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RESUMEN 

El presente trabajo trata de elementos reforzados con barras de armadura y Fibras Metálicas 
Recicladas (FMR). El objetivo principal es mejorar el comportamiento a fisuración de elementos 
sometidos a flexión pura y a flexión compuesta, aumentando en consecuencia las prestaciones 
en servicio de aquellas estructuras con requerimientos estrictos con respecto al control de 
fisuración. Entre éstas últimas se encuentran las estructuras integrales, es decir aquellas 
estructuras sin juntas (puentes o edificios), sometidas a cargas gravitatorias y deformaciones 
impuestas en los elementos horizontales debidas a retracción, fluencia y temperatura. 

Las FMR son obtenidas a partir de los neumáticos fuera de uso, y puesto que el procedimiento de 
reciclado se centra en el caucho en vez que en el acero, su forma es aleatoria y con longitud 
variable. A pesar de que la eficacia del fibrorefuerzo mediante FMR ha sido demostrada en 
investigaciones anteriores, la innovación que representa este trabajo consiste en proponer la 
acción combinada de barras convencionales y FMR en la mejora del comportamiento a 
fisuración. El objetivo es por tanto mejorar la sostenibilidad del proyecto de la estructura en HA 
al utilizar materiales reciclados por un lado, y aumentando por el otro la durabilidad. 

En primer lugar, se presenta el estado del arte con respecto a la fisuración en elementos de HA, 
que sucesivamente se amplía a elementos reforzados con barras y fibras. Asimismo, se resume el 
método simplificado para el análisis de columnas de estructuras sin juntas ya propuesto por 
Pérez et al., con particular énfasis en aquellos aspectos que son incompatibles con la acción de las 
fibras a nivel seccional. 

A continuación, se presenta un modelo para describir la deformabilidad seccional y la fisuración 
en elementos en HA, que luego se amplía a aquellos elementos reforzados con barras y fibras, 
teniendo en cuenta también los efectos debidos a la retracción (tension stiffening negativo). El 
modelo es luego empleado para ampliar el método simplificado para el análisis de columnas. La 
aportación consiste por tanto en contar con una metodología amplia de análisis para este tipo de 
elementos. 

Seguidamente, se presenta la campaña experimental preliminar que ha involucrado vigas a escala 
reducida sometidas a flexión simple, con el objetivo de validar la eficiencia y la usabilidad en el 
hormigón de las FMR de dos diferentes tipos, y su comportamiento con respecto a fibras de 
acero comerciales. Se describe a continuación la campaña principal, consistente en ensayos sobre 

ocho vigas en flexión simple a escala 1:1 (variando contenido en FRM, Ø/s,eff y recubrimiento) y 

doce columnas a flexión compuesta (variando contenido en FMR, Ø/s,eff y nivel de fuerza axil).  

Los resultados obtenidos en la campaña principal son presentados y comentados, resaltando las 
mejoras obtenidas en el comportamiento a fisuración de las vigas y columnas, y la rigidez 
estructural de las columnas. Estos resultados se comparan con las predicciones del modelo 
propuesto. Los principales parámetros estudiados para describir la fisuración y el 
comportamiento seccional de las vigas son: la separación entre fisuras, el alargamiento medio de 
las armaduras y la abertura de fisura, mientras que en los ensayos de las columnas se ha 
contrastado las leyes momento/curvatura, la tensión en las barras de armadura y la abertura de 
fisura en el empotramiento en la base. La comparación muestra un buen acuerdo entre las 
predicciones y los resultados experimentales. Asimismo, se nota la mejora en el comportamiento 
a fisuración debido a la incorporación de FMR en aquellos elementos con cuantías de armadura 
bajas en flexión simple, en elementos con axiles bajos y para el control de la fisuración en 
elementos con grandes recubrimientos, siendo por tanto resultados de inmediato impacto en la 
práctica ingenieril (diseño de losas, tanques, estructuras integrales, etc.).  
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Como punto final, se presentan aplicaciones de las FMR en estructuras reales. Se discuten dos 
casos de elementos sometidos a flexión pura, en particular una viga simplemente apoyada y un 
tanque para el tratamiento de agua. En ambos casos la adicción de FMR al hormigón lleva a 
mejoras en el comportamiento a fisuración. Luego, utilizando el método simplificado para el 
análisis en servicio de columnas de estructuras sin juntas, se calcula la máxima longitud admisible 
en casos típicos de puentes y edificación. En particular, se demuestra que las limitaciones de la 
práctica ingenieril actual (sobre todo en edificación) pueden ser aumentadas considerando el 
comportamiento real de las columnas en HA. Finalmente, los mismos casos son modificados para 
considerar el uso de MFR, y se presentan las mejoras tanto en la máxima longitud admisible 
como en la abertura de fisura para una longitud y deformación impuesta. 
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RIASSUNTO 

Il presente lavoro riguarda elementi rinforzati sia con barre d’armatura che con Fibre d’Acciaio 
Ricilate (FAR). Il principale obbiettivo è il miglioramento del comportamento a fessurazione di 
elementi soggetti a flessione pura e pressoflessione, con le conseguenti migliori prestazioni in 
servizio per le strutture con specifiche particolarmente stringenti riguado il controllo 
dell’apertura di fessura. Tra queste ultime sono di particolare interesse le cosiddette strutture 
integrali, cioé quelle strutture senza giunti di dilatazione (tanto ponti come edifici), soggette a 
carichi gravitatori e deformazioni imposte negli orizzontamenti dovute a ritiro, viscositá e 
temperatura. 

Le FAR sono ottenute dagli pneumatici a fine vita, e a causa del processo di riciclaggio che è 
incentrato sulla gomma invece che sull’acciaio, hanno forma aleatoria e lunghezza variabile. 
Nonostante l’efficacia del fibrorinforzo mediante FAR sia giá stata dimostrata in precedenti 
ricerche, l’innovazione rappresentata da questo lavoro consiste nel proporre l’azione combinata 
di barre convenzionali e FAR per migliorare il comportamento a fessurazione. L’obbiettivo è 
pertanto migliorare la sostenibilitá del progetto delle strutture in CA utilizzando per un lato 
materiali riclati, e dall’altro aumentando la loro durabilitá. 

In primo luogo, si presenta lo stato dell’arte riguardo la fessurazione in elementi in CA, che viene 
successivamente allargato agli elementi rinforzati con barre e fibre. In conclusione, il metodo 
semplificato per l’analisi di colonne di strutture senza giunti giá proposto da Pérez et al. viene 
riassunto, con particolare attenzione a quegli aspetti che sono incompatibili con l’azione delle 
fibre a livello sezionale.  

In seguito, si presenta un modello per descrivere la deformabilitá sezionale e la fessurazione di 
elementi armati con barre e fibre, tenendo anche in conto gli effetti del ritiro (tension stiffening 
negativo). Il modello è in seguito utilizzato per completare il metodo per l’analisi delle colonne. 
L’apportazione consiste pertanto nel poter contare con una metodologia amplia di analisi per 
questo tipo di elementi. 

Si descrive successivamente la campagna sperimentale preliminare riguardante travi in scala 
ridotta soggette a flessione pura, con l’obbiettivo di validare l’efficienza e l’usabilitá nel 
calcestruzzo delle FAR di due diversi tipi, e il loro comportamento con rispetto a fibre d’acciaio 
industriali. Si descrive in seguito la campagna principale, consistente in otto prove su travi a scala 

1:1 soggette a flessione semplice (variando contenuto di FAR, Ø/s,eff e copriferro) e dodici 

colonne a pressoflessione (variando contenuto di FAR, Ø/s,eff e livello di forza assiale). 

I risultati ottenuti nella campagna principale sono presentati e discussi, con particolare attenzione 
ai miglioramenti ottenuti nel comportamento a fessurazione di travi e colonne, e la rigidezza 
strutturale delle colonne. In seguito, sono comparati con le predizioni del modello proposto. I 
principali parametri studiati per descrivere la fessurazione e il comportamento sezionale delle 
travi sono la separazione tra fessure, l’allargamento medio dell’armatura e l’apertura di fessura, 
mentre che per i test sulle colonne si sono contrastate le leggi momento/curvatura, la tensione 
nelle barre d’armatura e l’apertura di fessura nell’incastro alla base. Il raffronto mostra un 
sostanziale accordo tra le predizioni e i risultati sperimentali. Inoltre, si nota una miglioria nel 
comportamento a fessurazione dovuto all’incorporazione di FAR in elementi con con basse 
percentuali di armatura a flessione semplice, in elementi con bassi livelli di azione assiale e per il 
controllo della fessurazione in elementi con copriferri importanti, costituendo pertanto un 
risultato di immediato impatto nella pratica ingegneristica (progetto di solette, serbatoi, strutture 
integrali, etc.). 
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Infine, si presentano applicazioni delle FAR in strutture reali. Due casi di elementi a flessione pura 
sono discussi, in particolare una trave semplicemente appoggiata e un serbatoio per il 
trattamento dell’acqua. In entrambi i casi l’aggiunta di FAR al calcestruzzo porta a miglioramenti 
nel comportamento a fessurazione. In seguito, usando il metodo semplificato per l’analisi in 
servizio di colonne di strutture senza giunti, viene calcolata la massima lunghezza ammissibile in 
casi tipici di un ponte e di un edificio. In particolare, viene dimostrato che le limitazioni della 
pratica ingegneristica attuale (soprattutto nel caso degli edifici) possono essere incrementate 
considerando il comportamento reale delle colonne in CA. Successivamente, gli stessi casi sono 
modificati considerando l’uso di FAR, e si presentano i miglioramenti tanto nella massima 
lunghezza possibile come nell’apertura di fessura per una data lunghezza e deformazione 
imposta a livello degli orizzantamenti. 
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SUMMARY 

This work deals with elements reinforced with both rebars and Recycled Steel Fibres (RSFs). Its 
main objective is to improve cracking behaviour of elements subjected to pure bending and 
bending and axial force, resulting in better serviceability conditions for these structures 
demanding keen crack width control. Among these structures a particularly interesting type are 
the so-called integral structures, i.e. long jointless structures (bridges and buildings) subjected to 
gravitational loads and imposed deformations due to shrinkage, creep and temperature.  

RSFs are obtained from End of Life Tyres, and due to the recycling process that is focused on the 
rubber rather than on the steel they come out crooked and with variable length. Although the 
effectiveness of RSFs had already been proven by previous research, the innovation of this work 
consists in the proposing the combined action of conventional rebars and RSFs to improve 
cracking behaviour. Therefore, the objective is to improve the sustainability of RC structures by, 
on the one hand, using recycled materials, and on the other improving their durability. 

A state of the art on cracking in RC elements is firstly drawn. It is then expanded to elements 
reinforced with both rebars and fibres (R/FRC elements). Finally, the simplified method for 
analysis of columns of long jointless structures already proposed by Pérez et al. is resumed, with a 
special focus on the points that conflict when taking into account the action of fibres. 

Afterwards, a model to describe sectional deformability and cracking of R/FRC elements is 
presented, taking also into account the effect of shrinkage (negative tension stiffening). The 
model is then used to implement the simplified method for columns. The novelty represented by 
this is that a comprehensive methodology to analyse this type of elements is presented. 

A preliminary experimental campaign consisting in small beams subjected to pure bending is 
described, with the objective of validating the effectiveness and usability in concrete of RSFs of 
two different types, and their behaviour when compared with commercial steel fibres. With the 
results and lessons learnt from this campaign in mind, the main experimental campaign is then 
described, consisting in cracking tests of eight unscaled beams in pure bending (varying RSF 

content, Ø/s,eff and concrete cover) and twelve columns subjected to imposed displacement 

and axial force (varying RSF content, Ø/s,eff and squashing load ratio).  

The results obtained from the main campaign are presented and discussed, with particular focus 
on the improvement in cracking behaviour for the beams and columns, and structural stiffness 
for the columns. They are then compared with the proposed model. The main parameters 
studied to describe cracking and sectional behaviours of the beam tests are crack spacing, mean 
steel strain and crack width, while for the column tests these were moment/curvature, stress in 
rebars and crack with at column embedment. The comparison showed satisfactory agreement 
between experimental results and model predictions. Moreover, it is pointed out the 
improvement in cracking behaviour due to the addition of RSF for elements with low 
reinforcement ratios, elements with low squashing load ratios and for crack width control of 
elements with large concrete covers, thus representing results with a immediate impact in 
engineering practice (slab design, tanks, integral structures, etc.). 

Applications of RSF to actual structures are finally presented. Two cases of elements in pure 
bending are presented, namely a simple supported beam and a water treatment tank. In both 
cases the addition of RSF to concrete leads to improvements in cracking behaviour. Then, using 
the simplified model for the serviceability analysis of columns of jointless structures, the 
maximum achievable jointless length of typical cases of a bridge and building is obtained. In 
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particular, it is shown how the limitations of current engineering practice (this is especially the 
case of buildings) can be increased by considering the actual behaviour of RC supports. Then, the 
same cases are modified considering the use of RSF, and the improvements both in maximum 
achievable length and in crack width for a given length and imposed strain at the deck/first floor 
are shown. 
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NOTATION 

Ac concrete area 

Ac,eff effective concrete area 

As steel area 

As steel area 

b width of the section  

c clear cover of longitudinal reinforcement  

CMOD Crack Mouth Opening Displacement in EN 14651 tensile flexural test 

d’ effective depth of compressive reinforcement 

d effective depth of tensile reinforcement 

Ec instantaneous modulus of elasticity of concrete 

Ec,∞ long-term modulus of elasticity of concrete 

Es modulus of elasticity of steel 

fc compressive strength of concrete 

fcd design compressive strength of concrete 

fct tensile strength of concrete 

fFL tensile residual strength of FRC at the LOP 

fFts tensile residual strength of FRC for the SLS 

fFtu tensile residual strength of FRC for the ULS 

fr,j residual strength for CMOD=CMODj 

fy steel yield stress 

h height of the cross section 

k embedment coefficient (ranging from 3 to 6) 

L height of the support 

l length used for strain measurement (l=20 cm) 

lcs characteristic or structural length 

LOP Limit Of Proportionality as defined in EN 14651 tensile flexural test  

lt transfer length 

Mcr cracking moment 

Ncr cracking axial force 

sr,m mean crack spacing 

sr,max maximum crack spacing 

TS factor, smaller than 1, accounting for tension stiffening 
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VCS Vibrating Chord Sensor 

w crack opening 

wm mean crack width 

wmax maximum crack width 

x depth of the neutral axis assuming a fully cracked section 

x depth of the neutral axis assuming a fully cracked  

y depth of the neutral axis (measured from the tensile face) 

αE steel/concrete modular ratio 

δ imposed displacement 

εcm mean concrete strain 

εcr cracking strain of concrete 

εs tensile strain of steel 

εsh shrinkage strain 

εsm mean steel strain 

εsr state II analysis strain in steel for the cracking moment 

Λ normalized displacement 

ν squashing load ratio 

ρs reinforcement ratio  

ρs,eff effective reinforcement ratio  

σs2 stress in the reinforcement at the crack 

σsE state I analysis stress in steel at the section of zero slip 

σsr state II analysis stress in steel for the cracking moment 

τbm  mean bond stress 

ϕ(t) creep coefficient 

Øs bar diameter 

χ  curvature 
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1 INTRODUCTION AND 

MOTIVATION 

Ὁ ἀνεξέταστος βίος οὐ βιωτὸς ἀνθρώπῳ  

[Life without research is not worth living] 

 Plato 

1.1 Overview of the thesis 

Reinforced concrete elements need to be designed to satisfy both Ultimate and Serviceability 
Limit State criteria. Among the latter, consideration needs to be given to the limitation of crack 
width: reinforcement may be determined by this check, particularly in highly aggressive 
environments or for watertight elements (e.g. tanks). 

A type of structure demanding keen crack width control are integral (jointless) structures, in 
which all imposed deformations of horizontal elements are absorbed with permanent (in case, 
for instance, of shrinkage) or cyclic (e.g. thermal expansion) column bending. The interest toward 
this type of structures is justified by their improved durability (elastomeric bearings and 
expansion joints are primary causes of structural degradation) as well as better overall design 
conditions (better supported structures, smaller second order effects in supports, structural 
redundancy, etc.). 

On the other hand, the addition to concrete of fibres in low to moderate contents in volume 
(0.4%-1% after [1]) enhances ductility and fracture energy, but has little influence on strength. 
Therefore, conventional reinforcement cannot be replaced by fibres, although more efficient 
crack control can be achieved by strengthening of the concrete matrix by the addition of 
relatively low amounts of fibres. The combined action of rebars and fibres leads to smaller crack 
spacing, improved tension stiffening of concrete and hence to smaller crack widths ([2] and [3]). 
Moreover, as shown in [2], long-term cracking behaviour improves. 

Durability can then be enhanced by addition of fibres. To further improve sustainability of 
concrete construction, the use of recycled materials has to be considered. In this thesis, fibres 
recycled from End of Life Tyres (ELTs) are considered. Their nature (heterogeneous, crooked, 
and hardly controllable due to current recycling technologies) makes them usable only in 
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relatively small amounts in volume (aprox. 1%) in order to guarantee concrete workability. 
Remarkable research on Recycled Tyre Steel Fibres (RTSF) has been carried out at Sheffield 
University (UK), where an extensive project on Roller Compacted Concretes funded by the EU 
Framework Program pointed out the feasibility and advantages of their use, resulting in several 
publications (see e.g. Pilakoutas et al. [4], Neocleous et al. [5], Neocleous et al. [6] and Neocleous 
et al. [7]) and even a patent1. More recently, Italian (see e.g. [8]) and Croatian (see e.g. [9]) 
research groups published works on different uses of fibres recycled from ELTs as concrete 
reinforcement, proving the interest of this technique.     

No previous research on the use of RTSF for crack control of RC elements is known to the date. 
Therefore, an experimental campaign has been designed and carried out to prove their efficiency, 
consisting of beams and columns made of conventional concrete (fck=30 MPa), conventional 
reinforcement (B-500 steel) and fibres recycled from used tyres.  

1.2 Recycled steel fibres 

As pointed out by Centoze et al. [8], until thirty years ago, there were two ways for disposing of 
ELTs: pile them up or landfill disposal, with the obvious environmental implications. In particular, 
according to the European Tyre Recycling Association (ETRA)2, around 3 million tonnes Post-
Consumer tyres are disposed of every year in the EU countries, roughly corresponding to 8kg per 
person each year. This fact, added to the great intrinsic value of the tyre components (rubber, 
steel and textile), inspired European Directive 2008/98 that boosted tyre recycling all over 
Europe.  

The recycling industry is traditionally focused on rubber revalorization: it is normally granulated 
and used in a variety of forms such as artificial lawn, asphalts, backfilling in civil works, etc. 

 
Figure 1-1 Recycled rubber in various sizes (www.gmn.es) 

To provide tyres with strength and durability, they are reinforced with steel chords and textiles. 
The recycling process is therefore based upon the separation of the three materials, which is 
usually obtained by mechanical treatment, microwave induced pyrolysis, or breaking up of frozen 
tyres. Whichever recycling technology is used, the steel chord invariably gets broken down to 

                                                             
1 British Patent Application No. 0130852.7, University of Sheffield, December 24, 2001  
2 See ETRA, Introduction to tyre recycling: 2010 
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steel fibres when the tyre is crushed, and length distribution of fibres is stochastic, even if 
maximum length is somehow fixed. If this maximum length is too great, fibres come out balled 
together (as shown in Figure 1-2) and cannot be placed directly into concrete.  

 

Figure 1-2 Fibres recycled from used car tyres: aspect after the extraction process 

As it is well known, bond properties are key in determining FRC behaviour. This can be evaluated 
by the slenderness ratio, which is the length divided by the diameter. Since diameter of recycled 
fibres are almost constant (around 0.3mm), the length of the fibres determines their efficiency: in 
fact, as will be shown, longer fibres exhibit better post-crack behaviour, as a consequence of the 
better bond conditions. On the other hand, as observed, if the maximum length of fibres is too 
high, they will ball together. 

The scrap is usually sent to steel mills, to obtain new steel; before it can be melted, it has to be 
processed to make it clean enough (<5% of rubber) to be accepted by foundries. This added cost 
makes the price at which recovered steel is bought very small: depending on steel market 
fluctuation, it is about 140 €/ton.  

Moreover, the process of steel re-melting is of course energy-consuming: it involves transport to 
a steel mill, melting and processing. If new steel fibres have to be obtained from it, extrusion, 
steel wire cutting and shaping are needed. By contrast, the only energy-consuming process 
needed to obtain fibres ready to use in concrete is fibre unballing by vibration and sieving. 

When comparing the kgs of CO2 emitted to obtain one ton of new steel fibres and to process 
one ton of recycled ones for direct use, environmental benefits are very remarkable, as shown in 
Figure 1-3. 
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Figure 1-3 Comparison between emitted CO2 kgs to obtain one ton of new steel fibres from scrap steel, and process 
the recycled ones for direct use (sources: WWF Spain, University of Bath, SPRILUR Group)  

On the other hand, new (commercial) steel fibres for concrete reinforcement cost around 900 
euros/ton. That is, once the recycled fibres are proven to be effective (both from the concreting 
and structural points of view), they have a great economic potential. 

1.3 Integral structures: the problem of durability 

As already pointed out, when dealing with sustainability in construction, aside of the use of 
recycled materials (which is gaining more and more attention from researchers due to the social 
demand for more sustainable buildings and infrastructures), great stress has to be put on the 
durability of structures. In fact, the vast majority of RC structures built during the XXth century 
have failed to show sufficient serviceability standards after few years of construction, in 
opposition to the slogan of the beginnings of RC, the eternal stone (see Figure 1-4). 

 

Figure 1-4 Reinforced concrete technique advertising in Spain, 1902 (from [10]) 

Apart from the problems of RC itself, another important cause of the lack of durability has been 
the use of elastomeric bearings and expansion joints. Their wide use has been based in the 

-98.4% 
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solution they provide to imposed deformations (thermal, shrinkage, etc.). However, experience 
has shown that these elements are the main cause of durability problems. Additionally, their cost 
is often a not negligible part of the overall cost of the structure.  

