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Abstract

In the present thesis we develop a framework for the numerical simulation of the mechanical

behaviour of the human aorta using non-linear finite element models. Special attention is

paid to three key aspects related to the biomechanics of soft tissues. First, the modelling

of the characteristic anisotropic behaviour of the softue due to the collagen fibre families.

Secondly, the modelling of damage-related softening that blood vessels exhibit when sub-

jected to loads beyond their physiological range. And finally, the inclusion of the residual

stresses in the simulations in accordance with the opening-angle experiment The modelling

of damage is addressed with two major and different approaches. In the first approach a

continuum local damage formulation with regularisation is presented. This formulation has

two principal ingredients. On the one hand, it makes use of the principles of the smeared

crack theory to avoid the mesh size dependence of the structural response in softening. On

the other hand, it uses a Hodge-Petruska bidimensional model to describe the fibrils as stag-

gered arrays of tropocollagen molecules, and from this mesoscopic model the macroscopic

material properties of the collagen fibres are obtained using an homogenisation process.

In the second approach a non-local gradient-enhanced damage formulation is introduced.

The model is built around the enhancement of the free energy function by means of a

term that contains the referential gradient of the non-local damage variable. The inclu-

sion of this term ensures an implicit regularisation of the finite element implementation,

yielding mesh-objective results of the simulations. The applicability of the later model to

biomechanically-related problems is studied by means of the simulation of a typical surgical

procedure, namely, the balloon angioplasty.
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Resumen

En la presente tesis desarrollamos una estratégia para la simulatión numérica del compor-

tamiento mecánico de la aorta humana usando modelos de elementos finitos no lineales.

Prestamos especial atención a tres aspectos claves relacionados con la biomecánica de los

tejidos blandos. Primero, el análisis del comportamiento anisótropo caracteŕıstico de los

tejidos blandos debido a las familias de fibras de colágeno. Segundo, el análisis del a-

blandamiento presentado por los vasos sangúıenos cuando estos soportan cargas fuera del

rango de funcionamiento fisiológico. Y finalmente, la inclusión de las tensiones residuales

en las simulaciones en concordancia con el experimento de apertura de ángulo. El análisis

del daño se aborda mediante dos aproximaciones diferentes. En la primera aproximación

se presenta una formulación de daño local con regularización. Esta formulatión tiene dos

ingredientes principales. Por una parte, usa los principios de la teoŕıa de la fisura difusa

para garantizar la objetividad de los resultados con diferentes mallas. Por otra parte, usa

el modelo bidimensional de Hodge-Petruska para describir el comportamiento mesoscópico

de los fibriles. Partiendo de este modelo mesoscópico, las propiedades macroscópicas de las

fibras de colágeno son obtenidas a través de un proceso de homogenización. En la segunda

aproximación se presenta un modelo de daño no-local enriquecido con el gradiente de la

variable de daño. El modelo se construye a partir del enriquecimiento de la función de

enerǵıa con un término que contiene el gradiente material de la variable de daño no-local.

La inclusión de este término asegura una regularización impĺıcita de la implementación por

elementos finitos, dando lugar a resultados de las simulaciones que no dependen de la malla.

La aplicabilidad de este último modelo a problemas de biomecánica se estudia por medio

de una simulación the un procedimiento quirúrgico t́ıpico conocido como angioplastia de

balón.
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Introduction C
h
a
p
t
e
r

1
1.1 Motivation

Cardiovascular Diseases (CVDs) are a group of pathologies of the Cardiovascular System

that affect primarily the heart and the blood vessels, and accordingly to World Health

Organization [1], one of the leading causes of mortality amongst the world population.

The aforementioned study reveals that solely in 2012 an estimated of 17.5 million people

died because of related CVDs, a number that represents a 31% of all deaths worldwide in

that year. Most cardiovascular diseases can be prevented by addressing behavioural risk

factors such as tobacco use, unhealthy diet and obesity, physical inactivity and harmful

use of alcohol. Nonetheless, people with cardiovascular disease or who are at high cardio-

vascular risk (when presenting one or more risk factors such as smoking, high cholesterol

levels, hypertension or diabetes, to name only a few) require prompt medical evaluation and

treatment with medication, and in severe cases of acquired pathologies like atherosclero-

sis, aortic aneurysm or aortic dissection, might also require surgical intervention. Typical

surgical procedures for common CVDs are coronary artery bypass, balloon angioplasty

(where a small balloon-like device is threaded through an artery to open the blockage),

valve repair and replacement, and in extreme cases of heart failure heart transplantation.

Balloon angioplasty, specifically, stands out from the rest of the aforementioned procedures

for being a minimally invasive procedure. Balloon angioplasty is a common surgical inter-

vention used to extend or reopen narrowed blood vessels in order to restore the continuous

blood flow in, for instance, atherosclerotic arteries. A balloon, typically made of a highly

flexible rubber-like plastic sheet, is inserted within the blocked artery and inflated hence

reopening up the blocked blood vessel for improved blood flow. A stent may or may not

be inserted at the time of the intervention to ensure the vessel remains open. Balloon

angioplasty is a widely used treatment for atherosclerosis in carotid arteries and the aorta,

however, this procedure carries the risk of restenosis and arterial wall complications. The
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technique of balloon angioplasty involves expansion of the blood vessel which might result

in rupture of the intima and injury of the media (Lock et al. [2]). Furthermore, post proce-

dural complications after balloon angioplasty include injury at the percutaneous access site,

elastic recoil or restenosis, and uncontrolled damage of the aortic wall resulting in aortic

aneurysm formation (Beekman et al. [3]; Rao and Carey [4]; Rao [5]). Even though the

common agreement that acute mechanisms of balloon angioplasty are largely mechanical,

there still few detailed mechanical studies devoted to quantify balloon-induced damage to

the arterial wall. The present dissertation aims to develop a finite element framework that

serves to describe the mechanical behaviour of the arterial wall.

1.2 Literature review

In this section we present the literature review. In section 1.2.1, we discuss basic anatomical

concepts of the cardiovascular system. In section 1.2.2, a detailed description of the com-

position and histology of healthy blood vessels is presented. In section 1.2.3, biomechanical

concepts related to the characteristic mechanical behaviour of blood vessels is presented.

Finally, in section 1.2.4, provided clinical application of blood vessels simulations, like bal-

loon angioplasty, are strongly related to inelastic phenomena such as damage, we make a

review on the modelling of damage in soft tissues.

1.2.1 Anatomy of the cardiovascular system

The human cardiovascular system consists of a collection of organs that allow blood to

transport substances, such as nutrients and waste products, to and out of the cells. The

essential organs that form the cardiovascular system are the heart and the blood vessels,

in addition to the blood, which is a tissue by itself. The cardiovascular system comprises

two primary circulation loops: Pulmonary circulation and the systemic circulation. The

first loop transports deoxygenated blood from the right side of the heart to the lungs,

where the blood picks up oxygen, and then back to the left side of the heart. On the other

hand, the second loop transports highly oxygenated blood from the left side of the heart

to all of the tissues of the body (with the exception of the heart and lungs) and then back

again to the right side of the heart. Blood circulation is driven by the continuous and

periodic motion of the heart, where two stages are identified: diastole and systole. The

first stage corresponds to a period where the heart is relaxing and filling itself with blood,

and the latter corresponds to a period where the heart is contracting itself and pumping

blood into the circulation loops. Furthermore, as blood flows through the circulatory

system a pressure load is exerted upon the wall of the blood vessels. This mechanical

load is called blood pressure and it is measured in milimeters of mercury [mmHg], with

2
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Heart

Ascending Aorta

Aortic Arc

Descending Aorta

Abdominal Aorta

Pulmonary Artery
Pulmonary Vein

(a)

(b)

Figure 1.1: (a)Schematic of the human cardiovascular system in the upper part of the body
(European Journal of Cardiovascular Prevention and Rehabilitation, 2014). Main sections of the
aorta artery are highlighted. (b)Wiggers diagram. Blood pressure history in humans (Wikimedia
Commons).

100[mmHg] = 13.33[kPa]. The largest variation in blood pressure occurs in the left ventricle

of the heart, where its lowest value lies between 3 and 12 [mmHg] during diastole, and its

highest value lies between 100 and 140 [mmHg] during systole Klingensmith et al. [8]. An

schematic of blood pressure variation with time for an adult healthy person is presented in

Figure 1.1b. There it can be appreciated that blood pressure in the left ventricle has a wide

range of variation, from 0 up to a little bit over 120 [mmHg]. Blood pressure in the aorta, on

the other hand, varies between 80 (diastole) and 120 (systole) [mmHg]. Moreover, during

systole, pressure in the left ventricle is larger than in the aorta, since blood flow occurs in

the direction of the aortic artery. Finally, there are two types of blood vessels: arteries and

veins. Although they share a common distinctive function, namely blood transport, there

are several major differences between them, from which we name only the following

� Direction of the blood flow : Arteries transport blood away from the heart while veins

transport blood to the heart.

3
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(a) (b)

Figure 1.2: (a) Polarised light micrograph of the media. The image show the helical orientation
of the two collagen fibre families. Reprinted from Schriefl et al. [6], with kind permission from
Royal Society Publishing. (b) Multilayered structure of the arterial wall. Reprinted from Gasser
et al. [7], with kind permission from Royal Society Publishing.

� Blood oxygen content : Arteries transport oxygenated blood while veins transport

deoxygenated blood, with the only exception being the pulmonary artery and the

pulmonary vein, which transport deoxygenated and oxygenated blood, respectively.

� Blood pressure: In arteries the blood pressure is consistently higher than in veins.

� Blood volume: Blood content in arteries is lower than in veins. Blood content in

arteries is 15% of the total blood content in the human body, while in veins is 65%.

The remainder 20% is divided amongst the heart, the lungs and the capillaries.

� Compliance: Veins have a larger compliance than arteries.

1.2.2 Histology of the arterial wall

Here we discuss the histology of the arterial wall. Three different layers can be differentiated

in the arterial wall: the intima, the media and the adventitia (see Figure 1.2(b)).

� Intima: It is the interior layer of the arterial wall, and it is formed by a layer of en-

dothelial cells and a layer of subendothelial cells. In healthy arteries the intima does

not contribute to the mechanical response of the tissue. Nonetheless, when patholo-

gies like the atherosclerosis affect the tissue, the intima increases its thickness and

stiffness due to the accumulation of substances like fat, calcium, collagen fibres and

fibrin. These pathological changes are associated with important alterations in the

geometry and in the mechanical properties of the tissue, to the point that the contri-

bution of the intima to the artery’s mechanical response might become considerable.
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A first studio on the issue of calcification of the intima and the mechanical implica-

tion of atheromatous plaques in the arterial wall is found in Duguid and Robertson

[9]. Further details about the physicochemical, epidemiological and clinical aspects

of atherosclerosis can be found in Schmid et al. [10]; Wexler et al. [11].

� Media: It is the intermedial layer of the arterial wall, and it is mainly formed by

muscular cells, elastin and collagen fibres. The collagen fibres are grouped into two

fibre families which are helically oriented along the axial axis of the artery. It is this

particular disposition of the collagen fibres which allows the artery to support large

loads in the circumferential direction.

� Adventitia: It is the external layer of the arterial wall, and it is mainly composed of

fibroblasts and fibrocytes, a base histological substance (hereafter known as ground

substrate or ground matrix ) and collagen fibres. As it is for the media, these collagen

fibres are also grouped into two fibre families which are helically oriented along the

axial axis of the artery.

The main components forming the different layers of the arterial wall are the following:

� Elastin: It is a fibrous protein, that from the mechanical point of view presents a

pronounced linear stress-stretch response Fung [12]. It maintains its elastic properties

up to stretch values of λ = l/L = 1.6, being l and L the undeformed and deformed

longitude of a given elastin fibre, respectively.

� Collagen: It is a basic structural element in both, hard and soft tissues. It is a

fibrous protein that, along with the elastin, form most of the bulk of the extracellular

matrix in soft tissues. Collagen is found in a crimped shape (see Figure 1.2(a)), and

it is stretched and reoriented under the action of mechanical loads. For this reason

the contribution of collagen fibres to the mechanical response of soft tissues is only

appreciable at large states of deformation.

1.2.3 Mechanical behaviour of the arterial wall

In the following we describe some of the characteristic features of the mechanical response

of the arterial wall. In particular we address the following: anisotropy; inelastic behaviour,

namely viscoelasticity and damage; mechanobiological processes, namely growth and re-

modeling, and finally residual stresses. The description herein presented relies in its ma-

jority on the seminal textbook by Fung [12] as well as on the more recent monograph by

Humphrey [13] which provides a comprehensive review of the biology and the biomechanics

of the human cardiovascular system.
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Stiffening and anisotropy

Healthy arteries are able to withstand large deformations and exhibit a highly non-linear

stress-stretch response, in addition to a large stiffening that is appreciable within the phys-

iological load range. The stiffening is explained by the reorientation of the collagen fibres

when the tissue is loaded. In a load-free state the collagen fibres are crimped (see Figure

1.2(a) and do not contribute to the mechanical response of the artery. Nonetheless, when

the tissue is progressively loaded, the collage fibres are stretched and reoriented at the

same time, hence increasing the load-bearing capacity of the tissue. This process where

the collagen is simultaneously stretched and reoriented is called fibre recruitment, and it is

more accentuated in the adventitia. This characteristic behaviour of the tissue reveals the

important role of collagen fibres, since the constitute the main load-bearing components in

blood vessels. Furthermore, the collagen is in great part responsible for the characteristic

anisotropic response of the artery. The helical orientation of the the fibre families along

the artery’s axial direction, confers to the material a cylindrical orthotropic response.

Viscoelasticity and damage

The human body is mainly composed of water, a situation that partly explains why bio-

logical tissues behave under specific circumstances as solid or fluids. Experimental findings

reveal that the cardiovascular tissue exhibits characteristic viscoelastic features, such as

creep, relaxation and hysteresis. This viscoelastic behaviour is more pronounced in distal

arteries (arteries far from the heart) than in proximal arteries (arteries close to the heart).

In addition to the viscoelastic response, another dissipative phenomena can be observed

when blood vessels are loaded beyond their physiological load range, as it is the case for

surgical procedures as the balloon angioplasty. This dissipative or inelastic phenomena

also known as damage, triggers a progressive degradation in the load-bearing capacity of

the tissue, a phenomena called softening. Figure 1.3(a) shows the characteristic response

of a fascia tissue when uniaxially loaded beyond its physiological load-range. After the

peak load is reached, a dramatic reduction in the load-bearing capacity of the tissue, i.e.

softening, becomes apparent. Figure 1.3(b) shows the same characteristic response in an

artery which is inflated beyond the physiological blood-pressure range.

Growth, remodeling and residual stresses

It was a long standing assumption, that the most relevant characteristic features of the

mechanical response of soft tissues was their non-lineal stress-stretch response, their quasi-

incompressibility, their anisotropy and their inelastic response under particular situations.

Nonetheless, more recent studies reveal another important characteristic of soft tissues:

their ability to change its mass, growth, and their ability to change their internal structure,

6
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1 1.2 1.4 1.6 1.8 2 2.2
0

5

10

15

20

λ1 [–]

σ
1
1
[M

P
a]

Model
Experimental

(a)

0.00 0.25 0.50 0.75 1.00 1.25 1.50
0

20

40

60

80

ur(ri) [mm]

p
=

−
σ
r
(r

i)
[k
P
a]

(b)

Figure 1.3: Damage and softening in soft tissues. (a) Qualitative simulation based on the damage
model proposed in Chapter 4 and experimental stress-stretch data of a fascia tissue specimen
under uniaxial isochoric tension, cf. Martins et al. [14]. Material parameters are chosen as
µe = 0.01 [kPa], ke = 499.0 [kPa], k1 = 0.55 [kPa], k2 = 0.01, kd = 3.5 [kPa], ηd = 0.6 [kPa−1].
(b) Load-displacement response of an artery-like tube subjected to internal pressure based on the
damage model proposed in Chapter 4: pressure p versus radial displacement ur(ri) at the inner
radius of the artery-like tube. The lower and upper solid black curves represent the purely elastic
response of the neo-Hookean ground substance and the fibre-reinforced material, respectively.
The blue curve shows the mechanical response captured by the gradient-enhanced damage model
proposed in Chapter 4. The gray-shaded region represents the physiological range for blood
pressure.

remodelling, in response to a disease, an injury or even to subtle mechanical changes in

their environment.

Growth and remodelling are irreversible processes that originate residual stresses. This

hypothesis has been corroborated in several occasions. To name a few examples, Fuchs

[15] noded that the in situ longitude of an artery it was longer than its corresponding

ex situ value, meaning that residual stresses in the axial direction were present in the

blood vessels. Further experiments also revealed that when a radial cut is performed

on an artery, it springs open, meaning that also residual stresses in the circumferential

direction are present. Finally, Chuong and Fung [16] pointed out that residual stresses

play an important role in the mechanical behaviour of arteries. In this worked the authors

note that residual stresses have a twofold beneficial effect on the blood vessels. First,

the gradient of circumferential stresses along the thickness of the arterial wall is reduced,

hence every cell would withstand the same load. Secondly, the residual stresses reduce

the overall circumferential stress levels that the artery would have if it was not residually

stressed. From a mechanical point of view these observations reveal that the residual

stresses optimise the structural response of the artery.
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1.2.4 Modelling of damage in fibrous soft tissues

Damage processes in anisotropic soft biological tissues are closely related to the progressive

failure of fibres embedded in the ambient bulk or matrix material. Arteries, for instance,

can be considered as a composite of an isotropic ground substance of elastin fibres and

a highly anisotropic network of cross-linked collagen fibrils. Mechanical loading beyond

the physiological loading range, e.g. caused by a surgical intervention such as balloon

angioplasty, can significantly reduce the elastic properties of the artery. Physically related

to Mullins-type effects, these phenomena can be attributed to the continuous degradation

of particular collagen fibres and to the corresponding overstretch of neighbouring cross-links

leading to pronounced softening.

The structural mechanisms that control the degradation of soft tissues are related with the

behaviour of their fundamental constituents. The study of the relationship between the

molecular and intermolecular properties and the tissue behaviour is been actively addressed

at present ([17], [18], [19], [20], [21] among others). As a consequence, several damage mod-

els for soft tissues have been presented derived from the molecular features associated with

the tropocollagen molecules. A stochastic, structurally based damage model that considers

statistical aspects related to the length distribution of the reinforcing fibres was presented

in [22]. A reactive mesoscopic model was presented in [18], where tropocollagen molecules

are described as a collection of particles interacting according to multibody potentials (see

also [23]). Based on these molecular simulations, a multiscale, plasticity based, constitutive

model was presented in [24]. Another plasticity based model has been presented in [25],

where viscoplastic sliding of collagen fibrils is associated with the irreversible degradation

of the proteoglycan bridges between them. This model has been applied to the study of

the properties of the infrarenal aorta in [26] and has been enriched with a collagen turnover

model in [27].

Another approach to study damage follows the classical work by Kachanov [28] who in-

terpreted the damage effect as a consequence of an area reduction of the stress-bearing

region, hence material degradation can be modelled by means of standard continuum dam-

age formulations, i.e. in a local sense. Up to now, a large variety of models exist where we

refer the reader to classic monographs and textbooks as, e.g. Kachanov [28], Kachanov [29],

Krajcinovic and Lemaitre [30], Lemaitre and Chaboche [31], Lemaitre [32] or Krajcinovic

[33], to name only a few. However, the assumption of a purely local continuum damage

may, as a major drawback, imply a loss of well-posedness, such as loss of ellipticity, of the

underlying boundary value problem. With regard to related numerical methods such as

the finite element method, this results in a significant mesh-dependence of the solutions,

in other words in a vanishing localised damage zone upon mesh refinement, and hence

physically meaningless—or at least questionable—simulations.
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In order to regularise the problem, and thereby to circumvent the aforementioned defi-

ciencies, several approaches have been proposed in the literature as, for instance, viscous

regularisation, or the concept of generalised non-local continua such as micromorphic con-

tinua, see the monograph on non-local continuum field theories by Eringen [34], the articles

by Aifantis [35, 36] or the contributions in Eringen [37] and Rogula [38]. Here, intrinsic or

rather internal length scales are introduced into the continuum formulation. A non-local

continuum formulation can generally be established by either introducing an integral- or a

gradient-type equation.

Non-local integral models are inherently associated with a global averaging procedure which

complicates the linearisation of the equations and from the computational point of view, are

far more expensive than related gradient-type models. With regard to continuum damage

formulations, non-local integral models are advocated by Pijaudier-Cabot and Bažant [39]

and Bažant [40] and extensively studied by Jirásek [41] or Bažant and Ožbolt [42] and

Bažant and Di Luzio [43], the latter referring to microplane models.

As a convenient alternative, Lasry and Belytschko [44], Mühlhaus and Alfantis [45] and

Polizzotto et al. [46] suggested non-local gradient models. Here, the non-locality is incor-

porated by means of an additional gradient-based Euler-Lagrange equation, to be fulfilled

in a weak sense, accompanied by a non-local quantity taking the interpretation of an ad-

ditional independent variable. Non-local gradient-based continuum damage formulations

were first discussed in de Vree et al. [47], Peerlings et al. [48] and de Borst and Pamin

[49]; see also the comparison by Pamin [50] or the coupled damage-plasticity approach by

Svedberg and Runesson [51].

A large variety of gradient-extended damage formulations exists for the geometrical linear

case, see e.g. the contributions by Kuhl and Ramm [52], Kuhl et al. [53] for anisotropic

gradient damage, the article by Liebe et al. [54] or the work by Dimitrijević and Hackl

[55] for isotropic gradient damage. However, there is a comparatively small number of

contributions for the geometrical non-linear case. The article by Steinmann [56] can be

considered as a starting point wherein the non-local strain energy density is introduced as

an additional primary variable. This approach was used in Liebe and Steinmann [57], and

similarly with application to softening-plasticity in Liebe et al. [58], and compared to an al-

ternative model which takes the damage field as an independent variable. Both approaches

used a global active-set-search to account for the Kuhn-Tucker conditions. Following the

concept by Frémond and Nedjar [59], the article by Nedjar [60] considered a damage-related

formalism based on the principle of virtual power where the power of the internal forces

depends, in addition to the strain rates, on the damage rate itself as well as on the gradient

of the damage rate. The series of papers by Abu Al-Rub and Voyiadjis [61] and Voyiad-

jis and Abu Al-Rub [62], proposed a non-local gradient-enhanced plastic-damage model

coupled to visco-inelasticity where ‘explicit and implicit microstructural length scales’ are
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introduced by means of viscosity and gradient localisation limiters.

1.3 Objectives

If the main goal of the present thesis should be summarised in one sentence, that could be

expressed as

To develop a comprehensive framework for the numerical simulation of the mechanical

behaviour of the human aorta using non-linear finite element models.

The modelling of the mechanical behaviour of such a complex material, like is the ar-

terial wall, entails, of course, the necessity for the careful consideration of several aspects

that define the true nature of a biological tissue. In the present thesis we address the

following specific objectives:

� Use a constitutive formulation that is able to represent the anisotropic nature of the

arterial wall. In particular we should use a constitutive formulation that specifically

considers typical orientation of the collagen fibre families in the tissue.

� Use a constitutive formulation that is consistent with the quasi-incompressibility

condition, i.e. that it is able to represent a quasi-incompressible behaviour of the

arterial wall.

� Develop a procedure that allows for the consideration of the residual stresses present

in the blood vessels. The proposed framework should be consistent with the experi-

mental data related to the opening-angle experiment.

� Develop a continuum damage model formulation that is able to reproduce the charac-

teristic softening exhibited by blood vessels when they withstand loads beyond their

physiological range.

1.4 Scope

In the present chapter we make a literature review. In chapter 2 we present the basic

concepts of continuum mechanics that define the framework of the constitutive modelling

for hyperelastic materials, paying special attention to the use of structural tensors for the

modelling of anisotropy. The equations herein derived are used in later developments.

