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RESUMEN 
El rendimiento de un espacio aéreo en términos de seguridad operacional debería ser 
medido de manera preventiva tal y como es recomendado por la OACI. La búsqueda de 
métricas precursoras de prestaciones de seguridad es un campo en pleno auge. 

Los factores que pueden dar una medida de la seguridad pueden ser varios. 
Actualmente se tienen en cuenta los eventos de seguridad, entendiendo como tales: 

§ los incidentes o pérdidas de la separación mínima establecida, reportados por 

los actores que intervienen en la operación: pilotos y controladores del espacio 

aéreo;  

§ los accidentes. 

De esta manera, la seguridad se mide en base a eventos que ocurren ocasionalmente, 
así como a la probabilidad de que sucedan las causas – o riesgos- que los provocan. Es 
posible, no obstante, que no todos los incidentes se reporten, por lo que la frecuencia 
de estos eventos puede no ser calculada con exactitud. Es por ello que se hace 
necesario encontrar nuevos indicadores que puedan supervisar de manera proactiva y 
objetiva una posible degradación del espacio aéreo en términos de seguridad 
operacional. 

La aparente correlación entre los tiempos de reacción de los controladores aéreos ante 
la detección de una posible falta de separación y el tiempo hasta que ésta se evita, 
parece una medida que puede facilitar información sobre el comportamiento del sistema 
de Gestión del Tráfico Aéreo en relación a la seguridad operacional. Cuando el tiempo 
remanente hasta el incidente es largo o cuando se tarda poco en solventar una vez 
detectado, el sistema se estaría comportando adecuadamente en términos de 
seguridad. Adicionalmente, en un espacio aéreo normalizado, ante la detección de 
pérdidas de separación, los tiempos remanentes hasta el punto de mayor proximidad 
entre aeronaves medido en el momento en el que se tomaron las medidas evasivas 
adecuadas, deberían mantenerse acotados, independientemente del controlador que 
facilita el servicio, la configuración de sectores activa, la densidad de tráfico o cualquier 
otro factor. 

Sin embargo, la existencia aislada de una situación donde no se cumplan las 
condiciones ideales no tiene por qué implicar un fallo de seguridad en el espacio aéreo, 
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ya que un espacio aéreo seguro tiene que operar de manera normalizada incluso bajo 
las situaciones más estresantes. 

El control del tráfico aéreo tiene impacto en las trayectorias voladas: maniobras no 
detalladas en el plan de vuelo se corresponden con autorizaciones y con acciones 
tomadas por parte del control en tierra para sincronizar las trayectorias y evitar pérdidas 
de separación entre ellas. 

El objetivo de esta tesis es doble: por un lado, determinar si los tiempos de respuesta y 
tiempos remanentes hasta el punto de máxima proximidad medidos mediante trazas 
radar, varían en función del estado del servicio de control del tráfico aéreo; y, por otro 
lado, observar si dichos tiempos hasta el conflicto potencial fluctúan en función de 
factores que afectan a la seguridad operacional. Por tanto, se podrían definir métricas 
sobre los tiempos calculados a partir de las trayectorias recorridas que alerten de una 
degradación del sistema en términos de seguridad operacional. La pregunta que se 
pretende contestar en esta investigación es: ¿Se pueden extraer métricas post-
operacionales que puedan ser utilizadas como precursores de seguridad operacional 
analizando trayectorias provenientes de trazas radar? 

Aunque el objetivo de la tesis era encontrar una causalidad entre esos factores y las 
prestaciones de seguridad, esta relación no ha podido ser demostrada. Sin embargo, 
gracias a técnicas de Data Mining aplicadas a gran cantidad de datos, sí se ha podido 
comprobar que existe una correlación entre los tiempos de reacción y los remanentes 
hasta el conflicto potencial y la seguridad operacional de un espacio aéreo y se han 
propuesto unas métricas que lo evidencian. 

A falta de disponibilidad de más datos que puedan derivar en un estudio más exhaustivo, 
se establece un marco de referencia en el comportamiento “promedio” del sistema, no 
pretendiendo establecer un objetivo ni un umbral de seguridad del espacio aéreo 
observado, sino una referencia comparativa y en términos estadísticos. 
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ABSTRACT 
ICAO recommends that airspace safety performance be preventively measured and 
monitored. This requirement urges the search for precursory safety metrics. 

Several measures can estimate safety metrics. Currently, safety events are accounted. 
Safety events include: 

§ incidents or loss of separation minima reported by operation agents: pilots and 

air traffic controllers; 

§ accidents.  

Accordingly, safety is measured based on rare events, and on the probability of the 
occurrence of the causes -called risks- that provoke them. Additionally, there might be 
some non-reported incidents and therefore, the frequency of these events cannot be 
accurately assessed. Thus, it becomes necessary to find new indicators to objectively 
and proactively oversight a possible airspace degradation in terms of safety. 

The seemingly correlation between air traffic controllers’ reaction times upon the 
detection of a possible loss of separation minima and the time until it is avoided, appears 
to be a measure which can bring information about the safe behaviour of an Air Traffic 
Management system. Were time remaining until the incident long or did it take little to 
solve upon detection, the system would be behaving adequately in terms of safety. 
Additionally, in a standardised airspace, once the loss of separation is detected ahead, 
times remaining to the closest point of approach at the moment of the avoidance 
manoeuvre should remain bounded, regardless of the air traffic controller providing 
service, the active sector configuration, the traffic density or any other factor. 

However, the isolated existence of a situation where the ideal conditions are not met 
does not necessarily imply a lack of safety, since a safe airspace must operate normally 
even under the most stressing conditions. 

Air traffic control has an impact on the flight trajectories: non-specified manoeuvres in 
the flight plan correspond with clearances and actions taken by air traffic control on the 
ground to synchronise trajectories and avoid losses of separation among aircraft. 

The goal of this thesis is double: 

· first, determining if reaction times and times remaining to the closest point of 

approach assessed through radar tracks vary depending on the state of the air 

traffic control service;  
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· and second, examining if those times until the potential conflict fluctuate 

according to factors which affect safety. 

Therefore, some metrics derived from flight trajectories could be calculated such that 
they could alert about a system degradation in terms of safety. The research question 
addressed is: Can precursory safety metrics be inferred from post-flight trajectories 
extracted from radar tracks? 

Although the goal of the thesis was finding a cause-and-effect relationship between some 
causative factors and safety performance, this relationship could not be proven. 
Nevertheless, a big amount of data has been studied using Data Mining techniques. It 
has been demonstrated that there exists a correlation between reaction times and times 
to potential conflicts and the safety performance of an airspace and some metrics which 
evince it have been proposed. 

In the absence of more data availability which could delve into this study, a framework 
has been established by means of its average behaviour. However, a safety target or a 
threshold is not intended to be set by this average performance, but a statistical 
reference.
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CHAPTER 1. UNDERSTANDING APPLICATION 

DOMAIN: INTRODUCTION 
This chapter presents the motivation brought by both ICAO and SESAR requirements 
as well as the background of previous research works performed by the Technical 
University of Madrid (UPM) Air Navigation Research Group (GINA, by its acronym in 
Spanish). The chapter lays the foundation on which this research work is based. 

Finally, the chapter introduces the methodology on which this work has been inspired, 
as well as the adaptation to present research.  

“If you cannot measure it, you cannot improve it” 
Lord Kelvin 

UNDERSTANDING APPLICATION DOMAIN
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1.1. SCIENCE SCOPE AND MOTIVATION 
1.1.1. Performance framework 

Enterprise systems - understood as the set of techniques, procedures, infrastructures, 
resources and services involved in business operations - need to substantiate 
organisational decisions using performance assessment. Air Traffic Management (ATM) 
is driving itself into a performance-focused system, similarly to Information and 
Communication Technologies (ICT) [1], Industrial Services [2] or Medicine [3]. Following 
ICAO recommendations in [4], eleven Key Performance Areas (KPAs) [5] have been 
defined to ease performance appraisal through functional areas. 

Encouraged by ATM needs for a systems upgrade, Single European Sky (SES) shapes 
existing regulation to answer performance and environmental issues and implement the 
plan for airport capacity, efficiency and safety in Europe [6]. It provides future technology 
through Single European Sky ATM Research (SESAR), and extend the competency of 
the European Aviation Safety Agency (EASA) to airports, Air Traffic Control (ATC) and 
Air Navigation Services (ANS). 

Airspace Users (AU’s) growing needs to benefit from a high-quality service, further cost-
efficient and capable of managing increasing demand, has triggered the creation of 
SESAR as the technological pillar of SES in ATM, fostering innovative research and the 
definition of concepts which subsequently provide a set of validated solutions introducing 
systems or operational changes. 

The European ATM Master Plan [7] summarises the technological and operational 
changes which are foreseen to be provided by SESAR and other initiatives to reach SES 
performance goals. SESAR proposes to assess the service performance in terms of 
objectives and standardise metrics, which will be applicable to European Air Navigation 
Service Providers (ANSP’s). In addition, it states high-level goals through Key 
Performance Indicators (KPI’s) which are to be achieved from 2012 baseline. 

KPAs usually are evaluated deepening into influence factors which determine each 
metric value [8]. Several SESAR projects have defined KPI’s which show the result of 
the service in the most relevant KPA’s [9], while some other KPAs are to be developed. 
The use of influence diagrams is widely spread, representing the causes which 
determine the values of the KPI’s, and, as a result, the performance of the KPA. Figure 
1-1 shows an example of an influence diagram on the Airspace Capacity, published by 
SESAR on [8]. The impact of the Influence Factors (IF’s) in the metric is shown in the 
influence diagram, thus an improvement in IF’s means an improvement in the KPA 
performance. 
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FIGURE 1-1. INFLUENCE FACTORS ON CAPACITY KPA 

1.1.2. Safety assessment state of the art 

As the main goal in Air Navigation, Safety is the preeminent KPA and must be 
supervised. A new approach to safety culture in civil aviation is emerging [10] through a 
new State Safety Programme (SSP) that was provided to all countries. The guidance 
material supplied in Safety Management Manual (SMM) [11] was harmonised and set 
the requirements with which States must comply, established in the Safety Management 
System (SMS). 

So far, within Europe, the Safety Regulation Commission, in charge of the regulation 
concerning Safety European Civil Aviation Conference, (ECAC), assesses the safety 
performance of different ANSP’s publishing an annual global report analysing the 
number of incidents and accidents per category and severity. The latest available report 
at the date of the publication of this thesis can be accessed in [12]. It evaluates safety 
performance based on two different metrics: leading and lagging indicators. Both are 
derived from ATM-related reported incidents and accidents. Focusing on lagging 
indicators whose goal is to unveil safety trends, ANSP’s achieve good results when the 
number of incidents per flying hour is small. This report brings to life the need to furtherly 
track other safety indicators, though it does not propose any proactive measure.  

In the latest available annual publication of Performance Review Report [13], it is also 
acknowledged the urgent need for a different common approach to measuring and 
managing safety performance among States. An initial guidance for Eurocontrol Member 
States has been provided in [14], allowing space for defining particular Safety 
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Performance Indicators (SPI’s) and their targets to define the Acceptable Levels Of 
Safety Performance (ALoSP). 

Aligned with ICAO’s objectives, the current direction marked by European Aviation 
Safety Agency (EASA) is called Performance-Based Environment (PBE). In [12] [15] key 
concepts of this approach are described, like Risk-Based Oversight (RBO) and 
Performance-Based Oversight (PBO), which are methodologies to monitor that safety 
objectives are accomplished based on safety performance indicators versus prescriptive 
rules, as it has been done up to the present. 

In SESAR, tasks developed under the Project P16.01.01, which refers to Accidents and 
Incidents Model (AIM), are published in [16]. In this publication, as part of the Validation 
and Verification model, risk and safety barriers are analysed for each type of accident: 
Wake Vortex Encounter, Mid-Air Collision, Runway Collision, Controlled Flight into 
Terrain, Taxiway Collision. AIM is based on a model developed by Eurocontrol in [17]: 
Integrated Risk Picture (IRP). Likewise, IRP assesses the risks that cause the accidents. 

In summary, current safety assessment considers accidents and incidents as the 
consequence of a poor safety performance. However, the goals of ICAO referred in SMM 
point out at the growing necessity of overseeing and assessing ATM safety based on 
frequent events, rather than on rare events as incident and accidents are. Besides, the 
dependency of the reported safety events on the involved actors makes the KPIs 
subjective while they should be independent, measurable and objective. 

Precursory metrics aim at continuously monitor safety performance and alert on a 
possible safety degraded situation. Moreover, the latest trends in Data Science are 
focused on inferring tendencies learning from previous experiences. The amount of 
frequent and available information regarding flight information opens the usage to a more 
ambitious concept than a mere post-flight performance evaluation: it paves the way to 
oversight safety behaviour. 
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1.2. BACKGROUND 

Safety assessment based on available radar tracks determining the position and time of 
potential conflicts, potential collisions and the safety barriers was presented in the thesis 
dissertation by former UPM professor Eduardo García González [18] and disseminated 
in the following papers: 

· In [19], trajectory segmentation based on radar tracks as a way to foresee safety 

events was presented. Also, the theory of potential conflicts assessed by its time 

to Closest Point of Approach (CPA) instead of distance was divulged. Thus, 

aircraft evolution is a parameter for the conflict estimation. 

· In [20], time of detection of the potential conflict and Air Traffic Controller (ATCo)’s 

reaction time applied to safety were introduced in the development of a three-

dimensional Collision Risk Model (CRM) using Matlab®: it was called “3-D CRM”. 

Moreover, the algorithms to detect the tactical actions taken by ATCo’s from 

surveillance systems were defined, accounting ATCo’s tactical intervention, and 

the warning of alert systems: Short Term Conflict Alert (STCA), Traffic Collision 

Avoidance System (TCAS) both Traffic Advisory (TA) and Resolution Advisory 

(RA). Their detection was based on the time remaining to the potential conflict. 

The tactical action taken on the aircraft in en-route phase of flight was determined 

by a change in the trajectory, when a new segment starts after the detection of 

the potential conflict. This paper grouped the metrics in two categories: 

o Risk context metrics, which provide information about the events that 

could drive to potential conflicts; 

o Safety metrics, which indicates the effectiveness and the stress level of 

safety barriers. 

A validation of the 3-D CRM was included in said paper using data from one 
month of traffic from Maastricht Upper Airspace Centre (MUAC).  

3-D CRM has been adapted for the work presented in this thesis, thus is furtherly 
explained in section 3.1: “3-D CRM Software Tool”. The new features are documented 
in ANNEXE B: “3-D CRM Software Additional Feature: Reaction Time Statistics”. 

Other papers related to this topic are: 
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• In [21] a further step in segmentation was presented, approaching radar tracks 

with mixed types of straight lines and curved segments, using cubic spline 

functions. The data used in this work were radar tracks from Madrid Terminal 

Manoeuvring Area (TMA). 

• Another approach to safety assessment was presented in [22]. Based on 

Eurocontrol’s previous works on Automatic Safety Monitoring Tool (ASMT), 

carried out by either big data analysts or ATM experts, it introduced the 

requirement of an intermediate viewpoint between ATM and data analysis 

experts, the so-called ‘Information Design Perspective’, acknowledging that the 

future of safety analysis relies on translating data into information and information 

into knowledge. 

These research works are the baseline from where the current research starts, taking 
advantage of the available material. However, this novel approach addresses ICAO’s 
new objectives related to SPI’s. 
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1.3. DEFINITIONS 

Conflict: Actual Loss of Separation (LoS) minima between two aircraft in both dimensions, 
vertical and horizontal. 

Potential conflict: Any situation where a LoS ahead is foreseen unless a corrective change 
is provided. It will last for as long as the action taken, which changes the evolution of any 
of the two aircraft involved, provides the required separation minima. 

It is important to point out here that potential conflict in this thesis dissertation is 
equivalent to the term Conflict defined in [5], section 2.7: “Conflict Management”, as “any 
situation, involving aircraft and hazards, in which the separation minima may be 
compromised”. This convention has been followed in order to continue with the same 
nomenclature as used in referenced papers [19], [20], [21] and theses [18] and [23]. 

Closest Point of Approach (CPA): The physical moment when the minimum distance 
between two aircraft is reached. 

Look Ahead Time (LAT): Exploratory time in search of potential conflicts. 

Initial Time To CPA (iTTCPA): Time to the CPA upon the detection of a potential conflict. 
Were two flights following a uniform movement on conflict course, iTTCPA will be equal 
to LAT. However, some manoeuvres during the flight provoke potential conflicts between 
aircraft in a temporal horizon smaller than the LAT. Thus it can be stated that for each 
potential conflict: 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 ≤ 𝐿𝐿𝑖𝑖𝑖𝑖. 

Reaction Time (RT): Time elapsed between potential conflict detection and the perceivable 
change in the trajectory uniform movement. RT comprises the following time lapses upon 
the potential conflict detection: ATCo recognition, analysis of possible resolutions, most 
suitable action decision, instruction issuing, crew taking it and aircraft evolution, changing 
the current drift and avoiding being on conflicting course any longer. Hence, the change 
of trajectory in terms of direction, speed or rate of climb or descend will be considered 
the “reaction moment”. This trajectory change may cause a new potential conflict with 
some other flying aircraft. Were this potential conflict about to occur in less than the 
defined LAT, then it would be considered a new independent potential conflict, and thus 
it would increase the number of potential conflicts identified. 

Time To CPA (TTCPA): Remaining time to the CPA upon the corrective tactical action is 
completed. Due to the definitions of terms, it is true that: 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑅𝑅𝑖𝑖 + 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. 

Figure 1-2 represents the relationship between these last three concepts which will be 
thoroughly used during this thesis dissertation. At 𝑡𝑡0 a potential conflict between Aircraft 
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1 and Aircraft 2 is identified. If no corrective change is provided, the CPA where a LoS 
appears will occur at 𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶. Hence, the initial time to CPA is calculated as 𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑡𝑡0 and 
so-called 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. At 𝑡𝑡1 the corrective tactical action is completed changing the drift of 
Aircraft 1 to avoid the 3-D separation minima infringement. The latency time between 𝑡𝑡0 
and 𝑡𝑡1 is the 𝑅𝑅𝑖𝑖 (𝑅𝑅𝑖𝑖 = 𝑡𝑡1 − 𝑡𝑡0) while the remaining time from 𝑡𝑡1 to the initial 𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 is 
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 (𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑡𝑡1). 

 

FIGURE 1-2. ITTCPA, RT AND TTCPA GRAPHICAL REPRESENTATION 

A 3-D example is depicted in Figure 1-3 for vertical separation (altitude vs. time) and 
Figure 1-4 for horizontal separation (latitude vs. longitude). At 𝑡𝑡0 = 13: 33: 18(ℎℎ: 𝑚𝑚𝑚𝑚: 𝑠𝑠𝑠𝑠) 
a potential conflict is detected. The positions of the aircraft at 𝑡𝑡0 are shown with yellow 
squares in said figures. 

 

FIGURE 1-3. EXAMPLE OF POTENTIAL CONFLICT DETECTION - VERTICAL SEPARATION 
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FIGURE 1-4. EXAMPLE OF POTENTIAL CONFLICT DETECTION - HORIZONTAL SEPARATION 

Aircraft 1, following the green trajectory, is climbing while aircraft 2, following blue, is 
flying in en-route phase at a constant Flight Level (FL) 330. CPA is highlighted in Figure 
1-3 and Figure 1-4 with an orange star for aircraft 1 and a purple one for aircraft 2. If they 
maintain the same direction, evolution, speed and rate of climb, the CPA will occur at 
𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 = 13: 37: 03 (ℎℎ: 𝑚𝑚𝑚𝑚: 𝑠𝑠𝑠𝑠). Thus, 

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑡𝑡0 =  03: 45 (𝑚𝑚𝑚𝑚: 𝑠𝑠𝑠𝑠) 

The distance at CPA is 2.9 NM in the horizontal plane and 190 ft in the vertical plane. 
Considering an average European en-route airspace for this example, both dimensions 
are below the separation minima (5 NM and 1000 ft of vertical separation in most 
airspaces [24]). Hence there is a LoS ahead detected, that is, a potential conflict, as 
defined in this section. 

To avoid it, there must have been a tactical ATCo intervention. As a result, aircraft 1 
changes its trajectory at 𝑡𝑡1 = 13: 35: 58 (ℎℎ: 𝑚𝑚𝑚𝑚: 𝑠𝑠𝑠𝑠), making a stepped climb. It will 
maintain FL 320 avoiding the vertical LoS, while the minimum horizontal separation is 
reached. Once the 2-D crossing takes place, aircraft 1 continues climbing until its 
Reference Flight Level (RFL) 390 is attained. RT and TTCPA are derived as follows: 

𝑅𝑅𝑖𝑖 = 𝑡𝑡1 − 𝑡𝑡0 = 02: 40 (𝑚𝑚𝑚𝑚: 𝑠𝑠𝑠𝑠) 
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑡𝑡𝐶𝐶𝐶𝐶𝐶𝐶 − 𝑡𝑡1 = 01: 05 (𝑚𝑚𝑚𝑚: 𝑠𝑠𝑠𝑠) 
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These two variables are scrutinised throughout this thesis dissertation. 
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1.4. NEW APPROACH FOR A SAFETY METRIC 

Taking a further look at the previously defined concepts of RT and TTCPA, when 
observing a sample of stored radar tracks for a given airspace, it exhibits a well-defined 
distribution of the RT with respect to TTCPA when it resembles the one shown in Figure 
1-5. As expected the vast majority of potential conflicts are solved far from 0 min of 
TTCPA. Although it takes a while (RT) to solve them, there are just a few whose TTCPA 
falls below 1 min. In terms of safety, it can be considered that the worst potential conflicts 
would be those whose TTCPA is below 1 min. Additionally, if they also exhibit high RT, 
it means a long latency of the hazard (potential conflict). It is understood to mean a 
positive corrective action was not taken until the actual LoS was on the verge to occur, 
although there was enough time to take it. 

 

FIGURE 1-5. TTCPA VS. RT IN AN AVERAGE SAFE AIRSPACE (DAY 4) 

A more stressed example of the same airspace is shown in Figure 1-6, where the sample 
shows the peak distribution of TTCPA falling 1 min below the previous Figure 1-5. 
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FIGURE 1-6. TTCPA VS. RT IN STRESSED CONDITIONS (DAY 6) 

A decrease in the TTCPA average does not necessarily mean a flaw in safety. Although 
risk probability increases as corrective actions are postponed, when more potential 
conflicts arise, for instance, in a congested airspace or degraded conditions, the tactical 
tasks for the controllers increase and the potential conflicts cannot be solved as fast as 
in a quieter environment. Nevertheless, if they are managed quickly and in a normalised 
way, airspace should not be considered unsafe. 

Human beings tend to procrastinate and delay taking actions as long as the situation is 
completely under control [25]. Not only may procrastination cause a delay in the issuing 
of ATC clearances, but also the balance between flight efficiency and capacity 
requirements impacts on ATCo’s RT’s. Finally, ATCo’s may delay the tactical actions 
while maintaining the safety levels when considering the uncertainties associated to 
trajectory prediction and conflict detection. Some potential conflicts may arise with a 
large time to conflict and if the traffic is being managed with ease, the action to solve it 
may be delayed. Thus long RT’s does not necessarily mean a decrease in safety. 



UNDERSTANDING APPLICATION DOMAIN: INTRODUCTION 

13 

An example can be shown when unexpected events appear. Atmospheric behaviour, for 
instance, which is invariant in the ATM system [26], will provide potential conflicts arising 
from a wide variety of iTTCPA’s. Assuming a non-stressed airspace, the event will cause 
a fluctuation of RT’s and TTCPA’s: 

• if iTTCPA is brief, then RT’s will be short; 

• if iTTCPA is brief, then TTCPA, even if the potential conflict has been solved 
expeditiously, will be short; 

• however, considering a non-stressed airspace, if iTTCPA is long, the absolute 
length of RT means neither an improvement nor a deterioration in safety unless it is so 
long that makes TTCPA too short, since 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑅𝑅𝑖𝑖. 

Generally, in any airspace, the combination of information from both variables, RT and 
TTCPA, seems to contribute to acquire knowledge regarding the safety performance of 
an airspace. The first hypothesis formulated in this paper is: for a given airspace and a 
representative traffic sample, the pairwise distribution of TTCPA’s and RT’s provides 
information related to its behaviour in terms of safety. For instance, it would be expected 
that when the statistical values shift towards shorter TTCPA’s and longer RT’s, the 
situation could be spotted as a relatively degraded operational situation and a potential 
breach in safety. 

This research assesses the relationship between the TTCPA’s and RT’s distribution and 
the airspace and traffic spatial-temporal characterization based on stored surveillance 
tracks. It is here postulated that safety performance has an impact on TTCPA’s and RT 
distribution for a given scenario. Then, the backwards effect is outlined: overseeing those 
distributions it will be possible to trigger a precursory safety metric that can be utilized as 
a KPI. 
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1.5. METHODOLOGY 

This research work follows an approach inspired in the theory of Knowledge Discovery 
in Databases (KDD) presented in [27] in the late 90’s. It defines KDD as “the nontrivial 
process of identifying valid, novel, potentially useful, and ultimately understandable 
patterns in data”. Following [22] suggestion for ATM Information Design Perspective and 
supported by KDD methodology [28] (which has been marginally adapted for this work), 
the process followed in this thesis is represented in Figure 1-7. Below, there is an 
individual explanation of each step. 

 

FIGURE 1-7. KDD METHODOLOGY 

The “UNDERSTANDING APPLICATION DOMAIN” step brings information regarding the final 
use of the results of the research. The goals, bottlenecks and how they will be exploited 
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are factors to be considered. The application domain in this research work will be 
understood using the information provided by industry motivation and previous studies, 
as shown in the “Understanding Application Domain: Introduction” chapter, subsections 
1.1: “Science scope and Motivation” and 1.2: “Background”. In addition, the seemingly 
relationship between RT and TTCPA fluctuation and how, apparently, it should be related 
to safety performance helps determining the need for a search for patterns. This step 
has been explained in subsection 1.4: “New approach for a safety metric”. 

The “INITIAL DATA” categorization includes two steps: “TARGET DATASET” and “DATA 

FILTERING”. Homogeneous data availability and its change over time define the “TARGET 

DATASET”. “DATA FILTERING” is the compound of two original KDD steps which have 
been synthesised for this thesis dissertation. It cleans, reduces and transforms data to 
be used for the purpose of the research. Chapter “Initial Data” will depict this 
categorization. Subsections 2.1: “Target Database: Data available for the assessment”, 
and 2.2: “Data Filtering: Main applicable operational conditions and assumptions” will 
contain the applicable information to KDD data preparation theory. 

The “DATA MINING” categorization includes “DATA EXPLORATION” and “PERFORMING 

DATA MINING” steps. The former decides the appropriate statistical technique for the 
purpose of data exploration, choosing the most suitable data-mining algorithm. The latter 
involves searching for patterns and performing the analysis with the data available from 
previous steps. 

· DATA EXPLORATION: For a better understanding of variables RT and TTCPA, a 

mathematical data exploration will be carried out, searching for patterns, 

questioning if the most feasible causes of safety degradation have an impact on 

the variables distribution. The search of correlation, patterns, relationship among 

variables, etc., will be presented in the “Data exploration: Proximate Events 

Characterization” chapter supported by the “Software and Mathematics 

Foundations” chapter. Through this first step of Data Mining, it will be possible to 

state that there are certain factors which impact the random variables distribution. 

· PERFORMING DATA MINING: The data analysis will enable the formulation of a set 

of hypotheses which will be introduced in the “Performing Data Mining: Proposed 

new Precursory Safety Metrics” chapter. A “Formulation of hypotheses” 

subsection will introduce them, whilst “Proposed metrics” subsection will provide 

the definition of three suggested performance indicators which will create an 
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airspace classification in terms of its safety performance. Finally, “Traffic samples 

considerations” subsection, explains post-analysis conclusions for future use 

regarding the data preparation. 

The categorization “VERIFICATION” consists of “VERIFYING OUTPUT OF PREVIOUS STEP”. 
This step analyses the results and decide what is to be deemed knowledge. In KDD 
methodology, it includes the possibility of changes in previous steps and restarting the 
entire process, although in this thesis dissertation it was not necessary. Here, this step 
will be done through a test exercise explained in chapter “Verification exercise”. 
Everyday situation will be matched against the metrics outcomes, validating if the 
performance indicators do conclude consistent results. 

Finally, “CONSOLIDATING DISCOVERED KNOWLEDGE” deals with the application of findings. 
In chapter “Consolidating discovered knowledge: Conclusions”, main outcomes will be 
summarised and some proposals of incorporating metrics into the performance system 
will be presented. 

Every chapter is preceded by an introductory paragraph where its link to the KDD theory 
is cited and illustrated and its content is presented. 

 

 



 

 

“In God we trust. All others must bring data” 
William Edwards Deming 

CHAPTER 2. INITIAL DATA 
The search of a safety metric requires the existence of an initial set of considerations 
and the availability of a dataset that is representative of the objectives of said metric. In 
addition, some operational conditions and assumptions are needed to perform this 
research study. 

This chapter defines the target database and the initial operational considerations, which 
are the starting point from which the Data Mining process in search of knowledge begins. 

INITIAL DATA TARGET DATASET

DATA FILTERING
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2.1. TARGET DATABASE: DATA AVAILABLE FOR THE ASSESSMENT 

Post-flight trajectory information for academic research is a very scarce resource as it is 
commercially sensitive for Airlines and ANSP’s. The available radar track datasets are 
not coherent regarding associated flight plans, ATCo’s tactical actions and airspace 
active configurations. The only accessible information for this research is the set of multi-
radar tracks provided by Maastricht Automated Dataprocessor (MADAP) derived from 
Primary and Secondary Surveillance Radar stations (PSR) and (SSR). Thus, the data 
accessible are the set of filtered points 𝑝𝑝 for all flights 𝑓𝑓 detected and calculated by the 
radar system every 4.8 seconds: 

{�𝑡𝑡𝑓𝑓𝑓𝑓,, 𝑥𝑥𝑓𝑓𝑓𝑓 , 𝑦𝑦𝑓𝑓𝑓𝑓, ℎ𝑓𝑓𝑓𝑓, 𝑣𝑣𝑓𝑓𝑓𝑓, ℎ̇𝑓𝑓𝑓𝑓 �, ∀𝑝𝑝, ∀𝑓𝑓} 

where  

𝑡𝑡𝑓𝑓𝑓𝑓 is the time at which the point 𝑝𝑝 of the flight 𝑓𝑓 is detected, 
(𝑥𝑥𝑓𝑓𝑓𝑓 , 𝑦𝑦𝑓𝑓𝑓𝑓) are the 2D-coordenates of the flight 𝑓𝑓 at 𝑡𝑡𝑓𝑓𝑓𝑓, 
ℎ𝑓𝑓𝑓𝑓 is the altitude of the aircraft at 𝑡𝑡𝑓𝑓𝑓𝑓, 
𝑣𝑣𝑓𝑓𝑓𝑓 is the 2-D speed vector calculated by the surveillance system at 𝑡𝑡𝑓𝑓𝑓𝑓, 
ℎ̇𝑓𝑓𝑓𝑓 is the vertical speed calculated by the surveillance system at 𝑡𝑡𝑓𝑓𝑓𝑓, 

The inception of this research work is the set of radar points from all flights overflying 
MUAC airspace over FL 245 during 7 days of January 2007. To maintain confidentiality, 
the exact days are not specified. However, it can be said that they correspond to 7 
weekdays, the first of which is a traditionally very low traffic day. It entails a total of 27,248 
flights. 
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2.2. DATA FILTERING: MAIN APPLICABLE OPERATIONAL CONDITIONS AND 
ASSUMPTIONS 

Current research has used some algorithms previously developed in the doctoral theses 
[18] and [23]. In their research, starting from a set of radar points defined as in 2.1: 
“Target Database: Data available for the assessment”, the named authors developed 
two CRM’s. Both analysed aircraft pairs in course collision but, whilst the latter was 
implemented for Terminal Manoeuvring Area (TMA), the former was applied to en-route 
airspace using a software tool developed in Matlab® called 3-D CRM. The requirements 
met by this tool are the identification of all proximate events based on radar data, a 
complete classification of all proximate events using clear and consistent criteria, obtain 
detailed information on the evolution of each proximate event and calculate a collision 
risk estimate. More information regarding this software program can be found in Chapter 
3: “Software and Mathematics Foundations”. Section 3.1: “3-D CRM Software Tool” 
which provides details about the 3D-CRM implementation. 