The need for jointless structures is therefore motivated by a growing concern regarding 
durability, although they have been satisfactorily used since the mid XXth century in the US, both 
for reinforced concrete and composite structures, first in short bridges, and reaching lately 
remarkable lengths (up to 100m, as reported in [11]). It must also be pointed out that integral 
construction is particularly suitable for seismic regions since it solves many problems induced by 
earthquakes: this is the reason why in California the standard bridge typology is the jointless one. 
More recently, the British Department of Transport has published Design for durability 
documents [12], encouraging the use of jointless structures, and even forbidding midspan joints. 

It can be stated that the reason behind the still wide use of expansion joints and elastomeric 
bearings in buildings still nowadays is the uncertainty, amongst designers, about the stresses 
induced by imposed deformations. In fact, one of the major problems presented by integral 
structures is deformations imposed by horizontal elements (decks in bridges or slabs in 
buildings) on columns. This leads to permanent or cyclic column bending, the magnitude of the 
resulting forces imposed being dependent on the degree of embedment, effective depth and 
column height, as pointed out by Pérez et al. [13] and exemplified in Figure 1-5. 

 

Figure 1-5 Example of integral structure: column bending and cracking due to deck shortening 

Therefore, the stress in the design of integral structures is put on crack control in piers (for 
bridges) and ground floor columns (for buildings). To achieve this result, the usual solution is to 
increase the area of steel in tension, with the objective of reducing the mean strain (and 
therefore the crack width). Nevertheless, crack control can also be improved by providing 
concrete with fibres. This situation is visualised in Figure 1-6 for a typical RC application (a 
30x30cm section with no axial force, concrete cover 3cm, 4Ø20 reinforcement) vs. the same but 
with fibre reinforcement (fFts=1.5 MPa), and crack width calculated according to MC2010 [14]. 
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Figure 1-6 Crack width vs. steel stress: by fibre-reinforcing the section, yield stress in steel is reached before the 
maximum allowable crack width 

The main objective of this investigation is therefore the evaluation of the efficiency of recycled 
steel fibres to improve crack width control, and the application to integral structures, with 
advantages in sustainability from the point of view of both recycling and durability. 

1.4 Objectives 

Considering the above arguments, the objectives of this thesis have been established as follows: 

 To develop a state of the art on cracking of  elements reinforced with rebars and fibres 
(R/FRC) 

 To explore the feasibility of the use of recycled steel fibres to control crack width 

 To produce new experimental results in terms of crack width control for bending 
elements and develop a reliable design-oriented model 

 To develop a reliable model to analyse R/FRC supports of integral and jointless structures 
in order to control crack width in elements with axial force and large imposed 
displacements, thereby promoting the use of durable concrete structures 

 To validate the above mentioned model with experimental results on columns subject to 
imposed displacements with different axial loads, reinforcement ratio and recycled fibre 
contents

wd [m] 
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2 STATE OF THE ART 

Ignoranti quem portum petat nullus suus ventus est 

Seneca 

2.1 Introduction 

In what concerns cracking, the main difference between RC and FRC resides in post-cracking 
behaviour: this can be described according to traditional Resistance Of Materiales (ROM) or 
using the Fracture Mechanics (FM), the development of which is more recent and originated 
from mechanical engineering problems [1]. 

Traditionally a ROM approach has been used to describe cracking in RC. When referring to FRC, 
ROM (see e.g. [2]) and FM (see e.g. [15]) approaches can be found in literature. Whichever model 
is used, it should be able to capture the following aspects when going from RC to R/FRC: 

 Reduction in crack spacing 

 Reduction in mean strain of reinforcing steel bars 

 Increase of concrete mean strain  

Additionally, as shown in [2], long-term cracking behaviour improves. 

Even if the first contributions found in literature describing the cracking behaviour of FRC date 
back two decades (e.g. [16] or [2]), only in recent times consistent analytical (e.g. [3]) or empirical 
models (e.g. [17] or [18]) have been developed. Model Code 2010 [14] gives provisions on 
cracking for R/FRC members based on a ROM approach. 

To understand the cracking behaviour of Fibre Reinforced Concrete (FRC), some notions of 
Reinforced Concrete (RC) have to be reviewed. 
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2.2 Cracking in RC 

2.2.1 Cracking stages 

Traditionally, the theoretical description of cracking in RC is referred to a tension tie. Then, 
results are generalised to flexure3.  

When a RC tie, like the one in Figure 2-1, is subjected to tension: in the uncracked phase (Phase 
I)4, there is strain compatibility between steel and surrounding concrete. Once the concrete 
tensile strength is reached (for a strain εcr= fct / Ec), a first crack appears at the weakest section. 

 

 

Figure 2-1 First crack in an RC tie; tension transferred by bond 

By imposing equilibrium between concrete and steel areas, the first crack is reached at a normal 
force Ncr equal to: 

 α ρcr c E s ctN A ( 1 )f (2.1)

where: 

 αE modular ratio (=Ec/Es) 

 ρs reinforcement ratio 

 fct concrete tensile strength 

When the load is increased, other cracks form in these sections that reach the concrete tensile 
strength (Phase II). Crack spacing therefore decreases as the load increases, until it stabilises, as 
shown in Figure 2-2. 

                                                             
3 It has to be noted that this assumption is not always made, see for instance [19] 
4 The Phases described here do not correspond with the States defined, for instance, by Eurocode 2. In that case, as it 
is usual in the literature, State I refers to uncracked state, while State II refers to fully cracked sections. 

 F
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Figure 2-2 Crack spacing trend as load increases (adapted from [19]) 

Once the stabilised cracking phase has been reached, increasing load widens already formed 
cracks. In this phase (Phase III), the stiffness of the element will not be the one of the cracked 
section, nor the one of the homogenised section, but something in between. This phenomenon 
is called tension stiffening, and will be described later in this chapter because of its important 
implications in the quantification of crack width. 

Eventually, when steel in one section reaches the yield stress, further load increases do not cause 
significant increments in the force resisted by the element (Phase IV). All the phases are 
illustrated in Figure 2-3. 

 

 

Figure 2-3 Steel mean elongation vs. load; influence of tension stiffening 
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2.2.2 Differential elongation and crack width 

At the crack, the full force is transmitted by reinforcing steel. In an intermediate point between a 
crack and the next one, tension in concrete increases due to the force transmitted by bars 
through bond, until it drops to zero again at the crack. For the same reason, tension in steel varies 
between cracks, reaching its maximum at the crack (for the tie, this value will be F/As). 

These concepts are illustrated in Figure 2-4 for the case of a tie and a beam in flexure; the 
meaning of the effective area Ac,eff, which is shown in Figure 2-7, will be explained in section 2.2.4. 

 

Figure 2-4 Strain and bond stress in an RC element (adapted from [19]) 

Cracks form in RC due to the slip between concrete and reinforcing steel. This differential slip, 
integrated over the distance between two points of zero slip provides the crack width opening. 
The crack width will, therefore, be the area enclosed between the two curves in Figure 2-5. 
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Figure 2-5 Strains around a crack. The grey area represents the crack width 

At the crack, concrete strain drops to zero, while steel strain reaches its peak value. After a length 
l compatibility between concrete and steel is re-established. In mathematical terms: 

l

m s c sm cm

0

w ( (x) (x))dx ( ) l     ε ε ε ε  (2.2) 

where: 

εsm mean steel strain 

εcm mean concrete strain 

l length along which differential elongation is measured 

2.2.3 Transfer length 

Referring to equation 2.1, once Ncr is reached a first crack forms at the weakest section, followed 
by others at adjacent sections (primary cracks). Between two consecutive cracks stress transfer 
from steel to concrete will take place. The transfer length lt is defined as the length necessary to 
reach the cracking stress of concrete in the effective area around a (Figure 2-6). 

 

Figure 2-6 Transfer length for conventional RC 

Because of the definition of transfer length, the crack spacing sr must be between one and two lt: 

t r tl s 2 l   (2.3) 
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In conventional theory, the value of the transfer length is obtained by imposing equilibrium 
between the cracked and the no-slip sections, and assuming Saint-Venant’s principle: “the 
difference between the effects of two different but statically equivalent loads becomes very small at 
sufficiently large distances from the load”. 


   

σ σ
σ τ π σ

τ
s2 sE

s2 s bm s t sE s t s

bm

A Ø l A l Ø
4

 (2.4)

where: 

 σs2 steel stress at the crack (State II) 

 τbm bond stress 

 Øs  bar diameter 

 σSE steel stress at the section of zero slip (State I) 

On the other hand, by expressing equilibrium conditions between the section at the crack and 
the section of zero slip:  

     σ σ σ σ
ρ

c ct ct
s2 s sE s c ct s2 sE

s s,eff

A f f
A A A f ( )

A
 (2.5)

By combining (2.4) and (2.5), the expression of the transfer length (2.6) is obtained: 


τ ρ

ct s
t

bm s,eff

f Ø
l

4
 (2.6)

As can be noted, this approach leads to a definition of lt dependent only on geometrical factors 
(Øs, ρs), and mechanical properties of materials (fct, τbm). On the other hand, if a linear correlation 
between fct and τb is assumed, for instance τb=1.8· fct as in MC2010 draft [20]5 and MC1990 [21], by 
combining (2.3) and (2.6) expression (2.7) is obtained: 

   
  ρ ρ

ct s s
max

ct s,eff s ,eff

f Ø 1 Ø
s 2

4 1.8 f 3.6
 (2.7)

That is, the maximum crack spacing depends only on bar diameter and reinforcement ratio, what 
in literature is known as the Øs/ρs,eff effect. 

2.2.4 Effective concrete area 

In the surroundings of the crack, the force is introduced by reinforcing bars punctually. This 
causes a perturbation (i.e Navier’s hypothesis cannot be considered to be valid). The 
consequence is that fct can be reached locally before a volume of tensile stress sufficient to crack 
the full concrete section, according to Navier’s hypothesis, is transferred to concrete [22]. The 
concept is illustrated in Figure 2-7. 

                                                             
5 Value for short term loadings as in table 7.6-2. One of the difference between the first and the final drafts of 
MC2010 has been the introduction, in the expression for sr, of the addend taking into account concrete cover 
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Figure 2-7 Concept of effective concrete area Ac,eff 

If the concept is reasonable, the quantification of Ac,eff is not straightforward. In principle, it would 
be logical that in case of “small tie”6  [23], Ac,eff=Ac. 

Although in literature it is possible to find attempts to formalise the concept by introducing 
bond-slip behaviour and a consistent model for the stress diffusion (see, for instance, [23]), codes 
solve the problem by giving  general schemes according to qualitative considerations: that is the 
case of Eurocode 2 [24] or Model Code 2010 [14], the latter reported in Figure 2-8. 

 

Figure 2-8 Effective concrete area as defined in Model code 2010 for  (a) beam, (b) slab or (c) tie [14] 

2.2.5 Differences between axial tension and bending 

“Classic” cracking behaviour theory for RC has been developed by assuming the existence of an 
actual tie in the tensile part of the bent beam: this approach is traditionally attributed to 
Leonhardt’s studies (see for instance [25]). It is worth to point out how this approach is nowadays 
questioned by some authors, e.g. [15]. 

Nevertheless, following the “classic” approach, it can be seen that there are basically two 
differences between the cases of axial tension and bending as pointed out in [22]: 

                                                             
6 The concept of small tie means that the steel area is not negligible with respect to concrete.  
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 The transfer length is greater for a tie since the reinforcement has to transfer a uniform 
stress throughout the entire section, while in bending the amount of the stress needed to 
crack concrete is half of this value, because of the strain (and therefore stress) gradient. 
This fact is taken into account since Model Code 1978 [26], maintained in Eurocode 2 [24] 
and more recently in Spanish national code EHE-08 [27], with the factor k1, taken as 0.125 
for pure bending and 0.250 for pure axial tension. It is worth to note that Model Code 
2010 [14] does not take this aspect into account. 

 The strain gradient along the cross section causes that crack width to increas from the 
position of the reinforcing bar to the surface. This aspect is taken into account British 

Standards BS8110 [28] with the coefficient 2

1

h x

d x

ε
κ

ε


 


, and is particularly detrimental 

for elements with important concrete cover (see experimental evidence of this effect in 
[29]). 

2.2.6 The influence of concrete cover 

One of the first authors introducing explicit dependence of concrete cover on crack width is 
A.W. Beeby (see [30]), based on experimental evidence.  In fact, it has been observed that to 
reach the tensile strength in concrete and therefore from a crack, a “stress lag” must be taken 
into account. This stress lag increases the distance at which the cracks appears at the surface, as 
shown in Figure 2-9. 

 

Figure 2-9 Effect of concrete cover on crack spacing 

For this reason, many design codes (see [27], [24] or [14]) define the transfer length as the sum of 
a part representing the effect of bond (and function of Øs/ρeff ratio) and another that of the 
concrete cover, as can be seen, for instance, in MC2010 final draft [14] formulation:  
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It is worth of notice that pre-2004 version of the EC2 formulation took the first term as a fixed 
value. This can be explained by the fact that taking large covers, which is vital to guarantee 
durability of structures in aggressive environments, turns out to be detrimental for the crack 
width calculations; thus, in order to discourage designers from taking small concrete covers, a 
fixed number was introduced. This aspect has been changed in post-2004 formulations of EC2 
(see [24]), by introducing the k3·c value for the crack spacing formulation, where k3 is taken equal 
to 3.4. 

Nevertheless, as partially shown in Figure 2-9 and explained in [29], there is another aspect that 
should be taken into account related to the concrete cover and, this time, crack width: that is the 
experimental evidence that cracks tend to close near the reinforcement. This effect, known since 
the work of Husain and Ferguson [31] (see figure Figure 2-10), has been confirmed more recently 
by Borosnyói and Snóbli [32] (see Figure 2-11). 

 

 

Figure 2-10 Crack closing up near the reinforcement; at the bar level the width can decrease to the third of the 
superficial width (from [31]). 

 

Figure 2-11 Tests of Borosnyói and Snóbli [32], showing the closing up of the crack when reaching the reinforcement 
level 
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This phenomenon (that can be incorrectly attributed to the shear lag between the restraining bar 
and the surface, as shown in [29]), can be explained by the existence of secondary cracking close 
to the bar between principal (visible) cracks. These cracks are also called “Goto cracks” after the 
Japanese researcher that first proved their existence [33], and are evident in Figure 2-12. 

 

 

Figure 2-12 Goto’s cracks (from [33]) 

Goto cracks can explain the closing up of the principal cracks. Consider the crack pattern of 
Figure 2-13: 

 

Figure 2-13 Closing up of principal cracks due to secondary cracking 

 Chord A, sufficiently separated from the bar or (it would be the same) next to the surface, 
crosses only primary cracks: crack spacing L1 is large. On the other hand, chord B, next to 
reinforcing bar, crosses the principal cracks and the secondary (Goto’s) ones: crack spacing L2 is 
smaller, and could be even taken as the rib spacing. Now considering that concrete tensile 
elongation is negligible with respect to steel (i.e. the differential elongation will be dissipated in 
the cracks), elongation ∆L can be regarded as equal for both chords, and by definition, ε= ∆L/L, 
since L1 > L2 it is clear that strain along chord B will be smaller between cracks, resulting in smaller 
crack width. 

2.2.7 Tension stiffening 

The Tension Stiffening (TS) effect has been introduced, from a qualitative point of view, in the 
previous paragraphs. When observing Figure 2-4, the main part of TS can be expressed as a 
decrement Δεsm of mean steel strain with respect to the bare steel bar: 

Secondary (or  Goto’s) cracks  

Primary cracks 

L1 

L2 
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 ε ε Δεsm s2 sm (2.9)

It can be stated that the RC tie loses stiffness as the cracking progresses; its value tends to the 
one of bare steel, and the contribution of concrete between cracks enables a difference between 
these two values to exist. Eventually, as yield is reached, this difference tends to disappear since 
all deformation concentrates at the yielded section. 

To quantify crack width and assess the overall stiffness of the RC elements this effect must be 
quantified. In the cracked section, steel strain is equal to steel tension divided by Hooke’s 
modulus, given that there is no concrete contribution:  

s2 s2
s2 c 2

s s

0
E E

σ σ
ε ε     (2.10)

 

On the other hand, at the zero slip section, when the tensile strength of concrete is reached: 

 ctsE
sE cE sE E ct

s c s

f 1
f 0

E E E

σ
ε ε σ α       (2.11)

where: 

εsE steel strain at the section of zero slip (State I) 

εcE concrete strain at the section of zero slip (State I) 

By introducing eq. (2.5) and eq. (2.1) into (2.11), eq. (2.12) is obtained: 

    
             

σ σ
ε ε σ α ρ

ρ σ
ct s2 sr

sE cE s2 E s,eff

s s ,eff s s2

1 f
1 1 0

E E
 (2.12)

That is, εsm-εcm will be an intermediate value between (2.10) and (2.12) that can be expressed 
through an integration constant βt depending on the variation of strains (or stresses) along the 
transfer length [22]: 

 
   

 

σ σ
ε ε β

σ
s2 sr

sm cm t

s s2

1
E

 (2.13) 

kt  is usually taken 0.6 for short term loading and 0.4 for long term loading (see, for instance, [24] 
or [14]). Since the relationship between εsm and σs2 is linear, this model is termed a constant 
tension stiffening model. The MC90 [21] proposal for modelling TS is represented in Figure 2-14. It 
is worth to remember that such a law is associated with a concrete that does not resist any 
tensile stress. 
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Figure 2-14 Constant tension stiffening as proposed by MC90 [21] 

Another possible way to describe the phenomenon is the so called trilinear tension stiffening (see 
[34]). While in the constant tension stiffening model the “lag” between the bare bar and the 
section, in the cracked stage, is assumed to be constant, independent of stress, and equal in 

terms of strains to 
β

σt
sr

sE
, in the trilinear model as reported by Fantilli et al. [34], in terms of 

moment-curvature, the effect of stiffening of the rebars is assumed to gradually decrease to zero 
at yielding, as shown in Figure 2-15. 

 

 

Figure 2-15 Trilinear moment-curvature relationship as reported by Fantilli et al. [34]. Tension stiffening linearly 
decreases down to zero at yielding 

By using a similar criterion (tension stiffening decreasing with load), a non-linear law can also be 
used to correlate εsm and σs2: this is the so called load decreasing tension stiffening model. Model 
Code 1978 [26] introduces a quadratic law, that has also been adopted by Spanish national codes 
including the recent EHE-08 [27]: 
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 (2.14) 

The k1 factor in (2.14) does have not the same value as βt in (2.13), being equal to 1.0 for 
instantaneous loadings and 0.5 for the other cases. 

2.2.8 Inverse analysis 

Inverse analysis of RC elements subjected to bending is an innovative technique developed in the 
last years by G. Kaklauskas and co-workers at Vilnius Gediminas Technical University (see [35, 
36]). 

The idea is to find the constitutive laws of materials for a given moment/curvature relationship 
(for instance, based on experimental results) that, used in a so-called direct analysis (that is, 
standard moment/curvature analysis), would fit the initial moment/curvature diagram. 

The potential of this technique is that once an experimental moment/curvature law is known, by 
assuming a given constitutive law for one the materials, it is possible to obtain the other 
material’s tension-stiffened law and compare it with theoretical curves, considering as well, for 
instance, the influence of shrinkage or fibres. 

Consider, for instance, that a law for concrete is assumed, with an elastic tensile branch up to the 
tensile strength; then, by means of inverse analysis, the constitutive law of steel, necessary to 
obtain the experimental moment/curvature relationship, can be obtained and compared with the 
one proposed by codes (as described in the previous paragraph). The same can be done by 
assuming an elastic law for steel, and obtaining the resultant law for concrete in tension.  

The process is summed up in Figure 2-16: for a given experimental moment/curvature diagram, 
and by imposing the equivalent stress/strain relationship is progressively computed for the 
extreme tension fiber of the concrete section.  
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Figure 2-16 Layer sectional model (a)—(e) and assumed constitutive laws for reinforcement steel (f) and concrete in 
compression (g). Idealised tension-stiffening law of concrete and in tension (h) obtained from analysis (from [35]) 

2.2.9 Empirical formulations 

So far some theoretical principles of the cracking models have been introduced, but it’s worth to 
notice that in literature many different empirical models can be found, as shown in [19], where 33 
different mathematical forms to describe crack width were encountered, as well as 23 
expressions for crack spacing. In particular, the latter can be generalised as: 

 
   

 ρ
s

rm s

s,eff

Ø
s f c,s,Ø , ,etc.  (2.15) 

That is, there are a number of models that empirically adjust their curves to experimental results. 
The problem is that, as shown in [22], this approach works as long as it is referred to the database 
upon which it was built; but lacks in reliability when applied to other tests. 

There is then no general agreement on the parameters defining crack width: this is also reflected 
in the British Standards [37] and ACI-318 [28] formulations. For instance, the formulation of the 
former was defended (not without criticism) by A. Beeby (see [38]), and is based on an empirical 
approach: 
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Where acr is the distance from the point (crack) considered to the surface of the nearest bar 
which controls the crack width, and bt is the width of the section at the level of the centroid of 
the tension steel. It has to be noted that the parameter that usually is introduced to take into 
account bond (Øs/ρs,eff) does not appear in BS formulation. 

The American code ACI-318 follows a similar approach, and can be regarded as a simplification of 
the Frosch model [39]: 

d r ,max s

*
r ,max s

w s

s d

  

 

κ ε

Ψ
 (2.17) 

Where Ψs =1 for minimum crack spacing, 1.5 for mean crack spacing, and 2 for maximum crack 

width, 
h x

d x
κ





 takes into account the curvature, and d* is the maximum cover from the steel 

rebar centroid, as shown in Figure 2-17: 
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Figure 2-17 d* as in ACI-318 

 It is a very simple model; crack spacing is only dependant on concrete cover and bar separation 
through the d* parameter.  

