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Abstract

Biomolecular computation is a discipline that deals with the design and im-
plementation of information processing devices using a biological substrate,
such as deoxyribonucleic acid (DNA), ribonucleic acid (RNA) or proteins.
Prehistory of this science began in the fifties, when Watson & Crick dis-
covered the molecular structure of DNA as a double helix. That was fol-
lowed by other discoveries, like the restriction enzymes in the seventies or
the polymerase chain reaction (PCR) in the eighties, contributing decisively
to the emergence of the so called recombinant DNA technology.

Thanks to this technology and the extremely rapid decline in the price of
DNA sequencing and synthesis, DNA computation could abandon its purely
theoretical conception. The work presented in Adleman (1994) succeeded
solving an NP-complete computing problem (the Hamiltonian Path Prob-
lem) using only DNA molecules. The great parallel processing capability
offered by the DNA hybridization and the recombinant DNA techniques al-
lowed the resolution of such a complex problem in polynomial time, but
paying the price of an exponential consumption of DNA molecules. This
was followed by the resolution of other NP-complete problems using simi-
lar brute force algorithms, like for example the Boolean Satisfiability / SAT
Problem (Lipton, 1995).

But it was shortly after understood that biomolecular computation speed
and accuracy could not compete with the silicon based computers. Therefore,
the approaches and objectives of the discipline had to change, moving away
from the resolution of classical computing problems towards problems where
biomolecular computers show their strength and fitness with in vitro and in
vivo biomedical applications (Simmel, 2007), but electrical computers cannot
work easily. Many different models of biomolecular processors have been im-
plemented since then, able to autonomously process a biological input and
also offer an output with biological substrate, like for example automata
driven by restriction enzymes (Benenson et al., 2001), polymerase-based
automata (Hagiya et al., 1997), deoxyribozyme-based logic gates (Stojan-
ovic et al., 2002) or DNA strand displacement circuits (Yurke et al., 2000).

This thesis presents a set of nucleic acid devices able to implement various
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viii Abstract

inference models (logical or probabilistic) exploiting different biomolecular
computation techniques (DNA strand displacement and enzymatic reactions)
with applications in genetic diagnosis.

The first set of models presented in Chapter 4 has been published in Sainz
de Murieta and Rodríguez-Patón (2012b), Rodríguez-Patón et al. (2010a)
and Sainz de Murieta and Rodríguez-Patón (2010). They define biosensor
devices that use nucleic acid strands to encode simple implication rules such
as “IF DNA−strand1 AND DNA−strand2 are present THEN disease−B”.
These rules interact with input signals (either DNA or any type of RNA)
to generate an output signal (in the form of nucleotide strands). The out-
put signal represents a diagnosis, which can either be measured using FRET
techniques, be cascaded as the input of another logical deduction with dif-
ferent rules, or even be a drug that is administered in response to a set of
symptoms.

The model presented in Chapter 5 has been published in Rodríguez-Patón
et al. (2011). It is able to perform a chain of logical resolutions with logical
formulae in conjunctive normal form. Each clause of a formula is encoded
in a separate DNA molecule: propositions are encoded assigning a strand
to each proposition p, and its complementary strand to the proposition ¬p;
clauses are encoded comprising different propositions in the same strand.
The model allows to run logic programs composed of Horn clauses by cas-
cading resolution steps and, therefore, possibly function as an autonomous
programmable nano-device. This technique can be also used to solve SAT
without external aid.

The model presented in Chapter 6 has been published in Sainz de Muri-
eta and Rodríguez-Patón (2012c), and the one presented in Chapter 7 has
been published in (Sainz de Murieta and Rodríguez-Patón, 2013c). Although
they use different biomolecular computing paradigms (DNA strand displace-
ment versus enzymatic reactions), both models are able to perform Bayesian
inference. They take single-stranded DNA as input data, representing the
presence or absence of a specific molecular signal (an evidence). The program
logic encodes the prior probability of a disease and the conditional probab-
ility of a signal given the disease, combining different DNA complexes and
their concentration ratios. When the input and program molecules interact,
they release a pair of single-stranded DNA species whose relative proportion
represents the application of Bayes’ Law: the conditional probability of the
disease given the signal.

These devices can be seen as construction blocks that, combined as logical
modules, allow the implementation of in vitro systems made of DNA sensors,
able to sense and process a set of input biological cues. This type of automata
have nowadays great scientific relevance and potential. A good example was
the publication of (Xie et al., 2011) in the journal Science, presenting a
diagnostic biomolecular automaton able to selectively trigger apoptosis on
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cancer cells without affecting the healthy ones.





Resumen

La computación molecular es una disciplina que se ocupa del diseño e im-
plementación de dispositivos para el procesamiento de información sobre un
sustrato biológico, como el ácido desoxirribonucleico (ADN), el ácido ribo-
nucleico (ARN) o las proteínas. Desde que Watson y Crick descubrieron en
los años cincuenta la estructura molecular del ADN en forma de doble hélice,
se desencadenaron otros descubrimientos, como las enzimas de restricción o
la reacción en cadena de la polimerasa (PCR), contribuyendo de manera
determinante a la irrupción de la tecnología del ADN recombinante.

Gracias a esta tecnología y al descenso vertiginoso de los precios de
secuenciación y síntesis del ADN, la computación biomolecular pudo aban-
donar su concepción puramente teórica. El trabajo presentado por Adleman
(1994) logró resolver un problema de computación NP-completo (El Pro-
blema del Camino de Hamilton dirigido) utilizando únicamente moléculas de
ADN. La gran capacidad de procesamiento en paralelo ofrecida por las téc-
nicas del ADN recombinante permitió a Adleman ser capaz de resolver dicho
problema en tiempo polinómico, aunque a costa de un consumo exponen-
cial de moléculas de ADN. Utilizando algoritmos de fuerza bruta similares
al utilizado por Adleman se logró resolver otros problemas NP-completos,
como por ejemplo el de Satisfacibilidad de Fórmulas Lógicas / SAT (Lipton,
1995).

Pronto se comprendió que la computación biomolecular no podía com-
petir en velocidad ni precisión con los ordenadores de silicio, por lo que su
enfoque y objetivos se centraron en la resolución de problemas con aplica-
ción biomédica (Simmel, 2007), dejando de lado la resolución de problemas
clásicos de computación. Desde entonces se han propuesto diversos mode-
los de dispositivos biomoleculares que, de forma autónoma (sin necesidad
de un bio-ingeniero realizando operaciones de laboratorio), son capaces de
procesar como entrada un sustrato biológico y proporcionar una salida tam-
bién en formato biológico: procesadores que aprovechan la extensión de la
polimerasa (Hagiya et al., 1997), autómatas que funcionan con enzimas de
restricción (Benenson et al., 2001) o con deoxiribozimas (Stojanovic et al.,
2002), o circuitos de hibridación competitiva (Yurke et al., 2000).
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xii Resumen

Esta tesis presenta un conjunto de modelos de dispositivos de ácidos
nucleicos capaces de implementar diversas operaciones de computación ló-
gica aprovechando técnicas de computación biomolecular (hibridación com-
petitiva del ADN y reacciones enzimáticas) con aplicaciones en diagnóstico
genético.

El primer conjunto de modelos, presentados en el Capítulo 5 y publicados
en Sainz de Murieta and Rodríguez-Patón (2012b), Rodríguez-Patón et al.
(2010a) y Sainz de Murieta and Rodríguez-Patón (2010), define un tipo
de biosensor que usa hebras simples de ADN para codificar reglas sencillas,
como por ejemplo "SI hebra-ADN-1 Y hebra-ADN-2 presentes, ENTONCES
enfermedad-B". Estas reglas interactúan con señales de entrada (ADN o
ARN de cualquier tipo) para producir una señal de salida (también en forma
de ácido nucleico). Dicha señal de salida representa un diagnóstico, que
puede medirse mediante partículas fluorescentes (técnicas FRET) o incluso
ser un tratamiento administrado en respuesta a un conjunto de síntomas.

El modelo presentado en el Capítulo 5, publicado en Rodríguez-Patón et
al. (2011), es capaz de ejecutar cadenas de resolución sobre fórmulas lógicas
en forma normal conjuntiva. Cada cláusula de una fórmula se codifica en
una molécula de ADN. Cada proposición p se codifica asignándole una hebra
simple de ADN, y la correspondiente hebra complementaria a la proposición
¬p. Las cláusulas se codifican incluyendo distintas proposiciones en la misma
hebra de ADN. El modelo permite ejecutar programas lógicos de cláusulas
Horn aplicando múltiples iteraciones de resolución en cascada, con el fin de
implementar la función de un nano-dispositivo autónomo programable. Esta
técnica también puede emplearse para resolver SAP sin ayuda externa.

El modelo presentado en el Capítulo 6 se ha publicado en publicado en
Sainz de Murieta and Rodríguez-Patón (2012c), y el modelo presentado en
el Capítulo 7 se ha publicado en (Sainz de Murieta and Rodríguez-Patón,
2013c). Aunque explotan métodos de computación biomolecular diferentes
(hibridación competitiva de ADN en el Capítulo 6 frente a reacciones enzi-
máticas en el 7), ambos modelos son capaces de realizar inferencia Bayesiana.
Funcionan tomando hebras simples de ADN como entrada, representando la
presencia o la ausencia de un indicador molecular concreto (una evidencia).
La probabilidad a priori de una enfermedad, así como la probabilidad condi-
cionada de una señal (o síntoma) dada la enfermedad representan la base de
conocimiento, y se codifican combinando distintas moléculas de ADN y sus
concentraciones relativas. Cuando las moléculas de entrada interaccionan
con las de la base de conocimiento, se liberan dos clases de hebras de ADN,
cuya proporción relativa representa la aplicación del teorema de Bayes: la
probabilidad condicionada de la enfermedad dada la señal (o síntoma).

Todos estos dispositivos pueden verse como elementos básicos que, com-
binados modularmente, permiten la implementación de sistemas in vitro a
partir de sensores de ADN, capaces de percibir y procesar señales biológicas.
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Este tipo de autómatas tienen en la actualidad una gran potencial, además
de una gran repercusión científica. Un perfecto ejemplo fue la publicación
de (Xie et al., 2011) en Science, presentando un autómata biomolecular de
diagnóstico capaz de activar selectivamente el proceso de apoptosis en células
cancerígenas sin afectar a células sanas.
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Chapter 1

Introduction

1.1 Biomolecular computation and the recombin-
ant DNA technology

Biomolecular computation (also called biocomputation) is a scientific dis-
cipline focused on the design and implementation of information-processing
devices on a substrate made of biological macromolecules, such as deoxyribo-
nucleic acid (DNA), ribonucleic acid (RNA) or proteins (Miró and Rodríguez-
Patón, 2010). Since most models in this computational paradigm use DNA,
it is often denoted DNA computing.

The election of DNA as the main biological substrate to perform compu-
tation processes has not been by chance:

• Since Watson & Crick discovered in 1953 the molecular structure of
DNA as a double helix (Watson and Crick, 1953), DNA has become the
main research topic both in biochemistry and genetics. It was followed
by other discoveries like the restriction enzymes (enzymes that cut the
DNA) (Roberts, 2005; Danna and Nathans, 1971) in the seventies or
the polymerase chain reaction (PCR) (Bartlett and Stirling, 2003) in
the eighties, contributing decisively to the emergence of the so called
recombinant DNA technology. This technology comprises the methods
and laboratory procedures that allow the manipulation and usage of
DNA to perform different types of operations.

• The recombinant DNA technology has developed at a rapid pace since
the nineties. This can be observed in the DNA sequencing and syn-
thesis prices, dropping at an exponential rate from the beginning of
that decade, showing an interesting parallelism with silicon and the
Moore’s Law (see Figure 1.1).

Biomolecular computation had remained until the nineties as a purely

3



4 Chapter 1. Introduction

Figure 1.1: Cost per base of DNA sequencing and synthesis. In the last twenty years,
both DNA synthesis and sequencing prices have been dropping at an exponential rate.
Plot produced by Robert Carlson.

theoretical discipline, but thanks to the irruption of the recombinant DNA
technology, it could show its implementation viability. In 1994, Leonard
Adleman attained to solve a complex computation problem using DNA mo-
lecules (Adleman, 1994). This was the so-called Hamiltonian path problem,
which involves finding a path that visits all the vertices of a graph only once.
The problem is a member of the NP-complete complexity class, meaning
that it is extremely complex, and there is no known algorithm that solves
such problems in polynomial time. No one had previously been able to solve
such complex computing problems using biomolecules as a carrier and taking
advantage of the parallel processing capabilities of recombinant DNA. This
was the seminal paper in the field and led to the so-called DNA computation.

A test tube can contain around 1020 DNA strands, which can potentially
encode all the solutions of a problem. Moreover, all the operations for the
strands in a tube are performed in parallel. The massive information storing
density and parallelism capability of DNA sparked huge interest in the sci-
entific community. More achievements followed Adleman’s milestone. Some
of them approached paradigms going beyond the resolution of NP-complete
problems, like for example Boolean circuits (Dunne et al., 1998; Amos et al.,
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1998). But the mainstream continued solving more NP-complete problems
like SAT (Lipton, 1995; Braich et al., 2002). However, it was not long before
researchers ran into trouble. Further research in the field highlighted the
main constraints of this new computational model.

First, they realized and understood that NP-complete problems contin-
ued to be intractable using a brute force approach like Adleman’s method.
Thanks to his bioalgorithm, time was no longer the exponentially consumed
resource, but an exponential space consumption was still demanded: the
number of DNA molecules required to encode all the potential solutions
grew exponentially with the size of the problem. Besides, the laboratory op-
erations involved in this kind of bio-algorithms are subject to many sources
of error, and the task of selecting the set of operations that minimizes the
error rate is not trivial. After the work presented in Braich et al. (2002),
that showed hitherto the largest SAT resolution, it was understood that mo-
lecular computers could not compete on speed and accuracy with classical
silicon computers. Only DNA storage capabilities are nowadays scaling up at
a pace that could compete with classical storing in a near future (Goldman
et al., 2013).

Therefore, the approach and objectives of biomolecular computation had
to change after those years, moving away from the resolution of classical
computing problems towards biomedical applications (Simmel, 2007).This
seemed to be the ideal usage for DNA devices, due to their natural capab-
ility to sense and process biological information. The Benenson automaton
(Benenson et al., 2001) was one of the first examples showing this significant
change of focus.

Many different models of DNA processors have been implemented since.
We can find examples of DNA self-assembly (Rothemund, 2006; Seeman,
2010), DNA automata driven by restriction enzymes (Benenson et al., 2004),
deoxyribozyme-based DNA automata (Stojanovic and Stefanovic, 2003; Pei
et al., 2010), DNA polymerase-based computers (Hagiya et al., 1997; Fujii
and Rondelez, 2013), strand displacement circuits (Seelig et al., 2006a; So-
loveichik et al., 2010), or RNA based devices (Chen et al., 2010; Qi et al.,
2012; Weitz and Simmel, 2012). They will all be discussed in Chapter 2.

1.2 DNA and its basic operations

All living cells contain DNA molecules encoding the information of life. DNA
is normally presented as a complex molecule composed of two strands forming
a double helix. Each strand is a long polymer formed by a sequence of
nucleotides, each consisting of a sugar (deoxyribose), a phosphate group and
a base. The union between both DNA strands is possible thanks to Watson-
Crick complementarity (Watson and Crick, 1953). This establishes a specific
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interaction force between complementary bases: adenine (A) always binds
to thymine (T), whereas cytosine (C) binds to guanine (G) (the base uracil
U replaces thymine in RNA). Figure 1.2 shows the detailed structure of the
DNA molecule.

Figure 1.2: Structure of the DNA molecule. Licensed under the Creative Commons
Attribution-Share Alike 3.0 Unported license.

Ribonucleic acid (RNA) presents a very similar structure to DNA, show-
ing only the following differences:

• The base uracil (U) replaces thymine (T).

• The sugar molecule deoxyribose is replaced by another sugar molecule,
called ribose, as the link between the base and the phosphate group.

A simple observation of Figure 1.2 shows that nucleic acids (both DNA
and RNA) are asymmetric and directional molecules. The different nuc-
leotides of a strand are linked thanks to the phosphodiester bonds, that
connect the hydroxyl group 3’ in a nucleotide deoxiribose (ribose in RNA)
with the phosphate group 5’ in the next nucleotide. As a consequence of
this asymmetry, the nucleic acid strands have two distinct ends: the 3’ end,
whose nucleotide is attached to a hydroxyl group (OH), and the 5’ end,
whose nucleotide is attached to a free phosphate group, not shared with any
other nucleotide in that strand. Directionality of DNA and RNA molecules
is denoted by its asymmetry. By convention, the nucleotide sequences are
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written from the 5’ to the 3’ end, because the transcription1, translation2

and replication3 processes in a cell occur in that direction. Therefore, when
the nucleic acid strands are represented as directed edges, an arrowhead is
drawn in the 3’ end, in analogy to the processes mentioned above.

In order two nucleic acid strands to hybridize, their nucleotide sequences
must be complementary in an antiparallel fashion. This means that, besides
being each base paired with its corresponding Watson-Crick complement, the
3’ end of the first strand should be coupled to the 5’ end of the second strand,
and vice versa (see Figure 1.3). It is extremely important to take this feature
into account when designing nucleic acid based algorithms and devices, so
that the structure of the different molecules can be correctly predicted and
evaluated.

ATGCCATGCGAAT

TACGGTACGCTTA

5'

5' 3'

3'

ATGCCATGCGAAT

TACGGTACGCTTA

5'

5' 3'

3'

+

ATGCCATGCGAAT

TACGGTACGCTTA

5'

3' 5'

3'

ATGCCATGCGAAT

TACGGTACGCTTA

5'

3' 5'

3'

+

Figure 1.3: Antiparallel hibridization of nucleic acid strands.

Another very important feature in the hybridization of nucleic acids is
the strength of the bonds between coupled bases. If each of these bonds is
considered individually, their interaction is rather weak. In order to achieve
stable double-stranded molecules, the nucleotide sequences involved in the
duplexes must be long enough. Every time, there are bases that temporally
untie from their couples (see Figure 1.4). This phenomenon is called base
breathing. Therefore, the longer the strands in the hybridized molecules,
the higher probability that they will stay attached after spontaneous base
breathing events.

Redefining the previous concepts from a computer scientist viewpoint, we
can consider that each DNA strand encodes a string built over the alphabet

1DNA transcription is the first step of the gene expression, which transfers the inform-
ation contained in the DNA to a messenger RNA strand. The enzyme RNA polymerase
is responsible of this process.

2RNA translation is the second step of the gene expression, which synthesizes amino
acids according to the information contained in the messenger RNA. The ribosomes and
the transfer RNA are responsible of this process.

3DNA replication is the process that allows DNA duplication, synthesizing a new copy
identical to the original template. The enzyme DNA polymerase is responsible of this
process.
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ATGCCATGCGAAT

TACGGTACGCTTA

GCCATGCGAAT

CGGTACGCTTA
TA

AT

ATGCCA CGAAT

TACGGT GCTTA
AC

TG

Figure 1.4: DNA base breathing.

{A,G,C,T}, whereas each RNA strand encodes a string over the alphabet
{A,G,C,U}. A string x encoded with the alphabet {A,G,C,T} would be
denoted as ↑x when it is encoded with the letters of x in a single-strand
going from the 5’ end to the 3’ end. On the other hand, ↓x would encode the
strand complementary to ↑x, now going from the 3’ end to the 5’ end. When
↑x and ↓x bind together due to base complementarity, they form a double-
strand represented as lx. This notation is frequently simplified denoting x
instead of ↑x and x̄ instead of ↓x.

DNA computation uses the DNA strands as the memory encoding the
information needed to solve a problem (Amos, 2005). But it also needs a set
of primitives to process those strings and implement all the necessary oper-
ations that perform the different computations in a wet lab. The following
list summarizes the most commonly used primitives. A more detailed view
can be found in Watson et al. (1992):

Synthesis Build a specific DNA sequence on demand.

Sequencing Given a DNA strand, determine its exact sequence of bases.

Hybridization Given two DNA strands with complementary nucleotide se-
quence, if they meet under the appropriate pH and temperature con-
ditions, they will hybridize forming a double-stranded DNA molecule.

Denaturation Given a double-stranded DNA molecule, a temperature in-
crease can unbind both strands (denaturing them).

Branch migration A combination of hybridization and denaturation: the
process by which a single invading DNA strand extends its partial pair-
ing with its complementary strand as it displaces the resident strand
from a DNA duplex.
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Cleavage Restriction enzymes are proteins able to recognise a specific double-
stranded nucleotide sequence and cleave both strands in a specific man-
ner. Recognition and cleavage domains are specific for each enzyme,
and they don’t necessarily match.

Ligation There exists a class of enzyme called ligase, able to concatenate
two DNA strands by linking the 3’ end of the first strand to the 5’ end
of the second strand (or vice versa).

Filtering according to length This is performed applying the gel electro-
phoresis technique, consisting on the application of an electric current
through a porous gel that contains DNA molecules. As DNA molecules
are negatively charged, the current moves them towards the cathode.
Since the shorter strands move quicker through the pores, the process
sorts the DNA molecules in different positions between the anode and
cathode according to their length (the shorter the strand, the closer
to the cathode; the longer the strand, the closer to the anode). At
the end of this process, DNA of a specific length can be extracted and
reused in other DNA operations.

Affinity separation Extraction of DNA strands that contain a specific
nucleotide sequence. In order to extract strands containing the se-
quence ↑x, Watson-Crick complementary sequences ↓x (called probes)
are synthesized and anchored to a solid support. Then this support and
probes are introduced in the tube that contains the denatured DNA
strands. Upon cooling the solution, the strands containing the se-
quence ↑x will hybridize with the probes ↓x, so that the target strands
stay also attached to the solid support.

Polimerization Generation of the Watson-Crick complement of a given
DNA strand. On top of the enzyme DNA polimerase and the original
strand ↑xyz, the process requires the addition of small DNA strands ↓z
called primers, partially complementary to the original strand. After
the hybridization of ↑xyz and ↓z, DNA polymerase is placed at the
3’ end of de ↓z, adding the complementary nucleotides to the ones in
↑xyz, and completing the formation of the duplex lxyz.

PCR Amplification Generation of multiple copies of a DNA strand ap-
plying the polymerase chain reaction (PCR). The process requires the
availability of small primer strands, complementary to the 3’ and 5’
ends of the DNA strands to be amplified. For each double-strand lxyz,
if both primers ↑x and ↓z are present, two copies per cycle are yielded.
Therefore, it is possible to amplify the number of copies of each strand
at an exponential rate: 2number of PCR cycles copies per DNA strand.
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Förster resonance energy transfer This is an energy transfer mechan-
ism between cromophores4. The excitation of a chromophore can be
transmitted to another nearby, so they can have two possible func-
tions: donor or acceptor. When the cromophores are fluorescent they
are called fluorochromes, and can be used to label nucleic acid mo-
lecules by attaching them to their ends, with different configurations:

• Donor and acceptor with different fluorescent colours. When such
type of fluorophores are physically separated, the donor emits
fluorescence while the acceptor does not emit anything. However,
when the ends of two strands labelled with these donor and ac-
ceptor are put in close proximity, the fluorescence intensity of the
donor is reduced and the fluorescence intensity of the acceptor
increases (see Figure 1.5-a).
• Donor emits fluorescence but acceptor does not. When the donor

is away from the acceptor, donor emits fluorescence. However,
when the ends of two strands labelled with these donor and ac-
ceptor are put in close proximity, the latter absorbs all the energy
emitted by the donor, eliminating almost completely the fluores-
cence intensity (see Figure 1.5-b). In such cases, the acceptor is
commonly termed quencher.

A

A

+
A

A

A

A

+
A

A

(a) (b)

Figure 1.5: Application of FRET techniques in labelling nucleic acid molecules. (a) Donor
and acceptor are fluorescent. (b) Fluorescent donor and inhibiting acceptor (quencher).

1.3 Organization of the document

Biomolecular computation is a multidisciplinary research area, merging fields
as diverse as algorithms, computational complexity, logic, molecular biology
or genetics. This is why it requires background in various scientific fields and
the establishment of relationships between experts in all these disciplines.

For this thesis to become a self-contained document, and help the reader
understand the various biomolecular computation models that will be presen-
ted an analysed, some basic concepts about nucleic acids (DNA and RNA)

4Substance containing a high number of electrons that are capable of absorbing energy
or visible light, become excited and emit a variety of colors.
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and its operations have been included in the introduction. Although these
concepts will seem very basic to readers with biology background, they will
be very helpful for introducing the recombinant DNA technology to readers
lacking this knowledge base. Similarly, Chapter 3 includes two quick reviews
about propositional logic and Bayesian inference for readers not familiar with
those topics.

The document is structured as follows:

• Part I. Introduction.

• Part II. State of the art: Chapters 2 and 3.

• Part III. Problem statement.

• Part IV. Proposed solutions: Chapters 4, 5, 6 and 7.

• Part V. Conclusions and future work: Chapters 8 and 9.

• Bibliography.

Containing the following Chapters:

Chapter 1 Introduction. Basic concepts about DNA, its basic operations
and the recombinant DNA technology.

