented in the aforementioned references. 

It is known that the QDs present excited states between the ground state and the CB. 

However, at the time the work in this chapter was done, it was reasoned that these states 

would be empty of electrons and hence not contribute to the photocurrent. It will be seen in 

Chapter 7 that this is not the case. 

Later in this thesis, a much more detailed investigation is made into QD-IBSCs and the 

influence of light trapping on their performance. In Chapter 6, the energy levels of the 

multiple confined states within the forbidden band are calculated, along with the absorption 

coefficients for transitions between them. In Chapter 7, the photogeneration and 

recombination currents between these states are calculated using a detailed balance model. In 

Chapter 8, the effect of a diffraction grating on the subbandgap photocurrent is investigated 

in more detail using this more complete and realistic model. However, in the present chapter, 

I prefer to present the work based on the knowledge and assumptions made at the time this 

part of the work was done, especially since some interesting results were gained just using 

this simple model. 

4.2.3. The c-Si solar cell 

The need for light trapping in c-Si solar cells was described in Chapter 1. In this chapter, 

diffraction grating is optimised for a c-Si solar cell with a thickness of w = 40 μm. The 

wavelength dependent absorption coefficient αc-Si(λ) is taken from Palik[Palik'97]. The figure 

of merit for the c-Si solar cell is the total photogenerated current, Jph, calculated from 

   

nm

AM1.5Deph absΦdqJ

1200

0



 

(4.3) 

where 1200nm corresponds to the c-Si bandgap. 
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Unlike the in QD-IBSC, photocurrent is generated throughout the volume of the c-Si wafer, 

including the modulated part that constitutes the grating. Absorption in the near field of the 

grating region is ignored by the simulation technique. Given that the studied grating depths 

are less than a micron, and that penetration depth of evanescent modes into the silicon bulk is 

seldom greater than a micron, it is assumed that absorption in this region is unimportant 

compared to the absorption in the rest of the 40 μm thick wafer. 

It should be observed that the studied solar cell structure, shown in Figure 4.1, a dielectric 

buffer layer is assumed between the wafer and the reflector, which also serves as the rear 

electrode. In the case of the c-Si solar cell, this implies that point contacts would be required 

on the rear. This is described in more detail in Chapter 5. 

4.2.4. Grating profiles 

The gratings under investigation consist of bi-periodic hexagonal arrays of elliptical binary 

wells and towers etched directly into the cell substrate. The well and tower profiles are shown 

in Figure 4.3 (A) and (B) respectively. A bottom view of either grating is shown in Figure 4.3 

(C). For both of the above cell types, optimisation is made of four key parameters: the grating 

period Λ, the well depth (tower height) d and the well radii along the x and y axes: rx and ry 

respectively (see Figure 4.3). Each parameter is discussed in turn and comparison is made of 

the optimized parameters for each cell type allowing general design principles to be drawn. 
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Figure 4.3. A: Profile of well grating. B: Profile of tower grating. C: Bottom view of either 

grating. 

4.2.5. Comparison to Lambertian trapping 

To assess the viability of diffraction gratings for light trapping, they must be compared with 

alternative light trapping mechanisms. Light trapping is most commonly realized by either 

rough [Rockstuhl] or geometric [Campbell'87] texturing of the front or rear face of the solar 

cell. The theoretical mean optical path length enhancement caused by applying a perfectly 

Lambertian surface (one from which any incident illumination is reflected isotropically) is 

4ncell
2
: the well-known Lambertian limit [Yablonovitch'82]. For extremely weakly absorbing 
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media, this value can be directly equated to the absorption enhancement [Miñano'90]; 

however, for media that absorb sufficiently to be of interest, the absorption enhancement for 

ideally Lambertian light trapping must be calculated using the formulae in reference 

[Green'02]. Throughout this paper, the calculated absorption enhancements for diffraction 

gratings are compared to those for ideally Lambertian light trapping, calculated using the 

formulae in Ref. [Green'02], and to the absorption in a cell equipped with only a planar back 

reflector. In both cases the idealising assumptions of perfect transmission at the front face and 

perfect reflection at the back face are assumed to allow fair comparison with the diffraction 

grating results. Above-Lambertian light trapping is sought. 

4.2.6. Illumination conditions 

It is known that absorption enhancement above the Lambertian limit implicitly implies that 

the light trapping mechanism be angularly selective [Mellor'11b, Miñano'90, Yu'11]. This 

means that above-Lambertian light trapping can only be achieved for light incident from 

some sub-set of the celestial hemisphere, absorption enhancement for light incident from 

outside this subset being necessarily below-Lambertian. The simplest approach to above-

Lambertian trapping is to seek absorption enhancement for incident light within a cone whose 

axis is normal to the solar cell and to apply a solar tracker to ensure the solar disc remains 

within this cone. We assume an accurate solar tracker of acceptance angle 1°. The incident 

illumination is modelled as being isotropic within the corresponding cone (semi-angle 1°). 

Although the direct solar radiation at any given time is incident within a narrower cone 

(semi-angle 0.26°), the assumption of isotropic illumination within the acceptance cone can 

be thought of as the statistical mean contribution over the course of some period of time. The 

total intensity of the incident cone is taken to be the AM1.5D Direct Normal + Circumsolar 

spectrum. Incident light is considered unpolarized. Diffuse illumination is ignored. It should 

be noted that, if angle insensitive enhancement is desired (for stationary systems for 

example), the Lambertian limit is insurmountable and the ability of diffraction gratings to 

achieve better enhancement than random surface texturing doubtful. 

4.3. Results 

4.3.1. Period Optimisation 

To understand the effect of the period, we begin by considering a diffraction grating applied 

to an absorbing medium that has wavelength independent absorption coefficient α. The 

fraction of incident photons absorbed as a function of the incident wavelength to grating 

period ratio λ/Λ is presented as solid curves in Figure 4.4 A and B for absorbing media with 

normal absorbances of αw=0.0032 and αw=0.032 respectively. The diffraction grating is 

located on the rear surface and consists of a hexagonal array of circular towers with 

rx=ry=0.37Λ and d=0.225Λ. In each figure, the dotted curve represents the λ/Λ dependent 

upper limit to absorption using bi-periodic hexagonal gratings, calculated in Ref. 

[Mellor'11b], and the dashed horizontal line represents the calculated absorption for ideally 

Lambertian light trapping. 
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Figure 4.4. Spectral fraction of incident photons absorbed in absorbing media with normal 

absorbance αw=0.0032 (A) and αw=0.032 (B) each equipped with a circular tower grating with 

rx = ry = 0.37Λ and d = 2.25Λ. 

Beginning at the far right of Figure 4.4 A, and considering the solid curve, it can be seen that, 

on decreasing λ/Λ, a peak appears in the absorption each time a new oblique order is 

introduced, and tails off as the order becomes less obliquely inclined. There is an overall 

tendency for increased absorption with decreasing λ/Λ as the angular extent of the cell 
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becomes filled with diffracted cones. This continues until there is a sharp drop in the 

absorption at λ/Λ≈0.9. At this point, the lowest non zero-order diffracted cones enter the 

escape cone, leading to an increased coupling of light out of the cell and consequently a 

decrease in the internal brightness and hence the absorption. Due to computational 

constraints, calculations for λ/Λ<0.5 could not be made because, due to the high number of 

propagating diffracted orders, a large number of Fourier modes must be retained in the 

RCWA calculations; however, it is reasonable to assume that there would be a further drop 

when the next lowest order diffracted cones enter the escape cone at λ/Λ≈√3/4≈0.43. 

Figure 4.4 B exhibits similar qualitative behaviour with the exception that the peaks are less 

well defined. As explained in Reference [Miñano'90], for weakly absorbing cells, the 

absorption is largely dominated by the geometrical mean optical path length, which, for λ/Λ > 

0.9, has been shown to be entirely dependent on the grating period and array geometry 

[Mellor'11b]. Conversely, for more strongly absorbing cells, there is a greater dependence on 

the coupling of the incident light to confined diffracted orders, which is largely dependent on 

the exact grating profile. This coupling is generally weak for very oblique orders, hence the 

rounding of the peaks. 

Most importantly, it can be seen that, in both figures, the greatest absorption is achieved 

when λ/Λ is just above the value at which diffracted cones begin to escape the cell. 

Theoretically, much higher absorption is possible for λ/Λ<0.9. As explained in Ref. 

[Mellor'11b], this can only be achieved by grating profiles which restrict coupling between 

escaping and confined orders. None of the simple gratings studied in this work have 

accomplished this to any significant degree. We therefore conclude that, for simple gratings, 

the best light trapping is achieved in the λ/Λ region in which the number of diffracted cones 

inside the medium is the highest it may be without any non-zero-order diffracted cones being 

able to escape the cell. This region can be roughly defined as 0.9 < λ/Λ < 1.1, and easily 

remembered as being centred at the point at which the grating period is equal to the vacuum 

wavelength. It is reasonable to suggest that a similar argument could be made for diffraction 

gratings applied to thin film cells. 

Since the refractive indices are taken to be wavelength independent, the simulations can be 

made in entirely dimensionless variables. This allows period optimisation to be made for a 

grating with defined dimensionless parameters using a single λ/Λ sweep without having to 

run a new set of RCWA calculations for each period. This was our motivation for choosing a 

non-dispersive refractive index. 

4.3.1.1. Period optimisation for the QD-IBSC 

Figure 4.5 shows the calculated Jph IB-CB in a QD-IBSC with active layer normal absorbance 

of αIB-CBwstack=0.01 for a circular tower grating with rx=ry=0.37Λ and d=0.475Λ as a function 

of the period. Two distinct peaks can be seen at Λ=1330nm and Λ=1650nm, the latter being 

the highest. For these optimum periods, the spectral number of absorbed photons and spectral 

fraction of incident photons absorbed are plotted in Figure 4.6 A and B respectively. The blue 

and red curves correspond to Λ=1650nm and Λ=1330nm respectively. The black curve in 

Figure 4.6 A is the spectral photon flux of the AM1.5D spectrum. It can be seen that the 
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optimum periods are simply those which align the aforementioned 0.9 < λ/Λ < 1.1 region 

with the predominant peaks in the AM1.5D spectrum that lie within the IB-CB wavelength 

range. For this grating, the highest integrated photon absorption is for Λ=1650nm (Figure 

4.5); however, depending on the exact grating profile, the Λ=1330nm peak is sometimes 

higher. 

 

Figure 4.5. The photogenerated current Jph IB-CB in a QD-IBSC with αIB-CBwstack=0.01 as a 

function of the grating period Λ. Circular tower grating with rx = ry = 0.37Λ and d = 0.475Λ. 
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Figure 4.6. A: The spectral AM1.5D photon flux (black curve) and the number of photons 

absorbed in a QD-IBSC with αIB-CBwstack=0.01 for a grating with period 1650nm (red curve) and 

1330nm (blue curve). B: The spectral fraction of incident photons absorbed for the same 

periods. All circular tower gratings with rx = ry = 0.37Λ and d = 0.475Λ. 
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4.3.1.2. Period optimisation for the silicon solar cell 

Figure 4.7 shows the number of photons absorbed in the c-Si solar cell for a circular tower 

grating with rx = ry = 0.37Λ and d = 0.225Λ as a function of the period. There is a single peak 

at Λ=1080nm. The thick blue and red curves in Figure 4.8 (right scale) show the spectral 

fraction of absorbed photons near the silicon band edge for a grating of optimum period (Λ = 

1080nm) and for a cell with only a planar back reflector respectively. The thin lines of the 

same colours show the spectral number of absorbed photons and the thin black line shows the 

photon flux of the AM1.5D spectrum (left scale). The optimum period aligns the 0.9 < λ/Λ < 

1.1 range with the wavelength range where absorption in the c-Si is weak but non-zero, 

slightly right shifted to take advantage of the peak in the AM1.5D spectrum. 

 

Figure 4.7. The photogenerated current Jph in a 40μm thick c-Si solar cell as a function of the 

grating period Λ. Circular tower grating with rx = ry = 0.37Λ and d = 0.225Λ. 
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Figure 4.8. Right scale: The spectral fraction of absorbed photons for a grating of optimum 

period (Λ=1080nm) (thick blue curve) and for a cell with only a planar back reflector (thick red 

curve). Left scale:  The spectral AM1.5D photon flux (thin black curve) and the number of 

absorbed photons for a grating of optimum period (thin blue curve) and for a cell with only a 

planar back reflector (thin red curve). Grating is a circular tower grating with rx = ry = 0.37Λ 

and d = 0.225Λ. 

4.3.2. Depth Optimisation 

In the following section, the grating periods are fixed to the above mentioned optimum values 

(1650nm for the QD-ISBC and 1080nm for the silicon cell) and the well and tower depths are 

varied. By fixing the period, the 0.9 < λ/Λ < 1.1 range is fixed to the wavelength range in 

which light trapping is most beneficial. It will be seen that the optimum depths are those 

which maximise the absorption within this range. 

Figure 4.9 shows the generated IB-CB photocurrent in the grating equipped QD-IBSC as a 

function of the grating depth d normalised to units of the grating period Λ. The red and black 

curves are for circular wells and towers respectively, each with duty cycles of 50% (i.e. the 

well or tower area is half the total area). The same is shown in Figure 4.10 for the c-Si solar 

cell. 
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Figure 4.9. The photogenerated current Jph IB-CB in a QD-IBSC with αIB-CBwstack = 0.01 as a 

function of the period normalised grating depth d/Λ. Circular well (black curve) and tower (red 

curve) gratings with rx = ry = 0.37Λ  and Λ=1650nm. 

 

Figure 4.10. The photogenerated current Jph in a 40μm thick c-Si solar cell as a function of the 

period normalised grating depth d/Λ. Circular well (black curve) and tower (red curve) gratings 

with rx = ry = 0.37Λ  and Λ=1080nm. Vertical lines represent depths at which the 0.9 < λ/Λ < 

1.1 region coincides with specular reflection minima (solid blue) and maxima (dashed blue) and 

with specular transmission minima (solid green) and maxima (dashed green). 
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The curves are characterised by periodic oscillations at intervals of Δd/Λ≈0.55, modulated by 

a higher frequency oscillation at intervals of Δd/Λ≈0.15. These oscillations occur at similar 

period normalised depths for each cell and grating type. We postulate that this behaviour is 

largely dependent on the scattering efficiencies coupling the incident solar radiation to the 

zero-order reflected and transmitted diffraction orders (i.e. the specular reflection and 

transmission for vertical incidence). Light coupled into the reflected zero-order is coupled out 

of the cell after only a double pass and light coupled into the transmitted zero-order is 

reflected at the rear reflector and re-transmitted into the upward travelling zero-order with the 

same efficiency due to reciprocity, again escaping after a double pass. It is therefore desirable 

to minimise coupling of the incident light into both of these orders. 
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Figure 4.11. Scattering efficiency with which vertically incident light couples to the reflected 

(black curve) and transmitted (red curve) zero-order (i.e. specular transmission and reflection). 

Circular well gratings with rx = ry = 0.37Λ. A: d = 0.225Λ and B: d = 1.7Λ. 

The wavelength dependence of the scattering efficiencies with which normally incident light 

is coupled into the reflected (black curve) and transmitted (red curve) zero-orders is plotted in 
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Figure 4.11 A and B for circular well gratings of depth d=0.225Λ and d=1.7Λ respectively 

(these are the optimum and anti-optimum depths from Figure 4.10). It can be seen in both 

figures that the zero-order efficiencies exhibit minima and maxima corresponding to Fabry-

Perot interferences between waves reflected (or transmitted) at the two surfaces of the binary 

grating. The aforementioned 0.9<λ/Λ<1.1 range where the best light trapping is achieved is 

shown in the figures. It can be seen that for d=0.225Λ (Figure 4.11A) this region is aligned 

with a specular reflection minimum, leading to the peak at this depth in Figure 4.10; whereas 

for d=1.7Λ (Figure 4.11B) this region is aligned with a strong specular transmission 

maximum, leading to the nadir at this depth in Figure 4.10. In general, the normalised well 

depths  


 rd   and  


 rd  at which spectral reflection minima and maxima align 

respectively with the 0.9<λ/Λ<1.1 region (taking the centre of the region to be λ/Λ=1) are 
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For spectral transmission minima and maxima these are 
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where m is an integer. For certain values of m, the vertical blue lines in Figure 4.10 show 

 


 rd  (solid) and  


 rd  (dashed) and the vertical green lines show  


 td  (solid) and 

 


 td (dashed). Good agreement with the bi-frequencial oscillations is shown. For deep 

gratings, there are many Fabry-Perot interference peaks and troughs within the 0.9<λ/Λ<1.1 

region, which cancel each other out (see Figure 4.11B). Hence the higher frequency 

oscillations in Figure 4.9 and Figure 4.10 become less pronounced and less regular for deeper 

gratings. For both cell types the optimum gratings are shallow: d = 0.45Λ for the QD-IBSC 

and d = 0.225Λ for the c-Si solar cell.  

4.3.3. Optimisation of Lateral Dimensions 

In this section the normalised well depth is fixed at d =0.25 and rx and ry are varied leading 

to elliptical wells and towers. Instead of fixing the period at a certain value, the period has 

been optimised for each (rx/Λ , ry/Λ) pair. Using our simulation method, the extra 

computational time required to do this is minimal, as explained in section 3.1. 

For the QD-ISBC, Jph IB-CB is shown as a function of the period normalised radii in Figure 

4.12 A and B for elliptical well and tower gratings respectively. For the silicon cell, Jph is 
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shown in Figure 4.13 A and B for elliptical well and tower gratings respectively. In each 

graph, the black cross shows the optimum radii, the blue line represents the locus of radii for 

which the grating has a duty cycle of 50%. Unlike for the grating depth, the optimum values 

do not occur at the same radii for each cell and grating type. The shared characteristics of the 

four graphs are that the optima occur for gratings with duty cycles close to 50%, in agreement 

with similar results for thin-film applications [Feng'07, Zhao], and that they occur for wells 

which are not extremely narrow in either dimension. The radii dependence is generally 

weaker than the height dependence and the tolerance correspondingly high. 

 

Figure 4.12. The photogenerated current Jph IB-CB in a QD-IBSC with αIB-CBwstack = 0.01 as a 

function of the period normalised well or tower radii (rx/Λ , ry/Λ). d = 0.225Λ and the period 

has been optimised for each (rx/Λ , ry/Λ) pair. A: well grating. B: tower grating. 
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Figure 4.13. The photogenerated current Jph in a 40μm thick c-Si solar cell as a function of the 

period normalised well or tower radii (rx/Λ , ry/Λ). d = 0.225Λ and the period has been 

optimised for each (rx/Λ , ry/Λ) pair. A: well grating. B: tower grating. 

The black circle in each graph shows the (rx/Λ , ry/Λ) pair corresponding to a circular well or 

tower with a duty cycle of 50% (i.e. rx = ry = 0.37Λ). In all cases studied, this leads to a 

photogenerated current that is within 1% of the optimum for the QD-IBSC and within 0.1% 

of the optimum for the c-Si solar cell. It is concluded that elliptical towers or wells lead to no 

significant improvement over simple circular towers or wells. 

4.3.4. Optimisation for QD-IBSC cells with different numbers of QD layers and c-Si 

solar cells with different thicknesses  

The aforementioned grating parameters have been optimised for QD-IBSCs with a range of 

normal absorbances and for c-Si solar cells with a range of thicknesses. For the QD-IBSC, 

the normal absorbance has been translated into the number of QD layers assuming an 
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absorption coefficient of αIB-CB=60cm
-1

 and a QD layer thickness of 80nm. In all studied 

cases, optimisation of the lateral radii rx and rx provided an improvement of less than 1% for 

the QD-IBSC and less than 0.1% for the c-Si solar cell compared to the simple circular 

pattern with a duty cycle of 50%. Furthermore, currents calculated for tower gratings were 

consistently higher than those calculated for well gratings. Hence all results presented in this 

section are for circular towers with r=0.37Λ.  

Table 4.1 shows the optimised parameters for QD-IBSCs with a range of numbers of QD 

layers along with the resulting photogenerated current. The well depth is normalised to units 

of the optimum grating period. The total available number of photons in the AM1.5D 

spectrum in the 1190nm < λ < 3350nm interval is 1.29x10
21

cm
-2

s
-1

 implying a maximum 

possible photocurrent of 20.6 mAcm
-2

. The optimised parameters for 20 QD layers shown in 

Table 4.1 are those for which data is presented in Figure 4.5 and Figure 4.6. 

Table 4.1. The optimised grating parameters and resulting photogenerated current for QD-

IBSCs with a range of numbers of QD layers. All circular tower gratings with rx = ry = 0.37Λ. 

number of 

QD layers Λ / μm d/Λ 

Jph IB-CB / 

mAcm
-2

 

20 1650 0.45 7.4 

66 1340 0.425 12.0 

200 1330 0.425 15.9 

660 1320 0.425 18.7 

2000 1320 0.425 20.3 

Figure 4.14 shows graphically the Jph IB-CB for the optimised gratings (blue curve) compared 

to that for a planar reflector (black curve) and for an ideally Lambertian reflector (red curve), 

calculated using the formulae in Ref. [Green'02]. For cells with less than 70 QD layers, the 

calculated Jph IB-CBs for the optimised gratings are above that of the ideally Lambertian 

scatterer. QD-IBSCs fabricated to date have up to 50 QD layers [Alonso-Alvarez'08] and 

therefore lie within this range. However, it must be noted that for 50 QD layers only half of 

the available photons are absorbed. To approach full absorption of the available photons and 

hence approach the maximum possible IB-CB photocurrent, it will be necessary to either 

improve light trapping beyond what is presented in this thesis, or increase the number of QD 

layers. 
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Figure 4.14. The photogenerated current Jph IB-CB in a QD-IBSC equipped with the optimised 

gratings (blue curve). For comparison, the Jph IB-CB is shown for the same cell equipped with an 

ideally Lambertian back reflector (red curve) and with a planar back reflector (black curve). 

Table 4.2 shows the optimised parameters for c-Si solar cells with a range of thicknesses 

along with the resulting Jph. The optimum period is larger for thicker cells because the 

wavelength range where absorption in the c-Si solar cell is weak becomes more closely 

packed towards the band edge. The optimum normalised depth remains close to d = 0.25Λ. 

The optimised parameters for c-Si solar cells of thickness 40μm shown in Table 4.2 are those 

for which data is presented in Figure 4.7 and Figure 4.8. 
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     Table 4.2. The optimised grating parameters and resulting photogenerated current for c-Si 

solar cells with a range of thicknesses. All circular tower gratings with rx = ry = 0.37Λ. 

cell thickness 

/ μm Λ / μm d/Λ 

Jph / 

mAcm
-2

 

1 740 0.25 27.6 

5 990 0.225 33.6 

10 1020 0.225 35.7 

20 1020 0.25 37.2 

30 1080 0.225 37.9 

40 1080 0.225 38.3 

50 1080 0.225 38.6 

75 1080 0.25 39.1 

100 1090 0.25 39.4 

200 1110 0.25 40.0 

300 1120 0.25 40.3 

 

Figure 4.15 shows graphically the Jph for the optimised gratings (blue curve) compared to that 

for a planar reflector (black curve) and for an ideally Lambertian reflector (red curve). The 

calculated Jphs for the optimised gratings are consistently above that of the ideally 

Lambertian scatterer for cells with thicknesses of 10μm and above. The calculated Jph for a 

20μm c-Si solar cell equipped with the optimised grating is higher than that of a 200μm c-Si 

solar cell with a planar back reflector. 
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Figure 4.15. The photogenerated current Jph in a c-Si solar cell equipped with the optimised 

gratings (blue curve). For comparison, the Jph IB-CB is shown for the same cell equipped with 

an ideally lambertian back reflector (red curve) and with a planar back reflector (black curve). 

4.4. Conclusions 

Bi-periodic binary gratings consisting of hexagonal arrays of elliptical wells and towers have 

been computationally studied and optimised for application to absorption enhancement in a 

QD-IBSC and in a c-Si solar cell. For the c-Si solar cell, figure of merit was the total 

photogenerated current density. The absorption coefficient for c-Si has been taken from the 

literature. For the QD-IBSC, it has been assumed that the subbandgap photocurrent is limited 

by the IB-CB transition, and the figure of merit was therefore the IB-CB photogenerated 

current density. A flat absorption coefficient was assumed for the IB-CB transition, since 

little was known about its real value. 

The parameters to be optimised were the grating period, the grating depth and the lateral 

shape and size of the elliptical wells or towers. Instead of performing a four parameter sweep, 

we have tried to optimise each parameter individually by considering the physical processes 

in the solar cell. This does not guarantee a global maximum, but provides an intuitive means 

of understanding what is required of an optimised grating. 

The simulated diffraction gratings are predicted to provide above-Lambertian absorption 

enhancement in a narrow wavelength range: roughly 0.9 Λ < λ < 1.1 Λ, where Λ is the grating 

period. Within this range, the number of diffracted cones inside the cell is the highest it may 

be without any non-zero-order diffracted cones being able to escape the cell. The grating 

period can be selected to position this range over the desired part of the solar spectrum. The 
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period is therefore optimised when this range coincides with the part of the solar spectrum 

that is most weakly absorbed by the solar cell. 

Better light trapping is achieved when the specular reflectivity from the diffraction is 

minimised, since specularly reflected light is not trapped in the absorber layer. The spectral 

reflectivity determined by Fabry-Perot interference between the front and rear surfaces of the 

binary profile. Hence, the grating depth can be chosen to minimise spectral reflectivity, and 

hence maximise absorption enhancement, at a desired wavelength. The grating depth is 

optimised in this way. The best ellipse shape was a circle that covered 50% of the total area. 

In the case of the QD-IBSC, very simplified assumptions have been made regarding the 

absorption coefficient and photogeneration of carriers via the intermediate levels. This will be 

revised in Chapters 6 to 8. The optimisations for the c-Si solar cell have been made using the 

known absorption coefficient for c-Si. The grating equipped c-Si solar cells fabricated in the 

following chapter is therefore designed based on these optimum parameters.  
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Chapter 5. Diffraction gratings in c-Si solar cells 

5.1. Introduction 

In this chapter, I describe the texturing of c-Si silicon wafers with micron-period diffraction 

gratings by nanoimprint lithography, and their optical characterisation by reflectance 

spectroscopy. The work presented here was done at the Microstructured Surfaces group of the 

Fraunhofer Group Institute of Solar Energy (FhG-ISE) during a six month research stay I was 

able to enjoy there. This was possible thanks to financial help received from the Polytechnic 

University of Madrid. 

Microstructured Surfaces group of FhG-ISE have developed a laser interference lithography 

setup for realising fine-tailored microstructured and nanostructured surfaces over areas up to 

1.2 x 1.2 m
2
. They have also developed a nanoimprint lithography process as a means of 

replicating many copies of the structured surfaces with high throughput. Together, these 

technologies provide an industrially feasible means of realising nanotextures in solar cells. 

Previous to my visit, much work had been done by the group on nanoimprinting of 

honeycomb textures on the front face of c-Si and mc-Si solar cells[Bläsi'11a, Hauser'10, 

Hauser'11, Hauser'12c]. These honeycomb textures have periods of around 8 μm and provide 

a combination of anti-reflection and light trapping; they were used for the record solar cell 

efficiency on mc-Si of 20.4% [Schultz'04]. This surface texture has never been employed on 

a commercial solar cell, due to the complex lithographic processes involved in its production. 

The group’s efforts on this front are therefore aimed at making this texture industrially 

realisable via Nano-imprint lithography. 

Before I made contact with the group, they had already begun work on applying their 

technology to rear side diffraction gratings in c-Si solar cells[Berger'10]. We were therefore 

able to form a fruitful collaboration based on a shared interest. At IES-UPM, we are primarily 

interested in diffraction gratings for absorption enhancement in QD-IBSCs. This is a distinct 

technology to c-Si solar cells; however, the two device types are structurally similar in that 

they are based on wafer substrates. We would therefore expect much that is learnt about the 

texturing of c-Si solar cells with diffraction gratings can be transferred to QD-IBSCs. 

