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SOLVING THE KEPLER EQUATION WITH THE SDG-CODE 

Virginia Raposo-Pulido* and Jesús Peláez† 

A new code to solve the Kepler equation for elliptic and hyperbolic orbits has 
been developed. The motivation of the study is the determination of an appro-
priate seed to initialize the numerical method, considering the optimization al-
ready tested of the well-known Newton-Raphson method. To do that, we take 
advantage of the full potential of the symbolic manipulators. The final algorithm 
is stable, reliable and solves successfully the solution of the Kepler equation in 
the singular corner (M << 1 and e  1). In most of the cases, the seed generated 
by the Space Dynamics Group at UPM (SDG-code) leads to reach machine error 
accuracy with the modified Newton-Raphson methods with no iterations or just 
one iteration. This approach improves the computational time compared with 
other methods currently in use. The advantage of our approach is its applicabil-
ity to other problems as for example the Lambert problem for low thrust trajec-
tories. 
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INTRODUCTION

Over the centuries the resolution of the Kepler equation has been studied for a wide variety of
scientists such that in virtually every decade from 1650 to the present there have appeared papers
devoted to the Kepler problem and its solution.1 Although there exists a unique solution of the
Kepler equation, there are many methods to describe or approximate it. Basically it depends on the
solvers’s motivations and the mathematical tools available in the epoch of study.2–8

In the last century, with the advent of calculators and computers, there is no impediment to achiev-
ing quick solutions of great accuracy. In particular, the symbolic manipulators like Matlab, Maple or
Mathematica, are very powerful calculators which are easy to use and have a very intuitive syntax.
Besides, they can be compiled to provide the corresponding code in some of the standard program-
ming languages such as C, C++ or Fortran, which are specially adapted for numerical calculus.

THE KEPLER EQUATION

The Kepler equation for the elliptical motion involves a nonlinear function depending on three
parameters: the eccentric anomaly y = E, the eccentricity e (e < 1) and the mean anomaly x = M .

x = y − e sin y (1)

Initially, x and y range in the interval [0, 2π]. However, the transformation y = 2π − η and x =
2π− ξ convert equation (1) into ξ = η− e sin η. Therefore, if x ∈ [π, 2π] the mapping reduces the
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problem to the interval [0, π]. As a consequence, the Kepler equation for elliptic orbits can be seen
as a root finder problem of the equation

f(y) ≡ y − e sin y − x = 0 (2)

where e ∈ [0, 1[ and x ∈ [0, π] are known.

In the same way, the Kepler equation for the hyperbolic motion involves a nonlinear function
depending on three parameters: the hyperbolic anomaly y = H , the eccentricity e (e > 1) and the
mean anomaly x = MH .

x = e sinh y − y (3)

Initially, x and y range in the interval ] − ∞,∞[ with e > 1. Because the eccentricity e is larger
than 1, y > 0⇔ x > 0. Besides, the right hand side of (3) is an odd function. That is, for negative
values of x the change of variables x = −ξ and y = −η convert equation (3) into ξ = e sinh η− η,
where ξ and η are positives. Therefore, we focus the analysis in the resolution of equation (3) for
positive values: (x, y) ∈ [0,∞[×[0,∞[. As a consequence, the Kepler equation for hyperbolic
orbits can be seen as a root finder problem of the equation

f(y) ≡ e sinh y − y − x = 0 (4)

where e > 1 and x ∈ [0,∞[ are known.

For given e and x values the numerical solution of the Kepler equation (1) and (3) becomes one
of the goals of orbit propagation to provide the position of the object orbiting around a body for
some specific time.

Kepler equation solvers

Several authors have developed different methods to solve the Kepler equation focusing in the
accuracy and the computational cost of the algorithm. These aspects depend on how the seed is
chosen as well as the method (numerical or analytical) used. In what follows we describe some of
the approaches currently used

• The Serafin approach for elliptic case2 : The bounds for E are chosen through several in-
equalities to successively divide the root interval and improve the lower and upper bounds.
To do that, two linear methods based on elementary properties of convex functions are used.

• The Gooding and Odell 1988 approach for elliptic case3 : The starter value for E is provided
by solving a cubic equation. After that, a corrected value is given through the Halley’s method
which is used as input to approximate the evaluation of (2) and the derivative by their Taylor
series. The final value is computed with the Newton Raphson method. It is an iterative method
which requires several transcendental function evaluations.

• The Gooding and Odell 1988 approach for hyperbolic case3 : The starter is based on La-
grange’s theorem, where the equation (3) is rewritten as a function of S = sinh y instead of
y. First, the Halley’s method is applied to obtain the corrector of S as well as of the function
and its derivative. With these values, the Newton-Rhapson method is applied to determine
the solution of the equation. It is an iterative method which requires several transcendental
function evaluations.
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• The Nijenhuis 1991 approach for elliptic case4 : The starter for E is computed depending on
four different regions of (M,e)-space. In three of these regions the starter value is defined
with a Halley step based on a version of the Kepler equation in which the sine function is re-
placed by a simple approximation. In the remaining region, which contains the singular point,
the starter value is given by the solution of Mikkola’s cubic equation and refined through a
Newton step applied to quintic equation. An m-th order generalized Newton method is ap-
plied thereafter to obtain the final solution, where m depends on the accuracy required. It is
an iterative method which requires two trigonometric evaluations.

• The Markley 1995 approach for elliptical case5 : The starter point for y is the root of a
cubic equation, whose expression is derived through a Padé approximation for sin y, which is
replaced in (2). After that, a fifth-order refinement of the solution is applied only once. It is a
no iterative method which requires four transcendental function evaluations.