The lack of correlated flight plans on the stored surveillance tracks or the lack of evidence 
of ATCo’s intervention has driven the assumption of considering that any significant 
change in the aircraft uniform trajectory has been triggered by an ATCo’s corrective 
tactical action. In the absence of a reliable ATCo’s intervention data source, it is sufficient 
for this research purpose, as has been previously proved in the paper [20] and the thesis 
dissertations [18] and [23]. 

The en-route airspace subject to this research rules its separation minima as 5 NM in 
the horizontal dimension and 1,000 ft in the vertical dimension. Airspace configuration in 
Reduced Vertical Separation Minima (RVSM) separates crossing routes every 1000 ft. 
which equals 10 FL as is defined in [29], and conventional mode C radar provides tracks 
altitude with a 100 ft. resolution [30]. Therefore, the existence of a potential LoS in the 
vertical plane is prompted when the vertical separation is lower than 850 ft., avoiding the 
detection of crossing flights at contiguous flight levels as potential conflicts. 

Aligned with the works previously developed in [20], based on operational factors, the 
LAT has been established in 10 minutes. It is neither too small to account most of ATCo’s 
corrective tactical actions nor too long to create false potential conflict detections. 

For each potential conflict, the RT interval has been computed from the time at which 
the potential conflict was detected, i.e., 𝑡𝑡0 in Figure 1-2, until the time at which the 
evolution of the aircraft has changed and there is no longer a potential conflict, i.e., 𝑡𝑡1 in 
Figure 1-2. However, by considering the expected latency between the potential conflict 
identification and the implementation of the issued ATCo instruction, it has been 
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assumed that reaction time (RT), can never be smaller than 10 sec. Changes in the 
trajectory happening within less than 10 sec since the potential conflict detection, have 
been discarded. Therefore, the moment chosen to be deemed the potential conflict 
resolution is the subsequent change in the evolution of the aircraft. 

Therefore, applying the data filtering, a sample of 8,793 potential conflicts has been 
identified and analysed for this research work. 

 



 

 

CHAPTER 3. SOFTWARE AND MATHEMATICS 

FOUNDATIONS 
The exploration of data which will be presented in Chapter 4: “Data exploration: 
Proximate Events Characterization”, needs a software and a mathematical support. On 
one hand, previously developed software 3-D CRM, which is detailed in this chapter, has 
been evolved for the purpose of this research work. On the other side, random variables 
derived from proximate event detections will be studied: in isolation and jointly; 
graphically and analytically in following chapters. 

The tools that reinforce conclusions are based on mathematical concepts which had 
been previously discovered by other authors. In this chapter, some commonly used 
techniques and some others not so oftentimes utilised, are cited. 

“Mathematics, rightly viewed, possesses not only truth, but supreme beauty” 
Bertrand Russell 
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3.1. 3-D CRM SOFTWARE TOOL 

The above-mentioned potential collision assessment has been performed using the 3-D 
CRM software tool. It bases the analysis of radar tracks rebuilding the aircraft trajectories 
as an ordered sequence of segments. Thus, for aircraft number 𝑖𝑖, its flight is determined 
by the following set of 𝑛𝑛 segments: 

𝑅𝑅𝑖𝑖 = {�𝑡𝑡𝑖𝑖0, 𝑥𝑥𝑖𝑖0, 𝑦𝑦𝑖𝑖0, ℎ𝑖𝑖0, 𝑣𝑣𝑖𝑖0, ℎ̇𝑖𝑖0�, �𝑡𝑡𝑖𝑖1, 𝑥𝑥𝑖𝑖1, 𝑦𝑦𝑖𝑖1, ℎ𝑖𝑖1, 𝑣𝑣𝑖𝑖1, ℎ̇𝑖𝑖1�, … , �𝑡𝑡𝑖𝑖𝑖𝑖 , 𝑥𝑥𝑖𝑖𝑖𝑖, 𝑦𝑦𝑖𝑖𝑖𝑖, ℎ𝑖𝑖𝑖𝑖, 𝑣𝑣𝑖𝑖𝑖𝑖, ℎ̇𝑖𝑖𝑖𝑖�} 

where  

𝑡𝑡𝑖𝑖𝑖𝑖 is the starting time of the segment 𝑘𝑘, 

(𝑥𝑥𝑖𝑖𝑖𝑖 , 𝑦𝑦𝑖𝑖𝑖𝑖) are the 2D-coordenates of the aircraft at 𝑡𝑡𝑖𝑖𝑖𝑖, 

ℎ𝑖𝑖𝑖𝑖 is the altitude of the aircraft at 𝑡𝑡𝑖𝑖𝑖𝑖, 

𝑣𝑣𝑖𝑖𝑖𝑖 is the 2-D speed vector, which is supposed constant at all the points of the 
segment 𝑘𝑘, 

ℎ̇𝑖𝑖𝑖𝑖 is the vertical speed, which is supposed constant at all the points of the 
segment 𝑘𝑘, 

[18], Annex B analyses the accuracy of radar tracks transformation into trajectories 
through this method. A sliding window is used to smooth the trajectory and filter out data 
errors. The sliding window is small enough to detect existing short segments of flight but 
must content a significant number of data samples to infer a homogeneous behaviour. It 
was proven in the cited publication above through a sensitivity analysis, that optimum 
sliding window size in the vertical segmentation, i.e., the minimum number of errors was 
43 seconds. In the horizontal plane, using the defined 43 seconds sliding window, the 
maximum deviation in both, longitudinal and lateral dimensions, was 400m. 

Along time, a projection of the current position over a determined LAT is computed 
assuming uniform movement throughout each segment, exploring for potential conflicts 
with the rest of flying aircraft. The capabilities of the 3-D CRM include the complete 
characterisation of the potential conflict, including types of traffic, the evolution of the 
aircraft to avoid the potential conflicts, reaction times and alert systems triggered. 

Although the 3-D CRM keeps all the information regarding each potential conflict, for the 
purpose of this research only times and regions in which it occurs have been accounted. 

Thesis dissertation by Dr Eduardo García González [18] presents an in-depth 
explanation of the CRM’s and their theoretical grounds and offers a complete explanation 
of this tool, over which most of the work presented in this thesis dissertation is developed. 
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The new features developed on 3-D CRM for this research work are deeply explained in 
ANNEXE B: “3-D CRM Software Additional Feature: Reaction Time Statistics”. 
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3.2. BOX AND WHISKERS 

With the objective to infer results from the pairwise RT and TTCPA observation, different 
ways of representing the information have been developed. One of the aims of this work 
is to assess the impact of different situations on traffic, so also different data filtering and 
grouping have been performed over the tools of 3-D CRM. The classical box and 
whiskers plot has been used in order to explore the behaviour of the random variables 
RT and TTCPA for different spatial-temporal scenarios. Their median and spread have 
been studied independently. 

Box and whiskers have been widely used as a graphical technique to perform exploratory 
data analysis. It was introduced in the paper [31] and furtherly explored in [32]. Also 
known as boxplots, they consist of two axes. In the horizontal axis, one or more random 
variables or clusters of random variables are specified. In the vertical axis, the possible 
values of the random variables are shown. The representation is based on the values of 
quartiles, which are the 25%, 50% and 75% of the ordered random variables values. 
Thus, 50% of the samples fall between 25% and 75% of the values of the random 
variables. To express it mathematically, let us define a sample of size 𝑛𝑛. Considering the 
ordered list of random variable values, then 50% of samples fall in the interval: 

(𝑖𝑖𝑛𝑛𝑡𝑡𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 �
integer �n +  1

2 �

2
� , 𝑖𝑖𝑛𝑛𝑡𝑡𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 �

integer �3n −  1
2 �

2
�) 

as stated in [31] for the left bound and derived here for the right bound. They are 
represented by a box in which lower limit is 25% quartile (the left bound of the interval) 
and upper limit 75% quartile (the right bound). Also, the sample for the random variable 
value in the middle of the ordered list, quartile 50%, which is the median of the sample, 
is plotted with a horizontal line in its position inside the box. 

The whiskers are the upper and lower extremes above or below which the random 
variable values are considered outliers. They are defined by the formula  

𝑄𝑄3 + 𝑤𝑤(𝑄𝑄3 − 𝑄𝑄1) for the upper limit and 

𝑄𝑄1 − 𝑤𝑤(𝑄𝑄3 − 𝑄𝑄1) for lower limit,  

where 𝑤𝑤 is the maximum whisker length, and 𝑄𝑄1 and 𝑄𝑄3 are quartiles 1 and 3, left and 
right bound of the said interval, that is, 25% and 75% of random variable values, 
respectively. 
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Different values of the maximum whisker length can be used. The original [31] 
recommended three possible whiskers length: 

· The extreme values 

· The innermost identified values 

· The adjacent values 

Other possibilities for the whiskers’ length are explained in [33], among them 𝑤𝑤 = 1, 𝑤𝑤 =

3 or 10th and 90th percentile of the random variable values. The value chosen in this 
research is work 𝑤𝑤 = 1.5. It corresponds to, approximately ±2.7𝜎𝜎 and 99.3% coverage 
when data are normally distributed. Samples above the upper whisker or below the lower 
whisker, the outliers, will be plotted with red crosses. 

A graphical example is shown in Figure 3-1.1 

The Matlab function used to depict box and whiskers graph is boxplot [34]. More 
information about the parameters used in this representation can be found in Annexe 
A.1: “Boxplot”. 

                                                
1 Note that, the number of upper outliers is bigger for Reaction Time than for Time to CPA. As 
opposed to Time To CPA, Reaction Time is not normally distributed –in fact, it is lognormally 
distributed, as will be proven in next chapter. Thus the most appropriate value for 𝑤𝑤 for TTCPA 
and RT is not the same. 
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FIGURE 3-1: EXAMPLE OF BOXPLOT 
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3.3. BAGS & BOLSTERS 

In contrast to Box & Whiskers, Bags & Bolsters representation covers the need to 
graphically show the joint distribution of two random variables. The skewness and 
dispersion of the samples in both dimensions are depicted accounting for areas and 
maximum widths and heights, instead of the one-dimensional illustration of the original. 
Additionally, it provides a visual and easy representation to compare the illustration of 
the results under different spatial-temporal filtering. 

As an analogy to box and whiskers, the concept of bags and bolsters for bi-dimensional 
representations was introduced in [35] and called “bagplot”. It is based on Tukey’s half 
space location depth, 𝑙𝑙𝑙𝑙𝑖𝑖𝑝𝑝𝑡𝑡ℎ, presented in [36] which is a measure of inverse distance 
between any point in the ℝ2 domain and the centre of the sample. To better represent 
the skewness and spread of the sample and evaluate the half space location depth, [35] 
recommends that both dimensions should follow a normal distribution. 

Let us define convex sets of samples 

𝐷𝐷𝑖𝑖 = {𝑧𝑧𝑖𝑖: 𝑙𝑙𝑙𝑙𝑖𝑖𝑝𝑝𝑡𝑡ℎ(𝑧𝑧𝑖𝑖 , 𝑍𝑍) ≥ 𝑘𝑘} 

being 𝑍𝑍 = {𝑧𝑧1, 𝑧𝑧2, … , 𝑧𝑧𝑖𝑖}  the set of 2- dimensional samples. 

Note that the definition of 𝐷𝐷𝑖𝑖 implies that 𝐷𝐷𝑖𝑖+1 ⊆ 𝐷𝐷𝑖𝑖 ∀𝑘𝑘 > 0. The depth median would be 
the 𝑧𝑧𝑚𝑚 with the highest 𝑙𝑙𝑙𝑙𝑖𝑖𝑝𝑝𝑡𝑡ℎ, i.e., 𝐷𝐷𝑚𝑚+1 = ∅, while the bag of the sample, equivalent to 
the box of the ‘box-and-whiskers’ graph, is: 

𝐷𝐷𝑖𝑖/2 = {𝑧𝑧𝑖𝑖: 𝑙𝑙𝑙𝑙𝑖𝑖𝑝𝑝𝑡𝑡ℎ(𝑧𝑧𝑖𝑖 , 𝑍𝑍) ≥ 𝑛𝑛/2} 

The bag is plotted darker than the rest of data and it is enclosed in a borderline. The 
fence is calculated following [35], multiplying the bag relative to the depth median by a ρ 
factor of 3. Some authors calculate the fence with other ρ factors. For instance in [37], 
the ρ value of 2.58 was chosen as it is the one that best fits a projected bivariate score 
following a normal distribution. The fence is plotted in a lighter colour and does not have 
a borderline. The points outside the fence are set as outliers. See example shown in 
Figure 3-2. 

Due to computation times, in this research work, bagplots were calculated with a 
maximum of 500 samples. Although different executions could lead to marginally 
different results, graphical conclusions are considered similar. 
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Bag width is measured in this thesis dissertation from the top left point included in the 
bag to the top right sample. Similarly, bag height is calculated from the highest sample 
in the coordinate axis belonging to the bag to the lowest sample. 

Bag area, which will be referenced below, is calculated through the subtraction of the 
integral of the upper curve of the bag minus the lower curve of the bag. 

 

FIGURE 3-2. EXAMPLE OF BAGPLOT 

The plot was done through a Matlab function called bagplot. Although it is not part of the 
set of standard Matlab functions, it was developed by Fabienne Verwerft, Stephan Van 
der Veeken. Minor changes are introduced by the authoress of this thesis. More 
information can be found in Annexe A.2: “Bagplot”. 
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3.4. KOLMOGOROV-SMIRNOV TEST 

One of the requirements for using bags and bolsters plot was the normality distribution 
of both random variables which are to be analysed. 

Kolmogorov-Smirnov method is a statistical hypothesis test to check whether a random 
variable follows a normal distribution. The univariate version of this test is based on the 
study published in [38] when the goodness of fit was starting to be developed as a tool 
to assess the approach of sample distributions by analytical functions. 

The null hypothesis, 𝐻𝐻0, states that the data density function follows a certain distribution 
called “objective function”. The Kolmogorov-Smirnov test rejects (h=1) or fails to reject 
(h=0) the null hypothesis for a significance level, 𝛼𝛼. 

The calculation is done as follows: let us define  

𝑙𝑙𝑁𝑁 = max(|𝐹𝐹0(𝑥𝑥𝑖𝑖) − 𝑆𝑆𝑁𝑁(𝑥𝑥𝑖𝑖)|) , ∀𝑥𝑥𝑖𝑖 ∈ {(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑁𝑁)} 

being: 

(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑁𝑁) the set of samples, 

𝐹𝐹0(𝑥𝑥𝑖𝑖) the cumulate probability of sample 𝑥𝑥𝑖𝑖 in the empirical distribution, and  

𝑆𝑆𝑁𝑁(𝑥𝑥𝑖𝑖) the cumulate probability of sample 𝑥𝑥𝑖𝑖 in the objective distribution function. 

The Kolmogorov-Smirnov test calculates the critical value (𝐷𝐷𝑁𝑁,𝛼𝛼) for the significance level 
𝛼𝛼 and sample size 𝑁𝑁 by interpolation between values in the table critical value table 
appearing in [38]. This means that 𝑖𝑖�𝑙𝑙𝑁𝑁 ≤ 𝐷𝐷𝑁𝑁,𝛼𝛼� = 1 − 𝛼𝛼. 

Graphically, the significance level is plotted in Figure 3-3. The cumulative density 
function for the empirical data is plotted in blue and the normal distribution that best fits 
the samples is shown in a continuous red line. Two thresholds have been defined: two 
dotted upper and lower red limits represent 𝛼𝛼 = 0.01 and the green ones depict 𝛼𝛼 = 0.05. 
The null hypothesis is rejected unless the empirical function falls entirely between the 
correspondent significance level thresholds. In the example in Figure 3-3, it can be seen 
that the empirical observation does not fit at the significance level 0.01 whilst it does for 
𝛼𝛼 = 0.05. 
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FIGURE 3-3: CUMULATIVE PROBABILITY OF AN EMPIRICAL FUNCTION, NORMAL 
DISTRIBUTION FOR SIGNIFICANCE LEVELS 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 AND 𝜶𝜶 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 

The p-value is the probability to obtain a similar or more accurate fitting when the null 
hypothesis is true. It was first presented by [39] and theoretically calculated as: 

p − value = 𝑖𝑖(𝑖𝑖𝑚𝑚𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑒𝑒𝑙𝑙 𝑙𝑙𝑒𝑒𝑡𝑡𝑒𝑒|𝐻𝐻0) 

That means that assuming 𝐻𝐻0 is true, the p-value is the probability of having the empirical 
data observed. High p-values will mean that the gathered data are consistent with having 
𝐻𝐻0 as true. However, low p-values mean it is highly unlikely that 𝐻𝐻0 is true. The different 
viewpoint in the calculation of critical value vs. the calculation of p-value is that 
significance level does not intervene in calculating the latter, that is, the p-value is a 
unique value for the empirical distribution of data. 

In summary, there are two possible rejection criteria: 

· p-value < 𝛼𝛼 

· 𝐷𝐷𝑁𝑁,𝛼𝛼<𝑙𝑙𝑁𝑁 

In [40] the p-value criterion is recommended over the critical value condition, avoiding a 
previous definition of 𝛼𝛼 and the cumbersome lookup tables. Hence, it is the method 
followed in this research work. The criterion selected for this research work is: 

𝑖𝑖𝑓𝑓 𝑝𝑝 − 𝑣𝑣𝑒𝑒𝑙𝑙𝑣𝑣𝑖𝑖 <  𝛼𝛼 ⇒ ℎ = 1 

It is consistent with kstest [34], the Matlab function used in this research work to study 
the normal distribution of random variables in Chapter 4: “Data exploration: Proximate 
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Events Characterization”. More information about the Matlab function summoning and 
parameters used can be found in Annexe A.1: “Boxplot”. 
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3.5. SIMPLE LINEAR REGRESSION 

One of the attempts carried out during the study of random variables was performing a 
correlation study of RT and TTCPA depending on other random variables through linear 
regression. This mathematical technique has been thoroughly studied since the 19th 
century and explained by many authors. Some of the consultation bibliography for this 
thesis includes [41] and [42]. Regression is attempted to explain the effect on a 
dependent or response variable 𝑌𝑌, in our case, RT or TTCPA, caused by other 
independent or explanatory variables 𝑋𝑋 = (𝑋𝑋1, 𝑋𝑋2, … , 𝑋𝑋𝑓𝑓). In other words, were there a 
correlation, there would be a function such that 

𝑌𝑌 = 𝑓𝑓(𝑋𝑋) 

The linear regression depending on one independent variable is called simple 
regression, while multiple regression refers to more than one explanatory variable. Let 
us start considering simple linear regression. Considering 𝑛𝑛 empirical samples, whose 
dependent and independent variable values are known, linear regression tries to adjust 
the response variable function to the equation: 

𝑌𝑌𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑋𝑋𝑖𝑖 + 𝜀𝜀𝑖𝑖 ∀𝑖𝑖 = 1, … , 𝑛𝑛 

being 𝑋𝑋𝑖𝑖 the value of the predictor variable and 𝑌𝑌𝑖𝑖 the value of the dependent variable for 
the i-th sample. 

𝛽𝛽0 (intercept) and 𝛽𝛽1 (slope) are constants for the model, while the error 𝜀𝜀𝑖𝑖 is a random 
variable specific for each sample. If the data are adjusted to a linear regression model, 
𝜀𝜀𝑖𝑖 follows a normal distribution. 𝛽𝛽0 will be the point at which the line that predicts the 
model crosses the 𝑌𝑌 axis, i.e., 𝑓𝑓(0). 

Let us define 𝑋𝑋� as the mean of the values of the independent variable 𝑋𝑋, 𝑌𝑌� as the mean 
of the values of the dependent variable 𝑌𝑌, and 𝑌𝑌𝚤𝚤�  as the expected value of the dependent 
variable for the value of 𝑋𝑋𝑖𝑖. 

Sum of Squared Errors (𝑆𝑆𝑆𝑆𝑆𝑆) is defined as 

𝑆𝑆𝑆𝑆𝑆𝑆 = ��𝑌𝑌𝑖𝑖 − 𝑌𝑌𝚤𝚤��2
𝑖𝑖

𝑖𝑖=1

 

EQUATION 3-1. SUM OF SQUARED ERRORS (SSE) 

Let Sum of Squares of Regression (𝑆𝑆𝑆𝑆𝑅𝑅) be 
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𝑆𝑆𝑆𝑆𝑅𝑅 = �(𝑌𝑌𝚤𝚤� − 𝑌𝑌�)2
𝑖𝑖

𝑖𝑖=1

 

and Sum of Squares Total (𝑆𝑆𝑆𝑆𝑖𝑖) be 

𝑆𝑆𝑆𝑆𝑖𝑖 = �(𝑌𝑌𝑖𝑖 − 𝑌𝑌�)2
𝑖𝑖

𝑖𝑖=1

 

Sum of Squares for 𝑋𝑋 is: 

𝑆𝑆𝑆𝑆𝑋𝑋 = �(𝑋𝑋𝑖𝑖 − 𝑋𝑋�)2
𝑖𝑖

𝑖𝑖=1

 

Sum of products is: 

𝑆𝑆𝑆𝑆𝑋𝑋𝑋𝑋 = �(𝑋𝑋𝑖𝑖 − 𝑋𝑋�)(𝑌𝑌𝑖𝑖 − 𝑌𝑌�)
𝑖𝑖

𝑖𝑖=1

 

Variances of the random variables are: 

𝑠𝑠𝑋𝑋
2 =

1
𝑛𝑛 − 1

�(𝑋𝑋𝑖𝑖 − 𝑋𝑋�)2
𝑖𝑖

𝑖𝑖=1

 

𝑠𝑠𝑋𝑋
2 =

1
𝑛𝑛 − 1

�(𝑌𝑌𝑖𝑖 − 𝑌𝑌�)2
𝑖𝑖

𝑖𝑖=1

= 𝑀𝑀𝑆𝑆𝑆𝑆 

𝑠𝑠𝑋𝑋
2 is also known as Mean Square Error (MSE). A derived statistic derived from 𝑀𝑀𝑆𝑆𝑆𝑆 is 

Root Median of Square Errors (RMSE): 

𝑅𝑅𝑀𝑀𝑆𝑆𝑆𝑆 = �𝑠𝑠𝑋𝑋
2 = �

1
𝑛𝑛 − 1

�(𝑌𝑌𝑖𝑖 − 𝑌𝑌�)2
𝑖𝑖

𝑖𝑖=1

 

EQUATION 3-2. ROOT MEDIAN OF SQUARE ERRORS (RMSE) 

Finally, the covariance is derived as follows: 

𝑠𝑠𝑋𝑋𝑋𝑋 =
1

𝑛𝑛 − 1
�(𝑋𝑋𝑖𝑖 − 𝑋𝑋�)(𝑌𝑌𝑖𝑖 − 𝑌𝑌�) =

𝑆𝑆𝑆𝑆𝑋𝑋𝑋𝑋

𝑛𝑛 − 1

𝑖𝑖

𝑖𝑖=1

 

The covariance 𝑠𝑠𝑋𝑋𝑋𝑋 is used to measure the dependency of 𝑋𝑋 and 𝑌𝑌: 𝑠𝑠𝑋𝑋𝑋𝑋 is big when big 
values of 𝑋𝑋𝑖𝑖 induce big values of 𝑌𝑌𝑖𝑖. However, there are some reasons why the addends 
of 𝑠𝑠𝑋𝑋𝑋𝑋 do not lead to high values of 𝑠𝑠𝑋𝑋𝑋𝑋: big values of 𝑋𝑋𝑖𝑖 do not imply big values of 𝑌𝑌𝑖𝑖, the 
collection of the terms is varied, or some of them are negative and could be suppressed 
with some others. Thus, little 𝑠𝑠𝑋𝑋𝑋𝑋 would imply a non-direct relationship. 
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𝑠𝑠𝑋𝑋𝑋𝑋 is related to the slope of the linear regression: negative covariance means negative 
correlation, inverse slope, while 0 covariance means lack of correlation. 

The best linear fit that approximates the available samples is the one that minimises the 
𝑆𝑆𝑆𝑆𝑆𝑆. This fitting method is known as Least squares method or Ordinary Least Squares 
(OLS). It is proven by Gauss-Markov theorem that �̂�𝛽1 calculated using this method has 
minimum variance and so has �̂�𝛽0. Hence, the expected value of the slope of the 
regression following OLS would be: 

�̂�𝛽1 =
𝑠𝑠𝑋𝑋𝑋𝑋

𝑠𝑠𝑋𝑋
2 =

𝑆𝑆𝑆𝑆𝑥𝑥𝑥𝑥

𝑆𝑆𝑆𝑆𝑥𝑥
 

The expected intercept would be calculated as: 

�̂�𝛽0 = 𝑌𝑌� − �̂�𝛽1𝑋𝑋� 

Finally, to calculate the value of the error which is not caused by the linear estimation of 
the sample, also called the residual 𝜀𝜀𝑖𝑖, it is assumed that it follows a normal distribution 
with mean 0. Therefore, the variance of the residuals would be calculated as: 

𝜎𝜎�2 =
𝑆𝑆𝑆𝑆𝑆𝑆

𝑛𝑛 − 2
=

∑ �𝑌𝑌𝑖𝑖 − 𝑌𝑌𝚤𝚤��2𝑖𝑖
𝑖𝑖=1

𝑛𝑛 − 2
=

∑ �𝑌𝑌𝑖𝑖 − (β�0 + β�1𝑋𝑋i)�2𝑖𝑖
𝑖𝑖=1

𝑛𝑛 − 2
 

𝜎𝜎� is the so called Standard Error (SE). 

Total variance is the variance of the regression model plus the variance of the residual. 
Thus total variance, 𝑆𝑆𝑆𝑆𝑖𝑖, is derived as follows: 

𝑆𝑆𝑆𝑆𝑖𝑖 = 𝑆𝑆𝑆𝑆𝑅𝑅 + 𝑆𝑆𝑆𝑆𝑆𝑆 

Knowing 𝑆𝑆𝑆𝑆𝑖𝑖 and 𝑆𝑆𝑆𝑆𝑆𝑆, the variance due to the model is calculated as: 

𝑆𝑆𝑆𝑆𝑅𝑅 = 𝑆𝑆𝑆𝑆𝑖𝑖 − 𝑆𝑆𝑆𝑆𝑆𝑆 

Supposing �̂�𝛽1 follows a normal distribution, let 𝜎𝜎 be the variance of the real distribution, 
which is unknown. Let us define: 

𝑍𝑍 =
�̂�𝛽1 − 𝛽𝛽1

𝜎𝜎
�𝑆𝑆𝑆𝑆𝑥𝑥

 

as a standardise 𝑍𝑍~𝑁𝑁(0,1). Let us approach 𝑍𝑍 by a function 𝑡𝑡, which first needs to 
estimate the unknown 𝜎𝜎 using 𝜎𝜎�. As a reminder, 𝜎𝜎� was calculated through 𝜎𝜎�2 = 𝑆𝑆𝑆𝑆𝑆𝑆

𝑖𝑖−2
. The 

distribution of 𝑡𝑡 is no longer normal, but t-distribution. Let 𝑠𝑠𝛽𝛽1  be the standard error of 𝛽𝛽1, 
defined as follows: 

𝑠𝑠𝛽𝛽1 =
𝜎𝜎�

�𝑆𝑆𝑆𝑆𝑥𝑥
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Therefore, 𝑡𝑡 is derived as: 

𝑡𝑡 =
�̂�𝛽1 − 𝛽𝛽1

𝑠𝑠𝛽𝛽1

 

For any hypothesis, let us define 𝛼𝛼 as the significance level which is the probability of 
rejecting the hypothesis given that it is true. It has a value between 0 and 1. Let the 
confidence level be 1 − 𝛼𝛼. It can be easily calculated through the standardised t-
distribution tables the value of the 𝑡𝑡 which falls in the confidence interval, which is 
(−𝑡𝑡𝛼𝛼/2, 𝑡𝑡𝛼𝛼/2) such that Pr (−𝑡𝑡𝛼𝛼/2 < 𝑡𝑡 < 𝑡𝑡𝛼𝛼/2) = 1 − 𝛼𝛼. 𝛼𝛼 takes small values, typically 0.05 
or 0.01. 

Deriving 𝑡𝑡: 

Pr (−𝑡𝑡𝛼𝛼/2 <
�̂�𝛽1 − 𝛽𝛽1

𝑠𝑠𝛽𝛽1

< 𝑡𝑡𝛼𝛼/2) = 1 − 𝛼𝛼 

Finally, for a 1 − 𝛼𝛼 confidence interval, it yields: 

𝛽𝛽1 = �̂�𝛽1 ± 𝑡𝑡𝛼𝛼/2 ·
𝜎𝜎�

�𝑆𝑆𝑆𝑆𝑥𝑥
 

𝛽𝛽0 = �̂�𝛽0 ± 𝑡𝑡𝛼𝛼/2 ·
𝜎𝜎�

√𝑛𝑛
 

The theory of confidence intervals was first presented in [43]. 

For a contrast test of hypothesis, as presented in previous section “Kolmogorov-Smirnov 
test”, the p-value is: 

𝑝𝑝 − 𝑣𝑣𝑒𝑒𝑙𝑙𝑣𝑣𝑖𝑖 = 𝑖𝑖(𝑖𝑖𝑚𝑚𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒𝑒𝑒𝑙𝑙 𝑙𝑙𝑒𝑒𝑡𝑡𝑒𝑒|𝐻𝐻0) 

If the null hypothesis 𝐻𝐻0 ≡ {𝛽𝛽 = 0}, that is, there is no correlation between 𝑋𝑋 and 𝑌𝑌, then 

𝑡𝑡 =
�̂�𝛽1

𝑠𝑠𝛽𝛽1

 

𝑝𝑝 − 𝑣𝑣𝑒𝑒𝑙𝑙𝑣𝑣𝑖𝑖 = Pr(𝑡𝑡) 

If the p-value is smaller than 𝛼𝛼, then the null hypothesis can be rejected and so, there is 
a linear correlation between 𝑋𝑋 and 𝑌𝑌. If the p-value is little, the correlation is credible. 