Such disparity can only be explained within a framework of scepticism regarding the necessity of 
crack width control: as stated in [40], “ACI 318 decided in the 1999 edition to greatly simplify crack 
control requirements due to increased evidence suggesting a reduced correlation between crack width 
and reinforcement corrosion”. In this same direction, the CEB durability guide [41] includes the 
following statement: “the thickness of concrete cover plays a major role in corrosion when compared 
to cracks. Their width, if it does not exceed 0.4mm, is less relevant”. This is due to the reported 
evidence that cracks less than 0.4mm wide tends to self-heal due to the presence of residual 
calcium composites in the crack. AASHTO LFRD [42] is pointing in the same direction when it 
states that “Previous research indicates that there appears to be little or no correlation between crack 
width and corrosion” (commentary to article 5.7.3.4).  

Apart from literature, the field experience from surveying of structures exposed to aggressive 
environments reveals no significant durability problems caused by normal (<0.4mm) crack 
widths. It therefore seems to be more an aesthetical issue. On the other hand, there are a 
number of studies correlating corrosion and crack width, as for instance [43], where with 
accelerated corrosion tests it is demonstrated that crack width actually increases effective 
chloride penetration. Nevertheless, it is questionable wether accelerated corrosion tests can be 
representative of reality, given that practice seems to deny it.  

To overcome this impasse, [22] suggests that, since structures without waterproofing 
requirements are crack width controlled due basically to aesthetics and durability, these two 
issues should be treated separately in design codes. This could also enable to explicitly separate 
the crack at the bar level (durability) from the crack at the surface (aesthetics), an approach which 
would also benefit structures with large covers.  

2.3 Cracking behaviour of concrete reinforced with rebars and fibres 

Keeping in mind equation (2.2) and Figure 2-5, and according to the “classic” cracking theory 
exposed so far, it can be noted that the goal of reducing crack width can be achieved in three 
ways: 

 decreasing crack spacing 

 decreasing steel mean strain, which can be achieved for the same load by improving 
tension stiffening or increasing the reinforcement ratio 

 increasing concrete mean strain 
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It is well known that the addition of fibres to normal strength concrete leads to a small or nil 
increment of tensile strength [44]. Instead, it provides to the composite ductility, that is, FRC can 
absorb greater displacement before failure than plain concrete without significant loss of tension: 
for this reason, addition of fibres to concrete achieves these three goals. Models describing 
cracking in reinforced and fibre-reinforced models should be then able to catch these three 
phenomena according to properties of FRC. 

In the next paragraphs, the general assumptions behind MC2010 [14] model for cracking are 
explained, and an alternative (more rigorous, although more complex) model proposed by Chiaia 
et al. [15] is presented.   

Nevertheless, before dealing with the effect of fibres on crack width control, it is necessary to 
identify and quantify the properties of FRC that will be used in these formulations. There are a 
number of tests to characterise FRC: prismatic specimen, round panel, square panel, etc. A useful 
review, validated with evidence, can be found in [45]. 

2.3.1 Tensile flexural test (prismatic specimens) 

The most common test for FRC characterisation is the tensile flexural test carried out on 
prismatic specimens. Depending on the reference standard, it can be performed on specimens of 
different sizes and with three or four point loads, with or without a midspan notch that enables 
the localisation of the crack and therefore its opening (COD, Crack Opening Displacement) as a 
control parameter of the test.  

 

Figure 2-18 Tensile Flexural specimen according to EN 13651 [45] 
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Figure 2-19 Three-point bending tensile flexural test on a prismatic notched specimen 

It is worth to point out that there are questions on the validity (e.g. [46] or [3]) of this test, 
motivated by the suitability of a bending test to obtain uniaxial parameters such as residual 
strengths: for this reason, the uniaxial tensile test is preferred by some authors, in spite of the 
complexity that it entails (control over the stability of the test, concentration of forces at the 
loading plates, specimen alignment, etc.). 

The reason of the diffusion of the tensile flexural test resides therefore in the simplicity of 
performing it (ergo affordability) and reliability of results in terms of low variability of results. 
Moreover, the most recent design codes (e.g. [14] or [27]) allow provisions for the use of FRC and 
its characterisation is based on tensile flexural test on 60x15x15cm notched specimens as in EN 
14651:2007 standard.  

The test is carried out by controlling the CMOD (Crack Mouth Opening Displacement) with a 
closed-loop testing machine, and the objective is to evaluate the characteristic parameters 
defined in Figure 2-20. 

 

Figure 2-20 Typical Load vs. CMOD diagram and Fj (J=1,2,3,4) [47] 

Residual stresses are defined based on Navier-Bernoulli assumptions, i.e. considering a linear, 
non-cracked, analysis within the section above the notch: 
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  (2.18) 

Where: 
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 fR,j residual strength for CMOD=CMODj 

 Fj force for CMOD=CMODj 

 l span 

 b specimen width 

 hsp distance between the top of the notch and the top of the specimen 

It is worthy to point out that residual strengths do not represent actual stress levels in the 
material, since the Navier-Bernoulli assumption is very unlikely to be met. They are rather 
standardised indicators of the post-peak characteristics of the materials, and for this reason 
minimum requirements for residual strengths are set in EHE-08 [27] and MC2010 [14] for an FRC 
to be considered suitable for structural use: 

R 1k Lk

R3k R 1k

f 0.4f

f 0.5f




 (2.19) 

2.3.2 Constitutive laws for FRC 

It is widely accepted that the addition of steel fibres in normal contents does not substantially 
affect the pre-cracking behaviour of FRC [1]. This implies that compressive and pre-cracking 
elastic branches (basically Ec and fct) can be taken as the same as for conventional concrete. 

There are a number of models to describe the tensile behaviour of FRC, although a basic 
distinction is made between the smeared crack and localised crack models. Each one relies on a 
different philosophy in FRC mechanics [1]: the first one is based on fracture mechanics and is 
focused on the energy absorption properties, while the second one relies on resistance of 
materials and can be seen as a variation of the classic RC theory ([1] and [46]). 

For this reason, constitutive laws can be σ‐ε or σ-w diagrams (where w is the crack width 
opening), obtained in direct or indirect tension tests. While the first approach is more immediate 
for design purposes, the second one provides a better representation of the mechanics of FRC 
[46]: 
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Figure 2-21 Smeared crack (stress-strain) vs. localised crack (stress-crack width) models, from [46] 

Bearing in mind that ε=ΔL/L, a possible way to normalise the x axis of the σ-w curve to σ‐ε is to 
divide it by a structural characteristic length lcs. In fracture mechanics, this is defined as the crack 
process zone (the localization limiter) which is not easy to define. Model code 2010 [14] takes the 
value of lcs as the minimum between crack spacing sm and the distance between the neutral axis 
and the most tensioned fibre of the cross section, as shown in Figure 2-22. 
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ε  

 cs rml min s , y  

(2.20) 

 

 

Figure 2-22 Structural characteristic length taken equal to srm in MC2010 (adapted from [48]) 

It has to be noted that all design codes uses what in [46] is called an indirect approach to evaluate 
constitute models for FRC, i.e. their formulations are based on tests of composite elements. 
Another possible way to arrive at a formulation is to derive from the pull-out test of a single fibre 
a constitutive law, using a so-called direct approach. Nevertheless, such an approach could be 
fairly difficult to apply when dealing with crooked recycled fibres. For this reason, indirect and 
smeared crack approached will be used in the present work, like the one proposed in [17], [27] or 
[14]. All three are based on the tensile flexural test. 

When transforming the tensile flexural curve to a σ‐ε diagram, there are basically two problems: 
the already discussed characteristic length (that is, how to normalise the ε axis) and how to 
transform the residual tensile strengths fR,j to effective stresses in the material. 

MC2010 [14] solves the normalisation of the x axis with the already commented characteristic 
structural length. For what concerns the stresses, it has already been noted how residual 
strengths are defined on the assumption of symmetrical stress along the crack, which of course is 
not realistic. For this reason, MC2010 assume the stress distributions depicted in Figure 2-23: 

 

Figure 2-23 Simplified model adopted to compute serviceability (fFts) and ultimate (fFtu) tensile strengths in uniaxial 
tension by means of the residual nominal bending strengths fR3 and fR3 (from [14]) 
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In particular, Figure 2-23(b) shows the stress distribution in SLS, that is, assuming a linear 
compressive behaviour and elasto-plastic tensile zone until CMOD1 (taken, in EN 14651 test, as 
0.5mm7). Figure 2-23(c) shows the ultimate state behaviour, on the assumption that the 
compressive stress resultant is applied on the extrados chord and the tensile behaviour is rigid-
linear. Given these assumptions, the following stress/strain diagram is proposed: 

 

   

Figure 2-24 Stress-strain relations for the SLS for softening FRC behaviour in MC2010 [14] 
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MC2010 formulation is dependent upon the definition of lcs, and therefore crack spacing srm. As 
will be seen further on, it is possible to define it without recurring to the constitutive law, except 
for the value of the tensile serviceability strength (which does not need the associated strain to 
be evaluated). On the other hand, an error in the evaluation crack spacing could lead to 
subsequent errors in FRC constitutive law. All crack width evaluations are then very sensitive to 
crack spacing evaluation. 

The EHE-08 formulation is also based on the definition of sm, and the proposed σ‐ε diagram is 
similar to MC2010 (see Figure 2-25), although it the curve is defined by more points: 

                                                             
7 Since the purpose of the present work is to limit crack width in RC elements, and the limitation of this value in most 
design code is 0.4mm, it can be stated that in fact the behaviour of FRC after 0.5mm is no longer of interest for this 
study 
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Figure 2-25 σ‐ε diagram according to EHE-08 [27] 

where: 
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fct,fld is the design tensional flexural strength of concrete, and k1 is a factor taking into account the 
strain distribution, equal to 1 for bending and 0.7 for pure tension.   

EHE-08 gives the designer two options when using the diagram presented in Figure 2-25. For non-
linear analysis of sections subjected to small deformations the effect of the A-B-C peak can be 
relevant, and therefore the O-B-C-D diagram will be used. Otherwise, a simplified bi-lineal 
diagram O-A-E can be considered. For the purpose of this study, the first option is the relevant 
one, given that it is dealing with serviceability deformations which are lower than the ultimate 
ones. It also has to be noted that fctR,3 is equal to the value proposed by MC2010 when 
wu=CMOD3 is taken. 

RILEM [17] proposes following σ‐ε diagram pictured in Figure 2-26: 

 

Figure 2-26 RILEM proposal for a σ‐ε diagram based on tensile flexural test [17] 
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where: 
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In this case, there is no provision for characteristic length. The σ‐ε diagram is therefore not 
directly related to crack spacing.  

The three models analysed so far have in common the following procedure: 

1. Perform a flexural tensile test, for instance according to EN 14651; 

2. Assume stress distributions for the cracked phase (such as the ones pictured in Figure 
2-23); 

3. Relate the equivalent flexural strengths obtained in the test to the actual stress of the 
smeared material by applying the stress distribution; 

4. Normalise the x axes from CMOD to strains, for instance by using the crack spacing srm. 

The already mentioned work of Neocleous, Pilakoutas et al. at Sheffield University it is also 
worthy of notice. They first remarked that although the RILEM guidelines [17] (which are basically 
the same as the above mentioned MC2010 and EHE-08) can be adopted for flexural design of 
RSFRC, there are issues to be solved, such as the type of test to perform (they suggest 4-point 
bending instead of 3-point bending), the shape of the σ‐ε curve, which is unrelated to fibre 
content and characteristics or size effect, as well as the definition of the LOP. Perhaps the 
observation with deepest implications is that the position of the neutral axis is not independent 
of the fibre content and type. The new constitutive model they propose to solve these issues is 
presented in Figure 2-27. 

 

Figure 2-27 Constitutive model proposed by Tlemat et al. for SRSF (among other types of fibres) [49] 

For the applications considered in this study, the four models produce similar curves, except the 
model proposed by Tlemat et al. that presents a higher post-peak softening curve, as shown in 
Figure 2-28 for a FRC with fct=LOP=3.5 MPa, fR,1=1.53 MPa, fR,2=1.1 MPa, fR,3=0.5 MPa, and SRSF  with 
3.3% content by weight(=1% by Volume). 
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Figure 2-28 Comparison between derived σ‐ε diagrams according to four different formulations  

2.3.3 Transfer length and crack spacing 

In presence of FRC, the transfer length is reduced due to the bridging effect that fibres operate in 
the crack.  

 

Figure 2-29 Transfer length reduction due to crack bridging by fibres 
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In principle, the tension bridged through the crack by fibres should be a function of crack width, 
that is, σ=σ(w). Nevertheless, as stated in [14], the FRC can be modelled assuming a constant 
residual stress equal to fFts=0.45 fFR,1 (which is logical, given that the range of crack width in service 
should be less than 0.5mm). 

The value of transfer length reduction due to fibres can be quantified as: 

Δ
τ ρ
Fts s

t

bm s,eff

f Ø
l

4
 (2.21) 

Therefore the transfer length of FRC can be expressed, according to [14] (based on equilibrium 
considerations), as: 




τ ρ
ctm Ftsm s

t ,max

bm s,eff

(f f ) Ø
l

4
 (2.22) 

A similar formulation can be found in [2]: 

ct tu s
t p c ,eff p ct tu

s s,eff

(f ) Ø
L' k A k (f )

Ø

σ
σ

ρ


    (2.23) 

where: 

 kp  bond factor 

 σtu  residual tension of FRC 

  

For dimensional reasons, in (2.23) [kp]=[Pa]-1. Formulation of [2] therefore  is practically the same 
of MC2010 [14], given that σtu is the equivalent of fFfts. The assumption in both formulations is that 
this tension is independent of the crack width, given that in FRC beams observed crack width is 
small. 

The model proposed by RILEM [17], which is based on a semi-empirical approach, is also worthy 
of mention: 

  
      ρ

s
rm 1 2

s,eff f f

Ø 50
s 50 0.25k k

L / d
 (2.24)

where:  

 k1 bond coefficient for bond of rebars: 0.8 for ribbed bars, 1.6 for 
smooth bars 

 k2  strains distribution coefficient: 0.5 for bending and 1.0 for pure 
tension 

 Lf fibre length 

 df fibre diameter 

The number “50” in the first term is, as already seen for the case of pre-2004 ENV 1992 , a way to 
take into account concrete cover. In fact, this model can be seen as a generalisation of pre-2004 
ENV 1992. The second term takes into account fibre slenderness, normalised to 50. Since 
slenderness of commercial fibres usually ranges between 80 and 100, the formulation allows the 
reduction of crack spacing by addition of fibres. Nevertheless, it appears to be too empirical an 



2. State of the Art 

 

-31- 

 

approach, since fibres with slenderness lower than 50 could be effective (for instance, by 
providing them with special shapes), and the illogical consequence of (2.23) would be that crack 
spacing actually increases. 

Finally, it is worth mentioning that no formulation (including [3]) seems to explicitly take into 
account the influence of secondary cracking (Goto cracks), and how the bridging action of fibres 
affects this internal cracking (which is not necessarily meant to be beneficial). Given the large 
importance of this phenomenon, it appears to be an issue worth studying, although outside of 
the scope of this document. 

2.3.4 Mean steel strain 

Since some tension is taken by fibres at the crack, mean steel strain is reduced; this condition can 
be qualitatively visualised by assuming a constant residual stress in the tensile part of the section, 
as proposed in [2]. 

 

 

Figure 2-30 Peak steel strain reduction in the crack due to the action of fibres 

Contrarily to the case of RC, it is difficult to provide a closed form expression for the tensile 
stress of the steel in presence of a constant (i.e. non-linear) stress along the tensile part: it can be 
found by means of iterative procedures given the constitutive law of the FRC. This is what is 
recommended in RILEM guidelines [17] and MC2010 [14]. 

To quantitatively highlight the improvement in steel mean strain given by the use of fibres, the 
case of the tensile tie can then be considered: for the plain concrete case, steel peak strain after 
cracking for a given force F is εs2=F/(As·Es). The same tie, fibroreinforced with fibres with 
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behaviour similar to that of Figure 2-28 (i.e. post-peak non-hardening), assuming a constant 
residual stress fFts, will experience in service a steel peak strain equal to: 

Fts
s2,fr

s s s s

F f

A E E
 

 
ε

ρ
 (2.25) 

That is, considering for instance fFts=2 MPa and ρs=1%, an improvement of 0.1% would be 
obtained. Since the serviceability ranges for steel strain range between 0.1% and 0.15%, this is a 
considerable improvement. 

2.3.5 Formulations for crack width 

Apart from the already mentioned RILEM semi-empirical formulation, a theoretical expression 
for crack width in R/FRC can be found in Tan et al. [2]: 

  
         

σ
σ α ρ

ρ
r ,m r ,mtu

s s2 E e,eff

s s ,eff p s

s s
w (1 )

E k Ø
 (2.26) 

where σtu is the residual tension in FRC and kp is the bond factor. It is a formulation that takes into 
account the same parameters as MC90 [21] or MC2010 first draft [20], that is, there is no 
influence of concrete cover. This is taken into account in the final draft of MC2010 [14] is as 
follows: 

 
 

          
 

σ β σ η ε
τ ρ

ctm Ftsm s
d s sr r r s

b s,eff s

(f f ) Ø 1
w 2 c E

4 E
 (2.27)  

 

where the ηr coefficient is taking into account the shrinkage contribution (equal to 0 for short-
term analysis and 1 for long-term) and εr is the value of shrinkage. The meaning of that 
formulation is that concrete between cracks will shrink, and therefore crack width will increase in 
the long term. Also, the residual strain of concrete is not considered (see paragraph 3.2 for 
further discussion on this point). 

2.3.6 Stress transfer approach 

The crack width model presented so far, based on MC2010 [14] assumptions, is an adaptation “by 
analogy” of the cracking model for plain concrete. It is simple and intuitive, also due to the 
definition of lcs, but not everyone is happy with that: in particular, criticism is given to the fixed 
value for the residual tension (when in reality it is a function of crack width) and the perfect bond 
hypothesis. 

These problems are solved by Fantilli et al. [34, 50] by introducing a more sophisticated model, 
taking into account the bond/slip relationship (which, so far, has been neglected by considering 
perfect bond between steel and concrete) and fracture mechanics in the crack. The proposed 
procedure is iterative by means of the finite difference method. The beam is divided in blocks 
between subsequent cracks, and a single block is analysed.   
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Figure 2-31 The block considered by Fantilli et al. (2) are cracked sections and (1) are these uncracked sections with no 
slip between concrete and steel (from [34]). 

Since perfect bond is no longer assumed between concrete and steel, Bernoulli’s principle (plane 
sections remain plane) is also no longer valid. Because of the symmetry assumed, only the section 
in the middle between two cracks will remain plane, while the strain profile assumed for the 
sections between (1) and (2) is bi-linear, as shown in Figure 2-32 (a): 

(a) (b) 

Figure 2-32 (a) strain profiles assumed for sections (1) and (2). (b) free body diagram (from [34]). 

Three constitutive laws are needed to compute sectional equilibrium, namely stress-strain 
relationship for concrete and steel, and bond-slip for the interface between materials. This way, 
by discretizing the blocks in “dz” long elements, and through an iterative procedure, the 
equilibrium of the block can be computed, and so the moment/curvature relationship of the 
sections. 

The model is then extended to FRC by considering a σ(w) law. In order to do so, two new 
variables have to be introduced (namely crack depth hw and crack width opening w). However, 
since only one new equation has been introduced, the model can only allow for an upper and 
lower bounds prediction of the parameters involved in cracking. Nevertheless, as shown in the 
example of Figure 2-33, predictions of the proposed block model agree fairly well with 
experimental results of cracking tests of R/RFC beams. 
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Figure 2-33 Comparison between the model proposed by Chiaia et al. and tests. (from [50]) 

2.4 Modelling of integral structures 

As already mentioned in the introduction, the main problem of integral structures is that of the 
imposed deformations, mainly in horizontal elements. The subsequent issues (such as the beam 
growth) have been assessed theoretically and experimentally by Petsche [51]. In general the 
analysis of integral structures requires a non-linear approach, since cracking in presence of an 
axial force is involved (and therefore forces are affected by stiffness and stiffness by forces).  

Limiting the problem to the columns subjected to imposed displacement, an useful design tool 
has been developed by Pérez et al. [13]. According to this method, the columns are modelled as 
single supports with embedment at one end and an elastic spring at the other (if the elastic 
constant of that spring kθ is infinite, the column is embedded at both ends) and linear behaviour 
for steel and concrete (given that it is a serviceability problem) in compression without tensile 
strength. Given these assumptions, the sectional problem can be solved in a closed form for a 
rectangular and symmetrically reinforced column. The non-linearity of this problem is then 
structural (some sections are cracked and others are not, therefore the stiffness of the column 
varies along the height). 
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Figure 2-34 Flow chart for non-linear analysis of columns subjected to imposed displacements (from [13]) 

As a consequence of the idealisation described before and as demonstrated by Pérez et al. [13], 
stress in reinforcement is basically a function of  imposed displacement δ, effective depth d, 
embedment coefficient k, column length L and neutral axis depth x: 
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 (2.28)

As a first approximation, k can be taken as in elastic case: 

EI
2 1

k L
k 6

EI
4 1

k L

θ

θ

  
 
  
 

 (2.29)

Assuming linear-elastic behaviour of materials, the neutral axis depth can be determined in a 
closed form for a given reinforcement ratio and axial force. The value Λ taking into account all the 
other variables is introduced (Λ=kdδ/L2). The stress (or the strain, given the linear behaviour 
adopted for steel) in the rebars can then be plotted for a given axial force as a function of Λ, that 
can be regarded as the normalised imposed displacement (Figure 2-35). 
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Figure 2-35 Stress in tensile rebars as a function of Λ for different squashing load ratios (from [13]) 

Since yielding of the rebars is expected to happen before the strain correlated to the maximum 
allowable crack width (generally, 0.3mm) is reached, the real limitation is on crack width, which 
can be related to steel stress as seen in the previous paragraphs. Therefore, assuming a stress 
target (for instance, 250 MPa), direct dimensioning graphs like the one shown in Figure 2-36 can 
be obtained. 