This chapter is structured as follows. In Section 5.2, the entire process chain for texturing 

silicon wafers with micron-scale diffraction gratings is described, as well as some electrical 

aspects for their incorporation into electrically active solar cells. In Section 5.3, solar cell 

precursors employing the grating textures are characterised optically. The fabricated 
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structures are also simulated computationally using the technique developed in this thesis. 

Measurement and simulation data is correlated to gain a deeper understanding into the optical 

behaviour. In Section 5.4, the optical data is introduced into a PC1D simulation to predict the 

efficiency enhancements that would be offered by the fabricated gratings in solar cells. 

Conclusions are given in Section 5.5. 

Many of the results in this chapter were published in Refs. [Bläsi'12, Hauser'12b, Hauser'12d, 

Mellor'13a] 

5.2. Grating fabrication by nanoimprint lithography 

In this section I describe the processes by which silicon wafers were textured with micron-

scale rear side diffraction gratings and equipped with back reflectors. I begin with an 

overview of the whole process, and then describe each step in detail. Where processes have 

needed to be optimised for the specific task described in this chapter, results are given. 

5.2.1. Overview of the process 

The silicon wafers were textured with diffraction gratings by a process of master fabrication 

and pattern transfer. A master structure is textured with the diffraction grating by a so-called 

mastering technology. The pattern is then transferred from the master structure to the silicon 

wafer. The whole process is often described as nanoimprint lithography (NIL), although this 

term can also refer to a specific step of the pattern transfer. 

A schematic of the whole process is shown in Figure 5.1. The process steps are enumerated in 

the following, where the numbers refer to the numbers in the figure. 

1. The process begins by originating the desired diffraction grating profile on a 

photoresist coated glass plate using the mastering technology. In this work, the 

mastering technology was laser interference lithography, described in Sub-section 

5.2.2. Depending on the specifications, other technologies such as mask 

photolithography and e-beam lithography could also be used. 

2. The inverse of the master structure is then recorded in an addition-curing 

polydimethylsiloxane (PDMS) stamp by cast moulding, described in Sub-section 

5.2.3. 

3. The silicon wafer is then coated with a photoresist, which is pattered by NIL using the 

PDMS stamp, thus reproducing the master structure in the photoresist. 

4. The pattern in the photoresist is transferred to the silicon wafer by reactive ion etching 

(RIE), and the residual photoresist is removed either by plasma ashing or wet 

chemical removal. This is described in Sub-section 5.2.5. 

Steps 1-4 describe how the silicon wafer is patterned with the desired diffraction grating. The 

final steps are for the addition of an efficient back reflector: 

5. A silicon oxide dielectric buffer layer (DBL) is deposited on the grating. In this work, 

two methods were investigated for this purpose. The first was physically enhanced 
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chemical vapour deposition (PECVD),  and the second was spin-coating. Both 

processes are described in Sub-section 5.2.6. 

6. An aluminium reflector is coated onto the DBL by evaporation. 

The solar cell precursors whose optical characterisation results are presented and discussed in 

Section 5.3 were fabricated by the process chain described by Steps 1-6 (in addition to the 

deposition of an ARC). 

Further steps and structures were also investigated that are relevant to the fabrication of 

active solar cells employing the grating structures. These were not applied to the solar cell 

precursors characterised in Section 5.3; however, they are interesting and relevant to the 

practical implementation of rear-side diffraction gratings in solar cells, so I include their 

description. I was also involved in their development in a minor way. The first is the point 

contacting of the rear electrodes through the DBL via laser firing. The second is the 

investigation of a novel structure for electrically insulating the grating from the active part of 

the solar cell to counteract the increased rear surface recombination velocity induced by the 

plasma etching process. This is described in Sub-section 5.2.7. 

 

Figure 5.1. Overview of the process by which rear side diffraction gratings with back reflectors 

were fabricated. This diagram is a modified version of a diagram appearing in Ref. [Bläsi'11b]. 

The advantage of the described process chain is that it is a means of realising fin-tailored 

micro- and nano-scale photonic structures on large areas with high throughput. Laser 

interference lithography (step 1) is capable of realising a wide range of surface profiles of 

different dimensions over large areas (examples can be found in Ref. [Bläsi'12]). However, it 

is a time-consuming and complicated process that could never be incorporated into industrial 

processing of solar cells on a cell by cell basis. By NIL, many solar cells can be textured 

using a single master structure and PDMS stamp. Thus, only steps 3 and 4 need to be realised 

to texture each solar cell. This makes industrialisation a possibility. Interestingly, the group at 
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FhG-ISE is also developing a roller NIL tool, which is a further step towards integrating NIL 

into a production line[Hauser'12d]. 

All the diffraction grating textures realised in this work were made to cover a 7 x 7 cm
2
 

square field on 4 inch c-Si wafers. In the context of c-Si solar cells, this area is a step towards 

full wafer processing, which requires a textured area of 12.5 x 12.5 cm
2
, depending on the 

solar cell. In the context of QD-IBSCs, the QD stacks are generally grown on a 3 inch GaAs 

wafer, which are then processed into many small devices with areas of around 4 mm
2
. The 7 

x 7 cm
2
 nanotextured field is therefore sufficient to cover an area from which many devices 

can be processed. 

5.2.2. Pattern mastering – laser interference lithography 

Laser interference lithography is a maskless process for realising periodic (or non-periodic) 

surface reliefs. A schematic of the process is shown in Figure 5.2. A laser beam is split into 

multiple beams, which are expanded and superimposed onto a photoresist coated glass 

substrate. The interference between the coherent wavefronts incident at different angles 

causes a periodic intensity pattern to form on the photoresist. The photoresist is exposed to 

this intensity pattern for a period of time, causing the areas of the photoresist exposed to high 

intensities to undergo photoinduced changes. In the case of negative tone resist, the highly 

exposed areas become insoluble to the corresponding developer. For positive tone resist, they 

become soluble. Bathing the photoresist coated glass in the developer then causes the 

corresponding areas to dissolve, leaving a periodic surface relief in the photoresist. 

 

Figure 5.2. Origination of a diffraction grating master by two-beam laser interference 

lithography. This diagram has been reproduced from Ref. [Bläsi'11b]. 

There are many degrees of freedom that can control the geometry and profile of the master 

structure. The number of beams determines the periodicity of the interference pattern: two-

beam interference produces uni-periodic line gratings, whereas three-beam interference 

produces bi-periodic hexagonal geometry gratings. Bi-periodic gratings can also be produced 

by two two-beam exposures in sequence, with a rotation of the substrate in between, as was 

done in this work. Using four beams, one can even produce a three-dimensional photonic 

crystal in a volume of photoresist. In each case, the period of the resulting pattern is 

laser
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determined by the wavelength of the laser and the angle between interfering beams. The 

exact profile can be controlled by varying the resist type, exposure time and development 

time and concentration. Tilting the sample, one can achieve a-symmetrical profiles. 

In this work, master structures were realised by two-beam exposure using an argon ion laser 

emitting at the UV wavelength of 363.8 nm. Line gratings were produced using a single 

exposure, and crossed (square geometry) gratings were realised by two exposures in sequence 

with a 90º rotation of the substrate in between. Both master structures had a binary profile 

and a 1μm period. These structures were realised by Aron Guttowski; I was not involved in 

their production. 

5.2.3. Stamp Fabrication 

Here, a PDMS stamp must be produced whose surface relief is the inverse of the master 

structure. It is important that the stamp be a faithful (albeit inverse) copy of the master 

structure. Inevitably, the stamp pattern will not be as deep as the master structure, due to 

incomplete infiltration of the master structure by the PDMS and due the elasticity of the 

PDMS. This loss of depth should be minimised. We experimented with a one-phase and a 

two-phase stamp fabrication process. The procedure for each is explained as follows. For 

both processes, a large clean glass plate is spin-coated with Dow Corning 92-023 primer and 

left to gas for two hours. This will form the back plate of the stamp. 

In the one-phase process, the master structure is placed patterned-face-up on a large glass 

plate (not the primer coated plate). A 7 x 7 cm² aluminium frame is positioned to enclose the 

master structure. Elastosil 601 (PDMS) is mixed with a hardening agent at a ratio of 9:1 by 

mass and poured into the frame. The mixture is evacuated for 10 minutes. The primer coated 

glass back plate is then taken and pressed onto the mixture so that the mixture is fully 

encapsulated between the master structure, the aluminium frame and the glass back plate. 

Care must be taken not to introduce air bubbles. The apparatus is then placed into a hot press 

and a cycle of pressure and heat is applied. This ensures that the PDMS fully infiltrates the 

master structure whilst hardening so that a faithful copy is produced. The stamp must now be 

separated from the master structure and any excess PDMS cut away with a scalpel. Normally, 

the master structure can be removed from the stamp without residues remaining on it, thus the 

master structure is ready to be used in the production of more stamps without the need for a 

cleaning step. 

In the two-phase process, we begin by making a planar PDMS stamp with no patterning. This 

is done by taking a large glass plate as before (not the primer coated plate) and placing the 

aluminium frame on top without the master structure. All the steps of the one-phase process 

are then performed, leaving a planar PDMS stamp. In the second phase, the master structure 

is then placed patterned-face-up on a large glass plate. A further 10 ml of Elastosil 601 is 

mixed with hardening agent as before and a thin layer is spread onto the patterned face of the 

master structure using a spatula. The coated master structure  is evacuated for 10 minutes. 

The planar stamp is then pressed onto the coated master structure, and any air bubbles are 

removed by selectively applying pressure with the hands. The apparatus is then placed in the 

hot-press a second time and exposed to a heat and pressure cycle. This causes the thin layer 
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of PDMS to harden while infiltrating the master structure as before. It also bonds with the 

planar stamp, leaving a single stamp with the inverse of the mater structure as before. 

Both the one-phase and the two-phase processes are shown in Figure 5.3. The disadvantage 

of the one-phase process is that the aluminium frame is present while the textured surface of 

the stamp is being formed. The contact between the metal frame and the glass plates prevents 

sufficient pressure being applied at the PDMS/master structure interface whilst the PDMS 

hardens. This causes the replicated pattern to lose depth compared to the master structure. 

This is solved by the two-phase process. Here, the aluminium frame is not present during the 

forming of the patterned PDMS surface, allowing sufficient pressure to be applied. AFM 

measurements of the patterned stamp surface show that, for a 300 nm deep master structure, 

the one-step process leads to 40 nm of pattern depth to be lost, whereas the two-step process 

leads to 20 nm of pattern depth to be lost. Hence the two-step process produces a more 

faithful copy, although the one-phase process could be considered tolerable. 

 

Figure 5.3. One-phase and two-phase processes for the production of a textured PDMS stamp.  

5.2.4. Nanoimprinting 

The PDMS stamp must now be used to record the pattern of the master structure in a layer of 

photoresist on the surface of the wafer we wish to texture. Again, it is important to reproduce 

the master structure faithfully and to minimise depth loss. The type of photoresist must be 

carefully chosen. For the NIL process, it must be negative tone, cure under light frequencies 

to which the PDMS stamp is transparent, and be able to cure in the absence of air. It must 

also be capable of reproducing the sub-micron scale features of the PDMS stamp. We chose 

mrUVcur06: a low-viscosity free-radical-curing dedicated NIL photoresist. 

One step process

 Frame prevents pressure being 
applied throughout the process

 Pattern not fully replicated  

Two step process

1. Fabrication of planar PDMS block

2. A second layer of PDMS is patterned
with the master structure

 pattern better replicated in the stamp
 Possibility for using two different materials

Master

glass

PDMS

Pressure + Heat
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The silicon wafer is prebaked, spin-coated with a primer and baked again. The wafer is then 

spin-coated with the photoresist. The thickness of the photoresist layer is controlled by the 

spinning velocity. The thickness should be chosen so that there is enough photoresist to fully 

infiltrate the pattern on the PDMS stamp, but not so much that a thick residual layer remains 

between the pattern in the photoresist and the underlying wafer. This is explained in a later 

paragraph. 

The PDMS stamp must be pressed into the photoresist layer. The photoresist is then exposed 

to UV light through the transparent stamp. Exposure continues until the photoresist receives 

the required dose specified by the manufacturer. Pressure must be maintained throughout the 

exposure to ensure that the stamp is fully infiltrated by the photoresist. This requires a 

dedicated piece of NIL equipment. We used the WIMP device developed by Hubert Hauser 

as part of his PhD project[Hauser'12a]. The pressure must be chosen carefully; sufficient 

pressure is required for the photoresist to infiltrate the stamp over the whole field, but too 

much pressure can cause the stamp to deform, causing the replication to be unfaithful. After 

the exposure, the wafer must be carefully removed from the stamp. Again, in most cases, the 

stamp is free from residues after removal and is ready to use for another imprint. Figure 5.4 

shows two SEM micrographs of photoresist layers nanoimprinted with crossed gratings of 1 

μm period. The left image shows an area that is a good reproduction of the master structure. 

The right image shows an area in which the pattern has been deformed.  

 

Figure 5.4. SEM micrographs of photoresist layers nanoimprinted with crossed gratings of 1 

μm period. The left image shows an area of the field that is a good reproduction of the master 

structure. The right image shows an area of the field in which the pattern is deformed. This is 

due to too much pressure being applied during the imprinting process. 

An important process parameter to control is the thickness of the residual layer in the 

imprinted photoresist. The residual layer is labelled in Figure 5.5, which shows side-view 

SEM micrographs of photoresist layers nanoimprinted with line gratings. The residual layer 

is the excess photoresist that remains after the PDMS stamp has been fully infiltrated. If there 

is no residual layer, it can be deduced that not enough resist was present to infiltrate the 

stamp and therefore pattern depth will be lost. What’s more, direct contact between the stamp 

and the substrate causes the stamp to deform, deforming the pattern in the resist. However, 

the residual layer cannot be too thick. The subsequent plasma etch will have to remove the 
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residual layer before the silicon can be etched. If the residual layer is too thick, this will cause 

the pattern in the nanoimprinted photoresist to be deformed by etching before the etchants 

can reach the wafer surface. The residual layer should therefore be present, but ideally have a 

thickness of less than 50 nm. This is achieved by tuning the spinning velocity when applying 

the photoresist to the silicon wafer before imprinting, as described in a previous paragraph. 

The residual layer thickness in Figure 5.5 (a) is well optimised. In Figure 5.5 (b), the residual 

layer is too thick. In Figure 5.5 (c), there is no residual layer, and the resulting deformation of 

the pattern can be seen. 

 

Figure 5.5. Side-view SEM micrographs of photoresist layers nanoimprinted with line gratings 

of 1 μm period. (a): Well optimised residual layer thickness. (b): Residual layer is too thick. (c): 

There is no residual layer; the stamp has deformed and the resulting pattern deformation is 

evident. 

5.2.5. Reactive Ion Etching 

The pattern in the photoresist layer must now be transferred to the underlying c-Si wafer by 

RIE. RIE is a dry etching process in which the sample to be etched is placed inside a vacuum 

chamber between two parallel plate electrodes. Etchant gasses are introduced into the 

chamber and are excited by an electric field oscillating at radio frequency. This creates a 

plasma by stripping the gas atoms of their electrons, and also charges the electrode beneath 

the sample (the electrode above the sample is grounded). The resulting electric field between 
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the electrodes accelerates the etchant ions toward the sample, where they remove atoms in the 

sample either by chemical reaction or by mechanical sputtering. 

RIE has many degrees of freedom, making it a complicated process to optimise, but giving 

the user a lot of control over the etching process. Increasing the potential difference between 

the electrodes and decreasing the temperature leads to a mechanically dominated etch, which 

will tend to be very anisotropic, etching preferentially in a direction normal to the surface of 

sample. Higher temperatures and a low potential difference leads to a chemically dominated 

etch, which tends to be more isotropic. Choice of the etchant gasses causes the etch to be 

selective, etching certain materials faster than others. For example, sulphur hexafluoride 

etches silicon at high velocity, whereas oxygen preferentially etches organic compounds such 

as many photoresists. Selectivity is usually more pronounced for a chemically dominated etch 

than for a mechanically dominated etch, meaning there is often a trade-off between 

anisotropy and selectivity, though some etching processes can achieve both, depending on the 

materials that are to be etched. 

In our samples, the surface relief of the photoresist is exactly the binary profile that we wish 

to reproduce in the surface of the silicon wafer. A close reproduction can be achieved by an 

etching process that is very anisotropic but non-selective. Both SF6 and O2 are used as etchant 

gasses and a high power radio frequency excitation is used. The resulting etch is vertical and 

the etching velocity is the same in the photoresist and the silicon; thus, the profile of the 

surface relief is maintained throughout the etch. The depth of the final diffraction grating in 

the c-Si wafer can be controlled by the etching time. However, an upper bound is set by the 

depth of the nanoimprinted pattern in the photoresist. This underlines the importance of not 

losing too much depth in the stamp-fabrication and imprinting steps. 

After etching the silicon, any residual photoresist must be removed from the surface. This is 

done by RIE etching with O2 as the etchant gas, which selectively removes the photoresist 

without further etching the silicon. 

Figure 5.6 shows the line (left) and crossed (right) gratings etched into silicon wafers after 

resist removal. It can be seen that, in both cases, the binary profile and close to 50% duty 

cycle has been well reproduced. Some residual photoresist is visible on the crossed grating, 

showing that the resist removal has not been completely effective. Figure 5.7 shows a 

photograph of a line grating nanoimprinted onto a 4 inch wafer. 
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Figure 5.6. Line (left) and crossed (right) gratings etched into silicon wafers. 

 

 

Figure 5.7. Photograph of a line grating nanoimprinted onto a 4 inch wafer. 

5.2.6. Deposition of the dielectric buffer layer and the rear reflector 

The silicon wafer must now be equipped with a low-loss reflector for effective light trapping. 

As has been mentioned in the previous chapter, an aluminium layer with a DBL between the 

aluminium and the silicon forms a good reflector at near-infrared wavelengths [Glunz'07]. 

Such reflectors are typically applied to the rear of c-Si solar cells even in the absence of a rear 

surface texturisation, since the presence of a reflector leads to a path length enhancement for 

weakly absorbed photons. In the context of our grating samples, the DBL must be deposited 

onto the textured surface of the silicon wafer. The aluminium is then coated on the DBL by 

evaporation. 
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A dielectric coated metal mirror is by no means perfect and will still absorb some of the 

photons incident on it. This absorption is parasitic and detracts from the useful absorption in 

the silicon. Previous numerical results have shown that the presence of a rear-side grating 

causes an increase in the photon absorption in the rear reflector[Peters'12]. This occurs due to 

three factors. Firstly, weakly absorbed photons undergo multiple passes of the solar cell and 

therefore make multiple interactions with the reflector; this is unavoidable. Secondly, the 

grating excites evanescent orders that can be coupled into the aluminium and absorbed; this 

effect can be minimised if the DBL more than 100nm thick. Thirdly, if surface the metal 

reflector is itself modulated due to the presence of the grating, surface plasmons can be 

generated, which are strongly absorbed in the metal[Springer'04]; according to the 

computational results in Ref. [Peters'12], this can be minimised if the surface of the metal 

reflector is made to be planar. The surface profile of the Al reflector is determined by the 

surface profile of the underlying DBL. We therefore investigated two DBL deposition 

processes. 

The first DBL deposition process was plasma enhanced chemical vapour deposition 

(PECVD). In this vapour phase process, a layer of SiO2 is deposited conformally with the 

surface texture, causing the subsequently deposited Al reflector to be conformal with the 

grating. The second technique was deposition of a dispersion of colloidal silica nanoparticles 

onto the textured surface by spin coating, which later dried in air. This liquid phase process 

leaves a layer with a planar surface even when the underlying substrate is textured. 

The PECVD process was performed at the FhG-ISE using their standard process conditions. 

The spin-coating process was developed and optimised as part of this PhD project. First 

attempts suffered from cracking of the silica layer (Figure 5.8 (a)), incomplete coverage of 

the textured area (Figure 5.8 (b)) and inhomogeneity of the layer thickness across the wafer 

(Figure 5.8 (c) and (d)). Cracking was solved by mixing the dispersion of colloidal silica 

nanoparticles with Labosol. Incomplete coverage was solved by applying the mixture in 

excess before spin-coating. Better homogeneity was achieved by heavily diluting the 

dispersion and spinning at a low velocity for a long time. This causes the solution to dry 

slowly, allowing it to homogenize before drying. Figure 5.9 shows a silica layer on a textured 

photoresist-on-glass substrate deposited using the optimized spin-coating process. It can be 

seen that the surface of the layer is very planar. 
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Figure 5.8. Photoresist-on-glass line gratings that have been coated with silica by spin-coating. 

The different images show the different problems encountered when optimising the process. 

(a): cracking of the silica layer. (b): incomplete coverage of the textured area (dull areas have 

been coated, iridescent areas have not). (c) and (d): inhomogeneity of the layer thickness across 

the wafer (these images are taken at different points on the same sample. 
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Figure 5.9. SEM micrograph of the cross section of a photoresist-on-glass line grating that has 

been coated with silica using the optimized spin coating process. The silica surface is  very 

planar and free of cracks. 

The rear of solar cell precursors with linear diffraction gratings employing the PECVD DBL 

and spin-coated DBL are shown in Figure 5.10 (i) and (ii) respectively. The PECVD 

technique clearly produces a reflector that is conformal with the diffraction grating. The spin-

coating technique has not produced a perfectly planar reflector, as had been expected, but a 

slightly modulated one. This is despite the silicon oxide surface being planar before Al 

deposition. We attribute this to thermally induced densification of the nanoporous silicon 

oxide layer during the aluminium evaporation process, during which surface temperatures in 

the range of 200°C can be expected. Nonetheless, the Al surface is clearly more planar for the 

spin-coating method than for the PECVD method. The effect of imperfect reflector 

planarization on the parasitic absorption is investigated in Section 5.3.2. 
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Figure 5.10. SEM micrographs of the cross section of the rear side of two solar cell precursors 

with linear grating textures. (i) DBL deposited by PECVD. (ii) DBL deposited by spin-coating. 

5.2.7. Electrical insulation of the textured surface from the electrically active part of 

the solar cell 

Texturing of the rear surface of the silicon wafer by RIE can lead to a significant increase in 

the surface recombination velocity. If not properly controlled, the resulting negative effect on 

the electrical quality of a c-Si solar cell could outweigh the enhanced optical absorption, 

leading to an overall decrease in efficiency[Zaidi'01]. It is therefore important that the 

influence of the RIE on the recombination in the device be minimised for a diffraction grating 

to be practically implemented into a c-Si solar cell. 

Texturing of a semiconductor surface by any means will fundamentally lead to a minor 

increase in the surface recombination velocity due to the increased surface area of a textured 

surface. In the case of our grating profiles, this increase is by less than a factor of two. 

However, much more drastic increases can be expected from the degradation of material 

quality induced by the RIE process. The mechanical sputtering creates defects in the surface 
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of the material. This is particularly problematic for highly anisotropic etches, as have been 

employed for the processing of our samples. UV radiation emitted from the plasma also 

creates crystal defects. What’s more, the high energy ions in the plasma can sputter the 

reactor wall or sample holder, ejecting metals such as Fe, Ni, Cr, Al or others. These become 

part of the plasma and can be introduced into the c-Si surface as impurities, thus inducing 

increased Shockley-Read-Hall recombination. 

A novel rear side structure to mitigate the negative effects that RIE induced surface damage 

has on the solar cell performance was proposed by Hauser[Hauser'12b], and developed within 

this work. The rear side of an un-textured c-Si wafer is passivated by growing a thin Al2O3 

layer by atomic layer deposition. An amorphous silicon (a-Si) layer is deposited on the Al2O3 

layer by PECVD. The a-Si layer is then textured as described in Sections 5.2.4 and 5.2.5. 

This produces a diffraction grating texture that is optically active but electrically insulated 

from the electrically active part of the cell. A diagram of the resulting structure is shown in 

Figure 5.11. The Al2O3 layer must be as thin as possible (<10nm) to avoid any adverse 

optical effects such as reflection; only a few nm are required to achieve good passivation. The 

thickness of the a-Si layer needs to be carefully chosen. The layer must be thick enough to 

accommodate the depth of the diffraction grating, and to protect the active c-Si from damage 

and contamination caused by the RIE process. However, the a-Si layer must also be thin 

enough so laser fired contacts can be correctly installed; the laser firing must be able to 

penetrate the a-Si layer and reach electrically active c-Si wafer. We chose an a-Si thickness of 

300nm for experiments in which the depth of the diffraction grating texture was 200 nm. 

 

Figure 5.11. Diagram of the structure for electrical insulation of the diffraction grating texture 

from the electrically active part of the solar cell. 

The passivation quality of this layer stack was tested before and after the texturing steps by 

minority carrier lifetime measurements. 10 nm layers of Al2O3 were deposited on both sides 

of 250 µm thick  -type float zone (FZ) 1 Ωcm silicon wafers. 300nm a-Si layers were then 

deposited on both sides by PECVD, followed by a forming gas anneal. Lifetimes of all 

samples were then measured by quasi-steady-state photoconductance (QssPC). The 21 

samples where then split into groups and subject to different steps of the texturing process 

chain. The lifetime in each sample was measured again after the respective process steps. The 

process chain for each group of samples is shown in Figure 5.12. The process steps were 

performed by me, the lifetime measurements were taken by Jan Benick, and the experiment 

was devised by Hubert Hauser. 
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Figure 5.12. Process chain undergone by each group of samples. 

The lifetimes in each group of samples before and after the respective process steps are 

shown in Figure 5.13. Each bar represents the mean of 6 measurements; each sample is 

measured with the processed surface face up as well as face down, and there are three wafers 

in each group. The horizontal line and shaded area show the mean and standard deviation of 

the as-deposited lifetimes across all samples. It can be seen that any change in the lifetimes of 

the samples is lower than the standard deviation of the lifetimes of the as-deposited samples. 

We can therefore conclude that, by employing the layer stack structure, rear side diffraction 

gratings can be incorporated without significantly deteriorating the electrical quality of the 

solar cell. 
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Figure 5.13. Lifetimes of each group of samples measured by QssPC at an injection density of 

10
15

 cm
-3

. The process steps to which each group are subject is shown on the x axis. Black and 

red bars show the measured values before and after the respective process steps. Each sample is 

measured with the processed surface face up as well as face down, and there are three wafers in 

each group. Each bar therefore represents the mean of six measurements. 

5.3.  Optical characterisation of grating equipped solar cell precursors 

In the previous section, we saw how c-Si wafers can be textured with rear side gratings using 

NIL, and that by employing passivating layer structure, these can be incorporated without 

electrical degradation of what would be the electrically active part of a c-Si solar cell. Here, 

we focus on the purely optical properties of c-Si wafers with rear side diffraction grating 

textures. 

Solar cell precursors employing rear side diffraction grating structures were fabricated for 

optical characterisation. These were realised on c-Si wafers coated with a 63 nm thick SiN 

anti-reflection coating (ARC) on the front side. Although this work is ultimately aimed at 

application to wafers with thicknesses around 40 µm, we have used 200 µm thick 

monocrystalline silicon wafers in this study, due to availability and ease of handling. 

The solar cell precursors were textured with line and crossed gratings by the process chain 

outlined in Section 5.2 (specifically steps 1-4 of the list in Sub-section 5.2.1). DBLs and rear 

reflectors were deposited (steps 5 and 6). The type of DBL deposition used (Sub-section 

5.2.6) is specified for each sample. The resulting solar cell precursors were intended to be 
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optically identical to solar cells employing the grating structures. The passivating layer 

structure outlined in Sub-section 5.2.7 was not-employed in the solar cell precursors, since 

this structure had not yet been developed at this point of the project. However, we believe the 

effect of the passivating layer structure on the optical properties to be minimal. 

The wavelength dependent absorption of all solar cell precursors described in this section was 

measured by reflection spectroscopy using a Fourier transform spectrometer and an 

integrating sphere. The absorption was calculated by Absorption = 1 – Reflection, under the 

assumption that there is zero transmission through the 2 µm thick Al reflector. 

In Sub-section 5.3.1, the effect of the grating depth on the overall absorption is investigated. 

In Sub-section 5.3.2, we investigate the parasitic absorption in the rear reflector. This is done 

by a combination of optical characterisation of fabricated samples and simulation of the same 

samples using the technique developed in Chapter 2. Particularly, the effect of reflector 

planarization on the parasitic reflector absorption and on the useful silicon absorption is 

investigated by comparing the two DBL deposition methods described in Sub-section 5.2.6. 

