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Equilibrium and Staticity of Monetary Systems

1 Abstract

This abstract is written in Spanish for academic reasons.
Supongamos un sitio web o plataforma online donde los usuarios intercambian archivos de música.

La plataforma regala un cupón cada vez que alguien sube un archivo al fondo común y exige un
cupón para descargarlo. De esta forma se impide que alguien se dedique sólo a descargar archivos
sin aportar él otros. A esto lo llamamos un sistema monetario, donde se cobra o se paga dinero (un
cupón) por cada archivo. Pues bien, ¿cómo se comportará el sistema? ¿Cómo actuarán los usuarios?
¿Cómo se distribuirá el dinero? Ian A. Kash et al. dan respuesta a estas preguntas en un art́ıculo
cient́ıfico titulado An equilibrium analysis of scrip systems y publicado en 2015, en el que analiza
un “juego”, o modelo matemático, que representa sistemas monetarios como, por ejemplo, dicha
plataforma online. En este modelo, los “jugadores”, a los que llamaremos agentes —y que en el
ejemplo representaŕıan a los usuarios de la plataforma—, deberán encontrar la forma de actuar que
más les beneficie. Este trabajo de fin de grado detalla, corrige y ampĺıa el cuerpo de dicho art́ıculo,
en el que se diferencian tres apartados: la descripción del modelo, un análisis de la distribución del
dinero y la estabilidad de esta distribución y la prueba de la existencia de un equilibrio en la manera
de actuar de los agentes. Además, este trabajo añade un cuarto apartado en el que se estudia el
comportamiento del sistema y la modificación de los resultados cuando se hacen cambios al modelo.

Antes del análisis matemático debe entenderse el modelo, para lo que es útil relacionarlo con
el sistema monetario que el modelo represente, como la plataforma online. En esta plataforma de
intercambio de música, siempre que un usuario quiera un archivo, publica una petición para que se
seleccione otro usuario de entre todos los que tengan el archivo y estuvieran buscando la oportunidad
de “trabajar”, es decir, de compartir archivos. El agente seleccionado enviará el archivo al solicitante,
que a cambio le pagará con un cupón que a su vez podrá gastarse en conseguir un archivo cuando
lo requiera. Si el agente solicitante no tuviera dinero, ningún agente tuviera el archivo pedido o
ninguno de los que lo tuviera estuviera interesado en enviarlo, la transacción no se llevaŕıa a cabo.
El modelo representa este sistema dividiendo el tiempo en rondas, de manera que en cada ronda se
elija un agente al azar para necesitar un archivo, es decir, para hacer una petición. Después, cada
agente tendrá ciertas probabilidades de tener el archivo que se solicita y los que resulten tenerlo
elegirán si quieren trabajar o no. De nuevo al azar, se elegirá a un agente de entre los que quieran
y puedan compartir el archivo y se llevará a cabo la transacción: el agente seleccionado ganará un
cupón y perderá satisfacción (por “trabajar”) y el solicitante perderá un cupón y ganará satisfacción
(porque alguien “trabaje para él”). El funcionamiento del modelo se representa en el diagrama de
bloques de la figura 1, donde el cuadro rojo es el punto de decisión de los agentes.

Para caracterizar a los agentes, el modelo cuantifica la satisfacción de los agentes por conseguir
un archivo y la insatisfacción por tomarse el tiempo de enviarle un archivo a otro. Además, no
todos los agentes tienen las mismas probabilidades de salir elegidos para querer un archivo (algunos
usuarios quieren archivos de música con más frecuencia que otros), para poder enviar el archivo
requerido (algunos usuarios tienen más archivos de música que otros) o para ser quien comparta
el archivo (algunos usuarios son más populares que otros). Además, todo agente tiene un ratio de
descuento, es decir, que en mayor o menor medida un agente da más valor a la satisfacción cuanto
más cercana esté en el tiempo. Esto representa la idea intuitiva de que los usuarios preferirán, por
un lado, conseguir un archivo hoy que conseguirlo mañana, y por otro, trabajar mañana que trabajar
hoy.

Los agentes buscan optimizar su satisfacción decidiendo en qué situación trabajar, lo que se reduce
a minimizar las probabilidades de quedarse sin dinero trabajando lo mı́nimo posible. Encontrar este
óptimo se complica por el hecho de que, para cada agente, la dificultad de encontrar trabajo, y
por lo tanto las probabilidades de quedarse sin dinero, dependen de cuántos agentes estén buscando
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1. ABSTRACT

Figure 1: Funcionamiento del modelo

trabajo. Por lo tanto, cuantos más agentes busquen trabajo, más dif́ıcil será encontrarlo y más
incentivo tendrán todos los agentes para buscar trabajo, ante el riesgo de gastar todas los cupones
antes de poder ganar una más. Por otro lado, cuantos menos agentes haya buscando trabajo,
más fácil será encontrar trabajo para todos, por lo que se tenderá a dejar de buscar trabajo, ante
la previsión de conseguirlo con facilidad cuando se busque. Es necesario, por lo tanto, empezar
haciendo una suposición acerca de la manera de actuar de los agentes y saber aśı el número de
agentes que habrá buscando trabajo, para finalmente demostrar que lo asumido en un principio
tiene fundamento. Supongamos ahora que todos los agentes actúan siguiendo una estrategia de
umbral. Una estrategia es una función que ante cualquier posible situación devuelve una manera
de actuar (en este caso, si buscar trabajo o no). Una estrategia de umbral es una estrategia en la
que la decisión a tomar depende únicamente de la cantidad de dinero que el agente tiene, de manera
que un agente que juegue una estrategia de umbral con un umbral k, únicamente buscará trabajo si
tiene menos de k cupones. Por ejemplo, para k = 7 tendŕıamos la siguiente tabla de decisiones:

Figure 2: Estrategia de umbral, con un umbral de siete

Tras esta suposición, la población de agentes buscando trabajo únicamente dependerá del dinero
que cada agente tenga y de su umbral. Por eso, aunque haya una cantidad inmensa de posibles
distribuciones de los cupones entre los agentes, es posible conocer las probabilidades de pasar de
una distribución a otra. Además, como todas las probabilidades involucradas dependen únicamente
de la situación instantánea del juego y no de las situaciones por las que haya ido pasando, puede
crearse una cadena de Markov en la que cada posible distribución del dinero es un estado y donde
la probabilidad de transición entre dos estados de la cadena es igual a la probabilidad de pasar de
una distribución a otra. En la figura 3 se muestra la representación gráfica de la cadena de Markov
asociada a un sistema con únicamente tres agentes y dos cupones, donde una distribución (2 0 0) es
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la distribución en la que el primer agente tiene los dos cupones y el resto ninguna. Un sistema tan
pequeño es absurdo a efectos prácticos pero puede ser útil para entender la cadena de Markov.

Esta cadena de Markov tiene una distribución ĺımite, es decir, que existe una probabilidad fija
de encontrarse en cada estado después de un tiempo indefinido, independientemente del estado en el
que se comience. Esto quiere decir que la distribución de los cupones a largo plazo es independiente
de la distribución inicial y que depende únicamente de las caracteŕısticas de los agentes y del umbral
con el que jueguen. Sin embargo, aunque conozcamos la probabilidad de que la cadena se encuentre
en un estado después de cierto tiempo, no sabemos en qué estado estará, y los estados pueden ser
muy distintos entre ellos.

Figure 3: Cadena de Markov

En cambio, śı es posible saber cuántos
agentes habrá buscando trabajo si se estudia
el paralelismo que existe entre algunos estados:
es equivalente para el juego, en todos los as-
pectos, que dos agentes con caracteŕısticas y
umbrales similares intercambien la cantidad de
dinero que tienen, por lo que los estados en los
que todos los agentes tienen la misma canti-
dad de dinero, excepto dos con caracteŕısticas
y umbrales similares que lo tienen intercambi-
ado, son iguales a efectos del comportamiento
del sistema (por ejemplo, en la figura 3, si el
segundo y tercer agente tuvieran caracteŕısticas
similares, los estados 4 y 6 seŕıan indiferencia-
bles). Si asociáramos a los agentes en grupos
en función de sus caracteŕısticas y umbrales nos
encontraŕıamos con que, para una población de
agentes lo suficientemente grande, algunos esta-
dos tendŕıan una cantidad abrumadora de es-
tados similares a ellos mientras que otros, una
cantidad pequeña. El resultado es que la canti-

dad de combinaciones en las que puede repartirse el dinero dando lugar a un pequeño número de
distribuciones esencialmente iguales (a efectos del comportamiento del sistema) es inmensamente
mayor que la cantidad que da lugar a distribuciones más variadas. Esta propiedad de la combina-
toria, conocida como el fenómeno de la concentración, aumenta exponencialmente con el número de
agentes, de manera que en sistemas con muchos agentes la distribución de la riqueza es prácticamente
constante, puesto que la probabilidad de encontrarse en un estado que dé lugar a dicha distribución
es muy cercana a uno. Este resultado, debido a su importancia, exige una explicación más detallada:
el hecho de que la distribución se mantenga constante no quiere decir que los agentes tengan siempre
la misma cantidad de cupones, sino que en la práctica, siempre que un agente gane un cupón, otro
agente con las mismas caracteŕısticas perderá un cupón. Es decir, que existe un equilibrio dinámico
en el que los agentes con caracteŕısticas similares mantienen la misma cantidad de riqueza entre ellos,
puesto que el grupo gana cupones al mismo ritmo que las gasta. Como cabe esperar, los grupos de
agentes con más facilidad para conseguir trabajo y menos tendencia a gastar dinero acumularán más
dinero, de manera que es poco probable que se queden sin cupones. Del mismo modo, aquellos gru-
pos con caracteŕısticas poco favorables tenderán a buscar trabajo constantemente al no encontrarse
casi nunca en su umbral.

Una vez que se conoce la distribución de la riqueza, se puede saber cuántos agentes buscan
trabajo, porque se sabrá cuántos tienen menos dinero que el umbral que define su estrategia. Sin
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embargo, recordemos que la distribución de riqueza depende del umbral de los agentes por lo que
sólo se mantiene constante si éstos no vaŕıan su umbral. Por lo tanto, para estudiar la manera de
actuar óptima de un agente, determinaremos la manera de actuar del resto en estrategias de umbral
concretas y buscaremos la estrategia que mejores resultados le dé a ese agente ante las estrategias
de umbral fijadas. Asumiendo que cada agente actúa siguiendo una estrategia de umbral concreta
e invariable, se conoce la distribución de la riqueza y puede demostrarse que la mejor manera de
actuar ante esa situación es, a su vez, otra estrategia de umbral, donde el umbral depende de las
caracteŕısticas del agente y de los umbrales del resto de los agentes. Cuanto más altos sean los
umbrales de todos los agentes, más alto será el umbral óptimo con el que jugar, ya que habrá menos
agentes en su umbral y por lo tanto más agentes buscando trabajo.

Llegamos de esta manera a la búsqueda de un equilibrio en las estrategias de los agentes. Ya
sabemos que es óptimo jugar una estrategia de umbral cuando el resto también la juega, pero es la
distribución de la riqueza la que define el umbral óptimo para cada agente, y esta distribución no es
constante si los agentes cambian de umbral. El problema es que cuando uno cambia su umbral para
adaptarlo a la distribución, la distribución cambiará y el resto de los agentes tenderán a cambiar su
umbral en respuesta a este cambio, por lo que la distribución cambiará de nuevo. Se demuestra, sin
embargo, que llegado un punto se alcanza lo que se llama un equilibrio de Nash, es decir, una situación
en la que todos los agentes juegan una estrategia de umbral que es óptima para la distribución que
resulta de que todos los agentes jueguen, precisamente, esas estrategias de umbral. Es un punto en
el que la estrategia de todos los agentes es la mejor respuesta a las estrategias del resto, por lo que
llegados a esta situación, nadie tendrá incentivos para cambiar unilateralmente su manera de actuar,
ya que eso conllevaŕıa a que ese agente se quedara demasiado a menudo sin dinero (si disminuyera
su umbral) o a que trabajara en exceso (si lo aumentara).

Figure 4: Mejor respuesta al umbral del resto

En la figura 4 se muestra una función que es
la mejor respuesta a la estrategia del resto de los
agentes en un sistema en el que todos los agentes
son iguales (tienen las mismas caracteŕısticas).
En el eje de abscisas se sitúa el umbral de la es-
trategia con la que juegan todos los agentes y en
el de ordenadas, la estrategia de umbral que es
la mejor respuesta de cualquiera de los agentes
ante la estrategia de umbral que juegan el resto
de los agentes. Los puntos en los que la función
se cruza con la diagonal son puntos en los que
existe un equilibrio de Nash, ya que si todos los
agentes jugaran con uno de esos umbrales, to-
dos estaŕıan actuando de manera óptima ante la
actuación del resto. Vemos que hay tres equilib-
rios de Nash: en el cero, en el cinco y en el diez.
El equilibrio en el umbral de cero es el caso en el
que ningún agente busca trabajo, ante lo que no
interesa trabajar, ya que el cupón que se gane

no podrá ser usada y por lo tanto, nunca se saldrá de dicha situación. El equilibrio en el cinco es
inestable, es decir, que no puede llegarse a él a base de encadenar mejores respuestas, ya que la mejor
respuesta a que el resto de los agentes jueguen con un umbral de cuatro es el umbral de tres, y de
que jueguen con un umbral de seis, es el umbral de siete. Por último, el equilibrio de diez es estable,
ya que siempre que todos los agentes empiecen jugando una estrategia con un umbral mayor que
cinco, acabaŕıan jugando todos con un umbral de diez en un tiempo finito, encadenando las mejores
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respuestas a las acciones del resto de los agentes. Por este motivo, en este sistema, lo más probable
es que se alcance un equilibrio en el que todos los agentes jueguen con un umbral de diez.

Entramos finalmente a resumir el último apartado, en el que se estudia la variación de los
resultados cuando el modelo se modifica. Este apartado es original de este trabajo. La primera
modificación que se hace es cambiar la estrategia de los agentes por una que represente cómo los
agentes van perdiendo interés por trabajar a medida que tienen más cupones. Esto se representa
con una estrategia en la que los agentes sólo buscan trabajo con una probabilidad que desciende
cuando aumentan los cupones que tienen, como se muestra en la figura:

Figure 5: Ejemplo de estrategia con umbral de siete teniendo en cuenta el interés del agente

Se demuestra que cuando todos los agentes juegan con estrategias de este tipo se mantienen todos
los resultados alcanzados hasta ahora, variando la distribución estática de la riqueza en función de
las probabilidades de buscar trabajo de cada agente y variando también los umbrales en los que
existe un equilibrio en el sistema. Nótese que las estrategias de umbral analizadas anteriormente no
son más que un caso particular de éstas.

Se acaba el trabajo con otro cambio en el modelo, que consiste en modelar la satisfacción que
el agente pierde por trabajar o gana por recibir un archivo como variables aleatorias con una dis-
tribución de probabilidades caracteŕıstica de cada agente. Esto representa el hecho de que los agentes
están más interesados en algunos archivos de los que piden que otros y que enviar unos archivos
puede gustarles menos que enviar otros (por ejemplo, por el peso del archivo y el tiempo de env́ıo).
En este nuevo modelo, además, se les permite a los agentes no publicar una petición de archivo
cuando son elegidos, decisión que antes carećıa de sentido, pero que ahora podŕıa ser razonable para
un agente que, teniendo pocos cupones, decidiera no pedir un archivo en el que tuviera poco interés
y ahorrarse el cupón para un archivo que le pudiera interesar mucho más posteriormente.

Se demuestra que la estrategia óptima ante estas nuevas condiciones es una estrategia en la que la
decisión de buscar trabajo o no, y la de pedir un archivo o no, depende de el valor que tome la variable
aleatoria que es la satisfacción que se gana o pierde en cada caso. Ante esta estrategia óptima, se
muestra no sólo que existe de nuevo un equilibrio de Nash, sino que además, la distribución de la
riqueza es similar al modelo en el que se juega con estrategias de umbral que incluya el interés por
trabajar. Esto se debe a que en este modelo, un agente debe aceptar cualquier trabajo cuando tiene
pocos cupones, pero va aceptando los trabajos que le cuestan poco —y que son menos probables de
encontrar— a medida que va ganando dinero. El resultado es que las transacciones se llevan a cabo
con las mismas probabilidades que en un modelo en el que se tenga en cuenta el interés.

Con estos resultados se concluye el cuerpo del trabajo, al que se le añade una breve discusión
sobre el tema, las ĺıneas futuras que se pueden seguir para ampliar el estudio y un resumen de las
diferencias que pueden encontrarse entre lo expuesto en este trabajo y el art́ıculo original en el que
se basa: corrección de errores, detalle en las explicaciones y pruebas, cambios en el planteamiento
del modelo y la extensión del trabajo original al variar el modelo y alcanzar nuevos resultados.

Key words and phrases: Game Theory, Scrip, Monetary System, Nash Equilibrium, Static Distribution
UNESCO codes: 120706 (Game Theory), 120907 (Distribution and Probability Theory), 530705 (Economic equi-

libria)
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2 Presentation

2.1 Motivation and objectives

My name is Lucas Trueba van den Boom and this is my bachelor thesis, written from April to
October 2018 in Darmstadt, Germany (from April to August), and Madrid, Spain (from August to
October). During these months, I have been supervised by three tutors, namely: Stephane Leroux,
Joaqúın Gutiérrez and Carlos González. The first one is professor at the faculty of mathematics
of the Technical University of Darmstadt and the further ones at the Technical School for Indus-
trial Engineers of the Technical University of Madrid. They have supervised and aimed my work,
suggested changes, corrected error and discussed contents, for which I am grateful.

In this work, a monetary system is analyzed from a mathematical point of view. The whole work
could be seen as one big exercise of probability theory, another one of game theory, and the variation
of the results when the statement of the exercise is slightly modified.

I have been interested in both probability and game theory since I knew from its existence, which
is especially striking, taking into account the little I knew about the topic. It was my interest for
those two mathematical areas what drove me to make contact with a professor of these disciplines
at the Technical University of Darmstadt. This professor, Stephane Leroux, not only offered me to
be my tutor in Germany, he also gave me the topic of this work and explained the concepts I needed
to understand to start working on this field. At a first meeting in which we defined the scope of this
bachelor thesis, we also established the following academic goals for its realization:

• A general knowledge of game and probability theory, and a stronger knowledge of the particular
areas covered in this work.

• A complete understanding of the mathematical model (or game) explained in [Kash et al.,
2015].

• A fully and deep understanding of the results of [Kash et al., 2015] and the reasoning to reach
these results, including all lemmas, theorems and their proofs.

To reach these goals, there would also be a number of objectives of the work, to ensure a high
academic level and prove my understanding of the topic. For this reason, this work should include:

• A detailed description of the model explained in [Kash et al., 2015].

• A stepwise explanation of the necessary lemmas and theorems to reach the results of [Kash
et al., 2015], including a new explanation of the proofs, so that no logical step is overlooked.

• A simple explanation of some concepts or proofs that are omitted in [Kash et al., 2015], so that
this work becomes comprehensive for all people with strong mathematical knowledge, and not
only for those with a specific knowledge in the disciplines covered in this work.

• If possible, an extension of the content described in [Kash et al., 2015], reaching personal
results in a small work of mathematical investigation.

As can be deduced from the objectives, my work is based on the model and ideas written in the
paper An Equilibrium Analysis of Scrip Systems, by Ian Kash A. (Microsoft Research), Eric J.
Friedman (University of California, Berkeley) and Joseph Y. Halpern (Cornell University). Most of
the lemmas, theorems, arguments and examples explained in this work are taken from the original
paper ([Kash et al., 2015]) or based on the ones written there.
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2. PRESENTATION

2.2 Introduction

A group of parents from Washington, who worked at the Capitol Hill neighborhood, founded what
they called the Capitol Hill Babysitting Co-op. Its aim was the organization of a fair system in which
the parents could provide each other with babysitting services. Therefore, they issued coupons worth
a half hour of babysitting so that whenever anyone would like to spend an evening out, they could
have another couple babysit their children in exchange for the corresponding coupons. This couple
would then be able to have a night out, as the coupons they earned could be spent to have someone
take care of their children sometime. The operation was clear: if you wanted someone to babysit for
you, you would have to provide someone else with service before. Nevertheless, the system didn’t
go well at the beginning: too many people wanted to save coupons, and were therefore looking for
work. The problem was that when everyone wanted to earn coupons and not spend them, it was
hard to find someone to work for and even then it was hard to be the one selected to babysit, thus it
was very hard to earn coupons, which only made the problem worse. The Babysitting Co-op decided
then to issue more coupons, so that people were more comfortable spending them, and so they did.
However, this time, a lot of parents started to feel ”rich”, having enough coupons to spend in the
foreseeable future, and therefore stopped looking for work. The result was that parents couldn’t
spend their coupons because of the lack of people willing to work.

This anecdote shows how ignoring the behaviour of a monetary system can lead to make it useless.
If some parents would have foreseen the actions of the rest of them, they wouldn’t have worked in
vain for coupons they would never be able to spend and if the Co-op would have understood the
behaviour of the system, they wouldn’t have issued too many coupons. In this work a model is built
to represent a monetary system, similar to the one of the Babysitting Co-op. This model will be
analyzed to foresee how the people (or decision making organizations) will act and the behaviour of
the system in terms distribution of wealth and equilibria.

Throughout history there have been countless monetary system. The simplest ones are usually
the smallest ones: the systems in which a non-governmental organization issues its own money, which
is only exchangeable for one or a small number of goods. There are a variety of reasons for which
such an organizations would build this kind of monetary systems, known as scrip systems: to avoid
free riding, where some people take advantage of the resources of a group without contributing, to
encourage trade, to increase control over the system or to discourage robbery and fraud by the use
of a currency that is useless outside the system. Some examples are the system created to reduce
the robbery of bus driver, created by the Washington Metropolitan Area Transit Commission, or a
scrip system in Ithaca (New York), made to improve local economy. Nowadays, scrip systems gain
importance because of the advantages of using them in online systems.

Even though such systems have frequently been studied in economy, it is not common to have
a model of a scrip system analyzed from a strictly mathematical point of view, and even if so,
all models are different. Therefore, it is reasonable to think that there exists no other detailed
mathematical analysis of the kind of monetary systems represented in the model described in this
work, apart from the paper [Kash et al., 2015] (original paper) and [Kash et al., 2012] (paper of the
same authors, in which a further analysis of the model is made). In this kind of systems, similar
to the Babysitting Co-op, people or organizations, that we will call agents from now on, are able
to be provided with service by others in exchange for a monetary unit that can only be earned by
providing others with service and can only be spent to receive service through the system. The
essence of the service or other issues such as the form of the transactions or the way to make contact
between agents may vary from system to system and are neither studied in this work, nor included
in the model.

The body of this work is divided in four sections, which in turn are divided into subsections.
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2. PRESENTATION

The main content of each section is:

• Section 3: a detailed description of the model.

• Section 4: an analysis of how the money will be distributed in the system depending on the
likeliness of each transaction to happen and the similarities of those transactions.

• Section 5: an analysis of the best way to act for each agent depending on the distribution of
money and the decisions of the others and the attainment of a balance.

• Section 6: an investigation of the modification of the results when complicating the model of.
This section is original of this work (not included in [Kash et al., 2015]).
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3 The model

3.1 General description

To analyze scrip systems of the kind described previously, we will use a model described in [Kash
et al., 2015]. Although the model is as general as possible and can be applied to a variety of real
systems, some important assumptions are made and (as in any model) some features are simplified.
For that reason, we wouldn’t expect a real system to behave strictly as the model, but we can offer
useful insights about the general evolution of a system. Even if the model isn’t based on a real
system, it can be useful to have an intuitive idea of a real system to compare it to, in order to
understand it better and have a general idea of its possible application.

Let’s say the model tries to capture an online file sharing system in which agents can provide
each other with a single service, specifically, file uploading. All services have a fixed price in the
system’s currency that we’ll call scrip, and for simplicity we will fix the price of a service in one
scrip. Agents make requests of specific files they would like to have. Any agent who has that file
(and is therefore able to satisfy the request) can volunteer to provide the file. Among all agents who
volunteer, one is chosen at random to satisfy the request. If the requester has at least one scrip, the
chosen agent will provide him with the file and receive one scrip from the requester in exchange.

In the model, time will be divided in rounds. In every round one agent chosen at random will
make one single request, which can be satisfied or not. The reasons for which a request may not
be satisfied are two: the requester has no money to pay for the service or no agent able to satisfy
that request volunteers. The time between every round can be adjusted depending on the number of
agents in the system and frequency with which they demand service. For example, the time between
rounds in a system with thousand agent where each agent makes a request weekly (on an average)
would be approximately ten minutes (7 days / 1000 agents) while in a system with 10000 agents
who make request daily, it would be not even nine seconds (1 day / 10000 agents).

On first sight, it may seem unrealistic that only one request is made at a time, as in most of the
real systems a number of files can be requested by different agents in the same moment. However,
every round can be understood as the moment in which one of the following three events occurs:

• An agent who made a request finds another agent able and willing to satisfy it. In this case
the second agent will provide the first one with service.

• An agent who made a request withdraws it because he finds no one who is able and wants to
satisfy it.

• An agent would like to have a file but cannot make a request for it because he has no money.

From this point of view, the model doesn’t go far from reality while it becomes much simpler.
To analyze such system, it is necessary to measure the satisfaction of an agent for having a

request satisfied and the displeasure of satisfying other one’s requests. To this end, we will quantify
the utility of agents in a unit we’ll call utils. Every agent wins a specific amount of utils every time
he is provided with service, while the one who satisfied the request for him loses a specific amount
of utils (which is independent of the amount of utils won by his requester). To capture the intuitive
idea that a reward today is worth more than a reward tomorrow and that it is preferable to work
tomorrow than today, we have agents discount future utility payoffs. This means that they value
utils less the further in the future they expect to win or lose them. In other words, all agents would
prefer to win one util in the present rather than win two utils far enough in the future (although it
may be arbitrarily far in the future).
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3.2 Gameplay operation

After having explained some basic concepts of the model, we can understand how the model works.
The model works as a game with a finite number n of agents numbered from 1 to n. We consider that
agents are independent decision-making units with a number of features we will explain later, whose
only goal in the game is maximizing the amount of utils they have. Each of them will have a specific
number of scrips and utils, represented by xi and ui respectively, with i = 1, 2 ... n. Therefore, the
complete allocation of money is defined by a vector ~x ∈ Nn and the utils every agent has is defined
by a vector ~u ∈ Rn. Nevertheless, the vector ~u isn’t relevant in the game, the relevant factor for
agents to take decisions is the utility agents expect to win in the future, while the utility they have
already won has no influence in the game and therefore neither in the agents’ actions. In fact, the
vector ~u only represents the satisfaction agents have received thanks to the system, they will try
to make this value higher, but once they have won (or lost) utility, it is not relevant anymore to
determine the evolution of the system.

The only actors in the game are agents and nature. We say that nature acts when an action is
taken automatically “by the game”, without any possible intervention of the agents. While agents
make decisions, nature acts following strict and fixed rules. A point in the game in which an actor
has to take an action, is called a node in which that actor moves.

