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Abstract Two of the most popular finite element formulations for solving nonlinear beams 
are the absolute nodal coordinate and the geometrically exact approaches. Both can be ap
plied to problems with very large deformations and strains, but they differ substantially at the 
continuous and the discrete levels. In addition, implementation and run-time computational 
costs also vary significantly. In the current work, we summarize the main features of the two 
formulations, highlighting their differences and similarities, and perform numerical bench
marks to assess their accuracy and robustness. The article concludes with recommendations 
for the choice of one formulation over the other. 
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1 Introduction 

Beams are among the most commonly used members in solid structural mechanics and 
are becoming increasingly popular in (flexible) multibody analyses. The classical Euler-
Bernoulli and Timoshenko theories have been used in linear structural analysis for decades 
now, and many commercial codes employ them. In geometrically nonlinear problems, mat
ters complicate and there is still no consensus about which beam theory should then be used 
and, especially, which numerical approximation needs to be chosen 

Fully nonlinear beam theories have been proposed, for example, 
The last two publications formulate, respectively, a two dimensional beam model and its 
three dimensional extension which allows large strains and rotations. Despite their gener
ality, they admit a fairly compact and simple formulation. Beam models of this type have 
been coined "geometrically exact" because they account without approximation for the total 
deformation and strains. 



The simplicity of the equations of geometrically exact beams have motivated the devel
opment of many numerical implementations in the finite element literature and related fields. 
See among many others, The large number of different nu
merical implementations of geometrically exact beams hints at the intrinsic difficulty of the 
numerical discretization of the continuous equations. This issue is directly related with the 
presence of rotational degrees of freedom in the theory, and its discretization in the finite 
element models 

The nonlinear character of the rotational degrees of freedom make the formulation and 
implementation of geometrically exact finite elements complex Also, it 
requires important modifications in the global structure of standard finite element, struc
tural, or multibody codes. To sidestep all these problems, other beam formulations have 
been proposed in recent years. Among them, we will discuss the so-called absolute nodal 
coordinate formulation of beams as proposed in These articles advocate the use 
of special interpolation functions that employed in the context of a standard solid finite 
element are rich enough so as to faithfully represent the kinematics of a beam-like solid. 
The resulting method is fairly simple, but has its own drawbacks as discussed, 

The geometrically exact formulations have become the dominant approach in the finite 
element community. In the context of flexible multibody dynamics, both types of beam ap
proximations seem to have received similar attention. A recent comparison of both method
ologies, restricted to the context of eigenvalue analysis and the effect of centrifugal forces 

The present work extends this comparison and considers a wider 
range of aspects, trying to assess the relative strengths and weaknesses of each formulation. 
The goal of this article is precisely to analyze both methodologies so as to provide guide
lines for the choice and use of either one. The comparison spans implementation details, 
robustness, computational cost, numerical issues, interface with existing codes and material 
models, and accuracy. 

An outline of the rest of the paper is as follows. In Sects. 2 and 3, the absolute nodal 
coordinate and geometrically exact beam formulations are reviewed. Even though some of 
the implementation details are left unspecified (with references provided), these two sec
tions provide enough information to appreciate the complexity of each formulation and the 
fundamental structure of the resulting equations. Next, in Sect. 4, the two formulations are 
compared qualitatively under a wide range of criteria. The comparison makes frequent ref
erences to the details in Sects. 2 and 3, as well as other works in the literature. To study 
the accuracy of the two formulations, Sect. 5 shows several numerical examples, and the 
results obtained with both methods are compared. Section 6 concludes the article summa
rizing the main findings and providing some guidelines for the choice of a particular beam 
formulation, based on the obtained results and the features identified in the comparison. 

2 Summary of the absolute nodal coordinates formulation 

The first beam model we review is the Absolute Nodal Coordinates (ANC) formulation, 
As we shall describe next, the key point of this formulation 

is the choice of interpolation functions for the beam geometry and deformation. By selecting 
a richer interpolation space in the direction of the beam axis than in the other two spatial 
directions, the kinematics of the model can faithfully approximate the motions of slender 
bodies. 

