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Abstract

An Eulerian/Lagrangian model is used to describe the vaporization and combustion of a spray of electrically
charged droplets of heptane that is injected in a small chamber together with a coflow of preheated air.
The effects of the inlet air temperature, the fuel flow rate and the overall equivalence ratio are investigated
for globally lean systems. Combustion may occur in a lifted lean premixed flame after the fuel has fully
vaporized and mixed with the air coflow, or it may begin before the fuel diffuses in the air coflow, in a layer
of intense reaction that locally depletes the oxygen and leaves behind a region of hot fuel surrounded by a
diffusion flame. Transition between these two modes is discussed, and ignition and extinction conditions are
determined.

Introduction

Small scale power sources based on the steady
combustion of a liquid hydrocarbon in a small
chamber followed by a direct energy conver-
sion module may generate electric powers of 10–
100 watts with overall dimensions of several cen-
timeters. These so-called mesoscale systems may
develop into an alternative to conventional batter-
ies, using the high energy density of the liquid fuel
to overcome their relatively low efficiency [1, 2].

Salient differences between mesoscale systems
and their macroscopic counterparts are: (i) reduc-
tion or disappearance of turbulent mixing and heat
transfer, and of the associated flame wrinkling; (ii)
increased heat losses due to the augmented surface-
to-volume ratio, with an attendant increase of the
vaporization and chemical times; and (iii) reduc-
tion of the residence time, which should be larger
than the times just mentioned to prevent the emis-
sion of pollutants or unburned hydrocarbons.

Elements used to achieve relatively efficient com-
bustion under these unfavorable conditions include
flow-blurring [3] or electrospray [4, 5, 6, 7] atom-
izers to generate small fuel droplets that can dis-
perse and vaporize in the short time available in
the chamber, and heat recuperation, whereby part
of the thermal energy of the combustion products
is used to preheat the reactants [8, 9, 10]. Catalytic
combustion is well suited for mesoscale systems. Se-
ries of catalyst-coated grids at the outlet of a cham-
ber where the fuel droplets vaporize in a coflow of
heated air have been used by Gomez and coworkers

[4, 5, 6, 7]. However, gas-phase combustion may
still have some advantages owing to its volumetric
rather than superficial character, provided heat re-
cuperation can overcome heat losses to a sufficient
extent to make it possible.

The purpose of this paper is to assess the feasibil-
ity of gas-phase combustion in conditions where cat-
alytic combustion has been already demonstrated,
and to study the effect of the electric charge carried
by electrosprayed heptane droplets on the dynamics
of the spray.

Formulation

A electrospray source is considered that injects a
monodisperse spray of electrically charged droplets
of heptane and a coflow of air through a circular ori-
fice of radius rh at one of the bases of a cylindrical
chamber. Symmetry conditions are applied at a dis-
tance R from an axis through the center of the ori-
fice to approximately represent the two-dimensional
arrays of identical sources used in the experiments
of Kyritsis et al. [4] and Deng et al. [6]. The source
generates Φ droplets per unit time with radius a0,
electric charge e0, temperature T0 and velocity vpI ,
and the air enters the chamber with velocity vgI
and temperature T1 > T0 through the same orifice.
The droplets heat up and vaporize in the chamber
due to the heat transferred by conduction from the
hot air, generating fuel vapor that reacts with the
oxygen of the injected air. The combustion prod-
ucts leave the chamber through the opposite base,
at a distance L from the injection orifice.



The mean distance between droplets, `d, is large
compared to the radius of a droplet and small com-
pared to the size of the chamber; i.e. a0 � `d � L.
In these conditions, an Eulerian, mesoscale descrip-
tion of the gas flow (Williams [11]) combined with a
Lagrangian description of the droplets can be used.

Droplets

The droplets interact mainly through the sur-
rounding gas and through the electric field induced
by the electric charges they carry. Direct interac-
tions between droplets are rare events when a0 �
`d. The force F d exerted by the gas on a droplet,
the heat flux reaching the droplet, qg, and the va-
porization rate, ṁ, depend on the local conditions
of the gas seen by the droplet and on the radius, ad,
velocity, vd = ∂xd/∂t (where xd is the position of
the droplet), and temperature, Td, of the droplet.
Here the approximations

F d = −6πµgdad (vd − vgd)

qg = 4πadλgd
Tgd
1 + κ

[
1−

(
Td
Tgd

)1+κ
] (1)

will be used which are justified for small values
of the Reynolds numbers of the slip flow and the
vaporization Stefan flow [12, 13]. In these equa-
tions vgd and Tgd are the velocity and tempera-
ture of the gas at the position of the droplet, and
µgd = µg(Tgd) and λgd = λg(Tgd) are the viscos-
ity and thermal conductivity of the gas, given by
the power laws µg/µg0 = λg/λg0 = (Tg/T0)κ with
κ = 0.75.