Before a formal explanation, it is useful to have a look on the block diagram of 6 to have an
intuitive idea of the operation of the game. Nature moves in green nodes and agents in the red node:

Figure 6: Block diagram of the gameplay operation

Formally, the game starts at a root node we will call Λ, in which nature moves. A fixed natural
number of nm scrips are allocated among agents by nature, where m is the average number of scrips
per agent in the game. This generates an initial allocation vector ~xΛ. We will see later that any
initial allocation of money can be taken, as none of the results depend on ~xΛ. For simplicity, we
establish that the allocation is made randomly and equally for all agents, by having every scrip from
1 to nm drawn among the agents, having every agent a probability of 1/n to receive each scrip.
Although the initial amount of utils every agent has won’t have an influence on our results either,
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it is logic to have all agents start with zero utils, therefore ~uΛ = ~0. After this root node, the game
enters an infinite loop we will call Ψ of which every turn is one round in the game. Each one of
the rounds is divided in a number of phases. Formally, we say that a transition is made from Λ to
node Ψ(0, 1, ~xΛ,~0), which means that the game jumps into the first phase of round zero, while the
distribution of money is ~xΛ and the utility of agents is ~0. Now we explain the phases of every round:

• Phase one. Node of the form Ψ(r, 1, ~x, ~u). Nature moves. Nature selects one and only one
agent i at random among all agents. This represents that agent i would like to have a file he
doesn’t have. A transition is made to node Ψ(r, 2, ~x, ~u, i).

• Phase two. Node of the form Ψ(r, 2, ~x, ~u, i). Nature moves.

– If xi > 0, nature creates a set V of agents. V represent the group of agents who are able
to satisfy the request made by agent i, that is, the agents who have the file agent i needs.
A transition is made to node Ψ(r, 3, ~x, ~u, i, V ).

– If xi = 0, round r is finished. This means agent i needs a file, but cannot make a request,
as he wouldn’t be able to pay another agent for his service. A transition is made to node
Ψ(r + 1, 1, ~x, ~u).

• Phase three. Node of the form Ψ(r, 3, ~x, ~u, i, V ). Agents move. Each agent in V chooses
independently and concurrently if he would like to deliver the service, that is, volunteer to
provide agent i with the required file. A set V ′ is created with the agents of set V who
volunteered. A transition is made to Ψ(r, 4, ~x, ~u, i, V ′).

• Phase four. Node of the form Ψ(r, 4, ~x, ~u, i, V ′). Nature moves.

– If V ′ 6= ∅, nature selects one agent j in V ′ at random. Agent j provides agent i with
service. Therefore, some modifications must be made in the amount of money and utility
agents i and j have. The vectors ~x′ ∈ Nn and ~u′ ∈ Rn are created, where:

∗ x′i = xi − 1.

∗ x′j = xj + 1.

∗ x′a = xa ∀a 6= i, j.

∗ u′i > ui. The exact value of u′i depends on the characteristics of agent i, specifically
αi, which will be explained later.

∗ u′j < uj . The exact value of u′j depends on the characteristics of agent j, specifically
γj , which will be explained later.

∗ u′a = ua ∀k 6= i, j.

Round r is finished. A transition is made to node Ψ(r + 1, 1, ~x′, ~u′).

– If V ′ = ∅, no agent able to satisfy the request is willing to do it. Round r is finished. A
transition is made to node Ψ(r + 1, 1, ~x, ~u).

3.3 Agents description

Once we have seen the general operation of the game, some open questions may have arisen about
how nature acts. It hasn’t been specified how nature selects an agent or a group of agents because
there are differences between agents that influence these selections. Therefore, it is necessary to
explain how agents are characterized in the model:
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• At phase one, nature selects an agent to make a request. This selection is made randomly
among all agents, but the model allows some agents to have more probability to be chosen
than others to represent that there are agents who want files more often than others. That is
why each agent has what we will call a relative request rate ρ > 0, so that the probability for
an agent i of being chosen by nature at a node of the form Ψ(r, 1, ~x, ~u) is equal to ρi/

∑n
j=1 ρj .

• At phase two, if xi > 0, nature creates a set V of agents. To capture that some agents may
have more files than others (or files that are more common), each agent has a file ownership
likelihood 0 < β ≤ 1, so that the probability for an agent j of being included in set V at a
node of the form Ψ(r, 2, ~x, ~u, i) is equal to 0 when j = i (the agent who makes the request
cannot satisfy it) and βj otherwise.

• At phase four, if V ′ 6= 0, nature selects one agent in V ′ at random. The model offers the
possibility to have some agents be more likely to be chosen than others (they might be more
popular) by having agents have a relative popularity rate χ > 0, so that the probability of an
agent j to be chosen at a node of the form Ψ(r, 4, ~x, ~u, i, V ′) is equal to χj/

∑
a∈V ′ χa.

• At phase four, if a transaction is made, the utility of agents i and j is modified. Agents can
receive more or less satisfaction for having a request satisfied and some can find work harder
than others. However, for every agent, the pleasure for receiving a file has to be greater than
the displeasure of sending one, as the only reason for which an agent would work is to receive
a file. Otherwise, the agent would never join the system. To capture this, all agents will
be characterized with two utility-related variables γ and α, that fulfill that 0 < αi < γi ∀i,
i ∈ 1, 2 ... n, so that at a node of the form Ψ(r, 4, ~x, ~u, i, V ′), if nature has selected an agent j,
u′i is equal to ui + γi and u′j equal to uj − αj .

• Finally, it has been said before that agents discount future utility payoffs, and the exact way
of discounting utility requires some explanation. Anyway, it is intuitive to think that some
agents can be more patient than other, in other words, that some agents might be willing to
wait more for the reward they receive for their work in the present. Therefore, we make all
agents have an urge rate 0 < δ < 1, which will have an influence in the way an agent discounts
future utility payoffs. In the following subsection we will give a detailed explanation of this
matter.

To sum up, we can fully characterize an agent i with a tuple (αi, βi, γi, δi, ρi, χi). Nevertheless, in
order to simplify the model and make it manageable, we have the agents divided according to their
features among types. Let T be a set of a finite number ς of tuples of the form (αt, βt, γt, δt, ρt, χt),
with t = 1, 2 ... ς, which we will call agent types. We have all agents assigned one of the types
defined in T , so that every agent of type t has the same features (αt, βt, γt, δt, ρt, χt) as any other
agent of this type. This generates a symmetry between agents of the same type that will be very
useful to achieve and prove later results. This simplification is one of the biggest we are making in
the model, and also one of the most important ones. Of course, it is possible to have a model in
which we describe n different types of agents, so that each agent is of a type defined with the same
features as he has. However, we will see later how this distorts the reliability of the results. Although
the constraints to make the division will be explained when we study its impact on the results, it is
interesting to have in mind that there are a number of agents of each type. In fact, the results will
be more realistic the more agents of each type there are and the more even the distribution among
types is. To identify the type of an agent i we will use τ(i), that is, τ(i) = t, where t is the type of
agent i.
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After having assigned a type to each agent, we will have them renumbered for simplicity. Let νt
be the number of agents of type t in the game. As all agents have to be of a type and none of them
can be of two types at a time,

∑ς
t=1 νt = n. From now on, τ(i) = 1 (we consider an agent i of type

one) if i = 1, 2, ... , ν1, τ(i) = 2 if i = ν1 + 1, ν1 + 2, ... , ν1 + ν2, and so on until type ς: τ(i) = ς
if i = n − νς + 1, n − νς + 2, ... , n. Later we will see that, for high values of n, the proportion of
agents of a type in the game is more useful to study the system’s behaviour than the actual number
of agents of this type. For this reason, we create a vector ~f with ς components, so that ft is equal to
the proportion of agents of type t in the game, that is, ft = νt/n. Therefore, ‖~f‖1 =

∑ς
t=1 νt/n = 1.

Note that we can fully characterize the size, distribution and features of the population in a game
with the three objects T , ~f and n. Adding the average amount of money per agent in the system,
we can have a game formally specified by a tuple of four components: (T, ~f, n,m).

We can now normalize the relative request rate ρ. Note that, as this request rate is relative,
we can multiply them all by a constant to make the calculations simpler throughout the work.
Therefore, we have all ρt multiply by a constant so that

∑
t∈T ftρt = 1. Then we have that∑n

j=1 ρj =
∑n
j=1 ρτ(j) =

∑
t∈T nftρt, and as the probability of an agent i of being chosen to make

a request at phase one is equal to ρi/
∑n
j=1 ρj , we have now that an agent i makes a request every

round with a probability ρτ(i)/n
∑
t∈T ftρt = ρτ(i)/n.

3.4 Discount rate

As has been said previously, the way to capture the tendency of the agents to postpone work and to
value a payment in the present more than one in the future is by having every agent have a discount
rate, dependent on the urge rate of every agent. The discount rate is a value between zero and one
by which an agent multiplies a future utility payoff for every round that passes from the present to
the round in which he expects the payoff to take place. Therefore, when comparing two equal utility
payments he could receive, the value of the closest one in time will be higher than to the latest one.
If the agents expects the latest payment to be higher, the most valuable payment depends on the
exact amount of utils of both payments, the difference in time between the payments and the agent’s
discount rate, but is not necessarily the latest one.

As this is an important concept, let’s see an example: suppose the system developers decide to
encourage new agents to keep in the system by offering all entering agents the possibility to receive
one file for free at the start or two files for free after five thousand rounds in the game (or the
equivalent time). In this case, only agents with a discount rate higher than 5000

√
1/2 ≈ 0, 99986

would accept the two files in the future instead of one in the present. That is because any agent
would compare both possibilities by comparing the discounted amount of utils he gets and choosing
the highest one. The present payment of γ (utils an agent gets for having a request satisfied) utils
would occur immediately, so it doesn’t need to be discounted. The future payment, however, must
be multiplied by the discount rate of the agents for every round that passes from the present to the
payoff. Therefore, the decision of an agent i would be to wait only if he is “patient” enough, that
is, only if he has a high enough discount rate ϕi so that γi < 2γiϕ

5000
i . Just to clarify, it is good

to have in mind that realistic discount rates will almost always be really close to one. The example
case isn’t unusual; actually, depending on the system, a discount rate of 0, 99986 can be considered
low.

We can see another example to show how discounting utility also has an influence on delaying
work (and not only on rewards): if an agent has to choose between working now or later he will
always choose to delay work, as the discounted loss of utils in the future will always be lower than
the undiscounted loss in the present. So, what incentive should an agent receive for working in the
present instead of waiting and work later? Well, an agent i would choose to work in the present if
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he received at least αi(1−ϕr1−r2i ) utils for doing so, where r1 is the current round and r2 the round
in which he would have to work if he decided to postpone it. This is because when the agent values
working now and in the future, he considers the present work as a loss of αi utils and the future
work as a loss of the discounted amount of αiϕ

r1−r2
i utils.

Now that we fully understood how the discount rate works, the question may have arisen of why
we have agents have an urge rate on which their discount rate depends and not have the discount
rate simply be a characteristic of agents instead of the urge rate. The answer is simple: the discount
rate does not only depend on the agent, but also on the number of agents in the game. The reason
for this is the division of time in discrete rounds. In our model, no more than one agent makes a
request per round. For this reason we had the time between rounds depend on the number of agents
and on the frequency with which these agents need files. However, if we want to keep it realistic
we have to admit agents discount utility in time and not in rounds. Actually, it doesn’t make sense
to have agents discount future utility payoffs only depending on the rounds that will pass, as this
would mean that a “real” discount rate based on time somehow becomes lower the more agents in
the system or the higher the frequency with which other agents want files (while the discount rate
based on rounds keeps constant). Therefore we will find a discount rate ϕ that keeps the expected
utility of an agent that has all his requests satisfied independent of these factors. Moreover, we will
establish that the urge rate δ is the discount rate for an agent playing alone (if it were possible), that
is, if time between rounds were the average time that passes from the last time the agent wanted
a file to the next one. This discount rate, that only depends on the urge rate of the agent and the
number of agents in the game, is unique, as it is shown in the following lemma.

Lemma 3.1. The unique discount rate ϕ that makes the expected utility of an agent of type t
independent of the number of agents n when he has all his requests satisfied and that is equal to δt
when n = 1, is:

ϕn,δt = 1− 1− δt
n

Proof. The function ϕ should fulfill two constraints: it has to be independent of n if the agent of
type t has all his requests satisfied and ϕ = δt for n = 1. The second one is obviously fulfilled, as
can be seen when n is substituted by 1 in the formula. To calculate the utility an agent receives if he
has all his requests satisfied, we will compute the utility he wins per round on an average (or, which
is the same, his expected utility return) by dividing the utility he wins every time he has a request
satisfied by the number of rounds that pass (again, on an average) from the moment he is chosen to
make a request to the next time he is chosen. We have seen before that an agent of type t makes
a request with a probability ρt/n. Hence, we can expect this agent to make a request every n/ρt
rounds, and, as the agent wins γt utils every time he has a request satisfied, his average utility win
per round for having all of them satisfied is ρtγt/n. As the game has an infinite number of rounds
and the agent expects to win that amount of utils every round, we have to discount the payoff of
every round and then sum all the discounted payoffs to know the expected discounted utility an
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agent expects to win for playing the game and having all his requests satisfied:

ρtγt
n
ϕt +

ρtγt
n
ϕ2
t + ...

=
ρtγt
n

∞∑
r=0

ϕrt

=
ρtγt
n

(
1

1− ϕt

)
=
ρtγt
n

(
1

1− (1− 1−δt
n )

)
=

ρtγt
1− δt

Observe that the result is independent of n, as desired.
The function is unique for the following reason: to make the above expression independent of n,

as the utility payoff per turn has an n in the denominator and it is multiplied by the infinite sum
of the discount rate, we need a ϕ such that the expression 1

1−ϕ has an n in the numerator (see the

expression before the substitution of ϕ). Therefore, ϕ is necessarily of the form 1− g/n, where g is
any function independent of n. To conclude, it is clear that g = 1− δt is the unique expression of g
for which 1− g/n = δt when n = 1.
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4 Distribution of wealth

4.1 The strategy assumption

The goal of the analysis of the model is to prove the existence of an equilibrium, define the best way
in which agents can act in the system and to study the evolution of the system if some modifications
are made. However, none of these results can be achieved without finding what the distribution
of wealth is. The difficult point here is that this distribution clearly depends on the way in which
agents play, but this way of playing could depend on the money agents have and the money they
expect other agents to have, which basically is the distribution of wealth we are trying to find. On
top of that, there are an uncountable number of ways in which agents can act and not even a small
part of them can be analyzed to check if it is the best.

To solve this issue we are going to assume agents’ strategies are of one simple kind of strategy
and later justify the assumption showing that the can’t exists a better way of acting. We call “a
way of acting” a strategy, this is, a set of rules that determine what decision an agent takes in every
possible situation. In our model, agents only move in a node of the form Ψ(r, 3, ~x, i, V ), and their
decision is binary: volunteering or not volunteering. Therefore, a strategy is fully characterized if
it says in what situations an agent volunteers (or with what probabilities he volunteers at what
situations), and we will assume he doesn’t volunteer in the rest of the possible situations. After
simplifying all agents’ strategies, we will find what the distribution of wealth is when all agents play
a specific “family” of strategy, prove that an equilibrium exists with this distribution of money and
that no agent has reasons for playing in another way once this equilibrium is reached. Moreover, we
will establish what exact strategy every agent should play to maximize their expected utility.

As has been said before, the only goal an agent has when deciding how to act is the optimization
of his own discounted utility. This utility will not only depend on the strategy and features of the
agent, but also on the strategy and features of all other agents. For this reason, it is reasonable
for an agent to have his strategy depend on the strategy of other agents. Let ~S denote a strategy
profile, where Si is the strategy of agent i. Then, as is usual, we denote with (S′i,

~S−i) the strategy

profile that is equal to ~S except for agent i who uses strategy S′i instead of Si. Let ~U(~S) be the

expected discounted utility for every agent when strategy profile ~S is played. A strategy Si is better
the higher Ui is, that is, all agents will try to find and play a strategy so that they maximize their
expected discounted utility, i.e., the aim of all agents is to play a strategy S∗ such that:

S∗ = arg max
Si

(
Ui((Si, ~S−i))

)
Now let ~ur denote the utility agents have in round r, where ~u0 is the current utility of all agents.
Then, the function an agent of type t will try to optimize is:

Ui(~S) =

∞∑
r=0

(
1− 1− δt

n

)r
E~S [ui,r]

Where E~S [ui,r] is the mathematical expectation of the utility agent i will have in round r when

strategy profile ~S is played. Note that the only influence an agent i has on the function he tries to
optimize is determining Si. Let us now make a reasonable assumption to simplify the possibilities
there exist for Si. We establish all agents play threshold strategies. This means that every agent
has a threshold ki so that he volunteers if and only if he has less money than his threshold, that is,
if xi < ki. At first sight it may seem as an unrealistic assumption, but there are some reasons for
which it is reasonable to think that agents will play such a strategy:

17



4. DISTRIBUTION OF WEALTH

• First of all, let’s see why there is an amount of money for every agent so that that agent is
not interested in earning more money if he has that amount or more. Intuitively it makes
sense to think that if an agent has got an arbitrarily high amount of scrips he will stop looking
for work, as the amount can be high enough, for example, to have no time in life to use it.
However, this is not considered in the model. Nevertheless, let’s remember agents discount
future utility payoffs and that the only value agents give to scrips is the possibility to have a
request satisfied in the future. Therefore, when an agent has an arbitrarily high amount of
scrips, earning one more will only be useful for him to receive a file in an arbitrarily far future,
as it will take a long time to spend all the money he already has. As all agents discount future
utility payoffs, the reward for having that request satisfied in the future can be as close to zero
as we want, while the work he has to do to earn that scrip won’t be discounted, as it is in the
present. This confirms that all agents will stop looking for work if they are rich enough and
also leads us think that if an agent volunteers with a certain amount x of scrips he will also
volunteer with a smaller amount x′ < x.

• The second point we should explain is the fact that an agent always volunteers if his amount
of money is under his threshold. It makes no sense to have agents volunteer randomly with
some probability if they try to maximize their utility because that would lead to have an
agent volunteer under some circumstances and not volunteer in another point at the same
circumstances. Under the same circumstances, volunteering can be either beneficial or not,
which means that making one of the two actions would have been a mistake of the agent.
Finally, we could think of strategies in which an agent volunteers or not depending not only on
the amount of money he has, so that he always does the same under the same circumstances,
but takes other circumstances into account and not only the amount of money he has. This
circumstances can basically be the strategy or the wealth of other agents. However, we will see
that an equilibrium can be reached in which both the wealth and the strategy of the agents
remain approximately constant. Above that, it seems unrealistic to think that an agent has
information available about the amount of money other agents have at any moment or the
strategies they play. In contrast, an agent only needs to know his own wealth to effectively
play a threshold strategy.

For the rest of the work we will focus on threshold strategies, although at some point we will
consider some variations. We can intuitively think about what the influencing factors are to establish
the threshold an agent should play, as an agent should look for work as long as the risk of running
out of money before having the opportunity to earn another scrip is too high. Evidently, the amount
of money the agent has and his features have a big influence on how high this risk is, but the amount
of agents looking for work is also very relevant, as the more agents look for work, the harder it is
to find it for each one of them. For this reason, it would be very useful for an agent to know how
many agents will volunteer in the present and in the future, that is, how many agents are and will be
under their threshold. We will later show there exists an approximately constant number of agents
under their threshold, as the distribution of wealth can be defined very accurately. Because of the
symmetry among agents of the same type, and considering the function they want to maximize is
the same (having the same features leads to having the same expected utility return when playing a
strategy), it is obvious that all agents of the same type should play the same strategy, that is, have

the same threshold. Therefore, we can characterize the strategies of all agents with a vector ~k of
thresholds of length ς, where kt is the threshold of all agents of type t. We will also assume from
now on that the amount of money in the game is not enough to cover all agents’ thresholds. This
is done by having a lower amount of scrips nm than the sum of the thresholds of the agents, that is
m <

∑
t∈T ftkt. Otherwise, the system would quickly reach a state in which all agents would have
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an amount of scrips that is higher than or equal to their thresholds. If this moment were reached,
no agent would work and for that reason no agent would have requests satisfied, so no agent would
spend money and the system would never get out of that situation. This case is of no interest to
us. Our main goal now is to find the distribution of wealth when strategy profile ~S(~k) is played in
a game where m <

∑
t∈T ftkt.

4.2 The Markov chain

In this subsection we will find a limit distribution for the allocation of money. In other words, we
will prove that given any possible money allocation ~x, there is a probability π∗(~x) of having the
money allocated in that specific way after the game is played for an endlessly long time. To reach
these results, we are first going to compare the evolution of the model with a Markov chain.

From now on we will assume no agent has more money than his threshold. We can make this
assumption with essentially no loss of generality, since if an agent had more scrips than his threshold
he would spend them without working until he had less scrips than his threshold. It follows that
whatever the starting distribution is, after enough rounds, every agent of type t will have at most
kt scrips. In this way we have reduced the possible allocations of money ~x. We can now define a
set of vectors XT,~f,n,m,~k, in which only the possible allocation vectors ~x are included. Those vectors

are
{
~x ∈ Nn | ∀i xi ≤ kτ(i),

∑n
i=1 xi = nm

}
. For simplicity, we will usually omit all or some of the

subscripts of XT,~f,n,m,~k if it is not necessary.
Let us now study the evolution of our model. We know the game starts at one of the states in

XT,~f,n,m,~k, having a possibility to jump into another state in X every round. However, not all states
can be reached directly from any state and the possibility exists that the game stays in the same
state two or more rounds. In fact, from a state ~x in X, the game can only jump into itself or into
one of the following states:{

~x′ ∈ XT,~f,n,m,~k | ∃ i, j x
′
i = xi + 1, x′j = xj − 1, ∀a 6= i, j x′a = xa

}
We will say the states ~x′ are adjacent to state ~x. We can now describe the evolution of the game

by a Markov chain MT,~f,n,m,~k over the state space XT,~f,n,m,~k, as a Markov chain is a model in
which a sequence of events is described, where the probabilities of going from one event to another
is only dependent on the current event and not on the course of events that took place to reach the
current one. Again, we will some times refer to the chain as M when the subscripts are clear from
context. In our model, the probabilities of jumping from one state to another is independent of what
happened before the state was reached. Although it is impossible to show a graphic representation
of a realistic game with high values of n, it can be useful to see the chart of figure 7, in which
MT,~f,3, 23 ,

~2 is represented, that is, the Markov chain of a game with three agents and two scrips,

where all thresholds are equal to two.
In the representation, adjacent states are connected by arrows. Every arrow Tij represents a

probability of jumping from state i to state j. For all states i,
∑
j Tij = 1. Every one of these

probabilities will only depend on the features β, ρ and χ of the three agents. For example, T12 is
equal to the probability that nature chooses the first agent at the first phase of the round to make a
request, that the second agent is able to satisfy it and that he is chosen by nature in phase four to
do so. To see how MT,~f,n,m,~k changes when we modify some variables, let’s suppose that the third
agent changes his threshold from two to one. As a consequence, state 6 would be eliminated from
X and from the chain, and also all Tij in which either i or j (or both) is 6. In addition, T35 and T53

would increase, as the third agent wouldn’t volunteer anymore in these states.
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Figure 7: Graphic representation of MT,~f,3, 23 ,
~2

As we have described the evolution of our system as a Markov chain, we know that ifM is finite,
irreducible and aperiodic, the probabilities of being in a certain state after an infinite number of
rounds is independent from the starting state. A chain is finite if it has a finite number of states. An
irreducible Markov chain is one in which any state can be reached from any other state, that is, for
any starting state, it should be possible to pass through all other states and go back to the starting
one in a finite number of rounds. A Markov chain is aperiodic when starting from any state, there
are at least two cycles to go back to that same state, whose greatest common divisor is one. If we are
able to prove that M fulfills these three requirements, we will know there exists a limit probability
distribution π∗(~y), i.e., that starting from any state ~x, the probability of being at a state ~y after r
rounds will tend to π∗(~y) when r tends to infinity. Formally, let Ir~x,~y be the random variable that is
one if M is at state ~y in round r, starting at state ~x at r = 0. Then we know that:

Theorem 4.1 ([Resnick, 1992]). If M is a finite, irreducible and aperiodic Markov chain over a
state space X, then ∃ d : X → R, so that ∀~x, ~y ∈ X, limr→∞ P (Ir~x,~y = 1) = d(~y).

Nevertheless, before applying this theorem to our Markov chain, we have to prove our chain
fulfills the three requirements. The first one is obvious. To prove it is irreducible, we can invent
a looping process by which we are able to connect any state with any other one chaining adjacent
states from the starting to the final one. To prove the aperiodicity it is enough to find two cycles of
period two and three to go from any state to itself.

Lemma 4.1. The Markov chain MT,~f,n,m,~k that describes the evolution of a game (T, ~f, n,m) is

finite, irreducible and aperiodic if n ≥ 3 and 1 ≤ nm <
∑
t∈T ktftn.
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Proof. M is finite if the number of states in X is finite. In fact, this is so because of the finite
amount of money nm and agents n, that can only have a finite amount of combinations.

To prove M is irreducible it is sufficient to prove that any state ~y may be reached from any
other state ~x in a finite number of rounds, assuming both states are in X. We will do so by taking
two arbitrary states in X and showing that they can always be chained connecting adjacent states
from ~x to ~y. Let w~x,~y be the sum of the absolute differences in the amount of scrips each agent has
in both states, that is, w~x,~y =

∑n
i=1 |xi − yi|. w~x,~y must be finite, and as

∑n
i=1 xi −

∑n
i=1 yi = 0,

w~x,~y must also be even. If there doesn’t exist a value i so that xi < yi, then there can’t be another
value j so that xj > yj because

∑n
i=1 xi =

∑n
i=1 yi = nm, thus ~x = ~y and we would have finished.

Otherwise, let i be the smallest index so that xi < yi and let j be the smallest index so that xj > yj
(for the same reason, such a value must exist). Let ~x′ be the state so that x′a = xa ∀a 6= i, j and that
x′i = xi + 1 and x′j = xj − 1. Such a state much be in X as agent x must be under his threshold in
state ~x (otherwise yi could not be greater than xi) and xj must be greater than zero (otherwise yj
could not be smaller). Moreover, ~x′ is adjacent to ~x by definition and w~x′,~y = w~x,~y − 2. If w~x′,~y = 0,
then ~x′ = ~y and we are done, otherwise, the process can be repeated a finite number of times until
w~x′,~y becomes 0.

To proveM is aperiodic we will show that there exist at least two cycles of period two and three
that go from any state to itself. All states ~x have an i so that xi > 0, as nm ≥ 1, and a j 6= i so that
xj < kj , as nm < n

∑
t∈T ktft. We can have agent j work for agent i reaching state ~x′ adjacent to ~x.

In state ~x′, agent i must be under his threshold and agent j must have at least one scrip, so we can
go back to ~x closing the first cycle of period two. In addition, at state ~x′ there must be a third agent
a 6= i, j who either has at least one scrip or has no scrips and is therefore willing to work. If agent
a has money, we can have agent i work for agent a and finally agent a (who now must be under his
threshold) work for agent j, going back to ~x. If, by contrast, agent a is under his threshold at state
~x′, we can have agent a work for agent j and after that agent i work for agent a going back again
to state ~x. In both cases the cycle has period three.

