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a b s t r a c t

For the design of space structures, the dynamic coupling between equipment and the satellite (or
between a satellite and the launcher) is usually avoided due to negative effects like high stresses
produced by structural resonance. The usual procedure to assure the dynamic decoupling is by limiting
the minimum value of natural frequency of the secondary structure to a value high enough above
the main natural frequencies of the main structure. However, in some spacecraft configurations, it
is unavoidable that some parts or equipment present natural frequencies close to the main natural
frequencies of the spacecraft because these parts may be massive or may have a special interface design
with low stiffness. This dynamic coupling provokes modifications on the modal behavior of the satellite,
which can lead to a significant decrease in the first natural frequency of the entire satellite. To analyze
this phenomenon, a representative but simple mathematical model is studied to evaluate the influence of
the design parameters of space structures. Analytical expressions are obtained that can help to highlight
the influence of the parameters. The results are demonstrated with the example of the UPMSat-2 satellite
design.
1. Introduction

The phenomenon of the dynamic or modal coupling is of great
interest in the design of space structures. The usual procedure in 
the space industry is to avoid the dynamic coupling between the 
launcher with its carried satellites, or between a satellite and its 
equipment. The principal purpose is to prevent the adverse effects 
that appear when the frequency range of the dynamic loads gener-
ated during the launch phase and other events like landing, testing 
or ground operations, coincide with the main natural frequencies 
of the structures, provoking the phenomenon of structural reso-
nance, which leads to high stresses and forces and the generation 
of undesirable structural damages [1,2].

To avoid the structural resonance of the satellite at the low fre-
quency vibrations generated by the launch vehicle, the launcher 
authority specifies minimum limit values for both lateral and lon-
gitudinal natural frequencies of the satellite [2]. In a similar way, 
the satellite designers specify minimum values for the natural fre-
quencies for their payloads and equipment to assure that they 
are high enough above the fundamental natural frequencies of the 
satellite. The main reason is to protect the equipment by avoid-
ing the structural resonance with the dynamic loads transmitted 
through the structure of the satellite, where the frequencies of the 
highest acceleration amplitudes at the equipment interface corre-
spond to the natural frequencies of the satellite. Another reason 
is to avoid the undesirable effects caused by the modal coupling 
with the main structure of the satellite, which can put at risk the 
structural integrity of the whole system. Usually for early design 
phases, a fixed minimum frequency requirement on the secondary 
structure is defined by the primary structure designer. This ap-
proach provides on many occasions a very restrictive requirement 
that leads to oversized designs for the secondary part. In some 
space projects, particular components like large deployable anten-
nas or massive instruments with low stiff attachment cannot be 
designed to have the first natural frequency higher enough than 
the main natural frequencies of the satellite due to the difficulty 
of achieving the necessary increase in stiffness. For this reason, a 
better understanding of the effects of modal coupling is needed to 
improve the design parameters of this type of space structure.

Different investigations have dealt with the problem of modal 
coupling in space structures. The importance of the modal cou-
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Nomenclature

Symbol

[K ] Stiffness matrix
[M] Mass matrix
{ J } Response to a static displacement at the base
f10 Maximum first natural frequency of the system . . . Hz
f20 Natural frequency of the isolated secondary mass . Hz
f i Natural frequency i of the system . . . . . . . . . . . . . . . . . . Hz
fmin Required minimum natural frequency of the 

system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Hz
fr Reference natural frequency of the system . . . . . . . . . Hz
K Stiffness constant of the main structure . . . . . . . . . . N/m
k Stiffness constant of the secondary part . . . . . . . . . . N/m
M Large or primary mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg
m Small or secondary mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg
Meff,i Modal effective mass of the i mode . . . . . . . . . . . . . . . . kg
meff,i Modal effective mass fraction of the i mode
qij Component j of the eigenvector i
ui Displacement coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
xi Dimensionless eigenvalue i of the system

Greek symbol

{φi} Eigenvector of mode i
α Stiffness ratio
β Mass ratio
Γi Ancillary parameter
μ Frequency ratio or tuning parameter
ϕ Ratio between fmin and f10

ω10 Maximum first natural circular frequency of the 
system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rad/s

ω20 Natural circular frequency of the isolated secondary 
mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rad/s

ωi Natural circular frequency i of the system . . . . . . . rad/s
ωr Reference natural circular frequency of the 

system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rad/s

Subscript

i Mode of the system
j Component of the eigenvector
pling between parts on large space structures has been described 
by Bertram [3], indicating its influence on the attitude dynamics 
and on the structural response during the launch phase. In [4], 
the shock specification by a Shock Response Spectrum (SRS) en-
velope is generated by considering a coupled system representing 
the secondary and the primary structure. The resulting specifica-
tion is more realistic than that calculated from the usual procedure 
of considering both parts decoupled. To provide more precise input 
loads generated during the launch phase, the coupled load analy-
sis (CLA) is the most recommended way to derive the dynamic 
loads specification for the satellite [2]. In CLA simulations, a model 
composed of the finite element model (FEM) of the launcher and 
a reduced model of the satellite is considered, and in this way, 
the influence of modal coupling between launcher and satellite 
is taken into account for more realistic environments. Different 
approaches to correlate reduced models of satellites have been 
presented in [5–7] to have more accurate results in CLA. In [8,
9], the low stiffness attachment of a spacecraft with a vibration 
isolation system is studied. This type of mechanical interface con-
figuration has the advantage of reducing the levels of vibrations 
that are transmitted to the spacecraft, but the drawback of de-
creasing the main natural frequencies of the attached spacecraft to 
the same frequency range as the modes of the launcher. Therefore, 
the dynamic coupling between spacecraft and launcher cannot be 
neglected with this type of interface design.

The modal coupling is also of relevance to the attitude dynam-
ics of spacecraft. The dynamic coupling between the large deploy-
able antenna typically used in communications satellites and the 
rest of spacecraft is taken into account in [10] to study the attitude 
dynamics of the entire satellite. This type of payload constitutes a 
non-negligible mass with a low stiff joint with the satellite after 
deployment, which leads to a local natural frequency of the same 
order of magnitude as those of the global modes of the satellite. 
The modal coupling should also be taken into account to derive a 
reliable simulation during the mechanical tests [11].