To describe the formulation, consider a mesh of the beam consisting of two-noded finite 
elements. A global coordinate system is selected for R3 with coordinates denoted (X, Y, Z) 



Fig. 1 ANCbeam 

and basis {i, j , k}. The positions of the nodes in the undeformed configuration are denoted 
Xi, X 2 , . . . , X„node. In each element, a local reference system is defined with coordinates 
(x, y, z) in such a way that the variable x corresponds to the axial direction and can take 
values 0 < x < le, le being the length of element e. See Fig. 1 for an illustration. 

The most important assumption of the ANC formulation is that a point of the beam 
belonging to element e with local coordinates (x, y, z) takes, at time t, the following position 
<p in space: 

ae(f) 
<p(x, y,z,t) = Se(x,y,z) { be(t) 

ce(0 

The matrix Se contains the element interpolation functions and it is of the form: 

Se(x,y,z) • 
'JN(x,y,z) 0N 0N 

0N JN(x,y,z) 0N 

ON 0N ]N(x,y,z) 

where 0N is the Af-dimensional zero row vector and with the interpolation row vector 

JN(X, y,z) = ( l ,x , y,z,xy,xz,x2,x3,... ,xN~5). 

(1) 

(2) 

(3) 

The constant N determines the degree of polynomial interpolation in the x direction and 
must be greater or equal to 7. 
we assume without loss of generality that N = 8. In view of (1), the number degrees of 
freedom per element is 3 x N. 

The vector (ae(f), be(f), ce(t))
T contains the coefficients of the element interpolation 

functions. Let H", for a = 1,2, be the following set of 12 variables associated with the local 
node a belonging to element e: 

we{t)=U(x:,t), 
d<p{Xa

e,t) d<p{Xa
e,t) d<p{Xa

e,t) 

3x dy dz 
1,2. (4) 

Note that the three last vectors of H" are the three tangent vectors to the local coordinate 
curves x,y, andz. 

It can be verified that for the specific formulation considered herein (N = 8), the defor
mation <p in element e can be expressed not only as in (1) but also as: 

<p(x,y,z,t) = V>e(x,y,z)\ H | , - (5) 



for a new interpolation matrix De related to Se. Although completely equivalent to expres
sion (1), this new interpolation has the advantage that the set of variables (H*, H^>r has a 
more clear geometrical meaning that the polynomial coefficients (ae, be, ce)

T. More impor
tantly, the former can be related to the global nodal degrees of freedom 

Ha(t) = (<p(Xa
e,t), ^ , ^ , ^ j , a=l,2,...,nnode, (6) 

by means of a transformation matrix T" that depends only on the undeformed configuration 
of the beam 

Ha
e(t) = Ta

e(Xl,X2
e)na(t). (7) 

In the previous two equations, the node with global label a coincides with the node with 
local label a in element e. In the case in which the undeformed beam consists of straight 
elements, the matrices T" are of the form 

T?(X;,X>): 

I 
0 
0 
0 

0 

(Q?)ni 
(Q?)l2l 
(Q?)l3l 

0 

(Q?)2ll 
(Q:)2 2 I 

(Q: )2 3 I 

0 

( Q : ) 3 I I 

(Q:)3 2 I 

(Q:) 3 3 I 

(8) 

where Q" is the rotation matrix that transforms the local element axes to the global axes 
and I the 3 x 3 identity matrix. 

Up to this point, we have described the basic kinematic assumptions of the ANC formu
lation. Based on them, a beam structural model could be developed, such as in [35, 37, 44]. 
It is more common, however, to proceed along the lines originally presented in [45], which 
essentially amount to using the former kinematic framework within the context of a stan
dard finite strain, finite element formulation. This choice makes the rest of the method fairly 
straightforward, and details about such finite elements can be found in standard references 
such as For completeness, we summarize the main steps next. 