Now that we have proved there exists a limit distribution π∗(~y), our next step is finding a formula
that gives us a probability distribution π(~y) that is close enough to the limit distribution π∗(~y) for
all ~y ∈ X if there are enough agents in the game. The long run probability of being in a state ~y of the
Markov chain must be equal to the sum of the long run probabilities of being in any state ~x multiplied
by the probabilities of jumping from that state to ~y, i.e. π∗(~y) =

∑
~x∈X π

∗(~x)T~x~y, knowing that
T~x~y = 0 if ~x and ~y are not adjacent. Although it is not necessary, it is known that it suffices to fulfill
the detailed balance condition ([Resnick, 1992]) to ensure that π(~y) =

∑
~x∈X π(~x)T~x~y and thereby

ensure that π is the limit distribution of the Markov chain. This simple condition establishes that
for two adjacent states ~x and ~y of M, the expected amount of jumps from ~x to ~y is equal to the
amount of jumps in the opposite direction. This only happens if π∗(~x)T~x~y = π∗(~y)T~y~x. In this way
we prove the next lemma:

Lemma 4.2. Let ωt = βtχt/ρt, let π∗(~x) be the limit distribution of M for all states ~x ∈ XT,~f,n,m,~k

and let π(~x) be the following probability distribution:

π(~x) =

∏n
i=1 ω

xi
τ(i)∑

~z∈X
∏n
i=1 ω

zi
τ(i)

Then, for all thresholds ~k, all m <
∑
t∈T ftkt and all ε > 0, there exists an n0, so that for all n > n0

consistent with the distribution of agents among types ~f , we have that |π∗(~x) − π(~x)| < ε for all
states ~x ∈ XT,~f,n,m,~k of M.
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Proof. To show that for a high enough number of agents, the probability distribution π(~x) is arbi-
trarily close to the limit distribution π∗(~x) of M, it is enough to prove that π∗(~x) tends to π(~x)
when n tends to infinity. This is so because then, the subtraction |π∗(~x)− π(~x)| tends to zero when
n tends to infinity, which means that no matter how small ε is, the subtraction will be smaller from
some value of n, that we call n0. Moreover, no matter how high n0 is, there will always be a higher
value n that is consistent with the distribution among agents ~f , as we can multiply any valid n by
any natural number (arbitrarily high) to have a higher value of n consistent with ~f .

As said before, if suffices to show that M is in detailed balance with a probability distribution
π to prove this is the limit distribution. It is clear that if two states ~x and ~y are not adjacent,
π(~x)T~x~y = π(~y)T~y~x = 0 as T~x~y = T~y~x = 0. In case ~x and ~y are adjacent, there is an agent i that
wins one scrip and another agent j that loses one in the process of going from ~x to ~y, and vice
versa if M goes from ~y to ~x (agent i loses a scrip and agent j wins one). The probability T~x~y of
going from ~x to ~y is the joint probability of agent j being chosen to make a request (so that he is
chosen by nature at phase one), agent i being able to satisfy it (so that he is included in set V at
phase two of the round) and chosen to do so (chosen by nature out of set V ′); those probabilities
are ρτ(j)/n, βτ(i) and χτ(i)/

∑
v∈V ′

~x
χτ(v) respectively, where V ′~x is the set of agents that are able to

satisfy the request and volunteer at state ~x (all agents with less money than their threshold that
are able to deliver the service). Thus, T~x~y = (ρτ(j)βτ(i)χτ(i))/(n

∑
v∈V ′

~x
χτ(v)). Symmetrically, the

probability of going from ~y to ~x is T~y~x = (ρτ(i)βτ(j)χτ(j))/(n
∑
v∈V ′

~y
χτ(v)). Note that, as all agents

except i and j have the same amount of money in ~x and ~y, the only difference between the sets of
agents V ′~x and V ′~y that volunteer in each state is that V ′~x includes agent i and not agent j and V ′~y
includes j but not i. Therefore, χτ(j) +

∑
v∈V ′

~x
χτ(v) = χτ(i) +

∑
v∈V ′

~y
χτ(v). The fact is that this

difference between
∑
v∈V ′

~x
χτ(v) and

∑
v∈V ′

~y
χτ(v) is really small for a reasonable number of agents

volunteering, but can make a difference for small numbers of agents willing to work. We will show
that the probability distribution π almost fulfills the detailed balance condition for high values of n
and therefore is close to the limit distribution. Actually, by proving that when n tends to infinity,
the detailed balance condition tends to be fulfilled for π, we prove that π will be as close as desired to
π∗ for any n higher than some n0. This is so because the limit distribution π∗ is unique and because
fulfilling the detailed balance condition is enough to prove that a probability distribution is the limit
distribution. In fact, the concept behind the detailed balance condition is that the probability of
seeing a transition between two states is the same independently of the direction of the transition.
If transitions are made with the same probabilities in both directions, for all possible transitions
in the chain, there is a dynamic equilibria. Intuitively, we could say that in the limit distribution
each agent works for each other agent the same amount of times. Clearly, when this happens, the
long-run probabilities of having a certain amount of money won’t change very much after that. From
this point of view it is easier to see that if a probability distribution is almost in detailed balance,
then the distribution must be close to the limit distribution.

As said previously, it is the difference between V ′~x and V ′~y what makes a difference for small or
high values of n. The minimum number of agents volunteering depends on three variables: n, m and
~k. Note that even for high values of n, if the amount of money per agent m is sufficiently high and
the thresholds ~k are sufficiently low, we would still have a low number of agents volunteering, but if
for some m and ~k we increased the amount of agents, we would necessarily have more agents willing
to work. Formally, choose any m <

∑
t∈T ftkt and n and let h ∈ N be the amount of scrips we would

have to add to a system so that all agents reach their thresholds, i.e. h = nm−n
∑
t∈T ftkt. Clearly,

h ≥ 1 thus at least one agent is willing to work. Now let tmax be the type of agents with the highest
threshold and let n′ = (ktmax +1)n. With the new amount of agents n′, maintaining the same amount
of money per agent m, we have that h ≥ ktmax + 1, so there would be at least two agents willing
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to work (even in the case in which h = ktmax + 1 and one agent of type tmax has no money there
would be another agent with one scrip less than his threshold). Thus, for n′′ = (cktmax + 1)n, where
c ∈ N+, there would be at least c+ 1 agents willing to work. For this reason, for any m <

∑
t∈T ftkt

the amount of agents in set V ′~z tends to infinity for all states ~z when n tends to infinity.
Now, see the expression of π(~x)T~x~y:

π(~x)T~x~y =

∏n
v=1 ω

xv
τ(v)∑

~z∈X
∏n
v=1 ω

zv
τ(v)

ρτ(j)βτ(i)χτ(i)

n
∑
v∈V ′

~x
χτ(v)

=
ρτ(j)βτ(i)χτ(i)

∏n
v=1 ω

xv
τ(v)

n
(∑

v∈V ′
~x
χτ(v)

)∑
~z∈X

∏n
v=1 ω

zv
τ(v)

While π(~y)T~y~x can be transformed to be easily compared to π(~x)T~x~y:

π(~y)T~y~x =

∏n
v=1 ω

yv
τ(v)∑

~z∈X
∏n
v=1 ω

zv
τ(v)

ρτ(i)βτ(j)χτ(j)

n
∑
v∈V ′

~y
χτ(v)

=
ρτ(i)βτ(j)χτ(j)(ωτ(i)/ωτ(j))

∏n
v=1 ω

xv
τ(v)

n
(
χτ(j) − χτ(i) +

∑
v∈V ′

~x
χτ(v)

)∑
~z∈X

∏n
v=1 ω

zv
τ(v)

=
ρτ(j)βτ(i)χτ(i)

∏n
v=1 ω

xv
τ(v)

n
(
χτ(j) − χτ(i) +

∑
v∈V ′

~x
χτ(v)

)∑
~z∈X

∏n
v=1 ω

zv
τ(v)

Clearly, when the number of agents in V ′~x tends to infinity, we have that limn→∞ π(~x)T~x~y =
limn→∞ π(~y)T~y~x, because the fraction of the only differences between both sides of the expression
tends to one:

lim
n→∞

∑
v∈V ′

~x
χτ(v)

χτ(j) − χτ(i) +
∑
v∈V ′

~x
χτ(v)

= 1

Hence, π fulfills the detailed balance condition when n tends to infinity and is therefore arbitrarily
close to π∗ for a high enough value of n.

4.3 Staticity of the distribution

The goal of this subsection is to prove that there exists a distribution of wealth for every threshold
strategy profile, so that the probability of having a distribution close to that one is nearly one
while the strategy profile remains the same. Moreover, we will see that after enough rounds, the
distribution of money will basically be the same independently of the starting distribution. However,
when we talk about distribution, we don’t mean that each agent use to have the same amount of
money, but that the fraction of agents of every type having a certain amount of scrips remains
basically constant. It means, for example, that if an agent of type t earns a scrip when he already
had two, there will probably be, not far in time, another agent of the same type who spends one
when he had three. In fact, it is the symmetry among agents of the same type what will allow us to
prove this fact. Actually, it is not interesting for us to know exactly how many scrips each one of the
agents have. The interesting fact is to know the fraction of agents of each type that have a certain
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amount of money, as this will tell us how many agents and with what features will volunteer every
round. For this reason, it will be very useful to denote by d(t, l) ∈ [0, 1] the fraction of agents of type

t with l scrips. Then, we have that
∑
t∈T

∑kt
l=0 ld(t, l) = m and that for all types t,

∑kt
l=0 d(t, l) = ft

at all rounds. Note that a relation exists between ~x and d. Actually, for every allocation vector ~x
in X, there exists a distribution d~x which is consistent with that allocation. In fact, we find the
distribution d~x having d(t, l) be equal to 1/n multiplied by the number of values i that fulfill that
τ(i) = t and xi = l. Clearly, we can have a number of vectors ~x consistent with the same distribution
d while most of the distributions are not consistent with any allocation (for example, if any fraction
d(t, l) is not a multiple of 1/n). We will say two allocation vectors or states of the Markov chain ~x
and ~y are similar if the distributions with which they are associated are the same: d~x = d~y.

Let’s now take a close look at similar states. In practice, we can consider similar states the same
for all purposes. Actually, these states are indistinguishable in terms of the game’s evolution. For
ease of understanding, let’s see some examples going back to the Markov chain represented in figure
7 and let’s assume that the agents two and three are of the same type and have therefore the same
features βt, ρt and χt. Then, state 2 would be similar to state 3 and state 4 would be similar to state
6, as the only difference they have is that we have switched the amount of money of two agents of
the same type. In fact, for the pair of states 2 and 3: T22 = T33, T21 = T31, T25 = T35, T23 = T32

and T24 = T36; and for the pair 4 and 6: T44 = T66, T45 = T65 and T42 = T63. We can see that
similar states not only have a symmetric allocation of money, but also that given any distribution d,
the probabilities of jumping into an allocation consistent with that distribution are the same from
similar states. As similar states have the same distribution between them, we see that the probability
of having a certain distribution next round can be defined knowing only the current distribution d
and not necessarily the current allocation ~x. This can easily be seen if we suppose that the three
agents of the Markov chain represented in figure 7 are of the same type. Then we have two possible
distributions, each consistent with three states. The first distribution is d1(1, 0) = 2/3, d1(1, 1) =
0, d1(1, 2) = 1/3, and the second d2(1, 0) = 1/3, d2(1, 1) = 2/3, d2(1, 2) = 0. States 1, 4 and 6
are consistent with d1 and states 2, 3 and 5 with d2. If the distribution is d1, the probabilities of
having the same distribution next round or having d2 are independent of the state at which the
chain currently is. The same happens at any state with distribution d2.

So, to figure out the long-run behaviour of the game, we don’t only have to look at the probability
π(~y) of being in a certain state after a long time, as many of these states will be essentially the same
to us. To know the long-run probability of having a certain distribution, we need to know the
probability of having a certain state consistent with this distribution and the amount of states with
which we have this distribution. Only then we can know what is the most likely distribution to be
seen after a sufficiently high number of rounds. For example, let’s say that state ~x is related to a
distribution d~x and state ~y to a distribution d~y. Even if π(~y) = 2π(~x), distribution d~x would be
more likely to happen than d~y if there are ten times more states similar to ~x than to ~y. As a matter
of fact, we will see that for reasonable combinations of n and ~f , the vast majority of the states in X
are consistent with only a few of the possible distributions. The more agents n in the system, the
less types ς we make and the more equal the distribution of agents among those types are, the more
states are consistent with this small number of distributions. This fact, known as the concentration
phenomenon, can easily be understood with an example. Let’s say we have a square divided in four
smaller squares that can be either white or grey, having each small square equal probability (50%)
to be of each color. We have 24 = 16 possible combinations, while there are only five possible results
for the sum of the grey squares in our bigger square (from 0 to 4). Clearly, the combinations are
not equally distributed among the possible results of the sum. The distribution can be seen in the
next graphic:

As we can see, the distribution here is 1-4-6-4-1, where 37,5% (6/16) of the squares are con-
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Figure 8: Distribution of 16 squares among 5 sum results, [Grove et al., 1994].

centrated in 20% (1/5) of the possible sums. Let’s suppose now each one of the smaller squares is
also divided in four even smaller squares. Then there are 216 = 65536 combinations and 17 possible
results of the sum. However, in this case no less than

(
16
8

)
= 12870 combinations sum 8. If we count

the combinations that sum between 6 and 10 (including both) we have 51766 combinations (∼ 79%
of all combinations) associated to less than 30% of the possible outcomes. To highlight how this
phenomenon grows with the number of combinations, let’s divide each square in 64 smaller ones
instead of 4 or 16. Now we find that almost 90% of the combinations sum between 26 and 38, which
are only 20% of the possible results. The consequences for our model, whose number of combinations
will be unimaginably high even for a reduced number of agents, are clear: on the long run we will
almost always be around a reduced number of distributions, namely, those with the highest number
of states ~x associated with them, with not too low values of π(~x).

As it is not possible to compute the exact number of combinations associated with every distri-
bution, we will use the concept of entropy to delimit the combinations. Intuitively, the entropy of a
probability distribution of a random variable among a set of possible results tells us how “easy” it
is to predict the result of this variable. Therefore, the larger the set and the more equal the distri-
bution is, the higher the entropy. For example, the entropy of throwing a dice (six possible results
with equal probabilities) will be higher than the one of throwing a coin (two possible results with
equal probabilities), which will be higher than the one of playing the lottery (two possible results
with unequal probabilities). Formally, we define the entropy H(q) of a distribution q(g) over a set
G of g as:

H(q) = −
∑
g∈G

q(g) log q(g)

However, entropy will have another meaning for us. If there are any states in XT,~f,n,m,~k consistent

with distribution d, then let ζX(d) be this number. In other words, the number of states in XT,~f,n,m,~k

consistent with distribution d is either zero or ζX(d). Then we will find a strong relationship

between ζX(d) and H(d) = −
∑
t∈T

∑kt
l=0 d(t, l) log d(t, l). More specifically, the relation is between
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the distribution of agents among the possible number of scrips they can have. This is easy to
understand if we think in the number of combinations that can be made with the same distribution
switching the money of agents of a type when the threshold of this type is kt = 1. For any state
~x, we only can switch the money between an agent with one scrip and another one without any, as
switching the money between two agents with the same amount of money would evidently lead to the
same state. If the threshold were higher, we would have more switching possibilities and therefore
also more similar states. For the same reason, the number of types and distributions among them
will also influence ζX(d). For a fixed n, ζX(d) will be lower for higher values of H(~f), as this would
mean we have a lot of types with a small number of agents, thus, less combination possibilities. In
fact, if all agents were of a different type (i.e. ς = n and ft = 1/n ∀t ∈ T , which is equivalent to
not having types at all), there wouldn’t be any similar states (ζX(d) = 1 ∀d) and actually it is the
~f consistent with n for which H(~f) reaches its highest value.

Entropy will also be very useful to compare distributions. Specifically, the relative entropy
or Kullback-Leibler divergence [Cover and Thomas 1991] measures how the expected results of a
probability distribution diverges from another. Let q(g) and q′(g) be two distributions over the set
G and G′ the set of g ∈ G so that q′(g) 6= 0; then the relative entropy H(q||q′) of q(g) relative to
q′(g) is defined by the next formula:

H(q||q′) =
∑
g∈G′

q(g) log

(
q(g)

q′(g)

)
If q and q′ were the same distribution, their relative entropy would be 0. Also note that usually

H(q||q′) 6= H(q′||q) and that H(q||q′) =∞ if there is a g for which q(g) = 0 while q′(g) 6= 0.
We have said before that the goal of this subsection is to prove the existence and define a

distribution d, so that our system is almost always in a state whose distribution is close to d. From
now we will call this distribution d∗. To find this distribution, we first will delimit ζX(d) and then
multiply it by π(~y). This multiplication gives us a function that is approximately the probability
distribution of having a distribution d~y on the long run. However, this function doesn’t take into
account the number of scrips in the game nm, thus we can expect it reaches its maximum value
in a distribution we will call q, that won’t be consistent with the amount of money in the game.
Therefore, we will prove that the distribution d∗, consistent with nm, that maximizes the function
ζX(d~y)π(~y) is the closest one to q, that is, the one that minimize its entropy relative to q. We will
then find which of the possible distributions minimizes its relative entropy to q obtaining a specific
formula for d∗. Finally, we prove that for a sufficient large n, there is always a state ~x, so that its
associated distribution d~x is arbitrarily close to d∗.

Formally, what we want to prove in this section is:

Theorem 4.2. Let Ir
d~x

be the random variable that is one ifMT,~f,n,m,~k is in a state ~x ∈ XT,~f,n,m,~k,

consistent with distribution d~x at round r, and zero otherwise. Let ∆~f,m,~k,d′,ε be the set of distribu-

tions in ∆~f,m,~k within an euclidean distance ε of d′, this is:

∆~f,m,~k,d′,ε =

{
d ∈ ∆~f,m,~k |

∑
t∈T

kt∑
l=0

|d(t, l)− d′(t, l)|2 < ε

}

Then, for all games (T, ~f, n,m), all vectors ~k of thresholds and all ε, ε > 0, there exists a state
~x ∈ XT,~f,n,m,~k, a round r∗ and a number of agents n∗, so that for all r > r∗ and all n > n∗

consistent with ~f , we have that P (Ird = 1 | d ∈ ∆~f,m,~k,d~x,ε) > 1 − ε, where d~x is the distribution
consistent with state ~x.
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Before showing the proof of this theorem, we will have to prove some other lemmas that will be
necessary later. As said before, first of all we compute ζX(d) and delimit it. The limits of ζX(d) are
specified in the next lemma:

Lemma 4.3. If the number ζX(d) of states in XT,~f,n,m,~k consistent with the distribution d is greater
than zero, then it is delimited as below:

1

F (n)
en(H(d)−H(~f)) ≤ ζX(d) ≤ G(n)en(H(d)−H(~f))

Where F (n) and G(n) are polynomial functions in n and H is the standard entropy function (i.e.,

H(d) = −
∑
t∈T

∑kt
l=0 d(t, l) log d(t, l)).

Proof. We know that most of the distributions d will not be consistent with any state, but let’s
assume there is at least one state in X consistent with distribution d, there will possibly be more.
To find the number of states which are consistent with a distribution d, we have to find, for every
type, in how many ways we can distribute the nft agents of that type among the kt + 1 groups
of agents with different amount of money, knowing that each of these groups have nd(t, l) agents,
with l = 0, 1 ... kt. To make this computation easier to understand, we can compare it to a similar
combinatorial problem with smaller values, for example, computing how many different numbers can
be made with a combination of six digits (from 0 to 9). Clearly, if every one of the six digits were
different (equivalent to having nd(t, l) = 1 ∀l in our problem), there would be 6! combinations, and
if they were all the same digit, there would only be one combination. In fact, the amount of numbers
that can be made with, for example, three ones, two fives and one eight, are

(
6

3, 2, 1

)
as we have to

divide the total number of combinations 6! by the number of times we can have the same number
switching two or three equivalent digits. The same happens for each type of agents in our model,
and as we have that every combination of a type can occur with any other combination of another
type, we have to multiply the number of combinations that can be made for each type. Therefore:

ζX(d) =
∏
t∈T

(
nft

nd(t, 0), nd(t, 1) ... nd(t, kt)

)
=
∏
t∈T

nft!

nd(t, 0)! nd(t, 1)! ... nd(t, kt)!

Now we will proceed to delimit ζX(d) as in the proof of Theorem 3.11 of [Grove et al., 1994]. We
first show that there exist two constants L,U > 0 so that Lnne−n ≤ n! ≤ Unn+1e−n for all n. To
prove this, we use an approximation of factorial:(

N

e

)N
< N ! ≤ Ne

(
N

e

)N
The lower bound follows from the following reasoning:

N ! = elogN ! ≥ e
∫N
1

logn dn = eN logN−N+1 > eN logN−N =

(
N

e

)N
The upper bound can reached with the same ease:

N ! = elogN ! ≤ elogN+
∫N
1

logn dn = e(N+1) logN−N+1 = Ne

(
N

e

)N
Thus, substituting these bounds in the above expression:
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4. DISTRIBUTION OF WEALTH

ζX(d) =
∏
t∈T

nft!

nd(t, 0)! nd(t, 1)! ... nd(t, kt)!∏
t∈T

(nft)
nfte−nft∏kt

l=0(nd(t, l))1+nd(t,l)e1−nd(t,l)
≤ ζX(d) ≤

∏
t∈T

(nft)
1+nfte1−nft∏kt

l=0(nd(t, l))nd(t,l)e−nd(t,l)∏
t∈T

(nft)
nfte−nft

ekt+1
∏kt
l=0 nd(t, l)(nd(t, l))nd(t,l)e−nd(t,l)

≤ ζX(d) ≤
∏
t∈T

nfte (nft)
nfte−nft∏kt

l=0(nd(t, l))nd(t,l)e−nd(t,l)

We can see that there is an expression common to both bounds, that can be reduced in the following

way, considering that
∏kt
l=0 e

−nd(t,l) = e
∑kt
l=0−nd(t,l) = e−nft :

(nft)
nfte−nft∏kt

l=0(nd(t, l))nd(t,l)e−nd(t,l)
=

(nft)
∑kt
l=0 nd(t,l)e−nft

e−nft
∏kt
l=0(nd(t, l))nd(t,l)

=

kt∏
l=0

(
nft

nd(t, l)

)nd(t,l)

=

kt∏
l=0

end(t,l) log(nft/nd(t,l))

= e
∑kt
l=0 nft

d(t,l)
ft

log(nft/nd(t,l))

= e−nft
∑kt
l=0

d(t,l)
ft

log(d(t,l)/ft) = enftH(dt)

Where dt is the fraction of the agents of type t with a specific amount of scrips, i.e. dt(l) =
d(t, l)/ft. Going back to ζX(d), we substitute the previous expression in the bounds. Then we
apply the generalized grouping property [Cover and Thomas, 2012] of entropy, for which H(d) =

H(~f) +
∑
t∈T ftH(dt). Finally, we have that:∏

t∈T

1

ekt+1
∏kt
l=0 nd(t, l)

enftH(dt) ≤ ζX(d) ≤
∏
t∈T

nfte e
nftH(dt)

e
∑
t∈T nftH(dt)

∏
t∈T

1

ekt+1
∏kt
l=0 nd(t, l)

≤ ζX(d) ≤ e
∑
t∈T nftH(dt)

∏
t∈T

nfte

en(H(d)−H(~f))
∏
t∈T

1

(nfte)kt+1
≤ ζX(d) ≤ en(H(d)−H(~f))

∏
t∈T

nfte

1

F (n)
en(H(d)−H(~f)) ≤ ζX(d) ≤ G(n)en(H(d)−H(~f))

Which is the desired expression.

Now that we have delimited ζX(d), we need to find in which of the possible distributions the
system is more likely to be. The probabilities of having a certain distribution are equal to the
amount of states consistent with this distribution multiplied by the probabilities of being in each
one of these states (which are the same for similar states, that is, for all states related to the same

28
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distribution). This is, we want to find the d~x for which the function ζX(d~x)π(~x) is higher. The
problem is that we have delimited ζX(d) for any d and therefore the function will most likely reach
its highest value in a distribution q that is not consistent with any of the states in X. There are two
reasons for which a distribution could not be consistent with the game:

• The first reason is that in distribution q there is probably a different amount of money nm
than in the game. This is, in most of the cases

∑
t∈T

∑kt
l=0 lq(t, l) 6= m. Therefore, we will

create a set ∆~f,m,~k of distributions that are consistent with the amount of money in the game
defined as:

∆~f,m,~k =

{
d(t, l) ∈ [0, 1] |

kt∑
l=0

d(t, l) = ft ∀t ∈ T,
∑
t∈T

kt∑
l=0

lq(t, l) = m

}

We will find the distribution d∗ ∈ ∆~f,m,~k that maximizes ζX(d~x)π(~x) by finding first the
distribution q that maximizes it and then finding the distribution in ∆~f,m,~k closest to q.

• The divisions made by the distribution are not consistent with the amount of agents. In other
words, for most distribution d∗, we will have that nd∗(t, l) /∈ N for at least some t and l.
However, we will prove that with a high enough number of agents, we can always have a
distribution that is arbitrarily close to d∗. To sum up, for a sufficiently high amount of agents
in the game, we can always have a distribution that is nearly the distribution d∗, which is the
possible distribution closest to q, which is the distribution that maximizes the probabilities of
being in a state related to it.

This leads us to the following lemma, in which q in shown. Moreover, we said preiously that
d∗ is the distribution in ∆~f,m,~k which is closest to q. We will see that with closest we mean the

distribution that minimizes the relative entropy to q, i.e. H(d||q).

Lemma 4.4. Let ∆~f,m,~k be the set of distributions consistent with ~f,m and ~k, let ζX(d) be the

amount of states in XT,~f,n,m,~k consistent with d, let π(~x) be the limit distribution of the Markov
chain MT,~f,n,m,~k and let ~xd be a state consistent with distribution d. Let q be:

q(t, l) =
(ωt)

l∑
t′∈T

∑kt′
l′=0(ωt′)l

′

Where ωt = βtχt/ρt. Then the distribution d∗ in ∆~f,m,~k that maximizes function ζX(d)π(~xd), is the
one that minimizes the relative entropy to q.