In addition, since Lv/RvTb ≈ 11 for heptane at
ambient pressure, where Lv, Rv and Tb are the la-
tent heat of vaporization, the vapor gas constant
and the boiling temperature, results pertaining to
the asymptotic limit Lv/RvTb → ∞ [14] will be
used to simplify the analysis of droplet vaporiza-
tion. In this limit, vaporization occurs only when
Td = Tb, at a rate ṁ = qg/Lv, and is preceded by a
stage of heating during which all the heat reaching
the droplet is used to increase its temperature. The
error due to this approximation has been analyzed
elsewhere [15].

The maximum electric charge that a droplet
can bear is given by the Rayleigh limit e

Rd
=

8π(ε0σa
3
d)

1/2 (Rayleigh [16]), where σ is the surface
tension of the liquid and ε0 is the electric permit-
tivity of the gas. This limit is reached when the
droplet vaporizes keeping its electric charge, and
then the droplet undergoes a Coulomb explosion
which is idealized here as an instantaneous loss of
a fraction α of the droplet’s charge without change
of the droplet’s mass [17], so that

ed decreases to (1− α)ed whenever ed ≥ eRd
. (2)

The electric charge lost by the droplet rapidly reap-
pears as a population of charged nanometer-size
residues whose charge density, ρr, obeys the con-
servation equation

∂ρr
∂t

+∇ · [ρr (vg +KE)] = Sr, (3)

where vg is the velocity of the gas, K is the mobil-
ity of the residues, and Sr is the charge generated
by Coulomb explosions per unit volume and time.
Charged residues reach the metallic bases of the
chamber, where they are absorbed.

The droplets are treated as a continuous phase
with axisymmetric property distributions that de-
pend on time and two Lagrangian variables. The
injection time ti or, equivalently, ξ = −vpI ti, where
vpI is the injection velocity, and the injection dis-
tance to the symmetry axis, η, are used as La-
grangian variables.

The mass, energy and momentum conservation
equations for the droplet phase are

∂md

∂t
= −ṁ, mdc

∂Td
∂t

= qg − ṁLv
∂xd
∂t

= vd, md
∂vd
∂t

= F d + edEd

 (4)

where, in the absence of fuel vapor in the gas prior to
vaporization, ṁ = 0 (so that md retains its initial
value and mdc∂Td/∂t = qg) when Td < Tb and
ṁ = qg/Lv (so that Td = Tb) otherwise. Here md =
4
3πρla

3
d, ρl and c are the density and specific heat of

the liquid, and Ed is the electric field at the position
xd of the droplet.

Droplets are continuously injected, Φ per unit
time, at the injection orifice with a radial Gaus-
sian distribution with standard deviation rc < rh,
truncated at the orifice radius rh. The injection
conditions read therefore

xd = 0, rd = η, vd = vpI i, n = G(η)

ad = a0, Td = T0, ed = e0

}
(5)

at ξ = −vpI t. Here xd and rd are the ax-
ial and radial components of xd, i is a unit
axial vector, n(η) denotes the number den-
sity of droplets at injection, and G(η) =
(Φ/πr2cvpI ) exp

(
−η2/r2c

)
/
[
1− exp

(
−r2h/r2c

)]
for

η < rh, G(η) = 0 for η > rh. Upon injection, the
droplets evolve according to equations (4), which
are to be solved for t > 0, ξ > −vpI t, 0 < η < rh,
until they disappear when they fully vaporize or hit
one of the bases of the chamber.

Gas

Conservation equations for the mesoscale descrip-
tion of the gas (Williams [11]) can be derived from
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the principles of conservation of mass, momen-
tum and energy applied to the gas in elementary
control volumes of size large compared to `d but
small compared to L. These volumes enclose many
droplets exchanging mass, momentum and energy
with the gas, whose effect appears as distributed
source terms in the gas equations. For a stationary
mesoscale flow at low Mach number, leaving out ra-
diation and using a Fick law for the diffusion of fuel
vapor and oxygen, these equations are

∇ · (ρgvg) = S, (6)

ρgvg ·∇vg = −∇p+∇ · τ ′ − F + ρrE, (7)

ρgvg ·∇Yj = ∇ ·
(
λg/cp
Lej

∇Yj

)
+ (1− Yj)Sj − sjw,

(8)