From the expression (5) of the deformation, we can compute the deformation gradient 
F = 5x, and nonlinear strain measures such as the right Cauchy-Green tensor C and the 
Green-Lagrange tensor E: 

C = F r F , E = - ( C - I ) . (9) 

From either of these strain measures, or any other properly defined one, the Cauchy stress 
tensor a can be obtained 

1 - T 
o - = - F S ( E ) F r , J = det(F). (10) 

In the previous equation, S denotes any elastic constitutive equation. In fact, the model 
defined hereto is not restricted to elasticity and it can be employed, only by using the appro
priate constitutive equation to study, for instance, plastic and viscoplastic beams. 

Finally, the dynamic equilibrium of the beam is weakly imposed by the dynamic principle 
of virtual work. To define it completely, let us consider a beam of total length L, with 
(possibly variable) cross section 5 , of material with density p. If the beam is under body 
forces B and surface tractions T, the dynamic equilibrium of linear momentum can be stated 



as: 

rL r rL 

I I a : gradcJ^dS'dx + / I <p • &<pdSdx 
Jo Js Jo Js 

= 1 I B-8<pdSdx + I I T-8<pdrdx, 
Jo Js Jo JdS 

L r rL 

(11) 

for all admissible variation 8<p of the deformation. In the previous equation, the symbol 
'grad' denotes the gradient with respect to the deformed configuration of the beam. 

Several important consequences stem from this variational form. The first one, as already 
mentioned, is that it is identical to that employed for standard finite strain solid elements. 
The second one is that by writing the contribution to the second integral of element e as: 

f f <p-S<pdSdx = HJJl] f f DfDedSd* 
11 /•<«/• _ r H i 

H? 

5 H « L M I1?1 

5H?| e H 
2 1 ' M . S I , d2) 

we identify the term of the integral as the element mass matrix Me, which is constant in time 
and independent of the deformation. 

The final observation is that the mechanical meaning of the terms appearing in the calcu
lation of the external virtual work is not clear. To see this it suffices, for instance, to examine 
the contribution of the body forces in one element: 

nB-8"dsH«HiH7sD-Bdsd" (13) 

The element external force vector Fe is, for the case considered (N = 8), a vector of dimen
sion 24. The physical interpretation of some of its entries is not easy to grasp. 

3 Summary of the formulation of geometrically exact beam models 

As explained in the Introduction, among the several Geometrically Exact (GE) beam the
ories, This is probably the most 
popular theory of this kind and we refer to the cited article for complete details. 

A beam is defined as a slender body that can be described mathematically with a curve 
of centroids and a section A attached to each point of this curve. Let S denote the arc-length 
of the centroid curve and {i, j , k};

3
=1 the Cartesian basis of R3. Then the position vector of 

any point of the beam at time t is given by 

2 

The vector r is the position of a point on the centroid curve and | is a vector in the cross 
section. The two directors da span the cross section of the beam at the point r, and £a 

are the section coordinates. In the beam model considered, we always take d! and d2 to 
be orthonormal, and we define the rotation tensor A = [di, d2, d3] with d3 = d! x d2. See 



Fig. 2 Geometry of a 
geometrically exact beam 

Fig. 2. Hereafter, a superscript (•)" will denote a quantity on the reference configuration. To 
simplify the theory, we choose d°3 = r°s. 

Two frame invariant convected strain measures are defined as 

T = A' r s - k, 

ft = A r A , - A°'7'A0 
(14) 

which completely characterize the deformation of the rod. In the preceding equation, and for 
the rest of this article, we denote by a the skew symmetric tensor with axial vector a e l l 
Work conjugate with the strain measures (14), we define stress resultants N, M which for 
a hyperelastic material are obtained from a stored energy function W(T, ft) through the 
relations 

dW dW 
, M = . 

3 r 9ft 

The first resultant includes the shear forces in the directions of the two directors and the axial 
force. The second resultant holds the two bending moments with respect to the directors as 
well as the torsion on the section. The simplest section constitutive law, and the one used in 
all our examples is given by: 

N = 

N = 
GA 0 0 ' 
0 GA 0 
0 0 EA. 