Proof. Although we have a formula of the limit distribution π, we don’t have it of ζX(d). Neverthe-
less, intuitively we can see that the distribution d that maximizes the bounds for ζX(d) is also going
to be the distribution that maximizes the value of ζX(d) itself. In fact, as it is shown in [Jaynes, 1979],
the dt = d(t, 0), d(t, 1) ... d(t, kt) that maximizes an expression of the form

(
nft

nd(t,0), nd(t,l2) ... nd(t,kt)

)
is the one with maximum entropy H(dt). As is shown in the proof of lemma 4.3, the number of states
related to a distribution is actually a product of expressions of this form, thus the maximum of ζX(d)
is reach when H(dt) is maximized, which is the same point in which the bounds are maximized. As
proved in lemma 4.3, ζX(d) is delimited by:

1

F (n)
en(H(d)−H(~f)) ≤ ζX(d) ≤ G(n)en(H(d)−H(~f))
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Thus, the bounds of the function ζX(d)π(~xd), multiplied by a polynomial factor, will be of the form:

en(H(d)−H(~f))π(~xd) = en(H(d)−H(~f))

∏n
i=1 ω

xi
τ(i)∑

~y∈X
∏n
i=1 ω

yi
τ(i)

= en(H(d)−H(~f))

∑
~y∈X

n∏
i=1

ωyiτ(i)

−1
n∏
i=1

ωxiτ(i)

= en(H(d)−H(~f))

∑
~y∈X

n∏
i=1

ωyiτ(i)

−1 ∏
t∈T

kt∏
l=0

ω
nld(t,l)
t

= en(H(d)−H(~f))e
− 1
n log

∑
~y∈X

∏n
i=1 ω

yi
τ(i)

∏
t∈T

kt∏
l=0

enld(t,l) logωt

= e
n(H(d)−H(~f)− 1

n log
∑
~y∈X

∏n
i=1 ω

yi
τ(i)

+
∑
t∈T

∑kt
l=0 ld(t,l) logωt)

Now we can find d∗ by computing the d for which ζX(d)π(~xd) is higher, which is the arg maxd of
the above expression:

d∗ = arg max
d

(
e
n(H(d)−H(~f)− 1

n log
∑
~y∈X

∏n
i=1 ω

yi
τ(i)

+
∑
t∈T

∑kt
l=0 ld(t,l) logωt)

)
= arg max

d

(
H(d) +

∑
t∈T

kt∑
l=0

ld(t, l) logωt

)

= arg max
d

∑
t∈T

kt∑
l=0

(
−d(t, l) log d(t, l) + d(t, l) log(ωt)

l
)

= arg max
d

∑
t∈T

kt∑
l=0

(
−d(t, l) log d(t, l) + d(t, l) log

(
(ωt)

l∑
t′∈T

∑kt′
l′=0(ωt′)l

′

∑
t′∈T

∑kt′

l′=0
(ωt′)

l′

))

= arg max
d

∑
t∈T

kt∑
l=0

−d(t, l) log d(t, l) + d(t, l) log q(t, l) + d(t, l) log

∑
t′∈T

kt′∑
l′=0

(ωt′)
l′


= arg min

d

− log
∑
t′∈T

kt′∑
l′=0

(ωt′)
l′

+
∑
t∈T

kt∑
l=0

(d(t, l) log d(t, l)− d(t, l) log q(t, l))


= arg min

d

(∑
t∈T

kt∑
l=0

d(t, l) log
d(t, l)

q(t, l)

)
= arg min

d
H(d||q)

We conclude that the distribution that maximizes the function ζX(d)π(~xd) is the one that minimizes
its entropy relative to q. Note that with no restrictions, taking in account the definition of relative
entropy, this distribution would be q, as H(d||q) = 0. However, as said above, q will most likely not
be in ∆~f,m,~k. Therefore, the distribution d∗, consistent with the amount of money in the game, that

maximizes ζX(d)π(~xd), is the distribution in ∆~f,m,~k that minimizes the entropy relative to q. That

is d∗ = arg mind∈∆~f,m,~k
H(d||q).
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We have proved that the most likely distributions to be seen are those with lowest relative entropy
to q. Among all distributions in ∆~f,m,~k we have called d∗ the distribution with lowest relative entropy
to q, but it is probable that no state in X is consistent with d∗, as the agents are not divisible and
∆~f,m,~k is independent of n. In other words, if there exist a t ∈ T and an l = 0, 1, ... , kt for which

nd∗(t, l) /∈ N, then there is no state in X consistent with d∗. However, we are now going to see
that for a sufficiently high number of agents, there is always a state ~x related to a distribution d~x

in ∆~f,m,~k that is arbitrarily close to d∗, so that the relative entropy of the distribution d~x to q is as
close as desired to the relative entropy of d∗ to q.

Lemma 4.5. For all games (T, ~f, n,m) where the agents play threshold strategy ~k and all ε > 0,

there exists an nε so that for all n > nε consistent with ~f , there exists a state ~x in XT,~f,n,m,~k

consistent with a distribution d~x ∈ ∆~f,m,~k so that H(d~x||q) − H(d∗||q) < ε and for all t ∈ T and

l = 0, 1 ... kt, |d~x(t, l)− d∗(t, l)| < ε.

Proof. Of the two conditions we have to prove, the one of the relative entropy is the most restrictive.
In fact, we now show that to prove that H(d~x||q) −H(d∗||q) < ε, we have to prove that |d~x(t, l) −
d∗(t, l)| can be arbitrarily small. H(d~x||q) − H(d∗||q) will always be positive, as both d~x and d∗

are in ∆~f,m,~k and d∗ is the distribution in ∆~f,m,~k with lowest relative entropy to q. To prove the
lemma it is sufficient to find a state ~xn present in all XT,~f,n,m,~k with n sufficiently high, so that

the subtraction of the relative entropy of d~x and d∗ to q tends to zero when n tends to infinity, as
in this case there would always be a nε so that for all n > nε the subtraction is as low as desired.
Developing the subtraction we have that:

H(d~x||q)−H(d∗||q) =
∑
t∈T

kt∑
l=0

d~x(t, l) log
d~x(t, l)

q(t, l)
−
∑
t∈T

kt∑
l=0

d∗(t, l) log
d∗(t, l)

q(t, l)

=
∑
t∈T

kt∑
l=0

log

(
d~x(t, l)

q(t, l)

)d~x(t,l)

− log

(
d∗(t, l)

q(t, l)

)d∗(t,l)
=
∑
t∈T

kt∑
l=0

log
d~x(t, l)d

~x(t,l) q(t, l)d
∗(t,l)

q(t, l)d~x(t,l) d∗(t, l)d∗(t,l)

=
∑
t∈T

kt∑
l=0

log
d~x(t, l)d

~x(t,l) q(t, l)d
∗(t,l)−d~x(t,l)

d∗(t, l)d~x(t,l) d∗(t, l)d∗(t,l)−d~x(t,l)

=
∑
t∈T

kt∑
l=0

d~x(t, l) log
d~x(t, l)

d∗(t, l)
−
∑
t∈T

kt∑
l=0

(d∗(t, l)− d~x(t, l)) log
d∗(t, l)

q(t, l)

Thus, if we find a way to reach a state ~xn that is included in all XT,~f,n,m,~k with high enough n so that

limn→∞ d~x(t, l)/d∗(t, l) = 1 and limn→∞ d~x(t, l)− d∗(t, l) = 0 for all t ∈ T and for all l = 1, 2, ... , kt
we would have finished, as we would have proven both statements of the lemma. We now show a
process by which we always reach such a state.

Take the lowest n so that nft ∈ N for all t ∈ T and that for all t and l for which d∗(t, l) > 0) we
have that 1/n < d∗(t, l). Start the process with a distribution d1 that is equal to zero for all t and l
for which d∗(t, l) = 0 and equal to the highest multiple of 1/n so that d1(t, l) ≤ d∗(t, l) for all t, l for
which d∗(t, l) > 0. As 1/n is lower than the minimum d∗(t, l), there will not exist a combination of
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t, l for which d1(t, l) = 0 while d∗(t, l) 6= 0 and in this way we ensure that limn→∞ d~x(t, l)/d∗(t, l) 6= 0
for all t, l. We are now going to show that it is possible to create a distribution d~x that is in ∆~f,m,~k by

adding multiples of 1/n to some d1(t, l). We have that for all t and l, d∗(t, l)−1/n < d1(t, l) ≤ d∗(t, l).
Thus, we have to add

∑kt
l=0 d

∗(t, l) − d1(t, l) (which is a multiple of 1/n) to every type t of d1 to

have a d~x consistent with ~f . Moreover, to have the desired amount of money in d~x, we have to add∑
t∈T

∑kt
l=0 l(d

∗(t, l)− d1(t, l)) to the sum
∑
t∈T

∑kt
l=0 ld1(t, l) to reach m (which is also a multiple

of 1/n). Every time we sum 1/n to a d1(t, l), we increase from 0 to kt/n the average money per
agent in the distribution. This means that, to reach ft for all t in the distribution d~x, we increase
the average money per agent in d1 from 0 to

∑
t∈T kt

∑kt
l=0 d

∗(t, l)− d1(t, l). Clearly:

0 <
∑
t∈T

kt∑
l=0

l(d∗(t, l)− d1(t, l)) <
∑
t∈T

kt

kt∑
l=0

(d∗(t, l)− d1(t, l))

Hence, we can always create this distribution d~x ∈ ∆~f,m,~k. Moreover, as all d~x(t, l) are multiples of

1/n, d~x(t, l) must necessarily be related to at least one state of M. Let’s now analyze the distance
d~x(t, l)−d∗(t, l). This subtraction will always be greater than −1/n, as that is the greatest difference
the subtraction d1(t, l)−d∗(t, l) can reach and we have created d~x by making d1(t, l) greater or leaving
it equal. The greatest value d~x(t, l) − d∗(t, l) can reach is the highest amount we can possibly add
to the fraction d1(t, l) to create d~x(t, l), as d1(t, l) ≤ d∗(t, l) for all t, l. This amount is the maximum
amount we can add to a type (putting us in the worst case in which all agents of a type have been

added with the same amount of scrips), i.e.
∑kt
l=0 d

∗(t, l)− d1(t, l) < (kt + 1)/n. We now conclude
that, for all t and l:

0 = lim
n→∞

− 1

n
≤ lim
n→∞

d~x(t, l)− d∗(t, l) ≤ lim
n→∞

kt + 1

n
= 0

Hence, limn→∞ d~x(t, l)− d∗(t, l) = 0, proving the second statement of the lemma. Then, taking into
account that there exists no combination of t, l such that d∗(t, l) 6= 0 while d~x(t, l) = 0, we can also
state that, for all t and l:

lim
n→∞

d∗(t, l)

d~x(t, l)
= lim
n→∞

d~x(t, l)− (d~x(t, l)− d∗(t, l))
d~x(t, l)

=
d~x(t, l)

d~x(t, l)
= 1

To sum up, for a sufficiently high n, there will always be a state ~x inXT,~f,n,m,~k so that the distribution

d~x is close enough to d∗ to have its entropy relative to q be arbitrarily close to the entropy of d∗

relative to q and so that all d~x(t, l) are as close to d∗(t, l) as desired.

We finally have the necessaries to prove and understand the main theorem of this section. We
recall the theorem written above:

Theorem 4.2. Let Ir
d~x

be the random variable that is one ifMT,~f,n,m,~k is in a state ~x ∈ XT,~f,n,m,~k,

consistent with the distribution d~x at round r, and zero otherwise. Let ∆~f,m,~k,d′,ε be the set of

distributions in ∆~f,m,~k within an euclidean distance ε to d′, this is:

∆~f,m,~k,d′,ε =

{
d ∈ ∆~f,m,~k |

∑
t∈T

kt∑
l=0

|d(t, l)− d′(t, l)|2 < ε

}

Then, for all games (T, ~f, n,m), all vectors ~k of thresholds and all ε, ε > 0, there exists a state
~x ∈ XT,~f,n,m,~k, a round r∗ and a number of agents n∗, so that for all r > r∗ and all n > n∗
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consistent with ~f , we have that P (Ird = 1 | d ∈ ∆~f,m,~k,d~x,ε) > 1 − ε, where d~x is the distribution
consistent with state ~x.

Proof. As we have done in previous proofs, we will prove that the theorem holds when r and n tends
to infinity, as this is sufficient to prove that it holds for all n consistent with ~f greater than some
n∗ and for all r greater than some r∗. It is clear that we can always find an n consistent with ~f by
adding more agents to an n.

The proof of this theorem is essentially the same of Theorem 3.13 of [Grove et al., 1994] applied
differently:

In lemma 4.2 we proved that for a sufficiently high n, the limit distribution of the Markov
chain M is almost π. As there are many states in X with similar distributions, the proba-
bility of having some distribution after enough rounds is close to ζX(d)π(~xd), where ζX(d) is
the number of states in X consistent with d if d is a possible distribution. Now let V (d) =

n
(
H(d)−H(~f)−

∑
~y∈X

∏n
i=1 ω

yi
τ(i) +

∑
t∈T

∑kt
l=0 ld(t, l) logωt

)
. This function, taken from the proof

of lemma 4.4, is the exponent of e in the expression that delimits ζX(d)π(~xd). We show now that
there exist a value υL and another value υH such that for all distributions dL that are not within
a distance ε to d∗, we have that V (dL) ≤ υL and that for some distribution dH within a distance
ε of d∗, V (dH) ≥ υH > υL. Then we prove that the probability ratio of having a distribution with
V (dH) ≥ υH divided by the probability of having one with V (dL) ≤ υL grows exponentially in n.
Thus, the probability of being in a state with a distribution within the desired distance of some
other distribution close to d∗ tends to one when n tends to infinity.

By definition in lemma 4.4, d∗ is the distribution in ∆~f,m,~k that maximizes ζX(d)π(~xd), as we

showed that it maximizes its bounds defined by eV (d). Thus, the maximum of V (d) in ∆~f,m,~k is
reached at d∗. Also by definition, ∆~f,m,~k is a closed set, that can be divided in two: the distributions

d ∈ ∆~f,m,~k that are also in ∆~f,m,~k,d∗,ε (i.e., within a distance ε to d∗), or the distributions that are
in ∆~f,m,~k but not in ∆~f,m,~k,d∗,ε. We will call this second set ∆~f,m,~k,−(d∗,ε) and is formally defined as

∆~f,m,~k,−(d∗,ε) = {d ∈ ∆~f,m,~k | d /∈ ∆~f,m,~k,d∗,ε}. Clearly, out of those distributions in ∆~f,m,~k,−(d∗,ε),

there must be one that maximizes the function V (d). Let υL be the value of V for this d. This is:

υL = max
(
V (d) | d ∈ ∆~f,m,~k,−(d∗,ε)

)
As d∗ is the unique value that maximizes V (d) in ∆~f,m,~k, evidently d∗ /∈ ∆~f,m,~k,−(d∗,ε), we have

that V (d∗) > υL. Moreover, by lemma 4.4, V (d) is maximized by the distribution that minimizes
its entropy relative to q (which is d∗ by definition). Now we can apply lemma 4.5 for an ε1, so that:

0 < ε1 <
V (d∗)− υL

n(1 + log(ωt)
∑
t∈t kt)

Thus, for all n consistent with ~f higher than some nε1 , we have a state ~x related to a distribution
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d~x, so that:

V (d∗)− V (d~x) = n

(
H(d∗)−H(d~x) +

∑
t∈T

kt∑
l=0

ld∗(t, l) logωt −
∑
t∈T

kt∑
l=0

ld~x(t, l) logωt

)

= n

(
H(d∗)−H(d~x) +

∑
t∈T

kt∑
l=0

(
d∗(t, l)− d~x(t, l)

)
l logωt

)

< n

(
ε1 +

∑
t∈T

kt∑
l=0

ε1l logωt

)

< n

(
ε1 + ε1 log(ωt)

∑
t∈T

kt

)

= ε1n

(
1 + log(ωt)

∑
t∈T

kt

)
< V (d∗)− υL

It follows that for this d~x, V (d∗) ≥ V (d~x) > υL. Let υH = V (d~x).
Then, by lemmas 4.3 and 4.4, the probability of being in a state ~y, such that its distribu-

tion d~y is not within a distance ε to d∗ is bounded above by
∑
d~y∈∆~f,m,~k,−(d∗,ε)

G(n)enV (d~y) ≤∑
d~y∈∆~f,m,~k,−(d∗,ε)

G(n)enυL while the probability of being in a state within the distance is bounded

below by enυH/F (n), where G(n) and F (n) are polynomial functions in n. We are now going to
compute a very rough (but sufficient to prove our point) upper bound of the number of distributions
in ∆~f,m,~k,−(d∗,ε). For each combination of t and l, the greatest amount of values that d(t, l) can take

are n+1, i.e. 0, 1/n, 2/n ... 1. As there are
∑
t∈T kt combinations of t, l, the amount of distributions

is always lower than or equal to (n+ 1)
∑
t∈T kt (note the roughness of this bound, as for almost all

of the counted distributions, the money m, the amount of agents n of the division among types ~f
will not fix the system, thus this bound will be far greater not only than the number of distributions
in ∆~f,m,~k,−(d∗,ε), but also than the number of distributions in ∆~f,m,~k).

Hence, the quotient between the probability of having a distribution within a distance ε to d∗

and the probability of having a distribution which is not within this distance, tends to infinity when
n tends to infinity:

lim
n→∞

1
F (n)e

nV (d~x)∑
d~y∈∆~f,m,~k,−(d~x,ε)

G(n)enV (d~y)
≤ lim
n→∞

1
F (n)e

nυH∑
d~y∈∆~f,m,~k,−(d∗,ε)

G(n)enυL

≤ lim
n→∞

1
F (n)e

nυH

(n+ 1)
∑
t∈T ktG(n)enυL

= lim
n→∞

en(υH−υL)

(n+ 1)
∑
t∈T ktG(n)F (n)

=∞

The fraction tends to infinity because the numerator is exponential in n and the denominator is
polynomial in n. Hence, for a sufficiently high n, the probability of being in a state with a distribution
within the distance ε to d~x is as close to one as desired (as it tends to be infinite times higher than
the probability of being in any other state that is not within the distance).
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4. DISTRIBUTION OF WEALTH

Finally, we show in the lemma below what the distribution d∗ is.

Lemma 4.6. Let the set ∆~f,m,~k and the distribution q be as described in lemma 4.4. Let d∗ be the
following distribution:

d∗(t, l) =
ft(λωt)

l∑kt
l′=0(λωt)l

′

Where λ is the unique value such that the following equality holds:

∑
t∈T

kt∑
l=0

lft(λωt)
l∑kt

l′=0(λωt)l
′

= m

Then d∗ is the distribution in ∆~f,m,~k with minimum relative entropy to q.

Proof. We will show that d∗ minimizes the function H(d||q) using the Lagrange multipliers (accord-
ing to [Kash et al., 2015] in the manner of [Jaynes, 1979]). This method consists in subtracting the
constraints to the optimization problem multiplying it by a constant value ψ that we will call the
Lagrange multiplier of that constraint (usually Lagrange multipliers are denoted by λ, but we will
denote it by ψ in order not to confuse it with the λ in the formula of the lemma). In this way,
we can derive the resulting function and equate it to zero obtaining an expression that depends on
the Lagrange multipliers and on d∗. Thus we would have an expression where d∗ depends on the
constants ψ. Finally, we give each multiplier the necessary value so that its related constraint is
fulfilled. There cannot be another distribution in ∆~f,m,~k with the same relative entropy to q as our
result, as ∆~f,m,~k is a closed convex set, which ensures that for each distribution q, there is unique
distribution in ∆~f,m,~k that minimizes the entropy relative to q.

The constraints we add need to be an expression that is equal to zero so that the value of the
function we minimize is not modified when the constraints are fulfilled. In our case we have to
minimize the entropy of d∗ relative to q, and the constraints that must be fulfilled so that d∗ is in
∆~f,m,~k are:

m−
∑
t∈T

kt∑
l=0

ld∗(t, l) = 0

ft −
kt∑
l=0

d∗(t, l) = 0 ∀t ∈ T

1−
∑
t∈T

kt∑
l=0

d∗(t, l) = 0

Thus, the function we have to minimize is:

∑
t∈T

kt∑
l=0

(
d∗(t, l) log

(
d∗(t, l)

q(t, l)

)
+ ψm

(
m−

∑
t∈T

kt∑
l=0

ld∗(t, l)

)

+
∑
t∈T

ψt

(
ft −

kt∑
l=0

d∗(t, l)

)
+ ψp

(
1−

∑
t∈T

kt∑
l=0

d∗(t, l)

))
Where ψm is the Lagrange multiplier that fixes the amount of money, ψt the multipliers that fix the
proportion of agent of each type and ψd the one that makes the distribution complete by equating
the sum of all combinations to one.
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Now, if we derive the previous expression as a function of each d∗(t, l) and equate it to zero, then
for each combination of t and l we have:

log

(
d∗(t, l)

q(t, l)

)
+ 1− ψml − ψt − ψd = 0

−1 + ψml + ψt + ψd = log

(
d∗(t, l)

q(t, l)

)
e−1+ψml+ψt+ψd =

d∗(t, l

q(t, l)

q(t, l)eψmleψteψd−1 = d∗(t, l)

At this point we have each d∗(t, l) dependent on the same constants, namely, the Lagrange mul-
tipliers. If we find values for these constants so that all constraints are fulfilled, we would have
finished.

Now, we set the following values to each multiplier:

ψm = log λ

ψt = log ft ∀t ∈ T

ψd = 1 + log
1∑kt

l′=0 λ
l′q(t, l)

Where lambda is as defined in the statement of the lemma. For these values of the multipliers, the
resulting distribution is:

d∗(t, l) = q(t, l)eψmleψteψd−1

= q(t, l)elog λlelog fte
1+log

(
1/
∑kt
l′=0

λl
′
q(t,l)

)
−1

= q(t, l)λlft
1∑kt

l′=0 λ
l′q(t, l)

=
ft(λωt)

l∑kt
l′=0(λωt)l

′

Which is the distribution of the lemma. For this distribution, the first constraint is fulfilled by the
definition of λ and the third one is fulfilled if the second one is fulfilled because

∑
t∈T ft = 1. Finally,

we can see that for all t:
kt∑
l=0

ft(λωt)
l∑kt

l′=0(λωt)l
′

= ft

∑kt
l=0(λωt)

l∑kt
l′=0(λωt)l

′
= ft

Hence, d∗ is the distribution in ∆~f,m,~k that minimizes its relative entropy to q.
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Equilibrium and Staticity of Monetary Systems

5 Existence of equilibria

5.1 The Markov Decision Process

We have seen in the last section that after enough rounds, the distribution is essentially constant
when all agents play threshold strategies. The question we are going to answer in this subsection
is what threshold strategy must an agent play to optimize his expected utility. After that we will
show there exists an equilibrium if the agents apply their best way of playing. In fact, we assume
that all agents always answer other agents’ way of acting with the best decisions for themselves.

To find out the factors that could influence agents strategies, we have to look for the factors that
influence their possibilities of winning utility, that is, having requests satisfied. However, an agent
has no decision over the frequency with which he asks for requests, thus there is a maximum amount
of utils he can win defined by having all his requests satisfied. He has, nevertheless, an influence
about the amount of utils he loses by deciding if volunteering or not. His influence over the amount
of utils he loses is not relevant if we don’t consider that an agent discounts utility. The reason is
that, as we consider that agents consciously play in an infinite game, winning a scrip by losing utils
would always be profitable, as no matter how many scrips the agent already has and the frequency
with which he requires files, there would be a moment at which that scrip would be used to have a
request satisfied, winning an amount of utils that is always higher than the amount of utils he lost
to earn that scrip. From this point of view, all agents would always volunteer. Since we have agents
discount future utility payoffs, there would be a moment at which an agent would stop working, but
for too high discount rates, the opposite could happen. In fact, if the discount rates were too high,
agents would give far more value to the present than to the future and would therefore never work,
as they would value the future benefit of their current work not worth it, even when the amount of
utils of the payoff is higher. Thus, in games in which there are reasonable discount rates, an agent
with a high amount of money that doesn’t require files very often sees the benefit of working so far
in time that he prefers to delay work, while another agent with no scrips would always volunteer
to minimize the possibility of requiring a file and not having the money to pay for it. The main
point then, to decide if an agent should volunteer or not, is how far in time he expects to receive
the benefit of his work, i.e., when he expects to spend the scrip he would earn if he worked.

Let’s see what factors have an influence on this expected time. Of course, the amount of money
the agent has plays an important role, as he needs to spend the money he has before taking benefit
of the last scrip he earned, also the frequency with which an agent requires files is important, as the
more requests he wants to have satisfied, the faster he will lose his money, the sooner he will profit
from his work. Finally, the ease of winning scrips will define how fast an agent earns money if he
is willing to, thus it is also a relevant factor to us. Clearly, an agent who easily wins money will
delay work while the ones for which it is hard to earn a scrip will probably need to have a higher
monetary reserve in order to minimize the risk of making too many requests before being in the
position of satisfying another agent’s request. Note that this last factor establishes a relationship
between agent strategies, as the ease of earning money not only depends on the agent’s features, but
also on the amount of agents volunteering. This means that if a number of agents decided to increase
their threshold, they would work more often and therefore make it harder for the rest of agents to
earn money. In response, it is probable that other agents would also increase their threshold, as a
consequence of the fear of running out of money before they are able to earn another scrip because
of the higher competence.

We are now going to analyze the model from the point of view of a single agent, fixing the
decision that other agents make and simplifying some aspects of the game so that we can compare
the best decision this agent has to take with the best policy in a Markov Decision Process (MDP).
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5. EXISTENCE OF EQUILIBRIA

A Markov decision process is a discrete time stochastic control process. It can be seen as a Markov
chain in which some transitions from one state to an adjacent one are not completely random, but
taken (or partially influenced) by a decision maker. Clearly, if we took the position of an agent, we
could look at the Markov chainM as a MDP, if we consider that the actions of all other agents are
fixed (depending on their threshold) and the agent would need to decide how to act himself. The
aim of this section is to make a MDP with strong similarities to the present game, so that the best
decision in the process is close to the best decision in the game.

We denote by PG,~S(~k),t (or simply P, for brevity, if the indexes are not relevant) the Markov

Decision Process that describes the game G, where an agent i of type t is the decision maker, while
all other agents play a threshold strategy ~k, in other words, strategy profile ~S(~k)−i is played. Now
we are going to make some simplifications on the game that will help us to find the best policy
(we denote by policy the rules that determine the action of an agent in the MPD, while we call it
strategy when it determines the actions of the agent in the game) for the MPD:

• We have proven in theorem 4.2 that M is almost always going to be in a state ~x, so that
d~x is really close to d∗. Therefore, to study the MDP P we assume the game has always a
distribution d∗. We also assume this distribution cannot be modified or influenced by the action
of the playing agent in the MDP. In fact, we consider that the influence on the distribution of
the money agent i has is negligible. For this reason, we have no states of the form ~x in P, as
those states are not relevant anymore, the only changing relevant factor in the process is the
amount of money that agent i has.

• As we have assumed that we always are going to have a distribution d∗, we will have a constant
number of agents willing to work, namely nft − d∗(t, kt) of each type t. For every request an
agent makes, all these agents will volunteer if they are able to satisfy the request, which
happens with a probability of βt for each of them. We will simplify the model by assuming
that for all requests, nβtft agents of each type t are included in set V at the second phase of
the round (i.e., that is the number of agents able to satisfy the request). Taking into account
the previous assumption, we assume that in all rounds, nβt(ft − d∗(t, kt)) agents of each type
are included in the set V ′ of agents able and willing to deliver service.

• In P we assume that there is always at least one agent willing to work that is able to satisfy
a request you make. This assumption follows from the last one, as for a reasonable number of
agents, the set V ′ is always going to be greater than one. In other words, we consider negligible
the probability

∏
t∈T (1 − βt)n(ft−d∗(t,kt)) (no agent willing to work is able to do so), as this

probability is very small, even for a reduced number of agents and small values of βt.

• Finally, we disregard the probability of agent i to be chosen to make a request when we
calculate the probability that agent i has of making a scrip in a round. Clearly, one out of
every n/ρt rounds, agent i won’t be able to win a scrip, as he will be the one asking for service.
In the MDP we do not take this into account.

Note that for P, we don’t need to have a natural number of agents of each type or a natural number
of agents volunteering. Nevertheless, these values of the distributions or the number of agents
volunteering every round are the mathematical expectation of the real values, thus it is not that far
from reality to suposse that an agent bases his decision on these expected values.

Now using the notation of [Puterman, 1994], we formally define the Markov Decision Process as
PG,~S(~k),t = (S,A, p(s′ | s, a), r(s, a)), where:

• S = {0, 1, ... , nm} is the set of possible states in which the MDP can be. As said before, the
allocation of money among agents is not relevant anymore, as we assume a distribution d∗ of
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wealth. A state s is therefore defined by the amount of scrips that agent i has, which can go
from 0 to all the nm scrips in the game.

• A = {0, 1} is the set of possible actions that agent i can take. As there are only two actions in
the game (and therefore also in P), an action a is equal to zero if agent i does not volunteer
and it is equal to one if he volunteers.

• p(s′ | s, a) is the probability of being in a state s′ right after performing the action a at state
s. For example, p(s + 2 | s, a) = 0, as it is not possible for agent i to win two scrips in one
round (recall that s′ = s+ 2 means that agent i has two more scrips in state s′ than in state
s).

• r(s, a) is the immediate utility that agent i expects to win (or lose, if it is negative) if he
performs the action a at state s.