Chapter 2 Analysis of the different models and techniques used in bio-
molecular computation. From Adleman’s pioneering work to the latest
models of RNA-based processors, including the autonomous model
Whiplash PCR, enzyme-based automata, deoxyribozyme-based auto-
mata or circuits based on the competitive hybridization phenomenon.

Chapter 3 Reviews about propositional logic and Bayesian inference.

Chapter 4 Development of a new model of DNA device that performs
simple logical deductions, executing the inference rules modus ponens
or modus tollens autonomously.

Chapter 5 Development of a new model of DNA device that perform com-
plex inference models, such as resolution or hypothetical syllogism.

Chapter 6 Development of a new model of DNA device that, driven by the
DNA strand displacement operation, performs probabilistic inference
by implementing Bayesian reasoning.

Chapter 7 Development of a new model of DNA device that, driven by the
catalytic action of a set of enzymes, performs probabilistic inference
by implementing Bayesian reasoning.
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Chapter 8 Summary of the contributions and conclusions.

Chapter 9 Open problems and future work.

Bibliography Bibliographic materials referenced throughout the document.
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Chapter 2

Biomolecular computation

This chapter is intended as a study on the state of biomolecular computation,
showing the evolution of the field from the early work of Adleman to the
recent computing models implemented with RNA. Most of this work has
been published in the journal Current Bioinformatics (Sainz de Murieta et
al., 2011). Other recent reviews have also been consulted (Benenson, 2012a;
Krishnan and Bathe, 2012).

2.1 The Adleman algorithm

The algorithm developed in Adleman (1994) solved the so-called directed
Hamiltonian path problem: given a directed graph G = {V,E} with a set of
vertices V = {v1, v2, ..., vn} and a set of edges E ⊆ V ×V (see Figure 2.1), a
Hamiltonian path passes through every vertex of the directed graph exactly
once, begins at a designated vertex vin ∈ V and ends at vout ∈ V . Deciding
whether a graph has a Hamiltonian path is an NP-complete problem. Find-
ing such a path is an NP-hard optimization problem.

2.1.1 Encoding and operation

Adleman devised a scheme to encode the information of a directed graph by
exploiting the massive self-assembling capabilities of DNA, taking advantage
of the spontaneous annealing between complementary strands. Each vertex
vi (2, 3 and 4 in Figure 2.1-b) was assigned a DNA sequence, and each edge
eij (2→ 3 and 3→ 4 in Figure 2.1-b) was assigned the concatenation of the
complementary sequences to the 5’ half of vi and the 3’ half of vj . Several
copies of the sequences were mixed in a test tube (up to 1020 per tube),
enabling the spontaneous annealing of the edges and the vertices thanks to
Watson-Crick complementarity and its concatenation thanks to the enzyme
ligase (see Figure 2.1-c). This was highly likely to generate all the potential

15
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paths. The next steps of Adleman’s algorithm focused on filtering the DNA
strands that contain the correct solutions.

5' – GTATATCCGAGCTATTCGAG

0 6

3 1

4

2 5

2 5' – TATCGGATCGGTATATCCGA – 3'

3 5' – CGATAAGCTCGAATTTCGAT – 3'

3 3' – GTATATCCGAGCTATTCGAG – 5'2

4 5' – GGCTAGGTACCAGCATGCTT – 3'

4 3' – CTTAAAGCTAGGCTAGGTAC – 5'3

3

3' – CGATAAGCTC GAATTTCGAT – 5'

32
CTTAAAGCTAGGCTAGGTAC – 3'

43
ligase

(a) (b)

(c)

Figure 2.1: The Adleman algorithm. (a) Directed graph G = {V,E} defined by the set of
vertices V = {v1, v2, ..., vn} and the set of edges E ⊆ V ×V . (b) DNA encoding of vertices
and edges. (c) Building the potential path solutions by concatenation of adjacent edges
using the enzyme ligase. Adapted from Sainz de Murieta et al. (2011), with permission.

2.1.2 Algorithm description

The algorithm comprises the following steps:

1. Random generation of paths throughout the graph: mixing in a test
tube a high number of DNA strands encoding vertices and edges as
described above. Ligase enzymes are present in the mix to allow the
ligation of the paths.

2. Keep in the tube only the paths starting in vin and finishing in vout.
This is done by PCR amplification, using the DNA sequences of vin
and vout as primers.

3. Keep in the tube only the paths of a set length depending on the
number of vertices (if the graph has 7 vertices and they are encoded
using 20 bases per vertex, keep only the paths with 140 bases). This
is done using the gel electrophoresis technique.

4. Keep in the tube only those paths going through each vertex at least
once. This is achieved by successive applications of denaturation and
affinity separation, one for each vertex sequence.
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5. Perform a PCR amplification on the product of step 4. If there is any
path left in the tube, a Hamiltonian path exists.

All the steps have a linear complexity, except number 4 which is quadratic
(denaturation + affinity separation) on the number of vertices. Therefore,
the overall complexity of the algorithm is O(n2). But the number of DNA
strands needed to encode all the possible paths grows exponentially with the
size of the problem.

2.2 DNA Self-Assembly

DNA self-assembly techniques can be seen as a combination of the DNA
computing concepts that emerged in Adleman’s seminal paper (Adleman,
1994) and a formal model of 2D tiling owed to Hao Wang (Berger, 1966;
Wang, 1960).

2.2.1 Wang tiles

A tiling is a collection of basic shapes (called tiles) that fit together in the
plane. The so-called Wang tiles (Wang, 1960) are modelled visually by equal-
sized squares with a specific label or colour on each side. The squares can
be assembled side by side, as long as the abutting edges have the same
colour or label. Wang presented his tiling algorithm in 1961, but it was in
1965 when Robert Berger proved that the Wang tiles’ computational model
is equivalent to a Turing machine (Berger, 1966), meaning the model can
perform universal computation.

2.2.2 DNA tiles

Winfree pioneered the application of computational tiling on DNA nano-
structures (Winfree et al., 1998), building DNA tiles as “computational
bricks” and making them perform computations autonomously as they as-
semble to other bricks. The first experimental demonstration of autonomous
computation by self-assembly was accomplished in Mao et al. (2000) with
a set of DNA tiles that performed a cumulative XOR operation. Several
works have followed up this milestone (Rothemund et al., 2004; Barish et
al., 2005), some focusing on decreasing the number of errors adding correc-
tion and self-repair mechanisms to the tiles (Winfree and Bekbolatov, 2004;
Reif et al., 2005).

2.2.3 Holliday junctions

The Holliday junction (or four-way junction) is a mobile DNA structure
formed by four strands, such that each strand binds the two adjacent ones
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(see Figure 2.2). It is named after Robin Holliday, who described a spe-
cial exchange of genetic information known as homologous recombination
(Holliday, 1964).

These DNA tetramers are made of homologous sequences, meaning that
each strand is Watson-Crick complementary to the ones it binds to, and
shares the same nucleotide sequence as the one opposed in the junction
(e.g., in Figure 2.2, the blue strand is complementary to the green and the
yellow ones, and has the same nucleotide sequence than the red strand).
Because of this, the centre of the junction can slide up and down; this random
walk process is called four-way branch migration (Panyutin and Hsieh, 1994;
Biswas et al., 1998), and will only stop when the junction is resolved and split
up in two linear duplexes. This can happen either horizontally or vertically.

As explained above, the Holliday junction is not an inherently rigid sys-
tem. However, it can be made less flexible if it is combined into a larger
construct. In this direction, we can find many examples in the literature
where Holliday junctions are fused in tiles or building blocks to achieve DNA
constructions with higher dimensions. A good selection of them can be found
in Stahl (1994), Liu and West (2004) or Seeman (2010), excellent reviews
on structural DNA nanotechnology. On the contrary, one cannot find many
examples of applications of taking advantage of the dynamic properties of
four-way junctions. We can just highlight Murphy et al. (2006), where Hol-
liday junctions were used as the main component of a novel computing ma-
chine. The model presented in Chapter 5 of this thesis will also be based on
the dynamic properties of four-way junctions.

Figure 2.2: Holliday junction. Licensed under the Creative Commons Attribution-Share
Alike License.

A very recent study (Biffi et al., 2013) has shown a special type of Holliday
junction that is significantly present in genes belonging to quickly dividing
cells (e.g. like cancer cells), meaning that such quadruple helices can be
good targets in oncology. This fact may empower research on biomolecular
computers based on DNA tetramers.
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2.2.4 DNA Origami

Another very relevant self-assembly branch uses scaffold strands to build
DNA lattices. In short, the method involves combining a long scaffold strand,
made of single-stranded DNA, with a set of shorter strands that define the
pattern of the lattice. The first work using scaffold strands was published
in 1999 (LaBean et al., 1999), and research continued in the following years
(Yan et al., 2003). But it was in 2006 when Paul Rothemund defined the gen-
eralization of the so-called scaffolded origami approach (Rothemund, 2006):
a long DNA strand and many short “helper” strands that work as “staples”,
linking two remote parts of the long strand. Changing the composition of
the staple strands, Rothemund is able to generate different patterns in the
lattice that are viewable via atomic force microscope (AFM) (see Figure 2.3).

The DNA origami technique has evolved thereafter, achieving milestones
such as the construction of 3D DNA structures, e.g. boxes made of DNA
that can be locked and unlocked by means of DNA “keys” (Andersen et al.,
2009), or autonomous DNA containers able to selectively deliver molecular
payloads to cells after sensing a specific cell surface (Douglas et al., 2012).
It has become the keystone of the so called structural DNA nanotechnology
(Seeman, 2010; Modi et al., 2010).

Figure 2.3: Patterned DNA structures built using the scaffolded origami approach The
coloured boxes represent the staple strands. Drawn with Molecular Origami, an on-line
tool available at http://wyss.harvard.edu/staticfiles/molecular-origami/index.html

2.3 Autonomous computation: Whiplash PCR

Most of the algorithms presented in the early years of biomolecular com-
putation, mainly based on the work of Adleman, suffer the same problem:
because only the data (and not the program) was encoded in a molecular
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substrate and stored in test tubes, the presence of a person executing all
program instructions in the form of laboratory operations was mandatory.

In order to solve this problem, Hagiyas’s group introduced the first
autonomous biomolecular computing model with DNA, commonly called
Whiplash PCR (Hagiya et al., 1997). Their model stored a rule-based pro-
gram in single-stranded DNA, allowing the simulation of finite automata
driven by the action of the enzyme DNA polymerase.

The potential movements of the automaton are encoded using single-
stranded DNA, as described below (see Figure 2.4):

• The current state of the automaton is encoded at the 3’ end of the
strand.

• Transitions are encoded from the 5’ end using nucleotide domains that
follow the pattern stop−state′i−statei, which represents the transition
from statei to state′i.

• A spacer domain, not encoding any state, is placed between the current
state (at the 3’ end) and the program (at the 5’ end). Its objective is
to facilitate the folding of the strand, so that current state can move
towards the program domain and hybridize with the program states.

At the beginning, the current state is encoded in a nucleotide domain
which is complementary to any of the states in the 5’ end. Under the right
temperature and pressure conditions, the following events will occur (see
Figure 2.4):

• Assuming the current state is represented by the nucleotide domain
statei, it will hybridize with statei at the transitions zone, forming a
DNA hairpin structure (See Figure 2.4-a).

• Then DNA polymerase is placed at the 3’ end of the strand, extend-
ing it with the sequence complementary of state′i, which becomes the
current state (see Figure 2.4-b).

• When DNA polymerase reaches the stop domain in the transition, it
stops the polymerization activity.

• By heating the tube, the duplex formed by the current state and the
transition domain is denatured, dissociating the hairpin temporally.

• Assuming there is another statej in the automaton, so that state′i =
statej , the current state will hybridize with statej ‘ with high probab-
ility after cooling the tube, DNA polymerase will extend again the 3’
end and state′j will become the new current state (see Figure 2.4-c).
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On top of its autonomy, Whiplash PCR was also the first biomolecular
computing model able to perform “local” computations: polymerization re-
actions execute state transitions on a single DNA molecule. This locality
concept was considered a breakthrough from the previous models based on
DNA self-assembly performing “global” computations (each DNA molecule
was a piece of a global algorithm, but not the computer itself).

The original method (Hagiya et al., 1997) showed two main drawbacks:

• The current state was not the only one able to hybridize with states
in the transitions zone. It was also possible for the former current
states (originally at the 3’ end but shifted by the new current states
during program execution) to hybridize with any of the states in the
transitions zone (back-hybridization).

• Each state transition required a thermal cycle.

Shortly after, (Sakamoto et al., 1999) proposed a solution that favoured
the hybridization of the current state against the other potential hybridiz-
ations, but it was still considered difficult to achieve experimentally. Other
enhancements have been proposed afterwards to prevent back-hybridization
(Rose et al., 2006; Komiya et al., 2009), and a more recent work (Reif
and Majumder, 2010), has improved the model describing three isothermal
and autocatalytic enhancements, one of them being able to prevent back-
hybridization. This achievement has turned the model readily usable in a
wide variety of applications.
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Figure 2.4: Autonomous computation using Whiplash PCR. Adapted from Rodríguez-
Patón (1999), with permission.

2.4 Restriction enzyme-based DNA computers

One of the first accomplishments of biomolecular computing (after years fo-
cused on solving NP-complete problems) was achieved by Shapiro’s team
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(Benenson et al., 2001). They developed the first molecular automaton op-
erating in vitro (Benenson et al., 2001). This model can be described as a
set of biomolecules encoding the automaton transitions that, with the help
of restriction enzymes and ligase, are able to process a biomolecular input
and produce an output, also in the form of biomolecules.

A non-deterministic version of that automaton was later presented in
Adar et al. (2004). It introduced the concept of stochastic transitions, mean-
ing that, given a current state, there was more than one possible next state
and their respective probabilities were proportional to the concentrations of
the molecules encoding each state. But its most relevant application was
shown shortly after (Benenson et al., 2004; Shapiro and Benenson, 2006).
This directly set their research line in the field of biomedicine: in short, this
molecular automaton was encoding, at the same time, a disease diagnosis and
its treatment. The automaton biomolecules encode the diagnostic markers
of a specific disease (for example, cancer), and the potential treatment (DNA
antisense). In other words, the very same biomolecule encodes:

1. A diagnostic expert system with a few production rules applied in
cascade, with the form “IF mRNA concentration is high THEN positive
diagnosis”.

2. The treatment corresponding with the positive disease is only released
if each and every step of the diagnostic process is completed.

Figure 2.5 shows the basic operation of this automaton: the program is
encoded in a hairpin molecule in such a way that the output (the treatment)
is the loop region and the different cues to be checked are encoded in the stem
region, which has a sticky end (single-stranded region) at the 5’ end. The
sticky end of input mRNA is complementary and binds to the sticky end in
the program molecule at the 3’ end. Then the enzyme ligase joins input and
program molecules into one. Finally, the enzyme Fok I bind its recognition
site (contained in the input) and cleavages the molecule asymmetrically. If
there is only one cue encoded in the stem region (as in Figure 2.5), the output
molecule (the treatment) is released; otherwise, there would be more cues
to be checked in the stem area, and the process would need to be repeated
until all the cues are passed.

The computational model describing this diagnostic process is a finite
state machine, alternating two states: “positive diagnosis” and “negative dia-
gnosis”. Only if the automaton state at the end of the process is “positive
diagnosis” will the treatment be released.
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Figure 2.5: Biomolecular automaton made with DNA strands and a Fok I restriction
enzyme. Adapted from Sainz de Murieta et al. (2011), with permission.

2.5 Deoxyribozyme-based DNA computers

This branch offers another alternative for implementing transitions in DNA
computation. Unlike the restriction enzymes, which are basically proteins,
deoxyribozymes (also called DNAzymes) are made of DNA. Their catalytic
action is also slightly different: DNAzymes can cleave single-stranded DNA,
whereas restriction enzymes cut on double-stranded DNA.

DNAzymes consist of a central catalytic region flanked by two substrate
recognition domains. Their basic operation binds the recognition domains
to a specific substrate, comprising a ribonucleotide flanked by two regions
that are complementary to the substrate recognition domains. When the
substrate binds to the recognition domains of the DNAzyme, its catalytic
action cleaves the substrate at the ribonucleotide position (see Figure 2.6-a).

2.5.1 Logic gates and automata

Stojanovic et al. (2002) designed a set of devices for switching the DNAzyme
operation on and off, either integrating the substrate recognition domains
into the stem of a molecular beacon or deactivating the DNAzyme central
catalytic region by binding it to a complementary oligonucleotide. This way
they achieved the construction of logic gates that, in response to up to three
input oligonucleotides, switched on and off the cleavage of the substrate.
Such devices may have different configurations:

• NOT gate. A molecular beacon integrates its stem in the central cata-
lytic region in such a way that the whole DNAzyme structure is deactiv-
ated in the presence of an input strand complementary to the beacon
loop, disabling the catalytic action and thus the substrate cleavage.
Since this device gives a positive response (substrate cleavage) in the
absence of an input signal, and a negative response (cleavage inhibi-
tion) in the presence of an input signal, this model implements a NOT
gate (see Figure 2.6-b).
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• YES gate. A molecular beacon integrates its stem within one of the
recognition domains of a DNAzyme, inhibiting the binding to the sub-
strate and thus the catalytic cleavage. If we add a DNA strand (the
input signal) complementary to the molecular beacon loop, it will open
the stem allowing the binding and cleavage of the substrate. Since this
device gives a positive response (substrate cleavage) in the presence of
an input signal, and a negative response (cleavage inhibition) in the
absence of an input signal, this model implements a YES gate (see
Figure 2.6-c).

• AND gate. Here both recognition domains of the DNAzyme are in-
tegrated within molecular beacons. The recognition domains will only
be free to operate in the presence of two different input signals, each
one complementary to the respective molecular beacon loop. Since this
device gives a positive response (substrate cleavage) only in the pres-
ence of the two expected input signals, and else a negative response
(cleavage inhibition), this model implements an AND gate (see Figure
2.6-d).

input

+

input

+

input 1

+ input 2

Ribonucleotide

Substrate recognition domains

Catalytic 
region

Substrate

5'
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3'
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Figure 2.6: Deoxyribozyme-based logic gates. (a) Deoxyribozyme structure. (b) NOT
gate. (c) YES gate. (d) AND gate. Adapted from Sainz de Murieta et al. (2011), with
permission.

In a later work (Stojanovic and Stefanovic, 2003), this set of logic gates
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was applied to the implementation of a molecular automaton that encoded
a 3x3 version of the game tic-tac-toe. The automaton was able to compete
interactively with a human opponent, indicating its movements by fluor-
escence signalling and implementing a perfect strategy (always winning or
tying). Another work presented more recently (Pei et al., 2010) has imple-
mented a similar game called tit-for-tat, but with an interesting innovation:
the response strategy to be adopted by the automaton can be customized
before the game, using a special set of training molecules.

One of the main drawbacks of these gates lies in the different input and
output formats, preventing the implementation of cascades where the output
of a gate is provided as input for another gate. With the aim of overcoming
this obstacle, Stojanovic et al. (2005) expanded the available set of logic
gates with DNA structures that implement the ligase operation. Ligase is
able to combine outputs so that they form longer oligonucleotides with the
right format to be cascaded into downstream gates. It can also help to reset
circuits by regenerating the substrates previously cleaved by a DNAzyme
operation. Another ingenious solution was presented in a more recent work
(Elbaz et al., 2010), where a DNA-based computational platform is built
from a library of DNAzymes and substrates, accomplishing a universal set
of logic gates, as well as multi-layered gate cascades.

2.5.2 Molecular robots

Deoxyribozymes have also been used in a context different to DNA compu-
tation: molecular robots. In Pei et al. (2006), four DNAzymes are coupled
to streptavidin, forming a device similar in appearance to a spider with four
legs. The device is exposed to a matrix covered with substrates, allowing
the “spider” to bind its “legs” to the substrates. After the DNAzyme cleaves
the substrate, the leg is released and ready to bind to a different substrate.
In this manner, this spider implements a forward motion device that cannot
move backwards, since all the upstream anchor points have been disabled
(usually termed as “burnt bridges”). In a more recent work (Lund et al.,
2010), these molecular spiders have achieved directional movements by sens-
ing and modifying different sorts of substrate molecules (the programmed
actions) integrated in a 2D DNA origami surface.

2.6 Enzyme-free DNA computers

Another very important research line in biomolecular computation is the
engineering of DNA devices based on so-called strand displacement, without
the catalytic action of any type of enzyme or DNAzyme. This technique
was first introduced in Yurke et al. (2000), with the development of their
“molecular tweezers”. But it was not until six years later, after the work



26 Chapter 2. Biomolecular computation

of Seelig et al. (2006a), that the technique started to be widely used in
the design of logic circuits for the intelligent sensing and processing of the
different sorts of nucleic acid molecules (DNA / RNA). The basic mechanism
of these sensors is termed toehold-mediated strand displacement : the device
detects the presence of an input strand called BC, which consists of two
partially hybridized DNA strands B and ¬B¬C. BC is the DNA strand
complementary to ¬B¬C. If the input BC is present, it will displace B from
the B:¬B¬C complex due to the greater stability of the duplex BC:¬B¬C.
The domains C in the input strand and ¬C in the device are called toeholds.
They play a key role in the processes of strand displacement, since they
work as a recognition site and anchor point for other strands with more
complementary bases. The method is illustrated in Figure 2.7-a.

The main constraint of toehold-mediated strand displacement is irrevers-
ibility: once the duplex BC:¬B¬C is built and B is displaced, the rate of
the reverse reaction dissociating BC from ¬B¬C and binding B to ¬B¬C
is practically null. Later works (Zhang et al., 2007; Zhang and Winfree,
2009) evolved the model to enable reversibility through the so-called toehold
exchange. This method, illustrated in Figure 2.7-b, is similar to toehold
mediated strand displacement in that a single-strand binds by a toehold to
a double-strand to initiate a three-way branch migration (named after the
three strands involved in the process). However, they differ in the length
of the initial single-strand (invading strand), which is shorter than its coun-
terpart in Figure 2.7-a. In consequence, after the toeholds C and ¬C bind
to each other reversibly, the branch migration movements are not enough to
achieve a complete displacement of strand B: the incumbent toehold, Bm, is
still bound to the lower strand of the complex. The process will finish when
Bm spontaneously dissociates from the complex at rate kr(Bm). Contrary
to Figure 2.7-a, this last step is reversible since the new double-stranded
complex has a new toehold, which can bind again to Bm with a hybridiza-
tion rate kf . Toehold exchange kinetics have been modelled and formalized
in Zhang and Winfree (2009), but the concept was already present in Zhang
et al. (2007) when they introduced a design strategy that enabled oligo-
nucleotides to catalyze the release of a specific DNA output, enabling an
amplifying circuit element that improves signal-to-noise ratio. This type of
strand displacement reactions will be more deeply studied in Section 2.6.3.

2.6.1 Logic circuits

This section reviews the potentiality of strand displacement cascades in the
design of complex Boolean circuits. Without using any enzyme or deoxyri-
bozyme, Takahashi et al. (2006) and Seelig et al. (2006a) designed and im-
plemented Boolean logic gates that used single-stranded DNA as input and
output. Figure 2.8 describes the AND gate model presented in Seelig et al.
(2006a). The gate consists of three DNA strands: the output strand (the
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3’ portions of the domain, respectively. A superscript value of m indicates the 5’-most m
bases of the full domain, whereas a subscript value of m indicates all but the 5’-most m
bases of the domain. Thus the concatenation of Pm and Pm form the full domain P for all
values of m. (a) Toehold mediated strand displacement. (b) Toehold exchange. Adapted
from Zhang and Winfree (2009), with permission.

one with the loop), plus two gate strands whose nucleotide sequences are
complementary to the input strands. When Input 1 approaches the gate,
they will bind in their toehold region (marked in dotted orange in Figure
2.8) initiating a strand displacement process which ends with the removal of
the first gate strand and uncovers a new toehold (marked in dotted green
in Figure 2.8). At this stage, if Input 2 is present, it will also bind to the
newly released toehold, initiating a second strand displacement process that
finally releases the output.

Frezza et al. (2007) developed another model of DNA logic circuits, with
the particularity of using solid-supported DNA logic gates. Instead of the
toehold sequestering techniques used in Seelig et al. (2006a), they cleverly
used the spatial separation between the fixed gates to control the interac-
tions between the gates and avoid undesired crosstalk. This work was later
enhanced in Picuri et al. (2009) by including toehold sequestering, and de-
veloped a system that can be used to translate any input nucleic acid into a
predetermined nucleic acid output.
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Figure 2.8: AND gate based on DNA strand displacement. Adapted from Sainz de
Murieta et al. (2011), with permission.

2.6.2 Stochastic Chemical Reaction Networks

Although the Boolean abstraction is a very useful approach for engineer-
ing reliable circuits, clearly that the nature of chemical reactions and their
kinetics is analog. This idea was exploited in Soloveichik et al. (2010), defin-
ing a model able to approximate mass action kinetic reactions, also known
as Stochastic Chemical Reation Networks (SCRN), through DNA strand
displacement cascades. The SCRN abstraction enables modelling a much
broader set of complex behaviours, such as pattern formation or oscillations.

Building on the same concept of SCRN, Cardelli (2009) developed a
stochastic computation model that, based on the concept of process algebras,
allows the simulation of coupled cascades of strand displacement operations
that achieve such complex behaviours as SCRN’s can show. The model
has evolved into a programming language that implements the algebra in
silico using a strand displacement simulator (Phillips and Cardelli, 2009).
The authors have continued enhancing the model thereafter (Cardelli, 2010;
Lakin et al., 2012).