5.3.1. Experimental optimisation of the grating depths 

In this experiment, solar cell precursors were fabricated with line and crossed gratings with 

different depths to see how the grating depth effects the absorption enhancement. The grating 

depth was controlled by the etching time in the RIE process. Preliminary etch tests were 

made to determine the etch rates for c-Si wafers with nanoimprinted photoresist masks. The 

samples were then etched with the intention of realising gratings with a 150 -300 nm depth 

range. Due to the non-selectivity of the RIE etching process developed in this work, the upper 

limit of 300 nm is set by the structure depth of the nanoimprinted photoresist mask, as 

described in Section 5.2.5. For all samples, the SiOx DBL was deposited by PECVD, since 

the spin-coating technique had not yet been developed by this stage of the project. 

Table 5.1 shows the sample names, grating types, etching times, desired depths and measured 

depths of the samples processed for this experiment. The depths were measured using a SEM. 

It can be seen that the etching velocities deduced from the initial experiments have 

overestimated the depths of the line gratings and underestimated the depths of the crossed 

gratings. The discrepancy between the etching velocities of line and crossed gratings was not 

anticipated when doing the preliminary experiment, since both gratings have the same duty 

cycle. In posterior experiments, the etching velocities have been recalibrated based on the 

information in Table 5.1. 
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Table 5.1. Solar cell precursor samples processed for the grating depth optimisation. 

Sample Grating type Etching Time Desired depth Measured depth 

    /mm:ss /nm /nm 

W1 Planar reference n/a n/a n/a 

W6 line 00:36 150 100 

W7 line 00:48 200 180 

W8 line 00:60 250 230 

W9 line 00:72 300 260 

W10 crossed 00:36 150 185 

W11 crossed 00:48 200 240 

W12 crossed 00:60 250 300 

W13 crossed 00:72 300 320 

 

Reflection spectroscopy measurements were taken of the solar cell precursors. The absolute 

absorption enhancement relative to the planar reference is shown for each sample in Figure 

5.14. It can be observed that, in all samples, the presence of the diffraction grating texture 

leads to a significant absorption enhancement for wavelengths above 1.0 μm where the c-Si 

absorption length is greater than the wafer thickness. It can also be observed that the bi-

periodic crossed gratings consistently provide better absorption enhancements than the uni-

periodic line gratings. This is in agreement with the theoretical predictions in Chapter 3. 
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Figure 5.14. The absolute absorption enhancement with respect to the planar reference for all 

samples shown in Table 5.1. Results are obtained from reflectance spectroscopy measurements. 

The vertical dashed line shows the silicon band edge. c-Si is transparent above this 

wavelength. Any absorption enhancement to the right of the line must therefore be due to 

increased absorption in the Al reflector. It is clear from the figure that the presence of the 

grating leads to a marked increase in the reflector absorption, as was discussed in Section 

5.2.6. To the left of the line, both the c-Si and the Al are absorbing, it is therefore impossible 

to tell from the optical measurement how much of the measured absorption occurs in each 

material. In Sub-section 5.3.2, we try to separate the useful absorption in the silicon from the 

parasitic absorption in the aluminium by correlating experimental and simulation results. For 

now, we make the simplifying assumption that all absorption enhancement for wavelengths 

below the band edge corresponds to useful absorption enhancement in the silicon. This is 

grossly optimistic, as we shall see, but it is the only metric we have to compare the different 

grating depths. 

Under this assumption, the absorbed photocurrent density under the AM1.5D solar spectrum 

has been calculated from the measured absorption in each sample by the equation 

    absdqJ eph  

μm2.1

0

AM1.5D

 

(5.1) 

This is an estimate of the number of charge carriers that are photogenerated per cm
2
 of silicon 

wafer per second, neglecting recombination. It sets an upper limit to the Jsc that would be 

expected if the solar cell precursors were solar cells. 
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Figure 5.15 shows the absolute Jph enhancement (ΔJph) estimated for each solar cell 

precursor, calculated relative to the Jph of the reference. Within the range studied, the 

optimum depths are 230 nm for the line grating and 180 nm for the crossed grating. These 

depths will be used in the remaining experiments in this chapter. 

 

Figure 5.15. Absolute Jph enhancement (ΔJph) estimated for each solar cell precursor as a 

function of the grating depth. The enhancement is calculated relative to the Jph of the reference. 

It is tempting to correlate these results with the computational depth optimisation for a 

hexagonal grating presented in Figure 4.10 of Section 4.3.2 (page 91). Indeed, there is a peak 

in Figure 4.10 around 230 nm, which coincides with the measured optimum for the line 

grating. However, there are many differences between fabricated gratings and the gratings 

studied theoretically in Chapter 4. Firstly, the lattice geometry and profile of the c-Si/ SiOx 

interface are different. Secondly, and perhaps more importantly, the theoretical structures 

studied in Chapter 4 assume a perfectly planar SiOx /Al interface, whereas the SiOx /Al 

interface of the fabricated structures is strongly modulated, as can be seen in Figure 5.10. I 

would expect this to have significant effects on the optimum grating depth, since Fabry-Perot 

interference effects are dependent on both the c-Si/ SiOx and SiOx /Al interfaces. It would 

have been interesting to repeat the computational depth optimisation taking into account the 

modulated SiOx/Al interface seen in SEM images. Unfortunately, this has not been done. 

5.3.2. Investigation of the parasitic reflector absorption 

In the previous sub-section, it was seen that the presence of the diffraction grating leads to an 

increase of the reflector absorption. In the context of a solar cell, the reflector absorption can 

be considered parasitic, since photons absorbed in this way cannot be absorbed in the silicon 
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wafer and produce useful photocurrent. In this sub-section, the reflector absorption is studied 

further. In particular, we investigate the effect of reflector planarization by optical 

characterisation of solar cell precursors employing the two different DBL deposition methods 

described in Sub-section 5.2.6. 

As mentioned in the previous sub-section, it is impossible to discern the silicon absorption 

from the aluminium absorption from reflection measurements alone. In this sub-section, 

simulations are made of the fabricated samples using the simulation technique developed in 

Chapter 2. This allows an estimate to be made of how many photons are absorbed in the 

silicon and in the aluminium. The simulation results must be viewed as complementary to the 

experimental results, and it is only the good agreement between the measured and simulated 

overall absorption that gives us confidence in forming conclusions based on the simulations. 

Of course the proof of the pudding will come when solar cells incorporating the grating 

structures are fabricated and quantum efficiency measurements are made. Unfortunately, this 

has not been done in this work. However, we feel that the simulation results will help to 

understand the electrical characterisations if and when they are made, particularly since the 

electrical results may be subject to other effects, such as increased recombination, that may 

be difficult to discern from parasitic reflector absorption. 

5.3.2.1. Samples used in this study 

As examples of solar cell precursors in which the DBL was deposited by PECVD, we took 

samples W8 and W10 from the previous study, which were found to give the most absorption 

enhancement. These are relabelled A and B in this study. A further solar cell precursor was 

fabricated with a line grating following the same etching recipe as W8, and the DBL was 

deposited using the spin coating technique. This is labelled sample C. A summary of the 

samples investigated in the present study is given in Table 5.2. The reference (ref) used in 

this study is the same reference used in the previous study. The rear sides of samples B and C 

are those pictured in Figure 5.10 (i) and (ii) respectively (page 115), the images are repeated 

in Figure 5.16 for ease of reference. 

Table 5.2. Grating type and DBL deposition technique for each sample. 

Sample 

name 

Grating 

type 

DBL 

deposition 

technique 

ref no grating PECVD 

A crossed PECVD 

B linear PECVD 

C linear Spin-coating 
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Figure 5.16. SEM micrographs of the cross section of the rear side of two solar cell precursors 

with linear grating textures. (i) DBL deposited by PECVD (Sample B in this study). (ii) DBL 

deposited by spin-coating (Sample C in this study). 

5.3.2.2. The simulated profiles 

The solar cell precursors listed in Table 5.1 where simulated using the technique developed in 

Chapter 2. The complex refractive indices for the c-Si wafer, the SiN ARC, the silica DBL 

and the Al reflector were taken from Palik[Palik'97]. The thickness of the c-Si wafer (200 

μm) was specified by the manufacturer, and the thickness of the SiN ARC was deduced by 

fitting to reflectance measurements using the TMM method described in Section 2.5.3. The 

PECVD deposited DBL is SiO2. The spin-coated DBL is SiOx, where it is expected that 1 < x 

< 2. What’s more, the spin-coated DBL is expected to be porous, which could affect the 

refractive index. To test this, reflection measurements were taken of a spin-coated silica layer 

on glass. The thickness was measured using a SEM allowing the refractive index to be 

deduced from a fit to the reflection spectra, again using TMM. It was found that the spin-

coated silica layer had a refractive index similar to SiO2, and so the refractive index for SiO2 

taken from the Palik data was used for the DBL for both deposition methods. 
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The grating profiles for A, B and C have been deduced from SEM images of the respective 

samples. The simulated geometries are shown in Figure 5.17. The slightly modulated 

reflector of sample C (see Figure 5.16 (ii)) has been included in the simulated structure 

(Figure 5.17 (C)). To investigate the effect of this slight modulation, and to predict what can 

be achieved if the reflector were further planarized, an additional geometry has been 

simulated, which is identical to sample C, but has a perfectly planar reflector. This is labelled 

sample D, and is shown in Figure 5.17 (D). It is stressed that sample D is purely theoretical 

and does not represent a structure that has actually been fabricated in this work. 

 

Figure 5.17. The simulated geometry for each grating structure. Each image is labelled with the 

corresponding sample name. In A, the transparent layer between the Si and the Al represents 

the DBL. 

5.3.2.3. Results and Discussion 

The absorption is shown for each sample in Figure 5.18. The red circles show the measured 

total absorption and the black curves show the simulated total absorption. Only the 

wavelength range for which an appreciable number of photons reach the gratings has been 

plotted. Good agreement is observed between the measured and simulated total absorption. 

This gives confidence in the simulations as a tool for quantitative analysis. 
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Figure 5.18. Absorption spectra for the solar cell precursors employing the grating structures. 

The structure name is shown in the top left of each graph. Red circles show the measured total 

absorption, black curves show the simulated total absorption, green curves show the simulated 

silicon absorption, and blue curves show the simulated aluminium absorption. The calculated 

jph,Si and jph,Al for each structure is shown in the inset of each graph. 

The simulated absorption has been decomposed into the useful Si Absorption and the 

parasitic Al absorption; these are respectively the green and blue curves in Figure 5.18. To 

summarize this data, the following absorbed photocurrent densities have been calculated and 

are given for each sample in the insets of the figure. 
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where ΦAm1.5G is photon flux of the Am1.5G spectrum, qe is the elementary charge, and  absSi 

and absAl are respectively the absorption in the Si and Al. The jph,Si is the useful absorbed 

photocurrent density and represents the upper limit for the jsc, which would be achieved if all 

photo-generated carriers were to reach the external contacts. The jph,Al is simply the number of 

photons that are absorbed in the aluminium expressed as a current density for ease of 

comparison. Only photons with energy above the c-Si band edge are included in the latter 

calculation. 
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Both the measured and simulated results show that the diffraction gratings provide significant 

absorption enhancements in the wavelength range of interest, compared to the reference. 

Samples A and B respectively have crossed and linear gratings; however, they are otherwise 

equivalent in that the gratings are binary with a deep binary modulation in the reflector. 

Sample A has a higher jph,Si  than sample B; this supports previous theoretical predictions that 

bi-periodic gratings are better for light trapping than uni-periodic gratings[Mellor'11b, 

Yu'10]. However, Sample A also has a higher jph,Al than sample B; this suggests that the 

advantage of a bi-periodic grating is somewhat mitigated by an increased parasitic 

absorption. This could be because, for the bi-periodic grating, a greater number of orders are 

excited in the DBL and because photons with both TE and TM polarizations are more 

effectively coupled into the reflector. 

Comparing sample C with sample B, the simulations suggest that the reflector planarization 

achieved using the spin-coating DBL deposition method does indeed cause a reduction in the 

parasitic absorption and consequently an increase in the useful silicon absorption. The results 

for sample D suggest that this could be improved if the novel deposition process were 

developed further to achieve a perfectly planar reflector. 

To increase confidence in the simulated results, the polarization dependent reflection 

spectrum has been measured and simulated for sample B. This is shown in Figure 5.19. Good 

agreement is achieved between the measured and simulated reflection spectra. Particularly, 

both measurement and simulation show that TE absorption is stronger than TM absorption 

for λ < 1.1 µm, where the Si absorption is dominant; whereas TM absorption is stronger than 

TE absorption for λ > 1.1 µm, where the Al absorption is dominant. This suggests that the 

simulation technique is calculating both the Si and Al absorption accurately. It should be 

mentioned that the spectrometry measurement was taken with an incident-beam angle of 8°, 

whereas the simulation assumed normal incidence. 
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Figure 5.19. The measured and simulated polarization dependent reflection spectrum for 

Sample B. TE refers to transverse electric and TM to transverse magnetic polarization. 

5.4. Prediction of electrical characteristics 

5.4.1. Electrical simulation technique 

To estimate the efficiency enhancements that would be achieved if the fabricated solar cell 

precursors were further processed into solar cells, optically simulated depth dependent 

photogeneration profiles were used as input parameters for PC1D simulations [Clugston'97]. 

For each grating structure, the depth dependent current generation in the cell is calculated 

using the simulation technique described in the previous section.  

Relevant cell parameters for the solar cell simulations were: p-type 1 Ωcm material with a 

bulk minority carrier lifetime of 1 ms; a Gaussian shaped 120 Ω/□ emitter with a peak doping 

density of 1x10
19

 cm
-
³ and a junction depth of 1 µm; an effective front surface recombination 

velocity of 1000 cm/s. Shading losses due to front side metallisation were not considered 

within this work. 

It has been assumed that the impact of the grating on the electrical parameters can be 

described by adjusting the effective rear surface recombination velocity (Sback). Typically, 

texturing of the silicon wafer leads to increased Sback due to surface enlargement and plasma 

damage. Recently, a solar cell structure was presented in which the diffraction grating is 

electrically insulated from the electrically active region[Hauser'12b]. This was achieved by 

depositing a thin layer of Al2O3 on the un-textured rear side of the Si wafer by atomic layer 

deposition, followed by an amorphous silicon (a-Si) layer. The a-Si layer was then textured 

using the same NIL process used in this work, producing a diffraction grating that is 
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electrically isolated from the solar cell. Lifetime measurements showed the recombination 

velocity of the passivated rear surface (Spass) to be as low as 11cm/s after texturing, as 

opposed to 8 cm/s before. 

We assume the rear of the solar cell to be metalised via laser-fired-contacts 

(LFC,[Schneiderlöchner'02]). We therefore calculate an effective rear surface recombination 

velocity, Sback , based on the assumptions and optimisations described in [Rüdiger'12]. The 

most important assumptions are a contact pitch of 800 µm (optimised for 1 Ωcm material and 

200 µm wafer thickness) and a contact radius of 45 µm leading to a metallised fractional area 

of 1 %. The surface recombination velocity for the metallised areas was determined to be 

11.3x10
3
 cm/s, also according to Ref. [Rüdiger'12], and the remaining area was taken to have 

a surface recombination velocity of Spass. Based on the results in Section 5.2.7,  Spass is taken 

to be 11cm/s for the textured cells and 8 cm/s for the reference cell. These values were then 

used as input for the equation introduced in [Fischer'03] to calculate an effective Sback . The 

resulting values for the effective Sback were 61 cm/s and 64 cm/s for 200 µm thick wafers with 

the planar and the textured rear respectively. For 40 µm thick wafers, the same model was 

applied, leading to corresponding values of 69 cm/s and 72 cm/s. 

5.4.2. Simulated IV characteristics and efficiencies 

The predicted IV characteristics for 200 µm thick and 40 µm thick solar cells are presented in 

Table 5.3 and Table 5.4 respectively. In each case, the absorption profile has been calculated 

as described in Section 3.1 and the IV characteristics have been calculated as described in 

Section 3.2. The absolute efficiency enhancement refers to the difference between each 

grating-equipped cell and the reference. Results are not presented for sample D, since it is 

based on a structure that has not been fabricated in this work. The efficiencies have to be seen 

as upper limit for the given jsc and Voc values, since ideal cell parameters for series and 

parallel resistances were assumed, leading to an ideal fill factor of around 84 %. Structure A 

— the crossed grating — gives the highest efficiency enhancement for both cell thicknesses. 

Furthermore, it can be seen that the absolute gain in efficiency is more pronounced for the 40 

µm thick cells; a maximum gain of 1.6 % absolute can be achieved under the given 

assumptions. What’s more, the high values for Voc for all samples indicate that the 

introduction of a rear side grating is not necessarily related to degraded electrical 

characteristics. 
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Table 5.3. Predicted IV characteristics of 200 µm thick c-Si solar cells employing the each 

grating structure. 

Structure 

name 

jsc 

(mAcm
-2

) 

Voc 

(mV) 

η 

(%) 

Δη 

(%) 

ref 36.5 685.8 21.1  

A 38.0 686.1 22.0 0.9 

B 37.3 685.7 21.6 0.5 

C 37.8 685.9 21.9 0.8 

jsc: short circuit current density, Voc: open circuit voltage, η: efficiency, Δη: absolute efficiency 

enhancement compared to planar reference. 

 

Table 5.4. Predicted IV characteristics of 40 µm thick c-Si solar cells employing the each 

grating structure. 

Structure 

name 

jsc 

(mAcm
-2

) 

Voc 

(mV) 

η 

(%) 

Δη 

(%) 

ref 33.7 686.2 19.5  

A 36.4 687.2 21.1 1.6 

B 35.0 686.4 20.3 0.8 

C 35.9 686.9 20.8 1.3 

Symbols as defined in Table 5.3 

5.5. Conclusions 

Monocrystalline silicon (c-Si) wafers have been textured with diffraction gratings using NIL 

with interference lithography as the mastering technology. Both linear and crossed gratings 

have been produced with binary profiles, close to 50% duty cycles, 1 µm periods and depths 

of a few hundred nanometers. Dielectric buffer layers and rear reflectors have been deposited 

on the textured surface, comprising an effective rear-side light trapping structure for solar 

cells. Two deposition techniques have been employed to apply a dielectric buffer layer 

between grating and reflector: a conventional PECVD method and a method consisting in 

spin-coating of a dispersion of colloidal SiO2 nano-particles. The former causes the 

subsequently deposited reflector to be conformal with the grating texture and the latter causes 

it to be planar. 
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Solar cell precursors employing the grating structures have been fabricated and the absorption 

has been measured by reflection spectroscopy. Optical simulations of the fabricated structures 

have also been performed, allowing the total absorption to be decomposed into useful 

absorption in the silicon and parasitic absorption in the rear reflector. Excellent agreement is 

observed between the measured and simulated absorption spectra. Significant absorption 

enhancements are observed for the grating structures compared to the planar reference. The 

crossed grating is shown to provide better absorption enhancement than the equivalent linear 

grating. The grating with a planarized reflector is shown to cause a lower parasitic absorption 

and higher useful absorption than the grating with the conformal reflector. 

The efficiency potential of the fabricated solar cell precursors has been estimated using a 

PC1D simulation. The depth dependent photogeneration determined using the optical 

simulations of the fabricated grating geometries were used as input parameters. Measured 

values for the passivated rear surface recombination velocity were used to estimate the 

effective rear surface recombination velocity of a locally contacted cell. As a result of these 

simulations, it can be concluded that the introduction of such a photonic structure on the 

wafer rear can be achieved and still excellent values for the open circuit voltage can be 

expected. The gain in the short circuit current density for the crossed gratings leads to 

efficiency enhancements of up to 0.9 % and 1.6 % absolute for 200 µm and 40 µm thick 

wafers with planar front respectively. These are significantly lower than the values predicted 

in Chapter 4, largely due to the parasitic absorption in the rear reflector, which remains 

significant. Options for improving these values include further planarization of the rear 

reflector, or replacement of the metallic reflector with a distributed Bragg reflector, as 

described in Ref. [Zeng'08]. 
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Chapter 6. Quantum calculations of optical 

subbandgap transitions in QD-IBSCs 

6.1. Introduction 

So far in this thesis, we have investigated optical confinement using diffraction gratings as a 

means of increasing absorption in QD-IBSCs (as well as in c-Si solar cells). In this chapter, 

we look at the process of photon absorption in the QDs. The electron bound-state energy 

levels that constitute the IB are calculated, along with the probabilities of photon absorption 

in the different subbandgap transitions between them. We also investigate how the QD 

dimensions affect these quantities. 

Knowledge of the IB energy levels and of the probability of optical transitions between them 

is important for many reasons. Firstly, it gives us a better understanding of the electro-optical 

behaviour of our current QD-IBSCs. In Chapter 1, we discussed how present QD-IBSCs 

suffer from extremely weak subbandgap current and degradation of the Voc compared to a 

suitable reference, the latter process being attributed in part to thermal escape of electrons 

from the IB energy levels to the CB. By the end of this and the next chapter, these 

phenomena will be better understood. Secondly, it allows us to make predictions about how 

such quantities will change if certain QD parameters, such as the QD dimensions, are 

changed. Thirdly, it allows us to predict the effect of applying light trapping schemes such as 

rear side diffraction gratings to QD-IBSCs. By knowing the strengths of the various 

transitions, we can optimise the grating dimensions to enhance absorption where it is most 

needed, and we can predict how much of a gain in subbandgap photocurrent can be 

reasonably expected. This is covered in Chapter 8. 

During the analysis, it shall be seen that the measurable absorption coefficient for a given 

electrical transition depends on the so-called optical matrix element and on the electron 

occupations of the two quantum states involved in the transition. It is useful to think of the 

optical matrix element as a static parameter and of the electron occupations as dynamic 

variables. The optical matrix element depends on the QD dimensions, the composite 

materials, and the photon energy. It can be thought of as the raw ability of a transition to 

absorb a photon, which does not depend on the overall state of the system as a whole (this is 

not strictly true, since the potential felt by a given electron depends on the other electrons in 

the system; however, this is ignored in this work). The electron occupations of the different 

energy levels vary dynamically with the generation and recombination currents of all 
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transitions in the QD system. Hence, they are dependent on the incident spectrum, bias 

voltage, and temperature. Any light trapping employed can also affect the occupations in a 

non-trivial way. In this chapter, we shall mostly be concerned with the optical matrix 

elements of the different transitions. We shall assume reasonable electron occupations in 

order to express these matrix elements as more familiar absorption coefficients. Calculation 

of the actual electron occupations under different conditions shall be dealt with in Chapter 7. 

We choose to make numerical calculations of the optical matrix elements for two reasons. 

Firstly, the probability of photon absorption by the many individual transitions is not easily 

measured experimentally. The transitions are extremely weak. Hence, the signal to noise ratio 

in transmission and reflection spectroscopy measurements is low, making precise 

measurement of the absorption coefficients unreliable. What’s more, some subbandgap 

transitions overlap in energy. From an optical measurement, it is not possible to discern how 

much of the measured absorption pertains to each competing transition. Historically, it has 

been more common to infer absorption coefficients from quantum efficiency measurements 

as opposed to spectroscopy. In this case, the measured signal represents the contribution of 

many transitions operating in series and in parallel, some of which are optical and some non-

optical (such as phonon absorption). Such measurements cannot, therefore, give detailed 

information about photon absorption in individual transitions. Indeed, without some prior 

study of the energy levels, it is impossible to even say what transitions exists.  Secondly, the 

probability of photon absorption by a given transition depends on the electron occupations of 

the participating quantum states. Since the electron occupations of all levels and the transition 

currents between them are mutually dependent, we would expect a complex non-linearity, in 

which the absorption coefficient at a certain photon energy depends on the spectral light 

intensity at that energy and also at other photon energies. Clearly it is not possible to 

understand such behaviour without building up a theoretical picture. Thirdly, a semi-

empirical semi-first-principles model allows us to theoretically predict the effect of changing 

the QD dimensions, and hence make recommendations for future QD-IBSC prototypes. 

Of course for us to have any faith in the accuracy of our numerical calculations, they must be 

compared to experimental data. In Chapter 7, the optical matrix elements calculated in this 

chapter are combined with the detailed balance model developed in that chapter, and used to 

calculate the IQE of an experimental QD-IBSC sample and its temperature dependence. The 

accuracy of the calculations is inferred from the degree of agreement between the measured 

and calculated data. 

This chapter is organised as follows. In Section 6.2, the exemplary QD-IBSC studied in this 

work is described. In Section 6.3, the mathematical model used to calculate the energy levels 

and transition probabilities is explained. This model was mainly developed by Professor 

Luque[Luque'10b, Luque'11b, Luque'12b, Luque'13b, Luque'13c, Luque'13d], with some 

assistance from me. In Section 6.4, the model is used to calculate the energy levels and 

transition probabilities for the exemplary QD-IBSC. The effect of changing the QD 

dimensions on these quantities is investigated, and the results are discussed in the context of 

QD-IBSC performance. This section is my main contribution to the work presented in this 
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chapter, and combines the work published in our two journal articles on the 

subject[Mellor'12, Mellor'13b]. In Section 6.5, conclusions are drawn. 

6.2. The exemplary QD system 

The exemplary QD-IBSC examined in this and the following chapter is the experimental  

sample labelled SB in Ref. [Antolín'10b] and S3 in Ref. [Antolín'10c] (though the labelling 

changes in the different references, the sample is the same). This sample was grown at the 

University of Glasgow, and is in many ways typical of the QD-IBSCs being investigated by 

our institute and other groups in recent years[Blokhin'09, Hubbard'08, Luque'04, Oshima'08, 

Popescu'08]. 

The exemplary QD-IBSC consists of an In(Ga)As/GaAs QD layer stack grown on a GaAs 

wafer substrate by molecular beam epitaxy (MBE), the QDs being formed in the Stranski-

Krastanov (SK) growth mode. The GaAs wafer is n doped and the QD layer is capped with a 

p type GaAs emitter, forming a p-i-n structure in which the QD stack forms the intrinsic 

region. A schematic of the structure of the exemplary QD-IBSC is shown in Figure 6.1.  

 

Figure 6.1. Schematic of the structure of the exemplary QD-IBSC studied in this thesis. Figure 

reproduced from the PhD thesis of Elisa Antolín[Antolín'10a]. 
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The QD stack consists of 30 layers with a layer spacing of around 80 nm, leading to an 

overall thickness of W=2.4 um. Each layer has a QD surface density of 4 x 10
10

 cm
-2

. The QD 

layers are δ-doped with Si, which acts as a donor in GaAs, at a concentration that provides 

around one donor atom per quantum dot. This is to achieve a half filling of the QD ground 

state level with electrons (in our model, the ground state is doubly degenerate with spin-up 

and spin-down states). 

As is common for SK growth, the QDs have the shape of truncated quadrangular 

pyramids[Bimberg'99]. In this work, these are modelled as square based parallelepipeds of 

dimensions ax × ay × az nm
3
, where the x and y dimensions are in the growth plane of the QDs 

and the z dimension is in the growth direction. It has been deduced from TEM measurements 

that the QD dimensions are around 16 x 16 x 6 nm
3
. Approximating the QD as a 

parallelepiped simplifies the calculations significantly by allowing us to employ a separation 

of variables method, as described in the following section. 

The relevant parameters for the exemplary QD-IBSC are shown in Table 6.1. The parameters 

Nl and F refer to the number of QD layers per unit length in the growth direction and the 

fraction surface coverage with QDs for each layer respectively. These are deduced from layer 

spacing, QD surface density and QD dimensions. 

Table 6.1. Input parameters for the calculations presented in this chapter. The modelled QDs 

are based on the experimental samples presented in [Antolín'10b]. Sample specific parameters 

have been taken from measurements of those samples and more general parameters are taken 

from the literature. 