 

Figure 2-36 Direct dimensioning graph (from [13]) 

With this method, which can be applied using charts to simplify the design process, it is possible 
to operate a non-linear superposition of instantaneous and time-dependent imposed 
deformations. Long-term effects are taken into account by modifying Young’s modulus of 
concrete and repeating the analysis. This method is known as the effective modulus method (i.e. 

  
c

c ,

EE 1 φ
, φ  being the creep coefficient, Ec the modulus of elasticity for instantaneous load 

and c ,E   the modulus of elasticity to be used for long-term strains. This simplified procedure, 
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which neglects the time dependent redistribution of forces at the sectional level, has been tested 
against a more rigorous application of the age adjusted modulus method with excellent results 
[52]. Then, instantaneous (e.g. temperature) and long-term effects (e.g. shrinkage) are summed 
up by the procedure explained in Figure 2-37. This procedure has proven to be acceptably precise 
when compared to full non-linear time dependent analysis. 

 

(a) 

 

(b) 

Figure 2-37 Procedure to obtain instantaneous (a) and long-term (b) tension in rebars [13] 

The procedure involves the following steps: 

 Using a short term curve, determine the stress ratio σs/fy from the instantaneous Λ 

parameter 
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 Using the long term curve, determine the equivalent long term value of Λ, Λ ∞ which 

would provide the same stress level. Add to this value the increment due to long term 

strains (shrinkage), ΔΛ∞ 

 Determine the stress level corresponding to Λ∞+ ΔΛ∞. This stress corresponds to the sum 

of short and long term effects 

Finally, as it has already been mentioned, it is worthy to note that for the case of FRC solving the 
moment-curvature relationship in a closed form is no easy task, when not impossible. For this 
reason, and since this is one of the objective of this thesis, it will be necessary to refine the model 
in order to properly simulate the effect of residual strength in the crack. 
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3 MODELS 

Quelli che si innamorano di pratica senza scienza, son come il nocchiere, ch’entra in un navilio senza 
timone o bussola, che mai ha certezza di dove si vada. Sempre la pratica deve essere edificata sopra la 

bona teoria 

Leonardo da Vinci 

 

3.1 Constitutive models 

The general idea underlying the proposed models is that the contributions of steel and concrete 
to sectional stiffness can be separated into two constitutive laws. The moment/curvature law for 
each section will then be obtained by non-linear sectional analysis based on these two laws. 
When defining the constitutive laws, there are values that are related to the materials (such as 
the strength), while there are others that are intrinsically related to the geometry of the section: 
these are for instance the values related to tension stiffening for steel rebars or characteristic 
length lcs for tensional behaviour of FRC. 

The assumptions that will be made for the constitutive models are: 

1. There is perfect bond between steel and concrete 

2. Concrete in tension behaves elastically until tensile strength is reached 

3. When cracking occurs, the stress of steel goes up to σsr 

4. Tension stiffening is constant, not deteriorating with increasing load, and expressed as a 
fraction of the tensile stress at cracking of the effective tensile tie (β·σsr/Es) 

5. Concrete in compression behaves as conventional concrete without fibres (Sargin’s 
parabolic model is adopted, see Ec2 #3.1.5 [24]) 

6. Bridging action of fibres in the crack is taken into account with a smeared approach; the 
σ‐ε law according to MC2010 is derived from the 3-point bending test and spread along 
the characteristic structural length lcs (see paragraph 2.3.2) 

7. Shrinkage acts uniformly on the section 

8. No section has reached cracking due to shrinkage when the load is applied 
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3.1.1 Plain concrete 

The model proposed to describe the elongation of steel in the tensile part of the section (and, by 
extension, the sectional and structural behaviour from cracking up to yielding) is based on 
MC2010 [14, 21] proposal modified to take into account shrinkage. Shrinkage acts on the section 
as an imposed deformation. Concrete tends to shorten, but due to the restraining action of steel, 
an auto-equilibrated system of stresses (steel in compression and concrete in tension) is reached. 
Thus, the first effect of shrinkage on the RC element is that cracking is reached for lower loads 
than the theoretical values based on fct. In fact, in particularly heavily reinforced elements, or in 
case of high values of shrinkage, the stress induced in concrete can surpass the tensile strength, 
therefore inducing cracking in the element, before loading. 

On the other hand, shrinkage can be regarded as a sort of self-equilibrated stress system on steel 
rebars that disappears when cracking occurs. Once the section has reached stabilised cracking, it 
is released, and the steel is free to elongate until yield, even though the mean strain is smaller 
than that of the bare bar for a given stress due to the tension stiffening effect.  

Another implication of the above mentioned phenomena is that there will be a difference 
between the measured and theoretical strain and stresses. These differences are sometimes 
referred to in literature as “negative tension stiffening” due to the fact that the measured strains 
can be larger than those of bare steel. These concepts are graphically explained in Figure 3-1. 

 

  

 

Figure 3-1 Proposed σ‐ε model for steel rebars in tension taking into account shrinkage; explanation of the 
differences between the experimental (measured) and real strains and stresses 

Based on the considerations above, there is an offset between experimental (measured) and 
effective (real) diagrams before cracking. The magnitude of this offset is function of the quantity 
and position of the reinforcement, and the value of shrinkage. To quantify the offset, consider a 
RC beam subjected to shrinkage. According to assumption no.6, shrinkage strain will act 
uniformly on the concrete section. Nevertheless, since the centre of the strain (i.e. the centre of 
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mass of concrete itself) may not coincide with the centre of stiffness (i.e. the centre of mass of 
the homogenised section), a curvature has to be added to obtain the strain plane due to 
shrinkage, as shown in Figure 3-2. 

 

 

 

Figure 3-2 Self-equilibrated system of stresses due to shrinkage 

The area of reinforcement, homogenised with respect to concrete, is equal to 
As,hom=αE(t)·(As+As

’), αE being the modular ratio that takes into account relaxation of 
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therefore e=0. 
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It is worth to point out that the second term on the right hand side of equation (3.1), in most 
cases, does not represent relevant magnitudes, and therefore could be ignored.  

When cracking stabilises, the strain due to shrinkage is released in the tensile part of the section. 
Therefore, some of the imposed pre-deformation must be subtracted from the strain caused by 
external loading (that is, taking into account tension stiffening). Nevertheless, as a simplification 
it can be assumed that the entire value of shrinkage at the moment of cracking is released8. This is 
similar to the approach proposed by Gribniak et al. [53] for a concrete-related tension stiffening.  

It is worth to point out that the value of the released pre-deformation due to shrinkage 

ε*
sh(d) could be greater than tension stiffening t srβ ε , resulting in a larger bar elongation than the 

bare bar for a given stress. This phenomenon is known in literature as negative tension stiffening 
because, contrarily to tension stiffening, the steel mean elongation after cracking can appear to 
be greater than that of the bare bar.  

The final constitutive model peoposed for steel is represented in Figure 3-3. 

 

 

 

Figure 3-3 Proposed constitutive law for reinforcement. The dotted line represents MC2010 proposed constitutive 
law for an associated concrete without tensile branch  

where: 

ct ctm sh sf * f * (d) Eε     effective concrete tensile strength 

                                                             
8 The problem is similar to that observed in paragraph 2.3.4 regarding the reduction of εs2 due to the residual FRC 
stresses, only this time the residual strain is negative since tends to elongate steel. As mentioned in that case, it is 
difficult to obtain εs2 in a closed form when a constant stress or strain is assumed in the cracked region. Nevertheless, 
for sake of simplicity, the assumption of fully liberated shrinkage strain is considered.  
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    steel stress at first cracking 

tβ  coefficient, taken as 0.6 for short-term loadings and 

0.4 for long-term loadings 

A limitation to the mean “free” steel strain (that is, without considering the effect of shrinkage) 
after cracking is imposed according to EC2 [24]: 

sm s2 t sr s20.6    ε ε β ε ε  

The corresponding concrete constitutive law is represented in Figure 3-4. With respect to the 
model proposed in EC2 [24], a tensional branch is added.  

Due to assumption no.1, up to cracking (i.e. up to concrete tensile strength) compatibility 
between concrete and steel strains is assumed; therefore, εcr = fct- αE ·Es·ε*sh(d). Since linear 
behaviour of concrete is assumed in the tensile branch, σcr=Ec· εcr. 

The constitutive law is expressed as follows: 
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Figure 3-4 Proposed constitutive law for plain concrete 

where: 
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3.1.2 Fibre reinforced concrete 

3.1.2.1 Comparison between constitutive laws for FRC 

In order to establish a comparison between the constitutive laws found in the literature and 
described in the state of the art, a method based on moment/curvature law is considered. The 
objective is to reproduce using inverse analysis the experimental load/deflection curves. The 1% 
batch, with the properties described in paragraph 4.2.2, is considered for the comparison. 

By introducing the constitutive laws in non-linear sectional analysis, it is possible to obtain the 
moment/curvature law of the section. The y-axis is passed from moment to force by dividing the 
moment by half the distance between supports. To obtain the deflection, the curvature is 
multiplied by the characteristic length to obtain the angle. Then, half the span is multiplied by the 
tangent of the angle. This way, the x-axis is passed from curvature to deflection. This idea is 
visualised in figure Figure 3-5. Since only one crack forms in the test due to presence of the notch, 
lcs cannot be related with crack spacing. Therefore, for comparison purposes, the assumption 
made by Fantilli et al. (see [50]) will be taken, i.e. considering that the post-peak behaviour of FRC 
is governed by debonding of fibres, the characteristic length can be taken as the length of the 
fibre, in this case the mean length (=125 mm). 

 

Figure 3-5 x-axis normalisation in inverse analysis based on moment/curvature 

Results of the analysis are presented in Figure 3-6. 
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Figure 3-6 Inverse analysis of 4 constitutive laws of FRC 
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For the experimental curve considered, apparently Tlemat’s constitutive laws overestimate the 
actual residual properties, while the other three formulations give a very good approximation. 
Nevertheless, given the stochastic nature of the problem, it would be necessary to analyse a 
number of curves in order to reach a statistically sound conclusion.  

3.1.2.2 Constitutive law 

The only difference between the model proposed to describe sectional stiffness of RC and R/FRC 
structures subjected to bending is the residual tensional branch of concrete. In fact, it is 
reasonable to assume that the addition of fibres to the concrete matrix does not have an effect 
on tension stiffening between cracks, nor on the effects due to shrinkage described above. The 
constitutive law proposed for concrete in tension is then taken as MC2010 proposal [14], with 
modified tensile strength fct to take into account the influence of shrinkage. All values (except the 
ones in point 1 that take into account for shrinkage) are according to MC2010 formulation. 
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Figure 3-7 Proposed constitutive law for FRC 

3.2 Cracking model 

The cracking model proposed is based on the MC2010 final draft [14] formulation for crack 
spacing: 
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The value of mean strain is modified, with respect to MC2010, to take into account residual FRC 
strain in the crack. In fact, since concrete strain in the crack does not drop to zero (as in the plain 
concrete case), its mean value will increase, as shown in Figure 3-8. 

 

 

Figure 3-8 Strains around the crack for FRC 

By assuming a solidity coefficient β, and that fibres do not modify steel strain at incoming 
cracking (i.e. the definition of εcE= εsE does not vary from the plain concrete case) concrete mean 
strain can be written as: 
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where εc2fr is the residual strain in the crack, assumed equal to fFts/Ec. In the same way, the mean
tensile stress in steel can be expressed as:

*
sm s2fr t srfr sh (d)ε ε β ε ε   (3.5)

where εs2fr is the steel strain in the crack, calculated with a constitutive law for concrete taking
into account tensile branch for FRC, and the value of shrinkage (ε*sh) is positive. It has to be
noted that the value of εsm can be obtained by means of sectional analysis based on the model
described in previous paragraphs (taking into account the effect of shrinkage).

The differential elongation between the two materials amounts to:

* sr ct Fts
sm cm s2fr sh t t

s c c

f f
(d)

E E E

σ
ε ε ε ε β β      

 * t Fts
s2fr sh sr E ct

s c

f
(d) f

E E

β
ε ε σ α     

(3.6)

Therefore the maximum crack width opening is evaluated as:

 *ctm Ftsm s t Fts
max s2 fr sh sr E ct

b s,ef s c

(f f ) f
w 2 c (d) f

4 E E

Φ β
ε ε σ α

τ ρ

   
           

  
(3.7)

There are two differences between this formulation and the one of MC2010:

1. The shrinkage is always considered, not only for the long-term loadings. This is due to
the fact that MC2010 assumes that shrinkage acts between one crack and the next,
shortening concrete in the long term, while the model proposed in eq. (3.7) considers
it as a release of pre-existing strain when cracking occurs.

2. The mean concrete elongation is taken into account. It is formed by two addenda,
respectively the concrete elastic elongation (the term E ctfα ), and the residual strain

at the crack (=fFts/Ec).

A simple house number can demonstrate that the influence of the latter could be neglected,
therefore leading to MC2010 formulation. In fact, let ffts=1.5 MPa and fct=2.5 MPa. Then:

Fts t E ct

c s

f f 1.5MPa 0.6 7 2.5MPa
0.05mm / m 0.05mm / m 0.1mm / m

E E 30GPa 210GPa

β α   
     

For a steel mean stress (accounting for tension stiffening and shrinkage) of 250 MPa,
corresponding to a mean strain of 1.25 mm/m, residual concrete strain represents 8% of this
strain.

Finally, it is worth pointing out that because of the difficulties in equating in closed form the
moment/curvature equation for a Concrete section in bending Reinforced with both Fibres and
Rebars (R/FRC), the most efficient way to find s2frε is by non-linear sectional analysis. The

model proposed in the paragraph 3.1 for steel and concrete stress/strain relationship already
takes into account tension stiffening and shrinkage. Therefore, the strain value obtained using
this model for a given bending moment and axial force, replaces the term

 * t ct
s2fr sh E s,eff

s,eff s

f
(d) 1 1

E

β
ε ε α ρ

ρ

 
        

in equation (3.7).
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3.3 Modelling of columns of integral structures 

The model presented in this paragraph to study the deformability of R/FRC columns of integral 
structures is a modification of the method proposed by Pérez et al. [13]. From the point of view of 
sectional deformability, the principal assumption of that method is that, since the analysis is 
focused on serviceability, concrete can be modelled as a linear-elastic material, neglecting tensile 
branch. Steel is also modelled as a linear-elastic material, i.e. without considering tension 
stiffening. These assumptions make it possible to write the moment/curvature relationship in a 
closed form for a rectangular section.  

As an extension of the method, the withdrawal of these assumptions is proposed. Instead of 
considering linear-elastic materials, concrete and steel are introduced with the constitutive laws 
detailed in paragraph 3.1. As in the model proposed by Pérez et al., columns are isolated from the 
rest of the structure, considering perfect embedment in the ground support and an elastic 
rotational spring and imposed displacement in the upper support, as shown in Figure 3-9. 

 

Figure 3-9 Idealisation of the isolated column; bending moment caused by the same imposed deformation at the 
bottom section for different degrees of embedment at the top of the column (from [13]) 

The theoretical values reported in Figure 3-9 refer to linear-elastic materials. In fact, when the 
stiffness (EI) is no longer constant along the column, moment redistribution takes place: this is 
the case of RC and R/FRC columns. In the pre-cracked phase, the column stiffness can be 
regarded as constant, but when tensile strength is reached (usually at the ground support), its 
stiffness is no longer constant. This idea is summarised in Figure 3-10. 
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Figure 3-10 Moment distribution in the ideal isolated column 

From the base to the point of contraflexure (M(z)=0) the column can be regarded as a cantilever. 
Its position is unknown a priori since it will depend on the force redistribution due to sectional 
loss of stiffness. Nevertheless, since the results are normalised as a function of, among other 
parameters, the embedment factor k, it is possible to calculate the cantilever (i.e. k=3) and then 
extrapolate the curves for any given value of k. 

Given the moment/curvature law, the force diagram identifies a unique stiffness distribution. It is 
worth to remember that since stiffness is defined as a function of bending moment, the secant 
value has to be taken, that is: 

M
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Figure 3-11 Secant stiffness 

The moment law can be expressed as: 
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Now, from Mohr’s theorem, the variation in column displacement from bottom to top can be 
determined by the double integral of the curvature: 

  
    

L L

bot

0 0

z
1

M(z) L
(L z)dz M dz

EI(M(z)) EI(M(z))
δ  (3.10)

By dividing the law of moments of the column into a suitable number of steps, the displacement 
corresponding to each moment at the base can then be calculated. The procedure is acceptable 
even though it is force-controlled. In fact, the nature of the problem is monotonic: in service, the 
tension in the rebars is always increasing for an increase of the imposed displacement. 

The process is represented in Figure 3-12, and the Matlab routine written to solve the problem is 
presented in Annex D. It is worthy to point out that due to the k=3 hypothesis, one of the two 
non-linear loops needed to solve the problem in the method proposed by Pérez et al. is 
eliminated. Therefore, the only non-linearity of the problem is now sectional. 
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Figure 3-12 Flow chart of the method to obtain Λ/σs diagrams 
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4 EXPERIMENTAL RESULTS 

I am among these who think that science has great beauty. A scientist in his laboratory is not only a 
technician: he is also a child placed before natural phenomena which impress him like a fairy tale. We 
should not allow it to be believed that all scientific progress can be reduced to mechanisms, machines, 

gearings, even though such machinery also has its beauty 

Marie Curie 

4.1 Preliminary tests 

The preliminary tests were aimed at evaluating on one hand the viability of recycled fibres as 
reinforcement in concrete (implying the workability of the fresh mixture), and on the other to 
provide further data on cracking and scale effect. They consisted of beams tested with constant 
bending moment zones and reinforced with both rebars and steel fibres. All tests were carried 
out at the Structures Laboratory of the Civil Engineering School of the Polytechnic University of 
Madrid from May 2011 to November 2011. Additionally, in order to characterise behaviour of FRC, 
two notched prismatic specimens from each batch were tested in 3-point flexural tensile tests. 

4.1.1 Casting of recycled FRC elements 

One of main characteristics of the experimental campaign described in this thesis is that 
conventional concretes are considered, as opposed to high strength mortars used in other 
experimental programs (e.g. [3]). For this reason, a mixture containing coarse aggregate was 
chosen, and designed according to ACI specifications [54] for a concrete with a target fck=25 MPa. 
To avoid balling, the diameter of aggregates was limited to 12mm. 
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Table 4-1 Target composition of concrete per m3 for preliminary tests 

CEM II 42,5R 310 kg
Water 150 l
0/6 mm aggregates 1018 kg
6/12 mm aggregates 825 kg
Superplasticizer 2.6 l
W/C 0.48
C/aggregates 0.17

 

The difference between batches are fibre type (commercial or recycled) and fibre content (from 
0.5% to 1.3% in volume): 

 Recycled short (l/ Ø≈50) — series TR; screened fibres 

 Recycled long (l/ Ø≈150) — series R; unscreened fibres 

 Commercial hooked (l/Ø=86) — series CH 

 Commercial straight (l/ Ø=81) — series C 

 

 

(a) 

 

 

(b) 

 

 

(c) 

 

 

(d) 

Figure 4-1 Fibres used in preliminary study: (a) recycled short (screened), series TR; (b) recycled long (unscreened), 
series R; (c) commercial hooked, series CH; and (d) commercial straight, series C 

A total of 8 batches were mixed, counting the control batch of plain concrete (series H-0%), as 
summarised in Table 4-2. 

30 mm 

Ø=350 μm

13 mm 

Ø=160 μm 

Ø=300 μm

Φ=0.3 mm

Ø=1 mm 
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Table 4-2 Summary of batches and characteristic strength of batches taken in preliminary tests 

Batch ID 
Fibre content 

(Vf/Vc) 
fcm * fctm** 

 [-] [MPa] [MPa]

H-0% - 33.1 3.1 

R-0.5% 0.50% 34.7 5.5 

R-0.86% 0.86% 48.1 6.4 

C-0.86% 0.86% 32.7 5.5 

C-1.3% 1.30% 25.4 4.6 

CH-0.7% 0.70% 39.0 4.7 

TR-0.86% 0.86% 43.1 6.2 

TR-1.2% 1.20% 39.3 6.1 

*Cylinder Compression Tests of FRC 
**Tensile indirect test on cylinders 

 

Strong balling issues for batch R were encountered (as can be observed in Figure 4-2). This is in 
accordance with previous research showing that recycled fibres with aspect ratio (l/Ø) around 
200 lead to balling even at low fibre contents [7]. 

 

Figure 4-2 Balling during R-0.5% batch 

A limitation on the maximum fibre volume content achievable was then encountered. 
Furthermore, when cast into the reinforced beam, the mixture led in one case (beam R-10-20-
0.5%, see paragraph 4.1.3) to hidden cavities, as shown in Figure 4-9. This caused a premature 
failure in compression. For this reason the results for this beam cannot be presented. 
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Figure 4-3 Cavities in R-10-20-0.5% beam 

The batches described above were mixed at different times using theoretically the same 
concrete mixture for a target strength class C25/30, although due to the balling issues described 
before, it was necessary to replace fine aggregates lost in removed fibre balls with more cement 
for the R series, explaining high cylindrical strength as reported in Table 4-2 further on. On the 
other hand, it can be noted that concrete with same composition (C and TR series) loses strength 
at high fibre dosage, in agreement with the results by Angelakopoulos et al. [55]. 

4.1.2 3-point bending tensile flexural tests 

Two 3-point bending flexural tensile tests were carried out on notched specimens for each batch. 
Because of the geometry of the press available, it was impossible to perform in this phase tests 
according to EN 14651 [47] on 15x15x60 cm notched prisms. Instead, notched prisms of 10x10x40 
cm were used, although the test was carried out according to the mentioned standard in every 
other aspect.  

 

 

Figure 4-4 3-point tensile flexural preliminary test set-up. Dimensions in mm.  