2.6.3 Catalytic DNA strand displacement devices

The type of strand displacement reactions described in section 2.6.1 starts
with a single-stranded input that is consumed and “trapped” in a double-
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stranded by-product. As the input strands are consumed in the process,
their concentration decreases, as well as the probability of the remaining
input strands to interact with the target gates. With the motivation of
overcoming this classical drawback of strand displacement circuits, different
models of catalytic devices have been proposed (Turberfield et al., 2003;
Seelig et al., 2006b; Zhang et al., 2007; Zhang and Winfree, 2008), able to
amplify attenuated output signals coming from non catalytic gates, or even
build logic gates whose operation is directly catalytic and need no further
amplification.

Probably the most successful model of a catalytic gate was presented in
Qian and Winfree (2009, 2011b). The model is commonly known as “seesaw”
gate, and consists of two modules (see Figure 2.9):

• A threshold unit, responsible of filtering out input signals not accom-
plishing a minimal amplitude (See Figure 2.9-b). When the DNA
strands of input signal interact with a threshold unit, the toehold T ′S′4
of the latter anneal to its complementary domain in the input strand,
starting a strand displacement process. As a result, two waste mo-
lecules are produced: a double-stranded by-product sequestering the
input strand (S′3T ′S′4:S3TS4) and a single-stranded by-product (S3).
While threshold units are not fully consumed, they will be more fa-
vourable to react with input strands than the catalytic units, since the
latter would offer a shorter toehold, and thus a lower affinity, to start
the strand displacement process (T ′S′4 in threshold unit is longer than
T ′ in catalytic unit, see Figure 2.9-c).

• A catalytic unit, able to sense an input signal and release an output
signal without sequestering that input signal (See Figure 2.9-c). When
the input strand interacts with the catalytic unit they anneal their
toeholds T and T ′, starting a strand displacement process that releases
the output strand while the input stays sequestered within the gate
strand. To release again the input strands, the fuel strand is needed:
it starts another strand displacement by annealing their toeholds T
and T ′, releasing again the input strand and capturing the fuel strand
in a duplex within the gate strand.

Figure 2.9-a shows an abstract representation of the gate as a node with
wires connected to the left and right sides. Each wire corresponds to one of
the single-stranded DNA signals (fuel, input and output). Each node corres-
ponds to a gate strand that may bind to or release from a signal strand. The
figures describe the state of the node in the network, indicating the amounts
of the different species as relative concentrations of signals on the wires, and
the relative concentrations of gate:signal molecules within the nodes and
next to the corresponding wires. The concentration of the threshold unit is
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indicated as a negative number in the gate:signal complex for the signal it
is capturing. In our example, the node described specifies the gate:output
complex, fuel signal, input signal and threshold unit with respective concen-
trations 10x, 10x, 1x and 0.5x (where x is a standard concentration).

Since all the reactions in Figure 2.9-c are reversible, the catalytic gates
are inherently symmetric. But their power lies in configuring them asymmet-
rically, defining input and output that are cascaded into other gates. This
way the seesaw model can theoretically be used to implement different types
of network topologies, such as relay contact circuits, analog time-domain
circuits and feedback. Also successful in vitro implementations of neural
networks (Qian et al., 2011) and feedforward logic circuits (Qian and Win-
free, 2011a) have been presented.
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Figure 2.9: Seesaw gate. (a) Abstract gate schema. (b) Threshold unit. (c) Catalytic
unit; dotted arrows in grey indicate reversibility of the reaction. Adapted from Qian and
Winfree (2011b), with permission.
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2.6.4 DNA Robots

The devices based on DNAzymes presented in section 2.5.2 are not the only
paradigm for implementing molecular motion. Following upon the “tweez-
ers” implemented in Yurke et al. (2000), a large set of molecular robots have
been presented (Yin et al., 2008; Omabegho et al., 2009; Green et al., 2008).
These “walkers” move attached to a 1D DNA surface, and their movements
are performed by the action of the DNA strand displacement. A very inter-
esting evolution of those models was presented thereafter (Gu et al., 2010),
where the walker is not only able to move across a DNA surface, but also to
catch, carry and drop gold nanoparticles from one container to another. A
similar application was presented in He and Liu (2010) where a set of DNA
autonomous walkers were able to carry DNA-linked compounds to synthes-
ize a final product. Excellent reviews can be checked to deepen topics like
“DNA walkers” (Simmel, 2009) or “nano-factories” (Simmel, 2012).

2.7 Dynamic biomolecular computers

Most of the models reviewed so far in the chapter are designed as “use once”
devices. This is a consequence of their operating principle: a set of molecules
in a non-equilibrium state undertaking reactions and conformational changes
until they reach a practically irreversible equilibrium state. This feature
seem to be consistent with the objectives of structural DNA nanotechnology :
building scaffolds that shouldn’t be altered due to its structural function
(E.g. DNA origami).

However, when we move to dynamic DNA nanotechnology, the “use once”
feature a drawback rather than an advantage. This would be the case, for
example, of the self-assembly, restriction enzime and noncatalytic enzyme-
free devices reviewed above. Although they can still enable very interesting
applications (E.g. in vitro sensors and genetic diagnosis), every computation
would require a new DNA device

In order to achieve more complex behaviours, such as bistability or oscil-
lations, biomolecular computing models need to be driven by a continuous
input flux of energy (Kjelstrup and Bedeaux, 2008). This could be achieved,
for example, by the DNAzyme-driven and catalytic enzyme-free models re-
viewed above, as long as there is a continuous supply of input ribonucleated
strands and fuel strands, respectively, in the environment (e.g. in an open
reactor). The design of other biomolecular computing models depends fun-
damentally on the existence of an input energy flux. The most representative
ones are reviewed in this section.
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2.7.1 RNA-based computation

The last decade has been very prolific as far as RNA research is concerned.
Since the discovery of the RNA interference in 1998 by the 2006 Nobel laur-
eates Fire and Mello (Fire et al., 1998), new kinds of endogenous RNA
molecules have been discovered, like small interfering RNA (siRNA), micro
RNA, antisense RNA, ribozymes, riboswitches or riboregulators (Wilson and
Doudna, 2013). The new genetic expression properties of these molecules can
explain processes related to the silencing of precise genes. Thanks to their
potential therapeutic applications, several RNAi-based molecules have been
used as drug compounds in clinical trials (Daka and Peer, 2012).

The interest in RNA has also reached biomolecular computation. New
synthetic DNA- and RNA-based computers can sense, process and deliver
new RNA molecules. Below we cite only a few of the several achievements
presented in the area since then. Interested readers may check Benenson
(2012b) for additional examples:

• Miró Bueno and Rodríguez-Patón (2009) developed a synthetic bio-
molecular device generating oscillatory signals from two interacting
genes and one ribozyme. Thereafter, the authors presented another
oscillatory model showing that one gene is enough to produce reliable
oscillations, as long as there exists an negative interaction acting on
the positive transcriptional feedback of this single gene. These find-
ings can help to establish a new efficient tool for engineering synthetic
genetic oscillators (Miró-Bueno and Rodríguez-Patón, 2011).

• The Smolke Lab developed a system assembled with RNA devices (ri-
boswitches and ribozymes) able to implement in vivo logic gates, sig-
nal filters and exhibit cooperative behaviour (Win and Smolke, 2008).
Whereas riboswitches bind small ligands to regulate the gene expres-
sion through conformational changes, ribozymes are RNA-based en-
zymes that catalyze the RNA cleavage. A later work by the same
team (Culler et al., 2010) managed to modify the DNA splicing pro-
cess engineering a class of RNA devices. By sensing the excess of
particular proteins, these devices achieve the translation of genes that
would be silenced without their operation. Chen et al. (2010) repres-
ented another impressive milestone for this lab, as they were able to
use riboswitches in vivo producing genetically engineered T cells.

• Weiss, Benenson and coworkers developed a DNA logic circuit able to
process and analyse up to five siRNA inputs (Rinaudo et al., 2007).
The siRNA was built synthetically as double-stranded 20mers, and its
objective was to repress translation into a specific protein. A similar
system was implemented thereafter at the Benenson Lab, but it was
using microRNA instead of siRNA (Leisner et al., 2010).
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• Another colaboration between Benenson and Weiss developed a tran-
scriptional regulation synthetic circuit, able to classify different types
of cells based on the different types of microRNA they contain, and
trigger a specific responses linked to different patterns of microRNA
concentrations (Xie et al., 2011). As proof of concept, this cell classifier
was able to selectively identify HeLa cancer cells and trigger apoptosis1

without affecting non-HeLa cell types.

• The Arkin Lab has recently developed a new riboswitch concept (Lucks
et al., 2011). Their model integrates a switch into the 5’ untranslated
region of a transcript, containing a transcription termination domain.
The switch is designed such that the termination domain is partially
sequestered in standard conformation, thus allowing the transcription
of the coding region. Transcription can be stopped using a special
antisense RNA that binds the switch, changing its conformation such
that the termination domain becomes active again. The authors have
expanded the model by allowing small molecules to bias the switch
state (Qi et al., 2012).

• A notable example of what we could name “structural RNA nanotech-
nology” can be found in Delebecque et al. (2011). Here the authors
have designed a set of RNA aptamers, each one showing affinity to an
enzyme. The assembly all those aptamers by Watson-Crick comple-
mentarity allow the enzymes of a hydrogen production pathway to be
placed in proximity, helping optimize the yield of the process.

2.7.2 Synthetic in vitro transcription circuits

One common drawback shared by many of the models referenced in the
section 2.7.1 above, specially those in vivo, is the crosstalk between the
new engineered components and the “legacy” components originally present
in the live cell (MacDonald et al., 2011). With the aim of implementing
transcriptional networks free of perturbations from the host cell components,
there emerged a workaround talking away the cell “chasis” while moving the
basic transcription components into the test tube. This cell-free approach
eliminates the crosstalk with the “chasis” components (not present any more),
increasing the predictability and scalability of the devices. Below the basic
components used in cell-free transcription networks (see Figure 2.10):

• Synthetic DNA templates (genelets). Double-stranded DNA molecules
comprising a constitutive promoter sequence at the noncoding region,
as well as the coding region to be transcribed by the RNA polymerase.

1Process of programmed cell death, that may occur in multicellular organisms. It is
genetically regulated.
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Some genelets can be desgined such that the promoter sequence is
nicked in the middle, and the adjacent noncoding DNA strand is ex-
tended with a toehold at its 3’ end. This allows this strand to be
displaced from the genelet by a complementary DNA or RNA strand,
inactivating the genelet function. Conversely, an inactivated genelet
can be back to operation when the missing noncoding DNA strand
hybridizes back to the DNA template structure.

• RNA polymerase (RNAP). When RNAP interacts with an activated
genelet, it transcribes regulatory RNA at a certain rate.

• Ribonuclease (RNase)2. This enzyme is able to degrade RNA at a
certain rate. Without its action, RNA transcripts would simply accu-
mulate preventing any interesting function.

• Regulatory RNA. Produced by the RNA polymerase, it can can be used
to switch on and off other genelets downstream, by releasing or displa-
cing the noncoding DNA strand that completes the genelet promoter
region.
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Figure 2.10: Synthetic transcriptional circuits (genelets). (a) The genelet Gen−A (in the
middle) is in OFF status because the promoter region is only partially double-stranded.
(b) The DNA strand Input−A binds the single-stranded region of the genelet, enabling
the promoter region and the transcription of RNA molecules RNA−output−A. (c) The
species RNA−output−A can either be degraded by the RNase (see the arrow pointing
to φ), or bind the strands DNA−output−A on the free toehold, undergoing a branch
migration process that will release the output DNA molecule Input−B, which can activate
another genelet downstream.

2A type of enzyme that catalyses the degradation of RNA into smaller components.
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Combining the above elements into a test tube, a wide variety of com-
putational devices has been implemented, including neural network compu-
tation (Kim et al., 2004), bistability (Kim et al., 2006; Subsoontorn et al.,
2012) or oscillatory behaviour coupled with an actuator (Franco et al., 2011).
This cell-free approach is becoming an excellent testing bench before tackling
more complex synthetic transcription circuits in vivo. Interested readers can
find more details about synthetic in vitro transcriptional circuits in Weitz
and Simmel (2012).

2.7.3 DNA Polymerase-based computers

DNA polymerase was one of the first computational primitives used in the
early models of DNA computing (Adleman, 1994; Amos, 2005). It was there-
fore not surprising to find it in the first autonomous DNA computer model:
the Whiplash machine (Hagiya et al., 1997). However, after that mile-
stone, DNA polymerase-driven models remained outside the mainstream for
years, mainly due to the need for thermal cycles. The interest in this topic
reawakened after some breakthroughs exploiting isothermal DNA amplific-
ation protocols (Walker et al., 1992), such as an improved Whiplash model
(Reif and Majumder, 2010) or the DNA toolbox developed by Rondelez’s
team (Montagne et al., 2011).

The DNA toolbox model is specially interesting due to its similarities
with RNA computers. It is also driven by a continuous supply of NTP, which
is used to extend DNA strands and produce output strands. Its operation
is based on the action of as et of enzymes (DNA polymerase, an isothermal
DNA nicking enzyme and a single-strand specific exonuclease3, enabling the
following set of basic reactions (See Figure 2.11):

• Polymerization and nicking. After the hybridization of an input DNA
strand

−→
A 4 at the 3’ end of a DNA template

←−−
AB, DNA polymerase

produces the double-strand
←→
AB. Since the duplex

←→
A contains the

recognition sequence of the nicking enzyme, the newly polymerized
strand is cleaved in two fragments

−→
A and

−→
B , which will dissociate

from the template due to their shorter length.
−→
B can also be displaced

by further DNA polymerase activity. As result of this process, the
input strands

−→
A periodically generate new strands

−→
B (see left panel

in Figure 2.11).

• Inactivation. A special type of input DNA strand
−→
B can be used to

inactivate a template
←−−
DE.

−→
B does not fully bind the recognition se-

3Type of enzyme that work by cleaving nucleotides one at a time from the end (exo)
of a polynucleotide chain.

4A DNA strand denoted
−→
A is supposed to be Watson-Crick complementary to a DNA

strand denoted
←−
A , and would form a duplex

←→
A when both molecules hybridize.
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quence of the nicking enzyme in the template, and since it is longer
than the regular inputs

−→
D ,
−→
B wins the competition to bind the tem-

plate almost irreversibly. Moreover, its 3’ end does not bind the tem-
plate, avoiding the action of DNA polymerase (see right bottom panel
in Figure 2.11).

• Degradation. Species dynamically generated by DNA polymerase are
degraded by a single-strand specific exonuclease. DNA templates are
protected from the action of the exonuclease thanks to DNA backbone
modifications at their 5’ end.

A B

A

A B

A B

A B

A B

pol.

nick.

A B

dissociation

ø

exo.
exo.

ø
B C

B

C

pol.
nick.

D E

B

If B activator:

If B inhibitor:

Figure 2.11: DNA toolbox. The left panel shows the basic catalytic operation of the
toolbox: the input strand

−→
A binds the 3’ end of the DNA template

←−
AB, allowing DNA

polymerase to extend it forming the duplex
←→
AB. Then the enzyme nickase binds to its

recognition sequence in
←→
A (bold line) and cleaves the newly polymerized upper strand

−→
AB in two fragments

−→
A and

−→
B , which can either dissociate from the template due to their

shorter length, or let
−→
B be displaced by a new DNA polymerization of

−→
A . The right panel

shows the two possible operation modes of the output
−→
B : as an activator, it will enable

the polymerization of another DNA strand
−→
C (see the motif at the top); as an inhibitor, it

would bind in the middle of a DNA template
←→
DE inhibiting nicking and polymerization.

All the DNA strands except the templates are subject to periodic degradation (see arrows
pointing to φ).

Combining these simple sets of elements and reactions, the model has
led to implementing reliable oscillations (Montagne et al., 2011), bistability
(Padirac et al., 2012) or models of population dynamics like predator-prey
(Fujii and Rondelez, 2013).

2.8 Logic programming with DNA

A logic program (Lloyd, 1987; Shapiro and Sterling, 1994) is a finite set of
facts and implications that, starting from a set of premises (axioms or initial
input conditions) and following a set of deduction rules (inference rules),
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leads to one or more conclusions (outputs or logical consequences). This
reasoning process, also called inference, is the engine of logic programming.

When referring to facts we will use the term proposition, which is the
minimal syntactic entity in propositional logic. Propositions refer to simple
affirmative statements, and we may represent any given proposition with a
letter, like, for example, P = “DNA strand present” or Q = “disease present”.
A proposition can take the values “True” or “False”. P = “True” is represented
as P , whereas P = “False” is represented as ¬P .

Implications establish relations between input propositions (the premise)
and output propositions (the conclusion). They can be represented as “IF-
THEN” rules. For example, the statement “IF P THEN Q” is an implication,
which means that if P is present, then Q must also be present. In logic,
implications are represented with an arrow that goes from the premise to
the conclusion; therefore we can rewrite the above implication as P → Q.

Premises and conclusions can be made of more than one fact. For ex-
ample, the implication “IF P AND Q THEN R” means that, if both input
propositions P and Q are true, then R must also be considered true. In
logic, the connective AND is represented with the symbol ∧, so the previous
implication can be rewritten as P ∧Q→ R. Another example can be taken
from the implication “IF P THEN Q OR R”: it means that, if the input pro-
position P is true, then either Q or R (or both) must be true too. In logic,
the connective OR is denoted by the symbol ∨; therefore we can rewrite the
previous implication as P → Q ∨R.

The two basic inference rules are called modus ponens and modus tollens.
The deduction rule modus ponens states that, from a fact P and an implic-
ation P → Q, one can deduce Q. It can be formally expressed as follows:
(P → Q) ∧ P → Q. The deduction rule modus tollens states that, from ¬Q
and the implication P → Q, one can deduce ¬P . It can be formally expressed
like this: (P → Q)∧¬Q→ ¬P . For example, let the implication P → Q be
our logic program. P → Q represents the statement “IF DNA strand present
THEN disease present” (or DNA strand → disease). If we add the propos-
ition P = ”DNA strand present” as the program input, the modus ponens
inference rule is triggered, deducing the proposition Q =“disease present” as
the output. On the contrary, if we add the proposition ¬Q = “disease not
present” as the program input, the modus tollens inference rule is triggered,
deducing the proposition ¬P = ”DNA strand not present” as output.

There are some precedents on the use of DNA molecules to perform
logical inference, such as the use of self-assembly and polymerase chain reac-
tion (PCR) to build Boolean functions (Wasiewicz et al., 2001) and perform
inference (Wasiewicz et al., 2000), the molecular representation of formulas
(Hagiya et al., 1997) and querying (Rose et al., 2006) using DNA hairpins,
the implementation of deduction within Horn clauses (Kobayashi, 1999), as
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well as resolution refutation (Lee et al., 2003). But it was the work presented
in Ran et al. (2009) what reawakened the interest and potential of apply-
ing the logic programing paradigm in biomolecular computation. Based on
the DNA automaton concept developed in previous research (Benenson et
al., 2001; Adar et al., 2004; Benenson et al., 2004; Shapiro and Benenson,
2006), they built a system capable of performing simple logical deductions
with DNA molecules. In that work, propositions and implication rules were
encoded using double-stranded DNA molecules with a free sticky end (see
Figure 2.12); the nucleotide sequence in the sticky ends uniquely encoded an
input proposition (in Figure 2.12, P = “symptom1”). When a proposition
and an implication have complementary sticky ends, both molecules merge
into one; then the enzyme Fok I would cleave the resultant molecule into
two new pieces, different from the original fact and implication molecules;
one of these new pieces, merged with an auxiliary DNA strand, would rep-
resent the conclusion inferred from fact and implication, which could either
be cascaded into another inference process or be read as output using FRET
techniques (see Figure 2.12).

FokI

P =“symthom1” P → Q

FokI

+ +

Aux

unfoldedloop

waste

output

cleavage

cleavage

+

Q=“diseaseA”

Figure 2.12: Simple logical deductions with DNA molecules. Basic operation of the
inference system developed in Ran et al. (2009).



Chapter 3

Propositional logic and
Bayesian inference

3.1 Introduction to propositional logic

Propositional logic is concerned with propositions and their interrelation-
ships. Roughly speaking, we can see a proposition as a possible condition
of the world that we can either observe or infer (Lloyd, 1987; Shapiro and
Sterling, 1994). The list of concepts detailed below provides the basic back-
ground on propositional logic required to understand Chapters 4 and 5.

Proposition The minimal syntactic entity in propositional logic. A pro-
position P can take values True or False. P = True is represented as
P , whereas P = False is represented as ¬P .

Truth assignment Assignment of a truth value (True or False) to a pro-
position. P = “True” assigns the truth value True to proposition P . It
is commonly denoted as P . Q = “False” assigns the truth value False
to proposition Q. It is commonly denoted as ¬Q.

Formula A formula in propositional logic can be recursively defined as fol-
lows:

• Each propositional variable is a formula.

• If ϕ is a formula, then ¬ϕ is a formula.

• If ϕ and Ψ are formulas and ◦ is any binary connective, then (ϕ ◦
Ψ) is a formula. The binary connective ◦ could be ∨ (disjunction),
∧ (conjunction), → (implication), or ↔ (double implication).

Clause A logical formula connecting a list of propositions using the disjunc-
tion connective (∨). In other words, a disjunction of propositions.
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Conjunctive Normal Form (CNF) A logical formula is defined in con-
junctive normal form iff it is expressed as a conjunction of clauses.

Rule Formula that relates a premise and a conclusion using the implica-
tion connective (→). When both premise and conclusion are made
of a single proposition (E.g. P → Q), we talk about simple rules.
Otherwise we talk about composite rules (E.g. P → (Q→ R)).

Inference rule Reasoning model that, starting from an initial set of for-
mulas, allows us to conclude another set of formulas simpler than the
original. Examples of inference rules are:

• Modus ponens. If we have the rule P → Q and the proposition
P , then we can conclude Q.

• Modus tollens. If we have the rule P → Q and the proposition
¬Q, then we can conclude ¬P .

Logical Resolution If C and C ′ are clauses and p is a proposition, then
any assignment that satisfies both (C ∨ p) and (C ′ ∨ ¬p) also satisfies
(C ∨ C ′).

Hypothetical Syllogism Inference rule stating the following: if we have
A→ B and B → C, we can deduce A→ C.

SAT The Boolean Satisfiability Problem is the problem of determining
whether the variables of a given formula can be assigned values in such
a way as to make the formula evaluate to True. It is an NP-complete
problem.

3.2 Introduction to Bayesian inference

Probabilistic reasoning can be used when we want to consider diagnostic
accuracy or uncertainty of tests in our clinical decisions. One of the most
widely extended techniques to perform this kind of reasoning is Bayesian
inference: an inference method in which Bayes’ rule is used to update the
probability estimate for a hypothesis as additional evidence is learnt. It has
found application in a range of fields including science, engineering, medicine
or philosophy.

The list of concepts detailed below provides the basic background on
Bayesian inference (Pearl, 1988; Russell and Norvig, 2002) required to un-
derstand Chapters 6 and 7.

Random variable A function whose possible values are numerical out-
comes of a random phenomenon. It can take different value domains,
including continuous, discrete, or Boolean random variables. This
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thesis will focus on Boolean random variables, which have a certain
probability of being true or false. For example, the random variable D
can be set to represent a given disease, which can be present (true) or
absent (false).

Logical proposition A logical formula expressing an assignment between
a random variable and one of its potential domain values. Hence, the
propositions D = present (also denoted as D1) and D = absent (also
denoted as D0) are the possible formulations that can be hypothesized
on the random variable D. Generic propositions of a given variable
are denoted with its corresponding lower case letter, for example, P (d)
can refer either to P (D1) or P (D0).

Probability function A function P that assigns a probability to each value
in the random variable domain (and thus to each potential logical pro-
position derived from the variable). Building on the above example, the
probability of D can be said to be the duple P (d) = 〈P (D1), P (D0)〉.
The sum of probabilities of all the values of the domain must be equal
to 1:

P (D1) + P (D0) = 1 (3.1)

When this function is defined without any dependence on other random
variables, we call it prior probability.

Joint probability The probability of a set of different propositions, a1, ...,
an, all happening at the same time is defined by the joint probability
function, represented as P (a1 ∧ ... ∧ an) or P (a1, ..., an).

