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Nomenclature

A transversal area [m2]

a speed of sound [m s−1]

B bypass ratio [-]

b blockage ratio

C heat capacity [m2 s−2 K−1],
crossover constant

Cp heat capacity at constant
pressure [m2 s−2 K−1]

Cx spillage drag coefficient

D diameter [m]

Dh hydraulic diameter [m]

E energy [kg m2 s−2]

e total energy: e = H − pv
[m2 s−2],
tube spacing

Ek kinetic energy [kg m2 s−2]

F mutation factor

G mass flux [kg m−2 s−1],
Gibbs potential [kg m2 s−2]

g Gibbs potential [m2 s−2]

g0
f Gibbs potential of formation

[m2 s−2]

gr gravity constant [m s−2]

H total enthalpy: H = h+0.5 v2

[m2 s−2]

h enthalpy [m2 s−2]

hc convective heat transfer coef-
ficient [kg s−3 K−1]

h0
f enthalpy of formation

[m2 s−2]

I irreversibility [kg m2 s−2]

If fluid equivalent inertia [m−1]

Iv valve equivalent inertia [m]

Ir rotor inertia [kg m2]

Isp specific impulse [m s−1]

k thermal conductivity
[kg m s−3 K−1],
sensitivity

Kf pressure loss factor

Kṁ mass–flow scaling factor

Kη efficiency scaling factor

Kπ pressure scaling factor

L length [m]

M cardinality

m cardinality,
mass [kg]

Mw molecular weight [kg mol−1]

N number of moles [mol],
cardinality

n cardinality,
load factor

p pressure [kg m−1 s−2]

Pa available power [kg m2 s−3]

Q heat [kg m2 s−2]

q dynamic pressure [kg m−1 s−2],
heat [m2 s−2]

R radius [m],
mission range [m]

Rg ideal gas constant
[m2 s−2 K−1]

s tangential pitch,
entropy [m2 s−2 K−1]

s0 absolute entropy [m2 s−2 K−1]
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Nomenclature

T temperature [K]

t temporal variable [s],
thickness [m]

Tq torque [kg m2 s−2]

Ta adiabatic wall temperature
[K]

Tsp specific thrust [m s−1]

V volume [m3]

v velocity [m s−1],
specific volume [kg−1 m3]

W work [kg m2 s−2]

x spatial variable [m],
mass fraction

xl longitudinal tube pitch

xt transversal tube pitch

y molar fraction

Z availability loss [kg m2 s−2]

z altitude [m]

Ma Mach number

Nu Nusselt number

Pr Prandtl number

Re Reynolds number

Sh Strouhal number

Acronyms

AR area ratio,
aspect ratio

ATR air turbo–rocket

ATREX Air–turbo–ram–jet with
Expander Engine

CADO Computer Aided Design and
Optimization tool

CFD computational fluid dyna-
mics

DASSL Differential–Algebraic Sys-
tem Solver

DMR dual–mode ramjet

ESPSS European Space Propulsion
System Simulation

FAR fuel–to–air ratio

FHV fuel heating value [m2 s−2]

HPC high pressure compressor

HPT high pressure turbine

HSI high speed intake

LH2 liquid hydrogen

LO2 liquid oxygen

LSI low speed intake

MR air–to–fuel ratio

SABRE Synergetic Air–Breathing
Engine

SEP specific excess power [m s−1]

TPR total pressure recovery

Greek Symbols

α angle [rad],
Summerfield ratio: eq. (2.21)

αc intake mass capture ratio

αp volume expansivity [K−1]

β coordinate of the turboma-
chine map parameterization,
ratio of flow areas

χ ratio of mass flows

δ dimensionless pressure

δp pressure loss

ε emissivity,
exergy [m2 s−2]

εr wall rugosity [m]

η adiabatic efficiency

ηεo overall effectiveness

ηεth thermal effectiveness

ηn nozzle efficiency

ηk intake kinetic efficiency

ηo overall efficiency

ηp propulsive efficiency
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ηth thermal efficiency

Γ perimeter [m]

γ ratio of heat capacities

κa transfer effectiveness

λ stagger angle [rad]

µ viscosity [kg m−1 s−1]

ν dimensionless velocity,
stoichiometric coefficient

Ω angular speed [s−1]

φ relative humidity,
equivalence ratio

Π baseline pressure–ratio map

π pressure ratio,
number π

ρ density [kg m−3]

Σ control surface

σ entropy production
[kg m2 s−2 K−1]

σb constant of Stefan–
Boltzmann [kg s−3 K−4]

τ characteristic time [s]

Θ dimensionless temperature

θ climb angle [rad]

ξ friction factor [m−1]

ζ instantaneous specific losses

Superscripts
′ on the relative frame,

variable redefinition

¯ molar quantity

˜ corrected variable

0 stagnation quantity

d design value

s static as opposed to stagnant

II based on Second Law

I based on First Law

Subscripts

0 reference conditions

∞ free–stream conditions

f relative to the fan,
relative to the fuel

j relative to the jet

p relative to the pump

t relative to the tube,
relative to the turbine

w relative to the wall,
relative to the wake

Other Symbols

∆h sensible enthalpy [m2 s−2]

q̇ heat flux [kg s−3]

q̇r radiative heat flux [kg s−3]

D aerodynamic drag [kg m s−2]

E lift–to–drag ratio

F thrust [kg m s−2]

Fg gross thrust [kg m s−2]

Fu uninstalled thrust [kg m s−2]

H baseline efficiency map

L aerodynamic lift [kg m s−2]

M baseline mass–flow map

T mission elapsed time [s]

W weight [kg m s−2]

m mission vector

u control vector

xiii





Resumen

Desde la aparición del turborreactor, el motor aeróbico con turbomaquinaria
ha demostrado unas prestaciones excepcionales en los reǵımenes subsónico
y supersónico bajo. No obstante, la operación a velocidades superiores re-
quiere sistemas más complejos y pesados, lo cual ha imposibilitado la eje-
cución de estos conceptos. Los recientes avances tecnológicos, especialmente
en materiales ligeros, han restablecido el interés por los motores de ciclo
combinado. La simulación numérica de estos nuevos conceptos es esencial
para estimar las prestaciones de la planta propulsiva, aśı como para abor-
dar las dificultades de integración entre célula y motor durante las primeras
etapas de diseño. Al mismo tiempo, la evaluación de estos extraordinarios
motores requiere una metodoloǵıa de análisis distinta. La tesis doctoral
versa sobre el diseño y el análisis de los mencionados conceptos propulsivos
mediante el modelado numérico y la simulación dinámica con herramientas
de vanguardia.

Las distintas arquitecturas presentadas por los ciclos combinados basa-
dos en sendos turborreactor y motor cohete, aśı como los diversos sistemas
comprendidos en cada uno de ellos, hacen necesario establecer una referen-
cia común para su evaluación. Es más, la tendencia actual hacia aeronaves
“más eléctricas” requiere una nueva métrica para juzgar la aptitud de un
proceso de generación de empuje en el que coexisten diversas formas de
enerǵıa. A este respecto, la combinación del Primer y Segundo Principios
define, en un marco de referencia absoluto, la calidad de la trasferencia de
enerǵıa entre los diferentes sistemas. Esta idea, que se ha estado empleando
desde hace mucho tiempo en el análisis de plantas de potencia terrestres, ha
sido extendida para relacionar la misión de la aeronave con la ineficiencia
de cada proceso involucrado en la generación de empuje. La metodoloǵıa
se ilustra mediante el estudio del motor de ciclo combinado variable de una
aeronave para el crucero a Mach 5.

El diseño de un acelerador de ciclo combinado basado en el turborreactor
sirve para subrayar la importancia de la integración del motor y la célula. El
diseño está limitado por la trayectoria ascensional y el espacio disponible en
la aeronave de crucero supersónico. Posteriormente se calculan las presta-
ciones instaladas de la planta propulsiva en función de la velocidad y la
altitud de vuelo y los parámetros de control del motor: relación de com-
presión, relación aire/combustible y área de garganta.
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Abstract

Since the advent of the turbojet, the air–breathing engine with rotating ma-
chinery has demonstrated exceptional performance in the subsonic and low
supersonic regimes. However, the operation at higher speeds requires further
system complexity and weight, which so far has impeded the realization of
these concepts. Recent technology developments, especially in lightweight
materials, have restored the interest towards combined–cycle engines. The
numerical simulation of these new concepts is essential at the early design
stages to compute a first estimate of the engine performance in addition to
addressing airframe–engine integration issues. In parallel, a different analy-
sis methodology is required to evaluate these unconventional engines. The
doctoral thesis concerns the design and analysis of the aforementioned en-
gine concepts by means of numerical modeling and dynamic simulation with
state–of–the–art tools.

A common reference is needed to evaluate the different architectures of
the turbine and the rocket–based combined–cycle engines as well as the
various systems within each one of them. Furthermore, the actual trend
towards more electric aircraft necessitates a common metric to judge the
suitability of a thrust generation process where different forms of energy
coexist. In line with this, the combination of the First and the Second Laws
yields the quality of the energy being transferred between the systems on
an absolute reference frame. This idea, which has been since long applied
to the analysis of on–ground power plants, was extended here to relate the
aircraft mission with the inefficiency of every process related to the thrust
generation. The methodology is illustrated with the study of a variable–
combined–cycle engine for a Mach 5 cruise aircraft.

The design of a turbine–based combined–cycle booster serves to highlight
the importance of the engine–airframe integration. The design is constrained
by the ascent trajectory and the allocated space in the supersonic cruise air-
craft. The installed performance of the propulsive plant is then computed as
a function of the flight speed and altitude and the engine control parameters:
pressure ratio, air–to–fuel ratio and throat area.

xvii





Chapter 1

INTRODUCTION

1.1 Context of high speed propulsion

Enlarging the range of human displacement is a need in a globalized World
where the commercial, cultural or even recreational links between distinct
human settlements are more distant than ever. The aftermath of this in-
trinsic societal trend towards the globalization is the request of high speed
propulsion. Furthermore, the supersonic propulsion across the atmosphere
constitutes the inexorable means towards the Space.

The development of efficient high–speed cruise commercial flight and space
access comprise two areas of study entangled with the mission: the opti-
mization of the propulsion plant and the airframe. The trajectory analysis
is often started presuming the performances of the propulsion plant and the
airframe, i.e. lift, drag, thrust, fuel consumption, etc., which are required for
the mission. The airframe and engine are designed targeting the assumed
performances, and the mission is then assessed based on the actual perfor-
mances. In this early phase, the integration of propulsion plant and airframe
is of paramount importance and must be addressed. The segregated design
of airframe and engine is common practice in subsonic applications, where
the installation effects are less sensitive to the flight regime. On the con-
trary, the operation of the components is very much restrained in supersonic
flight, e.g. the mismatch between intake and engine performances introduces
significant penalties, thus the integral performance of the aircraft, including
the propulsion plant, must be addressed since the early design stages.

The propulsion plants are often fitted with combined–cycle engines, which
feature a variable configuration in order to extend the flight range while at-
taining maximum efficiency. Examples of these engines are the Synergetic
Air–Breathing Engine (SABRE), for the single–stage–to–orbit launcher Sky-
lon [74], and Scimitar, of the Mach 5 transport aircraft A2 [120]. The Air–
turbo–ram–jet with Expander engine (ATREX) [124] and the air turbo–
rocket expander of the aircraft MR2 [108] are boost engines mounted in a
combined propulsion plant for the initial acceleration phase of respectively a
two stage to orbit space plane and a Mach 8 transport aircraft. Both single
and combined propulsion plants require of innovative and complex engine
architectures.

Whereas the aerodynamics of the airframe can be characterized by a wide

1



Chapter 1. INTRODUCTION

range of numerical methods, from Eulerian to complex Navier–Stokes sim-
ulations, the analysis of these complicated propulsion plants and the cal-
culation of the aircraft installed performances relies on the development of
innovative numerical tools and methods.

1.2 Research objectives

The research aims at understanding the unprecedented combined–cycle en-
gines for high speed propulsion. The development of new and enhanced
numerical models is a means towards this end, which comprises the char-
acterization of the engine operational range and performance, hence allowing
the identification of potential improvements. The investigation of the engine
SABRE serves to this purpose.

The classical approach based on the Bréguet equation requires the estab-
lishment of a reference trajectory very much restrained (cruise) to evaluate
the system improvement in terms of fuel saving or range increase, while the
performances during the acceleration/deceleration phases, which contribute
significantly to the success of the supersonic mission, are ignored. Moreover,
the thermal management of the high speed cycles is essential and, in addi-
tion to the current tendency towards the more electric aircraft, requires a
common reference to analyze the efficiency of every component in a system
that involves different forms of energy. The engine Scimitar brings the need
of developing a new evaluation strategy.

The establishment of the design methodology of high speed engines
can only be accomplished when the behavior of the high speed propulsion
systems is fully understood, hence constitutes the completion of the thesis.
The optimum solution, among the spectrum of possible designs, is to be
identified based on the mission specifications and the installed performances
of the propulsion plant. The optimum design of the air turbo–rocket engine
for the supersonic vehicle MR2 is based on these grounds.

1.3 Research methodology

In order to accomplish the previous three different objectives, the work
was split in three successive areas. The first one concerned the numerical
simulation of combined–cycle engines. The engine constitutes a physical
system described by a set of differential–algebraic equations. The propul-
sive system is modeled by assembling together the different constitutive
components, which communicate to each other through common interfaces.
The simulation was performed within the object oriented simulation envi-
ronment EcosimPro, which implements the Differential–Algebraic System
Solver or DASSL [97] for the time–integration of the solution. The libraries
of the European Space Propulsion System Simulation (ESPSS) provided a

2



1.4. Dissertation guideline

set of common tools utilized in the modeling of aerospace propulsion sys-
tems, namely one–dimensional schemes to solve the conservation equations,
the chemical equilibrium model based on the code of Gordon and McBride
[41], as well as databases of thermal and transport properties of semi–perfect
and real fluids, and readily available components as combustion chambers,
nozzles, valves, manifolds, etc. Specific models of the turbomachinery and
tailored heat exchanger components were developed within ESPSS in order
to address the engine architectures specific of this study.

The methodology for the study and evaluation of these systems is based
on an analysis which, starting from the energy balance, develops the classi-
cal figures of merit of the propulsion system. A combination of the First and
Second Laws was applied next to judge the fineness of the overall system,
as well as each constitutive component, through the concept of irreversibil-
ity. The thermal and overall effectiveness, which resemble the classical fig-
ures, result from this analysis and are related to the airframe performances
throughout the mission profile. This methodology allowed, on one hand, to
evaluate the effect of potential improvements of the engine subsystems along
the targeted trajectory and, on the other hand, the design of the optimum
trajectory, including the control laws, for an aircraft of known performances.
These potential gains were measured in the same currency for each subsys-
tem, i.e. power when referring to the instantaneous losses or energy when
evaluating the integral performance along the mission.

The design of new architectures is based on the numerical models devel-
oped for the system analysis and off–design characterization. The evaluation
of the critical components is performed by means of a thorough formulation,
whereas conservative on–design performances are assumed elsewhere. This
simplification reduces the computational cost, thus the design space was
explored exhaustively by coupling the model to an optimization routine.
Resolved the significant design variables, the model was then completed
to address the real configuration of the propulsion plant and obtain the
installed performances of the engine. Eventually, the design envelopes at
various flight regimes and in function of the engine control parameters were
computed from this detailed model.

1.4 Dissertation guideline

The numerical methods utilized throughout the dissertation are introduced
in chapter 2. The additional implementations, i.e. the turbomachinery
models and the heat exchangers, are described aside of the existing tools,
namely EcosimPro, ESPSS and the optimization algorithm.

Chapter 3 describes the analysis methodology based on the irreversibility
incurred by each component and the global penalty to the system. Moreover,
the method presents new figures of merit which, based on these quality
indicators, relate the mission and the airframe performances.

3



Chapter 1. INTRODUCTION

The precooled air turbo–rockets, namely SABRE and Scimitar, are mod-
eled and analyzed in chapter 4. The model of the Synergetic Air–Breathing
Engine (SABRE) was developed with special emphasis on the representa-
tion of the turbomachinery components, in section 4.1. The engine overall
behavior highlighted the need of improving the performances of the heat
exchangers through a specific formulation of these components. The anal-
ysis based on the First Law yielded the distribution of power between the
subsystems, nevertheless did not provide information about the efficient use
of energy within each one. As a result from this analysis, the model of
Scimitar implemented enhanced heat exchanger components, in section 4.2.
The simulation results were analyzed following the approach introduced in
the previous chapter: the losses incurred by each subsystem were weighted
against the overall performances of the engine and the new figures of merit
were compared to the classical efficiencies, namely specific impulse and ther-
mal, propulsive and overall efficiencies, along the targeted trajectory.

The last chapter concerns the design and analysis of an air turbo–rocket
booster for the acceleration of a supersonic cruise aircraft. Chapter 5 de-
fines the optimum engine design for a specific mission. The design of the
propulsion plant, which consists of two different engines: the air turbo–
rocket and a dual–mode ramjet, is addressed next. The air turbo–rocket is
integrated within the complete propulsion plant in order to calculate and
analyze the installed performances throughout the operational envelope, in
function of the flight speed and altitude and the engine control variables,
i.e. fan pressure ratio, mixture ratio and throat opening.

4



Chapter 2

NUMERICAL MODELS

Numerical modeling tools allow the analysis of the engine at design, off–
design and transient operation. The calculations during the initial design
stage concern the determination of the cycle and the preliminary geometry
for a targeted mission. The off–design analysis allows to compute the perfor-
mances throughout the engine operational range. This calculation consists
in drawing the engine operation away from the original design point. Hence,
the computation requires additional information about the engine compo-
nents, which is often provided as tabulated values of performance versus
characteristic operational variables, e.g. efficiency, pressure ratio versus
mass flow and rotational speed of the turbomachinery components. Al-
ternatively, a mathematical model describing the off–design performance is
more appropriate, e.g. the correlations on heat transfer or pressure loss to
compute the performance of one–dimensional flow components.

The transient studies reach the maximum complexity as they must address
the off–design behavior of the components and the transient term of the
conservation equations. The latter introduces an additional set of design
variables to describe the transient behavior, namely the fluid volumes, the
mechanical inertia of the rotating components or the thermal inertia (heat
capacity) of the geometries where the heat transfer is relevant. Moreover,
the physical phenomenon may depend explicitly on the temporal variable,
in which case an ad hoc formulation is required, e.g. the transient model of
the friction factor for the accurate simulation of water hammer in a pipe.

A broad review of the early simulation tools was presented by Grönstedt
[43]. In the traditional methodology, the solution is computed sequentially
from the boundary conditions and through each engine component. This
requires the implementation of multiple formulations depending on the set
of input data selected, i.e. for each design and off–design analyses. Never-
theless, this complication is overcome by utilizing a unique set of equations
for design as well as off–design calculations, such that the simulation envi-
ronment builds as many residuals as iteration variables are present in the
system for each case. Turbine engines are typically non–linear systems, thus
the values of the iteration variables are to be close to the solution for the
solver to converge. This method, despite of being computationally cheap,
often requires a converged solution to start the calculations, hence it is not
appropriate to explore a broad design space unless for a limited sampling
step, as found in the latter section 5.4. This difficulty is overcome by a weak
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formulation where the residuals are not strictly satisfied. In the so–called
robust design, the residuals are minimized by an optimization routine and
the optimum values of the iteration variables constitute the initial guess of
the solver [43].

EcosimPro is a simulation environment with a model–based design ap-
proach. Despite that the software was initially conceived for the simulation
of the environmental control and life support systems on manned space-
crafts, the generality of the tool led the first commercial release in 1999
[94, 99]. Through an object oriented approach, the system is conceived as a
set of independent components with physics described by means of encap-
sulated mathematical models. A more detailed description of the numerical
approach is provided in the next section.

The European Space Propulsion System Simulation (ESPSS) is the result
of the effort made by the European Space Agency towards the development
of a common platform based on EcosimPro to be used by European in-
dustries and research institutions in the simulation of propulsion systems.
ESPSS was conceived for the simulation of liquid rocket engines [30, 50, 53],
nonetheless the generality and open source nature of these set of libraries
allows the extension towards air–breathing systems. To this end, new turbo-
machinery models were developed, in section 2.3, as well as heat exchanger
elements in line with the requirements of the air–breathing cycles under
study, in section 2.4.

The Computer Aided Design and Optimization tool (CADO) [130] is
solidly supported by years of research on turbomachinery design and op-
timization techniques at the von Karman Institute for Fluid Dynamics [98].
CADO integrates a computer–aided design library with a metamodel as-
sisted evolutionary optimization algorithm, nevertheless solely the differ-
ential evolution optimization feature is utilized in the current studies, as
introduced in the following section 2.5.

2.1 EcosimPro

EcosimPro is a multidisciplinary simulation framework aimed for the mod-
eling of continuous systems [129]. The modeling language is object oriented
and incorporates the capability of handling discrete events. The numerical
model is programmed by assembling the system components, which encap-
sulate the mathematical formulation that describes their physical behavior.
Each component is identified to a piece of physical hardware of the complete
system. The interface of the components is defined through a reference type
specific of the programming language named port. The set of components
and abstract components1, classes, ports, data and functions related to the

1The abstract components define parent components which do not include a closed
mathematical model and cannot be instantiated.
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same discipline or concerning the same subsystem are grouped within a li-
brary. Different libraries can be used to model a physical system.

Provided the necessary boundary conditions, the system of equations that
describes the physical system is closed. The evolution of the physical system
is then described by the state vector (x(t)), solution of the general system
of differential–algebraic equations:

{
F (ẋ,x, t;u) = 0

x(t0) = x0

(2.1)

The Differential–Algebraic System Solver algorithm (DASSL) [97] is used
to integrate in time the implicit system F , given the appropriate initial
conditions (x0) and the control law (u(t)). The algorithm consists in re-
placing the time derivative (ẋ) by a backward differentiation of kth order
and solving the resulting algebraic system at each time step with an im-
plicit Newton–Raphson method. The size of the time steps and order of the
time discretization (k) are chosen automatically by DASSL based on the
evolution of the solution. In the case of a gas turbine, the implicit system
generally consists of a double set of ordinary differential equations and alge-
braic equations. The indirect method, consisting in solving separately the
algebraic and the differential systems of equations, has been proven subop-
timal with respect to the simultaneous integration of both sets of equations
with a linear multistep method like DASSL, i.e. the direct approach [42].

The integration of eq. (2.1) is preceded by the initial solution of each al-
gebraic system of equations present in the model with a Newton–Raphson
solver [33]. Nevertheless, if the set of initial conditions is inconsistent, e.g.
in the case of complex models with inaccurate initial conditions or when
the subcomponent performances introduced in tabulated form present dis-
continuities, the Newton based solver may diverge [16, p. 133]. This dif-
ficulty is often caused by the creation of large algebraic systems through
the introduction of algebraic compatibility equations between different en-
gine components, i.e. the mass, energy or even thermal continuity equations
implemented across the component interfaces, and has been reported also
for similar simulation environments [72]. This issue is overcome by locally
reducing the order of the algebraic constraints through the implementation
of the perturbed equation, e.g. by reformulating the compatibility of mass
between the connected components, namely 1 and 2, as:

ṁ1 − ṁ2 = τ m̈2

instead of the original stiff algebraic equation obtained for τ → 0 [16, p.
106]. Hence, the original system of algebraic equations is split in two for
each connected component and solved independently. The approach is a
direct interpretation of the real physics behind the model: in this particular
case of the mass compatibility equation, the characteristic time (τ) is related
to the capacity of the volumes that connect both components. Regardless
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of the accuracy of the transient model that results, which would require a
large amount of information to fine tune, the fidelity of the achieved steady
solution remains intact. Moreover the time constant can be very small, thus
the duration of the spurious transient can be negligibly small respect to the
relevant phenomena with larger time scale. This approach was used through
sections 4.1, 4.2 and 5.4.

In the steady model of chapter 5, the temporal variable, the time deriva-
tive and the initial conditions are not present in eq. (2.1), which is solved by
means of the Newton–Raphson algorithm [33]. An appropriate set of initial
values of the iteration variables is chosen for each flight speed.

The results of the sections 4.2 and 5.4 that follow concern the steady
solutions of eq. (2.1), which are reached following the transient response
to changes in the control vector (u), i.e. variation of throttle, flight speed
or altitude, etc. On the contrary, the simulation of section 4.1 integrates
eq. (2.1) in time along the vehicle ascent trajectory.

Let us define in a formal manner the operational envelope of the physical
system, i.e. the engine. The stationary solutions xs(u) are found at the
discrete points un by integrating eq. (2.1) from the neighboring solution
xn−1
s , corresponding to un−1 such that:

xn0 = xn−1
s

xns = xs(un) ∶ un = un−1 +∆u
(2.2)

The solution x0
s, which is known a priori, corresponds to the starting coor-

dinates u0 in the control space U . Hence, the operational envelope E is the
subset of U which contains the stationary solutions of eq. (2.1):

E = {u ∈ U ∶ F (0,xs, t;u) = 0∀ t}

and the engine performance (F , Isp, Tsp ...) is a function P ∶ E → R which
assigns a scalar to each point of the operational envelope:

P(E) = {p ∈ R ∶ p = P(xs(u),u)}

The operational envelope is determined assuming that the vector ∆u is
aligned with one of the canonical directions of U , i.e. if U ∈ R3 then ∆u is
(u1,0,0), (0, u2,0) or (0,0, u3).

2.2 ESPSS

The European Space Propulsion System Simulation (ESPSS) integrates a
set of libraries which comprise the appropriate elements for the simulation
of spacecraft propulsion systems [36, 86], including the database of fluids
commonly utilized in the propulsion systems. The flow within the linear
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elements is resolved by the one–dimensional conservation equations of mass,
energy and momentum:

∂ω

∂t
+ ∂f(ω)

∂x
= Ω(ω) (2.3)

where the conservative variables, flux and source terms are respectively:

ω = A
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ρ

ρv

ρ e

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

f(ω) = A
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ρv

ρv2 + p
ρv (e + p/ρ)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

Ω(ω) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0

−0.5 ξ ρ v ∣v∣A + p (dA/dx)
q̇

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(2.4)

The heat flux to the fluid (q̇), source term in eq. (2.4), is related to the
convective heat transfer coefficient (hc) through:

q̇ = hc (Tw − T ) (2.5)

where the wall and fluid temperatures are respectively Tw and T . A corre-
lation (f) for the Nusselt number (Nu), representative of the heat transfer
mechanism being considered, is used to compute the convective heat transfer
coefficient:

hc = Nuk/Dh (2.6)

Nu = f(Re,Pr)

where Dh is the hydraulic diameter of the section. The pressure loss per unit
of length of the duct, namely the friction factor (ξ) in eq. (2.4), is computed
from the correlation by Churchill [20], which is valid for laminar, turbulent
and transitional flows:

ξ =Kf /Dh f(Re, εr/Dh) (2.7)

f(Re, εr/Dh) = 8 ((8/Re)12 + (K1 +K2)−3/2)
1/12

K1 = [−2.457 ln ((7/Re)0.9 + 0.27 εr/Dh)]
16

K2 = (37530/Re)16

(2.8)

where the wall absolute rugosity is εr. The loss factor (Kf ) serves to scale
the pressure loss in order to meet specific design conditions while the off–
design behavior is assumed to be described by the functional relationship
f .
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Eq. (2.3) is solved with a centered scheme in a staggered domain, where
the conservation variables (ω) and the source terms (Ω(ω)) are evaluated
at the cell nodes (i), whereas the fluxes (f(ω)) are computed at the cell
interfaces (i ± 1/2), in fig. 2.1. The upwind scheme of Roe [109] can as well
be utilized to integrate eq. (2.3) in ESPSS, which is more appropriate in case
of compressible flow with shocks. Nevertheless, considered the complexity of
the numerical models under study, the increase of computational time does
not pay off for the gain in accuracy.

i − 1 i

i − 1/2 i + 1/2

f i−1/2 Ωi+1

i + 1

Figure 2.1: Staggered grid.

The integral form of eq. (2.3) is resolved by the zero dimensional com-
ponents of ESPSS which, resembling the electrical circuits, are classified as
resistive or capacitive. The momentum equation within the resistive com-
ponents, namely the valves, is:

If (AĠ + ȦG) + Iv Ġ = ∆p0

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1 − ζ G ∣G∣
G2
s

(Gs
Gc

)
2
≤ ζ (2.9a)

1 − G ∣G∣
G2
c

(Gs
Gc

)
2
> ζ (2.9b)

The steady solution of the subcritical branch (2.9a) is G = Gs/
√
ζ, whereas

G = Gc is obtained under choked flow conditions (2.9b). The terms If and
Iv represent respectively the fluid and the valve inertias, ζ is the pressure
loss coefficient and the pressure drop is computed as:

∆p0 = (p + 1/2ρv2)in − (p + 1/2ρv2)out
The steady (Gs) and critical (Gc) mass fluxes are computed by:

Gs =
√

2ρ∆p0

Gc = ρa (2 + (γ − 1)Ma2

γ + 1
)
(γ+1)/(2 (γ−1))

where ρ, a, Ma and γ are calculated upstream of the valve. The pressure
loss is proportional to the mass flow in the laminar regime, in which case the
source term is linearized as: G ∣G∣ ↦ kG [36]. Assuming a constant orifice
(Ȧ = 0 and Iv ∼ 0) and pressure drop in turbulent regime, eq. (2.9) produces
the family of solutions:

G(t) = Gs√
ζ

tanh(∆p0
√
ζ

If AGs
t) (2.10)
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which are shown in fig. 2.2 and that, for increasing values of Gs/
√
ζ, are

limited by the supercritical branch:

G(t) = Gc tanh( ∆p0

If AGc
t) (2.11)

Gc

t

G

eq. (2.11)

eq. (2.10)

Gs/
√
ζ

Figure 2.2: Transient response of a fixed orifice valve.

The conservation equations of mass and energy are solved by the capaci-
tive components, namely volumes and manifolds, as:

ρ̇ V =∑
in

ṁin −∑
out

ṁout

(ρ̇ e + ρ ė)V =∑
in

(ṁH)in −∑
out

(ṁH)out

The capacitive and resistive components are used together for the set of
conservation equations to be complete. The state properties (p, T , ρ, h)
and the velocity (v) are computed by the capacitive components, which are
characterized by the volume (V ), whereas the flow quantities (ṁ, ṁH) are
computed by the resistive components, which are characterized by the flow
area (A).

It follows a brief description of the heat exchanger, combustion chamber
and nozzle components from ESPSS as implemented in the models under
consideration.

2.2.1 Heat exchanger

This element consists in a shell–and–tube type of heat exchanger. The one–
dimensional fluid veins, in counter flow disposition along the shell and the
tubes without fins, are resolved with the centered discretization of eq. (2.3) in
n nodes previously described. A single tube element and the corresponding
one Nth of the shell cross section are resolved, being the overall mass flow

11
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contribution to the inlet and outlet manifolds the aggregate of the total
number of tubes (N) of the assembly, which is considered adiabatic. The
pressure losses along both external and internal fluid veins are computed
from the friction coefficient provided by the correlation eq. (2.8). The heat
fluxes to the shell (q̇s) and tube (q̇t) fluids result in the transient cooling of
the tube wall:

q̇sj + q̇tn+1−j = −
mC

nΓLt
Ṫwn+1−j ∶ j = 1 ... n

where the tube, in fig. 2.3, is thin, has length Lt, wet perimeter Γ and heat
capacity mC.

j−1jj+1

n−j n−j+1 n−j+2

Lt

q̇sj−1q̇sj+1 q̇sj shell flowtube flow

Figure 2.3: Discretization of the fluid veins in counter flow disposition.