In chapter 3 we present a phenomenological continuous damage model with regularised

softening for soft tissues. Here we consider the hierarchical structure of the collagen, which

10
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is made of a complex framework of fibres, fibrils, tropocollagen molecules and amino-

acids. A Hodge-Petruska two-dimensional model is used to describe the fibrils as staggered

arrays of tropocollagen molecules. In doing so, meso-structurally based definitions for the

material parameters of the artery are obtained. In chapter 4 we present a non-local gradient-

enhanced continuum damage formulation at large deformations. The model is built around

the enhancement of the local free energy function by means of a term that contains the

referential gradient of the non-local damage variable φi. The inclusion of this term ensures

an implicit regularisation of the finite element implementation, ensuring mesh-objective

results of the simulations. In chapter 5 we explore two boundary value problems related to

biomechanics of the cardiovascular system namely the balloon angioplasty and the inflation

of a full 3D artery-like tube. Specifically we here study the effect that damage evolution

has on the structural response of the artery using the finite element implementation of

the gradient-enhanced damage model presented in chapter 4. Special attention is devoted

to the enforcement of residual stresses. Conclusions and future works are summarised in

chapter 6.
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2
In this chapter we briefly present the basic concepts of continuum mechanics that define

the framework of the constitutive modelling for hyperelastic materials. Special attention

to the use of structural tensors for the modelling of anisotropy is given. The equations

herein derived will be used in later developments. This is by no means an intensive review

on solid mechanics and many important topics are omitted.

2.1 Basic kinematics

Let x = ϕ(X, t) describe the motion of the body, which transforms referential placements

X ∈ B0 to their spatial counterparts x ∈ Bt. Based on this definition the deformation

gradient is defined as

F = ∇Xϕ (2.1)

which maps infinitesimal referential line elements dX onto their spatial counterparts dx.

The Jacobian J = det(F ) maps referential volume elements dV onto current volume

elements dv. Furthermore, the referential and spatial area normals are represented by

dA = N dA and da = n da, respectively. The transformation of infinitesimal area ele-

ments between the reference and the spatial configuration is defined by means of Nanson’s

formula n da = cof(F ) ·N dA, with the co-factor of F defined as

cof(F ) = J F −t. (2.2)

Following Flory [63] and Ogden [64], the multiplicative composition of the deformation

gradient is defined as

F = [J1/3I] · F (2.3)

where J1/3I and F are the volumetric and the isochoric parts of the deformation gradient,

respectively, and I is the second-order identity tensor. We also define the right and left
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Cauchy-Green tensors, C and b, as well as their modified counterparts, C and b, as

C = F T · F = J2/3C, C = F
T · F , (2.4)

b = F · F T = J2/3b, b = F · F T
. (2.5)

Anisotropy directions are defined by means of a set of referential unit vectors ai
0, i = 1, 2

with ||ai
0|| = 1, which account for two families of fibre reinforcements embedded in the

continuum. Vector ai = F ·ai
0 defines the spatial configuration of the i-th fibre family with

||ai|| > 0 denoting the stretch in the direction of the particular fibre family. Furthermore,

a set of symmetric second-order tensors is introduced

H i =κ I + [1− 3κ]ai
0 ⊗ ai

0 , (2.6)

h
i
=κ b+ [1− 3κ]ai ⊗ ai . (2.7)

The parameter κ ∈ [0, 1/3] accounts for the dispersion on the mean fibre orientation and

measures the ’degree of anisotropy’ in the material response due to the fibre reinforcements.

When κ = 0 every material fibre in the i-th family of fibres is perfectly aligned along

the direction defined by the referential vector ai
0, while for κ = 1/3 all fibres are evenly

distributed and have no preferential orientation. For additional background information on

the modeling on fibre-reinforced materials the reader is referred to, e.g., Spencer [65]; Weiss

et al. [66]; Menzel and Steinmann [67]; Menzel et al. [68].

Furthermore, we define the following operators

tr(•) = (•) : I , (2.8)

Tr(•) = (•) : C , (2.9)

(•)⊙ (•)IJKL =
1

2
[(•)IK(•)JL + (•)IL(•)JK ] , (2.10)

I = I ⊙ I , (2.11)

P = I− 1

3
C−1 ⊗C , (2.12)

P̃ = I− 1

3
I ⊗ I , (2.13)

14



Hyperelasticity

and finally, the following modified invariants

I1 = C : I = b : I = J−2/3I1 , (2.14)

I4 = H1 : C = h1 : I , (2.15)

I6 = H2 : C = h2 : I , (2.16)

E
1
= I4 − 1 , (2.17)

E
2
= I6 − 1 , (2.18)

are introduced. Here, E
i
is a strain-like quantity that measures the homogenised stretch

of the i-th fibre family. From equations (2.7), (2.15) and (2.16) we observe that when

κ = 1/3, i.e. when fibres are evenly distributed, I4 = I6 = I1 and complete isotropy is

obtained.

2.2 Hyperelasticity

In the following we introduce the basic equations that define the framework of the con-

stitutive modelling of hyperelastic materials. Two cases are differentiated. On the one

hand, the case where the material behaves elastically, and on the other hand the case

were a reduction in the load-bearing capacity of the material occurs as a consequence of

damage-related phenomena.

2.2.1 Hyperelasticity with no internal dissipation

The fundamental assumption in hyperelasticity is that it exits a functional Ψ called strain

energy function, or simply strain energy, which is defined per unit reference volume. In

this work we make use of a decoupled representation of Ψ that follows from the kinematic

assumption (2.3), hence

Ψ(C,H) = Ψvol(J) + Ψ ich(C,H) , (2.19)

where Ψvol and Ψ ich represent the volumetric and isochoric responses of the material under

consideration, respectively. Following the Coleman-Noll procedure Coleman and Noll [69];

Coleman and Gurtin [70] the Clausius-Planck form of the second law of thermodynamics

is written

Dint = S :
1

2
Ċ − Ψ̇ , (2.20)

=

[
1

2
S − ∂Ψ

∂C

]

: Ċ , (2.21)
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which for a perfectly elastic material, i.e. Dint = 0, allows to relate the internal forces in

the material with its deformation in the following way

S = 2
∂Ψ(C,H)

∂C
. (2.22)

where S is the second Piola-Kirchhoff stress tensor. Furthermore, S can equally be ex-

pressed as an additive contribution of a volumetric and an isochoric contribution

S = Svol + Sich , (2.23)

Svol = 2
∂Ψvol(J)

∂C
= JpC−1 , (2.24)

Sich = 2
∂Ψ ich(C)

∂C
= J−2/3

P : S , (2.25)

where the hydrostatic pressure, p, and the fictitious second Piola-Kirchhoff stress tensor,

S, are defined as:

p =
dΨvol(J)

dJ
(2.26)

S = 2
∂Ψich(C)

∂C
, (2.27)

Finally, the Piola transformation gives us the Cauchy stress tensor

σ = σvol + σich , (2.28)

σvol = pI , (2.29)

σich = J−1F
[
P : S

]
F

T
. (2.30)

2.2.2 Hyperelasticity with damage

We consider now the case where the inelastic phenomena associated to damage reduce

the load-bearing capacity of the material. A reduction factor 1 − d, initially proposed by

Kachanov [28], is used to weight the strain energy. The internal variable d ∈ [0, 1], also

known as damage variable, is a scalar term that quantifies the reduction in the load-bearing

capacity of the material. For an intact material d = 0, while for a fully damaged material

d = 1. Furthermore, as proposed by Simo [71], damage affects only the isochoric term,

hence the strain energy takes the form

Ψ(C,H) = Ψvol(J) + [1− d]Ψ ich(C,H) . (2.31)
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Again, following the Coleman-Noll procedure, the Clausius-Planck form of the second law

of thermodynamics is written as

Dint = S :
1

2
Ċ − Ψ̇ , (2.32)

=

[
1

2
S − ∂Ψvol

∂C
− [1− d]

∂Ψ ich

∂C

]

: Ċ − ḋΨ ,

and then, using equations (2.24) and (2.25), the second Piola-Kirchhoff stress and the

non-negative internal dissipation are given as

S = Svol + [1− d]Sich , (2.33)

Dint = ḋΨ > 0 . (2.34)

Finally, the Piola transformation gives us the Cauchy stress tensor

σ = σvol + [1− d]σich . (2.35)

2.3 Constitutive modelling of a soft fibre-reinforced

biological tissue

As an special consideration related to the case of fibre-reinforced soft tissues, we particular-

ize equation (2.31) in this thesis by assuming that the isochoric contribution of the strain

energy function is composed of three phases i = {0, 1, 2}, each representing one of the main

load-bearing constituents of the arterial tissue, i.e. the isotropic ground substrate, i = 0,

and the two collagen fibre-families i = {1, 2}. The strain energy function then takes the

form

Ψ(F ,H i, di) = Ψvol(J) + [1− d0]Ψ 0(F̄ ) +
∑

i=1,2

[1− di]Ψ i(F̄ ,H i) , (2.36)

where the reduction factor accounting for the damage-related effects is defined on each

phase individually by means of individual damage variables di ∈ [0, 1].

Remark 2.3.1 From equation (4.1) on, the upper index ich will no longer be used to dif-

ferentiate the isochoric and volumetric contributions from the strain energy function. Each

individual contribution Ψ i of phases i = {0, 1, 2} is assumed to be an isochoric contribution.

In the present work we adopt the hyperelastic model proposed by Gasser et al. [7]. This par-

ticular constitutive model regards the isotropic matrix as an incompressible neo-Hookean
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material, hence the following contributions are defined

Ψvol =
κe

2
[J − 1]2 , (2.37)

Ψ 0 =
µe

2
[Ī1 − 3] , (2.38)

where the elastic constants are represented by the Lamé-parameters in terms of the shear

modulus µe and the bulk modulus κe. The particular format of Ψvol has been chosen

to enforce the incompressibility constraint J − 1 = 0, hence κe can be interpreted as

a penalty parameter. The anisotropic contribution of the local free energy is based on

a modified version of an orthotropic exponential model with two families of fibres, as

originally proposed by Holzapfel et al. [72], including the effect of fibre dispersion, see

Gasser et al. [7], the review article by Holzapfel and Ogden [73] or Menzel et al. [74]. The

free energy adopted is represented by the exponential format

Ψ i =
ki
1

2 ki
2

[
exp

(
ki
2〈Ēi〉2

)
− 1

]
, (2.39)

for i = 1, 2. The term 〈Ēi〉, where 〈•〉 = [|•|+ •] /2 is the Macaulay bracket, reflects the

basic assumption that fibres can support tension only. Consequently, the anisotropic strain

energy density Ψ i only contributes if the fibre-related strain is positive, i.e. Ēi > 0.

The total Cauchy stress tensor can be derived by means of the constitutive equation for hy-

perelastic materials, i.e. equations (2.25) and (2.30), and takes the same additive structure

as (4.1), i.e.

σ = σvol + [1− d0]σ0 +
∑

i=1,2

[1− di]σi . (2.40)

The Cauchy stress tensor associated to the volumetric deformation is derived from the

functional (2.37) and reads

σvol = ke[J − 1] I , (2.41)

while the elastic Cauchy stresses associated to the isochoric deformation are defined for

each of the phases as

σ0 =µeJ
−1

[
b̄− [Ī1/3]I

]
, (2.42)

σi =2 J−1ki
1Ē

i exp
(

ki
2

〈
Ēi

〉2
) [

h̄
i − [Ēi/3]I

]

i = 1, 2 . (2.43)

Remark 2.3.2 The hydrostatic term of the Cauchy stress tensor specified in equation

(2.41) is further modified when a multivariational formulation is used in section 4.3.4.
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3
In this chapter we present a phenomenological continuous damage model with regularised

softening for soft tissues, along with meso-structurally based definitions for its material

parameters. Material properties of soft fibrous tissues are highly conditioned by the hier-

archical structure of this kind of composites. Collagen based tissues present, at decreasing

length scales, a complex framework of fibres, fibrils, tropocollagen molecules and amino-

acids. Following this consideration, in this section we derive a relationship between the

mechanical and geometrical properties of the fibril constituents and the soft tissue mate-

rial parameters at macroscopic scale. A Hodge-Petruska two-dimensional model is used

to describe the fibrils as staggered arrays of tropocollagen molecules. After a mechanical

characterisation of each of the fibril components, two fibril failures modes related with two

planes of weakness are found. This chapter is concluded with numerical analysis at fibril,

fibre and tissue levels to show the capabilities of the model.

3.1 Local damage model with regularised softening

Soft tissues have a hierarchical structure with several scales, from the amino-acids forming

the proteins in the atomistic scale to the arterial walls in the continuum scale. The elemen-

tary building block of the fibrous reinforcement in soft tissues is collagen. This structural

protein consists of tropocollagen (TC) molecules with an aspect ratio close to 200. TC

molecules are disposed in staggered arrays forming fibrils which are organised in families of

fibres surrounded by an almost incompressible ground matrix (see [75], [76], [18] and [20]

among others).

Here, we present a material damage model suited for fibrous materials. As stated in [77],

this kind of continuous damage models can reproduce the Mullins’ effect only after damage

19



Regularised local continuum damage model based on the mesoscopic

scale for fibred biological tissues

initiation. Two main hypothesis have been considered: the damage processes depend only

on the isochoric deformation and each material phase, ground matrix and fibres, damages

independently. The model presented here needs only three parameters to characterise the

material softening in each phase of the composite: a threshold value that defines the initial

size of the elastic domain (usually a limit value of the Cauchy stress or the stretch in the

uniaxial homogeneous tension test), a parameter that defines the total amount of internal

dissipated energy and a coefficient that affects the rate of softening.

3.1.1 Ingredients of the local damage model

As proposed by Simo [71], we assume that damage affects only the isochoric term of the

strain energy function, hence damage mechanisms are associated only with isochoric pro-

cesses and therefore are independent from hydrostatic pressure. Furthermore, as an special

consideration related to the case of fibre-reinforced soft tissues, we assume that the iso-

choric contribution of the strain energy function is composed of three phases i = {0, 1, 2},
each representing one of the main load-bearing constituents of the arterial tissue, i.e. the

isotropic ground substrate, i = 0, and the two collagen fibre-families i = {1, 2}. A partic-

ularisation of the internal dissipation obtained in equations (2.32) and (2.34) for the case

in which damage evolves independently in each phase, gives

Dint = ḋgΨ 0 + ḋ1Ψ 1 + ḋ2Ψ 2 ≥ 0, (3.1)

which allows us to define Ψ i ≥ 0 as the thermodynamic variable conjugate to di, with

i = {0, 1, 2}. Non-negativeness of internal dissipation implies the damage variables to be

non-decreasing, leading to the following condition:

di ∈ [0, 1], ḋi ≥ 0 with i = {0, 1, 2}. (3.2)

Following the model proposed by [78]-[79] we introduce for each phase the notion of equiv-

alent strain τ̄ i as the following norm:

τ̄ i =

√

2Ψ i(C). (3.3)

We introduce also a set of damage surfaces Φi = 0, with i = {0, 1, 2}, in the strain space

that allows to define a set of damage criteria imposing, at any time t ∈ R
+ of the loading
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process,

Φ0(Ī1, Ī2, r
0) =

√
2Ψ 0 − r0 ≤ 0 (3.4)

Φ1(Ī1, Ī4, r
1) =

√
2Ψ 1 − r1 ≤ 0 (3.5)

Φ2(Ī1, Ī6, r
2) =

√
2Ψ 2 − r2 ≤ 0. (3.6)

Here ri is the strain-like internal variable that defines the damage threshold at the current

configuration satisfying ri ≥ ri0, with ri0 the initial damage threshold.

Equations (3.4)-(3.6) define the elastic domain of the material response. Damage evolution

must satisfy the complementary Kuhn-Tucker loading/unloading conditions:

ṙi ≥ 0, Φi ≤ 0 and ṙiΦi = 0; (3.7)

as well as the damage consistency condition during persistent damage:

ṙiΦ̇i = 0. (3.8)

Denoting the normal to the damage surfaces N i := ∂Φi/∂C the following alternative

situations may occur: either

Φi < 0 or Φi = 0 and







N i : δC < 0,

N i : δC = 0,

N i : δC > 0.

(3.9)

where δC stands for an admissible variation of the deviatoric strain tensor.

The model thus defined admits a closed integration of the rate of the internal variable ri,

being able to be integrated over time as:

ri(t) = max
τ∈[0,t]

[

ri0,
√

2Ψ i(τ)
]

. (3.10)

We can also define a stress-like internal variable qi whose rate of change is expressed with

the following hardening rule (with i = {0, 1, 2}):

q̇i = H i(ri)ṙi, H i(ri) =
∂qi

∂ri
, qi0 = ri0 (3.11)

where H i is the softening/hardening modulus, such that H i(ri) > 0 if there is strain

hardening and H i(ri) < 0 if there is strain softening, and ri0 is the parameter that defines

the initial size of the elastic domain. Damage parameters are finally expressed in terms of
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the previously introduced internal variables as:

d0 = 1− q0(r0)

r0
, d1 = 1− q1(r1)

r1
, d2 = 1− q2(r2)

r2
. (3.12)

3.1.2 Internal dissipation and softening regularisation

We can particularise the value of the internal dissipation given in expression (3.1), after

some algebraic manipulations, as

Dint =
∑

i=0,1,2

ḋiΨ i =
∑

i=0,1,2

1

2

[
qiṙi − q̇iri

]
(3.13)

where the equations (3.3) and (3.11) have been used.

We assume hereinafter our material undergoes strain softening. The rate of change of the

stress-like internal variable q̇i, with i = {0, 1, 2}, can be defined as:

q̇i = −H i(qi)ṙi = −Aiqi,χṙi, (3.14)

where −H i is the softening modulus, χ is a parameter that affects the rate of softening,

and Ai is a value to be defined by imposing the objectivity of the approach regarding the

characteristic size of the mesh in a finite element analysis [80].

We reproduce damage in this work following the principles of the so called smeared crack

models [81] where inelastic phenomena are considered to be distributed inside the finite

element. If our model has to be insensitive to the mesh size, the softening modulus H i we

use at each integration point has to be regularised (see [82] for a full description) in terms

of the material parameter surface density of dissipation energy and a characteristic size of

the finite element [83].

Let us define a subdomain Ωh ∈ B0 where inelastic processes take place. The volume of

this subdomain, here we are assuming it is a finite element, can be defined as
∫

Ωh dΩ = Sh,

where S is an averaged cross section and h is its characteristic size (see Figure 3.1).

Figure 3.1: Damaged band Ωh in a continuum domain.
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Local damage model with regularised softening

We assume there is a monotonic loading process and the material undergoes strain softening,

so the total dissipated energy ΨTOT until material exhaustion is:

Ψtot =

∫

Ωh

dΩ

[∫ ∞

t=td

Dintdt

]

=

∫

Ωh

dΩ

[
∫ ∞

t=td

∑

i=0,1,2

1

2

[
qiṙi − q̇iri

]
dt

]

=
∑

i=0,1,2

∫

Ωh

dΩ

[∫ ∞

t=td

1

2

[
qiṙi − q̇iri

]
dt

]

(3.15)

If we impose, for each phase i = {0, 1, 2}, that the total dissipated energy is given by the

material parameter surface density of dissipated energy Gi,f , after some algebraic manipu-

lations in equation (3.15) and using expression (3.14) we arrive to:

Ψtot =
∑

i=0,1,2

∫

Ωh

dΩ

[

1

Ai

[qi0]
2−χ

(2− χ)

]

=
∑

i=0,1,2

Sh

[

1

Ai

[qi0]
2−χ

[2− χ]

]

=
∑

i=0,1,2

SGf,i, (3.16)

which allows us to obtain the expression for Ai in equation (3.14) as:

Ai =
[qi0]

2−χ

[2− χ]

1

Gf,i
h. (3.17)

Finally, we obtain the regularised softening modulus as

H i(qi(t), h) = − [qi0]
2−χ

[2− χ]

1

Gf,i
qχ,i(t)h, (3.18)

where h, in case the domain has been discretised by finite elements, is the characteristic

length of this element [83].

3.1.3 Summary of material parameters

In this model, for each material phase i = {0, 1, 2} we need to characterise the effective

strain energy function Ψ i, the initial size of the elastic domain ri0, the surface density of

dissipated energy Gf,i and the rate of softening χ. The total amount of material parameters

needed is summarised in Table 3.1.
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Component Elastic behaviour Inelastic behaviour

Ground matrix µe [Pa] Shear modulus

σ0
Y [Pa]

Stress elastic threshold in the
uniaxial homogeneous tension test.

Gf,0 [N/m]
surface density of dissipated
energy.

χ0 [–] Rate of softening.

Family i of fibres
i = {1, 2}

ki1 [Pa] Elastic constant
ki2 [–] Elastic constant

σi
Y [Pa]

Stress elastic threshold in the
uniaxial homogeneous tension test.

Gf,i [N/m]
surface density of dissipated
energy.

χi [–] Rate of softening.

Tissue κe [Pa] Bulk modulus –

Table 3.1: Material parameters.

3.2 Mesoscopic characterisation of fibre inelastic be-

haviour

In this study we derive the macroscopic material parameters {ki
1, k

i
2, σ

i
Y ,Gf,i} for the family

of fibres i from the mechanical properties of its mesoscopic constituents. We have assumed

a simplified hierarchical structure of soft tissues such that we consider soft tissues as a

fibre reinforced composite and fibres as a fibril reinforced composite. Fibrils, assumed as

a staggered array of tropocollagen molecules, is the smallest scale we have considered (see

Fig. 3.2).

Figure 3.2: Hierarchical structure of soft tissues

This section is summarised as follows. Firstly, we obtain the fibril elastic stretch thresh-

old considering that its reference configuration has a wavy arrangement. Afterwards we

study the mesomechanical behaviour of the fibril: we introduce the two-dimensional Hodge-

Petruska model [84], we define the mechanical features of each component of the fibril and
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Mesoscopic characterisation of fibre inelastic behaviour

we characterise the elastic/inelastic mesomechanical behaviour of the fibril as a whole.

Finally, we obtain the macromechanical behaviour of the fibres by homogenising the prop-

erties of the fibrils and the proteoglycan-rich ground matrix.

3.2.1 Fibril mesoscopic model

Fibril elastic stretch threshold The wavy structure of the fibrils has an important

bearing on the mechanical properties of soft tissues. It affects both the evolution of the

tension stiffening displayed in the uniaxial tension test and the value of the elastic stretch

threshold (assuming the crimped configuration of the fibril is its reference configuration).

We consider a crimped fibril displaying a sinusoidal shape [12] characterised by the dimen-

sionless parameter r (see Fig. 3.3a).

0 α/4 α/2 3α/2 α
−κ

0

κ
y = κ sin(2πx

α
)

r = 2κ
α

(a)

0 0.2 0.4 0.6 0.8 1
1

1.5

2

r

λ
e
[-
]

(b)

Figure 3.3: (a) 1-D model of a wavy fibril. (b) Dependence λe = λe(r).

The total length L can be expressed as:

L =
2α

π

√
1 + π2r2 E

[
π2r2

1 + π2r2

]

︸ ︷︷ ︸

E(m)

(3.19)

where E(m) is the complete elliptic integral of the second kind. We assume as a hypothesis

that (a) the onset of damage occurs when the fibril is fully stretched [85] and (b) both fibril

and fibre share the same elastic stretch threshold λe. In this case we obtain the elastic

threshold of the stretch for the fibres as:

λe =
L

α
=

2

π

√
1 + π2r2E

[
π2r2

1 + π2r2

]

(3.20)

whose dependence λe = λe(r) is described in Fig. 3.3b.
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The two dimensional Hodge-Petruska model Following [18] and [24], a two di-

mensional Hodge-Petruska arrangement [84] has been considered to reproduce the stag-

gered structure of the tropocollagen molecules inside a fibril. In this model, see Fig. 3.4,

tropocollagen molecules (TC) are considered as only-tension bearing line elements display-

ing a staggered structure. The length l of each TC molecule is around 300 nm and its

diameter d is around 1.5 nm, the distance h of stagger is around 67 nm and the gap s

between the ends of successive molecules is around 40 nm [12]. Finally, distance D stands

for the equilibrium distance between tropocollagen molecules, which has been considered

as equal to the microfibril size of 4-20 nm measured in [86].

Figure 3.4: 2-D Hodge-Petruska model

Intermolecular adhesion, and therefore geometrical stability of the structure, is accom-

plished by the presence of (a) intermolecular distributed adhesive forces along the TC

molecules and (b) localised cross-links at their ends [23; 87]. The intermolecular adhesive

forces are distributed along the overlapped TC molecular length χl and the localised cross

links along η = 60 Å at the end of the TC molecules [23]. These cohesive forces between TC

molecules and the intermolecular bonds within them provides the inner response against

an external solicitation. Table 3.2 summarises the proposed geometrical parameters of the

Hodge-Petruska model used in this work.