To have a better understanding of the influence of the main pa-
rameters on the results of a coupled system, a 2 degree of freedom 
(2-DOF) system has been widely used in numerous research pa-
pers. Frahm [12] introduced the concept of the tuned mass damper 
(TMD) and Den Hartog [13] studied its effects, where the sec-
ondary mass is suited to have a natural frequency similar to the 
main mode of the system. TMD has been applied in civil engineer-
ing to reduce the amplitude of response vibrations of buildings 
subjected to aerodynamic or earthquake loads [14–18]. In recent 
years, the concept of TMD has been improved leading to the cre-
ation of more sophisticated devices with better performance and 
effectiveness [19]. In [20], analytical solutions are calculated to 
find the best position and the optimal damping constants to min-
imize the vibrations on flexible structures. Semi-active vibration 
absorbers (SVA) used in conjunction with TMD to control the per-
formance in order to be adapted to the disturbing frequency in 
real-time are studied in [21,22]. In [23], a semi-active TMD with 
resettable variable stiffness (RVS-TMD) is proposed to improve the 
performance of the existing TMD systems. In [24], a TMD with 
variable inertance is numerically studied to include the effects of 
different parameters in the performance of a wide range of forcing 
frequencies. Shape memory alloys (SMA) can be employed as TMD 
for seismic mitigation [25]. Other designs with the same approach 
are the tuned liquid mass damper (LTMD) [26], the tuned liquid 
column gas damper [27], the magnetically tuned mass damper 
[28], the magnetorhelogical damper with semi-active TMD [29,30]
and the piezoelectric vibration energy harvesting beam as a TMD 
[31].

TMD concept has also been applied in the space industry. The 
use of TMDs have been preferred in space industry due to their 
simplicity and the possibilities that they offer for reducing the re-
sponse due to particular modes. In [32], TMDs are employed to 
reduce the oscillations of printed circuit boards (PCB) during vi-
bration loads, being more efficient than increasing the thickness. 
In [33], the dynamic analysis of space structures with multiple 
tuned mass dampers (MTMD) is enhanced with formulations of the 
reverberation matrix method (RMM). In [34], the location and de-
sign of TMD devices to improve the performance of space mirrors 
is evaluated, showing that by means of an eddy current damper a 
great reduction in the response can be achieved (up to 80%) de-
pending on the TMD location, damping and targeted modes. In 
[35], a semi-active control system consisting of variable-friction 
dampers linked to the structure with cables is proposed and stud-
ied. In [36], a new mode decomposition method for structures 
with non-classical damping and very closely distributed modes is 
proposed and verified with a 2-DOF system with a tuned mass 
damper (TMD).

The majority of these research works about TMD [12–36] have 
focused on the reduction of the amplitude of oscillations of the 



Fig. 1. Frahm absorber. M , m; K , k; u1, u2: masses, stiffness and absolute displace-
ments of the whole spacecraft and a small loosely fixed part, respectively.

main structure, and in some of them [16] also on the decrease 
of generated forces and stresses. But some aspects such as the 
decrease of the natural frequencies of the entire system and the 
modification of the mode shapes and the modal effective masses 
have not been studied in depth yet. These aspects are fundamen-
tal in the structural design of space structures, especially when 
modal coupling cannot be avoided. Therefore, the purpose of this 
paper is to present a parametric study of modal coupling using 
an undamped 2-DOF system in section 2. The main results such 
as the natural frequencies, eigenvectors and modal effective mass 
fractions are expressed with analytical equations to evaluate the 
influence of the design parameters. These analytical expressions 
are applied in the optimization of the structural design in sec-
tion 3. The paper is focused in the case of a satellite as the main 
structure and an equipment or payload as the secondary part. From 
a satellite design point of view, the objective is to guarantee the 
structural integrity of the entire satellite, which can be in seri-
ous risk depending on the design of a particular component, even 
if the mass of this component is seemingly negligible compared 
to the mass of the rest of the satellite. The analytical expressions 
are compared with the FEM results for the design of the struc-
tural lateral panels of the university-class microsatellite UPMSat-2 
in section 4. Finally, conclusions are drawn in section 5.

2. Mathematical model

The 2-DOF model considered for the entire spacecraft is shown
in Fig. 1. The spacecraft main body (mass M) is fixed to the 
launcher through the separation system whose stiffness can be 
modeled as a spring of constant K .

In the spacecraft, a small part (a panel, radiator, instrument, 
etc.) with a small mass, m, is mounted with a weaker mechani-
cal interface (spring constant k � K ). This configuration is denoted 
as a “Frahm absorber” and dates back to 1909 [12]. The model 
is assumed undamped in order to obtain analytical solutions that 
can be used for a fast estimation of the coupled response as will 
be shown in the following sections. In space structures, the usual 
damping values are low (below 5% of the critical damping fac-
tor), and it is considered that the damped natural frequencies of 
a system can be assumed to be the undamped natural frequencies 
[1,2]. The analytical results obtained will also apply for systems 
with proportional damping in terms of the natural frequencies and 
eigenvectors, and also for the coupled resonances for low damping 
values.

The aim of this analysis is to study the influence of the de-
sign parameters such as the stiffness ratio α = k/K and mass ratio 
β = m/M on the 2-DOF system dynamics (resonant frequencies, 
eigenmodes, modal effective mass, etc.). Let us define the refer-
ence natural frequency (the resonant frequency of the case m = 0) 
ω2

r = K/M , the natural frequency of the secondary mass in case 
of being isolated ω2

20 = k/m, and the dimensionless eigenvalue i of 
the system xi = (ωi/ωr)

2.
The equations that describe the dynamics are

Mü1 + K u1 + k(u1 − u2) = 0 (1a)

f-+ U1 

K 
M 

k 
m 
Fig. 2. Variation of the dimensionless eigenvalues x1 and x2 (x1 < 1; x2 > 1) as a
function of the tuning parameter, μ. Legend: values of the mass ratio, β .