The heat fluxes from the wall to the shell and tube fluids are computed
from eq. (2.5). The calculation of the Nusselt number in eq. (2.6) is based
on the postulate that a correlation for the heat transfer phenomenon can
be constructed by taking the nth root of the sum of the nth powers of the
asymptotic solutions corresponding to the different regimes [21]. In this
manner, the following ad hoc power–mean was used to define the laminar–
turbulent transitional zone:

Nu = (2−16(Nuqlam +NuTlam)16 +Nutur
16)1/16

(2.12)

In this expression, the Nusselt number for laminar fully developed flow
within a tube with constant heat flux across the walls (Nuqlam) is 4.36 and,
if the temperature of the walls instead of the heat flux across them is main-
tained constant, then the corresponding value (NuTlam) is 3.66, [14]. The
correlation of Dittus–Boelter [134, and references therein], valid for fluid
flow within a tube, yields the turbulent Nusselt number:

Nutur = 0.023 Re0.8 Pr0.4

where Reynolds and Prandtl numbers are based on the tube hydraulic di-
ameter and bulk properties of the fluid across the tube section.
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2.2.2 Combustion chamber

The flow within the combustion chamber is described by the conservation
eq. (2.3) and the combustion gases, treated as ideal and calorically per-
fect, are in chemical equilibrium. If the flow is stationary and inviscid, like
assumed in chapter 5, then eq. (2.3) reduces to:

ṁ
√
T i(Hi)
p0Ai

=
√
γi/Rg iMai (1 + γi − 1

2
Ma2

i )
−

γi+1

2 (γi−1)

(2.13)

q̇iAw i = ṁ (hi(T 0
i ) − hi(T 0

i−1)) (2.14)

p0

pi
= (T

0
i

Ti
)
γi/(γi−1)

(2.15)

T 0
i

Ti
= (1 + γi − 1

2
Ma2

i ) (2.16)

where the stagnation pressure (p0) and mass flow (ṁ) are constant through-
out the combustor length and, together with the inlet stagnation enthalpy
(h(T 0

0 ))2, constitute the boundary conditions. The cross and wet areas at
the ith grid point are respectively Ai and Aw i, in fig. 2.4.

i

Ai

Awi

i−1 i+1

−q̇i

n

p0 T 0
0

ṁ

p0 T 0
n

ṁ

Original Contour

Interpolated Contour

Figure 2.4: Combustion chamber grid.

The reactive flow is treated as a perfect mixture of S species which are
described as perfect gases formed among E chemical elements. The molar
composition of the mixture (N i

1, N
i
2 ...N

i
S) is the additional unknown which

defines the gas thermal and state equations (γi, Rg i, h
i(T ), T i(h)) at each

grid point i, in the system of eqs. (2.13) to (2.16). Assuming chemical
equilibrium, the gas composition (N i) which minimizes the Gibbs potential
of the mixture (Gi) at the pressure (pi) and temperature (Ti) corresponding
to each nodal location (i) is:

dGi =
S

∑
k=1

∂G(p, T,N i)
∂Nk

∣
pi,Ti,Ni1⋯N

i
k−1

,Ni
k+1

⋯Ni
S

dN i
k = 0 (2.17)

2Note that the stagnation enthalpy is identically equal to the enthalpy as computed from
the stagnation temperature: Hi ≡ h(T 0

i ).
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The moles (N i
k) of different species (Xk) do not vary independently because

mass conservation must be granted, hence the minimization problem is con-
strained enforcing the total mass (bj) of each chemical element (j) to remain
constant through the chemical reaction:

∑
∀k∈R

N i
kXk ⇌ ∑

∀k∈P

N i
kXk ∶ i = 1 ... n

S

∑
k=1

ajkN
i
k = bj ∶ j = 1 ...E, i = 1 ... n (2.18)

In the above expression R and P stand respectively for the set of reactants
and products and the mass of atoms j in the species k is denoted as ajk.
The constrained minimization problem defined by eqs. (2.17) and (2.18) is
solved following the approach of Gordon and McBride [41], via the Lagrange
multipliers method for each pair of values of pressure (pi) and temperature
(Ti). The air is treated as a perfect mixture of nitrogen, oxygen and argon
such that, in the combustion with hydrogen, 19 reacting species (H2O2,
H2O, H2, N2, NH3 ...) formed from atomic hydrogen, nitrogen and oxygen
are considered.

The heat flux across the wall comprises both convective and radiative
contributions:

q̇i = hc i (Tw i − Ta i) + ε σb (T 4
w i − T 4

i ) (2.19)

where ε is the emissivity of the combustion gases and Tw i is the wall tem-
perature at node i. The adiabatic wall temperature (Ta i) is defined as:

Ta i = Ti (1 + 0.5 Pr
1/3
i (γi − 1)Ma2

i )

for the evaluation of the convective heat transfer by means of the correlation
developed by Bartz [10]:

hc i = 0.026µ0.2
i (ki/µi)0.6C0.4

p i ṁ
0.8/A0.9

i (0.25πDth/Rc)0.1

where the thermal and transport properties of the combustion gases (Cp i,
µi and ki) are evaluated at the temperature: 0.5 (Tw i+Ti), halfway between
the bulk and the wall temperatures, and the throat diameter and curvature
radius are respectively Dth and Rc. This semi–empirical correlation was de-
veloped for the design of rocket thrust chambers, based on the heat transfer
across an accelerating turbulent boundary layer. Overestimation of the heat
transfer has been reported in the range of 5 to 17 bar, as compared to ex-
perimental results on a solid propellant rocket nozzle [117]. The turbulence
decays for a laminar boundary layer in the throat region, reason for which
the measured heat transfer was lower, whereas a good agreement was found
along the divergent region of the nozzle. On the other hand, experimental re-
sults at 60 bar showed that, although accurate along the divergent section of
the nozzle, this correlation under predicts the heat flux along the combustion
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chamber walls [29]. The predicted results scale with the chamber pressure
and size as hc ∝ p0.8D−0.2

th thus, in principle, the correlation by Bartz is
appropriate as long as the flow field remains similar [135]. Nevertheless,
several factors including multiple phases, unsteadiness, high energy release,
turbulence and complex flow geometry affect the heat transfer phenomena
within the thrust chamber, thus the necessity of more accurate evaluations
of the heat transfer phenomena is acknowledged. With these considerations
in mind, the correlation by Bartz is utilized in the preliminary design of the
combustion chamber and nozzle of the air turbo–rockets in next chapter 5,
with an operating pressure ranging from 1 to 4 bar, as well as the analysis
of the precooled air turbo–rockets SABRE and Scimitar in chapter 4, with
thrust chambers operating respectively at 10 and 120 bar.

2.2.3 Nozzle

The calculation for chemical equilibrium slows the simulation significantly
without a reasonable gain in accuracy. Consequently, the flow within the
nozzle is solved assuming frozen flow: the gas composition is computed by
the combustor upstream and remains constant along the nozzle. In addition,
the flow is considered stationary and inviscid, hence it is described by the
system of eqs. (2.13) to (2.16), which admits a double subsonic or supersonic
solution. Thus sonic conditions are imposed at the throat and the super-
sonic solution is selected along the nozzle divergent downstream, whereas
the subsonic solution is chosen in the combustor. Nevertheless, when the
nozzle flow is over–expanded, the thrust calculation requires the additional
consideration that follows. The uninstalled thrust is computed as:

Fu = ηn (ṁ v)j − (ṁ v)∞ + (pj − p∞)Aj

where ηn is the nozzle efficiency3. According to the criterion of Summerfield,
the jet detaches from the nozzle wall when the pressure is as low as 30%
of the ambient pressure (α = 0.3), while the nozzle operates in the over–
expanded regime [80, 83]. As a consequence, the jet flow area (Aj), velocity
(vj) and pressure (pj) correspond to the values at the nozzle exit section, or
the separation point if the flow detaches. In the latter case, the values are
computed interpolating in pressure between the adjacent grid nodes i and
i + 1:

Aj = Ai +
Ai+1 −Ai
pi+1 − pi

(αp∞ − pi) (2.20)

vj = vi +
vi+1 − vi
Ai+1 −Ai

(Aj −Ai)

pj = αp∞ (2.21)

3A more detailed expression of the thrust is elaborated in section 3.1.
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2.3 Turbomachinery

The turbomachinery library was developed aside of ESPSS to characterize
the performance of the turbomachinery components, namely compressors
and turbines. The off–design steady performances, i.e. pressure ratio (π),
corrected mass flow ( ˜̇m) and adiabatic efficiency (η), are characterized in
function of the corrected speed (Ω̃) and the β–parameter:

π(Ω̃, β), ˜̇m(Ω̃, β), η(Ω̃, β) (2.22)

The β–values constitute an arbitrary parameterization which, ranging from
0 to 1 and together with the Ω̃–values, define a one–to–one correspondence
between performance and operating point [103]. The pressure ratio is defined
as:

π = { p0
out/p0

in compressor (2.23a)

p0
in/p0

out turbine (2.23b)

The corrected variables are deduced from a dimensional analysis of the com-
pressible flow through the turbomachine [31]. They provide the equivalent
rotational speed and mass flow if the machine would operate with standard
inlet conditions:

Ω̃ = Ω

Ωd
√

Θ
, ˜̇m = ṁ

√
Θ

δ
(2.24)

δ = pin/p0, Θ = (Rg T )in/(Rg 0 T0) (2.25)

where Ωd is the rotational speed on–design and standard inlet conditions
(0). Notice that if the machine operates on a fluid different than the one
by which the performance map was obtained, a correction is made using
the gas constant of the current working fluid (Rg). The adiabatic efficiency
(η) relates the enthalpy increase across the machine (∆H), i.e. the specific
power transmitted to the fluid, to the enthalpy increase associated to the
ideal process (∆Hs):

∆Hs/∆H = {
η compressor (2.26a)

1/η turbine (2.26b)

The isentropic increase of enthalpy is function of the stagnation conditions
at inlet and outlet: ∆Hs = f(p0

in, T
0
in, p

0
out).

The performance of the turbomachinery is often unknown at the initial
design stage, when the numerical model of the engine is developed. This is
the case in the current study, where the map is scaled linearly with constant
factors (Kπ,Kṁ,Kη) from the known performances (Π,M,H) of a given
machine:

π = 1 +Kπ (Π(Ω̃, β) − 1) (2.27)

˜̇m =KṁM(Ω̃, β) (2.28)

η =KηH(Ω̃, β) (2.29)
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in such a manner that the scaled machine performs accordingly to the spec-
ifications (πd, ˜̇md, ηd, Ω̃d) of the cycle design point. The interest of this
research resides in the study of the interaction between the different compo-
nents (heat exchangers, turbomachinery, combustors and nozzles) of com-
plex and unconventional air–breathing engines. Therefore the implementa-
tion of more faithful methods to obtain the off–design performance of the
turbomachinery involved is, although acknowledged [25, 32, 66, 118, 133],
considered of secondary importance.

The power transmitted to the fluid plus the kinetic power required to
accelerate the rotor, with inertia Ir, equals the power to the shaft:

ΩTq = ṁ∆H + Ir Ω̇ Ω (2.30)

The boundary condition on the torque, assuming the shaft coupled to an-
other mechanical component, is a general function of the rotor speed and,
by means of a certain control law, may depend explicitly on the time:

Tq = f(Ω; t) (2.31)

In a similar manner as the rotor inertia reduces the stiffness of the mechan-
ical constraint in eq. (2.30), which otherwise becomes an algebraic relation-
ship, the constraint in mass flow is relaxed by considering certain compress-
ibility of the flow:

ṁ − ṁd = τ m̈d (2.32)

where ṁ is the mass flow rate computed from the performance map and τ
is the convective characteristic time throughout the turbomachine, i.e. the
ratio of the machine characteristic length to the speed of sound: τ = L/a.
This time is much lower than the characteristic time of the boundary condi-
tions, therefore any overshoot in eq. (2.32) is damped out quickly during the
system initialization [16]. The flow rate that exhausts the machine through
the discharge duct is a general function of the machine outlet conditions,
which depend explicitly on the time in case that a control mechanism, i.e.
a valve, is present:

ṁd = f(p0
out, T

0
out; t) (2.33)

Considering the previous eqs. (2.22) to (2.29), the power and flow balances
in eqs. (2.30) and (2.32) are integrated in time to yield a general relationship
in the form:

{ GΩ(Ω̃, β; B, Tq,Kπ,Kṁ,Kη,Ω
d) = 0 (2.34)

Gṁ(Ω̃, β; B, ṁd,Kπ,Kṁ) = 0 (2.35)

Thus, the transient operating line of the turbomachine ((Ω̃, β)(t)) is uni-
quely determined provided the inlet conditions (B = (p0

in, T
0
in)) and the

mechanical and discharge constraints in eqs. (2.31) and (2.33) for a specific
machine characteristic (Kπ,Kṁ,Kη,Ω

d). Eqs. (2.30) and (2.32) become
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algebraic for steady operation (Ω̇ = m̈d = 0) on the design point (Ω̃d, βd),
hence the integral expressions within eqs. (2.34) and (2.35) turn into:

⎧⎪⎪⎨⎪⎪⎩

SΩ(Kπ,Kṁ,Kη; Ω̃d, βd,Bd, T dq Ωd) = 0 (2.36)

Sṁ(Kπ,Kṁ; Ω̃d, βd,Bd, ṁd) = 0 (2.37)

and imposing the turbomachine efficiency targeted by the design cycle (ηd)
in eq. (2.29) yields:

Kη = ηd/H(Ω̃d, βd) (2.38)

such that the system of eqs. (2.36) to (2.38) is used to determine the
rescaling coefficients. When the operating point is away from the point
of maximum efficiency, the efficiency targeted is limited for the off–design
efficiency to remain below unity throughout the rescaled map. Particular-
izing eq. (2.29) for the point of maximum efficiency: Ω̃m, βm, and using
eq. (2.38) yields the constraint:

ηd < H(Ω̃d, βd)
H(Ω̃m, βm)

In a single machine, the inlet conditions (Bd), mass flow (ṁd), efficiency (ηd)
and rotor power (T dq Ωd) are known from the engine design cycle, whereas

the rotor speed (Ωd) and operating point (Ω̃d, βd) are design parameters.
Nonetheless, the stationary operation of a turbomachine which is coupled to
other dynamic components like pipes, manifolds or heat exchangers, cannot
be known a priori unless integrating the dynamic system of eqs. (2.34) and
(2.35). Even though in this case, the rescaling coefficients are found solv-
ing the algebraic system of eqs. (2.36) to (2.38) and, in general, (Ω̃d, βd)
is not a stationary point of the dynamic system. The drift from the tar-
geted on–design point (Ω̃d, βd) to the actual stationary point depends on
the proximity between the design cycle and the actual stationary solution,
involving all of the engine components. This behavior is further illustrated
in the next section 2.3.1.

The stationary solution of eqs. (2.26) and (2.30) defines a relationship:

F (πd, T dq Ωd, ṁd) = 0

for certain design inlet conditions (Bd) and efficiency (ηd). Therefore, the
scaling factors can can be alternatively computed by providing the design
pressure ratio (πd) instead of the power (T dq Ωd) or the mass flow (ṁd). For
more complex systems in which a number (n) of machines are mounted on
the same rigid shaft which rotates steadily, the system of eqs. (2.36) to
(2.38) is solved with the additional constraints:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

n

∑
i=1

T dq i = 0 (2.39)

Ωdi = Ωd ∶ i = 1 ... n (2.40)
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Figure 2.5: Compressor–turbine matching: compressor and turbine input
data are shown respectively in blue and red, dependent variables are shown
in black.

These constraints are automatically satisfied when the compressors are sized
to deliver the design mass flows ṁd

c i and pressure ratios πdc i, whereas the
turbines are scaled to the design expansion ratio πdt i in order to deliver a total
mechanical power T dq Ωd on the shaft. Furthermore, the fractional power
developed by each turbine respect to the total mechanical power constitutes
an additional design parameter. Figure 2.5 is the graphical representation
of the variables in the system of eqs. (2.36) to (2.40) when matching a
compressor with a turbine mounted on the same shaft.

2.3.1 Rescaling during initialization

The turbomachines are sized to fulfill the performance of the nominal cycle
by means of the equations of the steady operating line, as explained previ-
ously. Similarly, the initial state of the fluid within each of the other engine
components, i.e. the initial conditions of eq. (2.3), is imposed as the stagna-
tion value, under no–flow conditions. Consequently, the stationary solution
of the mathematical model does not necessarily correspond to the nominal
performance used in the initialization and the operating point of the turbo-
machines drifts during the initial transient. If the initial conditions are far
from the stationary solution, unknown a priori, the overshooting can lead
the operating point outside of the turbomachine characteristic map or inside
an unstable region4, which eventually pushes the operating point to the map

4In a compressor, zone of the map where the slope of the constant speed lines becomes
positive [15]: ∂π/∂ ˜̇m∣

Ω̃
> 0.
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Figure 2.6: Evolution of the β–parameter during the initial transient.

boundaries. In this case, the turbomachine performance, which is computed
by extrapolation outside of the map, is dubious or even unphysical and can
impede the convergence of the numerical integration.

p0
outp0

in, T 0
in

p0
out

p0
in

T 0
in

C1C2C3C4C5 T2

35 322 35

357

359

115
12

Figure 2.7: Example of a complex turbine–compressor matching problem.
The machines are rescaled to the initial conditions within the manifolds.
The boundary conditions are applied at the labeled stations.

Eqs. (2.34) and (2.35) show that, for a given set of inlet, discharge and
mechanical constraints, the machine can be rescaled to any operational point
(Ω̃d, βd) within the characteristic map. Therefore, the departure of the op-
erational point towards the map bounds can be limited by rescaling the
turbomachine during the initial transient. This is illustrated by fig. 2.6,
which shows the temporal evolution of the β–parameters of five compres-
sion stages and a turbine mounted on the same spool. The rescaling was
performed at regular intervals of 0.1 s. Even though the performances of
the compression stages C3, C4 and C5 are extrapolated (the maps span
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over the range: 0 ≤ β ≤ 1) the numerical integration converges to the sta-
tionary solution, with all the turbomachines operating on–design (βd = 0.5)
after one second. The results in fig. 2.6 correspond to the simulation of the
inter–cooled compression stages of the high temperature regenerator of the
Scimitar engine, in fig. 2.7, of which a more detailed description will follow
in next section 4.2. The heat exchangers are modeled in ESPSS as two
separate one–dimensional fluid veins in counter flow configuration and the
thermal inertia of the wall is taken into account. The computational domain
for each fluid vein is initialized with uniform temperature and pressure, in a
no–flow condition, accordingly to the initial values imposed in the manifold
or the boundary condition next to the fluid vein. The boundary and initial
conditions correspond to the stagnation values of the engine design cycle.
The boundary conditions are imposed at stations 35, 322, 357 and 359, on
the helium side, and stations 115 and 12, on the hydrogen side.

2.3.2 Validation of turbomachinery models

A single spool turbojet has been modeled in order to compare with the
results of GasTurb. The simulation is based on the standard components
of ESPSS and the foregoing turbomachinery models. The nozzle flow is
resolved by integration of eq. (2.3) with the centered scheme. Figures 2.8a
and 2.8b show respectively the model in GasTurb and the equivalent model
in EcosimPro5. The reference cycle of the turbojet in GasTurb is shown
together with the results from EcosimPro in tab. 2.1. The fuel flow is 0.75
kg/s in both models and the difference between any property as computed
by each model is less than 2%.

p0 [bar] T [K] ṁ [kg s−1]

Station GT EP GT EP GT EP

2 1.0 = 280 = 31.4 +0.6%
3 11.8 +1.7% 614 +0.7% 31.4 +0.6%
4 11.4 +1.8% 1450 -0.2% 32.2 +0.6%
5 4.2 = 1181 -0.3% 32.2 +0.6%

Table 2.1: EcosimPro (EP) deviation from GasTurb (GT) nominal cycle.

The characteristic maps of the high pressure compressor (HPC) and tur-
bine (HPT) of respectively Stabe et al. [119] and Plencner [100] are used in
both EcosimPro and GasTurb models. The turbomachines are scaled with
the corresponding inlet (p0

in, T
0
in) and outlet (p0

out) conditions of the nom-
inal cycle in tab. 2.1. The design point (Ω̃d, βd), efficiency (ηd) and spool
speed (Ωd) are the same in both simulations, whereas the torque (T dq ) is
imposed instead of the compressor mass flow, in fig. 2.5. Tab. 2.2 shows

5Software versions: GasTurb v. 10, EcosimPro v. 4.6 and ESPSS v. 1.4.1.
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Figure 2.8: Numerical models of a single spool turbojet.

the design parameters and scaling coefficients utilized in GasTurb and com-
puted in EcosimPro. The differences in the turbine pressure (Kπ) and mass
(Kṁ) scaling factors are caused by discrepancies in the composition of the
combustion gas as computed by EcosimPro or GasTurb.

The off–design performances are obtained throttling the engine, i.e. vary-
ing the fuel injection, while at sea level static conditions. The operating line
is limited within the boundaries of the compressor map in GasTurb, whereas
EcosimPro extrapolates beyond the map bounds. Both operating lines ob-
tained by each simulation are almost overlapping and follow the locus of
maximum efficiency, in fig. 2.9a. The deviation of the turbine operating
line in EcosimPro with respect to the calculations in GasTurb is as much
as 2% in pressure ratio, in fig. 2.9b. Figure 2.10a shows the temperatures
and pressures at the compressor and turbine outlet and the turbine inlet.
The results by each model are very similar, with the exception of a localized
deviation of no more than 8% in the turbine inlet and outlet temperatures,
at 70% of the spool speed. Figure 2.10b confirms a close evolution of the
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Figure 2.9: Operating lines obtained with GasTurb (dotted lines) and
EcosimPro (solid lines) on the unscaled maps (Π,M,H).
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Figure 2.10: Temperatures, pressures, air (ṁa) and fuel (ṁf ) flow rates

and fuel–to–air ratio (FAR) vs. compressor corrected speed (Ω̃HPC). The
results of GasTurb and EcosimPro are shown respectively with dotted and
solid lines.
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Turbine Compressor
GT EP GT EP

Kṁ 2.05 −1.5% 0.96 =
Kπ 0.98 +1.1% 1.50 =
Kη 0.98 = 0.99 =

ηd 89% 85%

Ω̃d 1.0

βd 0.5

T dq 72 hN m

Ωd 14300 rpm

Table 2.2: Compressor and turbine design parameters and scaling coeffi-
cients in GasTurb (GT) and EcosimPro (EP) models.

fuel and air flows, on the other hand the fuel–to–air ratio (FAR) is very
sensitive to the fuel flow rate and sees a maximum deviation of 10% with
respect to the values of GasTurb.
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Figure 2.11: Gross thrust (Fg), specific impulse (Isp) and throat Mach

number (Ma8) vs. compressor corrected speed (Ω̃HPC). The results of Gas-
Turb and EcosimPro are shown respectively with dotted and solid lines.

In the EcosimPro model, the one–dimensional flow along the nozzle is
described by eq. (2.3), discretized with the centered scheme. This formu-
lation captures the subsonic solution within the nozzle6 which, in case of
over–expanded operation, decelerates the flow for adapted conditions at the
exit, i.e. for p9 = p∞, and the gross thrust (Fg) is computed as:

Fg = (ṁ v)9 + (p9 − p∞)A9

6Though the normal shock is smoothed out.
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The overestimate of the gross thrust on–design, i.e. at 100% of the com-
pressor corrected speed, by GasTurb with respect to EcosimPro is around
10%. The specific impulse is computed as the ratio of gross thrust to fuel
flow, which therefore is more sensitive to the deviations in fuel consumption
and shows an overestimate as high as 19% at partial load, for a compressor
corrected speed of 80%, in fig. 2.11. The reason for this resides in the differ-
ent treatment of the over–expanded regime within the nozzle formulation,
e.g. the model in EcosimPro allows calculation in unchoked regime, below
the spool speed of 70% whereas this is not considered by GasTurb.

2.4 Heat exchangers

The calculation of the heat transfer between the different streams of the
combined–cycle engine requires a specific formulation. For this reason, ad
hoc models were developed aside of ESPSS for the particular geometries of
the precooler, the reheater and the regenerator of the air–breathing engine
which is analyzed in the following section 4.2.

2.4.1 Precooler

The development of a compact and lightweight heat exchanger is crucial
for the success of the precooled air turbo–rocket concept. The particular
precooler geometry presented in the following lines is now investigated for
more than a decade [89]. This component consists of a number of tubes
tangentially disposed in spiral around the engine axis, in fig. 2.12. The
external diameter of the tubes (D) is 960 µm. The air flows radially inwards
across the tubes and the helium inside the tubes follows the spiral path from
the internal to the external headers. Any curvature effect can be discarded
because the ratio of the module diameter to the tube size are in the order
of 103. Figure 2.13a shows the planar bank of staggered tubes in crossflow,
which is equivalent to the axisymmetric layout. In the figure, the air flows
across the tube matrix along the y–direction, whereas the helium flows in
counter flow within the tubes.

The flow is xt × s/2 periodic on the xz–plane, assuming uniform boundary
conditions at the matrix inlet and outlet surfaces in figs. 2.14b and 2.14c,
thus the thermal field across the shell is approximated as one–dimensional
along the y–axis. Let us discretize the domain in a number of cells, each
containing a tube segment. Figure 2.14c shows two types of cells, depending
on whether the tube segments are cell–centered (in black) or sliced by the
cell lateral boundaries (in red). The one–dimensional temperature field in
the shell is discretized at the cell nodes: Tijk = Tj ; the position of the nodes is
determined by the triplet (i, j, k), in relation to the x–, y–, z–directions. The
helium tubes are aligned along the direction: k = -j, in fig. 2.14b, hence they
are contained by the cells (i, j, -j) and submitted to the external thermal
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Figure 2.12: Frontal view of the precooler module, [127].

field: Ti j -j = Tj . As the helium flows in the direction of decreasing y–
coordinate, the equivalent disposition of the tubes is in counterflow respect
to the shell, in fig. 2.14a. The tube stagger angle (λ), in fig. 2.13a, and
tangential pitch (s), in fig. 2.14b, are:

λ = arcsin (nxlD/Lt)
s = 2xlD/ tanλ

where n is the count of uniformly spaced shell and tube nodes in transversal
y–direction, and Lt the tube length.

L
m
x t
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n
x
l
D

λ

x

z

y

(a) Bulk matrix

xtD
D

eD x
l
D

x

y

(b) Cross sectional view

Figure 2.13: Equivalent matrix of tubes in crossflow.

The flow is resolved by the one–dimensional conservation eq. (2.3) applied
along each numerical domains of the tube and the shell flows, in fig. 2.14a.
The integration is performed with a centered scheme. The heat transfer
from the fluid yields the transient heating of the wall:

q̇air
j − q̇He

n+1−j =
mC

nΓLt
Ṫwn+1−j ∶ j = 1 ... n

where mC is the heat capacity of the tube wall. The length of the air–
helium interface is approximated by the tube external perimeter (Γ), which
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Figure 2.14: Computational domain for the periodic flow field.

is highlighted by the bold contours in fig. 2.14c. The shell flow area is
considered equal to the passage minimum area of the matrix (Amin) in the
calculations, which is a conservative account for the blockage incurred by
the tubes:

Amin

A
= 2 eDL

xtDL
= 2

xt
(
√
x2
t /4 + x2

l − 1) ∼ 0.8

where A is the matrix surface in the direction orthogonal to the airflow, on
the xz–plane in fig. 2.13a. The transversal (xt) and longitudinal (xl) pitches
are respectively of 2 and 1.5 tube diameters, which results in an area ratio
equal to the tube dimensionless spacing: Amin/A = e.

Beale and Spalding [11] Sh0=0

Pr= 0.71
xt = 2.0
xl = 2.0

1
0

0
1
0

2
N

u

102 103Re

Beale and Spalding [11] Sh0=0.2

Nakayama et al. [92]

Hausen [46]

Khan et al. [60]

(a) Staggered–square tube bank

Khan et al. [60]

Hausen [46] single

Khan et al. [59] single

N
u

102 104Re

1
0

0
1
0

3

Pr= 0.71
xt = 2.0
xl = 1.5
(b = 0.55)

(b) Current geometry

Figure 2.15: Comparison of the different Nusselt predictions. The opera-
tional range of interest is shown between red lines.

The heat transfer from the wall to the fluid within the tube is computed
from eqs. (2.5) and (2.6); the Nusselt number based on the correlation in
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eq. (2.12). Regarding the heat transfer in the external flow field, fig. 2.15a
summarizes the survey carried out on previous works. The results shown
are for a staggered–square bank (xt = xl = 2) of tubes in crossflow with
isothermal boundary condition on the wall. The analytical correlation of
Khan et al. [60] for steady flow is close to the empirical results by Hausen
[46]. The steady quasi–three–dimensional calculations of Nakayama et al.
[92], which were obtained for a bank of square tubes, showed the potentially
large improvement of the heat transfer by changing to a square tube section.
The unsteady fully developed flow calculations by Beale and Spalding [11]
indicate that the staggered configuration is naturally unstable without any
external excitation, hence the averaged Nusselt number is nearly the same
for both cases: with a perturbed initial condition with Strouhal number
of Sh0 = 0.2 and without any perturbation for Sh0 = 0. The expression
provided by Khan et al. [60] was utilized in the present application for being
conservative while retaining the influence of the matrix geometry through
an analytical expression:

Nu = 0.61xt
0.091 xl

0.053

1 − 2 exp(−1.09xl)
Re1/2 Pr1/3

where the Reynolds number is based on the average speed across the passage
minimum section (Amin) and the tube external diameter (D). Figure 2.15b
compares the Nusselt number obtained by Hausen and Khan for the geom-
etry and operational range (Re ∼ 300 − 600) specifics of the current design.
The analytical expressions of Hausen [46] and Khan et al. [59], both for a
single row of tubes in crossflow with blockage ratio (b) of 0.55, highlight the
improvement by having a configuration of staggered rows, as shown later by
Khan et al. [60].

2.4.2 Reheater

Figure 2.16 shows the assembly, which is composed of an inner and an outer
cylindrical shroud of respective diameters Di and Do, with a number of
plates (Np) disposed in spiral between them. The spiral length of the plates
along the radial direction (Lt) is 374 mm. The gases from the preburner flow
along the z–axis whereas the helium does it radially inward from the outer
to the inner shroud and within the plates. The ratio of the passage span
to mean diameter is 2:5, nonetheless the slenderness of the passage is high
(1:120) and the curvature of the inner/outer shroud as well as that of the
plates can be disregarded; the passage assumed rectangular in fig. 2.17. The
tangential pitch (s) between plates is computed in such a manner that the
gas flow area (A) of the equivalent rectangular and the real spiral passages
are equal:

A = π/4 (D2
o −D2

i ) −NpLt t
s = A/(NpLt)
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Figure 2.16: Frontal and side view of the reheater module, [127].

The plate thickness (t) is 2.5 mm, which results in a pitch (s) of 2.49 mm.
Each plate is divided into a number of strips (nz) of 10, each one having a
width (Ls) of 28.5 mm and a number (Nt) of square channels. The channels
have a cross section (At) of 1.5 × 1.5 mm2 and a perimeter (Γ) of 6 mm.
The helium streams flow throughout these channels in opposite direction to
the r–axis and the gases flow along the z–direction between the plates.
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Figure 2.17: Geometry of the equivalent reheater model.

A single gas passage is modeled assuming uniform boundary conditions
at the gas inlet and outlet planes. With the same assumption on the helium
side, a single channel characterizes the thermal and fluid fields within the Nt
channels of a strip; the one–dimensional flow through the channels is resolved
once for each of the nz strips in the z–direction. The temperature field of
the plate wall is assumed uniform along the r–direction and one–dimensional
along the z–axis: Twk, in fig. 2.18, whereas the thermal field within the
channels is resolved in the radial direction with a nr–node discretization.
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The energy balance to the wall stands:

2LsLt q̇k −
NtLt Γ

nr

nr

∑
i=1

q̇ik =
mC

nz
Ṫwk ∶ k = 1 ... nz

where mC is the heat capacity of a single plate. The corresponding heat
fluxes from the gas q̇k and to the helium streams q̇ik are computed with
eqs. (2.5) and (2.6) and the Nusselt number correlation in eq. (2.12), where
the Reynolds number is based on the hydraulic diameter of the gas (Dgas

h )
or helium channel (DHe

h ), whichever applies:

Dgas
h = 2 sLt/(s +Lt)
DHe
h = 4At/Γ

r

z

q̇11

Tw 1

q̇nr1

q̇1

q̇1nz
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Twnz
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Figure 2.18: Heat fluxes between gas and helium streams in the reheater.