Another test indicator is the parameter R-Squared (𝑅𝑅2), which measures the percentage 
of the error in the estimation of the linear regression that can be explained through the 
linear fit. It excludes the error caused by the residual.  

The value of the parameter R-Squared is calculated through the formula: 
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𝑅𝑅2 =
𝑆𝑆𝑆𝑆𝑅𝑅
𝑆𝑆𝑆𝑆𝑖𝑖

=
𝑆𝑆𝑆𝑆𝑅𝑅

𝑆𝑆𝑆𝑆𝑅𝑅 + 𝑆𝑆𝑆𝑆𝑆𝑆
 

EQUATION 3-3. R-SQUARE DEFINITION 

High values of R-squared implies correlation, however, correlation does not imply 
causation, so results should be taken with caution. This R-squared calculation is 
applicable to measure the goodness of fit of any data modelling and so it is referenced 
throughout this thesis dissertation. 
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3.6. MULTIPLE LINEAR REGRESSION 

Considering now the case of multiple linear regression, if exists that correlation there is 
a function such that: 

𝑌𝑌 = 𝑓𝑓(𝑋𝑋1, 𝑋𝑋2, … , 𝑋𝑋𝑓𝑓) 

Thus the estimator equation goes: 

𝑌𝑌𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑋𝑋𝑖𝑖1 + 𝛽𝛽2𝑋𝑋𝑖𝑖2 + ⋯ +𝛽𝛽𝑓𝑓𝑋𝑋𝑖𝑖𝑓𝑓 + 𝜀𝜀𝑖𝑖 ∀𝑖𝑖 = 1, … , 𝑛𝑛 

The degrees of freedom of the multiple linear regression is calculated as 𝑛𝑛 − 𝑝𝑝 − 1 [41]. 

Individual contributions of 𝑋𝑋𝑗𝑗′𝑠𝑠 can be assessed similarly to simple linear regression: 
deriving the probabilities of null hypothesis per each of them, inferring the probabilities 
of their intervention on 𝑌𝑌 and extracting the same p-values and R-squared per each term. 

To avoid R-squared increasing with the addition of more explanatory variables, adjusted 
R-squared is introduced accounting for the residual degrees of freedom, thus 

𝑖𝑖𝑙𝑙𝐴𝐴𝑣𝑣𝑠𝑠𝑡𝑡𝑖𝑖𝑙𝑙 𝑅𝑅2 = 1 − (1 − 𝑅𝑅2) ∗
𝑛𝑛 − 1

𝑛𝑛 − 𝑝𝑝 − 1
 

EQUATION 3-4. ADJUSTED R-SQUARE DEFINITION 

Another significant parameter to estimate the adjustment of the multiple linear-regression 
model is the F-statistic. Although for multiple linear regression more theoretical inference 
could be added in this section, the meaning of the ratio is summarised as follows: 

𝐹𝐹 − 𝑠𝑠𝑡𝑡𝑒𝑒𝑡𝑡𝑖𝑖𝑠𝑠𝑡𝑡𝑖𝑖𝑒𝑒 =
𝑣𝑣𝑒𝑒𝑖𝑖𝑖𝑖𝑒𝑒𝑛𝑛𝑒𝑒𝑖𝑖 𝑜𝑜𝑓𝑓 𝑛𝑛𝑜𝑜𝑛𝑛 − 𝑒𝑒𝑜𝑜𝑙𝑙𝑙𝑙𝑒𝑒𝑐𝑐𝑜𝑜𝑖𝑖𝑒𝑒𝑡𝑡𝑖𝑖𝑣𝑣𝑖𝑖 𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑜𝑜𝑖𝑖𝑠𝑠

𝑣𝑣𝑛𝑛𝑖𝑖𝑥𝑥𝑝𝑝𝑙𝑙𝑒𝑒𝑖𝑖𝑛𝑛𝑖𝑖𝑙𝑙 𝑣𝑣𝑒𝑒𝑖𝑖𝑖𝑖𝑒𝑒𝑛𝑛𝑒𝑒𝑖𝑖
 

Non-collaborative regressors are the ones whose coefficients are 0 or close to 0. With 
the inputs of the degrees of freedom of the numerator (𝑖𝑖) and the denominator (𝑛𝑛 − 𝑝𝑝 −

1), the F table provides the F value for several levels of significance. If observed F is 
bigger than calculated F for the significance level 𝛼𝛼, then the null hypothesis can be 
rejected at that significance level. Big values of F imply that a correlation between the 
explanatory variables and the response variable is more likely, and that the regression 
is linear. 

In this research work, OLS method was employed to estimate the slope and intercept 
using the fitlm function in Matlab, with no robust fitting mode activated [34]. The inputs 
for the function are explained in Annexe A.4: “Linear regression”. The outputs of the 



SOFTWARE AND MATHEMATICAL FOUNDATIONS 

38 

Matlab function, shown in section 4.3: “RT and TTCPA linear relationship” for the tests 
carried out, are the following: 

Per each term in the regression polynomial, fitlm exhibits: 

· Estimate: the coefficients �̂�𝛽𝑖𝑖 for every predictive variable. The row Intercept 

corresponds to the constant term (�̂�𝛽0) 

· SE: Standard error of the residuals 𝜀𝜀𝑖𝑖: 𝜎𝜎�𝑖𝑖 

· tStat: value of 𝑡𝑡 considering the null hypothesis (𝛽𝛽𝑖𝑖 = 0). It is calculated by 
𝑆𝑆𝑠𝑠𝑡𝑡𝑖𝑖𝑚𝑚𝑒𝑒𝑡𝑡𝑖𝑖

𝑆𝑆𝑆𝑆�  

· pValue: the probability of having values of 𝑌𝑌 bigger than 𝑡𝑡. Should pValue be 

greater than the required 𝛼𝛼, the term is not significant at that significance level 

In addition, overall fitting statistics are reported by the Matlab function fitlm:  

· Number of observations: 𝑛𝑛 

· Degrees of freedom: 𝑛𝑛 − 𝑝𝑝 − 1 

· RMSE: square root of the mean square error 

· R-squared and Adjusted R-squared: coefficient of determination and adjusted 

coefficient of determination for the model. They state the percentage of the 

response variable that is explained by the model 

· F-statistic vs. constant model: compares F-value with the possible no-sloped 

model, which is the null hypothesis, where there is no correlation of predictor and 

independent variables. The bigger, the better fit 

· p-value: of the F-test carried out. If it is greater than the required 𝛼𝛼, the fit is not 

meaningful at that significance level 

Another procedure carried out during this research work was a dynamic linear regression 
procedure based on [44]. Using the Matlab function stepwiselm (stepwise linear 
modelling), the different random variables are dynamically proposed as predictor 
variables and checked their impact in the response variable. A derivation of each of them 
intervening as compound variable products is tested and the best fit is proposed. 

The notation utilised in this thesis for the description of the model is Wilkinson notation, 
presented in [45]. Thus 𝑅𝑅𝑖𝑖~1 + 𝑖𝑖 + 𝐵𝐵 means a two-variable linear model with intercept. 
𝑅𝑅𝑖𝑖~1 + 𝑖𝑖 ∗ 𝐵𝐵 means 𝑅𝑅𝑖𝑖~1 + 𝑖𝑖 + 𝐵𝐵 + 𝑖𝑖 · 𝐵𝐵, which are three variable impact and three 
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coefficients, apart from the intercept. The expression 𝑅𝑅𝑖𝑖~1 + 𝑖𝑖: 𝐵𝐵 means 𝑅𝑅𝑖𝑖~1 + 𝑖𝑖 +

𝑖𝑖 · 𝐵𝐵, two variables and an intercept and 𝑅𝑅𝑖𝑖~1 + 𝑖𝑖^2 means an A-squared term 
additionally to the intercept. 

The output of stepwiselm Matlab function includes the rejected fits and their p-values 
and F-statistics. Finally, the most accurate approximation to the data samples is 
provided, with its correspondent Wilkinson notation expression and exhibiting the same 
linear regression details as are provided in fitlm function. More information about the 
summoning of stepwiselm can be found in Annexe A.5: “Stepwise regression”. 
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3.7. NONLINEAR REGRESSION 

A graphical study of nonlinear simple regression was carried out using Matlab Curve 
Fitting Application. To check the relationship between RT and TTCPA, a 2-D dispersion 
diagram was plotted choosing the right samples and the right derived random variables. 

The mathematical model behind the nonlinear fit was similar to the simple linear 
regression. A function  

𝑦𝑦 = 𝑓𝑓(𝑥𝑥) 

was chosen such that 

𝑌𝑌𝑖𝑖 = 𝑓𝑓(𝑋𝑋𝑖𝑖) + 𝜀𝜀𝑖𝑖 ∀𝑖𝑖 = 1, … , 𝑛𝑛 

being 𝑓𝑓 nonlinear. 

Several functions are usually chosen to fit the dispersion samples. Some of them are 
polynomial, smoothing splines, rational, interpolant functions, etc. In any case, the 
method that best approaches the data samples must provide the parameters to define a 
unique fitting function. 

In this research work, as will be detailed in 5.1: “Formulation of hypotheses” section, the 
best approximation to the data samples was an exponential fit, defining the function 𝑓𝑓 
as: 

𝑦𝑦 = 𝑓𝑓(𝑥𝑥) = 𝑒𝑒 · 𝑖𝑖−𝑏𝑏𝑥𝑥 

EQUATION 3-5. EXPONENTIAL FIT 

where 𝑒𝑒 and 𝑐𝑐 are unknown. The method used to define the parameters 𝑒𝑒 and 𝑐𝑐 while 
lessening 𝜀𝜀𝑖𝑖 was nonlinear least squares. Similarly to what was done for simple linear 
regression, this method minimises the Equation 3-1: Sum of Square Errors. Applying the 
following transformation to Equation 3-5: 

log(𝑦𝑦) = log(𝑒𝑒) − 𝑐𝑐𝑥𝑥 = 𝑖𝑖 − 𝑐𝑐𝑥𝑥 

OLS could be used to determine the parameters 𝑖𝑖 (intercept), inferring 𝑒𝑒, and 𝑐𝑐 (opposite 
slope). 

The statistics that are used to determine the goodness of fit for the exponential approach 
carried out in section 5.1: “Formulation of hypotheses”, are equivalent to the ones 
presented in the linear regression, simple or multiple. The estimation 𝑌𝑌�𝑖𝑖 is compared 
against the empirical data samples 𝑌𝑌𝑖𝑖 and the mean 𝑌𝑌� to calculate: 
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· Sum of Square Errors: 𝑆𝑆𝑆𝑆𝑆𝑆 = ∑ �𝑌𝑌𝑖𝑖 − 𝑌𝑌𝚤𝚤��2𝑖𝑖
𝑖𝑖=1 , as in Equation 3-1, and which is 

minimised due to the method used to calculate the parameters 𝑒𝑒 and 𝑐𝑐. 

· Root Mean Square Error: 𝑅𝑅𝑀𝑀𝑆𝑆𝑆𝑆 = � 1
𝑖𝑖−1

∑ (𝑌𝑌𝑖𝑖 − 𝑌𝑌�)2𝑖𝑖
𝑖𝑖=1 , as in Equation 3-2. 

· R-Square: 𝑅𝑅2 = 𝑆𝑆𝑆𝑆𝑆𝑆
𝑆𝑆𝑆𝑆𝑆𝑆

= 𝑆𝑆𝑆𝑆𝑆𝑆
𝑆𝑆𝑆𝑆𝑆𝑆+𝑆𝑆𝑆𝑆𝑆𝑆

= ∑ (𝑋𝑋𝚤𝚤� −𝑋𝑋�)2𝑛𝑛
𝑖𝑖=1

∑ (𝑋𝑋𝚤𝚤� −𝑋𝑋�)2𝑛𝑛
𝑖𝑖=1 +∑ (𝑋𝑋𝑖𝑖−𝑋𝑋𝚤𝚤� )2𝑛𝑛

𝑖𝑖=1
, as in Equation 3-3. 

· Adjusted R-Square: 𝑖𝑖𝑙𝑙𝐴𝐴𝑣𝑣𝑠𝑠𝑡𝑡𝑖𝑖𝑙𝑙 𝑅𝑅2 = 1 − (1 − 𝑅𝑅2) ∗ 𝑖𝑖−1
𝑖𝑖−𝑓𝑓−1

 as in Equation 3-4. 

After performing these operations, the variability of data which is explained by the 
exponential fit is exposed by R-Square and Adjusted R-Square. RMSE and SSE can be 
used to compare different datasets or different types of fit. 

The best exponential fits were obtained through the Matlab tool “Curve fitting” which is 
explained in Annexe A.6: “Distribution fitting application”. 

 



 

 

“Mathematics is not a deductive science. When you try to prove a theorem, you do not just list the 
hypotheses, and start to reason. What you do is trial and error, experiment and guess work” 

Paul Halmos 

DATA MINING
DATA EXPLORATION

PERFORMING DATA MINING

CHAPTER 4. DATA EXPLORATION: PROXIMATE 

EVENTS CHARACTERIZATION 
This chapter presents the results of the statistical exploration of the airspace. It 
includes the analysis of the joint and separate distribution (both mathematically and 
graphically) of the RT and TTCPA random variables using the mathematical tools 
explained in the previous chapter. Through this data exploration, it is possible to state 
that stress-points are not necessarily related to the traffic peak hours. However, the 
behaviour change of the random variables under different conditions is proven. Even 
though it is not possible to extract firm outcomes from the high-density traffic airspace 
data, the analysis does enable the formulation of a set of hypotheses to perform Data 
Mining. They will be presented in the following chapter, deriving the specific safety 
metrics. 
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4.1. REACTION TIME DISTRIBUTION 

The RT of processes involving Human-Automation Interaction which entails information 
display, situation assessment, decision making and action taking, follows approximately 
a log-normal distribution, as stated in [46]. An example of the distribution of reaction 
times for day 1 is shown in Figure 4-1, which substantially follows a log-normal 
distribution. 

 

FIGURE 4-1. REACTION TIME DENSITY FUNCTION DISTRIBUTION (DAY 1) 

To mathematically confirm the log-normal distribution of RT for each day, a Kolmogorov-
Smirnov test was carried out for the random variable “logarithm of the RT”, following the 
theory explained in 3.4. Kolmogorov-Smirnov test. The null hypothesis of the test was: 

𝐻𝐻0: 𝑙𝑙𝑜𝑜𝑖𝑖(𝑅𝑅𝑖𝑖) 𝑓𝑓𝑜𝑜𝑙𝑙𝑙𝑙𝑜𝑜𝑤𝑤𝑠𝑠 𝑒𝑒 𝑛𝑛𝑜𝑜𝑖𝑖𝑚𝑚𝑒𝑒𝑙𝑙 𝑙𝑙𝑖𝑖𝑠𝑠𝑡𝑡𝑖𝑖𝑖𝑖𝑐𝑐𝑣𝑣𝑡𝑡𝑖𝑖𝑜𝑜𝑛𝑛 

The tests were carried out on everyday dataset and the results are shown in Table 4-1. 
The hypothesis tests fail to reject the null hypothesis at a significance level α of 0.01 in 
everyday data but on day 6. Graphically, the normal fitting of log(RT) is shown in Figure 
4-2 for day 1. These results can be taken as “log(RT) generally follows a normal 
distribution” which is sufficient for the sake of its exploration using Bags & Bolsters 
graphs and the calculation of depth distance specifically. 
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𝒉𝒉𝟎𝟎 α p-value 𝒅𝒅𝑵𝑵 𝑫𝑫𝑵𝑵,𝜶𝜶 
Day 1 0 0.01 0.44416471 0.03374228 0.06376231 
Day 2 0 0.01 0.03773152 0.04109814 0.04749497 
Day 3 0 0.01 0.08638465 0.03408912 0.04429998 
Day 4 0 0.01 0.02291743 0.04174479 0.04546320 
Day 5 0 0.01 0.15084251 0.03189048 0.04571427 
Day 6 1 0.01 0.00135703 0.04855194 0.04136260 
Day 7 0 0.01 0.08174111 0.03186330 0.04104491 

TABLE 4-1. KOLMOGOROV-SMIRNOV TEST RESULTS ON LOG(RT) ON SEVEN DIFFERENT DAYS 

 

FIGURE 4-2. LOGARITHM REACTION TIME DENSITY FUNCTION DISTRIBUTION (DAY 1) 
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4.2. TIME TO CPA DISTRIBUTION 

Analogously, it has been also proven that random variable “TTCPA” generally follows a 
normal distribution. The results of the Kolmogorov-Smirnov test applied on everyday 
dataset are shown in Table 4-2 and the graphical representation of the density function 
distribution is exhibited in Figure 4-3. 

 
𝒉𝒉𝟎𝟎 α p-value 𝒅𝒅𝑵𝑵 𝑫𝑫𝑵𝑵,𝜶𝜶 

Day 1 0 0.01 0.44152573 0.03340433 0.06299056 
Day 2 0 0.01 0.08748313 0.03647212 0.04749497 
Day 3 0 0.01 0.01085822 0.04395369 0.04429999 
Day 4 1 0.01 0.00871405 0.04605146 0.04546319 
Day 5 1 0.01 0.00493712 0.04867106 0.04571427 
Day 6 1 0.01 0.00629645 0.04313449 0.04136259 
Day 7 0 0.01 0.01113024 0.04062718 0.04104491 

TABLE 4-2. KOLMOGOROV-SMIRNOV TEST RESULTS ON TTCPA ON SEVEN DIFFERENT DAYS 

Thus, stored raw data were used to compute the random variables RT, TTCPA and 
log(RT) and then used as coordinates in the different plot representations. 

 

FIGURE 4-3. TIME TO CPA DENSITY FUNCTION DISTRIBUTION (DAY 1) 
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4.3. RT AND TTCPA LINEAR RELATIONSHIP 

The research question established in the Abstract section, aimed at inferring an 
individual or a set of precursory metrics derived from RT and TTCPA for each potential 
conflict which measures safety performance. The first approach to model the traffic 
behaviour was deriving RT as an explained variable, linearly dependent on the following 
candidates to be predictor random variables: 

· Categorical variable “High-density traffic area”. The workload of a particular ATC 

sector at a particular time is closely related to its complexity [47]. Considering 

complexity by its SESAR definition consolidated in [48] as “the number of 

simultaneous or near-simultaneous interactions of trajectories in a given volume 

of airspace”. Thus it increases with traffic density. Therefore, assuming workload 

has an impact on RT’s and TTCPA’s, this “high-density traffic area” variable was 

included in the study. There is an example of a density map in Figure 4-4, where 

white stars highlight points where the potential conflicts for that time interval 

occurred. All daily traffic flows are depicted in Figure 4-5. Matching the daily 

density maps information with the traffic flows. It is shown that the potential 

conflicts tend to concentrate in the highest density areas, where north-south 

traffic flow crosses east-west traffic flow, marked as red and pink in the 7.5NM-

sided coloured density squares. An example of high-density traffic area is 

graphically remarked with a red rectangle. The variable “High-density traffic 

areas” takes value 1 if the potential conflict occurs in said rectangle and value 0 

otherwise. 

· Time as a continuous variable. It is considered relevant for the safety 

performance, especially in certain timeframes like peak hours, as they are 

suspect of causing degradation in the airspace. From all the available times per 

potential conflict, the one chosen was the time at which it was detected by the 

correspondent conflict alert (MTCA, STCA, TCAS-TA or TCAS-RA).  

· iTTCPA, the time interval to the CPA at which the potential conflict was detected. 

· TTCPA remaining to the CPA once the ATCo’s action was taken. 
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FIGURE 4-4. HIGH-DENSITY TRAFFIC ON DAY 2 

· RT as the dependent variable. It is trivial that 𝑅𝑅𝑖𝑖~ 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖, so the linear 

regression among these three variables is avoided. However, the linear 

dependency of RT from one of them would imply the opposite relationship from 

the other. 

· Log(RT) as a derived random variable normally distributed for which the 

regression is built. When Log(RT) is explored as response variable, RT should 

not be a predictor variable in the model. 

As have been stated above, concurrent events are affected by each other, so another 
independent variable was added: 

· Day of the operation. A Categorical variable which value varies from Day 1 until 

Day 7. 

The first simple linear regression attempted was: 

𝐿𝐿𝑜𝑜𝑖𝑖_𝑅𝑅𝑖𝑖 ~ 1 +  𝐷𝐷𝑒𝑒𝑦𝑦 +  𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖 +  𝐻𝐻𝑖𝑖𝑖𝑖ℎ_𝐷𝐷𝑖𝑖𝑛𝑛𝑠𝑠𝑖𝑖𝑡𝑡𝑦𝑦 +  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 

Using fitlm Matlab function the results are shown in Table 4-3 and Table 4-4. 
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FIGURE 4-5. DAILY TRAFFIC FLOWS 
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Term Estimate SE tStat pValue 

Intercept 0.055643 0.042695 1.3033 0.19251 

Day 2 -0.058362 0.035578 -1.6404 0.10096 

Day 3 0.0048709 0.034805 0.13995 0.8887 

Day 4 -0.010826 0.03501 -0.30923 0.75715 

Day 5 -0.028339 0.03511 -0.80716 0.41959 

Day 6 -0.023558 0.034025 -0.69238 0.48872 

Day 7 -0.057977 0.033979 -1.7063 0.087989 

Time 0.0004333 0.0017375 0.24938 0.80307 

High density=1 -0.038227 0.02475 -1.5445 0.1225 

TTCPA -0.046102 0.0033525 -13.751 1.38e-42 

TABLE 4-3. REGRESSION RESULTS OF FOUR INDEPENDENT VARIABLES ON A MULTIPLE 
LINEAR REGRESSION FOR LOG(RT) 

Number of observations: 8793 Error degrees of freedom: 8783 

Root Mean Squared Error: 0.723 

R-squared: 0.0223 Adjusted R-Squared 0.0213 

F-statistic vs. constant model: 22.3 p-value = 7.79e-38 

TABLE 4-4. REGRESSION STATISTICS OF FOUR INDEPENDENT VARIABLES ON A MULTIPLE 
LINEAR REGRESSION FOR LOG(RT) 

The individual results exhibit big p-values, as shown in Table 4-3, insufficient to reject 
the null hypothesis. It is insufficient to affirm there is a linear correlation among the 
variables. The only exception is TTCPA variable, whose coefficient is negative (the more 
TTCPA, the less RT) but it is not very big in absolute value. The p-value of 1.38e-42 and 
t-statistical of -13.751 could represent one of the expected results: there is a correlation 
between RT and TTCPA. 
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However, overall statistics shown in Table 4-4 holds, through Adjusted R-Squared, that 
only 2% of the variability of samples is due to the linear regression, although F-statistic 
is big (22.3) and its p-value small (7.79e-38). 

To avoid overfitting, the categorical variable “Day” was removed, and the multiple linear 
regression was executed again on: 

𝐿𝐿𝑜𝑜𝑖𝑖_𝑅𝑅𝑖𝑖 ~ 1 +  𝐻𝐻𝑖𝑖𝑖𝑖ℎ_𝐷𝐷𝑖𝑖𝑛𝑛𝑠𝑠𝑖𝑖𝑡𝑡𝑦𝑦 +  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 +  𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖 

The results can be seen in Table 4-5 and Table 4-6. 

Term Estimate SE tStat pValue 

Intercept 0.024934 0.029976 0.83181 0.40554 

High density=1 -0.037162 0.024743 -1.5019 0.13316 

TTCPA -0.045825 0.0033488 -13.684 3.4226e-42 

Time 0.00059168 0.0017274 0.34253 0.73196 

TABLE 4-5. REGRESSION RESULTS OF THREE INDEPENDENT VARIABLES ON A MULTIPLE 
LINEAR REGRESSION FOR LOG(RT) 

Number of observations: 8793 Error degrees of freedom: 8789 

Root Mean Squared Error: 0.723 

R-squared: 0.0213 Adjusted R-Squared 0.0209 

F-statistic vs. constant model: 63.7 p-value = 9.78e-41 

TABLE 4-6. REGRESSION STATISTICS OF THREE INDEPENDENT VARIABLES ON A MULTIPLE 
LINEAR REGRESSION FOR LOG(RT) 

Again, as shown in Table 4-5, the only predictor variable that seems to affect the 
dependent variable is TTCPA with a p-value of 3.4226e-42 and a t-statistic of -13.684, 
which is negative due to the inverse relationship. 

Nevertheless, overall regression data in Table 4-6 show that only 2% of the variability of 
the model is explained by this distribution. 

Stepwise linear regression as introduced in 3.6: “Multiple linear regression” was 
attempted. The parameter “quadratic” was added to the stepwiselm function arguments, 
so linear regression was tested with an intercept, linear terms, interactions, and squared 
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terms for each predictor. The first test was done with the predictor variables TTCPA, as 
well as Time, Day, and High Density. The results are shown in Table 4-7 and Table 4-8. 
Using stepwise linear modelling as explained in 3.6: “Multiple linear regression”, the best 
linear fit found was:  

𝐿𝐿𝑜𝑜𝑖𝑖_𝑅𝑅𝑖𝑖 ~ 1 +  𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖 +  𝐻𝐻𝑖𝑖𝑖𝑖ℎ_𝐷𝐷𝑖𝑖𝑛𝑛𝑠𝑠𝑖𝑖𝑡𝑡𝑦𝑦 ∗ 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 +  𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖^2 +  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖^2 

EQUATION 4-1. BEST LINEAR FIT EXPRESSION: LOG(RT) ATTEMPTED AS A FUNCTION OF 
TTCPA, TIME, DAY AND HIGH DENSITY 

Term  Estimate SE tStat pValue 

Intercept 0.05021044 0.07786033 0.644878358 0.5190228548 

Time -0.04061378 0.011304981 -3.59255695 0.000329239 

High Density=1 0.128095627 0.060279358 2.125033033 0.0336116866 

TTCPA 0.069217971 0.013310757 5.200152697 2.03611e-07 

High Density=1/ 
TTCPA 

-0.03121639 0.010714952 -2.913348752 0.0035847628 

Time^2 0.00151823 0.000409477 3.707729137 0.0002104132 

TTCPA^2 -0.01160348 0.001338992 -8.665830671 5.280031e-18 

TABLE 4-7. FITTING RESULTS FOR STEPWISE REGRESSION FOR LOG(RT) ON A MULTIPLE 
LINEAR REGRESSION INCLUDING TTCPA 

Number of observations: 8793 Error degrees of freedom: 8786 

Root Mean Squared Error: 0.719 

R-squared: 0.0321 Adjusted R-Squared 0.0315 

F-statistic vs. constant model: 48.6 p-value = 5.12e-59 

TABLE 4-8. FITTING STATISTICS FOR STEPWISE REGRESSION FOR LOG(RT) ON A MULTIPLE 
LINEAR REGRESSION INCLUDING TTCPA 

The variables dismissed and its statistical values to support the removal are shown in 
Table 4-9. 
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Variable F-Statistic p-value 

Time : High density 0.00053378 0.98157 

Time : TTCPA 0.066302 0.79681 

Day : High Density 1.1578 0.32593 

Day : TTCPA 1.2558 0.27431 

Day : Time 1.6716 0.12356 

Day 1.508 0.17105 

TABLE 4-9. VARIABLES REMOVED FOR A STEPWISE LINEAR REGRESSION FOR LOG(RT) 
INCLUDING TTCPA 

Adjusted R-squared coefficient shown in Table 4-8 only explains 3% of the RT variability, 
as linear regression has shown above. Thus, the rest of information in Table 4-7 and 
Table 4-9 is dismissed. 

A new attempt was carried out, using iTTCPA instead of TTCPA. The individual results 
are shown in Table 4-10, the overall fitting statistics in Table 4-11 and the dismissed 
combination of variables in Table 4-12. The best fit found was: 

𝐿𝐿𝑜𝑜𝑖𝑖_𝑅𝑅𝑖𝑖 ~ 1 +  𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖 +  𝐻𝐻𝑖𝑖𝑖𝑖ℎ_𝐷𝐷𝑖𝑖𝑛𝑛𝑠𝑠𝑖𝑖𝑡𝑡𝑦𝑦 ∗ 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 +  𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖^2 +  𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖^2 

EQUATION 4-2. BEST LINEAR FIT EXPRESSION: LOG(RT) AS A FUNCTION OF ITTCPA, TIME, 
DAY AND HIGH DENSITY 

Smaller values of p-values per variable are obtained in general in Table 4-10, and the 
overall goodness of fit in Table 4-11 using iTTCPA produces a 4% of explanation of the 
total variance by the model. Although it is better than the 3% from Equation 4-1, it is not 
good enough to continue trying to adjust the airspace behaviour to a linear model. 

However, some other conclusions are: 

· Time has a non-linear component. 

· High density does not impact as much as expected. The possible reasons are 

that the region is not properly chosen (in terms of volume or time) or High/Low 

density has not a direct impact on RT distribution. 

· TTCPA and specially iTTCPA have a certain influence on RT. 
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Term  Estimate SE tStat pValue 

Intercept -0.43593 0.083198 -5.2396 1.6465e-07 

Time -0.037932 0.011247 -3.3724 0.00074825 

High Density=1 0.25092 0.071478 3.5104 0.00044964 

iTTCPA 0.092577 0.015717 5.8901 4.0004e-09 

High Density=1/ 
iTTCPA 

-0.049237 0.010922 *4.5083 6.6205e-06 

Time^2 0.0014437 0.00040739 3.5439 0.00039631 

iTTCPA^2 -0.0023044 0.0013375 -1.7229 0.084941 

TABLE 4-10. FITTING RESULTS FOR STEPWISE REGRESSION FOR LOG(RT) ON A MULTIPLE 
LINEAR REGRESSION INCLUDING ITTCPA 

Number of observations: 8793 Error degrees of freedom: 8786 

Root Mean Squared Error: 0.715 

R-squared: 0.0422 Adjusted R-Squared 0.0416 

F-statistic vs. constant model: 64.5 p-value = 8.95e-79 

TABLE 4-11. FITTING STATISTICS FOR STEPWISE REGRESSION FOR LOG(RT) ON A MULTIPLE 
LINEAR REGRESSION INCLUDING ITTCPA 
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Variable F-Statistic p-value 

Time : iTTCPA 0.10387 0.74724 

Day : iTTCPA 0.63743 0.70039 

Time : High Density 0.34768 0.55544 

Day : High Density 1.5567 0.15549 

Day : Time 1.7367 0.10818 

Day 1.0216 0.40893 

TABLE 4-12. VARIABLES REMOVED FOR A STEPWISE LINEAR REGRESSION FOR LOG(RT) 
INCLUDING ITTCPA 

Other types of regression could have been furtherly considered, like local regression 
models (Loess or Lowess) or multivariate multiple regression. However, a different 
approach was decided: visual exploration analysis backed up by graphical 
representation. The following sections in this chapter are devoted to the visual 
understanding of RT and TTCPA behaviour. 
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4.4. RT AND TTCPA INDIVIDUAL REPRESENTATION 

Statistical representations were obtained in order to assess and evaluate the behaviour 
of the random variables RT and TTCPA, both independently and pairwise. Using 3-D 
CRM as a point of departure, an RT graphics module was developed to illustrate potential 
conflicts statistical patterns regarding RT’s and TTCPA’s information. Also, different 
filtering possibilities were developed in order to study the evolution of the mean and 
median of each random variable under different situations: spatial and temporal, high-
density traffic and hotspots regions, different hours of the day or grouping potential 
conflicts into the different look ahead times of detection. The RT statistics module 
developed in 3-D CRM is shown in ANNEXE B: “3-D CRM Software Additional Feature: 
Reaction Time Statistics”. 

