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The stability limits of nonaxisymmetric liquid bridges between equal in diameter, coaxial disks have 
been determined experimentally. Experiments have been performed by working with very small size 
liquid bridges. The experimental setup allows any orientation of the liquid bridge axis with respect 
to the local gravity vector acceleration. By appropriately orienting the liquid bridge axis, the 
influence on the stability limits of both the lateral and the axial component of the acceleration acting 
on the liquid bridge has been investigated. 

I. INTRODUCTION 

The fluid configuration considered consists of an isother
mal liquid drop held by surface tension forces between two 
parallel, coaxial, solid disks of the same diameter, 2R, sub
jected to an acceleration field, as sketched in Fig. 1. The 
stability limits of this configuration (known as a liquid 
bridge) are determined by the following dimensionless pa
rameters: the slendemess, A, defined as the ratio of the disks 
separation, L, to the disks common diameter, A = L/(2R). 
the dimensionless volume of the drop, defined as the ratio of 
the volume of the liquid bridge, V*, to the volume of a 
cylinder having the same length and diameter, V 
= V*I(TTR2L), and the Bond number, B=pgft2/<x, where p 
is the difference between the density of the liquid and the 
density of the surrounding medium, g is the gravity accelera
tion (a vector which forms an angle <p with the axis of the 
liquid bridge, as indicated in Fig. 1), and <x is the surface 
tension. Note that since g is a vector, for the sake of simplic
ity, the Bond number has been also defined as a vector 
whose axial and lateral components (5a=|B|cos<p and Bt 

= |B|sin<p, respectively) correspond to the axial and the ra
dial components of the acceleration vector. 

As is well known, a liquid bridge can be stable or un
stable depending on the relative values of the slendemess, 
the dimensionless volume, and the imposed perturbation. A 
given configuration can be represented by a point in a A - V 
diagram (see Fig. 1), where two different regions can be 
identified: configurations lying inside the closed curve are 
stable whereas those lying outside are unstable. The border 
between both regions, which depends on the imposed pertur
bation, is the stability limit. The type of instability that leads 
to liquid bridge destabilization is different for different por
tions of the stability limit curve. For very small values of 
both the slendemess and the dimensionless volume (line 
O-A) the instability does not lead to a breakage but rather to 
a nonaxisymmetric detachment of the liquid bridge interface 
(the triple line) from the edges of the supporting disks. For 
larger values of the slendemess or of the volume (line 
A-B), a capillary instability leads to the breaking of the 

liquid column into two main drops whose relative volumes 
depend on both the value of the slendemess and on the mag
nitude of the imposed perturbation. This curve is known as 
minimum volume stability limit. Finally, the upper boundary 
of the stability region (line O-B) is due to a nonaxisymmet
ric instability and usually leads also to the spreading of the 
liquid over the lateral surfaces of the solid supports. 

Equilibrium shapes and stability limits of capillary liquid 
bridges have been analyzed from both the theoretical and 
experimental points of view during the last decades, and 
many papers dealing with such fluid configurations have 
been published.1 However, most of the published papers deal 
only with axisymmetric equilibrium shapes (in which the 
direction of the acceleration is parallel to the liquid bridge 
axis, that is <p = 0, B{ = 0) and its stability (considering in 
some of them also nonaxisymmetric perturbations). Apart 
from the classical work of Coriell, Hardy, and Cordes,2 only 
recently have nonaxisymmetric equilibrium shapes been con
sidered. An asymptotic analysis of the influence of lateral 
Bond number on the stability limit of liquid bridges having 
cylindrical volume (V= 1) has been studied by Perales,3 and 
by Meseguer et al4 who analyzed analytically and experi
mentally the influence of the combined effect of nonaxisym
metric perturbations (the lateral Bond number and nonco-
axial supporting disks) on the stability limit. Recently, some 
numerical analyses dealing with the equilibrium shapes and 
stability limits of nonaxisymmetric liquid bridges have been 
published59 and the same nonaxisymmetric configurations 
were used in an experimental work where the use of liquid 
bridges as accelerometers is explored.10 