2.4.3 Regenerator

Each one of the heat exchanger units in the regenerator contains a number
(Mm) of 5 modules circumferentially disposed around the engine axis, in
fig. 2.19a. The regenerator modules consist of a monolithic structure of
alternate rows of heating and cooling micro–channels [132]. The purpose of
this geometry is twofold: firstly, to achieve laminar flow along the full length
of the channels, which minimizes the pressure drop; and secondly, to improve
the cooling performance with a large heat transfer surface, in the order of
2×104 m2/m3. The ratio of the channel characteristic transversal dimension
to the mean diameter of the module is negligibly small (10−4), thus any
curvature effect on the flow field along the channel can be disregarded. Each
module contains Nr rows of respectively Mh and Mc heating and cooling
channels for a total of

Mm ×Nr × (Mh +Mc) = 5 × 104 × (3040 + 3040) ∼ 108
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Figure 2.19: Geometry of the regenerator.

channels per per regenerator unit. The cross section is equal for both hot
and cold channels (50 × 50 µm2), which are arranged in counterflow and
embedded in the same base material.

Figure 2.19b shows the cross section of the periodic one–dimensional fluid
field which, representative of the overall module, comprises a cold channel
and the corresponding halves of the upper and lower hot channels. The
respective one–dimensional flows within the cold and hot channels along
the θ–direction, are resolved upon integration of eq. (2.3) employing the
centered scheme in a n–nodes discretization. The heating of the wall which
results from the net inflow of heat from the fluid streams is described by:

q̇hot
j − q̇cold

n+1−j =
mC

ΓLt
Ṫwn+1−j ∶ j = 1 ... n

where mC is the heat capacity of the wall, i.e. the portion of matrix inside
the periodic domain; Γ and Lt are respectively the perimeter and length
the heating and cooling channels. The heat fluxes from the hot and to
the cold fluid veins are computed from eqs. (2.5) and (2.6) with a constant
Nusselt number of 10. This assumption is adopted independently of the
precise geometry which, as described in the following lines, prescribes the
heat transfer phenomenon.

The regenerator modules are utilized in both helium–to–hydrogen as well
as helium–to–helium configurations, see section 4.2. In both cases, the flow
within the channels is always laminar, the Reynolds number comprised be-
tween 200 and 1000, and the thermal entry length to the micro channels
is:

lth = Re PrDh ∼ 1 cm
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The measurements performed by Colgan et al. [23] report a Nusselt num-
ber around 10, which is readily achievable for channel lengths of one–tenth
the thermal entry length. They employed silicon micro–channels with cross
sections of 180 × 60 and 180 ×75 µm2 in a configuration of staggered fins
with lengths of 60 or 100 µm. However, the heat transfer enhancement was
probably caused by the impinging flow on the channel lateral surfaces at the
manifold entry zones. On the other hand, the calculations described by Kim
and Kim [61] showed that the channel aspect ratio improves considerably
the heat transfer. They modeled the square micro–channels as a contin-
uous porous medium where, for fully developed flow, the Nusselt number
depended only on the channel aspect ratio. The Nusselt number that re-
sulted was as high as 9 for an aspect ratio of 1:6, and showed an asymptotic
limit around 10 for very high aspect ratios. Sui et al. [121] reported values of
the Nusselt number in excess of 10 if wavy instead of straight channels were
utilized. In this case, the channel aspect ratio was as low as 1:2 and the
enhancement phenomena had to do with the generation of vortical struc-
tures that improved the mixing of the stream. On the contrary, the study of
Gong et al. [40] showed that, even when no vortical structures were formed
at very low Reynolds numbers (50–150), high values of the Nusselt number
(Nu > 10) were still achieved due to the thinning of the boundary layer.

2.5 Optimization tool

The optimization approach is based on evolutionary algorithms where, by
analogy to Darwinian evolution, populations of individuals adapt to bet-
ter fit within a certain environment. The natural evolution is dictated by
mechanisms as mutation, crossover and selection. Analogous mechanisms
are defined in the numerical optimization routines to resemble their nat-
ural counterparts. The evolutionary algorithms are noise tolerant and do
not require the objective function to be continuous. However, they require
a large number of function evaluations, hence the number of optimization
parameters is more limited than in the case of the gradient based methods.

The single–objective differential evolution requires the evaluation of each
design within a population that contains T individuals. Each individual of
the t–th generation is a vector that comprises the n design parameters:

xt = (x1, x2 ... xn)

Three vectors at, bt and ct, different to each other and to the original
vector xt, are randomly picked from the design space in order to evolve
the parameter vector xt. The trial vector (y) is thus determined by the
mutation operator, which is defined as:

yi = ai + F (bi − ci) ∶ F ∈ ]0,2[ , i = 1 ... n

32



2.5. Optimization tool

where the constant F sets the amplification of the difference (bi − ci). The
recombination operator defines the candidate vector (z) as:

zi = { yi ri ≤ C
xi ri > C

∶ C ∈ ]0,1[ , i = 1 ... n

where ri is a uniformly distributed random variable and C a user defined
constant. This operator is usually called crossover. Finally, the selection
operator drives the evolution towards individuals (xt+1) that better fulfill
the objective function, i.e. for a minimization problem:

xt+1 = { z f(z) ≤ f(xt)
xt f(z) > f(xt)

such that the candidate replaces the original parameter vector if that implies
a reduction of the objective function.

There exist several algorithms to extend the differential evolution algo-
rithm to multiple objectives [2, 78, 101], where the main difference lies in
the selection operator. The algorithm implemented within the Computer
Aided Design and Optimization tool (CADO) [130] is similar to the method
developed by Deb et al. [28] for genetic algorithms. In it, the next gener-
ation of individuals is added to the current one, resulting in a population
twice as large as the original one. The population is then subjected to a
non–dominated ranking which selects only the best ranked individuals to be
passed to the next generation, reducing the population to the original size
[56, 95].

The differential evolution algorithm within CADO, is utilized in the next
sections 5.2 and 5.3 to respectively explore the engine design space and op-
timize the heat exchanger geometry. The former application is based on the
multi–objective differential evolution algorithm, whereas the latter utilizes
the single–objective variant. Both single and multiple objective algorithms
are applied with an amplification factor (F ) and crossover constant (C) of
respective values 0.6 and 0.8.
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Chapter 3

ANALYSIS

In 1964, Builder [17] foresaw a new class of engines with the fuel thermally
integrated in the cycle, allowing heat exchange throughout the compression
and expansion processes. He pointed out that a meaningful energy analysis
should be done considering the static (as opposed to stagnation) conditions
at each station in the Brayton cycle. Nowadays, the increase of power de-
manded by the avionics and the auxiliary systems of modern aircraft has
risen the thermal load of the airframe which, if properly managed, con-
stitutes an additional energy input to the propulsion plant [131]. The high
speed vehicles are an ultimate case in which proper management of the ther-
mal load to the aeroshell and use of fuel as coolant are essential to guarantee
an acceptable efficiency. Clearly in these two cases, the classical definition
of the efficiency is not appropriate. The reason is that the combustion of
the fuel is not the sole energy input of the cycle and, even if it was, the
fuel heating value should be defined based on a constant combustion tem-
perature representative of the combustion processes which, in these engine
cycles, take place at different mixture ratios.

The energy is conserved in any closed system producing mechanical work;
the thermal leaks stemming from the non–adiabatic boundaries constitute
the sole energy waste, therefore an efficiency figure based on the energy
balance is rather insensitive to changes in the processes within the system.
By contrast, the energy availability or exergy is not conserved. The exergy is
a thermodynamic property obtained from the combination of the First and
Second Laws which measures the quality of the energy, i.e. the “convertible–
to–work energy”, as labeled by Czysz and Murthy [27], hence the availability
depends largely on the processes undergone by the system. Clarke and
Horlock [22] set the basis for the Second Law analysis of propulsion systems,
applying an availability balance with respect to both the relative and the
absolute frame of reference.

The propulsive efficiency, in the classical sense, quantifies the mechanical
ability of the motor to develop thrust power from the increment of kinetic
energy through the engine. The distinction made by Lewis [71] between the
core of the turbofan and the thrust generation components (fan, fan tur-
bine and nozzles) led to the definition of two different propulsive losses in
the exhaust jet: the thermal or transfer losses and the kinetic losses. This
breakdown of losses was obtained by integrating the momentum equation
throughout the engine stream–tube. The thermal losses accompanying the
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jet are accounted for by the thermal efficiency, which characterizes the ther-
modynamical cycle. Therefore both thermal and mechanical losses incurred
by the propulsion system are considered by each corresponding efficiency.

The vehicle trajectory has to be taken into account in the design of high
speed vehicles. Czysz and Murthy [27] quantified the aircraft efficiency as
the ability of the vehicle to transform the fuel content in terms of chemical,
thermal and kinetic energy into gains of aircraft range, altitude and speed.
When the fuel is used to cool down the airframe or even the free–stream (as
in a pre–cooled air–breathing engine) the available thermal energy increases.
The fuel kinetic energy is consequence of the fuel being transported within
the airframe at a given flight speed. Based on the energy analysis, Czysz and
Murthy [27] highlighted that the fuel availability yielded more information
than the fuel heating value, hence an availability balance of the system with
respect to the local ambient conditions should be applied. Furthermore,
the availability analysis would provide the means to optimize the control
scheme of the propulsion system. A vehicle effectiveness based on exergy
considerations was later proposed for the trajectory optimization [91].

The rational efficiency or effectiveness of an engine component is the ratio
of effective energy delivered by the component to the exergy supplied. The
thrust power is the main outcome of the aerospace engine, hence the engine
effectiveness is defined as the ratio of thrust power to incoming exergy, [90].
Riggins [106], [104] sought for a common metric based on which to evaluate
the performance of each engine subcomponent as well as that of the overall
engine. He resolved to compute the stream thrust, i.e. the specific thrust,
at each engine station and the lost thrust in each engine subcomponent.
The outcome of the engine and the engine subcomponents was quantified
in terms of thrust work potential. He unified the concepts of thrust work
potential and exergy by defining an engine–based exergy, which is computed
respect to an ideal Brayton cycle that exhausts to the same ambient pressure
as the real engine. The engine–based exergy does not account for the exergy
lost as thermal energy in the engine exhaust, which is assumed intrinsic to
the Brayton cycle.

Roth and Mavris [110] analyzed the turbofan performance in terms of the
gas horsepower, which is equivalent to the engine–based exergy by Riggins
and McClinton [104]. As for the engine–based exergy, the reference state
to compute gas horsepower is the mechanical equilibrium at the ambient
static conditions, whereas for the thrust work potential the reference state
is the equilibrium at the stagnation conditions of the incoming fluid stream.
Therefore, both methods are related through the propulsive efficiency, [112].
Later on, Roth and Mavris [111] computed the available energy to identify
and quantify the different loss sources throughout the operational envelope
of a turbofan engine from Mach 0 to 2.2. Based on the turbojet analy-
sis of Clarke and Horlock [22], Etele and Rosen [38] highlighted the effect
of the reference environment. The differences between engine effectiveness
amounted up to 2% when calculated respect to sea level or cruise altitude
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conditions. On line with them, Tona et al. [125] evaluated the effectiveness
of a turbofan over a typical commercial flight. The calculations were based
on a constant chemical contribution to availability, therefore no difference
in effectiveness was observed depending on the choice of reference environ-
ment. The importance of the environmental chemical composition on the
availability evaluation was already pointed out by Ahrendts [3].

Reaction engines work by transferring momentum to the stream–tube,
which results in an increase of kinetic energy. Therefore, the classical propul-
sive efficiency has a purely mechanical nature, [71]. The Brayton cycle is
a process to realize the reaction engine by converting thermal into kinetic
energy, with the inevitable loss of thermal energy into the jet. In a turbofan
or a turboprop engine, the mechanical power to the fan or the propeller
increases the kinetic energy of the stream without any other thermal effect
than the heating of the air–stream by viscous dissipation or friction with
the walls. Moreover, the thermal energy of the exhaust from the engine
core, which following a Brayton cycle drives the fan or the propeller, can be
regeneratively recuperated to some extent. This idea is exploited in some
combined cycles, in which mechanical power is extracted from the hot fluid
streams through the engine by means of the thermal integration of the fuel
(which may be cryogenic) within the cycle [115]. In the more recent concept
of a fan or propeller powered by an electrical engine, the thermal energy ap-
pears only as a waste [12, 39, 77, 82]. The definition of a common metric to
evaluate and compare different combined cycles for propulsion requires ac-
counting for the thermal energy of the fluid streams, including the exhaust,
when computing the overall efficiency of the engine. Therefore the thrust
work potential, engine–based exergy and gas horsepower are not complete
approaches.

The later works of Riggins et al. [107] related the net thrust power of the
aircraft with the irreversibilities incurred internally by the vehicle and ex-
ternally by the surrounding flow field. The availability was computed with
respect to the aircraft wake, which includes the exhaust in thermal and
mechanical equilibrium with the local environment far downstream. The
combustion is supposed to be complete and therefore there is no need of
computing the chemical equilibrium status of the wake. In a subsequent
study, Riggins et al. [105] analyzed the aerospace vehicle–to–mission perfor-
mance as a whole. Using a similar approach, the study presented in this
chapter relates the mission performance with the overall vehicle effective-
ness.

The aim of this chapter is to evaluate the performance of a combined–
cycle engine for high speed propulsion. The availability analysis is the most
appropriate methodology to this end, as found from the preceding studies.
The reference state for the exergy calculations was chosen to be the local
environmental condition at the current flight altitude. The exergy of each
fluid stream was computed by enforcing chemical as well as thermal and me-
chanical equilibrium with the reference environment, in a similar approach
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as employed by Amati et al. [5]. Consequently, the contribution to the
chemical exergy by the frozen species (NOx) in the exhaust gases was also
reckoned. The classical propulsive efficiency regards the efficiency of the jet
propulsion [71], whereas the thermal efficiency characterize the thermody-
namic cycle. The thermal efficiency was recast from the availability balance
applied to the propulsion plant and the airframe to respectively yield the
thermal effectiveness (ηεth) and the transfer effectiveness (κa). The transfer
effectiveness quantifies the fineness of the availability transference from the
aeroshell to the propulsion plant.

3.1 Engine analysis

The engine performance is evaluated applying the conservation and momen-
tum equations to the control volume in fig. 3.1. The free–stream conditions
(∞) correspond to the standard atmospheric model [126] at the current flight
altitude. The dashed lines represent the stream–tube which ends at the in-
take lips. The solid lines are the engine inner surfaces. The exhaust station
(j) is the nozzle exit plane, or the nozzle axial location where separation
occurs in the case of an over expanded nozzle at lower altitudes1. The fuel
is supplied at station (f). The auxiliary system provides an amount Ẇ of
mechanical or electrical power to the engine regulation and control devices.
The hot surfaces radiate a certain amount Q̇ of heat power to the ambient
for cooling. On the relative frame which moves with the engine, the resul-
tant force on the strut, i.e. the uninstalled thrust (Fu), does not develop
power because the strut remains still. Therefore, applying the First Law to
the steady control volume yields:

(ṁH ′)∞ + (ṁH ′)f − (ṁH ′)j + Ẇ − Q̇ = 0 (3.1)

There are three contributions to the total enthalpy (H ′) of each fluid
stream: the formation enthalpy (h0

f ) of the species (the case of the stream
being a mixture of chemical species is also considered) at the reference tem-
perature T0, the sensible enthalpy (∆h) (heat required to bring the stream
from T0 to the actual temperature) and the kinetic energy (v′2/2), being v′

the stream velocity on the relative frame:

H ′ = h0
f +∆h + v′2/2 (3.2)

The engine transforms the chemical energy of the fuel into kinetic energy
of the jet. The energy balance that relates the increase of kinetic power
throughout the stream–tube to the total power supplied results from the
substitution of eq. (3.2) in eq. (3.1):

ṁf FHV + Ẇ = ∆Ėk + Q̇ + (ṁ∆h)j − (ṁ∆h)∞ − (ṁ∆h)f (3.3)

1See the location of the separation plane in section 2.2.3.
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Figure 3.1: The engine as a stream–tube for the calculation of the unin-
stalled thrust (Fu).

The kinetic power (∆Ėk) is computed from the stream velocities on the
relative frame (vj , v∞, vf ):

∆Ėk = (ṁ v2/2)j − (ṁ v2/2)∞ − (ṁ v2/2)f (3.4)

Strictly speaking, the fuel heating value (FHV) is calculated from the
formation enthalpies, assuming complete stoichiometric combustion with the
reactants and the products at the same temperature T0 [13]. The lower
heating value is considered because the temperature of the water vapor in
the products remains above 373.15 K and there is no water condensation:

ṁf FHV = (ṁh0
f)∞ + (ṁh0

f)f − (ṁh0
f)j

In the range of combustion pressures considered, the fuel heating value de-
pends exclusively on the combustion temperature (T0). In the case of com-
bustion of hydrogen with air and for chemical equilibrium, the fuel heating
value is maximum for a combustion temperature of 1650 K, 124.2 MJ/kg,
and decreases to 120.0 MJ/kg and 111.3 MJ/kg at respectively 298.15 K
and 2500 K.

The second term on the right hand side of eq. (3.3) is the heat released in
case of a non adiabatic combustion. The last three terms on the right hand
side account for the heat which is used to heat the air and fuel streams up
to the combustion temperature (vaporizing the fuel if necessary) and their
total contribution is positive. These three terms cancel out if the streams
are at the reference temperature T0.

The thermal efficiency weights the increase of kinetic power throughout
the stream–tube by the supplied power and is defined, by virtue of eq. (3.3),
as:

ηth =
∆Ėk

FHV ṁf + Ẇ
(3.5)

The so–defined efficiency depends, through the fuel heating value, on the
reference temperature. In order to illustrate this variation and referring to
the numeric values in section 4.2, the fuel consumption (ṁf ) is 4.05 kg/s
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and the kinetic power to the air stream (∆Ėk) is 335.15 MW during cruise
at Mach 5, whereas the auxiliary power (Ẇ ) is negligible small. If the fuel
heating value is comprised within the range considered previously, then the
thermal efficiency takes a value in the range 66.6–74.3%.

The uninstalled thrust is a measure of engine performance independent
of the airframe aerodynamic behavior. It results from the application of
the momentum conservation equation to the mass–capture stream–tube in
fig. 3.1 along the direction of the free–stream velocity (v∞), [83]:

Fu = ηn(ṁ v)j − (ṁ v)∞ + (pj − p∞)Aj
− (ṁv)f v∞/v∞ − (pf − p∞)Af cosα (3.6)

The momentum of the jet lost in the radial direction at the nozzle exit plane
is taken into account by penalizing the momentum in the axial direction with
a nozzle efficiency ηn (0 < ηn ≤ 1). The last two terms represent the transfer
of momentum from the fuel to the stream–tube through the fuel supply line,
in the engine–airframe interface (f). The transversal areas at stations (j)
and (f) are denoted respectively by Aj and Af .

The propulsive efficiency weights the thrust power by the kinetic energy
increase through the stream–tube:

ηp =
Fu v∞
∆Ėk

(3.7)

Multiplying eq. (3.6) by the flight speed and substituting it in eq. (3.7) yields
the expression of the propulsive losses:

1 − ηp = ( ṁj (vj − v∞)2/2 − ṁf (v∞ − vf)2/2
− (pj − p∞)Aj v∞ + (1 − ηn) (ṁ v)j v∞

+(pf − p∞)Af v∞ cosα ) / ∆Ėk (3.8)

where the term (pf − p∞)Af in the right hand side is the contribution of the
pressure jump between fuel and free–stream, and is considered negligible in
the discussion that follows.

For an ideal (ηn = 1) and adapted nozzle (pj = p∞), without mass addition
to the stream–tube, just allowing heat and work interactions, the first term
on the right hand side of eq. (3.8) is the sole loss of the energy conversion
system. This is the kinetic power of the jet on the earth–fixed frame which is
not transformed into thrust power. Ideally, it cancels when the jet exhaust
and flight speeds are equal (vj = v∞), i.e. when there is no thrust. In
a rocket, nothing but propellants flow through the stream–tube (ṁj = ṁf )
and, under the same premises concerning the nozzle, the losses are composed
by the first two terms on the right hand side of eq. (3.8): the kinetic energies
of the jet and the fuel on the absolute frame. If the fuel velocity is small
(vf ∼ 0), the kinetic energy of the fuel can balance the losses at high speed
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(vj ≤ 2 v∞) for a propulsive efficiency larger than unity. This fact was pointed
out by Builder [17] and Czysz and Murthy [27] and does not corrupt the
definition of the overall effectiveness of the aircraft (ηp η

ε
th κa), which is not

to exceed unity. The demonstration of this point is addressed in section 3.2.
The overall efficiency of the propulsive system (ηo) is the product of both

the thermal and the propulsive efficiencies:

ηo = ηth ηp =
Fu v∞

FHV ṁf + Ẇ
(3.9)

The overall efficiency was in the range of 49.3 to 55.0% for the thermal
and propulsive efficiencies during cruise at Mach 5 that were considered
previously. The thermal efficiency is redefined next in order to avoid the
dependency from the fuel heating value.

The total enthalpy (H ′) is the sum of the static enthalpy (h) and the ki-
netic energy of the stream: H ′ = h+ v′2/2. The substitution of this relation-
ship in the expression of the First Law, eq. (3.1), yields the balance between
thermal and mechanical power throughout the stream–tube in fig. 3.1:

∆Ėk = (ṁh)∞ + (ṁh)f − (ṁh)j + Ẇ − Q̇ (3.10)

which provides an alternative definition of the thermal (ηI
th) and overall

efficiencies (ηI
o):

ηI
th =

∆Ėk

(ṁh)∞ + (ṁh)f − (ṁh)j + Ẇ
(3.11)

ηI
o = ηp ηI

th (3.12)

Bringing up the figures in section 4.2 for cruise condition at Mach 5, the
propulsive efficiency (ηp, in eq. (3.7)) is 67.5% and the overall (ηI

o) and
thermal (ηI

th) efficiencies, now independent of the fuel heating value, are
respectively 66.5 and 98.5%. The thermal loss accompanying the jet is not
considered and the only source of losses is the heat released through the non
adiabatic boundaries (Q̇). In consequence, the thermal efficiency is rather
insensitive to other than thermal losses in the engine subcomponents, which
justifies the high value achieved.

The thermal efficiency (ηI
th) serves to compare the engine power output,

i.e. thrust power, with the actual power input to the stream–tube. In the
same manner, the First Law efficiency of a heat engine is the ratio of me-
chanical power produced to heat power supplied: ηI = Ẇ /Q̇. Nevertheless,
not all of the thermal power from the hot source (Q̇) is available to develop
mechanical work, therefore a Second Law efficiency is defined as the ratio of
mechanical power to maximum power attainable with the Carnot machine:

ηII = Ẇ

Q̇ (1 − Tc/Th)
= ηI

ηC
(3.13)
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where the efficiency of the Carnot machine is ηC and the temperatures of the
hot and cold sources are respectively Th and Tc. Similarly, a more faithful
figure of efficiency compares the power developed by the propulsion unit
to the maximum mechanical power that can be extracted from the engine
streams in accordance with the Second Law. Calculating this efficiency
or effectiveness is not as straight forward as for the Carnot cycle when it
comes to compute the maximum mechanical power attainable from a fluid
stream. The maximum mechanical power attainable depends on the process
experienced by the stream, hence a canonical process is established to assign
a unique value of the mechanical power that the fluid stream can potentially
develop.

Riggins and McClinton [104] defined the maximum mechanical power at-
tainable as the thrust power generated by the stream when expanded to a
given reference pressure, i.e. the thrust work potential. Roth and Mavris
[110] considered the gas horsepower or power obtained from an isentropic
evolution to a reference stagnation conditions. None of both methods en-
forces thermal equilibrium between the stream and the reference conditions.
For that reversible process, which brings the stream to mechanical, ther-
mal and chemical equilibrium with the environment, the mechanical power
developed per unitary flow rate of the stream is maximum and is called spe-
cific exergy (ε). This process is illustrated in fig. 3.2. A unitary mass flow
of the input stream at a given pressure (p), temperature (T ) and with a
mass fraction (xi) of each constituent species (i), flows with speed v. The
process allows the exchange of mass (ṁi) with the environment through
the permeable boundaries, the heat transfer (Q̇) through the non–adiabatic
boundaries at temperature T0 and the realization of mechanical work (ε)
through the deformable boundaries. The product stream is at the pressure
p0 and temperature T0 and has the same composition (xi0) as the envi-
ronment, in relation to which the stream velocity is null. Therefore, for a
specified reference environment, the specific exergy is a thermodynamical
property, which is function of the stream pressure, temperature, mass com-
position and velocity respect to the environment: ε(p, T, x1 ... xi, v). The
calculation of the stream specific exergy is explained in detail in section 3.4.

The combination of the First and the Second Laws yields the expression
of the exergy balance for a system with several incoming and outgoing fluid
streams that releases heat Q̇ through the boundaries at temperature T and
consumes mechanical power Ẇ [87]:

Ė = (T0/T − 1) Q̇ + Ẇ +∑
in

ṁ ε −∑
out

ṁ ε − İ (3.14)

The left hand side is the unsteady variation of availability in the control
volume. The right hand side comprises the contributions due to heat, work
and mass exchange through the boundaries and the exergy destruction or
irreversibility associated to the process. The irreversibility is proportional
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v, xi, p, T

T0

xi0, p0, T0

ṁi

Q̇
p0

ε

Figure 3.2: A fluid stream develops the maximum mechanical work (ε)
when it reaches thermal, mechanical and chemical equilibrium with the en-
vironment by exchanging mass and heat with it.

to the entropy production term (σ̇) and the environmental temperature (T0)
through the theorem of Gouy–Stodola: İ = T0 σ̇. Eq. (3.14) can be applied
to any of the engine subsystems, therefore it establishes a common metric
to evaluate the losses incurred by every subsystem as well as those of the
overall propulsion system.

Evaluating the cycle on the relative frame makes it possible to trace both
energy sources: the airstream and the fuel. Applying the exergy balance of
eq. (3.14) to the control volume in fig. 3.1, with respect to the relative frame
and considering a steady process (Ė = 0), yields:

T0 σ̇ = (ṁ ε′)∞ + (ṁ ε′)f + Ẇ − (ṁ ε′)j − İQ̇ (3.15)

Where ε′ is the specific exergy evaluated on the relative frame and the total
exergy lost by heat transfer across the boundaries (Σi) at temperature T is:

İQ̇ = ∫
Σi

(1 − T0/T ) dQ̇ (3.16)

The engine internal irreversibility is broken down as the sum of irreversibil-
ities incurred by each of the engine subcomponents (i):

T0 σ̇ =∑
i

T0 σ̇i (3.17)

The irreversibilities are found applying eq. (3.15) to each subcomponent (i)
on the relative frame:

T0 σ̇i =∑
ini

(ṁ ε′) − ∑
outi

(ṁ ε′) − İQ̇i + Ẇi (3.18)

In order to account for the thrust power, eq. (3.15) must be evaluated on
the absolute frame, which remains still respect to the free–stream. Consider-
ing the definition of physical exergy, which is given by eq. (3.42) in the next
section, the relation between specific exergies on the relative and absolute
frames, respectively ε′ and ε, is:

ε′ − v′2/2 = ε − v2/2
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where the stream velocities on the absolute and relative frames are respec-
tively v and v′. Applying the previous transformation to eq. (3.15) and
using eq. (3.6) yields the exergy balance on the absolute frame:

Pa = (ṁ ε)f + Ẇ = Fu v∞ + İQ̇ + T0 σ̇ + Żst (3.19)

The fundamental difference between the availability balance applied on the
relative frame, eq. (3.15), or on the absolute frame, eq. (3.19), is the ap-
pearance of the thrust power term, i.e. the power developed by the forces
on the moving surfaces of the engine [22]. The reference environment for
the specific exergy calculation is defined by the local atmospheric conditions
at the current flight altitude, hence the exergy flow of the incoming stream
((ṁ ε)∞) is null and does not appear in eq. (3.19). The available power (Pa)
is the sum of the exergy of the fuel stream and the power supplied by the
auxiliary systems. The losses in the stream–tube (Żst) comprise the exergy
of the exhaust gas, the thrust power lost by the momentum of the jet in the
radial direction and the power required to move the boundaries in presence
of a pressure jump:

Żst = (ṁ ε)j + (ṁ v)j v∞ (1 − ηn)
− (pj − p∞)Aj v∞ + (pf − p∞)Af v∞ cosα (3.20)

In order to find the counterpart to the classical thermal and overall ef-
ficiency definitions in eqs. (3.5) and (3.9), the kinetic contribution to the
specific exergy is explicitly accounted for in the jet and fuel streams. The
remainder term is designated as static specific exergy (εs):

εj = εsj + (vj − v∞)2/2 (3.21)

εf = εsf + (vf − v∞)2/2 (3.22)

After substituting eqs. (3.21) and (3.22) in eqs. (3.19) and (3.20) and using
eqs. (3.7) and (3.8) yields:

P sa = Pa − ṁf (vf − v∞)2/2 = (ṁ εs)f + Ẇ (3.23)

P sa = ∆Ėk + İQ̇ + T0 σ̇ + (ṁ εs)j (3.24)

where the static availability rate to the engine (P sa ) is independent from
the kinetic power of the fuel on the absolute frame (ṁf (vf − v∞)2/2) and
eq. (3.24) yields the definition of the thermal effectiveness:

ηεth =
∆Ėk
P sa

= 1 −
İQ̇ + T0 σ̇ + (ṁ εs)j

P sa
(3.25)

The thermal effectiveness is, as should be, independent from the choice of
reference system and is penalized by the cycle losses, i.e. the availability
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losses accompanying heat transfer to the ambient, the internal irreversibility
and the exergy of the exhaust jet.

Resembling the efficiency definition in eq. (3.13), the overall effectiveness
is the ratio of developed power to maximum power available in accordance
with the Second Law:

ηεo =
Fu v∞
P sa

= ηp ηεth (3.26)

Computing once again with the values in section 4.2 for supersonic cruise,
the thermal (ηεth) and overall effectiveness (ηεo) are respectively 60.9% and
41.1%. These figures are calculated taking into account the thermal energy
lost with the jet (εsj) which, on the contrary, is not considered by eqs. (3.11)
and (3.12). This is the reason for the large discrepancy with respect to the
previously computed values: ηI

th = 98.5% and ηI
0 = 66.5%.

3.2 Propulsive efficiency

For an ideal convergent–divergent nozzle (ηn = 1) in which separation occurs
at the axial location where the jet pressure reaches the free–stream pressure
(pj ∼ p∞) and neglecting the contribution by the fuel pressure, only the mo-
mentum terms in eq. (3.6) are meaningful for the evaluation of the propulsive
efficiency in eq. (3.7), which yields:

ηp =
1 +MR − (MR + νf cosα) ν∞

1 +MR − (MR + ν2
f)ν2

∞

2ν∞

where the non–dimensional fuel and free–stream velocities are related to the
free–stream and jet velocities as: νf = vf /v∞ and ν∞ = v∞/vj . Each pair
of values for the injection angle (α) and the mixture ratio (MR) yields a
line in fig. 3.3, which represents the locus of points for which the propul-
sive efficiency equals unity. The propulsive efficiency is monotonic, remains
below unity in the region under the corresponding line and is larger than
unity elsewhere. The sole effect of mass addition to the stream–tube is the
decrease of the free–stream velocity for which the propulsive efficiency be-
comes unity (ηp = 1) along the vertical axis (νf = 0). Adding mass to the
stream–tube increases the propulsive efficiency until the line MR = 0, where
only propellants feed the stream–tube, i.e. the engine functions as a rocket.
In the ideal case of zero mass addition (MR =∞), the propulsive efficiency,
which is independent from the injection velocity and angle, is unitary along
the line ν∞ = 1. The effect of the injection angle on the propulsive efficiency
depends on the magnitude of the fuel velocity (νf ). The increase of kinetic
efficiency through the stream–tube is independent from the injection angle,
eq. (3.4), whereas the penalty on the uninstalled thrust by the momentum
of the fuel diminishes at increasing injection angles, eq. (3.6), hence the
improvement of the propulsive efficiency.
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Figure 3.3: Isolines ηp = 1 on the νfν∞–plane vs. injection angle (α) and
mixture ratio (MR).