• The Fukushima 1996 approach for elliptical case6 : The starter value for y is a trivial up-
per bound of the solution, π. The approximate solution is determined by transforming the
Newton-Raphson method from the continuous x-space to a discretized j-space, where x rep-
resents y and j the solution index. The corrected value for y is another approximation of the
Newton-Raphson method by approximating the evaluation of (2) and the derivative by their
truncated Taylor series around the approximate solution. It is an iterative method which does
not require transcendental function evaluation.

• The Fukushima 1997 approach for hyperbolic case7 : Several intervals of L=x/e are defined
to select where the solution should be determine. The different methods and approximations
chosen for each interval are going to depend on the expected size solution. First, four cases are
selected where the solution is large. For these cases an asymptotic form of the equation (4) is
considered and an approximate solution is found. Next, four other cases are selected when the
solution is small. In that case an iterative procedure is applied to solve the approximate forms
of Kepler’s equation. In the rest case, when the solution interval becomes finite, a discretized
Newton method is applied as well as a Newton method where the functions are evaluated
by Taylor series expansions. In that case, the starter value is the minimum of some upper
bounds of the solution prepared by using the Newton correction formula. This approach, de-
pending on the case, use or not an iterative method, requiring several transcendental function
evaluations.

• The Mortari and Elipe 2014 approach for elliptical case8 : Two ranges of x are defined to
select where the solution should be determine. The lower bound for y is derived through two
implicit functions, which are non-rational Bézier functions, linear or quadratic, depending on
the derivatives of the initial bound values. The upper bound for y is estimated by applying the
Newton-Raphson method with the lower bound as the starting value. After that, if the machine
error accuracy is not reached, the lower and upper bounds define a new range of searching. It
is an iterative method which requires several transcendental function evaluations.

• The Avendaño 2015 approach for hyperbolic case9 : The equation (3) is rewritten as a function
of S = sinh y instead of y, such that the starter S is a piecewise-defined function involving
several linear expressions and one with cubic and square roots. Once the seed is estimated,
a Newton’s method is applied, by using Smale’s α-theory to decide whether the starter gives
the claimed convergence rate. It is an iterative method which requires several transcendental
function evaluations.
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THE ITERATIVEMETHOD

The method used in our code to solve the Kepler equation is the modified Newton-Raphson
method. It is a successive approximation method starting from a seed y0, where the root searched
is solution of (2) or (4) depending on the case we are. If yn in one of the terms of the sequence we
want to generate, the next term will be yn+1 = yn + Δyn, where Δyn should verify f(yn+1) =
f(yn+Δyn) = 0, with f given by (2) or (4). If we approximate f(yn+1) by its second order Taylor
expansion about yn

f(yn+1) ≈ f(yn) + f ′(yn)Δyn +
1

2
f ′′(yn)Δ

2yn

so that imposing the condition f(yn+1) = 0, we obtain

Δyn =
−2f(yn)

f ′(yn)±
√
|f ′2(yn)− 2f(yn)f ′′(yn)|

(5)

where we have to select the sign (+) when f ′(yn) is positive; if f ′(yn) < 0 the sign (−) must be
taken.

The use of absolute value in (5) does not affect the convergence of the algorithm. It is introduced
to avoid the algorithm fails during the series generation when the square root is a complex number.
The first and second derivatives of (2) are given by the relations

f ′(yn) = 1− e cos yn

f ′′(yn) = e sin yn

while the first and second derivatives of (4) are given by

f ′(yn) = e cosh yn − 1

f ′′(yn) = e sinh yn

Equation (5) summarizes the modified Newton-Raphson algorithm. It should be noticed that this
algorithm becomes the classical Newton-Raphson method, in which the function is approximated
by its first order Taylor expansion, when f ′′(yn) = 0. The modified Newton-Raphson is a particular
case of the Conway method. Bruce M. Conway, of the University of Illinois, applied a root-finding
method of Laguerre to the solution of Kepler equation.10 Although the method is intended for
finding the roots of a polynomial, it works equally as well for Kepler equation. The algorithm
associated to that method summarizes in the equation

Δyn =
−(1 + p)f(yn)

f ′(yn)±
√
|p [pf ′2(yn)− (1 + p)f(yn)f ′′(yn)]|

with p = m − 1 and m is the degree of the polynomial. As we can see, the modified Newton-
Raphson method used in this paper is a particular case of the Conway method for m = 2.

THE SEED VALUE

In this paper, a new approach for solving Kepler equation for elliptical and hyperbolic orbits is
carried out. In order to initialize the iterative method, we require a starting value of the eccentric
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and hyperbolic anomaly, whose selection should be done carefully to optimize the corresponding
method. To do that, we start defining the interval where we are going to work. This new approach
takes advantage of the very good behavior of the Laguerre method10 and also of the existence of
symbolic manipulators which facilitates the obtaining of polynomial approximations.

