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In this Communication we describe how the transition from regularity to classical chaos in
molecular Hamiltonian systemsshowsup at thequantum level in the structure of the corresponding
wave functions and spectra. By changing the value of \ we show how the scars result from
combinations of regular wave functions. © 1996 American Institute of Physics.
@S0021-9606~96!03316-6#

In the early stages of vibrational spectroscopy typical
studieswereonly concerned with low lying vibrational states
in which the nuclei move in a localized region around the
minimum of the Born–Oppenheimer potential energy sur-
face ~PES!. Anharmonic terms, responsible for the overtone
and combination frequencies, were considered only as weak
perturbations.1 In this regime, the intramolecular dynamics
are completely regular and the spectra consist ~at least in the
ideal case! of a progression of bands, corresponding to the
different excitations of each normal mode, that can easily be
assigned, due to the lack of irregularities. The corresponding
wave functions exhibit a very regular nodal pattern2 and
quantum numbers can also, in principle, be assigned easily.
Special care has to be exerted in the presence of classical
resonancessince they have aprofound influenceon thenodal
structure of wavefunctions, as was demonstrated in thework
of DeLeon, Davis, and Heller.3

At higher levels of excitation the dynamics of molecular
systemschangevery much, and the interactionsbetween nor-
mal modes4 cause the structure of the spectra to be more
complicated. TheKAM theorem dictates that more and more
regular tori are destroyed as energy increases, rendering a
multitude of resonant chains of islands, overlapping bands of
stochasticity and embedded cantori.5 Nonlinear interactions
among normal modes lead to irreversible intramolecular vi-
brational energy flow, which is controlled by all those clas-
sical structures. Also, the rate of many intramolecular pro-
cesses, such as isomerization, unimolecular decomposition,
etc., is determined by this intramolecular vibrational relax-
ation ~IVR!.6

Modern spectroscopy has broadened this horizon by the
introduction of new techniques, such as IR overtone excita-
tion, multiphonon excitation, stimulated emission pumping
or electron photodetachment,7 in which extensive regions of
the PES, sometimes very far from the equilibrium geom-
etries, are probed. On the theoretical side, efficient methods
have been developed to calculate accurately the eigenvalues
and eigenfunctions of the vibrationally excited states in-
volved. A special mention is due to those based on the dis-
crete variable representation ~DVR! method.8 In this energy
regime, the interpretation of corresponding wave functions in
simple terms ismuch more difficult. For moderate excitation

energies choosing an adequate ~curvilinear! coordinate
system9 can help. On the other hand, for very high vibra-
tional energies somewave functions appear localized on pe-
riodic orbits ~POs! of the system. This effect, known as
‘‘scarring’’ , has received much attention in the literature10

although its origin is not yet fully understood. The POs of
chaotic systems also determine the corresponding spectra,
both at high11 and low resolution.12 The chaotic dynamics
are very complex and only fully resolved when long times
are considered;13 conversely if only low resolution is re-
quired merely the details of short trajectories or pieces of
trajectories are needed.12,14

Time dependent methods have also witnessed a tremen-
dous development in recent years.15 Wave packet propaga-
tion has also contributed greatly to our understanding of the
relationship between spectra and the underlying dynamics.16

In this Communication, we discuss how the transition
from order to classical chaos is reflected in the structure of
the wave functions as energy increases. To illustrate this ef-
fect we use a2D model for the molecular vibrations of the
LiNC/LiCN system17 that hasbeen extensively studied in the
literature. In it, theC–N distance is held constant at its equi-
librium value, r e , and the two remaining vibrational coordi-
nates, R andu, are defined as the distance from the Li atom
to the CN center of mass and the angle between these two
vectors, respectively. Motion in the bending angle is very
floppy, sampling extensive regions of the PES. This is the
origin of chaos in this system. The classical dynamics of this
model can best be monitored by constructing Poincaré sur-
faces of sections ~PSOS! using the minimum energy path
~MEP!, which connects the two linear isomers: LiNC ~u
5180°! and LiCN ~u50!, as sectioning plane.18

In Fig. 1 a composite PSOS computed at an energy in-
termediate between those of the 24th and 25th eigenvalues is
shown. At this energy theLiCN well is barely accessible ~the
first state located in this well is state number 31!, and two
very distinct regions on the LiNC can be distinguished: the
inner one ~around the elliptic fixed point marked with a star
and corresponding to the stable isomer LiNC! which is regu-
lar, and the outer one that corresponds to chaotic motion. In
this chaotic region we have also marked ~with squares and
triangles! two POs, stable and unstable, respectively, that
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correspond to a resonant chain of islands which is relevant
for the discussion below.