Fibril mesomechanical model in elastic regimen We assume as a hypothesis that

when a fibril is subjected to axial tension all TC molecules are loaded uniformly. The

individual behaviour of each TC molecule can be simplified according to the scheme dis-

played in Fig. 3.5. In this model the stress supported by the TC molecule is transmitted

to adjacent molecules through (a) the distributed unions along the overlapped molecular

length and (b) the localised cross-links at its end.
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Description Symbol Value

Waviness parameter r 0.33

TC molecular length l 300 nm(a)

TC molecular diameter d 1.5 nm(a)

Gap between TC molecules s 40 nm(a)

Distance of stagger h 67 nm(b)

Equilibrium distance between

TC molecules D 8 nm(c)

Cross-link concentration length η 6 nm(d)

(a)
[88].

(b)
[89].

(c)
Microfibril size of 4-20 nm in [86].

(d)
[18].

Table 3.2: Geometrical properties of fibril components.

Figure 3.5: Unidimensional equilibrium of the TC molecule

Under quasi-static conditions, the tension in the TC molecule must be balanced by the

strength provided in the distributed unions and in the cross-links (see Fig. 3.5). This

scheme of forces can be interpreted as a series arrangement of the TC molecule with a

parallel arrangement of the unions between TC molecules (see Fig. 3.6a).

Figure 3.6: (a) Idealised mechanical model. (b) Mechanical characterisation of individual com-
ponents.

We need to characterise the mesomechanical behaviour of each of the ingredients included

in the model (TC molecule, distributed unions and cross-links). If we assume a mesoscopic

linear behaviour, we have to define for each ingredient only three of the parameters shown

in Fig. 3.6b. Table 3.3 summarises the reference values of the parameters elastic stiffness,

27



Regularised local continuum damage model based on the mesoscopic

scale for fibred biological tissues

Component Elastic stiffness Ultimate strength Dissipated energy (N·m)

TC molecule Ecol = 50.0 pN/Å2(a) σu = 10.0 pN/Å2 (b) —

Distributed unions Kdist = 1.18 nN/Å(c) τudist = 5.55 pN/Å(d) Gdist =
1
2τ

u
dist(χl)

2(e)

Cross-links Kdist = 1.18 nN/Å(c) τuc−l = βτudist = 69 pN/Å(f) Gc−l =
1
2τ

u
c−lη

2 (g)

(a)
Collagen Young’s modulus from [90].

(b)
Collagen tensile strength from [86].

(c)
Intermolecular tensile stiffness parameter from [18].

(d)
Interaction between two TC molecules without cross-links from [23].

(e)
Total dissipated energy in distributed unions along the overlapped TC molecular length.

(f)
Cross-link strength for β = 12.5 when one cross-link is present at each end of a TC molecule as
proposed by [18].

(g)
Total dissipated energy in cross-links along η at the end of the TC molecule.

Table 3.3: Mesomechanical properties of fibril components.

ultimate strength and dissipated energy used in this work. Here we have considered the

dissipated energy as the work required to exhaust the bearing capacity of the element.

Fibril failure modes We associate the onset of inelastic processes in the tissue with the

beginning of degradation in the fibril components. If we study the mechanical idealisation

of the TC molecule shown in Fig. 3.5, loss of bearing capacity can be related either with

the failure of the collagen chains or with the failure of the adherent unions between TC

molecules. Due to the high tensile strength of the collagen chains [86] we assume structural

failure is associated only with the loss of cohesion at the unions between TC molecules.

In this work we propose as a hypothesis that there are two possible failure mechanisms as-

sociated with the loss of cohesion at the unions between TC molecules. Failure mechanisms

depend on the relationship between the maximum cohesion strength ηβτudis provided by the

cross-links and the maximum cohesion strength χlτudis provided by the distributed unions.

If the cross-links provide a greater cohesion strength, a plane of weakness will appear along

the distributed unions (failure mode 1), and if otherwise, a plane of weakness will appear

along the cross-links (failure mode 2). Fig. 3.7 displays both planes of weakness, which

form the following angles with the fibril axis direction (see Fig. 3.4 for the geometrical

parameters):

tan θ1 =
D

l − h+ s
; tan θ2 =

D

h
(3.21)

We define now a critical length lcr as the minimum length of the TC molecule such that

the maximum strength of the cross-links equals the maximum strength of the distributed

unions:

lcr =
ηβτudis
χτudis

=
ηβ

χ
. (3.22)

This parameter lcr gives us a criterion to identify which is the dominant failure mode in
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Mesoscopic characterisation of fibre inelastic behaviour

Figure 3.7: Fibril failure models

the fibril such that:

If l < lcr −→ Failure mode 1, (3.23)

If l > lcr −→ Failure mode 2. (3.24)

Fibril inelastic behaviour mesomechanical characterisation The onset and devel-

opment of each of the previous failure modes affect the maximum tension of the fibril in

elastic regime and the total amount of available dissipation energy. We describe now the

mechanical characterisation for both failure modes and we derive afterwards the overall be-

haviour of the fibril, assuming that the length of the TC molecules inside the fibril follows

a normal distribution.

Failure mode 1 is associated with the decohesion of the distributed unions between TC

molecules. The maximum stress per unit area of the fibril is therefore:

σu−mode 1
fibril =

χlτudis
D2

, (3.25)

where D stands for the equilibrium distance between tropocollagen molecules, and the

surface density of dissipated energy per unit area of the fibril is:

Gmode 1
fibril =

1

2
τudis(χl)

2 1

D2
. (3.26)
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Failure mode 2 is associated with the decohesion of the cross-links forces between the ends

of TC molecules. In this case the maximum stress per unit area of the fibril is:

σu−mode 2
fibril =

ηβτudis
D2

, (3.27)

and the surface density of dissipated energy per unit area of the fibril is:

Gmode 2
fibril =

1

2
βτudisη

2 1

D2
. (3.28)

The characteristic length lcr defined in equation (3.22) allows us to discriminate which

failure mode will take place in the fibril. Assuming the lengths of the TC molecules inside

a fibril have a normal distribution (characterised by a mean length lm and a variance σ,

see Fig. 3.8), we can define the proportion of mode 1 failures inside a fibril as:

D1 =
1

2

[

1 + erf

(
lcr − lm

σ
√
2

)]

. (3.29)
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Figure 3.8: Probabilistic distribution of the TC molecular length. (a) Probability density function.
(b) Cumulative distribution function.

Equations (3.25) to (3.29) give us finally the first two expressions that characterise the

fibril mechanical behaviour in the mesoscopic scale:

σu
fibril = D1σ

u−mode 1
fibril + [1−D1]σ

u−mode 2
fibril (3.30)

Gfibril = D1Gmode 1
fibril + [1−D1]Gmode 2

fibril , (3.31)

where we have considered that the overall behaviour of the fibril is the weighted average of

the behaviours of modes 1 and 2.
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The stored elastic energy density per unit volume of the fibril at the onset of damage

has two components: the stored elastic energy in the TC molecule and the stored elastic

energy in the intermolecular adhesion unions (see Fig. 3.5). Both the TC molecule and the

intermolecular adhesion unions undergo the same level of internal force (owing to the series

arrangement):

fu
fibril = σu

fibrilD
2. (3.32)

Assuming linear elastic behaviour for each component, and using the elastic stiffness Ecol

and Kdist for the collagen and the intermolecular adhesion unions, we can obtain the elastic

energy stored in the TC molecule as (see Fig. 3.5):

w0
TC molecule =

1

2
fu
fibril

fu
fibril[1− χ]l

Ecold2
(3.33)

and the elastic energy stored in the intermolecular adhesion unions as:

w0
dist unions =

1

2
fu
fibril

fu
fibril

Kdist

. (3.34)

Expressions (3.33)-(3.34) give us finally an elastic energy density per unit volume of the

fibril :

Ψ 0
fibril =

1

lD2

[
w0

TC molecule + w0
dist unions

]
. (3.35)

The values derived in equations (3.30), (3.31) and (3.35) allows us to characterise the

mechanical behaviour of the fibril in the mesoscopic scale using the mechanical properties

of its basic components.

3.2.2 Fibre macromechanical characterisation

We assume fibrils are aligned with the fibre axis and fibres of the same family share a

common mean direction inside the tissue. We also consider the fibre and the tissue as

homogenised continua (the fibre as a fibril reinforced composite and the tissue as a fibre

reinforced composite). This approach allows us to define the homogenised properties of

each composite as functions of the mechanical properties of the constituents and its volume

fractions.

In this section we firstly obtain the mesoscopic properties of the fibre. To do so, we define

the volume fractions of the fibrils and the ground matrix in terms of their relative thick-

nesses inside the fibre. Afterwards, we obtain the macroscopic properties of the fibre in

terms of the volume fraction of the fibre inside the tissue. Finally we calculate, for each

family of fibres, the material parameters of the continuum damage model introduced in

Section 3.1 (see parameters in equations (2.39) and (3.17)). We impose that the inelastic
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properties of this model, i.e. the uniaxial stretch and stress elastic thresholds, the stored

elastic energy that defines the initial elastic domain and the surface density of dissipated

energy, are given by the macroscopic values derived in the upscaling homogenisation pro-

cess.

Fibre mesomechanical model Fibres can be considered as a bundle of closely packed

thin fibrils linked by very thin proteoglycan filaments (GAGs). Proteoglycans determine

the distance of two neighbouring fibrils to fasten themselves into a bundle [91]. In this work

we consider a fibre two-dimensional model characterised only by the fibril diameter B0 and

the interfibrillar distance B1 (see Fig. 3.9a). We assume also there is a compatibility of

strains for both the fibril and the proteoglycan-rich ground matrix phases. Following these

assumptions the mechanical properties of the fibre at mesoscale level are:

σu
fibre =

B0

B0 + B1

σu
fibril +

B1

B0 + B1

σu
GAG ≈ B0

B0 + B1

σu
fibril , (3.36)

Ψ 0
fibre =

B0

B0 + B1

Ψ 0
fibril +

B1

B0 +B1

Ψ 0
GAG ≈ B0

B0 + B1

Ψ 0
fibril , (3.37)

Gfibre =
B0

B0 + B1

Gfibril +
B0

B0 + B1

GGAG , (3.38)

(3.39)

where we have assumed that (a) the proteoglycan-rich matrix and the fibril have a parallel

arrangement (see Figure 3.9b) and (b) the elastic stiffness of the GAGs molecules is so

low that we they don’t contribute to the yield stress and the stored elastic energy of the

fibre. However, the ductile rupture of the GAGs molecules do provide surface density of

dissipation energy.

Table 3.4 summarises the mechanical and geometrical properties of the fibre two-dimensional

model used in equations (3.36)-(3.38).

Component Symbol Value

GAG’s molecules surface
density of dissipation energy GGAG 103 pN/Å
Fibril width B0 180 nm
Proteoglycan-rich
matrix width B1 100 nm
Fibre volume fraction

in the tissue νf 0.22(a)

(a)
See Fig. 4 in [92]

Table 3.4: Properties of fibre components.
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Figure 3.9: 2-D fibre model

Fibre macroscopic elastic energy density function At macroscopic scale we have

modelled soft tissues as composites formed by an incompressible ground matrix and one or

several families of fibres. Fibres are represented in the composite by a volumetric fraction

νf and therefore the stresses and energy densities of equations (3.36)-(3.38) must be ho-

mogenised in order to obtain the macroscopic values of the fibre at tissue level. Macroscopic

expressions of the mechanical properties of the fibres are thus obtained as:

σu−tissue
fibre = νfσu

fibre (3.40)

Ψ 0−tissue
fibre = νfΨ 0

fibre (3.41)

Gtissue
fibre = νfGfibre (3.42)

where νf is the fibre volume fraction in the tissue. Mechanical properties of the incom-

pressible ground matrix depend on the properties of the GAGs molecules. It is commonly

accepted that this material can be modelled at the macroscopic scale with a neo-Hookean

law [93].

The values of σu−tissue
fibre and Ψ 0−tissue

fibre given in equations (3.40)-(3.41), along with the uniaxial

elastic stretch threshold λe given in equation (3.20), allow us to fully characterise the

macroscopic constitutive model for the families of fibres. To achieve that we impose, in the

uniaxial traction test and at the onset of damage, that the yield stress and the stored elastic

energy density given by the constitutive model match the values of equations (3.40)-(3.41)

(see Fig. 3.10). We consider henceforth in this chapter there is no fibre dispersion around
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the fibre’s mean direction.

1 λe

0

σu-tissue
fibre

λ [-]

Figure 3.10: Uniaxial fibre model

The fibre effective strain energy function defined in equation (2.39), particularised for the

uniaxial traction test when the fibre is aligned with the direction of stretching is:

Ψfibre =
k1
2k2

[
exp(k2(λ

2 − 1)2)− 1
]
, (3.43)

where k1 and k2 are two material parameters to be determined and λ is the stretch in the

fibre axial direction. The fibre uniaxial stress is therefore:

σfibre = λ
∂Ψfibre

∂λ
= 2k1[λ

4 − λ2] exp(k2[λ
2 − 1]2). (3.44)

Equations (3.43) and (3.44) allow us to finally obtain k1 and k2 as the solution of the

following system of nonlinear equations:

σfibre(λe) =2k1[λ
4
e − λ2

e] exp(k2[λ
2
e − 1]2)

=σu−tissue
fibre (3.45)

Ψfibre(λe) =
k1
2k2

[
exp(k2(λ

2
e − 1)2)− 1

]

=Ψ 0−tissue
fibre (3.46)

where the values of σu−tissue
fibre and Ψ 0−tissue

fibre are given in equations (3.40) and (3.41). The

nonlinear equation system (3.45)-(3.46) has been numerically solved by using the optimize

package of scipy library [94].
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3.3 Numerical examples

In this section we have performed mechanical analysis at fibril, fibre and tissue levels.

Our aim is to study the behaviour of the model at each of the hierarchical scales we have

considered. Unless otherwise specified, the values of the mesoscopic parameters used to

characterise the tissue are given in Tables 3.2, 3.3 and 3.4.

3.3.1 Fibril behaviour analysis

Firstly, we analyse how the cohesive force of the cross-links (defined as a function of param-

eter β, see Table 3.3) affects the yield strength of the fibril. The influence of β parameter

appears only when the material failure is associated with the breakage of cross-links (failure

mode 2). In Fig. 3.11a we plot the stress level σu
fibril of the fibril at the onset of damage,

see equation (3.30), as a function of parameter β. We see an increase in the yield strength

with increasing the bearing capacity of the cross-links, until the strength of the cross-links

is so large that failure occurs along the distributed unions in the overlapped length (failure

mode 1). In Fig. 3.11a we compare our results with those presented in [18], where molecular

dynamics (MD) simulations were made using a short chain of collagen molecules. Further

MD simulations were performed in [24] increasing the size of the fibril until it behaved as

a representative volume element. Results presented in [24] show a subtle increase in the

yield strength (see Fig. 4 in [24]) if we compare with those presented previously in [18].

We study also how the length of the TC molecule affects the yield strength of the fibril

when, in this case, material failure is associated with the breakage of the distributed unions

along the overlapped length (failure mode 1). In Fig. 3.11b we see that there is an increase

of the yield strength when we increase the length of the TC molecule, until it reaches a

threshold value at which the failure occurs through the cross-links (failure mode 2).

Experimental tests of individual fibrils can be found in [95] and [96]. In these studies, the

first deviation from linearity occurred at a yield strength of 0.22±0.14 GPa (nominal stress).

Our model predicts a stronger response of fibrils in case cross-links are present. In the

authors’ opinion, more research should be made to characterise the mechanical behaviour

of the constituent elements of the fibril, in particular the mechanical interaction between

two TC molecules along their overlapped length. Following [23], we have considered in

this work an ultimate strength of the distributed unions of τudist = 5.55 pN/Å, which is

also used to calculate the ultimate strength of the cross-links as τuc−l = βτudist. In order to

better approximate the experimental results presented in [95] and [96], a smaller value of

parameter τudist should be used.
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Figure 3.11: (a) Fibril yield strength as a function of cross-link β parameter. (b) Fibril yield
strength as a function of the length of the TC molecule.

3.3.2 Fibre behaviour analysis

We use the homogeneous simple tensile test to analyse the behaviour of the fibres. The

test specimen is a parallelepiped with dimensions a = 2.81 mm, b = 0.32 mm and h = 12.5

mm (see Fig. 3.12a). The matrix of the composite is assumed to have null strength and the

fibres are oriented in the direction of stretching. In this section we perform a sensitivity

analysis of the following parameters: the cross-link strength (Fig. 3.12b), the TC molecular

length (Fig. 3.12c) and the waviness parameter (Fig. 3.12d). These stress-stretch curves

present tension-stiffening in the elastic domain associated with the fibril recruitment along

the stretching direction. The onset of inelastic processes in the fibre is associated with

a discontinuity (a kink) in the slope of the curves stress-stretch. After that point, the

regularised damage model of Section 3.1 requires the total dissipated energy to be given

by the material parameter surface density of dissipated energy, defined in equation 3.38.

Therefore, the shape of the softening branch of the curves depends on the size (the length h

in Fig. 3.12a) of the domain, i.e., the larger the length h the brittler the inelastic behaviour.

We firstly investigate the influence of the cross-link strength (β parameter) on the fibre

stress-stretch response. In Fig. 3.12b we compare the stress-stretch behaviour for different

values of β. As we can see the yield strength and the brittleness of the model increase with

increasing β. We find a similar behaviour when we increase the length of the TC molecule.

In Fig. 3.12c we show the stress-stretch responses for different values of lm. When we

increase the value of the TC molecular length, we obtain an increasing value of the yield

strength and a slight increase of the brittle behaviour (see the different vertical scales in

Figs. 3.12b and 3.12c). We finally study the fibre behaviour when the fibril waviness is

modified. In Fig. 3.12d we plot the stress-stretch curves when the waviness parameter r is
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Figure 3.12: Fibre behaviour analysis in a uniaxial test. (a) Single element mesh. (b) l = 300 [nm],
r = 0.33 [-]. (c) β = 12.5 [-], r = 0.33 [-]. (d) l = 300 [nm], β = 12.5 [-].

increased. We appreciate that when we increase the value of r the elastic stretch threshold

is increased and a small decrement of the brittleness takes place.

3.3.3 Soft tissue behaviour analysis

Mesoscopic values of Tables 3.2, 3.3 and 3.4 give us the derived macroscopic fibre material

parameters at tissue level summarised in Table 3.5.

Several works have been published with numerical fitting of material parameters {k1, k2} to

the elastic physiological response of fibred soft tissues (see [97], [98] or [99] among others).

In [98], range values of {k1 = [240, 940] kPa, k2 = [5.790, 34.79]} are given for healthy

thoracic aorta and {k1 = [2580, 10500] kPa, k2 = [0.00, 32.4]} for healthy abdominal aorta.

However, these values are not exactly comparable with those of Table 3.5 because these

works have used an extended version of equation 2.39 taking into account the dispersion in
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Symbol Value Units Equation

k1 1704.3 [kN/m2] (3.45)-(3.46)
k2 3.585 [–] (3.45)-(3.46)
σu 6.81 [MN/m2] (3.40)
Gf 1.38 [N/m] (3.42)

Table 3.5: Macroscopic fibre material parameters.

the collagen fibre directions (see Gasser et al. [100] for more details).

Experimental data about failure properties of soft tissues can be found in literature although

these values present some variability. Material parameters associated with fracture of soft

tissues are associated to different types of tests: tensile, inflation, tearing, splitting, and

peeling tests (see [101] and references therein). If we restrain ourselves to the aortic tissue,

we find values of the axial strength from 1.21± 0.33 MPa in human abdominal aorta [102]

to 1.95± 0.60 MPa in human descending thoracic aorta [103]. The mesoscopic parameters

chosen in our model lead to a value (6.81 MPa) larger than the experimental axial strength

found in aortic tissues. One possible cause of this discrepancy could be our overestimation

of the tensile strength of the fibril that has already been discussed in Section 3.3.1. There

is also uncertainty in the value of the dissipated energy of collagenous fibres in soft tissues

in the extension test. We find that the value of dissipated energy in the aortic tissue in the

splitting test ranges from 1.7 N/m in human thoracic and abdominal aorta [104] to 159±9

N/m in porcine descending thoracic aorta [105]. When we compare these values with the

one presented in Table 3.5 we must bear in mind that the failure modes considered are

different (extension vs. splitting).

In this section we study the deformation of a square plate with a hole (see Fig. 4.4(a))

when it is stretched in a tensile test. An increasing displacement is imposed along the X1

direction at sections A and A’ while the remaining displacement degrees of freedom are

set to zero. The study has mirror symmetry so we discretise only one eighth of the model

(the domain placed in the first octant). We use three geometrical discretisations, called

Mesh1, Mesh2 and Mesh3, with different characteristic element lengths, see Table 3.6 and

Figs. 3.14(a)-3.14(c)).

Name Elements Type Characteristic
length h

Mesh1 64 8-node brick 25.0 mm
Mesh2 256 8-node brick 12.5 mm
Mesh3 576 8-node brick 8.33 mm

Table 3.6: Mesh geometric properties.

Only one family of fibres is considered. This family is oriented in the X1 direction, so
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its orientation vector at the reference configuration is a0 = (1, 0, 0). We characterise the

mechanical behaviour of the fibres with the material parameters summarised in Table 3.5.

These fibre parameters were obtained from mesoscopic values in Tables 3.2, 3.3 and 3.4.

Ground matrix behaviour is reproduced by using a fully elastic neo-Hookean model with

shear modulus c = 5 MN/m2.

In this displacement-controlled tension test we increase monotonically the prescribed dis-

placement from zero up to a maximum value of 56.3 mm. In Fig. 3.14a we show the force-

stretch response of the model. The two solid black curves represent the fully elastic response

of the composite (upper) and the isotropic elastic neo-Hookean matrix (lower). Discontin-

uous lines represent the force-stretch response for the discretisations Mesh1, Mesh2 and

Mesh3. We can identify the onset of damage around the stretch value λ = 1.15, when

the equilibrium curves of the damaged composite separate from the fully elastic behaviour.

The equilibrium curves obtained with the three geometrical discretisations are quite similar

due to the softening regularisation explained in Section 2.1.4.

Although this model enforces the mesh-objectivity of the structural response two difficulties

emerge: the definition of the correct characteristic length for each finite element used in

equation (3.18) and the influence of the mesh bias on the numerical results. The first

problem is solved by defining an approximate characteristic length as the size of the element

in the stretching direction (see Table 3.6). In Fig. 3.14b-d the contours of the damage

function are plotted for the three geometrical discretisations. As we can see, damage is

more pronounced around the tip of the hole where the resistant section is smaller and where

we find the highest values of the stresses. The domain completely damaged in the three

numerical simulations is almost the same.

3.4 Summary

The aim of the model presented in this section was to establish a relationship between

the mesoscopic structural mechanisms that rule inelastic processes in fibrous soft tissues

and their macroscopic material parameters. A phenomenological continuous damage model

with regularised softening was presented along with an interpretation of the damage pro-

cesses that take place at fibril scale in soft tissues. This interpretation allows us to derive

a relationship between the mechanical and geometrical properties of the fibril constituents

(tropocollagen molecules and the cohesive forces between them) and the material param-

eters of the damage model. We have obtained meso-structurally based definitions for the

elastic parameters defining the effective strain energy function, and for the inelastic pa-

rameters defining the ingredients of the damage model (yield strength and surface density

of total dissipated energy).

We have interpreted soft tissues as fibre reinforced composites and fibres as fibril reinforced
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Figure 3.13: Plate with a hole. (a) Dimensions (R = 150 [mm], H = 200 [mm], T = 20 [mm]),
orthotropic fibre orientations a1

0, a2
0 and discretisation (1/8 of the full geometry). (b) Force-

displacement response and investigation of mesh-sensitivity. The solid black curves represent the
elastic response of the isotropic neo-Hookean matrix (lower curve) and the overall elastic response
of the fibre-reinforced material (upper curve).

composites. A Hodge-Petruska bidimensional model has been used to describe the fibrils

as staggered arrays of tropocollagen molecules. After a mechanical characterisation of

each of the fibril components, two fibril failures modes have been defined related with two

planes of weakness. These planes of weakness are associated with either the decohesion

of the distributed cohesive forces between the overlapped length of the TC molecules, or

the decohesion of the concentrated cohesive forces at the end of the TC molecules. The

prevailing mode of failure is a function of the TC molecular length, which allows us to

characterise the fibril mechanical properties in terms of the mechanical properties of its

constituents and the probability distribution of the TC molecular length. Finally, we

obtain the macroscopic material properties of the fibres using an homogenisation process.

