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Abstract

In this paper we present an extension of Residual Distribution techniques
for the simulation of compressible flows in non-equilibrium conditions. The
latter are modeled by means of a state-of-the-art multi-species and two-
temperature model.

An entropy-based variable transformation that symmetrizes the projected
advective Jacobian for such a thermophysical model is introduced. More-
over, the transformed advection Jacobian matrix presents a block diagonal
structure, with mass-species and electronic-vibrational energy being com-
pletely decoupled from the momentum and total energy sub-system.

The advantageous structure of the transformed advective Jacobian can be
exploited by contour-integration-based Residual Distribution techniques:
established schemes that operate on dense matrices can be substituted by
the same scheme operating on the momentum-energy subsystem matrix and
repeated application of scalar scheme to the mass-species and electronic-
vibrational energy terms.

Finally, the performance gain of the symmetrizing-variables formulation is
quantified on a selection of representative testcases, ranging from subsonic
to hypersonic, in inviscid or viscous conditions.
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1. Introduction

Hypersonic flows experience a number of physical phenomena (see e.g. [9])
that become progressively more relevant as the Mach number increase
Among those phenomena, the appearance of strong (possibly detached)
shock waves has important implications: the gas crossing such strong shock
waves gets highly compressed and intensely heated (i.e. the gas kinetic en-
ergy is converted into internal energy). At sufficiently high Mach numbers,
the temperature increase in the post-shock region may be enough to induce
chemical and thermal non-equilibrium effects, i.e. species dissociation, re-
combination and/or ionization and excitation of internal molecular ener-
getic modes, phenomena which all need to be considered.

The special characteristics of hypersonic flows set certain constrains on the
discretization techniques employed for their numerical resolution. Specifi-
cally, a numerical method needs, on the one hand, to be robust enough to
handle the strong shock waves (and this in a conservative and monotonicity
preserving fashion); on the other hand, the method should be capable of
describing accurately the flow gradients across any boundary/shear layer
present in the domain. Moreover, accounting for chemical and/or thermal
non-equilibrium requires as many additional variables as different chemical
species/internal energy modes are considered: the more detailed the non-
equilibrium model, the more costly it becomes to achieve a flow solution.

The most standard solvers for hypersonic flow simulation are based on
Finite Volume (FV), cell-centered, second-order, shock-capturing schemes
working on multi-block, structured grids. Stiffness induced by high cell
aspect-ratio and/or non-equilibrium (NEQ) effects is handled by implicit
iterative methods, and the resulting linear systems are solved by Krylov
subspace methods. LAURA (Langley Aerothermodynamic Upwind Relax-
ation Algorithm) [27, [50] and DPLR (Data-Parallel Line Relaxation) [78] are
probably the most renowned research codes representative of this approach.

Accuracy of thermal loads predicted with a structured code is extremely de-
pendent on grid smoothness and alignment with flow features (e.g. shocks,

'The conventional threshold distinguishing both regimes is Mas ~ 5.
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shear waves, jets): generating a suitable mesh often takes more time than
running the code itself. Hence the slow, yet progressive shift towards un-
structured solvers: complex domains are discretized more easily if one is
not constrained to respect a particular grid structure. The highest level
of flexibility for meshing is obtained when using exclusively simplea&ﬂ ele-
ments. FUN3D (Fully Unstructured Navier-Stokes) [51] and US3D [I4] are
FV solvers exploiting this new paradigm.

However, obtaining accurate flow predictions on fully tetrahedral meshes
is very difficult, due to non-alignment of the shock surface with the grid,
which leads to irregularities in the entropy that are convected to the bound-
ary layer. Another reason is that F'V methods heavily rely on locally
1D Riemann problems. For simplicial grids, there always exist cell faces
in the boundary layer which are oblique to the wall, where these locally
1D Riemann problems lack any physics. One possible solution in the FV
context, involving multidimensional upwind reconstruction of the interfa-
cial solution values, has been recently proposed by Gnoffo in [28] 29].

Aside of the F'V techniques mentioned above, other well-established com-
putational approaches for the transonic aerodynamics field, namely Sta-
bilized Finite Elements (FE) and Discontinuous Galerkin (DG) methods,
have been applied to compute hypersonic flow fields.

Kirk and collaborators employ Stabilized FE methods (also known as SUPG
schemes): relevant results are shown in references [35] and [34]. Though
their method works for general unstructured grids, they mainly report re-
sults on @1 (quadrilateral or hexahedral) elements.

DG schemes have also been applied to hypersonic heating prediction: e.g. Barter

and Darmofal [12] employ a shock-capturing framework and perform adap-
tive, higher-order Discontinuous Galerkin computations on viscous, hyper-
sonic flows around blunt bodies. They also considered an additional scalar
advection-diffusion equation to provide the artificial viscosity embedded in
the shock-capturing term.

2A simplex is a common name for triangles (2D ) and tetrahedra (3D).
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Residual Distribution (or RD)E| methods are vertex-centered discretization
techniques capable of handling hyperbolic systems of equations on general
unstructured simplicial grids.

RD methods present several advantageous features, namely:

e A maximum principle (Local Extrema Diminishing) taken from Finite
Volume methods, which allows to capture discontinuities monotoni-
cally on general unstructured grids;

e Being based on Finite Element approximation theory, it is possible
to obtain, on a compact stencil, 2"¢ order accurate solutions on un-
structured grids, irrespective of the regularity of the mesh;

e A better grid insensitivity on simplicial meshes, thanks to a built-
in multidimensional dissipation property, not relying on 1D Riemann
solvers.

RD methods have been employed successfully for the discretization and
solution of advection-diffusion scalar equations in [63, 69, 48, 49]; and for
the compressible Navier-Stokes equations in the context of transonic aero-
dynamics in references [72, 42} [7,[5]. ... In the hypersonic field, the method
has been applied to double cone configurations [39] and blunt body prob-
lems, both in shock-capturing ([22], 23]) and shock fitting ([55], 13}, 59, [38])
contexts.

In this contribution, we present a formulation of the inviscid terms that
-by exploiting an entropy variables transformation- allows for noticeable
computational time reduction. This formulation extends the one presented
in reference [20] to the thermal and chemical non-equilibrium case.

The article is organized as follows: section [2| presents the system of equa-
tions and the thermo-chemical model describing the flows of our interest.
Next, section [3| describes in detail the entropy-variables-based formulation
of the governing equations. Section [4] offers then a brief introduction to RD
techniques focusing, in particular, on the computation and distribution of

3RD techniques are also known under the name of Fluctuation Splitting (FS)
schemes[4].
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convective residuals and how these steps are modified to exploit advanta-
geously the entropy-variables-based formulation. Section [5] presents some
recent results obtained with RD on different subsonic and hypersonic non-
equilibrium flow configuration; the computational advantage associated to
the entropy-variables-based formulation is also demonstrated in section
The conclusions are summarized in section [6l

In an attempt to clarify as much as possible the discussion on the entropy-
variable-based formulation, all the necessary but non-essential material con-
cerning e.g. details about handling diffusion and source term residuals, im-
position of boundary conditions and the solution procedure of the discrete
system of nodal equations is gathered in appendix [A]

2. Governing equations

In this work we will consider NE(Q flows including vibrational excitation
and chemical reaction processes, which we will describe by means of a ng
species (with ng > 2), two-temperature model [58]. These models assume
that translational and rotational contributions to the internal energy are
fully excited and in equilibrium at temperature T, while the vibrational and
electronic modes are themselves in equilibrium at a temperature T possi-
bly different from 7. In particular we will employ the equations presented
n [26], but restricted to non-ionized mixtures, which are appropriate for
the target testcases considered in this paper.

The set of equations describing the flow of a ng species, electrically neutral
gas mixture, possibly reacting and/or under vibrational non-equilibrium
conditions is then given by:

aps i . —d .
5 +V - (psti) =V- (—psus) +ws, s€{1,...,ns5}
8/)17: — ot T o =
e +V. (pu-u —|—pInD) =V-T, (1)
OpE _
% V- (pHT) —V.-(GF-a-q),
8 v
gf +V - (pe¥dd) =V (—7) +

together with the appropriate BC’s and IC’s for the space-time domain
Q x [0,7]. This system of equations expresses the conservation of mass



135

140

145

150

155

(at the species level, and globally), momentum and energy (both total and
vibrational) principles. In system above, ps stands for the density of the s-
th species, while pii, pE and pe” are respectively the momentum, the total
energy and the electronic-vibrational energy per unit volume. Additionally,
p is the pressure exerted by the mixture and H is the specific total enthalpy.

Quantity @? stands for the s-th species diffusive velocity, which are obtained
from the Stefan-Maxwell equations, as detailed in Ref. [10, [75].

The gas mixture behaves as a Newtonian fluid, and hence the viscous stress
tensor 7, under the hypothesis of negligible bulk viscosity effects, is simply:

8uj 8’11,1 2 Buk
i ———0i| - 2
i = [(81’1 * 8:1:j) 30z, " @)
The heat flux vector ¢ comprises contributions from the gradients of tem-

perature and of vibrational-electronic temperature and from the diffusive
transport of energy:

oT v 0
G = —)\axi - A 8&61 Zpsh ul i (3)

s

The vibrational heat flux is:

WOT" J
- Shu 4
q’L 8[131 Z p S 8 l ( )

S

The mass production term for species s is given by the law of mass action:

;(J/[Ss= Z (e {k 1 ( )U;wfkr,b H (]C[]jc)w’c',r}' )

reactions species species

Here k, ; and k,; stand for the forward and backward reaction rates for
the r — th reaction; Vk and V , are the stoichiometric coefficients and Mj,
is the molar weight for the k- th species. In this work, the N-N; and the
5-species air (Air5) gas mixtures will be employed. The former consid-
ers a gas mixture of nitrogen atoms /N and molecules No, while the latter
assumes non-ionized air composed by atomic nitrogen N and oxygen O,
and molecular nitrogen Ns, oxygen Os and nitric oxide NO. Therefore,
for a two-dimensional flow computation under thermal and chemical non-
equilibrium (TCNEQ), the number of conserved variables is 6 for N — Na
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and 9 for Air5; if only chemical non-equilibrium (CNEQ) is considered, a
system of 5 and 8 equations is obtained.

Finally, the term €Y, in the case of gas mixtures involving only neutral
species (i.e. in absence of ionization) accounts for the energy exchange
(relaxation) between translational and vibrational modes and for the energy
gained through dissociation or recombination processes:

Z Ps >+ Z Dsws (6)

The model is not closed until initial/boundary conditions, properties Dy,
s A, AV, k¢, kpp, Ts and an equation of state are provided.

What are physically adequate initial/boundary conditions for the system
of non-linear partial differential equations in Egs. on the space-time
domain © x [0,7] is in itself a complex mathematical problem: the inter-
ested reader can refer to [16, [30]. Regarding the transport properties, the
reader may address references [31] for a detailed account. In this work, we
delegate the calculation of all transport, chemistry, thermodynamics and
energy transfer properties to the MUTATION library (version 2), described in
[56].