M: 
Eh 0 0 

0 EI2 0 
0 0 GJ 

ft, (15) 

where E, G are, respectively, Young's modulus and the shear modulus; 71; 72, / , A are the 
two principal moments of inertia, the torsional stiffness, and the reduced section, respec
tively. 

Spatial stress resultants are obtained by pushing forward with the rotation A the two 
convected resultants: 

n = AN, m = AM. (16) 

The time derivative of the rotation of a section can be expressed alternatively as 

A = wA = Aft. (17) 



The vectors ft, w are, respectively, the body and spatial angular velocities of the corre
sponding section. Consider finally n, m to be the distributed force and moment per unit 
length. With these definitions, the strong form of the equilibrium equations of a beam with 
density p can be written as: 

ns+n = Ap<p, 

d 
m s + r , x n + m = —(ipco). 

(18) 

The section area and inertia Ap, ip are defined as: 

Ap = pA, ip= / * / 0 ( | | | 2 l + | ® | ) d A . (19) 

To complete the definition of the whole dynamic problem, the previous equations must be 
supplemented with boundary conditions 

r = f, A = A o n r g , 
n = ri, m = m on / ] , , (20) 
rg n rh = 0, rg u rh = {0, L], 

and initial conditions 

r(S,0) = ro(S), r(5,0) = vo(5), 
A(S,0) = Ao(S), ii(S,0) = iio(S). ( ' 

The variational formulation of the dynamical equilibrium states that the solution to the 
beam problem with boundary data (20) and initial data (21) is the motion (r(5, t), A(5, £)) 
that verifies 

/ 

L / d . 
N • ST + M • 80 + Apr-Sr +—(ipoo)- 80 )dS 

f 
Jo 

(n-5r + m-,5^)d5 ,+ [n-15r + m- 1 5^] r , (22) 

for all admissible variations (Sr, SO). 
The finite element formulations of geometrically exact rods are based on Galerkin type 

approximations of (22). The deformation of the centroid curve is interpolated from the nodal 
positions using standard Lagrangian shape functions: 

"node 

r (S,0*r* (S,0 = X> f l (S)r f l (0 . (23) 
a=\ 

In contrast, the section orientation A (5, t) is a function on the special orthogonal group, a 
nonlinear manifold that does not admit linear interpolation Several solutions have been 
proposed in the literature, each of them resulting in a different finite element formulation, 
with different properties. For concreteness, we briefly describe next the implementation de
scribed in the original article To circumvent the interpolation of the rotation field, the 
authors propose to construct an initial rotation field on the beam, and successively update it 



by interpolating the incremental rotation vector 9. This vector belongs to R3, and it can be 
interpolated in a similar fashion as the centroid curve: 

"node 

0{S,t)^0h{S,t) = YJN
a{S)0a{t). (24) 

a=\ 

Once the incremental rotation vector is interpolated to every integration point on the beam, 
the rotation is incremented with the exponential map: 

AB+i(51-) = exp[fl(51-)]AI1(51-), (25) 

where St is the coordinate of the integration point. 
The interpolation of the rotation field is not the only difficulty involved in the formulation 

of geometrically exact beams. Once the nodal incremental rotations have been computed, 
they must be employed to compute the nodal values of the angular velocity and accelera
tion. Such updates are far from trivial. See, for example, [11, 42]. In general, the relation 
between the dynamic variables is nonlinear and interpolation formulas, such as the ones 
commonly employed in linear multistep methods need to be modified. As with the spatial 
interpolation, several valid options are available, each of them conferring different proper
ties to the ensuing methods. We refer to the previous references for examples and discussion 
of the effects of such choice. 

4 Qualitative comparison 

After briefly describing the ANC and the GE formulations, we proceed in this section and 
the next one to discuss the relative advantages and disadvantages of each methodology. In 
the current section, we focus on qualitative aspects that can be of relevance for both the 
developer as well as the user of nonlinear beams, leaving quantitative considerations to 
Sect. 5. 