This information depiction has been helpful to compare different areas, days and times 
trying to infer patterns. The retained information from each set of plots contains bi-
dimensional and unidimensional representations for both random variables (TTCPA and 
RT, or log(RT)) for each situation to ease the analysis of the relationship between these 
variables and the conditions of the scenario. In Figure 4-6 the different graphs are 
showing for day 4 as an example: 

 

FIGURE 4-6. ALL DATA DAY 4 GRAPHICS 

· The first upper plot presents the bi-dimensional histogram of events having RT 

and TTCPA pairs for the identified potential conflicts among the selected data. 
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· The histograms of events containing RT and TTCPA are displayed in upper plots 

2 and 3. 

· The fitted probability density function of the distribution for log(RT) is shown in 

the first lower plot, including its characteristics parameters, μ and σ. Not only is 

its expectation μ important, but also the variance σ provides information about 

the spread of the variable log(RT). 

· Classical Box and Whiskers is placed next. The median of the data is marked 

with the straight horizontal red line while the mean is marked with a green 

diamond. Thus, 50% of data, between 25% and 75% of the samples, what from 

now on will be called “range”, is included in the boxes, and 90% of data is 

contained between the whiskers. Lastly, outliers are red crosses out of the 

boundary of the whiskers. Note that both random variables behaviour is 

represented, one for RT and one for TTCPA. The decision of plotting RT instead 

of log(RT) was made to keep the vertical scale, y-axis, in minutes, i.e., to maintain 

coherency with TTCPA. 

· Finally, the last lower plot on the right shows the Bags and Bolsters graph, with 

the depth median marked with a cross, the bag highlighted in dark blue and the 

fence surrounding it in light blue. The metrics for the bag area, bag width, bag 

height, fence area and fence width have been included in the plot. As stated in 

“Bags & Bolsters” section, to better show the distribution, the variable presented 

on abscise is in this case log(RT). The interpretation of the two-dimension size of 

the bag is that bag width has an impact on log(RT) while bag height is related to 

TTCPA. While bag height units do not need to be transformed, as they are 

expressed in minutes, for a better understanding of the results, the bag and fence 

widths information is transformed into minute’s interval calculating 𝑖𝑖log (max(𝑆𝑆𝑆𝑆)) −

𝑖𝑖log(min(𝑆𝑆𝑆𝑆)) for the 50% interval data sample and the fence size sample, 

respectively and hence the unit “min” is explicitly added to their measure. Bag 

and Fence sizes are calculated in two-dimensional minutes times log(minutes). 

By convention, the units used in this thesis for bag and fence areas are expressed 

as [area units]. 
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This graphical representation has been extracted daily and compared with different 
airspace circumstances: the first attempt was made studying peak hours, assuming 
those are between 07:00 and 10:00 A.M. That period is long enough to account for a 
number of potential conflicts, and hence, to minimise the impact of outliers, extracting 
more general statistic information. To refine data, a filter was developed in RT statistics 
module on 3-D CRM, to extract the potential conflicts occurring between two times. 

Due to the expected relationship between workload and RT’s and TTCPA’s, a further 
comparison with high-density traffic areas was studied. A new filter of potential conflicts 
over the density maps was developed and executed daily on the RT statistics module of 
3-D CRM. 

Finally, a further filter was developed on the iTTCPA of the potential conflicts, which is 
the time to CPA calculated upon detection. It is proven to be useful for a further study on 
the derived metrics. 

All these developments are deeply explained in ANNEXE B: “3-D CRM Software 
Additional Feature: Reaction Time Statistics” in the context of previously presented 3-D 
CRM software tool. 

In this section, another study to individual RT and TTCPA statistical behaviour is 
presented, mainly focusing on boxplot representation and the calculated statistics for 
daily data and different airspace circumstances. In the following figures, contained in 
Table 4-13, the comparison is graphically shown daily in different rows. The first column 
contains the scenarios, the second column includes everyday data boxplots, the third 
column daily peak-hour boxplots, and the forth column the ones that correspond to high-
density traffic area at peak hours. The last column includes the daily density map, using 
white stars to highlighting points where the potential conflicts for that time interval 
occurred. 
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DAY All daily data Peak hour (07:00-10:00) High-Density Traffic at Peak Hour High-density map 
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TABLE 4-13. COMPARISON OF BOXPLOTS FOR DAILY DATA VS PEAK HOURS VS HIGH-DENSITY TRAFFIC AREAS 
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The first attempt to study RT and TTCPA individual representation shown in Table 4-13 
was made studying boxplots at peak hours. The focus was set on the Q1, median and 
Q3 values. The detailed daily figures extracted from Table 4-13, for the different filters, 
are shown in Table 4-14. 

 

DAY Statistics All daily data (min) Peak hour (07:00-

10:00) (min) 

High-Density Traffic 

at Peak Hour (min) 

  RT TTCPA RT TTCPA RT TTCPA 

1 Q1 0.5375 3.6244 0.5424 3.5519 0.456 3.4584 

Median 0.8376 5.2966 0.8064 5.7498 0.768 4.4237 

Q3 1.4544 6.8033 1.5 6.8768 1.5408 6.4579 

2 Q1 0.4656 3.3127 0.4808 3.0009 0.456 3.1182 

Median 0.768 5.1896 0.6912 5.0893 0.6145 5.2861 

Q3 1.3056 6.837 1.2289 6.4414 0.9205 6.6651 

3 Q1 0.5376 3.2939 0.5352 3.7037 0.5329 3.2993 

Median 0.8447 5.2162 0.8368 5.434 0.7056 5.1125 

Q3 1.3824 6.81 1.3824 7.1267 1.1533 6.6589 

4 Q1 0.5375 3.3783 0.5375 3.3682 0.5328 3.6318 

Median 0.7729 5.2283 0.7632 4.9986 0.6912 5.3804 

Q3 1.3104 6.8128 1.2192 6.7814 0.93 7.0334 

5 Q1 0.4947 3.0657 0.4607 3.1316 0.4571 2.9522 

Median 0.8064 5.0469 0.768 4.9431 0.7632 4.5314 

Q3 1.3146 6.6767 1.2433 6.6424 1.2361 6.7063 

6 Q1 0.5376 3.1922 0.5376 3.0889 0.5376 3.2308 

Median 0.7727 4.9458 0.9167 4.7458 0.9167 4.9457 

Q3 1.3008 6.7392 1.3776 6.5664 1.401 6.699 

7 Q1 0.4655 3.0208 0.4704 3.1357 0.5509 2.7707 

Median 0.7705 4.916 0.8424 5.1522 0.924 5.1811 

Q3 1.3056 6.6286 1.3824 6.6893 1.3824 6.6893 

TABLE 4-14. COMPARISON OF RT & TTCPA Q1, MEDIAN AND Q3 STATISTICS (IN MINUTES) 
FOR ALL DAILY DATA VS. PEAK HOURS VS. HIGH-DENSITY TRAFFIC AREAS 
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Reaction times seem to be smaller in extreme situations (peak hours and high-density 
traffic areas at peak hours), but it cannot be generalised. A graphical image of the RT 
medians is seen in Figure 4-7. It depicts how RT changes daily and how it evolves under 
different scenarios. At the left, every line represents a different day and the x-axis shows 
the three scenarios. At the right, the x-axis shows the days while there is a line for every 
scenario. 

FIGURE 4-7. RT MEDIAN EVOLUTION DAILY AND UNDER DIFFERENT SCENARIOS 

Both exhibit the median RT (in minutes) occurring that day, at that scenario. It can be 
seen by the graphic at the right that nearly every day RT median is smaller under more 
stressed conditions, but for day 6 and 7. Besides, while for all data, daily median RT’s 
tend to be kept in a short interval, there is a big disparity under different circumstances, 
which implies there is an effect of the airspace events on RT medians. 

Regarding RT variability, reaction-time boxes tend to shorten at rush hours under more 
stressed traffic conditions, but it does not happen every day. As can be seen in Table 
4-13, comparing all day data with the most supposedly complex scenarios, the size of 
the RT box, which is related to its 50% mid values, decreases for days 2, 3 and 4. It 
remains unchanged for days 1, 5, 6 and 7, so RT size observation cannot be conclusive. 

FIGURE 4-8. TTCPA MEDIAN EVOLUTION DAILY AND UNDER DIFFERENT SCENARIOS 
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A similar study was done on TTCPA and shown in Figure 4-8, however, it does not show 
such a clear tendency in TTCPA evolution under stressed conditions. This figure is 
similar to Figure 4-7, but concerning TTCPA. In the figure at the left, there are erratic 
peaks and valleys in the evolution of the TTCPA through the days, although TTCPA 
medians seem to behave quite uniformly regarding daily complete scenarios, bounded 
between 4.916 min for day 7 and 5.2283 for day 4. 

Concerning TTCPA variability, visually boxplots do not show a clear spread or 
concentration of the mid 50% values in any scenario. It is calculated subtracting Q3-Q1. 
Figure 4-9 shows the values of the box height daily and under different scenarios. The 
information that can be extracted from here, is that apparently the variability remains 
bounded daily under different scenarios and there are no big leaps between daily data. 
Also, peak hours seem to show a uniform behaviour in TTCPA range, in most cases (day 
2, 4, 6 and 7) exhibiting less variability in ATC’s responses. It is shown in Figure 4-9 
using the orange line. 

FIGURE 4-9. DAILY TTCPA VARIABILITY FOR MID 50% VALUES UNDER DIFFERENT SCENARIOS 

A first approach to understanding RT and TTCPA behaviour is presented in this section. 
Although no conclusive information is derived, there are certain impacts of stressed 
situations on RT’s medians but they do not seem to affect TTCPA’s values. However, it 
is yet to be proven if there is an impact on TTCPA variability while apparently there is 
not on RT’s fluctuation. 
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4.5. RT AND TTCPA JOINT REPRESENTATION 

Like in the previous section, the first attempt was made studying peak hours. The focus 
was set on the 50% of the central values of the RT vs. TTCPA distribution. Bagplot was 
used, comparing the bag width, height and area for every day entire data and only peak 
hours (from 07:00 to 10:00). In the following figures, contained in Table 4-15, the 
comparison is graphically shown in second and third columns for every day row. 

The expected results were that bags on peak hours were supposed to shrink. Comparing 
daily statistics with peak hours and concerning bag areas, it is reduced on days 1, 2, 3 
and 6. However, bag areas on days 4, 5 and 7 enlarge. Bag width gets smaller in peak 
hours in days 1, 3, 4 and 7 while it does not for days 2, 5 and 6. Regarding bag height, 
which is related to TTCPA, days 4 and 6 do not slender, while the rest of the days do 
shorten their TTCPA average for the mid 50% of the samples. 

Conclusions regarding the first approach of TTCPA and RT joint behaviour at peak hours 
could not be conclusive. Several possibilities were envisaged: the stress is dependent 
upon the high-density traffic zones, peak hours do not always occur at the same times, 
or RT and TTCPA do not have any correlation with the stress of the airspace. 

A study on daily traffic density maps was carried out over the density map as is shown 
in the fifth column of Table 4-15, equal to the fifth column in Table 4-13.  

The filter over said density maps was executed daily on the RT statistics module of 3-D 
CRM. The results of the filtering at peak hours in daily high-density traffic zones for the 
bagplots is depicted in column fourth of Table 4-15 for the areas highlighted with red 
squares in the fifth column. 

The comparison of the bagplots at peak hours over high-density traffic areas and the 
entire airspace holds a bag area decrease for every day but day 1. It is a feasible 
explanation that conflicts on day 1 were few and scattered, as can be seen in density 
maps with potential conflicts in Table 4-15. Moreover, the density map for day 1 shows 
that the 7.5 NM-sided square regions reached a traffic of 224 flights maximum per region 
that day, which is at least 31% less traffic than any of the available days, and 37% less 
traffic than the most congested day. It is an evidence of little ATC workload even in a 
relative high-density traffic region at peak hour. Thus, in general, the effect of this fact is 
that, for low-density zones or non-peak hours, bags are spread out. 
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TABLE 4-15. COMPARISON OF BAGPLOTS FOR DAILY DATA VS PEAK HOURS VS HIGH-DENSITY TRAFFIC AREAS 
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Regarding bag width, which refers to log(RT) random variable, comparing daily bagplots 
comprising all data with peak hours in high-density traffic regions, every day shortens 
under stressed conditions, but day 6. Using the extracted information from traffic flows 
shown in Figure 4-5, the events happening during day 6 were thoroughly studied and are 
explained here. 

Certain routes in the South East of the airspace were not flown during day 6 as it is clear 
by the blanks in the airspace. On the contrary, non-traditional flights flew as it is proved 
by the non-linear trajectories that appear on the figure for day 6. It is interpreted as 
commercial traffic restrictions due to military manoeuvres. Moreover, for day 6 there is a 
blank space over Eindhoven airport, marked with a red star and the acronym EHEH. For 
the rest of the days, more traffic flows crossed that area. It is explained by traffic diversion 
to other volumes of airspace, which could have led to a traffic density increase in zones 
which are not usually so highly-trafficked. This traffic increase is shown by the darker 
blue lines in the map for day 6, while trajectories for the rest of days are more 
homogeneously distributed. 

The summary of the study of the bag width is that generally, bag widths tend to shrink 
when analysing peak hours and high-density traffic regions, which is consistent with the 
results of the previous section: “RT and TTCPA individual representation”. 

Regarding bag height, which is a measure that shows TTCPA behaviour, there is not a 
clear pattern under the circumstances studied and shown in Table 4-15. Peak hours tend 
to decrease bag height. It does so for days 1, 2, 3 and 7, while it marginally increases 
for days 4 and 6. Day 5 remains mainly unchanged. However high density does not affect 
bag height clearly. With respect to peak hours in high-density traffic areas, there is not a 
clear tendency: bag height increases for day 1, 3 and 7 with respect to the complete 
airspace at peak hours and decreases on days 2, 4, 5 and 6. 

As a conclusion of the bagplot study, we can affirm that traffic and airspace 
circumstances have an effect on the RT and TTCPA distribution, which is one of the 
objectives of this research work. Being consistent with previous section conclusions, 
RT’s seem to decrease and TTCPA seem to shorten, but a clear result could not be 
inferred from this graphical study.  
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4.6. EXPLORATION CONCLUSIONS 

The study on the RT and TTCPA representation, individually and jointly, does not bring 
definitive conclusions but provides light regarding the effect of traffic on trajectories. 

An assorted set of scenarios has been analysed, and the following initial conclusions 
have been drawn. When traffic increases:  

· RT’s tend to be smaller, and 

· TTCPA’s tend to shorten.  

Even though it is not possible to extract firm conclusions from the high-density traffic 
airspace data, it can be affirmed that RT and TTCPA random variables change 
depending on factors to be determined. It seems feasible to further derive some metrics 
which could describe the state of the airspace in terms of stress or agility in solving 
potential conflicts once they are detected. 

There is a factor that is not considered in this study due to the lack of complementary 
data: the airspace configuration at any time. Depending on the active sector configuration 
calculated based on the expected demand, sectors could have been split up or joint to 
be managed by one ATCo’s working position and likely two ATCo’s: a planner and an 
executive controller. At any time, the current workload in an ATCo position depends on 
the potential conflicts which are not fully solved yet. Those are the ones newly arisen 
and the ones which are still carried around from previous conflicts whose evasive actions 
are still being monitored by the ATCo’s. So in an airspace sector, the more potential 
conflicts, the more workload. Although this statement is platitudinous, it implies that the 
time to solve every conflict is dependent on the short-term previous conflicts. It is one of 
the results of this data exploration: the metrics should consider granularity, in terms of 
spatial and time concurrence. Thus, conflicts should be accounted as a series and not 
isolated events, and the goal of the precursory metrics should be to assess trends more 
than individual occurrences. 

These results have brought some valuable information and the keys for further research 
by performing a more holistic and integrated approach using new random variables 
statistics to characterise the system behaviour and its evolution. 



 

 

DATA MINING
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PERFORMING DATA MINING

CHAPTER 5. PERFORMING DATA MINING: 
PROPOSED NEW PRECURSORY SAFETY METRICS 

The data exploration from the previous chapter showed that when traffic increases: 

• RT’s tend to be smaller, and 

• TTCPA’s tend to shorten. 

In this chapter, the Data Mining process drives the formulation of the hypotheses, which 
are: 

· It is possible to derive a safety metric -based on flights radar tracks- that 

represents accurately the safety performance of the airspace. 

· It is possible to classify the airspace as a function of its safety performance. 

From these hypotheses, three potential metrics, which evaluate trends in safety that can 
be overseen, are being proposed: 

1. RT performance indicator 

2. TTCPA performance indicator 

3. TTCPA critical limit ratio indicator 

 

"Data is the new oil. It is valuable, but if unrefined it cannot be used. It has to be changed 
into gas, plastic, chemicals, etc. to create a valuable entity that drives profitable activity; 

so, must data be broken down, analysed for it to have value" 
Clive Humby 
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5.1. FORMULATION OF HYPOTHESES 

The relationship between the three statistics derived from the key random variables: 
TTCPA and RT (or log(RT)) medians, and the size of the TTCPA range, is now assessed 
by considering the relative behaviour of the last two (RT median and TTCPA range size) 
over the first one (TTCPA median). The random variable log(RT), used for the bags & 
bolsters analysis in order to normalise the lognormal behaviour of RT, is no longer 
needed after the conclusions obtained from the data exploration analysis. 

Figure 5-1 shows four integrated bar diagrams displaying the comparison from all 
available data median values for the TTCPA and RT and their ranges (50% of the central 
values of the samples), and Figure 5-2 displays the same comparison for the derived 
ratio RT median / TTCPA median and TTCPA range / TTCPA median values. iTTCPA 
is used to define 2-minute intervals to group random variables in both figures. Light blue 
bars stand for times above 8 minutes to CPA, orange bars represent those having 
between 6-8 minutes, grey bars those between 4-6, yellow bars those between 2-4 and 
finally, dark blue bars those having less than 2 minutes. These graphs are analysed to 
expose the change in ATCo’s reaction times in relation to how close to the CPA the 
potential conflicts were identified. 

 

FIGURE 5-1. ALL DATA RT AND TTCPA MEDIANS GROUPED BY LOOK AHEAD TIME AT 
DETECTION (ITTCPA) 
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FIGURE 5-2. ALL DATA RT AND TTCPA DERIVED METRICS GROUPED BY LOOK AHEAD TIME 
UPON DETECTION (ITTCPA) 

Figure 5-1 shows that both, RT and TTCPA medians tend to decrease when the potential 
conflict is closer to the CPA. Although the TTCPA range decreases significantly, RT 
range does not follow a clear tendency. Moreover, Figure 5-2 shows that the ratio 
between RT median and TTCPA median monotonically increases significantly when the 
potential conflict is getting closer to the CPA. Furthermore, the ratio between TTCPA 
range and TTCPA median rises as well, showing an exponential behaviour. These 
results, built from medians, lead us towards three hypotheses: 

1. When the ratio between the reaction time median and the remained time to CPA 

median for given air traffic scenarios grows above a certain threshold, then a 

stressed situation has been reached. It would represent a situation in which RT’s 

are large in average compared with typical TTCPA for the sample. It is highly 

unlikely that with a high TTCPA the RT is big, as 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑅𝑅𝑖𝑖 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 ≤ 𝐿𝐿𝑖𝑖𝑖𝑖. 

Nevertheless, if the RT/TTCPA ratio is big having small TTCPA (i.e., potential 

conflicts solved near its CPA), it would mean a high RT compared to its TTCPA, 

which would identify a stressed situation. 

2. When the ratio between the TTCPA range and the TTCPA median for given traffic 

scenarios grows above a certain threshold, then a non-normalised situation has 

been reached. It would represent situations in which 50% of the variability in 

TTCPA’s is significant compared with the TTCPA median. The normalised 

behaviour of the airspace would be keeping a small variability when TTCPA 

median is small, while allowing a more spread variability when TTCPA median is 

large. Otherwise, the situation would be non-normalised. 

3. When the ratio between the range size and the remained TTCPA median for 

given air traffic scenarios grows above 1, then the above nominal stressed 
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situation has been reached. This is a particular case of the previous scenario, in 

which there is larger variability than the value of TTCPA median. Whereas the 

previous hypothesis highlights non-normalised behaviour through a significant 

variability in TTCPA with respect to TTCPA median, this limit features bigger 

variability in TTCPA than the TTCPA median. Samples over this critical limit 

mean that the disparity in the 50% mid values of TTCPA is bigger than the median 

of that sample. It points out that some potential conflicts are brought close or 

equal to their CPA and therefore risky situations are more likely to occur. 

The assessment of the evolution of the medians in the conflict resolution processes is 
dependent on the probability of concurrent proximate events and more likely under high 
traffic density conditions. As has been stated before, the workload of a particular ATC 
sector is related to its complexity [47]. Hence, it is trivial to state that it increases with 
traffic density or occupancy. Thus high-density airspace and low-density airspace are 
here analysed separately. On the other hand, isolated high ratios of RT/TTCPA for one 
sample do not necessarily mean a stressed situation or lack of safety. Moreover, as has 
been stated in section 4.6. “Exploration conclusions”, the workload is related to all the 
“on-going” potential conflicts: the ones recently detected pending to be cleared, and the 
ones solved, but yet being monitored. Hence, stored potential conflict data have been 
grouped into two hours intervals aiming at reducing the effect on statistics values being 
biased by outliers. Additionally, when these two-hour intervals contain one sample, they 
have been dismissed. 

Once the above consideration has been applied, the ratio RT median / TTCPA median 
vs. TTCPA medians for all available data is shown in Figure 5-3. The parameters for the 
interpolated exponential curve approach for a 95% confident bounds, for the set of points 
derived from gathered data, high-density and non-high-density traffic regions, for each 
two-hour interval and performed for every day facts, are shown in Table 5-1. The last 
column addressed as Crossing Points contents the coordinates of the intersection of the 
TTCPA median line and the approached exponential curve. In an analogous manner, 
the ratio between TTCPA range / TTCPA median vs. TTCPA median for the set of points 
extracted from every day data, different density regions and the two-hour intervals, and 
its interpolated exponential curve approach are shown in Figure 5-4, whereas the 
exponential fit parameters are detailed in Table 5-2. Additionally, in Figure 5-4, a 
horizontal red line has been added to highlight the situation where the TTCPA range 
equals the median TTCPA. This value is here interpreted as the admissible limit ratio 
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and it is considered as value 1. The data samples above it have been emphasised with 
red ellipses. They will be furtherly analysed below. 

 

FIGURE 5-3. DISPERSION DIAGRAM AND EXPONENTIAL FIT RT MEDIAN/ TTCPA MEDIAN VS. 
TTCPA MEDIAN FOR ALL AVAILABLE DATA 

 

FIGURE 5-4. DISPERSION DIAGRAM AND EXPONENTIAL FIT TTCPA RANGE / TTCPA MEDIAN 
VS. TTCPA MEDIAN FOR ALL AVAILABLE DATA 
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DAY EXPONENTIAL FIT SSE R-SQUARE ADJUSTED 
R-SQUARE 

RMSE CROSSING POINTS 
(𝒙𝒙𝒅𝒅, 𝒚𝒚𝑹𝑹𝑹𝑹,𝒅𝒅) 

ALL 𝟎𝟎. 𝟐𝟐𝟐𝟐𝟐𝟐 · 𝒆𝒆−𝟎𝟎.𝟒𝟒𝟎𝟎𝟒𝟒𝟒𝟒𝒙𝒙 0.259 0.5879 0.5846 0.0438 (5.2705,0.1522) 

DAY 1 𝟎𝟎. 𝟐𝟐𝟐𝟐𝟕𝟕 · 𝒆𝒆−𝟎𝟎.𝟒𝟒𝟎𝟎𝟒𝟒𝒙𝒙 0.01506 0.8166 0.8051 0.03068 (5.3729,0.1543) 

DAY 2 𝟎𝟎. 𝟐𝟐𝟒𝟒𝟐𝟐 · 𝒆𝒆−𝟎𝟎.𝟒𝟒𝟎𝟎𝟒𝟒𝟕𝟕𝒙𝒙 0.03209 0.4768 0.4477 0.04223 (5.4690,0.1460) 

DAY 3 𝟎𝟎. 𝟎𝟎𝟏𝟏𝟕𝟕𝟒𝟒 · 𝒆𝒆−𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟒𝟒𝟎𝟎𝒙𝒙 0.0685 0.001011 -0.05449 0.06169 (5.1735,0.1832) 

DAY 4 𝟎𝟎. 𝟐𝟐𝟐𝟐𝟐𝟐𝟒𝟒 · 𝒆𝒆−𝟎𝟎.𝟒𝟒𝟎𝟎𝟎𝟎𝟕𝟕𝒙𝒙 0.02001 0.4586 0.4301 0.03245 (5.3067,0.1474) 

DAY 5 𝟎𝟎. 𝟐𝟐𝟐𝟐𝟎𝟎 · 𝒆𝒆−𝟎𝟎.𝟒𝟒𝟐𝟐𝟐𝟐𝟒𝟒𝒙𝒙 0.00742 0.9736 0.9721 0.0203 (5.0702,0.1524) 

DAY 6 𝟎𝟎. 𝟒𝟒𝟎𝟎𝟎𝟎𝟐𝟐 · 𝒆𝒆−𝟎𝟎.𝟐𝟐𝟎𝟎𝟕𝟕𝟐𝟐𝒙𝒙 0.0088 0.5734 0.5483 0.02275 (5.1774,0.1534) 

DAY 7 𝟎𝟎. 𝟒𝟒𝟎𝟎𝟎𝟎𝟎𝟎 · 𝒆𝒆−𝟎𝟎.𝟐𝟐𝟎𝟎𝟎𝟎𝟐𝟐𝒙𝒙 0.02835 0.2433 0.1988 0.04084 (5.0868,0.1489) 

TABLE 5-1. EXPONENTIAL FIT OF RT MEDIAN / TTCPA MEDIAN VS. TTCPA MEDIAN ON 
DIFFERENT DAYS 

DAY EXPONENTIAL 
FIT 

SSE R-SQUARE ADJUSTED 
R-SQUARE 

RMSE CROSSING POINTS 
(𝒙𝒙𝒅𝒅, 𝒚𝒚𝑹𝑹𝑹𝑹𝑻𝑻𝑻𝑻𝑻𝑻,𝒅𝒅) 

ALL 𝟐𝟐. 𝟎𝟎𝟐𝟐 · 𝒆𝒆−𝟎𝟎.𝟒𝟒𝟒𝟒𝟐𝟐𝟒𝟒𝒙𝒙 5.023 0.5823 0.5792 0.1929 (5.2705,0.6168) 

DAY 1 𝟐𝟐. 𝟎𝟎𝟒𝟒𝟏𝟏 · 𝐞𝐞−𝟎𝟎.𝟒𝟒𝟐𝟐𝟐𝟐𝟎𝟎𝟒𝟒 0.2325 0.8147 0.8031 0.1206 (5.3729,0.6232) 

DAY 2 𝟎𝟎. 𝟏𝟏𝟕𝟕𝟎𝟎 · 𝐞𝐞−𝟎𝟎.𝟐𝟐𝟎𝟎𝟒𝟒𝟒𝟒𝟒𝟒 0.1364 0.4681 0.4385 0.08705 (5.4690,0.6481) 

DAY 3 𝟎𝟎. 𝟐𝟐𝟐𝟐𝟕𝟕 · 𝐞𝐞−𝟎𝟎.𝟎𝟎𝟐𝟐𝟐𝟐𝟒𝟒 0.552 0.1802 0.1346 0.1751 (5.1735,0.7109) 

DAY 4 𝟎𝟎. 𝟎𝟎𝟎𝟎𝟐𝟐 · 𝐞𝐞−𝟎𝟎.𝟎𝟎𝟎𝟎𝟒𝟒𝟎𝟎𝟒𝟒 0.5516 0.07179 0.02294 0.1704 (5.3067,0.6089) 

DAY 5 𝟕𝟕. 𝟐𝟐𝟎𝟎𝟎𝟎 · 𝐞𝐞−𝟎𝟎.𝟎𝟎𝟐𝟐𝟐𝟐𝟎𝟎𝟒𝟒 1.214 0.8309 0.8215 0.2597 (5.0702,0.6011) 

DAY 6 𝟎𝟎. 𝟐𝟐𝟐𝟐𝟐𝟐 · 𝐞𝐞−𝟎𝟎.𝟎𝟎𝟏𝟏𝟒𝟒𝟒𝟒𝟒𝟒 0.3387 0.4177 0.3834 0.1411 (5.1774,0.6316) 

DAY 7 𝟐𝟐. 𝟐𝟐𝟎𝟎𝟐𝟐 · 𝐞𝐞−𝟎𝟎.𝟐𝟐𝟕𝟕𝟐𝟐𝟒𝟒𝟒𝟒 0.4516 0.4072 0.3724 0.163 (5.0868,0.6437) 

TABLE 5-2. EXPONENTIAL FIT OF TTCPA RANGE / TTCPA MEDIAN VS. TTCPA MEDIAN ON 
DIFFERENT DAYS 
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5.2. PROPOSED METRICS 
5.2.1. RT Performance Indicator 

As it has been shown above, the experimental results have been interpolated by an 
exponential curve for the ratio RT median / TTCPA median vs. TTCPA median. The 
shape of this exponential curve changes on each particular day, the traffic density, the 
time interval and possibly other factors. 

Figure 5-5 plots the dispersion diagram containing the median values for the pairs RT 
median / TTCPA median vs. TTCPA median derived from two-hour intervals data 
samples and different density regions. The correspondent fitted exponential curve is also 
included as a continuous dark blue curve, as well as the TTCPA median as a straight 
vertical black line.  