Conditional probability This function can be intuitively seen as the de-
gree of belief in a variable after the observation of other variables re-
lated to the first. So the conditional probability of a proposition a given
b is the probability of a when b is known to occur. It is commonly de-
noted as P (a|b). Conditional probability can also be expressed as a
function of prior and joint probabilities:

P (a|b) =
P (a ∧ b)
P (b)

(3.2)

This formula can be derived into the so called product rule:

P (a ∧ b) = P (a|b) · P (b) = P (b|a) · P (a) (3.3)

Continuing with the above example, when a disease is extensively stud-
ied, the probability of a disease d given the signal s is known and
expressed as P (d|s). This is also called posterior probability.
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Conditional independence Two propositions a and b are conditionally
independent when they do not have any dependency relationship. In
such case we can rewrite their probabilities as

P (a|b) = P (a); P (b|a) = P (b); P (a, b) = P (a) · P (b) (3.4)

Bayes’ law Can be derived from the conditional probability and the product
rule formulations, and is stated as follows:

P (d|s) =
P (s|d) · P (d)

P (s)
(3.5)

This rule, together with the property of independence, is key in prob-
abilistic reasoning and is used to establish relationships between prob-
abilities and evidence. It is useful for updating the certainty value of a
hypothesis or a diagnosis (prior probability P (d)), in the light of new
evidence (P (s)) and the signal likelihood (P (s|d)), in order to output
an “updated” posterior probability (P (d|s)).
Assuming we are able to exhaustively estimate all the probabilities
concerning the variable D, we can rewrite the law as:

P (d|s) = α · P (s|d) · P (d) = α · P (d ∧ s) (3.6)

Since the sum of the probabilities P (D = present|s) and P (D =
absent|s) must be equal to 1, we can treat α as a normalization factor.
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The resolution of the Hamiltonian path problem presented by Adleman
(1994) created enormous expectations. In a technological environment where
the price of DNA synthesis was already dropping at a rapid pace, being able
to use this molecule to solve NP-complete problems in polynomial time was
considered a major milestone and kindled enormous interest in the scientific
community. Although similar achievements followed that continued exploit-
ing the massive DNA parallelism capabilities to solve more NP-complete
problems (Lipton, 1995; Beaver, 1995b,a), the limitations of applying a brute
force approach like Adleman’s algorithm were soon understood. The cost of
solving such problems in polynomial time was being paid with an exponential
space (number of molecules) consumption.

Thereafter, biomolecular computation began to focus on solving prob-
lems with biomedical interest or with direct applications in nanotechnology.
DNA self-assembly techniques, initially used in the resolution of NP-complete
problems, were redirected towards the currently called structural DNA na-
notechnology (Seeman, 2010; Modi et al., 2010). This alternative approach
has lead to several new applications in the production of biomaterials or as
scaffolding element in the assembly of nanomaterials (Samano et al., 2011),
like gold nanoparticles (Ding et al., 2010) or carbon nanotubes (Maune et
al., 2010), coining the term interface DNA nanotechnology. However, the
models most closely related to biomolecular computation have tried to util-
ize the conformational changes experienced by DNA molecules to reach the
equilibrium state. Such models are included in the dynamic DNA nanotech-
nology (Zhang and Seelig, 2011), including restriction enzyme-based DNA
automata, DNAzyme-based logic gates and automata, as well as all the dif-
ferent sort of devices driven by the DNA strand displacement phenomenon.

DNA strand displacement is one of the most developed areas of the dy-
namic DNA nanotechnology in the last years. Chapter 2 has included mul-
tiple examples of DNA strand displacement-based devices with biomedical
applications, such as feed forward circuits (Yurke et al., 2000; Seelig et al.,
2006a; Zhang et al., 2007; Zhang and Winfree, 2009; Soloveichik et al., 2010)
biosensors (Tyagi and Kramer, 1996) or molecular robots (Yurke et al., 2000;
Yin et al., 2008; Omabegho et al., 2009; Green et al., 2008). Despite the
numerous devices running through DNA competitive hybridization, surpris-
ingly none of them had been expressly dedicated to the implementation of
logical inference or probabilistic inference.

The publication of Ran et al. (2009) describing a set of enzyme-driven
devices that implemented logical inference, as well as Adar et al. (2004)
introducing the concept of stochastic transitions, inspired the topic of this
thesis: implement inference models utilizing the DNA strand displacement
operation. Devices implemented following such models may offer a wide
variety of applications:
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• DNA sensors able to identify complex combinations of different nucleic
acid species, with direct application in genetic diagnosis.

• Smart drugs, that release specific molecules after the identification of
a precise combination of nucleic acid species.

• Modular information processing devices, that can be used as basic
components in the construction of more complex nucleic acid-based
circuits.

• In vitro databases storing registers on biological substrate, allowing to
query, process and retrieve the stored information.

• Post-transcriptional regulators, able to control and modulate the ex-
pression of particular genes.

The devices presented in Chapters 4, 5, 6 and 7 are intended to provide
rational, modular and scalable DNA models that implement the applications
listed above.
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Chapter 4

Simple inference with DNA
strand displacement

Despite the many designs of devices operating with the DNA strand dis-
placement, surprisingly none is explicitly devoted to the implementation
of logical deductions. The present chapter introduces a new model of bi-
osensor device that uses nucleic acid strands to encode simple rules such
as “IF DNA−strand1 is present THEN diseaseA” or “IF DNA−strand1

AND DNA−strand2 are present THEN diseaseB”. Taking advantage of the
strand displacement operation, our model makes these simple rules interact
with input signals (either DNA or any type of RNA) to generate an output
signal (in the form of nucleotide strands). This output signal represents a
diagnosis, which either can be measured using FRET techniques, cascaded as
the input of another logical deduction with different rules, or even be a drug
that is administered in response to a set of symptoms. The encoding intro-
duces an implicit error cancellation mechanism, which increases the system
scalability enabling longer inference cascades with a bounded and control-
lable signal-noise relation. It also allows the same rule to be used performing
different inference modes (modus ponens or modus tollens), providing the op-
tion of validly outputting negated propositions (e.g. “diagnosis A excluded”).
The models presented in this chapter can be used to implement smart logical
DNA devices that perform genetic diagnosis in vitro.

4.1 Introduction

Competitive hybridization between DNA strands is the foundation of a pro-
cess called strand displacement. This method is used in biomolecular com-
putation to implement computing operations (Zhang and Seelig, 2011). In
short, it can be defined as follows: a strand A displaces another strand B
from a complex A′B, due to the higher affinity between A and A′ and the
greater stability of the duplex AA′.
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Our interest in performing inference with DNA strands is mainly inspired
by Ran et al. (2009). They developed an autonomous molecular system that,
encoding facts and rules as DNA strands and using restriction enzymes as an
inference engine, was able to perform simple logical deductions. Our goal is
the same, but using different biological hardware. Instead of using restriction
enzymes, we take the DNA competitive hybridization phenomenon (strand
displacement) as the main biological operation, which is versatile and widely
studied.

Taking advantage of the strand displacement operation, our models make
these simple rules interact with input signals (either DNA or any type of
RNA) to generate an output signal (in the form of nucleotide strands). This
output signal represents a diagnosis, which either can be measured using
FRET techniques, cascaded as the input of another logical deduction with
different rules, or even be a drug that is administered in response to a set of
symptoms.

The models presented in this chapter can be used to implement smart
logical DNA devices that perform genetic diagnosis in vitro. The first two,
denoted initial model and evolved model, are part of a patent granted to the
UPM by the OEPM (Oficina Española de Patentes y Marcas) (Rodríguez-
Patón et al., 2010b). The most recent model, denoted final model, was pub-
lished in the journal Biosystems (Sainz de Murieta and Rodríguez-Patón,
2012b). Intermediate versions of the work were published as posters in in-
ternational conferences (Rodríguez-Patón et al., 2010a; Sainz de Murieta and
Rodríguez-Patón, 2010).

The rest of the chapter is structured as follows: Section 4.2 describes
the inference rules and operations modes that will be implemented by the
devices in the chapter. Section 4.3 details the encoding and operation modes
of the device denoted as initial model. Sections 4.4 and 4.5 present the same
study for two different models, called evolved and final models. Section 4.6
describes how these devices could be applied to perform genetic diagnosis.
Finally, Section 4.7 analyses the results and potentialities of the model.

4.2 From propositional logic to DNA devices

The three device models to be presented in this chapter allow the implement-
ation of logic inference between rules (simple or composite) and propositions,
using the following inference rules:

• Modus ponens. When a strand encoding a proposition P interacts
with a DNA device that encodes the rule P → Q, it releases an output
strand encoding the proposition Q.

• Modus tollens. When a strand encoding a proposition ¬Q interacts
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with a DNA device that encodes the rule P → Q, it releases an output
strand encoding the proposition ¬P .

The three models may have the following operation modes:

• Basic. The device works isolated, without any interaction with other
similar devices.

• Iterative. More than one device working in cascade. It requires at least
two devices, so that the output of the first devices becomes the input
of the second one.

• Recursive. Composition operation. It also requires two devices, so that
the second is nested with the first one, in a way that the output of the
first device is the second device itself.

4.3 Inference with strand displacement in one step:
the initial model

4.3.1 Encoding propositions

This model encodes propositions and their truth values with DNA strands.
Given a generic proposition P , it is assigned a strand which comprises a
unique nucleotide sequence. That sequence is divided into two domains
of equal length, p1 and p2, oriented in such a way that the domain with
subscript 1 is closer to the 5’ end, whereas the domain with subscript 2 is
closer to the 3’ end. The negation of the above generic proposition, denoted
as ¬P , is represented by assigning it a strand comprising the Watson-Crick
complementary sequence of P . ¬P is also divided into two domains of equal
length, ¬p1 and ¬p2, oriented in a way that the domain with subscript 1 is
closer to the 3’ end, whereas the domain with subscript 2 is closer to the 5’
end (see P and ¬P in Figure 4.1).

¬p
2

¬p
1

p
2

p
1

P

¬P

Figure 4.1: Encoding propositions using single-stranded DNA.

4.3.2 Encoding the implication device

This device comprises two nucleic acid strands encoding two propositions,
according to the model and subscript notation described in Section 4.3.1.
Both strands are hybridized in one of their segments, such that the subscripts
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of the hybridized segments don’t match. Therefore, the subscripts of the
single-stranded segments don’t match either. The aim of this device is to
represent a simple logic rule, which we can commonly denote as P → Q, and
is related to the device as follows; the strand whose segment with subscript
1 is hybridized, encodes the negation of the premise (¬P ), whereas the other
strand encodes the conclusion (Q).

Figure 4.2 shows the structure of an implication device according to our
initial inference model.

P→ Q

q
2

¬p
2

¬p
1

q
1

Figure 4.2: Structure of an implication device according to our initial inference model.

4.3.3 Basic operation

A device that encodes in its initial state the simple rule P → Q, as described
in Figure 4.2, will change its configuration in the presence of two potential
inputs. When the input strand is the premise of the rule (P ), the device will
operate according to the modus ponens inference rule, releasing an output
strand that encodes Q. On the contrary, when the input strand is the logical
negation of the conclusion (¬Q), the device will operate according to the
modus tollens inference rule, releasing an output strand that encodes ¬P .

• Modus ponens. The process is described in Figure 4.3. When the
input strand encodes proposition P , it hybridizes its segment p2 with
the segment ¬p2 (which is initially free in the device). Then P starts
a branch migration process that will hybridize more positions of ¬P
while displacing Q on its segment q2, until P and ¬P end up forming
a double-stranded molecule and the output is released: the strand
encoding Q.

• Modus tollens. The process is described in Figure 4.4. When the input
strand encodes proposition ¬Q, it hybridizes its segment ¬q1 with the
segment q1 (which is initially free in the device). Then ¬Q starts a
branch migration process that will hybridize more positions of Q while
displacing ¬P on its segment ¬p1, until Q and ¬Q end up forming
a double-stranded molecule and the output is released: the strand
encoding ¬P .



4.3. Inference with strand displacement in one step: the initial model 53

p
2

p
1

q
2

¬p
2

¬p
1

q
1

p
2p

1

P → Q

P
+

q
2

¬p
2

¬p
1

q
1

p
2

¬p
2

¬p
1

q
1 q

2q
1

p
2

p
1

¬p
2

¬p
1

Q

p
1q

2
input

output

Figure 4.3: Basic modus ponens operation in the initial inference model.
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Figure 4.4: Basic modus tollens operation in the initial inference model.

4.3.4 Iterative operation

Since inputs and outputs of the implication device have the same format
(they are both equal-length single-stranded DNA molecules), it is possible
to use various devices building inference cascades. Therefore, we can have
two simple rules P → Q and Q→ R, such that when the input strand is the
proposition P , a chain reaction is executed that releases an output strand
encoding R. This is an example of iterated modus ponens (see Figure 4.5,
top panel).

Similarly, when the input strand is the proposition ¬R, a chain reaction
is executed that releases an output strand encoding ¬P . This is an example
of iterated modus tollens (see Figure 4.5, bottom panel).

4.3.5 Composition operation

The initial model described in Figure 4.2 can be evolved and used as a
template to represent composite rules recursively, or in other words, rules
whose premise or conclusion is another rule. Illustrating this process, Figure
4.6 represents the composite rule P → (Q→ R):

1. The negation of the premise (¬P ) is encoded in a DNA strand, such
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Figure 4.5: Iterated modus ponens (top) and modus tollens (bottom) in the initial infer-
ence model.

that its segment ¬p1 hybridizes the segment with subscript 2 that will
be free in the conclusion.

2. The simple rule Q → R is encoded as shown in Figure 4.2. Since this
rule acts as the conclusion of a composite rule, it must hybridize a
segment with subscript 2 with the strand encoding the premise. In
this case, the segment ¬q2.

3. The final structure of the device comprises the hybridization of the
strands representing ¬P , ¬Q and R in their Watson-Crick comple-
mentary segments.

Once the composite rule P → (Q→ R) is encoded, similarly to the basic
operation of the device, when an input strand encodes the proposition P ,
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Figure 4.6: Recursive construction of composite rules using the initial inference model.

the inference rule modus ponens will be triggered and the rule Q → R will
be released as output.

Since any implication A→ B can be rewritten as the disjunction ¬A∨B,
the composite rule P → (Q→ R) can also be rephrased as ¬P ∨ (¬Q ∨R).
The latter expression is equivalent to (¬P ∨ ¬Q) ∨ R (by associativity of
the disjunction operation), which is also equivalent to ¬(P ∧ Q) ∨ R (by
application of de Morgan’s laws). The last expression can be rewritten again
as an implication: P ∧Q→ R.

The main interest of this operation mode is the representation of rules
where the premise is a conjunction of propositions, as shown above. Theor-
etically, the model allows as many nesting as desired, but we could probably
find empirical limitations when implementing it in a wet laboratory.

Encoding composite rules whose premise is a rule, such as (P → Q)→ R,
would be done analogously and symmetrically to the steps described in this
section and Figure 4.6.

4.4 Inference with strand displacement in two steps:
the evolved model

4.4.1 Encoding propositions

This device model encodes propositions as described in Section 4.3.1 and
Figure 4.1.

4.4.2 Encoding the implication device

This device comprises four nucleic acid strands, defined as follows (see Figure
4.7):

• Strand encoding the logical negation of the premise (following the
model to encode propositions described in section 4.3.1).

• Strand encoding the conclusion of the rule, (also according to section
4.3.1).
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• “Bridge” strand, comprising a nucleotide sequence divided in two seg-
ments with subscripts 1 and 2, characterised its the segment with sub-
script 1 being complementary to the segment with subscript 1 in the
premise strand, and its segment with subscript 2 being complementary
to the segment with index 2 in the conclusion strand.

• Auxiliary strand, comprising a nucleotide sequence characterised by
being totally complementary to the central nucleotide sequence of the
bridge strand. Since the bridge strand is slightly longer than the aux-
iliary strand, two small equal-length domains will stay single-stranded
at the 3’ and 5’ ends.

P → Q
¬
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1 
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p
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I q
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q
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q
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bridge

Figure 4.7: Structure of an implication device according to our evolved inference model.

The aim of this device is to represent a simple logic rule, which we can
commonly denote as P → Q, and is related to the device as follows: the
strand whose segment with subscript 1 is hybridized to the bridge strand
encodes the logical negation of the premise (¬P ); the strand whose segment
with subscript 2 is hybridized to the bridge strand encodes the conclusion
(Q).

4.4.3 Basic operation

A device that encodes in its initial state the simple rule P → Q, as described
in Figure 4.7, will change its conformation in the presence of two potential
inputs. When the input strand is the premise of the rule (P ), the device will
operate according to the modus ponens inference rule, releasing an output
strand that encodes the conclusion (Q). On the contrary, when the input
strand is the logical negation of the conclusion (¬Q), the device will operate
according to the modus tollens inference rule, releasing an output strand
that encodes the negation of the premise (¬P ).

• Modus ponens. The process is described in Figure 4.8:

1. When the input strand encodes proposition P , it hybridizes its
segment p2 with the segment ¬p2 in the device. Then the segment
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p1 of the input P hybridizes the segment ¬p1 of the strand ¬P
in the device, completing the fist strand displacement: P and
¬P form a totally complementary double-strand (P :¬P ), which
is released from the device.

2. At this point, the segment p1 of the bridge strand is free, such that
it can hybridize the auxiliary strand at its segment ¬pI1. Then,
the segment qD2 of the auxiliary strand completely hybridizes the
bridge strand, releasing an output strand encoding proposition Q.

• Modus tollens. The process is described in Figure 4.9:

1. When the input strand encodes proposition ¬Q, it hybridizes its
segment ¬q1 with the segment q1 in the device. Then the segment
¬q2 of the input ¬Q hybridizes the segment q2 of the strand Q
in the device, completing the first strand displacement: Q and
¬Q form a totally complementary double-strand (Q:¬Q), which
is released from the device.

2. At this point, the segment ¬q2 of the bridge strand is free, such
that it can hybridize the auxiliary strand at its segment qD2 . Then,
the segment ¬pI1 of the auxiliary strand completely hybridizes the
bridge strand, releasing an output strand encoding proposition
¬P
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Figure 4.8: Basic modus ponens operation in the evolved inference model.

4.4.4 Iterative operation

Since inputs and outputs of the implication device have same format (they
are both equal-length single-stranded DNA molecules), it is possible to use
various devices building inference cascades. Therefore, we can have two
simple rules P → Q and Q→ R, such that when the input strand is propos-
ition P , a chain reaction is executed that releases an output strand encoding
R. This is an example of iterated modus ponens.
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Figure 4.9: Basic modus tollens operation in the evolved inference model.

Similarly, when the input strand is the proposition ¬R, a chain reaction
is executed that releases an output strand encoding ¬P . This is an example
of iterated modus tollens.

Both examples are described in Figure 4.10. This process is not limited
to only two rules; it is possible to build longer cascades involving several
rules (the limiting number should be determined empirically).

4.4.5 Composition operation

The model illustrated in Figure 4.7 can be evolved and used as a template to
represent composite rules recursively, or in other words, rules whose premise
or conclusion is another rule. Illustrating this process, Figure 4.11 represents
the composite rule P → (Q→ R):

1. The negation of the premise (¬P ) is encoded in a DNA strand, such
that its segment ¬p1 hybridizes with the segment p1 at its correspond-
ing bridge strand. The segment with subscript 2 in the bridge strand
is designed in a way that it hybridizes the free segment with index 2
in the conclusion Q→ R.

2. The simple rule Q → R is encoded as shown in Figure 4.7. Since this
rule acts as the conclusion of a composite rule, it must hybridize a
segment with subscript 2 with the strand encoding the premise. In
this case, the segment ¬q2.

3. The final structure of the device comprises three molecules: two of
them are auxiliary strands, and the other one is built with the strands
encoding the propositions ¬P , ¬Q, R and the two bridge strands de-
scribed in the steps 1 and 2.

Once the composite rule P → (Q→ R) is encoded, similarly to the basic
operation of this device, when an input strand encodes the proposition P ,
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Figure 4.10: Iterated modus ponens (top) and modus tollens (bottom) in the evolved
inference model.

the inference rule Modus Ponens will be triggered and the rule Q → R will
be released as output.

As already shown in Section 4.3.5:

• The composite rule P → (Q→ R) can be rephrased as P ∧Q→ R.

• This operating mode also allows the representation of rules where the
premise is a conjunction of propositions.

• Theoretically, the model allows as many nesting as desired, but we
could probably find empirical limitations when implementing it in a
wet laboratory.

Encoding composite rules whose premise is a rule, such as (P → Q)→ R,
would be done analogously and symmetrically to the steps described in this
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Figure 4.11: Recursive construction of composite rules using the evolved inference model.

section and Figure 4.11.

4.5 Inference with strand displacement in two steps:
the final model

4.5.1 Encoding propositions

This model also uses the structure described in Section 4.3.1 to encode pro-
positions (a single DNA strand or a single-stranded region). But it adds an
extra feature on top: each domain pi is considered a toehold, and can revers-
ibly bind to a complementary toehold as depicted in the reaction between
X and ¬P in Figure 4.12. However, when a strand comprising at least two
consecutive toehold domains binds with its complementary strand, we can
consider it an irreversible reaction, since the longer length of the resultant
double-strand significantly lowers the dissociation rate of the complex. This
is illustrated in Figure 4.12.

• The right-hand reaction shows a hybridization between two strands, X
and ¬P , where only domain p1 in X and ¬p1 in P are complementary;
such a bond with the length of one domain is unstable enough to
consider the reaction reversible.

• On the contrary, the left-hand reaction shows a hybridization between
two strands, P and ¬P , where both domains are totally complement-
ary: p1p2 in P to ¬p1¬p2 in ¬P ; this bond comprising two domains
is, due to its longer length, stable enough to consider the reaction
irreversible.

• The reaction at the bottom will be irreversible as long as no strand
comprising the domains ¬q1p1 performs a strand displacement reac-
tion.
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Figure 4.12: Encoding propositions by concatenation of two toehold domains.

4.5.2 Encoding the implication device

Having set up the proposition encoding model, the next step is to encode
implications (or simple rules), with one premise and one conclusion: P → Q.
The centre panel in Figure 4.13 illustrates the design of this basic implication.

This device may remind the seesaw DNA gate motif originally presented
in Qian and Winfree (2009) and further developed recently (Qian and Win-
free, 2011a,b; Qian et al., 2011). But they clearly differ in the fact that our
DNA motif is not catalytic. Actually, our motif is an evolution from the one
presented in Section 4.4, but it differs as to:

1. The single-stranded domains of the implication, ¬pi and qi, behave as
toeholds, and thus cannot form a stable duplex with a complementary
strand of the same length. For a duplex to be stable, it should be
composed of at least two consecutive domains on each single-strand of
the complex.

2. The potential output propositions, ¬P and Q, are concatenated in the
same DNA strand, unlike in Section 4.4, where they are encoded in
different strands. This increases the stability of the duplex formed by
p1¬p1 and the bridge strand, keeping two domains per strand.

4.5.3 Basic operation

The upper panel in Figure 4.13 shows the application of the modus ponens
inference rule: the proposition P is input. As one of its domains (p2) is
complementary to the free domain (¬p2) in P → Q, a strand displacement
reaction binds both domains of P to the premise domains of the implication,
unbinding p1 in the bridge strand. At this point there is only one domain
(¬q1) linking the bridge strand to the premise and conclusion, so, either
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spontaneously or with the help of the auxiliary strand, it will dissociate from
the upper strand forming a duplex structure (waste). The remaining strands
conform the output, composed of a “history” section (the double-stranded
region) and an active section (the single-stranded region) that encodes the
output proposition Q. The lower panel in Figure 4.13 shows how the modus
tollens inference rule is symmetrically applied when the proposition ¬Q is
input, releasing ¬P as output.
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Figure 4.13: Basic modus ponens and modus tollens operations in the final inference
model.

4.5.3.1 Kinetic model and Simulation

The DNA devices presented in this chapter have been modelled and sim-
ulated using Cain, version 1.4. Cain performs stochastic and deterministic
simulations of chemical reactions. It offers a wide variety of solvers, including
Gillespie’s methods and Ordinary Differential Equations (ODE) integration.
The reactions have been modelled according to mass action kinetic laws,
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and simulated with an ODE solver: Runge-Kutta (Cash-Karp), with 1000
frames, 32 bins, histogram multiplicity 4 and error rate 10−15.

The values for the kinetic constants have been calculated using the fol-
lowing approximation (Zhang and Winfree, 2009): kf = 3.5 ∗ 106M−1s−1,
kr = kf ∗ 2

x ∗ e
∆Go(δ)/RT s−1 and kb = 400

x2
s−1, at 25oC and 11.5 mM Mg2

or 1 M Na+. Assuming all the toehold domains in our models are 6 base
pairs long (x = 6 in the formulas above) and have an average ∆Go of -
10 kcal/mol, the following rates are obtained and used in our simulations:
kf = 3.5 ∗ 106M−1s−1, kr = 5.35 ∗ 10−2s−1 and kb = 11.1s−1.