It follows the demonstration that the definition of the overall vehicle ef-
fectiveness is consistent, i.e. κa η

ε
o ≤ 1, no matter the value of the propulsive

efficiency being larger than unity. The overall effectiveness can be expressed
as:

κa η
ε
o =

Fu v∞
∆Ėk +∆Ėf
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

η′p

∆Ėk +∆Ėf

Pa
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

η′ε
th

Pa

−Ė − ĖQ̇
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

κ′a

(3.27)

∆Ėf = ṁf (vf − v∞)2/2

The kinetic power of the fuel supplied on the absolute frame (not to be mis-
taken with the kinetic power of the fuel in the tanks) is denoted by ∆Ėf .
The factors on the right hand side of eq. (3.27) constitute alternative defini-
tions of the propulsive efficiency and the thermal and transfer effectiveness:
η′p, η

′ε
th and κ′a. In virtue of eq. (3.8) and provided that either the nozzle

is under–expanded or separation occurs (pj ≥ p∞), the propulsive efficiency
(η′p) is at most unity. According to eqs. (3.23), (3.24) and (3.34) neither
the thermal (η′εth) nor the transfer (κ′a) effectiveness are greater than unity.
Therefore the overall effectiveness is: κa η

ε
o ≤ 1.

The ratio of the fuel kinetic energy to the total increase of kinetic energy
throughout the stream–tube (λ) is:

λ = ∆Ėf

∆Ėk
=

ν2
f + 1 − 2νf cosα

1 +MR − ν2
∞ (MR + ν2

f)
ν2
∞ (3.28)
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Using eq. (3.28) in eq. (3.27) yields the breakdown of the overall effectiveness
into the three performances, each of them not greater than unity indepen-
dently of the parameter λ:

κa η
ε
o =

ηp

1 + λ
²
η′p

ηεth
1 + λ

1 + ληεth
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

η′ε
th

κa(1 + ληεth)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

κ′a

If the fuel absolute velocity is null (λ = 0), there is no correction for the
efficiencies ηp, η

ε
th and κa. On the contrary, if the kinetic energy of the fuel

on the absolute frame is not null (λ > 0), the rescaled efficiencies become:
η′p < ηp, η′εth > ηεth and κ′a > κa.

3.3 Mission analysis

Overall effectiveness and mission performance are related through the mo-
tion equations of the aircraft which, for rectilinear accelerating flight with a
climb angle θ, stand:

Fu = D +W sin θ +W v̇∞/gr (3.29)

L/W = cos θ

The aircraft lift, drag and weight are respectively L, D and W, and gr is
the gravity constant, fig. 3.4. The momentum equations are rewritten in
non–dimensional form as:

SEP/v∞ = sin θ + v̇∞/gr (3.30)

n = cos θ (3.31)

The load factor (n) is the ratio of aircraft lift to weight and the specific excess
power (SEP) (or weight specific excess power, as termed by Mattingly [83])
is the power readily available for propulsion per unit of weight of the aircraft:

SEP = (Fu −D) v∞/W

In consequence, the possible vehicle trajectories, which are defined by the
temporal evolution of vehicle acceleration (v̇∞(t)) and climb angle (θ(t)), are
constrained by the specific excess power with eq. (3.30) while, at the same
time, the trajectory restrains the aerodynamic performance with eq. (3.31).

In addition to the motion equations, the exergy balance to the aircraft on
the absolute frame yields:

(Fu −D) v∞ = −Ż − Ė − ĖQ̇ (3.32)
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Figure 3.4: Outer (Σo), inner (Σi) and airframe (Σa) control volumes
during accelerating flight at constant climb angle.

The aircraft losses (Ż) are sum of the exergy flows lost with the jet and the
aircraft wake and the irreversibilities within the outer control volume (Σo),
the airframe (Σa) and the inner control volume (Σi), which contains the
propulsion plant:

Ż = (ṁ ε)j + (ṁ ε)w + İΣo + İΣa + İΣi

The last two terms on the right hand side of eq. (3.32) are the temporal
variation of the airframe availability and the availability transferred by heat
flow through the airframe. The rate of change of airframe availability (Ė) is
mainly caused by the loss of chemical and kinetic energies as the fuel tank
discharges, but also by the transient heating or cooling of the airframe due
to the change of flight regime. The flow of availability accompanying heat
transfer (ĖQ̇) changes direction across the airframe surface (Σa) depending

on the flight condition: ĖQ̇ is negative while flying at high speeds because

the aeroshell absorbs part of the aerodynamic heat load; ĖQ̇ is positive when
the aeroshell surface releases part of the heat produced by the propulsion
plant or the auxiliary systems at low speed:

ĖQ̇ = ∫
Σa

(1 − T0/T ) dQ̇

It should be noted that the availability flow by heat transfer comprises the
term İQ̇ in eq. (3.16) which, from the stand point of the propulsion plant,
is a source of irreversibility.

Riggins [105] proposed a similar treatment of the aircraft performance
based on the instantaneous aircraft losses. He considered a thermally bal-
anced vehicle in which the thermal load is not absorbed by the fuel, the
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airframe surface being adiabatic, the equilibrium state of the wake was set
as reference environment for exergy calculations and the total availability
was approximated by the fuel heating value, including the fuel kinetic en-
ergy, i.e. he assumed that:

− Ė − ĖQ̇ = ṁf (FHV + v2
∞/2) (3.33)

The exergy balance to the airframe on the absolute frame shows that −Ė−ĖQ̇
is the net power to the engine plus some transfer losses:

− Ė − ĖQ̇ = (ṁ εs)f + Ẇ + ṁf (vf − v∞)2/2 + İΣa (3.34)

The previous balance states that, independently of the heat flow direction,
the power available to the aircraft is always positive. The net power to the
engine is supplied by the fuel and as mechanical or electrical power (Ẇ ). The
inefficiency of the airframe subsystems is contemplated by the irreversibility
term (İΣa). If the fuel is injected into the stream–tube with other velocity
than the flight speed (vf ≠ v∞), there exists an additional transfer loss which
nonetheless enhances the propulsive efficiency, as discussed in section 3.1 on
the purpose of eq. (3.8). If the fuel exergy is assumed constant independently
of the environment then the fuel heating value (FHV) can be used instead
of the fuel static specific exergy (εsf ). Moreover, if there is not transfer of

additional power Ẇ , the airframe subsystems are perfectly efficient (İΣa = 0)
and the fuel injection velocity is neglected with respect to the flight speed,
then eq. (3.34) reduces to eq. (3.33).

The effectiveness of the availability transfer from airframe to engine is,
from the exergy balance in eq. (3.34):

κa =
(ṁ εs)f + Ẇ
−Ė − ĖQ̇

and eq. (3.32) is rewritten as:

(Fu −D) v∞ = Fu v∞
κa ηεo

− Ż

Upon substitution of the uninstalled thrust (Fu) from eq. (3.29) in the pre-
vious expression and adimensionalization withW v∞, the instantaneous spe-
cific losses, ζ = Ż/(W v∞), are:

ζ = cos θ

E κa ηεo
+ ( 1

κa ηεo
− 1) sin θ + ( 1

κa ηεo
− 1) v̇∞

gr

The lift–to–drag ratio or aerodynamic efficiency is denoted by E . The dimen-
sionless losses (ζ) are split in three terms: losses caused by the aerodynamic
drag of the airframe, by overcoming the vehicle weight while climbing at an
angle θ and by the sole acceleration.
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The aircraft exergy balance in eq. (3.32) can be written alternatively in
dimensionless form as:

SEP

v∞
+ ζ = FuW

1

κa ηεo
(3.35)

where the right hand side is the specific power available to the airframe:
−(Ė + ĖQ̇)/(W v∞), which depends on the flight regime and the engine con-
trol (u(t)). The flight regime, i.e. the flight altitude and speed, is deter-
mined upon integration of the trajectory parametric equations: v̇∞(t) and
θ(t). The engine control law concerns the fuel throttle and every other con-
trol parameter of the engine. Eq. (3.35) states that in case of stationary
and horizontal flight (θ = v̇∞ = 0) the specific excess power, i.e. the thrust
power available for climb and acceleration, cancels and the total power avail-
able to the airframe compensates the vehicle losses. The motion eqs. (3.30)
and (3.31) and the exergy balance in eq. (3.35) determine the specific excess
power (SEP), load factor (n) and specific losses (ζ) for a given trajectory
and engine control law. The airframe controls (ailerons, rudder and elevator
deflection angles) should also be specified if the load factor as well as the
aircraft aerodynamic efficiency (E) depend not only on the trajectory but
also on the aircraft attitude. Inversely, this system of equations allows the
determination of the mission, i.e. vehicle trajectory and engine control, if
the specific excess power, the load factor and ζ are constrained beforehand.

Typically most of the flight of the subsonic aircraft takes place at cruise
condition. Nevertheless, in the particular case of a supersonic transport
aircraft, the cruise regime can be as short as 2/3 of the total flight time [49]
and the acceleration and deceleration phases cannot be precluded from the
mission optimization. Among the possible missions: m(t) = (θ, v̇∞/gr,u),
each of them solution of the system of eqs. (3.30), (3.31) and (3.35), the
optimal mission (m∗(t)) satisfies the constrains on the specific excess power
and the load factor with minimum total losses:

SEP(m∗) ≥ SEP0 ∀t ∶ 0 ≤ t ≤ T
n(m∗) ≤ n0 ∀t ∶ 0 ≤ t ≤ T

Zm∗ ≤ Zm ∀m

Ensuring a minimum specific excess power (SEP0), i.e. minimum rate of
climb and/or acceleration, and a maximum load factor (n0) throughout the
trajectory guarantees the vehicle capability to tackle possible contingencies
during flight. The accumulated losses throughout the mission m of duration
T are denoted by Zm:

Zm = ∫
T

0
[ζW v∞]m dt (3.36)

The optimal trajectory can only be determined once the aircraft is fully
characterized, i.e. the airframe and engine performances E , κa, Fu and ηεo
are known functions of the flight regime and the control parameters.
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During the particular regime of cruise at constant altitude and speed, the
aircraft weight (W) can be written as:

W = −E Isp Ẇ/gr (3.37)

Isp = Fu/ṁf (3.38)

Upon substitution of eq. (3.37) in 3.36, the mission losses during cruise are:

Zc = ∫
0

T
E Isp ζ v∞/gr dW

Under the assumption that the airframe and propulsion plant effectiveness
(κa and ηεo) and the specific impulse (Isp) do not vary throughout the cruise
regime, the previous integral yields:

κa η
ε
o gr (

Z

∆W )
c
= Isp v∞ (3.39)

The total power available to the engine equals the overall losses during cruise,
i.e. −Ė − ĖQ̇ = Żc from eq. (3.32) and (Z/∆W)c is the ratio of total energy
available to the propulsion plant over the weight of fuel spent during cruise.
The total energy available comprises the chemical exergy supplied by the
fuel as well as the thermal availability recovered through the aeroshell. On
the other hand, the equation of Bréguet [81] provides the cruise range (R)
as a function of the aircraft performances, weight at the beginning of the
cruise (W0) and weight of fuel burnt during cruise (∆W):

R = Isp v∞ E/gr log
W0

W0 −∆W (3.40)

The cruising range is proportional to Isp v∞ and, neglecting the power sup-

plied by the auxiliary systems in eq. (3.9) (Ẇ ∼ 0), is alternatively expressed
as:

Isp v∞ = ηo FHV (3.41)

Substituting eq. (3.41) into eq. (3.39), the overall effectiveness of the aircraft
(κa η

ε
o) with a thermally integrated propulsion plant can be identified to the

classical overall efficiency (ηo), whereas the total energy available per unit
of fuel weight consumed: (Z/∆W)c is assimilated to the fuel heating value:

κa η
ε
o gr (

Z

∆W )
c
= ηo FHV

The optimum cruise which, for a given amount of energy available to the
aircraft maximizes the range, is achieved with maximum overall effectiveness
(κa η

ε
o) or identically, maximum Isp v∞.

51



Chapter 3. ANALYSIS

3.4 Exergy calculation

The exergy of a pure species Xk has two contributions: the physical exergy
and the chemical exergy. The first one is due to changes in its thermo–
mechanical state (p, T, v) with respect to the reference environment (p0, T0)
and, in a molar basis, is stated as:

ε̄phk = h̄k(p, T ) − T0 s̄k(p, T ) + v2/2Mw,k − ḡk(p0, T0) (3.42)

The specific enthalpy, entropy and Gibbs potential per mol of Xk are h̄k, s̄k
and ḡk; the stream velocity is v and Mw,k is the molar mass of Xk.

The chemical exergy, in the case of species behaving as a semi–perfect gas
that are not necessarily present in the environment but produced from the
chemical reaction of species present in it, is computed from:

ε̄chk = ḡk(yk p0, T0) −∑
i

νki ḡi(y0
i p0, T0) (3.43)

If the fluid stream consists of a mixture, then yk is the molar fraction of the
species Xk. The molar fraction of the species X0

i present in the environ-
ment is y0

i and νki are the stoichiometric coefficients of the decomposition
reaction of one mol of species Xk into the species of the environment, which
is assumed to be composed of an ideal mixture of nitrogen, oxygen, water
vapor and argon:

{X0
i } = {N2,O2,H2O,Ar}

NaObHcArd Ð→ a/2 ×N2 + (b/2 − c/4) ×O2 + c/2 ×H2O + d ×Ar

[νki] =
⎡⎢⎢⎢⎢⎢⎣

a1/2 b1/2 − c1/4 c1/2 d1

⋮ ⋮ ⋮ ⋮
ak/2 bk/2 − ck/4 ck/2 dk

⎤⎥⎥⎥⎥⎥⎦
The species of the environment and their possible reaction products are

at gaseous state, hence the exergy contribution by a possible phase change
of the substance to its phase at the current utilization state is accounted by
the physical contribution (ε̄phk ); the Gibbs potential (ḡk(p0, T0)) is evaluated
for pure gaseous species at the reference state (p0,T0), in eq. (3.42). If
the fluid stream at pressure p and temperature T is composed of an ideal
homogeneous mixture of species with molar fractions yk, then the molar
specific exergy of the mixture is:

ε̄ =∑
k

yk ε̄
ph
k (yk p, T ) +∑

k

yk ε̄
ch
k (yk) (3.44)

3.4.1 Reference environment

In applications like power generation or in process industry, the environ-
mental changes caused by weather, day–to–night variations and seasonal
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changes are rather small, thus the exergy calculations can be based on a
constant averaged reference environment. Nonetheless, the change of en-
vironmental conditions seen by a supersonic aircraft from takeoff to cruise
conditions at 25 km of altitude cannot be overlooked. If such an aircraft
is fueled with hydrogen, the chemical exergy of the fuel sees an increase of
4% at 25 km of altitude with respect to the value computed with reference
to the sea level environment. This variation justifies the choice of local at-
mospheric conditions as a reference for the analysis of aerospace propulsion
systems. In this case, the atmosphere at the current flight altitude and at
rest with respect to ground defines the environment of reference. Thus, the
reference pressure (p0) and temperature (T0) are provided by the standard
atmospheric model [126] at each flight altitude. The dry air is assumed to be
composed of nitrogen, oxygen and argon. Despite that the content of water
moisture decreases rapidly with the altitude, becoming a scarce constituent
above the tropopause, it is the only source of chemical hydrogen and must
be considered for the calculation of the chemical exergy of the molecular
hydrogen.

The composition of the air is computed assuming that the air behaves
as an ideal mixture of water moisture and dry air such that the volumetric
fractions of constituents are:

yk = (1 − yw) ydryk ∶ k ∈ {N2,O2,Ar}

where ydryk are the moles of N2, O2 and Ar per mol of dry air and yw are
the moles of water per mol of dry air. The composition of the dry air
is kept constant as the atmospheric conditions (p0, T0, yw) vary: 78.12%,
20.96% and 0.92% in volume of respectively N2, O2 and Ar. The volumetric
concentration of water moisture (yw) is provided by the atmospheric model
[6] at each altitude. The molar content of water (yw) can be expressed
in function of the relative humidity (φ0), which is the ratio of the partial
pressure of water vapor (pvw) in the ambient to the saturation pressure of
water at ambient temperature (pvw(T0)), i.e. assuming the Dalton’s law of
partial pressures:

yw = φ0 p
v
w(T0) /p0

Between the critical (647.10 K) and the triple (273.16 K) point, the partial
pressure of the water vapor is computed from the model of Lemmon et al.
[70]; below the triple point, pvw is the sublimation pressure of water, which
is computed from the empirical equation in [51].

The physical and chemical contributions to exergy in eq. (3.44) can be
evaluated with different gas models if a phase change is involved or a more
accurate description of the fluid is required2. The chemical contribution
comprises the enthalpy and entropy of formation and is quantified with the

2Like in the case of hydrogen in the vicinity of the critical point, where the fluid prop-
erties depend strongly on both the temperature and the pressure.
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model of semi–perfect gas3. On the other hand, the model of real gas is
employed to compute the physical exergy, which accounts for the sensible
variations of enthalpy and entropy and the change of phase. The values
of enthalpy and entropy computed with each model at the reference state
(p0, T0) are equal. Nonetheless, an error is introduced when the exergy
is calculated assuming a variable reference environment. This error is com-
puted next for a pure species at rest (v = 0) and considering the atmospheric
conditions at the current flight altitude as the reference environment.

The exergy can be expressed as:

ε̄(p, T ) = h̄(p, T ) − T0 s̄(p, T )

where no distinction is made between the physical and the chemical contri-
butions to exergy. For compactness, this expression is rewritten as:

ε̄x0 = h̄x − T0 s̄
x (3.45)

where x denotes the arbitrary state (p, T ) and (0) refers to the reference
environment under consideration (p0, T0). If the reference environment shifts
to (p1, T1), the relationship between the exergies computed on each reference
is:

ε̄x1 = ε̄x0 − (T1 − T0) s̄x (3.46)

If different gas models are used to evaluate the physical and chemical con-
tributions to exergy, eq. (3.45) must be rewritten to:

ε̄x0 = [h̄]x0 − T0 [s̄]x0
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

ε̄ph

+ ḡ0
f

®
ε̄ch

(3.47)

where [y]ba denotes yb−ya. The first two terms on the right hand side are the
physical contribution to exergy and the last term on the right hand side is
the Gibbs potential of formation, the chemical contribution to exergy, which
is computed from the formation enthalpy (h̄0

f ) and the absolute entropy (s̄0)
at (p0, T0):

ḡ0
f = h̄0

f − T0 s̄
0

When the environmental reference shifts to (p1, T1), using eq. (3.47), the
specific exergy is expressed as:

ε̄x1 = [h̄]x0 − T1 [s̄]x0 + [h̄]01 − T1 [s̄]01
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

ph

+ [h̄]10 − T1 [s̄]10 − (T1 − T0) s̄0 + ḡ0
f

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ch

3Different conventions are found in the literature. It refers here to semi–perfect model
if the fluid obeys the law of ideal gases and the thermal properties are function of
the temperature: Cp(T ); whereas a more accurate state equation than the law of
ideal gases is used in the real gas model together with a description of the thermal
properties in function of pressure and temperature: h, s = f(p, T ).
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where physical (ph) and chemical (ch) contributions are evaluated separately
with the corresponding gas models. The values of enthalpy and entropy at
the reference point (p0, T0) are the same for both models: h̄0

ph = h̄0
ch and

s̄0
ph = s̄0

ch, therefore the previous equation simplifies to:

ε̄x1 = ε̄x0 − (T1 − T0) s̄x − (ḡ1
ph − ḡ1

ch) (3.48)

The error committed in the calculation of the exergy is, by comparison
of eqs. (3.46) and (3.48), the deviation between the potentials of Gibbs
obtained by each model at state (p1, T1). This deviation can be estimated
by integration of the thermodynamic potentials from its differential form:

dh̄ = C̄p dT + v̄ (1 − T αp)dp (3.49)

ds̄ = C̄p /T dT − v̄ αp dp (3.50)

dḡ = dh̄ − d(T s̄) (3.51)

where αp is the volume expansivity:

αp =
1

v

∂v

∂T
∣
p

and the expressions v̄ = R̄g T /p, αp = 1/T hold for the semi–perfect gas
model. In view of eq. (3.51), the deviation of the Gibbs potentials is com-
puted as:

ḡ1
ph − ḡ1

ch = [h̄1]phch − T1 [s̄1]phch
where the enthalpy and entropy deviations are determined upon integration
of eqs. (3.49) and (3.50):

[h̄1]phch = ∫
T1

T0

[C̄php − C̄chp ]
p1
dT + ∫

p1

p0

[v̄ph (1 − T αphp )]
T1
dp

[s̄1]phch = ∫
T1

T0

[(C̄php − C̄chp )/T ]
p1
dT − ∫

p1

p0

[(αp v̄)ph − R̄g/p]T1
dp

The atmospheric model in [126] provides the expressions p1(z) and T1(z),
which are used to compute the error in the exergy calculation when the refer-
ence environment changes from the standard day at sea level4 to the ambient
conditions at the altitude z1. If the real gas model of normal hydrogen [70]
and the semi–perfect gas approach of Gordon and McBride [41] are utilized
to evaluate respectively the physical and chemical contributions to exergy,
the deviation is bounded by:

∣
ḡ1
ph − ḡ1

ch

ḡ0
ch

∣ < 10−4 and ∣
ḡ1
ph − ḡ1

ch

ḡ1
ch − ḡ0

ch

∣ < 10−3 ∀z1 ∶ 0 ≤ z1 ≤ 25 km

4The standard day conditions at sea level are p0 = 101325 Pa, T0 = 288.15 K.
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Figure 3.5: Difference in exergy at the local ambient conditions if the phys-
ical and chemical contributions are computed with different gas models.

The first inequality proves that the deviation in the exergy calculations is
negligibly small in comparison with the chemical exergy at the sea–level
reference5; the second one states that the deviation does not mask the effect
on the chemical exergy of the variable reference environment, fig. 3.5.

3.4.2 Validation of exergy calculation routine

The Fluid Properties library within ESPSS supports the calculation of the
fluid thermodynamical properties with different databases for real fluids
[70], and semi–perfect gases [41]. Nonetheless, the calculation of the fluid
exergy was not contemplated and the application programming interface
(API) was extended to include this capability. The exergetic behavior of
the fluids relevant for the high speed propulsion cycles under consideration,
namely air, hydrogen and helium, is presented in this section.

Species εch [MJ/kg] Deviation [%]

N2 0.0167 -0.15
O2 0.1228 -0.05
Ar 0.2923 0.32
H2O 0.5261a -0.05
H2 117.12 0.00
a Value for water in gaseous state.

Table 3.1: Chemical exergies at the reference environment of 25 ○C, 1 atm
and 70% relative humidity and deviation respect to the calculations in [35].

The chemical exergy of the atmospheric constituents plus hydrogen is
computed respect to the reference environment with the model of semi–
perfect gas. The results, shown in tab. 3.1, are in good agreement with the

5It should be noticed that ḡ0
ch is equivalent to the term ḡ0

f in eq. (3.47).
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3.4. Exergy calculation

values computed by Ertesvag [35]. The calculation of the chemical exergy
of helium, which is not a reactive species, is superfluous.

The variation of chemical exergy with the environmental temperature and
humidity follows closely the calculations by Ertesvag [35], in fig. 3.6. The
dependency of the chemical exergy of hydrogen from the ambient pressure
was not shown in this reference. Nonetheless, the variation of chemical ex-
ergy with the reference pressure is caused by the change of water content
in the ambient, hence environmental composition. This effect is character-
ized by the dependence of the chemical exergy on the relative humidity, in
fig. 3.6b.

The effect on the chemical exergy of the humidity of the air stream is
shown in fig. 3.7. The moist air is in thermo–mechanical equilibrium with
the environment, hence the physical contribution to exergy is null. Three
different environments at standard conditions of pressure and temperature
and 10%, 46%6 and 100% relative humidity are considered in fig. 3.7a. The
exergy cancels if the humidities of stream and environment are equal. The
Gibbs potential and the composition of the mixture depend on the ambi-
ent temperature, hence the chemical exergy, in eq. (3.43), varies with the
environmental temperature as observed in fig. 3.7b. This figure shows the
incremental value of exergy with respect to the values in fig. 3.7a for a change
of environmental temperature of 15 ○C above and below the standard day
temperature.

Figure 3.8 shows the physical exergy of air, hydrogen and helium in the
range of pressures and temperatures of the high speed propulsion cycles
under consideration. The helium is an intermediate working fluid in the
Scimitar cycle, as will be discussed in section 4.2. The fluids are stationary
with respect to the standard reference environment, i.e. the velocity in
eq. (3.42) cancels, hence static values of the physical exergy are shown.
The values computed with the code of Lemmon et al. [69] show excellent
agreement with the results obtained with the present calculation routines
in ESPSS. The air, whose utilization range is far from the critical point, is
described by the semi–perfect gas model for the calculations in fig. 3.8a. On
the contrary, the hydrogen temperature ranges from 20 K at the pump exit
to about 1000 K at the exit of the heat exchangers of Scimitar. In this case,
the model of real gas provides a more accurate description in the vicinity
of the critical point (∼33 K, ∼1.3 MPa) than the semi–perfect gas model
(SP H2), which is unable to reproduce the real fluid behavior below 200
K, in fig. 3.8b. In this region, the thermal and transport properties of the
hydrogen feature a strong dependency from both temperature and pressure
that can only be reproduced by the real gas model. The discontinuity of the
exergy function below the 1.6 MPa isobar is caused by the phase change,
in the zoomed area of this figure. The hydrogen is considered in normal
composition, i.e. 75% of ortho–hydrogen and 25% of para–hydrogen, by the

6Average relative humidity at sea level according to the atmospheric model in [6].
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real gas model.The helium thermodynamic state is far from the critical point
(∼5 K, ∼0.2 MPa), hence the calculations with the real and the semi–perfect
(SP He) gas models deviate only slightly in fig. 3.8c.

3.5 Conclusions

The evaluation of the high speed propulsion cycles by classical figures of
merit based on a First Law balance was proven incomplete. The thermal
efficiency was recast in thermal effectiveness by establishing the availability
or exergy as the common metric. The developed strategy allows to compute
the overall losses in the propulsive cycle and the specific losses of every
engine subsystem.

The airframe was thought as the interface providing available energy from
the fuel and the regenerative cooling of the aeroshell to the propulsion plant.
The aircraft transfer effectiveness was defined to account for the fineness of
the transport of availability. The thermal and transfer effectiveness and the
classical form of the propulsive efficiency made up a single figure of merit by
which to evaluate the overall vehicle thermo–propulsive effectiveness. The
overall vehicle effectiveness was put in the scope of the mission performance
and the expression obtained was proven to be a generalization of the clas-
sical Bréguet equation for the particular case of cruise at constant altitude
and speed. Under this approach, the optimization problem of the aircraft
trajectory, valid as well for the accelerating/decelerating phases, was stated.

Finally, the exergy calculation routines were developed and incorporated
within ESPSS and validated against previously published results and the
computational code of Lemmon et al. [69].
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PRECOOLED AIR TURBO–ROCKET
PERFORMANCE

Turbofan engines make use of turbomachinery to compress the air stream
at low speed. The high compression provided by the intake at high speed
results in elevated temperatures that limit the operation of turbomachin-
ery. Rocket and turbine–based combined–cycle engines constitute deriva-
tives from the Brayton cycle which extend the use of turbomachinery in
the compression system up to Mach 4. Among these derivatives, the Syner-
getic Air–Breathing Engine (SABRE) and the Scimitar engine enlarge the
operational range while making an efficient use of the heat recovered by
cooling the air stream downstream of the intake. Both SABRE and Scimi-
tar share a common engine core based on an air turbo–rocket architecture
which operates up to Mach 5. The main difference between these engines
is the compactness: SABRE, with a specific thrust of 1 to 1.5 km/s, was
conceived as the propulsion plant of a launch vehicle, fig. 4.1, whereas Scim-
itar was optimized to endure supersonic cruise, with a lower specific thrust,
below 0.9 km/s, and specific impulse in excess of 37 km/s, well above the
value of 25 km/s accomplished by SABRE at takeoff.

103

44

6 5

3

1

2

7
8 9

Figure 4.1: Skylon space plane: 1 ceramic aeroshell, 2 canards, 3 LH2

tanks, 4 LO2 tanks, 5 payload bay, 6 avionics , 7 air intake, 8 precooler, 9
SABRE engine, 10 orbital manoeuvring engines [48].
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4.1 SABRE performance

The space plane concept with an air–breathing engine during the initial as-
cent benefits from a reduction in propellant consumption, as a result the
mission performance (payload mass or delivery altitude) is increased. Since
the advent of high speed propulsion technology various combined–cycle en-
gines have been proposed with dual mode operation [7]. In line with this,
the ATREX engine is a propulsion plant for the initial air–breathing accel-
eration phase [63, 113, 114]. On the other hand, the Skylon space plane
exploits the advantages of an initial air–breathing phase followed by a final
rocket phase with a single engine type [48, 128]. The propulsion plant of
Skylon consists of two SABRE engines with dual operation capability in
air–breathing or rocket mode, fig. 4.1

1
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5 6
7

8

9

10

11

12

13

Figure 4.2: SABRE engine: 1 moveable spike, 2 intake, 3 precooler (HX1
& HX2), 4 air compressor (C), 5 preburner (PB) & reheater (HX3), 6 He–
circulator (C1), 7 H2 pump (P), 8 He–turbine (T1) & regenerator (HX4),
9 LO2 pump, 10 spill duct, 11 ramjet burners, 12 heat shield, 13 thrust
chamber (CC) [48].

In SABRE, during air–breathing ascent, the atmospheric air is compressed
and injected in the thrust chamber (CC), fig. 4.2. The high speed flight
brings very high intake recovery temperatures (1400 K at Ma ∼ 5), thus the
air compressor inlet temperature has to be reduced by means of the precooler
(HX1–HX2). The heat pick–up is utilized to drive the air turbo–compressor
(C–T1) by means of an intermediate cycle of helium flowing between the
precooler and the supply of cryogenic hydrogen. The power input through
the precooler does not suffice, hence the preburner (PB) provides the addi-
tional heat power required. The reheater (HX3) heats up the helium stream
with the preburner exhaust gases which, oxygen rich, are eventually burnt
in the thrust chamber. The helium stream that exhausts the turbine is fur-
ther cooled down through the regenerator (HX4) and then re–compressed
with the circulator (C1) to supply the precooler. The hot stream of hy-
drogen which leaves the regenerator drives the liquid hydrogen pump (P)
and the circulator. The intake is axisymmetric and comprises a movable
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center body that allows continuous operation in the shock–on–lip regime,
in order to avoid spillage and maximize the pressure recovery. Additional
compression is achieved internally by means of a normal shock behind the
throat. The excess of air captured with respect to the compressor demand
is diverted towards the spill duct and burnt with hydrogen in the ramjet
burners.

The air–breathing operation extends from takeoff to flight at Mach 5 and
25 km of altitude, regime at which SABRE transitions to rocket mode for
further acceleration to orbital speeds. During rocket operation the intake is
closed, the precooler shut down and the preburner is the sole power input
of the cycle. The on–board oxygen replaces the air supply to the preburner
and thrust chamber and the helium stream drives the liquid oxygen turbo–
pumps instead of the turbo–compressor.

4.1.1 Numerical model

The engine comprises: four thrust chambers, each with a throat diame-
ter of 129 mm; two preburner–reheater units; two hydrogen turbo–pumps;
two regenerators; and finally, two helium circulators each driven by a hy-
drogen turbine. This configuration allows SABRE to operate as a single
air–breathing engine but as two independent rocket engines [102]. Nonethe-
less, the numerical model of the engine is scaled down to incorporate a single
unit of each type and based upon the simplified cycle in fig. 4.3a. The ramjet
burners are not considered and the intake is assumed to perform with nom-
inal pressure recovery while matching the mass flow demanded by the air
compressor. In consequence, the performances shown herein (thrust, mass
flows) are to be compared to one fourth of the figures expected from the full
scale design.

The numerical simulation is based on the turbomachinery model described
in section 2.3. The turbomachinery components are rescaled to meet the
performances of the design cycle at Mach 5, during air–breathing operation,
provided in [102]: the air compressor performances are scaled up from the
12–stage axial compressor map computed in [55, fig. 264] by the stage–
stacking method; the circulator is downsized in mass flow from the radial
compressor test case in [65]; the turbines (T1–3) are scaled from the axial
machine of Manchu [79]. The corresponding scaling factors that result are
shown in tab. 4.1.