Fig. 3. Variation of the dimensionless eigenvalues x1 and x2 (x1 < 1; x2 > 1) as a
function of the mass ratio, β . Legend: values of the tuning parameter μ.

mü2 + k(u2 − u1) = 0 (1b)

Using complex variable notation, {q} = {q0}eiωt , the system (1) can 
be written as(

−ω2

[
1 0

0 β

]
+ ω2

r

[
1 + α −α

−α α

])
{q0} = {0} (2)

The characteristic equation is∣∣∣∣ −x + 1 + α −α

−α −βx + α

∣∣∣∣ = 0 (3)

and defining μ = α
β

= k
m

M
K = ω2

20
ω2

r
= x20 as the tuning parameter, 

the quadratic equation to calculate the eigenvalues is given by

x2 − x(1 + μβ + μ) + μ = 0 (4)

The exact solutions of Eq. (4) are

x1,2 = 1

2

[
1 + μ(1 + β) ∓

√
(1 − μ)2 + μβ(2 + 2μ + μβ) (5)

where the subscripts “1” and “2” indicate the lowest and the high-
est eigenvalues respectively.

The variations of the dimensionless eigenvalues x1 and x2 are 
shown in Fig. 2 as a function of the tuning parameter μ for differ-
ent values of mass ratio β below unity, and in Fig. 3 as a function 
of the mass ratio β , for different constant values of μ. The curves 
for constant values of the mass ratio β shown in Fig. 2 converge 
asymptotically to the straight lines xi = 1 and xi = μ for β � 1.

If the tuning parameter is small, μ � 1, then the natural fre-
quency of the small part alone is much lower than the reference 
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Fig. 4. Variation of the dimensionless eigenvalue x1 as a function of tuning parameter, μ obtained by means of the exact analytical solution, Dunkerley’s equation and
Rayleigh’s quotient for different values of the mass ratio, β .

Fig. 5. Variation of the dimensionless eigenvalue x1 as a function of mass ratio, β obtained by means of the exact analytical solution, Dunkerley’s equation and Rayleigh’s
quotient for different values of the tuning parameter, μ.
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natural frequency and the first mode x1 corresponds to the mo-
tion of this small part, which in first approximation is x1 ≈ μ =
x20 � 1. The second mode corresponds to the motion of the rest of 
the structure and its value is close to the reference value (x2 ≈ 1). 
When the tuning parameter μ takes values much larger than unity, 
μ � 1, the first mode corresponds to the motion of the entire 
structure and its value tends asymptotically to x10 = 1/(1 + β), 
which is the maximum value that can take the first dimension-
less eigenvalue. This value is obtained when the rigidity between 
both masses k is very high and the structure can be considered as 
a single degree of freedom (SDOF) system with stiffness K and a 
total mass M + m. The second mode x2 is in this case the motion 
of the small part and its value tends asymptotically to μ(1 + β).

The proposed approach can be compared with other meth-
ods used for the estimations of the natural frequencies of an 
undamped 2-DOF system, such as Dunkerley’s approach and 
Rayleigh’s quotient [1].

The Dunkerley’s method can estimate the first natural fre-
quency of a 2-DOF system by considering the following assumption

ω2
1,Dunk = 1∑2

k=1 gkkmkk

(6)

where, for the considered 2-DOF system,

m11 = m; m22 = M

g11 = 1

k
+ 1

K
= k + K

kK
; g22 = 1

K

(7)

By using the dimensionless parameters defined in this section, the 
Dunkerley’s estimation for the first dimensionless eigenvalue is 
given by

x1,Dunk = ω2
1,Dunk = μ

(8)

K/M 1 + μ + μβ
For the estimation of the first eigenvalue of a 2-DOF system by 
the Rayleigh’s quotient [1], the static response of the system is 
assumed to be a close estimation of the first eigenvector leading to 
the following expression of the dimensionless eigenvalue in terms 
of the design parameters defined in this paper

x1,Ray = ω2
1,Ray

K/M
= 1

K/M

{φ}T
1 [K ]{φ}1

{φ}T
1 [M]{φ}1

= μβ + (μ + μβ)2

β(1 + μ + μβ)2 + (μ + μβ)2
(9)

The variation of the first dimensionless eigenvalue x1 as a function 
of the tuning parameter μ calculated using the exact analytical 
method proposed in this paper and compared with the solutions 
estimated by Dunkerley’s and Rayleigh’s approaches is shown in 
Fig. 4. The variations of x1 as functions of the mass ratio β calcu-
lated by using these three methods are compared in Fig. 5.

As can be seen from these plots, the differences of the solutions 
with Dunkerley’s method and Rayleigh’s quotient with respect to 
the exact solutions are noticeable for some ranges of values of the 
design parameters β and μ. The Dunkerley’s method gives values 
for the first eigenvalue below the exact solution for all range of 
values of mass ratio β and tuning parameter μ, where the highest 
differences appear for μ = 1. These differences decrease when β
increases. Whereas the Rayleigh’s quotient provides results for the 
first eigenvalue above the exact solution, showing a good agree-
ment for μ > 1, but with higher differences for μ < 1. As for 
the Dunkerley’s method, the difference with the exact solution de-
creases when the value of the mass ratio β increases.

The advantage of the 2-DOF model developed in this paper is 
that the solutions are exact for all range of values of β and μ, 
and the expression (5) used to calculate these solutions is not 
more complicated than the expressions obtained from Dunkerley’s 
method (Eq. (8)) and from Rayleigh’s quotient (Eq. (9)).