We base our comments on observations made on the formulations as described in Sects. 2 
and 3, providing when possible reference to the literature where more details can be ob
tained. The choice of topics discussed is obviously biased by our experience but tries to 
cover the most important aspects. 

4.1 Implementation cost 

The first issue to be weighted when considering whether to incorporate one finite element 
formulation or another into an existing code is the cost that will be presumably involved in 
its implementation. 

It can be deduced from Sect. 2 that the implementation of ANC beams is quite straight
forward. If the code has already a finite strain, deformable, solid element, the modifications 
required to extend such element into a beam are few. As explained in Sect. 2, only new in
terpolation functions and the global-to-local map (7) need to be programmed, and suitable 
quadrature rules should be selected. 

In contrast, the implementation of a geometrically exact beam in any of the existing for
mulations is fairly involved due mainly to the treatment of the rotational degrees of freedom. 
This difficulty directly translates to the linearization of the formulation and the construction 
of time integration algorithms. This last aspect is treated below with more details. 



The difficulty in the implementation of GE beams does not refer only to the computation 
of the internal forces and tangent stiffness. The most crucial point is the update equations, in 
both quasi-static and transient problems, of the nodal rotational degrees of freedom and their 
rates. The required updates are fundamentally different to those commonly programmed in 
structural, finite element, and multibody codes. Including them in an existing code would 
require important modifications of the program at the global level. 

4.2 Numerical issues 

The original formulations of the ANC and GE beams suffered numerical problems that we 
only identified when they became popular and their use widespread. Modifications have 
been proposed which fix those issues to a great extent. 

The most important numerical issue of the ANC formulation is that it has been shown to 
produce results converging to the wrong solution when Poisson's ratio is nonzero 
In a nutshell, the kinematics of the continuum based ANC beams artificially couples shear 
and bending deformation and it is not rich enough to account for the section warping in 
torsion. This issue has been studied , and solutions were found either by using 
high order interpolation functions, by using enhanced assumed strain formulations, or by 
leaving the continuum framework in favor of true beam theory. The first solutions require 
additional computational cost per element, and the latter loses many of the advantages that 
make continuum based ANC beams so appealing (simplicity, three-dimensional constitutive 
laws, etc. and so forth). 

The geometrically exact beams formulation can also show locking in the thin limit if 
full integration is employed for the internal forces and the stiffness matrix. It is well known 
that a simple and cost-effective solution for such a problem is the use of selective reduced 
integration This well-known problem of Timoshenko-based finite elements, and its 
simple solution were reported in the first implementation of the method. A more subtle 
issue, which was not reported until is that many numerical implementations of GE 
beams spoil the objectivity of the exact equations of nonlinear beams. The reason can be 
traced back once again to the interpolation of the rotational degrees of freedom. More recent 
numerical implementations have been able to solve this problem by resorting to 
better interpolation strategies for such degrees of freedom. 

4.3 Interfacing with general material models 

In order to calculate nonlinear beams of arbitrary material types, it is necessary that the beam 
formulation allows a simple interface with general types of three-dimensional constitutive 
models. These can include hyperelastic materials, viscoelastic, elastoplastic, materials with 
damage, etc. Being in essence a continuum element, the ANC beams incorporate without 
any modification any three-dimensional constitutive model (see (10)). 

In contrast, the GE formulation is based on section response laws. In this type of rule, the 
constitutive model is preintegrated across the beam section, a task that can only be done for 
very simple linear models. See, for example, the one shown in (15). For general materials, 
one can resort to iterative strategies such as the one advocated which is general but 
computationally expensive. 

4.4 Interface with structural models 

When engineers design structures with beams, they make constant use of stress resultants 
and section deformation measures ignoring, unless completely necessary, the details of the 



stress and strain distributions over the body. For the same reasons, external actions on the 
beam are applied in the form of point loads and concentrated moments or at most as distrib
uted loads and moments per unit length. Body force fields or surface tractions of the type 
applied over continuum bodies are not employed at all. 