We have presented a phenomenological damage model for fibrous materials with regularised

softening. Damage processes depend only on the isochoric deformation and ground matrix

and fibres damage independently. We have defined a strain energy function with dilatational

and isochoric contributions. The dilatational contribution has been decomposed into an

isotropic part associated with the ground matrix and an anisotropic part associated with the

families of fibres. We have used the principles of the smeared crack approach to avoid the

mesh size dependence of the structural response in softening. We have defined a regularised

softening modulus in terms of a surface density of dissipated energy and a characteristic

size of the finite element.

This phenomenological damage model has been implemented as a subroutine inside the

finite element code F.E.A.P. Taylor [106]. The process of obtaining the macroscopic ma-
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Figure 3.14: Undeformed mesh. (a) Mesh1. (b) Mesh2. (c) Mesh3. Contour plot of damage
function f1,2

d . (d) Mesh1. (e) Mesh2. (f) Mesh3.

terial parameters from the mesoscopic fibril model was made using the environment SciPy

Jones et al. [107].

The present approach to obtain the material parameters of the phenomenological damage

model in terms of the fibril mesostructure has the advantage of its simplicity in use. The

complexity of the model is reduced to an initial study to obtain the derived material

parameters of the damage model without any further modification in the finite element

code. We are able to incorporate the properties of the fibrous tissue structure without

using the computationally more expensive multiscale models. It allows us to study the

influence of the geometrical and mechanical properties of the fibril constituents in a non-

expensive, straightforward way.

However, this work presents also some limitations. In the bottom-up approach we have

followed, we have used the mechanical definitions (stiffness, yield strength and density per

unit area of dissipated energy) of the fundamental components of soft tissues at fibril scale.

These characterisations, along with the volume fractions of each component at fibre and

tissue level, present a high degree of uncertainty, especially the definition of the densities per

unit area of dissipated energy. Some of the numerical values considered in Tables 3.2, 3.3

and 3.4 are based in molecular dynamics simulations, some are based in experimental tests

or observations, and the others are just a choice of the authors because no experimental

value has been found. A more precise geometric and mechanical characterisation is required

for each of the fundamental constituents of the specific soft tissue we want to analyse.

Finally we would like to mention some limitations of the model related with the simplifying

41



Regularised local continuum damage model based on the mesoscopic

scale for fibred biological tissues

hypothesis we have considered. Firstly, we have assumed the same elastic stretch threshold

for both the fibril and the fibre. This is the same as considering that fibril and fibre undergo

the same strain at both length scale levels. We have also considered at fibril scale that all

TC molecules deform uniformly. Intuitively we might think that in the Hodge-Petruska

model there will be a stress concentration at the end of the TC molecules. Besides, we have

neglected the possibility of a failure of the tropocollagen molecule when we have defined the

fibril failure modes. Finally, and associated also with the fibril failure modes, we have used

a distribution function of probability that can theoretically provide non-zero probability for

negative values of the TC molecular length (when a standard deviation too large compared

with the mean value is used, although this is a non-physiological situation).

42



Non-local gradient-enhanced

continuum damage model for

fibred biological tissues C
h
a
p
t
e
r

4
In this chapter we present a non-local gradient-enhanced continuum damage formulation

at large deformations. At the material point, the elastic constitutive behavior is defined

by a hyperelastic functional made of a volumetric and an isochoric contribution. For the

volumetric contribution, a quadratic form that serves to enforce the incompressibility con-

straint J − 1 = 0 is used. The isochoric contribution is further subdivided into three

contributions associated to three different phases i = 0, 1, 2. Phase 0 is represented by

an incompressible neo-Hookean material; whereas phases 1 and 2 are represented by an

exponential format that accounts for the stretching along two preferred anisotropy direc-

tions, i.e. two fibre families. Furthermore, a 1− di–type damage function, is introduced to

reproduce the loss of stiffness in each phase i. Following the ideas discussed on Dimitrijević

and Hackl [55], the model is built around the enhancement of the local free energy function

by means of a term that contains the referential gradient of the non-local damage variable

φi. The inclusion of this term ensures an implicit regularisation of the finite element imple-

mentation, ensuring mesh-objective results of the simulations. Furthermore, a penalisation

term is incorporated to enforce the equivalence of the local and non-local damage variables.

The Euler-Lagrange equations that govern the boundary value problem are solved in their

weak form by means of the minimisation of the total potential energy. The weak form, in

turn, serves as the basis for the finite element implementation of the non-local gradient-

enhanced continuum damage model. To this end we develop an 8-noded Q1P0 hexahedral

element following a multivariational approach, which ensures the fulfillment of the quasi-

incompressibility condition. This element is implemented in Abaqus by means of the user

subroutine UEL. Two boundary value problems are studied: a homogeneous deformation

test, and an anisotropic plate with a hole. These experiments serve to illustrate the main

capabilities of the proposed model, as well as to highlight its applicability to the modelling

of soft tissues.
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4.1 Gradient enhancement of a continuum damage

formulation

As a starting point, we assume the existence of a local free energy function Ψloc for a

fibre-reinforced material defined per unit reference volume

Ψloc(F ,H i, κi) = Ψvol
loc (J) + f 0

d(κ
0)Ψ 0

loc(F̄ ) +
∑

i=1,2

f i
d(κ

i)Ψ i
loc(F̄ ,H i) , (4.1)

that accounts for an anisotropic non-linear elastic material response under the influence

of scalar damage. Ψvol
loc represents the free energy term associated to the volumetric defor-

mation, while the isochoric response is composed of the contributions of three hyperelastic

functionals Ψ i
loc for different phases (i = 0, 1, 2). Ψ 0

loc is an isotropic contribution, and

Ψ 1,2
loc is the anisotropic contribution due to two fibre-reinforcements. In equation (4.1),

κi ∈ [0,∞) is a scalar internal damage variable characterising a material stiffness loss in

the i-th phase, while f i
d(κ

i) = 1− di represents an appropriate damage function that is at

least twice differentiable and satisfies

f i
d(κ

i) : R+ → (0, 1]
∣
∣
∣

{

f i
d(0) = 1, lim

κi→∞
f i
d(κ

i) → 0

}

. (4.2)

These conditions assure purely elastic behaviour of the undamaged material and complete

loss of material stiffness in the limiting case κi → ∞, cf. Dimitrijević and Hackl [55].

Following the concept of Dimitrijević and Hackl [55], a gradient-enhanced non-local free

energy function Ψnloc is introduced as

Ψnloc(F , κi, φi,∇Xφi) =
∑

i=0,1,2

Ψ i
nloc =

∑

i=0,1,2

[
Ψ i
grd(F ,∇Xφi) + Ψ i

plty(κ
i, φi)

]
, (4.3)

where each Ψ i
grd contains the referential gradient of the non-local damage field variable φi,

and where each Ψ i
plty is a penalisation term that enforces an equivalence-constraint between

the non-local damage variable φi and the local damage variable κi. Consequently, we obtain

an enhanced free energy function as

Ψint(F ,H i, κi, φi,∇Xφi) =Ψloc(F ,H i, κi) + Ψnloc(F , κi, φi,∇Xφi) . (4.4)

4.1.1 Total potential energy and variational formulation

The total potential energy of a system is defined as Π = Πint +Πext, where Πint accounts

for the contributions due to internal forces and Πext = Πvol
ext +Πsur

ext accounts for the contri-

butions due to body and surface forces. Given the existence of the strain energy function
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(4.4) and assuming ’dead’ loads, each of the contributions to the total potential take the

form

Πint(F ,H i, κi, φi,∇Xφi) =

∫

B0

Ψint dV , (4.5)

Πvol
ext(ϕ) =

∫

B0

Ψvol
ext dV = −

∫

B0

B ·ϕ dV , (4.6)

Πsur
ext(ϕ) =

∫

∂B0

Ψ sur
ext dA = −

∫

∂B0

T ·ϕ dA , (4.7)

whereB denotes the body force vector per unit reference volume and where T characterises

the traction vector per unit reference surface area.

The boundary value problem is governed by the principle of minimum potential energy,

which requires that the first variation of the total potential energy with respect to ϕ and

φi vanishes identically, i.e.

δϕΠ(ϕ,F ,H i, κi, φi,∇Xφi)
.
= 0 ∀ δϕ , (4.8)

δφiΠ(ϕ,F ,H i, κi, φi,∇Xφi)
.
= 0 ∀ δφi. (4.9)

In detail, the resulting coupled system of equations in material description can be deduced

as

∫

B0

P : ∇Xδϕ dV −
∫

B0

B · δϕ dV −
∫

∂B0

T · δϕ dA
.
= 0 , (4.10)

∫

B0

Y i · ∇Xδφi dV −
∫

B0

Y i δφi dV
.
= 0 , (4.11)

where the Piola stress P and the vectorial damage quantity Y i are related to flux terms,

whereas the body force B and the scalar damage quantity Y i are associated to source

terms. They are defined as

P = ∂FΨ , B = − ∂ϕΨ
vol
ext , (4.12)

Y i = ∂∇XφiΨ , Y i = − ∂φiΨ , (4.13)

together with T = − ∂ϕΨ
sur
ext . The corresponding spatial quantities are given by

σ = P · cof(F −1) , b = J −1B , (4.14)

yi = Y i · cof(F −1) , yi = J −1Y i . (4.15)

Applying relation ∇Xδϕ = ∇xδϕ ·F as well as ∇Xδφi = ∇xδφ
i ·F results in the variational
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forms in spatial description,

∫

Bt

σ : ∇xδϕ dv −
∫

Bt

b · δϕ dv −
∫

∂Bt

t · δϕ da
.
= 0 , (4.16)

∫

Bt

yi · ∇xδφ
i dv −

∫

Bt

yi δφi dv
.
= 0 . (4.17)

The first terms in equations (4.16) and (4.10) represent the internal virtual work δϕWint =

δϕΠint, while the remaining terms characterise the external virtual work δϕWext = − δϕΠext.

Consequently, equations (4.16) and (4.17) can be expressed in compact form as

δϕW = δϕWint − δϕWext = 0 ∀ δϕ , (4.18)

δφiW = δφiWint − δφiWext = 0 ∀ δφi , (4.19)

where the internal and external contributions are given in spatial form as

δϕWint =

∫

Bt

σ : ∇xδϕ dv , (4.20)

δϕWext =

∫

Bt

b · δϕ dv +

∫

∂Bt

t · δϕ da , (4.21)

δφiWint =

∫

Bt

yi · ∇xδφ
i dv , (4.22)

δφiWext =

∫

Bt

yi δφi dv . (4.23)

These relations provide the basis for the finite-element discretisation described in Section

4.3.

4.1.2 Strong form – Euler-Lagrange equations

For the sake of completeness, the corresponding local Euler-Lagrange equations in spatial

description are derived in this section. By means of the well-established relations

σ : ∇xδϕ = ∇x · [δϕ · σ]− δϕ · [∇x · σ] , (4.24)

yi · ∇xδφ
i = ∇x · [δφi yi]− δφi∇x · yi , (4.25)
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and Gauss’s divergence theorem applied to (4.16) and (4.17), we obtain the Euler-Lagrange

equations in spatial form as

∇x · σ + b = 0 in Bt , (4.26)

σ · n = t on ∂Bt , (4.27)

and ∇x · yi + yi = 0 in Bt , (4.28)

yi · n = 0 on ∂Bt . (4.29)

Equations (4.26), (4.27) represent the common quasi-static balance of linear momentum in

local form with respect to the spatial configuration Bt. Equations (4.28), (4.29) represent

the governing local balance relations associated with the non-local damage field φi with

respect to the spatial configuration Bt.

Remark 4.1.1 It is important to note that—as implied in equation (4.29)— the flux of

the non-local damage variable across the boundary ∂Bt is allowed, but it is not defined a

priori as a natural boundary condition, as done for instance by de Borst and Pamin [49],

Peerlings et al. [108] and Simone et al. [109], amongst others.

4.2 Constitutive relations

In this section we introduce the constitutive equations that define the inelastic response

at the local material point level. As a key aspect, the gradient-enhanced, non-local contri-

bution to the free energy function is specified, followed by the formulation of continuum

damage and its related algorithmic implementation.

4.2.1 Gradient-enhanced part of the free energy function

According to equation (4.3), the non-local part of the free energy function of the i-th phase

is assumed to be additively composed by a gradient-related contribution Ψ i
grd and by a

penalty term Ψ i
plty. Following Dimitrijević and Hackl [55], who considered an analogous

framework for the geometrically linear case, these free energy terms are specified as

Ψ i
grd(F ,∇Xφi) =

cid
2
∇Xφi ·C−1 · ∇Xφi =

cid
2
∇xφ

i · ∇xφ
i , (4.30)

Ψ i
plty(κ

i, φi) =
βi
d

2
[φi − κi]2 . (4.31)

The penalty parameter βi
d enforces the constraint φi − κi = 0, so that the local and non-

local damage variables nearly coincide. Furthermore, the gradient parameter cid controls

the degree of gradient regularisation and the level of smoothing of the non-local damage
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variable over the domain. For the particular non-local free energy functions (4.30) and

(4.31), and by using relations (4.13) and (4.15) we obtain

yi = J−1βi
d [φ

i − κi] , (4.32)

yi = J−1cid∇xφ
i . (4.33)

Based on the general format of the variational form for the non-local damage field variable

(4.17) and by using relations (4.32) and (4.33), the Euler-Lagrange equations in the spatial

configuration for the non-local damage variable φi can be reformulated as

cid∆xφ
i + βi

d [φ
i − κi] = 0 in Bt , (4.34)

∇xφ
i · n = 0 on ∂Bt . (4.35)

with the Laplace operator ∆x(•) = ∇x · [∇x(•)]. For further details on the derivation of

these equations see Waffenschmidt et al. [110].

4.2.2 Gradient-enhanced damage model – continuous formula-

tion

In order to obtain the stress-like thermodynamic forces driving the damage process in each

i-th phase of the fibre-reinforced material, we follow standard thermodynamic arguments;

see, e.g., Lemaitre and Chaboche [31]. For the sake of readability, in what follows, no

specific super indexing is used to differentiate the quantities related to each phase, provided

the same constitutive equations govern the evolution of damage in each of them.

Differentiation of the general format of the free energy function (4.4) with respect to time

and application of the Clausius-Planck inequality yields a contribution including the ther-

modynamic force q conjugate to the damage variable d, i.e.

q = − ∂dΨ = − ∂dΨloc − ∂dΨnloc = qloc + qnloc . (4.36)

In this context, note that relation fd(κ) = 1 − d so that − ∂d(•) = ∂fd(•). The thermo-

dynamic force q, i.e. the effective strain energy or ‘energy release rate’, is composed of

a local and non-local contribution qloc = − ∂dΨloc and qnloc = − ∂dΨnloc = − ∂κΨnloc∂dκ,

respectively. To be specific, we obtain

qloc = Ψloc and qnloc = βd [φ− κ] ∂dκ . (4.37)

By means of relation (4.34), the non-local energy release rate can alternatively be expressed

as qnloc = cd∆xφ ∂dκ.
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We now adopt a damage condition, at any time of the loading process, as

Φd = q − κ ≤ 0 , (4.38)

where Φd < 0 refers to the purely elastic case and where Φd = 0 includes damage evolution.

Based on the postulate of maximum dissipation, a constrained optimisation problem involv-

ing the Lagrange multiplier λ can be constructed which results in the following associated

representation of the evolution of the damage variable

κ̇ = λ
∂Φd

∂q
= λ with κ|t=0 = κd . (4.39)

Initiation as well as termination of damage are assumed to be governed by the Karush-

Kuhn-Tucker complementary conditions

λ ≥ 0 , Φd ≤ 0 , λ Φd = 0 . (4.40)

which, equivalently but more illustratively, can be reformulated as







Φd < 0 elastic

Φd = 0 and







λ < 0 elastic unloading

λ = 0 neutral loading

λ > 0 damage loading

(4.41)

see Simo and Hughes [111] and Figure 4.1 for a graphical representation.

For the damage function fd(κ), we adopt a simple exponential-type law

fd(κ) = 1− d = exp(ηd [κd − κ]) , (4.42)

where we use an initial damage threshold κd, which must be exceeded in order to activate

damage evolution. Furthermore, an exponential saturation parameter ηd is included. It

becomes apparent from this definition that larger values of ηd accelerate the damage process,

whereas larger values of κd lead to a delay of the damage initiation.

4.2.3 Gradient-enhanced damage model – algorithmic setting

Evolution equation (4.39) represents a non-linear ordinary differential equation, which is

integrated numerically in order to obtain the internal damage variable κ at a current time

step n+1. In this context, we introduce representative intervals in time, ∆t = tn+1−tn ≥ 0,

and apply an implicit, unconditionally stable Euler backward integration scheme, which
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1 2 3 4 5 6 7 8 9 10 11

q , κ

κd
t

t

(a)

q q̇ κ̇ = λ Remark

1 < κ > 0 = 0 elastic loading

2 < κ > 0 = 0 elastic loading

3 = κ > 0 = 0 elastic loading

4 = κ = κ̇ > 0 damage loading

5 = κ = 0 = 0 neutral loading

6 < κ < 0 = 0 elastic unloading

7 < κ = 0 = 0 neutral loading

8 < κ > 0 = 0 elastic loading

9 = κ > 0 = 0 elastic loading

10 = κ = κ̇ > 0 damage loading

11 = κ = κ̇ > 0 damage loading

(b)

Figure 4.1: Illustration of the Karush-Kuhn-Tucker conditions, i.e. loading-unloading conditions
(4.40) or (4.41) in combination with the consistency condition λ Φ̇d = 0.

yields

κn+1 = κn + γn+1 with κ|t0 = κd , (4.43)

where γn+1 := ∆t λn+1 is the incremental Lagrange multiplier at time tn+1. The Karush-

Kuhn-Tucker conditions read

γn+1 ≥ 0 , Φdn+1 ≤ 0 , γn+1Φdn+1 = 0 . (4.44)
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For an inelastic load step, the Lagrange multiplier γn+1 is computed by enforcing the

consistency condition such that

Φdn+1 = qn+1 − κn+1 = 0 , (4.45)

= Ψn+1 +
βd

ηd fd(κn+1)
[φn+1 − κn+1]− κn+1 , (4.46)

which depends non-linearly on γn+1. This non-linear equation can be solved iteratively by

employing a Newton-Raphson method. Within this iterative scheme the Lagrange multi-

plier is updated, at every iteration k, as

γk+1
n+1 = γk

n+1 + η∆γn+1 (4.47)

with the residual, the Jacobian, and the increment of the Lagrange multiplier defined

respectively as

rkn+1 = Φdn+1(κ
k
n+1) , (4.48)

dγr
k
n+1 =

βd

ηd fd(κn+1)

[
ηd [φn+1 − κn+1]− 1

]
− 1 , (4.49)

∆γn+1 = −
[
dγr

k
n+1

]−1
rkn+1 . (4.50)

Within a damped Newton-Raphson scheme, the increment obtained from equation (4.50)

can be interpreted as an optimal direction towards the solution. The magnitude of ∆γn+1

of the iteration step is controlled (damped) by the parameter η as specified in (4.47).

With γn+1 determined, the internal damage variable can be updated iteratively according

to (4.43). Finally, the stresses can be calculated according to (2.42) and (2.43). The

algorithm related to the constitutive model is summarised in Table 4.1.
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0. Given F n+1, φ
i
n+1, ∇xφ

i
n+1, and κin at time tn+1.

At time tn initialise (non-)local damage field variable as κi|t0 = φi|t0 = κid

Loop over the phases i = 0, 1, 2

1. Compute Ψn+1 and elastic contributions of Cauchy stress σ̄n+1 and elasticity tensor

ēn+1

2. Compute driving force qn+1 = Ψn+1 +
βd

ηd fd(κn)
[φn+1 − κn]

3. Check damage condition

if Φdn+1 = qn+1 − κn ≤ 0, set κn+1 = κn and go to 6.

else go to 5.

4. Perform local Newton-Raphson scheme to compute γn+1 (see Table 4.2)

5. Compute flux and source terms

σn+1 = fd(κn+1) σ̄n+1

yn+1 = J−1
n+1cd∇xφn+1

yn+1 = −J−1 βd [φn+1 − κn+1]

6. Compute tangent moduli

en+1 = fd ēn+1 + ηd fd ϑd J σ̄n+1 ⊗ σ̄n+1

dσn+1/ dφn+1 = 2dyn+1/ dgn+1 = βd ϑd σn+1

dyn+1/ dφn+1 = −J−1βd
[
1 + βd [ηd fd]

−1ϑd

]

dyn+1/ d∇xφn+1 = J−1cd I

with ϑd = −1− ηd fd(κn+1)

βd [[1 + ηd κn+1]− ηd φn+1]

End loop over the phases

7. Add up contributions of stress and elasticity tensors

σn+1 =
∑

i=0,1,2

σi
n+1

en+1 =
∑

i=0,1,2

e
i
n+1

Table 4.1: Algorithmic box for the gradient-enhanced damage constitutive model. Expressions
used in 6 are derived in Waffenschmidt et al. [110].
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0. Given: Ψn+1 and φn+1 at time tn+1, and κn at time tn

1. Compute residual rkn+1 := Φdn+1(κ
k
n+1)

rkn+1 = Ψn+1 +
βd

ηd fd(κ
k
n+1)

[φn+1 − κkn+1]− κkn+1

2. Check tolerance

if |rkn+1| < tol go to 6.

else go to 5. (c)

3. Compute tangent of residual

dγr
k
n+1 =

βd

ηd fd(κ
k
n+1)

[
ηd [φn+1 − κkn+1]− 1

]
− 1

4. Compute increment

∆γn+1 = −
[
dγr

k
n+1

]−1
rkn+1

5. Update incremental Lagrange multiplier

γk+1
n+1 = γkn+1 + η∆γn+1

with η adjusted iteratively (see Table 4.3)

6. Update internal damage variable

κkn+1 = κn + γk+1
n+1

and go to 5.(a)

7. Continue with 5 of Table 4.1

Table 4.2: Calculation steps for the Newton scheme applied for 4 in Table 4.1.
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0. Given: κn at time tn, ∆γn+1, γ
k+1
n+1, γ

k
n+1 and η = 1

1. Evaluate

fk
n+1 := ∆γn+1

[
Φdn+1(κn + γkn+1)

]

2. Perform local iteration with adjusted damping parameter η

(a) Evaluate

fk+1
n+1 := ∆γn+1

[

Φdn+1(κn + γk+1
n+1)

]

(b) Check condition

if |fk+1
n+1 | < |fk

n+1| go to 3.

else go to (c)

(c) Adjust damping parameter

η 7→ǫ η with ǫ = 0.5

(d) Adjust update

γk+1
n+1 = γkn+1 + η∆γn+1

3. Continue with 6 of Table 4.2

Table 4.3: Calculation steps for the damped Newton scheme applied for 5 in Table 4.2.

4.3 Finite element discretisation

In this section we present the spatial discretisation of the coupled system of non-linear

equations using the finite element method. More specifically, we make use of a coupled

Bubnov-Galerkin-based finite element discretisation approach in the spatial configuration,

in conjunction with a multivariational formulation to enforce the quasi-incompressibility

condition at the material point. The proposed non-local gradient-enhanced damage model

is thus implemented by means of an 8-noded Q1P0 hexahedral element for large strains.

The motion field ϕ and the non-local damage field φi are approximated within the element

domain using tri-linear shape functions, whereas the pressure term p is assumed to be

constant on the element level. The reader should remember that, again, for the sake of

readability, no specific super indexing is used to differentiate the non-local damage variable

φ related to each phase i = {0, 1, 2}, provided the same discretisation procedure is applied

in each of them. The resulting coupled non-linear system of equations can appropriately

be solved with an incremental-iterative Newton-Raphson-type solution procedure.
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1 2

34

5 6
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je
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3 4
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7 8 B̄ Be
t

Figure 4.2: Isoparametric 8-noded hexahedral element in reference coordinate space {ξ, η, ζ} and
in physical coordinate space {x, y, z}. The integration points are consecutively numbered by 1 –
8 .