ρgcpvg ·∇Tg = ∇ · (λg∇Tg)−Q+ qw, (9)

plus the equation of state ρgTg = ρg0T0. Here ρg,
Tg, vg and Yj are the mesoscale-averaged gas den-
sity, temperature, velocity and species mass frac-
tions (with j = F , O denoting fuel and oxygen here-
after); τ ′ is the viscous stress tensor given by the
Navier-Poisson law; cp and Lej are the specific heat
of the gas and the Lewis numbers of the species, as-
sumed to be constant; and ρg0 is the density of the
gas at the inlet temperature of the droplets, T0.
Combustion in the gas phase is modelled with a
single irreversible reaction whose rate (mass of fuel
consumed per unit volume and time) is given by the
Arrhenius law w = ρgB exp (−Ta/Tg)YF

Y
O

, where
the frequency factor and activation temperature are
chosen to reproduce the ignition delay times mea-
sured by Ciozki and Adomeit [18] in shock tube
experiments with heptane at about 3 atmospheres;
namely B = 2.2 × 106 s−1 and Ta = 104 K. In
addition, for heptane, s

F
= 1, s

O
= 3.52 and

q = 39974 kJ/kg.
The mesoscale-averaged electric field satisfies

E = −∇ϕ, ∇2ϕ = −ρe + ρr
ε0

. (10)

Boundary conditions for the gas equations are

vg = vgI i, Tg = T1, ϕ = 0

ρgugYF −
λg/cp
LeF

∂YF

∂x
= 0

ρgug (YO − YO0)−
λg/cp
LeO

∂YO

∂x
= 0


for r < rh

vg = 0,
∂Yj
∂x

= 0

Tg = T1, ϕ = 0

 for rh < r < R

(11)

at x = 0,

vg =
∂ωg
∂x

= 0,
∂Yj
∂x

=
∂Tg
∂x

= ϕ = 0 (12)

at x = L, and

∂ug
∂r

= vg =
∂Yj
∂r

=
∂Tg
∂r

=
∂ϕ

∂r
= 0 (13)

at r = R. Here ug and vg are the axial and ra-
dial components of the gas velocity, and ωg is the
vorticity. In addition, ρr = 0 at the regions of the
boundary where vg +KE points inwards.

The source terms on the right-hand sides of
these equations (see [12, 19] for details) are given
by integrals of the type 2π

∫
δ(xd − x)(·)nη dξ dη

where δ is the Dirac delta function and (·) = ṁ,
F d + ṁ(vgd − vd), qg + ṁcp(Tgd − Td) and ed for
S, F , Q and ρe, respectively, while S

F
= S and

S
O

= 0.

Results and discussion

Values of the parameters are chosen for the sim-
ulations to be representative of some of the con-
figurations investigated by Gomez and coworkers
[4, 5, 6, 7]. The chamber length is L = 38.1 mm,
with a mean spacing between electrospray sources
leading to R = 5.33 mm, and an injection orifice
of radius rh = 3.8 mm. The fuel is heptane doped
with an electric conductivity enhancer, with physi-
cal properties ρl = 679.5 kg/m3, c = 2241 J/K kg,
σ = 2.01×10−2 N/m, Tb = 371.6 K and Lv = 3.65×
105 J/kg. A base case is considered in which a flow
rate Qb = 1.5 ml/h is atomized per electrospray
source into droplets of diameter 2a0b = 17.5 µm,
carrying an electric charge e0b = 1.08 × 10−13 C,
which are injected with velocity vpI = 10 m/s and
temperature T0 = 293 K. The mass of heptane per
droplet is then m0b = 4

3πρla
3
0b = 1.907× 10−12 kg,

and the number of droplets injected per source per
unit time is Φb = Qb/

(
4
3πa

3
0b

)
= 1.49 × 105 s−1.

The size and charge of the droplets change when the
flow rate of liquid atomized changes. The scaling
laws for an electrospray in the cone-jet mode (see,
e.g., Fernández de la Mora [17]) provide the rela-

tions a0/a0b = (e0/e0b)
1/2

= Φb/Φ = (Q/Qb)
1/2

.
Air (Y

O0
= 0.23) preheated to a temperature T1 >

T0 is injected in the chamber together with the
droplets, with a velocity vgI such that the over-
all equivalence ratio φ = 3.52 ρlQ/

(
0.23πr2hρg1vgI

)
has a chosen value.