If a beam finite element is to be used for structural analysis purposes, it is required that it 
can report section resultants and deformations, and that forces and moments can be applied 
in the manner described above. The GE beam of Sect. 3, being based on a beam theory, 
naturally fits in an structural analysis framework, and its interface with the user should be 
similar to any other (linear or nonlinear) beam element. 

On the other hand, the ANC beam of Sect. 2, which is essentially a finite element for 
three-dimensional slender solids, does not make use of resultants or section strain measures. 
The former might be postprocessed from the stress field, if desired, but there does not seem 
to be a clear definition of all the classical section deformation measures for general ANC 
beams. Even more troublesome is the application of concentrated moments or imposing 
rotation angles at specific points of a structure. Since there are no degrees of freedom directly 
related with the rotations, the application of a simple bending moment can be very difficult 
and, for practical purposes, can be considered as not possible for these elements. See (13) 
for an illustration of this difficulty and for an explicit calculation of the value of the 
generalized forces corresponding to an external bending moment in a simple case. 

4.5 Dynamic problems 

Dynamic problems have specific issues which do not appear in quasi-static simulations. 
The first one, already mentioned in Sect. 3 concerns integration schemes. Again, due to 
its simple structure, ANC beams employ standard integration schemes without any special 
modification. This applies to linear multistep or Runge-Kutta methods, either implicit or 
explicit. In contrast, GE beam formulations require special time stepping methods for the 
numerical integration of the rotational degrees of freedom. This makes more difficult to 
incorporate such models into existing finite element or multibody codes. 

Explicit integrations for mechanical problems require that the mass matrix be diagonal 
and constant. The first condition can be achieved in any case by lumping techniques, al
though a diagonal mass matrix does not lead to exact modeling of the section inertia. The 
second condition, while trivially satisfied by the ANC beams is violated by the GE finite el
ement models. In them, the rotatory inertia is configuration dependent and the mass matrix 
needs to be recomputed in each time step. Recent results published indicate that a 
constant mass matrix could be developed for a GE formulation if some simplifications are 
accepted. 

4.6 Computational cost 

Computational cost should always be measured against accuracy. At this point, without any 
further information regarding the accuracy of either formulation, we can only establish some 
simple comparison that might give a rough idea of the computational cost per element and 
per node. 

The simplest ANC beam has 24 degrees of freedom per element vs. 12 degrees of free
dom for the two-noded GE beam. Moreover, in order to correctly integrate the element 
vectors and matrices of the ANC beam, a total of 16 integration points are required. For the 
GE element, only an average of 1.5 quadrature points are required (1 for the stiffness terms, 
2 for the mass terms). This count allows to roughly estimate the cost of one ANC element 
to be about 10 times higher than the cost of one GE element. 



At the global level, for the same number of nodes in a mesh, the number of unknowns 
in roughly twice as large in the case of ANC beams, which amounts approximately to 4 to 
8 times more CPU time just to solve the linearized equilibrium equations. 

It must be mentioned that there exist ANC elements based on true beam theories that 
are much more efficient that the full "continuum-based" discussed above. As explained in 
Sect. 2, we have focused on the latter type, where all the advantages of complex material 
modeling can be readily implemented. 

5 Quantitative comparison 

In this section, we compare the results obtained with the two types of beam formulations 
when applied to benchmarks. All the examples are quasistatic to avoid errors due to the time 
integration, and to concentrate on the error that originate from the beam theory employed 
and the discretization. Of course, all these errors arise in dynamic simulations as well. 

5.1 Cantilever bent 

The first example was proposed , and serves to assess the accuracy and robustness of 
nonlinear rod implementations in situations with axial forces, bending, and torsion. It has 
been often used as a benchmark for accuracy in nonlinear finite elements. 

The beam considered is clamped at one of its ends and a vertical point load is applied to 
its free end. The beam is depicted in Fig. 3, and its cross section is a square of unit side. The 
material is nonlinear elastic with Young's modulus E = 107 and Poisson's ratio v = 0. For 
the ANC beam, the material model is assumed to be Neohookean. 

a mesh consisting of eight two-noded beams was considered. The same mesh is 
considered herein for the two formulations compared. Since the ANC beam has twice as 
many degrees of freedom per element as the GE one, a mesh with only four ANC elements 
is also taken into consideration. Also, a reference solution is presented obtained with a fine 
mesh of 50 GE elements. 