For a better understanding of the Markov Decision Process and to simplify future work, it is useful
to introduce two probabilities pu and pd related to the evolution of P. Let pu = p(s+ 1 | s, 1) and
pd = p(s − 1 | s > 0, a). Intuitively, pu is the probability for agent i of earning a scrip in a round,
provided that he volunteers if he is able to do so, while pd is the probability for agent i of having a
request satisfied, provided that he has at least one scrip to pay for it (in other words, the probability
that agent i loses a scrip that round). Let’s now compute these probabilities.

To earn a scrip when he is willing to do so, we need the following to happen in a round: first,
an agent different than agent i, asks for service; second, this agent needs to have money to pay;
third, agent i needs to be able to satisfy the request; fourth, agent i needs to be selected out of all
agents in V ′. Because of the simplification of P, we disregard the first condition. By assumption of
P, the distribution of wealth is exactly d∗, thus we have a proportion of d∗(t, 0) of agents of type t
without money. As the probability for an agent of type t to be chosen to make a request is ρt/n,
the probability that nature selects an agent with money to make a request is

∑
t∈T ρt(ft− d∗(t, 0)).

The probability of agent i to be able to satisfy this request is βτ(i). Finally, we know that there are
exactly n(ft−d∗(t, kt)) agents of each type t willing to work, and because of the simplification of P,
exactly βtn(ft − d∗(t, kt)) agents are willing and able to satisfy the request. Thus, the probability
of agent i to be chosen among those agents is χτ(i)/n

∑
t∈T βtχt(ft − d∗(t, kt)). Thus:

pu =
βτ(i)χτ(i)

∑
t∈T ρt(ft − d∗(t, 0))

n
∑
t∈T βtχt(ft − d∗(t, kt))

Computing pd is simple, as it is the probability of spending one scrip provided he has one and,
because of the simplification, without considering the possibility of having no agents able to satisfy
his request. Well, this probability is the probability that agent i makes a request, i.e.:

pd =
ρτ(i)

n
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Now, based on pu and pd, we show all the probabilities of the form p(s′ | s, a):

p(s+ 1 | s, 0) = 0

p(s+ 1 | s, 1) = pu

p(s− 1 | 0, a) = 0

p(s− 1 | s > 0, a) = pd

p(s | s, a) = 1− p(s+ 1 | s, a)− p(s− 1 | s, a)

p(s′ | s, a) = 0 ∀s′ /∈ {s− 1, s, s+ 1}

We can also compute all the expected utility rewards for performing an action:

r(0, 0) = 0

r(s > 0, 0) = pdγτ(i)

r(0, 1) = −puατ(i)

r(s > 0, 1) = pdγτ(i) − puατ(i)

Now we define u∗(s) as the expected discounted utility for playing the MDP P infinitely using the
best possible policy starting at state s (this is, the maximum expected discounted utility that the
agent i can get in the MDP), and we define u(s, a) as the expected utility for playing P infinitely,
performing action a at state s and using the best possible policy after state s. This is:

u(s, a) = r(s, a) + ϕτ(i)

nm∑
s′=0

p(s′ | s, a)u∗(s′)

The first thing we show is that there is a best policy and that it is stationary (i.e., it is independent
of time) and deterministic (is a function from states to actions, i.e., the best action only depends on
the state). This intuitive fact is formalized by theorem 6.2.10 of [Puterman, 1994]:

Theorem 5.1 ([Puterman, 1994]). If in a Markov Decision Process (S,A, p(s′ | s, a), r(s, a)) the
set of states S is discrete and the set of actions A is finite for all states s ∈ S, then there exists an
optimal deterministic stationary policy.

Now that we know that such a policy exists, let’s find it out. It is clear that u∗(s′) > u∗(s)
if s′ > s, as the inequality is the comparison of the utility return in two situations in which the
same policy is played (the best possible) but in one case the agent starts with more money, so that
he always has an advantage over the same agent in the other case. Thus, the expected utility for
playing the game increases when the the money that the agent has increases. We are now going to
show that, for P, the increase of the expected utility for having one more scrip is smaller the more
scrips the agent already has. In other words, u∗(s′ + 1) − u∗(s′) < u∗(s + 1) − u∗(s) when s′ > s.
This statement is formally couched and proven in the following lemma:

Lemma 5.1. For all Markov Decision Processes PG,~S(~k),t and all pairs of states s+, s− ∈ S so that

s+ > s− ≥ 0, we have that:

u∗(s+ + 1)− u∗(s+) < u∗(s− + 1)− u∗(s−)
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Proof. By theorem 5.1 we know that the best policy only depends on the current state, as PG,~S(~k),t

fulfills all the requirements to apply the theorem. Thus we can reduce the best policy to one defined
action for each possible state. Let Υ : S → A be the function that is the optimal policy for P.

To prove the statement of the lemma, we will compare the expected utility for playing the optimal
policy starting in state s (that is, starting with s scrips) with a possible policy starting in state s+1.
The result is that the difference between u∗(s+1) and u∗(s) must be at least as great as the difference
in the expected utility of our comparison (as an optimal policy for u∗(s + 1) must be at least as
good as the possible policy we create). If, by contrast, we compare the expected utility for playing
the best policy from s+ 1 and a possible policy from s, we find an upper bound for the subtraction
of u∗(s+ 1) and u∗(s). By comparing the lower bound of u∗(s−+ 1)−u∗(s−) with the upper bound
of u∗(s+ + 1)− u∗(s+) we will prove the inequality showed in the lemma.

First we will compare the best policy from u∗(s) with a possible one from u∗(s+1). Although we
do not know yet what the optimal policy is, we can define another policy Υ′ so that Υ′(s+1) = Υ(s)
for all s ∈ S and Υ′(0) = Υ(0), that is, a policy in which the agent always does what he would do if
he had one scrip less and played the optimal policy, and where he takes the optimal decision when
he has no money. Let’s say there is an agent that starts at state s+ 1 and plays the policy Υ′ until
the first round r in which he reaches a state sr in which he has no money (i.e., r is the random
variable for which sr = 0 if s0 = s + 1 and the policy Υ′ was played) and starts playing Υ from
that round. If we compare the expected utility of this agent with the expected utility of another
agent that starts at state s and plays Υ, we can create a bijection between histories, where h′ is the
history of the first agent (the one starting at s+ 1) and h is the history of the second, in which all
possible histories have the same probabilities to happen for both agents, until the moment in which
the agent that started at s cannot have a request satisfied because he has no money. With this same
history, the agent starting at s+ 1 would lose a scrip that the other agent would not, but he would
win γt utils instead. The round after that one, both agents would have zero scrips left, thus that
round would be round r and the agent who started at s+ 1 would start to play the best policy Υ.
From then, both agents would have the same amount of money and would play the same policy,
thus their expected utility from that point on would also be the same. We conclude that playing
the explained combination of Υ′ and Υ starting at s+ 1 gives the same utility reward as playing Υ
starting at s except for round r in which the former earns γt utils and the latter does not, where t
is the agent’s type. Hence, considering r as a random variable, we have that:

u∗(s+ 1) ≥ u∗(s) + E[ϕrtγt]

u∗(s+ 1)− u∗(s) ≥ E[ϕrtγt]

To estimate the other bound, we define another policy Υ′′, so that Υ′′(s) = Υ(s+1) except for state
nm − 1 for which Υ′′(nm − 1) = 0 (it is not necessary to define a policy for state nm, as an agent
with all the money of the game would never be able to satisfy another request independently of his
action). Let’s say that an agent starts at state s and plays Υ′′ until the first round r′ in which he
cannot have a request satisfied because he has no money and starts playing the optimal policy Υ
from that moment on. With the same logic as in the previous comparison, we can create a bijection
of histories with equal probabilities between that agent and one that plays Υ starting at s+1. Their
return would be similar until the first round in which the second agent runs out of money, as this
would mean that he had a request satisfied the round before while the agent starting at s would not
have been able to pay it in his situation (as he would always have a scrip less for similar histories).
From that round, namely r′, the agent that was playing Υ′′ would start to play Υ, and as both
agents would be at the same state their expected utility would be equal from that moment on. To
sum up, the only difference for playing one or the other policy when starting at s or s + 1 is that
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the agent playing Υ starting at s+ 1 would win γt utils more at the round r′. Hence:

u∗(s) ≥ u∗(s+ 1)− E[ϕr
′

t γt]

u∗(s+ 1)− u∗(s) ≤ E[ϕr
′

t γt]

Note that r is the random variable for which sr = 0 if s0 = s+ 1 and the policy Υ′ was played while
r′ is the random variable for which sr′ = 0 if s0 = s + 1 and the policy Υ was played. As the best
policy Υ must be at least as good as Υ′, we have that E[r] ≤ E[r′] (it is simple to see this fact just
by combining the two bounds of u∗(s + 1) − u∗(s) taking into account that for all types we have
0 < ϕ < 1).

Now let r+ be the random variable that is the first round in which an agent starting at state
s+ +1 runs out of money playing Υ and let r− be the random variable that is the first round in which
a player starting at s− + 1 runs out of money playing the optimal policy Υ′. In other words, r+ is
equal to r′ for s = s+ while s− is equal to r for s = s−. Even if s+ were equal to s− we would be
able to state that E[r−] ≤ E[r+], but in addition we have that s+ > s−, and as the more money an
agent starts with, the more (strictly more) rounds it takes for that agent on an average to lose it all

playing the same policy, we have that E[r−] < E[r+]. As 0 < ϕ < 1, clearly E[ϕr
+

t γt] < E[ϕr
−

t γt].
Hence:

u∗(s+ + 1)− u∗(s+) ≤ E[ϕr
+

t γt] < E[ϕr
−

t γt] ≤ u∗(s− + 1)− u∗(s−)

This proves the statement of the lemma.

Now, before showing that the best policy for P is a threshold policy, we recall lemma 4.7.1. of
[Puterman, 1994], which will be necessary to prove it. To understand this lemma we give a definition
of a superadditive function. We say that a function g : X×Y → R is superadditive if, for any values
x+ ≥ x− in X and y+ ≥ y− in Y , we have that:

g(x+, y+) + g(x−, y−) ≥ g(x+, y−) + g(x−, y+)

Now we can understand the following lemma:

Lemma 5.2 (Lemma 4.7.1 of [Puterman, 1994]). Let g : X × Y → R be a function so that
maxy∈Y g(x, y) exists for all x ∈ X. Let f : X → Y be:

f(x) = max

{
y′ ∈ arg max

y∈Y
g(x, y)

}
Then, if g(x, y) is superadditive on X × Y , the function f(x) is monotone nondecreasing in x.

Now, using this lemma and lemma 5.1, we are able to prove that a threshold policy is optimal
for the Markov Decision Process.

Lemma 5.3. All PG,~S(~k),t have an optimal threshold policy.

Proof. A policy is optimal if it gives the highest expected utility reward, this is, if at every state it
makes the decision that gives the greatest reward taking into account the expected reward of playing
the best policy in the state after that one. For example, if only the immediate reward were taken
into account, volunteering would never be a good decision for an agent. However, it can be the best
decision at some point if we take into account that it can lead the agent to be at a state with more
money next round, and the expected utility of playing from this state can be higher than the one
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of playing from the last state plus the utility lost in the last round for working. Thus, an agent i is
looking for the best action that maximizes the sum r(s, a) + ϕτ(i)

∑nm
s′=0 p(s

′ | s, a)u∗(s′), which is
equal to u(s, a) by definition. In other words, a policy Υ for P is optimal if:

Υ(s) ∈
{
a′ ∈ arg max

a∈A
u(s, a)

}
Note that there can be more than one optimal policy if for some state there are more than one
decision in A that maximize the expected utility (if the utility reward is the same, both policies
would be valid). Now let’s define a worst policy W , so that for any state, W (s) is equal to the action
with the lowest expected utility reward on the long-run. Clearly, as there are only two possible
actions, for any worst policy W , a function that is one for all the states s for which W (s) = 0
and is zero for all the states s for which W (s) = 1 is a best policy. Let g be a function so that
g(s, a) = −u(s, a). By lemma 5.2, it follows that if we can prove that g is superadditive, a worst policy
for P is nondecreasing in s, as obviously max{a′ ∈ arg maxa′∈A g(s, a)} ∈ {a′ ∈ arg maxa′∈A g(s, a)}
and:

W (s) ∈
{
a′ ∈ arg min

a∈A
u(s, a)

}
=

{
a′ ∈ arg max

a∈A
g(s, a)

}
Thus, if g is superadditive, then W is nondecreasing is s, and as for any s, W (s) ∈ A = {0, 1},
it means that for the worst policy, if W (s0) = 0 then W (s) = 0 ∀s ≤ s0 and if W (s1) = 1 then
W (s) = 1 ∀s ≥ s1. Hence, the opposite of the worst policy is equal to one for all s lower than a
certain state s∗ and is equal to zero for all s ≥ s∗. In other words, there is an optimal threshold
policy if g is superadditive.

To prove that g is superadditive, we have to show that for any s+ ≥ s− and any a+ ≥ a− the
following inequality hold:

g(s+, a+) + g(s−, a−) ≥ g(s+, a−) + g(s−, a+)

−u(s+, a+)− u(s−, a−) ≥ −u(s+, a−)− u(s−, a+)

u(s+, a+) + u(s−, a−) ≤ u(s+, a−) + u(s−, a+)

Clearly, if a+ = a− or s+ = s−, we have equities. Thus let’s study the case in which a+ = 1 and
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a− = 0 for any s+ > s− in S. If s+ > s− > 0, substituting u(s, a), we have the following expression:

r(s+, 1) + ϕt
(
p(s+ + 1 | s+, 1)u∗(s+ + 1) + p(s+ − 1 | s+, 1)u∗(s+ − 1) + p(s+ | s+, 1)u∗(s+)

)
+r(s−, 0) + ϕt

(
p(s− + 1 | s−, 0)u∗(s− + 1) + p(s− − 1 | s−, 0)u∗(s− − 1) + p(s− | s−, 0)u∗(s−)

)
≤
r(s+, 0) + ϕt

(
p(s+ + 1 | s+, 0)u∗(s+ + 1) + p(s+ − 1 | s+, 0)u∗(s+ − 1) + p(s+ | s+, 0)u∗(s+)

)
+r(s−, 1) + ϕt

(
p(s− + 1 | s−, 1)u∗(s− + 1) + p(s− − 1 | s−, 1)u∗(s− − 1) + p(s− | s−, 1)u∗(s−)

)
γtpd − αtpu + ϕt

(
puu

∗(s+ + 1) + pdu
∗(s+ − 1) + (1− pu − pd)u∗(s+)

)
+γtpd + ϕt

(
pdu
∗(s− − 1) + (1− pd)u∗(s−)

)
≤
γtpd + ϕt

(
pdu
∗(s+ − 1) + (1− pd)u∗(s+)

)
+γtpd − αtpu + ϕt

(
puu

∗(s− + 1) + pdu
∗(s− − 1) + (1− pu − pd)u∗(s−)

)
ϕ
(
pu(u∗(s+ + 1)− u∗(s+)) + pd(u

∗(s+ − 1) + u∗(s− − 1)− u∗(s+)− u∗(s−)) + u∗(s+) + u∗(s−)
)

≤
ϕ
(
pu(u∗(s− + 1)− u∗(s−)) + pd(u

∗(s+ − 1) + u∗(s− − 1)− u∗(s+)− u∗(s−)) + u∗(s+) + u∗(s−)
)

u∗(s+ + 1)− u∗(s+) ≤ u∗(s− + 1)− u∗(s−)

which is true by lemma 5.1.
Finally, we have to consider the case in which s+ > s− = 0, which leads us to the same inequality,
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as is shown below:

r(s+, 1) + ϕt
(
p(s+ + 1 | s+, 1)u∗(s+ + 1) + p(s+ − 1 | s+, 1)u∗(s+ − 1) + p(s+ | s+, 1)u∗(s+)

)
+r(0, 0) + ϕt (p(1 | 0, 0)u∗(1) + p(−1 | 0, 0)u∗(0− 1) + p(0 | 0, 0)u∗(0))

≤
r(s+, 0) + ϕt

(
p(s+ + 1 | s+, 0)u∗(s+ + 1) + p(s+ − 1 | s+, 0)u∗(s+ − 1) + p(s+ | s+, 0)u∗(s+)

)
+r(0, 1) + ϕt (p(1 | 0, 1)u∗(1) + p(0− 1 | 0, 1)u∗(0− 1) + p(0 | 0, 1)u∗(0))

γtpd − αtpu + ϕt
(
puu

∗(s+ + 1) + pdu
∗(s+ − 1) + (1− pu − pd)u∗(s+)

)
+ϕtu

∗(0)

≤
γtpd + ϕt

(
pdu
∗(s+ − 1) + (1− pd)u∗(s+)

)
−αtpu + ϕt (puu

∗(1) + (1− pu)u∗(0))

ϕ
(
pu(u∗(s+ + 1)− u∗(s+)) + pd(u

∗(s+ − 1)− u∗(s+)) + u∗(s+) + u∗(0)
)

≤
ϕ
(
pu(u∗(1)− u∗(0)) + pd(u

∗(s+ − 1)− u∗(s+)) + u∗(s+) + u∗(0)
)

u∗(s+ + 1)− u∗(s+) ≤ u∗(1)− u∗(0)

which is, again, proven by lemma 5.1. Hence, as said previously, g(s, a) is superadditive, so the
worst policy is nondecreasing, thus the best policy is nonincreasing and therefore a threshold policy
is optimal for PG,~S(~k),t.

Now we have proven that a threshold policy is optimal for P, that is, a policy Υ(s) that is equal
to one (volunteering) if the MDP is at a state that is less than or equal to a certain threshold k and
is zero (not volunteering) otherwise. We denote a threshold policy by Υk, i.e., Υk(s | s ≤ k) = 1 and
Υk(s | s > k) = 0. To determine for which k the policy is optimal, an agent should consider when he
expects to spend each scrip he earns, as the longer it takes to spend a scrip, the less value it has for
the agent at the moment of earning it (because of the utility discount). On the one hand, this time
depends on the more money an agent has, i.e., the more money, the longer it takes to spend it all.
On the other hand, it also depends on the probabilities he has of earning or spending scrips, thus pu
and pd. As for any agent, the more money he has, the longer it takes until he has the opportunity
to use another scrip if he earned it, there will be one moment at which he has enough money to stop
working, as he will see the benefits of earning another scrip too far away in time. In other words,
the best threshold is the first state in which the benefit of earning another scrip is expected to be so
far in time that the discounted utility payoff is lower than the utility lost for working in the moment
of the decision.

The following lemma formalizes this fact:

Lemma 5.4. Let pu be the probability that the decision making agent of the MDP PG,~S(~k),t has of

earning one scrip in a round in which he volunteers and let pd be the probability that the same agent
has of losing one scrip in a round. Let Υk be a threshold policy with threshold k. Let J(κ, pu, pd) be
the random variable whose value is the first round in which that agent has no money if he started
with κ scrips at round zero and played policy Υκ.
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Then the threshold k that makes a policy Υk optimal for PG,~S(~k),t is independent of n and is

defined by the following expression:

k = max
(
κ ∈ N+ | αt ≤ E[ϕ

J(κ+1,pu,pd)
t ]γt

)
Proof. By lemma 5.3 there is at least one threshold policy that is optimal for P. To determine what
threshold is optimal we are going to compare the discounted utility return of two thresholds κ and
κ+ 1. The only difference between these two thresholds is the decision in a state s = κ, where the
agent would volunteer with threshold κ + 1 but not with κ. If and only if the discounted expected
utility of volunteering at such a state is positive, then having threshold κ + 1 would be a better
policy than having κ.

There is no difference in the utility return for volunteering but not being chosen to work than
for not volunteering, thus let’s study the utility return of an agent who works at state κ. Clearly,
as he works in the round he makes the decision to volunteer, the utility he loses for working is not
discounted, thus it is exactly αt. The utility he will win in the future for that present utility payoff
is γt, but as this payoff will indeed occur in a future round it has to be discounted. For the agent’s
utility, there won’t be a difference between having a scrip more or not, until the first round in which
he has to make a request but has no money to pay for it. This round he would stop from winning
γt utils. After this round the agent would have zero scrips left (either he did have that scrip or
not), thus there would be no further differences between having that extra scrip or not. Creating a
bijection of histories between similar agents playing the same policy, where one starts at state s = κ
while the other starts at s = κ + 1, we have that all histories can occur in both cases with equal
probabilities until the moment that the agent who started with κ + 1 scrips loses all his money,
which would mean that, with the same history, the other agent would have missed the possibility of
having a request satisfied because he would not have been able to pay for service. Thus, the round
in which this happen is J(κ + 1, pu, pd), which is the round in which having a scrip more or not
makes a difference for an agent who started with κ (or κ+ 1) scrips. We can state then that if the
utils αt that an agent loses for working are less than the utils that he will win for that work after
having applied the discount rate for waiting an expected amount of E[J(κ+ 1, pu, pd)] rounds (i.e.,

multiply γt by E[ϕ
J(κ+1,pu,pd)
t ]), then the work is worth it, otherwise it is not.

The lemma says that a best policy for any agent is to volunteer with κ scrips if there is any other
amount of scrips κ′ > κ in P so that it is worth earning another scrip when the agent has κ′ scrips.
This is so because the expectation of the random variable J(κ, pu, pd) is strictly increasing on κ (the
more money an agent starts with, the longer it takes until he loses it all) and as 0 < ϕt < 1 for all t, if

for some κ we have that αt � E[ϕ
J(κ,pu,pd)
t ]γt, then the inequality will not hold for any other κ′ > κ.

Reasoning in the same way we can also state that if for some κ we have that αt ≤ E[ϕ
J(κ,pu,pd)
t ]γt,

then the inequality will also hold for any other κ′ < κ. Thus, by playing the threshold policy of the
lemma, an agent volunteers at all states in which the discounted utility payoff for working is positive
and at none of the states in which it is negative. As the agent has no influence on the frequency
with which he requires service or in the utility he wins or loses when he has a request satisfied or
satisfies one, with the described policy he wins all the utils he is able to win. Hence, it is, in fact,
an optimal policy.

Now we have to prove that this threshold is independent of n and we are going to do so by
showing that the utility return of the MDP P is independent of n for any threshold policy. As the
best threshold is the one with the highest utility return, this is sufficient to prove the lemma. To
compute the utility return of the decision making agent in P, we need to know the probability of
being in a state s < k where the agent volunteers and the probability of being in a state s = 0 where
the agent cannot have a request satisfied. As the money the agent has (or the state he is at) is a
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random walk with transition probabilities pu and pd, there is a limit distribution x∗s, that is, the
long-run probabilities of having s scrips, equivalently:

x∗s = lim
r→∞

P
(
PG,~S(~k),t is at state s in round r

)
As the transition probabilities of P of the form p(s′ | s, a) only depend on pu and pd and those
probabilities only have n in their denominator, we can deduce the influence of n in the evolution
of P. In fact, a greater n will lower both the transition probabilities proportionately, but the ratio
winning/losing scrips pu/pd will not vary. This means that for high values of n, the agent will be
more rounds in the same state s on an average, but will still have the same probabilities of being at
s + 1 or s − 1 when P leaves state s. Therefore, increasing n will only slow down the evolution of
the MDP but not modify the probabilities for the agent of having more or less money. As the limit
distribution is the probability of being in a state when the rounds tend to infinity, it is not modified
by the deceleration (or acceleration) of the transitions. Hence, x∗s is independent of n. In addition,
the limit distribution has the property (as any other limit distribution) that if an agent starts at
each state s with a probability x∗s, then the probability to be in a state s′ in any round is x∗s′ . This
can easily be seen if we compute the probability of being at a state s of each round starting from the
second one. If we have that the probability of being in state s the first round is x∗s, the probability
of being in a state s′ at the second round is:

x∗s′(1− pd − pu) + x∗s′+1pd + x∗s′−1pu

Taking into account that the limit distribution fulfills the detailed balance condition x∗spu = x∗s+1pd,
we can rewrite the above expression as:

x∗s′(1− pd − pu) +
x∗s′pu
pd

pd +
x∗s′pd
pu

pu = x∗s′

Thus the probability of being at a state in the second round is the same as in the first one. With
the same argument we could compute the probability of being in a state the third round based on
the probability of the second round finding that they are the same again, and so on for all rounds.

Thus, the agent has a probability 1 − x∗0 of being able to pay for a request every round and a
probability of pd of making one, and he has a probability of 1− x∗k of volunteering every round and
a probability pu to work if he volunteers. As the agent wins γt and −αt utils for having a request
satisfied and for working respectively, his expected utility reward per round is (1 − x∗0)pdγt − (1 −
x∗k)puαt, where pd and pu are as defined above in this section. All agents of type t discount utility
payoffs with a discount rate ϕt = 1− (1− δt/n). Hence, the utility reward of P for an agent of type

47



5. EXISTENCE OF EQUILIBRIA

t endlessly playing a threshold policy with threshold k is:
∞∑
r=0

((1− x∗0)pdγt − (1− x∗k)puαt)ϕ
r
t

=

∞∑
r=0

(
(1− x∗0)

ρt
n
γt − (1− x∗k)

(
βtχt

∑
t′∈T ρt′(ft′ − d∗(t′, 0))

n
∑
t′∈T βt′(ft′ − d∗(t′, kt′))

)
αt

)(
1− 1− δt

n

)r
=

1

n

(
(1− x∗0)ρtγt − (1− x∗k)

(
βtχt

∑
t′∈T ρt′(ft′ − d∗(t′, 0))∑

t′∈T βt′(ft′ − d∗(t′, kt′))

)
αt

)(
1

1−
(
1− 1−δt

n

))

=
1

n

(
(1− x∗0)ρtγt − (1− x∗k)

(
βtχt

∑
t′∈T ρt′(ft′ − d∗(t′, 0))∑

t′∈T βt′(ft′ − d∗(t′, kt′))

)
αt

)(
n

1− δt

)
=

(1− x∗0)

1− δt
ρtγt −

(1− x∗k)

1− δt

(
βtχt

∑
t′∈T ρt′(ft′ − d∗(t′, 0))∑

t′∈T βt′(ft′ − d∗(t′, kt′))

)
αt

which is independent of n, and if the utility reward of every threshold policy is independent of n,
then the threshold that makes a policy optimal is also independent of n.

We can see by lemma 5.4 that any policy that fulfills the expression of this lemma is an op-
timal policy. In the proof it is clear that if a threshold does not fulfill this expression, it is not
optimal. Usually, there will be a unique policy that is optimal, only if there is a κ for which

αt = E[ϕ
J(κ+1,pu,pd)
t ]γt. In this case, both κ and κ− 1 are optimal thresholds.

We have analyzed the MDP P and the best policy for it, now we will see what implication this
Markov Decision Process and its best policy have for our model.

5.2 An ε-Nash equilibrium

In the previous subsection we have created a Markov Decision Process by fixing the strategies of all
agents but one and making some simplifications in the model. Now we are going to see that the
best policy for that MDP is an ε-best strategy in the game, which means that for any ε > 0, if there
are enough agents in the system, the utility reward for playing a strategy that is the best policy
in P is within a distance ε to the utility reward for playing the best possible strategy in the game.
After proving this, we will show that if all agents played this ε-best strategy, there would be an
approximate equilibrium in which no agent would have reasons to act differently. Thus, the system
would reach a stable situation that would hold indefinitely long.