Kṁ Kπ Kη

C 2.33 40.0 1.00
C1 0.89 1.88 1.00
T1 0.20 3.13 1.00
T2 0.11 0.47 0.90
T3 0.07 0.38 0.91

Table 4.1: Turbomachinery scaling factors.
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bar) and temperatures (red numerals, K), and mass flows (black numerals,
kg/s) at Mach 5 flight regime (b). Fluid lines and components working with
air, helium, hydrogen and combustion gases are distinguished by the color.
Static conditions are labeled with (*).

The heat exchangers, preburner, thrust chamber and the connecting and
control elements are based on ESPSS and were described in the previous
section 2.2. The components, including the combustor and nozzle, are con-
sidered adiabatic. The engine geometry (injector and throat areas, cham-
bers and heat exchangers dimensions) corresponds to the design reported
in [102]. The pressure loss coefficient (Kf ), in eq. (2.7), is adjusted for the
losses across the heat exchangers to fulfill the expected performance of the
design cycle.

Figure 4.3b shows the mass flows and stagnation temperatures and pres-
sures at each cycle station, which result from the current simulation. The
hydrogen is considered in normal composition, i.e. 75% in volume of ortho–
hydrogen and 25% of para–hydrogen [84]. Both hydrogen and helium are
described as real fluids, whereas the air is described as a semi–perfect gas,
the thermal properties function of the temperature only [34, 70].

The off–design performance of SABRE during air–breathing operation is
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computed along ascent trajectory of Skylon, which is shown in fig. 4.4a.
The trajectory of the Space Shuttle mission STS 121 to the International
Space Station is shown as well for comparison [45]. The different points
(A–G) identify sudden changes of recovery pressure; the mission elapsed
time to each point is as well provided. The trajectory is well within the
air–breathing corridor, which is bounded by an excessive structural load on
the airframe for high dynamic pressures (q > 95 kPa) and by the combustor
blowout at low pressures (q < 30 kPa).
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Figure 4.4: Skylon trajectory, intake pressure recovery (TPR) and recovered
pressure (p0

2) and temperature (T 0
2 ) along the trajectory [75].

Figure 4.4b shows the intake recovered temperature and pressure along
the Skylon trajectory. The maximum expected performance is obtained for
a critical intake, i.e. when the air stream is decelerated to subsonic speed
across a normal shock in the intake throat. Nonetheless, this regime is
unstable and prone to unstart, hence certain allowance must be made for the
intake to operate in the supercritical regime, with the normal shock located
downstream of the intake throat. The supercritical operation is limited to a
recovered pressure of 130 kPa. The recovered pressures and total pressure
recoveries corresponding to both critical and supercritical intake regimes are
shown.

The total pressure recovery (TPR) is the ratio of intake outlet to free–
stream stagnation pressures. In the case of air behaving as perfect gas and
provided that the flow is adiabatic, the total pressure recovery is related to
the intake kinetic efficiency (ηk) by:

TPR = (1 + 0.5 (γ − 1) (1 − ηk)Ma2
∞)−γ/(γ−1)

, ηk = v2
out/v2

∞ (4.1)

where Ma∞ is the free–stream Mach number and the kinetic efficiency is
the ratio of kinetic energy of the outlet flow, if expanded isentropically to
ambient pressure, to the free–stream kinetic energy [47]. The total pressure
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recoveries attained by deceleration of the free–stream across a single normal
shock, by the military specification MIL–E–5008B [1] and assuming a kinetic
efficiency of 0.9, are presented as well in fig. 4.4b for comparison.

The regulation of the engine along Skylon ascent is performed by control-
ling the fuel flow and the helium turbine inlet temperature. The bypass of
the hydrogen turbine (T3), which drives the fuel pump, is provided with a
valve (V13) which maintains a constant expansion ratio (πT3) of 1.4. The
valve (V5), located between the oxidizer injectors of the preburner and the
compressor outlet manifold, regulates the temperature of the exhaust gases
and, consequently, the heat transfer across the reheater and the helium tur-
bine inlet temperature. In this manner the air flow into the preburner is set
for a constant helium turbine inlet temperature of 1180 K.

4.1.2 Results

The balance of power to the helium stream comprises the power input of the
circulator and the thermal contributions by the precooler and the reheater;
the power output from the stream is transfered to the regenerator and drives
the turbo–compressor:

ẆC1 + Q̇HX1 + Q̇HX2 + Q̇HX3 = ẆC–T1 + Q̇HX4

Figure 4.5a is a graphical representation of the power balance during air–
breathing operation. The overall power increases significantly, from 100
MW at takeoff to 130 MW at Mach 5, as compared to the turbomachinery
power, which remains fairly constant: 40 MW ± 7% the turbo–compressor
and 5 MW ± 14% the circulator. The precooler thermal load increases with
the flight speed, nonetheless the rise of overall power is motivated by the
increase of fuel consumption, hence helium flow, with extra injection in the
preburner for the helium turbine inlet temperature to remain constant. The
power in excess with respect to the turbo–compressor load, which amounts
60% to 70% of the overall power, is rejected to the hydrogen stream through
the regenerator.

The nergy balance to the hydrogen stream states that the power input
of the pump and regenerator equals the load of the circulator (T2) and the
pump (T3) turbines plus the increase of the flow enthalpy, in fig. 4.5b:

ẆP + ẆHX4 = ẆT2 + ẆT3 +∆[ṁH]14
10

The power balance to the turbo–pump shaft yields: ẆP = ẆT3, the acceler-
ation term (I Ω̇ Ω) not considered for being negligibly small respect to the
power transferred. Just 7% to 6% of the power across the recuperator is
utilized to drive the circulator and 7% to drive the pump; the remaining
86% to 87% increases the temperature of the hydrogen which feeds the pre-
burner and the combustion chamber. The power demand of the compressor
increases as a consequence of the less favorable evolution of the recovery
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temperature and pressure along the segment EG. In consequence, the he-
lium turbine discharges at lower temperatures and the power available to
the hydrogen turbines decreases, in fig. 4.5b.

Figures 4.6a and 4.6b show the operating lines on the turbo–compressor.
Following the large variation of compressor corrected speed, between 65%
and 90%, the efficiency drops almost 8%. Nonetheless, high efficiency values
around 83% are maintained throughout a large segment of the trajectory:
only across the tropopause (C–D) the efficiency starts decreasing to a min-
imum value of 75% at point E, where the recovery pressure is maximum in
fig. 4.4b. The efficiency of the helium turbine is more sensitive to the inlet
recovery conditions and reaches a minimum efficiency of 67% at point E.

The phases of takeoff and initial climb, segment AB, last 60 s and are
characterized by a pressure recovery increase of 25%, while the recovery
temperature rises only 7% respect to the value at the runway threshold.
The larger pressure reduces the power demanded by the compressor, which
sees lower mechanical and corrected speeds. The helium turbine follows with
a reduction of the rotational speed at nearly constant expansion ratio.

The turbines choke, hence the corrected mass flow varies slightly during
engine operation, in figs. 4.6b, 4.6d and 4.6e. The helium turbine outlet
temperature increases while the load is reduced, therefore the heat release
to the hydrogen stream rises across the regenerator. On the other hand, the
bypass valve (V13) sets a constant expansion ratio across the turbine in order
to regulate the turbo–pump power. Consequently, the inlet temperature
of the circulator turbine sees an increase of about 20 K and the power
on the spool and the mass flow in the helium loop rise, in fig. 4.7a. The
acceleration and climb segment BC lasts approximately one half of the air–
breathing ascent time. During this phase, the recovery pressure is constant
and the vehicle acceleration drives the increase of recovery temperature. The
increase of helium flow within the precooler compensates the slight increase
in recovery temperature for a constant compressor inlet temperature of 95
K and motivates the rise of power output of the helium turbine, hence the
increase of the air flow and pressure seen in fig. 4.6a.

The segment DE is characterized by a simultaneous increase of recovery
pressure and temperature. The heat pick–up in the precooler increases, in
fig. 4.5a, and the preburner load is brought down by the control system
in order to maintain a constant helium turbine inlet temperature of 1180
K. The inflow of cold helium within the precooler is just enough to com-
pensate for the raising stagnation temperature of the free–stream, and the
compressor inlet temperature barely increases 5 K. In addition to this, the
increase of air mass flow with respect to point D is less than 7%, hence the
rise of stagnation pressure of more than 65% explains the large reduction of
corrected mass flow and pressure ratio shown on the compressor map. The
increase of helium flow of up to 15% motivates the 8% decay of turbine ex-
pansion ratio and the 5% rise of discharge temperature which, as explained
previously, sustains the increase of helium flow.
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Figure 4.6: Operating lines on the scaled turbomachinery maps.
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Despite that the expansion across the hydrogen turbine is constant (πT3 =
1.4), the power output increases proportionally to the feed pressure (p0

12)
and the square root of the inlet temperature (T 0

12):

ẆT3 =
γ
√
Rg

γ − 1
(Rg T

0

p0
)

0

˜̇mT3 ηT3 (1 − π(1−γ)/γT3 ) p0
12

√
T 0

12 (4.2)

where the second factor on the right hand side involves the reference inlet
conditions by which the turbine characteristics were obtained, and the varia-
tions of corrected mass flow and efficiency are negligible in view of fig. 4.6e.
The rise of inlet temperature and pressure of respectively 14% and 13%
yield a power increase of 20% 1 with respect to point D, whereas the fuel
consumption rises 7%, from 10.9 kg/s to 11.7 kg/s, in fig. 4.7a.

The pressure recovery decreases along the ultimate segment of the air–
breathing ascent (EF), while the stagnation temperature continues to rise as
the vehicle further accelerates to Mach 5. The increase of corrected flow is
caused by the drop of recovery pressure whilst the compressor inlet tempera-
ture hardly varies, following the opposite trend seen for DE in fig. 4.6a. The
power on the spool does not suffice to cope with the rise of power demanded
as a consequence of the reduced inlet pressure, and the air flow decreases
slightly. In addition, the discharge characteristic changes: the preburner
is throttled down, hence the air flow is progressively forced into the thrust
chamber and the compressor discharge pressure and pressure ratio rise, in
fig. 4.7a. Also shown in this figure are the bypass ratio (χ13) of the hydrogen
pump turbine and the preburner injection ratio (χ5):

χ13 =
ṁ12

ṁ11
, χ5 =

ṁ5

ṁ2

The turbine discharge temperature decreases due to the increase of load
and the power to the hydrogen stream is slightly reduced, in fig. 4.5b. In
consequence, the helium flow reaches a plateau. The compressor overrides
the shaft speed and the turbine delivers more power at an increasing spool
speed while the expansion ratio decreases.

The effects of the recovery temperature and pressure on the operating
line are decoupled by freezing each the recovery pressure or the tempera-
ture while the remaining variable follows the evolution prescribed by the
trajectory, in fig. 4.4b. In this manner two operating lines are obtained:
AG’ for a recovery temperature equal to the value at takeoff (T 0

2 = 288 K)
and AG” for a recovery pressure equal to the value at takeoff (p0

2 = 96 kPa),
in figs. 4.6a and 4.6b. The segment AB’ overlaps with AB of the original
operating line on the compressor map. The evolution AG’, which follows
a straight line, shows that the recovery pressure and the corrected speed

1In view of eq. (4.2), the power increase computed as: ∆Ẇ /Ẇ ∼ 0.5 ∆T 0/T 0 +∆p0/p0

conincides with this result from the numerical model.
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4.1. SABRE performance

follow opposite trends. On the contrary, the recovery temperature and cor-
rected speed evolve in parallel and the operational point is quickly pushed
out of the compressor map for AG”. As a matter of fact, the compressor
was scaled to contain AG, which results of the combined variations of both
recovery quantities along the trajectory, while avoiding the unstable region
and the surge line. The same trends of the operating line with respect to
the corrected speed are observed in fig. 4.6b which, however, are entirely
contained within the turbine map.

The overall power to the helium stream, i.e. the heat pick–up from the
precooler and reheater and the power input from the circulator, follows pre-
cisely the trends of the loop pressure (p0

34) and mass flow (ṁ34) in fig. 4.5a.
Nonetheless, the expansion ratio across the helium turbine sees a variation
of about 30%, contrarily to the design criterion of maintaining constant ex-
pansion and temperature ratios across the turbine [54]. Despite that this
reference concerns the engine Scimitar, both Scimitar and SABRE operate
on the same principle, whilst Scimitar is a more complex evolution. There-
fore, achieving constant pressure and temperature ratios across the turbine
is possible, though the redesign of the engine control law is required. This is
confirmed when looking at the off–design performance of the helium turbine
of Scimitar, which is computed in the subsequent section 4.2.2.
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ṁ
[k

g
/
s]

H2

He

Air

1
0
.6

1
1
.6

χ5

χ13

(a) Mass flows

5 25z [km]

2
4
2

8
2

p
[k

P
a
]

A
R
s

1
0
0

2
0

Ma∞1 4

αp∞

p∞

pj

o
v
e
r
–
e
x
p
a
n
s
io

n

u
n
d
e
r
–
e
x
p
a
n
s
io

n

n
o
z
z
le

fu
ll

(b) Nozzle regimes

Figure 4.7: Mass flows and nozzle regimes during air–breathing ascent.

When the flow detaches from the nozzle wall, the geometrical cross sec-
tional area at the separation point coincides with the jet flow area (Aj),
computed from eq. (2.20). The ratio of the separation to the throat cross
sections (ARs) is shown in fig. 4.7b as a function of the flight regime. The
nozzle runs full when separation occurs at the exit or during under–expanded
regime (ARs = 100). Nonetheless, the flow remains over–expanded until 23
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Figure 4.8: Gross (Fg), uninstalled (Fu) and specific (Tsp) thrust, specific
impulse (Isp) and equivalence ratio (φ) during the Skylon air–breathing as-
cent for critical (solid lines) and supercritical (dotted lines) intakes. The
values reported in [102] are plotted with dashed lines2.

km of altitude, when the exit pressure matches the free–stream pressure
(p∞), just before the transition of SABRE to rocket mode at Mach 5.

Figure 4.8 shows a comparison between the performances calculated with
the current numerical model (solid lines) and the evaluation performed by
the engine designer (dashed lines) [102]. The uninstalled thrust is computed
from eq. (3.6) assuming a nozzle efficiency (ηn) of 95%. The same expression
is utilized to compute the gross thrust by disregarding the inlet momentum
drag. The specific impulse (Isp), equivalence ratio (φ) and specific thrust
(Tsp) are:

Isp =
Fu

gr ṁ10
, φ = MRst

ṁ10

ṁ2
, Tsp =

Fu
ṁ2

where the stoichiometric air–to–fuel ratio (MRst) is 34.5.
Considering that the equivalence ratio is fairly constant and that the

specific thrust is halved, the improvement in gross thrust during the ascent
is solely motivated by the increase of air capture and chamber pressure.
The detrimental trend of the uninstalled thrust is caused by the increase of
intake momentum drag with the flight speed. The evolutions of gross and

2Based on the thrust of a single nozzle, disregarding the thrust of the ramjet burners,
and one fourth of the engine overall fuel and air flows.
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4.1. SABRE performance

uninstalled thrust and specific impulse follow very closely the evaluation by
the designer.

The thrust performances match, whereas the numerical model runs 80%
richer in hydrogen than the targeted engine design. This large discrepancy
drives the difference observed between the specific impulses and indicates
the poor performance of the heat exchangers utilized in the simulation. A
more faithful representation of the heat exchangers was implemented in the
model of Scimitar, the enhanced version of SABRE, in section 4.2.

The supercritical operation of the intake above Mach 3 reduces the gross
and uninstalled thrust less than 8%, and increases 3% the equivalence ratio
respect to the critical regime (dotted lines in fig. 4.8). Nonetheless, the
specific impulse shows a gentle response: the reduction of fuel consumption,
which accompanies the drop of uninstalled thrust, limits the decrease of
specific impulse below 3%.

4.1.3 Conclusions

The dynamic model of the engine provides understanding of the engine re-
sponses to the variable fight conditions along the aircraft trajectory and to
the control law. More precisely, the simulation shows the effect of the flight
regime on the turbomachinery performances.

The energetic analysis of SABRE gives insight into the power balance
between the engine subcomponents. Nevertheless, the First Law is unable
to draw any conclusion about the efficient use of the energy within each
component for the purpose of the flight propulsion. This gives rise to an
alternative analysis methodology, based on the combination of the First and
the Second Law.

The regulation of the expansion ratio across the turbine of the hydrogen
pump is an effective manner of setting the equivalence ratio along the tra-
jectory. The engine can be throttled along the vehicle ascent, i.e. the thrust
level varied, acting on the expansion ratio.

The operation of the helium turbine at constant pressure and tempera-
ture ratios throughout the trajectory is possible, though the redesign of the
engine control law is required. This is achieved in the simulation of Scim-
itar, in section 4.2, where the helium turbine operates at nearly constant
efficiency and the expansion ratio is controlled with the fuel consumption.

The equivalence ratio had to be increased to achieve the thrust perfor-
mance reported by the engine designer. Nonetheless, these thrust levels can
be reached by implementing more precise heat exchanger models. These
new models were utilized in the simulation of Scimitar, in section 4.2. The
engine Scimitar is an enhanced version of SABRE which operates on the
same principle.

The impact on the specific impulse of operating the intake in the super-
critical regime is negligible: a maximum reduction of 3% above Mach 3 is
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expected when the intake recovered pressure is limited to 130 kPa. On the
contrary, the uninstalled thrust sees a reduction of up to 8%.

4.2 Scimitar performance

The achievement of long–haul supersonic cruise entails the development of
air–breathing propulsion technologies with acceptable performance in terms
of fuel consumption, reliability, safety, environmental impact (noise and pol-
lutants emissions) and cost. Among the various air–breathing engine ar-
chitectures intended to accomplish those requirements, the rocket and the
turbine–based combined cycles follow variations of the Brayton cycle. The
goal is to extend the engine operational envelope towards the supersonic
regime while best fulfilling the mission requirements of thrust–to–weight ra-
tio and specific impulse. Albeit these architectures are not new, [8, 37, 76],
there is scarce practical knowledge about them and their assessment must
be based on numerical simulations. Moreover, the interdependence of the
three areas of study: mission, vehicle and propulsion plant becomes more
and more significant in the flight at high speed. In particular, the efficiency
of the air–breathing engine becomes a critical factor determining the over-
all mission performance, as was pointed out by Schmidt and Lovell [116].
Therefore, higher fidelity in the complex numerical model is required to
achieve accurate engine predictions. In line with this, a hydrogen–fueled
Mach 5 civil transport was studied [120]. The aircraft, having the name of
A2, is powered by a variable cycle engine that combines a turbofan based
cycle with an air turbo–rocket cycle (ATR) such that the engine holds high
efficiency during the lengthy acceleration phase, fig. 4.9. The engine, named
Scimitar, was conceived by Alan Bond of Reaction Engines Ltd. [54].

PC

RG

C & T1

PB & HX3
F

HT

CC

CN

BN

Intake

BB

Courtesy of Reaction Engines Ltd.

Figure 4.9: Three–dimensional view of Scimitar engine.

The intake is provided with a variable geometry mechanism such that the
throat is wide open at low subsonic speeds and closes progressively towards
the supersonic regime. The mismatch between intake and compressor is
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corrected during supersonic regime by deviating the excess of air flow along
the bypass duct and the variable geometry bypass nozzle (BN).

The turbofan based cycle operates from takeoff to Mach 2.5. The core
flow is diverted towards the hub turbine (HT) that drives the fan (F) and
is mixed afterwards with the air from the bypass duct, in fig. 4.10. The
bypass burner (BB) augments the thrust during the acceleration phase but
is not in operation during the subsonic cruise at Mach 0.9. Between Mach
2.5 and Mach 5 the engine has the dual operation of an air turbo–rocket
with a ramjet burner in the bypass. The core flow is drawn into the core
main combustion chamber and the fan windmills in the bypass, upstream of
the ramjet burner which exhausts around the core jet. The speed of the fan
is brought down as the bypass nozzle (BN) is progressively closed. During
cruise at Mach 5 the bypass is closed and the thrust is solely provided by the
engine core, which operates as an air turbo–rocket [54]. Tab. 4.2 specifies
the working mode in function of the flight speed.

Mach Range Regime Mode BB BN

0.0 – 0.9 Subsonic Acceleration Turbofan On Open
0.9 Subsonic Cruise Turbofan Off Fully Open

0.9 – 2.5 Supersonic Acceleration Turbofan On Open
2.5 – 5.0 Supersonic Acceleration Ramjet + ATR On Open

5.0 Supersonic Cruise ATR Off Closed

Table 4.2: Variable cycle schedule of Scimitar.

The core consists of an air compressor (C) which, driven by a helium
turbine (T1), discharges to the combustion chamber. Contrarily to the tur-
bojet, air compressor and turbine are not coupled by the same working fluid,
thus the turbine is operated at near optimum conditions independently of
the flight regime. The stream of helium follows a closed Brayton cycle be-
tween the precooler (PC) and the regenerator (RG) and through the helium
turbine. The free–stream stagnation temperature exceeds of 1300 K dur-
ing cruise at Mach 5, hence the precooler, located between the inlet and
the air compressor, cools down the low speed air–stream. At flight speeds
under Mach 5, the enthalpy of the incoming air does not suffice to power
the air compressor and the preburner (PB) is brought in operation. The
residual thermal energy at the exhaust of the helium turbine (T1) serves
to re–pressurize the helium stream by means of a regenerator (RG), which
releases heat to the cryogenic supply of hydrogen prior injection into the
combustors.

A numerical model of the air turbo–rocket core, i.e. with the engine in
air turbo–rocket configuration and disregarding the bypass (fig. 4.10 down),
was developed within ESPSS. Specific formulation was utilized in the case
of the turbomachinery and heat exchanger components, as presented in the
following section. The model computes the engine operational envelope
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Figure 4.10: Turbofan (upper) and air turbo–rocket (lower) configurations
of Scimitar engine.

and performances along the prescribed vehicle trajectory, in the range of
Mach numbers from 2.5 to 5 and variable throttling conditions. Insight into
the losses incurred by each engine subcomponent is also provided at two
operating points corresponding to flight Mach number 2.5 and 5.

4.2.1 Numerical Model

The intake performance is independent of the compressor mass flow de-
mand and characterized by a constant kinetic efficiency (ηk in eq. (4.1))
of 0.9 above Mach 0.9, while a conservative total pressure recovery of 0.95
is considered below this speed. The selected ceramic composite material
for the walls is able to withstand the high temperatures during supersonic
flight, hence the intake is modeled as adiabatic. The dependency of the
atmospheric pressure and temperature from the flight altitude is provided
by the atmospheric model in [126] for the standard day, i.e. at sea level with
288.15 K and 1 atm.

The turbomachinery was described in the previous section 2.3. The core
of this air turbo–rocket comprises the air turbo–compressor (C–T1), the
helium recirculator (C9) and the precooled compression stages of the high
(C1 to C5) and low (C6 to C8) temperature regenerators and their driving
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Figure 4.11: Layout of the air turbo–rocket core of Scimitar: station and
component labeling and engine control devices (enclosed in circles).

turbines (T2 and T3), in fig. 4.11. The unscaled map of the air compressor
(C), i.e. Π,M andH in eqs. (2.27) to (2.29), is based on the axial multistage
high pressure compressor reported by Cumpsty [26]. On the other hand, the
contra–rotating turbine of helium (T1) was specifically designed for Scimitar
[93], thus the characteristic map was drawn from CFD evaluations and little
adjustment of the scaling factors was needed to match the performance of
the design cycle. The regenerator compression stages (C1 to C8) are rescaled
from the performances of the radial compressor test case in [65], whereas
the driving turbines (T2 and T3) are rescaled from the radial turbine of
Coverse [24]. Tabs. 4.3 and 4.4 show respectively the turbomachinery design
parameters for the supersonic cruise regime and the scaling factors which
correspond.

The engine overall performance is fairly insensitive to the off–design be-
havior of the recirculator (C9), which demands a power of around 223 kW,
an order of magnitude lower than any of the helium compressor stages. For
this reason, the recirculator is considered to operate constantly at design
conditions, with 90% adiabatic efficiency, and driven by the engine auxil-
iary systems, which were not included in the numerical model.

The power required by the hydrogen pump, the adiabatic efficiency as-
sumed of 80%, does not exceed 173 kW for any of the engine operational
points. As a consequence, the performance of the liquid hydrogen turbo–
pump has little effect on the overall engine performance, as with regard to
the helium recirculator, and the turbo–pump is neither considered in the
engine model.

The precooler, reheater and regenerator are based upon specific models,
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Bd

p0
in T 0

in ṁd πd ηd βd Ω̃d Ωd T dq Ir

[bar] [K] [kg s−1] [%] ×102 [%] [rpm] [hN m] [g m2]

C 2.9 648 172.6 4.2 86 74 75 10000 594 510
C1 129.6 296

11.2

1.5 94

63

72

48000

7

10

C2 129.5 371 9
C3 129.4 458 11
C4 129.3 559 13
C5 129.2 676 16
C6 50.9 33

3.9 90 65
4

C7 51.4 75 8
C8 51.3 151 15

T1 195.7 1000 89.6 1.5 91 20 10000 -594 510
T2

130.1 863
22.5

2.5
89

35
100

48000
-56

1000
T3 11.1 88 -27

Table 4.3: Turbomachinery design parameters.

Kṁ Kπ Kη

C 1.54 2.27 0.99
C1 0.40

0.39 1.11
C2 0.45
C3 0.50
C4 0.55
C5 0.61
C6 0.45 2.71

1.08C7 0.62 2.67
C8 0.86 2.68
T1 1.03 1.05 0.96
T2 2.40

1.00
1.02

T3 1.18 1.01

Table 4.4: Turbomachinery scaling factors.

described in the former section 2.4. The precooler embraces a low and a
high temperature module. The low temperature module (HX2) is located
coaxially to and inside the high temperature module (HX1), both sharing
a common manifold. The reheater (HX3) is placed downstream of the pre-
burner with the purpose of maintaining a constant inlet temperature to the
helium turbine (T1) during engine operation. The regenerator modules are
utilized in the helium–to–helium (HX41–44 and HX46–48) as well as the
helium–to–hydrogen (HX4H, HX4L and HX5) heat exchangers. Figure 4.11
shows the location of each heat exchanger unit within the cycle layout of
Scimitar.

Regarding the combustion chamber and nozzle, the heat transfer to the
internal walls comprises the convective and the radiative terms in eq. (2.19).
The radiative contribution is computed assuming an emissivity (ε) of 0.85 in
the main chamber and nozzle, and of 0.01 in the preburner. The amount of
radiation (q̇r i) from the external walls to the environment is computed with
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the law of Stefan–Boltzmann considering a view factor uniform and unitary
along the external surface of combustor and nozzle:

q̇r i = σb (T 4
w i − T 4

∞)

where Tw i is the wall temperature at the ith grid node along the nozzle and
the ambient temperature (T∞) varies with the flight altitude according to
the U. S. Standard Atmosphere [126]. The net heat flux to the gases (q̇i in
eq. (2.14)) yields:

q̇i = hc i (Tw i − Ta i) + ε σb (T 4
w i − T 4

i ) − q̇r i

Hydrogen and helium are treated as real fluids using the thermal and
transport properties provided by Lemmon et al. [70]. In the case of hydrogen,
the chemical exergy is computed with the model of semi–perfect gas, whereas
the physical exergy is calculated with the model of real fluid assuming the
hydrogen in normal composition. The calculation errors associated to this
double formulation were assessed in the previous section 3.4.1. As for the
helium, which is a non–reactive species, the availability counts with the sole
contribution by physical exergy, hence the chemical term is superfluous.
The equilibrium composition and gas properties of the combustion products
of air with hydrogen are computed following the approach of Gordon and
McBride [41], as described in chapter 2 in regard to the combustion chamber.
Air and combustion gases are respectively formulated as semi–perfect and
perfect gases.

The model of the air turbo–rocket constitutes a dynamic system of which
the state depends on the flight regime, i.e. the flight Mach number and alti-
tude, and six control variables: the helium turbine inlet temperature (T14),
the opening area of each three bypass valves of the precooler (A023), high
temperature precooler module (A323) and high temperature section of the
regenerator (A35), the recirculator flow rate (ṁC9) and the fuel consump-
tion (ṁ11). Figure 4.11 highlights the location of the corresponding control
elements within the cycle. The implementation of an engine control logic
reduces the number of control variables to one: the fuel consumption (ṁ11),
which sets the thrust level throughout the operational range. This is ma-
terialized by the engine control unit and the additional hardware required
(valves and piping, sensors, actuators ...). The control logic which is de-
scribed in the following lines incorporates, in addition to the original design
[54], the bypass of the high temperature regenerator. This measure aims at
extending the engine operational envelope.

The heat power through the reheater to the helium stream is set for a con-
stant turbine inlet temperature (T 0

34) of 1000 K by regulating the preburner
fuel injection. The control is done by means of a valve on the hydrogen sup-
ply line. The difference between the overall throttle commanded (ṁ11) and
the fuel flow to the preburner (ṁ14) is diverted to the combustion chamber
(CC). The preburner fuel flow (ṁ14) follows the injection command, which
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is proportional to the difference between targeted (T 0
34) and sensed (T34)

temperatures:

τ14 m̈14 = (T 0
34 − T34)/k14 − ṁ14

where the response time to the flow command (τ14) is 1 s and the sensitivity
of the controller (k14) is 2 K kg−1 s−1. The supply pressure and the fuel flow
are related by the injector characteristic: ṁ14 = f(p14). This lumped model
of the valve, which acts on the flow rate instead of the valve opening (A),
simplifies the formulation without a significant effect on the fidelity of the
engine model; the pressure drop and mass flow through the valve are related
by the non linear equation: ṁ = f(∆p,A) which, in a control based on the
opening area, slows down considerably the numerical simulation.

The air stream captured by the intake bypasses the precooler at low speed.
The bypass valve (V023) closes when the inlet recovery temperature (T02)
rises above 635 K at increasing flight speeds. The air stream is then brought
through the precooler, of which solely the low temperature segment (HX2)
is in operation. The high temperature segment (HX1) is traversed by the
stream of air but the helium supply, which remains hotter than the air flow,
is bypassed towards the reheater. The opening of the high temperature
module bypass valve (A323) is proportional to the difference between air
(T02) and helium (T323) temperatures:

A323 =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

A0
323 ∶ k323 < T02 − T323

A0
323 (T02 − T323)/k323 ∶ 0 < T02 − T323 ≤ k323

0 ∶ T02 − T323 ≤ 0

where the sensitivity of the controller (k323) is 10 K and the cross sectional
area of the bypass valve when fully open is A0

323.

The temperature of the high temperature segment (HX1) is controlled
recirculating a fraction of the helium stream through helium–hydrogen heat
exchanger (HX5): the recirculator (C9) pumps a constant flow of helium
(ṁC9) of 11.2 kg/s across HX5 when the HX1 helium discharge temperature
(T33) rises above 1000 K. The recirculator stops functioning at decreasing
flight speeds when the helium temperature (T33) diminishes below 900 K.
This hysteretic control avoids the oscillations caused by a transient increase
of the helium temperature when the recirculator is shut down.

The increase of fuel flow augments the cooling capacity of the precooler for
any given flight regime, hence the power demand to the turbo–compressor
(C–T1) diminishes. Meanwhile, the turbine inlet temperature (T34) is main-
tained constant and the working point of the helium turbine (T1) does not
vary appreciably, therefore the turbine sees a reduction of mass flow. In
order to accommodate the reduced flow of helium, the power on the re-
generator spool is diminished by opening the bypass valve (V35) of the
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regenerator turbines (T2 and T3). The valve opening follows the law:

A35 =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

A0
35 ∶ k35 < π35 − π0

35

A0
35 (π35 − π0

35)/k35 ∶ 0 < π35 − π0
35 ≤ k35

0 ∶ π35 − π0
35 ≤ 0

where the controller has a sensitivity in pressure ratio (k35) of 1. The bypass
valve maintains the expansion ratio across the regenerator turbines (π35)
below the limiting value (π0

35), which is set to 4, and the engine throttling
capability is eventually increased.