,45 

Fig. 3 Example 1. Geometry of the undeformed curved beam 



Table 1 Example 1. Initially curved beam. Cartesian components of the tip position under end forces of 
F = 300, 450, 600. The initial coordinates of the tip are (70.71, 0, 29.29) 

Bathe and Belourchi 

GE (8 elements) 

ANC (4 elements) 

ANC (8 elements) 

Reference solution 

Table 2 Example 1. 
norms of the errors ir 

displacement (compa 
reference solution) 

F = 300 

rx 

59.2 

58.61 

64.78 

59.98 

58.54 

Euclidean 
i the tip 
red with 

ry 

39.5 

40.35 

28.68 

38.18 

40.48 

rz 

22.5 

22.21 

25.66 

22.88 

22.12 

F = 450 

rx 

— 
52.05 

62.14 

54.45 

51.97 

GE (8 elements) 

ANC 

ANC 

(4 elements) 

(8 elements) 

ry 

— 
48.59 

33.94 

45.71 

48.70 

F = 300 

0.164 

13.81 

2.813 

rz 

— 
18.49 

24.04 

19.64 

18.37 

F = 600 

rx 

47.2 

46.98 

59.95 

50.16 

46.89 

F = 450 

0.179 

18.80 

4.089 

ry 

53.4 

53.50 

37.55 

50.26 

53.60 

F--

rz 

15.9 

15.69 

22.71 

17.16 

15.56 

= 600 

0.185 

21.89 

4.940 

Tables 1 and 2 summarize the results obtained. For each of the formulations and meshes 
considered, the position of the tip of the beam is indicated when the point load takes values 
F = 300, 450, and 600. The results show that for this particular example, the GE formula
tion provides more accurate solutions. This is even more clear when we compare the two 
solutions obtained with the same number of degrees of freedom—the one with 8 GE ele
ments and the one with 4 ANC elements. 

5.2 Beam with slope discontinuity 

The numerical treatment of ANC beams with nonsmooth centroid curves requires special 
attention, and was studied In the next example, we consider a structure consisting of 
three straight beams of unit length connected at right angles. Figure 4 depicts the geometry 
of the model, the cross section, and the applied loading. The Young's modulus and Poisson's 
ratio of the material are E = 106 and v = 0, respectively. 

The deformation of the beam under the application of forces at the tip includes large 
deformations and displacements. Figure 5 shows the evolution of the tip displacement as a 
function of the modulus F of the applied loads for a mesh consisting of 12 identical ANC 
elements. It can be verified that the displacements for the maximum value F = 5 are of the 
same order of magnitude as the length of the beams. 

We proceed to study the behavior of the error in the tip displacement as a function of 
the mesh size. For that, we consider the solution of the beam using meshes with 3, 6, 12, 
24, and 48 elements. To measure the error, we calculate a reference solution obtained with 
a fine mesh of 120 GE elements. In Figs. 6 and 7, logarithmic plots of the error evolution is 
depicted as a function of the number of elements and the number of degrees of freedom in 
each computation. 

As in the previous example, the computations show that the GE formulation provides 
more accurate solutions for the same number of elements. The difference is even more dra
matic if we consider the accuracy for the same number of degrees of freedom, which is, for 
the example under study, of two orders of magnitude. 