In P we fixed the strategy of all agents but one to see how this last agent would have to act to
optimize his utility reward. Nevertheless, in the system, all agents are able to change their strategy.
In fact, when some agents act in some way, others may react to adapt their strategy to the other
agents’ way of playing, but of course there could be another response of a third group of agents (or
of the first one) to adapt their strategy to this reaction. This could go on indefinitely. Recall that
~U(~S) is the vector of the expected discounted utility reward of all agents when the strategy profile
~S is played and that (S′i,

~S−i) is the strategy profile that is similar to ~S except for agent i that plays

S′i. Now we define a function we will call best reply BRG(~k) = ~k′, where k′t is the threshold that

optimizes Ui(S(k′t), ~S(~k)−i), for all agents i of type t.
Now we are ready to establish a relationship between the Markov Decision Process P and the

game. The theorem below says that with high enough n and δt, a best policy for PG,~S(~k),t is an

ε-best reply for an agent i of type t to the strategy profile ~S(~k)−i in a game G.
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Theorem 5.2. Let kPt be the threshold that is optimal for PG,~S(~k),t. Let a threshold ki be an ε-best

reply for an agent i of type t to a strategy profile ~S(~k) if the following holds:

Ui

(
S(BRG(~k)t), ~S(~k)−i

)
− Ui

(
S(ki), ~S(~k)−i

)
< ε

Then, for all games G = (T, ~f, n,m), all vectors ~k of thresholds and all ε > 0, there exist a δ∗ε and

an n∗ε,δt , so that for all agent types t, all δt > δ∗ε and all n > n∗ε,δt consistent with ~f , the threshold

kPt is an ε-best reply to ~S(~k).

Proof. By lemma 5.3 we know that PG,~S(~k),t has an optimal threshold policy, whose threshold is

defined in lemma 5.4. However, this does not prove that a threshold strategy with that same
threshold is optimal for an agent of type t in the game G. In fact, we cannot say there is one fixed
optimal strategy in G as we say it about P because in the game, the strategies of all agents are
not fixed and the optimal strategy of one of them depends on the strategies the rest of the agents
are using. Therefore we talk about best responses, that are the optimal strategies for each agent if
the rest of the agents play a certain strategy. Even so we cannot say that the optimal policy for
PG,~S(~k),t is a best reply for an agent i of type t in G when all other agents play ~S(~k)−i, because of

the simplifications made when we defined P. However, we show in this proof that the differences
between G and P are arbitrarily small for high enough values of n. Therefore, their impact on
the utility reward becomes arbitrarily small as well and we can prove the statement of the lemma.
We are going to show below that the differences in the expected utility for each one of the four
simplifications we made can be smaller than ε/4 for all ε > 0, thus the sum of the differences in the
utility reward will be smaller than ε, which is sufficient to prove the lemma.

The first simplification made is the assumption that the distribution of wealth is always d∗.
Nevertheless, theorem 4.2 only ensures that (1) the distribution is close but not necessarily d∗, (2)
the distribution is close with a high probability and (3) the distribution is close after a number
of rounds. This means that there exists a probability of making a mistake for assuming that the
distribution is d∗ when it is not. This mistake could lead to have an agent volunteer when he should
not, mistake for which he could pay a loss of at most αt utils (if he worked unnecessarily and never
spent that scrip). Another possible consequence of assuming the distribution is d∗ when it is not
is that the agent could decide not to volunteer when he should, which could lead to a loss of no
more than γt − αt utils, as he would safe αt utils but would stop from winning γt if he couldn’t
have a request satisfied later (in fact, the loss is smaller than that subtraction, as we would need to
discount γt). Thus, if an agent makes a mistake it leads to a loss of no more than max(αt, γt − αt)
utils. However, the closer the distribution of wealth to d∗, the smaller the probability of making a
mistake for assuming the distribution is d∗. This is so because the assumption is used by the agents
to calculate how hard it will be to earn more scrips in the next rounds; clearly, with distributions
close to d∗, it will be nearly as hard as with d∗. The loss per round in the expected utility for
assuming the distribution of wealth is and will be d∗ is bounded by max(αt, γt − αt) multiplied
by the probability of making a mistake with the real distribution. By theorem 4.2 we can make
this probability arbitrarily small making n greater, as we can reduce the probabilities of being in
a distribution that is not within a distance ε1 of d∗ to ε1 for any values of ε and ε. This makes
the impact of points (1) and (2) of this first simplification negligible. In addition, agents with high
values of δ can disregard the effects on utility of the rounds until the distribution is close to d∗, as
these are a finite number of rounds in an infinite game. Hence, there exist values of n and δ for
which the loss of the expected utility in any game G caused by the first simplification of P is smaller
than ε/4.
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The second simplification of P is that, every round, the expected number of agents that is
included in the set V ′ of agents able and willing to deliver service is equal to nβt′(ft′ − d∗(t, kt′))
agents of each type t′. In the game, the number of agents that are able to satisfy the request may
vary because (1) of the stochastic decision by nature in which the probability for every agent of

being included in V is independent of every other agent (for example, with a probability of β
nft′
t′ , all

agents of type t′ would be able to satisfy a request) and (2) because an agent cannot satisfy his own
request. The second point is clearly negligible when n grows large, as the expectation of the number
of agents of his type t is (ft − d∗(t, kt)) − 1/n. The first point (1) also becomes arbitrarily small
for high values of n because of the concentration phenomenon explained in the previous section. In
fact, we can compare the agents included in V ′ with the example of the square divided in smaller
squares shown in figure 8, where each grey square represents one agent of type t included in V ′,
the probability of having a grey square are βt and not 50% and the number of small squares is nft
instead of 4, 16 or 64 as in the example. With this comparison we can easily see that the probability
of having the expected (or an arbitrarily close to the expected) number of agents in V ′ tends to
one when n grows large. Therefore, there exists an n for which the loss of the expected utility in G
caused by the second simplification of P is smaller than ε/4.

The third simplification is that the set V ′ willing and able to satisfy a request has always at least
one agent. Taking into account the other simplifications, the probability of having at least one agent
in V ′ is 1−

∏
t′∈T (1− βt′)n(ft′−d

∗(t′,kt′ )), which clearly tends to one when n tends to infinity. The
loss in the expected utility is the γt utils the agent keeps from winning when V ′ is empty multiplied
by the probability of having an empty V ′. For this reason, we can make this loss arbitrarily low by
increasing n. Thus, for some n it is smaller than ε/4.

The fourth and last simplification is that while in P it would be possible that the agent made
a scrip per round, in the game G, the agent cannot make a scrip the rounds in which he makes a
request. This has a loss on the expected utility of at most γt−αt (γt for having a request satisfied and
−αt for working) multiplied by the probability of making a request for the agent, i.e., (γt−αt)ρt/n.
Again, the loss tends to zero when n grows large, thus for some n it will be smaller than ε/4.

To sum up, whatever the best response for the game G is, we see that the policy with which an
agent optimizes his expected utility for P is almost as good in G as in P itself. In fact, for high
values of n and δt, the difference in the expected utility return for playing G or P is arbitrarily
close to zero. As it is not possible to win more utility in the game than in the MDP, because the
simplifications made to create the MDP only increase the expected utility, the best strategy in G
can be at most as good as the best policy in P. We just showed that playing a threshold strategy
with the optimal threshold for P has an arbitrarily small loss in the expected utility, thus its U is
at least arbitrarily close to the one of the best reply (and possibly it the best reply itself).

To conclude, let δε be a δt such that the loss in the utility of the first simplification becomes
smaller than ε/4 for some n, let n∗ε,δt be the highest n of the four that make each simplification
smaller than ε/4. For this values the statement of the lemma is fulfilled.

Now that we have proved that the best policy in the Markov Decision Process is an ε-best reply
to the vector of thresholds of other agents ~k, we will study how this best reply depends on other
variables and how the distribution of wealth is influenced by the vector of thresholds.

Our aim in this section is to prove that there exists an approximate equilibrium when all agents
play threshold strategies. An equilibrium means that the game reaches a point in which no agent
changes his strategy. This only can happen when no agent has an incentive to change his strategy,
i.e., every agent is playing the best reply to the strategy of all the other agents (which is, in fact,
the best reply to his strategy and the ones of the other agents). This is the definition of a Nash-
equilibrium.
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To understand better the idea of a Nash-equilibrium, we will show a well known example of
a simple game called the Prisoner’s Dilemma. This game represents two persons that have been
arrested for committing some crime, put in separate rooms and offered the same deal: a sentence
reduction if they give away their partner. The sentence of each prisoner only depends on whether
they cooperate with the police and whether their partner cooperates as well, betraying them. If no
prisoner gives his partner away, they would both be sentenced to one year in prison. If one prisoner
would betray his partner but not be betrayed by him, he would be left free immediately while his
partner would be sentenced to five years in prison. In the last case in which both prisoners betrayed
each other, they would both be sentenced to four years in prison. We call y(a | a′) the function whose
values are the years of prison a prisoner is sentenced to for performing the action a when his partner
performs the action a′, and we say that a = 0 means not to cooperate and a = 1 means to cooperate.
We have then, that for both players y(0 | 0) = 1, y(1 | 0) = 0, y(0 | 1) = 5 and y(1 | 1) = 4. We
assume that the only goal of both players is to minimize the years they are sentenced to and that no
player has an influence on the action of his partner. Clearly, y(0 | 0) > y(1 | 0), thus the best reply
to not being betrayed is to betray, i.e., BR(0) = 1. We also see that y(0 | 1) > y(1 | 1), thus the best
reply to being betrayed is also to betray, BR(1) = 1. If this game were played periodically by the
same players, we would say that there is a Nash-equilibrium in strategy profile (1, 1) (where both
agents give their partner away), as there is no reason for which an agent would change his strategy
when he is betraying. With the same reasoning there is no further equilibrium in the Prisoner’s
Dilemma, as any agent doing action 0 (not cooperating) has an incentive to change his strategy to
1 (cooperating), namely, one year less in prison. Note that an equilibrium exists if a strategy profile
is the best reply to itself.

In our game G, a Nash-equilibrium exists for a strategy profile ~S if BRG(~S(~k)) = ~S(~k), i.e., that

for all types t, BRG(~S(~k))t = S(kt). We say that an ε-Nash equilibrium exists for a strategy profile
~S if for each type, S(kt) is an ε-best reply to ~S(~k), in other words, in an ε-Nash equilibrium no agent
has an incentive greater than ε to change his strategy, for all ε > 0.

Before we can prove that such an equilibrium exists in our game, we have to establish how the
parameter λ, the probability pu and the function BRG depend on the average money per agent m
and the vector of thresholds k. This is what we do in the following lemma.

Lemma 5.5. For all games G = (T, ~f, n,m) and all strategies ~S(~k) such that m <
∑
t∈T ftkt, we

have that:

• The parameter λ is increasing in m and decreasing in ~k.

• The probability pu is increasing in m and decreasing in ~k.

• The threshold kPt that is an optimal policy for PG,~S(~k),t is nonincreasing in m and nondecreas-

ing in ~k.

Proof. We will start by proving that λ is increasing in m. Let g~k(λ) be the following function:

g~k(λ) =
∑
t∈T

kt∑
l=0

l
ft(λωt)

l∑kt
l′=0(λωt)l

′

By the definition of λ in lemma 4.6, we have that for all m, m = g~k(λ). We now show that g~k(λ) is
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strictly increasing in λ for all 0 < m <
∑
t∈T ftkt by deriving g~k(λ):

d

dλ
g~k(λ) =

d

dλ

∑
t∈T

kt∑
l=0

l
ft(λωt)

l∑kt
l′=0(λωt)l

′

=
∑
t∈T

kt∑
l=0

(
l2ftλ

l−1ωlt

kt∑
l′=0

(λωt)
l′ − lftλlωl

kt∑
l′=0

l′λl
′−1ωl

′

t

)
1(∑kt

l′=0(λωt)l
′
)2

=
∑
t∈T

1(∑kt
l′=0(λωt)l

′
)2

kt∑
l=0

(
kt∑
l′=0

l(λωt)
l′ −

kt∑
l′=0

l′(λωt)
l′

)
l
ft
λ

(λωt)
l

=
∑
t∈T

ft

λ
(∑kt

l′=0(λωt)l
′
)2

kt∑
l=0

kt∑
l′=0

l(l − l′)(λωt)l+l
′

Clearly, ft/λ
(∑kt

l′=0(λωt)
l′
)2

is always positive. We can see that
∑kt
l=0

∑kt
l′=0 l(l − l′)(λωt)l+l

′
is

always positive as well if we think that in each negative summand of the form l(l−l′)(λωt)l+l
′
, we have

that l′ > l. Thus, all negative summands can be written in the following way: l−(l−−l′+)(λωt)
l−+l′+ ,

where l′+ > l−. However, for each negative summand there will be another positive one where l = l′+

and l′ = l−. We can put it in the following way: l+(l+−l′−)(λωt)
l++l′− , where l+ = l′+ and l′− = l−.

Therefore, we can write the expression
∑kt
l=0

∑kt
l′=0 l(l − l′)(λωt)l+l

′
as a sum of a number of pairs

of summands, where one summand of each pair is positive and the other negative, as shown below
(recall that l+ = l′+ and l′− = l−):

kt∑
l=0

kt∑
l′=0

l(l − l′)(λωt)l+l
′

=
∑(

l+(l+ − l′−)(λωt)
l++l′− + l−(l− − l′+)(λωt)

l−+l′+
)

=
∑(

l+(l+ − l′−)(λωt)
l++l′− − l−(l′+ − l−)(λωt)

l−+l′+
)

=
∑

(l+ − l−)(l+ − l′−)(λωt)
l++l′−

=
∑

(l+ − l−)2(λωt)
l++l′−

> 0

Hence, the derivative of g~k(λ) is always positive, which means that g~k(λ) is strictly increasing in λ.
For this reason, for two values m and m′, where m′ > m, we have that g~k(λ) = m < m′ = g~k(λ′),
where λ′ is necessarily greater than λ. It follows that λ is increasing in m.

We are now going to prove that λ is decreasing in ~k by showing that for a ~k+ > ~k, we have that
g~k+(λ) > g~k(λ). This means that the amount of money in the game would increase if λ remained
constant after some agents decided to increase their threshold. To maintain the same amount of
money in the game, as λ is increasing in m, we have that λ decreases to compensate the effect of ~k
on m, i.e., so that g~k+(λ′) = g~k(λ), we necessarily have that λ′ < λ. Thus, it suffices to show that

g~k+(λ) > g~k(λ). Let ~k+ be a vector of threshold that is equal to ~k except for some type of agents

t∗, for which k+
t∗ = kt∗ + 1. Now we divide the function g~k(λ) in the following way:

g~k(λ) =
∑
t∈T

kt∑
l=0

l
ft(λωt)

l∑kt
l′=0(λωt)l

′
=

∑
t6=t∗∈T

kt∑
l=0

l
ft(λωt)

l∑kt
l′=0(λωt)l

′
+

kt∗∑
l=0

l
ft∗(λωt∗)

l∑kt∗
l′=0(λωt∗)l

′
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While for g~k+(λ) we have that:

g~k+(λ) =
∑
t∈T

kt∑
l=0

l
ft(λωt)

l∑kt
l′=0(λωt)l

′
=

∑
t6=t∗∈T

kt∑
l=0

l
ft(λωt)

l∑kt
l′=0(λωt)l

′
+

kt∗+1∑
l=0

l
ft∗(λωt∗)

l∑kt∗+1
l′=0 (λωt∗)l

′

We can see that g~k(λ) and g~k+(λ) only differ in the sum related to type t∗. Now, observe the following
sequence of expressions, where each expression follows from the previous one. The equality turns
into an inequality when the left hand side (which is positive) is multiplied by (kt∗ + 1) while the
right hand side is multiplied by l ≤ kt∗ .

ft∗ =

kt∗∑
l=0

ft∗(λωt∗)
l∑kt∗

l′=0(λωt∗)l
′

=

kt∗+1∑
l=0

ft∗(λωt∗)
l∑kt∗+1

l′=0 (λωt∗)l
′

kt∗∑
l=0

ft∗(λωt∗)
l∑kt∗

l′=0(λωt∗)l
′

=

kt∗∑
l=0

ft∗(λωt∗)
l∑kt∗+1

l′=0 (λωt∗)l
′

+
ft∗(λωt∗)

kt∗∑kt∗+1
l′=0 (λωt∗)l

′

ft∗(λωt∗)
kt∗∑kt∗+1

l′=0 (λωt∗)l
′

=

kt∗∑
l=0

ft∗(λωt∗)
l∑kt∗

l′=0(λωt∗)l
′
−

kt∗∑
l=0

ft∗(λωt∗)
l∑kt∗+1

l′=0 (λωt∗)l
′

(kt∗ + 1)
ft∗(λωt∗)

kt∗∑kt∗+1
l′=0 (λωt∗)l

′
>

kt∗∑
l=0

l
ft∗(λωt∗)

l∑kt∗
l′=0(λωt∗)l

′
−

kt∗∑
l=0

l
ft∗(λωt∗)

l∑kt∗+1
l′=0 (λωt∗)l

′

kt∗∑
l=0

l
ft∗(λωt∗)

l∑kt∗+1
l′=0 (λωt∗)l

′
+ (kt∗ + 1)

ft∗(λωt∗)
kt∗∑kt∗+1

l′=0 (λωt∗)l
′
>

kt∗∑
l=0

l
ft∗(λωt∗)

l∑kt∗
l′=0(λωt∗)l

′

kt∗+1∑
l=0

l
ft∗(λωt∗)

l∑kt∗+1
l′=0 (λωt∗)l

′
>

kt∗∑
l=0

l
ft∗(λωt∗)

l∑kt∗
l′=0(λωt∗)l

′

∑
t6=t∗∈T

kt∑
l=0

l
ft(λωt)

l∑kt
l′=0(λωt)l

′
+

kt∗+1∑
l=0

l
ft∗(λωt∗)

l∑kt∗+1
l′=0 (λωt∗)l

′
>

∑
t6=t∗∈T

kt∑
l=0

l
ft(λωt)

l∑kt
l′=0(λωt)l

′
+

kt∗∑
l=0

l
ft∗(λωt∗)

l∑kt∗
l′=0(λωt∗)l

′

∑
t∈T

k+t∑
l=0

l
ft(λωt)

l∑k+t
l′=0(λωt)l

′
>
∑
t∈T

kt∑
l=0

l
ft(λωt)

l∑kt
l′=0(λωt)l

′

g~k+(λ) > g~k(λ)

Thus, every time we increase the threshold of a type in one, the function g~k(λ) increases. Therefore,

for any ~k′ > ~k we have that g~k′(λ) > g~k(λ). Nevertheless, to maintain the amount of money in the
game constant when a type of agent increases its threshold, we need that g~k′(λ

′) = g~k(λ) = m, and

as λ is increasing in m (as proved before), it follows that λ′ < λ. Hence, λ is decreasing in ~k.
Recall that pu and pd are the probabilities of an agent of type t to earn a scrip and to lose

it, respectively, in a round in which he volunteers in the Markov Decision Process PG,~S(~k),t. To

show that the dependence of pu on m and ~k are the same as for λ, we are simply going to show
that pu = λωtpd, where both ωt = (βtχt)/ρt and pd = ρt/n are clearly independent of m and ~k.
The sequence of expressions below shows this equality, where the first expression is taken from the
definition of pu in subsection 5.1, and the rest follows taking into account that by the definition of
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the distribution d∗ in lemma 4.6, we have that ft =
∑kt
l=0 d

∗(t, l) and d∗(t, l) = λωtd
∗(t, l − 1).

pu =
βtχt

∑
t′∈T ρt′(ft′ − d∗(t′, 0))

n
∑
t′∈T βt′χt′(ft′ − d∗(t′, kt′))

=
βtχt

∑
t′∈T

∑kt′
l=1 ρt′d

∗(t′, l)

n
∑
t′∈T

∑kt′−1
l=0 βt′χt′d∗(t′, l)

=
βtχt

∑
t′∈T

∑kt′−1
l=0 ρt′λωt′d

∗(t′, l)

n
∑
t′∈T

∑kt′−1
l=0 βt′χt′d∗(t′, l)

=
βtχtλ

∑
t′∈T

∑kt′−1
l=0 χt′βt′d

∗(t′, l)

n
∑
t′∈T

∑kt′−1
l=0 βt′χt′d∗(t′, l)

=
βtχtλ

n
= λωtpd

Thus, just like λ, pu is increasing in m and decreasing in ~k.
Finally, we are going to prove the monotonicity of the threshold kPt that is an optimal policy

for PG,~S(~k),t. By lemma 5.4, the optimal threshold for the MDP is the highest κ for which αt ≤
E[ϕ

J(κ+1,pu,pd)
t ]γt, where J(κ + 1, pu, pd) is the random variable whose value is the first round in

which the decision making agent of P runs out of money if he started with κ+1 scrips at round zero
and played a threshold policy with threshold κ + 1. Thus, if the probability of earning a scrip pu
increased, the expected value of the random variable J would also increase. This is so because the
probability of losing scrips is equal for two agents whose only difference is that p′u > pu, thus they will
lose money at the same speed. But as the agent with probability p′u of earning money will be more
likely to win scrips, he will also be more likely to hold longer until the first round in which he runs

out of money. Thus, E[J(κ+ 1, pu, pd)] is increasing in pu, as 0 < ϕt < 1 for all t, E[ϕ
J(κ+1,pu,pd)
t ]

is decreasing in pu and finally max(κ ∈ N+ | αt ≤ E[ϕ
J(κ+1,pu,pd)
t ]γt) is nonincreasing in pu (it is

nonincreasing and not decreasing because κ must be a natural number, thus E[ϕ
J(κ+1,pu,pd)
t ] may

decrease without changing the value of the highest κ for which the inequality holds). Because of

the monotonicity of pu in m and ~k, we conclude that the optimal threshold kPt for PG,~S(~k),t is

nonincreasing in m and nondecreasing in ~k.

Finally, we show one last simple lemma before proving there exists an ε-Nash equilibrium in the
game.

Lemma 5.6. For all games G = (T, ~f, n,m), there exist a δ∗ < 1 such that if for all types t, we

have that δt > δ∗, then there exist a pair of vectors of thresholds ~k+ and ~k−, where ~k+ > ~k−, such
that ~k+ is an ε-best reply to strategy profile ~S(~k−) for all types of agents.

Proof. We prove that no matter how high a threshold is, a higher threshold is an ε-reply to it for an
agent of type t when δt tends to one. This is sufficient to prove the lemma, as we can choose a δ∗

as closed to one as desired, and for this δ∗, there would be a pair that fulfills the statement of the
lemma.

Now, choose a threshold ~k− such that m <
∑
ftkt

. By theorem 5.1, the optimal policy for the

MDP PG,~S(~k−),t is an ε-best reply for an agent of type t to the strategy profile ~S(~k−) in the game
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G, by lemma 5.3 this policy is a threshold policy and by lemma 5.4, a threshold that is optimal for
P is defined by:

k = max
(
κ ∈ N+ | αt ≤ E[ϕ

J(κ+1,pu,pd)
t ]γt

)
where t is the decision making agent’s type. The random variable J(κ, pu, pd) has a finite value
when κ is finite and pd greater than zero. Clearly, we have that pd = ρt/n > 0, thus for a chosen
threshold k−t and the value of ϕt of lemma 3.1 we have that:

lim
δt→1

E[ϕ
J(k−t +2,pu,pd)
t ]γt

= lim
δt→1

E

[(
1− 1− δt

n

)J(k−t +2,pu,pd)
]
γt

=E[1J(k−t +2,pu,pd)]γt

=γt

Thus, when δt approaches 1, then E[ϕ
J(κ+1,pu,pd)
t ]γt approaches γt for κ = k−t +1, and by definition,

γt > αt for all types. It follows that for each type t there exists a δt such that for the threshold k+
t

that is an ε-best reply to the strategy profile ~S(~k−), we have that:

k+
t = max

(
κ ∈ N+ | αt ≤ E[ϕ

J(κ+1,pu,pd)
t ]γt

)
≥ k−t + 1 > k−t

Hence, take δ∗ = maxt δt and the statement of the lemma is fulfilled.

We finish the section by proving the existence of an equilibrium in the system. More precisely,
we prove that there exist an ε-Nash equilibrium in the game. In fact, we have always known there
is one, namely, the equilibrium in the strategy profile ~S(~0). But this equilibrium is of no interest to
us and we have therefore overlooked it. Our aim is to find an ε-Nash equilibrium when threshold
strategies are played with the vector of thresholds greater than zero, i.e., ~k > 0.

Theorem 5.3. For all games G = (T, ~f, n,m) and all ε > 0, there exist a n∗ and a δ∗, such that

if δt > δ∗ for all types t ∈ T , we have that for all n > n∗ consistent with ~f there exists a vector of
thresholds ~k > 0, such that there exists an ε-Nash equilibrium in the strategy profile ~S(~k).

Moreover, there exists a maximum among such vectors, i.e., one out of all vectors of thresholds ~k
for which there is an ε-Nash equilibrium in ~S(~k) is greater than all the others (each of its components
is greater than or equal to the same component of any other vector).

Proof. The proof of the theorem is based on ε-best reply dynamics, which consists in computing an
ε-best reply of a starting strategy profile, and then the ε-best profile to this new strategy profile.
We will show that a non-trivial equilibrium (with ~k > 0) is reached by repeating this process a finite
number of times. An ε-Nash equilibrium is reached when a strategy profile is an ε-best reply to
itself. The way of reaching it is by starting in a strategy profile in which all agents volunteer always
(which can be considered a threshold strategy with threshold ∞) and computing an ε-best reply to
it, which is a threshold strategy. Then we apply the ε-best reply dynamics and show that in each
iteration the ε-best reply is a threshold that is smaller than or equal to the last one. Then, as there
exists a pair of vectors of thresholds such that the greater is an ε-best reply to the strategy profile
of the smallest, there will necessarily be a threshold that is an ε-best reply to itself.

First we show that there is an ε-best reply to the strategy profile ~S∞, where all agents always
volunteer. We cannot apply the lemmas and theorems of section 4 about the distribution of wealth,
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as the thresholds of the agents need to be finite for them to hold, but we do can make a Markov
Decision Process PG,~S∞,t, equivalent to PG,~S(~k),t except for the probability of winning a scrip. We

would still have that p′d = pd = ρt/n > 0 for all types (we denote by p′u and p′d to the same
probabilities pu and pd of the MDP PG,~S∞,t). Nevertheless, as there is no static distribution of

wealth for the strategy profile ~S∞, the p′u of PG,~S∞,t cannot be the same as for PG,~S(~k),t. However,

because of the definition of pu, we can take the following value of p′u:

p′u =
βtχt

∑
t′∈T ρt′d

+
t′

n
∑
t′∈T βt′χt′ft′

This expression is equal to the definition of pu for PG,~S(~k),t, with d∗(t, kt) = 0 for all t, as no agent is

on his threshold and where ft−d∗(t, 0) is substituted for d+
t , which is the proportion of agents of type

t with money. Without a static distribution of wealth for S∞, d+
t can take an arbitrary value (from

the possible ones). Let’s take the unlikely case in which in which only one agent has money and let’s
say, in addition, that this agent is of the type tmin with the smallest ρt, i.e., tmin = arg mint ρt. Then,
we would have the worst possible conditions to earn money, namely that d+

t = 0 for all t 6= tmin and
d+
tmin = 1/n. Thus:

p′u =
βtχtρtmin

n2
∑
t′∈T βt′χt′ft′

Note that this is the smallest possible p′u, which is also smaller than any possible pu of PG,~S(~k),t.