II. APPARATUS 

There are several options for performing liquid bridge 
experiments on ground laboratories. Either small liquid 
bridges41011 or the neutral buoyancy technique12 have 
mostly been used (although other techniques to avoid gravity 
effects have also been used for ground-based studies: ultra
sound levitation, electric fields, and magnetic fields913). The 
first option has been chosen here. The apparatus used in the 



FIG. 1. Geometry, coordinate system, and sketch of a typical stability dia
gram of liquid bridges. 

experiments consists of a millimetric liquid bridge cell 
(LBC) mounted on a platform, which can be oriented at any 
prescribed direction with respect to the local gravity direc
tion (Fig. 2). The LBC consists of a three axes table. The 
upper disk can be displaced along the z axis by means of a 
micro metric screw with an accuracy of 0.01 mm. The lower 
disk is mounted on a plate which can be displaced parallel to 
the xy plane by means of two micrometric screws, one of 
them allowing the displacement of the plate along the x axis 
and the other along the y axis. Both supporting disks are 
made of a calibrated stainless steel tube, and the surfaces in 
contact with the liquid have been carefully polished in order 
to obtain very sharp edges. During the experiments the disks 
were kept coaxial, the eccentricity between the centers of the 
disks being smaller than 0.5% of the disk radius. Working 
fluid (distilled water) was injected and removed through a 
hole in the upper disk connected to a calibrated syringe by 
flexible tubing. 

The LBC, the change-coupled device (CCD) camera, 
and the illumination system, are mounted on a rotating plat
form which in turn is mounted on a tilting table. The rotating 
platform (hence the LBC and the CCD camera) can be ro
tated as a whole around a fixed point of the tilting table, its 
position being measured by the rotation angle /?. The LBC is 
located on the rotation platform in such a way that the liquid 
bridge axis coincides with the platform rotation axis. The 
tilting table is articulated along an axis to a fixed base, <p 
being the angle between the tilting table and the fixed base 
(both angles, /? and <p, are measured within ±1° accuracy). 
Other pieces of equipment used, but not shown in Fig. 2, are 
a video recorder, a TV monitor, a PC with an image proces
sor, and the calibrated syringe. 

For every experimental run, the experimental procedure 
has been as follows: First, the tilting table is rotated to the 
desired nominal value of the tilt angle, <p, the rotating plat
form to the nominal value of the rotation angle, /?, and the 
upper disk is displaced until the desired slenderness, A, is 

FIG. 2. Experimental arrangement: (1) CCD camera, (2) millimetric liquid 
bridge cell, (3) rotating platform, (4) tilting table. 

reached. Then a drop of liquid is injected through the hole in 
the upper disk and its volume is increased until the drop 
becomes in contact with the lower disk and a liquid bridge is 
formed (due to the sharpness of the disk edges the liquid 
column usually anchors perfectly to the edges of the disks 
and the spreading of the liquid over the lateral surfaces of the 
supporting rods during the liquid bridge formation is quite 
unusual). From this point, the experimental sequence de
pends on which part of the stability limit curve is being 
checked. In the case of minimum volume limits, once the 
liquid bridge is formed the experimental sequence proceeds 
without any further interaction: Due to water evaporation, 
the volume of liquid continuously decreases and when the 
stability limit is reached the liquid column breaks. In the case 
of maximum volume limits, the volume of liquid is slowly 
increased by adding water from the syringe until capillary 
instability develops and the liquid column breakage takes 
place. In both cases direct manipulation on the LBC is pre
vented in order to avoid vibrations that could cause the 
breaking of the liquid column before the corresponding sta
bility limit is reached. 