Fig. 4 Example 2. Geometry of 
the structure, cross section, and 
loading 
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Fig. 5 Example 2. Tip displacements as functions of the applied forces. Mesh with 12 ANC elements 

5.3 Poisson's locking 

It has been reported, that when the Poisson's ratio is not zero, the ANC 
formulation might converge to a solution different from the exact one, even for very simple 
problems such a straight cantilever beam under concentrated loading. To show that the GE 
formulation does not suffer such drawback, Figs. 8 and 9 show the relative tip displacement 
errors in a cantilever beam of unit length, with square cross section of side 0.1, and Young's 
modulus E = 106, under a vertical point load of unit value. Figure 8 shows the results for 
Poisson's ratio v = 0 and Fig. 9 for v = 0.3, using as reference the analytical solution. The 
curves clearly show that for nonvanishing Poisson's ratio, the ANC beam does not converge 
to the exact solution, whereas the GE formulation does. For v = 0, both methods converge. 
Consistent with the results of the previous examples, in this second case, the GE formulation 
provides more accurate results for the same number of degrees of freedom. 
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Fig. 6 Example 2. Errors in tip displacements as a function of the number of elements 
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Fig. 7 Example 2. Errors in tip displacements as a function of the number of degrees of freedom 

5.4 Locking in the thin limit 

In the next example, we explore numerically the accuracy of the beam models as the thick-
to-span ratio is very changes. A cantilever beam has a vertical point load of unit modulus 
applied to its free end. The material is elastic with Young's modulus E = 106 and Pois-
son's ratio v = 0.3. We consider a series of linear problems that consist of four beams with 
cross sections of sides h = 0.1, 0.05, 0.02, and 0.01. We compare the analytical solutions 
to these problems with the solutions obtained with the ANC and the GE formulation, the 
latter with full and reduced integration. In all cases, a mesh consisting of 10 equal elements 
is employed. 

Figure 10 shows the result obtained, clearly identifying the locking of the GE formulation 
when full integration is employed: in this case, as the thickness-to-span ratio diminishes, the 
relative errors are of the order of 1. In the other two implementation, no locking of this type 
appears. The GE implementation with reduced integration shows more accuracy for every 
value of the comparison parameter, but the accuracy of the ANC beam does not get worse 
when the ratio thickness-to-span goes to zero. We would like to stress that Fig. 10 is not 
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Fig. 8 Example 3. Relative tip displacements error in cantilever beam for v = 0 
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Fig. 9 Example 3. Relative tip displacements error in cantilever beam for v = 0.3 

a convergence plot, and the relative error need not approach zero as the thickness-to-span 
ratio does. 

6 Summary and conclusions 

In this article, we have compared the absolute nodal coordinate and geometrically exact 
beam formulations, two of the most popular approaches for discretizing nonlinear beams 
within the contexts of finite elements and multibody systems. While these two families of 
methods have evolved in the last years, and each of them exists in several different "flavors," 
we have focused on the original implementations 

Sections 4 and 5 discuss qualitative and quantitative issues of the two formulations, high
lighting the pros and cons of each of them. We have tried to cover a wide range of aspects, 
including implementation effort, performance, robustness, interfacing with material models 
and other structural members, and accuracy. 
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Fig. 10 Example 3. Relative tip displacements error in cantilever beam 

A first observation is that the ANC is the only formulation possible for those codes that 
do not work with rotation variables. In addition to this restriction, ANC beams might be 
considered when a general purpose element is required which is simple to program and 
to include in a exiting finite element or multibody code. The generality of its formulation 
allows to work with complex material models (elastic or inelastic) without any additional 
difficulty. The dynamic equations of the element are also very simple and their time integra
tion standard. 

Regarding the elements based on geometrically exact beam theory, they are the formu
lation of choice when performance and accuracy are crucial. Despite their complexity, both 
theoretical and numerical, our results strongly indicate that for the same computational cost, 
these types of elements provide fairly more accurate results than the ANC elements. The 
CPU cost involved in the computations of one ANC element is also significantly higher than 
in the GE case. 

In engineering analysis, structural models need to sustain applied concentrated moments 
and imposed rotations. Any type of GE element can be used for such a purpose, whereas 
the ANC elements lack these features, making the former more suitable for engineering 
structural analysis. 

As a final conclusion, we can not claim the superiority of one approach over the other. 
The recommendations given above and the results of Sects. 4 and 5 can provide guidelines 
for the appropriate choice of formulation, which in most cases will depend on the foreseen 
applications and the restrictions imposed by the existing code where this type of element 
needs to be implemented. 
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