Elliptic case

We start discretizing the eccentric anomaly domain [0, π] in twelve intervals of 15◦ of longitude,
where the corresponding Mi ≡ xi is obtained from equation (1). This way, we defined twelve inter-
vals [xi, xi+1], i = 1, . . . , 12. In each one of these intervals we introduce a fifth degree polynomial
pi(x), i = 1, . . . , 12 to interpolate the eccentric anomaly

y(x) ≈ pi(x) = a
(i)
0 + a

(i)
1 x+ a

(i)
2 x2 + a

(i)
3 x3 + a

(i)
4 x4 + a

(i)
5 x5

in [xi, xi+1], i = 1, . . . , 12. In order to determine the six coefficients of pi(x) the following six
boundary conditions should be imposed

pi(xi) = y(xi) pi(xi+1) = y(xi+1)

p′i(xi) = y′(xi) p′i(xi+1) = y′(xi+1)

p′′i (xi) = y′′(xi) p′′i (xi+1) = y′′(xi+1)

where the two first derivatives of y are given by:

y′ =
dy

dx
=

1

1− e cos y

y′′ =
d2y

dx2
=

−e sin y

(1− e cos y)3

These polynomials pi(x), i = 1, . . . , 12, can be generated easily with the help of the Maple sym-
bolic manipulator only once; moreover, the Maple manipulator provides the FORTRAN or C code
of the polynomials that will be appropriately stored in one module of code. Consequently, given e

and M , we determine the starter value E0 following the next procedure:

1. First, given e the ends xi, xi+1 of the intervals are calculated applying (1) to the corresponding
yi, yi+1.

2. The interval [xi, xi+1] should be selected in such a way that M ∈ [xi, xi+1]. Note that the
corresponding values [yi, yi+1] are known and the seed y0 satisfies: y0 ∈ [yi, yi+1]

3. Use the corresponding polynomial pi(x) to obtain the seed to be used with the Newton-
Raphson algorithm: y0 = pi(M)

Hyperbolic case

We start doing a change of variable in (3) such that S = sinh y which transforms the Kepler
equation in the relation

x = e S − ln|S +
√

1 + S2| (6)

with the variable S ranging in the interval [0,∞[. Due to the infinite domains of the variables
(x, y), the range of y is divided in two intervals: [0, 5[ and [5,∞[ whose hyperbolic sine S defines
the new intervals: [0, 74.2[ and [74.2,∞[. Taking this into account, equation (6) defines a function
S = S(x, e) which will be approximated following two different procedures.
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• If y ∈ [0, 5[, S will be determined by fifth degree polynomials as it was explained for the
elliptical case. We start discretizing the hyperbolic anomaly domain [0, 5] in 25 even intervals
whose lower ends are given by

yi = 5 ·
(
i− 1

25

)
, i = 1, . . . , 26

where the corresponding Mi ≡ xi is obtained from equation (6) taking into account that
Si = sinh yi. This way, we defined 25 intervals [xi, xi+1], i = 1, . . . , 25. In each one of
these intervals we introduce a fifth degree polynomial pi(x), i = 1, . . . , 25 to interpolate the
hyperbolic sine of the hyperbolic anomaly

S(x) ≈ pi(x) = a
(i)
0 + a

(i)
1 x+ a

(i)
2 x2 + a

(i)
3 x3 + a

(i)
4 x4 + a

(i)
5 x5

in [xi, xi+1], i = 1, . . . , 25. In order to determine the six coefficients of pi(x) the following
six boundary conditions should be imposed

pi(xi) = S(xi) pi(xi+1) = S(xi+1)

p′i(xi) = S′(xi) p′i(xi+1) = S′(xi+1)

p′′i (xi) = S′′(xi) p′′i (xi+1) = S′′(xi+1)

where the two first derivatives of S are given by:

S′ =
dS

dx
= 1− 1

e
√
S2 + 1

S′′ =
d2S

dx2
=

S

e
√

(S2 + 1)3

and they can be easily calculated at the ends of the interval. These conditions assure that the
function S(x) and the polynomial pi(x) share the same values and the same first and second
derivatives at the ends of the interval [xi, xi+1].

• If y ∈ [5,∞[, the corresponding interval for S is given by [74.2,∞[. In this range x tends to
infinite, being able to reach very large values. Thus, the second term of the right hand side of
the equation (6) becomes, with respect to the first term, very small. As a consequence we can
consider the logarithm as a small parameter ε = ln|S +

√
1 + S2|, obtaining S by applying

an asymptotic expansion in power of ε. The equation (6) takes now the expression

x = e S − ε (7)

In the case ε = 0 the solution of equation (7) is s0 = x

e
. This function is known by the a

priori data and therefore it is possible to obtain an asymptotic solution of (7) in the limit when
ε tends to zero but for ε 	= 0:

S = s0 + s1ε+ s2ε
2 + . . .

where the remaining coefficients si, i = 1, 2, . . . can be easily obtained by introducing this
expansion in (7) and requiring that the resulting series vanish for every order in ε. The asymp-
totic solution obtained is

S =
x

e
(1 + ϕ), ϕ =

ε

x
� 1 (8)
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We have now to obtain ϕ as a function of the known parameters x and e. Replacing (8) in (6)

x = e
(x
e
(1 + ϕ)

)
− ln

(
x

e
(1 + ϕ) +

√
1 +

x2

e2
(1 + ϕ)2

)

and taking into account that ϕ� 1 when x tends to infinite, we compute the first order series
expansion of the previous expression with respect to the variable ϕ

0 = − ln
(
x+

√
e2 + x2

)
+ ln(e) +

(√
e2 + x2 − 1

)
xϕ

√
e2 + x2

such that ϕ is given by

ϕ =

√
e2 + x2

(
ln

(
x+

√
e2 + x2

)
− ln(e)

)
(√

e2 + x2 − 1
)
e

(9)

Replacing (9) in (8) we obtain S as a function of x and e

S =

√
e2 + x2

(
ln

(
x+

√
e2 + x2

)
− ln(e) + x

)
− x(√

e2 + x2 − 1
)
x

(10)