4.3.1 Discretisation

The domain B0 is discretised by nel finite elements, so that

B0 ≈ Bh
0 =

nel⋃

e=1

Be
0 , (4.51)

where every finite element Be
0 is characterised by nϕ

en placement-nodes and nφ
en non-local-

damage-nodes. According to the isoparametric concept, the field variables ϕ, as well as

the geometry X, are interpolated by the same shape functions NI , i.e.

X ≈ Xh =
nen∑

I=1

NI(ξ)XI , ϕ ≈ ϕh =
nen∑

I=1

NI(ξ)ϕI , (4.52)

and transformed to a hexahedral reference element with coordinates ξ := {ξ, η, ζ} ∈ B̄,
where B̄ := {ξ ∈ R

3| − 1 ≤ χ ≤ +1; χ = ξ, η, ζ} denotes the reference domain, see Fig-

ure 4.2. In the present context, the number of displacement-nodes and non-local-damage-

nodes per element are the same, hence nϕ
en = nφ

en = nen and Nϕ
I = Nφ

I = NI . The

corresponding field variables, i.e. the placement ϕ and the non-local damage variable φ as

well as their spatial gradients ∇xϕ and ∇xφ, are approximated by means of the product of

shape functions NI(ξ), and discrete nodal degrees of freedom ϕI and φI summed over nen
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nodes per element, i.e.

ϕh =
nen∑

I=1

Nϕ
I ϕI , φh =

nen∑

K=1

Nφ
K φK , (4.53)

∇xϕ
h =

nen∑

I=1

ϕI ⊗∇xN
ϕ
I , ∇xφ

h =
nen∑

K=1

φK∇xN
φ
K . (4.54)

and an analogous approximation is applied for the variations of field variables and corre-

sponding gradients as

δϕh =
nen∑

I=1

Nϕ
I δϕI , δφh =

nen∑

K=1

Nφ
K δφK , (4.55)

∇xδϕ
h =

nen∑

I=1

δϕI ⊗∇xN
ϕ
I , ∇xδφ

h =
nen∑

K=1

δφK∇xN
φ
K , (4.56)

where the spatial and material gradients of the shape functions NI can be expressed as

∇xN
ϕ
I = j−t

e · ∇ξN
ϕ
I with je = ∇ξ ϕ

h =
nen∑

I=1

ϕI ⊗∇ξN
ϕ
I , (4.57)

∇XNϕ
I = J−t

e · ∇ξN
ϕ
I with J e = ∇ξ X

h =
nen∑

I=1

XI ⊗∇ξN
ϕ
I . (4.58)

Similar relations for the gradients of Nφ
K follow by analogy with (4.57), (4.58). As a

consequence, the discrete deformation gradient can be represented in terms of the spatial

and material Jacobians of the isoparametric transformation as

F h := ∇Xϕh = je · J−1
e . (4.59)

Compatibility provided, the discretised weak form on element level can be written as the

difference of the element-specific expressions for the internal and external virtual work

related expressions δϕW
e
int and δϕW

e
ext, so that

δϕW
e = δϕW

e
int − δϕW

e
ext = 0 ∀ δϕI , (4.60)

δφW
e = δφW

e
int − δφW

e
ext = 0 ∀ δφK , (4.61)
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where the discrete representations take the following forms

δϕW
e
int =

nϕ
en∑

I=1

δϕI · fϕ
int I with f

ϕ
int I =

∫

Be
t

∇xN
ϕ
I · σ dv , (4.62)

δϕW
e
ext =

nϕ
en∑

I=1

δϕI · fϕ
ext I with f

ϕ
ext I =

∫

Be
t

Nϕ
I b̄ dv

+

∫

∂Be
t

Nϕ
I t̄ da , (4.63)

δφW
e
int =

nφ
en∑

K=1

δφK fφ
intK with fφ

intK =

∫

Be
t

∇xN
φ
K · y dv , (4.64)

δφW
e
ext =

nφ
en∑

K=1

δφK fφ
extK with fφ

extK =

∫

Be
t

Nφ
K y dv . (4.65)

According to the fundamental lemma of calculus of variations, equations (4.60) and (4.61)

are equivalent to the equilibrium of internal and external nodal variables in every I =

1, . . . , nen placement-node, and K = 1, . . . , nen non-local-damage-node of a finite element e,

respectively. This results in the node-specific residual form of the present coupled problem

r
ϕ
I = f

ϕ
int I − f

ϕ
ext I = 0 ∀ I = 1, . . . , nen , (4.66)

rφK = fφ
intK − fφ

extK = 0 ∀ K = 1, . . . , nen . (4.67)

4.3.2 Linearisation

The equations (4.66) and (4.67) represent a coupled and highly non-linear system of equa-

tions, hence an iterative Newton-Raphson scheme must be used to find a solution. It must

be noted at this point, that the resulting system of equations includes coupling between the

motion ϕ and the non-local damage field φ. The non-local damage variable is linked to the

local damage variable κ by means of the penalty contribution. In what follows and for the

sake of readability, we omit the subscript index n+ 1 associated with time tn+1. A Taylor

series expansion around the solution at the current iteration step l—terms of quadratic and

higher order being neglected—gives

r
ϕ
I l+1 = r

ϕ
I l +∆r

ϕ
I = 0 , (4.68)

rφK l+1 = rφK l +∆rφK = 0 , (4.69)
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with the node-specific increments of the residuals

∆r
ϕ
I =

nϕ
en∑

J=1

drϕ
I

dϕJ

·∆ϕJ +

nφ
en∑

L=1

drϕ
I

dφL

∆φL , (4.70)

∆rφK =

nφ
en∑

J=1

drφK
dϕJ

·∆ϕJ +

nφ
en∑

L=1

drφK
dφL

∆φL . (4.71)

Herein, the increments ∆ϕJ = ϕJ l+1−ϕJ l and ∆φL = φL l+1−φL l represent the difference

of the discrete nodal degrees of freedom at iteration-step l+1 and l. Assuming ‘dead loads’,

the node-specific sub-matrices of the Jacobian are deduced as

K
ϕϕ
IJ =

drϕ
I

dϕJ

=

∫

Be
t

∇xN
ϕ
I · e · ∇xN

ϕ
J dv

+

∫

Be
t

[∇xN
ϕ
I · σ · ∇xN

ϕ
J ] I dv , (4.72)

K
ϕφ
IL =

drϕ
I

dφL

=

∫

Be
t

∇xN
ϕ
I · dσ

dφ
Nφ

L dv , (4.73)

K
φϕ
KJ=

drφK
dϕJ

=

∫

Be
t

Nφ
K 2

dy

dg
· ∇xN

ϕ
J dv , (4.74)

Kφφ
KL=

drφK
dφL

=

∫

Be
t

Nφ
K

dy

dφ
Nφ

L dv

+

∫

Be
t

∇xN
φ
K · dy

d∇xφ
· ∇xN

φ
L dv . (4.75)

Furthermore, e, dσ/ dφ, 2 dy/ dg, dy/ dφ and dy/ d∇xφ denote partitions of the consistent

tangent-moduli as specified in A. The resulting system of equations is clearly symmetric—

since a variational framework is used—so that K
ϕφ
IL = K

φϕ
KJ

t
which conveniently enables

the use of symmetric equation solvers. The node-specific residual (load) vectors (4.62)2–

(4.65)2 and the stiffness contributions (4.72)–(4.75) can be summarised as the element-based

residual vector, and stiffness matrix

rϕ
e := [rϕ

I ] rφ
e := [rφK ] ∆ϕe := [∆ϕI ] ∆φe := [∆φK ]

Kϕϕ
e := [Kϕϕ

IJ ] Kϕφ
e := [Kϕφ

IL ] Kφϕ
e := [Kφϕ

KJ ] Kφφ
e := [Kφφ

KL] .

4.3.3 Assembly of the global system of equations

Equations (4.69), (4.71), (4.73), (4.74) and (4.75), refer to a single non-local damage vari-

able φ. Nonetheless, when we consider the full set of non-local damage variables φi for

i = {0, 1, 2}, the aforementioned equations still maintain an identical representation for

every field φi and the linearised system of equations on element level takes the following
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form









rϕ
e

rφ0

e

rφ1

e

rφ2

e
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Kϕϕ
e +Kvol

e Kϕφ0

e Kϕφ1
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e 0
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e 0 0 Kφ2φ2
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·









∆ϕe

∆φ0
e
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∆φ2
e
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0

0

0

0









, (4.76)

for the determination of the unknown increments of the element degrees of freedom ∆ϕe,

∆φ0
e, ∆φ1

e and ∆φ2
e, being Kvol

e a volumetric tangent stiffness matrix that results from

the multi-field variation formulation discussed in the following section. Furthermore, the

zero matrices appear since there is no coupling amongst the non-local damage variable

fields, φi. Consequently, the assembly of all elements

r :=

nel

A
e=1









rϕ
e

rφ0

e

rφ1

e

rφ2

e









, K =

nel

A
e=1









Kϕϕ
e +Kvol

e Kϕφ0

e Kϕφ1

e Kϕφ2

e

Kφ0ϕ
e Kφ0φ0

e 0 0

Kφ1ϕ
e 0 Kφ1φ1

e 0

Kφ2ϕ
e 0 0 Kφ2φ2

e









, ∆d =

nel

A
e=1









∆ϕe

∆φ0
e

∆φ1
e

∆φ2
e









,

results in the global linearised system of equations in the l-th iteration step

rl +K l ·∆d = 0 with ∆d = dl+1 − dl , (4.77)

with K l being the global tangent stiffness matrix, ∆d the global incremental vector of

degrees of freedom, rl the global residual vector including the internal and external system

loads and the incorporation of Dirichlet boundary conditions not explicitly indicated here.

Remark 4.3.1 The integrals in equations (4.62)–(4.65) and (4.72)–(4.75) are typically

evaluated numerically at discrete integration points by means of appropriate integration or

rather quadrature rules, such as Gaussian quadrature, see Hughes [112]. Following de Borst

and Pamin [49], we use a reduced 2× 2× 2 Gaussian quadrature rule, see Figure 4.2.

4.3.4 Q1P0 finite element formulation

The standard displacement based element formulations show very poor performance in

convergence, especially when quasi-incompressible material models are used. Several works

suggest the use of multivariational approaches to overcome this difficulty. A first work on

this regard was presented by Simo et al. [113], where they developed an 8-node hexahedral

element for elasto-plasticity at small strains. Nowadays multivariational approaches are

commonly used in the simulation of incompressible media at large deformations and in

conjunction with different inelastic phenomena, such as plasticity and damage. In this

work we implement the proposed non-local gradient-enhanced damage model by means of
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an 8-noded Q1P0 hexahedral element for large strains, i.e. linear shape functions are used

for ϕ and φi, whereas p is assumed to be constant on the element level. For the sake of

readability, the element will be denoted only as Q1P0. The formulation is based on the

introduction of an additional term into the potential energy functional which acts as a

constraint imposing the incompressibility via a penalty parameter. Here we limit ourselves

to the aspects related to the modification of the tangent stiffness matrix at the element

level, and to those related to constitutive response at the local material point level. For a

more complete description on the incompressibility topics of the formulation presented in

this section, the reader is referred to Wriggers [114] and Miehe [115].

As a starting point we define a new form of the potential (4.5) as

Πint(F ,Ai, κi, φi,∇Xφi, p, θ) =

∫

B0

[Ψint + p[J − θ] ] dV , (4.78)

where p is a penalty parameter and where θ is a kinematical variable that measures the

volumetric deformation. A consistent linearisation of (4.78), cf. Wriggers [114], shows that

these two variables can be discretised consistently in the following manner

θ =
1

V e

∫

B0

J dV , (4.79)

p =
1

V e

∫

B0

Ψ ′ vol(θ) dV = Ψ ′ vol(θ), (4.80)

where Ψ ′ vol is the derivative of Ψvol with respect to J , and which leads to a constant dis-

tribution of θ and p within the element domain. In that way θ and p can be physically

interpreted as the mean dilatation and the mean pressure over the element. It becomes ap-

parent from equations (4.79) and (4.80) that the mean dilatation and the mean pressure are

computed from the local contributions of the integration points within the element. Finally,

the element volumetric tangent stiffness matrix Kvol
e is computed following the algorithm

defined in Table 4.4. Furthermore, in order to keep consistency with the multivariational

formulation, the hydrostatic term of the Cauchy stress tensor should be redefined as

σvol = pI . (4.81)

4.4 Numerical examples

In this section we present two boundary value problems that highlight the main capabili-

ties of the proposed gradient-enhanced damage model. We first investigate a homogeneous

state under uniaxial tension in order to illustrate the basic constitutive characteristics of

the local damage formulation. In a second example we consider a displacement-driven
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0. Given ϕ at time t. Initialize V e, ve, and ∇xN
ϕ
.

Loop over integration points gp = 1, ..., 8

1. Compute shape functions, their derivatives in the parametric space, and the transfor-
mation map:

Nϕ, ∇ξN
ϕ, Je, andje

2. Compute material and spatial derivatives of the shape functions and the deformation
gradient Nϕ,∇XNϕ, ∇xN

ϕ, andF

3. Compute the initial and current volume V e = V e + det Je ωgp

ve = ve + det Je detF ωgp

4. Compute ∇xN
ϕ ∇xN

ϕ
= ∇xN

ϕ
+ det Je detF ωgp∇xN

ϕ

End loop over integration points

5. Compute θ, p and Kivol

θ =
ve

V e

p = Ψ ′ vol(θ)

Kvol
IJ = ∇xN

ϕ
I

Ψ ′′ vol(θ)

V e
∇xN

ϕ
J

Table 4.4: Flowchart for the computation of the volumetric tangent contribution to the element
stiffness matrix. N stands for the use of the Voigt notation to refer to the complete set of the
shape functions.
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anisotropic plate with a hole. This example serves to illustrate three key aspects: First,

the implicit regularisation properties of the model. Second, the effect of the regularisation

parameter cid on the overall structural response. Third, the independent evolution of the

damage variables associated to each i-th phase. The proposed gradient-enhanced dam-

age model is implemented in the commercial finite-element software Abaqus/Standard by

means of the user subroutine UEL, which allows the implementation of general multi-field

non-linear element-formulations. For details see Waffenschmidt et al. [110] or the Abaqus

6.11 Documentation [116].

The damage-related parameters included in constitutive equations (4.30)-(4.31) together

with their units are summarised in Table 4.5.

Type Symbol
Value

Unit
Test 1 Test 2

Structure

β1 0.0 0.0 [deg]

β2 0.0 90.0 [deg]

κ 0.0 0.0 [–]

Elasticity

Matrix
µe 15.0 15.0 [kPa]

κe 150.0 150.0 [kPa]

Fibres

k11 7.5 20.0 [kPa]

k12 0.1 2.1 [–]

k21 7.5 20.0 [kPa]

k22 0.1 2.1 [–]

Damage
Matrix

η0
d

– 2.0 [kPa−1]

κ0

d
– 2.0 [kPa]

Fibres (i = 1, 2)
ηi
d

Variable 7.0 [kPa−1]

κi
d

Variable 0.5 [kPa]

Regularisation
Matrix

c0
d

– 250.0 [kPa−1 mm2]

β0

d
– 1000.0 [kPa−1]

Fibres (i = 1, 2)
ci
d

– 1000.0 [kPa−1 mm2]

βi
d

– 1000.0 [kPa−1]

Table 4.5: Set of geometrical, structural and material parameters used in the boundary value
problems. Only structural and material parameters are provided. For details on the geometry of
the plate see Figure 4.4a. Parameters β1 and β2 measure the angle of material vectors a1

0 and a2
0

with respect to the cartesian axis X.

4.4.1 Test 1 – Homogeneous uniaxial tension

As an introductive numerical example to emphasise the properties of the basic constitu-

tive characteristics of the local damage formulation, we next discuss a deformation under
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isochoric uniaxial tension with

F = λ1 e1 ⊗ e1 + λ
−1/2
1 [e2 ⊗ e2 + e3 ⊗ e3] . (4.82)

The frame {e1, e2, e3} represents a fixed orthonormal base system. A monotonically in-

creasing load is applied up to an axial stretch of λ1 = 2.0, where the neo-Hookean matrix

remains elastic throughout the deformation. With regard to the structural properties, both

families of fibers are oriented with respect to the axial e1-direction, i.e. β1,2 = 0.0 [deg]

where β1,2 = ∠(a0 1,2, e1). As the dispersion parameter κ is set to zero, transverse isotropy

is recovered for every fibre family. The material parameters used for this example are

summarised in Table 4.5 in column ‘Test 1’.

For a homogeneous deformation, the gradient-related free energy term (4.30) is not acti-

vated, i.e. ∇xφ
1 = ∇xφ

2 = 0. In consequence, the driving force is represented only by

the local term q1 = q2 = qloc and the damage model’s behaviour is in accordance with

a purely local model. Therefore, only the influence of the local damage parameters, i.e.

the threshold κ1
d and the saturation parameter η1d, is studied in Figure 4.3, where the left

column 4.3(a,c,e) is associated with values of κ1
d = 0.0 [kPa], and where the right column

4.3(b,d,f) corresponds to values of κ1
d = 16.0 [kPa]. The stress-stretch response is shown in

Figure 4.3a and 4.3b where P11 = λ−1
1 e1 · σ · e1. The two solid black curves represent the

fully elastic response of two extreme cases: the isotropic neo-Hookean matrix in the lower

solid black curve, and the overall elastic response composed of the isotropic neo-Hookean

and the anisotropic exponential part, in the upper solid black curve. The inelastic damage-

related load-displacement curves can be seen between the two solid black curves. Basically,

the material first shows an elastic response according to the exponential constitutive rela-

tion. After a certain loading level, the material softens and deviates from the elastic path.

Caused by the loss of stiffness, the stress starts to decrease with increasing stretch λ1 and

the curve finally drops towards the black curve which represents the elastic response of the

undamaged neo-Hookean ground substance.

It becomes apparent that higher damage saturation values η1d accelerate the damage pro-

cess. Generally, it is expected that the purely neo-Hookean response is recovered upon

complete damage of the fibers. This can be clearly verified for damage saturation values

of η1d = {1, 10−1} [kPa−1], whereas for saturation values of η1d = {10−2, 10−3} [kPa−1] com-

plete damage of the fibers cannot be obtained within the deformation range considered.

Furthermore, we observe that the higher damage threshold of κ1
d = 16.0 [kPa] leads to a

delay of the damage initiation.

The influence of the damage threshold κ1
d is illustrated in Figures 4.3c and 4.3d where

the evolution of the internal damage variable κ is shown. Here, we clearly observe how

κ1
d controls the onset of damage for κ1

d = 0.0 [kPa]. Damage starts at the very beginning
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of the deformation, see Figure 4.3c, and continuously evolves, i.e. κ̇1 > 0, according to

κ = qloc = Ψ ani. The evolution of d1otκ > 0 continues until the fibre-reinforced material is

completely damaged. For κ1
d = 16.0 [kPa], see Figure 4.3d, the damage process is delayed

and starts once the driving force qloc = Ψ ani exceeds the damage threshold value of κ1
d =

16.0 [kPa], i.e. qloc > κ1
d. After initiation of the damage process, the damage evolution as

represented by κ̇1 > 0 continues, up to complete damage of the fibre-reinforced material.

Figures 4.3e and 4.3f highlight the evolution of the damage function f 1
d , see equation

(4.42). By comparing Figures 4.3e and 4.3f, it becomes apparent how κ1
d controls the onset

of damage. Furthermore, we clearly observe that damage evolves faster for higher values

of η1d.

4.4.2 Test 2 – Plate with a hole

A first inhomogeneous deformation test is presented in this section, where we study the

deformation of a plate with a hole subjected to inhomogeneous Dirichlet boundary condi-

tions. The fibres lie in the XY plane and are perfectly aligned with the cartesian axes (see

Figure 4.4a). The material parameters used for the computation are summarised in Table

4.5. Two scenarios are studied. First a situation where the plate is uniaxially stretched

along the Y -direction, causing damage to evolve initially in the second fibre family and

subsequently in the matrix. Secondly, we consider a situation where the plate is biaxially

loaded by means of a combination of inhomogeneous Dirichlet boundary conditions along

the Y and X-direction, causing damage to evolve in both fibre families as well as in the

matrix. These two boundary value problems are introduced in more detail in the following

sections. It must be noted that due to the orientation of the fibre reinforcements and the

particular combination of boundary conditions only 1/8 of the total geometry of the plate

is discretised.

Plate with a hole under uniaxial loading

In the first example, the plate displayed in Figure 4.4a is loaded uniaxially by clamping the

bottom face and imposing inhomogeneous Dirichlet boundary conditions at the top face

of the plate. Here, the arc-length method is used in order to capture the snap-back that

occurs in the load-displacement response (See Waffenschmidt et al. [110]). The material

parameters defining the onset of damage evolution, i.e. κi
0, have been chosen in such a way

that damage is first triggered in the fibres and later on in the matrix.

This boundary value problem illustrates three key aspects of the proposed model, namely

the implicit regularisation properties of the model, the effect of the associated regularisation

parameter on the overall structural response, and the independent evolution of the damage

variables associated to each i-th phase. Several references can be found in the literature
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Figure 4.3: Uniaxial isochoric tension: Influence of the saturation parameter η1d. Subfigures (a,c,e)
correspond to κ1d = 0.0 [kPa]. Subfigures (b,d,f) correspond to κ1d = 16.0 [kPa]. The units of the
saturation parameter η1d are given in [kPa−1].
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Figure 4.4: Plate with a hole. (a) Dimensions (R = 100 [mm], H = 200 [mm], T = 20 [mm]),
orthotropic fibre orientations a1

0, a2
0 and discretisation (1/8 of the full geometry). (b) Force-

displacement response and investigation of mesh-sensitivity. The solid black curves represent the
elastic response of the isotropic neo-Hookean matrix (lower curve) and the overall elastic response
of the fibre-reinforced material (upper curve).
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Figure 4.5: Load-displacement response of a plate with a hole under uniaxial loading. The solid
black curves represent the elastic response of the isotropic neo-Hookean matrix (lower curve) and
the overall elastic response of the fibre-reinforced material (upper curve). (a) Investigation of the
influence of the regularisation parameter c0d. (b) Investigation of the influence of the regularisation
parameter c2d. Units of cid are in [kPa-1mm2], as specified in Table 4.5.

which advert that one of the major drawbacks of purely local damage formulations is the

fact that damage tends to be localised within only one single row of elements upon mesh

refinement causing dissipation to be mesh-dependent, which is not physically reasonable.

In contrast to local damage formulations the proposed non-local gradient-enhanced dam-

age model guarantees that, for sufficiently large regularisation parameters cd, dissipation

66



Numerical examples

(a) (b) (c)

f 0
d [–]

1.00
0.91
0.83
0.75
0.66
0.58
0.50
0.41
0.33
0.25
0.16
0.08
0.00

(e) (f) (g)

f 2
d [–]

1.00
0.91
0.83
0.75
0.66
0.58
0.50
0.41
0.33
0.25
0.16
0.08
0.00

Figure 4.6: Plate with a hole under uniaxial loading. Contour plots of the damage function f0
d

(first row) and damage function f2
d (second row)for three different discretisations at uy = 30[mm].

(a,e) 2548 elements, (b,f) 4096 elements, (c,g) 7700 elements.
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Figure 4.7: Plate with a hole under uniaxial loading. Contour plots of the damage function f2
d for

different values of regularisation at uy = 19.0[mm] (see Figure 4.5b). (a) c2d = 2000[kPa-1mm2],
(b) c2d = 1000[kPa-1mm2], (c) c2d = 250[kPa-1mm2]
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remains constant for any discretisation, hence ensuring that the results of the simulations

are mesh-objective.

Three different non-structured meshes (2548, 4096 and 7700 elements) are used to study

the mesh-objectivity. The discretisation is refined close to the bottom of the plate, where

the localisation of damage is expected to take place. Figure 4.4b shows the structural

response obtained for the different discretisations. First we focus on the elastic response

of the structure which is represented by the solid black curves. The lower black curve

corresponds to the neo-Hookean material and the upper black curve to the fibre-reinforced

material. Since the second fibre family is perfectly aligned with the stretching direction

Y , a sharp difference between the neo-Hookean and the fibre-reinforced material responses

can be appreciated from the very beginning.