The mixing temperature at the out-
let of the chamber, defined as Tm =∫ R
0
ρgugTgr dr/

∫ R
0
ρgugr dr at x = L, is shown in

Fig. 1 as a function of the inlet gas temperature
T1 (both temperatures are scaled with the inlet
liquid temperature T0 = 293 K) for two values
of the overall equivalence ratio and three values
of the liquid flow rate. The results show frozen
(lower) and intense combustion (upper) branches
with well defined ignition and extinction points,
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Figure 1: Outlet mixing temperature scaled with T0 as a
function of the inlet gas temperature scaled with T0 for Q =
Qb, φ = 0.7 (0, red); Q = Qb, φ = 0.35 (1, green); Q =
1.69Qb, φ = 0.35 (2, blue); and Q = 2.25Qb, φ = 0.35
(3, magenta). The dashed curve (3′, magenta) is for Q =
2.25Qb, φ = 0.35 with discharged droplets.

except for Q = 2.25Qb, φ = 0.35. The dotted
lines in the figure are not intended to represent
intermediate branches, which are unstable and
cannot be computed with the numerical method
used here; they are included just to connect
upper and lower branch pairs. As can be seen,
ignition and extinction shift toward higher inlet
gas temperatures, and the range of multiplicity
widens, when the equivalence ratio decreases
(compare curves 0 and 1). This range first widens
and then disappears when the flow rate of liquid
increases (sequence of curves 1, 2, 3). The mixing
temperature in the upper branch increases with the
equivalence ratio. For complete combustion and in
the absence of heat losses, this temperature should
be independent of the flow rate of liquid; the small
differences shown in Fig. 1 will be discussed below.

The structure of the flow in the branch of in-
tense combustion is illustrated in Fig. 2 for Q = Qb
and 1.69Qb, at values of T1/T0 representative of
the whole branch. The system is globally lean but,
for these values of the flow rate, combustion begins
upon vaporization of a fraction of the fuel, when
some liquid is still left and the fuel vapor has had no
time to diffuse across the air stream. The ensuing
flame, in the lower part of the chamber, is intense
and rich. It locally depletes the oxygen and leaves
behind a region of high temperature fuel, where the
remaining liquid rapidly vaporizes. Due to its high
temperature, this region is surrounded by a diffu-
sion flame where the fuel is fully consumed with
oxygen of the colder air stream that did not cross
the lower flame. A weak lean wing flame also exists
that extends toward the air side from the head of
the diffusion flame, but this wing is very short and
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Figure 2: Contours of constant gas temperature (red), fuel
mass fraction (green), oxygen mass fraction (blue) and reac-
tion rate (dashed, black) for φ = 0.35, T1 = 2.06T0 = 603 K,
and Q = Qb (a) and 1.69Qb (b). Arrows mark the velocity
of the gas.

does not seem to play an important role.
The height of the lower flame above the base of

the chamber is controlled by the vaporization of the
liquid fuel. When Q = Qb (Fig. 2(a)) this distance
is small and the flame loses heat to the base of the
chamber, which explains the lower mixing temper-
ature of the corresponding upper branch in Fig. 1.
When the liquid flow rate increases the flame shifts
upward because both the size of the droplets and
the inlet velocity of the gas increase.

Increasing the liquid vaporization time by in-
creasing the flow rate also increases the radial dis-
persion of the fuel vapor and reduces the size of the
region of rich mixture on which the structure just
described depends. At Q = 2.25Qb (Fig. 3(a)) this
structure has been replaced by a lifted lean pre-
mixed flame that consumes the fuel well above the
vaporization region, at a position where the veloc-
ity of the flame matches the velocity of the decel-
erating gas. The radial dispersion of the fuel va-
por depends on the radial dispersion of the spray of
droplets, which in turn is enhanced by the electric
charge of the droplets. The effect has been analyzed
elsewhere in the absence of combustion [19]. The
droplets first slow down due to the air drag, and at
the same time heat up to the boiling temperature
of the liquid. This is followed by a marked radial
divergence of the spray due to the repulsion of the
electric charges carried by the droplets (Fig. 3(c)),
and at the same time the droplets begin to vaporize.