The test is performed in displacement control of the CMOD (Crack Mouth Opening 
Displacement). The results obtained are summarised in Figure 4-5, Figure 4-6 and Table 4-3, 
where the equivalent flexural stress reported is taken as the mean value for the 2 tests taken for 
every batch. 
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Figure 4-5 Comparison of 3-point tensile flexural preliminary tests. Green curves are for recycled fibres, while black 
curves are commercial steel fibres 

 

Figure 4-6 Close- up of previous graph in the 0-0.5mm region of CMOD (serviceability region as defined in MC2010) 
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Table 4-3 Tensile residual strengths of FRCs used in preliminary tests 

 Tensile residual strengths 

 [MPa] 

 LOP fR,1m fR,2m fR,3m 

R-0.86% 8.3 8.3 7.6 6.7 

CH-0.7% 6.5 6.2 7.2 6.9 

R-0.5% 5.6 5.6 5.6 4.2 

TR-0.86% 6 4.6 3.6 2.8 

TR-1.2% 5.2 4.1 3.1 2.5 

C-0.86% 5.8 3.6 2.8 2 

C-1.3% 4.6 2.9 2.2 1.7 

 

A first remark about the behaviour of recycled long (R series) fibres is that the post-peak 
hardening behaviour may be induced by the crooked nature of the material, and in particular by 
stiffer steel elements that, not spreading evenly in concrete, may distort the results, as shown in 
Figure 4-7, where a very stiff fibre is shown to cross the failure surface. 

 

Figure 4-7 Stiffer steel fibres in R-0.86% prisms 

The following observations can be made: 

 As expected, fibres with better bond properties had better post-peak behaviour. In fact, 
series R and CH experienced post-peak hardening (R-0.86%) or at least elasto-plastic 
behaviour (R-0.5% and CH-0.7%) as a consequence of hooks for commercial fibres, and 
greater length for recycled fibres, although in this last case, the results must be 
interpreted with caution because the stiffer elements may not bridge the cracks of 
finished R/FRC elements. 

 On the other hand, fibres with worse bond properties experienced post-peak softening, 
as is the case of C and TR series. 

 C-1.3% and TR-1.2% show smaller peak loads than C-0.86% and TR-0.86% respectively. This 
reflects the fact that there is an optimum fibre content, after which FRC behaviour not 
only does not improve, but can even worsen due to the matrix weakening induced by 
poor concreting conditions. 
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These observations are of interest especially when balancing post-peak behaviour with regard to 
the ease of concrete mixing: up to a certain point, concrete behaviour improves as workability 
diminishes. However, past a certain fibre content both concrete behaviour and concreting ease 
become worse. It is therefore clear that optimum fibre content relative to mechanical behaviour 
can be found. 

4.1.3 4-point bending cracking tests of R/FRC specimens 

This campaign featured 4-point loading tests on beams with a constant moment span of 1.64m.  
Figure 4-8 shows the beam geometry and reinforcement. All beams were rectangular in cross 
section (0.12m wide by 0.15m in height) and had the same reinforcement scheme, as shown in 
Figure 4-8. The Ø/ρeff ratio is equal to 553mm. 

 

Figure 4-8 Longitudinal and cross sections of the beams for the preliminary tests series (dimensions in mm) 

Beams are coded as XX-YY-ZZ-WW where XX refers to the type of fibre, YY refers to bar 
diameter (10 mm), ZZ refers to cover (20 mm) and WW refers to fibre content. Since the beams 
tested in constant bending all have the same geometry and reinforcement, ρs,eff is maintained 
constant. Stirrups are present only in the loading zones (cantilevers) but not in the constant 
bending zone (span). 

All beams were loaded until failure, so that the serviceability range could be fully explored. Since 
the loading zones were reinforced in shear, every beam failed in flexure. The test set-up is 
presented in Figure 4-9 and pictured in Figure 4-10. 

 

Figure 4-9: Preliminary cracking tests set-up (dimensions in m) 
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Figure 4-10 TR-10-20-1.2% beam before testing 

The following data was measured for each test: 

 Applied load 

 Deflections at load application points and mid-span 

 Rotations at load application points and beam ends 

 Strain along the compression zone, on both faces, in correspondence with the 
location of longitudinal reinforcement on the side of the beam 

 Strain along the tension zone, on both faces, in correspondence with the location of 
longitudinal reinforcement on the side of the beam 

 Strain along the tension top face in correspondence with the vertical location of 
longitudinal reinforcement on the top of the beam 

All strain measurements were taken with digital extensometers with a base of 200 mm, shown in 
Figure 4-11. 
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Figure 4-11 Digital extensometer for strain measurement 

A first indicator of the effectiveness of the fibres in crack width reduction is given by mean and 
maximum crack spacing, as shown in Table 4-4 (for available crack patterns see Annex A). 
Unfortunately, since the maximum crack spacing was obtained by means of picture analysis and 
the photos of some of the beam have been lost, the maximum spacing and the crack pattern are 
available only for three beams. For all the others, mean spacing is calculated as the number of 
cracks (observed at the end of each test) divided by the span of the beam. 

Table 4-4 Mean and maximum crack spacing in preliminary cracking tests 

 sr,m smax sm/smax 

 [mm] [mm] [-] 

H-10-20-0% 70 166 2.37 

R-10-20-0.86% 44 93 2.12 

R-10-20-0.5%* 69 121 1.75 

CH-10-20-0.7% 55  -  -  

TR-10-20-0.86%  55  - -  

TR-10-20-1.2%  59  -  - 

C-10-20-0.86%  67 -  -  

C-10-20-1.3%  67  - -  

*Beam failed prematurely in compression  
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As can be seen, fibre addition reduces mean crack spacing in every case, even if it can be noted 
that this effect is greater for fibres with better post-peak behaviour (e.g. R series) than the ones 
with the worst energy absorption behaviour (e.g. C-0.86% and C-1.3%). 

4.1.4 Mean steel elongation 

The second measurable parameter concerning crack width is mean steel elongation. The mean 
strain in the upper chord is represented in Figure 4-12 against the applied load. 
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Figure 4-12 Mean strains in the upper chord 

The effect of fibre addition on tension stiffening is very clear for TR and CH beams, for the C 
series it is less important and finally it is negligible for beam R-0.86% (results for R-0.5% are not 
shown since, as stated before, this beam failed prematurely).  

4.1.5 Mean crack width 

Mean crack width is evaluated at a load of 25 kN, which represents an applied bending moment 
of 6.25 kNm. The theoretical cracking moment is equal to 1.9 kNm. At this load stage the 
theoretical steel stress, for the plain concrete case, is equal to 264 MPa, which is a limit value in 
most practical applications for serviceability checks. 

According to equation (3.7), experimental mean crack width should be calculated as wm=sm·(εsm- 
εcm). However, measuring εcm is difficult in practice if not impossible. Crack width is often 
measured using optical crackmeters, although this technique can imply large errors due to the 
position in which the measurement is taken, not to mention the subjective component of the 
operator reading the instrument. 

For this reason, as an indicator of the improvement due to fibres relative to crack width, the 
quantity sm·εsm is compared with respect to results obtained in the plain concrete beam (H-10-20-
0%) for the different FRC beams. These results are summarised in Table 4-5.  
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Table 4-5 Mean crack width results for preliminary tests and Improvement due to the addiction of fibres 

 
sr,m·εsm 

[μm] 

Improvement* 

[-] 

H-10-20-0% 113 -

R-10-20-0.86% 77 0.32 

C-10-20-0.86% 76 0.33 

C-10-20-1.3% 86 0.23 

CH-10-20-0.7% 37 0.67 

TR-10-20-0.86% 39 0.65 

TR-10-20-1.2% 42 0.63 
*Improvement is evaluated as [1-(sm,i· εsm,i)/(sm,H-10-20-0%· εsm,H-10-20-0%)]  

Crack width is improved by the addition of fibres in every case, although the benefit is larger for 
CH and TR series as a consequence of reduced mean strain. 

4.1.6 Conclusions drawn from preliminary tests 

The following conclusions can be drawn from preliminary tests: 

 Fibres recycled from used car tyres can provide FRC with similar properties as 
commercial fibres in terms of tensile flexural test results.  

 As for commercial fibres, their behaviour is governed by bond, i.e. the length (the longer 
the fibre, the better the post-peak behaviour). On the other hand, long fibres tend to ball 
in the mixing phase for standard concrete. This can lead to imperfections in the hardened 
material and possibly to premature failure. An optimum between these two instances is 
then to be found. A limit to aspect ratio of 150 seems reasonable. 

 The addition of fibres to reinforced concrete enhances crack width control by increasing 
tension stiffening and reducing transfer length, both leading to smaller cracks. 

 Although long recycled fibres (series R) showed good behaviour in tensile flexural tests, 
mean strain of the rebars in full scale beams did not substantially improve. This is due to 
the over-estimation of residual properties as a consequence of the presence of large 
diameter fibres. Moreover, this leads to a weakened concrete mixture and eventually to 
premature failure of beams. This is the case of R-10-20-0.5% beam. 

4.2 Experimental campaign 

With the results of the preliminary tests in mind, a more extensive experimental campaign was 
designed with the double aim of testing the models presented in chapter 3 and verifying the 
feasibility of concreting large elements with Recycled Steel Fibres. 

The campaign is divided in two parts, the first one consists of 4-point-bending cracking tests on 
beams (using the same set-up and beam characteristics as in Pérez et al. [29]), and the second on 
columns subjected to axial load and increasing imposed displacement at the head. 

In particular, three fibres contents have been considered: 0% (plain concrete), 0.5% and 1%. 
Screened recycled steel fibres have been chosen due to the relative ease in mixing and the 
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generally good results shown by TR series in preliminary tests, both in terms of tensile flexural 
tests and 4-point bending tests. 

Then, two additional parameters have been considered for bending tests, namely Ø/ρs,eff (Ø12 and 
Ø25 rebars) and concrete cover (20mm and 70mm). In this case, no 0% beam was built since the 
beams tested by Pérez et al. [29] are taken as reference. Since as demonstrated by Pérez et al. 
[29] the stirrup spacing has an influence on mean crack spacing, but not on maximum crack 
spacing, this parameter is not considered. 

For what concerns column tests, no reference series is available, so the 0% series had to be 
considered. The other parameters considered were Ø/ρs,eff  (Ø12 and Ø25 rebars) and axial force. 
In particular, this last parameter has been varied as follows: 

 30% of the axial capacity of the column (=0.85·fcd·b·h), to simulate bridge piers to which 
large limitation on axial force is applied; 

 80% of the axial capacity of the column, to simulate buildings in which usually columns 
are dimensioned close to the concrete capacity, since lateral forces are normally taken by 
elevator nuclei or concrete panels and, therefore, columns are subjected to relatively 
small bending moments. 

4.2.1 Casting of recycled FRC 

The volume of FRC needed to cast in one go beams and columns of the same series was 
approximately 5 m3, accounting also for cylinders and prisms for material characterisation. Thus, 
hand mixing of concrete was not feasible, and concrete factory production was chosen. In the 
concrete factory, aggregates, cement and water are mixed directly in the concrete truck, and 
commercial fibres are usually added in the conveyor belt along with the aggregates, or directly in 
the truck by means of water-soluble bags. 

In this case, since recycled steel fibres came from the recycler in 10 kg boxes, it was decided to 
add them in the conveyor belt, along with aggregates, dividing the mix in three steps to ensure 
even distribution of fibres. 

Statistical analysis on fibre length distribution was performed giving the results shown in Figure 
4-13. 

 

Figure 4-13 Length distribution of fibres used in experimental campaign (courtesy of Twincon, ltd.) 
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As observed in preliminary tests, the more fluid the concrete, the easier the mix. Moreover, for 
testing reasons (as will be discussed in paragraph 4.2.3), a step between the column and the 
foundation had to be introduced. Therefore, self-compacting concrete (SCC) was chosen for the 
campaign batches, the target compressive strength being fck,28=30 MPa. 

Table 4-6 Target composition of concrete per m3 for experimental campaign (Self-Compacting Concrete) 

CEM II AM(P-V) 42,5R 400 kg
Water 165 l
0/5 mm aggregates 1004 kg
5/10 mm aggregates 821 kg
Superplasticizer 3.7 l
W/C 0.41
C/aggregates 0.22

 

Only minor balling issues were encountered even for a fibre content of 1%. In fact, concrete 
conserved all its workability as shown in Figure 4-14. The mean diameter of the flow table test 
was  70cm. 

 

Figure 4-14 Flow table test of 1% batch 

Compressive and indirect tension tests were carried out at 7 days (2 tests) and 28 days (3 tests) in 
order to characterise the mechanical properties of the material. The results are summarised in 
Table 4-7. 

Table 4-7 Results for cylinder compression and indirect tension for experimental campaign SCC. Mean values 

 Cylinder compression fcm 

[MPa] 

Indirect tensile fctm 

[MPa]  

 7 days σ 28 days σ 7 days σ 28 days σ
0% 32.3 0.07 37.5 0.55 3.3 0.28 4.2 0.15 

0.50% 33.4 0.21 36.4 1.08 2.7 0.28 3.1 0.15 

1% 31.3 1.13 37.5 0.66 2.6 0.21 3.3 0.15 

 

As can be noted, and contrarily to what was observed by Angelakopoulos et al. [55], fibre 
addition even at high dosages (1%) did not have a significant effect on compressive strength. This 
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loss is nevertheless noted in tensile strength, a result that is in contrast to what is usually declared 
by fibre producers. 

4.2.2 Tensile flexural tests 

Tensile flexural tests according to EN-14561 [47] were performed on 15x15x60 cm notched prisms 
at 28 days from the casting. 4 prisms were fabricated for each batch, even though one test for 
each series failed due to problems with the testing press. Results of the tests are presented in 
Figure 4-15, Figure 4-16 and Table 4-8. 
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(b) 

Figure 4-15 Tensile flexural tests for Vf=0.5% batch: (a) full test and (b) close-up in serviceability region 
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(b) 

Figure 4-16 Tensile flexural tests for Vf=1% batch: (a) full test and (b) close-up in serviceability region 

Table 4-8 Tensile residual strengths according to EN-14651 [47] 

 Tensile Residual Strengths 
 [MPa] 
 LOP σ fR,1m σ fR,2m σ fR,3m σ

0.5% 3.10 0.17 1.53 0.3 1.08 0.23 0.51 0.17 

1% 3.53 0.12 2.21 0.43 1.72 0.47 1.26 0.53 

 

Residual strengths according to EN-14651 are quite lower than the ones obtained in preliminary 
tests (see Table 4-3). This can in part be explained by the greater size of the prism and therefore 
with a scale effect.  

Given these residual strengths, it should be noted that 0.5% batch does not fulfil the requirement 
of MC2010 [14] for FRC to be used as partial or total replacement of conventional reinforcement 
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at ULS. In fact, for that batch fR3m/fR1m<0.5, although fR1m/fLm>0.4. Since the latter can be regarded 
as a “serviceability requirement”9 the 0.5% batch can considered effective in terms of 
serviceability conditions, which is the scope of the present study. 

4.2.3 Cracking tests of beams 

4.2.3.1 Test set-up 

In order to take advantage of the results of the tests carried out by Pérez et al. [29] the geometry 
of the beams tested and the set-up was the same as in above mentioned tests, as shown in Figure 
4-17. 

  

Figure 4-17 Beam test layout  

Beams tested are coded as XX-YY-ZZ, where XX is the bar diameter (12mm or 25mm), YY is the 
concrete cover (20mm or 70mm) and ZZ is the fibre content (0.5% or 1%). Additionally, the 
beams coded in previous study as XX-YY-0010, are re-coded as XX-YY-0%. In Figure 4-18 and 
Table 4-9 the cross-sections and properties of the beams are shown. 

 

Figure 4-18 Cross section of tested beams;”zz” is the fibre content (0, 0.5% or 1%) (from [29]) 

 

 

 

                                                             
9 Both fR1 and fL fall within the serviceability zone 
10 In Pérez et al. study, the last two digits of the beam code referred to stirrup spacing; therefore, XX-YY-00 beams 
are the beams with no stirrups in the constant moment zone 

12-20-zz 25-20-zz 12-70-zz 25-70-zz

Fleximeters

Inclinometers

Upper chord

Lower chord

Top chord
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Table 4-9 Properties of tested beams 

Beam ID 
Ø 

 [mm] 
c 

 [mm] 

Ø/ρs,eff  

[mm] 

Vf/Vc 

[-] 
25-20-0 25 20 460 0 
25-20-0.5% 25 20 460 0.5% 
25-20-1% 25 20 460 1.0% 
12-20-0 12 20 882 0 
12-20-0.5% 12 20 882 0.5% 
12-20-1% 12 20 882 1.0% 
25-70-0 25 70 475 0 
25-70-0.5% 25 70 475 0.5% 
25-70-1% 25 70 475 1.0% 
12-70-0 12 70 1176 0 
12-70-0.5% 12 70 1176 0.5% 
12-70-1% 12 70 1176 1.0% 
  
 Beams tested by Pérez et al. [29]

 

Each test was carried out in force control of two hydraulic jacks, with a maximum force of 500 kN 
and 40 cm of maximum extension. 

The following data was measured for each test: 

 Applied load 

 Deflections at load application points, mid-span and quarter spans 

 Rotations at points of load application and beam ends 

 Strain along the compression zone, on both faces, in correspondence with the 
location of longitudinal reinforcement on the side of the beam 

 Strain along the tension zone, on both faces, in correspondence with the location of 
longitudinal reinforcement on the side of the beam 

 Strain along the tension face in correspondence with the location of longitudinal 
reinforcement on the top of the beam 

All strain measurements were taken with digital extensometers with a base of 200 mm. 

4.2.3.2 Results 

The complete description of the tests data and results, including crack patterns at the end of the 
tests, can be found in Annex B.  In this section, a summary of the most relevant results will be 
presented and discussed. 

4.2.3.2.1 Tension stiffening 

Improvement in tension stiffening due to the presence of fibres is evaluated, for beams with the 
same reinforcement geometry, in terms of strain in the upper and top chords as shown in Figure 
4-19 to Figure 4-22. 
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 Figure 4-19 Strain in upper (a) and top (b) chords for 12-20-xx% beams 
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 Figure 4-20 Strain in upper (a) and top (b) chords for 25-70-xx% beams 
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 Figure 4-21 Strain in upper (a) and top (b) chords for 12-70-xx% beams 
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 Figure 4-22 Strain in upper (a) and top (b) chords for 25-20-xx% beams 

The improvement in Tension Stiffening is generally small, which is consistent with the tensile-
flexural behaviour described in paragraph 4.2.2 (small post-peak residual strength). The 
improvement is clear only for 12-70-xx% series, which is logical, since the effect of FRC on crack 
bridging is expected to be large for these elements with low reinforcement ratios (as can be seen 
in eq. (2.25) for the case of the tie) and large concrete covers (given that the greater the area of 
concrete in tension, the larger the resulting tensile force due to fibres). 

4.2.3.2.2 Crack spacing 

Crack spacing improved for each series with the addition of fibres, and was always around 30% 
both for mean and maximum values, as shown in Table 4-10. 

Table 4-10 Mean and maximum crack spacings 

 sr,m Improvement* sr,max Improvement* sr,max / sr,m 

 [mm] [-] [mm] [-] [-] 

12-20-0% 184 - 315 - 1.71 

12-20-0.5% 129 0.30 229 0.27 1.77 

12-20-1% 125 0.32 252 0.20 2.02 

12-70-0% 226 - 407 - 1.80 

12-70-0.5% 155 0.31 320 0.21 2.06 

12-70-1% 134 0.41 240 0.41 1.80 

25-20-0% 123 - 211 - 1.72 

25-20-0.5% 86 0.30 163 0.23 1.90 

25-20-1% 90 0.26 160 0.24 1.77 

25-70-0% 200 - 284 - 1.42 

25-70-0.5% 131 0.34 207 0.27 1.58 

25-70-1% 154 0.23 231 0.19 1.50 

      

  Beams tested by Pérez et al.    
*Improvement is evaluated, for each series, as (1-sxx-yy-0%/sxx-yy-0.5% or 1%) 
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4.2.3.2.3 Measuring crack width 

As already discussed in [29], measuring crack width by conventional optical means is difficult and 
prone to errors. For this reason, in the present study, crack width is estimated by measuring the 
mean strain along the tensile chord in correspondence with the reinforcement both on the side 
of the beam and on the top of the beam, in each 20cm segment, as in the eq. (4.1): 

 tension c m tension c tension max max

cracks cracks cracks

w L L
L w L w w l

n n n
           ε ε ε ε ε ε  (4.1) 

Where tension is the mean strain of the tension chord, L is the length of the constant moment 

zone, max is the maximum measured strain in the tension chord, l is the measurement length of 

the extensometer equal to 20 cm, w is the sum of the crack openings within the constant 
moment span and ncracks is the number of cracks located within L at the end of the test when the 
cracking pattern can be considered to be stabilised since no new cracks formed in the advanced 
loading stages. 

Again, it has been noted in [29] that this procedure implies neglecting elastic elongation between 
cracks. This term is larger for the case of FRC, in which a residual elongation in the crack which 
increases mean concrete elongation develops. Nevertheless, as for plain concrete, the induced 
error is relatively small. Assuming a tensile strength of 3.2 MPa, a serviceability residual stress 
fFts=2.0MPa, a modulus of elasticity of concrete of 30000 MPa and a parabolic law for the 
variation of tensile strain in concrete, the tensile elongation of concrete between cracks would 

result in 2/33.2/30000=71 μm/m, and the residual elongation in the crack 2.0/30000=67 μm/m, 
resulting in an overall elongation of 138 μm/m. Now, assuming a rather large crack spacing of 

30cm, the resulting reduction in crack width would be equal to 0.3138/1000=0.04mm. 
Therefore, it is admissible to neglect concrete elongation. The estimated crack value will 
overestimate actual crack width, and provide results which are slightly on the safe side. 

4.2.3.2.4 Influence of concrete cover 

As for plain concrete, cover plays a significant role in crack spacing, as can be seen in Table 4-10. 
Mean and maximum crack spacings are greater for large concrete covers. 