Regarding the evolution of damage, we observe that the load-displacement curves follow

the path of the elastic fibre-reinforced material up to the point where damage is triggered

in the second fibre family. At that moment a loss of stiffness in the structure causes the

curves to deviate from the elastic response and later on a snap-back appears while elastic

energy is released in the upper side of the plate. A second drop in the load-displacement

curves appear as damage is triggered in the matrix which is followed by another snap-back

when more elastic energy is released. The results in Figure 4.4b show how the implicit

regularisation of the proposed model ensures the mesh-objectivity. Moreover, the contour

plots of the damage functions f 0
d and f 2

d in Figure 4.6 show a good match in the non-local

damage variable field over the whole domain for the different discretisations.

The regularisation parameter cd on the structural response of the plate is studied in Figure

4.5a for different values of c0d while keeping c
2
d = 1000[kPa-1mm2] fixed. We first observe that

the response of the structure does not change along the first drop of the load-displacement

curve. This first drop corresponds to the initiation of damage in the fibre-reinforcements.

Hence, the parameter c0d which is associated to the matrix, has no influence in the structural

response of the plate during this stage. Nonetheless, as soon as damage is initiated in the

matrix, we observe that lower values of c0d entail a reduction in the load-bearing capacity

due to the reduced regularisation. A more straight-forward interpretation can be drawn

from the contour plots of the damage function in Figure 4.7. The regularisation parameter

controls the degree of homogeneity of the solution in the non-local damage variable field.

Larger values of the regularisation parameter render more uniform solutions in the non-local

damage variable, while lower values favour the localisation of damage.

Another interesting aspect that is highlighted in Figure 4.5a is the fact that for c0d =

[75.0, 50.0][kPa-1mm2] the solution does not progress further in the displacement after the

second snap-back. There are two possible explanations for this behaviour. A first explana-

tion arises from a technical detail. Due to the fact that we use the arc-length method for

these simulations, the Dirichlet boundary conditions are weighted by a load proportionality
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factor λ which, itself, an unknown of the problem. From the results we can simply con-

clude that the solver does not find values of λ that favour the progress of the solution into

the inelastic loading. A second explanation which has a more physically sound foundation

can be drawn from the following consideration. We have already established that lower

values of cd favour the localisation of damage, which in turn reduce the dissipation in the

structural response. Energy dissipation is the mechanism that allows a structure to reach

high states of deformation while following a load-displacement path in a quasi-static state.

An example that serves to illustrate this point is the comparison of failure in quasi-brittle

materials (i.e. concrete), which dissipate little energy, and failure in ductile materials (i.e.

steel), which dissipate more energy. Typical load-displacement curves from experiments in

quasi-brittle materials show the occurrence of sharp snap-backs in the structural response,

which are usually followed by a sudden crack of the structure or a short progression in

the inelastic loading. However, a full development of the load-displacement curve up to

the point of complete material failure is not possible in a quasi-static state. In contrast to

quasi-brittle materials, ductile materials show typically larger displacements/deformations

along the inelastic loading path precisely because they dissipate more energy. From the

results we have obtained it could be suggested that, for low values of the regularisation pa-

rameter cd, a further progression in the load-displacement curve cannot be achieved simply

because the dissipation is not high enough to allow the occurrence of the inelastic loading

in a quasi-static state. A more comprehensive analysis on the issue of energy dissipation

and its effect on the mechanical behaviour of structures can be found in de Borst [117].

We believe that these two hypotheses are closely related and that the reason for the arc-

length method not to find values for the load proportionality factor λ that allow for the

evolution in the inelastic loading regime, is due to the fact that dissipation has reached a

critical lower-bound.

To conclude this first example, we turn our attention to Figure 4.5b, where we see the

effect of the c2d parameter on the structural response of the plate while keeping c0d = 250

fixed. The same conclusions drawn from the variation of the regularisation parameter in

matrix c0d (see Figure 4.5a) can be applied here. Lower values of cd entail a reduction in

the energy dissipation, but in contrast to the results presented in Figure 4.5a, Figure 4.5b

clearly shows a reduction in the load-bearing capacity in the structure. This occurs because

the peak load is achieved during the first stage in which damage evolves only in the second

fibre family, and since c2d precisely affects the dissipation in these fibres, any reduction in

c2d entails a reduction in the overall load-bearing capacity of the structure. A different

situation emerges when c2d is increased. In Figure 4.5b we see that, when we increase

the value of regularisation up to c2d = 2000[kPa−1 mm2], the peak load of the structure is

increased in comparison to the peak load in Figure 4.5a. Finally, the computations for

c2d = [700, 500, 250] do not reach the maximum imposed displacement u = 30[mm] because
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Figure 4.8: Load-displacement response of a plate with a hole under biaxial loading. (a) History
of inhomogeneous Dirichlet boundary conditions on the top of the plate. (b) History of inho-
mogeneous Dirichlet boundary conditions on the right side of the plate. The solid black curves
represent the elastic response of the isotropic neo-Hookean matrix (lower curve) and the overall
elastic response of the fibre-reinforced material (upper curve). The dotted lines mark the onset of
damage. (c) Load-displacement response along paths 0 – 1 and 1 – 2 . (d) Load-displacement
response along path 2 – 3 .

the Newton iterations for the solution of the algebraic system of equations do not converge.

Plate with a hole under biaxial loading

A plate as the one depicted in Figure 4.4a is subjected to a biaxial loading. In a first

stage the plate is clamped at the bottom face and stretched along the Y -direction by the

imposition of Dirichlet boundary conditions at the top face (path 0 - 1 in Figure 4.8a).

Once the displacement at the top face reaches a value of u2 = 12mm the plate is completely

unloaded (path 1 - 2 in Figure 4.8a). In a second stage the plate is clamped at the left face

and stretched along the X-direction by the imposition of Dirichlet boundary conditions
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Figure 4.9: Plate with a hole under biaxial loading. Contour plots of the damage function f i
d and the maximum principal Cauchy stress σI .

Figures (a), (b), (c) and (d) show the contour plots of f0
d , f

1
d , f

2
d , and σI , respectively, at point 1 (see Figure 4.8a). Figures (e), (f), (g) and (h)

show the contour plots of f0
d , f

1
d , f

2
d , and σI , respectively, at point 3 (see Figure 4.8b).
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at the right face (path 2 - 3 in Figure 4.8a). The plate is stretched until a maximum

displacement of u1 = 30mm in the right face is reached.

For this problem the same symmetries defined in the previous example hold, hence only 1/8

of the geometry of the plate is discretised. Nevertheless, since damage evolution is expected

to be triggered for both families of fibres as well as for the matrix, a non-structured mesh

with a finer discretisation around the bottom and left faces is used. A total of 7330 elements

is obtained as a result of the aforementioned discretisation. Regarding the solution strategy,

the arc-length method is used in order to capture the snap-back that occurs in the load-

displacement response in paths 0 - 1 and 2 - 3 . For the unloading of the plate in path

1 - 2 a standard Newton scheme is used. The material parameters are the same as in the

previous example (see Table 4.5). These have been chosen to cause the onset of damage

evolution to be triggered first in the fibre reinforcements and later on in the matrix.

In the previous case of the uniaxially loaded plate, damage in the first family of fibres was

never activated; this boundary value problem, on the other hand, completely illustrates one

of the main features of the proposed model, i.e. the independent evolution of damage in

each of the constituents of the composite material. Figure 4.8c shows the load-displacement

response of the plate in the first loading and unloading cycle, paths 0 - 1 and 1 - 2 respec-

tively. Here we allow the imposed displacement to reach a maximum value of uy = 12mm,

so that we only capture a first snap-back associated to the damage in the second fibre

family while the matrix remains undamaged, i.e., behaves elastically. After the maximum

displacement is reached, the plate is completely unloaded and then loaded once again in

the X-direction. Figure 4.8d shows the load-displacement response of the plate in the last

loading path 2 - 3 . There, we can appreciate the same characteristic behaviour that was

previously observed in the uniaxial stretching of the plate (see Figure 4.5). We have a first

snap-back that occurs as a consequence of failure in the first fibre family, followed by a

second snap back associated to the onset of damage in the matrix.

Finally, the contour plots of the damage function f i
d are shown in Figure 4.9. In the first

row (Figures 4.9a,4.9b, and4.9c), we see the contour plots of the damage function at point

1 , i.e. when the plate is stretched along the Y -direction. For this case no damage evolution

is appreciated in the phases 0 and 1, namely, the neo-Hookean matrix and the first family

of fibres. Later on, in the second row (Figures 4.9d,4.9e, and 4.9f), we see the contour plots

of the damage function at point 3 , i.e. when the plate has reached the maximum imposed

displacement, ux = 30[mm] along the X-direction. In these plots we can appreciate that

damage has evolved in all the phases: in the neo-Hookean matrix, and also in both fibre

families. It is interesting to note that for both loading histories 0 – 1 and 2 – 3 , the onset

of damage is triggered exactly at the same point, i.e. when the displacements reach a value

of uy ≈ 7.5[mm] and ux ≈ 7.5[mm] respectively (see Figures 4.8c and 4.8d). This could

be easily explained by the fact that no damage evolution in the neo-Hookean matrix is
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obtained after loading along the path 0 – 2 (see Figure 4.9). Hence, when the plate is

loaded along the X-direction following the path 2 – 3 , the structural response in Figure

4.8d would exactly match the response in Figure 4.8c up to point 1 , the point closest to

the onset of matrix damage.

4.5 Summary

In this chapter a non-local gradient-enhanced continuum damage formulation at large de-

formations is presented. The model is built around the enhancement of the free energy

function of a hyperelastic potential by means of a term that contains the referential gradi-

ent of the non-local damage variable.The inclusion of this term ensures an implicit regular-

isation of the finite element implementation, hence the localisation of damage is no longer

controlled by the mesh resolution, but rather by the regularisation parameter cid, ensuring

mesh-objective results of the simulations. In this regard, the proposed model represents an

improvement with respect to standard local continuum damage formulations, which require

an explicit regularisation to be implemented in order to ensure mesh-objective results.

The elastic constitutive behavior of the material is defined by a hyperelastic functional made

of a volumetric contribution and an isochoric contribution. For the volumetric contribution,

a quadratic form that serves to enforce the incompressibility constraint J − 1 = 0 is used.

The isochoric contribution is further subdivided into three contributions associated to three

different phases i = {0, 1, 2}. Phase 0 is represented by an incompressible neo-Hookean

material; phases 1 and 2 are represented by an exponential format that accounts for the

stretching along two preferred anisotropy directions, i.e. two fibre families. A 1 − di–type

damage function, i.e. f i
d = 1− di = exp(ηd [κ

i
d − κi]), is also introduced to reproduce the

loss of stiffness in each phase i.

The Euler-Lagrange equations that govern the boundary value problem are solved in their

weak form by means of the minimisation of the total potential energy. The weak form,

in turn, serves as a basis for the finite element implementation of the non-local gradient-

enhanced continuum damage model. To this end we developed an 8-noded Q1P0 hexa-

hedral element following a multivariational approach, which ensures the fulfillment of the

incompressibility condition. This element is implemented in Abaqus by means of the user

subroutine UEL.

The main capabilities of the proposed model are highlighted with two boundary value

problems: a homogeneous state under uniaxial tension, and an anisotropic plate with a

hole. The anisotropic plate with a hole, is studied in two parts. In a first stage, where

the plate is uniaxially loaded, the mesh-objectivity and the effect of the regularisation

parameters on the model are studied. On the one hand, the load-displacement curves in

Figure 4.4b show that the structural response is the same for three different meshes of
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2548, 4096, and 7700 elements, and the contour plots in Figure 4.6 show no appreciable

differences in the distribution of the damage function. From these results it is concluded

that the implicit regularisation induced by the gradient-enhancement of the strain energy

function guarantees mesh-objective results of the finite element implementation. On the

other hand, Figures 4.5 and 4.7 show the effect of the regularisation parameter c2d in the

load-displacement curves and in the distribution of the damage function f 2
d , respectively.

From Figures 4.5 we see that larger values of regularisation lead to higher dissipation,

while from Figures 4.7 we see that larger values of regularisation lead to more homogenised

solutions of the non-local damage variable, and naturally to a more homogenised damage

distribution. In a second stage, the plate is loaded biaxially to highlight the capabilities of

the model to capture the evolution of damage in each phase individually, as appreciated in

the contour plots of the damage function in Figure 4.9.
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In this chapter we explore two boundary value problems related to biomechanics of the

cardiovascular system. Specifically we here study the effect that damage evolution has

on the structural response of the artery using the finite element implementation of the

gradient-enhanced damage model presented in Chapter 4. Special attention is devoted to

the enforcement of residual stresses.

In the first example related to the biomechanics of arteries, we study the evolution of

damage in an idealised geometrical configuration that resembles a balloon angioplasty.

In this case only a cylindrical sector (wedge) of the complete geometry is discretised, a

simplification that poses some restrictions on the boundary conditions, loads, and structural

parameters that can be defined. In the second and final example, a full-3D artery-like

tube under internal pressure illustrates a more general configuration where no particular

restrictions on the boundary conditions, loads, or material parameters must be taken into

consideration.

5.1 Residual stresses in arteries

The incorporation of residual stresses is of key importance within the modelling and simu-

lation of soft biological tissues, i.e. arteries. Different concepts have been discussed in the

literature to account for these equilibrated stress contributions present in the absence of

external loading. The procedure employed here to incorporate such effects is based on a

multiplicative composition of the total deformation gradient as discussed by Holzapfel et al.

[72]. This procedure aims to serve as a basis to reproduce the opening angle experiment

(See Chuong and Fung [16]), which shows that excised in-vitro artery samples spring open

after a cut in the radial direction. The mathematical framework developed to study the

opening angle experiment relies on the assumption that arteries can be regarded as perfect

cylindrical geometries. Hence, such a simplification allows to use the same framework for
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Figure 5.1: Bending and inflation of a double-layered thick-walled cylindrical tube, cf. Holzapfel
et al. [72]: (a) A stress-free (referential) configuration B0. Base vectors Er,Eθ,Ez. (b) A resid-
ually stressed but load-free configuration Bres. Base vectors êr, êθ, êz. (c) A residually stressed
and loaded (current) configuration Bt. Base vectors er, eθ, ez. (Adopted from Waffenschmidt and
Menzel [118] with kind permission of Elsevier.)

any type of blood vessel. To be specific, we consider three different configurations that

could be interpreted as the inverse sequence of the different stages in the opening angle

experiment, cf. Figure 5.1. a) First we consider a stress-free reference configuration B0

that represents the open sector of the artery. b) Second we consider a load-free residually

stressed configuration Bres that represents the excised in-vitro sample of the artery before

cutting it radially. c) Finally, we consider a current configuration Bt that represents the

in-vivo artery, i.e. the artery under the effect of internal blood pressure. As usual, coor-

dinates in the referential and current configuration are expressed in upper and lower case

characters, respectively. Coordinates in the intermediate configuration Bres are expressed

in lower case characters with a hat, to indicate that, although it corresponds to a deformed

configuration, this is not the final deformed configuration that results from the application

of internal blood pressure in the artery.

We now introduce a deformation gradient-type tensor F res which transforms line elements

from the stress-free reference configuration B0 to the residually stressed configuration Bres.

For a perfectly cylindrical geometry, F res can be expressed in terms of the principal stretches

in a cylindrical coordinate system, as

F res = λi êi ⊗Ei |i∈{r, θ, z} . (5.1)

The radial and the circumferential principal stretches can be expressed as λr = R/[ r̂ k λz]

and λθ = k r̂/R, where R =
√

R2
i + k λz[r̂2 − r̂2i ]. In these relations, we prescribe the

inner radius of the closed configuration r̂i, the inner radius of the opened configuration Ri,

the opening angle α, and the axial residual stretch λz, and introduce the opening angle

parameter as k = 2π/[2π − α]. Finally, the resulting deformation gradient tensor relating
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0. Given: r̂i, Ri, α, and λz (See Figure 5.1)

1. Compute opening angle parameter k = 2π/[2π − α]

2. Determine physical Cartesian coordinates (x, y, z) of the Gauss-points for the closed configura-
tion and convert these into cylindrical coordinates (r,Θ, z)

3. Compute Cartesian base vectors for the closed configuration

êx = cos(Θ) êr + sin(Θ) êΘ

êy = − sin(Θ) êr + cos(Θ) êΘ

êz = êx × êy

4. Compute cylindrical coordinates (R,Θ,Z) for the opened configuration

R =
√

k λz [r̂2 − r̂2
i
] +R2

i

Θ = Θ̂/k

Z = ẑ/λz

5. Compute Cartesian base vectors for the opened configuration

EX = cos(Θ)ER + sin(Θ)EΘ

EY = − sin(Θ)ER + cos(Θ)EΘ

EZ = EX ×EY

6. Compute radial and circumferential stretches

λr = R/[r̂ k λz]

λΘ = r̂ k/R

7. Compute initial deformation gradient at each Gauss-point in Cartesian coordinates

F res = λr êx ⊗EX + λΘ êy ⊗EY + λz êz ⊗EZ

Table 5.1: Flowchart for the computation of the initial residual strain field in a cylindrical FE-
mesh

the referential and the current configuration can then be written as

F = F p · F res (5.2)

Composition (5.2) can conveniently be used to model residual stresses within finite element

formulations for the simulation of tube-like boundary value problems.

5.2 Finite element modelling of damage in balloon

angioplasty

In order to show the computational performance and robustness of the proposed non-local

gradient-enhanced damage model within the context of biomechanics, we now consider

the finite element simulation of a balloon angioplasty procedure. Balloon angioplasty is a

common surgical intervention used to extend or reopen narrowed blood vessels in order to

79



Clinical applications

Type Symbol Balloon Intima Media Adventitia Unit

Geometry
Ri 0.75 1.35 1.43 1.92 [mm]

H 0.1 0.08 0.49 0.33 [mm]

L 5.0 7.5 7.5 7.5 [mm]

Structure

β1 90.0 – +21.700 +62.260 [deg]

β2 0.0 – −21.700 −62.260 [deg]

κ 0.0 – 0.19 0.036 [–]

α – – 45.0 90.0 [deg]

Elasticity

Matrix
µe 1000.0 0.27 27.0 2.7 [kPa]

κe 100.0µB
e 100.0µI

e 100.0µM
e 100.0µA

e [kPa]

Fibres

k11 500000.0 – 0.64 5.1 [kPa]

k12 0.001 – 3.54 15.4 [–]

k21 1.0 – 0.64 5.1 [kPa]

k22 0.55 – 3.54 15.4 [–]

Damage
Matrix

η0
d

– – variable [kPa−1]

κ0

d
– – variable [kPa]

Fibres (i = 1, 2)
ηi
d

– – variable [kPa−1]

κi
d

– – variable [kPa]

Regularisation
Matrix

c0
d

– – 1.0 [kPa−1 mm2]

β0

d
– – 1000.0 [kPa−1]

Fibres (i = 1, 2)
ci
d

– – 1.0 [kPa−1 mm2]

βi
d

– – 1000.0 [kPa−1]

Table 5.2: Set of geometrical, structural and material parameters used in the simulation of the
balloon angioplasty. The material parameters are subdivided in elastic- and damage-related pa-
rameters associated with the matrix and the fibre-response. A set of upper indices B, I, M, and A
is used to differentiate the parameters for the balloon, the intima, the media, and the adventitia
respectively. Parameters β1 and β2 measure the angle of material vectors a1

0 and a2
0 with respect

to circumferential direction eθ.

restore the continuous blood flow in, for instance, atherosclerotic arteries. A balloon, typi-

cally made of a highly flexible rubber-like plastic sheet, is inserted within the blocked artery

and inflated by means of high pressure using magnitudes between p = 600.0-2000.0 [kPa], or

p = 6.0-20.0 [bar]. The balloon contacts the inside of the artery and slightly overstretches

the arterial tissue beyond the physiological pressure level. Inelastic, i.e. predominantly

damage-related and elastoplastic processes are induced during its inflation which result in

an irreversible deformation within the artery upon this supraphysiological loading. As a

beneficial consequence, provided that the inelastic deformations do not exceed a specific

limit, higher deformations can be obtained within the same pressure level and a continuous

blood flow can be guaranteed.
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Set 1 Set 2 Set 3 Set 4 Set 5 Set 6 Set 7 Set 8 Set 9 Set 10 Set 11 Set 12 Set 13 Set 14

η0
d

1.0 1.0 1.0 – – – 1.0 8.0 9.0 11.0 9.0 9.0 – 9.0
κ0

d
1.0 4.0 8.0 – – – 8.0 8.0 12.0 8.0 10.0 20.0 – 12.0

c0
d

5.0 5.0 5.0 – – – 12.5 5.0 5.0 5.0 5.0 5.0 – 5.0

η1,2
d

– – – 7.5 5.0 1.5 1.0 1.5 3.0 3.0 3.0 3.0 3.0 3.0

κ1,2
d

– – – 1.0 1.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 1.0 1.0

c1,2
d

– – – 5.0 5.0 5.0 3.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0

Table 5.3: Sets of material parameters used to study the balloon angioplasty (Sets 1-12) and the inflation of a full 3D artery-like tube (Sets
13-14). Results of the simulation for the balloon angioplasty are shown in Figures 5.7 - 5.11. Results of the simulation for the artery-like tube
are shown in Figures 5.12 - 5.15.
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The physical modelling and numerical simulation of complete surgical interventional pro-

cedures has increasingly drawn much attention during the last decade. In this regard,

balloon angioplasty is certainly one of the most important surgical intervention techniques.

Several studies on the modelling and simulation on the mechanics of balloon angioplasty

exist in the literature. In order to enable reliable predictions regarding, for instance, the

stress distribution or damage-related softening effects in patient-specific atherosclerotic

arteries subjected to angioplasty, sophisticated constitutive models for the individual com-

ponents are indispensable. While several convincing material models allowing for an elastic

anisotropic response at finite deformation have already been established, there is still need

for physically sound and numerically robust and efficient models that take the inelastic

response of the structure into account. Especially regarding the aforementioned angio-

plasty procedure, there are several contributions that consider the associated mechanisms

as elastoplastic while only few take typical damage-related effects into account.

Within the contributions by Holzapfel et al. [119, 120] experimental methods such as mag-

netic resonance imaging are used to obtain layer- and component-specific geometrical and

histological data of a human iliac artery with an eccentric stenosis. Furthermore, the

mechanics of the angioplasty are investigated from a computational point of view by per-

forming a finite element study on the identified atherosclerotic arterial geometry by means

of an inelastic anisotropic constitutive model introduced by Holzapfel et al. [121]. Herein,

the elastic response is governed by the anisotropic constitutive model proposed by Holzapfel

et al. [72] while the fiber-reinforced composite is assumed to show elastoplastic behaviour

and, essentially following Miehe [122], is based on a multiplicative split of the deformation

gradient and the concept of multisurface plasticity including two slip-systems for the two

collagen fibre families. In a later work, Gasser and Holzapfel [123] applied the same model

to the angioplasty by considering the balloon-induced overstretch of remnant non-diseased

tissues in atherosclerotic arteries where a stenotic residually stressed artery composed of

adventitia, media and a model plaque was investigated during contact interaction with the

balloon catheter. Kiousis et al. [124] experimentally investigated the mechanical charac-

teristics of the transient expansion of six commercially available balloon-expandable stent

systems and developed a finite element model based on these experimental results.