In order to increase the accuracy of S, we can expand (8) by

S =
x

e
(1 + ϕ+ ξ) , ξ � 1, ξ � ϕ (11)

where ξ should be determined as a function of the known parameters x and e. Replacing (11)
in (6) and applying the same process as we did with ϕ, we obtain

ξ = − 1

2x3
(
(ln(e)− ln(2))2 + ln(x)(ln(x) + 2 ln(2)− 2 ln(e))

)
(12)

The final expression for S, replacing (12), is given by

S =
1

2 e x2
(√

e2 + x2 − 1
) [√

e2 + x2
(
2x2 ln

(
x+

√
e2 + x2

)

−2x2 ln(e)
)
+

(√
e2 + x2 − 1

)(
2x3 − (ln(e)− ln(x))2

+ ln(2) (2 ln(e)− 2 ln(x)− ln(2)))] (13)

Now we can assess the accuracy of the approximations just studying the order of magnitude
of the variables ϕ and ξ for different values of M . Notice that ϕ and ξ decrease for large
values of e (e > 1 for hyperbolic orbits). That means, e = 1 (limit case for hyperbolic orbits)
marks the lowest accuracy of the solution (13), although for different values of e the accuracy
will be much better (see Tab.1). If M ≥ 50, then ϕ is smaller than 10−1 and ξ is smaller,
in absolute value, than 10−4. In this case, the value associated to the mean anomaly, when
S ≥ 74.2 (y ≥ 5), is M ≥ 69.2. This lower limit assures small values for ϕ and ξ and the
approximation (13) will be effective.
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Table 1. Order of magnitude of ϕ and ξ as a function ofM when e = 1

M 50 75 100 200 500

ϕ 9.40 · 10−2 6.77 · 10−2 5.35 · 10−2 3.01 · 10−2 1.38 · 10−2

ξ −8.48 · 10−5 −2.98 · 10−5 −1.40 · 10−5 −2.24 · 10−6 −1.91 · 10−7

Consequently, given e and M , we determine the starter value S0 following the next procedure:

1. First, given e the ends xi, xi+1 of the intervals are calculated applying (6) to the corresponding
Si = sinh yi, Si+1 = sinh yi+1

2. The interval [xi, xi+1] should be selected in such a way that M ∈ [xi, xi+1]. Note that the
corresponding values [Si, Si+1] are known and the seed S0 satisfies: S0 ∈ [Si, Si+1]

3. If the right interval is the last one, use the equation (13)

4. If the right interval is not the last one, use the corresponding polynomial pi(x) to obtain the
seed S0 = pi(M)

5. The seed S0 is used to solve the equation (6) by using the modified Newton-Raphson algo-
rithm. The output of this algorithm, S(x) provides, via the change of variable, the desired
value of the hyperbolic anomaly y(x)

THE SINGULAR CORNER

Most of the times, the initial seed estimated in the previous section is very good; specially when
M is close to the ends of the interval [xi, xi+1] since this seed practically leads to the solution of
the Kepler equation. However, it is well known the singular behavior of the Kepler equation in the
singular corner. It is associated with small values of x and values of e close to unity. In this zone
the approximation of S(x) by means of the polynomials pi(x) is not very effective and a special
analysis should be performed. To describe the solution close to the singular corner for elliptic orbits
we introduce the value ε = 1− e assuming that ε� 1:

x = y − (1− ε) sin y = y − sin y + ε sin y (14)

In the same way, in order to describe the solution close to the singular corner for hyperbolic orbits
we introduce the value ε = e− 1 assuming that ε� 1:

x = (1 + ε) sinh y − y = sinh y + ε sinh y − y (15)

Our goal is to describe numerically the exact solution yv(x) of equations (14) and (15) with enough
accuracy to be part of the seed used to start the Newton-Raphson convergent process. In order to do
that, an asymptotic expansion in power of the small parameter ε will be obtained.

Elliptic case

In the singular corner, when x is small, also y is small. However it is possible to distinguish
several regimes inside this region:

• The inner region, where x ≈ O(ε2) and y ≈ O(ε). In this inner region the most important
term on the right hand side of (14) is ε sin y
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• The intermediate region, where x ≈ O(ε
3

2 ) and y ≈ O(ε
1

2 ). In this intermediate region both
terms on the right hand side of (14) are of the same order: y − sin y ≈ ε sin y

• The outer region, where x ≈ O(ε
3

4 ) and y ≈ O(ε
1

4 ). In this outer region the most important
term on the right hand side of (14) is: y − sin y

In each one of these regions it is possible to obtain an asymptotic expansion of the exact solution
yv(x) of equation (14) in terms of some power of the small parameter ε. During the study we
assessed the boundaries of the regions, obtaining the best accuracy when

• The inner region is defined, approximately, for (x, e) satisfying x < 0.001 ε
3

2

• The intermediate and outer region are defined in the same region for (x, e) satisfying x ≥
0.001 ε

3

2

As a consequence, only two regions in the singular corner are considered at the end: inner and
intermediate-outer; these approximate solutions permit to generate a very good seed to feed the
Newton-Raphson convergent process.