Parameter Value Source 

ax / nm 16 nm TEM measurement 

ay / nm 16 nm TEM measurement 

az / nm 6 nm TEM measurement 

mcb (InAs) 0.0294 Ref. [Linares'11a] 

mlh (InAs) 0.027 Ref. [Linares'11a] 

mhh (InAs) 0.333 Ref. [Linares'11a] 

mso (InAs) 0.076 Ref. [Linares'11a] 

Eg (GaAs) / eV 1.42 Ref. [Sze'81] 

ESO (GaAs) / eV 0.341 Ref. [Sze'81] 

ΔECB / eV 0.473 Ref. [Popescu'09b] 

ΔEVB / eV 0.210 Ref. [Popescu'09b] 

ΔEso / eV 0.161 Ref. [Popescu'09b] 

n 3.5 approx. 

Nl / cm
-1

 125 000 Ref. [Antolín'10b] 

F 0.1024 Ref. [Antolín'10b] 

6.3. Calculation method 

In the following I describe the calculation method used to calculate the electron and hole 

energy levels in the InAs/GaAs QDs that constitute the exemplary QD-IBSC, and the 

absorption coefficients of optical transitions between these levels. I begin by describing how 
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energy bands in a bulk semiconductor relate to the Schrödinger equation. It is then described 

how the known energy bands in a bulk semiconductor can be used to calculate approximately 

the quantum states and energy levels in a semiconductor heterostructure using the effective 

mass approximation. This description is largely based on Refs. [Datta'89, Harrison'05] and 

uses the nomenclature of Ref. [Datta'89]. Both one-band and four-band models are 

considered. The band offsets in InAs/GaAs are then stated, and it is described how the energy 

levels of confined quantum states are calculated using a separation of variables method. 

Finally, formulae are given for calculating the optical matrix element for a given transition 

between quantum states and the resulting optical absorption coefficient for this transition. I 

shall assume the reader is familiar with many standard results of quantum mechanics and 

solid state physics: the Schrödinger equation, Bloch’s theorem, energy bands in solids etc. 

The presented model is much simpler than many that appear in the literature for making 

calculations of electro-optical effects in QDs[Popescu'08, Tomic'08]. A simpler model 

reduces computational time and the man-hours required to develop the model and adjust it to 

different QD parameters and systems. From an engineering point of view, this allows us to 

model a variety of QD types in very little time, and thus make recommendations for future 

QD-IBSC prototypes. It also allows us to understand some of the processes in an intuitive 

way. A recent outcome of this intuitive understanding has been the proposal of type II QDs 

for QD-IBSCs[Luque'13a]. We feel the simplicity of the model is justified, given the semi-

quantitative nature of the conclusions drawn in this and the following chapters, and in our 

published work. The semi-empirical nature of the model means we are still able to achieve 

accurate results, as is demonstrated by the good agreement between modelled and 

experimental data shown in Refs. [Luque'11b, Mellor'13c] and in the next chapter.  

6.3.1. Energy bands in a bulk semiconductor 

We begin by considering a homogeneous bulk semiconductor crystal. Each valence and 

conduction electron is considered as a particle moving in a time invariant electric field 

produced by the atomic nuclei, other electrons and photons in the semiconductor. We shall 

take a quantum mechanical view of the system, such that any electron can be described by a 

wavefunction Φ0, which contains all the observable information about the electron. The time 

evolution of the wavefunction can be found by solving the Schrödinger equation: 

   t
t

itH ,, 000 rr 



 

 
(6.1) 

where H0 is the Hamiltonian operator, which, for a non-relativistic system in the absence of 

magnetic fields, is given by 
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(6.2) 
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where m0 is the rest mass of the electron. UL(r) is the potential energy of the electron due to 

the electric field, which is assumed to be time independent. All the information about the 

electron’s environment is contained in UL(r). In reality, the electron will also influence its 

surroundings and affect UL(r). This is neglected in the above one-electron Schrödinger 

equation, which is therefore a simplification of the many body system that is a volume of 

semiconductor material. It is common to make this simplification for valence and conduction 

electrons. 

In the absence of macroscopic and mesoscopic electric fields—such as space-charge regions 

and fields due to an externally applied voltage—and in the absence of scattering potentials—

such as dislocations, impurities, phonons and photons, the potential, UL(r), is periodic with 

the periodicity of the semiconductor crystal lattice. According to Bloch’s theorem, the 

electron can in this case be described as a pseudo periodic Bloch wave of the form 

        /expexp, ,, tiEiut krkrr kk  
 

(6.3) 

where uν,k(r) is a periodic function with the periodicity of UL(r), and is different for each ν 

and k. The real functions Eν(k) are the energy bands of the semiconductor, and, as such, ν is 

the band index. Substituting Eqn. (6.3) into (6.1) gives 

     rkr kk ,,0   EH
 

(6.4) 

where the time dependence of Φν,k has been dropped since it is common to both sides. Given 

that the potential and therefore the Hamiltonian are time independent, we can identify Eqn. 

(6.4) as the time independent Schrödinger equation and see that Eν(k) are indeed the energy 

eigenvectors of the stationary states of the one-electron system. Each ν and k for which a 

solution to Eqn. (6.4) exists corresponds to a stationary state. Solution to Eqn. (6.4) gives the 

energy bands for the semiconductor in question in the absence of externally applied fields, 

scattering potentials, and offsets in the periodic potential due to material heterojunctions. 

These energy bands have already been calculated for InAs and GaAs: the materials that 

constitute the QD system under investigation. 

In our QD system, the function UL(r) is in fact different within the InAs QD and in the GaAs 

host, there being an abrupt change at the interface. What’s more, we will want to consider the 

scattering potential due to photons. In this case, the Hamiltonian in Eqn. (6.1) has to be 

replaced by 

   tUU
m
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(6.5) 

where US(r,t) is the scattering potential due to a photon, and UL’(r) is now the piecewise 

periodic potential that takes a different form in the InAs QD and in the GaAs host. Note we 
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could also include a potential UE(r,t) in H to account for externally applied fields or space-

charge effects, but this won’t be necessary in our analysis. 

Solving Eqn. (6.1) from scratch for this new Hamiltonian is a mammoth task. Instead, we can 

use the known energy bands for bulk InAs and GaAs, and employ the effective mass 

approximation to calculate the wavefunctions in a heterostructure of the two materials. 

We will use either a one-band effective mass equation or a four-band effective mass equation, 

depending on the situation we wish to study. The one-band equation is appropriate for 

electron states in the conduction band and the intraband transitions between them. The four-

band equation is appropriate for electron states in the valence bands and the interband 

transitions between these and those in the conduction band. I describe both briefly in the 

following. 

6.3.2. The one-band effective mass equation 

Instead of considering the whole wavefunction of the new system, Ψ0(r,t), we consider an 

envelope function Ψ(r,t), which is approximately related to Ψ0(r,t) by  

     tut CB ,, ,0 rrr k 
 

(6.6) 

where uν,k(r) is the periodic function from Eqn. (6.3), sometimes known as the involute. Note 

that this definition is approximate, since the potential is now not periodic in all space and we 

cannot strictly apply Bloch’s theorem. The involute varies on the scale of the crystal lattice 

constant, whereas the envelope function varies on the scale of the quantum heterostructure. 

According to the effective mass approximation, the envelope function can be found by 

assuming the periodically varying crystal potential to be a constant within each material, and 

by replacing every instance of the electron mass, m0, by an empirical fitting parameter called 

the effective mass, m*, which again can be different in each material. Under this 

approximation, the envelope function is the solution to the so-called effective mass 

equation[Datta'89]: 

         ttUtiEt
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where   iECB  is the operator obtained by replacing all instances of k with the  i , where 

  is the del operator, in Eν(k). For the conduction band, we shall assume a parabolic 

dispersion law such that 

  kkk  
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(6.8) 

where ECBΓ is the band energy at the Γ point (k = 0). The effective mass equation therefore 

becomes 
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Assuming the time dependent part of the wavefunction to be of the form exp[-iEt/ħ], Eqn. 

(6.9) becomes 

         ttUt
m

tEtE SCB ,,,
*2

,, 2
2

rrrrr  
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If we wish to find the stationary states of the system in the absence of photon scattering 

potentials we can solve the equation 

     rrr  
2

2

*2m
EE CB



 
(6.11) 

where the time dependency has been removed since it is common to all terms. Once the 

envelope function has been calculated from (6.10) or (6.11), we can recover the whole 

wavefunction from Eqn. (6.6).  

Eqns. (6.10) and (6.11) are easier to solve than Eqns. (6.3) (with the Hamiltonian in (6.5)), 

since the periodic potential UL(r) does not appear explicitly. Instead, the information 

regarding the heterostructure is implemented through the parameters ECBΓ and m*, which are 

constant in each material. 

6.3.3. The four-band effective mass equation 

In the multiband effective mass equation, the true wavefunction in the heterostructure is 

expressed as 

      


 tut ,, 0,0 rrr

 
(6.12) 

where the involutes, uν,0(r), are now the solutions to the time independent Schrödinger 

equation at the Γ point (k=0) for the respective bulk materials.(Eqns. (6.3) and (6.4)). The 

envelope function for each band, Ψν(r), is found by solution of the multiband effective mass 

equations[Datta'89]: 

     rrH 



  Ei',

 
(6.13) 

The elements of the Hamiltonian matrix Hν,ν’ are given by[Datta'89] 
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where Pν,ν’ is defined as 

   rrP 0,'0,  uuiνν'  
 

(6.15) 

The multiband effective mass equation gives an exact solution to the time independent 

Schrödinger equation when the infinite number of bands is considered in the expansion of 

Ψ0(r,t). In practise, we must consider a finite number of bands and a hence truncate the 

Hamiltonian matrix Hν,ν’. In this work, we employ a four-band Hamiltonian, where the bands 

considered are the conduction band (CB), the heavy hole band (hh), the light hole band (lh) 

and the split-off band (so), the latter three constituting the valence band (VB). These bands 

admit spin-up and spin-down states. Strain-induced spin-orbit interaction causes the spin-up 

and spin-down states to split in energy, effectively dividing the four bands into eight. 

Consequently, an eight-band model is often employed in the study of SK grown 

QDs[Pryor'98]. In this work, we ignore such splitting, and merely consider that each band 

consists of doubly degenerate spin-up and spin-down states. 

An explicit expression of the truncated four-band Hamiltonian matrix, H, can be found in 

Ref. [Luque'11b].This truncated Hamiltonian, which does not consider the strain-induced 

spin-orbit interaction, produces energy eigenvalues that are inconsistent with experimental 

data. We therefore employ a modified empirical Hamiltonian, He, whose eigenvalues are 

determined by the experimental effective masses and band edges (in substitution of the more 

commonly used Luttinger parameters), but whose eigenvectors are the same as those of the 

analytical Hamiltonian, H. This is done by the following procedure. 

The eigenvectors of H form the columns of the unitary matrix T that diagonalises H by the 

change of basis H
d
= T H T

†
, where the superscript 

†
 represents the conjugate transpose and 

the superscript 
d
 denotes a diagonal matrix. We now define a new diagonal empirical 

Hamiltonian matrix He
d
 in this new basis, whose diagonal elements are the dispersion 

relations of the respective bands. Assuming, for each band, a parabolic dispersion centred at 

the Γ point, these are 
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(6.16) 

where ECBΓ,  EhhΓ,  ElhΓ and EsoΓ are the energies of the respective bands at the Γ point and mcb, 

mhh, mlh and mso are the effective masses. The effective masses are taken in all cases to be 

those of strained InAs, since, for the bound states of interest, most of the wavefunction is 

confined within the QD. The band edges are different for each material. 

From this new diagonal matrix, we then perform the inverse change of basis to obtain He= T
†
 

He
d
 T. He gives the correct experimental energy band dispersions for the bulk 

semiconductors, but has the same eigenvectors as the analytical four-band effective-mass 

Hamiltonian without strain-induced spin-orbit interaction, H. The empirical Hamiltonian was 

first presented in Ref. [Luque'11b] and further modified in Ref. [Luque'12b] to take account 

of symmetry considerations; we use the Hamiltonian found in the latter reference. 

To find the energy levels and envelope functions for the system expressed by the new 

empirical Hamiltonian, we replace H with He in (6.13). Applying the change of basis, He 

becomes diagonalised and Eqn. (6.13) becomes four decoupled equations for the respective 

bands with similar forms to Eqn. (6.11): 
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(6.17) 

Here, ΨCB’ etc. are the envelope function expressed in the new basis. To express the 

wavefunction in the original basis of functions uν,0(r), each envelope must be expressed as a 

vector Ψ’(in which only one element is non-zero) and subject to the change of basis Ψ= T
†
 

Ψ’ T. The full wavefunction in the original basis, ΨCB0 etc., are now linear combinations of 

the four basis functions multiplied by four envelope functions, as in Eqn. (6.12). It should be 
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apparent from Eqn.  (6.14) that the change of basis does not affect the energy levels of the 

stationary-state wavefunctions. 

6.3.4. Band offsets in InAs/GaAs quantum dots 

Both InAs and GaAs have a direct bandgap at the Γ point in reciprocal space. The bandgap of 

each material is different, and as such there is a discontinuity in the respective band edges at 

the InAs/GaAs heterojunction around the perimeter of the QD. A one dimensional 

representation of this discontinuity is shown schematically in Figure 6.2, where the z 

dimension has been chosen arbitrarily. The solid blue line represents the conduction band 

(CB), the solid red line represents the light hole (lh) and heavy hole (hh) valence bands 

(which are degenerate at the Γ point in both materials), and the dashed green line shows the 

split-off (so) valence band. The so band is lower in energy than the lh and hh bands due to the 

spin-orbit interaction. 

ΔECB, ΔEVB and ΔESO are the energy offsets of the respective bands (ΔEVB is for the hh and lh 

bands).These depend on the respective electron and hole affinities in the different materials, 

and are affected by the lattice-strain in the QD. We have used the offset values from Ref. 

[Popescu'09b], in which they have been calculated for InAs/GaAs QDs taking account of 

lattice strain. The band offsets used in the calculations are shown in Table 6.1. 

The abrupt ‘square’ discontinuity shown in the figure is not entirely accurate. Lattice strain 

causes the host conduction band edge to rise at around the edge of the QD. This can lead to 

the presence of strain-induced localized states[Popescu'09a] in the energy range of the matrix 

CB, which could be interesting in the context of QD-IBSCs. Space charge effects and 

intermixing of Ga and In across the QD perimeter also causes the band discontinuities to be 

less abrupt, which has the effect of increasing the energy levels of bound states[Popescu'09b]. 

Such effects have been ignored in the present study in the interest of simplicity. 
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Figure 6.2. One-dimensional representation of the band offset at the Γ point in an InAs/GaAs 

QD.  

6.3.5. Calculation of Energy levels 

We can see that Eqn. (6.17) is equivalent to the Schrödinger equation for a free particle 

travelling in the presence an electric field, but with the term for the potential replaced by the 

respective band edge ( ECBΓ, etc.). Looking at the band offsets in Figure 6.2, the reader will 

observe that, for the conduction band, the problem is identical to the textbook problem of a 

particle in a finite square well. For holes in the valence bands, the potentials form pedestals; 

however, the negative effective masses of the holes cause their behaviour in pedestals to be 

equivalent to electrons in wells. 

In a three dimensional QD, the problem becomes more complex. To simplify the analysis, a 

separation of variables method is employed. The reader is reminded that the QD has been 
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approximated as a parallelepiped of dimensions ax x ay x az nm
3
.The envelope function in a 

given band is decomposed as 

       zyxzyx  ,,
 

(6.18) 

Each one-dimensional function is found by solution of the respective effective mass equation 

(6.17) in one dimension. For example, the effective mass equation in the z dimensions for 

conduction band electrons would be 

       z
dz
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(6.19) 

The spatial variations of the band edges in the z dimension are shown in Figure 6.2; the x and 

y dimensions are identical, except for a substitution of the spatial dimension az with ax or ay. 

Eqn. (6.19) admits even and odd parity solutions. States whose energy Ez is within the 

confining potential of the QD (i.e. ECB,InAs < Ez < ECB,GaAs ) are denoted bound states (BSs). 

Their wavefunctions are of the form 
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(6.21) 

where ζ is defined for convenience. We can see that the BS wavefunctions are harmonic 

within the QD and decay exponentially into the host material. Mathematically, Eqn. (6.19) 

also admits an exponentially growing term in the host material; this is considered unphysical 

and discarded. 

The energy eigenvalues, Ez, of Eqn. (6.19) are found by applying the relevant boundary 

conditions. These are continuity of the wavefunction and its first derivative at the InAs/GaAs 

interface. Wavefunctions that satisfy these conditions are those for which the parameter kz 

satisfies the following transcendental equations for even and odd solutions respectively. 
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(6.22) 

There is an allowed electron state for every solution to Eqn. (6.22), with the corresponding 

energy eigenvalues and wavefunctions being related to kz by Eqns. (6.21) and (6.20). Eqn. 

(6.22) is solved numerically. Each solution to the one dimensional effective mass equation is 

labelled with a quantum number nz (or nx, ny for the x and y dimensions), where nz=1 

corresponds to the lowest energy state, nz =2 to the next lowest etc. Odd quantum numbers 

correspond to even solutions and vice versa. In addition to the boundary continuity 

conditions, the wavefunctions must be normalised so that the probability of finding the 

electron somewhere is space is equal to one, this yields constants A and B in (6.20). 

Under the separation of variables approximation, every possible permutation of one-

dimensional eigenfunctions gives, from Eqn. (6.18), an envelope function that is a solution to 

the three-dimensional effective mass equation. Thus, the number of BSs in a given band is 

equal to NxNyNz, where Nx,  Ny and Nz are the number of solutions to the respective one-

dimensional equations. Each BS can therefore be labelled with three quantum numbers (nx, 

ny, nz), denoting the constituent one-dimensional wavefunctions. The energy eigenvalue of 

each BS is E = Ex+Ey+Ez. 

There exist certain BSs whose constituent one dimensional energies are within the QD 

confining potential, but whose total energy, E = Ex+Ey+Ez, is above the potential well. These 

are denoted virtual bound states (virtual BSs). Virtual BSs have a high probability of being 

found in the volume of the QD, but have energy levels within the energy range of the host 

CB[Bastard'84]. In addition to BSs and virtual BSs, there are also extended states that are 

harmonic in all space. These form continua in the energy ranges of the host CB and VB. 

The separation of variables method is not exact in the case of a parallelepiped QD. This is 

because it assumes erroneous potentials in the edge and corner regions in the external to the 

QD. This is illustrated visually in Ref. [Harrison'05] (page 221). The error incurred by 

employing a separation of variables approximation was studied in Ref. [Luque'13d] for the 

QDs under investigation in this thesis. It was found that the BS energy levels were practically 

the same in the separation of variables solution and the exact solution. Importantly, the 

presence of virtual BSs in the energy range of the host CB was confirmed, although it was 

found that that the energies levels of virtual BSs in the CB were overestimated by the 

separation of variables method. This overestimation was extreme (~400meV) for virtual BSs 

well above the host CB edge, but only slight (~10meV) for virtual BSs close to the host CB 

edge. Only virtual BSs close to the host CB edge are important in the context of QD-IBSCs, 

since they receive transitions from the BSs caused by low energy photons; hence, the 

separation of variables method is considered appropriate for this study. 
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6.3.6. Calculation of the optical matrix elements and absorption coefficients 

We consider two stationary states Ξl and Ξu with energies El < Eu (subindices stand for 

“lower” and “upper”) and consider the optical transition between them. The scattering 

potential due to a photon can cause an electron in state Ξl to leave that state and occupy a 

higher-energy state Ξu. The photon is annihilated in this process. Similarly, an electron in the 

state Ξu can make a transition to the lower energy state Ξl, this time causing the emission of a 

photon. The latter process can be spontaneous, or stimulated by the presence of another 

photon. In all cases, the absorbed or emitted photon, and, where relevant, the stimulating 

photon, must have energy Ephot = Eu – El. 

According to the Fermi Golden Rule, the probability per second of absorption/emission of a 

photon with polarization vector ε due to an electronic transition between states Ξl and Ξu is 

proportional to the square of the so-called optical matrix element, defined as[Messiah'62] 

    εrrrr·ε   ulul dr
*3

 
(6.23) 

where the integral is made over all space. This is valid in the dipolar approximation, which is 

appropriate when the wavelength of the photon is larger than the region of space over which 

the electron wavefunction amplitudes are appreciable. This is the case for photon absorption 

in our QDs, since the wavelengths of interest are hundreds of nm, whereas the QD 

dimensions are less than 20 nm. 

The absorption coefficient for the transition between Ξl and Ξl is related to the optical matrix 

element by[Luque'13b] 
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(6.24) 

This formula is derived in a generalized way in Chapter 7. n is the refractive index of the 

medium, which is taken to be that of InAs (n = 3.5), F is the fractional coverage of the 

surface with QDs, and Nl is the number of QD layers per unit length in the growth direction 

(these are given in Table 6.1 for the exemplary QD-IBSC). The fraction  FNl / 4axay equates 

to the number of QDs per unit volume. fl and fu are the Fermi occupation probabilities of the 

lower and upper electron states. Their inclusion reflects the fact that a transition from Ξl and 

Ξu is only possible if the Ξl state contains an electron and the Ξu state is empty (the latter 

being due to the Pauli exclusion principle). The Dirac delta reflects that fact that only photons 

with energy equal to the energy difference between the two states can be absorbed. 

Throughout this thesis, the Dirac delta is approximated as a Gaussian function with standard 

deviation 0.025 eV; this accounts for non-uniformity of the QDs’ dimensions throughout the 

QD layer stack. 



Quantum calculations of optical subbandgap transitions in QD-IBSCs 

147 

 

We can see from Eqns. (6.23) and (6.24) that the matrix element and absorption coefficient 

depend on the polarization vector of the incident photon. If the polarization vector is 

expressed as 

zyxε ˆˆˆ zyx  
 

(6.25) 

where x̂ , ŷ  and ẑ  are unit vectors in the x, y and z directions, then the square of the matrix 

element can be expressed as 
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In this chapter, we shall be concerned with normally-incident unpolarized illumination, as is 

the case for on-axis illumination from the sun. In this case, the matrix element squared is the 

average of that for photons polarized in the x and y directions: 
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(6.27) 

Substituting this into Eqn. (6.24), we get the absorption coefficient for normally-incident 

unpolarized illumination. 

6.4. Results 

In this section I present the energy levels in InAs/GaAs QDs and the absorption coefficients 

for the various transitions between them, calculated using the method presented in the 

previous section. The input parameters used in the calculations are those taken from the 

experimental QD-IBSC sample described earlier to this chapter. The input parameters are 

listed in Table 6.1. The only parameters that are varied in this chapter are the QD dimensions: 

ax, ay and az. In Section 6.4.1, we assume the measured dimensions of 16x16x6 nm
3
. In 

Section 6.4.2, we consider the effect of changing the QD dimensions on the energy levels, 

absorption coefficients, and predicted photogeneration currents. 

6.4.1. Energy Levels and Absorption Coefficients of the Experimental Samples 

Figure 6.3 (left) shows the calculated energy levels for a 16x16x6 nm
3
 QD superimposed 

onto a one-dimensional representation of the band edges in the QD and host materials. 

Horizontal lines represent confined state energy levels: blue for conduction band (CB) states, 

magenta for heavy holes (hh), red for light holes (lh) and green for split-off band (so) states. 
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Figure 6.3. Left: Calculated bound state energy levels for the 16 × 16 × 6 nm
3
 InAs/GaAs QD. 

Right: Calculated absorption coefficient for the different subbandgap transitions. It is assumed 

that all VB states are filled with electrons, the IB(1,1,1) state is half filled, and all other IB and 

CB states are empty. The VB-CB subbandgap absorption coefficient refers to the sum of all 

transitions from BSs in the VB pedestal to the CB. 

Within the CB potential well, there are three distinct bound-state energy levels, which are 

separated from the rest of the CB states. These form the intermediate states via which we 

hope to generate subbandgap photocurrent. Within this study, all bound CB states with 

energy within the forbidden band of the host are denoted IB states. They are labelled with 

their respective quantum numbers in the figure. Note that IB(2,1,1) actually refers to the 

degenerate pair IB(2,1,1)/IB(1,2,1), which have the same energy due to the xy symmetry of 

the QDs. 

In the CB, there are a number of virtual BSs, with energies above the host CB band edge. 

There is also a continuum of extended states in this range, which is not shown. Due to the 

continuum of states in this energy range, we can assume that the CB virtual BSs and extended 

states are thermally coupled and share the same quasi Fermi level. This is equivalent to 

saying that thermal processes between these states are quicker than optical processes due to 

solar photons. Hence, transitions between these states due to absorption of solar photons shall 

not be considered important (though transitions between these states and VB or IB states 

shall). In a device-physics sense, the CB virtual BSs and extended states are therefore 

considered to form a single electron band, which is the CB of the device. 

The VB potential pedestal contains a near continuum of hh states, due to their high effective 

mass. Due to the close packing of these states, they are also considered as being thermally 

coupled to one another, to all lh and so BSs, and to all extended states in the host VB. Hence, 

the VB potential pedestal is considered not as a separate band or set of levels but as an 

extension of the device VB into the forbidden band. 
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In summary, we treat the 16x16x6 nm
3
 QD as a five level/band system, consisting of the VB, 

the CB and the three IB levels. We shall be interested in transitions between these five 

levels/bands. 

From Eqn. (6.24), it can be seen that the absorption coefficient for each transition depends on 

the Fermi filling factors of the initial and final electronic states. These in turn depend on the 

respective quasi Femi levels, which must be calculated considering the transition currents 

between all levels in the steady state, and conservation of charge (when applicable). This 

calculation is performed in Chapter 7. In the present chapter, we make the simplifying 

assumption that all VB states have a filling factor of 1, the IB(1,1,1) state has a filling factor 

of 0.5, and all other IB and CB states have filling factors of 0. All absorption coefficients 

presented in this chapter are based on this assumption. 

The absorption coefficients for the different transitions in the 16x16x6 nm
3
 QD-IBSC are 

presented in Figure 6.3 (right). Transitions from the VB are displayed in red, transitions 

between IB levels in green, and transitions ending within the host CB energy range in blue. 

The direct VB-CB subbandgap transition refers to transitions from BSs in the VB potential 

pedestal to the CB. By far the strongest transition is from the IB(1,1,1) to the consecutive 

IB(2,1,1)/ IB(1,2,1) state. The other transitions are of far lower magnitude. 

The calculated photon absorption in all subbandgap transitions is extremely weak. Transitions 

from the valence band have absorption coefficients on the order of 25 cm
-1

. Performing a 

quick calculation, for the QD stack thickness of 2.4 μm, this corresponds to a fraction 0.006 

of incident photons being absorbed, which is similar to the measured IQE in this energy 

range[Antolín'10b]. This supports the conclusion that the weak experimental IQE is due to 

weak photon absorption and not poor carrier extraction. It is the weak subbandgap absorption 

that provides the main motivation for investigating absorption enhancement via light trapping 

in this thesis. It can also be observed that the absorption coefficient for the IB(111)-CB 

transition is slightly lower than that of the subbandgap transitions originating from the CB. 

This supports the original assumptions made in Chapter 4. 

In Chapter 1, we discussed the phenomenon of thermal escape from the IB to the CB in QD-

IBSCs. There is experimental evidence to suggest that electrons that are optically pumped 

from the VB to the IB levels are then removed to the CB by thermal processes, and that these 

thermal processes dominate over optical IB-CB pumping by the illuminating 

photons[Antolín'10b, Antolín'10c]. This prevents splitting of the IB and CB QFLs, which 

ultimately prevents QD-IBSCs from achieving a high Voc at room temperature [Luque'01b]. It 

has often been suggested that this thermal escape is assisted by the ladder of excited IB states 

between the IB ground state and the CB[Luque'11a]. The presence of these excited states has 

been confirmed by photoluminescence measurements and photoreflectance measurements 

[Luque'04]; they are also present in our modelling results (Figure 6.3 (left)). The modelling 

results also confirm that the optical IB(111)-CB transition is extremely weak (Figure 6.3 

(right)), supporting the argument that it is overshadowed by thermal escape. The mechanism 

by which thermal escape occurs is studied in the Chapter 7. Here, we examine the possibility 
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of removing the excited IB states from the host forbidden band with the intention of reducing 

thermal escape. 