 

FIGURE 5-5. FOUR REGIONS DELIMITED BY REFERENCE RT CROSSING POINT, EVERYDAY RT 
PERFORMANCE INDICATOR AND DATA SAMPLES 

The intersection point of these two lines calculated based on all available data can be 
expressed as follows: 

�
𝑥𝑥𝐷𝐷 = 𝑚𝑚𝑖𝑖𝑙𝑙𝑖𝑖𝑒𝑒𝑛𝑛(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝐷𝐷)
𝑦𝑦𝑆𝑆𝑆𝑆,𝐷𝐷 = 𝑒𝑒𝑆𝑆𝑆𝑆,𝐷𝐷 · 𝑖𝑖−𝑏𝑏𝑅𝑅𝑅𝑅,𝐷𝐷·𝑥𝑥𝐷𝐷 

EQUATION 5-1. RT CROSSING POINT IN AVERAGE AIRSPACE 

where 𝑒𝑒𝑆𝑆𝑆𝑆,𝐷𝐷 and 𝑐𝑐𝑆𝑆𝑆𝑆,𝐷𝐷 are the parameters of the exponential distribution fitted from all 
available data (𝐷𝐷) dispersion diagram of the derived random variable: RT median / 
TTCPA median over TTCPA median. 
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Overlaid in Figure 5-5, the different daily exponential approaches have been plotted 
using dashed lines, each of them with a different colour. Also, daily TTCPA medians 
have been plotted with dashed lines in its correspondent daily colour.  

For every daily dispersion diagram fitted by its exponential interpolation and the 
correspondent vertical line highlighting its median value, consider the “crossing point” 
as the intersection point between those two lines. 

The analytical expression for daily RT Crossing point is a pair of the 2D coordinates, 
expressed as: 

�
𝑥𝑥𝑑𝑑 = 𝑚𝑚𝑖𝑖𝑙𝑙𝑖𝑖𝑒𝑒𝑛𝑛(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑)
𝑦𝑦𝑆𝑆𝑆𝑆,𝑑𝑑 = 𝑒𝑒𝑆𝑆𝑆𝑆,𝑑𝑑 · 𝑖𝑖−𝑏𝑏𝑅𝑅𝑅𝑅,𝑑𝑑·𝑥𝑥𝑑𝑑 

EQUATION 5-2. DAILY RT CROSSING POINT 

where 𝑒𝑒𝑆𝑆𝑆𝑆,𝑑𝑑  and 𝑐𝑐𝑆𝑆𝑆𝑆,𝑑𝑑  are the parameters of the exponential distribution fitted from daily 
data (𝑙𝑙) dispersion diagram of derived random variable: RT median / TTCPA median 
over TTCPA median. 

The difference between Equation 5-1 and Equation 5-2 is that the former considers 𝐷𝐷 as 
all available data, describing the average scenario. The larger available dataset, the 
better approximation to an average behaviour is obtained. Nevertheless, Equation 5-2 is 
calculated based on a one-day dataset (𝑙𝑙), whose safety performance will be evaluated. 

Equation 5-1 delimits the plane into four different regions as shown in Figure 5-5. The 
hypothesis establishes that daily crossing points expressed by Equation 5-2 may fall 
within one of these four areas: 

1. When the crossing point falls into the right and upper side of the graph, to zone 

numbered as 1, it indicates that the average time to the potential conflict has 

increased which can be interpreted as a safety gain. However, the ratio RT median / 

TTCPA median has also increased, even with higher TTCPA average, which 

indicates that, in average, the actions were not taken as expeditiously as in the 

reference conditions. This zone of the graph has been named as Relaxed Zone. This 

situation is reached when the daily crossing point verifies: 

𝑥𝑥𝑑𝑑 > 𝑥𝑥𝐷𝐷
𝑦𝑦𝑆𝑆𝑆𝑆,𝑑𝑑 > 𝑒𝑒𝑆𝑆𝑆𝑆,𝐷𝐷𝑖𝑖−𝑏𝑏𝑅𝑅𝑅𝑅,𝐷𝐷·𝑥𝑥𝑑𝑑� 

EQUATION 5-3. RELAXED ZONE VERIFYING CONDITIONS 
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2. If the crossing point falls into the right but the lower side of the graph, the zone 2, the 

TTCPA median is again above the reference while the RT’s has shortened. It has 

been considered that the further the crossing point falls into this region, the better 

performance is achieved. This zone is called Favourable Zone. It is reached when 

daily crossing point verifies: 

𝑥𝑥𝑑𝑑 > 𝑥𝑥𝐷𝐷
𝑦𝑦𝑆𝑆𝑆𝑆,𝑑𝑑 < 𝑒𝑒𝑆𝑆𝑆𝑆,𝐷𝐷𝑖𝑖−𝑏𝑏𝑅𝑅𝑅𝑅,𝐷𝐷·𝑥𝑥𝑑𝑑� 

EQUATION 5-4. FAVOURABLE ZONE VERIFYING CONDITIONS 

3. When the crossing point moves towards the left and the lower part of the graph to 

zone 3, it means that in average there was less time remaining to the potential conflict 

whilst RT’s were small (since RT median / TTCPA median is smaller than the 

average). Actions were taking expeditiously after the potential conflict was detected 

even though the system was more stressed. This region is called Stressed Zone and 

is reached when daily crossing point verifies: 

𝑥𝑥𝑑𝑑 < 𝑥𝑥𝐷𝐷
𝑦𝑦𝑆𝑆𝑆𝑆,𝑑𝑑 < 𝑒𝑒𝑆𝑆𝑆𝑆,𝐷𝐷𝑖𝑖−𝑏𝑏𝑅𝑅𝑅𝑅,𝐷𝐷·𝑥𝑥𝑑𝑑� 

EQUATION 5-5. STRESSED ZONE VERIFYING CONDITIONS 

4. When the crossing point moves to the upper and left side of the graph, to zone 4, 

potential conflicts were solved over a longer period than the average after being 

detected, because TTCPA was short and RT’s did not remain small. This zone is 

called Critical Zone. It is attained when: 
𝑥𝑥𝑑𝑑 < 𝑥𝑥𝐷𝐷

𝑦𝑦𝑆𝑆𝑆𝑆,𝑑𝑑 > 𝑒𝑒𝑆𝑆𝑆𝑆,𝐷𝐷𝑖𝑖−𝑏𝑏𝑅𝑅𝑅𝑅,𝐷𝐷·𝑥𝑥𝑑𝑑� 

EQUATION 5-6. CRITICAL ZONE VERIFYING CONDITIONS 

In summary, the first metric proposed is RT performance indicator, which evaluates the 
location of crossing points obtained from Equation 5-2 with respect to the global 
dispersion diagram and zones delimited by its overall RT median / TTCPA median ratio 
exponential approach and TTCPA median, defined in Equation 5-1. 
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5.2.2. TTCPA Performance Indicator 

The previous analysis used RT median / TTCPA median as dependent random variable 
vs. TTCPA median. RT Performance Indicator is supplemented by the analogous graphic 
showing TTCPA range / TTCPA median ratio vs. TTCPA median as shown in Figure 5-4. 
The same four regions should help to determine the frontier between a standard and a 
non-nominal behaviour. 

A similar reasoning for calculating the analytical 2D coordinates defines the crossing 
point for TTCPA range. Respectively, for all-available data and for daily data the 
analytical expression are Equation 5-7 and Equation 5-8: 

𝑥𝑥𝐷𝐷 = 𝑚𝑚𝑖𝑖𝑙𝑙𝑖𝑖𝑒𝑒𝑛𝑛(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝐷𝐷)
𝑦𝑦𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶,𝐷𝐷 = 𝑒𝑒𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶 ,𝐷𝐷 · 𝑖𝑖−𝑏𝑏𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇𝑇𝑇,𝐷𝐷·𝑥𝑥𝐷𝐷

� 

EQUATION 5-7. TTCPA CROSSING POINT IN AVERAGE AIRSPACE 

where 𝑒𝑒𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶,𝐷𝐷 and 𝑐𝑐𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶,𝐷𝐷 are the parameters of the exponential distribution fitted from 
all available data (𝐷𝐷) dispersion diagram of derived random variable: TTCPA range / 
TTCPA median over TTCPA median. 

Consider daily crossing point as the point at which TTCPA median intersects TTCPA 
range / TTCPA median vs. TTCPA median exponential approach for every day two-hour 
intervals and different density regions. 

𝑥𝑥𝑑𝑑 = 𝑚𝑚𝑖𝑖𝑙𝑙𝑖𝑖𝑒𝑒𝑛𝑛(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑)
𝑦𝑦𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶,𝑑𝑑 = 𝑒𝑒𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶 ,𝑑𝑑 · 𝑖𝑖−𝑏𝑏𝑅𝑅𝑅𝑅𝑇𝑇𝑇𝑇𝑇𝑇,𝑑𝑑·𝑥𝑥𝑑𝑑

� 

EQUATION 5-8. DAILY TTCPA CROSSING POINT 

where 𝑒𝑒𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶,𝑑𝑑 and 𝑐𝑐𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶,𝑑𝑑 are the parameters of the exponential distribution fitted from 
daily data (𝑙𝑙) dispersion diagram of derived random variable: TTCPA range / TTCPA 
median over TTCPA median. 

The four regions support the same reasoning as RT performance indicator though 
applied to reaction variability. In a similar way, as has been previously stated, every day 
crossing points obtained from Equation 5-8 compared with the overall average for 
TTCPA range / TTCPA median ratio over TTCPA median in Equation 5-7 could lead to 
conclusions regarding the variation of the sample behaviour. The same zones may be 
applicable for the position of these crossing points, whereas Relaxed, Favourable, 
Stressed and Critical Zones regarding RT median/ TTCPA ratio, points out the closeness 
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to the conflict, TTCPA range / TTCPA median ratio zones bring more information about 
the standardised responses in average. 

The second metric proposed is TTCPA performance indicator, which evaluates the 
location of crossing points with respect to the global dispersion diagram and zones 
delimited by its overall TTCPA range / TTCPA ratio exponential approach and TTCPA 
median. It provides a metric for the ATC normalised behaviour. 

5.2.3. TTCPA Critical Limit Ratio 

Finally, the limit line representing TTCPA range / TTCPA median with ratio 1 in Figure 
5-4, is taken as the critical limit among the data samples. Considering a representative 
sample, the points which fall over the limit line may imply a highly non-standard 
behaviour, since their sample time range (variability) in the remaining TTCPA is bigger 
than their TTCPA median. The sample points above the limit are highlighted in Figure 
5-4 using red ellipses. The higher the TTCPA range / TTCPA median ratio, the more 
critical the represented interval. Nevertheless, if 𝑥𝑥𝑠𝑠 > 𝑥𝑥𝐷𝐷, considering 𝑥𝑥𝑠𝑠 the TTCPA 
median of the critical sample, it is interpreted as a period of laxity, since its TTCPA 
median is bigger than the overall median. On the contrary, when 𝑥𝑥𝑠𝑠 < 𝑥𝑥𝐷𝐷, a lack of safety 
is spotted since the sample TTCPA median is smaller than the overall median. If for one 
day, two consecutive samples, over the same region, fall over the TTCPA critical limit 
ratio, an important safety issue could have taken place.  

The third and last proposed metric is a limit, TTCPA critical limit ratio, which alerts from 
a critically unsafe period which is strongly recommended to be monitored. 

Other airspaces may have different overall crossing points regions, but since Favourable 
Zone falls below the tail of the exponential distribution, it is highly unlikely that the critical 
limit falls below it as well. Thus, it is improbable that a sample over the TTCPA critical 
limit ratio falls in the TTCPA Favourable Zone. 
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5.3. TRAFFIC SAMPLES CONSIDERATIONS 

Samples with a small number of potential conflicts are highly biased by the disparity 
inside the set and the use of medians instead of means. An example of this statement is 
shown in the sample from day 5 (high-density region between 4:00 AM and 6:00 AM). 
The three potential conflicts occurred are detailed in Table 5-3 and are separated by 
more than 20 minutes between the potential conflicts. Considering the LAT is 10 minutes, 
it can be affirmed that the potential conflicts are not concurrent.  

TIME OF 

DETECTION ITTCPA (MIN) TTCPA (MIN) RT (MIN) RT / TTCPA 
OVERALL 

RESULTS 

04:45:12 3.100 1.948 1.152 0.591  

05:13:22 4.625 1.633 2.991 1.831  

05:35:57 9.373 8.068 1.305 0.161  

RANDOM VARIABLES 
RT MEDIAN / TTCPA MEDIAN 0.670 

TTCPA RANGE / TTCPA MEDIAN 3.302 

METRICS 
(𝒙𝒙𝒔𝒔, 𝒚𝒚𝑹𝑹𝑹𝑹,𝒔𝒔) (1.948, 0.670) 

(𝒙𝒙𝒔𝒔, 𝒚𝒚𝑹𝑹𝑹𝑹𝑻𝑻𝑻𝑻𝑻𝑻,𝒔𝒔) (1.948, 3.302) 

TABLE 5-3. DETAIL OF POTENTIAL CONFLICTS OF DAY 5, HIGH-DENSITY TRAFFIC REGION, 
BETWEEN 04:00 AND 06:00 

In Table 5-3, iTTCPA, TTCPA and RT have been rounded to three decimals so derived 
calculations could have minimum decimal differences. The median of each random 
variable is highlighted in bold letters. The disparity in the relevant variables in the three 
potential conflicts makes the sample statistics very sensitive to peculiarity. Hence, the 
variability in iTTCPA and RT, and consequently in TTCPA, is big (6.435 secs) with 
respect to the median value (1.948 secs). The results of the overall statistics in Table 5-3 
and the derived random variables RT median / TTCPA median and TTCPA range / 
TTCPA median show that the results of the metrics applied to this sample are not 
representative of the overall system behaviour in this period. Were this sample 
representative of the whole timeframe and region, TTCPA performance indicator would 
grow dramatically due to a little TTCPA median, and a big variability in the three 
TTCPA’s, which are the samples included in the mid 50% of the data samples (not 
dismissing any outlier). This is shown in the sample RT and TTCPA crossing points 
included in Table 5-3. 𝑥𝑥𝑠𝑠 = 1.948 𝑚𝑚𝑖𝑖𝑛𝑛 is far below 𝑥𝑥𝐷𝐷 = 5.2705 min while 𝑦𝑦𝑆𝑆𝑆𝑆,𝑠𝑠 = 0.670 
vs. 𝑦𝑦𝑆𝑆𝑆𝑆,𝐷𝐷 = 0.1522 and 𝑦𝑦𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶,𝑠𝑠 = 3.302 vs. 𝑦𝑦𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶 ,𝐷𝐷 = 0.6168, which implies RT and 
TTCPA crossing points of the sample are much worse than the average, exhibiting even 
a sample TTCPA range / TTCPA median over the critical limit ratio.  
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Thus it is here recommended to account only for the samples with more than a few 
potential conflicts included or, if little populated samples are too frequent, define wider 
regions or timeframes were more traffic imply that potential conflicts are more likely to 
appear. 

Nevertheless, individual samples will not define a tendency in safety performance, which 
is the goal of this research using Data Mining. There should be a sufficient amount of 
samples to infer significant results from these performance metrics.



 

 

CHAPTER 6. VERIFICATION EXERCISE 
In this chapter, the proposed PBO metrics and the airspace classification are tested with 
real data to corroborate that the defined zones match everyday situation extracted from 
available information. Although it will be adventurous to affirm that the causal relationship 
is proven, the metrics are here sustained and establish the grounds to furtherly explore 
their applicability.  

“The man [or woman] of science has learned to believe in 
justification, not by faith, but by verification” 

Thomas Henry Huxley 

VERIFICATION
VERIFYING OUTPUT OF PREVIOUS STEP
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6.1. AVAILABLE INFORMATION FOR THE VERIFICATION EXERCISE 

The hypotheses established and the safety metrics proposed have been validated 
through a verification exercise, which has been carried out calculating the derived daily 
crossing points, for the data available, and assessing whether the metrics presented 
provides a reasonable interpretation. The different zones described in the “Proposed 
metrics” chapter were analysed individually. 

In order to verify the defined metrics, different information was considered. On the one 
hand, the metrics, using this information: 

· Figure 6-1, which zooms for each day exponential fitted curve and its crossing 

point (using as dependent variable RT median / TTCPA median) with respect to 

the average fit of all data available. Every day curves and crossing points are 

marked in a different colour. The 2D coordinates (𝑥𝑥𝑑𝑑 , 𝑦𝑦𝑆𝑆𝑆𝑆,𝑑𝑑) are shown in the last 

column of Table 5-1, along with the average coordinates in the first row 

�𝑥𝑥𝐷𝐷 , 𝑦𝑦𝑆𝑆𝑆𝑆,𝐷𝐷�. 

 

FIGURE 6-1. COMPARISON OF DAILY RT MEDIAN / TTCPA MEDIAN 

· Figure 6-2, which likewise shows the comparison of TTCPA range / TTCPA 

median ratio over TTCPA median and the relative position of the daily crossing 

points. The daily curves and crossing points are represented using the same 

colours as in Figure 6-1. The 2D coordinates (𝑥𝑥𝑑𝑑 , 𝑦𝑦𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶,𝑑𝑑) are shown in the last 
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column of Table 5-2, along with the average coordinates in the first row 

�𝑥𝑥𝐷𝐷 , 𝑦𝑦𝑆𝑆𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶,𝐷𝐷�. 

 

FIGURE 6-2. COMPARISON OF DAILY TTCPA RANGE / TTCPA MEDIAN 

· The information regarding the sample points which fall above the TTCPA critical 

limit ratio: the number of potential conflicts involved, values of TTCPA median, 

RT median, help determining the criticality of the sample. Those points 

highlighted in Figure 5-4 with red ellipses are detailed in Table 6-1. The table is 

ordered by their sample TTCPA median, 𝑥𝑥𝑠𝑠, revealing the points surrounded by 

ellipses in Figure 5-4 from left to right. As it has been explained before, samples 

with a little number of potential conflicts enclosed, will not be considered. The 

most remarkable samples, those which will be analysed, will be the samples with 

more than 3 potential conflicts. 

On the other hand, the daily situation and conditions were outlined using this information: 

• The exponential approach details presented in Table 5-1 and Table 5-2, which 
have been explained earlier, particularly the daily adjusted coefficient of determination, 
or adjusted R-squared and the daily and overall crossing points. 

• The daily number of potential conflicts, which can easily be used to roughly 
calculate the average occupancy of the airspace. The information is shown in Table 6-2. 
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Day Density Time 
interval 

Number 
pot. Confl. 

iTTCPA 
median 
(min) 

TTCPA 
median 
(min) 

RT 
median 
(min) 

RT / TTCPA 
median 

TTCPA range / 
TTCPA median 

Day 5 High 04:00-06:00 3 4.626 1.949 1.306 0.591 3.302 

Day 1 High 12:00-14:00 13 4.824 3.421 1.383 0.444 1.456 

Day 5 High 10:00-12:00 20 4.795 3.496 1.037 0.329 1.179 

Day 4 High 14:00-16:00 24 5.329 4.356 0.807 0.234 1.128 

Day 3 Low 02:00-04:00 3 5.891 5.504 1.939 0.287 1.21 

Day 5 Low 02:00-04:00 3 7.545 6.007 0.775 0.256 1.031 

TABLE 6-1. STATISTICAL DETAILS OF SAMPLES WHOSE TTCPA RANGE OVER TTCPA MEDIAN 
RATIO IS ABOVE LIMIT 

Day Number of potential conflicts % of potential conflicts from total 

Day 1 646 7% 

Day 2 1167 13% 

Day 3 1342 15% 

Day 4 1274 14% 

Day 5 1260 14% 

Day 6 1540 18% 

Day 7 1564 18% 

TOTAL 8793 100% 

TABLE 6-2. NUMBER OF POTENTIAL CONFLICTS PER DAY 

• When necessary, a more detailed look into daily data samples and exponential 
approaches will be provided.  

A summary of the distribution of daily crossing points (for RT median / TTCPA median 
and TTCPA range / TTCPA median) is shown in Figure 6-3.  

 

FIGURE 6-3. DAILY DISTRIBUTION OF RT AND TTCPA ZONES 
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6.2. ANALYSIS OF RESULTS 
6.2.1. Relaxed Zone 

The days whose crossing points fall into Relaxed Zone are day 1 and day 2, meaning a 
better than average safety performance, but exhibiting a non-orthodox behaviour. 
Backing this reasoning, the number of potential conflicts those two days were 
significantly less than the rest of the analysed days. Table 6-2 shows days 1 and 2, 
having 60% and 25% (respectively) less potential conflicts than the busiest day: the day 
7. However, for day 1, there is one significant sample falling over TTCPA critical limit 
ratio, between 12:00 and 14:00 in the high-density region, as can be seen in Table 6-1, 
and exhibiting a TTCPA median, 𝑥𝑥𝑠𝑠 =  3.421 𝑚𝑚𝑖𝑖𝑛𝑛, well below the overall TTCPA median, 
𝑥𝑥𝐷𝐷 = 5.2705 min. Thus, the conclusion derived from the proposed metrics is that day 1 
and day 2 had a more relaxed behaviour than the average, although certain unwanted 
unsafe laxity did arise. Considering the available information, the conclusion is 
reasonable. 

6.2.2. Favourable-Average Zone  

The day falling into Favourable-average Zone is day 4. As has been shown before, there 
is a marginal improvement in the RT performance indicator (5.3067,0.1474), over the 
TTCPA performance indicator, (5.3067,0.6089), which lays a response close to the 
standard. 

The number of potential conflicts on day 4 was on the average of the available data: 14% 
from the total. Nevertheless, the exponential fits parameters in Table 5-2 show through 
the adjusted coefficient of determination (adjusted R-square equals to 0.02294) that the 
TTCPA range / TTCPA median vs. TTCPA median does not properly follow an 
exponential behaviour. That can be depicted as random behaviour in terms of the time 
remaining until the potential conflict. However, in Table 5-1, it is shown that RT median 
/ TTCPA median vs. TTCPA median can be interpolated by an exponential function 
exhibiting a higher degree of confidence, adjusted R-square equals 0.4301. In Figure 
6-4, there is another representation of the dispersion diagrams and fits for day 4 data. 
Two plots and two groups of lines in each plot have been added. Same colours as used 
in Figure 5-3 and Figure 5-4 are utilised to maintain coherency: dashed light green lines 
refer to day 4 samples while continuous black lines refer to all available samples. The 
straight vertical lines correspond to the TTCPA medians and the curves represent the 
interpolated exponential approaches. The upper plot refers to RT median / TTCPA 
median ratio over TTCPA median while the lower plot refers to TTCPA range / TTCPA 
median ratio over TTCPA median. The derived two-hour intervals and different density 
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regions from the available data samples for day 4 regarding RT median / TTCPA median 
vs. TTCPA median for the first plot and TTCPA range / TTCPA median vs. TTCPA 
median in the second plot are shown as a dispersion diagram. It can be seen that the 
TTCPA range samples (below) cannot be approached by any particular fitting while RT 
samples (above) do follow an exponential behaviour. 

 

FIGURE 6-4. DAY 4 DISPERSION DIAGRAM, RT MEDIAN / TTCPA MEDIAN & TTCPA RANGE / 
TTCPA MEDIAN EXPONENTIAL APPROACHES AND TTCPA MEDIAN 

Also, TTCPA median, 𝑥𝑥4 = 5.3067 min, falls above the overall median, 𝑥𝑥𝐷𝐷 =  5.2705 min, 
and there are not samples shown in the dispersion diagram in Figure 6-4 whose median 
is dramatically low. Regarding sample points above the TTCPA critical limit ratio in Table 
6-1, day 4 exhibits one, between 14:00 and 16:00 in the high-density region, which is 
translated into a period of laxity. Despite the critical point 𝑥𝑥𝑠𝑠 falls on 4.356 min, well under 
the overall average, the daily TTCPA is bigger than the global TTCPA. Hence, in light of 
the proposed metrics, it can be stated that day 4 behaves in a standard way, marginally 
better than the average, however exhibiting an interval of time with unsafe indulgence. It 
is coherent with the information available for day 4. 

6.2.3. Stressed Zone 

Days 5, 6 and 7 are the ones falling in the Stressed Zone in both RT and TTCPA 
performance indicators. Days 6 and 7 exhibit a high number of potential conflicts, while 
day 5 stays on the average. Although the TTCPA medians were smaller than the 
average, 𝑥𝑥5 = 5.0702 min, x6 = 5.1774 min, 𝑥𝑥7 = 5.0868 min vs 𝑥𝑥𝐷𝐷 = 5.2705 min, RT’s 
were kept low (demonstrated by the RT and TTCPA zone they fall into). Also, the RT 
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median / TTCPA median and TTCPA range / TTCPA median samples follow a well-
behaved exponential distribution, as it is shown in Table 5-1 and Table 5-2. Only day 5 
has a significant sample over the critical limit, (𝑥𝑥𝑠𝑠 , 𝑦𝑦𝑠𝑠) = (3.496,1.179), in high-density 
traffic area from 10:00 to 12:00. Based on the proposed metrics information, it can be 
stated that days 5, 6 and 7 retained a more stressed than the average situation, although, 
day 5 had a critical period of time. Thus the results of the metrics are plausible.  

6.2.4. Critical Zone 

Finally, day 3 falls in Critical Zone. Table 5-1 data show that for day 3, the adjusted 
coefficient of determination of RT median / TTCPA median over TTCPA median 
distribution (its adjusted R-square) is very low, even negative: -0.05449, and that the 
distribution of the medians does not follow an exponential curve. Still, Table 5-2 shows 
that the adjusted R-square for TTCPA range / TTCPA median vs. TTCPA median is 
marginally bigger. Deepening into this idea, Figure 6-5 shows the same information as 
Figure 6-4, for day 3 and still conserving the colour coherency of the dispersion diagrams 
in Figure 5-3 and Figure 5-4, including its data plotted in light blue. For both plots, it can 
be seen that the dispersion diagrams cannot be fitted by any particular function. Thus, it 
can be affirmed, that the ratios follow an erratic distribution. However, although 𝑥𝑥3 =

 5.1735 min is worse than the average 𝑥𝑥𝐷𝐷 =  5.2705 min, all intervals’ TTCPA medians 
are kept above 4 minutes, which is close to the typical TTCPA for the complete sample. 
Also, there are no significant intervals for day 3 in Table 6-1 exhibiting a critical value 
above the limit.  

 

FIGURE 6-5. DAY 3 DISPERSION DIAGRAM, RT MEDIAN / TTCPA MEDIAN & TTCPA RANGE / 
TTCPA MEDIAN EXPONENTIAL APPROACHES AND TTCPA MEDIAN 
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Thus, according to the metrics and day 3 samples, it is inferred that day 3 was more 
critical than the average and it followed an anarchic behaviour. 



 

 

CHAPTER 7. CONSOLIDATING DISCOVERED 

KNOWLEDGE: CONCLUSIONS 
 

A summary of the work done is presented in this chapter, where the outcomes are 
summarised and presented. The application of the precursory safety metrics and their 
potential impact in performance appraisal are introduced. Nevertheless, it is 
acknowledged that more data will enrich the study and make the conclusions more 
consistent. This is furtherly explained in this chapter. 

 

  

“Nahh, this is not the end. It is not even the beginning of 
the end. But, it is perhaps, the end of the beginning” 

Winston S. Churchill 

CONSOLIDATING DISCOVERED KNOWLEDGE



CONSOLIDATING DISCOVERED KNOWLEDGE: CONCLUSIONS 

92 

Recalling the research question stated in the “Abstract” section - Can precursory safety 
metrics be inferred from post-flight trajectories extracted from radar tracks? - it can be 
stated that the main goal of this research work – to find evidence of safety performance 
through post-flight trajectories information – has been successfully achieved. The 
perceivable relationship of controllers’ reaction times upon a potential conflict detection 
and the buffer remaining until it was expected to occur within a safe airspace has been 
scrutinised. 

After thoroughly performing Data Mining, the hypothesis set about the relationship of 
“times to potential conflicts” and “ATCo’s reaction times” (as extracted from radar tracks) 
has been proven. Moreover, precursory metrics have been defined and tested with the 
available data, establishing indicators to perform safety oversight.  

Three performance indicators summarise the trends in the operation of the airspace in 
terms of safety, highlighting: 

· Timeframes when stressed situations happen and whether they were 

satisfactorily tackled or reactions could have been improved. 

· Timeframes when non-normalised behaviour arise and, depending on the gap to 

potential conflicts, they could have meant an unsafe situation or a laxity period. 

· Additionally, a critical limit is defined, above which individual situations are highly 

recommended to be monitored. 

Whenever stressed situations are not successfully solved or non-normalised behaviour 
occurs, incidents are more likely to appear. 

It can be affirmed that in this thesis the traditional safety metrics based on hazards and 
risks and their probabilities, have been revisited through a new PBO based approach. 
Airspace safety trends can be inferred. However, since a big amount of data is needed, 
these indicators cannot be used to assess a particular moment in time. 

Although the title of this thesis expresses the search for a causal relationship between 
RT’s and TTCPA’s and airspace safety condition, it could not be established. However, 
a correlation between them is proven. 

More data are needed to better understand the newly presented performance metrics’ 
nature and to complete their definitions. Several facets could be improved: 

· Enhancing the performance indicators with the actual sector configuration data 

and support ATCo’s intervention detection with other source of information. It 
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would allow detailing actions per ATC position and assessing human 

performance; 

· Finding direct causes of RT and TTCPA fluctuation and its impact on the newly 

defined performance metrics; 

· Further testing the metrics’ behaviour under different scenarios; 

· Establishing targets for the metrics which are expected to be different for diverse 

scenarios. 

Future work could define the methods to determine the triggers for an alert when the 
system is degrading in terms of safety. They would be based on the infringement of the 
thresholds that should be established for each airspace. 

Several promising future applications are now possible: 

§ They could be used by each ANSP to oversee safety performance, continuously 

monitoring the metrics to detect when the system is degrading. 

§ Including this metrics as KPI’s in SESAR performance framework, to test the 

impact of new SESAR solutions on Safety KPA. 

§ Using them as a performance indicator of the impact on safety of new operational 

changes or technological developments. 

§ Including them as ANSP’s information to be provided to the Safety Regulation 

Commission as Safety KPI’s and as such, publishing them in Annual Reports. 

§ Other KPA’s could be furtherly explored, using the developed metrics as an input 

to make decisions regarding: 

ü Cost-efficiency, which could be enhanced by scrutinising relaxed days 

and proposing an improved sector distribution. 

ü ATCo’s workload, which could also be assessed if the information of the 

active operational configuration of sectors and the working shifts are 

available. 

ü Resilience, calculating the time to return to normal safety performance 

after non-nominal situations. 
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ANNEXE A. MATLAB TOOLS 
In this section, the functions and tools provided by Matlab and used in this thesis for 
analysing and representing data are presented. Some of the functions are part of the 
standard Matlab R2015a version. Some others were developed by other researchers to 
feature certain mathematical concepts. The parameters included, the summoning and 
several necessary changes in some of the functions are detailed in this Annexe. 
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A.1. BOXPLOT 

Box and whiskers are used to graphically explore the individual distribution of random 
variables, as has been explained in section 3.1: “3-D CRM Software Tool”. The Matlab 
function which computes this figure is called boxplot and it is available in the standard 
Matlab R2015a. 

Some examples of the usage of box and whiskers graph can be seen when the joint 
representation of RT and TTCPA is studied in Chapter 4. The subplot depicted in Figure 
4-6 shows an RT and TTCPA box and whiskers graph in the second-row central plot for 
day 4.  