During the experiments, liquid bridge pictures obtained 
from the CCD camera are recorded and their contours are 
digitized every 0.04 s. The last digitized contour before the 
breaking of the liquid bridge, which is assumed to be the 
critical shape, is stored for further analysis. The above-
described procedure is repeated ten times (to have several 
experimental data for a given configuration) for every tested 
value of the rotation angle (/? = 0°, 15°, 30°, 45°, 60°, 75°, 
and 90°) keeping constant the values of both the slenderness 



and the tilt angle. Then a new value of the slendemess is set 
and, for every tested value of the tilt angle (<p = 0 °, 13 °, 26°. 
40°, 54°, 67°, 81°, and 90°) the whole process is repeated 
again until the corresponding stability limit curve is ob
tained. 

For every value of the slendemess and of the tilt angle, 
the volume of the liquid bridge at the stability limit is com
puted from the stored critical contours of the liquid column 
(the last contour before the breaking of the liquid column). 
According to the experimental procedure, for each value of 
the tilt angle <p and the slendemess A, a set of contours of the 
critical liquid bridge interface, corresponding to the different 
values of the rotation angle B, are obtained. Although each 
one of the critical contours is obtained in a different experi
ment, it is assumed that the shape of the liquid bridge at the 
stability limit, thus the volume of the liquid, is the same no 
matter the value of the rotation angle. To validate this as
sumption, and for a representative liquid volume, for each 
value of the rotation angle the same experiment was repeated 
many times, and in all cases the digitized contours of the 
liquid bridge interface were equal, within the experimental 
error. 

In every case the volume of liquid has been calculated 
using two different procedures: by using the whole set of 
contours obtained for each values of the tilt angle <p and the 
slendemess A (details on this procedure can be obtained 
from the authors upon request) and by using a simplifying 
assumption considering that the cross sections of the liquid 
bridge are nearly ellipses. With the latter approximation cal
culations are much simpler and it suffices to measure the 
contours corresponding to B = 0 and to /?= 90° to obtain just 
the main axes of the ellipses. Both methods give identical 
results within experimental accuracy. 

To calculate the value of the Bond number during the 
experiments the procedure was as follows. The tilt angle was 
set to zero, so that liquid bridges were in vertical position 
and their interfaces were axisymmetric (<p = 0,Ba=\B\, Bt 

= 0). A liquid bridge with an initial volume higher than the 
cylindrical one (V> 1) is established. The volume of the 
liquid bridge is continuously computed from the digitized 
outer shapes while the volume of the liquid column de
creases continuously due to evaporation. When the volume is 
within the range V= 1 ± 0.005 the value of the Bond number 
is calculated by fitting a second-order accurate theoretical 
expression for interface shape to that experimentally 
measured.10 The procedure is then repeated for different val
ues of the slendemess and two sets of supporting disks, the 
results obtained being 5 f l =|B |= 0.0221 ±0.0002 for liquid 
bridges between disks having 0.40 mm in radius, and Ba 

= |B|=0.0232±0.0002 in the case of disks with R 
= 0.41 mm. These values are extremely close to the values of 
reference which are obtained by taking the nominal values of 
the physical magnitudes entering in the definition of the 
Bond number (p=103kgm~3 , g = 9.81ms~2, and a 
= 0.072 Nm - 1 ) , which are 5 = 0.0218 and 5 = 0.0229, re
spectively. The small differences can be attributed to the 
decrease in surface tension due to small contamination. In 
order to assure that there was not any change in the experi
mental conditions during the different experimental runs, 
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FIG. 3. Variation with the parameter Bah(V— 1) of the difference sin a>2 

—sin &>! (where a>2 and o>1 are the critical values of the contact angles at the 
edges of the bottom and top disks, respectively) of axisymmetric liquid 
bridges at the stability limit. Symbols indicate experimental results, whereas 
the solid line is a linear fit to experimental results. According to results 
obtained by Slobozhanin and Perales (Ref 14) the slope should be exactly 
one. 

Bond numbers were measured before and after every run and 
the obtained values were found constant. 