The influence of cover can be clearly seen for beams with 25mm rebars: in fact, both 20mm and 

70mm cover beams have almost the same Øs/s,eff ratio. In Figure 4-23 the maximum crack width 
at the side of the beam is plotted against the theoretical stress of the naked steel rebar (that is, 
without taking into account the effect of fibres in reduction of steel stress).  
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Figure 4-23 Effect of cover on crack width 

The steel stress of the bare rebar is used because it provides a clear order of magnitude of the 
problem. It is well known that in SLS RC structures are designed for a steel stress of about 200-
250 MPa. This order of magnitude, referred to a state II calculation, is valid for both FRC and RC 
since dimensioning in ULS is done neglecting the contribution of fibres to the ultimate capacity 
of the cross section. It should in any case be noted that the stress in steel will actually be lower in 
SLS for FRC than for RC, this being one of the reasons for which better crack control is achieved. 

4.2.3.2.5 Influence of Øs/s,eff 

The influence of Øs/s,eff ratio on cracking is a direct consequence of transfer length: higher values 

of Øs/s,eff lead to more widely spaced cracks and therefore to wider cracks. In figures 10a and 10b 
it can be observed how for the same value of the cover, cracks in specimens with no fibres are 

wider as Øs/s,eff increases. 
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(b) 

Figure 4-24 Effect of Øs/s,eff on crack width for 20mm (a) and 70mm (b) concrete cover for plain concrete 

The addition of fibres has a favourable effect on crack width, especially for low values of s,eff. This 
is due to the fact that the addition of fibres increases the effect of tension stiffening (TS) which is 
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especially important for elements with low reinforcement ratios. This effect is actually greater 

than the effect of Øs/s,eff. This can be very clearly seen in Figure 4-25  where the specimens with 

larger Øs/s,eff ratios actually provide smaller crack widths for the same reference stress. It can be 

stated that in these cases the effect of Øs/s,eff is masked by TS. 
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(d) 

Figure 4-25 Effect of Øs/s,eff on crack width for 20mm ((a) and (c)) and 70mm ((b) and (d)) concrete cover for FRC 
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4.2.3.2.6 Influence of Vf 

The beneficial effect of fibres decreases with s,eff . This phenomenon can be clearly seen in Figure 
4-26 and Figure 4-27. This is due to the fact that the higher the reinforcement ratio, the smaller 
the tension stiffening effect: therefore, keeping in mind eq. 3.7, fibres will play a minor role in 
controlling crack width when the beam is heavily reinforced and vice-versa. 
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(a) 

 

(b) 

Figure 4-26 Crack width opening for low values of Øs/s,eff  : 460mm (a) and 473mm (b) 
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(a) 

 

(b) 

Figure 4-27 Crack width opening for high values of Øs/s,eff: 882mm (a) and 1176mm (b) 

It can be seen in Figure 4-26 that in heavily reinforced beams (25-YY-ZZ) the reduction in crack 
width due to the addition of fibres is rather limited. For smaller reinforcement ratios (12-YY-ZZ), 
the influence of fibres is much more relevant, exhibiting a very important reduction of crack 
width with respect to concrete beams with no fibres. 
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4.2.4 Cracking tests of columns 

4.2.4.1 Test design 

The tests have been designed to fulfil the following criteria and technical limitations: 

 The specimens should be representative of real structures; 

 The load capacity is limited by the hydraulic jack available which has a maximum capacity 
of 200 kN, and a maximum displacement range of 100 mm. Therefore, the specimens 
should be designed to develop their full capacity within this range; 

 The axial force is introduced by means of internal prestressed bars, due to the difficulties 
of keeping a centred vertical force and, at the same time, imposing a displacement at that 
point using jacks; 

It was decided to adopt a cantilever scheme. It can be stated that in a real integral structure this 
would represent half of a doubly embedded column, with an imposed displacement at the head 
equal to twice that imposed in the test, as shown in Figure 4-28. 

 

Figure 4-28 Specimens for cracking tests and their relation with actual structures 

Given this, and that one parameter to be studied is reinforcing steel ratio (with a maximum of 
4Ø25 in the tensile part), the height of the column has to be designed in order to achieve yielding 
bending moment before the maximum achievable bending moment (that is, the maximum force 
in the jack force times column height). The resulting specimen designed for the test is a column 
2.3m high (2.0m from the application point of the load + 0.3m). An abacus between the column 
bottom and the foundation was added in order to avoid the constructive joint, since both abacus 
and column were cast at the same time, as shown in Figure 4-29. 
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Figure 4-29 Geometry of tested columns 

The foundation is designed to withstand a moment of 1.5·Mmax, where Mmax is the maximum 
bending moment that can be resisted by the column considering the mean strength of the 
materials. 

The axial force is provided by prestressed high-strength steel rebars (fyk=1050 MPa), embedded 
at one end in the foundation and free at the other to enable prestressing. Dimensions of 
prestressing rebars and ducts are given in Table 4-11. 

Table 4-11 Prestressing rebar system properties 

Squashing load 

ratio 

N/(0.85·fcd·Ac) 

Interior 
duct Ø 

Exterior 
duct Ø 

Rebar Ø 
Target  

initial force 

[-] [mm]  [mm]  [mm]  [kN] 
30% 51 57 32 450 
80% 63 69 47 1200 

 

Ducts are injected with cement grout, in order to avoid uncertainties regarding duct/rebar 
friction and changing rebar position during the test. This means that prestressing rebars have to 
be included in the sectional analysis as normal reinforcement since compatibility in deformations 
is established. Nevertheless, since the neutral axis is expected to be near the middle of the 
section, the influence of these rebars on cracking  is expected to be small. 

Columns are coded as XX-YY-ZZ, where XX is the bar diameter (12mm or 25mm), YY is the 
squashing load ratio (30% or 80%) and ZZ is the fibre content (0%, 0.5% or 1%), as shown in Figure 
4-30. 
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Figure 4-30 Tested columns cross-section; “xx” means the fibre volume content (0, 0.5% or 1%) 

The columns were cast in two stages, starting by the foundation (made of conventional C30/37), 
and then the intermediate step and the column. This second phase is divided in two parts to 
avoid concrete segregation, and to guarantee the homogeneity of the casting. The process is 
shown in Figure 4-31. 
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(a) 

 

(b) 

Figure 4-31 Casting of the columns: (a) column before the 1st phase casting and (b) formwork system to enable two-
stage casting in 2nd phase 

4.2.4.2 Test instrumentation 

The following measurements were taken for each test: 

 Applied displacement  

 Deflections at the load application point, and two intermediate sections (z=L/3 and 
z=2/3L)  

 Rotation at the load application point  

 Elongation of LDTVs placed at the column base, on the tensile and compressive faces, and 
at the reinforcement position on lateral faces, with a base of 50mm  

 Strain along the compression zone, at both faces, in correspondence with the location of 
longitudinal reinforcement on the side of the column (compressive chord) 

 Strain along the tension zone, at both faces, in correspondence with the location of 
longitudinal reinforcement on the side of the column (tensile chord) 

 Strain along the tension face in correspondence with the location of longitudinal 
reinforcement 

All strain measurements (obtained along the full length of the column) were taken with digital 
extensometers with a base of 200 mm. 

The tests were carried out in displacement control of a hydraulic jack with maximum 
displacement of 100 mm and maximum load of 200 kN.  
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Since, contrarily to the beam tests, a likely location for first crack can be advised to be at the 
column base (maximum bending moment), a vibrating chord sensor, centred in the column base 
and anchored at both ends with a Ø12 rebar (sister bar or VCS), is embedded in the casting. The 
advantage of this type of measurement, compared with a traditional strain gage, is that the mean 
value of the strain along the length of the sensor is given, while the strain gauge gives the 
punctual strain, regardless of whether a crack is intercepted or not.  

 

Figure 4-32 Vibrating chord sensor before casting 

The final instrumentation set-up is as shown in Figure 4-33 and Figure 4-34. 

 

Figure 4-33 Instrumentation of the test: (a) side and (b) frontal view 
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Figure 4-34 Column test set-up 

4.2.4.3 Results 

The complete description of the tests data and results, including crack patterns at the end of the 
tests, can be found in Annex C.  In this section, a summary of the most relevant results is 
presented and discussed. 

4.2.4.3.1 Moment-curvature diagrams 

The mean curvature of each segment (the term segment is used here to refer to the 
measurement base. See for example definition of “segment nº4” in Figure 4-33) is evaluated 
according to: 

ten,i com,i
i

d d'





ε ε

χ  (4.2) 

          

 

where χi= curvature in the i-th segment; εten,i= strain in the tensile chord of the i-th segment; 
εcom,i= strain in the compressive chord of the i-th segment; d-d’= distance between chords, equal 
to 210mm.  

The mean curvature in each segment is plotted against the applied moment at the centre of the 
segment for different load stages (the moment is calculated as the force in the jack times the 
distance between the jack and the centre of the segment), as shown in Figure 4-35. 
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Figure 4-35 Moment/curvature diagrams of tested columns 

4.2.4.3.2 Tension in rebars 

Steel elongation (and, therefore, in service, steel tension) is obtained from the readings of the 
Vibrating Chord Sensor during the test. To obtain the initial axial load the prestressing losses 
(thermal elongation, shrinkage and creep) must be subtracted from the initial value. They are 
evaluated by subtracting from the VCS reading at prestressing the value before the test. The 
values of estimated axial forces at testing are summarised in Table 4-12. 

Table 4-12 Estimated axial force at testing 

Column 
Initial 

force 

VCS reading 

at 

prestressing 

VCS 

reading 

at testing

Prestressing 

losses 

(Δεdif+temp) 

Estimated 

prestressing 

force N 

Squashing 

load ratio 

N/(0.85·Ac·fcd)

  [kN] [με] [με] [με] [kN] [kN] 

12—30-0% 450 121 145 24 379 25% 

12—30-0.5% 450 188 194 6 434 29% 

12-30-1% 450 199 226 26 372 25% 

25—30-0% 450 130 146 15 404 27% 

25-30-0.5% 450 121 145 24 380 25% 

25-30-1% 450 125 144 19 393 26% 

12—80-0% 1200 400 451 51 1048 70% 

12—80-0.5% 1200 302 303 1 1197 80% 

12-80-1% 1200 366 380 14 1158 77% 

25—80-0% 1200 302 339 37 1090 73% 

25-80-0.5% 1200 348 396 48 1057 71% 

25-80-1% 1200 335 355 20 1142 76% 
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The tension in the rebars is plotted against applied bending moment in Figure 4-36. The influence 
of the addition of fibres is small for the columns reinforced with Ø25 rebars, which is in 
accordance with what was previously observed for the case of beams in pure bending: the higher 
the reinforcement ratio, the smaller the contribution of fibres to the stiffness. On the other hand, 
the influence of fibres on the stiffness of the section can be clearly appreciated in the 12-30-xx 
series, although not in the 12-80-xx series. 
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(b) 

Figure 4-36 Tension in rebars measured with VSC against applied bending moment 
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4.2.4.3.3 Structural stiffness 

The structural response, understood in terms of imposed displacement measured in the head 
LVDT and measured force in the horizontal jack, is shown inFigure 4-37. 

 

(a) 

 

(b) 

Buckling of compressive reinforcement 
due to lack of confinement

Increased ductility of 
FRC columns

Increased ductility of 
FRC columns
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(c) 

 

(d) 
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(e) 

 

(f) 

Figure 4-37 Force measured in the jack vs. imposed displacement (a)-(b); structural stiffness as force/displacement 
against displacement (c)-(d) or force (e)-(f) 
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Initial (uncracked) stiffness is similar for all four columns. When cracking occurs, the stiffness 
drop is smaller for heavily reinforced columns. Nevertheless, in this case, the difference between 
cracked and uncracked phases for 12-xx-0% and 25-xx-0% series is remarkable.  

The addition of fibres increases the ductility of the columns by preventing spalling of concrete 
due to buckling of the rebars, especially for the specimen reinforced with Ø12 rebars. This is 
particularly true for 12-80-xx series, in which the addition of fibres does not modify the peak load, 
while it greatly increases the ultimate displacement. A more moderate increase of ductility can 
be seen also in these specimens reinforced with Ø25 rebars, although in these cases the failure 
was due to concrete spalling and not to rebar buckling. This effect has already been noted in 
other studies, such as [56]. 

On the other hand, the addition of fibres does not significantly change the stiffness of the 
specimens with respect to plain concrete ones. In two cases, i.e. the series with 30% squashing 
loads, fibres actually increase stiffness, while in the other two (80% of the squashing load), 
stiffness decreases. 

4.2.4.3.4 Cracking behaviour 

Maximum and minimum crack spacings are summarised inTable 4-13.  

Table 4-13 Mean and maximum crack spacing at the end of the test 

  sm Improvement*

[-] 

smax 

[mm] 

Improvement* 

[-] 

smax/sm 

[-]   [mm] 

12—30-0% 108 - 181 - 1.68 

12-30-0.5% 124 -13% 184 -2% 1.49 

12-30-1% 125 -1% 190 -3% 1.52 

25—30-0% 90 - 187 - 2.08 

25-30-0.5% 132 -32% 219 -15% 1.66 

25-30-1% 137 -4% 188 16% 1.38 

12—80-0% 144 - 174 - 1.21 

12-80-0.5% 144 0% 184 -5% 1.28 

12-80-1% 103 40% 153 20% 1.49 

25—80-0% 118 - 174 - 1.47 

25-80-0.5% 139 -15% 226 -23% 1.62 

25-80-1% 98 42% 150 51% 1.53 
 

*Improvement is evaluated, for each series, as [(sxx-yy-0%/sxx-yy-0.5% or 1%)-1)] 

 

Crack spacing is influenced by the stirrups. In fact, the maximum crack spacing always occurred in 
zones of the columns where the cracking could be regarded as not yet stabilised, with values 
close to the stirrup spacing (=15cm). Nevertheless, the crack spacing close to the base of the 
columns, where the cracking can be regarded as stabilised, was generally reduced by the 
formation of one or two cracks in between stirrups (except 12-30). This is in accordance with 
what is observed in [29]. Although stirrups can initiate a crack, sometimes cracks do not develop 
at stirrup locations, and they develop between stirrups, so that bond mechanisms cannot be 
neglected when predicting crack spacing for crack width calculations, especially for estimating 
maximum crack width. 
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Crack width is measured by multiplying the mean strain along the tensile chord in 
correspondence with the reinforcement both on the front of the column and on the side in each 
segment by the segment length (=20cm) and dividing this number by the number of cracks. As 
discussed in paragraph 4.2.3.2.3, this method provides a reasonably good estimate of the value of 
the crack width, and is more reliable than direct crack measurements by traditional optical 
means. 

Crack width measurements are presented in Figure 4-38 against the theoretical stress in the rebar 
assuming stage II properties. The steel stress of the bare rebar is used because it provides a clear 
order of magnitude of the problem. It is well known that in SLS RC structures are designed for a 
steel stress of about 200-300 MPa. This order of magnitude, referred to a state II calculation, is 
valid for both FRC and RC since dimensioning in ULS is done neglecting the contribution of fibres 
to the ultimate capacity of the cross section. It should in any case be noted that the stress in steel 
will be lower in SLS for FRC than for RC, this being one of the reasons for which better crack 
control is achieved. 
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Figure 4-38 Crack width measurements 

The addition of fibres leads in most cases to a reduction of crack width, although the behaviour is 
not always clear. This fact is related with the already discussed scatter due to the presence of 
stirrups. Results are summarised in Table 4-14. 
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Table 4-14 Crack width for σS2=250 (a) and 300 MPa (b) 

σs2=250 MPa 

Column wmax,side Improvement wmax,front Improvement 

  [mm] [-] [mm] [-] 

12—30-0% 0.12 - 0.08 - 

12-30-0.5% 0.08 50% 0.11 -30% 

12-30-1% 0.09 42% 0.14 -44% 

25—30-0% 0.23 - 0.28 - 

25-30-0.5% 0.29 -19% 0.27 3% 

25-30-1% 0.05 364% 0.11 151% 

12—80-0% 0.19 - 0.42 - 

12-80-0.5% 0.16 16% 0.23 87% 

12-80-1% 0.10 82% 0.22 93% 

25—80-0% 0.10 - 0.35 - 

25-80-0.5% 0.12 50% 0.15 128% 

25-80-1% 0.18 6% 0.20 75% 

(a) 

σs2=300 MPa 

Column wmax,side Improvement wmax,front Improvement 

  [mm] [-] [mm] [-] 

12—30-0% 0.15 - 0.12 - 

12-30-0.5% 0.13 15% 0.19 -37% 

12-30-1% 0.10 50% 0.24 -50% 

25—30-0% 0.36 - 0.42 - 

25-30-0.5% 0.38 -5% 0.38 11% 

25-30-1% 0.11 227% 0.20 110% 

12—80-0% 0.22 - 0.50 - 

12-80-0.5% 0.29 -24% 0.40 25% 

12-80-1% 0.15 47% 0.30 67% 

25—80-0% 0.16 - 0.31 - 

25-80-0.5% 0.21 -24% 0.25 24% 

25-80-1% 0.17 -6% 0.27 15% 

(b) 

*Improvement is evaluated, for each series, as [(wxx-yy-0%/wxx-yy-0.5% or 1%)-1] 
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In Figure 4-39 the crack width is plotted against the imposed displacement at the head of the 
column. The most remarkable improvements are given by 25-30-xx series. In fact, as can be 
observed, even at 50mm (which, in a real structure, would represent a 100mm imposed 
displacement), the limit of w=0.3mm, usual in the engineering practice, is not reached for the 
column with 1% volume content of fibres.    
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Figure 4-39 Crack width vs. imposed displacement at the head of the column 
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5 EXPERIMENTAL VERIFICATION 

OF THE MODELS 

Ci sono soltanto due possibili conclusioni: se il risultato conferma le ipotesi, allora hai appena fatto una 
misura. Se il risultato è contrario alle ipotesi, allora hai fatto una scoperta 

Enrico Fermi 

5.1 Cracking tests of beams 

5.1.1 Crack spacing 

In Table 5-1 experimental crack spacings are compared with the crack spacing evaluated 
according to eq. 3.3. It has to be noted that this part of the model is the same as the MC2010 
formulation. According to background information from fib TG4.1 under preparation [57] the 
mean crack spacing can be obtained as 1/1.7·sr,max. 

Table 5-1 Comparison between the proposed model and experimental crack spacing values. τbm is taken as 1.8fctm  

fctm fFtsm 
Exp. 

sr,m 

Proposed 

model 

sr,m 

sr,m,mod

/sr,m,exp

Exp. 

sr,max 

Proposed 

modelsr,max 

sr,max,mod

/sr,max,exp

[Mpa] [Mpa] [mm] [mm] [-] [mm] [mm] [-] 

12-20-0% 3.0 - 173 168 0.97 269 285 1.06 

12-20-0.5% 3.1 0.7 129 136 1.05 229 231 1.01 

12-20-1% 3.3 1.0 125 124 0.99 252 211 0.84 

12-70-0% 3.0 - 236 275 1.16 412 467 1.13 

12-70-0.5% 3.1 0.7 155 232 1.50 320 394 1.23 

12-70-1% 3.3 1.0 134 217 1.62 240 368 1.53 

25-20-0% 3.0 - 131 99 0.75 234 168 0.72 

25-20-0.5% 3.1 0.7 86 82 0.95 163 139 0.86 
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fctm fFtsm 
Exp. 

sr,m 

Proposed 

model 

sr,m 

sr,m,mod

/sr,m,exp

Exp. 

sr,max 

Proposed 

modelsr,max 

sr,max,mod

/sr,max,exp

[Mpa] [Mpa] [mm] [mm] [-] [mm] [mm] [-] 

25-20-1% 3.3 1.0 90 76 0.84 160 129 0.81 

25-70-0% 3.0 - 227 160 0.70 423 271 0.64 

25-70-0.5% 3.1 0.7 131 142 1.09 207 242 1.17 

25-70-1% 3.3 1.0 154 136 0.89 231 232 1.00 

Mean 1.05 Mean 0.99 

Std. 0.29 Std. 0.26 
 

As can be seen the proposed model provides a rather good approximation of the mean and 
maximum crack spacings, although the scatter is significant. This is however expected in cracking 
phenomena. 

5.1.2 Mean steel strain 

Mean steel elongation is calculated according to the constitutive laws presented in paragraph 3.1. 
by means of non-linear sectional analysis using the program PIEM [58]. For each beam, a different 
constitutive law for steel and concrete according to the models presented in chapter 3 is 
considered and the parameters are presented in Table 5-2.  

Table 5-2 Parameters used in the sectional analysis of the beam tests 

ρs ρs,eff fc fct fR,1 fR,3 εcs lcs 

[-] [-] [MPa] [MPa] [MPa] [MPa] [με] [mm] 

12-20-0% 0.57% 1.36% 33 3.0 - - 205 182 

12-20-0.5% 0.57% 1.36% 36 3.1 1.5 0.5 140 150 

12-20-1% 0.57% 1.36% 37 3.3 2.2 1.3 130 138 

12-70-0% 0.57% 1.02% 33 3.0 - - 228 288 

12-70-0.5% 0.57% 1.02% 36 3.1 1.5 0.5 153 247 

12-70-1% 0.57% 1.02% 37 3.3 2.2 1.3 138 231 

25-20-0% 1.53% 5.42% 33 3.0 - - 163 113 

25-20-0.5% 1.53% 5.42% 36 3.1 1.5 0.5 137 97 

25-20-1% 1.53% 5.42% 37 3.3 2.2 1.3 126 90 

25-70-0% 1.53% 5.26% 33 3.0 - - 190 174 

25-70-0.5% 1.53% 5.26% 36 3.1 1.5 0.5 112 157 

25-70-1% 1.53% 5.26% 37 3.3 2.2 1.3 97 151 
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In Table 5-2, shrinkage elongation at the age of the test is evaluated according to ENV1992-1-1  
#3.1.4 [24]. The following parameters are assumed constant for all cases: Es=210GPa, 
CMOD1=0.5mm, CMOD3=wu=2.5mm, and βt=0.6. As showed in Figure 5-1, there is generally 
good agreement between measured values and the ones obtained with the proposed model. 
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Figure 5-1 Measured mean steel at reinforcement level strain vs. proposed model predictions  

For the same bending moment, the strain in the rebars of a plain concrete beam will be larger 
than in a FRC beam, due to the residual stresses in the crack. Therefore, to establish a comparison 
between different beams, the mean strain will be evaluated for the bending moment causing a 
State II stress of 250 MPa in tensile rebars in the RC beam without fibres, given this stress level is 
normal for serviceability conditions of RC structures. Results are summarised in Table 5-3. 
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Table 5-3 Comparison between proposed model and experimental mean steel strain for σ2=250 MPa in RC beams 

 
Mk 

Age at 
testing 

εcs* 

Proposed 

model 

εsm 

Experimental 

εsm 
εsm,mod/εsm,exp

[kNm] [days] [με] [με] [με] [-] 

12-20-0% 50 113 205 855 593 1.43 

12-20-0.5% 50 54 105 530 480 1.10 

12-20-1% 50 48 103 520 453 1.15 

12-70-0% 46 147 228 978 765 1.28 

12-70-0.5% 46 63 153 480 427 1.12 

12-70-1% 46 53 138 340 319 1.07 

25-20-0% 180 99 163 1184 1332 0.89 

25-20-0.5% 180 70 137 1063 1298 0.82 

25-20-1% 180 60 126 1010 1262 0.80 

25-70-0% 157 140 190 1206 1307 0.92 

25-70-0.5% 157 49 112 1014 1115 0.91 

25-70-1% 157 39 97 947 1313 0.72 

 Mean 1.02 

 Std. 0.21 

*εcs is evaluated according to ENV1992-1-1 §3.1.4 at the day of the test 

For the σ2=250 MPa stress level the model is overestimating strain in specimens with Ø12mm 
rebars, while underestimating it in Ø25mm rebars. Nevertheless, errors are not too large 
considering the stochastic nature of the problem. 