Now, as the proof of lemma 5.3 is independent of the existence of a static distribution of wealth,
we can apply it to PG,~S∞,t, and with the described values of p′u and p′d, the expression of the best

policy of lemma 5.4 also holds for PG,~S∞,t (the formula for the best threshold holds, but not the

independence of n). Hence, there is a threshold ~kmax that is an optimal policy for PG,~S∞,t and,

by theorem 5.2, also an ε-best reply for the strategy profile ~S∞ in the game G. We denote this
threshold by ~kmax because, as p′u is the smallest possible and J(κ, pu, pd) is increasing in pu and in

κ, ~kmax is the greatest optimal threshold for any MDP PG,~S∞,t or PG,~S(~k),t. For this reason, we

have ~kP ≤ ~kmax, where we denote by ~kP the vector of thresholds where kPt is an optimal policy

for the MDP PG,~S(~kmax),t (and therefore also an ε-best reply to the strategy profile ~S(~kmax) for an

agent of type t in the game G). If ~kP = ~kmax, then there would be an ε-Nash equilibrium for this

vector of thresholds and we would have finished. If ~kP < ~kmax, we compute the vector of thresholds
~kP′ that is an ε-best reply to the strategy profile ~S(~kP) by computing the optimal threshold policy

for the MDP PG,~S(~kP),t for all t. By lemma 5.5, each component of ~kP′ is nondecreasing in ~kP .

Considering that ~kP < ~kmax and that the vector of thresholds ~kP is an ε-best reply to ~S(~kmax), we

necessarily have that ~kP′ ≤ ~kP . If ~kP′ = ~kP we would have finished. Otherwise, we would keep on
making ε-best reply dynamics finding every time the vector of thresholds that is an ε-best reply to
the previous one and where each vector of thresholds is smaller than or equal to the previous one.
There are two possible outcomes:

• No equilibrium is found until all the components of the vector of thresholds become equal to
zero. In this case, there would not exist a pair of thresholds such that the greater is an ε-best
reply to the strategy profile of the smaller.

• an equilibrium is found for some vector of thresholds that is greater than the vector of zeros.
In this case there may (or not) exists a pair of thresholds such that the greater one is an ε-best
reply to strategy profile of the smaller one.
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As by lemma 5.6 there exist a δ∗ < 1 and a n∗, such that if δt > δ∗ for all types t, then for all n > n∗

consistent with ~f , there exist a pair of vectors of thresholds where the greater is an ε-best reply to
the strategy profile of the smaller one for all types of agents, there must exist at least one threshold
~k such that it is an ε-best reply of the strategy profile to itself. Therefore, by the conditions of the
theorem, there exists an ε-Nash equilibrium.

This procedure of ε-best reply dynamics also ensures that each component of the vector of
thresholds of the ε-Nash equilibrium reached when starting in the strategy profile ~S∞ is greater than
or equal to the same component of any other threshold of vectors for which an ε-Nash equilibrium
exists. This is so because of the monotonicity of the optimal threshold policy for PG,~S(~k,t) in k.

Every iteration made in the ε-best reply dynamics leads to a new vector that is smaller than or
equal to the previous one. If there were not a greater vector, we would have that for two types t1
and t2 there would exist two vectors k and k′ of thresholds for which an equilibrium exist, such that
kt1 > k′t1 and kt2 < k′t2 . However, this is not possible, because in the ε-Nash equilibrium, kt1 is
the ε-best reply to a strategy profile where the agents of type t2 play threshold kt2 and k′t1 to one
in which they play k′t2 . By lemma 5.5, the threshold of an ε-best reply cannot decrease when the
threshold of other agents increase.

Hence, all statements of the theorem are proved.
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Equilibrium and Staticity of Monetary Systems

6 Game extensions

6.1 Interest rate

We have seen the behaviour of the described system and proved that an equilibrium exists when
threshold strategies are played by all agents. In this section we will see how this system would change
if some simple variations were made. In fact, we will show the flexibility of the previous results by
applying them to a similar game where some modifications are made to add realism. Some lemmas
and theorems will hold while others will not. We will see that the ones that don’t hold for the
new game can be applied when we make simple modifications on the statements of the lemmas or
theorems.

In this first subsection we will add a feature to all agents that we will call the interest rate.
Although in the previous section we have proved that a threshold strategy is an ε-best reply to the
thresholds of other agents, it seems unrealistic to think that an agent always volunteers when he
is under his threshold and never when he is over it. In real systems, looking for work takes time
and it is reasonable to think that an agent with no money looks for work with more interest as an
agent who is one scrip under his threshold. Therefore, we consider the possibility of designing a
model in which agents decide if they work depending not only on the binary fact of being under
their threshold or not, but also depending on the amount of money that they have at the moment
of the decision. We could represent this interest with a probability, so that an agent with no money
would look for work with a higher probability than if he had some scrips, even if he were under
his threshold in both situations. Clearly, this difference in the interest of looking for work would
depend on the agents, and as proved above, it would not be an optimal strategy to have the decision
of working be random, but we cannot expect real agents to always play the best possible strategy.
Nevertheless, if we consider this factor as something on which the agents have no influence on, we
could still have an optimal strategy, at least from a mathematical point of view. Moreover, the
interest rate added to the game can also capture a system in which agents with less money are more
likely to be chosen to work when they volunteer. Actually, it is not unreasonable to think that a
system designer decided to prioritize the selection of agents with less money in order to have the
least amount of unfulfilled requests.

Therefore we define for every type of agent an interest rate ξt : N+ → R, that is a function where
0 < ξt(h) ≤ 1 for all h, such that every agent i with xi scrips has a probability 1 − ξτ(i)(xi) of not
being considered to satisfy the request because of lack of interest, in other words, not to be included
in the set V at a node of the form Ψ(r, 2, ~x, ~u, i) (at the phase two of the round). We create a new

kind of game G. = (T ., ~f , n,m), where T . is a set of tuples of the form (αt, βt, γt, δt, ρt, χt, ξt). The
gameplay operation of a game G. is as described in subsection 3.2 except for the phase two of each
round. The process of creating the set V of agents able to satisfy the request is divided in two parts:
first, a set of interested agents V . is created, where each agent i has a probability of ξτ(i)(xi) to be
included in V .. Then, the set V of agents is created out of the agents in the set V ., where each
agent i in V . is included in V with probability βτ(i).

The impact of this modification on our previous results is not not too big, note that it only
influences the selection of the agents into the set V , thus only those lemmas or theorems that are
somehow dependent of this set will be influenced by the change. But as we can see in the following,
with some simple changes in the definition of variables all our results hold true:

Lemma 6.1. All the theorems and lemmas described in this work hold for all games of the form
G. = (T ., ~f , n,m) if we make the following modifications:
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• For lemma 4.2, we have that:

π(~x) =

∏n
i=1

(
ωxiτ(i)

∏xi−1
h=0 ξτ(i)(h)

)
∑
~z∈X

∏n
i=1

(
ωziτ(i)

∏zi−1
h=0 ξτ(i)(h)

) instead of π(~x) =

∏n
i=1 ω

xi
τ(i)∑

~z∈X
∏n
i=1 ω

zi
τ(i)

• For lemma 4.4, we have that:

q(t, l) =
(ωt)

l
∏l−1
h=0 ξt(h)∑

t′∈T
∑kt′
l′=0

(
(ωt′)l

′∏l′−1
h=0 ξt(h)

) instead of q(t, l) =
(ωt)

l∑
t′∈T

∑kt′
l′=0(ωt′)l

′

• For lemma 4.6, we have that:

d∗(t, l) =
ft(λωt)

l
∏l−1
h=0 ξt(h)∑kt

l′=0

(
(λωt)l

′∏l′−1
h=0 ξt(h)

) instead of d∗(t, l) =
ft(λωt)

l∑kt
l′=0(λωt)l

′

where λ is the unique value such that the equality that holds is:

m =
∑
t∈T

kt∑
l=0

lft(λωt)
l
∏l−1
h=0 ξt(h)∑kt

l′=0

(
(λωt)l

′∏l′−1
h=0 ξt(h)

) instead of m =
∑
t∈T

kt∑
l=0

lft(λωt)
l∑kt

l′=0(λωt)l
′

• We have that the probability pu that an agent i has of earning a scrip given that he volunteers,
used in lemma 5.4 and 5.5, is a function of the state s of the MDP, where:

pu(s) =
βτ(i)χτ(i)ξτ(i)(s)

∑
t∈T ρt(ft − d∗(t, 0))

n
∑
t∈T βtχtξt(s)(ft − d∗(t, kt))

instead of pu =
βτ(i)χτ(i)

∑
t∈T ρt(ft − d∗(t, 0))

n
∑
t∈T βtχt(ft − d∗(t, kt))

Proof. Clearly, the added feature ξt(h) only plays a role in the creation of the set V . Therefore, only
those lemmas and theorems for which this set is relevant can be influenced by the game modification.
In fact, ξ can be seen as a specific kind of β that is dependent on the money that the agent has.
Note that the game G., where a type t has features β.t and a constant interest rate ξt(h) = C for
all h, could be simplified to a game G, with no interest rate, where βt = β.t ξt(s) = Cβ.t . Thus, the
only relevant characteristic of the interest rate is its dependence on the money (otherwise the game
doesn’t change).

All lemmas and theorems whose statements are not related to β won’t be related to ξ(h). When
there is an expression in which we have a β it must be substituted for the same expression, changing
β for βξ(h). Finally, when an expression includes βl, it must be substituted by βl

∏l−1
h=0 ξ(h), as it

will be an expression related to the difficulty of earning l scrips (for this reason we have to take the
ξ(h) for the first l values of h, i.e., h = 0, 1, 2, ..., l − 1.

In order not to repeat all proofs involved in the statement of the lemma, we give below some
key points of the proofs from which it can easily be checked that the lemma holds with the same
reasoning and calculation of the original proofs described in this work:

• In lemma 4.2, the transition probabilities T~x,~y of going from one state ~x to an adjacent one
~y, where an agent i wins one scrip in the process and another agent j loses one, are now the
probabilities of agent j to be selected to make a request and agent i to be interested, able and
chosen to satisfy it. This probability now depends on the money agent i has, namely:

T~x,~y =
ρτ(j)βτ(i)χτ(i)ξτ(i)(xi)

n
∑
v∈V ′

~x
χτ(v)
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For this value of T~x,~y, we can make the following transformation of π(~y)T~y,~x so that it can
easily be compared to π(~x)T~x,~y:

π(~y)T~y~x =

∏n
v=1

(
ωyvτ(v)

∏yv−1
h=0 ξτ(v)(h)

)
∑
~z∈X

∏n
v=1

(
ωzvτ(v)

∏zv−1
h=0 ξτ(v)(h)

) ρτ(i)βτ(j)χτ(j)ξτ(j)(yj)

n
∑
v∈V ′

~y
χτ(v)

=
ρτ(i)βτ(j)χτ(j)ξτ(j)(yj)

(
ωτ(i)ξτ(i)(xi)/ωτ(j)ξτ(j)(yj)

)∏n
v=1

(
ωxvτ(v)

∏xv−1
h=0 ξτ(v)(h)

)
n
(
χτ(j) − χτ(i) +

∑
v∈V ′

~x
χτ(v)

)∑
~z∈X

∏n
v=1

(
ωzvτ(v)

∏zv−1
h=0 ξτ(v)(h)

)
=

ρτ(j)βτ(i)χτ(i)ξτ(i)(xi)
∏n
v=1

(
ωxvτ(v)

∏xv−1
h=0 ξτ(v)(h)

)
n
(
χτ(j) − χτ(i) +

∑
v∈V ′

~x
χτ(v)

)∑
~z∈X

∏n
v=1

(
ωzvτ(v)

∏zv−1
h=0 ξτ(v)(h)

)

Now we can see that the difference of π(~x)T~x,~y and π(~y)T~y,~x is the same as in the proof of
lemma 4.2. Hence, the lemma holds for the new expression of π.

• The reasoning made in the proof of lemma 4.4 is exactly the same with the new value of q(t, l).
The lemma holds for the new value because of the change in the expression of π(~x). It can
be checked that making the same calculations as in the described proof for the new value of
π(~x), the bounds of the expression ζX(d)π(~xd) change. With this change, by computing the
arg maxd of the common part of both bounds and following the same steps as in the proof, we
get the desired expression. Those calculations are not shown here for brevity.

• The change in the expression of d∗ and λ in lemma 4.6 requires nothing but the fact that d∗

depends on q. It can easily be checked that for the new definition of q, the distribution d∗

is equal to the expression of the lemma. The change in the definition of λ follows from the
modification of d∗ in order to make the amount of money in the game fix with m.

• Lemma 5.4 holds with no modification. The only difference is that the optimal threshold
now depends on a function pu(s) and not on a simple probability. As the probabilities of
earning a scrip have changed, the limit distribution x∗s holds the detailed balance condition
(x∗spu = x∗s+1pd) as desired for the new value of pu, and the independence on n of the optimal
threshold holds with the same reasoning and calculations as in the proof of the lemma, as the
modification of pu does not influence its dependence on n. Finally, we need to show that pu is
still dependent of λ in the same way as before. Following the same steps as in the proof, but
taking into account that for the new definition of d∗, we have that d∗(t, l) = λωtξt(l)d

∗(t, l−1),
we finally find that pu = λωtξt(s)pd instead of pu = λωtpd. As ξt(s) is independent of λ, this
change has no influence on the arguments of the proof (which is based on the relation between
pu and λ).

Hence, with the modifications described in the statement of the lemma, all lemmas and theorems
hold for all games G..

From now on we will only work with the new version of the game, as all games G. can easily be
converted into a standard game G by having ξt(h) be equal to one for all types t and for all h.
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6.2 Randomization of the utility payoffs

Another unrealistic point in our model is the assumption that the working costs are fixed. In real
systems, the dissatisfaction of working usually depends on the work, for example, when we talk
about filesharing, some files will probably weight more than others and it will take longer to send
them, which could be compared to higher utility cost in our model. As a matter of fact, in this
subsection we will study the behaviour of the system for random values of α.

However, if we randomize the dissatisfaction for working it is only logic to also randomize the
satisfaction for having a request satisfied. Actually, applying the same arguments, we could say that
some files may be more valuable for an agent than others.

The aim of this subsection is to prove that there still exist an ε-Nash equilibrium when α and γ
are treated as random variables instead of fixed values. Therefore, we define for every type of agent
t two probability distributions θt(α) and ϑt(γ), so that the utility working costs αi for every agent i
and the utility won for having the request satisfied γ for the agent that makes a request are drawn
every round according to the distribution θτ(i) and ϑτ(i) respectively. More specifically, we create a

new kind of game G� = (T �, ~f ,m, n), where T � is a set of tuples of the form (θt, βt, ϑt, δt, ρt, χt, ξt),
where θt is a probability distribution such that min(α | θt(α) > 0) > 0 for all types t (this ensures
that αi > 0 every round for all i) and ϑt is also a limit distribution that satisfies the following
inequality for all types t: min(γ | ϑt(γ) > 0) > max(α | θt(α) > 0) (this ensures that for each
agent and any two drawn values γ and α for that agent, we have that γ > α, i.e., p(γ ≤ α) = 0).
Moreover, we establish that the values of α and γ need to be finite, thus for all types, we have that
∃max(γ | ϑt(γ) > 0) and therefore ∃max(α | θt(α) > 0) for all types. The gameplay operation of
games of the kind G� is similar to that of the kind G., with the difference that at the phase one of
the round, after an agent i is chosen to make a request, a value for the random variable γ is drawn
according to the probability distribution ϑτ(i). In a game G�, γ is the utility that the agent i wins
if he gets that request satisfied. Moreover, we have a random variable αv drawn for all agents v
of the set V of agents interested and able to satisfy the request at the end of the phase three. For
each agent v, the value of αv is drawn independently according to the probability distribution θτ(v).
When an agent j is selected out of the set V to satisfy the request, his utility loss for working is αj .
In this way, each file may have a different value for each agent, and satisfying a request may have a
different cost for each agent. We will now study the impact of this modifications in the game and
we will prove that there still exists an ε-Nash equilibrium.

But before we prove this fact, it is necessary to define a new type of strategy. It seems reasonable
to think that in a game G�, the decision of volunteering or not depends on the utility cost of working
and on the amount of money that the agent has. Until now we have worked with threshold strategies,
where an agent of type t volunteers if and only if he doesn’t attain his threshold kt, and we have seen
that these strategies are almost optimal and thus reasonable to play. Therefore, it is also reasonable
to think that for random values of the utility working costs α, the agents will have a threshold
for each possible value of the random variable α. More specifically, we define a threshold function
kt : R+ → N+ for each type t of agents, such that an agent i volunteers to satisfy a request if and
only if he has less money than the threshold of his working cost, i.e., if xi < kτ(i)(α). We denote by

~S�
(
~k(α)

)
the strategy profile where all agents play an α-threshold strategy with threshold function

~k(α).
We will show bellow that there exists a static distribution of wealth when all agents play this

kind of strategies, which we will call α-threshold strategies. In addition, we also show that there
exists an ε-Nash equilibrium in games G� when α-threshold strategies are played. Both statements
are formalized in the following lemma, where the Markov chain MT�, ~f,n,m,~k� , the set of states
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XT�, ~f,n,m,~k� and the set of distributions ∆~f,m,~k� are as described in section 4:

Lemma 6.2. For each α-threshold function ~k(α), let d� be the following distribution of wealth:

d�(t, l) =
ft(λωt)

l
∏l−1
h=0

(
ξt(h)

∫max(α | kt(α)>h)

0
θt(α) dα

)
∑kmax

t

l′=0

(
(λωt)l

′∏l′−1
h=0

(
ξt(h)

∫max(α | kt(α)>h)

0
θt(α) dα

))
where kmax

t is defined as:
kmax
t = max (kt(α) | θt(α) > 0)

Let Ird� be the random variable that is one if MT�, ~f,n,m,~k� is in a state ~x ∈ XT�, ~f,n,m,~k� , consistent
with the distribution d� at round r, and zero otherwise. Let ∆~f,m,~k�,d�,ε be the set of distributions
in ∆~f,m,~k� within an euclidean distance ε to d�, this is:

∆~f,m,~k�,d�,ε =

d ∈ ∆~f,m,~k� |
∑
t∈T

k�t∑
l=0

|d(t, l)− d�(t, l)|2 < ε


Then, for all games G� = (T �, ~f , n,m), all ε, ε > 0, there exists a state ~x ∈ XT�, ~f,n,m,~k� , a round

r∗, a number of agents n∗ and a δ∗ < 1 such that for all r > r∗ and all n > n∗ consistent with ~f , if
for all types, δt > δ∗ we have that:

• If the strategy profile ~S�
(
~k(α)

)
is played, we have that P (Ird = 1 | d ∈ ∆~f,m,~k�,d�,ε) > 1− ε

• For some strategy profile ~S�
(
~k(α)

)
, where α-threshold strategies are played by all agents, there

exists an ε-Nash equilibrium.

Proof. To prove this lemma we will first study what an ε-best reply to certain strategy profile is. We
will then compute what the distribution of wealth is, basing our reasoning in a comparison between
the games G. and G�. The fact is that the differences in the strategies that the agents play have
an influence on the distribution of wealth similar to ξ, thus we will conclude that the distribution
for G� will be similar to the one for G. explained in the previous lemma, but giving ξ some specific
value that captures the influence of the agent’s strategies. Therefrom it is easy to show that an
ε-Nash equilibrium exists following the same reasoning as for an ordinary game G but applying it
to α-threshold strategies.

We start by computing what an ε-best reply is, when we have a static distribution. Let’s first
assume a distribution exists so that it remains essentially constant when α-threshold strategies are
played. Then we can create a Markov Decision Process P�

G�,~S(~k(α)),t
that, similarly to the MDP

described in subsection 5.1, is the simplification of the decision an agent of type t has to make

in a game G�, where the strategy profile ~S
(
~k(α)

)
is played. This MDP can be made with the

same simplification as PG,~S(~k),t, namely, that (1) the distribution of wealth is always the static

distribution, that (2) the amount of agents in the set V ′ remains constant and is equal to its
mathematical expectation, that (3) there is always at least one agent willing, able and interested in
delivering service and that (4) the demand of service of the decision making agent is not taken into
account to determine the frequency with which he is able to work (his incapability to work when he
is the one who makes a request is not considered).
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Nevertheless, because of the randomization of α and γ, we cannot apply to P�
G�,~S(~k(α)),t

the

lemmas that we apply to PG,~S(~k),t. However, an optimal policy can be calculated. While in PG,~S(~k),t

the only variable that defined the state s is the amount of money that the decision making agent
has, for P�

G�,~S(~k(α)),t
we need to take into account (or at least consider the possibility to take it into

account) the cost of working α. Thus we define a state by a pair (s, α), where the first is the amount
of money that the agent has and the second is the value of the random variable that is the utility
cost for working that round for the decision making agent. Note that the value of γ will have no
influence on the decision of the agent, as the only decision that can be made is whether to volunteer
for work or not and at that moment, the value of the random variable γ that is the amount of utils
that the agent wins for having a request satisfied is unknown. Therefore, we will only take into
account the expected value of γ as a function of ϑt(γ) in order to figure out the optimal decision for
the decision making agent.

Although some of the lemmas cannot be applied to P�
G�,~S(~k(α)),t

because of the randomization

of the variable α, the decision of the agent is essentially the same. He has to choose one out of two
actions: volunteering or not volunteering. The expected utility reward for not volunteering is clearly
zero. Therefore, the optimal decision can be reduced to the following logic: if the utility reward for
volunteering is positive, then the agent should volunteer, if it is negative, he shouldn’t. Applying
the same argument as in lemma 5.4, we know that there is an immediate negative utility reward of
α utils and a future positive reward of γ, which is received the first round in which that agent runs
out of money and wants to make a request. The random variable α is known at the moment of the
decision, but both the round and γ are not. For this reason, an agent should volunteer if and only
if the following inequality holds:

α ≤ E[ϕ
J(s+1,pu(s),pd)
t γ]

where s is the state in which P�
G�,~S(~k(α)),t

is. As J(s + 1, pu(s), pd) and γ are independent of each

other, we can separate the expected γ and set it as a function of ϑt(γ), i.e.:

α ≤ E[ϕ
J(s+1,pu(s),pd)
t γ]

α ≤ E[ϕ
J(s+1,pu(s),pd)
t ]E[γ]

α ≤ E[ϕ
J(s+1,pu(s),pd)
t ]

∫ ∞
0

γϑt(γ) dγ

As E[J(s + 1, pu(s), pd)] is increasing in s and 0 < ϕ < 1, we know that E[ϕ
J(s+1,pu(s),pd)
t ] is

decreasing in s. We conclude then that if an agent should volunteer in a state (s, α), then he should
also volunteer for all states (s′, α), where s′ < s. Thus, the optimal policy for a MDP P�

G�,~S(~k(α)),t

is an α-threshold policy, where the function kt(α) of thresholds is defined for all types by:

kt(α) = max

(
κ ∈ N | α ≤ E[ϕ

J(κ+1,pu(s),pd)
t ]

∫ ∞
0

γϑt(γ) dγ

)
Arguing with the same logic explained in the proof of theorem 5.2, it is clear that an optimal policy
for P�

G�,~S(~k(α)),t
is also an ε-best strategy for a game G� for sufficiently high n, as the simplifications

we made are the same as to create PG,~S(~k),t. Nevertheless, all this only holds if we are able to show

that there is a static distribution when α-threshold strategies are played by all agents, as otherwise,
we would not be able to define a specific pu(s) and pd. In the next paragraph we prove that such a
distribution exists.
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When an α-threshold strategy is played, the decision of volunteering or not only depends on the
amount of scrips the agent has and the value of the working cost α, which is a random variable with
probability distribution θt. By the definition of θt, there exists a minimum value, greater than zero,
that the random variable α can take. We now define for each type a value αmin

t = min(α | θt(α) > 0)
that is the smallest utility that an agent of type t can possibly lose for working. As it is the smallest
value, if an agent did not work when α = αmin

t he would not work for any other value of α. Therefore,
there is a threshold kt(α

min
t ) that is the greatest amount of money that an agent of type t will have

on the long run, as an agent of this type would never volunteer when he has kt(α
min
t ) scrips. In

lemma 5.4 it is shown that for some sufficiently high amount of scrips, any agent should stop working,
and the same reasoning can be applied to the optimal α-threshold policy in P�

G�,~S(~k(α)),t
to show

that kt(α
min
t ) always exists. Now note that the distribution of wealth depends on the probability

of having each transaction for each allocation of money. The reasons for which we have or not a
transaction have no influence on the distribution of wealth (in terms of the distribution it does not
matter if a transaction does not take place because an agent was not able to satisfy the request or
because he was not willing to do so), thus we can compare the distribution of money in a game

G. = (T ., ~f , n,m) with an interest rate ξ.t for each type t, and where a threshold strategy profile
~S(~k) is played, with the distribution in our game G� = (T �, ~f , n,m) with an interest rate ξ�t and

where an α-threshold strategy profile ~S
(
~k(α)

)
is played. In fact, both distributions will be exactly

the same for some values of αt and γt in G. if both games have the same characteristics except for
ξ.t , which must be a function of θt and ξ�t . This is so because the interest rate ξ. allows us to capture
in one variable the influence on the transactions of both the interest rate ξ. and the probability that
an agent has of having a small enough α to volunteer. In a game G� where α-threshold strategies
are played by all agents, we have that for some kt(α

min
t ), agents of type t stop working, thus we

compare kt(α
min
t ) with kt in G.. On the other hand, in G., an agent i of type t under his threshold

works with a probability ξ.t (xi) (and the other probabilities βt and χt which are not of our interest
now because we established that they are equal in both games), while in game G�, the same agent
would work with a probability ξ�t (xi) and if the random variable α were small enough to volunteer
for his amount of money xi (apart from the omitted probabilities). Actually, the probability that
agent i has of volunteering each round in G� when he has xi < kt(α

min
t ) scrips is the probability of

having a sufficiently low α so that kt(α) > xi, i.e.:

p(agent i volunteers) = p(kτ(i)(α) > xi) =

∫ max(α | kτ(i)(α)>xi)

0

θτ(i)(α) dα

Thus, we can state that the distribution of wealth of any game G�, where the α-threshold strategy
profile ~S(~k�(α)) is played, is the same as in a game G., where the threshold strategy profile ~S(~k.)
is played, where for all types t, we have some αt and γt such that k�t (αmin

t ) = k.t and where all other
parameters are the same except for ξ.t (h), which satisfies that for all types t:

ξ.t (h) = ξ�t (h)

∫ max(α | k�t (α)>h)

0

θt(α) dα

By lemma 6.1, there exists a static distribution for such a game G., which is defined in the statement
of this lemma. Hence, as there is a static distribution, we can define a function pu(s) and a probability
pd for the game G� and, for this reason, all what is proved previously in the proof of this lemma
holds. Moreover, the first out of the two statements of the lemma is proved, as the equivalent game
G. described previously has a distribution d� by lemma 6.1, which has been proved to be the same
distribution as for G�.

64



6. GAME EXTENSIONS

Thus, to complete the proof, we only have to show that there exists an α-threshold strategy

profile ~S
(
~k(α)

)
that is an ε-Nash equilibrium for G�. As a matter of fact, the existence of such a

strategy profile can be argued in the same way as in the proof of lemma 5.6 and theorem 5.3, as all
relations shown in lemma 5.5 also hold for a game G�. The proof follows from two facts that can
easily be shown to be true for G� (we omit the proof of the statements in order not to repeat the
proofs of the mentioned lemmas and theorem applied to G�):

• For some sufficiently high δt for all t, there exists a pair of function vectors ~k+(α) and ~k−(α)
such that for all types, k+

t (α) ≥ k−t (α), where for at least one type the inequality holds strictly.

• Starting from a strategy profile where all agents always volunteer and applying best reply
dynamics, we find that for two function of vectors ~k(α) and ~k′(α) such that ~k(α) is an ε-best

reply to ~S
(
~k′(α)

)
, we have that for all types t, kt(α) ≤ k′t(α).