One option for removing the excited IB states from the host forbidden band is to reduce the 

QD dimensions, as was studied in Ref. [Linares'11a] for spherical QDs. Reducing the QD 

size could have other benefits. The large green peak in Figure 6.3 (right) corresponds to the 

optical transition from the IB(111) to IB(211)/(121) level. Decreasing the QD dimensions 

could push the upper level into the energy range of the host CB, providing a direct optical 

route by which electrons pumped from the VB to the IB could be evacuated to the CB. This 

could increase the overall subbandgap photocurrent, as well as making optical IB-CB 

pumping compete favourably with thermal IB-CB pumping, thus allowing the IB and CB 

QFLs to split. This is investigated in the following section. 

It is also interesting to ask how decreasing the QD dimensions affects the magnitude of the 

absorption coefficient for each transition.  By decreasing the QD dimensions, but maintaining 

the total volume of QD material in the array constant, we would implicitly be increasing the 

number of QDs per unit volume, and consequently increasing the density of IB states. It is 

unknown if the magnitude of the absorption coefficient is pegged to the volume of QDs, to 

the density of states, or to some other factor. The effect of decreasing the QD dimensions on 

the absorption coefficient is therefore also examined in the following section.  

6.4.2. Effect of varying the QD dimensions 

In this section, we consider the effect of varying the QD dimensions. Throughout, we assume 

that the QD is xy symmetric, i.e., ax = ay. The experimental 16x16x6 nm
3
 QD-IBSC shall be 

treated as a benchmark. As the QD width    is varied,   and    assume fixed values of 0.1 

and 125 000 cm
-1

 respectively; these being the measured values in Refs. [12, 19]. This 

implies that, as the width is reduced, the volume density of QDs remains fixed and the 

number density of QDs increases as 1/ax
2
. 

6.4.2.1. IB energy levels 

Figure 6.4 shows the energy levels (measured from the CB edge of the matrix material) of all 

the BSs that exist within the forbidden band as a function of the lateral dot width. Their 

quantum numbers are given in the legend. Figure 6.4(a) is for a fixed QD height of 6nm (the 

height of the experimental sample) and Figure 6.4(b) is for a fixed height of 9nm. 



Quantum calculations of optical subbandgap transitions in QD-IBSCs 

151 

 

 

Figure 6.4. BS energy levels as a function of the QD width for QDs of height 6nm (a) and 9nm 

(b). States are labelled by their quantum numbers as defined in Section 6.3.5. The energy origin 

is at the host CB edge. 

It should be noted that, for a QD-IB material formed in a GaAs matrix (bandgap 1.42eV), the 

optimum energy position of the ground state is around 0.5eV from the matrix CB 

edge[Luque'97]. Hence it is desirable to maintain a ground state energy that is as low as 

possible whilst removing excited states from the forbidden band. In Figure 6.4(a), this is 

achieved for QD dimensions of 10x10x6 nm
3
. In Figure 6.4(b), this is achieved for QD 

dimensions of 9x9x9 nm
3
. The energy position of the ground state in each case is 0.19eV and 

0.22eV from the matrix CB edge respectively. We observe that the 9x9x9 nm
3
 cubic QD 

represents the optimum with respect to energy levels since the (2,1,1), (1,2,1) and (1,1,2) 
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states have degenerated and coincide with the matrix CB edge; hence, no dimension can be 

changed without either raising the energy of the ground state or introducing one of the above 

mentioned levels into the forbidden band. This agrees with a similar result obtained in Ref. 

[Linares'11a] where a spherical QD in a similar QD-IBSC system was found to have an 

optimum radius of 4.09nm (diameter 8.18nm) with regard to energy levels. Nonetheless, we 

consider the 10x10x6 nm
3
 to be interesting, given the difficulty in producing QDs with low 

aspect ratios. It should be noted that in Ref. [Luque'10b] a perturbation method was used to 

correct errors in the ground state energy levels resulting from the use of the separation-of-

variables method. The energy corrections were -2.78x10
-8

 eV for the 16x16x6 nm
3
 QD and -

0.021 eV for a cubic QD. Changes of this scale in the energy levels shown in Figure 6.4 

would affect the optimum QD width by less than 0.5 nm. 

6.4.2.2. IB-CB Absorption Coefficients 

We now study the effect of the QD dimensions on the absorption coefficient for transitions 

between the IB(111) state and all higher energy states. The reader is reminded that the IB 

states have their origin in the CB, but are detached from the CB of the host due to the 

presence of the QD heterostructure. Therefore, all transitions considered in this subsection are 

intraband transitions. The one-band effective mass approximation is employed for these 

calculations. 

The absorption coefficient has been calculated for the summed transitions from the IB(111) 

level to all higher energy levels (both IB and CB levels). It is assumed that the ground state 

has a 0.5 probability of occupation by an electron, due to appropriate doping, and that all 

other states have 0 probability of occupation. Normally incident unpolarised illumination is 

assumed. The QD height is fixed at 6nm and the absorption coefficient is calculated for a 

range of widths. These are plotted in Figure 6.5. The QD width corresponding to each curve 

is shown in the figure legend. The solid parts of the curves in Figure 6.5 represent transitions 

whose final state is in the host CB, and that can therefore contribute directly to the external 

current. The dashed parts represent transitions whose final state is another IB state. Finding 

out what happens to electrons promoted to excited IB states requires detailed balance 

calculation, and is investigated in Chapter 7. For now, it is assumed that such transitions do 

not contribute to the external current.  
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Figure 6.5. Absorption coefficients for transitions from the IB(1,1,1) level under unpolarized 

normally incident illumination. Different curves are for QDs with different widths, as specified 

in the legend. The QD height is 6nm. The IB(1,1,1) level is assumed half-filled and all higher 

levels are assumed empty. Solid parts of the curves represent transitions whose final state is 

within the host CB and dashed parts represent transitions whose final states are within the host 

forbidden band. 

For each QD width, a single peak can be observed, which corresponds to the transition from 

the ground state to the doubly degenerate IB(2,1,1)/(1,2,1) level. On decreasing the QD 

width, the absorption by this transition increases significantly due to the increased number 

density of QDs. Also, its final state moves into the matrix CB energy range (as can also be 

seen in Figure 6.4 (b)). For the 6nm wide QD, a tail extending into higher energies can also 

be seen. This corresponds to transitions to states that are extended in one dimension and 

bound in the other two. Absorption by these transitions drops of quickly at higher energies 

and is negligibly weak for larger QDs, which agrees with previous numerical[Buczko'96, 

Tomic'10] and experimental[Phillips'98] studies. In all cases, the absorption coefficient is 

negligible in the energy range for which VB-IB transitions occur (Ephot > 0.9 eV). This is 

desirable for IBSC operation, since photons with sufficient energy for VB-IB transitions are 

not wasted in contributing to the lower energy IB-CB transition. It should be noted that, 

under the separation of variables approximation, the curves presented in Figure 6.5 have the 

same shape for any QD height, although the energy gap between the ground state and the 

matrix CB differs. 

1.1.1.1. VB-IB Absorption Coefficients 

We now study the effect of the QD dimensions on the absorption coefficient from the VB to 

the IB states. All transitions considered in this subsection are interband transitions. The four-
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band effective mass approximation is employed for these calculations. All VB levels are 

assumed to be fully filled with electrons, the IB(1,1,1) level is assumed half-filled, and all 

higher levels are assumed empty. 

We are interested in the net contribution of transitions from all VB (hh, lh and so) states to 

each individual IB state. Transitions form the extended states in the VB to the IB states have 

been modelled in Ref. [Luque'13c], and have been found to be of almost negligible strength. 

We therefore focus on transitions from VB BSs to IB states. An absorption coefficient has 

been calculated for each final IB state by 




 
VBi

jijVB   (6.28) 

where i denotes the initial and j the final state. The absorption coefficients are plotted in 

Figure 6.6 (a) (right) for all final IB states.  Although in each case the absorption coefficient 

sums contributions from the 169 VB states, distinct peaks can be seen pertaining to a few 

dominant transitions. Taking αVB→IB(1,1,1) as an example, the dominant transitions are those 

from the hh(1,1,1), hh(4,1,1), hh(6,1,1) and lh (2,1,1) states (the latter three have degenerate 

counterparts hh(1,4,1), hh(1,6,1) and lh (1,2,1), which make an equal contribution). Each 

peak in the absorption curve is labelled with the corresponding initial state and these 

transitions are shown as black arrows in Figure 6.6 (a) (left). The shown αVB→IB(2,1,1) is 

actually the sum of the absorption coefficients for the degenerate final states IB(2,1,1) and 

IB(1,2,1). This absorption coefficient is larger than the others due to this degeneracy. An 

absorption coefficient has also been calculated for the sum of transitions from the BSs in the 

VB pedestal to the CB virtual BSs 




 
CBj

jVBCBVB   
(6.29) 

where the sum over CB states does not include the IB states. This is the absorption coefficient 

for the direct VB-CB subbandgap photocurrent. It is also shown in the figure. 
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Figure caption on next page. 

0.9 1.0 1.1 1.2 1.3 1.4
0

20

40

60

80

100

ab
so

rp
ti
on

co
ef

fi
ci

en
t
/
cm

-1

lh(2,1,1)
hh(6,1,1)

hh(4,1,1)

Photon Energy / eV

VB - IB(1,1,1)
VB - IB(2,1,1)
VB - IB(2,2,1)
VB - CB

hh(2,1,1)

0.9 1.0 1.1 1.2 1.3 1.4
0

20

40

60

80

100

ab
so

rp
ti
on

co
ef

fi
ci

en
t
/
cm

-1

VB - IB(1,1,1)
VB - CB

lh(2,1,1)

hh(4,1,1)

hh(2,1,1)

Photon Energy / eV

0.9 1.0 1.1 1.2 1.3 1.4
0

20

40

120

140

160

ab
so

rp
ti

o
n

co
ef

fi
ci

en
t
/
cm

-1

hh(4,1,1)

hh(2,1,1)

Photon Energy / eV

VB- IB(1,1,1)
VB- CB

(a)

(b)

(c)



Chapter 6 

156 

Figure 6.6. Results for QD dimensions of (a) 16 x 16 x 6 nm
3
 , (b) 10 x 10 x 6 nm

3
 , (c) 8 x 8 x 

6 nm
3
 . Left: Band diagrams showing the band offsets and bound state energy levels. Arrows 

denote the dominant transitions whose final state is the IB(1,1,1) state. These arrows are 

labelled with the initial state of the transition. Right: absorption coefficients (as defined in Eqn. 

(6.28)) for the net transitions from all VB states to a single IB state. All VB levels are assumed 

to be fully filled with electrons, the IB(1,1,1) level is assumed half-filled, and all higher levels 

are assumed empty. The final IB state for each curve is shown in the figure legends. Peaks in 

the VB-IB(1,1,1) absorption coefficient are labelled with their initial state in the VB; these 

labels correspond to the arrows in the left figures. The absorption coefficient for bound-bound 

VB-CB transitions is also shown as defined in Eqn. (6.29). The absorption plots include photon 

energies up to the GaAs bandgap. Photons with greater energy are assumed to be absorbed by 

the emitter before reaching the QD stack. 

The calculations have been repeated for a 10x10x6 nm
3
 QD (   = 10 nm) and for an 8x8x6 

nm
3
 QD (   = 8 nm). The results are shown in Figure 6.6 (b) and (c). Note that Figure 6.6 (c) 

has a break in the y scale to allow all graphs to be plotted with the same scaling. For these 

dimensions, there is only a single IB energy level, as was discussed in Section 6.3.5. 

Regarding the VB-IB transitions, some further observations can be made. Firstly, there is a 

general increase in the absorption coefficient on decreasing the QD width. This is discussed 

in the following paragraph. Secondly, the absorption peaks move to higher energy due to the 

bound states moving deeper into their respective bands. This is most pronounced for the 

transition whose initial state is lh(2,1,1). Finally, for the 10x10x6 nm
3
 QD, the hh(6,1,1) 

absorption peak is no longer present, and, for the 8x8x6 nm
3
 QD, the lh(2,1,1) absorption 

peak is no longer present. This is due to the disappearance of the respective states in the VB 

at these QD widths. This will have some negative effect on the overall VB-IB photocurrent, 

as shall be seen later in this section. 

It was observed in the previous paragraph that there is a tendency for the absorption 

coefficient to increase with decreasing QD width. This is similar to the result presented in the 

previous section for the IB-CB transition. Both results require some qualification. The results 

have been obtained under the assumption that the fractional coverage of the growth plane 

with QDs remains a constant   = 0.1. This implies that the number of QDs per unit area (and 

volume) changes as ax
-2

. Hence, a lower QD width implies more QDs. In Figure 6.7, we 

show, for certain important transitions, the matrix element |〈 |   |  〉|  (dashed curves) and 

the matrix element divided by the QD area in the growth plane |〈 |   |  〉|   
   (solid 

curves). The former is proportional to the transition strength per QD and the latter is 

proportional to the transition strength per unit area of the QD array. Each quantity is 

normalised to the value it takes for a QD width of 16 nm. It can be seen that the transition 

strength per dot can either increase or decrease as a function of the QD width, depending on 

the transition. However, in no case does the transition strength decrease faster than   
  on 

decreasing the QD size, hence the obtained result. 
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Figure 6.7. Dashed curves: matrix element squared per QD (
2

ul  r·ε ). Solid curves:  

matrix element squared per unit area of QD array  ( 22 
 xul ar·ε ).  From top to bottom, 

the initial states of the transition are hh(2,1,1), hh(4,1,1), hh(6,1,1) and lh(2,1,1). The final state 

is IB(1,1,1) in all cases. Each quantity has been normalised by the value it takes for a QD width 

of 16 nm. The QD height is kept constant at 6nm.  

Using the absorption coefficients plotted in Figure 6.6 (right column), we can calculate the 

photogenerated current that is delivered from the VB to each IB level using the expression 

  


 

eVE

jVBTBBejVBph WdEqJ
S

42.1

,, exp1   (6.30) 

where the index j denotes a final IB state. ΦBB,Ts is the solar spectrum, which is modelled as a 

black body at a temperature of Ts = 5760 K, and W = 2.4 μm is the thickness of the QD layer 

stack. A cut-off energy of 1.42 eV (the band gap energy of GaAs) is used because all photons 

with greater energy are assumed to be absorbed in the GaAs layer that is above the QD stack. 

Figure 6.8 shows the individual VB-IB currents as a function of the QD width. Looking at 

Jph,VB→IB(111), we can see some general trends. The curve gradually increases from right to left, 

but with some sharp drops at certain points. The gradual increase is due to the increase in 

matrix elements squared (p.u. area of QD array) shown in Figure 6.7. The sharp drops each 

correspond to an initial state that has ceased to exist. The drops at widths of 12, 9 and 7 nm 

correspond to the disappearance of the hh(6,1,1), lh(2,1,1) and hh(4,1,1) states respectively. 

The net effect of the gradual increase and the sharp drops is that Jph,VB→IB(111) changes very 

little on decreasing the QD dimensions. 
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Figure 6.8. The net absorbed photocurrent density for transitions from all VB states to a single 

IB state as a function of the QD width. The final IB state for each curve is specified in the 

figure legend. Only transitions excited by photons below the GaAs bandgap energy are consider 

in all cases. The QD height is kept constant at 6nm. 

For smaller QDs, the IB(2,1,1) and IB(2,2,1) states are pushed into the matrix CB energy 

range and cease to be IB states; hence, these curves do not continue over the whole range. 

The disappearance of these states (dashed and dotted lines) corresponds to a decrease in the 

overall photocurrent received by the IB; however, their disappearance is desirable from the 

point of view of reducing thermal escape and maintaining a high open-circuit voltage, as has 

been discussed in Section 6.4.2.1. Further studies are required to identify the overall optimum 

configuration in this respect. 

It is interesting to calculate the total subbandgap photogeneration current that originates from 

the VB. Note that, since the VB potential pedestal extends into the forbidden band, this 

includes not only transitions to IB states, but also to some virtual bound states in the host CB. 

The total subbandgap photogeneration current is therefore calculated by summing Jph,VB→j 

over all of these final states. The cut-off of 1.42 eV in Eqn. (6.30) ensures that only 

subbandgap contributions are counted in this sum. The result of this sum is shown as a dash-

dot curve in Figure 6.8. 

In present QD-IBSC prototypes, all current that is optically pumped from the VB to the IB 

levels is believed to escape thermally to the CB at room temperature[Antolín'10b]. The total 

current that originates from the VB therefore corresponds to the total subbandgap current that 

is generated due to the presence of the QDs. It should be observed that most measured 

subbandgap currents in QD-IBSCs are higher than the values in Figure 6.8 due to the 

presence of a quantum-well-like wetting layer, which is not considered in this work. 

However, experimental QE measurements presented in Ref. [Antolín'10b] have been 
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integrated in Ref. [Luque'11b] to show that the quantum dot contribution to the photocurrent 

is around 266 mAcm
-2

 in the exemplary QD-IBSC, which is not dissimilar to the value 

plotted in Figure 6.8 for the total current from the VB. 

The tendency is for the total sub-bandgap photocurrent to decrease with decreasing QD 

width. This is because, as the QD dimensions decrease, the bound electron and hole states 

respectively move towards the CB and the VB. The energies of the transitions between them 

are pushed above the cut-off energy and hence they cease to contribute to the subbandgap 

current. This suggests that QD-IBSC prototypes with lower widths will exhibit lower 

subbandgap photocurrents under solar illumination than present prototypes: an undesirable 

consequence of decreasing the QD dimensions. 

In the previous sections, the 10x10x6 nm
3
 QD was identified as being promising from a 

viewpoint of IB energy levels and IB-CB photocurrent. Looking at a QD width of 10 nm in 

Figure 6.8, our models predict that the a prototype based on 10x10x6 nm
3
 QDs will have a 

40% lower subbandgap photocurrent than the present 16x16x6 nm
3
 prototype. However, the 

VB-IB(111) photogeneration current will be 2.5 times higher. 

6.5. Conclusions 

Bound state energy levels and absorption coefficients for subbandgap transitions in an 

InAs/GaAs QD-IBSC have been calculated using an effective mass approximation to the 

Schrödinger equation. The truncated-pyramid QDs have been approximated as 

parallelepipeds, allowing us to employ a separation of variables method. A one-band 

effective mass equation has been used to calculate the conduction band wavefunctions and 

energy levels, and a four-band effective mass equation to calculate the valence band 

wavefunctions and energy levels, using an empirical k·p Hamiltonian in the latter case. 

The calculations predict multiple discrete bound states within the CB confining potential. 

These form the intermediate band of the QD-IBSC. A quasi-continuum of heavy-hole states 

is also predicted within the VB potential pedestal, leading to an effective shrinking of the 

VB-CB bandgap. This is in agreement with results in the literature. 

The calculated absorption coefficients for subbandgap transitions are extremely weak. This 

supports the conclusion that the weak experimental IQE is due to weak photon absorption and 

not poor carrier extraction. It is the weak subbandgap absorption that provides the main 

motivation for investigating absorption enhancement via light trapping in this thesis. 

The effect of reducing the QD size on the IB energy levels and subbandgap absorption 

coefficients has been investigated. It is predicted that reduction of the QD width pushes 

excited states from the host forbidden band into the range of the host CB, which could reduce 

thermal carrier escape via the ladder effect. What’s more, it is predicted that reducing the QD 

width provides a stronger optical coupling between the IB ground state and the CB. This is 

because the first excited state, which receives the strongest optical transition from the ground 

state, is pushed into the energy range of the host CB, providing a direct IB-CB optical 
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transition. QD dimensions of 10x10x6 nm
3
 and 9x9x9 nm

3
 have been highlighted as optimum 

in this regard, since the first excited state is predicted to sit exactly at the onset of the host CB 

for these dimensions. Reducing thermal escape from the IB to the CB whilst increasing the 

strength of the direct optical IB-CB transition could assist the splitting of IB and CB QFLs, 

making it possible for QD-IBSCs to achieve a high Voc at room temperature. 

It is also predicted that decreasing the QD width increases the absorption coefficients of all 

individual subbandgap transitions. This result was obtained under the assumption that the 

fractional coverage of each layer with QDs remains fixed, which implies that the number of 

QDs per layer increases with the inverse square of the QD width. 

Photogeneration currents have been calculated for the transitions that originate in the VB. 

The photogeneration current of the VB-IB(111) transition is predicted to be 2.5 times higher 

for 10x10x6 nm
3
 QDs than for the 16x16x6 nm

3
 QDs that are grown in present prototypes. 

However, the total photogeneration current summed over all VB-IB transitions is predicted to 

decrease on decreasing the QD dimensions, since there are less IB levels to receive 

transitions from the VB. The total subbandgap photocurrent is also predicted to decrease for 

smaller QDs. The desirability of reducing the QD dimensions is not therefore entirely clear 

and requires further investigation. 

Finally, the optical matrix elements calculated in this chapter serve as the input for the 

realistic detailed balance study presented Chapter 7. They are also used to predict the effect 

of light trapping using diffraction gratings on QD-IBSC operation in Chapter 8. 
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Chapter 7. Realistic detailed balance modelling of the 

subbandgap transitions in QD-IBSCs 

7.1. Introduction 

In this chapter, a detailed balance model based on realistic absorption assumptions is 

presented for the study of QD-IBSCs in the radiative limit. This model helps us to analyse 

existing QD-IBSCs, as is done in this chapter, and to make predictions about future proposals 

for QD-IBSC prototypes. It can also be used to make a predictive study of the effect of 

absorption enhancement using diffraction gratings on QD-IBSC performance, as is done in 

Chapter 8. 

In order to better understand the problems facing existing QD-IBSCs, there have been several 

recent theoretical studies into the absorption of sub-bandgap photons by the QDs. Optical 

matrix elements have been calculated for intraband (IB↔CB)[Luque'10b, Luque'13b] and 

interband (VB↔IB)[Luque'11b, Luque'12b] transitions using, in the former case, a one-band 

k·p method, and, in the latter case, the so-called empirical k·p Hamiltonian 

method[Luque'11b], which is a four-band k·p method. Some of the results of these and 

associated studies were detailed in Chapter 6. 

Sub-bandgap photon absorption/emission depends not only on the optical matrix elements, 

but on the electron occupation of the different bands and levels in the system. Neglecting 

non-radiative processes, these can be calculated by considering the so-called detailed balance 

of absorption and emission for each electronic transition and exacting the continuity of 

generation and recombination currents via each IB level. Detailed balance considerations 

have been used in the past to calculate the efficiency limits of IBSCs[Luque'97] and single 

bandgap solar cells[Shockley'61],
 
but in these cases, full absorption of photons in each 

transition was assumed. In the model presented in this chapter, we do not assume full 

absorption, but instead take the optical matrix elements calculated in Chapter 6 as input for 

the detailed balance model. This allows a realistic estimate of the sub-bandgap current 

generated by the QD-IBSC in the radiative limit. 

In this chapter, the model has been applied to calculation of the internal quantum efficiency 

(IQE) of a real QD-IBSC and its temperature dependence. The results are compared to 

previously published experimental data[Antolín'10b, Antolín'10c], with good agreement.  

Historically, this experiment has served two main purposes. It confirmed that the sub-
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bandgap photocurrent is too low, and established the thermal escape of electrons from the IB 

to the CB as a cause of the reduction of Voc with respect to an equivalent reference cell with 

no QDs. 

Using the model, we can analyse the individual sub-bandgap transition currents that make up 

the measured IQE, something that is not possible experimentally. We confirm that the poor 

sub-bandgap photocurrent is a consequence of the weak photon absorption investigated in the 

previous works [Luque'10b, Luque'11b, Luque'12b, Luque'13b, Luque'13c].
 
We also confirm 

that the thermal escape can be explained by radiative processes involving thermal photons at 

300K. This effect has previously been investigated considering the electronic system 

submerged in a reservoir of thermal photons at room temperature[Luque'11a]. In this study, 

the thermal photons are incident on the active IB layer from the surroundings and from the 

GaAs substrate. 

We believe that the good agreement with experimental results makes this model a useful tool 

for evaluating future proposals for QD-IBSC prototypes, particularly (but not only) in terms 

of the materials used and the QD dimensions. Therefore, a complete derivation is given. The 

model is valid for QD-IBSCs operating in the radiative limit, as is the case at short circuit. 

Close to the operating voltage, non-radiative processes such as Shockley-Read-Hall (SRH) 

recombination become important [Luque'12a]. However, SRH can be minimised by 

improving material quality. Results of the model at operating voltage therefore correspond to 

the best that be achieved by a proposed QD-IBSC. Finally, the model presented in this 

chapter is combined with the simulation technique developed in Chapter 2 to make 

theoretical predictions of the effect of applying diffraction gratings to QD-IBSCs. 

This chapter is organised as follows. In Section 7.2, the reader is reminded of the IB energy 

levels and the bands of the exemplary QD-IBSC, calculated in the previous chapter. In 

Section 7.5, the detailed balance model for the multi-level system is derived in full. In 

Section 7.4, the input parameters for the exemplary QD-IBSC are given. In Section 7.5, 

modelling results are presented of the internal quantum efficiency (IQE) at different 

temperatures and comparison is made to previously published experimental results. The 

different intermediate transitions are analysed in detail. In Section 7.6, conclusions are drawn. 

7.2. Energy levels and bands in the exemplary QD-IBSC 

As in the previous chapter, the modelled QD-IBSC is the sample labelled SB in Ref. 

[Antolín'10b] and S3 in Ref. [Antolín'10c]. A simplified band diagram of a single QD in this 

exemplary QD-IBSC is shown in Figure 7.1. The grey lines represent the VB and CB band 

edges, the offsets being due to the InAs QD. 
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Figure 7.1. A simplified band diagram of a single QD in the exemplary QD-IBSC. Upper grey 

line: conduction band edge. Lower grey line: valence band edge. Black lines: confined state 

energy levels whose energy is within the host forbidden band. Dashed grey line: effective 

valence band edge. 

The confining potential in the CB supports three discrete bound state levels in the energy 

range of the host forbidden band. Following the nomenclature in Chapter 6, these are labelled 

IB(111), IB(211) and IB(221). The IB(211) level corresponds to the pair of states 

IB(211)/IB(121), which are degenerate due to the QDs’ reflection symmetry in the x = y 

plane. The energy of each level is denoted EIB(111), EIB (211) and EIB (221). It is not a priori 

assumed that the IB levels are thermally coupled and as such they are described by Fermi-

Dirac functions with three distinct quasi Femi levels (QFLs): EF,IB(111), EF,IB(211) and EF,IB(221). 

The onset of the host CB is denoted ECB. Above this energy, there is a continuum of extended 

states and a set of discrete virtual bound states[Luque'13d] (neither pictured), all of which are 

described by a single QFL denoted EF,CB.  

The confining potential pedestal in the VB supports numerous bound heavy-hole and light-

hole states, (not pictured). The heavy-hole states are so close together as to form a pseudo 

continuum, and it is therefore assumed that all confined hole states are thermally coupled to 

one another and to the rest of the VB. The VB is therefore considered to have its energy onset 

at the confined heavy-hole ground state energy, which is near the top of the pedestal (EVB,eff - 

dashed line). The Fermi-Dirac distribution of the VB is described by a single QFL, denoted 

EF,VB. The lower density of states in the VB pedestal compared to the matrix VB is taken into 

account. 
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7.3. The detailed balance model 

The steady state subbandgap currents in the exemplary QD-IBSC are described by five quasi 

Fermi levels (QFLs) one for each carrier population. These are found by solution of five 

simultaneous equations. There are three current continuity equations, one for each IB level, 

which are derived in Subsection 7.3.1 There is also a charge conservation condition, and an 

expression relating the VB-CB QFL split to the external bias voltage, these are described in 

Sections 7.3.2 and 7.3.3 respectively. The solution of the problem to yield the output current 

is given in Section 7.3.4. 

Since each IB level presents one unknown QFL and provides one continuity equation, the 

model can be extended to a QD system with any number of IB levels. The bias voltage, cell 

temperature, illumination conditions and optical matrix elements are the input parameters to 

the model. Hence the model can be applied to many QD-IBSC systems under different 

conditions. 