4.2.2 Results

The numerical model was set up to match the design cycle of the engine
Scimitar during supersonic cruise, presented by Jivraj et al. [54]; the re-
sulting values of stagnation pressures and temperatures and mass flows are
shown in fig. 4.14 F at each engine station. Figures 4.13 and 4.14 present
the propulsive cycle at four additional points (A, B, C, D and E) during ac-
celeration and at various throttling levels throughout the engine operational
envelope in fig. 4.12.

The off–design performance of the engine core was obtained at each flight
regime along the A2 vehicle trajectory for different throttling levels (ṁ11).
The engine control commands are mapped in fig. 4.12, where the different
zones represent operation in each configuration: bypassed precooler (V023
Open) and precooler in function (V023 Closed), respectively below and over
Mach 3.1; closed bypass of the regenerator turbines (V35 Closed); recircu-
lator in operation (C9 On) and precooler module (HX1) in operation (V323
Closed). The dotted lines in this figure represent the ratio of preburner to
overall fuel consumption (ṁ14/ṁ11) and confirm a decrease of the preburner
consumption as the heat pick–up in the precooler increases with the flight
speed: from over 30% below Mach 3 to less than 1% at cruise speed.

The turbomachinery components define the engine operational envelope,
where the boundary points identify the regimes at which a turbomachine
reaches the operational limit, in fig. 4.12. Under Mach 3.5, the overspeed
in both the air compressor (C) and the helium turbine (T1) diminishes the
engine throttlability and prevents operation under Mach 2.5. The Scimitar
engine switches to turbofan configuration at Mach 2.5, with the reheater
(HX3) exhausting to the hub turbine (HT) instead of the main combustion
chamber (CC), in tab. 4.2 and fig. 4.10. This cycle configuration changes
the discharge characteristics of the air compressor (C) and requires the re-
furbishment of the engine control logic and hardware in order to extend the
operational envelope towards lower flight speeds. Nonetheless, the turbo-
fan mode was not implemented for being out of scope in the present study.
At higher flight speeds and full throttle, the flow demand to the regener-
ator decreases, which drives the compression stage (C8) towards the surge
limit. The line of minimum throttle is prescribed by the turbine of the low
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Figure 4.12: Mapping of the control commands throughout the operational
envelope. The supersonic cruise regime is labeled as (F).

temperature regenerator (T3), which reaches the minimum rotational speed
allowed.

Figure 4.15 shows the off–design performance of the air turbo–compressor
(C–T1) and the compression stages (C1–8) and turbines (T1–2) of the re-
generator. The machines exhibit optimum efficiency in the surroundings of
the cruise point. Nonetheless, the air compressor (C) is required to oper-
ate at suboptimal condition while on–cruise regime to provide for a wide
operational range (70 % < Ω̃C < 100 %, 4 < πC < 8). A specific compressor
design, compromising an optimal on–cruise performance with an acceptable
efficiency throughout this broad operational range, is required.

Figure 4.16 shows the throttling characteristic of the engine core while
in air turbo–rocket configuration for each flight regime along the vehicle
prescribed trajectory. The uninstalled thrust (Fu), specific impulse (Isp) and
overall effectiveness (ηεo) have been computed respectively with eqs. (3.6),
(3.26) and (3.38), where the overall consumption corresponds to the fuel
flow at the engine station 11: ṁf = ṁ11, the air flow is: ṁ∞ = ṁ02 and the
nozzle efficiency (ηn) is 95%. The mixture ratio (MR) is the ratio of intake
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Figure 4.13: Station total pressures (blue numerals, bar), total temperatures
(red numerals, K) and mass flows (black numerals, kg/s) during acceleration
(points A, B, C and D in fig. 4.12). Fluid lines and components working
with air, helium, hydrogen and combustion gases are distinguished by the
color. The ambient (static) conditions are labeled with (*).
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Figure 4.14: Station total pressures (blue numerals, bar), total temperatures
(red numerals, K) and mass flows (black numerals, kg/s) during acceleration
and cruise (points E and F in fig. 4.12). Fluid lines and components working
with air, helium, hydrogen and combustion gases are distinguished by the
color. The ambient (static) conditions are labeled with (*).

air flow to overall fuel consumption:

MR = ṁ02

ṁ11

The uninstalled thrust increases monotonically with the fuel flow (ṁ11).
The flow in the core nozzle (CN) separates at the axial location where the
cross section is 69% of the nozzle exit area, for low speed flight at Mach 2.5.
The separation point moves downstream as the flight speed and altitude
increase and the nozzle runs full above Mach 3.5.

Both maxima in the mixture ratio and the specific impulse occur simulta-
neously at each flight regime, in fig. 4.16. This is explained by the insensi-
tivity of the nozzle exit velocity3 (vj) to the fuel flow (ṁ11), which lets the
mixture ratio dominate the trend of the specific impulse: Isp ∝ MR (vj−v∞).
The specific impulse reaches a global maximum around Mach 4 for a mix-
ture ratio of ∼ 35; the performance of an accelerating mission is optimal in
this point, far from the cruise regime. The engine was designed to cruise

3In case of detachment of the flow, vj is the flow velocity at the separation location.
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efficiently at Mach 5, with a fuel consumption of 4.1 kg/s. The overall ef-
fectiveness or equivalently the aircraft range, i.e. the product of the specific
impulse and the flight speed (Isp v∞) in view of eqs. (3.39) and (3.40), are
maximum in this operational point. The lines of constant Isp v∞, which
follow the same trend as the overall effectiveness, are not shown in fig. 4.16.
Both maxima of specific impulse and effectiveness occur, at each flight Mach
number, for the leanest mixture, i.e. at the maximum mixture ratio. Consid-
ering now the overall off–design performance throughout the flight envelope,
the specific impulse is maximum for mixture ratios close to stoichiometric4,
whereas the optimal effectiveness is achieved for lean mixtures (MR ∼ 43),
while on cruise at Mach 5.

Figure 4.17 serves to compare the overall efficiency (ηI
o) and effectiveness

(ηεo) in the Mach range from 3.5 to 5 and variable throttling. Solely the
heat released to the environment through the diabatic boundaries worsens
the thermal efficiency (ηI

th), eqs. (3.10) and (3.11); the efficiency decrease of

4The stoichiometric mixture ratio is MRst = 34.5.
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the turbomachines while they operate off–design, which are modeled as adi-
abatic components, is not sensed by the thermal efficiency. The heat power
released to the environment is scarce and fairly constant, therefore the ther-
mal efficiency varies in a narrow range between 98 and 99% and the overall
efficiency follows the trend enforced by the propulsive efficiency, eq. (3.12).
The consequence is the overlapping of the lines of constant propulsive ef-
ficiency and those of constant thermal efficiency. Differently, the thermal
effectiveness (ηεth) accounts not only for the heat leaks to the environment
but also for the pressure, heat transfer, combustion and mixing losses of
every process inside the propulsive cycle, including the availability lost with
the jet. Therefore, the thermal effectiveness rather than the thermal effi-
ciency provides richer information about the cycle.

The exergy balance on the engine relative frame provides insight into the
engine inefficiencies. Figure 4.18 shows the exergy flows of fuel, air, helium
and combustion gases at each engine station. The internal irreversibilities
of each engine component are computed applying eq. (3.18) to a control
volume enclosing the subsystem under consideration. The values are shown
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as a percentage of the total power provided to the system, i.e. of the sum of
mechanical power and exergy flows into the system. The availability balance
to the overall engine results, in view of eq. (3.15):

(ṁ ε′)∞
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶

26%

+ (ṁ ε′)f
´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

74%

= T0 σ̇
±
13%

+ (ṁ ε′)j
´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

86%

+ İQ̇
1̄%

(4.3)

In this expression, the power supplied by the auxiliary systems to drive the
helium recirculator (C9) is negligible: Ẇ ∼ 0, and the internal irreversibility
within the engine (T0 σ̇) is the sum of contributions by each component,
eq. (3.17)
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Fluid lines and components working with air, helium, hydrogen and combus-
tion gases are distinguished by the color.

Figure 4.19a illustrates the magnitude of the availability flows in relation
to the cycle internal irreversibilities during supersonic cruise. The kinetic
energy of the free–stream amounts to 26% of the total availability to the
engine. About 8% of the free–stream energy, i.e. 2% of the total availability,
is lost in the intake by diffusion to subsonic speed while the stream pressure
and temperature rise. An additional 16% is lost in the process of raising
further the air pressure by transforming the thermal energy of the air into
useful work to drive the turbo–compressor: 4% is lost in each precooler (HX1
and HX2), the set of hydrogen–helium heat exchangers (HX4L, HX4H and
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HX5), the inter–cooled compression stages of the regenerator (RG) and the
turbo–compressor (C and T1). Approximately 4% of the free–stream kinetic
energy is replenished by the preburner (PB). The total losses in the process of
conditioning the air stream for injection in the combustion chamber amount
to 19% of the free–stream kinetic energy, and the availability at the chamber
injectors is 21%. The transfer of availability by means of the hydrogen–

İHX4L + İHX4H + İHX5
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Figure 4.19: Grassmann diagrams.

helium heat exchangers from the hydrogen to the helium streams increases
the hydrogen temperature. Nonetheless, the direction of the exergy flow is
reversed when the hydrogen reaches the temperature of the environment.
As a consequence, the hydrogen stream does not see a global change of
availability throughout the set of hydrogen–helium heat exchangers. The
combustion process in the preburner and the main chamber is the largest
source of irreversibility, which amounts to 7%. In fact, combustion at lower
than reaction equilibrium temperature, i.e. non–equilibrium combustion, is
the main contributor to exergy losses in the gas turbine engine [111].

On the absolute frame, the engine moves at speed v∞ and the free–stream
velocity cancels, hence the availability balance in eq. (3.24), where the free–
stream kinetic energy does not contribute, can be applied. The kinetic
energy of the fuel on the relative frame is small compared to the static
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availability (εsf ), therefore P sa ∼ (ṁ ε′)f and the balance yields:

P sa

7̄4%

= ∆Ėk
±
45%

+ İQ̇
1̄%

+ T0 σ̇
±
13%

+ (ṁ εs)j
´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶

15%

This expression states that the engine is a system which transforms the
availability of the fuel in kinetic energy and the conversion fineness is judged
by the thermal effectiveness (ηεth), in eq. (3.25). Moreover, the thermal
effectiveness does not depend explicitly on the flight regime but through the
variation of the operational point of the engine subcomponents, i.e. of their
effectiveness. Figure 4.17 shows to which extent this influence is limited in
the combined cycle: the maximum thermal effectiveness is kept in the range
of 60 to 63% while the flight Mach number varies between 3.5 and 5. On
the contrary, the thermal effectiveness is largely influenced by the throttling
level.

The increase of kinetic energy throughout the stream–tube cannot be
entirely transformed in thrust power. The balance of mechanical power to
the stream–tube yields:

∆Ėk
±
45%

= Fu v∞
´¹¹¹¹¹¸¹¹¹¹¹¶

31%

+ ṁj (vj − v∞)2/2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

10%

+ (1 − ηn) (ṁ v)j v∞
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

4%

(4.4)

The pressure terms and the kinetic energy of the fuel in eq. (3.8) were ne-
glected in the previous balance. The kinetic power of the jet on the absolute
frame: ṁj (vj − v∞)2/2 is labeled ∆Ėj in fig. 4.19a. The conversion qual-
ity of kinetic energy to thrust work is indicated by the propulsive efficiency
(ηp) which, contrarily to the thermal effectiveness, shows an ample variation
from 51 to 66% in the Mach range from 3.5 to 5, in fig. 4.17.

Figure 4.19b shows the availability flows in the air turbo–rocket for a fuel
consumption of 4.25 kg/s at flight Mach number 2.5, the minimum speed
before transition to the turbofan operational mode. The availability of the
free–stream is only 5% of the total supplied to the engine and does not suffice
to drive the compressor. Consequently, 30% of the hydrogen availability, i.e.
32% of the total input, is supplied through the preburner to rise the pressure
of the air stream by means of the helium loop and the turbo–compressor.
The availability transferred from the preburner exhaust gases to the helium
stream amounts to 13% of the total. The total losses incurred during the
process in the helium loop sum 4%: 1% is lost in the regenerator (RG),
2% in the helium–hydrogen heat exchangers (HX4L, HX4H and HX5) and
1% in the turbo–compressor (C and T1). There is a net balance of 1% of
the availability being transferred from the hydrogen to the helium stream
throughout the helium–hydrogen heat exchangers. The gross exchange of
availability between both fluid streams is 3%, which matches the irreversibil-
ity of the regenerator and the helium–hydrogen heat exchangers. The gases
from the preburner are still air rich prior to injection into the main cham-
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4.2. Scimitar performance

ber; their availability is 27%, a value close to the corresponding 21% during
cruise at Mach 5.

The balance in eq. (4.3) is now updated to yield:

(ṁ ε′)∞
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶

5%

+ (ṁ ε′)f
´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

95%

= T0 σ̇
±
15%

+ (ṁ ε′)j
´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

84%

+ İQ̇
1̄%

where the internal irreversibility is barely increased and the availability lost
with the jet remains almost unchanged as the flight speed is halved with
respect to the supersonic cruise. On the contrary, the ratio of free–stream to
fuel availability decreases substantially and the thermal effectiveness yields:

ηεth ∼
∆Ėk

(ṁ ε′)f
= 56%

The thermal effectiveness drops from 61% at Mach 5 to 56% at Mach 2.5,
yet a decrease of only 5% proofs the combined cycle suitable over a wide
operational range.

The over expansion within the nozzle causes flow separation from the
nozzle wall at the axial location where the cross section is 69% of the nozzle
exit area. The extra term to the previous power balance in eq. (4.4) accounts
for the losses incurred by a base pressure lower than ambient:

∆Ėk
±
53%

= Fuv∞
²

20%

+ ṁj(vj − v∞)2/2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

27%

+ (1 − ηn)(ṁv)jv∞
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

2%

+ (p∞ − pj)Ajv∞
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

4%

The increase of the jet kinetic energy motivates the drop of propulsive ef-
ficiency from 67% during supersonic cruise to 37% at Mach 2.5. The low
propulsive efficiency is expected to raise by operating the engine as a mixed
turbofan below Mach 2.5, tab. 4.2.

4.2.3 Conclusions

A dynamic model of an air turbo–rocket sought for the acceleration and
sustained cruise of a Mach 5 civil transport has been developed. The com-
plexity of the model resides in the use of a large number of heat exchanger
units in combination with a considerable sum of turbomachinery compo-
nents. The numerical model was programmed in EcosimPro and based on
the capabilities of ESPSS and on specific heat exchanger architectures and
turbomachinery models grounded on characteristic maps.

An appropriate engine control logic was implemented, which allowed the
reduction of the engine control variables to a single one: the fuel consump-
tion, which dictates the engine throttle. In this manner, the engine op-
erational envelope, together with the performance in terms of specific im-
pulse, overall and thermal effectiveness, propulsive efficiency and uninstalled
thrust, was obtained along the prescribed aircraft trajectory for various
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throttling levels. The operational envelope was found to be shaped by the
prescribed off–design performance of the turbomachinery components.

The thermal effectiveness showed large sensitivity to the processes inside
the system as compared to the classical thermal efficiency. The combined
cycle proved able to maintain a high thermal effectiveness throughout a wide
speed range, from Mach 2.5 to 5. On the contrary, as the flight speed was
lowered, the increase of the jet kinetic energy motivated a large penalty
on the propulsive efficiency, which is the ulterior reason for operating the
variable cycle engine as a turbofan at low speed, below Mach 2.5. The
evaluation of the availability flows on the engine relative frame yielded a
clear insight into the irreversibility sources during both flight conditions at
Mach 2.5 and 5.
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AIR TURBO–ROCKET DESIGN

The design of a high–speed engine faces a compromise between the efficient
use of the fuel, the size and weight and the operational range. The turbine–
based combined cycles possess a high specific impulse, therefore they are
very attractive for the propulsion of high–speed aircraft and the initial air–
breathing ascent of space planes. The air turbo–rocket (ATR) is a particular
case of this class of engines which combines elements from the turbojet and
rocket motors and provides a unique set of performance characteristics. This
engine offers a high thrust–to–weight ratio and specific thrust over a wide
range of speed and altitude, constituting an excellent choice as an accelerator
engine up to high–supersonic speeds.

In the air turbo–rocket expander, the free–stream is firstly ram com-
pressed through the intake and subsequently pressurized by the fan, which
is driven by a turbine powered by regeneratively heated fuel. The fuel is
stored at a moderate pressure and temperature of respectively 3 bar and 20
K and pressurized with a turbo–pump. The regenerative heat exchanger,
located around the combustion chamber, heats the fuel. The heated fuel
is then discharged across the turbines, driving both the pump and the fan,
and is ultimately injected into the combustion chamber, where it is mixed
and burned with the compressed air, fig. 5.1. The air turbo–rocket with gas

∞ 211

Intake Fan

31

Turbine

TurbinePump
from the

LH2 tank

71 81

812

HEX1

Bypass

Nozzle
(stations 812

to 100)

HEX2

5

4

3

6

to DMR

Figure 5.1: The air turbo–rocket expander cycle.

generator incorporates a preburner, where a mixture of fuel and on–board
stored oxidizer is combusted and the hot gases produced are discharged
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across the turbine that drives the fan. The turbine exhausts the fuel–rich
gases to the main combustion chamber, which is fed on air by the fan. In
the air turbo–rocket partial expander, the fuel is preheated throughout the
regenerator prior feeding the preburner.

The unique characteristics of the air turbo–rocket arise from the fact that
the shaft power to the fan is delivered independently of fan performance and
flight regime. A feature which, on the other hand, is unsuitable regarding
the engine stability as compared to the turbojet, where the onset of fan
surge/stall is coupled with the turbine power output and prevents unstable
operation [15]. The operational altitude of the air turbo–rocket is extended
owing to the higher combustion pressure attained, in contrast to the sole ram
compression of the ramjet. In addition to this, the fan inlet temperature is
not limited by the turbine metallurgical limit, which restricts the flight speed
and the fuel injection, and the operational speed of the air turbo–rocket is
further increased with respect to the turbojet [19].

The concept of the air turbo–rocket had already been present before the
enabling technology was achieved, as proven by some patents from the late
1960’s [64, 96]. In 1956, Luidens and Weber [76] studied an air turbo–rocket
gas generator propelled by gasoline and nitric acid as oxidizer. The fan was
driven by a partial admission turbine through a gearbox. The design condi-
tions were Mach 2.3 at 14 km of altitude and, during supersonic cruise, the
fan was windmilling and the engine behaving as a ramjet. In 1992, Lardellier
and Thetiot [68] patented a combined air turbo–rocket gas generator and
ramjet. A counter–rotating turbine was driving two counter–rotating fan
stages. Above Mach 3, the fan blades were cooled with hydrogen, which ex-
hausted through the trailing edges to the air stream. At high speed, the fan
blades were feathered as the engine transitioned to ramjet mode. In 1995,
Bussi et al. [18] computed the operating lines over the characteristic map
of the advanced fan (two counter–rotating stages with variable pitch [4]) at
various flight conditions. In 1999, Christensen [19] reported the design and
performance of an air turbo–rocket with a solid–fuel gas generator. The
results were computed using specifically developed turbomachinery charac-
teristic maps.

Most of the literature deals with the gas generator type of air turbo–
rocket. Regarding the expander cycle, ATREX is a precooled air turbo–
rocket introduced in the 1980’s as a fly–back booster up to Mach 6 on a
reusable two stage to orbit space plane. Liquid hydrogen was used firstly
to cool down the inlet air stream and then the combustion chamber walls.
The original design featured a configuration with the turbine on the fan tip
in order to reduce the weight and size of the turbomachinery, manufactured
in carbon/carbon composite. A feasibility study of a modified ATREX in a
conventional aft–turbine configuration was later carried out [52]. Recently,
a subscaled precooled turbojet was designed and built for ground and flight
tests to demonstrate the precooler technology [115].

The air turbo–rocket expander under investigation is sought as the booster
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of a Mach 8 cruise aircraft, namely MR2, [120]. The mission of the air turbo–
rocket is to accelerate from takeoff to Mach 4.5 at 24 km of altitude, where
a dual–mode ramjet (DMR) accelerates further to cruise speed [67]. The
hydrogen–fueled propulsion plant consists of both a dual–mode ramjet and
an air turbo–rocket installed in parallel and highly integrated within the
airframe, fig. 5.2

3

1

4

5

1

2

3

2

External view

Internal flow paths

Figure 5.2: The MR2 civil transport aircraft: 1 low speed intake, 2 high
speed intake, 3 common nozzle, 4 ATR duct, 5 DMR duct.

The significant parameters which characterize the performance of the air
turbo–rocket expander were firstly identified in the following section. The
design space was drawn as a function of the characteristic parameters in
section 5.2, and this allowed to determine the optimal engine operation for
a minimum power demand to the turbomachinery, i.e. minimum size and
weight, throughout the aircraft mission. The air turbo–rocket was segre-
gated from the combined propulsion plant, hence the uninstalled perfor-
mance that resulted from this analysis did not suffice to assess the mission
of the aircraft. In order to compute the installed performances in the super-
sonic regime, an extended model addressing the integral propulsion plant
of MR2, i.e. both high and low speed inlets, bleeding system, air turbo–
rockets, dual–mode ramjet, regenerator and the aircraft–embedded nozzle,
was developed next in section 5.3. Ad hoc models of the nozzle, the dual–
mode ramjet, the air turbo–rocket bypass system and the regenerator were
developed. The flow through the dual–mode ramjet, the air turbo–rocket
combustion chamber and the nozzle was computed considering the actual
geometry of MR2, whereas CFD calculations provided the performances of
the high and the low speed intakes in the range of flight speeds from Mach
1.5 to 4.5 [85].

5.1 Engine characterization

The analytical study which follows aims at identifying the set of mean-
ingful variables that characterize the performance of the air turbo–rocket
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expander cycle. In order to simplify the formulation, nevertheless without
losing generality, the air and the gaseous hydrogen are supposed to be per-
fect gases, the subcooled hydrogen through the fuel pump is considered an
incompressible liquid with constant specific heat capacity (Ch) and the in-
take is assumed ideal (TPR=1). Hence, the specific work across the fan,
pump and turbine is respectively:

∆Hf =
T 0
∞Cpa

ηf
(π

γa−1
γa

f − 1) (5.1)

∆Hp =
(πp − 1)p0

3

ηp ρ0
3

(5.2)

∆Ht = T 0
5 Cph ηt

⎛
⎝

1 − ( 1

πt
)
γh−1

γh ⎞
⎠

(5.3)

where the subindexes (a) and (h) identify the properties of respectively air
and hydrogen, and (f ), (p) and (t) refer respectively to the performances of
the fan, pump and turbine. Assuming that turbine and fan discharge at the
chamber pressure, the turbine expansion ratio is expressed in function of
the pressure loss across the heat exchanger (δp), the pump and fan pressure
ratios and the ratio of ambient to fuel tank pressures as:

πt = (1 − δp)
πp

πf

p0
3

p0
∞

(5.4)

δp =
p0

4 − p0
5

p0
4

and the turbine inlet total temperature is computed by

T 0
5 = T 0

3 + ( 1

ηp
− 1)(πp − 1) p0

3

Ch ρ0
3

+ q

Cph
MR (5.5)

where the second term on the right hand side is the temperature rise across
the pump, and the third term is the temperature increase throughout the
heat exchanger by a heat addition of q per unit of air mass flow. The mixture
ratio is referred to the flows through the combustion chamber:

MR = ṁ31

ṁ3

An energy balance applied to the turbomachinery yields that the power
required by the fan and the pump equals the power delivered by the turbine:

MR ∆Hf +∆Hp = ∆Ht (5.6)

The solution of the previous system of eqs. (5.1) to (5.6), hence the cy-
cle performance (Y ), is uniquely determined in function of four variables,
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namely the fan pressure ratio, the mixture ratio, the heat pick–up and pres-
sure loss across the heat exchanger:

Y = f (πf ,MR,
q

Cph T 0
3

, δp) (5.7)

The design space comprehends the feasible solutions of eq. (5.7), which are
computed by modeling the air turbo–rocket with ESPSS. On the other hand,
the energy is conserved within the control surface which surrounds the engine
and crosses at stations 3, 81 and ∞, in fig. 5.1, hence:

H3 +MRH∞ = (MR + 1)H81

and the throat enthalpy is solely function of the mixture ratio: H81(MR); the
flight regime determined by the free–stream stagnation enthalpy (H∞). As
a consequence, thrust, specific thrust and specific impulse are independent
from the chamber thermal load (q) and the regenerator pressure drop (δp);
the thrust performances are function of exclusively the chamber pressure,
i.e. the fan pressure ratio, the mixture ratio and the flight regime. The cal-
culated specific performances throughout the design space, namely specific
thrust, specific impulse and turbomachinery specific work, are considered
independent of the engine size, i.e. nozzle throat area. In this manner, the
engine can be rescaled to fulfill the mission requirements.

5.2 Design space and optimum operation

The propulsion plant comprises six air turbo–rocket expander engines: three
engines per bay in two bays at each side of the aircraft symmetry plane. The
turbomachinery of each engine comprises a two–stage counter–rotating fan
and a turbine. The turbine is characterized by the adiabatic efficiency and
the expansion ratio, hence is considered a single unit independently from
the actual realization of the cycle which, in view of fig. 5.1, may require two
turbines. A single equivalent engine sixfold the size (in terms of uninstalled
thrust, mass flows, throat area ...) of the engines in the actual architecture
is modeled.

Figure 5.3 sketches the flow paths through the propulsion plant of the
aircraft MR2. The cross areas at each station correspond to the values in
tab. 5.1. The total cross section allocated to the air turbo–rocket engines
(stations 211 and 31) is 10% larger than the cross section of the throat
when fully open (station 81); each engine, i.e. fan, turbine and combustion
chamber, fits within a cylinder with a cross area of one sixth the total section
available. The inlet splits the air flow at station 20/21 to feed both ducts
of the air turbo–rocket expander and the dual–mode ramjet engines, hence
two equivalent distinct intakes are considered together with their respective
performances in terms of mass capture and total pressure recovery: the
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low speed intake (LSI, stations 10 to 211) and the high speed intake (HSI,
stations 10 to 80, i.e. including the ramjet isolator). The exhausts of both
engines and the bypassed air flow come together at the nozzle inlet (station
802/812).

10 20 80 802

81281

100

211

∞

21 31

DMR ductHSI

ATR duct
LSI

bypass

Figure 5.3: Station numbering of the MR2 combined propulsion plant.

Station 10 20 80 802 100

A [m2] 37.7 7.3 4.9 15.9 111.2

Station 21 211 31 81 812

A [m2] 10.9 19.1 19.1 17.4 20.6

Table 5.1: Flow areas along the propulsion plant.

The low speed intake discharges at the fan inlet plane (station 211) and is
assumed to perform with unitary total pressure recovery at subsonic speeds.
Figure 5.4a shows the expected and conservative values of the total pressure
recovery in the supersonic regime, which resulted from a CFD analysis [85].
The conservative case corresponds to a theoretical calculation without shock
reflections along the internal compression duct, between stations 21 and
211; the optimistic case is derived from the intake performance of the XB–
70 aircraft, considering the existence of a shock train along the duct. The
recovery considered in the current simulation is a compromise between both
extremes and is indicated by the solid line.

The mass capture ratios of the low and high speed intakes are respectively
computed as:

αLSI
c = ṁ21/ṁ10, αHSI

c = ṁ20/ṁ10

Notice that the sum of both quantities is not necessarily unity, as some
spillage may occur over the intake lip, between stations 10 and 20 in fig. 5.3.
The compression ramps located between stations 21 and 211 were dismissed
in the estimation of the low speed intake mass capture, which is presented
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Figure 5.4: Low speed intake (LSI) and mission performances vs. flight
speed (Ma∞).

in fig. 5.4a. Figure 5.4b shows the preliminary trajectory and the estimation
of the installed thrust required by the aircraft in function of the flight speed.

The fan, pump and turbine are assumed to operate on–design. The
fan performs with an adiabatic efficiency of 88%, assessed by high–fidelity
aeromechanic evaluations at a pressure ratio of 2.1 [57]. Sutton and Biblarz
[122] report an adiabatic efficiency of 75% for the high–pressure fuel pump
of the space shuttle main engine and a value of 69.9% for the LE–7 rocket,
thus a conservative value of 70% was assumed for the fuel pump. The adia-
batic efficiency of the hydrogen turbines was set at 60%, in agreement with
the data presented by Mårtensson et al. [88], who report efficiencies of the
supersonic turbines between 60 and 70%.

The flow between stations 31 and 812 is resolved by the models of the com-
bustion chamber and nozzle in ESPSS. The drop in total pressure through
the fuel injectors is 20%, in accordance with the typical values stated by
Sutton and Biblarz [122]. The drop in total pressure along the fan ex-
haust and combustor ducts, including the interaction with the flameholders,
equals 5% [18]. The variable throat at station 81 is allocated a maximum
opening of about 17 m2. The exit area is assumed large enough for the
nozzle not to operate under–expanded at any flight regime. The uninstalled
thrust is computed with eq. (3.6) presuming an ideal expansion (ηn = 1 and
α = 1); the momentum drag is computed from the actual mass flow to the
air turbo–rockets at station 21:

Fu = (ṁ v)j − ṁ21 v∞ (5.8)

The performance of the regenerator modules (HEX1–2) is not computed,
hence the heat pick–up and the pressure drop across the modules are im-
posed beforehand. The pressure loss (δp) was presumed to be 9% of the
inlet stagnation pressure, based on the previous studies by Limerick et al.
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[73]. On the other hand, the heat pick–up is varied throughout the design
space in the following section. The hydrogen stream within the regenerator
is in supercritical state, hence it is described as a real fluid by the properties
database of Lemmon et al. [70]. The air is modeled as semi–perfect gas and
the combustion gases are considered a mixture of perfect gases.

The solutions of eq. (5.7) were explored by means of the differential evolu-
tion algorithm within CADO, which was described in the former section 2.5.
The optimization variables were the regenerator heat pick–up, the fan pres-
sure ratio and the mixture ratio, while the pressure drop along the heat
exchangers was maintained constant. The double–objective optimization
was driven by the maximization of the specific impulse and specific thrust,
which are defined upon the uninstalled thrust calculation in eq. (5.8) as:

Isp =
Fu
ṁ3

, Tsp =
Fu
ṁ21

The design space was computed at takeoff and flight Mach numbers of 0.5,
0.75, 1.2, 2, 3, and 4 along the vehicle trajectory.
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Figure 5.5: Design space and performances at flight Mach 2.

Figure 5.5a shows the dependency of the turbine expansion ratio on the
heat pick–up at Mach 2, considering fan pressure ratios of 2, 2.2 and 2.4. The
power demand to the turbine is maximum at this flight speed. The reduction
of the expansion across the turbine requires the increase of heat pick–up in
the regenerator, whereas the pump compression ratio is proportional to the
turbine expansion ratio, eq. (5.4). The expansion ratio and the heat pick–up
are not very much influenced by the mixture ratio: the reduction of fuel mass
flow, i.e. the increase of mixture ratio, rises the turbine inlet temperature,
which compensates the lower flow rate across the turbine for a constant
expansion ratio.
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Figure 5.5a confirms the trade–off between the regenerator heat pick–up
and the expansion ratio: the design for low expansion ratio reduces the
number of turbine stages at the cost of increased thermal load and pressure
drop, i.e. size and weight of the regenerator. On the contrary, a smaller
regenerator demands an increased turbine expansion ratio and pump power.
The heat pick–up from the regenerator reverts in enthalpy gain of the air
and fuel to the combustor and, with the turbomachinery efficiencies assumed
constant, does not affect the specific impulse and thrust, which are function
of only two variables: the fan pressure ratio and the mixture ratio. The
fan pressure ratio augments the specific thrust and impulse, this latter to
a lesser extent at low mixture ratios. On the other hand, a compromise
between both performances exists in function of the mixture ratio: a more
efficient use of the fuel, i.e. higher specific impulse, is achieved for lean
burning whereas the engine size, i.e. the specific thrust, diminishes for rich
burning.

Figure 5.5b shows the influence of the regenerator specific power (q) and
the mixture ratio on the turbine and the pump specific power per unitary
mass flow of air. The calculations correspond to a constant compression
ratio of 2.2, hence the fan specific work is as well constant. The increases of
pump power and turbine expansion ratio are driven by the reduction of the
regenerator heat pick–up. Nevertheless, the pump power is two orders of
magnitude lower than the fan power, thus the engine performance is rather
insensitive to the pressure loss throughout the regenerator and the pump
efficiency.
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Figure 5.6: Performance throughout the design space.