Inner region: In the inner region we introduce the following change of variables:

x = ε2 ξ, y = ε η, with ξ, η ≈ O(1) (16)

Note that (ξ, η) are both positive amounts. We look for a solution of equation (14) given by:

ξ = η + a1ε+ a2ε
2 + a3ε

3 + . . .

where the coefficients ai, i = 1, 2, . . . can be obtained expanding appropriately the right hand side
of equation (14). The solution is:

ξ = η +
1

6
η3 ε− 1

6
η3 ε2 − 1

120
η5 ε3 +

1

120
η5 ε4 + . . . (17)

The next step is to invert this solution to obtain η as a function of ξ; to do that we introduce the
expansion

η = ξ + b1ε+ b2ε
2 + b3ε

3 + . . .

where the coefficients bi, i = 1, 2, . . . are functions of ξ that must be calculated. Introducing this
expansion in (17) and requiring that the different coefficients of each order match it is possible to
obtain the values of bi, i = 1, 2, . . .. The result is:

η = ξ − 1

6
ξ3 ε+

1

12
ξ3 (ξ2 + 2) ε2 − 1

360
ξ5 (20ξ2 + 57) ε3 + . . . (18)

Intermediate-outer region: In the intermediate region we introduce the following change of vari-
ables:

x = ε
3

2 χ, y = ε
1

2 σ, with χ, σ ≈ O(1) (19)

Note that (χ, σ) are both positive amounts. We look for a solution of equation (14) given by:

χ = a0 + a1ε+ a2ε
2 + a3ε

3 + . . .
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where the coefficients ai, i = 1, 2, . . . can be obtained expanding appropriately the right hand side
of equation (14). The solution is:

χ =
1

6
σ3 + σ − 1

120
σ3 (σ2 + 20) ε +

1

5040
σ5(σ2 + 42) ε2 + . . . (20)

Let σ0 > 0 be the real and positive solution of the cubic equation

f(σ) =
1

6
σ3 + σ − χ = 0⇔ f(σ) = σ3 + 6σ − 6χ = 0 (21)

This root always exist; in effect, the function f(σ) verifies:

f(0) = −6χ < 0

f(χ) = χ3 > 0

therefore in the interval [0, χ] there is a root of f(σ) = 0 at least. But there is only one root, because
the derivative

f ′(σ) = 3σ2 + 6 > 0

is always positive in that interval. That root is given by:

σ0 = T − 2

T
(22)

where T = (Λ + 3χ)
1

3 and Λ =
√

8 + 9χ2. It should be noticed that expression (22) can present
a rounding-error defect when T ≈ √

2 (σ0 � 1). In order to minimize this error, we develop an
alternative procedure to provide σ0. We rewrite the cubic equation (21) as

σ(σ2 + 6)− 6χ = 0⇔ σ =
6χ

σ2 + 6

such that σ is replaced by (22) on the right hand side of the equation, obtaining

σ0 =
6χ

2 + T 2 + 4
T 2

which provides a smaller rounding-error when χ� 1, that is, when Λ ≈ 2
√
2.

Once the value of σ0 is known it is possible to invert the solution (20) to obtain σ as a function of
χ; to do that we introduce the expansion

σ = σ0 + b1ε+ b2ε
2 + b3ε

3 + . . .

where the coefficients bi, i = 1, 2, . . . are functions of σ0 that must be calculated. Introducing this
expansion in (20) and requiring that the different coefficients of each order match it is possible to
obtain the values of bi, i = 1, 2, . . .. The result is:

σ = σ0 +
σ3
0 (σ

2
0 + 20)

60(σ2
0 + 2)

ε+
σ5
0 (σ

6
0 + 25σ4

0 + 340σ2
0 + 840)

1400(σ2
0 + 2)3

ε2 + . . . (23)
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Hyperbolic case

In the singular corner, when x is small, also y is small. However it is possible to distinguish
several regimes inside this region:

• the inner region, where x ≈ O(ε2) and y ≈ O(ε). In this inner region the most important
term on the right hand side of (15) is ε sinh y

• the intermediate region, where x ≈ O(ε
3

2 ) and y ≈ O(ε
1

2 ). In this intermediate region both
terms on the right hand side of (15) are of the same order: sinh y − y ≈ ε sinh y

• the outer region, where x ≈ O(ε
3

4 ) and y ≈ O(ε
1

4 ). In this outer region the most important
term on the right hand side of (15) is sinh y − y

In each one of these regions it is possible to obtain an asymptotic expansion of the exact solution
yv(x) of equation (15) in terms of some power of the small parameter ε; these approximate solutions
provide a very good seed to feed the Newton-Raphson convergent process. During the study we
assessed the boundaries of the regions, obtaining the best accuracy when

• The inner region is defined, approximately, for (x, e) satisfying x < 0.001 ε
3

2

• The intermediate and outer region are defined in the same region for (x, e) satisfying x ≥
0.001 ε

3

2

As a consequence, only two regions in the singular corner are considered at the end: inner and
intermediate-outer; these approximate solutions permit to generate a very good seed to feed the
Newton-Raphson convergent process.

Inner region: In the inner region we introduce the following change of variables:

x = ε2 ξ, y = ε η, with ξ, η ≈ O(1)

Note that (ξ, η) are both positive amounts. We look for a solution of equation (15) given by:

ξ = η + a1ε+ a2ε
2 + a3ε

3 + . . .

where the coefficients ai, i = 1, 2, . . . can be obtained expanding appropriately the right hand side
of equation (15). The solution is:

ξ = η +
1

6
η3 ε+

1

6
η3 ε2 +

1

120
η5 ε3 +

1

120
η5 ε4 + . . . (24)

The next step is to invert this solution to obtain η as a function of ξ; to do that we introduce the
expansion

η = ξ + b1ε+ b2ε
2 + b3ε

3 + . . .

where the coefficients bi, i = 1, 2, . . . are functions of ξ that must be calculated. Introducing this
expansion in (24) and requiring that the different coefficients of each order match it is possible to
obtain the values of bi, i = 1, 2, . . .. The result is:

η = ξ − 1

6
ξ3 ε+

1

12
ξ3 (ξ2 − 2) ε2 − 1

360
ξ5 (20ξ2 − 57) ε3 + . . .
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Intermediate-outer region: In the intermediate region we introduce the following change of vari-
ables:

x = ε
3

2 χ, y = ε
1

2 σ, with χ, σ ≈ O(1)

Note that (χ, σ) are both positive amounts. We look for a solution of equation (15) given by:

χ = a0 + a1ε+ a2ε
2 + a3ε

3 + . . .

where the coefficients ai, i = 1, 2, . . . can be obtained expanding appropriately the right hand side
of equation (15). The solution is:

χ =
1

6
σ3 + σ +

1

120
σ3 (σ2 + 20) ε +

1

5040
σ5(σ2 + 42) ε2 + . . . (25)

Let σ0 > 0 be the real and positive solution of the cubic equation

f(σ) =
1

6
σ3 + σ − χ = 0 (26)

This root always exist; in effect, the function f(σ) verifies:

f(0) = −χ < 0

f(χ) =
χ3

6
> 0

therefore in the interval [0, χ] there is a root of f(σ) = 0 at least. But there is only one root, because
the derivative

f ′(σ) =
σ2

2
+ 1 > 0

is always positive in that interval. That root is given by:

σ0 = T − 2

T
(27)

where T = (Λ + 3χ)
1

3 and Λ =
√

8 + 9χ2. It should be noticed that expression (27) can present
a rounding-error defect when T ≈ √

2 (σ0 � 1). In order to minimize this error, we develop an
alternative procedure to provide σ0. We rewrite the cubic equation (26) as

σ(
σ2

6
+ 1)− χ = 0⇔ σ =

6χ

σ2 + 6

such that σ is replaced by (27) on the right hand side of the equation, obtaining

σ0 =
6χ

2 + T 2 + 4
T 2

which provides a smaller rounding-error when χ� 1, that is, when Λ ≈ 2
√
2.

Once the value of σ0 is known it is possible to invert the solution (25) to obtain σ as a function of
χ; to do that we introduce the expansion

σ = σ0 + b1ε+ b2ε
2 + b3ε

3 + . . .

where the coefficients bi, i = 1, 2, . . . are functions of σ0 that must be calculated. Introducing this
expansion in (25) and requiring that the different coefficients of each order match it is possible to
obtain the values of bi, i = 1, 2, . . .. The result is:

σ = σ0 − σ3
0 (σ

2
0 + 20)

60(σ2
0 + 2)

ε+
σ5
0 (σ

6
0 + 25σ4

0 + 340σ2
0 + 840)

1400(σ2
0 + 2)3

ε2 + . . .
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ANALYSIS OF RESULTS

We performed an exhaustive numerical analysis of the algorithm that we propose in this paper.
All the calculations have been carried out in a workstation with Intel(R) Core(TM) i7 CPU 860 @
2.80GHz 2.79GHz microprocessor in a Windows 7 64 bits operative system and with the same Intel
C/C++ compiler.

Elliptic case

Note that the number of polynomials used for the discretization of the interval [0, π] of the mean
anomaly M = x does not affect to the speed of the algorithm but it has an important impact on
the accuracy. Instead of twelve we modified the code to use more polynomials in order to obtain a
better initial seed. However, the number of polynomial can not be increased arbitrarily because the
intervals [xi, xi+1] becomes too small and the polynomials becomes numerically unstable. Thus,
when we use 24 polynomials the two first polynomials p1(x) and p2(x) associated with the two first
intervals [x1, x2] and [x2, x3] become numerically unstable for some values of the eccentricity e. If
these two polynomials are replaced by the first polynomial of the twelve family, the SDG-code runs
without problems and the accuracy of the algorithm is improved in a significant way. The Kepler
equation for the elliptic case has been solved with the algorithm proposed in this paper by using
different iteration algorithms:

• The SDG-code with the modified Newton-Raphson (MNR) method

• The SDG-code with the Conway method

• The SDG-code with the classical Newton-Raphson (CNR) method

• The method described in3

• The method described in4

• The method described in11

• The method described in8

In each case, the Kepler equation has been solved ≈ 4 · 106 times, using double and quadruple
precision and a tolerance equal to: εtol = 1.11 · 10−15 and εtol = 1.0 · 10−24 respectively. It should
be noticed that when working with tolerances close to the zero of the machine, any numerical
procedure based on consecutive approximations could be affected by artificial numerical chaos. By
using an appropriate tolerance it is possible to escape from such a numerical chaos. In each run we
count the number of iterations needed to reach a solution with a residual ρ = |y−e sin y−x| lower
than the tolerance εtol.

Table 2 shows the number of iterations associated with the SDG-code when using the modified
Newton-Raphson (MNR) iteration scheme. Notice that in the 98.737 % of cases we reach the
solution with only 1 iteration and in the 1.263 % no iteration is necessary. These results justify
the option of work with quadruple precision which does not slow the calculations due to the very
small number of iterations required. The CPU time invested in the ≈ 4 · 106 of times that we solved
the Kepler equation was 41.012 seconds and the averaged number of iterations was 0.987. Table 2
shows as well the number of iterations associated with the SDG-code when using the Conway and
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Scheme i = 0 i = 1 i = 2 i = 3 i ≥ 4