At the equation of state level, the ideal gas law for a thermally perfect
gas (PG) applies to each of the components of the gas mixture, which
exert a partial pressure given by p; = Res/M,T. Here, R is the universal
gas constant R = 8314.47/K kmol and M, the s-th species molecular weight
(in k9/kmot). The total pressure of the mixture is:

p= ZP& (7)
s=1

Specific enthalpy H relates to pressure as H = FE + P/p. Total energy
pE and pressure p of the mixture can be further related if one realizes
that pE includes contributions from the translational-rotational modes,
from the vibrational-electronic modes and from the kinetic energy, as in

pE = pel” + pe¥ + % pit - @. Each of these gathers in turn contributions
from the different species in the mixture:
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tr tr v v =t =
pe'™ = " psell, pe’ = psel, g PU U= > Ps—
s=1 s=1 s=1

The expression for the s-th species translational-rotational energy e’ is:
T
el = / Clydr + hy, (8)
T0

where h? is the formation enthalpy of the species at the reference temper-
ature T, with C£f5 the translational-rotational specific heat at constant
volume. Since the components of the mixture behave as calorically perfect
gases, we have:

%RS, for a monatomic species,

Oy = (9)

%RS, for a diatomic component.

The expression for the s-th species vibrational energy e? is derived under
the assumption that the internal quantum states are populated according
to a Boltzmann distribution, so molecular species behave as harmonic os-
cillators:

0, for atomic species,
- (10)

0y . . .
Miw, for diatomic species.
S S -

[V

where 07 is a characteristic vibrational temperature for the s-th species.

Differentiating Eq. and algebraic manipulation, see Ref. [45], leads to:

ns
dp =Y ~sdps+ Bdpe". (11)

s=1

Terms 75 and § in Eq. stand respectively for the partial derivatives of
pressure with respect to the translational-rotational energy and the species
densities; they are given by:

dp

op Do YsYM. t
fr = — d = =R MST — T’ ].2
apetr Zgil ySCng , al Vs 8ps / : Bes ( )

B
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where term y, = ps/p is the mass fraction of s-th species. Pressure deriva-
tives 75 and B intervene as well in the expression for the frozen speed of
sound:

ns —(12
u p
=3 v+ (n-e 15 s=ar 0t (13)
The behavior of gases in CNEQ conditions can be modeled with Egs. (1))
simply by assuming that the vibrational and the roto-translational mode
are at equilibrium; this implies that T¥ = T and translates into disregard-
ing the conservation equation for the vibrational energy.

In certain conditions, whenever time scales for the microscopic phenom-
ena described so far (chemical reactions, vibrational relaxation) are much
longer than the characteristic flow time, those phenomena can be safely ne-
glected. This situation is known as frozen flow; it can be modeled simply
by nullifying the source terms wg and QY.

We now write the physical model described so far in vector form. This
compact vector form eases both the description of the RD method in sec-
tions [4] and appendix [A] and the mathematical derivation leading to the
entropy-variable-based formulation considered in sections and

2.1. Governing equations in compact vector form
The system of advection-diffusion-reaction equations Egs. can be recast
in compact vector form as:
oU _ _
§+V.Fczv-Fd+S, (14)
where the convective and diffusive tensors are defined as (Einstein conven-
tion applies):

_ T ‘
FC=Fj-&, F"=F; ¢, forjec{z,...,xnp}-

and the vectors employed fulfill:

—

U, ﬁjc, F’Jd, S € R™Fas and {&;} is the canonical basis for R"?,

Here U stands for the vector of conserved variables and tensors F¢ and F¢
collect the convective and diffusive fluxes of the conserved quantities, while
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vector S contains the chemical and internal energy modes source terms.

For a TCNEQ flow, nggs = ng +np + 2 while ngys = ng +np + 1 for a
CNEQ flow. The vector of conserved variables is:

U= [ps, puj, pE, pev]t ) (15)

for the TCNEQ case. The components of the convective flux tensor are
given by:

= ~ o t .
F;‘:[psuj, putuj—l—pej, pHuj, pevu]-] yjef{x,. ., anp ). (16)

For the residual distribution discretization employed in this work it is useful
to have this system of equations expressed in quasi-linear form, which is
obtained by linearizing the advective flux Jacobian:

o0 | OF; o0 _OF]
ot 8[7 axj_émj ’
—~—

c,U
Aj

(17)

where we have introduced the advective Jacobians A;’U € R™Eqs *MBqs | For
the gas models considered, the advective Jacobians are such that a matrix

k defined as:
k=AUt Vi e R, (18)

has exactly npys real eigenvalues and npggs linearly independent eigenvec-
tors. That is equivalent to say that the associated advective system of

equations, %—Itj +V-Fe=0,is hyperbolic [44], 26]. The eigenvalues of x are:

—

M= |t -t+a,d-t,...,0-t,0-t—al| , (19)

NEqgs—2

where a is the (frozen) speed of sound. Defining the diagonal matrix
Ay = diag (X) and arranging the right/left eigenvectors as columns/rows

in matrices RY /LY, k is factored as:

k=RYV A LY. (20)

10
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The projected advective Jacobian is [26], 45]:

Un(I:ns_‘— _'nsxl'flx'ns) _ 1?nsxl'ﬁt 6"S><1 6n5><1

U T = Ut Tixng Ul + @it — B - at B -
A'nj = = T —t —t ) (21)

Un(T' = H - Tixng) Hiit — BUL T 1+ B8)Un —BUn

*Unevllxns evﬁt 0 Un
where Y,,,«1 contains the ng species mass fractions, Y, ox1 = [y1, .- -, yns]t.
Vector I'1 xng accommodates the partial derivatives of pressure with respect
to the different species densities, I'ixng = [71,- -, Tng)-

The diffusive flux tensor is:

—

t
Fad - [_Ps ug,ja Tigy  Tij Uj = iy —(Jﬂ y b e{rn, o anp ), (22)
and the source term S is given by:

- . t

S=lws, Oixny, O, Q”} . (23)

The CNEQ case is recovered by just disregarding any e’ related terms. Fi-
nally, the flow of an inviscid gas mixture can be described just by neglecting
the dissipative processes, that is, by setting term F? to 0.

3. An entropy variables based formulation for the TCNEQ sys-
tem

In this section, we reformulate the advective term in equation (39)) in terms
of an entropy variables set; this allows to greatly reduce the operations
necessary to distribute the discrete advective residual.

3.1. Symmetrization of conservation laws

For inviscid PG flows, it is possible to decouple one of the equations
(namely, the entropy equation) from the system of the Euler equations
if an adequate change of variables is performed. In this process the part of
the equations that remains coupled can also be symmetrized, see [72].

Degrez and van der Weide extended this idea to inviscid flows in chemical
non-equilibrium in [20]. They defined the set of symmetrizing variables
given by:

t

0G = |ysdp — a0ps,  Ou;, plaap , (24)

11
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that can be shown to be linked to the species partial entropies. When
applied to the Euler equations, all the mass conservation equations get
decoupled from the momentum and energy conservation ones. This al-
lowed Degrez and van der Weide to apply scalar RD schemes independently
to each of the mass equations while retaining matrix counterparts of the
schemes for the reduced momentum-energy subsystem; effectively treating
inviscid flows in CNEQ at relatively moderate numerical cost.

As stated in references [15], 25], symmetrizability of general conservation
laws is assured if an entropy function S exists. In those cases, the linear

transformation % with entropy variables C,j defined as:

= oS

Qlm = —m (25)

is guaranteed to recast the complete system of equations in symmetric form.

The symmetric structure obtained through no matter what approach (ei-
ther that in [I5] or [25]) offers already some numerical advantages. How-
ever, since in both cases the matrices retrieved are dense, the perspective of
obtaining a block structure with scalar independent mass equations makes
the extension of Degrez and van der Weide’s approach the most appealing
option for the ns-species, two temperature TCNE(Q model considered in
this work.

3.2. The set of symmetrizing variables

In this section the compact vector formulation described in section 2.1
is employed. In particular, consider the projected advective Jacobian in
Eq. , computed as the sum of the advective Jacobian for each of the
reference directions weighted by the components of a generic unit vector 7.

Un(I:ns_‘_ qnsxl'flxns) _ ?nsxl'ﬁt 6ns><1 6715)(1

AU 7T — Ut Tixng UL, +- @t — B - it 87 —Bi

n Un(T = H - Tixng) Hiit — BUn ! (1+B)Un —BU,
7Un€'u11><ns evﬁt 0 Un

In the discussion to follow, matrix A%Y will be reexpressed in different
sets of variables. The Jacobian matrix A%’U, in terms of the conservative
variables U, can be recast in the new set of variables V' by means of the

12
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classical linear algebra relation:
Acv al A%U . 87({’ (26)
ou oV
where expression 90 should be interpreted as the matrix whose components
are defined as:
ou|  _ U
ov| V|,

)

,mn e{l,... ,nggst- (27)

Note how Eq. (| above allows to reexpress the qua81 linear form of the
System of Eqs in the arbltrary variable set V while still retaining the
vector of conserved variables U as the unknown, namely:

ou ov U oV

7_’_ ACV

d
o ot T ap oz, —V.-Fi4 5, (28)

The first step is to transform the left eigenvectors of matrix ASY to the set
of primitive variables P = ps, uj, D, e@}t.

The matrix containing the left eigenvectors of ASY is taken from refer-
ence [20] ﬂ The matrix LY in primitive variables is obtained from:

I azfns - _'ns><1 : ﬁ B?nle : ﬁt _B}_}nle B?nsxl
—V11ns I 0 0
~WTixn m! 0 0
LV = , s , (29
I'—aUlixng arnit — Bt 8 —p (29)
T+aUlixn,  —ait — pat B -
I —e, [ Beyi" —Bey,  a*+ fey |
through the relationship LY = LV - gU leading eventually to:
[ a2I:nS 0n3><3 _?nsxl 6ns><1 ]
O1xns plt 0 0
a =t
LP=| Oxns P 0 0. (30)
01an an 1 0
01><ns _aﬁt 1 0
| a evllxns 01><nD —€y pa2 |

“The definition used here is inverse of the one used in the original reference [26].