5.1.3 Crack width 

Crack width is calculated without taking into account the contribution of concrete residual strain, 
since due to the test setup it was impossible to measure, and as already demonstrated its 
influence is negligible (see paragraph 3.2). Mean crack width is calculated, according to the 
background document to MC2010 under preparation by fib TG 4.1 [57], by assuming sr,m=smax/1.7. 
Results are summarised in Table 5-4. 
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Table 5-4 Comparison between Proposed Model and experimental maximum and mean crack width for σ2=250 MPa 
in RC beams 

 
Mk 

Proposed 

Model 

wmax 

Exp. 

wmax

Impro-

vement*
Error

Proposed 

Model 

wm 

Exp. 

wm 

Impro-

vement*
Error

[kNm] [μm] [μm] [-] [-] [μm] [μm] [-] [-] 

12-20-0% 50 242 310 - 0.78 142 103 - 1.38 

12-20-0.5% 50 122 150 107% 0.81 71 62 66% 1.15 

12-20-1% 50 110 120 158% 0.92 64 57 81% 1.13 

12-70-0% 46 456 420 - 1.09 267 181 - 1.48 

12-70-0.5% 46 189 210 100% 0.90 111 66 173% 1.67 

12-70-1% 46 125 130 223% 0.96 73 43 322% 1.71 

25-20-0% 180 199 340 - 0.58 116 174 - 0.67 

25-20-0.5% 180 148 200 70% 0.74 87 112 56% 0.78 

25-20-1% 180 131 250 36% 0.52 76 114 54% 0.67 

25-70-0% 157 327 610 - 0.54 191 297 - 0.65 

25-70-0.5% 157 246 320 91% 0.77 144 146 103% 0.98 

25-70-1% 157 220 400 53% 0.55 128 202 47% 0.64 

Mean 0.76 Mean 1.08 

Std. 0.19 Std. 0.41 

*Improvement is evaluated with respect to RC beam in terms of the following expression (1-wFRC/ wRC) 

 

As can be seen, errors in predictions can be important. This is especially the case for beams with 
low reinforcement ratios and high covers (12-70). In these beams the proposed model (which is 
an adaptation of MC2010) seems to significantly overestimate crack spacing. This fact coupled 
with an overcorrection due to shrinkage provides very large errors indeed.  

In the rest of the specimens errors are significant but within acceptable values given the 
stochastic nature of cracking. For FRC, scatter can be expected to be larger due to the additional 
uncertainty of the spatial distribution of fibres. It is especially significant that for beam 25-70-00 a 
crack opening of 0.6mm was measured for σs2=250MPa, while for specimens with fibres whis 
value is reduced to 0.32 mm or 0.4 mm. Fibres seem therefore to be especially effective in 
reducing crack width in such cases (large covers). This is also corroborated by specimens 12-70-xx 
with maximum crack width being reduced from 0.42 mm to 0.21 mm and 0.13 mm. 

5.2 Columns under imposed displacements 

5.2.1 Moment/curvature 

The moment/curvature diagram is obtained by sectional analysis using the constitutive laws of 
materials described in paragraph 3.1. Effective prestressing at the age of the test is taken into 
account when considering the acting axial force. A different constitutive law for steel and 
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concrete according to the models presented in chapter 3 is considered and the parameters are 
presented in Table 5-5.  

Table 5-5 Parameters used in the sectional analysis of the column tests 

 

ρs 

[-] 

ρs,eff 

[-] 

fc 

[MPa]

fct 

[MPa]

fR,1 

[MPa]

fR,3 

[MPa]

εcs 

[με] 

lcs 

[mm] 

N 

[kN] 

12-30-0% 1.00% 1.59% 41 3 - - 231 161 379 

12-30-0.5% 1.00% 1.59% 41 3.1 1.5 0.5 169 134 434 

12-30-1% 1.00% 1.59% 42 3.3 2.2 1.3 175 124 372 

25-30-0% 4.36% 5.88% 41 3 - - 244 107 404 

25-30-0.5% 4.36% 5.88% 41 3.1 1.5 0.5 233 92 380 

25-30-1% 4.36% 5.88% 42 3.3 2.2 1.3 184 86 393 

12-80-0% 1.00% 1.59% 41 3 - - 249 161 1048 

12-80-0.5% 1.00% 1.59% 41 3.1 1.5 0.5 160 134 1197 

12-80-1% 1.00% 1.59% 42 3.3 2.2 1.3 186 124 1158 

25-80-0% 4.36% 5.88% 41 3 - - 217 107 1090 

25-80-0.5% 4.36% 5.88% 41 3.1 1.5 0.5 164 92 1057 

25-80-1% 4.36% 5.88% 42 3.3 2.2 1.3 184 86 1142 

 

In Table 5-5, shrinkage elongation at the age of the test is evaluated according to ENV1992-1-1  
#3.1.4 [24]. The following parameters are assumed constant for all cases: Es=210GPa, 
CMOD1=0.5mm, CMOD3=wu=2.5mm and βt=0.6. Comparison between moment/curvature 
measured in tested specimens and obtained with the proposed methodology is presented in 
Figure 5-2, showing a good correlation. 
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Figure 5-2 Measured moment/curvature vs. Proposed Model predictions  

5.2.2 Stress in rebars vs. imposed displacements 

Stresses in rebars vs. imposed displacements at the head of the columns are presented in Figure 
5-3 in the format proposed by Pérez et al. in [13], i.e. normalizing the x axis with the parameter 
Λ=kdδ/L2. This method is meant as a reference for design purposes. Therefore, the considered 
steel stress is the state II stress, which represents a punctual value in the crack. In the present 
study the steel stress is evaluated as the mean strain times the Young’s modulus of steel. In order 
to compare it with the theoretical value, the mean stress is evaluated taking into account Tension 
Stiffening as described in paragraph 3.1. Curves obtained with the proposed model and 
experimental results are compared in Figure 5-3. As can be seen, good agreement is obtained. 
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Figure 5-3 Experimental Λ/σsm (squares) vs. predictions of the proposed model (lines) 

5.2.3 Crack width 

Similarly to the beam tests, crack width is compared for three levels of theoretical state II steel 
stress in RC columns (that is, without fibre reinforcement): 250 MPa, 300 MPa and 350 MPa. The 
first stress level is typical in engineering practice for serviceability design. Results are firstly 
compared numerically in Table 5-6 and then graphically in Figure 5-4.  
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Table 5-6 Comparison between theoretical and experimental crack width for σs2=250 MPa, 300 MPa and 350 MPa in 
RC columns 

Ø Ø/ρs,eff fFtsm fct srmax σsr 

[mm] [mm] [MPa] [MPa] [mm] [MPa] 

12-30-0% 12 757 - 3.0 218 210 

12-30-0.5% 12 757 0.7 3.1 171 169 

12-30-1% 12 757 1.0 3.3 154 162 

25-30-0% 25 425 - 3.0 126 72 

25-30-0.5% 25 425 0.7 3.1 99 58 

25-30-1% 25 425 1.0 3.3 90 55 

12-80-0% 12 757 - 3.0 218 210 

12-80-0.5% 12 757 0.7 3.1 171 169 

12-80-1% 12 757 1.0 3.3 154 162 

25-80-0% 25 425 - 3.0 126 72 

25-80-0.5% 25 425 0.7 3.1 99 58 

25-80-1% 25 425 1.0 3.3 90 55 

 

σs2=250MPa 

Mk δ  σs2 εsm wmod wexp wmod/wexp

[kNm] [mm] [MPa] [mm/m] [mm] [mm] [-] 

12-30-0% 72 10 250 0.855 0.186 0.125 1.49 

12-30-0.5% 72 12 233 0.907 0.155 0.152 1.02 

12-30-1% 72 12 216 0.854 0.132 0.095 1.39 

25-30-0% 146 20 250 1.228 0.154 0.232 0.66 

25-30-0.5% 146 20 236 1.206 0.120 0.287 0.42 

25-30-1% 146 23 230 1.197 0.108 0.050 2.15 

12-80-0% 138 19 250 0.845 0.184 0.189 0.97 

12-80-0.5% 138 23 217 0.833 0.142 0.163 0.87 

12-80-1% 138 25 208 0.796 0.123 0.219 0.56 

25-80-0% 195 21 250 1.227 0.154 0.186 0.83 

25-80-0.5% 195 23 232 1.196 0.119 0.124 0.96 

25-80-1% 195 28 223 1.145 0.103 0.176 0.59 

Mean 0.99 

Std. 0.48 

 

 
 
 
 
 
 
 
 
 



5. Experimental verification 

 

-109- 

 

σs2=300MPa 

Mk δ  σs2  εsm wmod wexp wmod/wexp

[kNm] [mm] [MPa] [mm/m] [mm] [mm] [-] 

12-30-0% 79 12 300 1.105 0.241 0.150 1.60 

12-30-0.5% 79 13 287 1.176 0.201 0.195 1.03 

12-30-1% 79 13 268 1.116 0.172 0.113 1.52 

25-30-0% 165 23 300 1.478 0.186 0.305 0.61 

25-30-0.5% 165 25 285 1.454 0.144 0.338 0.43 

25-30-1% 165 28 280 1.444 0.130 0.080 1.62 

12-80-0% 145 22 300 1.095 0.238 0.219 1.09 

12-80-0.5% 145 26 261 1.048 0.179 0.197 0.91 

12-80-1% 145 28 250 1.005 0.155 0.135 1.15 

25-80-0% 216 25 300 1.477 0.186 0.168 1.11 

25-80-0.5% 216 28 284 1.454 0.145 0.149 0.97 

25-80-1% 216 33 276 1.408 0.127 0.161 0.79 

Mean 1.07 

Std. 0.37 
 

σs2=350MPa 

Mk δ σs2 εsm wmod wexp wmod/wexp

[kNm] [mm] [MPa] [mm/m] [mm] [mm] [-] 

12-30-0% 85 14 350 1.355 0.295 0.175 1.69 

12-30-0.5% 85 15 334 1.410 0.241 0.230 1.05 

12-30-1% 85 16 314 1.347 0.208 0.113 1.84 

25-30-0% 184 23 350 1.728 0.217 0.377 0.58 

25-30-0.5% 184 27 336 1.705 0.169 0.382 0.44 

25-30-1% 184 32 330 1.693 0.152 0.111 1.38 

12-80-0% 151 24 350 1.345 0.293 0.249 1.17 

12-80-0.5% 151 28 301 1.249 0.214 0.238 0.90 

12-80-1% 151 35 289 1.201 0.185 0.165 1.13 

25-80-0% 235 31 350 1.727 0.217 0.162 1.34 

25-80-0.5% 235 33 334 1.703 0.169 0.173 0.98 

25-80-1% 235 38 325 1.656 0.149 0.182 0.82 

Mean 1.11 

Std. 0.41 
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Figure 5-4 Comparison between theoretical and experimental crack width for σs2=250 MPa, 300 MPa and 350 MPa fir 
the cracking tests of columns 

As can be seen in Figure 5-4, the high standard deviation is mainly due to two values. These 
points correspond to 25-30-0% and 0.5%, and the prediction is on the unsafe side. Also the 
prediction of column 25-30-1% is not keen, but it lies on the safe side. If these points are not 
considered, the predictions of the proposed model (which is worthy to remember, is an 
adaptation of MC2010 provisions for cracking) can be regarded as acceptably precise once the 
stochastic nature of the problem is considered. 

   

 





6. Practical applications 

 

-113- 

 

6 PRACTICAL APPLICATIONS 

If you have a theory, you must try to explain what’s good and what’s bad about it equally 

Richard Feynman 

6.1 Introduction 

The improvement provided in the SLS by the combined action of fibres and rebars is of interest 
for structures requiring strict crack width control. Among them there are retaining and 
waterproof structures, as well as columns of long jointless structures, the length of which is 
usually limited by crack width at the base of the columns. In this chapter, practical examples of 
these cases are given, and an application guide of the simplified for serviceability design of 
columns of long jointless structures is presented and then expanded to the case of recycled steel 
fibres. 

6.2 Cracking in bending elements 

The examples presented in the following paragraphs are the continuation of the ones included in 
[59] as practical applications of the new MC2010, which deal with conventional RC. 

6.2.1 Simply supported beam 

The proposed beam has the characteristics shown in Figure 6-1. 
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Figure 6-1 Simply supported beam 

In the example proposed in [59], the crack width, calculated for a moment of 90 kNm, is equal to 
0.22 mm. For that moment, the calculated steel stress in the crack is equal to 274 MPa. 

The improvement hereby proposed is to consider one of the two types of fibre-reinforcement 
studied in the experimental part of the thesis, mechanical properties of which can be found in 
paragraph 4.1.2. Although it cannot be guaranteed that with another type of concrete the residual 
properties of FRC remain the same11, it will be assumed that fFts and the other parameters 
governing post-peak behaviour do not change. fctm will be changed to obtain the constitutive law 
of concrete, assuming a linear behaviour of concrete (Ec=30304 MPa) in service. With these 
hypotheses, non-linear sectional analysis has been performed to obtain σS2 in FRC beams, as 
shown in Figure 6-2. 

 

 

 

 

(a) 

 

                                                             
11 The concrete used in the experimental campaign of this thesis is Self-Compacting Concrete with fck=30MPa 

Concrete C20  

fck=20 MPa 

fctm=2.2 MPa 

Ec=30304 MPa 

Steel B450C 

fyk=450 MPa 

Es=200000 MPa
Gk=16 kN/m 
Qk=4 kN/m 

20 MPa

σ1=2.2 Mpa 
ε1=7.26·10-5 

σ2=0.8 Mpa 
ε2=1·10-4 

σ3=0 Mpa 
ε2=2.4·10-2 
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(b) 

Figure 6-2 Non-linear section analysis for example beams: with Vf=0.5% (a) and 1% (b).  

Crack widths are first calculated according to MC2010 formulation: 
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Results for the two types of fibre-reinforcement are summarised in Table 6-1. 

Table 6-1 Crack width in example beam calculated with MC2010 

Vf fFtsm σsr σs2 ls,max εsm- εcm wmax 

[-] [Mpa] [Mpa] [Mpa] [mm] [mm/m] [mm] 

0% - 95 274 101 0.965 0.22 

0.5% 0.7 65 167 78 0.640 0.10 

1.0% 1.0 52 131 68 0.499 0.07 
 

As already commented, the cracking model proposed in this thesis is based on MC2010, with 

basically two changes: it takes into account the residual strain in concrete (= Fts E ct

c s

f f
E E

 β α ), 

20 MPa

σ1=2.2 Mpa 
ε1=7.26·10-5 

σ2=1.1 Mpa 
ε2=1·10-4 

σ3=0.4 Mpa 
ε2=2.4·10-2 
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and it also adds to mean strain the full shrinkage value at the age of when cracking occurs. This 
applies also to short-time loads. 

Since the value of shrinkage at the age in which cracking occurs is not known, a conservative 
uniform strain of 0.3 mm/m will be considered. Under these assumptions, the resulting crack 
widths are calculated in Table 6-2. 

Table 6-2 Crack width in example beam calculated with proposed cracking model 

Vf fFtsm σsr σ2 ls,max εsm- εcm wmax 

[-] [Mpa] [Mpa] [Mpa] [mm] [mm/m] [mm] 

0% - 95 274 101 1.429 0.29 

0.5% 0.7 65 167 78 0.783 0.12 

1.0% 1.0 52 131 68 0.593 0.08 
 

The proposed model tends to be more conservative than MC2010. Even so, the reduction in 
maximum crack width with respect the RC case is remarkable, reaching an improvement for 
Vf=1% of 353%. 

6.2.2  Water treatment tank 

A water treatment tank is presented as the second example of crack width calculation in [59]. The 
wall is calculated to withstand a characteristic bending moment in service of 38 kNm/m, and has 
the mechanical and geometrical characteristics shown in Figure 6-3.  

 

Figure 6-3 Water treatment tank wall 

According to calculations performed, the design crack width is 0.19mm, less than the limit of 
0.2mm. 

Similarly to the previous example, the two types of recycled fibre reinforcement are applied; the 
improvement in crack width is evaluated in Table 6-3 (a) and (b). It is worthy to notice that since 
the example is for long-term loads, β=0.4 and ηr=1, therefore taking into account shrinkage. 
Because of this last condition, the proposed model gives larger improvements than MC2010 
since both of them consider shrinkage for long term loadings, but only the proposed model takes 
into account residual strain of concrete. 

Concrete C40  

fck=40 MPa 

fctm=3.51 MPa 

Ec=36267 MPa 

Steel B500S 

fyk=500 MPa 

Es=200000 MPa 
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Table 6-3 Improvement in crack width control given by recycled fibre-reinforcement., calculated with (a) MC2010 
and (b) proposed model 

(a)

Vf fFtsm σsr σ2 ls,max εsm- εcm wmax 

[-] [Mpa] [Mpa] [Mpa] [mm] [mm/m] [mm] 

0% - 109 149 107 0.876 0.19 

0.5% 0.7 88 101 96 0.678 0.13 

1.0% 1.0 78 84 91 0.614 0.11 

 
(b) 

Vf fFtsm σsr σ2 ls,max εsm- εcm wmax 

[-] [Mpa] [Mpa] [Mpa] [mm] [mm/m] [mm] 

0% 0.7 109 149 107 0.709 0.15 

0.5% 0.7 88 101 96 0.444 0.08 

1.0% 1.0 78 84 91 0.351 0.06 
 

As can be seen, the crack width can be reduced to half the design value with recycled fibre-
reinforcement. One could think about reducing longitudinal reinforcement, while maintaining 
adequate safety against failure (MRd>MSd) and an acceptable crack width opening. Therefore, it is 
proposed to reduce the reinforcement in outer wall to Ø16@200mm.  

Since Mk=38 kNm/m, the design (ULS) moment can be taken as MSd=1.4·Mk=53.2 kNm/m. With 
reinforcement of Ø16@200mm at both faces, MRd=74.2 kNm/m. Design crack width is calculated 
in Table 6-4 with the proposed model. The new ρs,eff is equal to 1.9%. 

Table 6-4 Calculation of crack width for Ø16@200mm longitudinal reinforcement with the proposed model 

Vf fFtsm σsr σ2 ls,max εsm- εcm wmax 

[-] [Mpa] [Mpa] [Mpa] [mm] [mm/m] [mm] 

0% 0 109 280 164 1.531 0.50 

0.50% 0.7 88 186 141 0.871 0.25 

1% 1.0 78 153 131 0.696 0.18 
 

Crack width requirements are fulfilled for Vf=1%. This represents 86.3 kg of fibres each linear 
meter of the wall. On the other hand, the reduction in reinforcement steel can be quantified in 
60 kg per meter of wall. Considering a price of RSF of 700 €/Ton, and of steel rebars of 1.3 €/kg 
(that also takes into account labour for placing), the estimated economical saving is equal to 18 € 
each linear meter of the wall, with a total for the considered tank of 5000 €.  

6.3 Maximum length of structures 

Using the method of reference [13], based on charts to simplify the design process, it is possible 
consider both instantaneous and time-dependent imposed deformations, and their interaction. 

This tool can be applied to get an estimate of the maximum jointless length which can be 
achieved with reasonable steel quantities and good serviceability conditions for typical structural 
applications such as standard buildings or overpasses. 
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Graphs obtained using the simplified method, and representing the maximum jointless length of 
the structure as a function of the reinforcement ratio (ρs=As/dh) of the support located farthest 
from the fixed point, are shown in Figure 6-5 to Figure 6-10. The curves have been generated for 
typical squashing load ratios v=N/(0.85·b·d·fcd) and target values of the admissible stress in the 
reinforcement (σs).  

In order to obtain these design aids, ordinary magnitudes of the involved parameters12 have been 

considered. A first graph, drafted for instantaneous imposed displacements (0), is used to 
determine the value of σs due to temperature effects (σs,0). Then, this value is used in a second 

graph together with a typical value of Δ∞ to obtain the total stress in reinforcement due to 
imposed displacements, following the procedure outlined in chapter 2. The Matlab program 
written to solve this problem is presented in Annex D. 

6.3.1 Highway overpass 

Integral bridges are gradually becoming an attractive design option for projects with relatively 
moderate spans. For this application example a prestressed hollow-core girder bridge has been 
chosen. Piers are clamped at both ends. Their height is 7.0 m and the cross section is rectangular, 
1.0 m thick, as shown in Figure 6-4.  

 

 

Figure 6-4 Typical longitudinal prospect of a highway overpass 

Two possible amounts of total imposed strains have been applied, 600 or 900 . They represent 
a mild or severe temperature variation coupled with a moderate or high shrinkage strain. The 
proportion between long-term deformations and instantaneous deformations is equal to 1.0 in 
the first case and equal to 1.25 in the second one13. The creep coefficient is taken as 2. 