MNR 1.263 98.737 0 0 0

Conway 1.263 98.631 0.106 0 0

CNR 1.263 98.599 0.138 0 0

Gooding 0.499 0 98.144 0 1.357

Nijenhuis 0 0 0 50.024 49.976

Fukushima 0.099 0 1 52.605 46.296

Mortari 0.099 0.050 71.162 28.686 0.003

Table 2. Number of iteration (percentage) obtained with the different algorithms checked in double
precision (elliptic case)

classical Newton-Raphson (CNR) methods. Notice that in small number of cases located close to
the singular corner —the 0.106 % and 0.138 % respectively— two iterations are required. The CPU
time invested was 40.779 seconds with Conway and 40.591 seconds with CNR, while the averaged
number of iterations was 0.988 and 0.989 respectively. Moreover, Table 2 shows the number of
iterations associated with the approaches described in3, 4, 8, 11 when using double precision. Notice
that all of them require more than 3 iterations for some particular cases, reaching a maximum
value of 18, 6, 9 and 4 iterations respectively. The CPU time invested was 41.2 seconds with
Gooding code, 42.136 seconds with Nijenhuis code, 59.872 seconds with Fukushima code and
44.173 seconds with Mortari code. The averaged number of iterations was 2.205, 4.5, 3.495 and
2.284 respectively.

Table 3 is the same as Table 2 but now in quadruple precision. Notice that in this case the
SDG-code keeps again the smallest number of iterations. The methods described in3, 4, 11 do not ex-
periment any change, keeping the same percentages as in double precision. The maximum number
of iterations reached was the same as in double precision excepting Gooding code with 25 iterations
and Mortari code with 17 iterations. The CPU time invested was 83.190 seconds (MNR), 87.840
seconds (Conway) and 81.840 seconds (CNR) with SDG-code, 64.335 seconds with Gooding code,
63.071 seconds with Nijenhuis code, 260.926 seconds with Fukushima code and 129.824 seconds
with Mortari code. When quadruple precision is applied, the SDG-code does not become the fastest
algorithm, but provides the most precise solution with more than 30 significant digits in practically
the whole plane (e,M).

Accuracy analysis: In this section we focus the analysis on the SDG-code with the iteration
scheme provided by the MNR algorithm. In this code the iteration ends when the residual ρ =
|y − e sin y − x| is lower that the zero of the machine εtol = 2.22 · 10−16. Let us consider the true
solution yv(x, e) for given values of e and the mean anomaly M = x. Let yc(x, e) the numerical
solution provided by the SDG-code for these particular values. Obviously, due to truncation and
round-off errors it is possible to write

yc = yv + εabs
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Scheme i = 0 i = 1 i = 2 i = 3 i ≥ 4

MNR 0.161 99.839 0 0 0

Conway 0.161 34.865 64.974 0 0

CNR 0.161 35.588 66.251 0 0

Gooding 0.499 0 98.144 0 1.357

Nijenhuis 0 0 0 50.024 49.976

Fukushima 0.099 0 1 52.605 46.296

Mortari 0.099 0.049 0.00015 87.036 12.815

Table 3. Number of iteration (percentage) obtained with the different algorithms checked in quadruple
precision (elliptic case)

where εabs is the total absolute error associated with the numerical solution yc(x, e). If the numerical
solution yc(x, e) is a good approximation of the true solution, the value of εabs is an infinitesimal:
εabs � 1. In such a case, this absolute error is closely related with the residual ρ. In effect, for the
numerical solution yc(x, e) the residual is given by:

ρ = |yv + εabs − e sin(yv + εabs)− x|

Taking into account that the true solution verifies

yv − e sin yv − x = 0

the residual takes the form
ρ = |εabs||1− e cos yv|+ o(ε2abs)

As a consequence the total absolute error is given by:

|εabs| = ρ

|1− e cos yv| (28)

Basically, it depends on the residual ρ, just like the total relative error

|εrel| = |yc − yv|
|yv| =

ρ

|yv (1− e cos yv)| (29)

Let us fix the value of the eccentricity e; then we scan the whole interval M ∈ [0, π] calculating
the residual ρ after zero iteration (the residual provided by the starting seed), after one iteration, two
iterations and so on. Let ρmax the maximum residual that we found in the scanning of the whole
interval M ∈ [0, π] for each iteration number. These maximum residuals permit to calculate the
maximum values of the absolute error εmax for different number of iterations, and these absolute
errors can be associated with the value of the eccentricity e. If we plot the values of such maximum
absolute errors versus the eccentricity e we have a very good idea of the accuracy involved in our
calculations after zero, one, two, . . . iterations. Notice that these values mark the lowest accuracy
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of the numerical solution yc(x, e) provided by the SDG-code; in fact, for each value of e there are
hundred of values of M where the accuracy is much better than the indicated by εmax.

We plot the decimal logarithm of the maximum absolute error versus the eccentricity e. The
initial seed (0 iterations) provides an error which, in the worst cases, ranges from 10−7 to 10−15.
Since the calculations associated with these results have been carried out in double precision, the
residual obtained after one iteration practically saturates the capacity of the machine providing the
solution with 15 or 16 significant figures. It should be underlined that one additional iteration does
not improve the accuracy of the numerical solution;

We apply the same calculations but now in quadruple precision. The residual obtained after one
iteration practically saturates the capacity of the machine providing the solution with 34 significant
figures except in the region 0.75 < e < 1 where the number of significant digits ranges from 27 to
34. One additional iteration improves the accuracy of the numerical solution for all values of e.