13
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Inspecting then the first (block) row of matrix L, one recognizes the com-
bination of variables that decouples the mass related terms from the rest: it
is the same as for the CNEQ case (compare with Eq. ) Further inspec-
tion suggests the possibility of decoupling also the terms related with the
vibrational energy. The following definition for the symmetrizing variables
is considered:

t

> 0ps — a’de,| . (31)

a’e,

8Q = |ys9p — a*dps,

0
8’[1@, £7 elap -
pa’  p p

The transformation matrices between the conservative and the symmetriz-
ing sets of variables for thermal and chemical non-equilibrium are:

. - 9 - " ~ _
Ynle I'-a I’ns _ﬂYnsxlu /Bynle _/BYnle
N 20 1 _, 5
oQ —% “lixng 13 03x1 Onpx1
20| L i ) -5  (32)
v bt By fe. 1 S
€y __ Py €v (= —
p“F rad ) p( Bey, — a )
and:
1= = . o
_QTInS OnSXnD gYnsxl 0n5><1
- s S S
ou U Lixng pl3 gu Onpx1
oQ BaZ ~ o Hlxns pU Pa el
5 o o
01><n5 OanD Pav _CL%

With these matrices, the advective Jacobian in terms of symmetrizing vari-
ables is calculated simply as:

= — —

. N _UnI:ns On5>7<nD 0n5><1 OnS><1
AR — % . AGU 8£ — OﬁDan UnInp, an Onpx1 (34)
" 0 7 " 8@ 01xng aii’ Un 0
01><n5 01><nD 0 Un

where decoupling of mass terms and vibrational energy is evident. How-
ever, and for reasons to be discussed in section 4] one needs to compute as
well the eigenvectors in the new symmetrizing variables Q).

14



Left and right eigenvectors matrices in symmetrizing variables are com-
puted from those expressed in conservative variables, taken again from [26].
330 The matrix whose rows are the left eigenvectors in () variables is:

I _I_’ns GnanD 6715><1 Gnle 1
) Otxng  pl! 0 0
1@ —U. 37({ _ glxns Pm_i 0 0 . (35)
O1xng  pam pa 0
61an —paitt pa 0
L 61><n5 61><7’LD O —pP i

Conversely, the right eigenvectors matrix is:

X
3 N 17 1= 1 = 1 =
RO =99 gu_ | Dnoxns G0 gy gl Qg
oU 91><ns 0 0 2pa pa 0
01 xng 0 0 0 0 -3

Observe how the particular structure of the transformed Jacobian A%’Q in

335 Eq. implies that, at least for the advective contributions, the original
ns+np—+2 system reduces to ng+1 independent scalar equations and a np+
1 subsystem. This point is made explicit by using Equations and
to write the transformed inviscid, non-reactive system of equations:

O _ 20ps 2 _
ysa 8t + sU VP au vPs —O,
8ui o 1 _
5 +u Vuz—ka—an =0, (37)
10
— P av-it —a-vp =0,
pa ot p
2

6—yﬁ-Vp—a evﬁ-ZVps—aQﬁ-Vev =0.
p p

Note that System [37]is not expressed in conservative form. A recent con-
s0  tribution [8] describes a strategy to handle system of equations in non-
conservation form. In this work, however, we will not apply directly RD

15
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techniques to discretize System . In the next section, after a brief
presentation on the RD discretization, we will describe an strategy that,
while solving System , exploits advantageously the entropy-variables-
based formulation to decrease the computational cost of TCNEQ flow sim-
ulations.

4. Residual distribution techniques
In this section, we briefly introduce the RD discretization for the system

of equations by reviewing the main concepts from references [72] 62].

Assume we intend to solve Equation on a simplicial tessellation Q"
of the spatial domain €). Let us denote by ngem and np,rp the number
of simplices (triangles in 2D, tetrahedra in 3D) and vertices in Q*. The
numerical solution to Eq. , U" | can be immediately expanded in terms
of the associated nodal basis functions IV; € p! (Qh), see Fig.

N DoF
U (@, t) = Y Uj (1) N; () (38)
j=1
where the nodal basis functions N fulfill N; (&) = d;p.

The steady state residual for element €; is defined as:
- oF¢  9F¢ - . .
(I)Qi _ / J J SU dv = @C,QZ‘ _ (I)d,Qi o (I)S,Qi7 (39)
Q; 8.%’]‘ al’j
and gathers contributions from the convective, dissipative and source terms.
An equation for each of the nodal DoF’s is obtained by distributing frac-

tions of the cell residuals % to the nodes forming part of the cell; in this
manner, the I-th DoF collects contributions from all the elements in region

E; (see Fig. [1b):
=3 3= (fc (qSQ) +§ (cﬁdﬂi) +§S (§59)> (40)

Q€5 Q€5

5 Superscript h marks here the solution obtained as a numerical approximation. Unless
we want to insist on this fact, we will often drop the superscript.

16
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(b)

Figure 1: Discretization in RDS: (a), P1 nodal basis function for i-th node; (b), set Z;
of elements surrounding /-th node.

Different choices for the functionals ¢, {¢, §° in Eq. define the different
schemes employed. In this section we will concentrate on the computation
and distribution of the convective residuals, deferring the diffusive, source
term and boundary conditions (BC') contributions, together with the solu-
tion strategy to Appendix [A]

4.1. Conwvective residual

The convective contribution to the nodal equation of the cell residual is
expressed generically as:

Of = > B, (41)
QiEEl

in terms of the so called distribution matrices BlQi.

RD schemes can be classified according to how the convective residual is
computed: we distinguish among linearization-based (LRD) and contour-
integration-based (CRD) schemes. This distinction is the subject of the
next section.

4.1.1. Computing the advective residual: LRD vs CRD

Certain thermodynamic models allow to simultaneously express both the
conserved variables vector U and the flux vector components F’ jc as a poly-

nomial of at most 2"?degree in the components of a certain vector Z.
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Whenever such vector Z exists, one can linearize simultaneously both U
and FY, greatly simplifying the implementation of approximate Riemann
solvers.

For the perfect gas model, such a linearization is available: the Roe lin-
earization introduced in [65], developed originally for dimensionally split
FV methods. Later on, Deconinck et al. extended the linearization pro-
cedure to the multi-dimensional RD framework, [I8]. This breakthrough
spawned a number of linearization-based residual distribution (LRD) schemes,
see [73, [3 4].

Unfortunately, for the NEQ models considered in this work, a 7 variable
is not readily available. Degrez and van der Weide, building upon Liu and
Vinokur’s ideas [45], proposed a linearization procedure circumventing this
limitation in [20]. The merits and shortcomings of this approach are dis-
cussed elsewhere, see [22].

There is yet another alternative approach whenever a 7 variable cannot be
defined: the element residual evaluation % and its distribution can be
done independently (see [17, [70]) as long as % respects second equal-
ity in flux conservation (see Eq. further ahead) and the distribution
coefficients employed respect the consistency condition:

> B = Lipgs. (42)

S

Residual Distribution reformulations exploiting this approach are termed
Contour-Integration (CRD, [17, 62]) or Fluzr Quadrature (FQ-RD, [70])
schemes.

As for the actual evaluation of the element residual, it is enough that inte-
gral:

e /Q V- Fydv = fgg Feiieetds, (43)

is evaluated with an error lower than the distribution error, [3, [77]. In this
work we follow the approach in [I7] and evaluate the contour integral by
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numerical (Gauss) integration:

np+1

Q; _% Fc—»eactds _ Z F}Cﬁ?ftds _
=1
np+1
DI (FC*@“) Iy, (44)
f=1 qeQP

a5 where the sum indexed by g extends over the quadrature points on each of
the element faces (edges in 2D ). For the specific case considered in this work,
namely when expanding the solution in P1 basis functions on 2D simplex
elements, a two-point quadrature rule is enough, i.e. QP = 2, see [3, [77].

20 The actual integration is accomplished by mapping each edge to the line
X € [—1, 1]; the quadrature points are x;2 = £0.5773502691 89626 and
the corresponding weights w2 = 1, see [61].

4.1.2. Distributing the advective residual: matriz RD schemes
a5 The convective contribution to the nodal equation of the cell residual (namely,
the distributive functional §¢) in Eq. is expressed generically as :

®f = > B (K*) - oo, (45)
Ql'EEl

Distribution matrices Blﬂ" depend in turn on the nodal upwind parameters
K, given by:

1
Ky = EA;;f Nk, and k € {1,...,np + 1}, (46)
Hyperbolicity of the Euler subsystem guarantees that these can be factor-
a0 ized as (see section [2.1):
1
K = ACUnId7 = —RYV.A,- LY. (47)
np np

where Ay, is the diagonal matrix containing the eigenvalues in Eq. , and
RY /LY are matrices whose columns/rows are the right/left eigenvectors of

19



435

440

445

450

455

K. Splitting the positive and negative parts of A; as Al+ /A, we finally
obtain:

1
Ki= —R/ A - L} (48)
np
Matrix |K;| is then defined:

_ 1 _
K| = K" — K, :ERIU-(A;’—Al)-LIU, (49)

Regarding CRD schemes, whichever inconsistent average state Vavg,* could
be employed to define the upwind K; and the distribution matrices BlQ ¢
Throughout this work, we have employed the arithmetic average of the
conserved variables ﬁavg = 7

1 np-+1
np+1 Z2<k=1 Uk

We present now several RD schemes and discuss their properties.

Low diffusion A scheme

Introduced originally in [71], Van der Weide and collaborators derived the
distribution matrix for system of equations in [74, [72]. The CRD variant
of the scheme is [62]:

-1
Q;,LDAc _
B ‘=K (D> K| (50)
i

This scheme is linear, preserves linear solutions (i.e. is 2"? order accurate)

and is multidimensional upwind. It is probably the most used RD scheme
for the simulation of smooth flow fields.

Narrow scheme

We describe here the N¢ scheme as done originally in [I7], by introducing
first the LRD N scheme.

The scalar N was devised by Roe in [64], and reformulated as a matrix RD
scheme by van der Weide in [73| [72]. The N scheme contribution to the
nodal residual is given by:

-

£, N 7 7
(I)? = Kl+ ' (Ul - Uinlet) : (51)
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where the inlet state ﬁf};l et reads:

~1

=0, B R

Uinlet - Z Kj ’ Z Kj ’ UJ" (52)
JEQ; JEQ;

The N scheme is linear, multi-dimensional upwind and positive; hence it is
only 1%¢ order accurate, in agreement with Godunov’s theorem. Note that a
distribution matrix cannot be obtained explicitly for the system N scheme.