These two statements suffice to prove the equilibrium, because if we apply the ε-best reply dynamics
and get a smaller function ~k(α) in every step until a function ~k(α) = ~0 ∀α is reached, then no pair
of functions exists such that the greater is an ε-best reply to the smaller. Hence, the only way in
which both statements can be true is by having an ε-Nash equilibrium.

Hence, both statements of the lemma hold.

6.3 Deciding not to request

We have seen how a system works when the utility payoffs are random variables, and we have proved
that there still exists an ε-Nash equilibrium. Nevertheless, there is one unrealistic assumption in
such systems, namely, that agents are not able not to make a request when they are chosen. Clearly,
in the vast majority of the real systems, the agents have the freedom to make a request or not. This
decision has been disregarded in the whole work, as it would make no sense for an agent to decide
not to make a request when chosen to do so (as the whole point of entering the system is precisely
to have requests satisfied). However, now that not all requests are the same and the agents can get
more utility for some requests than for others, the question arises whether it is reasonable or not to
keep the assumption. In fact, for fixed values of γ, having a request satisfied always gives the same
satisfaction to agents. Not to have a request satisfied when having the possibility has no sense in
this situation because the costs of obtaining this fixed amount of γ utils is one scrip, while the only
thing that util is useful for is to obtain the same amount of γ utils later. Thus, as all agents discount
payoffs, they should never decide not to make a request if they can. But when we study a game
G�, in which γ is a random variable, the possibility exists of having an agent that decided not to
make a request for which he would get a small amount of utils in order not to lose the opportunity
of having a request satisfied in the future for which he would get more utils.

For this reason, we create a new kind of game G◦ with the same parameters as in G�, i.e.,
(T �, ~f ,m, n), but where the gameplay operation offers the agent i selected in the phase one of each
round to make a request the possibility not to make it, after the value for γ is fixed according to the
probability distribution ϑτ(i)(γ). In other words, after knowing the amount of utils he would win
for having the request satisfied, the agent that is selected to make a request can chose not to make
it. If he does, a transition would be made to the next round, similarly as if he had no money.

The question that arises for this new game G◦ is the strategy that an agent should play and the
distribution of wealth when all agents play as they should. Not only the decision of when not to
make a request but also the decision of volunteering or not is influenced by the modification of the
game. However, as the utility expectation for each action is still the same, the ε-best reply strategy
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will still be an α-threshold strategy for a static distribution, where the α-threshold can only be
smaller than or equal to in a game G�, as rejecting the possibility of making a request can only safe
money and not spend more. Thus, there will not be a big difference in the decision of volunteering
or not. To find when an agent should decide not to make a request, we will analyze the utility return
for the different possible values of the random variable γ. Clearly, for high values of γ, the agent will
always make the request, as there is no better way to spend scrips than getting the greatest possible
amounts of utils. For small values of γ, an agent could decide to make a request if he is running out
of money and expects to have the possibility to make other requests with a greater utility return
before having the possibility to earn more money. Thus, as we will prove later, the best strategy
for agents will be not to make a request if their amount of money is too low for the amount of utils
γ that they would win if they made the request. In other words, a γ-threshold strategy will be
essentially optimal, i.e., there exists another threshold function ~g(γ) such that an agent of type t
should make a request only if he is chosen to do so when he has gt(γ) or more scrips, where γ is the
amount of utils he would receive for having that request satisfied.

The following theorem sums up the modifications in a system where all extensions described in
section 6 are applied, defines the distribution of wealth for games G◦ and proves that an ε-Nash
equilibrium exists.

Theorem 6.1. For each α-threshold function ~k(α) and γ-threshold function ~g(γ), let d◦ be the
following distribution of wealth:

d◦(t, l) =

ft(λωt)
l
∏l−1
h=0

(
ξt(h)

∫max(α|kt(α)>h)
0 θt(α)dα∫∞
min(γ|gt(γ)≤h+1)

ϑt(γ)dγ

)
∑kmax

t

l′=0

(
(λωt)l

′∏l′−1
h=0

(
ξt(h)

∫max(α|kt(α)>h)
0 θt(α)dα∫∞
min(γ|gt(γ)≤h+1)

ϑt(γ)dγ

))
where λ is the value such that

∑
t∈T

∑kmax
t

l=0 ld◦(t, l) = m and kmax
t is defined as:

kmax
t = max (kt(α) | θt(α) > 0)

Let Ird be the random variable that is one ifMT◦, ~f,n,m,~kmax is in a state ~x ∈ XT◦, ~f,n,m,~kmax , consistent
with the distribution d at round r, and zero otherwise. Let ∆~f,m,~kmax,d◦,ε be the set of distributions
in ∆~f,m,~kmax within an euclidean distance ε to d◦, this is:

∆~f,m,~kmax,d◦,ε =

d ∈ ∆~f,m,~kmax |
∑
t∈T

kmax
t∑
l=0

|d(t, l)− d◦(t, l)|2 < ε


Then, for all games G◦ = (T ◦, ~f , n,m), all ε, ε > 0, there exists a state ~x ∈ XT◦, ~f,n,m,~kmax , a round

r∗, a number of agents n∗ and a δ∗ < 1 such that for all r > r∗ and all n > n∗ consistent with ~f , if
for all types, δt > δ∗ we have that:

• If the strategy profile ~S◦
(
~k(α), ~g(γ)

)
is played (where the α-threshold and γ-threshold func-

tions are used to decide whether volunteering or rejecting the possibility to make a request,
respectively), we have that P (Ird = 1 | d ∈ ∆~f,m,~kmax,d◦,ε) > 1− ε

• For some strategy profile ~S◦
(
~k(α), ~g(γ)

)
, where α-threshold and γ-threshold strategies are

played by all agents, there exists an ε-Nash equilibrium.
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Proof. To study the distribution of wealth we will repeat the same reasoning made in the proof of
the previous lemma, i.e., including the modification of the system in the variable ξ. In fact, the
modification made in G◦ gives sense to the randomization of γ, and can be compared to the effect
of the randomization of α. The difference now is that the changed probability is not the probability
of earning scrips but the probability of spending them. If we make a Markov chain that represents
the evolution of the game G◦ where all agents play α- and γ-threshold strategies, the probability of
making a transition T~x~y, where an agent i earns a scrip and another agent j spends it, is the same
as in the Markov chain that represents the evolution of G� with the only difference that in G◦, the
probability that agent j makes a request is not simply ρτ(j)/n, as in G�, but are ρτ(j)/n (probability
of being selected)) multiplied by the probability of deciding to make the request, which is:

p(agent j decides to request) = p(gτ(j)(γ) ≤ xj) =

∫ ∞
min(γ | gτ(j)(γ)≤xj)

ϑτ(j)(γ)dγ

This is the probability of having a great enough γ to request service, according to the probability
distribution ϑτ(j), when j is playing a γ-threshold strategy and has xj scrips. The reasoning to
reach the expression is the same as the one to reach the expression of p(agent i volunteers) in the
proof of the previous lemma, i.e., when an agent j is selected to make a request with xj scrips, he
will only make it if γ turns out to be great enough so that gτ(j)(γ) ≤ xj . The probability of having
such a γ is equal to the integral of the expression.

Thus, in the same way as in lemma 6.1 is explained that the new variable ξ always should appear
in an expression where β appears, the above showed integral should appear in all expressions where ρ
appears. With the same steps and arguments as for the inclusion of ξ, we could create new expressions
of π◦ and q◦, consistent with this new model. We finally reach a new distribution of wealth d that
minimizes the entropy relative to q◦, which can be proved to be equal to the distribution d◦ of the
theorem. For brevity, the whole reasoning is omitted, but we show the expressions of π◦ such that
π◦(~x)T~x,~y = π◦(~y)T~y,~x and the distribution q◦ such that lemma 4.4 holds for this distribution instead
of the distribution q:

π◦(~x) =

∏n
i=1

(
ωxiτ(i)

∏xi−1
h=0

(
ξτ(i)(h)

∫max(α|kτ(i)(α)>h)

0 θτ(i)(α)dα∫∞
min(γ|gτ(i)(γ)≤h+1)

ϑτ(i)(γ)dγ

))
∑
~z∈X

∏n
i=1

(
ωziτ(i)

∏zi−1
h=0

(
ξτ(i)(h)

) ∫max(α|kτ(i)(α)>h)

0 θτ(i)(α)dα∫∞
min(γ|gτ(i)(γ)≤h+1)

ϑτ(i)(γ)dγ

)

q◦(t, l) =

(ωt)
l
∏l−1
h=0

(
ξt(h)

∫max(α|kt(α)>h)
0 θt(α)dα∫∞
min(γ|gt(γ)≤h+1)

ϑt(γ)dγ

)
∑
t′∈T

∑kt′
l′=0

(
(ωt′)l

′∏l′−1
h=0

(
ξt(h)

∫max(α|kt(α)>h)
0 θt(α)dα∫∞
min(γ|gt(γ)≤h+1)

ϑt(γ)dγ

))
Note that the xj in the probability T~x,~y is substituted for h + 1 in d◦. The result has an intuitive
explanation. The fraction of agents of a certain type t with l scrips will increase if we have high
probabilities of having an α such that kt(α) > h, where h goes from 0 to l − 1. These are the
probabilities of volunteering when an agent of this type has from 0 to l − 1 scrips, the higher these
probabilities, the greater the chance to reach the l scrips. The fraction d◦(t, l) also increases when
the probability of having a γ such that gt(γ) ≤ h decreases, where h goes from 1 to l. These are the
probabilities of spending a scrip when an agent of this type has from 1 to l scrips, the lower these
probabilities, the greater the chance to hold his scrips, thus the higher the probability of having l
scrips. Hence, there exists a static distribution for all games G◦ where α- and γ-threshold strategies
are played if

∫∞
min(γ|gt(γ)≤h+1)

ϑt(γ)dγ > 0.
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We now show what the best strategy is. There is no change in the α-threshold strategy, the
reasoning made in lemma 6.2 to establish the best α-threshold strategy holds, with the difference
that in a game G◦, the probability that the decision making agent of the MDP PG◦,~S(~k(α),~g(γ)),t

has of losing a scrip (or of jumping to a state s − 1 from s > 0) is not a constant probability pd,
but is a function of the state in which the MDP is: pd(s). In other words, the optimal policy for

PG◦,~S(~k(α),~g(γ)),t, and therefore the ε-best reply to the strategy profile ~S(~k(α), ~g(γ)) in G◦, is the

following α-threshold strategy:

kt(α) = max

(
κ ∈ N | α ≤ E[ϕ

J(κ+1,pu(s),pd(s))
t ]

∫ ∞
0

γϑt(γ) dγ

)
To define a best policy that establishes when to request and when not, we can compare the decision
of volunteering with l scrips and the decision of requesting with l + 1 scrips. Note that if an agent
volunteers with l scrips, it is because the discounted utility return of the scrip number l+ 1 is worth
the immediate utility loss α. Equivalently, if the same agent decided not to make a request with
l + 1 scrips, it is because the utility return of the scrip number l + 1 is greater than the immediate
utility return γ. In other words, an agent should make a request with l + 1 scrips if he would not
work when the utility working costs were γ (instead of α) and he had l scrips, because working for a
scrip intuitively means preferring a scrip to α utils and not requesting is preferring a scrip to γ utils.
Thus the optimal policy for PG◦,~S(~k(α),~g(γ)),t that defines when to request will be similar to the one

of volunteering, in fact, it is a γ-threshold policy, which is an ε-best reply for G◦ and is defined by
the following expression:

gt(γ) = min

(
κ ∈ N+ | γ > E[ϕ

J(κ,pu(s),pd(s))
t ]

∫ ∞
0

γϑt(γ) dγ

)
Note that, as γ is always greater than α, no agent that plays kt(α) and gt(γ) will neglect the
possibility to make a request if he is not looking for work.

Now, as this γ-threshold strategy depends on functions pu(s) and pd(s), we need to prove that
a static distribution exists, so that PG◦,~S(~k(α),~g(γ)),t actually is a best reply in G◦. Therefore it

suffices to show that
∫∞

min(γ|gt(γ)≤h+1)
ϑt(γ)dγ > 0 for all h, as we have already proven that d◦ is the

distribution for the strategy profile ~S◦
(
~k(α), ~g(γ)

)
, and d◦ exists if

∫∞
min(γ|gt(γ)≤h+1)

ϑt(γ)dγ > 0.

To prove that this inequality holds, we only need to show that for γ = E[γ] =
∫∞

0
γϑt(γ) dγ, an

agent of any type would always make the request when chosen, as in this case we would have that
min(γ|gt(γ) ≤ h+ 1) ≤ E[γ], from which it follows that:∫ ∞

min(γ|gt(γ)≤h+1)

ϑt(γ)dγ ≤
∫ ∞
E[γ]

ϑt(γ)dγ > 0

If we go back to gt(γ), we can see that, in fact, any agent of type t would make a request for a
γ = E[γ], because the following inequality holds for all κ:

E[γ] > E[ϕ
J(κ,pu(s),pd(s))
t ]

∫ ∞
0

γϑt(γ) dγ∫ ∞
0

γϑt(γ) dγ > E[ϕ
J(κ,pu(s),pd(s))
t ]

∫ ∞
0

γϑt(γ) dγ

1 > E[ϕ
J(κ,pu(s),pd(s))
t ]
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In other words, we have that for all t and γ ≥ E[γ], gt(γ) will take the minimum value κ can take,
which is zero. Now, by the definition of E[γ], there must always exist a possible value of γ which is
greater than or equal to E[γ], thus:∫ ∞

min(γ|gt(γ)≤h+1)

ϑt(γ)dγ ≥
∫ ∞
E[γ]

ϑt(γ)dγ > 0

It follows that a static distribution exists, which is equal to the one defined in the theorem.
The existence of equilibrium follows from the proof of lemma 6.2, which proves an ε-Nash equi-

librium exists for all α-threshold strategies. As α-threshold strategies are ε-best replies in G◦, the
equilibrium still exists for the same reasons for which it exists in G∗�. Actually, the inclusion of
the γ-threshold strategies only has an influence on the distribution of wealth, but not on the utility
return of the decision of volunteering or not, and therefore the same arguments used in the proof of
lemma 6.2 hold for G◦.

Hence, all the statements of the theorem hold.
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7 Conclusions

7.1 Discussion

We have seen and proved throughout this work that in a scrip system in which all agents can deliver
and receive service, an equilibrium exists in which the distribution of money remains approximately
constant. Moreover, we have seen that this distribution can be computed by using the relative
entropy. However, the model has a number of limitations. In this subsection we will see the possible
critics that can arise to this work and unsolved problems of the model.

The model is pretty realistic in the description of the agents and allows a system designer to
specify the characteristics of agents accurately, thanks to the amount of variables that define each
agent. Nevertheless, the existence of types is a huge assumption that makes the model take distance
from real systems. This is not the most important assumption in our model, as for high numbers
of agents in the system, a lot of types can be defined and it can be expected to have a lot of agents
with similar characteristics.

The biggest assumption made is that the prices are fixed: in our model no agent is allowed to
work for a price different than one scrip or offer more to have a work done. Although it is not
necessary to have fixed prices to reach the desired results (a model could be designed with a variety
of prices), it is necessary that the agents have no influence on what these prices are. Offering agents
the possibility to put their own prices would open the door to countless strategic possibilities, such as
speculation, alliances with other agents to fix prices or negotiation with agents that need a resource
more urgently. These possibilities can hardly be taken into account in a realistic way and it is more
desirable to have a realistic model that can be applied to a limited number of systems rather than
having a non-realistic model whose untrustworthy results can be applied to more cases.

Another limitation is the number of agents the system needs to reach the desired static distribu-
tion and equilibria. It is not specified in the work how many agents are needed, as it depends on the
characteristics of the game and the certainty you want of having a specific distribution. However, it
is proven in [Kash et al., 2015] through simulations that for reasonable populations between a 1000
and 25000 agents, the results hold.

However, apart from a number of unchangeable assumptions, most of the characteristics of the
game can be modified or eliminated. The adaptability of the model to be applied and have a positive
impact on system users or designers will be discussed in the next subsection.

7.2 Impact and future lines

As said at the beginning of this work, the analyzed model is as general as possible so that it can be
modified to be applied to a number of real systems. Proof of it are the modifications done in section
6, and the easiness with which the new model can be studied, reaching the desired results. Other
modifications that could be done on the model to be similar to real systems are, for example, the
evolution of variables in time or the possibility to offer more kinds of service, for which an agent
would pay a different amount of money. Also strategic variations could be consider. In fact in [Kash
et al., 2012], the author of the original paper on which this work is based, also studies the behaviour
of the system when non-rational agents come into play: agents that experience pleasure for working,
agents that value scrips for the fact of having them and not for what can be done with them or
agents that decide to join to have less probabilities of losing the opportunity of having a request
satisfied.

But, what are these analyses useful for? Nowadays, these kind of systems are expected to gain
importance in economy, because of the possibility to develop them online. Moreover, online systems
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can easily reach the required population for a system throughout history such that the results of
this work hold. Apart from that, there have been countless organizations that have issued their own
money to create and control monetary systems. Some of these systems could be turned into a model
that is not so different from the one we have analyzed here.

There are a number of reasons for which stakeholders of real systems would like to know the
long-run behaviour of it, even when it is just an approximate behaviour. Clearly, an agent would be
able to take advantage if he knew the present or future distribution of wealth, as he reacts and makes
the first move to adapt his strategy. Also system designers are very interested in the behaviour of
the system to decide how much money to issue or how to optimize social wealth. The consequences
that the decisions of the system designer have on the behaviour of the system are also analyzed in
[Kash et al., 2012].

7.3 Personal results

As said in the introduction of this work, apart from section 6, most of the lemmas, theorems,
reasoning and arguments are taken from [Kash et al., 2015]. The model explained in section 3.2 of
this work is the same as the one described in [Kash et al., 2015] and the results showed previously are
also taken from the original paper. However, a number of differences have been made in this work.
The reason for which these changes are made are the ease of understanding, explanation of proofs
and arguments that are simplified in [Kash et al., 2015], the correction of mistakes and errors and
the extension of the content of the original paper. We now number the most important differences.

First we list the most important error or mistakes found in the original paper and the correction
made it this work:

• The first mistake has been found in the proof of lemma A.2 of the original paper, similar to
lemma 4.1 of this work. In the original paper the proof is incomplete because it misses one
possible case. More specifically, in the proof of lemma A.2 of [Kash et al., 2015], a state is
used to prove that M is aperiodic in which there are three agents such that two have less
than their threshold and the third has more than 0 scrips. Quoting literally, the proof says
that ”there must be such a state by our assumption that mhn <

∑
t ftkthn”. The expression

mhn <
∑
t ftkthn in the paper is similar to the expression mn <

∑
t ftktn in this work,

because of the different meaning of variable n. The fact is that, although the statement of the
proof is true most of the time, it doesn’t consider the situation in which mn =

∑
t ftktn − 1

(mhn =
∑
t ftkthn − 1 in their notation). For this amount mn of money, the assumption

holds, but there cannot be two agents under their threshold at the same time, as there is only
one scrip less than the sum of the thresholds of all agents. Nevertheless, it is shown in this
work that, with another reasoning, it can be proved that the lemma holds.

• The biggest mistake found in the original paper is that the statement of lemma A.3 of [Kash
et al., 2015] is false. To show this fact, we recall the lemma:

Lemma 7.1 (A.3 of [Kash et al., 2015]). For all states ~x ofM, let w~x =
∏
i(βτ(i)χτ(i)/ρτ(i))

xi ,
and let Z =

∑
~y w~y. Then the limit distribution of M is π(~x) = w~x/Z.

In this work, the equivalent lemma is lemma 4.2. The error in the statement is to say that
the limit distribution of M is equal to the expression, while it is shown in lemma 4.2 of this
work that the limit distribution is not equal to that expression, but tends to the expression
when n tends to infinity. The mistake in the proof of lemma A.3 of the original paper is to
define the probability T~x~y of going from a state ~x to another one ~y as βτ(i)χτ(i)ρτ(j)p, where i
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and j are the agents that earn and spend the scrip, respectively, and p is a probability that is
independent of βτ(i), χτ(i) and ρτ(j). As can be seen when we compute the exact probability
of going from one state to another, T~x~y is not proportional to χτ(i), although it is directly
proportional to βτ(i) and ρτ(j). For this reason, both the statement and the proof of lemma
4.2 in this work are very different from the equivalent lemma of [Kash et al., 2015].

• The third error is a minor mistake of substituting κ + 1 for κ in the expression of lemma 5.1
of the original paper, similar to lemma 5.4 of this work, where the threshold is defined that is
optimal for P. Although this mistake is repeated a number of times throughout the paper, it
is most likely a minor error, as the proof of lemma 5.1 actually shows that the expression is
an optimal policy for κ+ 1 and not for κ.

Another important differences from Kash et al. [2015] are the changes in the model. Although
the model explained in section 3 of this work is essentially the same as the one of the original paper,
we have made a number of changes in the model, listed below:

• Section 6 has no reference in [Kash et al., 2015]. The extensions of the model defined in
that chapter, all reasonings and arguments, the two lemmas 6.1 and 6.2, and theorem 6.1 are
original of this work. It is an extension of the model defined in the original paper, where the
behaviour of the system is explained when several characteristics of the game are changed.

• The model seen is as a game, defined in this work with variables G = (T, ~f, n,m). In [Kash

et al., 2015], the game is defined by variables G = (T, ~f, h, n,m), where T, ~f and m represent
the same as in this work, and hn is substituted by n. In other words, the game has been
defined in this work with one less variable than in the original paper, as in the model of [Kash
et al., 2015] the model has a ”base population”, with h agents and n copies of it, while in this
work there are directly n agents in the system. On the one hand, the notation used in the
original paper makes the game consistent for all n if the distribution of agents among types
~f is consistent with the base population h, while in this work only the n consistent with ~f
can make a consistent system. On the other hand, intuitively it makes more sense to have a
system such that the number of agents can be increased one by one. Moreover, having one only
variable that defines the number of players in the game makes the system easier to understand,
as it is a more intuitive model than having a base system and its copies.

Finally, a lot of proofs have been explained in this work in more detail than it was explained
in [Kash et al., 2015]. Moreover, logical steps from some of the proofs were omitted in the original
paper for brevity, which made it harder to understand, especially for people with no knowledge in
game and probability theory. As one of the objectives of this work is to make the original paper
easier to understand, the following changes have been made:

• The proof of lemma 4.6 is omitted in the original paper saying that the lemma can be proved
”by applying the Lagrange multipliers in the manner of [Jaynes, 1979]”. In this work we
include a proof for this lemma applying the Lagrange multipliers in the common way, which
is simpler than the manner explained by Jaynes.

• Theorem 5.1 and lemma 5.2 of [Puterman, 1994] are mentioned in the original paper and
included in this work for a better understanding of the proofs that follow.

• In lemma 5.1 of this work it is shown that u∗(s+ + 1) − u∗(s+) < u∗(s− + 1) − u∗(s−) for
all s+ > s− ≥ 0, while in the equivalent proof of [Kash et al., 2015] (lemma B.1), the proven
expression is u∗(s + 2) + u∗(s) < 2u∗(s + 1), which is a specific case of lemma 5.1 in which
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s− = s and s+ = s + 1. Although it can be proven that if lemma B.1 of [Kash et al., 2015]
holds, lemma 5.1 of this also holds, it is necessary to prove the expression for any non-defined
values of s− and s+ to prove the rest of the lemmas and theorems of section 5.

• The proof of lemma B.2 of the original paper is no longer than ten lines, as they synthesize the
proof with the following explanation: ”As shown by Puterman [1994, Lemma 4.7.1], it suffices
to prove that u(s, a) is subadditive”. This lemma of [Puterman, 1994] is shown in this work as
lemma 5.2. Although it is true that from this lemma it follows that if u(s, a) is subadditive,
then a threshold policy is optimal, it is not clear why. In this work this argument has been
explained in detail by using the idea of a worst policy, as can be seen in the proof of lemma
5.2.

• Throughout the whole work, proofs and arguments have been explained in this work in more
detail than in [Kash et al., 2015], so that it is easier to understand and comprehensible even
for people with little knowledge of probability or game theory.
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Budget

In this section we will make an analysis of the price for which this work would be sold if it were a
professional consulting project, where the main cost of the project is the time devoted by the author
and the tutors of this work and other minor costs are transport and material costs.

The time spent to this work by the author and tutors can be estimated by multiplying the
duration of the project, measured in months, by the work intensity of each one of the workers,
measured in hours per month. The distribution of work among months is represented in the Gantt
diagram.

As can be seen in the diagram, we distinguish between two levels of continuous work intensity:

• Intensive work: 60 hours of dedication per month, which are approximately 15 hours per week.
The author of the project worked intensively April, May, June, July, the first half of August
and the first half of September.

• Monitoring or part-time work: 12 hours of dedication per month, which is approximately 3
hours per week. Here we distinguish between the work made by the tutors (monitoring work)
and by the author (part-time work). While Stephane Leroux worked from April to mid-August,
Joaqúın Gutiérrez del Álamo and Carlos González Guillén took over his work and worked from
mid-July to October. The author worked part-time half of August and September and all of
October.

To sum up, the resulting hours spent by each person in continuous work is as follows:

Intensive Part-time Monitoring Spent time

Lucas Trueba van den Boom 5 months 2 months 374 hours
Stephane Leroux 4,5 months 54 hours

Joaqúın Gutiérrez del Álamo 3,5 months 42 hours
Carlos González Guillén 3,5 months 42 hours
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Apart from the continuous work, we have to add the time spent in the reunions, which are also
shown in the Gantt diagram. Here we make a distinction between periodic check-point meetings
of two hours and longer work-defining meetings of four hours. The author attended all meetings.
Thus, the time spent in meetings is:

Intensive Part-time Spent time

Lucas Trueba van den Boom 5 meetings 10 meetings 40 hours
Stephane Leroux 3 meetings 7 meetings 26 hours

Joaqúın Gutiérrez del Álamo 2 meetings 2 meetings 14 hours
Carlos González Guillén 2 meetings 2 meetings 14 hours

Now that we have estimated the time spent by each person, we analyze the price per hour for
each of them, depending on their professional position:

Position Spent time Price Cost

Lucas Trueba van den Boom Engineering student 374+40=414 hours 20 e/hour 8280 e
Stephane Leroux Associate professor 54+26=80 hours 50 e/hour 4000 e
Joaqúın Gutiérrez del Álamo Professor 14+42=56 hours 80 e/hour 4480 e
Carlos González Guillén Associate professor 14+42=56 hours 50 e/hour 2800 e

To this time cost, we have to add the transport cost for each meeting, which we have estimated
in 20 euros per person and meeting. These costs are specified in the following table:

Attended meetings Transport price Cost

Lucas Trueba van den Boom 15 meetings 20 e/meeting 300 e
Stephane Leroux 10 meetings 20 e/meeting 200 e
Joaqúın Gutiérrez del Álamo 5 meetings 20 e/meeting 100 e
Carlos González Guillén 5 meetings 20 e/meeting 100 e

Finally, the material costs can be considered the cost of one computer to make the project. On
the one hand, not only the author used a computer to make this work, but on the other hand, the
computer can be used after the realization of this work to make other projects. Therefore, it seems
reasonable to charge 500e as material costs.
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To conclude, the sum of all costs is:

Time costs: 8280 e+4000 e+4480 e+2800 e = 19560 e
Transport costs: 300 e+200 e+100 e+100 e = 700 e
Material costs: 500 e = 500 e

Total costs: = 20760 e

This are the total costs of the project. Now we only have to add the taxes, which are 21% of the
work’s costs. Hence, we finally reach the following amount:

Total costs: 20760 e
Taxes: (21%) 4360 e

Final price: 25120 e

In conclusion, the price of this work is 25120 e.
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