In contrast to the aforementioned studies which predominantly considered the balloon

angioplasty process to be characterised by elastoplastic behaviour, Alastrué et al. [125]

used a continuum damage model that accounts for separate damage contributions for the

matrix and the fibers, see also Alastrué [126] for more details. This model was proposed

by Calvo et al. [127] where matrix and fibre damage effects are described by the same

approach. A multitude of other damage and failure formulations has been published, such

as the article by Volokh [128], or the recent publication by Balzani et al. [129]. However,

to the authors’ knowledge, almost all of these works consider damage as a purely local
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Figure 5.2: Model of the balloon angioplasty. Initial setup including the balloon (grey) and the
artery consisting of three layers, i.e. intima (dark red), media (red), adventitia (orange). Balloon:
the nodes at the front left edge are fixed in radial R-direction, all nodes are fixed in circumferential
Θ-direction while the nodes at the back face are fixed in axial Z-direction. Artery: all nodes are
fixed in circumferential Θ-direction while the nodes at the front and the back faces are fixed in
axial Z-direction. An internal pressure p is applied to the inner radius of the balloon. The model
is idealised as a configuration of two concentric hollow cylinders. A cylindrical sector, i.e. a wedge,
of 1.125 [deg] is used for the finite element representation.

phenomenon without robust regularisation techniques involved, which, in view of finite

element applications, may result in highly mesh-dependent and physically questionable

simulations. So far, a fully non-local gradient-extended damage formulation allowing for

large deformations and an individual damage evolution for matrix and fibres with special

regard to anisotropic biological tissues has not yet been established.

In what follows is a set of upper indices B, I, M, and A which will be used to differen-

tiate among the parameters associated with the balloon, the intima, the media, and the

adventitia respectively.

5.2.1 Setup of the boundary value problem

The simulation of damage effects associated with the balloon angioplasty is fairly complex

due to the complex geometrical configuration of the actual blood vessels. Hence, in order

to be able to develop a first approximation that qualitatively represents the original set up

of the balloon angioplasty, we assume an idealised configuration of two concentric hollow

cylinders representing the balloon and the artery respectively. A cylindrical sector of this

idealised configuration, i.e. a wedge, is used for the finite element representation (See Figure
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5.2). This is, of course, a drastic simplification of the real physical set up, but conveniently

enables us to use the aforementioned procedure discussed in Section 5.1 in order to include

the residual stresses within the artery. Furthermore, this simplifies the interpretation of

the results, as geometric inhomogeneities do not contribute to the mechanical response.

The wedge model represents a cylindrical sector of 2.25 [deg] from the complete geometry

that defines the set up of the balloon angioplasty. The particular dimensions are sum-

marised in Figure 5.2 and Table 5.2. The artery has a layered composite-type structure

and is subdivided into intima (1×20 elements), media (6×20 elements) and adventitia

(4×20 elements). The balloon is discretised by 4×30 elements, so that the whole boundary

value problem consists of 340 elements. The media and adventitia of the artery are discre-

tised by the gradient-enhanced finite element formulation via the UEL-interface, whereas

the intima and the balloon are discretised by Abaqus-based eight-noded hybrid hexahe-

dral finite elements of C3D8H-type. The reason for this modelling approach is that the

embedded Abaqus contact formulation does not accept purely UEL-based finite elements.

Therefore, the elements associated to contact are modelled with original Abaqus elements.

For the balloon, we assume a hyperelastic nearly incompressible orthotropic material be-

haviour according to Gasser et al. [7]. The two fibre families are aligned with respect to the

axial and circumferential directions and have no dispersion in their mean orientation, i.e.

κ
B = 0.0, see Figure 5.2. The material parameters are chosen so that the fibres oriented in

circumferential direction are fairly soft at small strains but rapidly stiffen at larger strains.

The fibres oriented in axial direction are chosen to be already stiff from the beginning of

the deformation. For general aspects of the mechanics and thermodynamics of rubber and

rubber balloons, we refer the reader to the article by Müller and Struchtrup [130] or the

book by Müller and Strehlow [131].

For the intima, an isotropic nearly incompressible neo-Hooke material is used, which is

assumed to be very soft and thus almost negligible compared to the media and adventitia.

This, on the one hand, resembles the marginal contribution of a healthy intima on the

mechanical response. On the other hand, the incorporation of the intima via Abaqus

elements enables us to use the embedded Abaqus contact formulation. As a limitation of

this work, one might argue that in certain cases the intima cannot be neglected within an

atherosclerotic arterial wall possibly affected by pathological plaques.

The media and adventitia are modelled by the gradient-enhanced damage formulation

accounting for damage effects in the matrix and in each fibre family individually. Both

layers are characterised by individual material and structural parameters, see Table 5.2.

The material parameters are adopted from Holzapfel and Ogden [132, p. 55], where the

shear modulus of the nearly incompressible neo-Hookean ground substance of the media is

assumed to be ten times stiffer than the adventitia. To enforce quasi-incompressibility, the

bulk moduli in the media and the adventitia, κM
e and κA

e , are chosen to be 100 times larger
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than the related shear moduli, µM
e and µA

e , respectively. In contrast to Waffenschmidt et al.

[110], we note that we here make use of a quasi-incompressible neo-Hookean format based

on an isochoric-volumetric split.

The structural parameters are adopted from Alastrué et al. [133] and also specified in

Table 5.2. The material fibre orientations in the media and the adventitia are given by

a
1,2
0 = sin

(
β1,2) eZ ± cos

(
β1,2) eΘ. The mean fibre orientation angles β1,2 in each layer

are specified at the integration point level of each finite element which results in a helical

fibre distribution in the artery, see Figure 5.2. Furthermore, small dispersions on the mean

orientation of the fibres are included, i.e. κ 6= 0 for every layer in the artery. For the

media, we choose κ
M = 0.190, which indicates a dispersed character of the fibres. In the

adventitia, the value κ
A = 0.036 is very close to zero, reflecting an almost transversely

isotropic state for each fibre family, see Waffenschmidt et al. [110] for details.

Effects due to residual stresses are also incorporated in the present model following the

procedure discussed in Section 5.1. Even though described for a single layered tube, this

procedure can be easily extended in an analogous way to create residual strain fields for

two or even more layers. Residual stresses are then incorporated by defining F res at each

Gauss-point of the finite-element mesh. This deformation gradient field has to be provided

in terms of the underlying coordinate system used by the finite-element code which is

typically described by a Cartesian basis. The procedure to compute F res is summarised

in Table 5.1, where the inner radii of the closed and opened configuration Ri and r̂i, the

opening angle α, and the longitudinal stretch λẑ, are given as input parameters. Here,

different values of the opening angle are given for the media and the adventitia. It should

also be noted that the geometry presented in Figure 5.2 would correspond, in this case, to

the intermediate configuration in Figure 5.1. With that clarification at hand, the opening

angles and radii are prescribed to values of RM
i = 1.5 [mm], RA

i = 2.5 [mm], αM = 45.0 [deg]

and αA = 90.0 [deg] while an axial residual stretch is neglected at this stage so that λẑ = 1.0,

cp. Table 5.2 or Tobias Waffenschmidt [134] for a more detailed study on the influence of

different opening angles and radii.

The boundary conditions for the balloon are specified such that the nodes at the front left

edge of the balloon, cf. Figure 5.2, are fixed in radial R-direction. All nodes are fixed in

circumferential Θ-direction while the nodes at the back face of balloon are fixed in axial

Z-direction. For the artery, all nodes are fixed in circumferential Θ-direction while the

nodes at the front and the back faces of the artery are fixed in axial Z-direction. The non-

local damage field is initialised as φi|t0 = κi
d. Furthermore, we apply an internal pressure

p to the balloon. We make use of an arc-length method in order to follow the post-peak

branch of the load-displacement curves in the damage regime. For this particular solution

method the pressure magnitude is not prescribed explicitly but is part of the solution itself;

therefore, the arc-length scheme cannot produce a solution at given load or displacement
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values directly. This complicates a cyclic force-driven deformation test. A brief review

on the arc-length method in the context of the Abaqus-related UEL-implementation is

provided in Waffenschmidt et al. [110].

As indicated above, the usage of the contact formulation embedded in Abaqus in connec-

tion with implemented user-elements is not straightforwardly possible. In order to enable

the application of the Abaqus contact algorithms, those parts of the problem which are

supposed to make contact with each other are discretised by Abaqus-based finite elements,

i.e. for the intima and the balloon C3D8H elements are used. Without going into detail,

we define a contact interaction between the outer radius of the balloon (master surface)

and the inner radius of the artery (slave surface), see Figure 5.2. Here, we mostly rely on

the default contact conditions provided by Abaqus. We define a contact pair of surface-

to-surface-type, neglect friction and use a linear penalty method in order to enforce the

contact constraint together with a hard pressure-overclosure relationship without physical

softening.

5.2.2 Results

The mechanical response of the balloon is represented by the load-displacement diagram

in Figure 5.3(c), where the internal pressure p applied to the balloon is plotted against the

radial displacement of a node lying at the outer surface of the balloon and at Z = 0[mm],

namely uB
r o (See the red-marked node in Figure 5.2). We consider three cases: Case

1, the inflation of the balloon, i.e. no contact with the artery is taken into account;

Case 2, the inflation of the balloon including contact with a stress-free artery, i.e. the

angioplasty; and Case 3, the inflation of the balloon including contact with a residually

stressed artery, i.e. the angioplasty with residual stresses. For all the cases, the balloon

shows a degressive stiffness within the range of p ∈ [0, 150][kPa], approximately. During this

first stage fibres have an almost negligible contribution to overall structural stiffness and the

load is mainly supported by the neo-Hookean matrix. This degressive stiffness is consistent

with the analytical solution for the inflation of a neo-Hookean tube (See Holzapfel [135]).

Once p surpasses the critical value of approximately 150[kPa], a progressive stiffening in

the load-displacement curve is observed for all the cases. For Case 1 this is explained

by the progressive stretching of the fibres in the balloon, especially of those along the

circumferential direction. For Cases 2 and 3 the same observation can be made, but we

have to add the contribution of the artery once it makes contact with the balloon, which

is why stiffening occurs more rapidly for these cases than it does for Case 1. For Case

2 the balloon makes contact with the artery at uB
r o = 0.500 [mm], which is exactly the

gap between the balloon and the artery in the initial set up (see Figure 5.2 and values

in Table 5.2). For Case 3, on the other hand, the balloon makes contact with the artery
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Figure 5.3: Balloon angioplasty. (a) Initial set up. (b) Characteristic deformation under the
specified boundary conditions. (c) Load-displacement-response of the balloon only. Degressive
stiffness before contact at uBr o = 0.5 [mm] and uBr o = 0.343 [mm] for Case 2 and Case 3 respec-
tively. (d) Elastic load-displacement-response of the artery with/without residual stresses. Solid
lines represent the response of the fibre-reinforced material, dotted lines represent the response
of the neo-Hookean matrix, the grey region represents the physiological blood pressure range, the
white line represents the mean physiological blood pressure value.

at uB
r o = 0.343 [mm]. The reason for contact to be initiated at an earlier stage is due to

the enforcement of residual stresses in the artery. This effect is discussed in more detail

below. The elastic response of the artery during the angioplasty is represented by the

load-displacement diagram in Figure 5.3(d). Here, we focus on the events that take place

after the balloon makes contact with the artery. The horizontal axis represents the radial

displacement of a point located at the inner surface of the artery and at Z = 0[mm], namely

uI
r i, while the vertical axis represents the radial component of the Cauchy stress tensor of

a material point at the same location, namely σI
r i. This component of the stress tensor
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Figure 5.4: Balloon angioplasty. Load-displacement response of the artery in the intima at Z =
0 [mm] for Set 5. The solid black curves represent the elastic response of the isotropic neo-Hookean
matrix (lower curve) and the overall elastic response of the fibre-reinforced material (upper curve).
The grey region represents the physiological blood pressure range, the white line represents the
mean physiological blood pressure value. (a) Stressed-free tissue. (b) Residually stressed tissue.
Distribution of circumferential stresses over the normalised thickness of the artery at Z = 0 [mm]
for Set 5. A sharp change in the stress distribution occurs at the interface between the media and
the adventitia due to the different material properties on each layer. (c) Stressed-free tissue. (d)
Residually stressed tissue.

measures the pressure exerted by the outer surface of the balloon on the inner surface of the

artery. In the following, the grey region on the pressure-displacement diagrams represents

the physiological blood pressure range under normal conditions (i.e. not hypertension), and

the white line represents the mean value of the blood pressure, namely 13.33 [kPa]. We
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Figure 5.5: Balloon angioplasty. The geometry of the balloon is not included, and a mirror
pattern is used to visualize one quarter of the full-3D geometry of the artery. Contour plots of the
circumferential Cauchy stresses σθ and the damage function fd for Set 5 in Figure 5.4(a). Residual
stresses are taken into account. Figures (a) and (c) correspond to point 1 in the aforementioned
figure. Figures (b) and (d) correspond to point 2 in the aforementioned figure.

first consider the purely elastic response without residual stresses. The dotted curves show

the elastic response of the isotropic neo-Hookean matrix, while the solid curves show the

overall elastic response of the fibre-reinforced material. The inclusion of the residual stresses

causes the load-displacement curve to shift to the left. This is due to the contraction of the

artery after the enforcement of the residual stresses. Although the solution presented in

Section 5.1 should guarantee a F res that satisfies the compatibility condition, this cannot

occur in a domain with different material properties and different opening angle values, as

is the case in this example of the balloon angioplasty. For this reason, the artery contracts

until reaching a displacement at the inner surface of the intima of uI
r i = −0.157 [mm],

which finally explains why, in Figure 5.3c, the balloon in Case 3 makes contact with the

artery earlier than in Case 2. In other words, the presence of the residual stresses results in

smaller deformations of the arterial wall for the same load magnitude. This illustratively

indicates the beneficial effect of residual stresses in arteries. This effect has recently been

investigated in detail in Tobias Waffenschmidt [134] for a similar problem.
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Figure 5.6: Balloon angioplasty. The geometry of the balloon is not included, and a mirror
pattern is used to visualize one quarter of the full-3D geometry of the artery. Contour plots of the
circumferential Cauchy stresses σθ and the damage function fd for Set 5 in Figure 5.4(b). Residual
stresses are taken into account. Figures (a) and (c) correspond to point 3 in the aforementioned
figure. Figures (b) and (d) correspond to point 4 in the aforementioned figure.

Now that the characteristic elastic response of the balloon and the artery are explained,

we focus on the inelastic response of the artery for different set of material parameters

presented in Table 5.2. The material sets are chosen to highlight three distinctive structural

responses in the artery. Sets 1-3, where damage evolves only in the matrix while the fibres

remain elastic. Sets 4-6, where damage evolves only in the fibres while the matrix remains

elastic. And sets 9-12, where damage evolves simultaneously in both, the matrix and the

fibres. Before proceeding to study the whole spectrum of parameter sets, we focus on a

single case to highlight, in the first place, the effect of the residual stresses in the response

of the artery. Figures 5.4(a) and 5.4(b) show the load-displacement response of the artery

for Set 5, without and with residual stresses, respectively. Two relevant remarks are to

be made with respect to the afore-mentioned Figures. First, the load-displacement curves

exactly follow the elastic response of the fibre-reinforced material (intact artery) up to the

point where damage is triggered. Secondly, with regard to the effect of the residual stresses

on the artery, we can see that the peak loads reached before the initiation of softening are
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higher when the residual stresses are taken into account. It is clear that the peak load

lies below and above the maximum physiological pressure in Figures 5.4(a) and 5.4(b),

respectively. Furthermore, points 1 and 2 mark the load state of the artery at the

mean physiological pressure in Figure 5.4(a), before and after the initiation of softening,

respectively. Meanwhile, points 3 and 4 mark the same load states in Figure 5.4(b).

Figures 5.4(c) and 5.4(d) show the distribution of the circumferential stresses along the

normalised thickness of the artery. In these figures we can appreciate that the effect of the

residual stresses in the artery is twofold. On the one hand, the inclusion of the residual

stresses reduces the gradient of circumferential stresses along the thickness of the artery.

On the other hand, the inclusion of the residual stresses reduces the overall circumferential

stress levels. From a mechanical point of view we can conclude from these observations

that the residual stresses optimise the structural response of the artery. Finally, Figures 5.5

and 5.6 show the contour plots of the circumferential stresses and of the damage function

in the artery at points 1 and 2 , and 3 and 4 , respectively. Again, it can be observed in

these figures that the circumferential stresses in the residually stressed artery have a more

homogeneous distribution and reach lower levels, than those attained in the non-residually

stressed artery. Damage, similarly, is less pronounced in the residually stressed artery,

while the non-residually stressed artery is more deformed and severely affected by damage.

Now, we proceed with a comparative study of the different parameter combinations specified

in Table 5.3.

In what follows, residual stresses are always taken into account. Figure 5.7(a) shows the

load-displacement response of the artery for Sets 1-3. Two important facts are highlighted

in this figure. First, the softening in the load-displacement curves is always followed by

an exponential stiffening caused by the stretching of the elastic fibres. Secondly, the onset

of damage is delayed when κ0
d increases. This is an expected outcome, provided that

equations 4.38 and 4.39 show that damage initiation in a particular phase i has to fulfill

the condition qi − κi
d > 0 , meaning that larger deformation states are required to reach

the required qi to trigger the onset of damage. These two remarks serve to explain why

the load-displacement curve of Set 3 almost exactly matches the curve of the elastic fibre-

reinforced material. For this particular case, the onset of damage is delayed up to the point

where fibres are already sufficiently stretched, thus their contribution to the stiffness of the

artery compensates for the damage in the matrix. Figure 5.7(b) shows similar results for

Sets 4-6. The onset of damage is also delayed as the values of κ1,2
d increase, nonetheless

the stiffening that follows the softening phase is not as pronounced as for Sets 1-3. This is

an expected outcome, since the fibres which are responsible for the exponential stiffening

undergo damage. Furthermore, we are tempted to assume that, in the case of fibre-damage,

the load-displacement curves should always drop onto the elastic neo-Hookean curve, as is

the case in Waffenschmidt et al. [110], however the curves show a progressive stiffening.
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Figure 5.7: Balloon angioplasty. Load-displacement-response of the artery for: (a) Pure matrix
damage. (b) Pure fibre damage. (c) Simultaneous damage in matrix and fibres. Symmetric fibre
distribution. (d) Simultaneous damage in matrix and fibres. Unsymmetric fibre distribution. The
solid black curves represent the elastic response of the isotropic neo-Hookean matrix (lower curve)
and the overall elastic response of the fibre-reinforced material (upper curve). The grey region
represents the physiological blood pressure range, the white line represents the mean physiological
blood pressure value.

This situation can be better understood by observing figures 5.8 - 5.11, where the contour

plots of the damage function are presented. There we notice that, close to the plane

Z = L [mm] the fibres are not damaged, which is the reason why they still contribute to

the structural response of the artery and thus explaining the progressive stiffening in the

load-displacement curves. Figure 5.7(c) shows the results for Sets 7-9. There we observe

that for Sets 8 and 9 the load-displacement curve exhibits two regions with softening. To
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Figure 5.8: Balloon angioplasty for Set 9 in Figure 5.7(c). The geometry of the balloon is not included, and a mirror pattern is used to visualize
one quarter of the full-3D geometry of the artery. Successive points in the load-displacement curve mark the instants at which the contour plots
are displayed. The geometry of the balloon is not included, and a mirror pattern is used to visualize one quarter of the full-3D geometry of the
artery. (a), (b) and (c) Contour plots of the circumferential Cauchy stresses σθ. (d), (e) and (f) Contour plots of the damage function f0
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Figure 5.9: Balloon angioplasty for Set 9 in Figure 5.7(c). Successive points in the load-displacement curve mark the instants at which the
contour plots are displayed. (a), (b) and (c) Contour plots of the damage function f1,2
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Figure 5.10: Balloon angioplasty for Set 10 in Figure 5.7(d). The geometry of the balloon is not included, and a mirror pattern is used to
visualize one quarter of the full-3D geometry of the artery. Successive points in the load-displacement curve mark the instants at which the
contour plots are displayed. The geometry of the balloon is not included, and a mirror pattern is used to visualize one quarter of the full-3D
geometry of the artery. (a), (b) and (c) Contour plots of the circumferential Cauchy stresses σθ. (d), (e) and (f) Contour plots of the damage
function f0
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Figure 5.11: Balloon angioplasty for Set 10 in Figure 5.7(d). The geometry of the balloon is not included, and a mirror pattern is used to
visualize one quarter of the full-3D geometry of the artery. Successive points in the load-displacement curve mark the instants at which the
contour plots are displayed. The geometry of the balloon is not included, and a mirror pattern is used to visualize one quarter of the full-3D
geometry of the artery. (a), (b) and (c) Contour plots of the circumferential Cauchy stresses σθ. (d), (e) and (f) Contour plots of the damage
function f0
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understand this characteristic behaviour we must pay attention to the contour plots of

figures 5.8 - 5.9, which correspond to the three different deformation stages marked in

Figure 5.7c for Set 8. From the sequence of contour plots, we observe that damage is first

triggered in the matrix, and later on in both fibre families simultaneously due to their

symmetric orientation. Going back to Figure 5.7(c), it can be stated that the first drop

in the curves for both, Set 8 and 9, occurs as a consequence of damage initiation in the

matrix, while the second drop is due to damage initiation in the fibres. As for Set 6, we do

not observe any significant softening in the curve due to matrix damage, on the account of

the large value of the regularisation parameter c0d used.

So far we have limited ourselves to the the particular case of a symmetric fibre distribu-

tion within the artery, which is at the same time represented by a circular sector of the

complete geometry, i.e. wedge. In order to be consistent with this simplification, i.e. the

geometrical representation by means of a wedge and the symmetric fibre distribution, a set

of boundary conditions is defined, which do not allow for unsymmetric deformations or de-

formations including a torsional mode, posing some restrictions on the variety of scenarios

we can study. For this reason we now consider an unsymmetric fibre distribution to illus-

tratively highlight that the fibre families do not degrade simultaneously but successively

when undergoing different loading histories. For this purpose we modify the fibre angle of

the second fibre family for the media from β2,M = −21.7 [deg] to 0.5 β2,M = −10.85 [deg]

and for the adventitia from β2,A = −62.26 [deg] to 0.5 β2,A = −31.13 [deg].

The load-displacement response in the artery for such an unsymmetric fibre distribution

is shown in Figure 5.7(d) for Sets 10-12. In contrast to the previous example, we observe

a characteristic double peak which illustratively indicates that the fibre families do not

degrade simultaneously but successively. We also observe a significant reduction in the peak

stresses reached during the loading history. The associated damage evolution in the artery

with unsymmetric fibre distribution is displayed for the three different deformation stages

marked in Figure 5.7(d) for Set 10. In contrast to the previous case with symmetric fibre

distribution, we obtain different damage evolution in both fibre families. While damage is

already activated in the second fibre family, see Figure 5.11(e), the first fibre family remains

undamaged at this deformation stage, cp. Figure 5.11(b). This illustratively shows that the

first stress drop in Figure 5.7(d) is due to the second fibre family where damage is initiated

first, followed by the first fibre family where damage is induced later.
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5.3 Finite element modelling of a full-3d artery-like

tube

As a final example we present the problem of the inflation of a full-3d artery-like tube. The

main purpose of this problem is to illustrate a more general scenario where each phase i of

the fibre-reinforced material experiences a different damage evolution. In order to achieve

such a structural response, a perturbation in the fibre orientation is introduced, such that

the fibre families at every material point undergo a different loading history. This example

illustrates the potential of the proposed non-local gradient-enhanced damage model in

Chapter 4 to be used in the study of real patient-specific arterial geometries, where the

ground substrate and the two collagen fibre families in the arterial tissue generally undergo

different loading histories.

5.3.1 Setup of the boundary value problem

We now present the problem of the inflation of a full-3d artery-like tube. The geometric

and elastic material parameters of the tube correspond to those of the artery as defined

in Table 5.2. The intima, though, is not accounted for. Instead, it is assumed that the

tube is made only of the media and the adventitia, where the media has a thickness of

0.57 [mm], taking over the region that was previously regarded as the intima. The tube is

discretised by means of a mesh that has 11 elements along the thickness, 20 elements along

the axial direction, and 40 elements in the circumferential direction, making a total of 17600

elements. However, in the contour plots presented later in the paper, only one half of the

mesh is displayed in order to better visualise the contour plots along the thickness of the

tube, even though the full-3D mesh is used for the simulation. The damage-related material

parameters correspond to those of the artery as defined in Table 5.3. Two cases are studied,

Sets 13 and 14, respectively. In the first case the matrix is regarded as elastic, while in the

second one damage in both, the matrix and the fibres, is allowed to evolve. Furthermore,

residual stresses are also taken into account. Regarding the boundary conditions, the

tube is supported in the planes Z = 0 [mm] and Z = L [mm]. There, the axial and

circumferential displacements are fixed, while only radial displacements are allowed. The

tube is then inflated by applying a pressure on its inner surface. Here, the arc-length

method is used in order to capture the snap-back that occurs in the load-displacement

response (See Waffenschmidt et al. [110]).