7.3.1. Continuity of the subbandgap currents 

In the exemplary QD-IBSC, we have five distinct electron populations: that of the CB, that of 

the VB (whose upper energy onset is at EVB, eff), and those of the three discrete IB energy 

levels.  Generation and recombination currents exist between the five populations due to the 

respective emission and absorption of photons. The net generation current (generation or 

upward traffic of electrons up minus recombination or downward traffic) between a given 

pair of bands/levels is denoted Jl→u, where l and u are respectively the lower and upper level 

or band. Due to the conventional GaAs layers on either side of the QD stack, current can only 

be extracted via the VB and CB and not directly from the IB levels. Hence, for each IB level 

with index k, we can write a current continuity equation: 

0 

u

uk

l

kl JJ

 
(7.1) 

where the first and second sums are made over all levels (or bands) whose energy is 

respectively lower or higher than that of IB level k . Eqn. (7.1) presents three equations; one 

for each intermediate band level. These are the first three of the set of five equations from 

which the QFLs are calculated. In order to solve them, we must express each Jl→u as a 

function of known parameters and the unknown QFLs. 

The IB material is modelled as a homogeneous slab of thickness W in the z direction and 

extending infinitely in the xy plane. The IB layer is sandwiched between a semi-infinite GaAs 

substrate at the rear and a thin GaAs emitter at the front. The thin GaAs emitter screens all 

photons with Ephot > Eg  from reaching the IB layer, but interacts negligibly with photons 

with Ephot < Eg  . All materials in the structure have the same refractive index n, and the 

medium in front of the emitter is air with a refractive index of 1. Perfect transmission is 

assumed at all interfaces. 
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Both the air at the front and the GaAs substrate at the rear are a source of ambient photons at 

the cell temperature Tc and at zero chemical potential (we are assuming the cell temperature 

to be equal to the ambient temperature). From the front, these photons enter the IB layer 

through the escape cone of critical angle θc, given by Snell’s law. From the rear, these 

photons enter the IB layer through the whole hemisphere, given that the IB layer and 

substrate are of the same refractive index. The structure is also illuminated from the front by 

an illuminating source (for example a monochromator or the sun). 

We consider a single photon mode with wavevector k and unit polarization vector ε inside 

the IB layer. In the steady state, the continuity equation for this photon mode in the steady 

state is 
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where Nk,ε is the number of photons in the mode, c is the speed of light in a vacuum, θk is the 

polar angle made between k and the z axis and εk ,N  is the net annihilation of photons in the 

mode due to all possible absorption and emission processes per unit time. 

For Ephot < Eg, we assume that the dominant absorption and emission processes are electronic 

transitions involving the IB levels. We consider a transition between respective upper and 

lower quantum states Ξu and Ξl with energy levels Eu and El and quasi Fermi levels EF,u and 

EF,l . The probability that the states Ξu and Ξl are occupied by an electron is respectively 

given by the Fermi-Dirac functions fu and fl , where 
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Tc being the temperature of the solar cell. 

For a single QD, the Fermi Golden Rule[Messiah'62] states that the probability of an 

electron/hole in quantum state Ξl making a transition to state Ξu due to emission/absorption of 

a photon in mode k,ε is 
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where ul  εr  is the optical matrix element for the transition between the two states, 

discussed and calculated in Chapter 6, and Ω is the crystal volume. The absorption(emission) 

can only occur if there is an electron in the lower(upper) state and no electron in the 
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upper(lower) state. The number of absorption and emission events per unit volume and time 

is therefore 
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where QD  is the number of QDs per unit volume and 
max
,εk  is defined in Eqn. (7.5) for 

convenience (the choice of this nomenclature is explained shortly). 

In general, a single photon mode can couple with transitions between different pairs of states. 

However, in the weak absorption approximation, the photon population varies only slightly 

throughout the IB layer. We would therefore expect that the final transition rates between 

each pair of states to be negligibly affected by the photons coupling with competing 

transitions. We can therefore simplify the mathematics by considering each pair of states to 

couple exclusively to its own set of photon modes. Under this approximation, the net 

annihilation of photons in mode k,ε  due to transitions between Ξu and Ξl is 

εkεkεk ,,, eaN   (7.6) 

and Eqn. (7.2) becomes 
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We observe that 
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cTBf , being the Bose-Einstein energy distribution of luminescent photons at temperature Tc 

and chemical potential μ = EF,u - EF,l. The general solution to Eqn. (7.7) is 
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with A the constant of integration. In the last step, the exponential has been approximated as 

first order Taylor expansion, which is valid for weak absorption. For a single highly oblique 
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order, cosθk is very small and the first order approximation is not valid; however, preliminary 

calculations have found that the error incurred when integrating over all angles is small for 

the absorption coefficients considered in this chapter. 

To find the constant of integration in Eqn. (7.9) we apply boundary conditions determined by 

the solar cell geometry and operating conditions. The solar cell is illuminated from the front 

by photons travelling in the positive z direction. At the front surface, photons enter and 

escape the IB layer within the escape cone determined by n. At the rear surface, photons enter 

and escape the IB layer over the whole hemisphere. In the following, we distinguish between 

modes inside the escape cone of the front surface (superscript “esc”) and those outside the 

escape cone (superscript “conf”), and between modes propagating in the positive z direction 

(superscript “+”) and those travelling in the negative z direction (superscript “-”). 

Modes within the escape cone travelling in the positive z direction enter the IB material at z = 

0. Their population is equal to the population incident from the illuminating source, which is 

denoted  kkincN  , , plus the photons incident from the surroundings at room temperature. 

Modes travelling in the negative z direction enter the IB material at z = W from the GaAs 

substrate. It is reasonable to think that below-bandgap photons entering from the doped 

substrate have zero chemical potential under any voltage conditions. This is because they do 

not have sufficient energy to interact with the non-equilibrium VB-CB transitions, and 

instead interact with electrons or holes in a single band, or phonons, the individual 

populations of which are assumed to be in equilibrium. Finally, modes outside the escape 

cone travelling in the positive z direction are those that enter from the rear and are reflected at 

z = 0. The boundary conditions for each class of mode are therefore 
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where 
cTBf 0,  denotes the Bose-Einstein distribution at zero chemical potential and 

temperature Tc. The respective solutions to Eqn. (7.10) are 
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keeping in mind that cosθk < 0 for modes travelling in the negative z direction.  ul ff max
,εk is 

now recognised as the absorption coefficient for the given transition (such that max
,εk is the 

maximum possible absorption coefficient for this transition, achieved when the electron 

occupancy of the lower and upper level is 1 and 0 respectively). We can see from Eqn. (7.11) 

that the photons enter the IB layer with the external photon population and, over the course of 

their trajectory, move toward equilibrium with the electron states (with chemical potential μ) 

at a rate determined by the absorption coefficient, as is discussed in, eg., Ref. [Wurfel'82]. 

The density of polarized photon modes per unit volume per unit solid angle per unit energy 

interval inside the absorber is 
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The total net generation current density for the l→u transition is the difference between the 

total number of photons entering and escaping the cell per unit area in the xy plane. Taking 

into account photon fluxes at both interfaces, net generation current density per unit energy 

interval is 

   

 

 

   














































 

 

 

 

















 



 



















2

0

,,

2

0 2/

,

2

0

2/

,

2

0 0

,,

0

0sincos

sincos

sincos

0sincos

c

c

c

c

g

escesc

conf

conf

escesc

phot

E

photeul

NWNdd

WNdd

WNdd

WNNdd

n

c
dEqJ

ε
εkεk

ε
εk

ε
εk

ε
εkεk

 (7.13) 



Realistic detailed balance modelling of the subbandgap transitions in QD-IBSCs 

169 

 

where  represents an averaging over polarization states. After some mathematical 

handling this leads to 
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where it is assumed that the incident flux is unpolarized. 

To compute (7.14), it is necessary to consider the polarization dependence of max
,εk . 

Expanding the square modulus of the optical matrix element we have 
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We can write three separate absorption coefficients: 
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such that 
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We now wish to compute 
ε

εk
max
, : the average over all polarization states for the photon 

mode in question. To do this, we define two mutually orthogonal unit vectors in the 

polarization plane of the photon mode. The simplest choice is the vectors s and p where 

ε
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where zyx ˆ,ˆ,ˆ  are unit vectors in the x, y and z directions, and θk, φk are the polar and azimuth 

angles of the mode’s wavevector (not of the polarization vector). We can now calculate 

ε
εk

max
,  by taking the average of 

max
,εk  for s and p polarizations: 
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Before continuing, it is worth mentioning that we have now derived the expression in Eqn. 

(6.24) (page 146), which is the absorption coefficient for normal illumination. The exact 

expression follows from Eqn. (7.19) by taking sinθk = 0 and remembering that α = α
max

(fl - fu). 

Returning to the present derivation, we can now compute Eqn. (7.14). We first observe that 
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and that 

0
2

sin

22

sinsin1
sin

2
cossin

2

1

2

sincos1
sin

2

0 0

3

2

0 0

22

2

0 0

2

0 0

22













 

 

  


















c

c

cc

incphot

inc
incphot

inc
incphotincphot

Nd
n

c

Nd
n

c

Nd
n

c
Nd

n

c

 (7.21) 

where inc  is the incident photon flux per unit time and area and we have made the 

approximations sin
2
θ ≈ 0 and 1 ≈ cosθ, which are valid for

 
θ < θc. Finally, we observe that 
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Eqn. (7.14) is therefore 
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where   2maxmaxmax
, yxyx    is the average absorption coefficient for photons polarized in 

the xy plane. Eqn. (7.23) gives the net generation current between a pair of IB levels as a 

function of the quantities 
max
x  etc. which are directly calculated from the optical matrix 

elements via Eqn. (7.16). The optical matrix elements were calculated for different QD 

dimensions in Chapter 6. 

The net current from an IB level to the CB can be calculated using Eqn. (7.23) and modifying 

the absorption coefficient as follows: 
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where the sum is made over all possible final states in the CB. Similar expressions can be 

written for transitions from the VB to an IB level, or from the VB to the CB. 

The first term in the long bracketed expression in Eq. (7.23) represents the absorption of 

external illumination. The term proportional to fB,0Tc  represents the absorption of thermal 

photons incident on the IB layer from the surroundings. The term proportional to fB,μTc 

represents the emission of luminescent photons into the surroundings.  
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7.3.2. Charge neutrality condition 

Charge neutrality is assumed to in the QD stack. This condition is found in the inside (far 

from the edges) of thick stacks of QDs,  as is the case for the QD-IBSC under 

investigation[Luque'10a]. We can therefore write the equation 

0 
dIBVBCB Nnpn

 
(7.25) 

where nCB and pVB are the concentrations of electrons and holes in the CB and VB 

respectively (taking also the confined hole states into account), nIB is the electron 

concentration in the several IB states (summed), and Nd
+
 is the concentration of ionized 

donor atoms used to prefill the IB.  

The relevant quantities are given by 
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where NCB and NVB are the effective densities of states in the CB and VB respectively. These 

are 
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(7.27) 

where 
*

em  and 
*
hm are the effective masses for electrons and holes, which are taken to be 

those for GaAs at the Γ point. 

In the second and third lines of Eqn. (7.26), the sums are respectively made over all confined 

hole states in the VB pedestal and confined electron states in the CB well (the latter are the IB 

levels). The factor of 2 accounts for spin degeneracy. The summand must also be multiplied 

to account for xy degeneracies where appropriate, for example for the IB(121)/IB(211) level. 



Realistic detailed balance modelling of the subbandgap transitions in QD-IBSCs 

173 

 

Finally Nd is the concentration of donor atoms used to prefill the IB and Ed is the donor 

energy level. The QD layer of the exemplary QD-IBSC is δ-doped with Si to a concentration 

that supplies one donor atom per QD[Antolín'10b].
 

We therefore take QDdN   and 

eV  0.006 CBd EE [Luque'12a]. In all our modelling results, the donors have been found 

to be completely ionized, even at low temperatures. This is because, at zero bias (as is 

appropriate for quantum efficiency experiments),  EF,CB 
is bound to the IB levels, which are 

below the donor level. 

7.3.3. The terminal voltage 

Finally, we make the simplifying assumption that the terminal voltage is equal to the split 

between the VB and CB QFLs. This is equivalent to assuming infinite carrier mobility and, 

therefore, zero series resistance. 

VqEE eVBFCBF  ,,  (7.28) 

7.3.4. Solution of the problem to find the output current 

Through Eqns. (7.1), (7.26) and (7.28), we have a system of simultaneous equations with as 

many equations as unknowns. The input parameters are the energy levels of both confined 

and extended states in all bands, the Fermi-level-free absorption coefficients (α
max

) for all 

possible transitions, the cell temperature, the terminal voltage and the illumination photon 

flux. The problem is solved numerically using Wolfram Mathematica
®
, yielding the QFLs. 

The net generation current for each transition is then calculated using Eqn.(7.23). The output 

current generated via the intermediate band can be calculated by 
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(7.29) 

where the summations are over all IB levels and either summation leads to the same result. 

Due to the invasion of the forbidden band by the bound VB states, there is also a direct VB-

CB sub-bandgap current JVB-CBsub, which can also be calculated using Eqn.(7.23) and making 

the modification in (7.24). 

Finally, if we wish to calculate the total current generated in the QD-IBSC in the radiative 

limit, we can assume the GaAs emitter generates a current Jemmitter given by the Shockley-

Queisser model[Shockley'61]. The total current generated by the QD-IBSC is then 

emitterCBsubVBIBIBSCQD JJJJ    
(7.30) 
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7.4. Input parameters 

For the exemplary QD-IBSC, the optical matrix elements have been calculated in the 

previous chapter and in Refs. [Luque'10b, Luque'11b, Luque'12b, Luque'13b, Luque'13c]. 

The resulting max

xy  and 
max

z  are calculated from Eqn.(7.16) and are used as the input for the 

calculations; these are plotted in Figure 7.2. The Dirac-delta in Eqns. (7.16) has been 

approximated as a Gaussian with a deviation of 25 meV to account for the variance of QD 

sizes in the layer stack. The IB(111)↔ IB(221) transition is forbidden for x,y polarization and 

all transitions between two IB levels are forbidden for z polarization[Luque'10b]; hence, these 

are not plotted. “VB-CB sub-bangap” refers to transitions between the pseudo continuum of 

states in the VB pedestal and the CB, the transition energies for these being lower than the 

host bandgap Eg. 

 

Figure 7.2. Absorption coefficients for the different transitions in the exemplary QD-IBSC 

before modification by the electron occupancies of the lower and upper levels. Left: absorption 

coefficients for photons polarized in the xy plane. Right: absorption coefficient for photons 

polarized in the z direction. Each curve represents a different electronic transition between all 

the bands and levels shown in Figure 7.1. 

The remaining input parameters used in the detailed balance model are listed in Table 7.1. 

  

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0

50

100

150

200

250
 


m

a
x

x,
y

 /
 c

m
-1

Photon Energy / eV

 VB - IB(111)

 VB - IB(211)

 VB - IB(221)

 IB(111) - IB(211)

 IB(211) - IB(221)

 IB(111) - CB

 IB(211) - CB

 IB(221) - CB

 VB - CB subbandgap

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0

50

100

150

200

250

300

350

400

450

 


m

a
x

z
 /

 c
m

-1

Photon Energy / eV

 VB - IB(111)

 VB - IB(211)

 VB - IB(221)

 IB(111) - CB

 IB(211) - CB

 IB(221) - CB

 VB - CB subbandgap



Realistic detailed balance modelling of the subbandgap transitions in QD-IBSCs 

175 

 

     Table 7.1. Input parameters used in detailed balance model. 

Symbol Value Units 

ECB  0 eV 

EVB at 300K 1.42 eV 

EVB,eff at 300K -1.24 eV 

EIB(111)  -0.26 eV 

EIB(211)  -0.16 eV 

EIB(221)  -0.06 eV 

W 2.4 µm 

n 3.5  

ρQD 5x10
15 

cm
-3

 

Nd 5x10
15

 cm
-3

 

Ed -0.006 eV 

NCB 8.4 x10
13

 Tc
3/2 

cm
-3

 

NVB 1.8 x10
15

 Tc
3/2

 cm
-3

 

The energy origin is at the host CB band edge. Tc is expressed in Kelvin. 

7.5. Results 

7.5.1. Analysis of the internal quantum efficiency 

The model has been used to simulate the experiments presented in Refs. [Antolín'10b, 

Antolín'10c], in which the IQE of the exemplary QD-IBSC was measured at different 

temperatures. Before presenting the modelled results, we comment briefly on the relevance of 

the experimental results. In the articles, it was demonstrated that electrons pumped from the 

VB to the IB by external illumination can readily escape to the CB by thermal processes. 

Strong IB↔CB thermal escape implies that positive sub-bandgap photocurrent can only be 

delivered at a voltage limited by the VB-IB sub-bandgap [Luque'01b], which is smaller than 

the overall VB-CB bandgap. This ultimately limits the conversion efficiency of the device at 

room temperature. A goal of QD-IBSC research has since been to minimise the thermal 

escape, for example by using a larger bandgap hosts [Antolín'11, Ramiro'12]. 

In the experiment, the temperature of the QD-IBSC and its immediate surroundings are 

controlled using a cryostat and the QD-IBSC was illuminated by a monochromator with a 

linewidth of around 1nm and a total irradiance of 0.5 mWcm
-2

. In the model, the temperature 

is controlled by the parameter Tc, and the incident flux is modelled as a narrow Gaussian 

function with a deviation of σ = 0.01 eV. 
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(7.31) 

where Emon is the nominal output photon energy of the monochromator. 

Figure 7.3 (left) shows the calculated IQE for a range of cell temperatures. Figure 3 (right) 

shows the measured temperature dependent IQE published in Refs. [Antolín'10b, 
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Antolín'10c]. The peaks marked in the experimental curve as E0 and E1 are transitions from 

the VB to the ground and first excited states in the QD CB well; these correspond to states 

IB(1,1,1) and IB(2,1,1)/(1,2,1) in the model. The quantitative agreement between the 

experimental IQE and that calculated using the EKPH method for energies below 1.35 eV 

and at room temperature has been discussed in Ref. [Luque'11b, Luque'12b]. The fact that the 

weak sub-bandgap IQE has been reproduced by the model, which assumes infinite carrier 

mobility, demonstrates that this is a problem of weak photon absorption in the QDs and not 

of carrier extraction from the QD stack. The detailed balance model also reproduces 

qualitatively the temperature dependence of the IQE in the 0.9 – 1.2 eV range. The 

quantitative agreement of this dependence is discussed in the Subsection 7.5.2. 

 

Figure 7.3. Temperature dependent IQE for the exemplary QD-IBSC. Left:  IQE calculated 

using the detailed balance model. Right: Measured IQE from Refs. [Antolín'10b, Antolín'10c]. 

The photon energy on the horizontal scale refers to the nominal output photon energy of the 

monochromator (Emon in Eqn. (7.31)). 

The modelled IQE ceases to be temperature dependent above around 1.2 eV. This is the 

effective bandgap of the IB layer caused by the quasi continuum of confined-hole states that 

invade the bandgap (see Figure 6.3 - Page 148). This can be seen somewhat in the measured 

data at lower temperatures. Both modelled and experimental data show a blue shifting of 

features at lower temperatures, caused by the widening of the host bandgap. 
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There are also features not reproduced by the model. The step in the experimental data 

around 1.35 eV (labelled WL) is due to absorption by the quantum wells formed by the so-

called wetting layer during QD growth. Also, the measured IQE increases steadily with 

increasing photon energy, an effect that becomes more pronounced at lower temperatures. 

This could be due to non-instantaneous relaxation of holes from the host valence band to the 

confined hole states in the QDs. Neither of these effects has been considered in the model. 

7.5.2. Arrhenius plot 

To provide quantitative analysis, an Arrhenius plot of the modelled IQE at the E0 peak is 

shown in Figure 7.4 (left) (squares), along with the measured Arrhenius plot from Ref. 

[Antolín'10b] in Figure 4 (right). Both the modelled and experimental data show distinct high 

and low temperature regimes. 

 

Figure 7.4. Arrhenius plots of the IQE at E0 for the exemplary QD-IBSC. Left graph: values 

calculated using detailed balance model. Squares: monochromator irradiance = 0.5 mWcm
-2

. 

Triangles: monochromator irradiance = 5 mWcm
-2

. Right: measured values published in Ref. 

[Antolín'10b]. In both graphs, the dashed lines are linear fits to the linear parts of the curves; 

the thermal activation energies EA are extracted from the slopes of these fits. 

In the high temperature regime, the photocurrent is limited by VB→IB transitions induced by 

the monochromator illumination. The modelled data is entirely temperature independent in 

this regime, whereas the experimental appears to approach a plateau gradually on increasing 

the temperature. This discrepancy is also visible in Figure 3 (comparing results at 300K and 

200K). We consider there is a basic agreement; small discrepancies are to be expected given 

the simplicity of the model.  

In both plots, the low temperature regime is linearly temperature dependent. Here the 

limitation is due to thermal escape from the IB to the CB. The linearity implies an Arrhenius 

type temperature dependence of the form  cBA TkEexp , where EA is the so-called 

activation energy of the thermal escape. Applying a linear fit to the modelled data in this 

regime yields and activation energy of 235 meV, to be compared to the 224 eV yielded from 

 modelled experimental
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the experimental data[Antolín'10b]. In the model, the thermal escape occurs due to absorption 

of the aforementioned thermal photons incident on the IB layer from the surroundings and 

from the substrate, as was postulated in Ref. [Luque'11a]. Due to the good agreement 

between the measured thermal escape activation energy and that predicted by the model, we 

believe the model can serve as a useful tool for evaluating future proposals for QD 

geometries and material systems for QD-IBSCs. 

The calculation has been repeated with a monochromator irradiance of 5 mWcm
-2

, ten times 

higher than the estimated irradiance in the experiment. The results are plotted as triangles in 

Figure 4 (left). The change in irradiance causes a lateral shift in the temperature dependent 

part of the curve, achieving much better agreement with the experimental data. Although it is 

possible that the experimental irradiance is actually higher than estimated, this discrepancy is 

more likely due to the calculated E0 absorption peak being below the experimental one (as is 

visible in Figure 7.3). 

In previous papers, it has often been stated that the thermal escape is non-optical. However, 

here, the thermal escape has been well reproduced using a model that considers only radiative 

transitions. This suggests that the thermal escape is mainly due to interactions with thermal 

photons incident from the substrate and the surroundings. The alternative possibility of 

thermal escape via electron-phonon interaction seems much less likely; the energy spacing 

between IB levels is on the order of 100 meV, requiring an improbable multiple phonon 

interaction for each transition to occur.  

7.5.3. Analysis of the individual transitions 

Using the model, we can investigate the individual sub-bandgap currents that lead to the 

overall IQE. We define the IQE for each sub-bandgap transition as being the net number of 

charge carriers making that transition per incident photon, where positive and negative IQEs 

corresponds to net generation and recombination respectively. The IQE for each individual 

transition is plotted in Figure 7.5 (left) and (right) for temperatures of 300K and 140K 

respectively, these belonging to the two different regimes. Each figure is divided into three 

panels: the top panel shows transitions from the VB to the IB levels, the middle panel 

transitions between IB levels, and the bottom panel transitions from IB levels to the CB. 

Table 7.2 summarises the dominant path by which electrons are delivered from the VB to the 

CB in each energy range, these are the same for both temperatures. 
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Figure 7.5. IQEs of the individual transitions in the multi-level system for the exemplary QD-

IBSC cell at different temperatures. Left: Tc=300K. Right: Tc=140K. The IQE here means the 

net number of charge carriers making the stated transition per incident photon. Negative values 

imply net recombination for the transition. 

Table 7.2. Dominant paths by which electrons reach the CB via the IB states for differenent 

monochromator energy ranges. The paths are the same at 300K and 140K. 

Energy Range (eV) Dominant Path 

0.95 - 1.02 VB→IB(111) →IB(211) →CB 

1.02 - 1.15 VB→ IB(211) →CB 

1.15 - 1.35 VB→IB(221) →IB(211) →CB 

At 300K, the monochromator pumps electrons from the VB to one of the IB levels depending 

on the photon energy. The electrons in this level then make a transition to the IB(211) level 

due to absorption/emission of thermal photons. From the IB(211) level they are extracted to 

the CB, again due to absorption of thermal photons.  

At 140K, the dominant paths by which electrons reach the CB via the IB states is the same as 

for 300K. However, due to the reduced radiative thermal escape at this temperature, the 

IB(211) →CB current is much weaker than at 300K (note the different vertical scales). 

Consequently, most of the electrons reaching the IB levels from the VB recombine back to 

the VB via the IB(111) level. 

These results reveal why the measurement of optical transitions from the IB ground state to 

the CB has as yet been very elusive. For normally incident photons (x,y polarization), there is 

weak direct coupling from the IB(111) level to the CB (Figure 7.2 left). Hence, 

photogeneration via the IB(111) level is not a two-photon process but a three-photon process. 

 Tc = 300 K Tc = 140 K
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Measuring this process at low temperatures would require photons of appropriate energy for 

each of the three transitions listed in the first row of Table 2. What has probably been lacking 

in previous experiments is illumination by low energy photons (around 100 meV) to pump 

from the IB(111) to the IB(211) level. 

Since radiative thermal escape always occurs via the IB(211) level and never directly from 

the ground IB(111) level, it is clear that the excited IB(211) and IB(221) states must be 

removed from the forbidden band to suppress the escape. One suggested means of doing this 

is to decrease the QD size, as discussed in the previous chapter and in Refs. [Linares'11a, 

Mellor'12]. This increases the energy of all IB levels, pushing the IB(211) and IB(221) states 

into the host CB, where they become virtual bound states [Bastard'84]. However, the 

disadvantage is that the IB(111) energy also increases. This would place the IB(111) ↔CB 

transition at an energy at which thermal photons outnumber photons incident from the sun, 

and hence induce direct thermal escape from the IB(111) level. To effectively suppress 

thermal escape, it is therefore necessary to move to a material system with a larger CB offset, 

such as InAs/AlGaAs[Ramiro'12] or certain IV-VI/ II-VI combinations[Antolín'11], whilst 

simultaneously tuning the QD size so that all excited states are removed from the forbidden 

band. 

7.6. Conclusions 

A non-idealized photon-electron detailed balance model has been developed to calculate the 

realistic intrasubband and intersubband transition currents in a real QD-IBSC prototype in the 

radiative limit. Instead of assuming absolute photon absorption, as is done in idealized 

detailed balance models, the model assumes realistic absorption, taking as input the optical 

matrix elements calculated in Refs. [Luque'10b, Luque'11b, Luque'12b, Luque'13b] and in 

Chapter 6. 

The model has been used to reproduce experimental measurements of the IQE at different 

temperatures, with good agreement. This validates the model for calculations at short circuit, 

where radiative processes dominate, and indicates how the model can be refined for better 

agreement. It has also allowed a deeper analysis of measured phenomena, uncovering 

mechanisms that are difficult to uncover experimentally. We believe the model can be useful 

for evaluating future QD-IBSC proposals.  

The most convincingly reproduced result is the temperature decay of the first IQE peak 

(interpreted as the VB→IB(111) transition). Two regimes are disclosed: at room temperature, 

the IQE is limited by the VB→IB transitions pumped by the monochromator, and at 

temperatures below 150-200 K, the IQE is limited by thermal escape from the IB to the CB. 

The results confirm quantitatively that the measured thermal escape from the QD confined 

levels[Antolín'10b, Antolín'10c] can be entirely accounted for by the absorption of thermal 

photons, incident from the surroundings and from the substrate, in a sequential many-photon 

absorption/emission process involving the ladder of QD excited states between the QD 

ground state and the CB. This mechanism was proposed in Ref. [Luque'11a]. This process, 
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when dominant, fundamentally prevents QD-IBSCs from delivering positive sub-bandgap 

current at high voltages, and prevents QD-IBSCs from having higher efficiencies than 

equivalent single-gap reference devices[Luque'01b], even if the cell is perfectly 

manufactured. It is therefore concluded that future QD-IBSC prototypes must be designed to 

eliminate this escape path. One possible option is the use of higher bandgap hosts[Antolín'11, 

Ramiro'12] and smaller quantum dots[Linares'11a, Mellor'12]. This combination could 

present a QD ground state deep in the forbidden band with no intermediate excited states 

between it and the CB. 