In this study, the range of interest for the tuning parameter μ
corresponds to values close to unity, where the phenomenon of 
dynamic coupling between both masses becomes more relevant. 
The first case considered is for μ = 1. Using Eq. (5), the eigenvalues 
are given by

x1,2 = 1 + β

2
∓ √

β

√
1 + β

4
(10)

For small values of the mass ratio β � 1, and neglecting O (β)

terms, these dimensionless eigenvalues and the frequencies ratio 
can be approximated as

x1,2 ≈ 1 ∓ √
β; f1,2

fr
≈ 1 ∓ 1

2

√
β (11)

Both solutions are slightly smaller and larger, respectively, than the 
zero order solution x = 1. The separation between these frequen-
cies depends on the mass ratio β , and is given by

√
x2 − √

x1 ≈
√

1 + √
β −

√
1 − √

β

� 1 + 1

2

√
β −

(
1 − 1

2

√
β

)
= √

β (12)

Therefore, the influence of the secondary mass on the natural 
frequencies of the system is higher than expected a priori. For 
instance, for a mass ratio β = 0.01, the frequency separation is √

β = 0.1.
In this range both dimensionless eigenvalues x1 and x2 are close 

to 1, and to find out which is more important in the global re-
sponse of the entire structure when is excited by its base, it is 
necessary to calculate the modal effective mass for each mode. As 
a previous step, the eigenvectors are obtained to know the motion 
of the masses in both modes.

2.1. Eigenvectors

The eigenvectors describe the motion of both masses for each 
mode and are calculated from Eq. (2)

{φ}i = (qi1,qi2)
T (13)

Whichever of the two equations obtained can be used to deter-
mine the eigenvectors. The election is a matter of analytical sim-
plicity

qi2

qi1
= −xi + 1

μβ
+ 1 (14a)

qi2

qi1
= μ

μ − xi
(14b)

To have an expression that relates the ratio of eigenvectors com-
ponents with both the mass ratio β and the dimensionless eigen-
values xi , the following expression, obtained directly from Eq. (4), 
is necessary as a previous step

xi

μ
= 1 − xi

1 − xi
β (15)

and combining this expression with Eq. (14b), the following equa-
tion to determine the eigenvectors is obtained

qi2

qi1
= μ

μ − xi
= 1

1 − xi/μ
= 1 − xi

xiβ
(16)

The explicit expressions of the eigenvectors components as a func-
tion of the mass ratio β and the tuning parameter μ are obtained 
by substituting Eq. (5) in Eq. (14a)
Fig. 6. Eigenvectors associated to eigenvalues x1 and x2 respectively for detuned
case (μ 	= 1).

q12

q11
= −x1 + 1

μβ
+ 1

= 1

2μβ

[
1 − μ(1 − β) +

√
(1 − μ)2 + μβ(2 + 2μ + μβ)

]
(17a)

q22

q21
= −x2 + 1

μβ
+ 1

= 1

2μβ

[
1 − μ(1 − β) −

√
(1 − μ)2 + μβ(2 + 2μ + μβ)

]
(17b)

The following expressions are approximations of the detuned
(|μ − 1| = O (1)) and the tuned (μ = 1) cases for small values 
of mass ratio (β � 1). For the detuned case, the approximated so-
lutions are

For μ � 1

x1 ≈ 1 − μ

μ − 1
β ≈ 1 − β; x2 ≈ μ + μ2

μ − 1
β ≈ μ(1 + β)

(18a)
q12

q11
≈ μ

μ − 1
≈ 1 + 1

μ
; q22

q21
≈ −μ − 1

μβ
≈ − 1

β
(18b)

For μ � 1

x1 ≈ μ − μ2

1 − μ
β; x2 ≈ 1 + μ

1 − μ
β (19a)

q12

q11
≈ 1 − μ

μβ
; q22

q21
≈ − μ

1 − μ
(19b)

The eigenvectors are shown in Fig. 6. In the case μ � 1, the 
amplitudes of oscillation of the two masses are similar in the first 
mode. The small mass accompanies the motion of the large mass, 
in phase for the lower frequency mode, while for the higher mode, 
large oscillation amplitude motion appears as β � 1, but 180◦ out 
of phase. In the case μ � 1, in the lower frequency mode the os-
cillation amplitude of the small mass is large, while in the higher 
frequency mode, the amplitude of the motion of both masses is 
quite similar, but 180◦ out of phase.

For the tuned case, μ = 1, the eigenvectors components have 
the following relationship obtained by substituting Eq. (10) in 
Eq. (14b):

qi2

qi1
= 1

1 − xi
= 1

−β ± √
β

√
1 + β

(20)

µ»I ~____!!__ 
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= 1 − β

1 + β

x2
i

(μ − xi)
2 + βμ2

(24)

Different expressions are given below that relate the modal effec-

1/ Jp 
Fig. 7. Eigenvectors associated to eigenvalues x1 and x2 for the tuned condition case
(μ = 1).

As a first approximation, considering low mass ratios β � 1, the 
relationship between the eigenvectors components becomes

q12

q11
≈ 1√

β

q22

q21
≈ − 1√

β

(21)

As for the detuned case, in the lowest frequency mode both mo-
tions are in phase and at the highest frequency mode both motions 
are 180◦ out of phase, as are shown in Fig. 7. The amplitude of 
the small mass motion is much larger (1/

√
β) in both modes than 

that of the spacecraft. This configuration has the same effects as 
the TMD studied in several works [12–36], where the amplitudes 
of the main structure are reduced at the expense of the high am-
plitudes on the secondary mass. But in the problem studied in this 
paper, these high amplitudes can be dangerous for the equipment 
represented by the small mass because they can generate exces-
sive stresses and forces above the allowable limits. Therefore, this 
condition must be carefully studied taking into account this risk 
for the secondary part.