Figures 5.6a and 5.6b show the design space at respectively takeoff and
flight Mach number of 4. The specific thrust and impulse proof rather
insensitive to the flight condition, which constitutes an important feature of
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the air turbo–rocket concept, and are independent of the heat pick–up in
the regenerator, as discussed previously. The scattered dots in these figures
identify the specific performances of each possible design, which is assumed
independent of the engine size. Thus, the engine is rescaled to fulfill the
mission requirements at each flight condition. In this manner, the installed
thrust (F) which was presumed for the calculation of the trajectory, in
fig. 5.4b, is now assumed equal to the uninstalled thrust. Notice that the
installed performance of the combined propulsion plant is not available at
this stage of the design. Thus, in subsonic regime, the intake air capture and
the minimum nozzle throat area (A81) required are determined by means of
the installed thrust as:

ṁ21 =
F
Tsp

(5.9)

A81 ≥
ṁ81

G81
= (1 +MR) F

MRG81 Tsp
(5.10)

where the performances of each design are characterized by the specific
thrust and the throat mass flux (G81).

The intake was evaluated in function of the flight speed disregarding the ef-
fect of the back pressure introduced by the fan. Thus, the intake–compressor
matching problem was simplified in such a manner that the mass flow rate
and the pressure recovery are determined solely by the intake, and the fol-
lowing equations replace eqs. (5.9) and (5.10) in the supersonic regime:

A81 ≥ (ρv)∞A10 α
LSI
c

(1 −B) (1 +MR)
MRG81

(5.11)

Tsp ≥
F

(ρv)∞A10 αLSI
c

(5.12)

where the mission requirements arise as a restriction on the specific thrust
throughout the design space. The convenience of bypassing a fraction (B)
of the air flow across the fan is justified in the following.

The minimum throat area of the designs which satisfy the mission re-
quirements in eqs. (5.9) and (5.12) is calculated with eqs. (5.10) and (5.11).
Figure 5.7 shows the minimum nozzle throat area required over the design
space in function of the fan pressure ratio, mixture ratio and flight speed.
The minimum fan pressure ratio for a sonic throat at takeoff is 2 and the
corresponding throat area is 10.4 m2, in fig. 5.7a. The flow within the nozzle
separates right behind the throat at this regime. The throat requirement
increases along the accelerating trajectory as a consequence of the decrease
of free–stream static pressure. At the same time, the required throat area
becomes more sensitive to the mixture ratio as the flight speed increases.

In supersonic regime, the engine specific thrust exceeds the requirements,
thus part of the air flow can be bled from the low speed intake by means of
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Figure 5.7: Minimum nozzle throat area.

a bypass at the fan inlet, in fig. 5.3. The bleeding ratio (B) is defined as:

B = ṁbypass

(ρv)∞A10 αLSI
c

and the amount of bleeding required to just satisfy the thrust constraint in
eq. (5.12) is computed as:

B = 1 − F
(ρv)∞A10 αLSI

c Tsp
= 1 −

Tminsp

Tsp

where the minimum specific thrust (Tminsp ) corresponds to the limiting value
in eq. (5.12). Note that the bled ratio constitutes an indication of the thrust
in excess if no bleeding is applied.

In the range of Mach numbers from 1.2 to 2 the nozzle throat remains
wide open in order to minimize the fan compression. In spite of this, the
bypass to the fan is open in order to maintain the compression ratio below
3 at Mach 1.2 and close to 2 at Mach 2, in fig. 5.8. On the other hand, the
increase of ram compression over Mach 3 allows to reduce the fan pressure
ratio while the engine operates in excess of thrust and with a conservative
mixture ratio, in the vicinity of the stoichiometric value, in fig. 5.7b. The
fan is not longer needed at Mach 4, when the air turbo–rocket is ultimately
operated as a ramjet.

The turbine specific work is independent of the engine size, in eq. (5.3),
hence the turbine power (Ẇt) is calculated as:

Ẇt = {
∆Ht ṁ21/MR : Ma∞ < 1 (5.13a)

∆Ht (ρv)∞A10 α
LSI
c (1 −B)/MR : Ma∞ ≥ 1 (5.13b)
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Figure 5.8: Excess of air in supersonic regime when the required thrust is
just fulfilled.

Figure 5.9 shows the turbine power over the design space in function of
the nozzle minimum throat area and the fan compression ratio. The turbine
load increases with the throat opening and the compression ratio. The power
required is most sensitive to the throat flow area at low speed. Over Mach
3, with the fan bypass closed, the load is independent of the throat area
and increases solely with the compression ratio, in fig. 5.9b. The optimum
design aims at minimizing the turbine load throughout the flight trajectory
and is identified by the dashed lines in figs. 5.9a and 5.9b. Nonetheless, the
power hits the minimum value in the range of Mach numbers from 0.5 to 2,
when the throat area reaches the maximum opening.

Figure 5.10 shows the dependency of the turbine load from the fan com-
pression ratio and the mixture ratio. The power increase with the mixture
ratio is driven by the rise of air flow across the fan, whereas in the range of
flight speeds from takeoff to Mach 0.75 the variation of turbine power is not
significant. On the other hand, the turbine load in supersonic regime rises
appreciably with the flight speed, in fig. 5.10b. Above Mach 3, the load is
driven solely by the compression ratio: the bypass duct is closed and the
air flow is determined by the intake capture independently of the mixture
ratio.

The most demanding regime occurs in the range from Mach 1.2 to 2,
where the turbine load is maximum and the expansion reaches a ratio of 19,
in tab. 5.2. The evaluation of the regenerator performances, in section 5.4,
assesses the viability of an increased heat pick–up across the regenerator in
order to reduce the turbine expansion ratio. The combustor operates with
mixture ratio close to stoichiometric over the accelerating trajectory, which
constitutes a conservative assumption aimed at maximizing the thermal load
of the chamber. Moreover, fig. 5.9b shows that further reducing the mix-
ture ratio does not significantly lessen the turbine load while in supersonic
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Figure 5.9: Turbine power (Ẇt) vs. fan pressure ratio (πf ) and throat area
(A81) at different flight speeds (Ma∞).
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Figure 5.10: Turbine power (Ẇt) vs. fan pressure ratio (πf ) and mixture
ratio (MR) at different flight speeds (Ma∞).
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regime. Solely at Mach 4, with the turbo–rocket in ramjet operation and
the turbomachinery power reduced to the minimum value, the mixture ra-
tio is raised to 67 to augment the specific impulse, and the regenerator heat
pick–up decreases to a minimum value. The fan inlet Mach number (Ma211)
is critical in the sonic regime, with a maximum value of 0.47 at flight Mach
number 1.2, with the fan bypass open.

Ma∞ πf MR Q̇ A81 B Ma211 πt Fu Isp
[MW] [m2] [%] [kN] [km/s]

0.01 2.0

32 390

10.40
0

0.18 4.3 1433 33
0.50 2.4

17.37

0.35 4.0 1478 35
0.75 2.9 0.42 4.7 1441 39

1.20 3.0 17 0.47 14.0 1445 42
2.00 2.2 22 0.39 19.2 1425 42

3.00 1.3 13.00
0

0.20 2.5 1537 41

4.00 1.0 67 1 4.00 0.07 1.0 749 51

Table 5.2: Optimum design along the trajectory.

Figure 5.9 confirms the necessity of varying the throat area in order to set
the fan operational point over a wide range of flight regimes [15, 76]. In view
of tab. 5.2, the ratio of maximum to minimum opening areas of the variable
throat mechanism is 4.3. Figure 5.11 plots the nominal operating line over
the fan characteristic map. The sensitivity of the operational points to
the intake pressure recovery is computed for constant recovery temperature,
mass flow capture and chamber pressure, which results:

∆πf

πf
= ∆ ˜̇mf

˜̇mf

= −∆TPR

TPR

Hence the radius vector from the map origin to the nominal operating point
and the corresponding sensitivity band have the same inclination, regardless
of the variation in pressure recovery (∆TPR):

∆πf

∆ ˜̇mf

= πf
˜̇mf

The intake total pressure recovery has a severe impact on the fan sizing in
the range of flight Mach numbers from 0.75 to 1.2, when the fan operates at
maximum compression ratio and mass flow. At lower speeds, near takeoff,
an overestimation of the intake pressure recovery should not be critical if
the surge margin of the fan design is large enough. Figure 5.11 determines
the off–design performance to be targeted by the fan design.
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Figure 5.11: Operating line over the fan characteristic map. The colored
bands indicate the sensitivity of the operating point (○) to the intake pressure
recovery (TPR).

5.3 Numerical model

The extensive exploration of the design space in the preceding section, re-
sulted in the optimum sizing of the air turbo–rocket engines, i.e. throat
areas, fan pressure ratio and fuel and air mass flows, along the ascent tra-
jectory of the MR2 vehicle. The numerical model is extended in this section
to address in more detail the interfaces with the airframe, namely the in-
take and nozzle, the regenerator performances and to include the dual–mode
ramjet and the air turbo–rocket bypass.

Regarding the intake, the inviscid CFD calculations in the range of flight
Mach numbers 1.5 to 4.5 by Meerts and Steelant [85] yielded the mass
capture and total pressure recovery through the low and high speed intakes,
as well as the outlet Mach number and the spillage drag of the high speed
intake. The pressure recovery, mass capture and outlet Mach number from
the high speed intake constitute the boundary conditions at stations 80 and
211, in fig. 5.12a, which shows a scaled view of the numerical domain for
the calculation of the engine flow paths.

The propulsion plant of MR2 comprises six turbo–rockets disposed around
the dual–mode ramjet, in fig. 5.12b, of which only one is modeled. The do-
main of the air turbo–rocket combustion chamber is discretized in 10 equi-
spaced nodes along the axis (stations 31 to 81) by considering a cylindrical
cross area of one sixth the flow area at station 31. The flow, which is sta-
tionary and inviscid, is computed by eqs. (2.13) to (2.16) and considered
adiabatic everywhere except within the walls in contact with the regenera-
tor modules (HEX1–2). The numerical model is axisymmetric: the central
dual–mode ramjet (stations 80 to 802) discharges to the nozzle core, and
the air turbo–rockets are located coaxially around the dual–mode ramjet
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and exhaust within the outer annulus of the nozzle. The composition of

HEX1’s

S20
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S80212.0 m

36.5 m

HEX2
18.8 m

S81 S812

S100

11.9 m

S211 S31

A

A

(a) The dashed lines mark out the DMR/ATR exhaust within the nozzle; the grid nodes
are marked with a (●); the station designators are preceded by (S).

A–A ATR chamber

DMR duct

HEX1

ai
bi

s

l

th
tc

bo

ao

(b) View A–A (left); detail of the cooling channel geometry of HEX1–2 (right).

Figure 5.12: Scaled–down axisymmetric model in EcosimPro.

the combustion gases is evaluated in the combustor and the ramjet burner
at the respective stations 31 and 80; the flow is assumed frozen along the
combustion chamber (station 31 to 81), the dual–mode ramjet (station 80
to 802) and the nozzle.

The flow along the divergent duct of the dual–mode ramjet is resolved
with a discretization in 5 nodes along the axis. Both the core and the annu-
lar flows through the nozzle are resolved with a 20–node discretization along
the nozzle axis. The model provides a preliminary estimation of the thrust
contributed by the dual–mode ramjet and the air turbo–rockets, assuming
that both exhausts do not mix within the nozzle. The dual–mode ramjet is
operated at partial injection owing to the margin to thermal choke in the
throat (station 80) above flight Mach 1.5. This further ensures a smooth
transition towards ramjet operation above Mach 4.5. The fan bypass dis-
charges within the core of the nozzle and mixes with the exhaust from the
dual–mode ramjet at station 802. Further considerations on the numerical
models of the nozzle, the dual–mode ramjet and the bypass are introduced
in sections 5.3.1 to 5.3.3.

The flow within the axial cooling channels of the regenerator is solved
with the unsteady conservation eqs. 2.3. A one–to–one correspondence
exists between the nodes of the heat exchangers (HEX1’s and HEX2) and
the nodes of the combustion chamber and nozzle, with the exception of the
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throat, which is uncooled. Section 5.3.4 provides additional insight into the
model of the regenerator.

5.3.1 Nozzle

The nozzle of MR2 is assumed of the dual–expander type, where the inner
contour is constituted by the nozzle of the dual–mode ramjet, stations 80 to
802 in fig. 5.12, whereas the outer contour comprises the divergent section
of the air turbo–rocket nozzles (stations 81 to 812) and their prolongation
to the exit plane (station 100). In the dual–expander nozzles the expansion
ratio is varied operating either the inner or the outer nozzle at high altitude
for high expansion ratio, or both for low expansion ratio at lower altitude,
in fig. 5.13. In alternative designs, the jet angularity and expansion ratio is
controlled with hinged flaps [47, Ch. 7].

The air turbo–rockets discharge within the outer annulus along the nozzle
wall, whereas the dual–mode ramjet exhausts to the nozzle core. The nozzle,
which has an area ratio (A100/(A80+A81)) of 5, does not run fully during the
low speed regime. However, the recirculating flow is assumed to be confined
in the core flow. In this manner, by avoiding flow separation from the wall,
the surface available for the heat pick–up extends along the complete nozzle
wall, where 50% of the heat release to the hydrogen stream takes place. This
allows to dispense with a H2–gas heat exchanger within the air turbo–rocket
combustion chamber in favor of the nozzle cooling jacket (HEX2).

The wake is restricted to the nozzle core for a flow configuration expected
similar to that of a dual–expander nozzle with the outer chamber in op-
eration, in fig. 5.13b. In fact, in the case of MR2, the discharge from the
dual–mode ramjet fills the inner chamber and transfers momentum to the
wake, hence the outer flow should be even less prone to separation. The

shear layer

compression waves

shock

shear layer

(a) Inner & Outer chamber in operation

recirculation

shear layer

expansion waves

shear layer

wake

trailing shock

(b) Only outer chamber in operation

Figure 5.13: Flow field in a dual–expander nozzle [44].

simulation of the complex flow field within the nozzle is far from the pos-
sibilities of the available one–dimensional model. The flow in the nozzle is
considered stationary, diabatic and inviscid, and the gas is treated as ideal
and calorically perfect. The resulting system of eqs. (2.13) to (2.16) is solved
for each flow stream: core and annulus. The solution consists of a pair of
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values of each pressure, temperature and Mach number in the core and the
annular flow at discrete locations along the nozzle axis.

The ratio of the cross area for which the fluid vein chokes to the actual
flow area: (A∗/A)i, and the Mach number are, in virtue of eqs. (2.13), (2.15)
and (2.16), function of the static to stagnation pressure ratio (pi/p0):

(A∗/A)i =
√

2

γ − 1
(γ + 1

2
)

γ+1
2 (γ−1)

¿
ÁÁÁÀ(p0/pi)

γ−1
γ − 1

(p0/pi)
γ+1
γ

(5.14)

Mai =
√

2

γ − 1
((p0/pi)

γ−1
γ − 1) (5.15)

where the stagnation pressure (p0) equals the combustion pressure of the
dual–mode ramjet (p0

802) or the air turbo–rocket (p0
812), in each case of the

core or the annular flow. The critical area (A∗
i ) results from the evaluation

of eq. (2.13) for sonic conditions:

A∗
i =

ṁ
√
T 0
i

p0
√
γ/Rg

(γ + 1

2
)

γ+1
2 (γ−1)

which, if the mass flow is fixed by a sonic throat upstream, indicates that the
heat release across the nozzle walls results in a reduction of the stagnation
temperature and thus the critical area. Furthermore, this decrease of critical
area accelerates the flow, as shown by eqs. (5.14) and (5.15) in fig. 5.14.
Nonetheless, the decrease of sound speed respect to an adiabatic expansion
motivates a reduction of thrust.

When an underexpanded jet discharges to the atmosphere, the flow area
downstream of the nozzle exit section increases with the difference between
the jet and the external pressures. In a first order approximation, the open-
ing of the jet cross–area can be assumed proportional to this pressure jump.
For the particular case of the flow within the nozzle, where both annular
and core flows coexist, the opening of the annular flow within the nozzle is
computed as the ratio of the flow area through the annulus to the nozzle
cross area (βi), and assumed proportional to the difference in static pressures
between the annular and the core flows at each axial location:

(p1i − p0i)/k = βi (5.16)

βi = A1i/(A0i +A1i)

where A1i and A0i are the flow areas of respectively the annular and the
core fluid veins at node i. Eq. (5.16) can be rewritten as:

A81

A1i
= A81

A0i +A1i

k

p0

1

p1i/p0 − p0i/p0
(5.17)
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Figure 5.14: Cross area and Mach number of the annular flow in function
of the expansion ratio (p/p0

812) at Ma∞ = 1.5 and Ma∞ = 4.5.

where the first term on the right hand side is the ratio of the air turbo–
rockets throat to the nozzle flow area at each nodal location and is deter-
mined by the nozzle profile.

The intersection between the curves defined by eqs. (5.14) and (5.17)
determines the cross area of the annular vein, in fig. 5.14. The pressure
difference between the central and the annular fluid veins is the distance
between the intersection point and the asymptote in eq. (5.17), as shown in
fig. 5.14 for the first node of the discretization (i = 1). The opening of the
annular flow is insensitive to the core pressure if p0i/k << 1, in which case
eq. (5.16) yields that the pressure in the annulus is solely function of the
sensitivity (k): p1i ∼ k βi. Thus, the pressure ratio within the annular vein
at the nozzle exit (p1N /p0

812) is: k βN /p0
812, while in nominal conditions at

Mach 1.5, in fig. 5.14. The corresponding pressure ratios at the nozzle inlet
and outlet for nominal conditions at Mach 4.5 are as well shown.

The detachment of the annular flow at low altitudes reduces drastically
the heat pick–up from the nozzle wall. This is avoided by selecting a sen-
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sitivity which ensures a nozzle exit pressure (p1N ) above the assumed sep-
aration value: p1N > 0.3p∞, where N is the number of nodes of the nozzle
discretization. In order to avoid detachment along the ascent trajectory of
MR2, while the propulsion plant operates at nominal condition, in tab. 5.6,
the chosen sensitivity is 10 kPa.

5.3.2 Dual–mode ramjet combustor

The high speed intake operates just above the critical regime; the Mach num-
ber at the throat of the dual–mode ramjet (station 80) is slightly supersonic
at low Mach numbers (Ma∞ < 2.5) [85]. The throat Mach number increases
together with the margin to thermal choke as the flight speed increases. In
consequence, the ram burner can be partially operated to compensate the
momentum lost through intake and duct and the engine transitions smoothly
towards the ramjet operational mode.

S80− S80+

Ma > 1

Ma < 1

Ma= 1

ṁH2

ṁair

p0, T 0,Ni

(a) (b)

Figure 5.15: DMR combustor: normal shock (a) and thermal choke (b).

The combustion is adiabatic and takes place downstream of a normal
shock wave located at station 80− with constant stagnation pressure (p0),
fig. 5.15 and eq. (5.18). The products are in chemical equilibrium and their
composition is such that the potential of Gibbs is minimum, eq. (5.19). The
amount of fuel (ṁH2) required to have sonic conditions at station 80+ is
computed by means of eq. (5.20), which is the expression of the mass flow
parameter (MFP) for an isentropic evolution along a duct [47, Ch. 2].

(ṁH)air + (ṁH)H2
= (ṁair + ṁH2)h(T 0)prod (5.18)

dG =
S

∑
i=1

∂G(p, T,Ni)
∂Ni

∣
p0,T 0,Nj≠i

dNi = 0 (5.19)

MFP = (ṁair + ṁH2)
√
T 0

p0A80
=
√
γ/Rg (γ + 1

2
)
−

γ+1
2 (γ−1)

(5.20)

For simplicity, the stoichiometry of the combustion as well as the mass
conservation equations are not added to the above system of eqs. (5.18)
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to (5.20), which resolves the fuel flow, the adiabatic combustion tempera-
ture (T 0) and the composition of the products (N1 ...NS). The combustion
gases are represented by the semi–perfect gas model and both the gas con-
stant (Rg) and the ratio of specific heats (γ) are computed from the static
temperature corresponding to sonic conditions at station 80+, whereas the
composition is calculated at the stagnation conditions and assumed frozen.

5.3.3 Air turbo–rocket bypass

The design study of section 5.2 showed that the uninstalled thrust largely
exceeded the mission requirements between flight Mach 1.2 and 2. Conse-
quently, considering that the throat opening was maximum in this regime,
the air turbo–rockets were fit with a bypass that allowed reducing the fan
compression ratio whereas the thrust contribution by the bypassed flow was
disregarded. The bypass allows the intake capacity to match the demand
from the air turbo–rockets, such that the air in excess is diverted from the
intake to the nozzle. On the other hand, the flow demanded by the air turbo–
rockets cannot exceed the mass capture of the intake, which ultimately limits
the operation of the propulsion plant.

The bled air is re–injected at the axial location where both the air turbo–
rocket and the dual–mode ramjet nozzles join, in fig. 5.3. The re–injection
upstream of this point would limit the bleeding capacity, as the choke margin
within the divergent duct of the dual–mode ramjet is lower. On the contrary,
the bypassed air cannot be re–injected downstream of station 802 and along
the nozzle centerline without a redesign of the nozzle. The mixing of the
bypassed air and the exhaust of the dual–mode ramjet is assumed ideal,
i.e. entropy and enthalpy are conserved in the process. The bled air is
expanded isentropically to the static pressure of the mixture at station 802.
The equilibrium composition of the mixture is not recomputed because the
air–to–fuel ratio in the dual–mode combustor is high (typically above 150
with the dual–mode ramjet at partial load). The amount of bypassed air
flow is limited by the blockage of the section at station 802, and sets a
minimum operational fan pressure ratio depending on the opening of the air
turbo–rockets throat, as discussed in the following section 5.4.

5.3.4 Regenerator

The air turbo–rocket expander incorporates a heat exchanger between the
stream of hot gases in the combustion chamber and the stream of hydrogen
that feeds the turbine. A possible design consists in placing the heat ex-
changer within the chamber, in the flow path of the combustion gases [123].
Nevertheless, the large extension of the wet surfaces of the propulsion plant
(2101 + 10702 m2) justifies a design where the heat exchange takes place

1Combustion chambers wet area in fig. 5.12 from station 31 to 81.
2Nozzle wet area in fig. 5.12 from station 812 to 100.
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across the combustion chamber and nozzle walls. Thus, the hydrogen is
firstly fed through an array cooling channels mounted on the wall of the air
turbo–rocket combustion chamber (HEX1). These heat exchangers, one per
air turbo–rocket unit, discharge to the cooling jacket of the nozzle (HEX2),
which ultimately feeds the turbine. The flow within the cooling channels of
the regenerator is described by eq. (2.3), which is integrated in time with a
centered scheme [34]. The friction factor is computed from the correlation by
Churchill [20] as described in section 2.2, assuming an absolute rugosity (εr)
of 50 µm for the channel inner walls. With regard to the heat transfer, the
Nusselt number, in eq. (2.6), is computed from the correlation by Churchill
and Usagi [21], which is valid in the range 0 < Pr <∞ and 2100 < Re < 106

of Prandtl and Reynolds numbers:

Nu = 10

¿
ÁÁÀNu10

l + (exp ((2200 −Re)/365)
Nu2

l

+ 1

Nu2
t

)
−5

The laminar Nusselt number (Nul) is computed as the average: (Nuq +
NuT )/2, where the Nusselt number for laminar fully developed flow through
a tube with constant heat flux across the walls (Nuq) is 4.364 and, if the
temperature of the walls is maintained constant instead of the heat flux, the
Nusselt number (NuT ) is 3.657. The turbulent Nusselt number is computed
as:

Nut = Nu0 +
0.079

√
f/2 Re Pr

(1 +Pr4/5)
5/6

where the constant contribution (Nu0) corresponds to the average value:
(Nu0 q + Nu0T )/2, being 4.8 and 6.3 the Nusselt numbers for respectively
constant wall temperature and heat flux; the friction factor is f(Re, εr/Dh)
in eq. (2.8) and the Reynolds and Prandtl numbers are based on the bulk
properties of the fluid and the hydraulic diameter (Dh).

Regarding the heat flux to the hot side of the wall, the steady one–
dimensional conservation eqs. (2.13) to (2.16) resolve the inviscid and di-
abatic flow along the combustion chamber and nozzle. The nozzle core–flow
is considered adiabatic, thus the heat flux (q̇i) is null, in eq. (2.14). As for
the flow within the combustion chamber and the nozzle annulus, the heat
flow to the gases comprises a convective and a radiative term:

q̇i = hc i (Tw i − Ta i) − q̇r i

where the heat transfer coefficient is computed from the correlation by Bartz
[10], as explained in section 2.2.2. The convective heat transfer to the nozzle
wall decreases significantly in case of flow separation, thus the heat transfer
coefficient is reduced by 90% at the nodal locations (i) where, according to
the criterion of Summerfield [80], the pressure reaches 30% of the ambient
pressure.
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The radiation in the combustion chamber and nozzle is mainly due to the
presence of soot, carbon dioxide and water vapor. Nonetheless, the content
of carbon dioxide in atmospheric air is very low (< 0.4� vol.) and the
presence of soot is meaningful only if hydrocarbon fuels are utilized. Thus,
the radiative heat flux in the combustion of air with hydrogen is solely
motivated by the presence of the water vapor and is computed from the
following expression, reported by Barrére et al. [9]:

q̇r i = 4.07 (pH2O
i )0.8

L0.6
i (( Ti

100
)

3

− (Tw i
100

)
3

)

which is function of the partial pressure of water in the combustion gases
(pH2O), the bulk temperature of the combustion gases (T ) and the temper-
ature of the combustor or nozzle walls (Tw). The directional average of the
thickness of the medium, as seen from a point on the chamber or nozzle sur-
face, is the mean length of the beam (L) which, assuming an infinite cylinder
of diameter D radiating to the surface, is approximated by L ∼ 0.9D [14].
The so computed radiation by water vapor is typically 6% of the total heat
transferred to the chamber walls and even lower in the nozzle.

There are a total of 6 regenerator units (HEX1) located around the com-
bustion chamber wall, each one is composed of a number (Nch) of straight
cooling channels disposed around each of the air turbo–rocket chambers,
fig. 5.12. The channels of the cooling jacket (HEX2) are disposed around
the nozzle wall, in fig. 5.12a. Both HEX1 and HEX2 modules are arranged
in co–flow with the hot gases and their geometry is determined by the widths
(ai/o) and heights (bi/o) of the channel inlet (i) and outlet (o), the channel
length (l), the thickness of the wall in contact with the hot gases (th), the
thickness of the outer wall (tc) and the thickness of the wall between the
channels (s), in fig. 5.12b (right). As the outer walls are assumed adiabatic,
the thicknesses (tc) do not affect the performance of the regenerator. In
turn, the hot wall hinders the heat transfer phenomena and should be as
thermally thin as possible. Values of the wall thickness of few tens of mil-
limeter are common practice in rocket engineering [30, 62, 122]. A hot wall
thickness (th) of 0.3 mm and a conservative low value of the thermal con-
ductivity, which corresponds to titanium, were considered for the channel
walls of both modules. The spacing between the cooling channels (s) is 1
mm, constant along the HEX1 and HEX2 channels, which have a length (l)
of respectively 10.8 m and 34.7 m. Regarding the nozzle module (HEX2),
the channel width varies to accommodate the diameter change for a con-
stant channel spacing along the nozzle. The remaining parameters which
determine the geometry of the cooling channels are the hydraulic diameter
at the inlet (Dh i) and the aspect ratios at the inlet (ARi) and outlet (ARo),
which are computed as:

AR = b/a, Dh = 2a b/(a + b)
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The heat transfer performance of the regenerator is traded off by the
pressure loss along the channels: a suitable thermal performance can be
achieved by increasing the surface in contact with the hydrogen in detriment
of the pressure drop. Nonetheless, the power consumed by the hydrogen
pump is considerably outbalanced by the fan power, which is two orders of
magnitude larger. In consequence, the energetic cost of compensating the
larger pressure losses of a regenerator with improved thermal performance is
much lower than the losses incurred by over expansion through the turbine
in case of insufficient heat pick–up. Hence, the design of the regenerator is
driven by the minimization of the turbine expansion ratio. The optimum
design was determined by means of the optimization routine by Verstraete
[130] which, introduced in the former section 2.5, is based on a differential
evolution algorithm. The bounds of the regenerator design space are defined
in tab. 5.3.

Dh i [mm] ARi ARo

HEX1 [0.5, 50] [0.05, 10] [0.05, 50]
HEX2 [1, 50] [0.05, 10] [0.05, 50]

Table 5.3: Design space for the cooling channels optimization.

The optimization was performed considering a chamber pressure of 106
kPa while on flight at Mach 1.5, conditions for which the uninstalled thrust
of the air turbo–rockets fulfills the installed thrust required by the mission.
The minimum turbine expansion ratio was found to be 18.5 and the overall
heat pick–up was 480 MW, which supports the conservative estimation of
390 MW in section 5.2. Nonetheless, the chamber pressure had to be raised
to compensate the spillage drag of the high speed intake, which led to an
expansion ratio of 30, as reported in the following section 5.4.

inlet outlet

Nch Dhi ARi ai bi Dho ARo ao bo
[mm] [mm] [mm] [mm] [mm] [mm]

HEX1 94 6 0.05 66 3 10 0.08 66 5
HEX2 198 19 0.09 114 10 18 0.05 188 9

Table 5.4: Optimum cooling channel geometry.

The geometry of each one of the six HEX1 units and the single cooling
jacket HEX2 consists of channels of very low aspect ratio, which maximize
the exposure of the fluid to the hot wall, in tab. 5.4. In fact, both optimum
aspect ratios at the inlet and at the outlet of the regenerator reach the lower
boundary of the design space. This constitutes an expected result because
the heat transfer performance primes over the pressure losses, as discussed
previously.
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5.4 Installed performance

Prior to presenting the results, the installed performances of the MR2 pro-
pulsion plant need to be defined. The overall installed thrust (F), specific
impulse (Isp) and specific thrust (Tsp) are computed as:

F = FuATR’s +FuDMR − 1/2 (ρv2)∞CxA10

Isp =
F

ṁH2 ATR’s + ṁH2 DMR
(5.21)

Tsp =
F

(ρv)∞A10 (αHSI
c + αLSI

c ) (5.22)

where Cx is the coefficient of drag induced by intake spillage and αc is the
mass capture of the low (LSI) or the high speed intake (HSI), as corresponds
in tab. 5.5. The uninstalled thrust of the air turbo–rockets (ATR’s) and the
dual–mode ramjet (DMR) is computed as:

Fu = (ṁ v)s + (ps − p∞)As − (ρv2)∞A10 αc

The fluid veins of each exhaust from the dual–mode ramjet and the air
turbo–rockets are computed along the nozzle as explained in section 5.3.1.
The axial location where the flow through the corresponding fluid vein
reaches the base pressure is designated as (s) in the previous expression.
If the base pressure is not reached, then (s) refers to the conditions within
the fluid vein at the nozzle exit (station 100). According to the criterion of
Summerfield [80], the base pressure is assumed to be 30% of the ambient
pressure (p∞). Combining eqs. (5.21) and (5.22) and after some algebraic

HSI LSI

Ma∞ TPR αc Ma80 TPR αc Cx
[%] [%] [%] [%]

1.5 97 15 1.1 95 51 0.46
2.0 85 18 1.1 80 55 0.34
3.0 89 37 1.7 70 52 0.21
4.0 76 41 2.5 70 52 0.13
4.5 68 44 2.8 70 51 0.10

Table 5.5: Total pressure recovery (TPR) and capture area (αc) of the high
(HSI) and the low speed intakes (LSI), Mach number at the high speed intake
exit plane (Ma80) and spillage drag coefficient (Cx) [85].

manipulation, the installed specific thrust (Tsp) can be expressed in function
of the installed specific impulse as:

Tsp =
1 −B

(1 − χ) (1 + αHSI
c /αLSI

c )
Isp

MR
(5.23)
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where χ is the ratio of fuel mass flow to the dual model ramjet over the
global fuel consumption and MR is the mixture ratio in the air turbo–rocket
chambers:

χ = ṁH2 DMR

ṁH2 ATR’s + ṁH2 DMR

MR = ρ∞ v∞A10

ṁH2 ATR’s
(1 −B)αLSI

c (5.24)

Tab. 5.6 shows the engine performances at Mach numbers 1.5, 2, 3, 4
and 4.5. The throat opening schedule of the air turbo–rockets, obtained in
section 5.2 in function of the flight Mach number, is considered in the cur-
rent simulation. The opening reaches the maximum space allocated by the
engine bays at and below flight Mach 2, thus the chamber pressure is raised
for the installed thrust of the propulsion plant to comply with the mission
requirements. The rise in chamber pressure reduces the bleeding below 9%
and raises the fan pressure ratio up to 3.2, as compared to the respective
values of up to 22% and 3 corresponding to the uninstalled performance cal-
culations, in tab. 5.2. Above Mach 2, the fan pressure ratio decreases below
a readily achievable value of 2.6 [58] and the optimum throat scheduling can
be recomputed once the off–design characteristics of the fan are known.