The results also reveal the sub-bandgap photogeneration is in fact a sequential three-photon 

process requiring photons with energy as low as 100 meV for the lowest energy transition. 

Most optical systems are opaque to photons of this energy (which correspond to a wavelength 

of 12.4 μm). This could explain the difficulty of measuring the intrasubband transitions in the 

past.  

Weak photon absorption by intermediate transitions is a serious limitation of the QD-IBSCs. 

Increasing this absorption should form an important part of QD-IBSC research. Absorption 

enhancement using diffraction gratings, as is studied in this thesis, is one option for doing so. 

The good agreement between the modelling and experimental data shown in this chapter 

gives us confidence in the relevancy of the model. In Chapter 8, the model is combined with 

the simulations presented in Chapter 2 to make some predictions regarding the incorporation 

of diffraction gratings into QD-IBSCs. 
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Chapter 8. Diffraction gratings in QD-IBSCs 

8.1. Introduction 

So far in this thesis, we have looked separately at optical absorption enhancement using 

diffraction gratings on the one hand and at photon absorption and photocurrent generation in 

QD-IBSCs on the other. In this chapter, we combine the knowledge gained in both subjects to 

predict how we would expect the presence of a diffraction grating to affect the subbandgap 

current in a QD-IBSC. 

In Chapter 4 and Chapter 5, we investigated diffraction gratings for absorption enhancement 

in c-Si solar cells. A c-Si solar cell is a single-bandgap device, and every absorbed photon 

corresponds to the generation of an electron-hole pair capable of being extracted as electrical 

current. There is therefore a simple relation between the absorption enhancement offered by 

the diffraction grating and the corresponding photocurrent enhancement. For a QD-IBSC, this 

is not the case. Photogeneration of an electron hole pair via the intermediate levels occurs due 

to the sequential absorption of two photons (or more, depending on the number of 

intermediate levels). This corresponds to two or more subbandgap generation currents 

operating in series. As we saw in Chapter 7, the electron populations of the different levels 

and bands, and hence the quasi Fermi levels of the system, must adjust themselves to ensure 

continuity of current via the intermediate levels. The electron populations depend on the rate 

of photogeneration between each pair of levels/bands. This in turn depends on the photon 

absorption by each transition, and the probability of photon absorption depends on the 

electron populations. There QD-IB material therefore displays a complex non-linearity in 

which the absorption coefficient for a certain photon energy depends on the spectral intensity 

inside the material over the whole subbandgap spectrum. Clearly, this will affect how light 

trapping from the diffraction grating contributes to the subbandgap photocurrent in a non-

trivial way. To examine this properly, we will need to combine the optical diffraction grating 

model presented in Chapter 3 with the detailed balance model presented in Chapter 7. This is 

the focus of the present chapter. 

QD-IBSCs equipped with diffraction gratings have not been fabricated. There is, therefore, 

no direct way of testing the accuracy of the results presented in the present chapter. However, 

the reader is reminded that the two constituent models used here have each been shown to 

achieve good agreement with experiment. The optical diffraction grating simulation has been 

used to simulate grating equipped c-Si solar cells in Chapter 5, with good agreement to 

reflection spectroscopy measurements of real samples. In Chapter 7, experimental 
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measurements of the temperature dependence of the IQE of a QD-IBSC prototype have been 

successfully modelled using the quantum calculation of photon absorption in QDs combined 

with the realistic multi-level detailed balance model. We might therefore expect the 

combination of the models to give results that are, at least, sufficiently reliable for a semi-

quantitative analysis. 

Nonetheless, in the absence of experimental data with which to test our theoretical results, we 

do not attempt to make precise quantitative predictions. Instead, this chapter aims to be 

speculative and predictive. The idea is to explore some of the main factors that must be 

considered when optimising grating equipped QD-IBSCs and to highlight the main problems 

that could stand in the way of success. The focus will be on general trends and phenomena as 

opposed to precise quantitative predictions. Therefore, many hypothetical cases are studied 

and the modelling is greatly simplified where possible. I have endeavoured to state the most 

relevant simplifications explicitly. 

This, the final chapter of this thesis, is intended to lead on to the next step in this line of 

investigation, which is undoubtedly the fabrication and electrical and optical characterisation 

of QD-IBSCs equipped with light trapping structures. The optimisations in this chapter and in 

previous chapters can be used as an indicator of the device and structure parameters that 

should be sought when fabricating such a structure. More importantly, the discussion should 

aid the interpretation of experimental results. Finally, the projected efficiencies calculated in 

this chapter give an idea of the enhancements that can be expected by employing diffraction 

gratings to QD-IBSCs, and demonstrate the necessity of optical absorption enhancement of 

QD-IBSCs are to achieve high efficiencies in practise. 

8.2. The simulated structure 

8.2.1. The QD-IBSC under investigation 

As the subject of our study, we shall take the hypothetical QD-IBSC based on 9x9x9 nm
3
 

QDs that was studied in Chapter 6. Our reason for choosing this, instead of the more realistic 

16x16x6 nm
3
 QDs, is twofold. Firstly, the 9x9x9 nm

3
 QD only presents a single IB level in 

the forbidden band. This simplifies the calculations, since only two simultaneous equations 

need be solved instead of four. This also simplifies the analysis. Secondly, the 9x9x9 nm
3
 QD 

is fully symmetric in the x, y and z coordinates. This means that the associated absorption 

coefficient is isotropic, which again simplifies the calculations, as is discussed in Section 8.3. 

Hereafter in this chapter, the term QD-IBSC implicitly refers to that based on the 9x9x9 nm
3
 

QDs. 

A simplified band diagram of the 9x9x9 nm
3
 InAs/GaAs QD is shown in Figure 8.1 (top). 

The reader is reminded that the VB pedestal contains a quasi-continuum of heavy-hole states. 

This means that, from a device physics point of view, the effective energy onset of the VB is 

just below the top of the pedestal (EVB,eff  in the figure). The CB onset is at the host CB edges 

(ECB) and there is a single IB level at energy EIB. The effective bandgap for direct VB-CB 

transitions is therefore EVB,eff, and the energy onsets for transitions via the CB can be neatly 
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labelled as EH (VB-IB transition) and EL (IB-CB transition). The numerical values of these 

energy gaps are listed in Table 8.1. 

 

 

Figure 8.1. Top: simplified band diagram of the 9x9x9 nm
3
 InAs/GaAs QD. Bottom: absorption 

coefficients for the various subbandgap transitions. 

 

Table 8.1. Energy gaps for the InAs/GaAs QD-IBSC based on 9x9x9nm
3
 QDs. The detailed 

balance limiting efficiency of an IBSC with these bandgaps has also been calculated assuming 

100% photon absorption. 

Paremeter Eg Eg,eff EH EL 

Value / eV 1.42 1.21 0.99 0.22 
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The absorption coefficient max  of the various subbandgap transitions is shown in Figure 8.1 

(bottom). The reader is reminded that the superscript max indicates that these are the values 

before modification by the electron occupancies of the lower and upper levels (see Section 

7.3.1). VB-CB subbandgap refers to transitions from the VB pedestal to the CB that have 

energy Eg,eff  < E < Eg. Again it is assumed that all photons with energy greater than Eg are 

screened by the GaAs emitter and do not interact with the QD stack. 

8.2.2. The diffraction grating under investigation 

The diffraction grating considered in this chapter is the optimum grating designed in Chapter 

5. This consists of a hexagonal array of circular towers etched into the rear of the 

semiconductor substrate. The towers are capped by a SiO2 dielectric buffer layer followed by 

a planar reflector. The refractive indices used in the grating simulations are n=3.317 for the 

GaAs towers, n=1.47 for the SiO2 buffer layer, both are taken to be non-dispersive. For now, 

the reflector is taken to be perfect. The area covered by the towers is 50% of the total area, 

and the tower height is 0.25Λ, where Λ is the grating period. The grating period itself is 

allowed to vary. 

To incorporate the optical enhancement offered by the grating into the detailed balance 

model, we shall make use of the mean optical path length enhancement <l>/w, which can be 

calculated for a given grating profile using the simulation technique developed in Chapter 2. 

The solid black line in Figure 8.2 shows the mean optical path length enhancement offered by 

the chosen diffraction grating as a function of the vacuum wavelength to grating period ratio 

λ / Λ. The mean path length enhancement has been calculated for 1000X concentration. As 

discussed in Chapter 2, concentrated sunlight arrives at the cell in a much wider manifold 

than direct solar illumination with no concentration; this has been taken into account in the 

calculation. We saw in Chapter 3 that, as a result of the wider incidence manifold, light 

trapping using a diffraction grating is more effective for 1X than for 1000X concentrations. 

However, we are interested in 1000X concentration for the reasons laid out in Chapter 1 of 

this thesis. 
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Figure 8.2. Mean path length enhancement offered by the diffraction grating studied in this 

chapter. 

Due to computational time constraints, the minimum wavelength that has been simulated is λ 

= 0.8Λ. At lower wavelengths, the number of propagating orders in the solar cell becomes 

very large and the simulation is slow. This is particularly problematic for 1000X 

concentration, since the wide incidence manifold has to be subdivided, increasing the number 

of simulations that must be run, as described in Chapter 2. In the present study, we will need 

to make some assumption about the mean path length enhancement at lower wavelengths, 

since a wide wavelength range is covered by the subbandgap transitions in the QD-IBSC. 

The grating we have simulated has a binary profile. We saw in Chapter 4 that this offered the 

advantage of suppressing specular reflection at certain wavelengths due to Fabry-Perot 

interference, and that the wavelength at which this occurs can be chosen by tuning the grating 

depth. However, we would expect such a structure to perform much worse in the geometric 

optics regime. Photons with wavelengths much smaller than the grating period and depth will 

merely see a specular mirror. We would therefore expect the path length enhancement to 

approach <l>/w = 2 in this limit. This assumption is shown as a black dashed line in in 

Figure 8.2. 

For another grating type, such as a pyramidal grating, we might have been able to make a 

more optimistic assumption regarding the path length enhancement at low wavelengths. In 

fact, it has been shown in Ref. [Campbell'87] that well designed pyramidal textures will tend 

to approach the Lambertian limit in the geometric optics regime (low λ / Λ). This will be 

discussed in the conclusions. However, such a structure has not been studied in this thesis, so 
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it is prudent to make the more pessimistic assumption shown in Figure 8.2 when making the 

calculations. 

Also shown in Figure 8.2 is the mean path length enhancement for ideally Lambertian light 

trapping. We shall also make calculations of the QD-IBSC performance using this 

Lambertian limit and compare to the results for the simulated diffraction grating. 

8.3. Adapting the detailed balance model to the problem 

The calculations made in this chapter use the realistic detailed balance model presented in 

Chapter 7. However, the model will need to be adapted to the problem at hand. The incident 

spectrum must be changed from a monochromator to the solar spectrum. The model itself 

will have to be revised, since we can no longer assume the limit of weak absorption. Finally, 

the effect of light trapping due to the presence of the grating must be introduced into the 

model. 

8.3.1. The incident spectrum 

In this chapter, the incident spectrum is taken to be that of the sun, which is modelled as a 

black body at 5762 K. The sun’s rays reach the earth through a conical manifold, who’s 

étendue is a 46000
th

 part of the celestial hemisphere. The modelled incident solar photon flux 

is therefore 

 
 

 
1360

10002

46000

1
0,23
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 TsBinc f
ch

C
 

(8.1) 

where fB,0Ts(ħω) is the Bose-Einstein distribution of photons emitted from a body at the sun’s 

temperature, Ts = 5762 K. The factor of 1000/1360 is a correction to allow for absorption by 

the earth’s atmosphere; this normalises the spectrum to a total irradiance of 1000 Wm
-2

 at the 

Earth’s surface (in the absence of concentration). C is the concentration factor, which 

accounts for any concentrating optics focusing sunlight on the cell. Throughout this chapter, 

we will take C = 1000X unless otherwise stated. 

8.3.2. Correction of the model to account for higher absorption 

In the initial derivation of the net current between two levels (Chapter 7), the exponential 

function in Eqn. (7.9) (page 166) was expanded in a Taylor series up to the first order. This is 

justified in the limit of low absorption. Here, the derivation is modified to allow for higher 

absorptions. 

We have chosen to study the 9x9x9 nm
3
 QD , which has xyz symmetry. The absorption will 

therefore be isotropic, such that 

maxmaxmaxmax
:   zyx  

(8.2) 
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From Eqn. (7.19) (page 170) we can calculate the quantity 
ε

εk
max
, , which is the average of 

max
,εk  over all possible polarization states for a given photon mode: 

  kkkkkkk  sincoscossinsinsincos1 2maxmax
, 

ε
εk

 
(8.3) 

It will be convenient to make the following definitions: 
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where L
ulJ   and D

ulJ   are the illumination and dark currents that make up the total current 

for a given transition. The illumination current contains all terms proportional to the 

illuminating photon flux and the dark current contains all other terms. 

Working through steps (7.9) to (7.13) without taking the Taylor expansion of the exponential, 

we have 
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where I
L
 and I

D
 represent the following integrals 
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Clearly, the many sine and cosine terms in 
ε

εk
max
, (Eqn. (8.3)) make the integrals I

L
 and I

D
 

very difficult to compute. For I
L
, we can take a Taylor expansion of the bracketed expression 

up to an arbitrary order. We observe that all terms but one in the integrand are then 

proportional to sinθ to the second power or higher. Making the approximation that these 

terms integrate to zero over the interval 0 ≤ θ ≤ θc, the integral becomes 
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where we have also made the approximation cosθ ≈ 1, which is reasonable throughout the 

interval of integration. The illumination current for the transition is therefore 
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as we would expect. 

For I
D
 we can make a two approximations, both of which are justified numerically further on. 

Firstly, we assume the contribution of the sine and cosine terms in Eqn. (8.3) to be negligible 

so that 
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Secondly, we take the first integral in the expression for I
D
 (Eqn. (8.6)) to be negligible 

compared to the second integral. Under these approximations, I
D
 becomes 

      








2Ei42exp211

cos

2
exp1sincos

2

2

0

2/

0































   ddI D

 

(8.10) 

where Ei[x] is the exponential integral defined by 
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(8.11) 

To justify the approximations made in the expression of I
D
, Figure 8.3 shows the approximate 

I
D
 expressed in Eqn. (8.10) and the exact I

D
 expressed in Eqn. (8.6), both as a function of β. 

The exact I
D
 is calculated numerically. The approximate dark current integral saturates at I

D 
= 

π and the exact dark current integral saturates at I
D 

= π(1+n
-2

). The former is half the solid 

angle of escape at the rear, and the latter is half the solid angle of escape of the rear and the 

front combined. 
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We can see from Figure 8.3 that the error induced by using the approximate I
D
 is less than 

10% for any value of β that might emerge. Computationally, it is far preferable to use the 

approximate I
D
. The exact I

D
 requires a numerical integral that would have to be executed in 

every iteration of the numerical solver used to find the QFLs.  The approximate I
D
 is not quite 

analytical, since it contains the exponential integral Ei[x]; however, Mathematica will 

calculate its value using a truncated series, which is much faster than performing a numerical 

integration. 

The dark current can now be expressed as 
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  (8.12) 

Some inaccuracies remain in the model when applied to QD-IBSCs with higher overall 

absorption (either due to light trapping or increased QD density). The effect of overlaps in the 

absorption coefficients for different transitions has not been taken into account. Where 

absorption coefficients overlap, the corresponding transitions will compete to absorb photons. 

This can be ignored for weak absorption, since the photon population within the absorbing 

medium is largely unaffected by absorption. However, for stronger absorption, this becomes 

important.  A detailed balance model has been described in Ref. [Luque'01a] that takes 

account of overlapping absorption coefficients. Looking at the absorption coefficients for the 

      

Figure 8.3. Exact and approximate dark integrals as a function of β, where β = α
max

(fl - fu)W. 
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QD-IBSC studied here (Figure 8.1), we can see that the only overlap is between the VB-IB 

transition and the direct VB-IB transition. In the interests of simplicity, we ignore the 

competition between these transitions. The overall effect of this omission will be to 

overestimate the VB-IB and subbandgap VB-CB currents in cases in which absorption is 

high. 

8.3.3. Including the effect of a grating 

We make the simplifying assumption that all rays from the sun travel a distance equal to the 

mean optical path length inside the IB layer instead of WIB. The mean optical path length is 

WIB multiplied by the mean optical path length enhancement, <l>/w; the latter is shown for 

the chosen grating in Figure 8.2. Note that <l>/w is a dimensionless geometrical quantity that 

is defined independently of the thickness of the absorbing layer; thus, w is used in the 

denominator and not WIB. 

In this way, Eqn. (8.8)—the illumination current for a transition between two levels—

becomes 
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Using the mean optical path length in this way is a simplification. As was discussed in 

Section 3.1 of Chapter 3 (page 59), the absorption can only be directly inferred from the 

mean optical path length in the weak absorption limit. The effect of stronger absorption is to 

some extent accounted for in Eqn. (8.13) by taking the exponential, instead of the linear 

relationship in, e.g., Eqn. (3.4) (page 60). However, we still make the simplifying assumption 

that all incident rays from the sun travel the mean optical path length. In reality, there is a 

distribution of path lengths travelled inside the absorber layer by the incident rays. As shown 

by Miñano[Miñano'90], and explained in Chapter 3, the absorption is maximised when the 

path lengths of all incident rays are the same. Hence, by assuming a priori that all optical 

paths are the same, when in reality there is a variance of path lengths, we implicitly 

overestimate the absorption enhancement offered by the grating. 

In Chapter 4 and Chapter 5, we overcame this problem in the case of c-Si solar cells by using 

the c-Si absorption coefficient as an input parameter for the optical simulations and 

calculating the absorption directly, thus abandoning the concept of the mean path length. This 

was simple, since the c-Si absorption coefficient does not depend on the spectral intensity in 

the absorber to a good approximation. In the case of the QD-IBSC, this is not the case. The 

absorption enhancement depends on the absorption coefficient, which depends on the 

electron occupation of the levels and bands, which depends on the different photogeneration 

rates, which in turn depends on the absorption enhancement. An accurate calculation 

therefore requires an extremely complex intercoupling of the diffraction grating and detailed 

balance model. It is doubtful what more would be learnt by adding this extra level of 

complexity. 
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In contrast, the simplification made in Eqn. (8.13) makes the model extremely easy to 

implement. The mean path length enhancement <l>/w is a geometric quantity and does not 

depend on the absorptivity of the absorbing layer. Therefore, it can be calculated 

independently for a given grating, and the result can be used as input for the detailed balance 

model. What’s more, we have assumed non-dispersive refractive indices for all materials 

when implementing the grating simulation, and all relevant dimensions (the vacuum 

wavelength, the grating depth) are defined in dimensionless variables, having been 

normalised to the grating period. This allows us to simulate gratings with different periods by 

simply running a single grating simulation and changing the x scale of the mean optical path 

length enhancement curve accordingly. This approach is extremely versatile and time saving, 

since only one GESC simulation needs to be run to calculate all the results presented in this 

chapter. 

8.4. Results 

The IV curve of a QD-IBSC can be calculated using the detailed balance model developed in 

Chapter 7 (using, where necessary, the correction for higher absorption stated above) and 

taking as input the optical matrix elements calculated in Chapter 6. The IV curve is calculated 

by performing a sweep of the bias voltage under the above-stated illumination conditions. 

The reader is reminded that the model applies realistic absorption parameters, but is idealised 

in that it assumes the radiative limit. This was a realistic assumption for calculating the IQE 

in Chapter 7, since the QD-IBSC is expected to work close to the radiative limit at short 

circuit. At higher bias voltages, it is believed that non-radiative mechanisms, particularly 

Shockley-Read-Hall recombination, become dominant in present QD-IBSC 

prototypes[Luque'12a]. We would therefore expect the model to overestimate open circuit 

voltages (Vocs), and consequently overestimate efficiencies compared to present devices. 

However, these radiative-limit studies still serve to show fundamental mechanisms at higher 

bias voltages. Most non-radiative recombination mechanisms can be minimised by improving 

material quality; radiative recombination cannot. 

8.4.1. Reference IV curves and ideal QD-IBSC characteristics 

Throughout this section, we shall make use of two reference IV curves. Both are for single 

gap solar cells and are calculated using the Shockley Queisser model[Luque'03, Shockley'61], 

which assumes the radiative limit and 100% absorption of above-bandgap photons. The first 

reference is for a solar cell with Eg = 1.42 eV, which corresponds to GaAs. This is a suitable 

reference, since the studied QD-IBSC is based on introducing an intermediate band into a 

GaAs host, which in turn is sandwiched between a GaAs emitter and base. The second is for 

a solar cell with Eg = 1.19 eV, which is the effective VB-CB bandgap (Eg,eff) for the QD-

IBSC (Figure 8.1). The purpose for this choice of a second reference is explained in the 

following paragraph. The IV characteristics of both references are given in Table 8.2. 

The effective bandgap of the QD-IBSC, which is reduced compared to bulk GaAs, could 

cause the QD-IBSC to have a higher efficiency than a GaAs reference, even in the absence of 

a contribution from the IB. This is because, for a single-bandgap device, a bandgap of Eg = 
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1.19eV is better optimised for absorbing the solar spectrum than a bandgap of Eg = 1.42 eV. 

In fact, this effect is exploited in quantum well solar cells, which purposefully tune the 

effective bandgap of a solar cell to better match the solar spectrum[Barnham'90]. However, in 

our work, we are interested in increasing the solar cell efficiency due to intermediate band 

behaviour. We must therefore be sure that any projected increase in efficiency offered by the 

presence of the QDs is in some part due to the presence of the IB level and not only due to 

the band tuning achieved via the VB pedestal. If the projected QD-IBSC efficiency is higher 

than the second reference, we can be sure that this is due to intermediate band behaviour. 

Table 8.2. References IV characteristics. 

 Reference 1 

(GaAs) 

Reference 2 QD-IBSC detailed 

balance limit 

Eg / eV 1.42 1.21 1.21 

Jsc / Acm
-2

 28.9 36.7 44.0 

Voc / V 1.26 1.07 1.07 

Efficiency 32.9 % 34.0 % 41.8 % 

Finally, it will be interesting to compare the results to the ideal detailed balance limit of the 

QD-IBSC under investigation. This limit is calculated using the model in Ref. [Luque'97], 

using the bandgaps listed in Table 8.1. To make a fair comparison to our results, the detailed 

balance limit is calculated assuming that luminescent radiation escapes into a vacuum at the 

front and into the GaAs substrate in the rear, such that the escaping étendue is proportional to 

1+n
2
. Where n is the refractive index of the GaAs substrate. The IV characteristics of the 

ideal detailed-balance QD-IBSC is shown in the right column of Table 8.2. The reader is 

reminded that the ideal detailed balance limit is calculated assuming 100% absorption of 

incident photons within the wavelength ranges corresponding to each transition. This is in 

contrast to the results presented in the following sections, which are calculated using the 

weak absorption coefficients shown in Figure 8.1. 

8.4.2. Current Voltage characteristics of the QD-IBSC in the radiative limit 

The IV curve for the 9x9x9 nm
3
 QD-IBSC calculated using the detailed balance model under 

1000 suns concentration is shown in Figure 8.4. The two reference curves are also shown. 

The efficiency, η, of each device at the maximum power point is shown in the figure legend. 

It can be seen that the QD-IBSC has the Jsc of Reference 1; this is because the contribution of 

the subbandgap photocurrent is negligible. The QD-IBSC Voc is lower than Reference 1; this 

is because it is limited by radiative recombination via the VB pedestal, and also possibly via 

the IB. Consequently, the efficiency (28.4%) is below that of both references, even in the 

radiative limit at 1000 suns concentration. 
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Figure 8.4 IV curve of the 9x9x9 nm
3
 InAs/GaAs QD-IBSC in the radiative limit calculated 

using the detailed balance model. Also shown are two reference IV curves, which are explained 

in the text. The efficiency, η, of each device at the maximum power point is shown in the figure 

legend. 

To better examine this, the subbandgap currents contributing to the overall QD-IBSC current 

are shown in Figure 8.5. Note that there is a break in the scale, and that the subbandgap 

currents are indeed orders of magnitude lower than the emitter current. What’s more, the 

subbandgap current via the IB is much lower than the direct subbandgap current from the VB 

pedestal to the CB. 
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Figure 8.5. IV curve of the 9x9x9 nm
3
 InAs/GaAs QD-IBSC in the radiative limit showing the 

contributing subbandgap currents 

It is interesting to observe that, in the radiative limit, the Voc of the QD-IBSC is more than 

200 meV higher than the bias voltage at which the subbandgap current becomes negative. 

Due to the exponential nature of the dark current, one might expect the total QD-IBSC to fall 

off to zero almost immediately after the contributing subbandgap current becomes negative. 

However, since the QD layer is almost transparent to subbandgap photons, it is also very 

weakly emissive. Hence, in the radiative limit, the influence of the subbandgap dark current 

on the total QD-IBSC current is weak. If we were to significantly increase the QD density so 

that the absorption and emission of subbandgap photons were stronger, we would expect the 

Voc of the QD-IBSC to be more limited by the subbandgap contribution. This is discussed 

later in Section 8.4.5. Of course, all experimental samples to date are limited by non-radiative 

recombination close to open circuit; hence their Voc is much lower. To our knowledge, the 

highest Voc reported for an InAs/GaAs QD-IBSC in the literature is 0.997 V[Bailey'12]. 

8.4.3. The effect of changing the doping level 

Before moving on to the topic of light trapping, it is interesting to note that the IB current can 

be enhanced by changing the QD doping. In the above example, the QD doping is such that 

each QD ground state is on average half filled (this actually corresponds to one electron per 

QD, since each QD presents two degenerate spin states).  This is what tends to be aimed for 

in experimental samples, the reason being that a half filled IB offers empty states to receive 

electrons from the VB and filled states to deliver electrons to the CB, in equal proportions. 

However, looking at Figure 8.1 (right) (page 184), we can see that our QD-IBSC is extremely 

unbalanced. The absorption coefficient for IB-CB transitions is much stronger than for VB-
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IB transitions. Since the two transitions are in series, the overall current will be limited by the 

smaller of these two currents. Indeed, we saw in Chapter 7 that, for the 16x16x6nm
3
 QD-

IBSC under certain conditions, the VB-IB(111) transition was forced to operate in net 

recombination, even at short circuit, because there were not enough photons for the excess of 

charger carriers to be removed from the IB to the CB. 

In the present case, the opposite is true. We can see this by considering the illumination 

currents (JL) of the VB-IB and IB-CB transitions at short circuit. This is shown in the middle 

column of Table 8.3 for the case of half filling of the intermediate band. Also shown is the 

net current via the IB (which is the sum of illumination and dark currents and is the same for 

each transition, since they are in series). We can see that the net IB current is indeed limited 

by the VB-IB transition. 

Table 8.3. Illumination currents and the Jsc for transitions via the IB 

 Half Filled 

IB 

Optimum 

Doping Level 

Doping Factor 0.5 0.1 

JL (VB-IB) / mAcm
-2

 10.1 16.9 

JL (IB-CB) / mAcm
-2

 84.2 16.9 

Jsc via IB / mAcm
-2

 10.1 16.9 

By changing the IB doping, we can equalise the relative strengths of the VB-IB and IB-CB 

illumination currents. Figure 8.6 shows the net current via the IB at short circuit as a function 

of the IB doping level. The doping level is expressed as the number of donors per QD ground 

state, which is numerically equal to the filling factor of the intermediate band. We can see 

that an optimum is reached at a doping level of 0.1, at which the current via the IB is around 

1.5 times what it is for half filling. The illumination currents of each transition are shown in 

the right column of Table 8.3 for this optimum doping level. We can see that it indeed 

corresponds to the point at which the illumination currents are perfectly balanced. Readers 

familiar with multi-junction solar cells will notice the analogy with current matching of the 

various subcells by adjusting the subcell thicknesses. It should be noted that the optimum 

doping for the existing QD-IBSC prototypes will be different due to the different QD 

dimensions and hence energy levels. The purpose here is to show the principle of balancing 

the different subbandgap illumination currents to achieve maximum current output. 
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Figure 8.6. Current via the intermediate band as a function of the IB doping. Short circuit 

conditions have been assumed. 