To assess the influence of the electric forces,
the computations have been repeated assuming
that the droplets are discharged before enter-
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Figure 3: Contours of constant gas temperature (red), fuel
mass fraction (green), oxygen mass fraction (blue) and reac-
tion rate (dashed, black) (a and b), and contours of constant
number density of droplets (solid, black) and fuel mass frac-
tion (dashed, green) (c and d). Values of the parameters are
Q = 2.25Qb, φ = 0.35 and T1 = 2.47T0 = 723 K. In (b) and
(d) the droplets do not carry electric charge.
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Figure 4: Gas temperature (a, solid curves) and fuel (b, solid
curves) and oxygen (b, dashed curves) mass fractions along
the symmetry axis for φ = 0.35 and Q = Qb (red), 1.69Qb
(green) and 2.25Qb (blue). Magenta curves are for Q =
2.25Qb when the droplets are discharged before entering the
chamber. Dashed curves in (a) give the flow rate transported
by fuel droplets before they fully vaporize as a function of
distance from the injection orifice.

ing the chamber but are not otherwise modified.
Figure 3(d) shows that the spray of discharged
droplets vaporizes without significant radial diver-
gence, leading to a locally rich region where the
structure discussed above for smaller flow rates still
exists (Fig. 3(b), where the lower rich flame is lo-
cated at about x/L = 0.15). The dashed curve
in Fig. 1, labeled 3′, shows the modified Tm(T1)
relationship for φ = 0.35 and Q = 2.25Qb when
the droplets have no electric charge. The effect of
the electric charge on the upper branches of other
curves in Fig. 1 (for Qb and 1.69Qb; curves 1 and 2)
is much smaller because the high temperature of the
gas at the lower rich flame and beyond causes the
droplets to vaporize before the spray can diverge ra-
dially. Transition from the flame structure of Fig. 2
to the single premixed flame of Fig. 3(a) can be con-
trolled by changing the air velocity. Thus, compu-
tations carried out for an injection orifice of radius
rh = 1.9 mm, which is half the radius considered
above and leads to a four fold increase of the in-
let air velocity for given values of the flow rate and
the overall equivalence ratio, show (results not dis-
played) that the single premixed flame of Fig. 3(a)
is already obtained for Q = Qb.

Figure 4 shows the streamwise evolution of the
gas temperature and the mass fractions of the reac-

5



tants along the symmetry axis, and of the flow rate
carried by the droplets (dashed curves in Fig. 4(a)).
As can be seen, droplet vaporization begins at a well
define distance from the injection orifice, which in-
creases with the size of the droplets. Vaporization
proceeds very rapidly when the structure of Fig. 2
is obtained, and somewhat less rapidly when com-
bustion and vaporization occur in separate regions.
In the first case, for Q = Qb and 1.69Qb, and also
for Q = 2.25Qb in the absence of electric charge,
the temperature of the gas takes very large values
in the oxygen-depleted region, while radial diffusion
reduces the temperature and increases the oxygen
mass fraction downstream of this region. The re-
actants coexist only in narrow layers around the
said region; namely between fuel vaporization and
oxygen depletion in the leading flame, and in the
trailing diffusion flame. In contrast, the region of
reactants coexistence extends to the lifted premixed
flame when Q = 2.25Qb.

Conclusions

Steady gas-phase combustion in a mesoscale
chamber fed with electrosprayed heptane and a
coflow of preheated air through an injection ori-
fice has been simulated numerically. The simula-
tion includes the dispersion and vaporization of a
dilute spray of small, electrically charged droplets of
heptane and the combustion of the vaporized hep-
tane. An Eulerian/Lagrangian method has been
used that relies on the disparity of scales between
the size of the droplets, the mean distance be-
tween droplets, and the size of the spray. Simple
models are used for the aerodynamic drag of the
droplets, the conduction heat flux reaching their
surfaces, their vaporization rate, and the loss of
electric charge in Coulomb explosions. Combustion
in the gas-phase is modelled with a single Arrhenius
reaction.

The effects of the inlet gas temperature (T1), the
fuel flow rate (Q) and the overall equivalence ratio
(φ) have been analyzed. The outlet mixing temper-
ature as a function of the inlet gas temperature fea-
tures frozen and intense combustion branches, with
ignition and extinction values of T1 that depend on
Q and φ.

Two different combustion modes have been
found. In the first mode, combustion begins im-
mediately upon fuel vaporization, in an intense re-
action layer that locally depletes the oxygen and
leaves behind a region of high temperature fuel va-
por surrounded by a diffusion flame. In the second
mode, combustion occurs in a lean premixed flame
located well above the spray, where the fuel has
fully vaporized and mixed with the air. The first
combustion mode depends on rapid vaporization of
the fuel to generate a region of excess fuel vapor.

The distance of the intense reaction layer to the in-
jection orifice increases with the flow rate of fuel
(which also increases the size of the droplets) until
transition to the second combustion mode occurs
at a certain value of this parameter. This transi-
tion can be controlled acting on the electric charge
of the droplets, which determines the divergence of
the spray and thus the maximum fuel vapor con-
centration, or on the radius of the injection orifice,
which determines the inlet velocity of the gas for
given values of Q and φ.
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