The summoning of the function is included in Reaction Time Statistics module of 3-D 
CRM and made explicit below. It is called whenever the graphic extraction checkbox is 
selected in the main form of Reaction Time Statistics. 

hbox=boxplot([x,y],'labels',{'Reaction Time','Time to CPA'}); 

More information regarding this Reaction Time Statistics can be accessed in ANNEXE 
B: “3-D CRM Software Additional Feature: Reaction Time Statistics”. 
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A.2. BAGPLOT 
This Matlab function is not part of the standard version of Matlab R2015a. It was built by 
Fabienne Verwerft and updated by Stephan Van der Veeken as explained in the initial 
comments of the function code. Minor changes were added during this research work to 
calculate dimensions, 2-dimension lengths and areas of the bags and the fences. As 
explained in Section 3.3: “Bags & Bolsters”, it is based on [35] and uses other functions, 
like halfspacedepth developed by the same authors and adjustedoutlyingness 
developed by Guy Brys, Mia Hubert, Stephan Van der Veeken and Tim Verdonck. 
Although all said programs are available in [49], the updated code of the Matlab bagplot 
function is included here to show the calculation of the metrics used in this thesis. 
 
function result=bagplot(x,varargin) 
  
%BAGPLOT draws a bagplot, which is a generalisation of the univariate boxplot 
% to bivariate data. The original bagplot is described in 
% 
% Rousseeuw, P.J., Ruts, I. and Tukey, J.W. (1999), 
% "The bagplot: a bivariate boxplot", The American Statistician, 53, 382-387. 
% 
% The construction of this bagplot is based on the halfspacedepth (see also 
halfspacedepth.m). 
% As the computation of the halfspacedepth is rather time-consuming, it is 
recommended at large datasets 
% to perform the computations on a random subset of the data. The default size 
of the subset is 200, but this can be 
% modified by the user. 
% 
% The bagplot can also be computed based on the adjusted outlyingness (see 
also adjustedoutlyingness.m). 
% This method is described in: 
% 
% Hubert, M., and Van der Veeken, S. (2008), 
%    "Outlier detection for skewed data", Journal of Chemometrics, to appear. 
% 
% For the up-to-date references, please consult the website: 
%    http://wis.kuleuven.be/stat/robust.html 
% 
% The bagplot based on the adjusted outlyingness can be obtained by setting 
the optional input argument 'type' equal to 'ao'. 
% ao is not currently working (adjustedoutlyingness.m) 
% 
% Required input arguments: 
%            x : bivariate data matrix (observations in the rows, variables in 
the 
%                columns) 
% 
% Optional input arguments: 
%   sizesubset : When drawing the bagplot based on the halfspacedepth, the 
size of the subset used to perform 
%                the main computations. 
%         type : To draw the bagplot based on the halfspacedepth, this 
parameter should be equal to 'hd' (default). 
%                To draw the bagplot based on the adjusted outlyingness, it 
should be set to 'ao'. 
%        plots : If equal to 1, a bagplot is drawn (default). If equal to 
zero, no plot is made. 
%     colorbag : The color of the bag. 
%   colorfence : The color of the fence. 
%      databag : If this parameter is 1, the data within the bag are 
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%                plotted. If this parameter is set equal to 0, data points 
%                are not displayed. 
%    datafence : If this parameter is 1, the data within the fence are 
%                plotted. If this parameter is set equal to 0, data points 
%                are not displayed. 
% 
% I/O: 
result=bagplot(x,'sizesubset',200,'type','hd','colorbag',[],'colorfence',[],'d
atabag',1,'datafence',1); 
%  The user should only give the input arguments that have to change their 
default value. 
%  The name of the input arguments needs to be followed by their value. 
%  The order of the input arguments is of no importance. 
% 
% Examples: 
%    result=bagplot(x,'colorfence',[0.2 0.2 0.5],'databag',0) 
%    result=bagplot(x,'datafence',0,colorbag',[1 0 0]) 
% 
% 
% The output of bagplot is a structure containing 
% 
%    result.center       : center of the data. When 'type=hd', this 
corresponds with the Tukey median. When 
%                          'type=ao', the point with smallest adjusted 
outlyingness  
%    result.type         : same of the input parameter type: 'hd' or 'ao'. 
%    result.flag         : is 0 for outliers and equals 1 for regular points 
%    result.datatype     : is 2 for observations in the bag, 1 for the 
observations in the 
%                          fence and zero for outliers. 
%    result.depth        : when 'type=hd' this is the halfspacedepth of each 
data point, 
%                          when 'type=ao' the adjusted outlyingness. 
%    result.metrics      : contains the following 
        %    bagarea      : bag area 
        %    bagwidth     : bagwidth 
        %    bagheight    : bagheight 
        %    fencearea    : fence area 
        %    fencewidth   : fence width 
        %    fenceheight  : fence height 
% 
% Written by Fabienne Verwerft on 25/05/2005 
% Update and revision by Stephan Van der Veeken 10/12/2007 
% Updated Bags and Fences properties Rocio Barragan 22/5/2016 
% Last revision: 11/02/2008, 25/02/2008, 22/5/2016 
  
if nargin<1 
    error('Input argument is undefined') 
end 
  
if size(x,1)<10 
    error('At least 10 datapoints are needed for the calculation') 
end 
  
if size(x,2)~=2 
    error('Data should be 2 dimensional') 
end 
  
S=x; 
counter=1; 
%Maximum number of samples is defined here 
default=struct('colorbag',[0.6 0.6 1],'colorfence',[0.8 0.8 
1],'sizesubset',200,... 
    'databag',1,'datafence',1,'plots',1,'type','hd'); 
  
  
list=fieldnames(default); 
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result=default; 
IN=length(list); 
i=1; 
%reading the user's input 
if nargin>1 
    % 
    %placing inputfields in array of strings 
    % 
    for j=1:nargin-1 
        if rem(j,2)~=0 
            chklist{i}=varargin{j}; 
            i=i+1; 
        end 
    end 
    % 
    %Checking which default parameters have to be changed 
    % and keep them in the structure 'result'. 
    % 
    while counter<=IN 
        index=strmatch(list(counter,:),chklist,'exact'); 
        if ~isempty(index) %in case of similarity 
            for j=1:nargin-1 %searching the index of the accompanying field 
                if rem(j,2)~=0 %fieldnames are placed on odd index 
                    if strcmp(chklist{index},varargin{j}) 
                        I=j; 
                    end 
                end 
            end 
            result=setfield(result,chklist{index},varargin{I+1}); 
            index=[]; 
        end 
        counter=counter+1; 
    end 
end 
colorbag=result.colorbag; 
colorfence=result.colorfence; 
databag=result.databag; 
datafence=result.datafence; 
plots=result.plots; 
type=result.type; 
sizesubset=result.sizesubset; 
  
switch type 
    case 'hd' 
        s1=S(:,1); 
        s2=S(:,2); 
        Q=bagp(s1,s2,sizesubset); 
        bag=Q.interpol; 
        datatyp=Q.datatyp; 
        tukm=Q.tukmed; 
        depth=Q.depth; 
    case 'ao' 
        s1=S(:,1); 
        s2=S(:,2); 
        n=length(s1); 
        Q = adjustedoutlyingness(S); 
        D=[S,Q.outl,Q.flag,(1:n)']; 
        P=sortrows(D,3); 
        L=[P(:,1),P(:,2)]; 
        n=size(P,1); 
        f=floor(n/2); 
        g=sum(Q.flag); 
        h=n-g; 
        bag=L((1:f),:); 
        hulp=[ones(f,1);2*ones(g-f,1);3*ones(h,1)]; 
        d1=[P,hulp]; 
        d2=sortrows(d1,5); 
        datatyp=[d2(:,1),d2(:,2),d2(:,6)]; 
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        tukm=L(1,:); 
        depth=Q.outl; 
end 
  
i=find(datatyp(:,3)==1); 
data1=datatyp(i,1:2); 
i=find(datatyp(:,3)==2); 
data2=datatyp(i,1:2); 
data=[data1;data2]; 
i=find(datatyp(:,3)>=3); 
outl=datatyp(i,1:2); 
plak=[data;bag]; 
k=convhull(plak(:,1),plak(:,2)); 
whisk=plak(k,1:2); 
if plots==1 
    fill(whisk(:,1),whisk(:,2),colorfence,'LineStyle','none') 
    hold on %This is essential in order to prevent that only the last executed 
plotting command is executed 
    q=convhull(bag(:,1),bag(:,2)); 
    bagq=bag(q,1:2); 
    fill(bagq(:,1),bagq(:,2),colorbag)%This line should be placed after the 
command plot(data...) to only %plot %the data outside the bag 
    %Dynamic figure size 
%     axis square 
    if databag==1 
        
plot(data1(:,1),data1(:,2),'o','MarkerFaceColor','k','MarkerEdgeColor','k','Ma
rkersize',4) 
    end 
    if datafence==1 
        
plot(data2(:,1),data2(:,2),'o','MarkerFaceColor','k','MarkerEdgeColor','k','Ma
rkersize',4) 
    end 
    plot(outl(:,1),outl(:,2),'hk','MarkerFaceColor','k','Markersize',8) 
    
plot(tukm(1),tukm(2),'o','MarkerFaceColor','w','MarkerEdgeColor','w','MarkerSi
ze',10); 
    plot(tukm(1),tukm(2),'+k','Markersize',8) 
    %Calculate area, width and Height of Bag 
    bag_env=sortrows(bag,1); 
     
    fromx_index=find(bag_env(:,1)==min(bag_env(:,1))); 
    fromx=[bag_env(fromx_index(1),1),bag_env(fromx_index(1),2)]; 
    tox_index=find(bag_env(:,1)==max(bag_env(:,1))); 
    tox=[bag_env(tox_index(1),1),bag_env(tox_index(1),2)]; 
  
    fromy_index=find(bag_env(:,2)==min(bag_env(:,2))); 
    fromy=[bag_env(fromy_index(1),1),bag_env(fromy_index(1),2)]; 
    toy_index=find(bag_env(:,2)==max(bag_env(:,2))); 
    toy=[bag_env(toy_index(1),1),bag_env(toy_index(1),2)];         
  
    superior_curve=find(bag_env(:,2)>=fromx(1,2)); 
    superior_curve_ordered=bag_env(superior_curve,:); 
    inferior_curve=find(bag_env(:,2)<fromx(1,2)); 
    inferior_curve_ordered=bag_env(inferior_curve,:); 
    superior_curve_ordered=[fromx;superior_curve_ordered;tox]; 
    inferior_curve_ordered=[fromx;inferior_curve_ordered;tox]; 
     
    if fromx==toy %The integral goes backwards 
        superior_curve=find(whisk_env(:,2)>=tox(1,2)); 
        superior_curve_ordered=whisk_env(superior_curve,:); 
        inferior_curve=find(whisk_env(:,2)<tox(1,2)); 
        inferior_curve_ordered=whisk_env(inferior_curve,:);    
        superior_curve_ordered=[tox;superior_curve_ordered;fromx]; 
        inferior_curve_ordered=[tox;inferior_curve_ordered;fromx]; 
    end 
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    superior_curve_ordered=unique(superior_curve_ordered,'rows'); 
    inferior_curve_ordered=unique(inferior_curve_ordered,'rows'); 
     
    Int_tot = 
abs(trapz(superior_curve_ordered(:,1),superior_curve_ordered(:,2))); 
    Int_inf = 
abs(trapz(inferior_curve_ordered(:,1),inferior_curve_ordered(:,2))); 
  
    BagArea=Int_tot-Int_inf; 
    BagWidth=tox(1)-fromx(1); 
    BagWidthTime=exp(tox(1))-exp(fromx(1)); 
    BagRTRate=exp(BagWidth); 
    BagHeight=toy(2)-fromy(2); 
  
    %Calculate area, width and Height of Fence 
    r=convhull(data2(:,1),data2(:,2)); 
    whisk_env=data2(r,1:2); 
    whisk_env=sortrows(whisk_env,1); 
  
    fromx_index=find(whisk_env(:,1)==min(whisk_env(:,1))); 
    fromx=[whisk_env(fromx_index(1),1),whisk_env(fromx_index(1),2)]; 
    tox_index=find(whisk_env(:,1)==max(whisk_env(:,1))); 
    tox=[whisk_env(tox_index(1),1),whisk_env(tox_index(1),2)]; 
  
    fromy_index=find(whisk_env(:,2)==min(whisk_env(:,2))); 
    fromy=[whisk_env(fromy_index(1),1),whisk_env(fromy_index(1),2)]; 
    toy_index=find(whisk_env(:,2)==max(whisk_env(:,2))); 
    toy=[whisk_env(toy_index(1),1),whisk_env(toy_index(1),2)];         
  
  
    superior_curve=find(whisk_env(:,2)>=fromx(1,2)); 
    superior_curve_ordered=whisk_env(superior_curve,:); 
    inferior_curve=find(whisk_env(:,2)<fromx(1,2)); 
    inferior_curve_ordered=whisk_env(inferior_curve,:); 
  
    superior_curve_ordered=[fromx;superior_curve_ordered;tox]; 
    inferior_curve_ordered=[fromx;inferior_curve_ordered;tox]; 
  
    if fromx==toy %The integral goes backwards 
        superior_curve=find(whisk_env(:,2)>=tox(1,2)); 
        superior_curve_ordered=whisk_env(superior_curve,:); 
        inferior_curve=find(whisk_env(:,2)<tox(1,2)); 
        inferior_curve_ordered=whisk_env(inferior_curve,:);    
        superior_curve_ordered=[tox;superior_curve_ordered;fromx]; 
        inferior_curve_ordered=[tox;inferior_curve_ordered;fromx]; 
    end 
    superior_curve_ordered=unique(superior_curve_ordered,'rows'); 
    inferior_curve_ordered=unique(inferior_curve_ordered,'rows'); 
     
    Int_tot = 
abs(trapz(superior_curve_ordered(:,1),superior_curve_ordered(:,2))); 
    Int_inf = 
abs(trapz(inferior_curve_ordered(:,1),inferior_curve_ordered(:,2))); 
  
    FenceArea=Int_tot-Int_inf; 
    FenceWidth=tox(1)-fromx(1); 
    FenceWidthTime=exp(tox(1))-exp(fromx(1)); 
    FenceRTRate=exp(FenceWidth); 
    FenceHeight=toy(2)-fromy(2);    
    %Plot data 
    texto={['Bag Area=' num2str(BagArea)],['Bag Width(min)=' 
num2str(BagWidthTime)],['Bag Height=' num2str(BagHeight)],... 
            ['Fence Area=' num2str(FenceArea)],['Fence Width(min)=' 
num2str(FenceWidthTime)]}; 
    text(1,9.5,texto,'Color','Red') 
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    metrics=[BagArea,BagWidthTime,BagHeight,FenceArea,FenceWidthTime 
FenceHeight]; 
%   Titles removed to be plotted in a subplot 
%     switch type 
%         case 'ao' 
%             title('bagplot based on adjusted outlyingness') 
%             set(gcf,'Name', 'Bagplot based on adjusted outlyingness', 
'NumberTitle', 'off'); 
%         case 'hd' 
%             title('bagplot based on halfspacedepth') 
%             set(gcf,'Name', 'Bagplot based on halfspacedepth', 
'NumberTitle', 'off'); 
%     end 
    xmin=min(datatyp(:,1)); 
    xmax=max(datatyp(:,1)); 
    small=0.05*(xmax-xmin); 
    xaxis1=xmin-small; 
    xaxis2=xmax+small; 
    ymin=min(datatyp(:,2)); 
    ymax=max(datatyp(:,2)); 
    small=0.05*(ymax-ymin); 
    xaxis3=ymin-small; 
    xaxis4=ymax+small; 
    %Fixed axes 
    %(log(0.15)->log(10)) 
    axis([-2 2.3 0 10]); 
%     box on; 
    hold off 
end 
Datatyp=datatyp(:,3); 
flag=zeros(size(S,1),1); 
for i=1:(size(S,1)) 
    if Datatyp(i)==3 
        flag(i)=0; 
    else 
        flag(i)=1; 
    end 
end 
datatype=zeros(size(S,1),1); 
for i=1:(size(S,1)) 
    if Datatyp(i)==3 
        datatype(i)=0; 
    else if Datatyp(i)==2 
            datatype(i)=1; 
        else 
            datatype(i)=2; 
        end 
    end 
end 
if type==1 
    depth=zeros(size(S,1),1); 
    for i=1:(size(S,1)) 
        depth(i,1)=halfspacedepth(s1(i,1),s2(i,1),s1,s2); 
    end 
end 
  
result=struct('center',tukm,'depth',depth,'datatype',datatype,'flag',flag,'met
rics',metrics); 
  
%----------- 
function[pins]=rdraw(n,ntot) 
pin=unidrnd(ntot,1,n); 
pins=sort(pin); 
uu=find(not(diff(pins)==0)); 
pins=pins(uu); 
no=length(pins); 
if no<n 
    i=1; 
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    while i<=(n-no) 
        in=unidrnd(ntot,1,1); 
        if sum(pins==in)==0 
            pins(no+i)=in; 
            i=i+1; 
        end 
    end 
end 
pins=sort(pins); 
  
%---- 
function [kount,ADK,empty]=isodepth(x,y,d,varargin) 
  
% ISODEPTH is an algoritm that computes the depth region of a bivariate 
dataset 
% corresponding to depth d. 
% First, we have to check whether the data points are in general position. If 
not, 
% a very small random number is added to each of the data points until the 
% dataset comes in general position. All this is done in the m-file dithering. 
% Then all special k-dividers must be found. The coordinates of the vertices 
% of the depth region we are looking for are intersection points of these 
% special k-dividers. So, consequently, every intersection point in turn has 
% to be tested, for example by computing its depth (see halfspacedepth.m), 
% to check whether it is a vertex of the depth region. 
% 
% The ISODEPTH algoritm is described in: 
%    Ruts, I., Rousseeuw, P.J. (1996), 
%    "Computing depth contours of bivariate point clouds", 
%    Computational Statistics and Data Analysis, 23, 153-168. 
% 
% Required input arguments: 
%            x : vector containing the first coordinates of all the data 
%                points 
%            y : vector containing the second coordinates of all the data 
%                points 
%            d : the depth of which the depth region has to be constructed 
% 
% 
% I/O: [kount, ADK, empty]= isodepth(x,y,d); 
% 
% The output of isodepth is given by 
% 
%        kount : the total number of vertices of the depth region 
%        ADK   : the coordinates of the vertices of the depth region 
%        empty : logical value (1 if the depth region is empty, 0 if not) 
% 
% This function is part of the Matlab Library for Robust Analysis, 
% available at: 
%              http://wis.kuleuven.be/stat/robust.html 
% 
% Last Update: 29/04/2005 
  
n=length(x); 
eps=0.0000001; 
% 
% Checking input 
% 
if length(x)==1 
    error('x is not a vector') 
elseif not(length(x)==length(y)) 
    error('The vectors x and y must have the same length.') 
end 
if sum(isnan(x))>=1 || sum(isnan(y))>=1 
    error('Missing values are not allowed') 
end 
if sum(x==x(1))==n 
    error('All data points ly on a vertical line.') 
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elseif sum(y==y(1))==n 
    error('All data points ly on a horizontal line.') 
else 
    R=corrcoef(x,y); 
    if abs(R(1,2))==1 
        error('All data points are collineair.') 
    end 
end 
% 
% Check whether the data is in general position. If not, add a very small 
random 
% number to each of the data points. 
% 
[x,y, Index, angl, ind1,ind2]=dithering(x,y); 
  