There is an important relationship between the N and the LD A schemes,
namely that N scheme is precisely the LDA scheme supplemented by an
additional dissipative term 5ZD288’N of crosswind nature [17, 62]:

(I)lc,Qi,N _ (I)lc,ﬂi,LDA + 5lDzss,N' (53)

Concerning the CRD variant, the Nc¢ scheme is given by:
pefhiNe _ Zef2i,N Qi,LDA ¢z
D) ‘= @Z* — B, o€, (54)

where 5??11\[ is the result of the inconsistent evaluation of Eq. and ¢

is the difference between the inconsistent element residual tf)f)*
and the residual given by Eq. :

Inconsistent

S

Inconsistent

§8° = &¢

Q%

(55)

)
Gauss

is computed as:
Inconsistent

where the inconsistent element residual cI;&C)

)

-

. = 3 KU, (56)

Inconsistent keQ;

Relation holds for the Nc-LD Ac pair as well. There is, nevertheless,
an important difference between the original N scheme and its CRD vari-
ant: the N¢ scheme is non-positive [I7], meaning that the capture of certain
shock waves may present oscillations. This is not a concern for PG simula-
tions, as long as one uses the Roe-Struijs-Deconinck linearization variable
Z, (in that case Nc and N schemes coincide). The lack of monotonicity is,
however, specially problematic for NEQ flows whenever strong, bow shock
waves are present in the domain (i.e. precisely when Z variable is less likely
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to be well-defined, see [22]). The underlying reason is the mass production
terms -Eq. — highly non-linear dependence on temperature: the extreme
variations in temperature across the numerically captured shock wave result
in unphysical production/destruction of species, and this leads eventually
to simulation breakdown [24], 22]. We defer the description of a strategy to
handle such situations to the introduction of the Blended schemes.

Blended schemes

As we the did for the Nc-N pair, we start by introducing first the LRD
version of the B scheme and deriving from that its CRD counterpart, the
Bc scheme.

A family of non-linear schemes can be obtained from a weighted averaging
of N and LDA schemes:

FoB = @UGeaN ( Tnkqs — @Qi> 5;:,91-,,LDA7 (57)

The resulting scheme is therefore multi-dimensional upwind, positive and
linearity preserving. Many variants can be constructed [72, 3], 169} 211 24] [49]
depending on the choice of ©%. Here, we will use the shock detector
functions described in Dobes et al. [21I] and in Garicano-Mena et al. [24].
Both of them define ©% as the identity matrix times a scalar shock sensor 6,
as:

0% = 0L, 4. (58)

e Dobes et al. [21], in their Bz scheme, choose a scalar shock sensor 6
that depends on the gradient of one of the field variables (pressure,
temperature or density), and requires tuning a parameter related to
the shock intensity.

e Garicano-Mena et al. [24] adapt the shock sensor in Ref. [29] to the
RD context. This detector is parameter-free and works optimally for
strong, detached bow shock problems.

Relation , when substituted into equation leads to:

(I_)’ZC,QZ-,B _ (I_)’lc,Qi,LDA + HSEDZ'SS,N. (59)
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This expression is conceptually akin to stabilized finite element schemes [32]
33]: the first term takes care of advection of smooth information while the
second term, locally active (i.e. modulated by the shock detector), provides
additional dissipation to handle strong gradients.

Concerning the CRD Bc scheme actually used in this work, the term
&DZSS’NC is -as we stated before- non-positive, and hence oscillations across
the shock wave may appear for NEQ flows. A straightforward strategy to
attenuate these oscillations is simply to supplement the cross-wind term

(5ZDZSS’NC with additional dissipation, as in:

q‘)’?,Qi,Bc _ 5[5,Qi,LDAc + 0 (6Dzss ,Nc + 5Dzss D) (60)

<Diss,D

The supplementary dissipative term 9, is, of course, modulated also

by the shock detector 6.
In this work we employ as additional dissipation term &DiSS’D that of the
simple Lax-Friedrichs (or Rusanov) scheme [43],66]. This term can be recast
in RD form as (see [4]):

“Diss,LxF - =
P — g EE;Z (Ul—Um). (61)
meQ,;

where A are the eigenvalues of K;. Alternatively, other, possibly more com-
plex dissipative terms could be employed: guidelines to design physically
based shock-capturing terms 8, ***" are provided in [23].

4.1.8.  CRD advective residual distribution in Symmetrizing-variables
At the sight of the different CRD schemes presented in section 4.1.2] note
how the most computationally intensive operation is always the inversion

of matrix factors given by (Z j Kf)

Observe then the advantageous structure of matrices in Egs. ,
and (| . Specifically, decoupling of mass and vibrational terms from the
momentum-energy part is evident in Eq. ( . If the distribution of the ad-

vective residual was performed in terms of the symmetrizing variables Q,
then the application of Egs. (50| , 54)) and ( . would be greatly simplified.
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It is indeed possible to distribute the advective residual in terms of the @
variable set, by resorting to Eq. (see e.g. in [2]). Taking into account
only advective contributions, the nodal update is reexpressed as:

DN (62)
QZ‘EEL aQ

where the only change with respect to Eq. lies in computing matrices
BlC’Q" in terms of upwind parameters defined not in terms of the Jacobians
in conserved-variables A%’U but in terms of the symmetrizing variables AfL’Q.
In virtue of Eq. this translates into defining the upwind parameters as:

1
K = ER,? Ay LY. (63)

The upwind parameter matrices K l? above inherit the special structure im-
posed by Eq. . This implies that the advective residual distribution can
be accomplished by applying separately ng 4+ 1 times a scalar RD scheme
to distribute the vibrational energy and all the mass related residuals while
keeping a system scheme for the reduced, (np + 1) X (np + 1) momentum-
total energy subsystem (i.e. 3 x 3 for a 2D and 4 x 4 for 3D simulation).
This compares advantageously with the original formulation in conserved
variables, formulated in terms of dense ng + np + 2 matrices. The reduc-
tion on the size of the matrices involved in the element-to-node distribution
process suggests that a decrease in the computational effort should be ob-
served. That is the case indeed, as we will show in section [5.4]

Distribution of the decoupled mass and vibrational energy related contribu-
tions are performed with the scalar counterparts of the system RD schemes
presented in section[d.1.2]above. By substituting the system upwind param-
eters K; by its scalar counterparts k;, the scalar schemes are immediately
retrieved. More specifically, if one knows e.g. the system expression of the
LDAc scheme (Eq. (50))), then its scalar version is immediately retrieved
as:

Q,;,LDAc lir
pitolDAe (64)

where /c;r are computed as:

ki = — max (@ - ii;,0), (65)
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which can be compared to Eq. .

The hybrid system-scalar distribution matrix for the LD Ac scheme would
s6s  then be:

Q;, LDAcF = =
bl InS OTLSX(’RD—FI) 0n5><1
Q;,LDAc—Hybrid __ =~ ~
B, = | Ompt+iyxns  Mup+xmp+1) Ompryx1 | - (66)
oy ~ Q;,LDAc
01xng O1xng by

System related submatrix M, 1 1)x(np+1) is given by:

-1
My i1y np+1) = K2 Tmin * Imaz, Jmin = Jmaz) - (ZKJQ’*(IW * Imazs Jmin © Jm)> , (67)
J

where fortran-like indexing in relation to Eq. [63| has been used. The in-
dexes are Inin = Jmin = ng + 1 and Inar = Jmae =g +np + 1.

s The expression for the nodal update in Eq. allows to derive an estimate
of cost decrease when the distribution is performed in symmetrizing vari-
ables. We provide such estimate for the LD Ac scheme, though the line of
reasoning followed here applies to the other schemes considered in this work.

575 Equation is equivalent to Eq. |82 (or to the assembled Eq. , partic-
ularized the frozen inviscid case) but accounts explicitly for the possibility
of distributing the convective residual in a variable set Q different from the
conserved variable set U.

ss0  Computing the LD Ac element-to-node contribution requires matrix multi-

plying BZQ"’LDAC with cell residual % . Since the system of equations we

work with involves ng, = ng + np + 2 variables, distributing the residual
with the standard conserved-variables-formulation requires:

1. Two matrix sums, involving O (nQEq> flops each,
585 2. A matrix inversion, involving O (nj{;q> flops,

3. Two matrix-matrix products, involving O (n%q) flops each.
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The O (”413 q) inversion operation is the most costly step of the distribution

procedure in conserved variables U.

Alternatively, when the entropy-variables-based formulation is employed,
the effort to distribute the residual is given as:

1. On the np 4+ 1 mass-total energy subsystem:

1.1 Two matrix sums, involving O ((np + 1)?) flops each,

1.2 A matrix inversion, involving O ((np + 1)*) flops,

1.3 Two matrix-matrix products, involving O ((n D+ 1)3) flops each.
2. For each of the ng + 1 entropy-related variables:

2.1 Two scalar sums, 2 flops,
2.2 A division, 1 flop,
2.3 Two scalar-scalar multiplications, 2 flops,

3. A matrix product (to transform back the residual to conserved vari-

ables), involving O (n%q) flops.

One might be tempted to say that the performance of the entropy-variables-
based formulation is controlled by the final matrix-product transforming
the element-to-node contributions from the @ to the U variables, involving

@) <n?j3q> flops. However, since matrix g—g. is known analytically (Eq. ,

the cost can be reduced by block-subdividing vector Blc’ﬂi - 02 and ex-

ploiting the particular structure of g—g in the code.

5. Results

In this section three non-equilibrium flow testcases are presented. The cor-
responding flow fields have been computed with the open source COOLF1luiD
solver [1 [40], that implements the thermophysical model and the Residual
Distribution schemes as described in sections and appendix [A]

The selected testcases include inviscid and viscous flow fields in both the
subsonic and hypersonic regimes, and account for chemical and thermal
non-equilibrium effects. The inviscid hypersonic flow around a cylinder is
considered in section [5.I] Next, the Air5 viscous subsonic flow around a
cylinder is discussed in section [5.2 Then, the N-Ns viscous hypersonic
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flow around a double cone configuration is the subject of section [5.3

Finally, section presents a study of the performance improvement ob-
served when the symmetrizing variables formulation is applied to the three
testcases described before.

5.1. Inviscid TCNEQ hypersonic flow around cylinder

In this section we consider the inviscid flow around the mid-section of a
circular cylinder (25.4 mm in radius) placed into a hypersonic stream in
TCNEQ conditions. Two different gas mixtures have been considered, V-
Ny and Airb; the specific conditions considered are presented in Tables
and [2| respectively.

Table 1: Hypersonic inviscid TCNEQ flow around cylinder. N — N2 mixture. Testcase definition.

Mas Poo [kg/m3] Uso [M/s]  Too [K] Tiyoo [K]
6.2 5.1512x 1073 5590. 1833. 1833.
Composition

YN0 [-] Yn2,00 [-]
0.9621 0.0379

Table 2: Hypersonic inviscid TCNEQ flow around cylinder. Air5 mixture. Testcase definition.

Mas  poo [kg/m’]  teo [Pa]  Too [K]  Toeo [K]
65 5.1512x10° 5590.  1833. 1833,

Composition
YN,c0 [_] YO, 00 [_] YN, 00 [_] YNO,00 [_] YOq,00 [_]
0. 0. 0.767 0. 0.233

The results presented in this section have been obtained with the Bex
scheme in , employing the additional shock dissipation in Eq. and
the shock detector from [29][24]. Flow tangency (inviscid wall BC') has been
imposed at the wall, a supersonic inlet at the inflow curved boundary and
supersonic outlet at the remaining boundaries. The solutions have been
obtained in triangular meshes of resolution ny X ng = 242 x 129 nodes,
i.e. with ngem = 6.1 x 10* and np,r = 3.1 x 10* degrees of freedom.
Figures [2a] and 2b] present similar but coarser grids with ny x ng = 62 x 33
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points. No sign of carbuncle was observed in these simulations, [23].