                                                             
12 The involved parameters are the normalised displacement  =kδd/L2, the effective depth d and the height of the 
column h. 
13 Low imposed strain: T=300 ; sh=300 . High imposed strain: T=400 ; sh = 500  
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(a) 

 

(b) 

Figure 6-5 Maximum length of the bridge (calculated as twice the maximum allowable distance between the fixed 
point and the farthest pier) as function of the reinforcement ratio: low imposed deformations (a) and high imposed 
deformations (b). Design crack widths are indicated assuming c=5cm, three rebar diameters (20, 25 and 32mm) and 

shrinkage elongation εcs=0.35 mm/m 

As can be observed the higher the squashing ratio, the longer is the jointless length which can be 
obtained. An increase of the reinforcement ratio generally implies an increase of the maximum 
length (Lmax). The relationship between Lmax and Λ is, however, non-linear and increasing Lmax 
becomes relatively more expensive as ρ becomes larger. For an integral bridge of these 
approximate dimensions Lmax ranges approximately from 35 to 80 meters, assuming a maximum 
stress in steel of 250 MPa for the quasi-permanent load combination. 
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These values, which are relatively modest, may be improved by reducing the width of the piers or 
increasing their height, and points to the need of modifying typical design criteria if longer 
jointless spans are to be achieved. 

The instantaneous imposed deformation used in this calculation corresponds to a uniform 
temperature variation of 20 or 40 degrees, reduced by the ψ2 combination coefficient for quasi-
permanent values, taken as 0.5 (according to Eurocode [60]). In addition to the temperature load, 

200  are considered to be present due to the instantaneous deformation of the deck as a result 
of the application of the prestressing force. 

The long-term imposed deformation used in this calculation (sh) is supposed to be fully due to 

shrinkage. The shrinkage strain is therefore assumed to be 300 or 500 . 

However, this can be regarded as a simplification since due to cracking in the columns their 
displacement due to creep is liable to be somewhat smaller than the displacement of the 
prestressed deck, thereby inducing some stresses in the reinforcement. It is assumed however 
that these stresses will normally be small. 

Crack widths are also reported in Figure 6-5 for a concrete cover of c=5cm and three rebar 
diameters. According to these values, the usual admissible value of crack width for normally 
aggressive environments (0.3mm) is always reached for reinforcement ratios of 3% and more. 
Although this is theoretically true, it is worthy to point out that for this very example, 
reinforcements of 3% and more are not feasible. In fact, it would mean a steel area of 
0.03·1m·2m=600cm2, that is on the tensile part 300 cm2. Assuming Ø32 reinforcement (=8cm2), 
rebars should be placed with a spacing of 5cm, or two rebars each 10cm. 

6.3.1.1 Improvements due to the fibre-reinforcement 

For this example, a fibre-reinforcement with the post-peak characteristics of 1% batch (see 
chapter 3) is considered. 

Fibre-reinforcement improves two aspects regarding the maximum length achievable: on one 
hand it reduces steel stress in the crack (and therefore improves the maximum length achievable, 
as shown in Figure 6-6), and on the other reduces the maximum crack width due principally to 
the reduction of the transfer length (as shown in Figure 6-7). 
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(a) 

 

(b) 

Figure 6-6 Improvement in maximum length of a bridge considering a concrete with content volume of recycled 
steel fibres of 1% : low imposed deformations (a) and high imposed deformations (b).  
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(a) 

 

(b) 

Figure 6-7 Design crack width for the previous example considering FRC with residual properties as 1% batch. c=5cm, 
three rebar diameters (20, 25 and 32mm) and shrinkage elongation εcs=0.35 mm/m are assumed 

As can be seen, addition of fibres enhances the maximum achievable length due to the reduction 
in steel peak stress. Moreover, the reduction of transfer length reduces the crack width. For 
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instance, a bridge with columns reinforced with 2% ratio and Ø25 rebars, considering a maximum 
allowable stress of 300 MPa and mild imposed displacements (600 με), could be 72m long, and 
the design crack width would be equal to 0.32mm. 

By contrast, the same column fibre-reinforced with 1% of recycled steel fibres could be 80m long, 
with a crack with opening of 0.23mm. This also implies that a larger steel stress could be accepted 
provided that crack width is maintained under 0.3mm. 

6.3.2 Long jointless building 

Similarly to the case of the integral bridge, in this section charts to estimate the maximum 
jointless length of a typical building are presented. For this purpose, the following data, usual in 
building design, have been considered:   

 First floor height     3.00 m 

 Square columns, side dimensions   0.30 m 

 Imposed deformation    775 με 

Imposed deformations are usually divided into instantaneous strains due to temperature and 

time dependent strains due to shrinkage and creep deformation, i.e.  = T  + sh + ·co. 
Nevertheless, for building structures, thermal deformations are not considered by Eurocode [60] 
in the quasi-permanent combination defined in eq. (5.1), where the corresponding combination 
coefficient ψ2  is zero for temperature. 

k ,j 2 ,i k ,i
j 1 j 1

G P Q
 

  ψ  (5.1)

Due to cracking of reinforced concrete, the initial strain at the centre of the cross section c0,cg, 
will, regardless of the sign of the bending forces, be a tensile strain (see Figure 6-8 Plane A) which 
would partially compensate the shortening due to rheological effects (see Figure 6-8 Planes B and 
C). This phenomenon is sometimes referred to in literature (see [51, 61]) as beam growth. In this 
analysis this instantaneous effect has been neglected since it can only be considered in its full 
magnitude if cracking takes place after the full length of the structure has been built. If, as is 
normal in building practice, the structure is cast in several stages and the horizontal slab cracks 
after removing the formwork (which is reused in the next stage), the extension due to beam 
growth will not accumulate over the whole length of the structure, but over a much smaller 
length and this effect will be much smaller in terms of displacement at the top of the columns. 
Neglecting this effect provides conservative estimates of the maximum jointless length. 

As shown in Figure 6-8, in a simplified manner (see [62]), the variation of the deformation plane 
caused by shrinkage and creep, can be approximated as a rotation around the tensile steel fibre. 
Imposed deformations at the centre of the slab can then be approximately taken as 45% (see 
explanation of this figure below) of the total value. It is worth to point out that this last 
assumption does not apply to the case of prestressed elements (slabs in buildings or decks in 
bridges) since no cracking is usually envisaged.  
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Figure 6-8 Approximate increase of curvature due to creep and shrinkage (rotation around the reinforcement is 
assumed as a simplification [62]) 

The increase of strain due to creep may be estimated by assuming a worst case scenario in which 
at the critical cross-section (probably the support) the maximum quasi-permanent compressive 
strain (in order to avoid non-linear creep) in concrete is: 

c0

c

ck0.45 f 0.45 25
375

E 30000

 
  ε με  

(5.2)

A conservative estimate of the mean value of this strain can be taken to be half this value e.g. 

187.5 . The strain of the centre of gravity of the uncracked section can therefore be estimated 
as in [62]: 

co sh co sh co sh
cg ' '

E E E

h h 12 2   
1 12 ' d 1 12 0.9h 1 12 1.8

  
     

  
φε ε φε ε φε ε

ε
α ρ α ρ α ρ

 
(5.3)

Where, E is modular ratio and ’ is compression reinforcement ratio. Considering values of 6.67 
and 2.8 ‰ respectively for these variables, Eq. (5.3) becomes: 

co sh
cg   
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ε  
(5.5)

For the example being studied the resulting values are as follows: 
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Figure 6-9 shows the maximum jointless length for different values of the reinforcement ratio, 

considering a total strain at the most compressed fibre equal 775  due shrinkage and creep 
with a creep coefficient of 2.0 as detailed above. The chart presented in Figure 6-9 is obtained 

considering a design value of 350  corresponding to the strain of the centre of gravity of the 
slab. 
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Figure 6-9 Building with low level of imposed deformation (775 ). Design crack widths are shown assuming c=3cm, 
three rebar diameters (20, 25 and 32mm) and shrinkage elongation εcs=0.35 mm/m 

Figure 6-10 shows the same results for a generic value of the time-dependent strain. The vertical 
axis represents in this case the product of the maximum jointless length times the imposed 
strain due to creep and shrinkage.  
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Figure 6-10 Maximum jointless length for a generic time-dependent strain 
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In the previous charts, the hypothetical length considering full development of the steel elastic 
branch (i.e. a tension of 500 MPa) is also presented. This case is interesting because, besides of 
representing the upper bound of the problem, it shows that if better crack control  can be 
achieved, for instance by the addition of fibres, longer jointless buildings can be designed (as 
already noted and experimentally observed, the stress limitations to 250 MPa or 300 MPa are 
basically due to crack width control). 

6.3.2.1 Improvements due to the fibre-reinforcement 

Similarly to the previous example, a fibre-reinforcement with the same post-peak characteristics 
as 1% batch is considered.  
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(b) 

Figure 6-11(a)  Improvement in maximum length of a bridge considering a concrete with content volume of recycled 
steel fibres of 1%. (b) Design crack width considering c=3cm, three rebar diameters (20, 25 and 32mm) and shrinkage 

elongation εcs=0.35 mm/m 

Again, there are two types of improvements, i.e. on one hand the maximum length increases, 
while at the same time the associated design crack width decreases. The improvement in 
maximum length for a given target stress is smaller than in the case of previous example. This is 
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Ø20→0.23mm 
Ø25→0.25mm 
Ø32→0.27mm 

Ø20→0.25mm 
Ø25→0.27mm 
Ø32→0.30mm 

Ø20→0.27mm 
Ø25→0.30mm 
Ø32→0.34mm 

Ø20→0.32mm 
Ø25→0.36mm 
Ø32→0.41mm 

Ø20→0.45mm 
Ø25→0.52mm 
Ø32→0.63mm 

Ø20→0.73mm 
Ø25→0.86mm 
Ø32→1.02mm 

Ø20→0.51mm 
Ø25→0.58mm 
Ø32→0.66mm 

Ø20→0.44mm
Ø25→0.48mm 
Ø32→0.54mm 

Ø20→0.37mm 
Ø25→0.40mm 
Ø32→0.43mm 

Ø20→0.40mm 
Ø25→0.43mm 
Ø32→0.47mm 
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due to the fact that, as already noted, when FRC is considered, the problem can be no longer 
normalised to effective depth d. Since the simplification d=0.9·H has been considered in order to 
compare the diagrams with the ones obtained by Ezeberry [63], the section of example 6.2.1 has a 
more favourable (h-d)/h ratio. 

It is also worthy to note that although fibre reinforcements allows for 300 MPa target stress, and 
4% reinforcement ratio (in a 30x30 column that would mean 4Ø25, which is acceptable), a crack 
width of 0.3mm, it is impossible to maintain that value for 500 MPa. In other words, the 
maximum allowable crack width (which is usually 0.3mm) is reached before steel yields. This 
could be solved by using FRC with better characteristics i.e. with higher residual strengths. 
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7 CONCLUSIONS AND FUTURE 

STUDIES 

Ricordati che dietro ogni problema c’è un’opportunità 

Galileo Galilei 

7.1 Introduction 

The present work has dealt with the incorporation of recycled steel fibres (RSF) to elements 
made of normal strength self-compactable concrete (SCC) reinforced with conventional steel 
rebars. The overall idea is that conventional reinforcement cannot be replaced by fibres, since 
they do not substantially increase tensile strength of concrete. Nevertheless, due to the bridging 
action at the crack, the combined action of fibres and rebars can provide better cracking 
behaviour, and therefore better serviceability conditions to elements in bending (beams, slabs, 
tank walls…) or in element where bending is combined with axial force, such as columns of 
integral structures (therefore enhancing the maximum jointless length achievable). 

This thesis, which represents three years of work dedicated to the study these concepts, 
combining experimental evidence and theoretical interpretations, started by collecting 
information about the effect of adding fibres to RC on crack width control, and how the 
combined action of fibres and rebars affects sectional deformability and crack width behaviour. 
Particular attention was also given to previous experiences with RSF. With the knowledge and 
information gathered from literature, a model was proposed to describe cracking of sections, 
sectional deformability and the response of columns of integral structures to imposed 
displacements.  

When undertaking the experimental part of this thesis, it was first of all necessary to prove the 
feasibility of using RSF from end of life tyres shredding for crack width control. The reason behind 
the choice of such a material is the advantage from the point of view of sustainability due to the 
use of a recycled material. In spite of the suggestiveness of a material with a much reduced 
economic and environmental cost, RSF presented difficulties (such as the optimum concrete mix 
needed to guarantee workability) which had to be overcome in order to test the above 
mentioned concept.  
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In fact, although RSF had already been successfully used in Roller Compacted Concrete for road 
sub-bases, there was no previous experience of its use in elements reinforced with conventional 
rebars for the purpose of improving crack width control. Therefore, a preliminary experimental 
campaign was carried out prior to the main one, with the objective of gaining experience in the 
use of RSF and finding the optimum concrete mix to allow the construction and test of the 
specimens for the main experimental campaign. The results obtained were compared with the 
proposed models in order to validate them. Finally, provided that the models proved sufficiently 
precise, they were extended to theoretical examples to show potential applications and design 
tools of RSF to improve serviceability conditions. 

7.2 Conclusions about use of RSF reinforced concrete 

As recalled in the introduction, the first problem which had to be overcome was the workability 
of RSF reinforced concrete, and its efficiency in terms of crack width control. The main 
conclusions that can be drawn from the preliminary tests are: 

 Fibres recycled from used car tyres can provide FRC with similar properties as 
commercial fibres in terms of tensile flexural test results.  

 As for commercial fibres, their behaviour is governed by bond, i.e. the length (the longer 
the fibre, the better the post-peak behaviour). On the other hand, long fibres tend to ball 
in the mixing phase for standard concrete. This can lead to imperfections in the hardened 
material and possibly to a premature failure. A balanced situation, in between favouring 
bond conditions while maintaining adequate workability was found, and a limitation of 
the aspect ratio to 150, or even less, seems needed. 

 The less consistent the concrete, the more workable the FRC mixture. This statement 
turned out to be especially true for RSF. 

With these results in mind, two volume contents (0.5% and 1%) of recycled “short” fibres were 
chosen for the main experimental campaign. The concrete was chosen to be Self-Compacting 
(SCC), with a target fck,28=30 MPa. The conclusions on the use of this type of FRC are the 
following: 

 The residual properties of FRC, obtained with standard 3-point bending test, were poor 
compared with concretes reinforced with similar contents of commercial fibres. The 
reasons for this (in spite of the rather large amounts of fibres used) can be found in the 
length distribution of the fibres. In fact, if longer fibres would have been available, FRC 
post-peak properties would have been better, as shown in the preliminary tests.  

 On the other hand, as seen in preliminary tests, longer fibres tend to ball, and in this case 
no balling was encountered, also due to the use of SCC. 

 No decrease for high RSF dosage  in compressive strength was encountered, contrarily to 
what was reported by Angelakopoulos et al. [55]. 

 The possibility successfully achieving of large concrete batches with RSF was 
corroborated; in particular, two batches of 5 m3 each were taken at a concrete factory. 
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7.3 Conclusions about cracking tests of beams 

From the results presented in the previous chapters, the following conclusions can be drawn: 

 Addition of fibres to concrete improves cracking behaviour, even if the post-peak 
properties of FRC are low. This is the case of the recycled fibres used in this study, which 
even though they presented a rather poor post-peak behaviour compared with similar 
commercial fibres for the same contents, proved to be effective in crack control 
improvement. 

 The addition of fibres to reinforced concrete enhances crack width control by increasing 
tension stiffening and reducing transfer length, both leading to smaller cracks. 

 The effect of Ø/ρs,eff ratio on crack spacing can be masked by TS effects. This is especially 
true for FRC, due to the fact that the increase in TS effects for low reinforcement ratios 
can be remarkable. 

 Fibres are most effective when used with low reinforcement ratios and/or large covers. 
This makes their use for water retaining structures especially advantageous. 

 The results obtained in this study show how the addition of recycled steel fibres to RC 
elements improves cracking behaviour. Therefore, the application of this technology to 
structures requiring special attention to crack width control, is promising and should lead 
to improved structural performance as well as to environmental benefits. 

7.4 Conclusions about cracking tests of columns 

From the results presented in the previous chapters, the following conclusions and observations 
can be drawn: 

 The influence of the addition of fibres is small for the columns reinforced with Ø25 
rebars, which is in accordance with what was previously observed for the case of beams 
in pure bending: the higher the reinforcement ratio, the smaller the contribution of fibres 
to the stiffness. On the other hand, the influence of fibres on the stiffness of the section 
can be appreciated in the 12-30-xx series, although not in the 12-80-xx series. 

 Initial (uncracked) stiffness is similar for all four columns. When cracking occurs, the 
stiffness drop is smaller for heavily reinforced columns. Nevertheless, in this case, the 
difference between cracked and uncracked phases for the 12-xx-0% and the 25-xx-0% 
series is remarkable. 

 The addition of fibres leads in most cases to a reduction of crack width, although the 
behaviour is not always clear. This fact is related with the already discussed scatter due to 
the presence of stirrups. The most remarkable improvements are obtained in the 25-30-
xx series. In fact, as can be observed, even at 50mm displacement (which, in a real 4.00m 
high column, would represent a 100mm imposed displacement), the limit of w=0.3mm, 
clearly within acceptable ranges, is not reached. 

 The addition of fibres increases the ductility of the columns by preventing spalling of 
concrete due to buckling of the rebars, especially for the specimens reinforced with Ø12 
rebars. 
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7.5 Conclusions about the proposed models 

The proposed model has firstly been applied to the analysis of the crack patterns and sectional 
deformability of the beams. The comparison can be regarded as acceptable even if significant 
scatter must be accepted due to the nature of the problem. When the proposed models are 
applied to the cracking tests of columns, the following conclusions can be drawn: 

 The proposed model is sufficiently precise when estimating mean curvature along a 
measured segment. 

 As a result, when curvature are integrated along the height of the columns, the 
normalized displacement vs. mean steel stress at the base (Λ/σs diagrams) shows 
substantial agreement between measured and theoretical values.  

 The mean error in the prediction of maximum crack width is quite low indeed, although 
the dispersion is large. This can be due to the presence of stirrups. In fact, for the same 
levels of tensile stress in rebars, cracks are smaller for Ø12 columns (Ø/ρs,eff=816mm) than 
for Ø25 columns (Ø/ρs,eff=454mm), which is contrary to the expected influence of the 
Ø/ρs,eff parameter on cracking as expected in the proposed cracking model (the larger 
Ø/ρs,eff, the larger crack spacing and therefore crack width). The explanation for this 
resides in the fact that a first crack always developed at the column embedment, and the 
second one at the first stirrup position. Then, as the load increased, a third crack 
developed between the first two, but the “tension transfer efficiency” (that is, the effect 
governed by Ø/ρs,eff) of both reinforcement arrangements prevented the formation of 
new ones. Thus, in this case, crack width was controlled by crack spacing, which was not 
controlled only by transfer length, and therefore Ø/ρs,eff effect turned out to be not visible 
at the bottom of the column.  

Finally, the proposed models have been used to illustrate some typical applications. In particular, 
the maximum length of a typical building and bridge structure is derived from the proposed 
method of analysis of these elements. For the plain concrete case, it has been proved that, 
depending on the type of the structure and the boundary conditions of the problem, longer 
jointless spans than the ones usual in engineering practice and often suggested by codes can be 
designed. This is specially the case for buildings: depending on the national code, limitations 
between 30 m and 50 m can easily be found. By applying the proposed method of analysis, a 
length of approximately 90 m have been demonstrated to be feasible for a typical column 
maintaining tension in steel around 250 MPa. In the case of bridges, designs need to be adjusted 
(smaller column depth and greater heights) in order to increase the jointless spans. 

Then, by using fibre-reinforcement, it has been shown that greater jointless spans can be 
achieved, respecting the design objective of keeping crack width under 0.3mm. 

7.6 Future studies 

Recycled steel fibres (RSF) have proven effective for crack width control, as demonstrated in this 
thesis. Nevertheless, the volume ratios used (0.5% and 1%) are relatively high when compared 
with commercial steel fibres, and even so the performance obtained in terms of residual stresses 
is low. This is due to the fact that the fibres used in this experimental programme were generally 
short. 
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Other research groups (Sheffield, UPV, University of Salento…), and even a specifically created 
company (Twincon), have been working in improving the quality of RSF, and industrialising the 
production in order to obtain large amounts for use in actual construction sites. An interesting 
proposal is also to combine RSF with commercial fibres, in order to control with the latter micro-
cracking, and with the former larger cracks up to ULS. It would be very interesting to apply these 
new blends to elements in pure bending or in compression and bending. In fact, although the 
fibres used in the present study proved effective in crack control, larger improvements are 
expected when better RSF are used, either alone or as part of a blend with commercial fibres. 
Moreover, if the volume ratio necessary to achieve adequate residual properties is reduced, 
other type of concretes (i.e. other than Self-Compacting) could be used without the risk of 
balling, with economic advantages. 

Apart from the improvements of RSF, an important task to perform after their use for crack width 
control has been validated, both theoretically and experimentally, is the application to real life 
structures, such as tanks, bridge decks in zones where the use of melting salts is usual, structures 
in marine environments, and of course columns of integral structures. 

It is also advised that RSF could be used in a broader range of applications to partially or totally 
substitute commercial steel fibres, such for instance in sprayed concrete. The applications of 
RSFC sprayed concrete could be used in tunnel linings, slope reinforcements, complex geometry 
concreting, etc. 

The design tools for SLS analysis of R/FRC columns of long jointless structures can also be 
improved by further implementing considerations that are generally not considered in SLS 
calculations, such as second order effects. Most importantly, to prove that all the assumptions 
made in order to derive the simplified method are reasonable, it would be necessary to build 
actual R/FRC columns as part of long jointless structures and measure the behaviour in terms of 
deformations and crack width. This would lead on one hand to a further validation of the method, 
and on the other to build stronger confidence among clients and designers about the possibilities 
of jointless structures. 
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