2.2. Modal effective mass

To analyze the modal response of a system, the effective mass 
is a parameter often used. The effective mass fraction is the per-
centage of total mass participating in the motion of the respective 
eigenmode. This parameter is a measure to identify the importance 
of each mode on the global response of a system when it is excited 
at its base. High values of modal effective masses give high values 
of interface forces. The expression to calculate the modal effective 
mass from the mass matrix, the eigenvector and the response to a 
static displacement at the base is

Meff ,i = ({φ}T
i [M]{ J })2

{φ}T
i [M]{φ}i

(22)

where { J } = (1, 1)T is the response to a static displacement at the 
base. The modal effective mass fraction (meff,i ) of the 2-DOF system 
in this work is given by

meff ,i = Meff ,i

M + m
= M

M + m

(1 + β
qi2
qi1

)2

1 + β(
qi2
qi1

)2
(23)

This parameter can be expressed in different ways as a function 
of the 3 parameters (xi , β and μ) by combining Eq. (23) with 
Eqs. (14a) and (14b)

meff ,i = 1

1 + β

(μ + μβ − xi)
2

[(μ − xi)
2 + βμ2]

= 1

1 + β

[
1 + βμ

βμ + μ − 2xi

(μ − xi)
2 + βμ2

]

L 
1 2 

X1 
tive mass fraction as a function of only two independent parame-
ters.

Using Eq. (15) and the first term of Eq. (24), the expressions of 
meff,i as a function of the two independent parameters β and xi is 
obtained

meff ,i = β

1 + β

[1 + (
1−xi

xi
)]2

[β + (
1−xi

xi
)2] = β

1 + β

1

[βx2
i + (1 − xi)

2] (25)

From Eq. (25), the explicit expression of the dimensionless eigen-
value xi as a function of meff,i and β is

xi = 1

1 + β

[
1 ∓

√
β

1 − meff ,i

meff ,i

]
(26)

The equation that relates the modal effective mass fraction meff,i

with the tuning parameter μ and the dimensionless eigenvalue xi

is calculated by substituting the mass ratio β parameter of Eq. (25)
with the Eq. (15)

meff ,i = 1

1 + x3
i

μ
(1−xi)
(μ−xi)

(27)

And finally, to provide the explicit expression of meff,i as a function 
of β and μ, the ancillary parameter Γi is defined as

Γi ≡
√

β
1 − meff ,i

meff ,i
(28)

From Eq. (15), the tuning parameter μ can be expressed as a func-
tion of the modal effective mass fraction meff,i and β

μ = 1
1
xi

− β
1−xi

= 1
1+β
1−Γi

− β(1+β)
β+Γi

= (1 − Γi)(β + Γi)

Γi(1 + β)2
(29)

μ =
(1 −

√
β

1−meff ,i
meff ,i

)(β + β
1−meff ,i

meff ,i
)√

β
1−meff ,i

meff ,i
(1 + β)2

(30)

The parameter Γi can be expressed as an explicit function of the 
mass ratio β and the tuning parameter μ by solving the following 
quadratic equation defined from Eq. (29)

Γ 2
i + Γi

[
μ(1 + β)2 − 1 + β

] − β = 0 (31)

The results are

Γi = 1

2

[
1 − β − μ(1 + β)2 ∓ (1 + β)

×
√

(1 − μ)2 + μβ(2 + 2μ + μβ)
]

(32)

Finally, the modal effective mass fractions as a function of β and 
μ are calculated by considering Eqs. (32) and (28)

meff ,1 = β

β + Γ 2
1

= β

β + 1
4 [1 − β − μ(1 + β)2 + (1 + β)

√
(1 − μ)2 + μβ(2 + 2μ + μβ)]2

(33a)



meff ,2 = β

β + Γ 2
2

= β

β + 1
4 [1 − β − μ(1 + β)2 − (1 + β)

√
(1 − μ)2 + μβ(2 + 2μ + μβ)]2

(33b)

The variation of the modal effective mass fraction, meff,i as a func-
tion of the dimensionless eigenvalue xi is shown in Fig. 8. Solid 
lines are obtained from Eq. (25) for different constant values of 
the mass ratio β , while dashed lines represent the functions of 
Eq. (27) for different constant values of μ. A change of behav-
ior is observed in Fig. 8(a) for the curves of constant μ of the 
first mode, where for μ < 1, each curve decreases monotonously 
to zero, while for μ > 1, each curve presents a minimum value of 
meff,1, which is larger than 0.5. This indicates that, for the range 
of the tuning parameter μ above unity, the first mode always has 
more modal effective mass, and therefore, more influence on the 
generated interface forces than the second mode, when a forced 
acceleration is applied at the system base. This behavior is also 
observed in Fig. 8(c) for the second mode, with the difference in 
this case that corresponds to maximum values of the modal effec-
tive mass fraction.

For the second mode, the solutions only cover the non-shaded 
area in the Figs. 8(b) and 8(c). The curve that delimits this area is 
determined by the calculation of the value of the tuning parameter 
μmeff,max that maximizes the modal effective mass fraction of the 
second meff,2 for a given x2. This value is obtained from Eq. (27)

∂meff ,2

∂μ
= 0; μmeff ,max = x2

2
(34)

And substituting Eq. (34) in Eq. (27), the formula that defines the 
border line of the shaded area in Figs. 8(b) and 8(c) is

meff ,2,max = 1

1 − 4x2(1 − x2)
(35)

The expression of Eq. (33a) is plotted in Fig. 9 in curves for dif-
ferent constant values of mass ratio β , while the same solutions 
are shown in Fig. 10 in a graph meff,i − β with curves of constant 
values of μ.

As can be seen in Fig. 9, the curves of meff,1 as a function of the 
tuning parameter μ increase monotonically from β/(1 + β), which 
is the ratio between the small mass and the total mass obtained 
as a solution of Eq. (33a) for μ = 0 (low stiffness joint, k � 1), 
towards unity for μ � 1, which corresponds to the motion of the 
entire system.

With the aim of determining the design regions where each 
mode has more modal effective mass than the other one, it is 
necessary to calculate the values of μ and β where both modal ef-
fective mass fractions are equal to 0.5 and therefore where both 
modes have the same influence on the global response of the 
system. This condition leads to the following expression obtained 
from Eq. (28)

Γ 2
1 = Γ 2

2 = β (36)

And introducing this value in Eq. (31), the following relationship 
between μ and β is obtained

1 − β − μ(1 + β)2 = 0; μ0.5 = 1 − β

(1 + β)2
(37)

Interestingly, this value is always μ0.5 < 1. The dimensionless 
eigenvalues are obtained in this case by combining Eqs. (37) and 
(5)

xi = 1 ∓ √
β

(38)

1 + β
Fig. 8. Variation of modal effective mass fractions meff,1 and meff,2 as a function
of the dimensionless eigenvalues x1 and x2. Constant values of the mass ratio β ,
solid lines. Constant values of the tuning parameter μ, dashed lines. (a) First mode.
(b) and (c) Second mode; the solutions only cover the non-shaded area.