Figures [2d and [2d] shows the region where the shock detector is active,
i.e. 6 € (0,1]. Note how in both cases the shock is captured across a very
narrow region.

The Bcex solutions are restarted from a 1%¢ order solution obtained with the
Nc scheme. In both cases, the residual associated to the roto-translational
temperature decreases six orders of magnitude, as seen in Figures[2e|and

The results of the simulation for the N-Ny mixture are gathered in Fig.
Note the strong compression in Fig. The effectivity of the additional
shock dissipation term Eq. is evident from the the Mach number field
in Fig. no overshoots of the Mach number are apparent.

Roto-translational and vibrational temperatures differ in the shock-layer,
as is evident from figures[3d and Bd} the flow is in thermal non-equilibrium
in the post-shock region.

High temperatures in the post-shock region result as well in the dissocia-
tion of the molecular Ny into atomic nitrogen, see Fig. Finally, Fig.
shows roto-translational and vibrational temperatures at the cylinder wall,
together with atomic nitrogen density py.

Similar observations apply to the Air5 simulation case, see Fig. The
compression across the shock wave is comparable to that of the N — N2
mixture, Fig. however the temperature increase across the shock layer
is much higher (Fig. . Note also that less energy is trapped in the vi-
brational mode, Fig. [4d]

Atomic components recombine to form nitric oxide, specially across the
shock wave, Fig.[de and near the stagnation point, Fig.
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Figure 2: Hypersonic inviscid TCNEQ flow around cylinder: in (a) and (b), meshes
employed (only upper half and one out every fourth point shown); in (¢) and (d): shock
detector activation region; and in (e) and (f): convergence histories with Bex scheme.
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Figure 4: Hypersonic inviscid TCNEQ flow around cylinder. air5 mixture.

31



675

680

685

690

695

5.2. Viscous CNEQ subsonic flow around cylindrical cross-section temperature probe

The second configuration (the first one accounting for viscous effects), con-
sists of a cylindrical body (diameter ¢ = 8 mm) placed transversely in an
incoming hot subsonic air stream in chemical non-equilibrium. This config-
uration (see references [57, 24]) corresponds to a heat flux probe employed
into a high-enthalpy wind tunnel, Fig.

Wall quantities will be presented on the right-handed System of Reference
(SoR) in Fig. 0 € (0,7) corresponds to the top wall of the cylinder,
whereas the lower wall is defined by 6 € (—m,0). For the top wall, § = =
is the forward stagnation point FSP, and 6 = 0 is the rearward stagnation
point, RSP. For the lower wall, § = —7 is the F'SP and # = 0 the RSP.

The computational domain is circular, with diameter D = 72 ¢. An O-type
mesh is employed, consisting of np,r = 1.1 X 10* and nge, = 2.2 x 10*
triangular elements, see Fig. [6al A far-field BC is imposed weakly at the
outer boundary of the domain, while a no-slip isothermal wall BC' is en-
forced at the cylinder wall.

Water, out

\'4

oo

-

~”

(a) Working principle. (b) FSP/RSP: forward/rearward stagnation points.

\Water, in

Figure 5: Subsonic CNEQ flow around heat flux probe.

The upstream conditions for this case (Table are such that the molecular
species are strongly dissociated, and hence chemical non-equilibrium has to
be accounted for. Since the flow field is smooth (i.e. no shocks are present),
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the LD Ac scheme (Eq. (50])) has been employed.

Table 3: Non-equilibrium Subsonic Flow around a Circular Cross-Section Probe. Testcase
definition.

Mas  poolkg/m*] po|Pa] Too[K] Twan K]

0.526 4.8084e — 04 1500. 6000. 400.
Composition
YNoo [=] 900 (=] YNaoo =] YNOso[=]  Y0s.00 ]

0.5765 0.2326 5.87e — 04 0.193 3.72e — 6

Residuals associated to the temperature and nitric oxide decreased by six
orders of magnitude, see Fig.[6b] Figures[6c6d]show the pressure and tem-
perature fields. Notice the separation of the flow over the leeward side of
the cylinder, in Fig. the symmetry of the recirculation in the separated
region, expected in this kind of configuration, is evident. In this sense,
the unstructured grid does not induce any spurious asymmetries as those
reported e.g. in reference [76] for a non-reacting perfect gas case.

Figure [6]] compares the St distributions corresponding to the RD and
FV [57, 10] solutions: the heat flux predicted by the LD Ac scheme agrees
with the results in references over the region where the flow remains at-
tached. There is a slight disagreement in the neighborhood of the FSP; the

. .. dq -
RD solution respects better the symmetry condition <54~ = 0.

+7
The RD flow solution separates at 6 =~ +1rad (there where C'f = 0,
not shown). Separation location depends greatly on the kinetic and ther-
mophysical models employed; since the models provided by the MUTATION
library differ from those used in [57], heating differences over the range
(—=1.5,1.5) rad in Fig. [6f] come most likely from a difference in separation
location.

Let us address the concern of loss of accuracy [52] linked to the P1 Galerkin
discretization of the viscous terms (see appendix . Nishikawa and Roe, in
reference [52], described how the P1 Galerkin discretization strategy can-
not maintain a uniform order of accuracy for the scalar advection-diffusion
problem whenever the local Péclet number is nearby 1.
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The behavior reported in [52] was also studied by other researchers, e.g. [77,
0, [7]. Specially relevant for us is the work of Villedieu and her collabora-
tors [77]: they found out that reinterpreting RD schemes as SUPG meth-
ods, and then modulating the upwind stabilization according to the local
Péclet number it was possible to recover the correct order accuracy for the
advection-diffusion case.

As for the Navier-Stokes equations, Villedieu et al. point out in [77, [76] that
for Reynolds numbers beyond a critical Re* =~ 60, including the Péclet-
based correction was not necessary.

For this first viscous problem, one can estimate a Re ~ 24 [57], which is
below the Re* identified by Villedieu. However, the agreement between
our predicted heat flux results and independently retrieved experimental
and computational data [57, [10] arise as a strong indication that both
the computed solution and its gradients (VT', but also Vh,) have been
accurately retrieved.
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Figure 6: Subsonic CNEQ flow around cylinder.

35



745

755

760

5.8. Viscous TCNEQ hypersonic flow around double cone

We finally consider the high-enthalpy (Hoo = 9.17MJ/kg) and high-speed
(Mas = 11.5) nitrogen flow over a double cone configuration [41]. This
configuration has been analyzed within the RTO Task Group 43 (topic
no 2) [36], which focused on a further assessment of CFD for the specific
issue of shock interactions and control surfaces in non-equilibrium flows.
Extensive experimental studies have also been conducted for this case in
the LENS I shock tunnel at Calspan University of Buffalo Research Center
(CUBRC) to obtain detailed surface and flow characteristics.

7.625

e— 4.006—

3,
[3,]
o

ontact surface

=" 1 10.309

upersonic jet
Separation shock ransmitted shock
Oblique shock

Separation zone

(a) Dimensions in inches. (b) Flow field sketch.

Figure 7: Hypersonic TCNEQ flow around double cone configuration: in (a), model
tested in LENS I shock tunnel; in (b), schematic flow field in run 42 at high free stream
enthalpy conditions (courtesy from [53]).

A sketch of a typical hypersonic flow field around a double cone is depicted
in Fig. the full description of the complex shock wave/boundary layer
interaction pattern can be found, e.g., in references [40, [53].

An accurate prediction of the aerodynamic field and related quantities
(heat flux) for hypersonic double cone flows requires thermo-chemical non-
equilibrium effects to be taken into account, as demonstrated in [54. (53], 46].
Both reference literature and experimental data are available for the se-
lected testcase, indicated as run 42 in [53]. The nominal free stream con-
ditions are listed in Table Additionally, the wall temperature was set
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to 294.7 K. Since the Reynolds number for this configuration is relatively
high (Re ~ 6.35 x 10%, [36]), the loss of accuracy problem is not a concern
in this case.

Table 4: non-equilibrium Hypersonic Flow around Double-Cone. Testcase definition.

Mass  poolkg/m®] uco ["/s] Too[K] T [K] yNoo[-] YNyoo[-]

11.5 0.001468 3849.3 268.7 3160. 0 1

The N — N2 nitrogen mixture was used to model the chemistry. Only the
second-order accurate results, computed with Beaffl and Dobes’ shock de-
tector are discussed here. The 256 x 512 points mesh (made of triangles)
used is presented in Fig. The results which are reported next and are
fully described in reference [41], were obtained by running till both the
surface pressure distribution (and in particular the separation bubble size)
and the surface heat flux stopped changing. The maximum allowable CFL
was limited to 15.

From the roto-translational temperature and Mach number iso-contours in
Figs. the excellent shock-capturing properties of the CRD method
are evident. The vibrational temperature of molecular nitrogen is shown
in Fig. clearly indicating a non-negligible presence of thermal non-
equilibrium in the flow, particularly in the boundary layer and downstream
the bow shock, where the roto-translational temperature is higher.

Only a moderate dissociation of molecular nitrogen into atoms occurs, as
highlighted from the iso-contours of atomic nitrogen mass fractions. Be-
cause of the effect of the vibration-dissociation coupling, the regions char-
acterized by the highest vibrational temperature exhibit more chemical
dissociation.

Figure [9] show the comparison between experimental and computed heat
flux and surface pressure. Specifically the latter quantities, which are of
actual engineering interest, demonstrate the accurate prediction capabili-
ties of the CRD solver.

5The supplementary dissipation term §P%$P= §P#s:L2F hag not been necessary for
the double cone testcase.
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Figure 9: Hypersonic TCNEQ flow around double cone configuration: wall quantities
computed with Bexz scheme on triangular mesh with npor = 256 x 512. In (a) computed
surface pressure vs. experimental measurements; in (b), computed surface heat flux vs
experimental measurements,

5.4. Performance evaluation

We reconsider now the testcases described in sections [5.1}5.3] and evaluate
on them the computational advantage brought by performing the distribu-
tion of the convective residuals in the symmetrizing variables formulation
described in This advantage is quantified as:

t —t
n= “Cons — "Symm 100.0% (68)
toons
where toons and tgymm are the average times spent on an iteration if the
distribution is performed either in conservative or in symmetrizing vari-
ables, respectively.

The solution retrieved using the new set of symmetrizing variables is the
same as the one obtained performing the convective residual distribution
in conserved variables: this guarantees the correctness of the implementa-
tion. The total number of iterations is also the same, irrespective of the
convective distribution strategy employed.
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The following benchmarks have been performed on a computer equipped
with an 8-core Intel(R) Xeon(R) E5-2609 CPU at 2.40 GH z, a cache mem-
ory of 10420 kB and 32 GB of RAM.