% 
% Main part 
% 
if (n==1)&&(d==1) 
    kount=n; 
    ADK=[x,y]; 
    empty=0; 
    return 
end 
% 
if (d>floor(n/2)) 
    kount=0; 
    ADK=0; 
    empty=1; 
    return 
end 
% 
if n<=3 
    kount=n; 
    ADK=[x,y]; 
    empty=1; 
    return 
end 
% 
nrank(Index)=(1:n); 
% 
% Let the line rotate from zero to angle(1) 
% 
ncirq=Index; 
kount=1; 
halt=0; 
M=length(angl); 
if angl(1)>(pi/2) 
    L=1; 
    D1=ind1(L); 
    IV1=nrank(D1); 
    D2=ind2(L); 
    IV2=nrank(D2); 
    IV=ncirq(IV1); 
    ncirq(IV1)=ncirq(IV2); 
    ncirq(IV2)=IV; 
    IV=IV1; 
    nrank(D1)=IV2; 
    nrank(D2)=IV; 
    % 
    if ((IV1==d) && (IV2==(d+1)))||((IV2==d) && (IV1==(d+1)))||((IV1==(n-d)) 
&& (IV2==(n-d+1)))||((IV2==(n-d)) && (IV1==(n-d+1))) 
        if angl(L)<(pi/2) 
            dum=angl(L)+(pi/2); 
        else 
            dum=angl(L)-(pi/2); 
        end 
        if (IV1==d && IV2==(d+1))||(IV2==d && IV1==(d+1)) 
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            if dum<=(pi/2) 
                alfa(kount)=angl(L)+pi; 
            else 
                alfa(kount)=angl(L); 
            end 
        end 
        if or((IV1==(n-d) && IV2==(n-d+1)),(IV2==(n-d) && IV1==(n-d+1))) 
            if dum<=(pi/2) 
                alfa(kount)=angl(L); 
            else 
                alfa(kount)=angl(L)+pi; 
            end 
        end 
        kand1(kount)=ind1(L); 
        kand2(kount)=ind2(L); 
        D(kount)=sin(alfa(kount))*x(ind1(L))-cos(alfa(kount))*y(ind1(L)); 
        kount=kount+1; 
    end 
    halt=1; 
end 
% 
L=2; 
stay=1; 
% jflag keeps track of which angle we have to test next 
while stay==1 
    stay=0; 
    kontrol=0; 
    if (pi<=(angl(L)+(pi/2))) && ((angl(L)-(pi/2))< angl(1)) 
        D1=ind1(L); 
        IV1=nrank(D1); 
        D2=ind2(L); 
        IV2=nrank(D2); 
        IV=ncirq(IV1); 
        ncirq(IV1)=ncirq(IV2); 
        ncirq(IV2)=IV; 
        IV=IV1; 
        nrank(D1)=IV2; 
        nrank(D2)=IV; 
        % 
        if ((IV1==d) && (IV2==(d+1)))||((IV2==d) && (IV1==(d+1)))||((IV1==(n-
d)) && (IV2==(n-d+1)))||((IV2==(n-d)) && (IV1==(n-d+1))) 
            if angl(L)<(pi/2) 
                dum=angl(L)+(pi/2); 
            else 
                dum=angl(L)-(pi/2); 
            end 
            if (IV1==d && IV2==(d+1))||(IV2==d && IV1==(d+1)) 
                if dum<=(pi/2) 
                    alfa(kount)=angl(L)+pi; 
                else 
                    alfa(kount)=angl(L); 
                end 
            end 
            if or((IV1==(n-d) && IV2==(n-d+1)),(IV2==(n-d) && IV1==(n-d+1))) 
                if dum<=(pi/2) 
                    alfa(kount)=angl(L); 
                else 
                    alfa(kount)=angl(L)+pi; 
                end 
            end 
            kand1(kount)=ind1(L); 
            kand2(kount)=ind2(L); 
            D(kount)=sin(alfa(kount))*x(ind1(L))-cos(alfa(kount))*y(ind1(L)); 
            kount=kount+1; 
        end 
        kontrol=1; 
    end 
    L=L+1; 
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    if kontrol==1 
        halt=1; 
    end 
    if (L==(M+1)) && (kontrol==1) 
        jflag=1; 
        stay=2; 
    end 
    if not(stay==2) 
        if ((halt==1)&&(kontrol==0))||(L==(M+1)) 
            stay=3; 
        else 
            stay=1; 
        end 
    end 
end 
if not(stay==2) 
    if (L>1) 
        jflag=L-1; 
    else 
        jflag=M; 
    end 
end 
% 
halt2=0; 
if not(stay==2) 
    J=0; 
    % 
    % If the first switch didnt occur between 0 and the angle angl(1) look for 
it 
    % between the following angles. 
    % 
    stay2=1; 
    if (L==M+1) && (kontrol==0) 
        halt=0; 
        halt2=0; 
        J=J+1; 
        if J==(M+1) 
            J=1; 
        end 
        L=J+1; 
        if L==(M+1) 
            L=1; 
        end 
        while stay2==1 
            stay2=0; 
            kontrol=0; 
            if (angl(L)+pi/2)<pi 
                ang1=angl(L)+pi/2; 
            else 
                ang1=angl(L)-pi/2; 
            end 
            if J==M 
                jj=1; 
                if halt2==0 
                    angl(1)=angl(1)+pi; 
                end 
            else 
                jj=J+1; 
            end 
            if (angl(J)<=ang1) && (ang1<angl(jj)) 
                if angl(1)>pi 
                    angl(1)=angl(1)-pi; 
                end 
                D1=ind1(L); 
                IV1=nrank(D1); 
                D2=ind2(L); 
                IV2=nrank(D2); 
                IV=ncirq(IV1); 
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                ncirq(IV1)=ncirq(IV2); 
                ncirq(IV2)=IV; 
                IV=IV1; 
                nrank(D1)=IV2; 
                nrank(D2)=IV; 
                % 
                if ((IV1==d) && (IV2==(d+1)))||((IV2==d) && 
(IV1==(d+1)))||((IV1==(n-d)) && (IV2==(n-d+1)))||((IV2==(n-d)) && (IV1==(n-
d+1))) 
                    if angl(L)<(pi/2) 
                        dum=angl(L)+(pi/2); 
                    else 
                        dum=angl(L)-(pi/2); 
                    end 
                    if (IV1==d && IV2==(d+1))||(IV2==d && IV1==(d+1)) 
                        if dum<=(pi/2) 
                            alfa(kount)=angl(L)+pi; 
                        else 
                            alfa(kount)=angl(L); 
                        end 
                    end 
                    if or((IV1==(n-d) && IV2==(n-d+1)),(IV2==(n-d) && IV1==(n-
d+1))) 
                        if dum<=(pi/2) 
                            alfa(kount)=angl(L); 
                        else 
                            alfa(kount)=angl(L)+pi; 
                        end 
                    end 
                    kand1(kount)=ind1(L); 
                    kand2(kount)=ind2(L); 
                    D(kount)=sin(alfa(kount))*x(ind1(L))-
cos(alfa(kount))*y(ind1(L)); 
                    kount=kount+1; 
                end 
                kontrol=1; 
            end 
            if angl(1)>pi 
                angl(1)=angl(1)-pi; 
            end 
            if L==M 
                L=1; 
            else 
                L=L+1; 
            end 
            if kontrol==1 
                halt=1; 
            end 
            if (halt==1)&&(kontrol==0) 
                if halt2==1 
                    stay2=2; 
                end 
                if not(stay2==2) 
                    if L>1 
                        jflag=L-1; 
                    else 
                        jflag=M; 
                    end 
                    stay2=0; 
                end 
            else 
                if L==jj 
                    if jj==1 
                        halt2=1; 
                    end 
                    J=J+1; 
                    if J==(M+1) 
                        J=1; 
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                    end 
                    L=J+1; 
                    if L==(M+1) 
                        L=1; 
                    end 
                    stay2=1; 
                else 
                    stay2=1; 
                end 
            end 
        end 
    end 
end 
% 
if not(stay2==2) 
    % 
    % The first switch has occurred. Now start looking for the next ones, 
    % between the following angles. 
    % 
    for i=(J+1):(M-1) 
        L=jflag; 
        stay=1; 
        while stay==1 
            stay=0; 
            kontrol=0; 
            if ((angl(L)+pi/2)<pi) 
                ang1=angl(L)+pi/2; 
            else 
                ang1=angl(L)-pi/2; 
            end 
            if (angl(i)<=ang1)&&(ang1<angl(i+1)) 
                D1=ind1(L); 
                IV1=nrank(D1); 
                D2=ind2(L); 
                IV2=nrank(D2); 
                IV=ncirq(IV1); 
                ncirq(IV1)=ncirq(IV2); 
                ncirq(IV2)=IV; 
                IV=IV1; 
                nrank(D1)=IV2; 
                nrank(D2)=IV; 
                % 
                if ((IV1==d) && (IV2==(d+1)))||((IV2==d) && 
(IV1==(d+1)))||((IV1==(n-d)) && (IV2==(n-d+1)))||((IV2==(n-d)) && (IV1==(n-
d+1))) 
                    if angl(L)<(pi/2) 
                        dum=angl(L)+(pi/2); 
                    else 
                        dum=angl(L)-(pi/2); 
                    end 
                    if (IV1==d && IV2==(d+1))||(IV2==d && IV1==(d+1)) 
                        if dum<=(pi/2) 
                            alfa(kount)=angl(L)+pi; 
                        else 
                            alfa(kount)=angl(L); 
                        end 
                    end 
                    if or((IV1==(n-d) && IV2==(n-d+1)),(IV2==(n-d) && IV1==(n-
d+1))) 
                        if dum<=(pi/2) 
                            alfa(kount)=angl(L); 
                        else 
                            alfa(kount)=angl(L)+pi; 
                        end 
                    end 
                    kand1(kount)=ind1(L); 
                    kand2(kount)=ind2(L); 
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                    D(kount)=sin(alfa(kount))*x(ind1(L))-
cos(alfa(kount))*y(ind1(L)); 
                    kount=kount+1; 
                end 
                kontrol=1; 
            end 
            if kontrol==0 
                jflag=L; 
            else 
                if not(L==M) 
                    L=L+1; 
                else 
                    L=1; 
                end 
                stay=1; 
            end 
        end 
    end 
    L=jflag; 
    % 
    % Finally, look for necessary switches between the last angle and zero. 
    % 
    stay=1; 
    while stay==1 
        kontrol=0; 
        stay=0; 
        if (angl(L)+pi/2)<pi 
            ang1=angl(L)+pi/2; 
        else 
            ang1=angl(L)-pi/2; 
        end 
        if (angl(M)<=ang1)&&(ang1<pi) 
            D1=ind1(L); 
            IV1=nrank(D1); 
            D2=ind2(L); 
            IV2=nrank(D2); 
            IV=ncirq(IV1); 
            ncirq(IV1)=ncirq(IV2); 
            ncirq(IV2)=IV; 
            IV=IV1; 
            nrank(D1)=IV2; 
            nrank(D2)=IV; 
            % 
            if ((IV1==d) && (IV2==(d+1)))||((IV2==d) && 
(IV1==(d+1)))||((IV1==(n-d)) && (IV2==(n-d+1)))||((IV2==(n-d)) && (IV1==(n-
d+1))) 
                if angl(L)<(pi/2) 
                    dum=angl(L)+(pi/2); 
                else 
                    dum=angl(L)-(pi/2); 
                end 
                if (IV1==d && IV2==(d+1))||(IV2==d && IV1==(d+1)) 
                    if dum<=(pi/2) 
                        alfa(kount)=angl(L)+pi; 
                    else 
                        alfa(kount)=angl(L); 
                    end 
                end 
                if or((IV1==(n-d) && IV2==(n-d+1)),(IV2==(n-d) && IV1==(n-
d+1))) 
                    if dum<=(pi/2) 
                        alfa(kount)=angl(L); 
                    else 
                        alfa(kount)=angl(L)+pi; 
                    end 
                end 
                kand1(kount)=ind1(L); 
                kand2(kount)=ind2(L); 
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                D(kount)=sin(alfa(kount))*x(ind1(L))-
cos(alfa(kount))*y(ind1(L)); 
                kount=kount+1; 
            end 
            kontrol=1; 
        end 
        if kontrol==1 
            if not(L==M) 
                L=L+1; 
            else 
                L=1; 
            end 
            stay=1; 
        end 
    end 
end 
num=kount-1; % num is the total number of special k-dividers 
% 
% Sort the num special k-dividers. Permute kand1, kand2 and D in the same 
% way. 
% 
[alfa,In]=sort(alfa); 
kand1=kand1(In); 
kand2=kand2(In); 
D=D(In); 
% 
IW1=1; 
IW2=2; 
Jfull=0; 
NDK=0; 
stay2=1; 
while stay2==1 
    stay2=0; 
    ndata=0; 
    % 
    % Compute the intersection point. 
    % 
    while abs(-
sin(alfa(IW2))*cos(alfa(IW1))+sin(alfa(IW1))*cos(alfa(IW2)))<eps 
        IW2=IW2+1; 
        ndata=0; 
        if IW2==(num+1) 
            IW2=1; 
        end 
    end 
    % 
    xcord=(cos(alfa(IW2))*D(IW1)-cos(alfa(IW1))*D(IW2))/(-
sin(alfa(IW2))*cos(alfa(IW1))+sin(alfa(IW1))*cos(alfa(IW2))); 
    ycord=(-sin(alfa(IW2))*D(IW1)+sin(alfa(IW1))*D(IW2))/(-
sin(alfa(IW1))*cos(alfa(IW2))+sin(alfa(IW2))*cos(alfa(IW1))); 
    % 
    % Test whether the intersection point is a data point. If so, 
    % adjust IW1 and IW2. 
    % 
    if or(kand1(IW1)==kand1(IW2),kand1(IW1)==kand2(IW2)) 
        ndata=kand1(IW1); 
    end 
    if or(kand2(IW1)==kand1(IW2),kand2(IW1)==kand2(IW2)) 
        ndata=kand2(IW1); 
    end 
    if not(ndata==0) 
        iv=0; 
        stay=1; 
        while stay==1 
            stay=0; 
            next=IW2+1; 
            iv=iv+1; 
            if next==(num+1) 
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                next=1; 
            end 
            if not(next==IW1) 
                if or(ndata==kand1(next),ndata==kand2(next)) 
                    IW2=IW2+1; 
                    if (IW2==(num+1)) 
                        IW2=1; 
                    end 
                    stay=1; 
                end 
            end 
        end 
        if iv==(num-1) 
            kount=1; 
            ADK=[x(ndata),y(ndata)]; 
            empty=0; 
            return 
        end 
    end 
    if IW2==num 
        kon=1; 
    else 
        kon=IW2+1; 
    end 
    if kon==IW1 
        kon=kon+1; 
    end 
    if kon==(num+1) 
        kon=1; 
    end 
    % 
    % Test whether the intersection point lies to the left of the special 
    % k-divider which corresponds to alfa(kon). If so, compute its depth. 
    % 
    stay3=1; 
    stay4=1; 
    if (sin(alfa(kon))*xcord-cos(alfa(kon))*ycord-D(kon))<=eps 
        hdep1=halfspacedepth(xcord,ycord,x,y); 
        if hdep1==d 
            NDK=1; 
        else 
            hdep2=halfspacedepth(xcord-0.000001,ycord-0.000001,x,y); 
            hdep3=halfspacedepth(xcord+0.000001,ycord+0.000001,x,y); 
            hdep4=halfspacedepth(xcord-0.000001,ycord+0.000001,x,y); 
            hdep5=halfspacedepth(xcord+0.000001,ycord-0.000001,x,y); 
            hdepvector=[hdep1;hdep2;hdep3;hdep4;hdep5]; 
            if (NDK==0)&&(sum(hdepvector>=d)>=1) 
                NDK=1; 
            end 
            if (hdep1<d)&&(hdep2<d)&&(hdep3<d)&&(hdep4<d)&&(hdep5<d)&&(NDK==1) 
                % 
                % The intersection point is not the correct one, try the next 
                % special k-divider. 
                % 
                IW2=IW2+1; 
                if IW2==(num+1) 
                    IW2=1; 
                end 
                stay2=1; 
            end 
        end 
        if not(stay2==1) 
            % 
            % Store IW2 and IW1 in kornr. If kornr has already been filled, 
            % check wether we have encountered this intersection point before. 
            % 
            if (IW2>IW1)&&(Jfull==0) 
                kornr(IW1:(IW2-1),1)=kand1(IW1); 
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                kornr(IW1:(IW2-1),2)=kand2(IW1); 
                kornr(IW1:(IW2-1),3)=kand1(IW2); 
                kornr(IW1:(IW2-1),4)=kand2(IW2); 
            else 
                if IW2>IW1 
                    i=IW1; 
                    stay3=1; 
                    while stay3==1 
                        if 
(kornr(i,1)==kand1(IW1))&&(kornr(i,2)==kand2(IW1))&&(kornr(i,3)==kand1(IW2))&&
(kornr(i,4)==kand2(IW2)) 
                            stay3=0; 
                        else 
                            m1=(y(kornr(i,2))-y(kornr(i,1)))/(x(kornr(i,2))-
x(kornr(i,1))); 
                            m2=(y(kornr(i,4))-y(kornr(i,3)))/(x(kornr(i,4))-
x(kornr(i,3))); 
                            if not(m1==m2) 
                                xcord1=(m1*x(kornr(i,1))-y(kornr(i,1))-
m2*x(kornr(i,3))-y(kornr(i,3)))/(m1-m2); 
                                ycord1=(m2*(m1*x(kornr(i,1))-y(kornr(i,1)))-
m1*(m2*x(kornr(i,3))-y(kornr(i,3))))/(m1-m2); 
                            end 
                            if (abs(xcord1-xcord)<eps)&&(abs(ycord1-
ycord)<eps) 
                                stay3=0; 
                            end 
                            if stay3==1 
                                kornr(i,1)=kand1(IW1); 
                                kornr(i,2)=kand2(IW1); 
                                kornr(i,3)=kand1(IW2); 
                                kornr(i,4)=kand2(IW2); 
                            end 
                        end 
                        if stay3==1 
                            i=i+1; 
                            if i==IW2 
                                stay3=2; 
                                i=i-1; 
                            end 
                        end 
                    end 
                else 
                    Jfull=1; 
                    kornr(IW1:num,1)=kand1(IW1); 
                    kornr(IW1:num,2)=kand2(IW1); 
                    kornr(IW1:num,3)=kand1(IW2); 
                    kornr(IW1:num,4)=kand2(IW2); 
                    i=1; 
                    stay4=1; 
                    if IW2==1 
                        stay4=3; 
                    end 
                    while stay4==1 
                        if 
(kornr(i,1)==kand1(IW1))&&(kornr(i,2)==kand2(IW1))&&(kornr(i,3)==kand1(IW2))&&
(kornr(i,4)==kand2(IW2)) 
                            stay4=0; 
                        else 
                            m1=(y(kornr(i,2))-y(kornr(i,1)))/(x(kornr(i,2))-
x(kornr(i,1))); 
                            warning off MATLAB:divideByZero 
                            m2=(y(kornr(i,4))-y(kornr(i,3)))/(x(kornr(i,4))-
x(kornr(i,3))); 
                            warning off MATLAB:divideByZero 
                            if not(m1==m2) 
                                xcord1=(m1*x(kornr(i,1))-y(kornr(i,1))-
m2*x(kornr(i,3))-y(kornr(i,3)))/(m1-m2); 
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                                ycord1=(m2*(m1*x(kornr(i,1))-y(kornr(i,1)))-
m1*(m2*x(kornr(i,3))-y(kornr(i,3))))/(m1-m2); 
                            end 
                            if (abs(xcord1-xcord)<=eps)&&(abs(ycord1-
ycord)<=eps) 
                                stay4=0; 
                            end 
                            if stay4==1 
                                kornr(i,1)=kand1(IW1); 
                                kornr(i,2)=kand2(IW1); 
                                kornr(i,3)=kand1(IW2); 
                                kornr(i,4)=kand2(IW2); 
                            end 
                        end 
                        if stay4==1 
                            i=i+1; 
                            if i==IW2 
                                i=i-1; 
                                stay4=2; 
                            end 
                        end 
                    end 
                end 
            end 
        end 
    elseif (stay3>0)&&(stay4>0)&&not(stay2==1) 
        % 
        % The intersection point is not the correct one, try the next 
        % special k-divider. 
        % 
        IW2=IW2+1; 
        if IW2==(num+1) 
            IW2=1; 
        end 
        stay2=1; 
    end 
    % 
    % Look for the next vertex of the convex figure. 
    % 
    if (stay3>0)&&(stay4>0)&&not(stay2==1) 
        IW1=IW2; 
        IW2=IW2+1; 
        if IW2==(num+1) 
            IW2=1; 
        end 
        stay2=1; 
    end 
end 
% 
% Scan kornr and ascribe the coordinates of the vertices to the variable 
% ADK. 
% 
kount=0; 
% 
if NDK==0 
    % 
    % The requested depth region is empty 
    % 
    ADK=0; 
    empty=1; 
    return 
else 
    empty=0; 
end 
% 
i=1; 
E1=y(kornr(i,2))-y(kornr(i,1)); 
F1=x(kornr(i,1))-x(kornr(i,2)); 
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G1=x(kornr(i,1))*(y(kornr(i,2))-y(kornr(i,1)))-y(kornr(i,1))*(x(kornr(i,2))-
x(kornr(i,1))); 
E2=y(kornr(i,4))-y(kornr(i,3)); 
F2=x(kornr(i,3))-x(kornr(i,4)); 
G2=x(kornr(i,3))*(y(kornr(i,4))-y(kornr(i,3)))-y(kornr(i,3))*(x(kornr(i,4))-
x(kornr(i,3))); 
xcord(i)=(-F2*G1+F1*G2)/(E2*F1-E1*F2); 
ycord(i)=(-E2*G1+E1*G2)/(E1*F2-E2*F1); 
DK(i,:)=[xcord(i),ycord(i)]; 
Juisteind(i)=i; 
xcord1=xcord(i); 
ycord1=ycord(i); 
xcordp=xcord(i); 
ycordp=ycord(i); 
kount=kount+1; 
i=i+1; 
% 
while not(i==num+1) 
    if (kornr(i,1)==kornr(i-1,1))&&(kornr(i,2)==kornr(i-
1,2))&&(kornr(i,3)==kornr(i-1,3))&&(kornr(i,4)==kornr(i-1,4)) 
        i=i+1; 
    else 
        if 
(kornr(i,1)==kornr(1,1))&&(kornr(i,2)==kornr(1,2))&&(kornr(i,3)==kornr(1,3))&&
(kornr(i,4)==kornr(1,4)) 
            pp=find(not(Juisteind==0)); 
            ADK=DK(pp,:); 
            empty=0; 
            return 
        else 
            E1=y(kornr(i,2))-y(kornr(i,1)); 
            F1=x(kornr(i,1))-x(kornr(i,2)); 
            G1=x(kornr(i,1))*(y(kornr(i,2))-y(kornr(i,1)))-
y(kornr(i,1))*(x(kornr(i,2))-x(kornr(i,1))); 
            E2=y(kornr(i,4))-y(kornr(i,3)); 
            F2=x(kornr(i,3))-x(kornr(i,4)); 
            G2=x(kornr(i,3))*(y(kornr(i,4))-y(kornr(i,3)))-
y(kornr(i,3))*(x(kornr(i,4))-x(kornr(i,3))); 
            xcord(i)=(-F2*G1+F1*G2)/(E2*F1-E1*F2); 
            ycord(i)=(-E2*G1+E1*G2)/(E1*F2-E2*F1); 
            if ((abs(xcord(i)-xcordp)<eps)&&(abs(ycord(i)-
ycordp)<eps))||((abs(xcord(i)-xcord1)<eps)&&(abs(ycord(i)-ycord1)<eps)) 
                i=i+1; 
            else 
                xcordp=xcord(i); 
                ycordp=ycord(i); 
                DK(i,:)=[xcord(i),ycord(i)]; 
                Juisteind(i)=i; 
                kount=kount+1; 
                i=i+1; 
            end 
        end 
    end 
end 
% 
% Delete all the empty spaces in the matrix DK. The result is ADK. 
% 
pp=find(not(Juisteind==0)); 
ADK=DK(pp,:); 
  
%------- 
  
function [tukmed]=halfmed(x,y,varargin) 
  
% HALFMED is an algoritm that computes the Tukey median of a two-dimensional 
% dataset. First, we have to check whether the data points are in general 
position. 
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% If not, a random number is added to each of the data points until the 
dataset 
% comes in general position. All this is done in the m-file dithering. Then 
% the deepest depth region is constructed. One can accelerate this search 
% by giving the optional argument kstar, which is usually the maximal 
halfspace 
% depth of the data points. This advantage is used in the functie bagp.m to 
% quicken the computations. The Tukey median is the center of gravity of 
% this deepest depth region. 
% 
% The HALFMED algoritm is described in: 
%    Rousseeuw, P.J., Ruts, I. (1998), 
%    "Constructing the bivariate Tukey median", 
%    Statistica Sinica, 8, 827-839. 
% 
% Required input arguments: 
%            x : vector containing the first coordinates of all the data 
%                points 
%            y : vector containing the second coordinates of all the data 
%                points 
% 
% Optional input argument: 
%        kstar : an integer between ceil(n/3) and floor(n/2) 
%                One can also use the maximum halfspace depth of the data 
%                points. (default = 0) 
% 
% 
% I/O: result=halfmed(x,y,'kstar',0); 
%  The name of the input arguments needs to be followed by their value. 
% 
% The output of halfmed is given by 
% 
%       result : the coordinates of the Tukey median 
% 
% This function is part of the Matlab Library for Robust Analysis, 
% available at: 
%              http://wis.kuleuven.be/stat/robust.html 
% 
% Last Update: 29/04/2005 
  
xsum=0; 
ysum=0; 
tukmed=0; 
n=length(x); 
% 
% Checking input 
% 
if length(x)==1 
    error('x is not a vector') 
elseif not(length(x)==length(y)) 
    error('The vectors x and y must have the same length.') 
end 
if sum(isnan(x))>=1 || sum(isnan(y))>=1 
    error('Missing values are not allowed') 
end 
if sum(x==x(1))==n 
    error('All data points ly on a vertical line.') 
elseif sum(y==y(1))==n 
    error('All data points ly on a horizontal line.') 
else 
    R=corrcoef(x,y); 
    if abs(R(1,2))==1 
        error('All data points are collineair.') 
    end 
end 
% 
% Looking for optional argument 
% 
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if nargin>2 
    if strcmp(varargin{1},'kstar') 
        kstar=varargin{2}; 
        if length(kstar)>1 
            error('kstar must be a number, not a vector.') 
        end 
    else 
        error('Only kstar can be provided as an optional argument') 
    end 
else 
    kstar=0; 
end 
if kstar>=floor(n/2) 
    error('kstar must be smaller than floor(n/2) because the depth region 
corresponding with kstar is empty') 
end 
% 
% Check whether the data are in general position. If not, add a very small 
random 
% number to each of the data points. 
% 
[x,y, Index, angl, ind1,ind2]=dithering(x,y); 
% 
%Calculation of the Tukey median 
% 
if n<=3 
    xsum=sum(x); 
    ysum=sum(y); 
    tukmed=[xsum/n,ysum/n]; 
    return 
end 
% 
if kstar==0 
    ib=ceil(n/3); 
else 
    ib=kstar; 
end 
ie=floor(n/2); 
stay=1; 
while stay==1 
    le=ie-ib; 
    if le<0 
        le=0; 
    end 
    if le==0 
        stay=0; 
    end 
    if stay==1 
        [kou,dk,empty]=isodepth(x,y,ib+ceil(le/2)); 
        if empty==1 
            ie=ib+ceil(le/2); 
        end 
        if empty==0 
            ib=ib+ceil(le/2); 
        end 
        if le==1 
            stay=0; 
        end 
    end 
end 
[kount,DK,empty]=isodepth(x,y,ib); 
xsum=sum(DK(:,1)); 
if not(DK==0) 
    ysum=sum(DK(:,2)); 
else 
    ysum=0; 
end 
wx=DK(:,1); 
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if not(DK==0) 
    wy=DK(:,2); 
else 
    wy=0; 
end 
% 
% The maximal depth is now ib. 
% 
% 
% Calculation of the center of gravity 
% 
som=0; 
tukmed=0; 
if kount>1 
    wx=wx-(xsum/kount); 
    wy=wy-(ysum/kount); 
    for i=1:(kount-1) 
        som=som+abs(wx(i)*wy(i+1)-wx(i+1)*wy(i)); 
        tukmed=tukmed+[(wx(i)+wx(i+1))*abs(wx(i)*wy(i+1)-
wx(i+1)*wy(i)),(wy(i)+wy(i+1))*abs(wx(i)*wy(i+1)-wx(i+1)*wy(i))]; 
    end 
    som=som+abs(wx(kount)*wy(1)-wx(1)*wy(kount)); 
    tukmed=tukmed+[(wx(kount)+wx(1))*abs(wx(kount)*wy(1)-
wx(1)*wy(kount)),(wy(kount)+wy(1))*abs(wx(kount)*wy(1)-wx(1)*wy(kount))]; 
    tukmed=(tukmed/(3*som))+[(xsum/kount),(ysum/kount)]; 
else 
    tukmed=[xsum,ysum]; 
end 
  
%-------------- 
  
function result=bagp(x,y,sizesubset) 
  
% BAGP is an algoritm that makes the necessary computations to construct 
% the bagplot of a bivariate dataset. This function is especially used in 
% bagplot.m. First, the data points are standardized. If the dataset is 
% too large (n > 200), then a subset is taken. On the other hand, if the 
% dataset is too small (n < 10), then no bag can be constructed. The Tukey 
% median (see halfmed.m) is also calculated, so that we can center the data. 
% Now, the bag lies between two consecutive depth regions. Therefore, one must 
% search for the right depth k. Once the k-th and the (k-1)-th depth regions 
% are constructed (see isodepth), the bag is the interpolation between the 
% vertices of the 2 depth regions. Finally, all the data points are 
caracterized 
% by their position compared to the bag with an integer 0,1,2 or 3. 
% 
% Required input arguments: 
%            x : vector containing the first coordinates of all the data 
%                points 
%            y : vector containing the second coordinates of all the data 
%                points 
% 
% I/O: result = bagp(x,y); 
% 
% The output of bagp is a structure containing 
% 
%        result.tukmed   : Tukey median 
%        result.datatyp  : is 2 for observations in the bag, 1 for 
%                          observations in the fence and 0 for outliers 
%        result.interpol : The coordinates of the bag. 
%        result.depth    : The halfspacedepth of each observation 
% 
% This function is part of the Matlab Library for Robust Analysis, 
% available at: 
%              http://wis.kuleuven.be/stat/robust.html 
% 
% Last Update: 29/04/2005 
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n=length(x); 
eps=0.0000001; 
nointer=0; 
ntot=n; 
% 
% Checking input 
% 
if length(x)==1 
    error('x is not a vector') 
elseif not(length(x)==length(y)) 
    error('The vectors x and y must have the same length.') 
end 
if sum(isnan(x))>=1 || sum(isnan(y))>=1 
    error('Missing values are not allowed') 
end 
if sum(x==x(1))==n 
    error('All data points ly on a vertical line.') 
elseif sum(y==y(1))==n 
    error('All data points ly on a horizontal line.') 
else 
    R=corrcoef(x,y); 
    if abs(R(1,2))==1 
        error('All data points are collineair.') 
    end 
end 
% 
% Standardization of the data set 
% 
xmean=mean(x); 
ymean=mean(y); 
xdev=sqrt(var(x)); 
ydev=sqrt(var(y)); 
if xdev>eps 
    x=(x-xmean)/xdev; 
end 
if ydev>eps 
    y=(y-ymean)/ydev; 
end 
xoris=x; 
yoris=y; 
xori=x; 
yori=y; 
wx=x; 
wy=y; 
wx1=x; 
wy1=y; 
% 
% If n is large, take a subset 
% 
nsub=sizesubset; 
if n>nsub 
    ntot=n; 
    n=nsub; 
    a=rdraw(n,ntot); 
    x=wx1(a); 
    y=wy1(a); 
    wx=x; 
    wy=y; 
end 
  
% 
% Check whether the data is in general position. If not, add a very small 
random 
% number to each of the data points. 
% 
[x,y, Index, angl, ind1,ind2]=dithering(x,y); 
% 



ANNEXES 

123 

numdep(1:n)=0; 
kstar=0; 
for i=1:n 
    hdep=halfspacedepth(x(i),y(i),x,y); 
    if hdep>kstar 
        kstar=hdep; 
    end 
    numdep(hdep)=numdep(hdep)+1; 
end 
% 
% Calculation of the Tukey median 
% 
tukmed=halfmed(x,y,'kstar',kstar); 
% 
% Calculation of correct value of k 
% 
nc=floor(n/2); 
j=kstar+1; 
stay8=1; 
while stay8==1 
    stay8=0; 
    j=j-1; 
    if numdep(kstar)<=nc 
        numdep(kstar)=numdep(kstar)+numdep(j-1); 
        stay8=1; 
    else 
        k=j+1; 
        numk1=numdep(kstar); 
        numk=numk1-numdep(k-1); 
        lambdanc=(nc-numk)/(numk1-numk); 
    end 
end 
% 
% Calculation of the vertices of Dk 
% 
[kount1,Dk1,empty1]=isodepth(x,y,k); 
wx1=Dk1(:,1); 
if Dk1==0 
    wy1=0; 
else 
    wy1=Dk1(:,2); 
end 
% 
% Calculation of the vertices of Dk-1 
% 
[kount2,Dk2,empty2]=isodepth(x,y,k-1); 
wx2=Dk2(:,1); 
if Dk2==0 
    wy2=0; 
else 
    wy2=Dk2(:,2); 
end 
if corrcoef(wx2,wy2)>0.98 
    error('Dk-1 is a line segment. Too many data points coincide.') 
end 
% 
if n>=10 
    wx1=wx1-tukmed(1); 
    wy1=wy1-tukmed(2); 
    wx2=wx2-tukmed(1); 
    wy2=wy2-tukmed(2); 
    x(1:n)=x(1:n)-tukmed(1); 
    y(1:n)=y(1:n)-tukmed(2); 
    xori(1:ntot)=xori(1:ntot)-tukmed(1); 
    yori(1:ntot)=yori(1:ntot)-tukmed(2); 
    % 
    % Compute the angles of the data points. 
    % 
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    numdattm=0; 
    in=1:n; 
    for i=1:n 
        if (abs(x(i))<eps)&&(abs(y(i))<eps) 
            numdattm=numdattm+1; 
            dattm(numdattm)=i; 
            angz(i)=1000; 
        else 
            dist=sqrt(x(i)^2+y(i)^2); 
            xcord=x(i)/dist; 
            ycord=y(i)/dist; 
            if abs(xcord)>abs(ycord) 
                if xcord>=0 
                    angz(i)=asin(ycord); 
                    if angz(i)<0 
                        angz(i)=angz(i)+pi*2; 
                    end 
                else 
                    angz(i)=pi-asin(ycord); 
                end 
            else 
                if ycord>=0 
                    angz(i)=acos(xcord); 
                else 
                    angz(i)=pi*2-acos(xcord); 
                end 
            end 
            if angz(i)>=(2*pi-eps) 
                angz(i)=0; 
            end 
        end 
    end 
    % 
    % numdattm is the number of datapoints that are equal to the Tukey median 
    % 
    [angz,optel]=sort(angz); 
    in=in(optel); 
    n=n-numdattm; 
    % 
    % Compute the angles of the vertices of the depth region Dk. 
    % 
    if not(kount1==1) 
        ind=1:kount1; 
        for i=1:kount1 
            dist=sqrt(wx1(i)^2+wy1(i)^2); 
            if dist>eps 
                xcord=wx1(i)/dist; 
                ycord=wy1(i)/dist; 
                if abs(xcord)>abs(ycord) 
                    if xcord>=0 
                        angy1(i)=asin(ycord); 
                        if angy1(i)<0 
                            angy1(i)=angy1(i)+pi*2; 
                        end 
                    else 
                        angy1(i)=pi-asin(ycord); 
                    end 
                else 
                    if ycord>=0 
                        angy1(i)=acos(xcord); 
                    else 
                        angy1(i)=pi*2-acos(xcord); 
                    end 
                end 
                if angy1(i)>=(pi*2-eps) 
                    angy1(i)=0; 
                end 
            else 