The main purpose of this problem is to illustrate a more general scenario where each phase

i of the fibre-reinforced material experiences a different damage evolution. In order to

achieve such a structural response, a perturbation in the fibre orientation is introduced,

such that the fibre families at every material point undergo a different loading history. The
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perturbation in the fibre orientation is defined by means of a perturbation angle βpert that

varies along the Z-axis according to βpert = 10+10 sin(2π ·Z/L). The fibre orientations in
the media and adventitia are then modified to βi → βi + βpert. The variation of the fibre

orientation along the Z-axis in the referential configuration is shown in Figure 5.12(a).

As a measure of the degree of material anisotropy in the tube, we introduce the scalar

quantity Pai
0
= ai

0 · êθ, which is the projection of the material unit vectors associated to

each of the ith-fibre families onto the circumferential unit vector. The contour plots of

this quantity are presented in Figures 5.13(a) and 5.13(b) for the first and second fibre

families, respectively. For a fully-transversely isotropic material this quantity should be

equal for both fibre families, nonetheless in the Figures we appreciate differences due to

the perturbation in the fibre orientation. Since the perturbation angle is only a function

of the Z-coordinate, an axisymmetric distribution of Pai
0
is obtained at each point along

the Z-axis. Furthermore, we introduce the scalar quantity PnII
= nII · êZ , which is also

a measure of the degree of material anisotropy. This quantity represents the projection of

the unit vector associated to the second principal stress direction, nII , onto the axial unit

vector, êZ . For a completely transversely isotropic elastic material –no damage taken into

account– and under the specific boundary conditions given in this problem, nII and êZ are

always parallel, meaning that nII · êZ = 1. Any deviation from this limiting value, thus,

can be understood as a measure of the degree of anisotropy in the structural response.

Figure 5.13(c) shows the contour plot of PnII
for the elastic tube subjected to a internal

pressure of p = 20 [kPa]. The plot corresponds to the undeformed geometry in order to

better compare this new measure of material anisotropy with the previously defined Pa1
0

and Pa2
0
. We can see that, within the media, the degree of anisotropy triggered by the fibre

perturbation is negligible, whereas a strong variation of PnII
along the Z-axis is obtained

in the adventitia.

5.3.2 Results

The mechanical response of the full-3D artery-like tube is represented by the load-displacement

diagram in Figure 5.12(b), where we plot the internal pressure p against the radial dis-

placement of a node lying at the inner surface of the tube and at Z = 0[mm], namely

ur ,i. Following the same convention from previous plots, the two limiting elastic cases,

namely the load-displacement response of the neo-Hookean and the fibre-reinforced mate-

rial, respectively, are represented by solid black curves. The same characteristic softening

behaviour obtained for the artery in the balloon angioplasty can also be observed here for

Sets 13 and 14. It is also worth mentioning that for both cases the solution was terminated

due to convergence problems on the global system of equations. For Set 13, where the

matrix remains elastic, a sharp drop in the load-displacement curve is appreciated close to
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Figure 5.12: Full-3D artery-like tube under internal pressure. (a) Variation of fibre orientation
along the Z-axis in the referential configuration. (b) Load-displacement-response. The solid black
curves represent the elastic response of the isotropic neo-Hookean matrix (lower curve) and the
overall elastic response of the fibre-reinforced material (upper curve). The grey region represents
the physiological blood pressure range, the white line represents the mean physiological blood
pressure value. (c) Total torque around Z-axis, mZ . The solid black curves represent the elastic
response of the fibre-reinforced material. (d) Total axial reaction force, fZ . The solid black curves
represent the elastic response of the fibre-reinforced material.

the upper limit of the physiological blood pressure, due mainly to the evolution of damage

in the second fibre family. The softening in the response is followed later on by a contin-

uous stiffening due mainly to the contribution of the first fibre family which is marginally

affected by damage. This observation can be better appreciated in Figures 5.14(a)-(c).

There, the contour plots show no damage evolution in the matrix, as expected, while dam-

age is mostly concentrated in the second fibre family. For Set 14, damage evolves in both,

the matrix and the fibres. In the load-displacement curve a first deviation from the elastic

100



F
in
ite

elem
en
t
m
o
d
ellin

g
of

a
fu
ll-3d

artery
-like

tu
b
e

(a) (b) (c)

P [-]

1.00
0.91
0.83
0.75
0.66
0.58
0.50
0.41
0.33
0.25
0.16
0.08
0.00

Figure 5.13: Full-3D artery-like tube under internal pressure. Quantities used to characterize the anisotropy of the material and the structural
behaviour of the artery-like tube. Projection of the referential anisotropy direction vectors onto the circumferential unit vector. (a) Pa1

0
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0 · êθ.
(b) Pa2
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0 · êθ. (c) Projection of the direction vector of the second principal Cauchy stress onto the axial unit vector, PnII
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response occurs shortly after the pressure surpasses 10 [kPa] due to the onset of damage

in the matrix. Later on, softening becomes dominant when the load surpasses the mean

physiological blood pressure and damage considerably affects the second fibre family. This

observation can be better appreciated in Figures 5.14(d)-(f). There, the contour plots show

considerable damage in the matrix of the media, as well as in the second fibre family in the

media and the adventitia, close to the plane Z = 0 [mm]. As it is the case for Set 13, here

the first fibre family is also marginally affected by damage. Furthermore, the perturbation

in the fibre orientation induces torsional modes of deformation, and thus reaction torques

appear at the supports. Figure 5.12(c) shows the reaction torques around the Z-axis,

namely mZ . It is observed that mZ is negligible for low pressure values since fibres are

not sufficiently stretched, and that later on mZ evolves in each support symmetrically, i.e.,

with equal magnitude but different sign, as required to satisfy equilibrium. Figure 5.12(d),

on the other hand, shows the reaction forces in the Z-axis, namely fZ . From this Figure

it becomes apparent that symmetry on fZ is broken after the onset of damage, which, in

principle, suggests that equilibrium is not satisfied. In order to further study this apparent

inconsistency in the results, we focus our attention on the load-displacement curve of Set

13, Figure 5.12(b). There we define points 1 and 2 , which mark the onset of damage and

the last converged solution in the simulation, respectively. Now, we turn our attention to

Figure 5.15(a). There, the radial displacement ur,i of nodes on the inner surface of the tube

at 1 and 2 are presented. Provided the displacement field shows negligible variations

along the circumferential direction, only representative values of the nodes with material

coordinates (ri, 0, Z) are considered. The resulting profiles show the variation of the radial

displacement along the Z-axis. In 1 , the profile of ur,i is symmetric with respect to the

plane Z = L/2 [mm], hence the internal pressure does not produce a resultant force in

the Z-axis. In 2 , a different situation occurs. It is observed that within the last three

quarters of the tube, i.e. for Z ∈ [L/4, L], the internal pressure exerts a net resultant force

in the Z-axis. In order to calculate this resultant force, we first compute the area that

results from the projection of the internal surface on the Z-plane. This area is computed

by considering the internal radius of the tube at Z = L/4 [mm] and Z = L [mm], namely

ri ,L/4 = Ri + ui|Z=L/4 and ri ,L = Ri + ui|Z=L, respectively. With these values the area

is then calculated, A = π · [r2i ,L/4 − r2i ,L] = 3.79 [mm2]. Finally, the resultant force act-

ing on the inner surface of the tube is computed. The pressure at 2 is p = 15.52 [kPa],

which produces a net positive resultant force fZ = p · A = +0.06 [N]. Taking this value

into account, one can clearly see that the reaction forces acting on the structure, namely

fZ = −0.13 [N] at Z = 0 [mm], and fZ = +0.07 [N] at Z = L [mm] , are properly balanced.

A final observation is made regarding the distribution of stresses along the thickness of

the tube. The asymmetric distribution in the reaction forces fZ , naturally favors a stress

concentration on Z = 0 [mm]. In Figure 5.15(b) we see the distribution of the axial com-
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ponent of the Cauchy stress tensor, σz, along the normalized thickness of the tube at its

supports. In this Figure we first note a jump in the stress distribution at the interface

between the media and the adventitia due to the different elastic material properties in

each layer. Within the adventitia, we observe that the stress distribution remains almost

unchanged between 1 and 2 , and furthermore, that stress levels in both supports are

practically identical. Within the media, on the other hand, while the stress levels at 1

have similar values on both supports, at 2 a major deviation in the stress distribution

occurs. At this point, σz significantly increases at Z = 0 [mm], reaching a maximum value

of 22 [kPa] at the inner surface of the tube, while at the same time, σz decreases consistently

at Z = L [mm], reaching a maximum value of 10 [kPa] at the interface between the media

and the adventitia.

5.4 Summary

The balloon angioplasty is presented as an example of a biomechanical related application,

and the evolution of damage in the artery is studied by means of the non-local gradient-

enhanced damage model presented in chapter 4. We assume an idealized configuration of

two concentric hollow cylinders representing the balloon and the artery respectively. This

idealized geometrical configuration is further simplified to a cylindrical sector, a wedge,

which is used for the finite element representation of the problem (see Figure 5.2). This

simplification enables us to use the procedure discussed in Section 5.1 to include the residual

stresses within the artery. In a first stage the elastic response of the artery is studied.

We pay special attention to the effects of the residual stresses on the artery and their

implications for the contact problem. We observe in Figure 5.3(d) that the presence of

the residual stresses result in smaller deformations of the arterial wall for the same load

magnitude. The effect of the residual stresses on the inelastic response of the artery is also

studied for Set 5. The results in figures 5.4 - 5.6 show that the inclusion of the residual

stresses has three major consequences on the structural response of the artery. First,

it allows to reach higher values of the peak pressure before entering into the softening

regime. Secondly, it reduces the gradient of circumferential stresses along the thickness of

the artery. Thirdly, it reduces the overall circumferential stress levels. We can conclude

from these observations that the residual stresses optimise the structural response of the

artery, which illustratively indicates the beneficial effect they have on the blood vessels. In

a second stage, the evolution of damage is studied for the set parameter combinations in

Table 5.2. Different scenarios are taken into consideration: purely matrix damage, purely

fibre damage, and combined damage evolution in the matrix and the fibres. In general,

it is possible to reproduce a loss of stiffness in the artery when the radial stresses exceed

the physiological range. From the results it becomes apparent that when the artery is
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Figure 5.14: Full-3D artery-like tube under internal pressure. Contour plots of the damage function f i
d. Figures (a), (b) and (c) show the

damage functions f0
d , f

1
d and f2

d , respectively, for Set 13 at the last load increment. Figures (d), (e) and (f) show the damage functions f0
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and f2
d , respectively, for Set 14 at the last load increment.
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Figure 5.15: Full-3D artery-like tube under internal pressure. Plots of structural response at
points 1 and 2 of the load-displacement curve for Set 13. (a) Profile of radial displacement
of inner nodes along the Z-axis. (b) Distribution of axial Cauchy stress along the normalized
thickness at the supports.

subjected to radial stresses beyond the physiological range, damage evolution is triggered

in both, the matrix and the fibres, which causes an increase of the tube’s diameter at the

same mean pressure. Even though the artery loses stiffness, these damage effects can be

beneficially used in medical surgery to expand an artery’s diameter and thereby restore and

ensure the blood flow of an atherosclerotic or arteriosclerotic blood vessel, for example. In

contrast to the results presented in Waffenschmidt et al. [110] and Tobias Waffenschmidt

[134], where similar problems were studied, for this case of the balloon angioplasty the

structural response of the artery never reaches the purely neo-Hookean limit defined in the

load-displacement diagrams, due to the fact that not all fibres are completely damaged

and thus still contribute to the overall structural response. We conclude this application

example considering an unsymmetric fibre distribution to illustratively highlight that the

fibre families do not degrade simultaneously but successively when undergoing different

loading histories.

The problem of the inflation of a full-3d artery-like tube is presented as a final application

example. Contrary to the case of the balloon angioplasty, where the simplification of the

geometry as a wedge approximation imposes the use of specific boundary conditions that

do not allow to capture torsional modes of deformation, this problem illustrates a more

general scenario where no particular restrictions on the load and boundary conditions are

imposed. A perturbation in the fibre orientation is introduced, such that the fibre families

at every material point undergo a different loading history, and hence each phase i of the

fibre-reinforced material experiences a different damage evolution. The evolution of damage

is studied for the a two sets of different parameter combinations. In Figure 5.12(b) it is
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observed that for both cases we capture the softening effect within the physiological pressure

range. In Figure 5.12(c) we observe the appearance of reaction torques mZ at the supports

due to the development of torsional modes of deformation. Finally, in Figure 5.12(d), we

observe the evolution of the reaction force fZ in the supports. Due to the unsymmetric

evolution in damage, which is more concentrated towards plane Z = 0 [mm], the tube is

deformed in such a way that the pressure exerts a resultant force along the Z-axis, causing

an unsymmetric evolution in the reaction forces fZ after the onset of damage.
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6.1 Synthesis and conclusions

The present thesis deals with the study of the mechanical behaviour of the aortic artery

using non-linear finite element models. Here a state of the art hyperelastic constitutive

formulation is used to characterise the distinctive biomechanical features of the arterial

wall as presented by Fung [12] and Humphrey [13]. The hyperelastic constitutive formu-

lation follows the works by Holzapfel et al. [72] and Gasser et al. [7], and accounts for the

characteristic composite-like structure of blood vessels where two collagen fibre families

are embedded in an isotropic extracellular matrix. By using structural tensors associated

to two material unit vectors that represent the mean fibre orientations, we are able to

capture the transversely isotropic behaviour that results from a helical distribution of col-

lagen fibres in blood vessels, as well as the effect of collagen fibre dispersion. Furthermore,

a multiplicative split of the deformation gradient tensor is used to characterise indepen-

dently the volumetric and the isochoric deformation, hence allowing for the simulation of

quasi-incompressible behaviour. Building on the aforementioned hyperelastic formulation,

in this thesis we develop a framework to study the damage-related softening in blood ves-

sels when the arterial wall is subjected to loads beyond its physiological range. Damage

is then studied by means of two different approaches from which the main conclusions are

presented in the following.

6.1.1 Continuum local damage formulation with regularisation

In chapter 3 we present a continuum local damage formulation with regularisation. The

formulation aims to establish a relationship between the mesoscopic structural mechanisms

that rule inelastic processes in fibrous soft tissues and their macroscopic material parame-

ters. The principal results and conclusions are summarised in the following.
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� A phenomenological damage model for fibrous materials with regularised softening is

developed. Meso-structurally based definitions for the macroscopic elastic parameters

defining the effective strain energy function and for the inelastic parameters defin-

ing the ingredients of the damage model are obtained by means of a minimisation

procedure using the SciPy library Jones et al. [107].

� Soft tissues are regarded as fibre reinforced composites and fibres as fibril reinforced

composites. At the mesoscopic level a Hodge-Petruska bidimensional model (Petruska

and Hodge [84]) is used to describe the fibrils as staggered arrays of tropocollagen

molecules, and from this mesoscopic model the macroscopic material properties of

the fibres using an homogenisation process are obtained.

� A smeared crack approach is used to avoid the mesh size dependence of the structural

response in softening. A regularised softening modulus is defined in terms of a surface

density of dissipated energy and a characteristic size of the finite element.

� The damage model is implemented by means of a material subroutine inside the finite

element code FEAP. Taylor [106].

6.1.2 Non-local gradient-enhanced continuum damage formula-

tion

In chapter 4 we present a non-local gradient-enhanced continuum damage formulation. The

principal results and conclusions are summarised in the following.

� A non-local gradient-enhanced continuum damage formulation at large deformations

is developed. The free energy function is enhanced with a term that contains the

referential gradient of the non-local damage variable φi, where i = {0, 1, 2} refers to

the phases that make up the arterial wall, namely the ground matrix and the two

fibre families.

� The twofold effect of the regularisation parameter cid is studied using the example of

the plate with a whole. First, we study the variation on the dissipation, manifested on

the overall structural response represented by the load-displacement curves. Secondly,

we study the changes in the distribution of the non-local damage variable field φi,

which is more localised for low values of cid, while is more smeared over the domain

for large values of cid.

� A framework that allows for the inclusion of residual stresses by means of a mul-

tiplicative composition of the deformation gradient is presented. This approach is

based in the analytical solution of the opening-angle experiment.
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� The non-local damage model is implemented in the commercial finite-element software

Abaqus/Standard by means of the user subroutine UEL. To this end a Q1P0 element

is implemented following a standard multivariational approach in order to enforce the

quasi-incompressibility of the soft tissues.

Furthermore, the capabilities of the non-local gradient-enhanced continuum damage for-

mulation to the application of biomechanically related problems is explored by means of

an illustrative example of a balloon angioplasty procedure. The results show that the pro-

posed non-local damage formulation is able to capture the characteristic damage softening

behaviour in blood vessels when the interior pressure exerted on the arterial wall surpasses

tolerable physiological values. Finally we point out that the developed framework to in-

clude the residual stresses in blood vessels allows to illustrate the beneficial effect of the

residual stresses in the overall structural behaviour of the arterial wall.

6.2 Main contributions

The main contributions of this thesis can be summarised as follows.

� A continuum local damage formulation with regularisation for soft tissues is intro-

duced. The elastic and damage related material parameters are based on consider-

ations of the mesostructure of soft tissues. The proposed model serves to capture

damage-related softening related to collagen damage.

� A non-local gradient-enhanced continuum damage formulation for soft tissues is pre-

sented. The constitutive formulation that governs the elastic response is purely phe-

nomenological and is able to capture the characteristic behaviour of human blood

vessels. The damage formulation is able to capture the softening behaviour associ-

ated to collagen failure. Furthermore, the implicit gradient-enhanced regularisation

guarantees mesh-objective results of the finite element implementation.

� The applicability of the non-local damage formulation to cardiovascular-related prob-

lems is explored by means of the simulation of an idealised balloon angioplasty con-

figuration. The model is able to capture damage-softening when the arterial tissue

is subjected to supraphysiological loads. The beneficial effects of residual stresses in

the overall structural response of the blood vessel is also highlighted in this study.

6.3 limitations and future perspectives

In the development of the present thesis we have made several assumptions that allowed to

solve complex problems with simple approximations. This considerations might limit the
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future applicability of the proposed framework to real clinical applications. With regard

to the non-local damage formulation, there are still open issues worth exploring.

� Damage parameters that control the onset of damage, the saturation of the damage

function, and the regularisation, have been chosen on a trial and error basis. Although

the results obtained, for example, in the simulation of the balloon angioplasty, are

consistent with the limits imposed by the physiological values of the blood pressure,

i.e. we have seen that damage is triggered after surpassing the maximum value of

the blood pressure, as expected, it is still necessary to calibrate the damage-related

parameters using experimental data.

� The proposed framework allows for the inclusion of any particular format for the

damage function, as long as it fulfills the required conditions of equation (4.2). So

far we have used the same exponential format to reproduce the damage in the matrix

as well as in the collagen fibres. Since these arterial constituents, from a mechanical

point of view, are of a completely different nature, further investigation related to

the use of different damage functions for the ground substrate is required.

� We have used spatial gradient of the non-local damage variable for the enhancement

of the free energy. Another alternative, that could lead to a more robust finite

element implementation would be to use the material gradient. The gradient term

in equation (4.3) is formulated in the spatial configuration. The formulation of this

gradient term in the material configuration should be further explored, since gradient

based regularisation could be improved.

With regard to the local damage model, we should note that only very simple boundary

value problems were solved. Further investigation about the performance of this formula-

tion in more general scenarios is required.

Finally, the residual stresses are implemented by means of a multiplicative composition of

the deformation gradient, which is in turn based on the analytical solution of the opening-

angle experiment. The analytical solution of the opening-angle experiment is limited to

perfectly cylindrical geometries, meaning that this is not the best approach when dealing

with real patient-specific geometries. New approaches should be considered to overcome

this limitation.

6.4 Publications

The major results and models of this thesis have been published as papers in two peer-

reviewed journals, and one book chapter.
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� Sergio Blanco, César Polindara, Jose Maŕıa Goicolea. A regularised continuum dam-

age model based on the mesoscopic scale for soft tissue. International Journal of

Solids and Structures, 2014.

� Tobias Waffenschmidt, César Polindara, Andreas Menzel, Sergio Blanco. A gradient-

enhanced large-deformation continuum damage model for fibre-reinforced materials.

Computer Methods in Applied Mechanics and Engineering, 2014.

� Tobias Waffenschmidt, César Polindara, Andreas Menzel. A Gradient-Enhanced Con-

tinuum Damage Model for Residually Stressed Fibre-Reinforced Materials at Finite

Strains. Biomedical Technology, Springer, 2014.

The author of this thesis has contributed for all the publications with the finite element

implementation and the development of the numerical examples. In the second paper and

the book chapter he also has contributed to the preparation of the manuscript.
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The local tangent moduli, contained in the element Jacobians can conveniently be derived

in material description and then transferred to the spatial description as used for the

numerical implementation, by means of push-forward operations. The expression herein

presented are derived in a general way to apply to each of the phases i = {0, 1, 2} that

form the continua, namely the ground matrix and the two fibre families. In the following

and for the sake of readability, we omit the subscript index n+1 associated with time tn+1

as well as the superindex i that denotes a specific phase.

We start by introducing the following expressions

E := 2
dS

dC
= fd E+ 2S ⊗ ∂fd

∂κ

∂κ

∂C
, (A.1)

dS

dφ
=

∂fd
∂κ

∂κ

∂φ
S , (A.2)

2
dY

dC
= 2

∂Y

∂κ

∂κ

∂C
, (A.3)

dY

dφ
=

∂Y

∂φ
+

∂Y

∂κ

∂κ

∂φ
. (A.4)

where E and S correspond to the intact material elasticity tensor and the intact Second

Piola stress tensor, respectively . By intact we refer to the quantities that are derived

directly from the hyperelastic potential, i.e. when no weighting factor is applied to account

for damage.

In the following the derivatives on the right hand sides of equations (A.1)–(A.4) as well as

dY /d∇Xφ expression are derived. We specify these expressions consecutively according to

their appearance in the above mentioned equations.

Recalling that Φd(q, κ) = 0 for damage evolution, the tensorial derivative ∂κ/∂C and
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∂κ/∂φ are deduced by means of the implicit function theorem as

2
∂κ

∂C
= −2

∂Φd/∂C

∂Φd/∂κ
= −ϑd S , (A.5)

∂κ

∂φ
= −∂Φd/∂φ

∂Φd/∂κ
= −ϑd

βd γd
ηd fd

, (A.6)

where the abbreviation

ϑd :=

[
∂Φd

∂κ

]−1

= −1− ηd fd
βd γd [γd[1 + ηd κ]− ηd φ]

(A.7)

is introduced. Taking into account that ∂κfd = −ηd fd and ∂κY = −βd γd as well as

∂φY = βd, we obtain the material tangent moduli as

E = fd E+ ηd fd ϑd S ⊗ S , (A.8)

dS

dφ
= βd γd ϑd S , (A.9)

2
dY

dC
= βd γd ϑd S , (A.10)

dY

dφ
= βd + [βd γd]

2[ηd fd]
−1ϑd , (A.11)

dY

d∇Xφ
= cd C

−1 . (A.12)

For a purely elastic loading step, the tangent moduli can be reduced to E = fd E and

dS/dφ = 2dY/dC = 0 as well as dY/dφ = βd.

Applying push-forward operations to equations (A.8)–(A.12), we finally obtain the Cauchy-

stress-related spatial tangent moduli as

e = 2
dσ

dg
= fd e+ ηd fd ϑd J σ ⊗ σ , (A.13)

dσ

dφ
= βd γd ϑd σ , (A.14)

2
dy

dg
= βd γd ϑd σ , (A.15)

dy

dφ
= J−1βd

[
1 + βd γ

2
d [ηd fd]

−1ϑd

]
, (A.16)

dy

d∇xφ
= J−1cd I . (A.17)

Note the relation ∂g(•) := F · ∂C(•) · F t; for detailed background on the formulation of

anisotropic finite elasticity and inelasticity in terms of spatial arguments, the reader is

referred to Menzel and Steinmann [67] and Menzel and Steinmann [136].
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for fibrous biological soft tissues. International Journal of Solids and Structures, 44
(18-19):5894–5911, 2007.

125
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