As described in appendix[A] the advection and the source term residuals are
typically distributed together. In order to precisely quantify the computa-
tional effort invested in the advective (and diffusive, for the viscous cases)
evaluation and distribution from those corresponding to the source term,
the computational advantage has also been evaluated on frozen conditions.
Despite a frozen flow representation is not adequate for characterizing the
flows considered, this frozen assumption is nevertheless useful to segregate
the computational effort invested in the advective (and diffusive, for the
viscous cases) residual evaluation and distribution from those correspond-
ing to the source term: setting S = 0 saves the (computationally intensive,
see [56]) determination of thermochemical properties Dy, k, f, ky 5 and 7.

The results obtained for the inviscid hypersonic cylinder, the subsonic vis-
cous cylinder and the hypersonic double cone are summarized in tables 5] [0]
and [7respectively. In all cases considered, a reduction in time-per-iteration
is observed. This reduction is never below 10% (15%) for NEQ (frozen)
case, and it is higher for frozen conditions, as expected. Note also that
higher reductions are consistently obtained for Air5 mixtures, confirming
that the larger ng the greater the saving n attained. This is coherent with
the observation in section 3.2/ that only an (np+1) X (np+ 1) matrix needs
to be inverted in the symmetrizing variables formulation, as opposed to the
NEq X Npe matrix (with ng, = ng +np + 2) for the standard formulation.

Note also that symmetrization yields a reduced benefit for viscous cases if
compared to inviscid cases. This is due to the relative high computational
cost of the diffusive fluxes (for mass, momentum and energy) using the ac-
curate transport algorithms presented in [II], [47]. The implementation of
more conventional and simplified transport models could make the relative
performance gain from symmetrization even more significant.
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No-N mixture [s] 7 [%] airb mixture [s] 7 [%0]
Cons. variables, NEQ 66.29 — 131.72 —
Symm. variables, NEQ 56.63 14.57 90.99 30.92
Cons. variables, frozen 21.35 — 60.96 —
Symm. variables, frozen 11.46 46.32 24.97 59.04
N Iterations 21573 15594

Table 5: Hypersonic inviscid TCNEQ flow around cylinder: average time-per-iteration
and efficiency improvement.

airs mixture [s] 17 [%]
Cons. variables, NEQ 67.93 —
Symm. variables, NEQ 60.80 10.50
Cons. variables, frozen 42.48 —
Symm. variables, frozen 36.46 14.17
NTterations 38572

Table 6: Subsonic CNEQ flow around cylinder: average time-per-iteration and efficiency
improvement.

No-N mixture [s] 7 [%]
Cons. variables, NEQ 398.22 —
Symm. variables, NEQ 319.24 19.83
Cons. variables, frozen 279.72 —
Symm. variables, frozen 200.76 28.23
NJterations 20036

Table 7: Hypersonic TCNEQ flow around double cone: average time-per-iteration and
efficiency improvement.
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In summary, the computational advantage associated to distributing the
advective residual in the symmetrizing variables has been quantified, show-
ing that the larger the number of species in the mixture the larger the time
reduction 7 will be. Additionally, the results obtained under the frozen
flow assumption suggest that further reductions in n could be attained if -
whenever it is physically justified- alternative strategies (e.g. precomputed
look-up tables) are employed to determine the thermophysical/transport
properties and the source term.

6. Conclusions

In this paper we have discussed the application of contour-integration-
based Residual Distribution techniques to the simulation of inviscid and
viscous flows in non-equilibrium conditions, considering flows in both the
subsonic and hypersonic regimes. To this end, a general ng species, two-
temperature (roto-translational and vibrational-electronic) non-equilibrium
thermophysical model has been considered. Second-order solutions have
been obtained with Bcx scheme in combination with different shock sensors
and, for the hypersonic cylinder cases only, the inclusion of extra dissipa-
tion in order to guarantee monotonicity.

Additionally, a transformation based on an entropy variable definition has
been considered. This entropy transformation has been designed so that a
symmetric structure of the projected advective Jacobian is obtained; on
top of that, the transformed Jacobian presents a block diagonal struc-
ture where maximal decoupling is retrieved. Indeed, mass-species and
electronic-vibrational energy terms are completely decoupled from the mo-
mentum and total-energy subsystem for the inviscid case.

The advantageous structure of the projected Jacobian allows to reduce the
computational cost of the distribution of the advective residuals: estab-
lished matrix distribution schemes can be substituted by hybrid matrix-
scalar schemes. Hybrid matrix-scalar schemes offer the same result as the
full-matrix schemes, but a fraction of the original cost: matrix operations
in the hybrid matrix-scalar schemes involve matrices of much smaller di-
mension than in the original full-matrix case (np +1 vs ng+np+1). This
implies that the reduction in computing time increases with gas mixture
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complexity, i.e. with ng.

Finally, despite in this contribution the entropy-variable-based transfor-
mation has been applied for shock-capturing computations with Residual
Distribution schemes, nothing in the formulation prevents its application
in other contexts, e.g. still in combination with Residual Distribution tech-
niques but in a shock-fitting environment [55, 59, B8], or in combination
with Finite Volume [29], Stabilized Finite Element [34] or Discontinuous
Galerkin [12] 60] schemes.
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Appendix A Further details on Residual Distribution Schemes

This appendix presents additional details on the residual distribution solver
employed in this work.

A.1 Diffusive residual
Since the components of the diffusive flux tensor, F}’ depend not only on

the solution U but on its gradient as well:
By = f (1A 0,V0), (69)

its discretization with P1 finite elements can be accomplished with Galerkin
discretization:

3F”

J _ J _
o = / N—L 52 dv = / N—L o) dv = Z / N amj (70)

Integration by parts and application of Gauss-Ostrogradsky theorem trans-
form previous equation into:

- = N,
o = f{ N FP15tds — / gmfFj”du. (71)
- T

First term on the RHS of last equation is relevant only for elements lying
on the external boundary, 62 N Z; # (). Second term on the RHS collects
the diffusive contributions to the nodal residual. The discrete form, for a
P1 linear element, is:

. 1 - . .

B == > Sngfy (Havg: Navgs Uang, V™). (72)
QiEEl

Viscosity fiqvg and thermal conductivity Aq.g are evaluated at the average

of the W variables (see [1]), where W = [ps, uj, T, T°"

Galerkin discretization of the diffusive term is consistent with RD dis-
cretization of the advective part presented in section [4.1|if one resorts to a
Petrov-Galerkin interpretation of the RD methods [72, 19, 21], employing
a trial function of the form:

=N+ Y (B = Tumas) €%, (73)

Q€5
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where €% is piecewise constant function of unit value in €; and 0 every-
where else.

A.2 Source term residual

S

The source term contribution to the nodal residual §° < ) in equa-

tion is derived through a variational principle applied to the source
term S

@f:/wl Sdv. (74)
Q

Straightforward manipulations reduce previous equation to:

o7 = /: w Sdv =Y / w Sdv. (75)

Q; E_,ZQ
If a one-point quadrature rule is employed, Eq. in discrete form is:
= Z Qiwy (fg) g(fg)a (76)
QiEEl

where Z; is the center of mass of the simplicial element (2;.

In this manner, it is possible to define distribution matrices for the source
term:

. 1
BlQ“S = Qi/g.wldv. (77)

Typically, BZQ“S is chosen to coincide with the distribution matrix for the
advective term, if such a matrix exists. For the particular case of the Nc¢
scheme, the LD Ac distribution matrix is employed [62] 37].

A.3 Boundary conditions

References [19, ] present detailed considerations on boundary condition
enforcement in the context of residual distribution schemes. Here, we dis-
cuss briefly the difference between strongly /weakly imposed boundary con-
ditions and its relation to the limited subset of BC"s employed in this work.

A boundary condition is imposed strongly when the a priori known value
of the solution is substituted into Eq. [38] so that:

U@ty = Y. UPON; (& > UN; (). (78)
jesqnp jGthlth’D
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Alternatively, BC’s can be enforced weakly, by adding a residual @BC to
equation . This 5130 is designed so that the solution U, at steady
state reduces to the requested value ﬁlBC. The rationale for this technique
departs from the weak formulation of the problem:

9} 81‘]‘

Integration by parts, application of Gauss-Ostrogradsky theorem, and yet
again integration by parts recast the problem as:

[l () o a5 (645) £ (09)] 1505 =5 ro

Vv
gpe

Discretization of interior points is recovered but contributions from bound-
ary conditions is now explicit. Equation ([79) can be integrated numerically,
or alternatively it can be cast in linearized form:

= Y / Wi 420 (Uh,Bc _ Uh) 160t ds =
Syeozne0 Y St

K- (ﬁlBC - ﬁﬁ) . (80)

RD schemes being a vertex-centered numerical technique, strong imposi-
tion of boundary conditions is straightforward there where the solution is
fully known a priori, namely for the cases of no-slip (adiabatic/isothermal)
walls and supersonic inlets. Nodes on a supersonic outlet region are treated
as interior points, in agreement with characteristic lines leaving the domain.

Conversely, whenever the state vector cannot be defined unambiguously
neither from the interior solution nor from external information, weak en-
forcement of the boundary condition is the natural alternative, specially if
the upwind projector K;r is used in Eq. instead of K;. The upwind pro-
jector discriminates information entering the domain while discards contri-
butions associated to outgoing characteristics: this is the principle support-
ing weak far-field BC'. Inviscid walls are also enforced weakly, but through
Eq. . The flow tangency condition is imposed by specifying:

AF§ = FpP9 — B = — [pun, puj tn, pE ) (81)
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Symmetry is achieved simply by setting the vertical velocity component v
to 0 in UPC, see [72].

A.4  Numerical solution of the discretized set of equations

Since system of equations is of mixed parabolic-hyperbolic type, [30],
its steady solution can be obtained marching in pseudo-time. The distribu-
tion procedure described in sections . Tl[A 1] and [A"2]leads to the definition
of a system of ordinary differential equations controlling the time evolution
of the solution at the grid nodes. For the [-th node, it reads:

dU; =, = ee o
Eld—;+¢>f—¢)7’—¢f:0, (82)

where Vz, stands for the volume of the median dual cell around [-th node.

The discretization of Eq. is accomplished by means of the COOLFluiD
solver, described in [40]. Equation is marched in pseudo-time until a
steady state solution is reached, by using an implicit backward Euler inte-
grator. The linear system of equations obtained at each pseudo-time step
is then solved by one of the Krylov subspace methods [68] provided by the
PETSc solver library [67].

All thermophysical properties and non-equilibrium terms are provided by
the MUTATION library (see [56] for more details on the physico-chemical
modeling aspects). As far as boundary conditions are concerned, isother-
mal wall and supersonic inlet boundary conditions are enforced strongly,
whereas far-field, subsonic outlet and inviscid wall boundary conditions are
imposed weakly, as detailed in [72].