Fig. 9. Variation of the modal effective mass fraction, meff,1 as a function of tuning
parameter μ. The values of the mass ratio β are indicated.
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Fig. 10. Variation of the modal effective mass fraction, meff,1 as a function of mass
ratio, β . The values of the tuning parameter μ are indicated.

Fig. 11. Variation of the mass ratio, β , as a function of the tuning parameter, μ, for
different constant values of the dimensionless eigenvalues indicated in each curve.
First eigenvalue x1, solid lines; second eigenvalue x2, dashed lines. Zone A corre-
sponds for meff,1 < meff,2; zone B corresponds for meff,1 > meff,2. Dot-dashed line:
μ0.5 according to Eq. (37).

The design region where the first mode has more modal effec-
tive mass than the second mode (meff,1 > meff,2) corresponds to 
the zone B indicated in Fig. 11. The boundary that separates both 
regions is given by Eq. (37).

For β > 1, the eigenvalues are placed in zone B, which implies 
that the first mode is the dominant (meff,1 > meff,2), independently 
of the value of μ. The first mode is also dominant for μ > 1, in-
dependently of the value of β . For β � 1, the boundary between 
zone A and zone B is close to μ = 1.

3. Design cases

The design cases considered are focused on the determination
of the values of the parameters that optimize the design of the 
structure according to the established requirements.

The requirement usually applied in the space industry that 
mostly influences the modal behavior of a satellite consists in es-
tablishing a minimum limit value for the main natural frequencies 
of the satellite fmin [2]. The minimum frequency specified in the 
requirement must be sufficiently larger than the maximum fre-
quency of the excitation to reduce the risk of structural damage. 
This requirement affects the main modes of the system, which 
contribute most to the maximum forces and stresses generated by 
vibrations transmitted through the interface of the system. If the 
frequency of the excitation load coincides with one of the main 
natural frequencies, the effect of resonance increases the generated 
stresses that can lead to structural damage. The main modes of the 
system (e.g. the entire satellite) are defined as those modes whose 
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modal effective mass fractions are above an established threshold 
meff,lim . For example, a typical value is 10% or 0.1 [2].

In this study, the minimum frequency requirement is only ap-
plied for modes whose modal effective mass fraction is above the 
established threshold. The modes with a modal effective mass frac-
tion below the threshold are considered as local modes, whose 
contribution to the global response of the system is lower. These 
modes are related to the motion of small parts of the system and 
its excitation is less critical for the whole system than the exci-
tation of modes with high modal effective mass, but it can be too 
severe for the affected small part. The objective of the design cases 
proposed in this study is to know the limits of the values of the 
design parameters to assure that the whole system fulfills the im-
posed requirement, to finally obtain the optimum values of the 
design parameters within these limits.

Two different design cases are studied. The first design case 
refers to a design phase with the primary structure already de-
termined (M and K known), while the secondary element is yet 
to be designed. The second design case is applied when the total 
mass is fixed but its distribution between the primary and sec-
ondary elements is yet to be decided.

To define the requirement of minimum natural frequency of the 
system in the first design case, the ratio between fmin and the 
reference frequency fr is a fixed parameter. The values of the pa-
rameters of the main structure M and K are pre-established to 
achieve a reference natural frequency higher than fmin.

In the second case, the fixed parameter is the ratio between 
fmin and first natural frequency of the system when k is infinite, 
f10. This case considers that the total mass, M + m, together with 
the main stiffness K , which directly define the value of f10, are 
the pre-established parameters.

From the analytical point of view, the main difference between 
both design cases is that in the first case, the mass ratio β affects 
only the mass of the secondary part m, while in the second design 
case, the mass ratio β affects both the primary and the secondary 
masses. In this second design case, β indicates how the fixed total 
mass is divided between the primary and the secondary masses.

For both cases, the calculation of the range of values for the 
mass ratio β and the tuning parameter μ that allow the sys-
tem to fulfill the specified requirement is determined according 
to the definition of the requirements, which differ in each design 
case. The analytical equations are obtained from the mathematical 
model explained in section 2. Finally, the optimum values of the 
design parameters are expressed in analytical form and are finally 
applied to the real case of the structural design of the UPMSat-2 
satellite in section 4.

3.1. Design case 1: fmin/ fr as fixed parameter

In the first design case, the parameters related to the main 
structure are known and have been determined to get a reference 
natural frequency fr sufficiently higher than the minimum natural 
frequency specified to the system,

fr > fmin; xmin =
(

fmin

fr

)2

< 1 (39)

As mentioned in section 2, the dynamic behavior of the system is 
altered by the addition of a small part of mass m with the genera-
tion of two modes, where the first mode is always lower than the 
reference mode.

The design region where the system does not fulfill the speci-
fied requirement corresponds to the shaded areas in Fig. 12 and it 
is defined by the intersection of the regions generated for each of 
the following inequalities



Fig. 12. Example of design region (non-shaded area) for the first case according to
the specified minimum natural frequency (xmin = 0.85, ADB limit) and modal effec-
tive mass fraction threshold (meff,lim = 0.1, AEC limit). (a) Design region in meff,1 −x1

plane. (b) Design region in β–μ plane.

meff ,1 > meff ,lim (40a)

x1 < xmin (40b)

As shown in Fig. 12(b), there is a value for the mass ratio 
βmax above which the system will never fulfill the requirements. 
As shown in Fig. 12(a), the curve associated to a value of β > βmax
is entirely in the shaded area. This limit is the maximum between 
the limits βmax,1 and βmax,2. βmax,1 is related to the established 
minimum eigenvalue xmin (AB), and βmax,2 is related to the modal 
effective mass fraction threshold meff,lim (AC).