At this point we have all the necessary means to model the device ac-
cording to mass action kinetic laws. The list of equations below translates
the modus ponens inference rule described in figure 4.13 (modus tollens
would work symmetrically). It includes not only the main reaction flow that
drive the steps described there, but also the side reactions representing the
crosstalk from the rest of potential reactions between the input molecules,
the device molecules and the potential intermediate molecules (see Figure
4.14 for a graphical representation):

Main reaction flow:
P + PQ:bridge

kf−−⇀↽−−
kr

P :PQ:bridge1

P :PQ:bridge1
kb−−⇀↽−−
kb

P :PQ:bridge2

P :PQ:bridge2 + aux
kf−−⇀↽−−
kr

P :PQ:bridge:aux2

P :PQ:bridge:aux2
kb−−→ P :PQ+ bridge:aux

Side reactions:
P + aux

kf−−⇀↽−−
kr

P :aux

P :aux+ PQ:bridge
kf−−⇀↽−−
kr

P :PQ:bridge:aux1

aux+ P :PQ:bridge1
kf−−⇀↽−−
kr

P :PQ:bridge:aux1

bridge+ aux
kf−−→ bridge:aux

Figures 4.15 and 4.16 show the results of simulating the above equations
in Cain with the parameters specified above and two different initial con-
centrations of input (P ) and implication devices (PQ:bridge and aux). In
figure 4.15, all the initial concentrations were set to 1 nM. We can see how
the concentration growth of P :PQ and bridge:aux increases exponentially at
the beginning, but becomes flatter as the concentrations of P , P :PQ:bridge
and aux decrease. Concentration of intermediate molecules is always kept to
minimum values. It can be easily seen in the plot that the system would need
around 8.3 hours (30000 seconds) to produce 70% of the input concentration.
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Figure 4.14: Reaction kinetics graph - basic operation.The input molecule (P ), the ini-
tial conformation of the DNA device (PQ:bridge and aux) and the output molecules
(P :PQ and aux:bridge) are shadowed to distinguish them from the intermediate mo-
lecules of the process. Reactions are depicted with black circles linked to reactants and
products with either continuous lines (main reactions) or dashed lines (side reactions).
Hybridization-dissociation reaction lines are oriented fixing an arrowhead in the direction
of the hybridization (kf ) reaction, while there is no arrowhead in the direction of the
dissociation reaction (kr). Branch migration reaction lines, when bidirectional, assume
the same reaction rate (kb) in either direction, therefore arrowheads are depicted in both
sides. Irreversible reaction lines are represented with an arrowhead in the products end
and a square in the reactants end.
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Figure 4.15: Simulation results - basic inference step (I). All the initial concentrations were
set to 1 nM. The concentration growth of P :PQ and bridge:aux increases exponentially
at the beginning, but becomes flatter as the concentrations of P , PQ:bridge and aux
decrease.

A potential way to accelerate the process, intuited from the system’s
behavior in figure 4.15, would be to increase the concentration of device
molecules (P :PQ:bridge or aux). Thus, in figure 4.16, the concentration of
aux is doubled with respect to figure 4.15, leaving the rest of initial conditions
unchanged. We can observe the output is growing faster in this experiment.
Now the system would need around 2.7 hours (1000 seconds) to produce
70% of the input concentration. This could be exploited to reduce the signal
attenuation when multiple implication rules are cascaded.

4.5.4 Iterative operation

Inputs and outputs do not appear to have the same format, but, for our
purpose, they are equivalent: as long as the output contains a section with
two consecutive domains formatted as a proposition, it will be possible to
reuse it as an input for another implication. Figure 4.17 shows an example:
the proposition P is input to a system containing the rules P → Q and
Q → R, triggering a chain reaction that releases R as output. Note how a
history of the previous inference steps is accumulated in the double-stranded
section of the output. This is an improvement on the methods proposed in
sections 4.3 and 4.4, as none of those keeps a log of the previous inference
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Figure 4.16: Simulation results - basic inference step (II). The concentration of aux is
doubled with respect to figure 4.15, leaving the rest of initial conditions unchanged. The
output here grows faster.

steps.

4.5.5 Composition operation

So far we have seen how the model works with rules that have a single
proposition as a premise and a single proposition as a conclusion, like P →
Q. But the model can also be applied recursively, to represent rules like
P → (Q→ R) (with a rule as conclusion) or (P → Q)→ R (with a rule as
premise).

Figure 4.18 shows the implementation of the composite rule P → (Q→
R), which can be rewritten as ¬P ∨ ¬Q ∨ R (since any implication A → B
can be rewritten as ¬A∨B). The rewritten expression ¬P ∨¬Q∨R is used
as the template to design the upper strand of our rule P → (Q → R). It
comprises the following sequence of domains sorted from the 5’ end to the
3’ end: ¬p2, ¬p1, ¬q2, ¬q1, r1, r2. Then the bridge strands are designed,
so that all the upper strand domains are hybridized except the ones on
the ends, which will act as the toeholds of the composite rule ¬p2 and r2.
We divide the single bridge strand with four domains into strands of two
domains so that the waste molecules are released and the structure of the
output molecules is simpler. Finally, the auxiliary strands are designed as
Watson-Crick complements of the bridge strands.
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Figure 4.17: Iterated modus ponens in the final inference model. At the beginning of the
process, the systems contains only the implications P → Q and Q → R. The top part
of the figure shows how the implication P → Q releases the output Q when P is input.
At the center we see how this intermediate output Q is taken as input by the implication
Q→ R, releasing a molecule that comprises the final output R.

Figure 4.18 illustrates the two basic inference mechanisms, modus ponens
and modus tollens. When the proposition P is input, it interacts with the
composite rule according to modus ponens, restructuring the rule as Q→ R.
Symmetrically, if ¬R is the input proposition, the application of modus
tollens restructures the original rule as P → ¬Q (or Q→ ¬P ).

As mentioned above, the rule P → (Q → R) can be rewritten as
¬P ∨ ¬Q ∨ R. That is also equivalent to ¬(P ∧ Q) ∨ R, which can also
be rephrased as P ∧Q→ R. Here lies the fundamental interest of the com-
position operation, as it is useful to representing rules with a conjunction as
a premise. Figure 4.19 shows how the AND operation is implemented for
the rule P ∧Q→ R using the composition operation.

Through composition the model is able to represent any type of rule
having the format premises → conclusion, where conclusion is made of a
single proposition and premises is either (1) a conjunction of propositions
(P1 ∧ . . . ∧ Pn → C) or (2) a single proposition (P → C). Any other more
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shows the first step of the process, when the input P interacts with P ∧Q→ R, releasing
an intermediate implication equivalent to Q → R. The process continues in the middle,
when input Q interacts with the intermediate implication, releasing the final output R.

complex sort of rule can be decomposed into a combination of the previous
rules:

• P → C1 ∧ . . . ∧ Cn can be decomposed into P → C1, ..., P → Cn;

• P1 ∨ . . . ∨ Pn → C can be decomposed into P1 → C,..., Pn → C;

• P → C1 ∨ . . . ∨ Cn can be rewritten as ¬C ∧ . . . ∧ ¬Cn → ¬P , which
is a rule of type (1).

According to this, we only need two different patterns of a nucleic acid
device to implement rules: single premise, illustrated in Figure 4.13, and
premises connected by a conjunction, illustrated in Figure 4.19.

4.5.5.1 Kinetic model and Simulation

The design of the AND operation described above will now be modelled ac-
cording to mass action kinetic laws. The list of equations below translates
the process described in figure 4.19. It contents not only the main reaction
flow that drive the steps described there, but also the side reactions repres-
enting the crosstalk produced by the rest of potential reactions between the



70 Chapter 4. Simple inference with DNA strand displacement

input molecules, the device molecules and the potential intermediate mo-
lecules:

Main reaction flow:
P + PQR:bridge(PQ):bridge(QR)

kf−−⇀↽−−
kr

P :PQR:bridge(PQ):bridge(QR)1

P :PQR:bridge(PQ):bridge(QR)1
kb−−⇀↽−−
kb

P :PQR:bridge(PQ):bridge(QR)2

aux(PQ)+P :PQR:bridge(PQ):bridge(QR)2
kf−−⇀↽−−
kr

P :PQR:bridge(PQ):bridge(QR):aux(PQ)2

P :PQR:bridge(PQ):bridge(QR):aux(PQ)2
kb−−→ P :PQR:bridge(QR) + bridge(PQ):aux(PQ)

Q+ P :PQR:bridge(QR)
kf−−⇀↽−−
kr

P :Q:PQR:bridge(QR)1

P :Q:PQR:bridge(QR)1
kb−−⇀↽−−
kb

P :Q:PQR:bridge(QR)2

aux(QR) + P :Q:PQR:bridge(QR)2
kf−−⇀↽−−
kr

P :Q:PQR:bridge(QR):aux(QR)2

P :Q:PQR:bridge(QR):aux(QR)2
kb−−→ P :Q:PQR+ bridge(QR):aux(QR)

Side reactions:
P + aux(PQ)

kf−−⇀↽−−
kr

P :aux(PQ)

P :aux(PQ) + PQR:bridge(PQ):bridge(QR)
kf−−⇀↽−−
kr

P :PQR:bridge(PQ):bridge(QR):aux(PQ)1

aux(PQ)+P :PQR:bridge(PQ):bridge(QR)1
kf−−⇀↽−−
kr

P :PQR:bridge(PQ):bridge(QR):aux(PQ)1

bridge(PQ) + aux(PQ)
kf−−→ bridge(PQ):aux(PQ)

Q+ aux(QR)
kf−−⇀↽−−
kr

Q:aux(QR)

Q:aux(QR) + P :PQR:bridge(QR)
kf−−⇀↽−−
kr

P :Q:PQR:bridge(QR):aux(QR)1

aux(QR) + P :Q:PQR:bridge(QR)1
kf−−⇀↽−−
kr

P :Q:PQR:bridge(QR):aux(QR)1

bridge(QR) + aux(QR)
kf−−→ bridge(QR):aux(QR)

Figures 4.20 and 4.21 show the results of simulating the above equations
in Cain with two different initial concentrations of input (P and Q) and im-
plication devices (PQR:bridge(PQ):bridge(QR), aux(PQ), aux(QR). Only
the species achieving quantities greater than 0.1 nM have been plotted. In
figure 4.20, all the initial concentrations were set to 1 nM. The plot for
bridge(PQ):aux(PQ) follows the same growth pattern as the output in fig-
ure 4.15, and P :PQR:bridge(QR) would show the same growth if it would
not react with Q and aux(QR). The final output is given by the concentra-
tion of P :Q:PQR, which is the same as for bridge(QR):aux(QR). In order to
yield a concentration of output equivalent to 70% of the input concentration,
the system would need around 19.4 hours (70000 seconds).

Similarly to Section 4.5.3.1, this can be improved increasing the concen-
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Figure 4.20: Simulation results - Rule with a conjunction as a premise (I). Only the species
achieving quantities greater than 0.1 nM have been plotted. All the initial concentrations
are set to 1 nM. The final output is given by the concentration of P :Q:PQR.

tration of the auxiliary strands in the devices. In figure 4.21, the concen-
tration of aux(PQ) and aux(QR) is set to 2 nM, leaving the rest of initial
conditions unchanged. The output shows a clear improvement in the growth
rate of the output, as it only needs around 6,4 hours (23000 seconds) to
produce an amount of P :Q:PQR equivalent to 70% of the input.

4.5.6 Error measurement

The previous sections described the expected behaviour of our devices: if our
system is made of the rule P → Q, and we give P as the input, the expected
output is Q. However, there is also a probability of an input other than P
(i.e. R) outputting Q. In this section, a relative error probability will be
defined, as a ratio between the reaction rate that releases Q when the input
is P and the reaction rate that releases Q when the input is R (other than
P ).

The reaction rates for each case can be easily estimated using the bimolecu-
lar reaction model (Zhang and Winfree, 2009) described in Figure 2.7. Based
on the parameters m (invading toehold length) and n (incumbent toehold
length), we can refer to Zhang and Winfree (2009) to get a rough estimate
of k{m,n}.

The ideal domain length that optimizes the length of the toeholds should
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Figure 4.21: Simulation results - Rule with a conjunction as a premise (II). Only the
species achieving quantities greater than 0.1 nM have been plotted. The concentration of
aux(PQ) and aux(QR) is set to 2 nM, leaving the rest of initial conditions unchanged.
The output growth rate increases clearly.

be around 6 (Zhang and Winfree, 2009):

• Longer domains do not significantly increase their hybridization rate
to a complementary domain, whereas their dissociation rate decreases
(an undesired behavior for a toehold).

• With shorter domains, the duplexes resulting from complementary
strands, each composed of two consecutive domains, would not be
stable enough to be considered an irreversible reaction.

• Length 6 offers the best compromise of a good hybridization rate
without decreasing the dissociation rate, which is good behavior for a
toehold. Besides, the duplexes resulting from complementary strands,
each composed of two consecutive domains, are stable enough to be
considered an irreversible reaction.

Therefore, we will consider toeholds of length 6 in the calculation of the
relative error probabilities.

The following functions will help us to formally assess the probability:

• F (input, rule) = output: this function denotes the output of a rule
when a specific input is given. For instance, F (P, P → Q) = Q de-
scribes the expected behavior of rule P → Q when P is given as input.
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• Pr(event) = probability: this function denotes probabilities. For ex-
ample, Pr(F (P, P → Q) = Q) = 1 would indicate that the probability
of Q being output when the input P operates with the rule P → Q is
1.

• Hyb(strand1, ..., strandn): this function denotes an hybridization event
between the strands 1 to n. For instance, hyb(bridge, aux) would de-
note a hybridization reaction between the bridge and auxiliary strands.

Let us assume we have a proposition P almost equal to R, meaning that
p1 = r1 and r2 only differs from p2 by one base, situated at its 3’ end (marked
in yellow in Figure 4.22); this assumption represents the worst case scenario,
as there is no other proposition that is more similar to P . We will assume
that the length of each domain (pi, qi, ri) is 6. According to the above
bimolecular reaction model and ignoring the effect of the auxiliary strand
on the bridge strand, R would release Q from the device P → Q with a
reaction rate K{6,5} = 5 × 104M−1s−1; the corresponding rate for P would
be K{6,6} = 5×105M−1s−1; therefore, we can calculate Pr(F (R,P → Q) =

Q,R 6= P ) =
K{6,5}
K{6,6}

= 1
10 . The plot in Figure 4.22 shows the variation of the

error probability for our proposition R, when p1 = r1 and r2 comprises an
invading toehold of length n.

If we take into account the effect of the auxiliary strand, we must build
the probability function differently. Instead of one reaction modelled as
toehold exchange, two toehold mediated strand displacement reactions have
to be considered. Therefore it should be stated as a product of the following
factors:

• Probability of R hybridizing with ¬p2 and ¬p1, and displacing the
domain p1 in the bridge strand. It can be estimated as the following
quotient:

Pr(hyb(R,P → Q)) =
K{0,5}
K{0,6}

= 1
10 .

• Probability of the auxiliary strand binding the domain p1 in the bridge
strand and completing a toehold mediated strand displacement pro-
cess. It can be estimated as the following quotient:

Pr(hyb(bridge, aux)) =
K{0,6}
K{0,6}

= 1.

The result is also 1
10 , so both methods are equivalent. The plot resulting

of this method would be as shown in Figure 4.22.

Let us now analyse the best case scenario, assuming that R has the most
unfavourable configuration to supplant P , meaning that r1 and p1 only have
the leftmost base in common, and r2 and p2 only have the rightmost base
in common. In Figure 4.23, the bases of R that differ from P are coloured
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Figure 4.22: Variation of Pr(F (R,P → Q) with p1 = r1 and p2 6= r2. Proposition R
is almost identical to P ; its only difference is one nucleotide located at the 3’ end of R,
marked in yellow in the diagram. Therefore, when modeling the potential toehold exchange
reaction between R and P → Q, we have to consider an invading toehold of length n=5 and
an incumbent toehold of length m=6, meaning a reaction rate K{6,5} = 5× 104M−1s−1;
the corresponding rate for P would beK{6,6} = 5×105M−1s−1; therefore, we can calculate
the relative probability of error as Pr(F (R,P → Q) = Q,R 6= P ) =

K{6,5}
K{6,6}

= 1
10
. The

plot at the bottom shows the variation of the probability of error for our proposition R,
when p1 = r1 and r2 contains an invading toehold of length n.

yellow, whereas the common bases are at the centre of the strand and have
length i=1 and d=1. The rest of the diagram illustrates how such a pro-
position R would release the output Q from an implication P → Q, and its
probability is defined as follows:

Pr(F (R,P → Q) = Q,R 6= P ) =

= Pr(hyb(R,P → Q))× Pr(hyb(bridge, aux)) =

=
K{0,d}
K{0,6}

× K{0,i}
K{0,6}

=
K{0,1}
K{0,6}

× K{0,1}
K{0,6}

= 10−10

The plot at the bottom of Figure 4.23 shows how the error probability
increases when i and d increase.

Finally, we can calculate the average probability of a generic proposition
R, other than P , releasing the output Q of a rule P → Q. This can be done
using a weighted sum of the probabilities of each possible configuration of
R (combining values of d ranging from 1 to 5, and values of i ranging from
1 to 6); the weight will be the probability of such an occurrence happening.
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This can be denoted as follows: Pr(∃R) = 1
4i+d .

The average probability follows:

Pravg =
∑5,6

i=1,d=1 Pr(F (R,P → Q) = Q,R 6= P ) =
∑5,6

i=1,d=1 Pr(∃R)×
Pr(hyb(R,P → Q)) × Pr(hyb(bridge, aux)) =

∑5,6
i=1,d=1

1
4i+d ×

K{0,l
K{0,6}

×
K{0,r}
K{0,6}

' 6, 53× 10−8.

We can see that the value is much closer to the best case scenario (10−10)
than the worst case scenario ( 1

10).

4.6 Case study: in vitro diagnosis

Benenson et al. (2004) developed a DNA automaton that, after sensing a
sequence of mRNA disease indicators, was able to provide a positive or neg-
ative diagnosis by either releasing a drug or the respective drug suppressor.
This machine was designed as an implementation of a molecular automaton,
performing state transitions with the enzyme Fok I. In this chapter, we pro-
pose the implementation of an equivalent system, but using a different com-
putational paradigm as well as different biological processes: propositional
logic instead of a finite state machine, and strand displacement (Seelig et al.,
2006a; Zhang et al., 2007) instead of enzyme transitions.

As in Benenson et al. (2004), we can use a biological indicator (e.g., high
concentration of a specific mRNA) to activate the diagnostic process: the
presence of a high level concentration of a specific mRNA strand activates
an affirmative input proposition in our system, for instance, mRNA1.

The diagnostic system is composed of a set of implication rules, which
encode expert biomedical knowledge using the models described in this art-
icle. Depending on the power of the input cue to determine a diagnosis, the
implication rules can be designed differently:

• If the presence of a specific input mRNA (or combination of input
mRNAs) is sufficient to determine a diagnosis, then the direction of
the implication can be set from the input to the diagnosis:

mRNA1(∧ . . . ∧mRNAn)→ diagnosisA

• If the absence of a specific input mRNA (or combination of input
mRNAs) is sufficient to determine a diagnosis, then the direction of
the implication is the same, but the input propositions are negated:

¬mRNA1(∧ . . . ∧ ¬mRNAn)→ diagnosisA

• If the presence of a specific input mRNA (or combination of input
mRNAs) is not sufficient to determine a diagnosis, then the direction
of the implication can only be set from the diagnosis to the input:
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diagnosisA → mRNA1(∧ . . . ∧mRNAn)

• If the absence of a specific input mRNA (or combination of input
mRNAs) is not sufficient to determine a diagnosis, then the direction
of the implication is the same, but the input propositions are negated:

diagnosisA → ¬mRNA1(∧ . . . ∧ ¬mRNAn)

The diagnosis takes the form of a special RNA strand, which can either
be cascaded to build more complex diagnostic processes, be measured using
FRET techniques, or even release a drug as in Benenson et al. (2004).

Now let us look at an example of how the proposed diagnostic machine
would work:

• Three different types of mRNA are to be checked in order to release a
diagnosis: mRNA1, mRNA2 and mRNA3.

• Three different diagnoses can be emitted: diagnosisA, diagnosisB and
diagnosisC .

• A high concentration of mRNA1 and mRNA2 is sufficient to conclude
diagnosisA. This is translated into propositional rules as follows:

mRNA1 ∧mRNA2 → diagnosisA

• A high concentration of mRNA2 is an indicator of diagnosisB and
diagnosisC , but is not sufficient to emit either diagnosis. This is trans-
lated into propositional rules as follows:

diagnosisB → mRNA2

diagnosisC → mRNA2

• A low concentration of mRNA3 is an indicator of, but is not enough
ensure diagnosisC . This is translated into propositional rules as fol-
lows:

diagnosisC → ¬mRNA3

Now our system senses a high concentration of mRNA1, mRNA2 and
mRNA3 as input. Let us analyze how this system would evolve to emit a
diagnosis:

• The input propositionsmRNA1 andmRNA2 match the premise of the
implication mRNA1 ∧mRNA2 → diagnosisA; therefore, the modus
ponens inference rule is triggered and the output proposition diagnosisA
is released.

• The input proposition mRNA3 is the logical negation of the con-
clusion in the implication diagnosisC → ¬mRNA3; therefore, the
modus tollens inference rule is triggered releasing the output proposi-
tion ¬diagnosisC .
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The example has illustrated a very interesting feature of the system: even
from a weak implication rule that does not directly determine a diagnosis
(like diagnosisC → ¬mRNA3), we can take advantage of modus tollens to
infer interesting knowledge (like the exclusion of diagnosis C, ¬diagnosisC).

Both output propositions can be designed to activate a specific sort of
fluorescence so that the system’s output can be recognized and measured.

4.7 Discussion

The DNA biosensors presented in this chapter operate as inference machines,
at least as expressive as the system implemented in Ran et al. (2009). Al-
though our models cannot compete in speed with that work, it has two note-
worthy features: absence of restriction enzymes and explicit representation
of the logical negation (Sakamoto et al., 2000).

The ability to explicitly represent negations increases the power of the
rules; this could be an improvement on Ran et al. (2009). The very same
implication P → Q can be triggered by the presence of the premise (applying
modus ponens) or by the presence of the negated conclusion (applying modus
tollens). It also means that our method can offer a negative proposition as
output.

The dual encoding implicitly acts as an error correction mechanism, that
can help us execute more robust computations and longer inference cascades.
Let us imagine that we are expecting output Q, but the dissolution contains
strands with ¬Q spontaneously released by error from other rules or the en-
vironment; the error strands would hybridize with the solution strands, and
since the solution strands would have higher concentration, the right signal
would be propagated free of noise. This error cancellation feature, together
with the iteration and recursion properties, increases the scalability of the
model.

Concerning the detailed physical implementation of the models presented
in the chapter, there already exist several experimental works on molecular
logic based on strand displacement, so that we can to a large extent rely
on the obtained results and properties. The pioneering work of Seelig et al.
(2006a) presented the construction of enzyme-free DNA logic gates based
on strand displacement. Their “dual-rail” representation can be considered
as a base for the physical encoding in our design in the sense that both
a logical proposition and its negation are represented by the presence of a
certain DNA strand specie; in our case, however, these species are mutually
complementary (Sakamoto et al., 2000).

The initial model, described in Section 4.3, is the simplest one, and that
simplicity is its main advantage. It allows to build implication rules just
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by reserving complementary domains in the strands encoding premise and
conclusion (see Figure 4.2), so that they remain annealed in absence of other
input strands. When either the premise or the logical negation of the conclu-
sion are present, the corresponding inference rule (modus ponens or modus
tollens) is applied in a single-strand displacement process. This device model
is a good choice as long as the system to be implemented can comply with
the following restrictions:

• Cycles cannot be represented. This happens because “data” and “pro-
gram” are mixed in the same strands. E.g., once the implications
P → Q and Q→ R have been designed, it is not possible to represent
R → P . Consequently, double implication (↔) cannot be represented
either.

• When three consecutive implications are cascaded, it can lead to “sig-
nal interference” problems. Let us imagine a logic program comprising
the implications rules (a) P → Q, (b) Q → R and (c) R → S, the
sticky of Q in (a) is Watson-Crick complementary to the sticky end of
¬R in (c). If proposition R was an input in the system, its reaction
rate with the implication (c) would be reduced due to its competition
with the sticky end of (a).

If the logic program to be built is affected by any of the restrictions of
the initial model, they can be overcome using the evolved model. In this
type of device, the nucleotide sequences of each proposition are totally dif-
ferent, not allowing any Watson-Crick complementarity between them (even
in propositions that are part of the same implication). This can be achieved
designing implications such that “data” and “program” are separated: given
two propositions P and Q, it is possible to design a nucleotide sequence that
hybridizes the domain 1 in ¬P and the domain 2 in Q (see Figure 4.7). The
drawback of this model is its lower speed. Regardless of the inference rule to
be applied (modus ponens or modus tollens), the evolved model will always
require two strand displacement steps to completely release the output pro-
position strand. This reduces the the system speed by a factor of two with
respect to the initial model.

The final model is equally successful overcoming the drawbacks of the
initial model described above, and suffers the same speed problem as the
evolved model because it also requires two strand displacement processes to
perform an inference step. But it has some features that make it better than
the evolved model:

• Each of the two subdomains of a proposition strand is a toehold and
should be no longer than 6 nucleotides. This significantly reduces the
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probability of a conclusion being released by an incorrect input strand
(see Section 4.5.6).

• The potential output propositions, ¬P and Q, are concatenated in the
same DNA strand. This increases the stability of the duplex formed
by p1¬p1 and the bridge strand, keeping two domains per strand and
reducing the rate of leak reactions.

Leak reactions, that end up hybridizing bridge and auxiliary strands
in absence of any input, have not been included in our kinetic model. Even
though leak rate constants can be up to a million times slower than their cor-
responding desired reaction (Zhang et al., 2007; Zhang and Winfree, 2009),
this type of reaction will need to be taken into account in future in vitro
implementations, since it will be key to determine the lifetime of the gates.
Another potential drawback of leak reactions has to do with the stability
of transitive rules, such as P → Q and Q → R, in the same dissolution:
it could happen that, while the toeholds q2 and ¬q2 were reversibly bond
(see Figure 4.17), a leak between the bridge and auxiliary strands of Q→ R
could trigger the release of R before Q is released from P → Q. A potential
way to keep the leak rate down would be to shorten the auxiliary strands by
one or two nucleotides on each end, keeping same length for bridge strands.