48



985

990

995

1000

1005

1010

1015

References

1]

2]

COOLFluiD. https://github.com/andrealani/COOLFluiD/wiki.
[Online; accessed 2017-07-01].

A. Lani, J. Garicano-Mena, and H. Deconinck. A Residual Distribution
Method for Symmetrized Systems in Thermochemical Nonequilibrium.
Number ATAA 2011-3546, 20" ATIAA Computational Fluid Dynamics
Conference, Honolulu, Hawaii, June 2011.

R. Abgrall. Toward the ultimate conservative scheme: Following the
quest. Journal of Computational Physics, 167:277-315, 2001.
22

R. Abgrall and M. Mezine. Construction of 2"-order accurate mono-
tone and stable RDS for steady flow problems. Journal of Computa-
tional Physics, 195:474-507, 2004.

R. Abgrall and D. De Santis. Linear and non-linear high order accurate
residual distribution schemes for the discretization of the steady com-
pressible Navier—Stokes equations. Journal of Computational Physics,
283:329 — 359, 2015. ISSN 0021-9991. doi: https://doi.org/10.1016/
j.jcp.2014.11.031. URL http://www.sciencedirect.com/science/
article/pii/S0021999114007931.

R. Abgrall, A. Larat, and M. Ricchiuto. Construction of very high
order residual distribution schemes for steady inviscid flow problems

on hybrid unstructured meshes. Journal of Computational Physics,
230:4103-4136, 2011. doi: 10.1016/j.jcp.2010.07.035.

R. Abgrall, D. De Santis, and M. Ricchiuto. High-order preserving
residual distribution schemes for advection-diffusion scalar problems
on arbitrary grids. SIAM Journal Scientific Computing, 36(3):A955—

A983, 2014. [

R. Abgrall, P. Bacigaluppi, and S. Tokareva. A high-order non-
conservative approach for hyperbolic equations in fluid dynamics.
Computers & Fluids, 2017. ISSN 0045-7930. doi: https://doi.org/
10.1016/j.compfluid.2017.08.019. URL http://www.sciencedirect.
com/science/article/pii/S0045793017302906.

49


https://github.com/andrealani/COOLFluiD/wiki
http://www.sciencedirect.com/science/article/pii/S0021999114007931
http://www.sciencedirect.com/science/article/pii/S0021999114007931
http://www.sciencedirect.com/science/article/pii/S0021999114007931
http://www.sciencedirect.com/science/article/pii/S0045793017302906
http://www.sciencedirect.com/science/article/pii/S0045793017302906
http://www.sciencedirect.com/science/article/pii/S0045793017302906

1020

1025

1030

1035

1040

1045

1050

[9]

[12]

[13]

[14]

[18]

J.D. Anderson. Hypersonic and high temperature gas dynamics, 2"¢Ed.
ATAA Textbooks Series. American Institute of Aeronautics and Astro-
nautics, 2006. [2]

P.F. Barbante. Accurate and efficient modelling of high temperature
nonequilibrium air flows. PhD thesis, Université Libre de Bruxelles,

2001. [6, 33, 54, BY

P.F. Barbante, G. Degrez, and G.S.R. Sarma. Computation
of Nonequilibrium High-Temperature Axisymmetric Boundary-Layer
Flows. Journal of Thermophysics and Heat Transfer, 16:490-497, 2002.
doi: 10.2514/2.6723.

E.G. Barter and D.L. Darmofal. Shock capturing with PDE-based ar-
ticial viscosity for DGFEM: Part I. Formulation. Journal of Compu-
tational Physics, 229:1810-1827, 2010. doi: 10.1016/j.jcp.2009.11.010.

B A4

Aldo Bonfiglioli, Marco Grottadaurea, Renato Paciorri, and Filippo
Sabetta. An unstructured, three-dimensional, shock-fitting solver for
hypersonic flows. Computers & Fluids, 73:162-174, 2013.

Candler, G.V. and Johnson, H.B and Nompelis, I. and Subbareddy,
P.K and Drayna, T.W. and Gidzak, V. and Barnhardt, M. D. Devel-
opment of the US3D Code for Advanced Compressible and Reacting
Flow Simulations. Number ATAA 2015-1893, 53"d AIAA Aerospace
Sciences Meeting, Florida, January 2015.

F. Chalot, T.J.R. Hughes, and F. Shakib. Symmetrization of conserva-
tion laws with entropy for high temperature hypersonic computations.
Computing systems in engineering, 1:495-521, 1990.

A.J Chorin and Marsden J.E. A Mathematical Introduction to Fluid
Mechanics, 3¢ edition. Springer, 2000.

A. Csik, M. Ricchiuto, and H. Deconinck. Conservative formulation of
the multidimensional upwind residual distribution schemes for general
nonlinear conservation laws. Journal of Computational Physics, 179

(1):286-312, 2002.

H. Deconinck, P.L. Roe, and R. Struijs. A multidimensional generaliza-
tion of Roe’s flux difference splitter for the Euler equations. Computers
and Fluids, 22(2-3):215-222, 1993.

50



1055

1060

1065

1070

1075

1080

[19]

[20]

[21]

[25]

[26]

[27]

H. Deconinck, M. Ricchiuto, and K. Sermeus. Introduction to residual
distribution schemes and stabilized finite elements. LS 2003-05, VKI,

2003. [A5}, [46]

G. Degrez and E. van der Weide. Upwind residual distribution schemes
for chemical non-equilibrium flows. In Collection of Technical Papers.

Vol. 2, pages 978-987. ATAA, 1999.

J. Dobes, M. Ricchiuto, R. Abgrall, and H. Deconinck. On hybrid
residual distribution-Galerkin discretizations for steady and time de-

pendent viscous laminar flows. Computer Methods in Applied Mechan-
ics and Engineering, 283:1336-1356, 2015. [22]

J. Garicano-Mena. On the computation of heat fluz in hypersonic flows
using Residual Distribution Schemes. PhD thesis, Université Libre de

Bruxelles, 2014.

J. Garicano-Mena, A. Lani, and H. Deconinck. An energy-
dissipative remedy against carbuncle: Application to hypersonic flows
around blunt bodies. Computers and Fluids, 133:43 — 54, 2016.
ISSN 0045-7930. doi: http://dx.doi.org/10.1016/j.compfluid.2016.03.
028. URL http://www.sciencedirect.com/science/article/pii/
S0045793016300858. [ 23} 28

Jestis Garicano-Mena, Raffaele Pepe, Andrea Lani, and Herman De-
coninck. Assessment of heat flux prediction capabilities of resid-
ual distribution method: Application to atmospheric entry prob-
lems. Communications in Computational Physics, 17:682-702, 3 2015.
ISSN 1991-7120. doi: 10.4208/cicp.070414.211114a. URL http:
//journals.cambridge.org/article_S1815240615000146.

V. Giovangigli. Multicomponent flow modelling. Birkhauser, Boston,
1999.

P. Gnoffo, R. Gupta, and J. Shinn. Conservation equations and phys-
ical models for hypersonic air flows in thermal and chemical non-

equilibrium. TP 2867, NASA, 1989.

P. A. Gnoffo. Upwind-biased, point-implicit relaxation strategies for
viscous, hypersonic flows. In Proceedings of the 37" AIAA Aerospace
Science Meeting and Ezhibit, Portland(OR), 2004. ATAA.

o1


http://www.sciencedirect.com/science/article/pii/S0045793016300858
http://www.sciencedirect.com/science/article/pii/S0045793016300858
http://www.sciencedirect.com/science/article/pii/S0045793016300858
http://journals.cambridge.org/article_S1815240615000146
http://journals.cambridge.org/article_S1815240615000146
http://journals.cambridge.org/article_S1815240615000146

1085

1090

1095

1100

1105

1110

1115

[28]

[29]

[30]

[31]

32]

[36]

P. A. Gnoffo. Multi-dimensional, inviscid flux reconstruction for sim-
ulation of hypersonic heating on tetrahedral grids. In Proceedings of
the 4T AIAA Aerospace Science Meeting and Ezhibit, Orlando(FL),
2009. ATAA. B

P. A. Gnoffo. Updates to multi-dimensional flux reconstruction for
hypersonic simulations on tetrahedral grids. In Proceedings of the
48t ATAA Aerospace Science Meeting and Ezhibit, Orlando(FL), 2010.

AIAA. B, 22, 27 [

C. Hirsch. Numerical Computation of Internal and External Flows:
Introduction to the Fundamentals of CFD, 2" Edition. Butterworth-
Heinemann, 2006. [7}, [48]

J.O. Hirschfelder, C.F. Curtiss, and R.B. Bird. The Molecular Theory
of Gases and Liquids, Second edition. Wiley, 1964. [7]

T.J.R. Hughes and M. Mallet. A new finite element formulation for
computational fluid dynamics: III. the generalized streamline operator

for multidimensional advective-diffusive systems. Computer Methods
in Applied Mechanics and Engineering, 58(3):305-328, 1986.

T.J.R. Hughes and M. Mallet. A new finite element formulation for
computational fluid dynamics: IV. a discontinuity-capturing operator
for multidimensional advective-diffusive systems. Computer Methods

in Applied Mechanics and Engineering, 58(3):329-336, 1986.

B. S. Kirk. Adiabatic shock capturing in perfect gas hypersonic flows.
International Journal for Numerical Methods in Fluids, 64:1041-1062,

2010. B} 4]

B. S. Kirk and G. F. Carey. Development and validation of a SUPG
finite element scheme for the compressible navierstokes equations us-

ing a modified inviscid flux discretization. International Journal for
Numerical Methods in Fluids, 57:265-293, 2008.

D. Knight et al. Assessment of CFD capability for prediction of hyper-
sonic shock interactions. Progress in Aerospace Sciences, 48—49:8 — 26,
2012. ISSN 0376-0421. doi: http://dx.doi.org/10.1016/j.paerosci.2011.
10.001. URL http://www.sciencedirect.com/science/article/
pii/S0376042111001023.

02


http://www.sciencedirect.com/science/article/pii/S0376042111001023
http://www.sciencedirect.com/science/article/pii/S0376042111001023
http://www.sciencedirect.com/science/article/pii/S0376042111001023

1120

1125

1130

1135

1140

1145

[37]

[38]

[39]

[40]

[42]

[43]

[44]

[45]

A. Lani. An object oriented and high-performance platform for
aerothermodynamic simulations. PhD thesis, Université Libre de Brux-

elles, 2008.

A. Lani and V. De Amicis. SF: An open source object-oriented plat-
form for unstructured shock-fitting methods. In Shock Fitting. Shock
Wave and High Pressure Phenomena, edited by M. Onofri M. and
R. Paciorri, 2017. doi: 10.1007/978-3-319-68427-7_4.