Hyperbolic case

The Kepler equation for the hyperbolic case has been solved with the algorithm proposed in this
paper by using different iteration algorithms:

• The SDG-code with the modified Newton-Raphson (MNR) method

• The SDG-code with the Conway method

• The SDG-code with the classical Newton-Raphson (CNR) method

• The method described in3

• The method described in7

• The method described in9

In each case, the Kepler equation has been solved ≈ 4 · 106 times, using double and quadruple
precision and a tolerance equal to: εtol = 1.11·10−15 and εtol = 1.0·10−24 respectively. In each run
we count the number of iterations needed to reach a solution with a residual ρ = |e sinh y − y − x|
lower than the tolerance εtol. The solution has been obtained for a maximum value of 100 for mean
anomaly and 10 for eccentricity.

Table 4 shows the number of iterations associated with the SDG-code when using the modified
Newton-Raphson (MNR) iteration scheme. Notice that in the 98.289 % of cases we reach the so-
lution with no iteration or just 1 iteration. The CPU time invested was 52.993 seconds and the
averaged number of iterations was 1.015. Table 4 shows as well the number of iterations associated
with the SDG-code when using the Conway and classical Newton-Raphson (CNR) methods. The
percentages obtained are very similar to those resulting from the MNR. The CPU time invested was
51.714 seconds with Conway and 52.197 seconds with CNR, while the averaged number of itera-
tions was 1.017 for both methods. Besides, Table 4 shows the number of iterations associated with
the approaches described in3, 7, 9 when using double precision. Notice that all of them require more
than 3 iterations for some particular cases, reaching a maximum value of 41, 20 and 18 iterations
the Gooding, Fukushima and Avendaño codes respectively. The CPU time invested was 54.927 sec-
onds with Gooding code, 1.834 minutes with Fukushima code and 54.257 second with Avendaño
code. The averaged number of iterations was 2.014, 6.117 and 2.079 for Gooding, Fukushima and
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Scheme i = 0 i = 1 i = 2 i = 3 i ≥ 4

MNR 0.227 98.062 1.705 0.006 0

Conway 0.227 97.908 1.847 0.018 0

CNR 0.227 97.860 1.892 0.021 0

Gooding 0.050 0 99.862 0 0.088

Fukushima 0 0 2 ·10−4 1.972 98.028

Avendaño 0 0.229 95.072 1.238 3.461

Table 4. Number of iteration (percentage) obtained with the different algorithms checked in double
precision (hyperbolic case)

Scheme i = 0 i = 1 i = 2 i = 3 i ≥ 4

MNR 0.050 97.831 2.119 0 0

Conway 0.050 4.055 95.893 0.002 0

CNR 0.050 3.863 96.084 0.003 0

Gooding 0.050 0 99.862 0 0.088

Fukushima 0 0 2 ·10−4 1.972 98.028

Avendaño 0 5 ·10−5 63.350 31.983 4.667

Table 5. Number of iteration (percentage) obtained with the different algorithms checked in quadruple
precision (hyperbolic case)

Avendaño respectively. We have to point out that the SDG-code and the Avendaño code had to be
solved by applying a tolerance of 7.33 ·10−15 instead of the tolerance used (1.11 ·10−15) in the
other methods. This adjustment is due to the fact that the tolerance is still very close to the zero of
the machine for these approaches.

Table 5 is the same as Table 4 but now in quadruple precision. Notice that the SDG-code provides,
again, the smallest number of iterations with a CPU time of 1.640 minutes (Conway), 1.557 min-
utes (MNR) and 1.547 minutes (CNR). The methods described in3, 7 do not experiment almost any
change, keeping similar percentages as in double precision. In quadruple precision the Fukushima
and Avendaño codes reach a maximum number of 20 iterations, while Gooding code reaches a
maximum of 69 iterations. The CPU time invested was 1.605 minutes with Gooding code, 10.646
minutes with Fukushima code and 1.696 minutes with Avendaño code. The averaged number of
iterations was 2.025, 6.117 and 2.413 for Gooding, Fukushima and Avendaño respectively.

CONCLUSIONS

Several conclusions can be drawn from the previous analysis:

1. An efficient code has been developed to solve the elliptic and hyperbolic Kepler equation.
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2. When the starting seed of the Newton-Raphson algorithm is very good, convergence is always
assured as confirmed the thoroughly analysis carried out in our computers.

3. The stability and reliability of our scheme combined with the Newton-Raphson algorithm in
its different versions has been assessed.

• For the elliptical case, the classical Newton-Raphson provides the solution in the 98.599
% (double precision) of cases with only one iteration. This is remarkable result that we
do not found in other algorithms used in the Astrodynamics community. Improving the
algorithm by using the Conway or the modified Newton-Raphson permits to obtain the
right solution with only one iteration in the 98.631 % and 98.737 % of cases respectively.

• For the hyperbolic case, the modified Newton-Raphson with the SDG-code provides
the solution in the 98.289% (double precision) of cases with less than two iterations.
The SDG-code provides an averaged smaller than the other methods. The maximum
number of iterations becomes the smallest when working with the SDG-code. Besides,
the SDG-code becomes the fastest algorithm with respect to the other approaches.

4. The low number of iterations permits to use quadruple precision if you like, because the speed
of the calculations is not jeopardized. Therefore, we obtain the benefit of a greater accuracy
with a minimal cost. By using this precision, the modified Newton-Raphson with the SDG-
code provides the optimal value with only 1 iteration in most of the cases. This is carried out
both for elliptic and for hyperbolic orbits.

5. The global algorithm solves successfully the solution of the Kepler equation in the singular
corner, M � 1 and e ≈ 1. The asymptotic expansions used to generate the initial seed assure
the reliability and convergence of the Newton-Raphson iterative scheme. This is another
remarkable results since the convergence in this special region not always is assured by some
of the algorithms usually considered in the literature.
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