The first limit βmax,1 is calculated considering the maximum 
value for the first dimensionless eigenvalue for a 2-DOF system, 
x10, which is the case when both the stiffness between the two 
masses, k, and the tuning parameter μ are infinite. This parameter 
is defined as

x10 ≡
(

ω10

ωr

)2

= K/(M + m)

K/M
= M

M + m
= 1

1 + β
(41)

This value of x10 constitutes the upper limit for the lowest dimen-
sionless eigenvalue x1 for a given value of the mass ratio β . The 
maximum mass ratio βmax,1 that can provide a first eigenvalue 
of the 2-DOF system above xmin is calculated using Eq. (41) for 
x10 = xmin

βmax,1 = 1 − xmin (42)

1 

0.75 

; E o.5 

0 .25 

13 
1 

i3max,1 
i3max,2 

0.1 

i3<13ma 

0 .01 

~lim 

0.001 

0 

C 
X 

0.01 

0 .2 0.4 0.6 

(a) 

r- . , _E .. b 

0.1 

µE, ~ D 

m ffl \ Xmin 
e , 1m. 

\I .. 
Af 

1 

µ 

µA 

(b) 

-

B 

0.8 1 

B .-

10 100 
xmin
This value is the asymptotic limit of the design region for μ → ∞
indicated in Fig. 12(b) and that corresponds to point B in Fig. 12(a).

The value of βmax,2 is the maximum value of mass ratio that 
can provide a modal effective mass fraction below or equal to the 
threshold of meff,lim . For a given mass ratio β , the minimum value 
of modal effective mass fraction of the first mode for a 2-DOF sys-
tem is obtained from Eq. (33a) for μ = 0

meff ,1 = β

1 + β
(43)

For meff,1 = meff,lim , the value of βmax,2 is

βmax,2 = meff ,lim

1 − meff ,lim
(44)

This value is the limit of the design region for μ → 0, which cor-
responds to the point C in Fig. 12(a).

Therefore, the maximum value of the mass ratio βmax for which 
the system can meet the requirement is

βmax = max

(
1 − xmin

xmin
,

meff ,lim

1 − meff ,lim

)
(45)

For values of mass ratio β above this maximum value βmax, the 
2-DOF system will never exhibit a first natural frequency higher
than fmin. Also, the modal effective mass fraction for the first
mode is higher than meff,lim .

There is a value for the mass ratio βlim below which the system 
always meets the requirement, independently of the value of μ. 
This configuration is identified as the point A in Fig. 12. The value 
of βlim is calculated with Eq. (25) for x1 = xmin and meff,1 = meff,lim

β2
lim + βlim

[
1 +

(
1 − xmin

xmin

)2

− 1

meff ,lim

(
1 + 1 − xmin

xmin

)2]

+
(

1 − xmin

xmin

)2

= 0 (46)

Defining x′
min ≡ 1−xmin

xmin
the result is

βlim = 1

2

[
1

meff ,lim

(
1 + x′

min

)2 − 1 − x′ 2
min

−
√[

1

meff ,lim

(
1 + x′

min

)2 − 1 − x′ 2
min

]2

− 4x′ 2
min

]
(47)

The value of the tuning parameter in this point is defined as 
μA , and can be calculated using Eq. (30) for β = βlim and meff,i =
meff,lim .

For the case where the mass ratio β are between βmax and 
βlim , there is a range of values for the tuning parameter μ within 
which the system does not fulfill the requirements. This range cor-
responds to the segment between points E and D in Fig. 12. For 
values higher than the upper limit of this range μD , the first nat-
ural frequency of the system is above the minimum frequency 
established in the requirement. For values of the tuning parame-
ter below the lower limit of this range, μE , the modal effective 
mass fraction of the first mode is below the threshold established, 
and therefore is allowed to have a natural frequency below the re-
quired minimum value.

The expression of μD for a given mass ratio β between βlim

and βmax,1 is calculated from Eq. (15) for x1 = xmin

μD = 1 − xmin
1−xmin

xmin
− β

(48)

This value corresponds to the point D in Fig. 12.



The lower limit μE of the range is identified with the point E 
in Fig. 12. This value is calculated from Eq. (30) for β between βlim

and βmax,2 and for meff,1 = meff,lim

μE =
(1 −

√
β

1−meff ,lim
meff ,lim

)(β +
√

β
1−meff ,lim

meff ,lim
)√

β
1−meff ,lim

meff ,lim
(1 + β)2

(49)

For designs where μ > μD , the lowest natural frequency of the 
system is f1 > fmin and therefore, the system meets the require-
ment. In this situation, this first mode is considered as main mode 
of the system because its modal effective mass fraction is higher 
than the threshold meff,lim .

For the case where μ < μE , the lowest mode of the system 
can be considered as a local mode because it has a modal effec-
tive mass fraction below the established threshold. From the whole 
system point of view, this design region is allowed, even though 
the first natural frequency is below fmin, because the excitation 
of this mode has less influence on the global response of the sys-
tem. But there is a considerable risk of damage for the small part, 
which must be taken into account.

After establishing the limits of the design region, the optimum 
design is defined as the point of this region that minimizes the 
structural mass, which is directly influenced by the stiffness. In 
this design case, the variable parameters are related to the sec-
ondary mass. In many situations, the main contribution of the total 
mass of a system like a satellite or a payload is due to the non-
structural elements. For this reason, in the optimization example 
exposed below, the small mass m and the mass ratio β are fixed 
values independent of the structural parameters as the stiffness k
and the tuning parameter μ. The objective is the calculation of the 
minimum values of the stiffness k and the natural frequency f20
of the small part for given values of M , K , m and β .