The analysis of the probability of error denotes a high robustness. Work-
ing with a fully synthetic system, we can fix an upper error bound at model
strand design time. Let us imagine that we design all the propositions en-
suring each 6-base domain has a Hamming distance of 1 from the rest; in the
worst case scenario, where a proposition R with 2 domains differs from the
expected premise by only one base at the 3’ end and another one at the 5’
end, the probability of error would be 10−2. If the domains are guaranteed
to have a Hamming distance of 2, the probability of error would be 10−4, etc.
Hence the upper bound of the probability of error could be fixed at design
time.

The most evident application of the models described in this chapter is
the implementation of biosensors oriented to genetic diagnosis, such that a
combination of input nucleic acid molecules can be processed by a device and
release a diagnose, also in the form of nucleic acid molecules. From a purely
computational focus (Reif, 2002), the implication rules implemented by these
devices can be seen as in vitro database registers that encode biological
information. Such database would not require a digital substrate, therefore it
could directly process as input data biological samples such as DNA or RNA
molecules from different organisms, implement logical queries and generate
outputs in biological substrate.
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output Q from an implication P → Q. The plot at the bottom of the figure shows how
the probability of error increases when i and d increase.



Chapter 5

Autonomous resolution with
DNA strand displacement

This chapter present a computing model based on the technique of DNA
strand displacement which performs a chain of logical resolutions with lo-
gical formulae in conjunctive normal form. The model is enzyme-free and
autonomous. Each clause of a formula is encoded in a separate DNA mo-
lecule: propositions are encoded assigning a strand to each proposition p, and
its complementary strand to the proposition ¬p; clauses are encoded com-
prising different propositions in the same strand. The model allows to run
logic programs composed of Horn clauses by cascading resolution steps and,
therefore, possibly function as an autonomous programmable nano-device.
This technique can be also used to solve SAT. The resulting SAT algorithm
has a linear time complexity in the number of resolution steps, whereas its
spatial complexity is exponential in the number of variables of the formula.

5.1 Introduction

The construction of programmable biomolecular devices is one of the ulti-
mate goals on the crossroad of biotechnology, nanotechnology and computer
science. Their applications proposed so far in the literature include, among
others, genetic engineering (Deans et al., 2007), biomedicine and drug de-
livery (Benenson et al., 2004) and programmed molecule pattern formation
(Basu et al., 2005). Besides the input and output interface, i.e., the ability to
sense and act in the complex inter- or intracellular environment, the key part
of such a device is its internal logic controlling its behaviour. Promising solu-
tions for a physical implementation of logical operations with biomolecules
were proposed in the area of DNA computing. After initial years when
the discipline studied mainly combinatorial problems, another research line
emerged, focusing on molecular logic for automated nano-devices. We cite
only a few contributions to this broad topic, like for example the design of

81
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logic gates (Seelig et al., 2006a; Frezza et al., 2007), DNA automata (Taka-
hashi et al., 2006), as well as theoretical models (Cardelli, 2009). These
selected papers share a common property: the use of competitive hybridiz-
ation, commonly known as DNA strand displacement. Two complementary
single-strands of nucleic acids are joined to form a double helix under con-
ditions of suitable temperature and pH.

A further step in the DNA-based logic are computing models that imple-
ment logical inference. Several results demonstrating theoretical principles of
DNA-based inference were previously published, such as Kobayashi (1999)
based on the technique of Whiplash PCR, Uejima et al. (2002) applying
DNA self-assembly, Lee et al. (2003) implementing resolution refutation, or
Wasiewicz et al. (2000) which used plasmid molecules and presented also
experimental results using a human-assisted protocol. In a later work, Ran
et al. (2009) applied an automaton concept similar to Benenson et al. (2001),
developing and testing a system able to perform autonomously simple logical
deductions with DNA molecules based on hairpin manipulation and unfold-
ing. A few months later, Rodríguez-Patón et al. (2010a) presented a brief
sketch of another inference model with DNA.

This chapter presents a DNA computing model based on strand dis-
placement of four-way junctions (Holliday, 1964; Panyutin and Hsieh, 1994;
Biswas et al., 1998), that encodes logical formulae in conjunctive normal
form (CNF) and autonomously perform logical resolution of their clauses.
Unlike Ran et al. (2009), the model presented here is enzyme-free and its
implementation can be built on the general protocol derived in Panyutin and
Hsieh (1994) and Biswas et al. (1998).

We also demonstrate that our model is theoretically capable of solving
the boolean satisfiability problem (SAT). The SAT problem continued to
be approached in DNA computing after Lipton (1995). Most of the sub-
sequent proposals have still followed the approach of generating all the pos-
sible solutions and then select the right ones using laboratory operations;
improvements were introduced changing the way the initial set of solutions
is encoded, reducing the number of laboratory steps (Sakamoto et al., 2000;
Manca and Zandron, 2002; Manca, 2002). Others have adapted classical
SAT resolution algorithms like Davis-Putnam (Ogihara, 1996; Wang et al.,
2008) into a DNA algorithm, following a constructive solution generation (in-
stead of generating all and then selecting the right ones). Here we propose
an alternative approach: we encode the full formula into DNA molecules
representing clauses and let the system massively perform parallel logical
resolution operations between the clauses.

The results included in this chapter were presented as a contributed talk
in the 17th International Conference on DNA Computing and Molecular
Programming and published in the proceedings as part of a LNCS volume
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(Rodríguez-Patón et al., 2011). An extended version of this work has re-
cently been submitted to the journal Biosystems (Rodríguez-Patón et al.,
2013), and is currently under review.

The rest of the chapter is structured as follows: Section 5.2 describes
the principles of the DNA models proposed. Section 5.3 describes how the
model can perform evaluation of logical formulae. Section 5.4 describes how
the model performs the autonomous resolution. Section 5.5 shows how the
parallel application of multiple resolution steps, in combination with a few
laboratory operations, can solve the SAT Problem. Finally, Section 5.6 ana-
lyses the results and potentialities of the model.

5.2 Encoding

As in Chapter 4, this encoding is based on the idea that every proposition
is assigned a single nucleotide sequence denoting that A = True, whereas
its logical complement denoting A = False (or ¬A) is encoded with the
complementary nucleotide sequence. For example, if the proposition A =
True is encoded with the DNA sequence 5′−ATAAGG−3′, then A = False
will be encoded with its complementary strand 3′ − TATTCC − 5′. This
dual encoding feature allows the logical resolution to be applied to different
clauses in an autonomous way. The same encoding principle is used, e.g.,
also in Sakamoto et al. (2000).

5.2.1 Encoding clauses to perform formulae evaluation

Clauses in conjunctive normal form (CNF) can be encoded comprising a
variable number of nucleic acid strands, following the rules below:

• A set of DNA strands, each one representing one of the propositions
of the CNF clause.

• A bridge strand comprising a nucleotide sequence divided into as many
domains as the number of propositions that form the CNF clause.
Each of these domains is Watson-Crick complementary to the domain
with subscript 1 of one of the propositions related to the clause. A
fluorophore must be attached to one of the ends (3’ or 5’).

• An auxiliary strand, complementary to the bridge strand. A quencher
particle should be attached in one of the ends, so that it is antiparallel
to the fluorophore of the bridge strand.

The construction of this device is very similar to the implication de-
scribed in Section 4.4, but the one described here is not restricted to two
propositions; it may comprise any number of propositions. The backbone of
the device is also a bridge strand, but this one will contain as many segments
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as propositions encoded in the clause. Figure 5.2 shows an example of how
proposition P ∨Q ∨ ¬R is encoded following this model.

5.2.2 Encoding clauses to perform logical resolution

In order to implement the logical resolution operation with DNA, some en-
hancements need to be done in the model of Section 5.2.1. Clauses in con-
junctive normal form (CNF) can be encoded comprising these propositions
into the same DNA strand, following the rules below (see Figure 5.1):

• Propositions are named with capital letters from A to Z. Propositions
belonging to the same clause are encoded in the same DNA strand and
sorted as follows: positive propositions in ascending order, starting
from the 3’ end of the strand; then negative propositions in descending
order, finishing at the 5’ end.

• Each proposition is annealed to a “cover” strand of same length with
the following structure:

– A toehold region will be located at the 3’ end when the cover
anneals to an affirmed proposition (e.g. ¬a′T in Figure 5.1), or at
the 5’ end when the cover anneals to a negated proposition (e.g.
z′T in Figure 5.1). In both cases the toehold stays single-stranded
and does not anneal to the proposition strand.

– In affirmed propositions, the cover strand anneals its 5’ non-
toehold region with the 3’ region of the proposition strand. A
free toehold region stays single-stranded at the 5’ end of the pro-
position strand (e.g. aT in Figure 5.1).

– In negated propositions, the cover strand anneals its 3’ non-toehold
region with the 3’ region of the proposition strand. A free toe-
hold region stays single-stranded at the 3’ end of the proposition
strand (e.g. ¬zT in Figure 5.1).

– The cover strand of a given proposition P must be complementary
to the cover strand of ¬P .

• Each cover strand is labelled with a fluorophore reporter. It does not
play any role in the resolution mechanism but it will be required by
the next steps of the SAT resolution algorithm.

5.3 Formulae evaluation with DNA

Given a logical formula encoded as a set of DNA clauses, as described in
Section 5.2.1, it is possible to evaluate whether it satisfies a given truth
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Figure 5.1: The DNA encoding of clauses with toehold regions.

assignment. In its initial configuration, since the fluorophore is away from
the quencher, the systems emits fluorescence. In the next step the value
assignment is represented with single DNA strands that encode the opposite
logical value to the one they represent. E.g., if we want to evaluate the
formula when P takes the value “True”, we would encode the proposition
P = False (¬P ) in a strand and mix it in the solution with the rest of the
molecules encoding the formula. If the value assignment satisfies a clause,
the system would change its configuration as follows:

• The strand encoding the value assignment anneals to its corresponding
proposition in the clause, forming a duplex that is detached thanks to
a strand displacement reaction.

• At this point, one of the domains in the bridge strand is free, hence
the auxiliary strand can hybridize there and detach the remaining pro-
positions with another strand displacement reaction.

• Finally, the bridge strand is totally hybridized with the auxiliary strand,
in a way that the quencher and fluorophore are in contact and thus the
fluorescence is turned off.

Figure 5.2 illustrates the process described above.

In short, a decrease in the fluorescence intensity means that at least one
clause is satisfied with the value assignment. If the fluorescence is totally
turned off, it means the formula is satisfied. Otherwise, the value assignment
does not satisfy any clause in the formula.

5.4 Autonomous resolution using DNA

The resolution is perhaps the most studied propositional refutation system
due to its simplicity and importance in many automatic theorem proving
procedures (Davis and Putnam, 1960). The resolution principle states that,
if C and C ′ are clauses and p is a proposition, then any assignment that
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Figure 5.2: Performing formulae evaluation with DNA.

satisfies both (C ∨ p) and (C ′ ∨ ¬p) also satisfies (C ∨ C ′). Consequently,
(C ∨ p) and (C ′ ∨¬p) is unsatisfiable if and only if (C ∨C ′) is unsatisfiable.
Having a look at Figure 5.3, we can see how resolution is automatically
performed between two clauses encoded as described in Section 5.2.2: the
molecules encoding clauses A ∨B and ¬B ∨ C merge together into another
molecule that encodes the resolvant clause, A ∨ C, which can be later used
in further resolution iterations. Although the resolvant contains an extra
double-stranded region (formed by B and ¬B), it has no free toehold and
cannot alter computations reacting with other clauses.
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Figure 5.3: Basic resolution step. The clauses A ∨ B and ¬B ∨ C are resolved on B,
producing the resolvant clause A ∨ C.
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The example depicted in Figure 5.4 shows a resolution reaction of two
unary clauses, B and ¬B, in detail.

• In the first step, the toeholds of both cover strands anneal (¬b′T with
b′T ), and so do the toeholds of the proposition strands (b′T with ¬b′T ).
A Holliday junction1 (Holliday, 1964; Stahl, 1994; Liu and West, 2004)
is formed as result of both hybridizations.

• At this point, the junction starts a spontaneous branch migration in a
random walk (Panyutin and Hsieh, 1994; Biswas et al., 1998).

• When the Holliday junction reaches the distal end of the double-stranded
region, the strand exchange completes producing two stable duplexes:
one of them made with the cover strands, the other one with B and
¬B.

At the end of the process, B and ¬B form a fully hybridized double-
stranded molecule; unlike in Figure 5.3, it contains no single-stranded seg-
ments that encode propositions, meaning that the formula B ∧ ¬B is not
satisfiable. This resolution reaction has evolved into an empty clause, rep-
resented as Ø.

This principle can be cascaded, as demonstrated in Soloveichik et al.
(2010) and Chiniforooshan et al. (2011), resulting in more complex logic
steps as the hypothetical syllogism: if we have A → B and B → C, we can
deduce A → C. As every implication can be formulated as a disjunction,
we can rewrite the previous statement as follows: if we have ¬A ∨ B and
¬B ∨ C, we can deduce ¬A ∨ C, which also matches the example of Figure
5.3. The model also allows multiple iterations of the hypothetical syllogism.

Finally, consider a logic program consisting of a sequence of Horn clauses
in the form

(A1 ∧A2 ∧ · · · ∧An)→ B

which can be rewritten as

¬A1 ∨ ¬A2 ∨ · · · ∨ ¬An ∨B.

Each such clause (and, of course, each unary clause representing a fact)
can be encoded as a separate DNA specie as described above and then the
autonomous resolution can proceed, until the empty clause is eventually
obtained, indicating that the refutation process was successful. A detection
of the empty clause is described in the next section.

1A mobile DNA structure formed by four strands, such that each strand binds the two
adjacent ones (see Section 2.2.3)
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Figure 5.4: 4-way branch migration process that implements the resolution step of two
unary clauses B and ¬B.

5.5 Boolean Satisfiability Problem (SAT)

The problem of satisfiability of boolean formulae in CNF was the first de-
cision problem proved to be NP-complete (Cook, 1971). Given any Boolean
formula, we can rewrite it to CNF in a way that both of them are equisat-
isfiable, and then encode it using our model. Our algorithm will apply the
resolution to all the clauses and propositions, looking for potential refuta-
tions to the initial formula.

A resolution refutation of a non-satisfiable CNF formula ϕ is a sequence
of clauses C1 . . . Cs, where each Ci is either a clause of ϕ or it is inferred
from earlier clauses by the resolution rule, and Cs is the empty clause. If
a refutation can be derived from an initial formula, then the formula is
unsatisfiable. We can encode the initial formula following our DNA model,
adding enough copies of each molecules to allow all the possible resolution
reactions to be performed in parallel.

5.5.1 Identifying the empty clause

The question now is, how our model will determine whether the empty clause
has been derived or not. For a better understanding of the process, let us
review some simple cases to understand the general rule:
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• Figure 5.3 shows how our resolution model works for a satisfiable for-
mula with two binary clauses: (A ∨ B) ∧ (¬B ∨ C). When trying to
derive an empty clause, the logical resolution sequence would be the
following2:

(A ∨B),(¬B ∨ C)

(A ∨ C)

We can see the expected logical output matches the DNA output of
Figure 5.3. No refutation has been derived, thus the formula is satis-
fiable (SAT). At the end of the reaction, all the molecules contain at
least one cover strand.

• Figure 5.4 shows how resolution works for the simplest unsatisfiable
formula: B ∧¬B. When trying to derive the empty clause, the logical
resolution sequence would be the following:

(B),(¬B)

φ

The reaction product in Figure 5.4 is a molecule containing no cover
strands, labeled as φ. It represents the last clause of the empty clause
refutation. Hence, the formula is unsatisfiable (UNSAT). The expected
logical output matches the DNA output in Figure 5.4.

• Figure 5.5 shows another simple case of unsatisfiable formula: ¬A ∧
(A∨B)∧¬B. The logical resolution sequence would be the following:

¬A,(A ∨B),¬B
A,¬A
φ

As in Figure 5.4, we can see a molecule containing no cover strands,
labelled as φ. It matches the expected logical output detailed in the
previous lines and the formula is UNSAT.

• Figure 5.6 shows a case of satisfiable formula: (A ∨ B) ∧ (¬B ∨ ¬A).
When trying to derive an empty clause, the logical resolution sequence
would be the following:

(A ∨B),(¬B ∨ ¬A)

(A ∨ ¬A)

2The first clause of each line is the output of applying resolution at the previous line.
Second clause of each line represents the new clause added to the sequence at that step.
First line contains the initial clauses.
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Figure 5.5: Unsatisfiable formula: ¬A ∧ (A ∨ B) ∧ ¬B. The first resolution between the
clauses (A∨B) and ¬B yields the clause A. In the second reaction, A and ¬A are resolved
into the empty clause φ, meaning the formula is UNSAT.

TRUE

Although we can find a molecule containing no cover strands, it does
not represent an empty clause in this case. It is so because the second
reaction depicted in Figure 5.6 does not correspond to a resolution
operation since the annealed propositions belong to the same clause.
This fact is still distinguishable looking at the structure of the final
molecule (made of only cover strands): two DNA strands are annealed
in more than one proposition. This differs from Figure 5.5 where the
empty clause molecule has a nick in the middle.

At this stage we should be able to determine the satisfiability of any
formula by looking at the structure of output molecules composed only by
non-cover strands (if any). These molecules are easily distinguishable since
each cover strand contains a fluorescent marker. The empty clause corres-
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Figure 5.6: Satisfiable formula: (A ∨ B) ∧ (¬B ∨ ¬A). The first resolution between the
clauses (A ∨ B) and (¬B ∨ ¬A) yields the clause (A ∨ ¬A) which is always True. Thus
the second hybridization does not represent a resolution operation, since the propositions
involved belong to the same clause, but the logic operation A ∨ ¬A which is always true.

ponds to a non-fluorescent double-stranded molecule with nicks between all
parts encoding propositions. However, there might be other molecules with
the same length and structure, resulting from non-resolution reactions, see
Figure 5.6. Comparing with Figure 5.5, one can see that the output molecules
are almost identical except for the nick between ¬A and ¬B in Figure 5.5,
and if they occurred simultaneously, it would be impossible to distinguish
them by electrophoresis.

Therefore, we add to the 5’ end of each non-cover strand a few extra
nucleotides which will not bind to cover strands but instead it will form a
single-stranded sticky end. Its purpose is to increase the weight/size of the
molecule during electrophoresis and to allow the differentiation of these two
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cases. Denote n the length of non-cover strands encoding propositions and
k the length of the extra single-stranded end. The empty clause produced
by refutation of x propositions contains x double-stranded sequences, each
of length n, since 2xn nucleotides in total. Furthermore, it contains x + 1
single-stranded sticky ends, each of the length k, hence (x+ 1)k nucleotides
in total. The sum is 2xn+ (x+ 1)k = x(2n+ k) + k.

By a proper choice of n and k, it can be prevented that another molecule
encoding a non-empty clause would occupy the same place in the electro-
phoretic band.

In Figure 5.7 one can see the difference in size between the output gen-
erated by the application of iterated resolution to the UNSAT formula of
Figure 5.5 and to the SAT formula of Figure 5.6.

A B

¬B¬A

A B

¬B¬A

n

k

x = 2

Nr. of nucleotides = 4n + 3k
= x (2n + k) + k

Nr. of nucleotides = 4n + 2k

UNSAT SAT

Figure 5.7: Different size in the output generated by resolution of a UNSAT and SAT
formula.

5.5.2 DNA Algorithm

We outline, step by step, our model to apply resolution to a set of CNF
clauses and determine whether the formula is satisfiable or not. Let n be the
length of non-cover strands encoding propositions and k the length of sticky
ends.

1. Encode the clauses as DNA molecules, according to Section 5.2.2 and
Figure 5.1.

2. Mix all the clauses in the same dissolution and let all the possible
resolution reactions take place. If the formula is unsatisfiable, then the
empty clause is produced after at most v reactions cycles, v being the
number of variables (see the analysis below).

3. Filter the result using gel electrophoresis. If all the bands formed in
the gel show fluorescence, it means no empty clause has been generated
by any resolution reaction (as in Figure 5.3), hence the formula is SAT.
The process ends here.
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4. Otherwise, if there are bands without fluorescence and at least one of
them corresponds to the length of x(2n+ k) + k nucleotides for x ≥ 1,
then the formula is UNSAT.

A quick analysis of time and space complexity of the algorithm can be
provided:

• Step 1 (clause encoding) can be considered constant in time.

• Step 2 (massive parallel resolutions) would depend on the minimal
number of parallel resolution steps to derive the empty clause.

• Step 3 (gel electrophoresis) is another constant time operation.

Concerning the minimal number of the parallel resolution steps, it is equal
to the minimal depth of a refutation tree or, more generally, DAG (Directed
Acyclic Graph) for a given formula since any such DAG is a part of the
resolution performed by our algorithm. Assuming the regular tree resolution
which is complete (see, e.g., Esteban and Torán (2001) for definitions), the
depth of the tree is at most the number of variables in the formula (see
Theorem 3.1 in Esteban and Torán (2001) and its proof). Therefore, the
time complexity of the algorithm is O(v) where v is the number of variables
in the original formula.

The spatial complexity of the algorithm depends generally on its Step 2,
more precisely on the size of the refutation, i.e., the number of occurrences of
clauses. It was proven already in Haken (1985) that even the size of general
refutation (the smallest refutation with no restrictions on the sequence of
resolution steps) is exponential in the number of variables of the formula,
establishing the lower bound for our space complexity. Since our algorithm
cannot generate more than all possible clauses on v variables whose number
is 3v (each variable is either affirmed or negated or absent), the upper bound
is asymptotically the same. Hence, the space complexity of the algorithm
measured as the number of different DNA molecules is 2Θ(v).

5.6 Discussion

The formula evaluation model presented in this chapter can be applied in
the implementation of biosensors. Reviewing the operation of the device de-
scribed in Figure 5.2, it can be interpreted as a NAND gate implementation:
the output will be “False” (luminescence off) as long as at least one input
takes the value “True”, considering a “True” input as complementary (and
thus encoding the negated value) to one of the propositions included in the
device. If none of the inputs is complementary to any of the propositions in
the clause (all input values are “False”), the luminescence remains and the
output is “True”.
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But the resolution model presented in this chapter is more powerful:
it allows the representation of CNF formulae and perform an autonomous
resolution mechanism that acts on any two clauses having complementary
propositions. One of the potential applications of our resolution model is the
hypothetical syllogism (special case of resolution affecting clauses with two
propositions), which can be used as a rule optimizer: let us imagine we have
a set of rules in our DNA database, and want to add new rules that take
advantage of their potential transitivity relations; we could develop another
instance of those rules coded as clauses and let them react. After enough
time, all the new rules could be identified (due to its longer length they could
be separated using electrophoresis) and replicated in the original database.
This would not increase the functionality of the database, as it would keep
the same level of knowledge; however, the computations affected by the new
rules would decrease the response time, since less intermediate rules would
need to be triggered.

By consecutively applying resolution steps, this model is also able to
apply the resolution refutation technique for theorem proving. The objective
of this method is to demonstrate whether a given input formula w in CNF
can be proved by another set of CNF formulae ∆ (the logic program). In
order to achieve that, the logical negation of the input, ¬w, is mixed with
the program set ∆; this starts a sequence resolution iterations between all
the clauses. If the empty clause is derived at the end of the process, we
can conclude that w can be proved from ∆ (because denying w results in a
contradiction). From this approach, devices implementing this model could
possibly be integrated as part of a nano-automaton, able to execute a logic
program in response different sets of entries. The main problem here, as
in the SAT problem, lies in identifying the empty clause. Even though a
gel electrophoresis can solve this problem, it does not seem to be the ideal
method if we are talking about autonomous devices. A new autonomous
detection process, perhaps based on FRET techniques, would significantly
improve the usability of the model.

Our resolution of SAT is based on the assumption that all the original
and resolvent clauses are available during the whole reaction process. In
practice, however, some of them could be consumed during previous reac-
tions. A deeper analysis is needed to study this problem and possibly also
the completeness of an accordingly restricted form of refutation.



Chapter 6

Probabilistic inference with
DNA strand displacement

This chapter presents a computing model based on the DNA strand dis-
placement technique, which performs Bayesian inference. The model will
take single-stranded DNA as input data, that represents the presence or ab-
sence of a specific molecular signal (evidence). The program logic encodes
the prior probability of a disease and the conditional probability of a signal
given the disease affecting a set of different DNA complexes and their ra-
tios. When the input and program molecules interact, they release a different
pair of single-stranded DNA species whose ratio represents the application of
Bayes’ law: the conditional probability of the disease given the signal. The
models presented in this chapter have the potential to enable the application
of probabilistic reasoning in genetic diagnosis in vitro.

6.1 Introduction

With the exception of research by the group of Prof. Benenson about
stochastic enzymatic reactions (Adar et al., 2004; Benenson et al., 2004),
all the models reviewed in Chapter 2 and presented in Chapters 4 and 5
share a common property: they only implement Boolean logic, and thus
their output always represents an absolute truth value (true / false, active /
inactive, presence / absence, 1 / 0, etc.). None of these deterministic models
is able to deal with uncertain knowledge. Other enzyme-free models (but not
autonomous) have been presented implementing stochastic paradigms (Lim
et al., 2010; Zhang and Jang, 2005).