As energy increases the area of the regular region first
increases due to the growth of the available phase space, and
then starts to decrease due to the destruction of invariant tori
dictated by the KAM theorem. As a result, up to a certain
energy value the states have enough ‘‘phase space room to
accommodate themselves’’ in the regular region and the in-
creasingly excited bending states look regular, presenting a
very clear nodal pattern. For energies above that value the
bending states have asignificant probability density extend-
ing into the chaotic region, and regular states with more ex-
citation in the bending mode ~approximately more than 22
quanta! areno longer found in thequantum calculations.19 In
configuration space this would correspond to states trying to
extend beyond the sharp curvature in theMEP ~shown in the
insets at the left of Fig. 2! taking place at u599°. This is in
correspondance with the classical bobsled effect,20 by which
trajectories coming from the LiNC well and passing beyond
that point wil l inevitably pick up some excitation in the
stretching mode on their way back. It is very difficult to
make the present argument more quantitative due to thewell
known fact that quantummechanics is somewhat ‘‘sluggish’’
in its response to classical chaos.21,3 Those states, very ex-
tended in u, present more complicated nodal patterns, and
some of them are scarred along POs. For example, in the
central part of Fig. 2 ~\51 a.u.! states 24 and 25 are shown,
which appear scarred, respectively, by the unstable and
stable POs marked with triangles and squares in Fig. 1.

As we show in this Communication, this transition from
order to chaos in a realistic molecular system can be better

understood if we consider calculations done by varying a
parameter in our Hamiltonian. In our casechanging \ ismost
adequate since this parameter determines the number of
states that the regular phase space region can accommodate.
Results, calculated using the DVR method18 are shown in
Fig. 2 where the energies ~divided by \! of several states as
a function of \ have been plotted. In this correlation dia-
gram, it can beseen that thestates represented in thicker line,
which corresponds to states 24 and 25 at \51 a.u. and have
been obtained by diabatizing22 the existing sharp avoided
crossings, present a strong interaction ~broad avoided cross-
ing! between them at \.1 a.u. As \ decreases these states
separate and consequently the interaction diminishes. The
corresponding wave functions become regular, as can be
seen in the insets on the left part of the figure, and show
definite nodal patterns, which correspond in this case to
(nR ,nu) quantum numbersof ~0,24! and ~1,16!, respectively.
These are some of the regular states that ‘‘cannot be found’’
in theusual ~\51 a.u.! quantummechanical calculations. For
\.1 a.u. the nodal patterns get progressively more compli-
cated and their interaction more important. From the corre-
lation diagram of Fig. 2 it is clear that the scarred wave
functions of states 24 and 25 are the result of the interaction
and combination of the ~0,24! and ~1,16! regular states. We
wil l provide more discussion on the actual values of the
combination coefficients later in the paper.

The discussion presented above it is not only relevant in

FIG. 1. Poincaré surface of section for the LiNC/LiCN system at an energy
of 2568.03 cm21. Precise details on how the coordinates are defined can be
found in Ref. 18. We havemarked with astar the fixed elliptic point corre-
sponding to the linear ~c5u5180°! LiNC isomer, and with squares and
triangles the elliptic and hyperbolic ones corresponding to a resonance rel-
evant to the discussion presented in the text.