III. EXPERIMENTAL RESULTS 

The first set of experiments was performed with axisym
metric liquid bridges (with the tilting table in the horizontal 
position, <p = 0,Ba=\B\,Bi = 0) aiming to check some theo
retical results predicted by Slobozhanin and Perales.14 Ac
cording to them, the shape of the interface of an axisymmet
ric liquid bridge at the stability limit (which can be identified 
by the contact angles at the upper disk, co2, and at the lower 
disk, &>], as indicated in Fig. 3) depends on the Bond num
ber, the slendemess, and the dimensionless volume through 
the expression: sin&>2—sincol=BaA(V— 1). Experimental re
sults are shown in Fig. 3, where the values of sin&>2 

-sinw] versus the parameter BaA(V- 1) have been plotted. 
In this plot the symbols represent experimental results 
whereas the solid line is a linear least-squares fit to the ex
perimental results. The agreement between the theoretical 
prediction and the values measured here is excellent. 

The stability limits (experimental results) of nonaxisym-
metric liquid bridges, critical volume versus slendemess, are 
shown in Figs. 4(a) and 4(b). Here the stability limit curves 
corresponding to different values of the tilt angle are plotted. 
Note that, according to these results, when the volumes are 
not too large, liquid bridges are more stable when gravity 
acts along a direction perpendicular to the liquid bridge axis 
((p=Tr/2,Ba = 0,Bl=\B\) than when it acts in a direction 
parallel to the liquid bridge axis (<p = 0,Ba=\B\,Bl = 0). 
This behavior is in complete agreement with theoretical 
predictions.4'8 For instance, the maximum stable slendemess 
of liquid bridges with slendemess close to the Rayleigh sta-
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FIG. 4. Stability limits of liquid bridges between equal, coaxial disks (Ba 

= 0.0232 cos <p,Bi=0.0232 sin <p): (a) whole slenderness range; (b) low 
slenderness range. The legend indicates the symbols used for different tilt 
angles, (p. 

bility limit, volume close to that of a cylinder and subjected 
to very small axial and lateral Bond numbers (A«="7r, V 
*^\,Ba^O,Bi^O) has been calculated by using standard bi
furcation techniques,4 the resulting expression for the maxi
mum stable slenderness, Acnt, being 

A-crit- TT 

4/3 

Bi 
l 
-{V-\)-—B\ (1) 

This expression has been plotted in Fig. 5 as well as the 
values of Acnt derived from the experimental results shown 
in Fig. 4(b). According to this plot, the agreement between 
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FIG. 5. Variation with the tilt angle, <p, of the critical length, Aclit, of liquid 
bridges with cylindrical volume (V= 1). The symbols represent the experi
mental values, whereas the curve corresponds to the theoretical results ac
cording to expression (1). 

experimental results and the asymptotic ones increases as the 
tilt angle grows, as one could expect if the conditions used to 
deduce expression (1) are recalled. 

Another remarkable aspect of the experimental results 
shown in Fig. 4(a) is the existence in each stability limit 
curve of a maximum slenderness. Amax, that bounds the 
range of values of the slenderness for which a stable liquid 
bridge can be formed. As far as we know, the only available 
results on this topic are the theoretical results published by 
Slobozhanin and Perales14 and Langbein,15 and the experi-
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FIG. 6. Variation with the tilt angle, <p, of the maximum length, AmaK, of 
liquid bridges subjected to axial and lateral accelerations (B a 

= 0.0232 cos (f, 5;=0.0232 sin <p). Open symbols represent experimental re
sults whereas the solid ones correspond to the asymptotic result of 
Langbein—Ref. 15 (circle) and the extrapolated value deduced from the 
results of Alexander et al.—Ref. 8 (square). 



mental ones published by Bezdenejnykh, Meseguer, and 
Perales,11 although in these cases only axisymmetric liquid 
bridges were considered (<p = 0,5 a#0,Z^ = 0), and the the
oretical results of Alexander et al.8 concerning liquid bridges 
were subjected to either axial or lateral acceleration. The 
variation of the maximum slenderness with the tilt angle has 
been represented in Fig. 6. Note that for the values of the 
Bond number considered here there is a minimum of Amax 

which occurs close to <p = 77-/4, that is, when axial and lateral 
Bond numbers are roughly equal. 
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