8.4.4. The QD-IBSC equipped with a diffraction grating 

In the following we introduce the effect of the diffraction grating described in Section 8.2.2 

using the simple adaptation of the illumination current expression in Section 8.3.3. IV curves 

have been calculated for QD-IBSCs equipped with diffraction gratings of different periods. 

Figure 8.7 shows the QD-IBSC efficiency at 1000X concentration as a function of the grating 

period. A maximum efficiency of 31.5% is reached at a grating period of 0.8 μm. This is to 

be compared to the efficiency of the QD-IBSC with no grating (28.4%) and the efficiencies 

of the reference devices (32.9% and 34.0%). 
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Figure 8.7. Efficiency of the QD-IBSC equipped with a diffraction grating as a function of the 

grating period.  

We can see that our models do not predict that light trapping alone can enhance the IB 

current sufficiently for the QD-IBSC to supersede either reference. This is despite the 

generous assumptions made about the diffraction grating (no parasitic reflector absorption 

etc.). Clearly, in order to supersede both references, we will need to employ light trapping 

and also increase the QD density to increase absorption. This is investigated theoretically in 

Section 8.4.5  (page 202). However, before beginning this study, we make a brief digression 

to investigate the subbandgap currents leading to the efficiencies plotted in Figure 8.7. 

Figure 8.8 (top) shows the subbandgap currents, both that via the IB and direct from the VB 

pedestal to the CB, at short circuit as a function of the grating period. At a period of 0.8 μm, 

the direct subbandgap current reaches 3 Acm
-2

: just under half of the total photocurrent 

available to the corresponding range of the solar spectrum (1.19 -1.42 eV). The current via 

the IB, however, remains much smaller. As before, this can be explained in terms of current 

limiting by one of the constituent subbandgap currents. 

Figure 8.8 (bottom) shows the net current via the IB as a function of the grating period, along 

with the illumination currents of the VB-IB and IB-CB transitions. We can see that, at low 

periods, the VB-IB transition is strong, but the current is limited by the weaker IB-CB 

transition, whereas, at higher periods, the opposite is true.
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Figure 8.8. Top: Current densities at short circuit of the different subbandgap transitions as a 

function of the grating period. Bottom: The current via the IB, along with the illumination 

currents of the VB-IB and IB-CB transitions as a function of the grating period. 

This is better visualised by looking at how the mean path length enhancement offered by the 

grating overlaps with the absorption coefficients of the different transitions. In Figure 8.9, the 

top panel shows the absorption coefficients for the different transitions in the QD-IBSC (this 

is the same graph shown in Figure 8.1 (right), but in a logarithmic scale). The bottom panels 

show the mean path length enhancement for gratings with Λ = 0.8 μm, 1.2 μm and 4 μm. We 

can see that the wavelength range in which the diffraction grating offers optimum trapping is 

only broad enough to overlap with either the VB-IB or IB-CB transition, depending on the 
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period. No choice of period will allow both to enjoy near optimum enhancement. From 

Figure 8.8, we can see that the period that optimises the current via the IB is Λ=1.2 μm. This 

is the dashed curve in Figure 8.9. For this period, both the VB-IB and IB-CB transitions 

receive some benefit from the optical path length enhancement. Unfortunately, at this 

optimum period, the peak path length enhancement offered by the grating does not help either 

transitions and goes completely to waste. 

 

Figure 8.9. Top panel: Absorption coefficient of the different subbandgap transitions in the QD-

IBSC. Bottom panel: mean path length enhancement for a gratings with Λ=0.8 μm, Λ=1.2 μm 

and Λ=4 μm. The x scale of the top and bottom graphs are the same, allowing the overlap 

between the absorption coefficient and the absorption enhancement to be seen. 
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It is interesting to see what would happen if the absorption thresholds of the VB-IB and IB-

CB transitions were closer together, allowing both to enjoy better absorption enhancement 

simultaneously. In the following, we consider a hypothetical QD-IBSC, which is in every 

way identical to the QD-IBSC considered so far, except that the IB level is has been moved 

down to 0.4 eV below the host CB edge. The absorption coefficients for this QD-IBSC are 

shown in the top panel of Figure 8.10. The bottom panel of the same figure shows the mean 

path length enhancement for a grating with Λ = 1 μm. We can see that in this system, both 

transitions are able to benefit from good light trapping for the right choice of grating period. 

 

Figure 8.10.  Top panel: Absorption coefficient of the different subbandgap transitions in a 

hypothetical QD-IBSC in which the IB level is at 0.4 eV below the CB. Middle panel: mean 

path length enhancement for a grating with Λ=1 um. The x scale of the top and bottom graphs 
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are the same, allowing the overlap between the absorption coefficient and the absorption 

enhancement to be seen. 

For the hypothetical QD-IBSC, the Jsc of the current via the IB is shown as a function of the 

grating period in Figure 8.11, along with the illumination currents of the VB-IB and IB-CB 

transitions. The current via the IB in this hypothetical QD-IBSC now reaches a peak of 1.1 

Acm
-2

 at Λ = 1 μm, which is around three times higher than the maximum reached by this 

transition in the original 9x9x9 nm
3
 QD-IBSC. 

 

Figure 8.11. Results for the hypothetical QD-IBSC in which the IB level has been lowered to 

0.4 eV below the CB. Top: Jsc of the current via the IB and the direct current from the VB 

pedestal to the CB. Bottom: QD-IBSC output power at the maximum power point bias as a 

function of the grating period. 

The purpose of this digression was to show that light trapping must provide absorption 

enhancement to both the VB-IB and the IB-CB transition to be effective. Consequently, the 

exact positioning of the IB levels affects the current via the IB significantly when light 

trapping is employed. The hypothetical QD-IBSC with the changed IB level has been a tool 

for this demonstration and is abandoned herewith. We now proceed to investigate the effect 

of combining light trapping with an increased QD density. 

8.4.5. Combining light trapping with increased QD densities. 

The overall subbandgap absorption can be increased by increasing the overall QD density per 

cm
2
 of solar cell area. This can be achieved by increasing the areal QD density per layer 

and/or by increasing the number of QD layers. Our studies so far have focused on the sample 

labelled SB in Ref. [Antolín'10b]. This sample is a layer stack of 30 QD layers, each layer 

having an areal QD density of 4 × 10
10

 cm
-2

. More recently, QD stacks have been grown with 

more layers and other have been grown with higher areal QD densities per layer. Ref. 
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[Takata'10] reported an InAs/GaNAs QD stack with 100 layers and areal QD density of 4 × 

10
10

 cm
-2

, and Ref. [Akahane'11] reported an InAs/GaNAs QD stack with 300 layers and 

areal QD density of 6 × 10
10

 cm
-2

. These represent an increase in the number of layers of a 

factor of 3 and 10, respectively, compared to the prototypes studied here. Other authors have 

reported GaAsSb QDs grown on (001) oriented GaAs with an areal density per layer of 4 × 

10
11

 cm
-2

 [Fujita'11], an increase by a factor of 10 compared to the prototypes studied here. In 

that work, only three QD layers were grown, making the overall density similar to our 

prototype, but the areal density per layer is remarkable.  

Growing a high number of layers and achieving a high QD density per layer simultaneously 

will undoubtedly require further development. However, based on these results in the 

literature we can envisage the combination of a 10 fold increase in areal QD density per layer 

and a 10 fold increase in the number layers, leading to an overall increase in the QD density 

by a factor of 100. Further increases can be expected beyond this as technology develops in 

the near future. 

In this section, the detailed balance model is applied to predicting the IV characteristics of the 

9x9x9 nm
3
 QD-IBSC with an enhanced QD density. We shall consider the original QD 

density to be multiplied by a QD density enhancement factor (QDDEF), which simply 

multiplies the absorption coefficients of the subbandgap transitions. It should be observed 

that this is not equivalent to increasing absorption via light trapping. Light trapping increases 

the path lengths of photons incident from the sun, and hence only increases the illumination 

current. Increasing the QD density increases the interaction of all photon modes with the 

subbandgap transitions, thus increasing both the illumination and the dark current. 

In the previous section, we saw that a grating period of Λ = 0.8μm is best tuned to enhance 

the direct VB-CB subbandgap current, whereas a grating period of Λ = 1.2 μm is best tuned 

to enhance the current via the IB. Here, we consider four cases of 9x9x9 nm
3
 InAs/GaAs QD-

IBSCs (without the hypothetical IB level shift). One is not equipped with a grating, one is 

equipped with a Λ = 0.8μm grating, one with a Λ = 1.2 μm grating and one enjoys Lambertian 

light trapping. The latter has a mean path length enhancement of 4n
2
 (= 44) at all 

wavelengths. The effect of increasing the QD density is calculated for all. 

The solid lines in Figure 8.12 show the Jsc of each QD-IBSC as a function of the QD density 

enhancement factor. The Jsc of both references is also shown. Reference 2 has the lower 

bandgap, and hence the higher Jsc, of the two references. It should be observed that the direct 

VB-CB subbandgap current alone is only capable of pushing the total current up to the level 

of Reference 2, since at this point all photons in the corresponding wavelength have been 

absorbed. QD-IBSC Jscs above that of Reference 2 imply a significant contribution from the 

current via the IB. 
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Figure 8.12. Jscs of 9x9x9 nm
3
 InAs/GaAs QD-IBSCs (without the hypothetical IB level shift) 

as a function of the QD density. The black curve is for a QD-IBSC with no diffraction grating. 

Bllue and red curves are for cells equipped with a Λ = 0.8 μm grating and a Λ = 1.2 μm grating 

respectively. The green curve is for a QD-IBSC that enjoys light trapping at the Lambertian 

limit. Also shown are the Jscs of the two single-gap references and the detailed balance limit Jsc 

of the studied QD-IBSC assuming full incident photon absorption for each transition. 

We can see that a QD-IBSC with no light trapping requires an increase of the QD density by 

a factor of 200-300 to supersede Reference 2. The QD-IBSCs that enjoy light trapping, on the 

other hand, only require a 10 fold increase in the number of QDs; this is 30 times less. 

Looking at the results for the two grating equipped QD-IBSCs, we can see that, although the 

Λ = 0.8μm grating offers a better Jsc at low QD densities, the Λ = 1.2 μm grating offers a 

better Jsc at high QD densities. This is because, at higher densities, the direct VB-CB 

subbandgap transitions absorb all available photons, diminishing the returns of light trapping 

in this wavelength range. Hence, light trapping tuned to the transitions via the IB (as is the 

case for Λ = 1.2 μm) becomes favourable. Both gratings perform below the Lambertian limit. 

This could be an argument for employing a Lambertian texture, such as a rough surface or 

many-micron scale pyramid texture, as opposed to a diffraction grating in the case of QD-

IBSCs. As mentioned previously, this stems from the narrower wavelength range of light 

trapping using gratings as opposed to Lambertian structures. 

The detailed balance limit of an IBSC with these bandgaps is also shown in Figure 8.12 (this 

is the value listed in Table 8.2). We can see that all curves level off at the detailed balance 

limit for high QDDEFs, as would be expected. 

We now examine the projected efficiencies of the QD-IBSC with no grating and with the Λ = 

1.2 μm grating. These are shown in Figure 8.13 as a function of the QD density enhancement 

factor. We can see that the efficiency of the QD-IBSC with no grating actually drops for a 
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QDDEF of 10, before rising again. Similar predictions have been made by other authors 

[Sakamoto'12]. This can be explained by Figure 8.14, which shows the IV curves of the QD-

IBSC with no grating for QDDEFs of 1, 10 and 100. As has been discussed in Section 8.4.2, 

increasing the density of QDs also increases the subbandgap dark current. This has the effect 

of reducing the Voc and also the fill factor of the QD-IBSC. From Figure 8.14, for a QDDEF 

of 10, this negative effect outweighs the increase in Jsc offered by the higher density of QDs, 

which is still almost negligible. Hence the efficiency for a QDDEF of 10 is lower than that 

for a QDDEF of 1. It is only approaching a 100 fold increase in the QD density that the 

increased Jsc outweighs the reduction of Voc and fill factor. 

 

Figure 8.13. Efficiencies of 9x9x9 nm
3
 InAs/GaAs QD-IBSCs (without the hypothetical IB 

level shift) as a function of the QD density. The black curve is for a QD-IBSC with no 

diffraction grating. The blue curve is for a QD-IBSC equipped with a Λ = 1.2 μm grating. Also 

shown are the efficiencies of the two single-gap references and the detailed balance limiting 

efficiency for an IBSC with the bandgaps under investigation. 
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Figure 8.14. Calculated IV curves for QD-IBSCs with no grating and with different QD density 

enhancement factors. 

Returning to Figure 8.13, as a consequence of this increased subbandgap dark current, the 

QD-IBSC with no grating requires a 1000 fold increase in the QD density to reach the 

efficiency of Reference 2. This is despite that fact that only a 200-300 fold increase was 

required to reach Reference 2’s Jsc (Figure 8.12). The grating equipped QD-IBSC, however, 

still only requires a 10 fold increase to reach the efficiency of Reference 2. Hence, the 

positive effect of the grating becomes more pronounced if we look at the overall efficiency 

and not just the Jsc. This is because, whereas an increased QD density affects both 

illumination and dark currents, light trapping only affects the illumination current. 

We can appreciate this last point by plotting IV curves for the QD-IBSC with and without a 

diffraction grating. This is shown in Figure 8.15. For the QD-IBSC with no grating, we have 

assumed a QDDEF of 300. For the QD-IBSC with a grating, we have assumed a QDDEF of 

9. These have similar Jscs; however, the Voc is higher for the QD-IBSC equipped with a 

grating than for that with no grating. This demonstrates that it is actually preferable to 

increase the Jsc via light trapping than via an increase in the QD density. 
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Figure 8.15. Calculated IV curves for QD-IBSCs. Black: QD-IBSC with no grating and a QD 

density enhancement factor of 300. Blue: QD-IBSC with a Λ = 1.2 μm grating and a QD 

density enhancement factor of 9. 

8.4.6. The effect of parasitic photon absorption in the rear reflector 

Until now, we have assumed the rear reflector behind the diffraction grating to be a perfect 

reflector. Here, we consider the more realistic case of an aluminium reflector. We saw in 

Chapter 5 that, in the case of a grating equipped c-Si solar cell, a significant proportion of 

incident photons were absorbed parasitically in the rear reflector. We would expect the same 

to occur for our QD-IBSC, with a resulting loss in efficiency compared to what would be 

predicted for a perfect reflector. 

The grating simulation has been re-run for the same grating profile as before, with a grating 

period of Λ =1.2 μm, and with a planar aluminium reflector on the rear. The dispersive 

complex refractive index of the aluminium reflector has been taken from Palik [Palik'97]. 

The mean optical path length enhancement for this grating is shown in Figure 8.16. Note that, 

since we have chosen a specific grating period, we no longer need to work in dimensionless 

variables. For wavelengths below 1 μm, no simulations have been made, and instead the 

same assumption has been made as in Figure 8.2. 
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Figure 8.16. Mean path length enhancement offered by the diffraction grating with a period of 

Λ =1.2 μm, this time with an aluminium reflector as opposed to a perfect reflector. 

The detailed balance calculation has been made under the same conditions as before but using 

the mean path length enhancement shown in Figure 8.16 to take account of the parasitic 

photon absorption in the rear reflector. The calculated efficiency is shown in Figure 8.17 as a 

function of the QD density enhancement factor. Results are shown for the case of an 

aluminium reflector, for a perfect reflector and with no grating. The grating period is Λ =1.2 

μm for both gratings. We can see that the parasitic absorption causes the overall efficiency to 

drop significantly. In fact, compared to the case of a perfect reflector, 10 times more QDs are 

required for both reference efficiencies to be beaten. 
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Figure 8.17. Efficiencies of 9x9x9 nm
3
 InAs/GaAs QD-IBSCs as a function of the QD density. 

The black curve is for a QD-IBSC with no diffraction grating. The blue and red curves are for 

QD-IBSCs equipped with a Λ = 1.2 μm grating; blue has been calculated assuming a perfect 

reflector and red assuming  an aluminium reflector. 

We conclude that parasitic reflector absorption is hugely detrimental to the efficiency of a 

QD-IBSC equipped with a diffraction grating. In Chapter 5, we saw that the parasitic 

absorption is more severe for a non-planar reflector. The results in Figure 8.16 and Figure 

8.17 are for a planar reflector, and therefore represent a best case scenario. As was also 

discussed in Chapter 5, a solution to the problem of parasitic absorption in the rear reflector 

was demonstrated in Refs. [Zeng'06, Zeng'08]. In that work, solar cells were fabricated with a 

rear side grating onto which was deposited a distributed Bragg reflector (DBR), instead of a 

metal mirror. This configuration was shown to provide excellent light trapping, with the 

minimum of photons either being absorbed in or passing through the rear reflector. In Ref. 

[Bermel'07], a 3D photonic crystal back reflector was proposed for this purpose. In Chapter 

5, we asserted that, in the case of a c-Si solar cell, the extra cost of a DBR would not be 

justified, instead opting for an aluminium reflector. In the case of a QD-IBSC, it seems that 

that the extra complication of using a DBR behind the grating is entirely justified. If we 

assume the DBR to be close to being a perfect reflector, Figure 8.17 would suggest that the 

use of a DBR would mean that the required number of QDs is lowered by a factor of 10. 

8.5. Conclusions 

The IV curves of QD-IBSCs have been calculated in the radiative limit using the detailed 

balance model. The model has been adapted to allow for more strongly absorbing QD layers. 
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The effect of absorption enhancement due to light trapping on the subbandgap photocurrent 

has been implemented in the model. The mean optical path length enhancement has been 

calculated for an exemplary diffraction grating using the simulation technique presented in 

Chapter 3. This has been used to modify the expression for the illumination current in the 

detailed balance model. Using this combined method, IV curves have been calculated for  

QD-IBSC with and without gratings. The effect of increasing the QD density has also been 

studied. 

In all cases, results are compared to two single-bandgap references, with bandgaps of 1.42 eV 

(GaAs) and 1.19eV. The latter is equal to the effective bandgap of the QD-IBSC, which is 

reduced relative to the GaAs host due to the potential pedestal in the VB, which invades the 

forbidden band with a quasi-continuum of states. 

It has been shown that, in the absence of a grating, the Jsc of the QD-IBSC is roughly equal to 

that of the higher bandgap reference. This is due to a negligible contribution from the 

subbandgap photocurrent. The QD-IBSC is also predicted to have a lower Voc than the higher 

bandgap reference, and consequently a lower efficiency than both references. Due to its serial 

nature, the current via the IB is limited by the lower of the VB-IB and IB-CB illumination 

currents. Careful selection of the QD doping can balance the illumination currents, 

maximising the net current via the IB. However, the predicted efficiency remains below the 

references. 

Light trapping using a diffraction grating is predicted to cause a significant increase the 

subbandgap photocurrent. This is mainly due to an increase in the direct VB-CB subbandgap 

current, though there is some smaller contribution from the current via the IB. To maximise 

the current via the IB, the grating period must be chosen so that the resulting absorption 

enhancement contributes to both the VB-IB and IB-CB currents.   Again, due to the serial 

nature of the IB current, the best choice of grating period is that which causes the VB-IB and 

IB-CB illumination currents to be equal. 

The ability of the diffraction grating to enhance the photocurrent via the IB is severely 

limited, since the range of wavelengths over which good absorption enhancement is achieved 

is too narrower to contribute to both VB-IB and IB-CB currents at once. This would be less 

of a problem if the IB level were deeper within the forbidden band, causing the absorption 

thresholds of the transitions to be closer together. 

It has been predicted that the QD-IBSC studied in this chapter would not supersede the 

efficiency of either reference even if equipped with the optimised diffraction grating. This is 

in spite of some of the idealised assumptions made in the calculations, such as the QD-IBSC 

operating in the radiative limit at the maximum power point voltage, and the absence of 

parasitic absorption in the rear reflector. It is therefore clear that the density of QDs must be 

increased, in addition to employing light trapping, for the QD-IBSC efficiency to supersede 

the references. 

The effect of increasing the QD density has been studied for QD-IBSCs with and without 

absorption enhancement due to light trapping. Without light trapping, a 200-300 fold increase 

in the QD density is required for the QD-IBSC to achieve a higher Jsc than the references, 
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whereas a 1000 fold increase is required to achieve a higher efficiency than the references. 

The discrepancy between these values owes to the fact that increasing the QD density 

increases the dark current as well as the illumination current, causing a drop in Voc in 

addition to the increase in Jsc. The grating equipped QD-IBSC only requires a 9 fold increase 

in the QD density to supersede the reference Jsc, and a 10 fold increase to supersede the 

reference efficiency. There is much less discrepancy between these figures because 

absorption enhancement due to the presence of the grating does not have the same 

detrimental effect on the Voc as does absorption enhancement via increasing the QD density. 

This is because light trapping only affects the illumination current and not the dark current. 

The above values were calculated assuming there is no parasitic absorption in the rear 

reflector behind the diffraction grating. If parasitic absorption in the reflector is considered, a 

100 fold increase in the QD density is required for the reference to be superseded, as opposed 

to a 10 fold increase for a perfect reflector. This is a strong argument for employing a DBR 

behind the diffraction grating as a rear reflector, instead of a metal mirror. 

The predicted efficiency of a QD-IBSC equipped with an optimised grating is shown to be 

lower than that for QD-IBSC that enjoys wavelength independent absorption enhancement at 

the Lambertian limit. This is due to the aforementioned narrow range of the absorption 

enhancement offered by the diffraction grating. This could be an argument for pursuing 

randomizing textures as opposed to diffraction gratings, since these offer Lambertian like 

trapping with less wavelength dependence. 

Another interesting option would be to realise a periodic pyramid texture with a period 

around 1 μm. It has been shown in Ref. [Campbell'87] that well designed pyramidal textures 

will tend to approach the Lambertian limit in the geometric optics regime. Such a texture 

might then be expected to perform much better at lower wavelengths than the binary textures 

studied in this thesis, perhaps maintaining a path length enhancement of 4n
2
 ( ≈ 44) . It is 

unclear how well such a texture would perform in the wave-optics regime (higher λ / Λ). We 

saw in Chapter 4 that the most important factor governing the path length enhancement in 

wave-optics regime is the grating period, the exact profile having a secondary role. It may 

therefore be expected that a pyramid grating would perform similarly to a binary grating in 

the wave-optics range, therefore offering above Lambertian trapping for 1 μm < λ < 2 μm (for 

the case of a 1 μm grating period). Indeed, some authors have proposed pyramid gratings for 

solar cells due to their ability to achieve blazing[Gjessing'12]. A grating that performed 

similarly to the binary grating for high wavelengths, but maintained Lambertian behaviour 

for low wavelengths would certainly be beneficial for QD-IBSCs, given the wide wavelength 

for which trapping is required. 

In summary, both light trapping and an increase in the QD density compared to current 

prototypes is required if QD-IBSC efficiencies are to supersede those of equivalent single-

bandgap devices in the radiative limit. Without light trapping, a 1000 fold increase in the QD 

density is required to reach this efficiency goal. For a QD-IBSC equipped with an optimised 

grating and a metal reflector, a 100 fold increase is required.  If the rear reflector behind the 
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grating can approach perfect reflectivity, only a 10 fold increase is required. This might be 

achieved using a DBR or photonic crystal back reflector. 
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Chapter 9. Future work 

In this brief chapter, some suggestions are made for future work that could follow on from 

the work presented in this thesis. The proposed work is divided into three groups. 

9.1. Diffractive absorption enhancement in crystalline silicon solar cells 

In Chapter 5 of this thesis, silicon substrates where textured with diffraction gratings and 

processed into solar cell precursors for optical measurement. Efficiency enhancements were 

projected from the optical results using software. The next step here is to process textured 

silicon solar cells for electrical measurements. The diffraction grating should be electrically 

insulated from the active part of the solar cell using the structure presented in Ref.  

[Hauser'12b] and described in Section 5.2.7. The real efficiency enhancement offered by the 

diffraction gratings can be determined from the textured solar cells using a solar simulator. 

Dark IV curves should also help to determine what effect the inclusion of the grating has on 

the rear surface recombination. What’s more, quantum efficiency experiments can be 

correlated with the optical measurements and simulations presented in Chapter 5 to gain 

greater insight into the parasitic reflector absorption. 

Further improvements can also be made to the optical design of grating equipped crystalline 

silicon solar cells. Since the rear-side diffraction grating is meant to replace a front surface 

texture, a double or triple layer anti-reflection coating must be developed to ensure broadband 

transmission though the planar front surface. What’s more, further planarization of the rear 

reflector should lead to a further decrease in the parasitic reflector absorption. 

9.2. Engineering of quantum dot arrays in QD-IBSCs 

It has been seen in Chapter 6 that present QD-IBSCs have a ladder of excited states between 

the QD ground state and the host conduction band. In Chapter 7, we saw that this ladder of 

states provides a path for thermal escape of electrons from the QDs by the absorption of 

thermal photons. This phenomenon is thought to fundamentally limit the Voc of QD-IBSC 

devices[Antolín'10b]. Reducing the QD width was shown to remove the excited states from 

the forbidden band. However, once these states are removed, the gap between the ground 

state and the host CB is reduced to 200 meV. Thermal escape could still be strong across this 

narrow gap. In Ref. [Ramiro'12], the use of a higher bandgap AlGaAs host was studied. It 

was found that thermal escape was reduced, due to the bound state levels being deeper in the 
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forbidden band. Using such a host material and reducing the QD dimensions as investigated 

here could yield a single deep QD bound level in the forbidden band, which should help to 

suppress thermal escape and hence increase the Voc. 

9.3. Diffractive absorption enhancement in QD-IBSCs 

In Chapter 8, calculations showed that diffraction gratings have the ability to significantly 

increase the subbandgap photocurrent in QD-IBSCs.  The next step in this line of research is 

to fabricate QD-IBSC prototypes with rear-side diffraction grating textures. The texturing 

process chain used to texture silicon substrates in Chapter 5 is recommended for this task. 

There are certain technological problems that must be addressed for this to be possible. 

Firstly, the etching recipe developed for c-Si substrates must be re-optimized for the GaAs 

substrates on which present QD-IBSC are grown. Secondly, since parasitic free-carrier 

absorption in the GaAs wafer cannot be tolerated, the QD-IBSCs must be grown on semi-

insulating substrates and contacted laterally. This requires a highly doped conduction layer to 

be grown at the base of the epitaxial layer stack. 

Another problem associated to light trapping in QD-IBSCs relates to their dimensions. The 

simulations presented in this thesis assume an infinitely extended wafer absorber. However, 

present QD-IBSCs have widths of a few mm. There should therefore be appreciable light loss 

out of the side of the device. Preliminary calculations, not presented here, have suggested that 

this light loss is tolerable, but more detailed investigation is required. 

Once grating equipped QD-IBSCs are fabricated, the models developed over the course of 

this thesis should be instrumental in the understanding of the experimental results.
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Appendix 1. Proof that the redistribution matrix R is doubly stochastic 
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The redistribution matrix R is defined by equation (2.33) (page 45) in the main body of the 
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The total power incident on the grating is: 
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If incE  is a column vector with elements 
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) then: 
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where †  denotes the adjoint matrix. If diffE  is similarly defined then the total power leaving 

the grating is: 
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For a lossless grating incdiff PP   so that: 
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which proves (A 2). 

Maxwell’s equations are invariant under time inversion.  If the vector field in the thi  

diffracted polarized order is: 

       iii vrkexpRe,rE


tEt i  i  (A 11) 

where iv


 is the unit polarization vector and non-italic i  is the imaginary unit, then the time 

reversed field is: 
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(A 12) 

where ii kk


 . The diffracted orders in the original system are  incident orders in the new 

system and vice versa. Their amplitudes are the complex conjugates of those in the original 

system. 
*

diffinc EE


  and 
*

incdiff EE


 . If S  is the scattering matrix of the time reversed system 

then: 
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 (A 13) 

(A 8) applies to S  as it must conserve power (U  remains unchanged under time reversal). 

 USUS †   (A 14) 

substituting (A 13) into (A 14) and performing some operations we have: 

 11  USSU †  (A 15) 

Following similar steps to (A 9) and (A 10) gives: 
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proving (A 3). Hence R  is doubly stochastic. 
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