FIG. 2. Correlation diagram with \ as parameter for several states of the
LiNC/LiCN system. Notice that wehave representedE/\ vs\ which renders
horizontal lines in theharmonic limit . In the thicker linewehaveplotted the
diabatic states corresponding to the 24th and 25th eigenstates of \51 a.u.
The evolution of the corresponding wave functions for three selected values
of \ is also presented in the insets; in the horizontal axis theu variable has
been represented covering the range 0–180°, and the vertical one corre-
sponds toRover the range2–6.5 a.u. Thewave functions for \50.8 a.u. are
regular and have been plotted superimposed to theminimum energy path of
the potential energy surface; the others are scarred by the unstable ~lower
insets! and stable ~upper insets! periodic orbitsmarked in Fig. 1, which have
been also represented in the figure.
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the context of theoretical quantum mechanical calculations
of vibrational states, but it is also important for the discus-
sion of the corresponding spectra. In order to illustrate this
point we present in Fig. 3 the stick spectrum generated by a
minimum uncertainty Gaussian wave packet ~analogous to a
stimulated emission pumping spectrum! initially located at
(R,u)05~3.6 a.u., 85°!, apoint approximately situated on the
MEP. Superimposed on it we have also plotted a low reso-
lution version resulting from theconvolution with Lorentzian
functions 60 cm21 wide. It is seen that the low resolution
spectrum is very simple and consists of a progression of ten
bands, corresponding to transitions to states with increasing
excitation on the bending mode, ~0,nu!, with nu even and
starting from 12. On the top of each band the numbers of the
contributing states have been indicated. The first five bands
consist of just one state ~which are all regular!, and after that
all thebandsshown in thespectrum consist of two states. For
example, theseventh band is thecombination of the24th and
25th states. The wavefunctions associated to each band can
be calculated by the simple projection technique proposed in
Refs. 14 and 23, which only involves the calculation of the
overlap Franck–Condon factors between the initial wave
packet and the different eigenstates of the LiNC/LiCN sys-
tem. The result for the seventh band that we are considering
is that

uC&50.7726u24&20.6349u25&.

Weshow thiswave function in the inset to Fig. 3, where it is
clear that the band wave function is very regular, being
highly localized on theMEPand corresponding to the ~0,24!
diabatic state. Moreover, this band wave function is totally

similar to the24th eigenstate obtained at \50.8 a.u. which is
shown in ~the lower left corner of! Fig. 2. It is also clear
from Fig. 2 that the diabatic state corresponding to the 25th
eigenstate for \50.8 a.u. could beobtained by using ap-type
~in the stretch coordinate! wave packet initially located at a
slightly bigger value of u0 to generate the spectrum.

Finally, we would like to emphasize that the procedure
that we have suggested here to obtain a deeper insight in the
relation between the transition from order to chaos and the
scarring effect is not just a theoretical artifact. Varying the
value of \ in a quantum mechanical calculation is equivalent
to scaling all masses of the problem. Although this is strictly
not possible in areal molecule due to the reduced number of
existing atomic isotopes, at least nature provides us with
some combinations. For example in the present case of the
LiNC/LiCN system, instead of the most abundant isotope
combination7Li14N12C/7Li12C14N used in the previous cal-
culation, we can consider the alternative isotopic substitute
9Li19N16C/9Li16C19N. For it we have found that the calcu-
lated 24th and 25th eigenfunctions ~for \51 a.u.! look com-
pletely regular and correspond to the states ~0,24! and ~1,16!,
respectively.

Changing the atomic isotopes in a molecule can also
introduce additional complications due to shifting of the vi-
brational frequencies and associated resonances;4 however,
this is a point completely different from that raised in the
present work.

To conclude, in this Communication we have shown
how the transition from regularity to chaos that takesplace in
a realistic molecular Hamiltonian system is reflected in the
structure of the corresponding wave functions. This can be
accomplished by changing the value of \, taken as aparam-
eter of our model, or scaling themassesof theproblem. As\
decreases thesystem becomesmore regular sincemorequan-
tum states ‘‘can be accommodated’’ in the classical phase
space region which is regular. By this procedure we have
shown that it is the interaction and mixing of regular wave
functions that generate the scars in the chaotic regime. The
influence of this effect in the corresponding molecular spec-
tra has also been discussed.
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