A. Lani and H. Deconick. Conservative residual distribution method
for hypersonic flows in thermochemical nonequilibrium. In Proceed-
ings of the 47" AIAA Aerospace Science Meeting and Exhibit, Or-
lando(FL), 2009. ATAA.

A. Lani, N. Villedieu, K. Bensassi, L. Kapa, M. Vymazal, M. S. Yalim,
and M. Panesi. COOLFIuiD: an open computational platform for
multi-physics simulation and research. In ATAA 2013-2589, San Diego
(CA), Jun 2013. 21th AIAA CFD Conference.

Lani, A., Panesi, M. and Deconinck, H. Conservative residual dis-
tribution method for viscous double cone flows in thermochemical
nonequilibrium. Communications in Computational Physics, 13:479—

501, 2013. 36}, 37, [@5]

A. Larat. Conception et analyse de schémas d’ordre trés élevé dis-
tribuant le résidu : application a la mécanique des fluides. PhD thesis,
Université de Bordeaux I, 2009. []

P.D. Lax. Weak solutions of nonlinear hyperbolic equations and their
numerical computation. Communications on Pure and Applied Math-
ematics, 7(1):159-193, 1954. ISSN 1097-0312. doi: 10.1002/cpa.
3160070112. URLhttp://dx.doi.org/10.1002/cpa.3160070112.[23

R.J. Leveque. Finite Volume Methods for Hyperbolic Problems. Cam-
bridge University Press, 2002.

Y. Liu and M. Vinokur. Upwind algorithms for general thermo-
chemical nonequilibrium flows. In Proceedings of the 27" AIAA
Aerospace Science Meeting and Exhibit, Reno(NV), 1989. ATAA.

L1 I8

93


http://dx.doi.org/10.1002/cpa.3160070112

1150

1155

1160

1165

1170

1175

1180

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

MacLean, M. and Holden, M. and Wadhams, T. and Parker R. A com-
putational analysis of thermochemical studies in the LENS facilities.
Number ATAA 2007-0121, 45'h AIAA Aerospace Sciences Meeting and
Exhibit, Reno, Nevada, January 2007.

Thierry E. Magin and Gérard Degrez. Transport properties of par-
tially ionized and unmagnetized plasmas. Phys. Rev. F, 70:046412,
Oct 2004. doi: 10.1103/PhysRevE.70.046412. URL https://link.
aps.org/doi/10.1103/PhysRevE.70.046412. []]

A. Mazaheri and H. Nishikawa. Very efficient high-order hyperbolic
schemes for time-dependent advection—diffusion problems: Third-,
fourth-, and sixth-order. Computers € Fluids, 102:131-147, 2014. [4]

A. Mazaheri and H. Nishikawa. High-order shock-capturing hyperbolic
residual—-distribution schemes on irregular triangular grids. Computers
€ Fluids, 131:131-147, 2016. doi: 10.1016/j.compfluid.2016.03.012.
22

A. Mazaheri, P. A. Gnoffo, C.O. Johnston, and W.L. Kleb. LAURA users
manual. Technical Report TM-2013-217800, NASA Langley Research
Center, 2013. [2]

NASA. FUN3D. http://fun3d.larc.nasa.gov/. [Online; accessed
2014-08-20].

H. Nishikawa and P.L. Roe. On High-Order Fluctuation-Splitting
schemes for the Navier-Stokes equations. In Proceedings of the 3%
International Conference on Computational Fluid Dynamics, Toronto,

July 2004. ICCFD.

I. Nompelis. Computational Study of Hypersonic Double-Cone Experi-
ments for Code Validation. PhD thesis, University of Minnesota, 2004.

Nompelis, I. and Drayna, T. W and Candler, G. V. A Parallel Im-
plicit Solver for Hypersonic Reacting Flow Simulation. Number ATAA
2005-4867, 17th Computational Fluid Dynamics Conference, Toronto,
Canada, June 2005.

R Paciorri and A. Bonfiglioli. A shock-fitting technique for 2D un-
structured grids. Computers and Fluids, 38:715-726, 2009. [ [44]

54


https://link.aps.org/doi/10.1103/PhysRevE.70.046412
https://link.aps.org/doi/10.1103/PhysRevE.70.046412
https://link.aps.org/doi/10.1103/PhysRevE.70.046412
http://fun3d.larc.nasa.gov/

1185

1190

1195

1200

1205

1210

[56]

[57]

[64]

[65]

M. Panesi. Physical models for nonequilibrium plasma flow. PhD
thesis, Universit degli studi di Pisa, 2009. [7]

S. Paris, B. Bottin, V. Van Der Haegen, and M. Carbonaro. Deter-
mination of temperature profiles in plasma jets with a crossflow tube
probe. In Proceedings of the AIAA 34" Thermophysics Conference,
Denwver, 2000. ATAA, 2000. [32] 33} 34]

C. Park. Nonequilibrium hypersonic aerothermodynamics. Wiley-
Interscience, 1990. [

R. Pepe, A. Bonfiglioli, A. D’Angola, G. Colonna, and R. Paciorri.
An unstructured shock-fitting solver for hypersonic plasma flows in
chemical non-equilibrium. Computer Physics Communications, 196:

179-193, 2015. doi: 10.1016/j.cpc.2015.06.005.

P.O. Persson and J. Peraire. Sub-cell shock capturing for discontinuous
galerkin methods. AIAA paper, 112:2006, 2006. [44]

S.S. Rao. The Finite Element Method in Engineering, 5" edition.
Butterworth-Heineman, 2005.

M. Ricchiuto. Construction and analysis of compact residual distri-
bution discretizations for conservation laws on unstructured meshes.
PhD thesis, Université Libre de Bruxelles, 2005. [46]

M. Ricchiuto, N. Villedieu, R. Abgrall, and H. Deconinck. On uni-
formly high-order accurate residual distribution schemes for advection-
diffusion. Journal of Computational and Applied Mathematics, 215(2):
547 — 556, 2008. ISSN 0377-0427. doi: http://dx.doi.org/10.1016/
j.cam.2006.03.059. URL http://www.sciencedirect.com/science/
article/pii/S0377042706007667. Proceedings of the Third Interna-
tional Conference on Advanced Computational Methods in Engineer-
ing (ACOMEN 2005).

P. Roe. Linear advection schemes on triangular meshes. Coa, Cranfield
Institute of Technology, 1987.

P.L. Roe. Approximate Riemann Solvers, Parameter Vectors, and
Difference Schemes. Journal of Computational Physics, 43:357-372,
1981.

95


http://www.sciencedirect.com/science/article/pii/S0377042706007667
http://www.sciencedirect.com/science/article/pii/S0377042706007667
http://www.sciencedirect.com/science/article/pii/S0377042706007667

1215

1220

1225

1230

1235

1240

1245

[66]

[74]

V.V Rusanov. The calculation of the interaction of non-stationary
shock waves and obstacles. USSR Computational Mathematics and
Mathematical Physics, 1(2):304-320, 1962. ISSN 0041-5553. doi:
http://dx.doi.org/10.1016/0041-5553(62)90062-9. URL http://www.
sciencedirect.com/science/article/pii/0041555362900629.

J. Brown S. Balay. Petsc users manual. Technical Report ANL-95/11
- Revision 3.4, Argonne National Laboratory, 2013.

Y. Saad. Iterative methods for sparse linear systems: Second edition.

SIAM, 2003.

K. Sermeus. Multi-Dimensional Upwind Discretization and Applica-
tion to Compressible Flows. PhD thesis, Université Libre de Bruxelles,

2013. [ 22

K. Sermeus and H. Deconinck. Solution of steady Euler and Navier—
Stokes equations using residual distribution schemes. LS 2003-05, VKI,
2003.

R. Struijs, H. Deconinck, and P. Roe. Fluctuation splitting for multi-
dimensional convection problems: an alternative to finite volume and
finite element methods. LS 1990-04, VKI, 1990.

E. van der Weide. Compressible flow simulation on unstructured grids
using multi-dimensional upwind schemes. PhD thesis, Technische Uni-

versitet Delft, 1998.

E. van der Weide and H. Deconinck. Positive matrix distribution
schemes for hyperbolic systems of with applications to the Euler equa-
tions. In Proceedings of the 3" European CFD conference, pages T47—
753, Paris, 1996. [I8] [20]

E. van der Weide, H. Deconinck, E. Issman, and G. Degrez. A parallel,
implicit, multi-dimensional upwind, residual distribution method for
the Navier-Stokes equations on unstructured grids. Computational
Mechanics, 23(2):199-208, 1999.

D. Vanden Abeele. An Efficient Computational Model for Induc-
tively Coupled Air Plasma Flows under Thermal and Chemical Non-
Equilibrium - with Application to Atmospheric Re-Entry Flow Studies.
PhD thesis, Katholieke Universiteit Leuven, 2000. [§]

o6


http://www.sciencedirect.com/science/article/pii/0041555362900629
http://www.sciencedirect.com/science/article/pii/0041555362900629
http://www.sciencedirect.com/science/article/pii/0041555362900629

1250

1255

[76]

[77]

N. Villedieu. High order discretisation by residual distribution schemes.
PhD thesis, Université Libre de Bruxelles, 2009.

N. Villedieu, T. Quintino, M. Ricchiuto, and H. Deconinck.
Third order residual distribution schemes for the Navier—Stokes
equations. Journal of Computational Physics, 230(11):4301-4315,
2011. ISSN 0021-9991. doi: http://dx.doi.org/10.1016/j.jcp.2010.12.
026. URL http://www.sciencedirect.com/science/article/pii/
S$002199911000700X. Special issue High Order Methods for CFD Prob-

lems.

M. J. Wright, G.V. Candler, and D. Bose. Data-parallel line relaxation
method for the navier-stokes equations. AIAA Journal, 36(9):1603—
1609, 1998. 2]

o7


http://www.sciencedirect.com/science/article/pii/S002199911000700X
http://www.sciencedirect.com/science/article/pii/S002199911000700X
http://www.sciencedirect.com/science/article/pii/S002199911000700X

	1 Introduction
	2 Governing equations
	2.1 Governing equations in compact vector form

	3 An entropy variables based formulation for the TCNEQ system
	3.1 Symmetrization of conservation laws
	3.2 The set of symmetrizing variables

	4 Residual distribution techniques
	4.1 Convective residual

	5 Results
	5.1 Inviscid TCNEQ hypersonic flow around cylinder
	5.2 Viscous CNEQ subsonic flow around cylindrical cross-section temperature probe
	5.3 Viscous TCNEQ hypersonic flow around double cone
	5.4 Performance evaluation

	6 Conclusions
	Appendices
	Appendix A Further details on Residual Distribution Schemes
	A.1 Diffusive residual
	A.2 Source term residual
	A.3 Boundary conditions
	A.4 Numerical solution of the discretized set of equations