Probabilistic reasoning can be used when we want to consider diagnostic
accuracy or test uncertainty in our clinical decisions (i.e. classic systems like
Mycin (Shortliffe and Buchanan, 1975)). With the motivation of designing a
model that can process this uncertainty, this chapter presents a Bayesian bi-

95
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osensor that reasons probabilistically and whose output represents the prob-
ability (value between 0 and 1) of a disease. Such a device can be used to
estimate and update the probability of any diagnosis in the light of new evid-
ence, i.e., based on the presence or absence of a new specific signal (or set
of signals). The DNA sensor device would encode two different probabilities
as program data: the conditional probability of the signal given the disease
(P (signal|disease)) and the prior probability of the disease (P (disease)).
Then, when the sensor interacts with an input representing the evidence of
a signal (as its presence or absence), Bayes’ law would be autonomously
computed by means of strand displacement cascades, releasing a set of DNA
species whose concentration ratio encodes the posterior probability of the
disease given the input (P (disease|signal)).

A preliminary version of the model presented in this chapter was selected
for oral presentation in the 18th International Conference on DNA Comput-
ing and Molecular Programming and published in the LNCS proceedings
(Sainz de Murieta and Rodríguez-Patón, 2012c). This chapter builds on
that work, presenting improvements such as a kinetic model and the res-
ults of an in silico simulation. It has been submitted to the journal Natural
Computing, and is currently under review.

The rest of the chapter is structured as follows. Section 6.2 describes
how the model encodes the prior and conditional probabilities, as well as
the input evidence. Section 6.3 shows an example of an inference process
that updates the knowledge about a disease applying Bayes’ rule and how
it is implemented by our model. Section 6.4 describes the kinetic model
and shows the in silico simulations results. Finally, Section 6.5 details the
scalability and the mapping of the biological evidences as system inputs.

6.2 Encoding

Our sensor model aims to implement the product of the probabilities P (s|d) ·
P (d) = P (d ∧ s) shown in Equation 3.6. To do this we use single-stranded
DNA to encode the prior probabilities (P (d)) and double-stranded complexes
to encode conditional probabilities (P (s|d)). Also the input evidence will
need a specific DNA encoding. Details follow.

6.2.1 Encoding input evidence

Input evidence is encoded using single-stranded DNA (see Figure 6.1). A
strand S1 represents the presence of the signal, whereas S0 represents its
absence. As we are dealing with evidence, only one species can be present
at a time: either input strands S1 (meaning the signal is present) or S0

(meaning the signal is not present). This input will tell the sensor that the
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Figure 6.1: Encoding input evidence. S1 represents the presence of the signal; S0 repres-
ents its absence. Only S1 or S0 species should be present at the same time.

prior probability of the disease needs to be updated according to the given
evidence. The coloured toeholds at the 3’ end will allow their interaction
with the molecules encoding the conditional probabilities.

If there is a significant concentration of either of the two signals that
should not be present, the input would no loner be considered as evidence
because the probabilities Pi (i = 0, 1) would not be 1 or 0. Thus the result
of the computation would be wrong and invalid.

The model assumes toeholds are 6 nucleotides long, where the total length
of the strands Si is 30.

6.2.2 Encoding prior probability

The prior probability of d is repres-ented as the duple P (d) = 〈P (D1), P (D0)〉.
Our model encodes each value using two different single-stranded species:
D1 representing P (D = present) and D0 representing P (D = absent). The
probability values are implicitly encoded in the ratio of molecules of each
specie against the total for D. If we denote the number of molecules of each
specieAi as |Ai|, we can express the probability as P (d) =

〈
|A1|

|A1|+|A0| ,
|A0|

|A1|+|A0|

〉
.

Figure 6.2 shows an example DNA encoding of P (d) = 〈0.5, 0.5〉. The col-
oured toeholds at the 5’ end (also 6 nucleotides long) will be able to interact
with the molecules encoding the conditional probabilities. The strands Dj

are assumed to be 18 nucleotides long.

6.2.3 Encoding conditional probability

The conditional probability of s given d needs to encode values for the fol-
lowing propositions:

• (S = present|D = present)

• (S = absent|D = present)

• (S = present|D = absent)

• (S = absent|D = absent)
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Figure 6.2: Encoding prior probabilities. The model encodes each value using two different
single-stranded species: D1 representing P (D = present) and D0 representing P (D =
absent). The probability P (d) = 〈0.5, 0.5〉 is encoded as the ratio between the number of
molecules of each specie and the total number of species for d.

Clearly, for each proposition strand d interacting with a conditional prob-
ability molecule, two different outputs encoding two different joint probab-
ilities can be released: (S = present ∧ d) and (S = absent ∧ d). Therefore,
from the four different joint probabilities that could be released from the
interaction of the Di species and the conditional probability molecules (rep-
resenting (S = present ∧ D = present), (S = absent ∧ D = present),
(S = present ∧ D = absent) and (S = absent ∧ D = absent)), the sys-
tem needs to be able to select only the outputs corresponding to the input
evidence:

• If the input evidence is S1, the output strands released should encode
(S = present ∧D = present) and (S = present ∧D = absent).

• If the input evidence is S0, the output strands released should encode
(S = absent ∧D = present) and (S = absent ∧D = absent)).

The desired behaviour described above for the conditional probability mo-
lecules can be attained using a motif inspired by the AND gate presented by
Seelig et al. (2006a). Other motifs implementing such logic could be equally
valid, but we have chosen this one due to its simplicity and iteration cap-
ability. Figure 6.3 shows an example of how the strands building the joint
probability (depicted as Si ∧ Dj) are released in the presence of the input
evidence Si and Dj .

Figure 6.4 shows the detailed motifs of the molecules that encode the
conditional probabilities P (s|d). Similarly to the case of prior probabilities,
the probability figures are taken as ratios relating to the number of molecules
of each motif. It also shows the formula to establish the correspondence
between each motif and the conditional probability values they encode.

In order to ensure we are working with probability values, the following
restrictions need to be ensured:

• |S0|D0|
|S0|D0|+|S1|D0| + |S1|D0|

|S0|D0|+|S1|D0| = 1 (derived from Equation 3.1)
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Figure 6.3: Conditional probability reactions. The panel shows the hybridization flow
releasing the joint probability strand Si ∧ Dj when the input evidence Si and Dj are
present. When Si interacts with the conditional probability device Si|Dj , they can bind
their free toeholds (Di and ∗Di) at an association rate kf . Then they can either unbind
at a dissociation rate kr, or initiate a branch migration process that would finish with
the input strand fully hybridized to the complex Si|Dj , at a rate kb1. In this stage, the
bulge sequestering the toehold ∗Si is released, which practically disables the possibility
of reversing the branch migration, and also enables the binding to the input evidence
strand Si. As with the first input, if they do not dissociate (at rate kr), a second branch
migration process would complete the full hybridization of the strand Si to the complex
Si|Dj , at a rate kb2. At that point, the output strand Si ∧Dj and the waste complexes
are released. Together with the output strand, a fluorophore is released from its quencher,
allowing the measurement of the output. DNA domains named with an asterisk prefix
(∗S1 and ∗D1 in this panel) are Watson-Crick complementary to the respective toeholds
named without the asterisk.
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Figure 6.4: Encoding conditional probabilities. The panel shows the four motifs encoding
the conditional probabilities P (s|d), together with the formulas that relate their concen-
trations to the respective probability values.

• |S0|D1|
|S0|D1|+|S1|D1| + |S1|D1|

|S0|D1|+|S1|D1| = 1 (derived from Equation 3.1)

• |S0|D0|+|S1|D0| = |S0|D1|+|S1|D1| (this ensures that different |Si|Dj |
can be mixed in the output for a fixed i)

6.3 Inference process

Let us imagine we need to diagnose a disease D with the help of the signal
S. The following probabilities are known upfront, based on empirical data:

• Prior probability of the disease:

– P (D = present) = 0.5

– P (D = absent) = 0.5

• Conditional probability of the signal given the disease:

– P (S = absent|D = absent) = 0.7

– P (S = present|D = absent) = 0.3

– P (S = absent|D = present) = 0.2

– P (S = present|D = present) = 0.8
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Now we get the confirmation that the signal is present (S = present). What
is now the probability of the disease being present given that the signal is
present, P (D = present|S = present)? Since we do not know the prior
probability of the signal (P (s)), we cannot directly apply the Bayes’ law
as stated in Equation 3.5. We apply the derivation stated in Equation 3.6
instead:

P (D = present|S = present) = α·P (S = present|D = present)·P (D =
present) = α · 0.8 · 0.5 = α · 0.4.

In order to find α, we need to calculate P (D = absent|S = present) as
well:

P (D = absent|S = present) = α · P (S = present|D = absent) · P (D =
absent) = α · 0.3 · 0.5 = α · 0.15.

Since P (D = present|S = present) + P (D = absent|S = present) =
1 (see Equation 3.1) we can derive α = 1.81 and P (D = present|S =
present) = 0.73).

Following the encoding model described in Section 6.2, we can reproduce
the inference process described above with DNA:

• The prior probability P (d) = 〈0.5, 0.5〉 is encoded with two different
DNA species, D1 and D0. Each species will count 50 copies (|D1| = 50,
|D0| = 50).

• The conditional probabilities are encoded as follows1:

– P (S = absent|D = absent) is encoded with 70 copies of the
complex S0|D0.

– P (S = present|D = absent) = 0.3 is encoded with 30 copies of
the complex S1|D0.

– P (S = absent|D = present) = 0.2 is encoded with 20 copies of
the complex S0|D1.

– P (S = present|D = present) = 0.8 is encoded with 80 copies of
the complex S1|D1.

• The input evidence S = present is encoded with a unique DNA spe-
cies, S1. Its copy number should be considerably greater (e.g. one
order of magnitude) than that of the molecules encoding conditional
probabilities in order to maximize the release of output strands.

Then the DNA inference process would start by mixing evidence and prior
and conditional probabilities all together (see Figure 6.5):

1Note the copy numbers assigned below and in Figure 6.5 are only intended to illustrate
the inference flow. For the model to converge to realistic Bayesian probability estimations,
it needs higher copy numbers as in the Section 6.4.
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Figure 6.5: Inference process with DNA. DNA segments named with an asterisk prefix are
Watson-Crick complementary to the respective toeholds named without that asterisk. (1)
The DNA probabilistic reasoning starts with the prior probability species Di interacting
with the conditional probability molecules Si|Dj . (2) Then the input evidence species
S1 interact with the molecules Si|Dj that had interacted previously with the species Di,
releasing the strand species S1 ∧ D1 and S1 ∧ D0. (3) Finally, the probability P (D|S =
present) is inferred by normalization of the red and green fluorescence emissions.
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1. The strands Dj interact with the strands Si|Dj . Assuming an ideal
(perfectly mixed) solution, the number of complexes Si|Dj “activated”
by strands Dj would be updated as follows (see Figure 6.5 - step 1):

• 35 copies of the complex S0|D0.
• 15 copies of the complex S1|D0.
• 10 copies of the complex S0|D1.
• 40 copies of the complex S1|D1.

2. The input strands S1 interact with the complexes S1|D0 and S1|D1,
releasing 15 copies of the strand S1 ∧ D0 and 40 copies of the strand
S1 ∧D1 (see Figure 6.5 - step 2).

3. The number of copies of each output strand is estimated by the increase
of the different fluorescent colours (red for S1∧D0 and green for S1∧D1,
see Figure 6.5 - step 3). The only step missing is the calculation of the
probability encoded in that output, which is easily done by normalizing
both values as follows: P (D|S) =

〈
|S1|D1|

|S1|D0|+|S1|D1| ,
|S1|D0|

|S1|D0|+|S1|D1|

〉
=

〈0.73, 0.27〉.

6.4 Kinetic model and simulation

The DNA devices presented in this chapter have also been modelled and
simulated using Cain (version 1.4), with the same solver and parameters
used in Chapter 4 (see Section 4.5.3.1).

The values for the kinetic constants have been calculated using the fol-
lowing approximation (Zhang and Winfree, 2009): kf = 3.5 ∗ 106M−1s−1,
kr = kf ∗ 2

x ∗ e
∆Go(δ)/RT s−1 and kb = 400

x2
s−1, at 25oC and 11.5 mM Mg2

or 1 M Na+. Assuming all the toehold domains in our models are 6 base
pairs long (x = 6 in the formulas above), the branch migration triggered by
the strands Dj traverses 12 nucleotides (x = 12) and the one triggered by
the strands Di traverses 24 nucleotides (x = 24), and the average ∆Go is
-10 kcal/mol, the following rates are obtained and used in our simulations:
kf = 3.5∗106M−1s−1, kr = 5.35∗10−2s−1, kb1 = 2.77s−1 and kb2 = 0.69s−1.

The inference process described in Section 6.3 has been modelled accord-
ing to mass action kinetic laws. The list of equations below translates the
interactions between the input evidence strands (Si), the prior probability
strands (Di) and the conditional probability molecules as described in Sec-
tion 6.3:

• Reactions between species S0, D0 and S0|D0:

S0∧D0·∗S0·∗D0 +D0

kf−⇀↽−
kr

S0∧D0·∗S0·∗D0·D0
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S0∧D0·∗S0·∗D0·D0
kb−→ S0∧D0·∗S0·∗D0·D′

0

S0∧D0·∗S0·∗D0·D′
0 + S0

kf−⇀↽−
kr

S0∧D0·∗S0·∗D0·D0·S0

S0∧D0·∗S0·∗D0·D0·S0
kb−→ S0∧D0 + ∗D0·D0 + ∗S0·S0

• Reactions between species S0, D1 and S0|D1:

S0∧D1·∗S0·∗D1 +D1

kf−⇀↽−
kr

S0∧D1·∗S0·∗D1·D1

S0∧D1·∗S0·∗D1·D1
kb−→ S0∧D1·∗S0·∗D1·D′

1

S0∧D1·∗S0·∗D1·D′
1 + S0

kf−⇀↽−
kr

S0∧D1·∗S0·∗D1·D1·S0

S0∧D1·∗S0·∗D1·D1·S0
kb−→ S0∧D1 + ∗D1·D1 + ∗S0·S0

• Reactions between species S1, D0 and S1|D0:

S1∧D0·∗S1·∗D0 +D0

kf−⇀↽−
kr

S1∧D0·∗S1·∗D0·D0

S1∧D0·∗S1·∗D0·D0
kb−→ S1∧D0·∗S1·∗D0·D′

0

S1∧D0·∗S1·∗D0·D′
0 + S1

kf−⇀↽−
kr

S1∧D0·∗S1·∗D0·D0·S1

S1∧D0·∗S1·∗D0·D0·S1
kb−→ S1∧D0 + ∗D0·D0 + ∗S1·S1

• Reactions between species S1, D1 and S1|D1:

S1∧D1·∗S1·∗D1 +D1

kf−⇀↽−
kr

S1∧D1·∗S1·∗D1·D1

S1∧D1·∗S1·∗D1·D1
kb−→ S1∧D1·∗S1·∗D1·D′

1

S1∧D1·∗S1·∗D1·D′
1 + S1

kf−⇀↽−
kr

S1∧D1·∗S1·∗D1·D1·S1

S1∧D1·∗S1·∗D1·D1·S1
kb−→ S1∧D1 + ∗D1·D1 + ∗S1·S1

Figure 6.6 shows the results of simulating the above equations in Cain
with the probability values exemplified in Section 6.3 and the the kinetic
constants specified above. Concentrations of each species are given on the
scale nanomolar and are proportional to the values given in Section 6.3. The
output of this simulation clearly matches the analysis performed in Section
6.3.

The complementary case has also been tested: absence of input signal
encoded with DNA species S0. For details of this example, see Figure 6.7.
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Figure 6.6: Inference when signal is present (S1). Concentration of S1 is set to 10nM (one
order of magnitude greater than the other species) to ensure all intermediate molecules
are quickly consumed. Initial concentrations of D0, D1, S0∧D0·∗S0·∗D0, S0∧D1·∗S0·∗D1,
S1∧D0·∗S1·∗D0 and S1∧D1·∗S1·∗D1 are set to 0.5, 0.5, 0.8, 0.7, 0.3 and 0.2 nM, re-
spectively. Output concentrations of S1∧D0 and S1∧D1 converge around 1.5 and 4 nM,
respectively. Applying the normalization step described in Equation 3.6 and Section 6.3,
we obtain P (S1|d) = 〈P (S1|D1), P (S1|D0)〉 = 〈 4

1.5+4
, 1.5
1.5+4

〉 = 〈0.73, 0.27〉. The result of
the simulation is in line with the analysis in Section 6.3.

6.5 Discussion

The DNA biosensor presented here operates as a Bayesian inference device,
capable of introducing quantitative information, highlighted by the molecular
indicators or signals, into the tests.

Its operation is inspired by the stochasticity of the competing transitions
presented in Adar et al. (2004), also used elsewhere to modulate the ratio
between drug and drug suppressor in the output (Benenson et al., 2004).
This research is also based on transitions competing stochastically, but we
use the DNA strand displacement operation to eliminate the dependence
on the enzyme FokI. Another aim was to identify the way how to map the
basic concepts of probability theory and Bayesian inference into DNA strand
displacement motifs, for use as design patterns when implementing Bayesian
reasoning with DNA.

An important issue to be addressed is the translation of the biological
data from real samples into the input evidence species. When the evidence
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Figure 6.7: Inference when signal is absent (S0). Concentration of S0 is set to 10nM (one
order of magnitude greater than the other species) to ensure all intermediate molecules
are quickly consumed. Initial concentrations of D0, D1, S0∧D0·∗S0·∗D0, S0∧D1·∗S0·∗D1,
S1∧D0·∗S1·∗D0 and S1∧D1·∗S1·∗D1 are set to 0.5, 0.5, 0.8, 0.7, 0.3 and 0.2 nM, re-
spectively (as in the example of Figure 6.6). Output concentrations of S0∧D0 and
S0∧D1 converge around 3.5 and 1 nM, respectively. Applying the normalization step
described in Equation 3.6 and Section 6.3, we obtain P (S0|d) = 〈P (S0|D1), P (S0|D0)〉 =
〈 1
3.5+1

, 3.5
3.5+1

〉 = 〈0.22, 0.78〉.

to be sensed is determined by the presence of a specific nucleic acid strand,
the strand in question could be directly taken as the input evidence strand
S1 expected by the system. The problem arises if the signal is determined by
the absence of a specific nucleic acid strand. How can this be mapped into an
input evidence strand S0? One possible solution is to add an additional pre-
processing layer, consisting of an extra DNA device as described in Figure
6.8. If there is no input signal from the samples, the device in the pre-
processing layer acts like the input strand S0. But if an input signal is
present, it releases strand S1. Another potential solution would be the use
of a DNA aptamer (Zhang and Winfree, 2008). Other non-DNA aptamers
(Cho et al., 2009) could also be used to allow our model to take molecules
other than nucleic acids as inputs.

For this model to have realistic applications in genetic diagnosis, it needs
to deal with more than one signal (s1, ..., sn) for the same disease d (su-
perscripts denote the signal number). According to Equation 3.6, the fol-
lowing formulation of Bayes’ law would need to be solved: P (d|s1, ..., sn) =
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α · P (d) · P (s1, ..., sn|d). Assuming conditional independence of the signals
given the disease (as in the naïve Bayes model (Minsky, 1961)) we can
apply Equation 3.4 and derive the following expression: P (d|s1, ..., sn) =
α ·P (d) ·P (s1|d) · ... ·P (sn|d). We find that the first two terms of the product
(ignoring α) are equivalent to the formulation we have used for just one sig-
nal. Substituting those terms by Equation 3.2 we get this final expression:
P (d|s1, ..., sn) = α · P (s1 ∧ d) · ... · P (sn|d). Translating this into our DNA
encoding model:

• P (d), P (s1) and the evidences S1
i (i = 0, 1) are encoded as described

in Sections 6.2 and 6.3, with subscripts denoting signal absence (0) or
presence (1).

• Since the output of the previous steps has the form of species S1
i ∧Dk

(i = 0, 1; k = 0, 1), the devices encoding P (s2|d) will need to accept
the strands S1

i ∧Dk instead of the strands Dk. The output of this step
will release species S1

i ∧ S2
j ∧Dk.

• This step should be repeated for each P (sx|d) (x = 1, ..., n) until the
last signal is reached.





Chapter 7

Enzyme-driven probabilistic
inference with DNA

This chapter presents a biomolecular probabilistic model driven by the ac-
tion of a DNA toolbox made of a set of DNA templates and enzymes that
is able to perform Bayesian inference. The model will take single-stranded
DNA as input data, representing the presence or absence of a specific molecu-
lar signal (the evidence). The program logic uses different DNA templates
and their relative concentration ratios to encode the prior probability of a
disease and the conditional probability of a signal given the disease. When
the input and program molecules interact, an enzyme-driven cascade of re-
actions (DNA polymerase extension, nicking and degradation) is triggered,
producing a different pair of single-stranded DNA species. Once the system
reaches equilibrium, the ratio between the output species will represent the
application of Bayes’ law: the conditional probability of the disease given
the signal. In other words, a qualitative diagnosis plus a quantitative degree
of belief in that diagnosis. Thanks to the inherent amplification capability of
this DNA toolbox, the resulting system will be able to scale up (with longer
cascades and thus more input signals) the Bayesian biosensor presented in
Chapter 6.

7.1 Introduction

The models presented so far in this thesis, as well as most ones reviewed
in Chapter 2 are designed as “use once” devices. This is a consequence of
their operating principle: a set of molecules in a non-equilibrium state under-
taking reactions and conformational changes until they reach a practically
irreversible equilibrium state. Although this feature seems to be consistent
with the objectives of structural DNA nanotechnology (e.g. DNA origami
(Rothemund, 2006)), when we move to dynamic DNA nanotechnology the
“use once” feature is a drawback rather than an advantage. Although they

109
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can still have very interesting applications (e.g. in vitro sensors and genetic
diagnosis), every computation would require a new DNA device. In order
to achieve more complex behaviours, such as bistability or oscillations, bio-
molecular computing models need to be driven by a continuous input flux
of energy (Kjelstrup and Bedeaux, 2008). This could be achieved, for ex-
ample, by the DNAzyme-driven (Stojanovic and Stefanovic, 2003; Pei et al.,
2010) and catalytic enzyme-free (Qian and Winfree, 2011a; Qian et al., 2011)
models cited in Chapter 2, as long as there is a continuous supply of input
ribonucleated strands and fuel strands, respectively, in the environment (e.g.
in an open reactor). The design of other biomolecular computing models de-
pends fundamentally on the existence of an input energy flux. For example,
RNA computers work with a continuous supply of NTP, used by RNA poly-
merase as fuel in the transcription process (Benenson, 2012b; Weitz and
Simmel, 2012).

DNA polymerase was one of the first computational primitives used in
the early models of DNA computing (Adleman, 1994; Amos, 2005). It was
therefore not surprising to find it in the first autonomous DNA computer
model: the Whiplash machine (Hagiya et al., 1997). However, after that
milestone, DNA polymerase-driven models remained outside the mainstream
for years, mainly due to the need for thermal cycles. Interest in this topic
rekindled after some breakthroughs exploiting isothermal DNA amplification
protocols (Walker et al., 1992), such as an improved Whiplash model (Reif
and Majumder, 2010) or the DNA toolbox developed by Rondelez’s team
(Montagne et al., 2011; Padirac et al., 2012; Fujii and Rondelez, 2013).

The DNA toolbox model is specially interesting due to its similarities
with RNA computers: it is also driven by a continuous supply of NTP,
which is used to extend input DNA strands and produce output strands.
It has recently led to impressive achievements, such as reliable oscillations
(Montagne et al., 2011), bistability (Padirac et al., 2012) or population dy-
namics models like predator-prey (Fujii and Rondelez, 2013). Its operation
is based on the action of a set of enzymes (DNA polymerase, an isothermal
DNA nicking enzyme and a single-strand specific exonuclease) on the input
strands and a set of single-stranded DNA templates, enabling the set of basic
reactions detailed in Section 2.7.3.

Inspired by recent works presented above by Rondelez’s team, we have
identified their DNA toolbox as an alternative to implementing probabilistic
reasoning, which can be used when we want to consider diagnostic accuracy
or uncertainty of tests in our clinical decisions (i.e., classic systems like My-
cin (Shortliffe and Buchanan, 1975)). With the aim of designing a model
that can process this uncertainty, this chapter presents a Bayesian biosensor
that makes probabilistic reasoning and whose output represents the prob-
ability (value between 0 and 1) of a disease. Such type of device can be
used to estimate and update the probability of any diagnosis in the light
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of new evidence, i.e., the presence or absence of a new specific signal (or
set of signals). The DNA sensor device encodes two different probabilities
as program data: the conditional probability of the signal given the disease
(P (signal|disease)) and the prior probability of the disease (P (disease)).
Then, when the sensor interacts with an input representing the evidence
of a signal (its presence or absence), Bayes’ law is autonomously computed
by means of enzymatic reaction cascades, producing a set of DNA species
whose concentration ratio encodes the posterior probability of the disease
given the input (P (disease|signal)). This model builds on the one presen-
ted in Chapter 6, which used strand displacement instead of Rondelez’s DNA
toolbox.