ANNEXES 

125 

                nointer=1; 
            end 
        end 
        [angy1,optel]=sort(angy1); 
        ind=ind(optel); 
    end 
    % 
    % Compute the angles of the vertices of the depth region Dk-1. 
    % 
    jnd=1:kount2; 
    for i=1:kount2 
        dist=sqrt(wx2(i)^2+wy2(i)^2); 
        if dist>eps 
            xcord=wx2(i)/dist; 
            ycord=wy2(i)/dist; 
            if abs(xcord)>abs(ycord) 
                if xcord>=0 
                    angy2(i)=asin(ycord); 
                    if angy2(i)<0 
                        angy2(i)=angy2(i)+pi*2; 
                    end 
                else 
                    angy2(i)=pi-asin(ycord); 
                end 
            else 
                if ycord>=0 
                    angy2(i)=acos(xcord); 
                else 
                    angy2(i)=pi*2-acos(xcord); 
                end 
            end 
            if angy2(i)>=(pi*2-eps) 
                angy2(i)=0; 
            end 
        else 
            nointer=1; 
        end 
    end 
    [angy2,optel]=sort(angy2); 
    jnd=jnd(optel); 
    % 
    % Calculation of arrays px and py for Dk 
    % 
    if not(kount1==1) 
        jk=0; 
        wx1(kount1+1)=wx1(1); 
        wy1(kount1+1)=wy1(1); 
        angy1(kount1+1)=angy1(1); 
        ind(kount1+1)=ind(1); 
        if angz(1)<angy1(1) 
            j=kount1; 
        end 
        if angz(1)>=(angy1(1)-eps) 
            j=1; 
        end 
        for i=1:n 
            while (angz(i)>=(angy1(j+1)-eps))&&(jk==0) 
                j=j+1; 
                if j==kount1 
                    jk=1; 
                end 
                if j==(kount1+1) 
                    j=1; 
                end 
            end 
            if (abs(wx1(ind(j+1))-wx1(ind(j)))>eps)&&(abs(x(in(i)))>eps) 
                dist=y(in(i))/x(in(i))-(wy1(ind(j+1))-
wy1(ind(j)))/(wx1(ind(j+1))-wx1(ind(j))); 
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                px(i,1)=(wy1(ind(j))*wx1(ind(j+1))-
wx1(ind(j))*wy1(ind(j+1)))/(wx1(ind(j+1))-wx1(ind(j))); 
                px(i,1)=px(i,1)/dist; 
                py(i,1)=px(i,1)*y(in(i))/x(in(i)); 
            else 
                if abs(wx1(ind(j+1))-wx1(ind(j)))<=eps 
                    px(i,1)=wx1(ind(j)); 
                    py(i,1)=px(i,1)*y(in(i))/x(in(i)); 
                else 
                    px(i,1)=0; 
                    py(i,1)=((wy1(ind(j))-
wy1(ind(j+1)))*wx1(ind(j))/(wx1(ind(j+1))-wx1(ind(j))))+wy1(ind(j)); 
                end 
            end 
        end 
    end 
    % 
    % Calculation of arrays px and py for Dk-1 
    % 
    jk=0; 
    wx2(kount2+1)=wx2(1); 
    wy2(kount2+1)=wy2(1); 
    angy2(kount2+1)=angy2(1); 
    jnd(kount2+1)=jnd(1); 
    if angz(1)<angy2(1) 
        j=kount2; 
    end 
    if angz(1)>=(angy2(1)-eps) 
        j=1; 
    end 
    for i=1:n 
        while (angz(i)>=(angy2(j+1)-eps))&&(jk==0) 
            j=j+1; 
            if j==kount2 
                jk=1; 
            end 
            if j==(kount2+1) 
                j=1; 
            end 
        end 
        if (abs(wx2(jnd(j+1))-wx2(jnd(j)))>eps)&&(abs(x(in(i)))>eps) 
            dist=(y(in(i))/x(in(i)))-((wy2(jnd(j+1))-
wy2(jnd(j)))/(wx2(jnd(j+1))-wx2(jnd(j)))); 
            px(i,2)=(wy2(jnd(j))*wx2(jnd(j+1))-
wx2(jnd(j))*wy2(jnd(j+1)))/(wx2(jnd(j+1))-wx2(jnd(j))); 
            px(i,2)=px(i,2)/dist; 
            py(i,2)=px(i,2)*y(in(i))/x(in(i)); 
        else 
            if abs(wx2(jnd(j+1))-wx2(jnd(j)))<=eps 
                px(i,2)=wx2(jnd(j)); 
                py(i,2)=px(i,2)*y(in(i))/x(in(i)); 
            else 
                px(i,2)=0; 
                py(i,2)=((wy2(jnd(j))-
wy2(jnd(j+1)))*wx2(jnd(j))/(wx2(jnd(j+1))-wx2(jnd(j))))+wy2(jnd(j)); 
            end 
        end 
    end 
    if kount1==1 
        px(:,1)=wx1(1); 
        py(:,1)=wy1(1); 
    end 
    % 
    % Mergesort of angy1 and angy2 to obtain gamma and calculation of arrays 
px 
    % and py 
    % 
    if kount1==1 
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        gamma=angy2; 
        px(:,3)=wx1; 
        py(:,3)=wy1; 
        px(:,4)=wx2; 
        py(:,4)=wy2; 
    else 
        ja=1; 
        jb=1; 
        i=1; 
        stay9=1; 
        while stay9==1 
            if angy1(ja)<=angy2(jb) 
                if ja<=kount1 
                    gamma(i)=angy1(ja); 
                    px(i,3)=wx1(ind(ja)); 
                    py(i,3)=wy1(ind(ja)); 
                    if jb==1 
                        wxjb1=wx2(jnd(kount2)); 
                        wyjb1=wy2(jnd(kount2)); 
                    else 
                        wxjb1=wx2(jnd(jb-1)); 
                        wyjb1=wy2(jnd(jb-1)); 
                    end 
                    if (abs(wx2(jnd(jb))-wxjb1)>eps)&&(abs(wx1(ind(ja)))>eps) 
                        dist=(wy1(ind(ja))/wx1(ind(ja)))-((wy2(jnd(jb))-
wyjb1)/(wx2(jnd(jb))-wxjb1)); 
                        px(i,4)=(wyjb1*wx2(jnd(jb))-
wxjb1*wy2(jnd(jb)))/(wx2(jnd(jb))-wxjb1); 
                        px(i,4)=px(i,4)/dist; 
                        py(i,4)=px(i,4)*wy1(ind(ja))/wx1(ind(ja)); 
                    else 
                        if abs(wx2(jnd(jb))-wxjb1)<=eps 
                            px(i,4)=wxjb1; 
                            py(i,4)=px(i,4)*wy1(ind(ja))/wx1(ind(ja)); 
                        else 
                            px(i,4)=0; 
                            py(i,4)=((wyjb1-wy2(jnd(jb)))*wxjb1/(wx2(jnd(jb))-
wxjb1))+wyjb1; 
                        end 
                    end 
                    ja=ja+1; 
                    i=i+1; 
                else 
                    angy1(ja)=angy1(ja)+10; 
                end 
            else 
                if jb<=kount2 
                    gamma(i)=angy2(jb); 
                    px(i,4)=wx2(jnd(jb)); 
                    py(i,4)=wy2(jnd(jb)); 
                    if ja==1 
                        wxja1=wx1(ind(kount1)); 
                        wyja1=wy1(ind(kount1)); 
                    else 
                        wxja1=wx1(ind(ja-1)); 
                        wyja1=wy1(ind(ja-1)); 
                    end 
                    if (abs(wx1(ind(ja))-wxja1)>eps)&&(abs(wx2(jnd(jb)))>eps) 
                        dist=(wy2(jnd(jb))/wx2(jnd(jb)))-((wy1(ind(ja))-
wyja1)/(wx1(ind(ja))-wxja1)); 
                        px(i,3)=(wyja1*wx1(ind(ja))-
wxja1*wy1(ind(ja)))/(wx1(ind(ja))-wxja1); 
                        px(i,3)=px(i,3)/dist; 
                        py(i,3)=px(i,3)*wy2(jnd(jb))/wx2(jnd(jb)); 
                    else 
                        if abs(wx1(ind(ja))-wxja1)<=eps 
                            px(i,3)=wxja1; 
                            py(i,3)=px(i,3)*wy2(jnd(jb))/wx2(jnd(jb)); 
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                        else 
                            px(i,3)=0; 
                            py(i,3)=((wyja1-wy1(ind(ja)))*wxja1/(wx1(ind(ja))-
wxja1))+wyja1; 
                        end 
                    end 
                    jb=jb+1; 
                    i=i+1; 
                else 
                    angy2(jb)=angy2(jb)+10; 
                end 
            end 
            if i<=(kount1+kount2) 
                stay9=1; 
            else 
                stay9=0; 
            end 
        end 
    end 
    % 
    % Interpolation of two arrays px and py 
    % 
    c=3; 
    if nointer==1 
        kount1=0; 
    end 
    if nointer==0 
        wx2(1:(kount1+kount2))=lambdanc*px(1:(kount1+kount2),4)+(1-
lambdanc)*px(1:(kount1+kount2),3); 
        wy2(1:(kount1+kount2))=lambdanc*py(1:(kount1+kount2),4)+(1-
lambdanc)*py(1:(kount1+kount2),3); 
    end 
    if xdev>eps 
        xcord=(wx2(1:(kount1+kount2))+tukmed(1))*xdev+xmean; 
    else 
        xcord=(wx2(1:(kount1+kount2))+tukmed(1)); 
    end 
    if ydev>eps 
        ycord=(wy2(1:(kount1+kount2))+tukmed(2))*ydev+ymean; 
    else 
        ycord=wy2(1:(kount1+kount2))+tukmed(2); 
    end 
    interpol(1:(kount1+kount2),1)=xcord; 
    interpol(1:(kount1+kount2),2)=ycord; 
    % 
    if nointer==1 
        if xdev>eps 
            xcord=(x(in(1:n))+tukmed(1))*xdev+xmean; 
        else 
            xcord=x(in(1:n))+tukmed(1); 
        end 
        if ydev>eps 
            ycord=(y(in(1:n))+tukmed(2))*ydev+ymean; 
        else 
            ycord=y(in(1:n))+tukmed(2); 
        end 
        datatyp(1:n,1)=xcord; 
        datatyp(1:n,2)=ycord; 
        datatyp(1:n,3)=1; 
        if xdev>eps 
            xcord=(x(dattm(1:numdattm))+tukmed(1))*xdev+xmean; 
        else 
            xcord=x(dattm(1:numdattm))+tukmed(1); 
        end 
        if ydev>eps 
            ycord=(y(dattm(1:numdattm))+tukmed(2))*ydev+ymean; 
        else 
            ycord=y(dattm(1:numdattm))+tukmed(2); 
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        end 
        datatyp((n+1):(n+numdattm),1)=xcord; 
        datatyp((n+1):(n+numdattm),2)=ycord; 
        datatyp((n+1):(n+numdattm),3)=0; 
        return 
    end 
    % 
    % Repeat some calculations for the whole data set 
    % 
    if ntot>nsub 
        n=ntot; 
        x=xoris; 
        y=yoris; 
        % 
        % Angles of the data points 
        % 
        x=x-tukmed(1); 
        y=y-tukmed(2); 
        numdattm=0; 
        in=1:n; 
        for i=1:n 
            if (abs(x(i))<eps)&&(abs(y(i))<eps) 
                angz(i)=1000; 
                numdattm=numdattm+1; 
                dattm(numdattm)=i; 
            else 
                dist=sqrt(x(i)^2+y(i)^2); 
                xcord=x(i)/dist; 
                ycord=y(i)/dist; 
                if abs(xcord)>abs(ycord) 
                    if xcord>=0 
                        angz(i)=asin(ycord); 
                        if angz(i)<0 
                            angz(i)=angz(i)+pi*2; 
                        end 
                    else 
                        angz(i)=pi-asin(ycord); 
                    end 
                else 
                    if ycord>=0 
                        angz(i)=acos(xcord); 
                    else 
                        angz(i)=pi*2-acos(xcord); 
                    end 
                end 
                if angz(i)>=(pi*2-eps) 
                    angz(i)=0; 
                end 
            end 
        end 
        [angz,optel]=sort(angz); 
        in=in(optel); 
        n=n-numdattm; 
        % 
        % Calculation of arrays px and py for B 
        % 
        jk=0; 
        wx2(kount2+kount1+1)=wx2(1); 
        wy2(kount2+kount1+1)=wy2(1); 
        gamma(kount2+kount1+1)=gamma(1); 
        if angz(1)<gamma(1) 
            j=kount2+kount1; 
        end 
        if angz(1)>=(gamma(1)-eps) 
            j=1; 
        end 
        for i=1:n 
            while (angz(i)>=gamma(j+1)-eps)&&(jk==0) 
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                j=j+1; 
                if j==(kount2+kount1) 
                    jk=1; 
                end 
                if j==(kount2+kount1+1) 
                    j=1; 
                end 
            end 
            if (abs(wx2(j+1)-wx2(j))>eps)&&(abs(x(in(i)))>eps) 
                dist=(y(in(i))/x(in(i)))-((wy2(j+1)-wy2(j))/(wx2(j+1)-
wx2(j))); 
                px(i,1)=(wy2(j)*wx2(j+1)-wx2(j)*wy2(j+1))/(wx2(j+1)-wx2(j)); 
                px(i,1)=px(i,1)/dist; 
                py(i,1)=px(i,1)*y(in(i))/x(in(i)); 
            else 
                if abs(wx2(j+1)-wx2(j))<=eps 
                    px(i,1)=wx2(j); 
                    py(i,1)=px(i,1)*y(in(i))/x(in(i)); 
                else 
                    px(i,1)=0; 
                    py(i,1)=((wy2(j)-wy2(j+1))*wx2(j)/(wx2(j+1)-
wx2(j)))+wy2(j); 
                end 
            end 
        end 
    end 
    % 
    % Decide the type of each data point 
    % 
    c=3; 
    num=0; 
    num1=0; 
    num2=0; 
    num3=0; 
    lopen=1; 
    i=1; 
    while lopen==1 
        if ntot<=nsub 
            px(i,1)=lambdanc*px(i,2)+(1-lambdanc)*px(i,1); 
            py(i,1)=lambdanc*py(i,2)+(1-lambdanc)*py(i,1); 
        end 
        if (px(i,1)^2+py(i,1)^2)>eps 
            lambda(i)=sqrt(x(in(i))^2+y(in(i))^2)/sqrt(px(i,1)^2+py(i,1)^2); 
        else 
            if (abs(x(in(i)))<eps) && (abs(y(in(i)))<eps) 
                lambda(i)=0; 
            else 
                lambda(i)=c+1; 
            end 
        end 
        if lambda(i)<eps 
            num=num+1; 
            typ(i)=0; 
        elseif lambda(i)<=(1+eps) 
            num1=num1+1; 
            typ(i)=1; 
        elseif lambda(i)<=(c+eps) 
            num2=num2+1; 
            typ(i)=2; 
        elseif lambda(i)>c 
            num3=num3+1; 
            typ(i)=3; 
        end 
        i=i+1; 
        if i==(n+1) 
            lopen=0; 
        end 
    end 
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    if xdev>eps 
        xcord=(x(in(1:n))+tukmed(1))*xdev+xmean; 
    else 
        xcord=x(in(1:n))+tukmed(1); 
    end 
    if ydev>eps 
        ycord=(y(in(1:n))+tukmed(2))*ydev+ymean; 
    else 
        ycord=y(in(1:n))+tukmed(2); 
    end 
    datatyp(1:n,1)=xcord; 
    datatyp(1:n,2)=ycord; 
    typ=typ.'; 
    datatyp(1:n,3)=typ; 
    % 
    if not(numdattm==0) 
        num=num+numdattm; 
        typ(n+(1:numdattm))=0; 
        lambda(n+(1:numdattm))=0; 
        px(n+(1:numdattm),1)=x(dattm); 
        py(n+(1:numdattm),1)=y(dattm); 
        if xdev>eps 
            xcord=(x(dattm)+tukmed(1))*xdev+xmean; 
        else 
            xcord=x(dattm)+tukmed(1); 
        end 
        if ydev>eps 
            ycord=(y(dattm)+tukmed(2))*ydev+ymean; 
        else 
            ycord=y(dattm)+tukmed(2); 
        end 
        datatyp(n+(1:numdattm),1)=xcord; 
        datatyp(n+(1:numdattm),2)=ycord; 
        datatyp(n+(1:numdattm),3)=typ(n+(1:numdattm)); 
    end 
else 
    datatyp((1:n),1)=(x+tukmed(1))*xdev+xmean; 
    datatyp((1:n),2)=(y+tukmed(2))*ydev+ymean; 
    datatyp((1:n),3)=0; 
    interpol=0; 
end 
% 
if xdev>eps 
    tukmed(1)=tukmed(1)*xdev+xmean; 
end 
if ydev>eps 
    tukmed(2)=tukmed(2)*ydev+ymean; 
end 
result=struct('tukmed',tukmed,'datatyp',datatyp,'interpol',interpol,'depth',hd
ep); 
  
  
  
%----------------------------- 
function [x,y,Index,angl,ind1,ind2]=dithering(x,y) 
%DITHERING is used to check whether the data points are in general position. 
% If not, then a very small random number is added to each of 
% the data points. Also the angles formed by pairs of data points are 
% computed here. This file is used in the functions isodepth.m, halfmed.m 
% and bagp.m. 
% 
% Required input arguments: 
%            x : vector containing the first coordinates of all the data 
%                points 
%            y : vector containing the second coordinates of all the data 
%                points 
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if not(length(x)==length(y)) 
    error('The vectors x and y must have the same length.') 
end 
if sum(isnan(x))>=1 || sum(isnan(y))>=1 
    error('Missing values are not allowed') 
end 
n=length(x); 
i=0; 
blijf3=1; 
dith=1; 
xorig=x; 
yorig=y; 
while dith==1 
    [xs,Index]=sort(x); 
    ys=y(Index); 
    dith=0; 
    while blijf3==1 
        blijf3=0; 
        i=i+1; 
        if (i+1)>n 
            blijf3=2; 
        else 
            j=i+1; 
            if not(xs(i)==xs(j)) 
                blijf3=1; 
            else 
                if ys(i)==ys(j) 
                    dith=1; 
                    blijf3=0; 
                    % two datapoints coincide 
                else 
                    if ys(i)<ys(j) 
                        even=Index(j); 
                        Index(j)=Index(i); 
                        Index(i)=even; 
                    end 
                    if (j+1)<=n 
                        next=j+1; 
                        if xs(i)==xs(next) 
                            dith=1; 
                            blijf3=0; 
                            % three data points are collinear 
                        else 
                            blijf3=1; 
                        end 
                    end 
                end 
            end 
        end 
        if dith==1 
            fac=1000000; 
            ran=randn(n,2); 
            x=xorig+ran(:,1)/fac; 
            wx=x; 
            y=yorig+ran(:,2)/fac; 
            wy=y; 
        else 
            x=x; 
            y=y; 
        end 
    end 
    % 
    if dith==0 
        % 
        % Compute all the angles formed by pairs of data points 
        % 
        m=0; 
        for i=1:n 
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            rest=(i+1):n; 
            spec=intersect(find(x(i)==x),rest); 
            hoek(spec+m-i)=pi/2; 
            spec=intersect(find(not(x(i)==x)),rest); 
            hoek(spec+m-i)=atan((y(i)-y(spec))./(x(i)-x(spec))); 
            p=m; 
            m=m+n-i; 
            if sum(hoek<=0)>=1 
                spec=find(hoek<=0); 
                hoek(spec)=hoek(spec)+pi; 
            end 
            ind1((p+1):m)=i; 
            ind2((p+1):m)=rest; 
        end 
        % 
        % Sort all the angles and permute ind1 and ind2 in the same way. 
        % 
        [angl,In]=sort(hoek); 
        % 
        ind1=ind1(In); 
        ind2=ind2(In); 
        % 
        % Test wether any three datapoints are collinear. 
        % 
        ppp=diff(angl); 
        k=find(ppp==0); 
        % 
        if sum(ind1(k)==ind1(k+1))>=1 
            % There are 3 or more datapoints collineair. 
            dith=1; 
            fac=100000000; 
            ran=randn(n,2); 
            x=xorig+ran(:,1)/fac; 
            wx=x; 
            y=yorig+ran(:,2)/fac; 
            wy=y; 
        else 
            x=x; 
            y=y; 
        end 
  
    end 
end 
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A.3. KOLMOGOROV-SMIRNOV TEST 

As explained in section 3.4: “Kolmogorov-Smirnov test” and used in sections 4.1: 
“Reaction Time distribution” and 4.2: “Time To CPA distribution”, kstest function was 
utilised to check the goodness of fit to a normal distribution of a dataset. The function 
kstest is the one-sample Kolgomorov-Smirnov test, which can be found in the catalogue 
of Matlab standard functions. The input arguments are: 

· y, the one dimensional set of data samples, 

· 'CDF',pd1, cumulative distribution function defined by the structure pd1, which 

is subject to have a normal distribution, 

· 'Alpha',0.01, the significance level set for the test. 

The different values of the two random variables extracted from potential conflicts were 
analysed: TTCPA and log(RT). Hence, for two different studies, y has been assigned 
different one-dimensional vectors containing the variables information grouped by 
different timeframes.  

The function createFit allows to create a structure of type “Probability distribution”, 
which is needed as the second parameter of function kstest. The inputs are: 

· y, the vector variable which contains the data; 

· freq, the line vector of the same size of variable y. In this study, the content is 

not of interest so it could be filled with blanks. 

More information about createFit code and summoning is available in the following 
subsection A.3.1: “Creating a normal probability distribution from data”. 

The instructions executed to extract Table 4-1 using log(RT) (and analogously Table 4-2 
using TTCPA) were: 

y=log(RT); 
freq=linspace(2,2,length(y)); 
pd1=createFit(y,freq); % creates a normal distribution 
[h,p,ksstat,cv]=kstest(y,'CDF',pd1,'Alpha',0.01); 

As a result, the outputs of function kstest are: 

· h, rejects (h=1) or fails to reject (h=0) the null hypothesis 𝐻𝐻0 which is that pd1 

follows a normal distribution. 

· p, p-value of the normal fit. 
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· ksstat, 𝑙𝑙𝑁𝑁 = max(|𝐹𝐹0(𝑥𝑥𝑖𝑖) − 𝑆𝑆𝑁𝑁(𝑥𝑥𝑖𝑖)|), the maximum difference between the 

empirical cumulative probability of 𝑥𝑥𝑖𝑖 and the theoretical value of the normal 

cumulative function at 𝑥𝑥𝑖𝑖. 

· cv, critical value dependent on the number of samples and the defined 

significance level 𝛼𝛼, 𝐷𝐷𝑁𝑁,𝛼𝛼 as defined in 3.4: “Kolmogorov-Smirnov test” 

A.3.1. Creating a normal probability distribution from data 

To create the normal distribution of the two datasets, TTCPA or log(RT), the function 
createFit was built starting from the Distribution Fitting Tool available in Matlab 
R2015a. Minor changes to the code have been added to format the output figure.  

The code for generating Log(RT) normal distribution output figure is below while the lines 
to format TTCPA output figure are included but commented: 

 

function [pd1] = createFit(x,freq) 
%CREATEFIT    Create plot of datasets and fits 
%   PD1 = CREATEFIT(X,FREQ) 
%   Creates a plot, similar to the plot in the main distribution fitting 
%   window, using the data that you provide as input.  You can 
%   apply this function to the same data you used with dfittool 
%   or with different data.  You may want to edit the function to 
%   customize the code and this help message. 
% 
%   Number of datasets:  1 
%   Number of fits:  1 
% 
%   See also FITDIST. 
  
% This function was automatically generated on 18-May-2016 13:34:52 
  
% Output fitted probablility distribution: PD1 
  
% Data from dataset "x data": 
%    Y = x 
%    Frequency = freq 
  
% Force all inputs to be column vectors 
x = x(:); 
freq = freq(:); 
dfittool(x,[],freq); 
  
% Prepare figure 
% clf; 
% hold on; 
LegHandles = []; LegText = {}; 
  
  
% --- Plot data originally in dataset "x data" 
[CdfF,CdfX] = ecdf(x,'Function','cdf','freq',freq);  % compute empirical cdf 
BinInfo.rule = 1; 
[~,BinEdge] = internal.stats.histbins(x,[],freq,BinInfo,CdfF,CdfX); 
[BinHeight,BinCenter] = ecdfhist(CdfF,CdfX,'edges',BinEdge); 
hLine = bar(BinCenter,BinHeight,'hist'); 
set(hLine,'FaceColor','none','EdgeColor',[0.333333 0 0.666667],... 
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    'LineStyle','-', 'LineWidth',1); 
xlabel('Log Reaction Time'); 
% xlabel('TTCPA (min)'); 
ylabel('Density') 
LegHandles(end+1) = hLine; 
LegText{end+1} = 'Data'; 
  
% Create grid where function will be computed 
XLim = get(gca,'XLim'); 
XLim = XLim + [-1 1] * 0.01 * diff(XLim); 
% XLim =[0 10]; 
XGrid = linspace(XLim(1),XLim(2),100); 
  
hold on 
% --- Create fit "fit 1" 
  
% Fit this distribution to get parameter values 
% To use parameter estimates from the original fit: 
%     pd1 = ProbDistUnivParam('normal',[ -0.2032205488169, 0.7085567123903]) 
  
pd1 = fitdist(x,'normal','freq',freq); 
YPlot = pdf(pd1,XGrid); 
hLine = plot(XGrid,YPlot,'Color',[1 0 0],... 
    'LineStyle','-', 'LineWidth',2,... 
    'Marker','none', 'MarkerSize',6); 
LegHandles(end+1) = hLine; 
LegText{end+1} = 'Normal dist.'; 
  
% Adjust figure 
box on; 
hold off; 
  
% Create legend from accumulated handles and labels 
hLegend = legend(LegHandles,LegText,'Orientation', 'vertical', 'FontSize', 9, 
'Location', 'northeast'); 
set(hLegend,'Interpreter','none'); 

The output of createFit is a variable which follows a probability distribution structure 
formatted to be a parameter of the function kstest. 
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A.4. LINEAR REGRESSION 

The function used to perform simple linear regression was fitlm which exists in 
standard Matlab R2015a. 

It takes two inputs: 

· A table structure which includes each data sample in a row and the values of the 

variables in the columns. The column titles must be provided within the table. 

· A string which defines the relationship to be explored. It is important to name the 

variables using the same identifier as the column titles. 

Using Wilkinson notation [45] the response variable is defined and the linear explanatory 
variables enumerated. 

An example of the summoning is the following: 

lm = fitlm(tbl,'log_RT~1+Day+Time+High_Density+TTCPA'); 

The output provides information regarding the goodness of fit of each parameter and the 
overall linear model. An example of the function output assigned to the lm variable for 
the previous instruction is shown in Table 4-3 and Table 4-4. 
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A.5. STEPWISE REGRESSION 

The standard Matlab R2015a function used to perform stepwise linear regression was 
stepwiselm. Similarly to what was done for linear regression, it takes two inputs: 

· A table structure which includes each data sample in a row and the values of the 

variables in the columns. The column titles must be provided within the table. 

· The type of starting model, which is the combination of variables to be explored. 

The parameter used in this research work was quadratic, which means that linear 
regression was tested with an intercept, linear terms, interactions, and squared terms for 
each predictor. More information about the available starting models is explained in [34]. 

An example of summoning is the following: 

mdl = stepwiselm(tbl,'quadratic'); 

The output reflects the goodness of fit of the different variable combinations and provides 
the best fit details. An example is shown in Table 4-7, Table 4-8 and Table 4-9. 
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A.6. DISTRIBUTION FITTING APPLICATION 

One of the available applications in Matlab R2015a is the Distribution Fitting application. 
Figure A-1 shows it in Matlab R2015a Applications (APPS) Toolbar. 

 

FIGURE A-1. DISTRIBUTION FITTING APPLICATION IN MATLAB TOOLBAR 

It loads a set of one-dimensional data and provides a customisable histogram. It is 
capable to fit data to different probability distributions, provide the correspondent 
parameters for each of them and represent probability functions. An example is shown 
in Figure A-2 where probability density functions for different distributions are plotted 
over the histogram, which has been set to 1-minute bin width. 

 

FIGURE A-2. EXAMPLE OF DENSITY FUNCTIONS ADJUSTED TO A DATASET 
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It does not provide the goodness of fit of any distribution so it was not used for testing 
the normality behaviour of any of the random variables analysed throughout the paper. 
However, it is included as the fourth subplot in the data exploration overall data statistics 
graphs, as in Figure 4-6 and Figure B-4. It is furtherly explained in ANNEXE B: “3-D 
CRM Software Additional Feature: Reaction Time Statistics”.  

Distribution fitting application is summoned in the main script of Reaction Time Statistics 
module to plot log(RT) along with its normal fit, whenever RT graphics are extracted. The 
values of μ and σ are written over the plot to provide a quick look at the distribution of 
RT. 
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A.7. CURVE FITTING APPLICATION 

The position of the Curve Fitting tool in the Application Toolbar of Matlab R2015a is 
shown in Figure A-3. 

 

FIGURE A-3. CURVE FITTING APPLICATION IN MATLAB TOOLBAR 

It opens an interactive window where available variables in the workspace can be 
selected to infer different data patterns. Up to three variables can be jointly studied 
through linear or surface approaches. 

An example of the data exploration carried out with Curve Fitting application is shown in 
Figure A-4. The quotient RT median / TTCPA median as Y parameter and TTCPA 
median as X parameter. Those variables were updated with the statistics derived from 
the two-hour samples containing the potential conflicts arisen enclosed in different 
density regions. The results of the exponential fit parameters and goodness of fit with 
one term using non-linear least squares and without robust regression selected in Fit 
Options button, can be seen in the left window of the tool. The graphic representation is 
depicted in the right window showing one excluded sample due to the presence of only 
one potential conflict in the 2h interval sample. 

 

FIGURE A-4. EXAMPLE OF CURVE FITTING APPLICATION APPLIED TO AN EXPONENTIAL FIT 
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Another fitting was attempted assigning TTCPA range / TTCPA median to the Y 
coordinate over the same random variable TTCPA median as X coordinate. The results 
were used to analyse the normalised behaviour of the airspace. 

This tool was used to perform Data Mining and was presented in section 5.1: 
“Formulation of hypotheses”. Due to the goodness of fit achieved by the proposed 
metrics, it contributed to support the formulation of hypotheses and performance 
indicators. 



ANNEXES 

143 

ANNEXE B. 3-D CRM SOFTWARE ADDITIONAL 

FEATURE: REACTION TIME STATISTICS 
A new feature has been included in the 3-D CRM software tool, starting from the 
previously developed version thoroughly explained in [18], in its Annex C. The new 
functionalities include the data visualization graphs as presented in Chapter 4: “Data 
exploration: Proximate Events Characterization” as well as the graphical representation 
of the performance indicators presented in this research work. Additionally, the possibility 
of filtering the dataset depending on the temporal and geographical distribution of the 
potential conflicts is also included. In this annexe, an introduction to 3-D CRM is 
presented firstly. Then the new features are detailed, providing a user guide to future 
data analysts exploiting 3-D CRM. 

In 3-D CRM software, for every radar dataset, the steps to calculate the risk probability 
are: 

· Creation of the segments of uniform movement, as described in subsection 3.1: 

“3-D CRM Software Tool”, through pre-processing of data and  

· Proximate events identification, geographically and temporarily, depending on a 

scenario definition (LAT, separation minima, airspace boundaries, aircraft 

dimensions, etc.).  

· 3-D CRM Parameter estimation, where potential conflicts can be thoroughly 

investigated and airspace situation can be explored. 

The 3-D CRM main menu is shown in Figure B-1. 

 

 

FIGURE B-1. 3-D CRM MAIN MENU 
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Some of the already existing features under the button 3-D CRM Parameter Estimation 
regarding the collision risk model are:  

· Fine Proximity Analysis where a classification of the potential conflicts depending 

on the nature of the aircraft involved, their evolution, the type of alert system 

triggered, etc., is carried out. Some metrics regarding ATCo’s reaction times and 

overall traffic statistics are also calculated in this functionality; 

· Visualization of Proximate Events graphically shows each proximate event, 

regarding the horizontal and vertical separation, the evolution of both aircraft 

along time, how the alarms were prompted, etc.; 

· Traffic Statistics includes the graphical depiction of the metrics calculated in Fine 

Proximity Analysis; 

· Proximate Events Statistics includes the graphical statistics of the classification 

of each proximate events created in Fine Proximity Analysis; 

· Finally, 3-D Collision Risk Estimation provides the classical metrics for the 

probability of a LoS minima and a collision, given said separation violation. 

Over the different 3-D CRM parameter estimation functionalities, Reaction Time 
Statistics has been added as a new feature as shown in Figure B-2. 

 

FIGURE B-2. 3-D CRM PARAMETER ESTIMATION UPDATED OPTIONS 
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The first step when pressing Reaction Time Statistics button is the selection of the daily 
data which are about to be studied. As shown in Figure B-3, daily files are available as 
well as a way of grouping different daily data. 

 

FIGURE B-3. DAILY DATA SELECTION WINDOW 

Once data are loaded, a basic data exploration is carried out. The overall daily data 
statistics graphs are provided as well as the main form where different filtering fields can 
be selected. Both functionalities are shown in Figure B-4 and Figure B-5. 

 

FIGURE B-4. DAILY DATA EXPLORATION RESULTS 
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FIGURE B-5. REACTION TIME STATISTICS MAIN FORM 

The different options included in the main form comprises three filters (two of them filter 
by time while the last one filters by geographical region) and two possible statistical 
representation of the filtered data. More information about the outputs and available 
filters can be found below. 
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B.1. REFRESH BUTTON 

The Refresh button extracts the statistical graphics shown in Figure B-4 using the active 
filter whenever Extract graphics check box is active. Also, the Statistics section contains 
RT / TTCPA and TTCPA range / TTCPA check boxes, which allow the graphical 
depiction of the proposed metrics: RT Performance Indicator or TTCPA Performance 
Indicator, showing the scenario overall reference data compared with the currently 
filtered data per performance indicator. Both the Refresh graphics and statistics 
extraction can be seen in Figure B-6. 

 

FIGURE B-6. GRAPHICAL AND STATISTICAL INFORMATION SITUATION 

An example for RT Performance Indicator is depicted in Figure B-7 accounting for day 7 
dataset. The intersection of dashed lines corresponds to the reference crossing point, 
which in this study is the average of all available data, while continuous lines intersection 
refers to day 7 crossing point. Red lines fit the exponential approach of RT median / 
TTCPA median for each dataset, while straight vertical lines represent the TTCPA 
median per dataset. 

Analogously, Figure B-8 depicts TTCPA Performance Indicator for day 7, drawn as the 
intersection of continuous lines, in comparison with the reference metric, located at the 
intersection point of dashed lines. Again, red lines fit the exponential approach of TTCPA 
range / TTCPA median for each dataset, while straight vertical lines represent the 
TTCPA median per dataset. 
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FIGURE B-7. RT PERFORMANCE INDICATOR FOR DAY 7 VS REFERENCE PERFORMANCE 
INDICATOR 

 

FIGURE B-8. TTCPA PERFORMANCE INDICATOR FOR DAY 7 VS REFERENCE PERFORMANCE 
INDICATOR 
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B.2. TIME TO CPA FILTER 

This filter provides a means to extract statistics depending on the time remaining to the 
potential conflict when it was detected (iTTCPA). Its situation in the Reaction Time 
Statistics Menu is highlighted with a red square in Figure B-9. 

 

FIGURE B-9. ITTCPA FILTER SITUATION 

Once the iTTCPA interval is set, the refresh button will account for those potential 
conflicts which were detected between said times to conflict. If no values are given for 
these fields, all potential conflicts occurred between 0 min iTTCPA and 10 min iTTCPA, 
which is the LAT studied in this research work, will be considered. 
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B.3. DAILY HOURS FILTER 

The default selected values considering all day potential conflicts can be changed to any 
time interval. Hours from 00:00:00 to 24:00:00 (using the format hh:mm:ss) can be 
selected to create a period to account only for potential conflicts detected between those 
two times. The situation of the daily hours’ filter is highlighted in Figure B-10 using a red 
rectangle. 

 

FIGURE B-10. DAILY HOURS FILTER SITUATION 
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B.4. GEOGRAPHICAL FILTER 

A further filter can be created over the density maps. Figure B-11 shows the situation of 
the filter with a red rectangle. The button opens the correspondent daily density map 
representing 7.5 NM squares coloured depending on the traffic density. Over that map, 
it is possible to select a rectangular area to filter proximate events. 

 

FIGURE B-11. REGIONS FILTER SITUATION 

Once the refresh button is pushed, the density map area selected is updated showing 
the potential conflicts occurred using white stars. An example used in this thesis is shown 
in Figure B-12. 

 

FIGURE B-12. DENSITY MAP FILTERING 
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If more than one filter is selected at a time, the result statistics will account for the 
intersection dataset, which complies with all defined filters. 
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