A heat recovery of about 500 MW for stoichiometric operation from Mach
1.5 to 2 constitutes a 25% rise over the estimate in tab. 5.2. This increase
comes together with a rise of air mass flow such that the specific heat pick–
up (q) of 380 kJ per kilogram of air into the chamber does not represent
more than a 9% increase over the results of the simplified model. As a con-
sequence, the temperature rise through the regenerator, hence the turbine
entry temperature (T 0

5 ) in eq. (5.5), does not vary appreciably whereas the
turbine specific power increases 26% up to 4.4 MJ/kg at Mach 2. In view
of eq. (5.3), this motivates the large turbine expansion ratios required in
the range of Mach numbers from 1.5 to 2. On the other hand, the turbine
power and the fuel consumption decay above Mach 3 and the turbine inlet
temperature reaches 1400 K at Mach 4.5.

In the range of flight Mach numbers from 1.5 to 2, the transfer of momen-
tum to the high speed stream with the re–injection of the bled air generates
positive thrust. The margin to thermal choke at the throat of the dual–
mode ramjet increases with the flight Mach number, which allows starting
the transition towards ramjet mode by progressively rising the fuel injection
to the dual–mode ramjet. At Mach 4, over 20% of the fuel is diverted towards
the dual–mode ramjet and the uninstalled thrust of the air turbo–rockets
duct alone cancels the intake spillage drag.

Figure 5.16 shows a scaled outline of the throat opening and the flow area
occupied by the high speed exhaust within the nozzle core at flight Mach
numbers 1.5, 3 and 4.5. The exhaust of the air turbo–rockets flows within
the outer annulus and does not separate from the nozzle wall; the static
pressure remains above the limit of 0.3 p∞, considered as base pressure. On
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Flight Mach number, Ma∞ 1.5 2.0 3.0 4.0 4.5

Flight altitude, z [km] 15.8 18.3 21.6 24.3 25.9
Chamber pressure, p0

71 [kPa] 112 109 137 329 429
Chamber mixture ratio, MR 32 32 32 67 65
ATR’s total throat area, A81 [m2] 17.37 17.37 13.00 4.00 2.75

LSI capture area, αLSI
c [%] 51 55 52 52 51

HSI capture area, αHSI
c [%] 15 18 37 41 44

LSI total pressure recovery, TPR [%] 95 80 70 70 70
HSI total pressure recovery, TPR [%] 97 85 89 76 68

Fan adiabatic efficiency, ηf [%] 88
Turbine adiabatic efficiency, ηt [%] 60
Pump adiabatic efficiency, ηp [%] 70

Overall consumption, ṁH2 [kg/s] 41.6 40.2 38.2 19.9 18.8
DMR consumption, χ [%] 0.1 0.1 3.5 21.5 26.4
LSI air mass flow rate, ṁ21 [kg/s] 1461 1407 1185 1049 902
HSI air mass flow rate, ṁ20 [kg/s] 419 473 847 840 770
LSI bleeding, B [%] 8.9 8.7 0.4 0.2 0.1

Fan pressure ratio, πf 3.2 2.6 1.3 1.1 1.0
Pump pressure ratio, πp 16 12 7 5 4
Turbine expansion ratio, πt 30 22 2 3 1
Regenerator pressure loss, δp [%] 14 22 83 31 53
HEX1 pressure loss [%] 7 10 28 13 20
HEX2 pressure loss [%] 8 13 77 21 42
Regenerator inlet pressure, p0

4 [bar] 47 37 22 15 11

Turbine inlet temperature, T 0
5 [K] 840 870 940 1270 1420

Chamber temperature, T 0
71 [K] 2290 2310 2480 2110 2270

Heat pick–up (6×HEX1+HEX2) [MW] 491 488 504 284 284
HEX2 heat pick–up [%] 47 47 49 51 52
Turbine power per ATR engine [MW] 31.7 29.7 10.9 6.9 0.3
Fan power [%] 98 98 97 98 56
Pump power [%] 2 2 3 2 44
ATR FV length to base pressure [%]a 100 100 100 100 100
DMR FV length to base pressure [%]a 25 40 65 80 95

ATR’s thrust, FuATR’s [kN] 1758 1686 1522 842 710
DMR thrust, FuDMR [kN] 2 16 47 160 163
Intake spillage drag [kN] 292 261 215 156 115
Overall installed thrust, F [kN] 1468 1442 1353 846 759
Installed specific impulse, Isp [km/s] 35 36 35 43 40
Installed specific thrust, Tsp [km/s] 0.8 0.8 0.7 0.4 0.5

a Length along the ATR/DMR exhaust fluid vein (FV) within the nozzle to reach the base
pressure of 0.3 p∞, according to Summerfield’s criterion.

Table 5.6: Optimum cycle along the ascent trajectory.
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the contrary, the core flow reaches the base pressure at 25, 65 and 95% of the
nozzle length for increasing flight Mach numbers. The dual–mode ramjet
and the air turbo–rockets are both in operation at flight Mach number 4.5
and the nozzle is close to run full.

ATR’s exhaust

DMR exhaust

ATR’s exhaust

Figure 5.16: Opening of the air turbo–rockets throat, flow area of the DMR
exhaust within the nozzle core and section where the base pressure (αp∞) is
reached for Ma∞=1.5, 3.0 and 4.5.

During flight at Mach number 4.5 and altitude of 26 km, the ram com-
pression suffices to achieve a chamber pressure (p0

71) of 429 kPa and the fan
power is brought down for a pressure ratio (πf ) of 1. Figure 5.17 shows
the installed thrust, specific impulse and bleeding ratio in function of the
throat area and mixture ratio of the air turbo–rockets for an unitary pres-
sure ratio across the fan. The installed specific impulse is maximum along
the line of null bleeding (B = 0), which therefore defines the optimal engine
throttling line for this flight regime. The specific impulse decreases as the
bleeding is increased, in the region B > 0, whereas the flow demand of the air
turbo–rockets exceeds the capacity of the intake in the region of forbidden
operation, above the line B = 0. The throat area of the air turbo–rockets is
set to 2.75 m2 in order to accommodate the intake mass capture, i.e. avoid-
ing bleeding, while the installed thrust is maintained above the value of 735
kN required by the aircraft mission. These settings, for which the installed
specific thrust is maximum, define the on–design conditions at Mach 4.5, in
tab. 5.6.

Whereas in the installed performances were previously obtained along the
vehicle ascent trajectory, the flight speed (Ma∞) and altitude (z) are now
varied independently and, together with the chamber pressure (p0

71), the
mixture ratio (MR) and the opening of the throat of the air turbo–rockets
(A81), define the control vector (u) of the system:

u = (Ma∞,MR, z, p0
71,A81)

As opposed to the turbojet, in the air turbo–rocket the turbine can be
throttled independently of the mixture ratio, therefore the chamber total
pressure (p0

71), or equivalently the fan pressure ratio (πf ), constitutes an
additional control variable. The mixture ratio (MR) is defined as the ratio
of air–to–fuel mass flow in the air turbo–rockets, eq. (5.24), whereas the
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Figure 5.17: Installed specific impulse (Isp) and thrust (F), and bleed ratio
(B) vs. throat area (A81) and mixture ratio (MR); (○) indicates the design
point.

overall mixture ratio of the engine (MRo) accounts as well for the air and
fuel flows in the dual–mode ramjet, which depend solely on the flight regime
(Ma∞, z).

Ma∞ ∆u3 ∆u4 ∆u2 ∆u5

(u1) [km] [kPa] [-] [dm2]

1.5 1.0 10 5 n/a
2.0 0.5 5 5 n/a
3.0 0.5 5 5 n/a
4.0 1.0 5 5 n/a
4.5 1.0 n/a 5 10

Table 5.7: Step size of the control space sampling.

The operational envelope, as defined in the former section 2.1, was ob-
tained in two steps. The control space was sampled first for each flight
regime u1={1.5, 2.0, 3.0, 4.0, 4.5} at discrete points along the u2–direction,
which corresponds to the mixture ratio (MR). In this step, the initial con-
ditions (x0

s) of eq. (2.2) correspond to the operating points at Mach 1.5, 2,
3, 4 and 4.5 in tab. 5.6, and the values along the u2–direction are limited
at very rich mixtures (lower limit) and excessive turbine expansion ratios
(upper limit). Secondly, starting from the solutions throughout the plane
(u1, u2) obtained previously, the control space is traversed within a subspace
u⊥ orthogonal to u1 and u2. The subspace u⊥ is coincident with the u3u4–
plane in the cases of u1={1.5, 2.0, 3.0, 4.0} and with the u3u5–plane in case
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of Mach 4.5. The control space was sampled at regular intervals in altitude,
chamber pressure, mixture ratio and throat area to compute the operational
envelope which, despite of the discrete representation in figs. 5.18 and 5.19,
is a connected space. Different step sizes were utilized for each flight speed,
in tab. 5.7, nonetheless the results in figs. 5.18 and 5.19 are all represented
with the same precision.

The engine is modeled as an adiabatic system, thus the thrust perfor-
mances (F , Isp, Tsp) do not depend on the regenerator heat recovery or
the turbomachinery adiabatic efficiency, as justified in section 5.1. Conse-
quently, the throat opening was determined in the previous section 5.2 in
order to minimize the power demand to the turbomachinery. This schedul-
ing of the throat in function of the flight speed is adopted for the calculation
of the operational envelope; further optimization of the throat opening law
would require the off–design characterization of the turbomachinery. As a
result, the number of control variables for the calculation of the envelopes
at flight Mach numbers 1.5, 2, 3 and 4 is reduced to four: Ma∞, MR, z, p0

71.
Regarding the envelope at flight Mach number 4.5, the air turbo–rockets
satisfy the thrust requirement while in ramjet operation (πf = 1), conse-
quently the chamber pressure is set by the flight regime and is not a control
parameter. Thus, the overall throat area of the air turbo–rockets (u5) is
varied instead of the chamber stagnation pressure (u4).

The bled air from the low speed intake is re–injected within the dual–
mode ramjet at station 802. The flow capacity at this station determines the
amount of bleeding and largely reduces the operational envelope. Nonethe-
less, if the re–injection point is moved downstream of 802, where the nozzle
flow capacity is larger, then the bleeding can be increased. Figure 5.20 shows
the hypothetical re–injection location for an extended operational envelope
towards lower altitudes. This distance (Lx) is measured from station 802,
which corresponds to the grid node within the first 10% of the nozzle, thus
values Lx > 10% indicate a re–injection downstream of 802. Nevertheless as
explained in section 5.3.3, a re–injection downstream of 802 requires the re-
design of the nozzle contour, thus this operational region can not be reached.
On the other hand, the air turbo–rockets require an air flow rate in excess of
the intake mass capture at high altitudes, therefore these operational points,
colored in black in fig. 5.20, are unreachable. Upon these considerations, the
operational envelope is limited to the region shown in fig. 5.18a. Above flight
Mach 1.5, the re–injection at station 802 does not restrict the operational
range, which is largely increased, in figs. 5.18b, 5.18c and 5.19a. This gain
comes at the cost of bleeding up to 35% of the flow (at Mach 2) from the
air turbo–rockets duct: since the thrust requirement is maximum in the low
speed regime (Ma∞ ≤ 2), the throats of the air turbo–rockets are fully open
and cannot be further increased to limit the bleeding.

Figure 5.21 shows the installed thrust and specific impulse, the fan pres-
sure ratio and the turbine expansion ratio throughout the feasible opera-
tional envelope at flight Mach number 1.5. The results indicate that, with
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Figure 5.18: Operational envelope: low speed intake bleeding (B). The
calculations at Mach 3 and MR > 37 where limited to the range of altitudes
in tab. 5.8.
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Figure 5.20: Feasible nozzle re–injection location (Lx) at Ma∞ = 1.5.

the exception of few sparse overlapping points, the operational envelope
practically reduces to a surface in the p0

71 MR z–space, i.e. the engine lost
one degree of freedom. The chamber pressure and mixture ratios depend
on each other at low altitudes, as indicated by the shadowed regions in
fig. 5.21a. The engine throttlability decreases at increasing flight altitudes:
above 17 km the flight altitude sets the thrust level which, insensitive to the
mixture ratio (MR), is governed by the chamber pressure (p0

71), in fig. 5.21a.
The points with maximum specific impulse shape the optimal operational
envelope, contoured with dotted lines in fig. 5.21. In this range, the fan
operates at high pressure ratios between 3.1 and 3.4, with a peak above 3.4
at low altitude in the vicinity of the design point, in fig. 5.21c. The expan-
sion ratio across the hydrogen turbine is in excess of 30 all over the optimal
points and below 19 km of altitude, in fig. 5.21d. The expansion ratio can
be substantially lowered by operating the air turbo–rockets at suboptimal
conditions, with a lower mixture ratio, or by improving the heat transfer
performance of the regenerator.

Figure 5.22 shows a continuous representation of the previous results for
Mach 1.5 in fig. 5.21, obtained by linear interpolation of the data. The
operation at each flight altitude is limited for low chamber pressures by the
amount of bypassed air, which exceeds the nozzle flow capacity at the re–
injection point, whereas the turbine expansion and the compressor pressure
ratios are critical for high chamber pressures, in fig. 5.22a. The operation
with low mixture ratios is at the cost of low specific impulse, thus it is not
efficient. On the contrary, the heat pick–up, hence the turbine expansion
ratio, are compromised for high mixture ratios, i.e. lean combustion. The
chocking of the section at the re–injection point prevents the flight below
13 km of altitude; the air flow demand of the air turbo–rockets equals the
capacity of the low speed intake and sets the upper limit of 19 km. The
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Figure 5.22: Installed thrust (F), specific thrust (Tsp) and specific impulse
(Isp) at Ma∞=1.5 and altitudes z=13, 16 and 19 km; (○) indicates the design
point.

dynamic pressure is comprised between 26 and 10 kPa in this range of flight
altitudes at Mach 1.5, and falls completely outside of the flight corridor
proposed in tab. 5.8.

Ma∞ 1.5 2.0 3.0 4.0 4.5

zmin [km] 4.1 8.3 13.6 17.2 18.7
zmax [km] 13.5 17.1 22.5 26.2 27.8

Table 5.8: Air–breathing corridor for flight at 24 kPa ≤ 1/2ρ∞ v2
∞ ≤ 96 kPa

[47, chapter 2].

Figure 5.23a shows the installed thrust and specific impulse during flight
at Mach 2. The decrease of thrust in one third as the flight altitude rises from
15 km to 22 km is solely motivated by the decay of the ambient air density.
This is evidenced in fig. 5.23b, where the propulsive system performs with
constant installed specific impulse between 25 and 40 km/s and constant
specific thrust between 0.4 and 0.8 km/s in the range of flight altitudes
considered. In fact, combining eqs. (5.22) and (5.23), the installed thrust
can be expressed as:

F = (ρa)∞
´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
f(z)

αLSI
c Ma∞
(1 − χ)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
f(Ma∞)

A10 (1 −B)
MR

Isp

which shows that for a given operating point (constant MR, B, Isp) the
installed thrust is proportional to (ρa)∞ through a term that only depends
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on the flight Mach number3. It is also observed that the sensitivity of the
thrust to the specific impulse at constant mixture ratio, i.e. the inclination
of the MR–lines, is inversely proportional to the altitude by means of f(z).
The chamber pressure sets the thrust level, therefore the engine is throttled
acting on the fan pressure ratio while the mixture ratio is set to maximize
the specific impulse. However, the mixture ratio is compromised at low
altitudes by an excessive expansion ratio through the turbine, in fig. 5.23a.
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Figure 5.25: Installed thrust (F), specific thrust (Tsp) and specific impulse
(Isp) at Ma∞=4.0 and altitudes z=19, 22 and 25 km; (○) indicates the design
point4.

The increase of ram compression with the flight Mach number allows to
diminish the fan compression ratio. Consequently, the turbine expansion
ratio is maintained below 5 for flight speeds above Mach 3. The bleeding
at the fan inlet allows to match the air demand from the turbo–rockets to
the air flow capture of the low speed intake as the fan pressure ratio varies.
Hence, the engine is throttled with the chamber pressure by allowing more
or less air bleeding. Additionally in fig. 5.24a, the air turbo–rockets, when
operated in ramjet mode (πf ∼ 1) for rich mixtures (MR < 34), exhibit a
very high specific impulse, in excess of 40 km/s.

Figure 5.25a shows the installed thrust and specific impulse while at flight
Mach 4. The optimal performance is achieved at each flight altitude through-
out the zone of null bleeding (B < 5%) and the air turbo–rockets can be
deep–throttled, e.g. from 3.4 MN to 1.6 MN at 19 km. The mission thrust

3In fact, when the altitude rises from 15 to 22 km the air density decreases more than
66% whereas the speed of sound increases less than 1%, therefore the variation of
thrust is mostly driven by the free–stream density.

4The convergence of the calculations is very sensitive to the sampling step (tab. 5.7) in
the vicinity of the design point. A finer sampling, hence higher computational cost,
is required to extend the envelope edge up to the design point.
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is met without additional compression through the fan above Mach 4. Fig-
ure 5.26a shows the installed thrust and the specific impulse during flight at
Mach 4.5 and constant mixture ratio of 67, in function of the flight altitude
and the throat opening. By virtue of eq. (5.24), the overall mixture ratio
(MRo) is expressed as:

MRo = MR
1 − χ

(1 −B)αLSI
c

The bypassed flow (B) increases further than the fuel fraction to the dual–
mode ramjet (χ), which causes the overall mixture ratio to rise as the throat
of the air turbo–rockets closes. As a matter of fact, the throat area of the
dual–mode ramjet is fixed and the margin to thermal choke is fairly constant,
hence the mixture ratio of the dual–mode ramjet varies barely from 155 at
27 km to 160 at 19 km. Consequently, more air bypasses the combustion
chamber of the air turbo–rockets while both the dual–mode ramjet and
the air turbo–rockets burn at a constant mixture ratio. In this regime, the
propulsion plant is throttled varying the throat area of the air turbo–rockets.
Figure 5.26b shows that the installed specific thrust and impulse are quite
insensitive to the mixture ratio and the flight altitude; the operational point
set by the throat opening (A81).

5.5 Conclusions

This chapter presented the design methodology that allowed determining the
optimum engine thermodynamic cycle for the given mission. The analysis
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of the air turbo–rocket expander yielded the characterization of the thermo-
dynamic cycle in function of four parameters: fan pressure ratio, mixture
ratio and regenerator thermal load and pressure loss, while the components
operate on–design at each flight condition. The thrust performances, i.e.
thrust, specific thrust and specific impulse, depend exclusively on the fan
pressure ratio, mixture ratio and flight regime.

A numerical model of the air turbo–rocket was utilized to explore the
engine design space in function of the characteristic parameters at flight
Mach 2 and 18 km of altitude. The study identified a compromise between
the regenerator thermal load and the turbine/pump pressure ratios. De-
signing for low expansion ratio reduces the number of turbine stages while
maintaining a high efficiency. However, the heat pick–up required across
the regenerator increases as well as the pressure loss, size and weight of the
heat exchanger. A design trade–off was found between the specific impulse
and the specific thrust, a similar conclusion to that obtained by Christensen
[19] for the air turbo–rocket with gas generator. In the current expander
variant, both specific impulse and specific thrust follow opposite trends with
respect to the mixture ratio. Additionally, the specific impulse continues to
increase for lean mixtures past the stoichiometric ratio, as opposed to the
rocket motor, which exhibits maximum specific impulse in the vicinity of
the stoichiometric ratio.

The air turbo–rocket expander was optimized for the acceleration phase of
the supersonic vehicle MR2, considering the trajectory, thrust required and
engine transversal area allocation. The air mass flow captured by the intake
was considered in order to avoid intake spillage during supersonic regime.
Seven flight regimes were studied, from takeoff to Mach 4. The engine
was fitted with a variable throat mechanism; the throat area was chosen to
minimize the fan pressure ratio. The operating line which resulted minimizes
the turbine power. A conservative near–stoichiometric mixture ratio of 32
was set to maximize the chamber temperature, thus the regenerator heat
pick–up. The total power demanded to the regenerators of the six engines
was 390 MW throughout the acceleration phase.

The gas generator variant by Luidens and Weber [76] considered an in-
take designed to match the fan demand at Mach 2.3, whereas bleeding was
required at lower speeds to bypass the excess of air mass flow and avoid
subcritical operation of the intake. By comparison, the bleeding mechanism
is operated below Mach 2 in the current expander design in order to fulfill
the thrust requirement and reduce the turbine power. The most demanding
regime is Mach 1.2, where the turbine expansion ratio is 14 and the fan
compression ratio is 3. The current expander transitions to ramjet mode
at Mach 4, by contrast, Bussi et al. [18] computed the transition of the gas
generator variant for a Mach number around 3. The turbomachinery power
and hence the regenerator heat pick–up are minimum while the expander
operates as a ramjet, and the mixture ratio rises over 60.

The off–design requirements of the fan were drawn from the engine analy-
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sis. The sensitivity of the fan design to the intake total pressure recovery was
shown on the fan performance map, from which the flight regime between
Mach 0.75 and 1.2 was identified as the most demanding.

The numerical model of the air turbo–rockets was extended to compute
the installed performance by including the intake performances, the dual–
mode ramjet, the nozzle and the regenerator. Ad hoc models were developed
for the nozzle, the dual–mode ramjet, the air turbo–rocket bypass and the
regenerator. The heat pick–up in the regenerator, instead of the pressure
loss, showed to be the critical performance figure that drove the geometrical
design of both heat exchanger modules (HEX1–2).

The cycle variables and installed performances were recomputed along
the operating line obtained with the simplified model. The fan pressure
ratio reached a critical value of 3.2 (versus 3.0 of the simplified model) at
flight Mach number 1.5, as a consequence of the chamber pressure rise to
compensate the lower installed thrust of the propulsion plant. The heat
pick–up was computed with classical correlations and amounted to 500 MW
in the Mach range from 1.5 to 3. Nonetheless, the increased fan compression
ratio required more turbine power and the expansion ratio reached a peak
value of 30 at Mach 1.5, for stoichiometric combustion in the air turbo–
rockets. On the contrary, the decrease of fuel flow as the flight approached
Mach 4.5 led to the increase of the turbine inlet temperature up to 1400 K.
These extreme behaviors highlighted the need of enhancing the heat transfer
in the regenerator, on one hand, and the convenience of limiting the turbine
inlet temperature, on the other hand.

The transfer of momentum from the low speed intake to the exhaust of the
dual–mode ramjet contributed to reduce the drag of the dual–mode ramjet
duct below Mach 2. Nonetheless, the generation of positive thrust was not
noticed up to Mach 4, when the increase of fuel injection let the thrust of
the dual–mode ramjet alone cancel the intake spillage. The operation of the
propulsion plant as a ramjet was delayed to Mach 4.5 with respect to the
results from the segregated air turbo–rocket model, for which ram operation
was starting at Mach 4.

The operational envelope of the propulsion plant was obtained in the range
of flight speeds from Mach 1.5 to 4.5. At Mach 1.5, the chocking of the nozzle
section at the point where the bypassed air is re–injected restricted the flight
envelope between 13 and 19 km of altitude, the dynamic pressure comprised
between 26 and 10 kPa. The turbine operated at expansion ratios above
15 throughout a large extension of the operational envelope and between
Mach 1.5 and 2. Unless that the regenerator heat recovery is improved
and/or the mixture ratio reduced, these operational conditions require of a
large number of turbine stages, hence weight, to meet the targeted adiabatic
efficiency of 60%. Therefore engine weight and mixture ratio (or equivalently
specific impulse) must be traded–off. The turbine expansion ratio ceased to
be critical above Mach 2, decreasing to 5 above Mach 3.

The propulsion plant showed optimal performance at Mach 4 if the air
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demand by the turbo–rockets matched the intake mass flow capture. The
air turbo–rockets could be deep–throttled, e.g. from 3.4 MN to 1.6 MN at
19 km, varying the mixture ratio and the fan pressure ratio along the line
of null bleeding. Above Mach 4, the operational envelope is not limited
by the amount of bypassed flow that can be re–injected within the nozzle.
In consequence, the specific performances, i.e. installed specific impulse
and thrust, were independent of the flight altitude. At Mach 4.5, the turbo–
rockets, operating as ram–burners, were throttled varying the throat opening
which, in turn, adjusted the bypassed flow. In this regime, the specific
impulse and thrust were rather insensitive to the mixture ratio of the air
turbo–rocket chamber.
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Chapter 6

CONCLUSIONS

The dissertation addressed three main areas of research related to high speed
propulsion: the numerical modeling, the analysis approach and the design
methodology. Regarding the first one, the zero/one–dimensional simula-
tion tool based on the modeling environment EcosimPro and the European
Space Propulsion System Simulation (ESPSS) was extended for applica-
tion to the design and analysis of high–speed combined–cycle engines. This
tool was applied to model the Synergetic Air–Breathing Engine (SABRE),
which is the rocket–based combined–cycle engine of the single–stage–to–
orbit launcher Skylon.

The dynamic model of SABRE proved the regulation of the expansion
ratio across the turbine of the hydrogen pump to be an effective manner
of varying the thrust level. In relation to the overall performances, the
equivalence ratio had to be increased to achieve the thrust level reported by
the engine designer. The cause of this mismatch was the underestimation of
the heat exchanger performances. Improved heat exchangers were developed
for implementation in the model of the Scimitar engine, which constitutes
the enhanced version of SABRE. The impact on the specific impulse of
operating the intake in the supercritical regime was negligible: a maximum
reduction of 3% was expected above Mach 3 when the intake recovered
pressure was limited to 130 kPa. On the contrary, the uninstalled thrust saw
a reduction of up to 8% under these conditions. The power balance between
the subcomponents of SABRE proved the First Law analysis unable to draw
any conclusion about the efficient use of the energy and identified the need
of utilizing a different approach.

The second area of research introduced an alternative analysis method-
ology, based on the combination of the First and the Second Law, to com-
pute the maximum work that can be developed by a physical system, i.e. the
availability or exergy. The exergy was set as the common metric by which
to compute the overall losses in the propulsive cycle and the specific losses
in each engine subsystem. Based on this analysis, the classical thermal effi-
ciency was recast in thermal effectiveness. This methodology established the
necessary link between component level and overall system design and opti-
mization. Furthermore, the airframe was thought as the interface providing
available energy from the fuel and the regenerative cooling of the aeroshell
to the propulsion plant. The transfer effectiveness of the aircraft was then
defined to account for the fineness of this transport of availability. The
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thermal and transfer effectiveness and the classical form of the propulsive
efficiency made up a single figure of merit by which to evaluate the over-
all vehicle thermo–propulsive effectiveness. The overall vehicle effectiveness
was put in the scope of the mission performance and the expression obtained
was proven to be a generalization of the classical Bréguet equation, hence
avoiding the restriction to cruise at constant altitude and speed. Under this
approach, the optimization problem of the aircraft trajectory, valid as well
for the accelerating/decelerating phases, was stated. The proposed method-
ology establishes a general framework to analyze the classical propulsion
plant as well as the critical technologies for high–speed propulsion. The
analysis of the engine Scimitar was based on this methodology.

Scimitar is the turbine–based combined–cycle engine for the Mach 5 civil
transport aircraft A2. A numerical model of the air turbo–rocket core of
Scimitar, was developed. The model complexity resides in the large number
of heat exchanger units used in combination with several turbomachinery
components. Upon implementation of the appropriate engine control logic,
the number of control variables was reduced to a single one: the fuel con-
sumption, which dictates the thrust level. The novel analysis methodology
was applied and the engine operational envelope, including the performance
in terms of specific impulse, overall and thermal effectiveness, propulsive ef-
ficiency and uninstalled thrust, were obtained along the prescribed aircraft
trajectory for various throttling levels. The operational envelope was shaped
by the off–design limits of the turbomachinery components. The thermal
effectiveness of Scimitar showed large sensitivity to the processes inside the
system as compared to the classical thermal efficiency. The combined cycle
proved robust enough to maintain high thermal effectiveness throughout a
wide speed range, from Mach 2.5 to 5. On the contrary, as the flight speed
was lowered, the increase of the jet kinetic energy motivated a large penalty
on the propulsive efficiency, which is the ulterior reason for operating the
variable cycle engine as a turbofan below Mach 2.5. Evaluation of the avail-
ability flows on the engine relative frame yielded a clear insight into the
component irreversibilities at both flight conditions of Mach 2.5 and 5.

The third research interest concerned the application of the former nu-
merical methods to the design of high speed propulsion engines. In
line with this, an air turbo–rocket was designed for the acceleration phase
of the MR2 supersonic transport aircraft to Mach 4. The optimum design
was determined for a given mission, considering the trajectory and thrust
requirement. The fan was fitted with a bypass in order to minimize the
turbomachinery power requirement, and subject to the maximum engine
transversal area allocation. The need of a variable throat mechanism was
identified and the throat opening was determined in order to minimize the
fan pressure ratio. The design envelope of the fan was drawn at various
flight speeds, from takeoff to Mach 4, including the sensitivity to the intake
recovery pressure.

The consideration of the intake performances, the dual–mode ramjet, the
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aircraft–integrated nozzle and the regenerator in the numerical model of
the air turbo–rocket, allowed to compute the installed performance of
the MR2 propulsion plant. In the course of this research, ad hoc models
of the nozzle, the dual–mode ramjet, the air turbo–rocket bypass and the
regenerator were developed. The heat pick–up in the regenerator, instead
of the pressure loss, showed to be the critical performance figure that drove
the geometrical design the heat exchanger modules. The heat pick–up was
computed from classical heat transfer correlations and amounted to 500
MW in the Mach range from 1.5 to 3. A peak turbine expansion ratio of
30 was identified at Mach 1.5 and stoichiometric mixture ratio. On the
contrary, the decrease of fuel flow as the flight accelerated to Mach 4.5 led
to a turbine inlet temperature of up to 1400 K. These extreme behaviors
highlighted the need of enhancing the heat transfer in the regenerator and
the convenience of limiting the turbine inlet temperature at high speed.
The operational envelope was obtained in the range of flight speeds from
Mach 1.5 to 4.5. Chocking of the nozzle section at the point where the
bypassed air is re–injected limits the flight envelope between 13 and 19 km
of altitude at Mach 1.5, the dynamic pressure comprised between 26 and 10
kPa. The propulsion plant showed optimal performance at Mach 4, when the
air demand by the air turbo–rockets matched the intake mass flow capture.
The operational envelopes above Mach 4 were not limited by the amount of
bypassed flow that could be re–injected within the nozzle. In consequence,
the specific performances along these flight regimes, i.e. installed specific
impulse and thrust, were independent of the flight altitude. The air turbo–
rockets transitioned to ramjet operation at Mach 4.5. Above this speed, the
engine throttling was achieved varying the throat opening of the air turbo–
rockets, which in turn acted on the bypassed flow. The performances in this
regime were quite insensitive to the mixture ratio.

The present investigation has provided a significant contribution in two
areas. Firstly, the development of detailed dynamic models of air–breathing
propulsion plants which, consisting of a derivation from the Brayton cycle,
aim at high speed propulsion. Both problems of engine design and analysis
are faced by means of these numerical simulations. Secondly, the establish-
ment of an analysis procedure to judge the fineness of the designs, which
evaluates the inefficiency of each engine system from the perspective of the
overall mission performance.
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