The research presented in this chapter has been selected for oral present-
ation in the 19th International Conference on DNA Computing and Molecu-
lar Programming, and will be published in the LNCS proceedings (Sainz de
Murieta and Rodríguez-Patón, 2013c).

The rest of the chapter is structured as follows: Sections 7.2, 7.3 and
7.4 show the encoding of input signals prior and conditional probabilities,
respectively. Section 7.5 details how the model implements the Bayesian
inference process. Finally, Section 7.6 analyses the results presented.

7.2 Encoding input evidence

Normally, a biomolecular device that senses real samples expecting a certain
input signal In would reason as follows: if molecules In are present, the
signal is present; otherwise the signal is absent. However, the devices that
we propose use a different type of input logic, where the presence and absence
of the signal are represented by the presence of different DNA species.

Thus, our input evidence is encoded using single-stranded DNA. A strand
S1 encodes the presence of an input signal, whereas a strand S0 encodes the
absence of the signal. As we are dealing with evidence, only one species
can be present at a time: either S1 (meaning the signal is present) or S0

(meaning the signal is not present). These input signals will tell the sensor
that the prior probability of the disease needs to be updated according to
the given evidence.

However, if the system is to be able to deal with real biological samples,
it needs to translate the presence of an external input signal In into strands
S1 (meaning input present in our system) and the absence of In into strands
S0 (meaning input absent in our system). A recent bistable implementa-
tion using this DNA toolbox illustrated an excellent way of translating the
respective signals to produce strands S1 and S0 (Padirac et al., 2012). In
this paper, a bistable switch producing a certain type of DNA species (which
could be our S0) in the absence of a certain type of input species In switched
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to producing another type of DNA species (which could be our S1) in the
presence of In. This model meets all the requirements to encode input evid-
ence in the fashion described above. See (Padirac et al., 2012) for details.

7.3 Encoding prior probability

The duple P (d) = 〈P (D1), P (D0)〉 represents the prior probability of a dis-
ease. Our model will use two different single-stranded DNA species to encode
each possible probability value:

−→
D1 species representing P (D = present) and

−→
D0 representing P (D = absent). These strands will be produced from two
DNA templates,

←−−−
D1D1 and

←−−−
D0D0. When

−→
Di strands interact with their re-

spective
←−−−
DiDi templates,

−→
Di production increases (see Figure 7.1). At the

same time, exonuclease degrades
−→
Di at a certain rate. The equations below

govern this behavior:

−→
Di +

←−−−
DiDi

ka−−−−−⇀↽−−−−−
k
Di
a ·K

Di
d

−→
Di ·
←−−−
DiDi

k
Di
cat−−→
−→
Di +

−→
Di +

←−−−
DiDi (7.1)

−→
Di

k
Di
dec−−→ φ , (7.2)

where ka is the association constant of
−→
Di, KDi

d is the dissociation constant
of
−→
Di from the DNA template, kDi

dec is the degradation rate of
−→
Di, and kDi

cat

is the rate of production of new strands
−→
Di. This constant really includes

several reactions (polymerization, nicking and dissociation), but we keep just
one for simplicity’s sake. Therefore, we would expect kDi

cat << kDi
a and thus

the respective Michaelis-Menten constant of the catalysis reaction would be
KDi
m ' K

Di
d (KDi

m = (kDi
a ·K

Di
d + kDi

cat)/k
Di
a ).

When the system reaches equilibrium, the ratio between the concentra-
tion of both species will encode the prior probability, such that

P (Di) =
[
−→
Di]

EQ

1∑
i=0

[
−→
Di]EQ

=
[
−→
Di]

EQ

λ
, (7.3)

where λ represents the sum of [
−→
D0] and [

−→
D1] that encodes the maximum

probability 1. Each equilibrium concentration [
−→
Di]

EQ is a function of the
initial concentration of the templates

−−−→
DiDi. Section 7.5 shows the derivation

of this function.
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ø ø

D0 D1D0

D0

D1

D0 D1 D1

Figure 7.1: Encoding prior probabilities. Thick regions of the strands represent the nickase
recognition sequence. When a strand

−→
Di at the top of the figure binds a template strand←−−−

DiDi at the bottom of the figure, they form a complex
−→
Di:
←−−−
DiDi, then DNA polymerase

extends the upper strand to form the duplex
−−−→
DiDi:

←−−−
DiDi and finally the enzyme nickase

cleaves the newly polymerized strand in the middle. After the
−→
Di strands dissociate from

the template due to their short length, they can either be degraded by the exonuclease
(arrows pointing to φ) or be recruited again by the template to produce more strands

−→
Di.

7.4 Encoding conditional probability

Conditional probabilities require the encoding of four different probability
values: P (S0|D0), P (S0|D1), P (S1|D0) and P (S1|D1). Two different types
of DNA templates will be used in the encoding of each probability value (see
left side of Figure 7.2):

• Templates with format
←−−−−−−−−
Di :Di ∧ Sj produce species

−−−−−→
Di ∧ Sj in the

presence of input strands
−→
Di (see Figure 7.2), such that when the

system reaches equilibrium [
−−−−−→
Di ∧ Sj ]EQ is a function of [

−→
Di]

EQ and
[
←−−−−−−−−
Di :Di ∧ Sj ]. The relative concentration of the templates with format
←−−−−−−−−
Di :Di ∧ Sj encodes each conditional probability value, such that:

P (Sj |Di) =
βij · [

←−−−−−−−−
Di :Di ∧ Sj ]

1∑
j=0

βij · [
←−−−−−−−−
Di :Di ∧ Sj ]

(7.4)

1∑
j=0

βij · [
←−−−−−−−−
Di :Di ∧ Sj ] =

1∑
j=0

βkj · [
←−−−−−−−−−
Dk :Dk ∧ Sj ] = γ , k 6= i , (7.5)

where βij is a normalization coefficient and γ is the total normal-
ized concentration of strands [

←−−−−−−−−
Di :Di ∧ Sj ] that represents probability

1. Section 7.5 will show the meaning of the βij coefficients and how
[
−−−−−→
Di ∧ Sj ]EQ is proportional to the product of [

−→
Di]

EQ and [
←−−−−−−−−
Di :Di ∧ Sj ].

• Templates with format
←−−−−−−−−
Di ∧ Sj :D′i have a twofold objective. First,

they generate the output species D′i, whose relative concentration will
encode the posterior probability of the disease given the signal (P (d|s)).
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INPUT (new evidence)

prior P(d)

OUTPUT (posterior P(d|s))

[Di:Di∧S j ] ∝ P (S j∣Di)

[Di∧S j :Di ' ] = cst

Figure 7.2: Encoding conditional probabilities. The prior probability strands
−→
Di bind the

templates at the left side, enabling the production of
←−−−−−
Di ∧ Sj strands (via polymerization

and nicking) used to encode conditional probability. These strands will then activate
the templates at the right side not protected by the input strands Sj (see the crossed
out arrows), producing the output strands

−→
Di
′, whose concentration ratio encodes the

posterior probability P (d|s).

Second, in conjunction with the input signal species Si, they select
what posterior probability computation should be produced as output:
when the input signal is S1 (S0), it binds and inactivates the strands
←−−−−−−−−
Di ∧ S0 :D′i (

←−−−−−−−−
Di ∧ S1 :D′i) (see the crossed-out arrows in Figure 7.2), so

that there is only one source of species D′1 and another of D′0, whose
ratio will conform the output probability: the posterior probability
P (Di|Sj) of the disease. All the templates with format

←−−−−−−−−
Di ∧ Sj :D′i

must have the same concentration, so that there are no changes of
relative proportions from [

−→
Di
′] in relation to their respective source

[
−−−−−→
Di ∧ Sj ].

The equations below govern the behaviour of these components:

−→
Di +

←−−−−−−−−
Di :Di ∧ Sj

ka−−−−−⇀↽−−−−−
K

Di
d ·ka

−→
Di ·
←−−−−−−−−
Di :Di ∧ Sj

k
Di∧Sj
cat−−−−→

−→
Di +

←−−−−−−
Di :DiSj +

−−−−−→
Di ∧ Sj

(7.6)
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−−−−−→
Di ∧ Sj +

←−−−−−−−−
Di ∧ Sj :D′i

ka−−−−−−−⇀↽−−−−−−−
K

Di∧Sj
d ·ka

−−−−−→
Di ∧ Sj ·

←−−−−−−−−
Di ∧ Sj :D′i

k
D′i
cat−−→
−−−−−→
Di ∧ Sj+

+
←−−−−−−−−
Di ∧ Sj :D′i +

−→
Di
′

(7.7)

−→
Sk +

←−−−−−−−−
Di ∧ Sj :D′i

ka−−−−−⇀↽−−−−−
K

Sk
d ·ka

−→
Sk ·
←−−−−−−−−
Di ∧ Sj :D′i , k 6= j (7.8)

−−−−−→
Di ∧ Sj

k
Di∧Sj
dec−−−−→ φ (7.9)

−→
Di
′ k

D′i
dec−−→ φ (7.10)

−→
Sj

k
Sj
dec−−→ φ , (7.11)

where ka is the association rate of
−→
Di,
−−−−−→
Di ∧ Sj and

−→
Sk; KDi

d , KDi∧Sj

d andKSk
d

are their respective dissociation constants; kDiSj

cat and kD
′
i

cat are the production
rates of strands

−−−−−→
Di ∧ Sj and

−→
Di
′; kDi∧Sj

dec , kD
′
i

dec and k
Sj

dec are the degradation
constants of

−−−−−→
Di ∧ Sj and

−→
Di
′ and Sj .

7.5 Inference process

7.5.1 Inference steps

A high-level description of the inference process follows:

Goal Update the concentration of
−→
Di
′ strands once a new signal (

−→
S0 or

−→
S1)

is detected.

Initial set-up Add templates
←−−−
DiDi (whose concentration is a parameter

in the encoding of prior probabilities), and templates
←−−−−−−−−
Di :Di ∧ Sj and←−−−−−−−−

Di ∧ Sj :D′i (whose concentrations are parameters in the encoding of
conditional probabilities).

Step 1 Add some
−→
Di, such that templates

←−−−
DiDi bring the production of

strands
−→
Di to its equilibrium concentration [

−→
Di]

EQ, which will be pro-
portional to the prior probability P (Di).
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Step 2 The
−→
Di species bind the templates

←−−−−−−−−
Di :Di ∧ Sj , activating the pro-

duction (via polymerization and nicking) of
−−−−−→
Di ∧ Sj strands, whose

equilibrium concentration [
−−−−−→
Di ∧ Sj ]EQ is proportional to the condi-

tional probability P (Sj |Di).

Step 3 The newly created “conditional probability strands”
−−−−−→
Di ∧ Sj bind the

templates
←−−−−−−−−
Di ∧ Sj :D′i that are not protected by

−→
S0 or

−→
S1, activating

the production (via polymerization and nicking) of the output species
D′i.

Read-out The new concentration ratio of
−→
Di
′ encodes the posterior prob

P (Di|Sj).

This description is refined below providing a more thorough analysis of the
process with estimations and derivations.

7.5.2 Modeling the inference

From the equations presented in Sections 7.3 and 7.4, we can build a deriva-
tion that relates the output concentrations [

−→
Di
′] to the initial concentrations

of the strands encoding prior and conditional probabilities.
Based on Equations 7.1, 7.2 and the Michaelis-Menten model (Johnson

and Goody, 2011), we can infer how [
−→
Di] changes in time (see Equation 7.12)

and, and applying the equilibrium condition (d[
−→
Di]/dt = 0), obtain deriv-

ations for [
−→
Di]

EQ (see Equation 7.13) and the initial [
←−−−
DiDi] (see Equation

7.14):

d[
−→
Di]

dt
=
kDi
cat · [

−→
Di] · [

←−−−
DiDi]

KDi
d + [

−→
Di]

− kDi
dec · [

−→
Di] (7.12)

[
−→
Di]

EQ =
kDi
cat

kDi
dec

[
←−−−
DiDi]−KDi

d (7.13)

[
←−−−
DiDi] =

kDi
dec

kDi
cat

([
−→
Di]

EQ +KDi
d ) , (7.14)

A similar procedure can be applied for
−−−−−→
Di ∧ Sj from Equations 7.6 and

7.9, obtaining a derivation for [
−−−−−→
Di ∧ Sj ]EQ (see Equations 7.15 and 7.16).

We are assuming KDi
d >> [

−→
Di], which could be achieved with an appropriate

temperature increase:

d[
−−−−−→
Di ∧ Sj ]
dt

=
k
Di∧Sj

cat

KDi
d

[
−→
Di] · [

←−−−−−−
Di :DiSj ]− k

Di∧Sj

dec · [
−−−−−→
Di ∧ Sj ] (7.15)
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[
−−−−−→
Di ∧ Sj ]EQ =

k
Di∧Sj

cat

KDi
d · k

Di∧Sj

dec

[
−→
Di] · [

←−−−−−−
Di :DiSj ] . (7.16)

The formulation of [
−→
Di
′] is a bit more intricate, because the Michaelis-

Menten derivation needs to consider the interaction of the inhibiting input
species Si, which represses the catalysis. Based on Equations 7.7, 7.8 and
7.10, and also assuming K

Di∧Sj

d >> [
−−−−−→
Di ∧ Sj ], we can infer [

−→
Di
′]EQ (see

Equations 7.17 and 7.18):

d[
−→
Di
′]

dt
=

1∑
j=0

k
D′i
cat · [

−−−−−→
Di ∧ Sj ] · [

←−−−−−−−−
Di ∧ Sj :D′i]

K
Di∧Sj

d · (1 +
[Sk 6=j

k ]

K
Sk
d

)
− kD

′
i

dec · [
−→
Di
′] (7.17)

[
−→
Di
′]EQ =

1∑
j=0

k
D′i
cat

K
Di∧Sj

d · kD
′
i

dec · (1 +
[Sk 6=j

k ]

K
Sk
d

)
[
−−−−−→
Di ∧ Sj ] · [

←−−−−−−−−
Di ∧ Sj :D′i] . (7.18)

Taking into account that species S0 and S1 are never present at the same
time, [

−→
Si ] >> [

−−−−−→
Di ∧ Sj ] + [

←−−−−−−−−
Di ∧ Sj :D′i] and K

Sk
d << K

Di∧Sj

d , we can neglect
the terms of the sum in Equation 7.18 where [

−→
Sk] > 0 and derive a simpler

expression for [
−→
Di
′]:

[
−→
Di
′]EQ

[Sj ]=0, [Sk 6=j
k ]>0

=
k
D′i
cat

K
Di∧Sj

d · kD
′
i

dec

[
−−−−−→
Di ∧ Sj ] · [

←−−−−−−−−
Di ∧ Sj :D′i] . (7.19)

Substituting Equation 7.16 in Equation 7.19, and reordering constant
values to the left and variables to the right:

[
−→
Di
′]EQ

[Sj ]=0, [Sk 6=j
k ]>0

=
k
D′i
cat · k

Di∧Sj

cat · [
←−−−−−−−−
Di ∧ Sj :D′i]

K
Di∧Sj

d · kD
′
i

dec ·K
Di
d · k

Di∧Sj

dec

[
←−−−−−−
Di :DiSj ] · [

−→
Di] =

= βij · [
←−−−−−−
Di :DiSj ] · [

−→
Di] . (7.20)

In the above Equation 7.20, all the constant terms have been grouped
in the parameter βij (already introduced in Equations 7.4 and 7.5). The
term [

−→
Di] is proportional to the prior probability (see Equation 7.3), and the

product βij · [
←−−−−−−
Di :DiSj ] is proportional to the conditional probability (see

Equation 7.4). The derivation below shows how the ratio between [
−→
D0]EQ

and [
−→
D1]EQ determines posterior probability P (d|s):
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[
−→
Di
′]EQ

[
−→
D0
′]EQ + [

−→
D1
′]EQ

=
βij · [

←−−−−−−
Di :DiSj ] · [

−→
Di]

β0j · [
←−−−−−−
D0 :D0Sj ] · [

−→
D0] + β1j · [

←−−−−−−
D1 :D1Sj ] · [

−→
D1]

=

=
βij · γ

βij
· P (Sj |Di) · λ · P (Di)

β0j · γ
β0j
· P (Sj |D0) · λ · P (D0) + β1j · γ

β1j
· P (Sj |D1) · λ · P (D1)

=

=
P (Sj |Di) · P (Di)

P (Sj |D0) · P (D0) + P (Sj |D1) · P (D1)
=
P (Sj |Di) · P (Di)

P (Sj)
= P (Di|Sj).

7.6 Discussion

The DNA biosensor presented here operates as a Bayesian inference device.
It is capable of introducing quantitative information, highlighted by the mo-
lecular indicators or signals, into the tests. It builds on the work of Chapter
6, but uses the DNA toolbox recently introduced by Rondelez (Montagne
et al., 2011) instead of the DNA strand displacement operation. Another
aim was to map the basic concepts of probability theory and Bayesian infer-
ence into the toolbox motifs, for use as design patterns when implementing
Bayesian reasoning with DNA.

The example detailed in Section 7.5 has used only one input signal. For
this model to have realistic applications in genetic diagnosis, however, it
needs to deal with more than one signal (s1, ..., sn) for the same disease d
(superscripts denote the signal number). The derivation presented in Section
6.5, determining P (d|s1, ..., sn) = α · P (d) · P (s1|d) · ... · P (sn|d), assumes a
naïve Bayes model (Minsky, 1961). This means that the initial probability
statement with multiple input signals can be decomposed into conditional
probability products, which can be encoded by cascading the devices presen-
ted here.

This research has addressed the two main improvement opportunities of
the work presented in Chapter 6:

Reusability. Devices are conceived for just one use. If the inputs are altered
after the output signals become stable, the new output would not be
correct any more. We would need a new initialised set of devices to deal
with a new input. This research solves this problem with the action of
the single-strand specific exonuclease, which periodically degrades all
the non-template strands not protected at their 5’ end. This way, when
the initial intput data flux Sk is stopped in favor of the new flux Sk′
(k 6= k′; k, k′ ∈ 0..1), the system will converge to the total elimination
of Sk (since that species is only degraded and not replenished). The
same should happen with the intermediate species

←−−−−−
Di ∧ Sj and output

species
←−
D′i, driving the system to converge to a the correct output for

input Sk′ .
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Signal attenuation. In theory, the model in Chapter 6 was also able to deal
with multiple input signals by cascading the outputs as inputs of other
conditional probability devices downstream. However, each inference
iteration would attenuate the signal significantly. The replacement of
strand displacement by an enzymatic catalysis, with inherent amplific-
ation capabilities, overcomes this drawback allowing longer inference
cascades and thus more input signals.





Part V

Conclusions and future work





Chapter 8

Conclusions

Chapter 4 has introduced a set of simple biosensor models made of nucleic
acids. The models are able to perform logical deductions applying inference
rules (modus ponens and modus tollens). No restriction enzymes are used.
As in previous designs in the field, our models works autonomously based
on strand displacement. Besides DNA, the encodings can also take any type
of RNA molecule as a substrate (as shown in Section 4.6). We think it
can leverage interesting applications in the area of synthetic RNA circuits,
such as in vivo logic gates that regulate the gene expression (Davidson and
Ellington, 2007; Rinaudo et al., 2007; Xie et al., 2010).

Previous models represented the logical true value with a strand of nuc-
leic acid and the false value with an absence of that strand (Ran et al., 2009;
Reif and Sahu, 2009). Instead, the models presented in Chapter 4 encode
the respective false value with the Watson-Crick complement of the DNA
strand associated with the true value (Sakamoto et al., 2000). The interest
of this encoding is twofold: first, it introduces an implicit error cancellation
mechanism, which increases the system scalability enabling longer inference
cascades with a bounded and controllable signal-noise relation; and second, it
allows the same rule to be used performing different inference modes (modus
ponens or modus tollens), providing the option of validly outputting neg-
ated propositions (e.g. “diagnosis A excluded”). The output signal of the
devices represents a diagnosis, which can either be measured using FRET
techniques, be cascaded as input for another logical deduction with different
rules, or even be a drug which is administered in response to a set of symp-
toms.

Chapter 5 has introduced a new DNA model for representation of CNF
formulae, which contains an implicit resolution mechanism acting on any
pair of clauses that contain a proposition and its negation. It is based on the
strand displacement techniques and the resolution is completely autonomous,
except for the last detection step when a possibly human-assisted electro-

123
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phoresis is performed. The model is completely enzyme-free and its im-
plementation can be based on the work presented in Panyutin and Hsieh
(1994) and Biswas et al. (1998), that show the basic design rules of Holliday
junctions and derive and verify experimentally their basic parameters.

The main application of the model is the autonomous resolution includ-
ing the hypothetical syllogisms as its special case, and, by cascading the
resolution steps, the refutation proving technique for sentences in propos-
itional logic. In this way, the model could perhaps become a part of a
programmable nano-automaton sensitive to various inputs and running a lo-
gic program. The main drawback we see in this sense is the detection step
based on the electrophoresis, when the output signal is analogue and its level
can be low (it depends on the presence of molecules of certain lengths which
might be possibly present in low concentrations).

Another application is the resolution of the SAT problem. We can the-
oretically resolve any instance of SAT by applying multiple refutation tech-
nique in parallel, trying to derive the empty clause. If no molecule is a
potential candidate to be the empty clause, we can automatically answer
that the problem is SAT. An interesting feature is that, if there are several
refutations that derive the empty clause, all of them are “registered” in the
output. By examining this we can also find the quickest way to determine
the unsatisfiability.

We have derived that our algorithm works in the time proportional to
the number v of logical variables in the original formula. This upper bound
also provides a stop condition for the Step 2 of the algorithm (see Section
5.5.2) when after v steps the correct solution can be detected. In contrast,
the number of copies of clauses to be processed (i.e., the number of dis-
tinct DNA molecules produced during the algorithm and defining its space
complexity) grows exponentially with the number of variables in the formula.

Chapter 6 has introduced a new DNA model for realization of Bayesian
inference. It is completely autonomous, enzyme-free and based on DNA
strand displacement techniques. It can be implemented according to the
experimentally verified general designs derived in Seelig et al. (2006a) or
Zhang and Winfree (2009).

Chapter 7 has built on the work presented in Chapter 6, describing an-
other DNA model for realization of Bayesian inference. This one is also com-
pletely autonomous, but enzyme-driven instead of DNA strand displacement-
driven. The inherent amplification capabilities of enzymatic polymerization
overcomes the signal-restoration issues of the model in Chapter 6, allow-
ing longer inference cascades and more input signals. Its implementation
can be based on the DNA-toolbox designed and experimentally verified in
(Montagne et al., 2011; Padirac et al., 2012).

Models presented in Chapters 6 and 7 have the potential to deliver new
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quantitative applications of probabilistic genetic diagnosis in vitro. We plan
to build, improve and generalize them in a wet lab to work with all types of
Bayesian networks (Pearl, 1988; Russell and Norvig, 2002). This will allow
to implement Bayesian models where input signals can be correlated, thus
enhancing the the Naïve Bayes approach assumed in both chapters (Minsky,
1961).





Chapter 9

Future work

All the models presented in Part IV have room for improvement.

Inference and resolution models presented in Chapters 4 and 5 are unable
to perform signal restoration. The development of amplification mechanisms
will be subject of further research, in two directions:

• Redesigning the current devices, such that their operation is catalytic
(Zhang et al., 2007; Qian and Winfree, 2009, 2011a,b; Qian et al.,
2011). This approach would allow the devices to release a fixed amount
of output molecules regardless of the amount of input molecules, thus
fixing the signal restoration issue.

• Combining the current devices with new intermediate amplifier devices,
whose mission would be ensuring the output concentration of a logic
device is increased to a level that can act as input of a second logic
device (Soloveichik et al., 2010).

A highly desirable enhancement for the clause devices of Chapter 5 would
be the achievement of spatial conformations that significantly differ for the
cases of the empty clause and double implication, since it could eliminate the
need of electrophoresis. This would require a deep analysis of how the empty
clause refutation candidates are formed, checking how slight modifications
in the way we build clauses and sort the literals can affect the structure of
the candidate molecules.

But beyond the potential enhancements that could improve the models
in Chapters 4 and 5, it would be truly revolutionary to evolve this logical
paradigm towards the expressiveness level of a mainstream procedural lan-
guage. Such models should be able to deal not only with logical propositions,
but also with logical predicates (Stefanovic, 2009).

The Bayesian inference models proposed in Chapters 6 and 7 have the
potential to empower new quantitative applications of probabilistic genetic
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diagnosis in vitro, taking as input a combination of molecular cues and com-
puting a quantitative diagnosis. We plan to enhance and generalize them
to work with all types of Bayesian networks (and not just Naïve Bayes ap-
proaches (Minsky, 1961)).

We also believe this approach to perform stochastically molecular infer-
ence can be used to implement Bayesian logic in vivo. With this motivation,
our team recently presented preliminary work with some ideas to implement
Bayesian inference with synthetic transcriptional networks (Sainz de Muri-
eta and Rodríguez-Patón, 2013a), as well as with transcriptional networks
inside cells (Sainz de Murieta and Rodríguez-Patón, 2012a). We currently
work refining and maturing this work, aiming to define a consistent model
that would allow the implementation of Bayesian biosensing logic in vivo.

The LIA group is currently in touch with other groups out of the UPM,
seeking for a cooperation agreement to achieve in vitro implementations for
all the models presented in Part IV
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