For the design region where μ < μE , the theoretical optimum 
design is obtained for μ → 0. In this design region, the drawback is 
the risk of damage to the small part due to the amplification at the 
resonance of the local mode with the low frequency excitations. 
For this reason, the considered design region in this optimization 
is for μ > μD , where the natural frequencies of the system are 
higher than fmin. For a value of the mass ratio between βlim and 
βmax,1, the optimum design point is when the structural mass and 
thus the stiffness k of the secondary part is minimum. The mini-
mum stiffness within the design region limits is for μ = μD . From 
Eq. (48), the following expression is obtained

μD

xmin
= 1

1 − xmin
1−xmin

β
(50)

Expressed in terms of natural frequencies is

f20,opt = fmin

√√√√ 1

1 − f 2
min

f 2
r − f 2

min
β

(51)

The optimum stiffness of the small part is

kopt = 4π2mf 2
min

1

1 − f 2
min

f 2
r − f 2

min
β

(52)

And the optimum stiffness ratio αopt is

αopt = μDβ = βxmin

1 − xmin
1−xmin

β
= xmin

1
β

− xmin
1−xmin

(53)

Eq. (51) is a useful expression that can be employed to derive a 
specification for the minimum natural frequency to a secondary 
part, f20,opt , with the aim to avoid that the first frequency of the 
whole system is below a specified fmin.

3.2. Design case 2: f10/ fr as fixed parameter

With the same purpose as in the previous case, a minimum 
limit is established for the main natural frequencies of the system. 
Like in the first design case, this requirement only affects the main 
modes of the system, i.e. those with a modal effective mass frac-
tion above an established threshold. The difference in this case is 
that the known or fixed parameters are the total mass of the sys-
tem, M + m, and the primary stiffness K . With both parameters, 
the maximum first natural frequency of the 2-DOF system can be 
calculated considering that the stiffness k between the two masses 
is infinite

f10 = 1

2π

√
K

M + m
(54)

x10 =
(

f10

fr

)2

= K/(M + m)

K/M
= 1

1 + β
(55)

In this second case, the parameter ϕ is defined as the ratio be-
tween fmin and f10. The requirement is expressed as follows

ϕ ≡ fmin

f10
< 1 (56)

The risk region is defined by the intersection of the regions gener-
ated for each of these inequalities

meff ,1 > meff ,lim (57a)

f1 < fmin;
(

f1

f10

)2

= x1

x10
<

(
fmin

f10

)2

= ϕ2; x1 < x10ϕ
2

(57b)

Using Eq. (55), the expression for the minimum limit for the di-
mensionless eigenvalue is given by

xmin = ϕ2

1 + β
(58)

In this second design case, xmin depends on the mass ratio β un-
like in the first design case, where xmin is a constant value. The 
design region corresponds to the non-shaded areas in Fig. 13.

The equations that relate the modal effective mass fraction 
meff,1 with the frequency ratio ϕ and the minimum dimensionless 
eigenvalue xmin are obtained from Eqs. (25), (26) and (58)

meff ,1 = 1

1 + xmin
ϕ2−xmin

(1 − ϕ2)2
(59)

xmin = ϕ2

1 + meff ,1
1−meff ,1

(1 − ϕ2)2
(60)

The curve AF that sets the upper limit of the shaded area in 
Fig. 13(a) is given by Eq. (60).

The value of βmax,2 has the same meaning and expression as 
in the first design case. The difference in this second case is that 
the maximum value of the mass ratio βmax above which the 2-DOF 
system cannot fulfill the requirement does not exist, i.e. it is possi-
ble to fulfill the requirement for any value of β , depending on the 
value of the tuning parameter μ.

As in the first design case, there is a value for the mass ra-
tio βlim below which the 2-DOF system always complies with the 



Fig. 13. Example of design region (non-shaded area) for the second case according
to the specified minimum natural frequency (ϕ = 0.92, AF limit) and modal effec-
tive mass fraction threshold (meff,lim = 0.1, AEC limit). (a) Design region in meff,1–x1

plane. (b) Design region in β–μ plane.

requirement, independently of the value of μ. This value is repre-
sented in Fig. 13 as the point A, and is calculated using Eq. (25)
and Eq. (56) for x1 for xmin, meff,1 for meff,lim and β = βlim

meff ,lim = βlim

1 + βlim

[1 + (
1−xmin

xmin
)]2

[βlim + (
1−xmin

xmin
)2]

= βlim

1 + βlim

(1+βlim)2

ϕ4

(1 + βlim)
βlim+(1−ϕ2)2

ϕ4

= βlim

βlim + (1 − ϕ2)2

βlim = meff ,lim

1 − meff ,lim

(
1 − ϕ2)2

(61)

The value of μA in this point is obtained using Eq. (15), for β =
βlim and xi = xmin

μA = 1 − xmin
1−xmin

xmin
− βlim

= 1
1

xmin
− βlim

1−xmin

= 1
1+βlim

ϕ2 − βlim(1+βlim)

1+βlim−ϕ2

(62)

μA = ϕ2(1 + βlim − ϕ2)

(1 + βlim)2(1 − ϕ2)

= ϕ2(1 − meff ,lim)(1 − ϕ2(1 + meff ,lim) + ϕ4meff ,lim)

(1 − ϕ2)(1 − 2ϕ2m + ϕ4m )2
(63)
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For values of β > βlim , there is a minimum value for the tuning pa-
rameter, μF , above which the system has a first natural frequency 
above fmin. This design point is indicated as point F in Fig. 13 for 
a given mass ratio β . The value of μF is obtained from Eq. (15)
and with the same procedure shown in Eqs. (62) and (63)

μF = ϕ2(1 + β − ϕ2)

(1 + β)2(1 − ϕ2)
(64)

As can be seen in Fig. 13(b), there is a value of the mass ratio β
that maximizes the value for μF (curve AF). This means that for 
μ > μF ,max, the first natural frequency is higher than the specified 
minimum frequency fmin for the whole range of values of β . This 
maximum value, μF ,max, is obtained by deriving the expression in 
Eq. (64)

∂μF

∂β
= 0; β = −1 + 2ϕ2 (65)

and substituting in Eq. (64)

μF ,max = 1

4(1 − ϕ2)
(66)

The expression of the maximum value μF ,max in Eq. (66) is only 
applicable for ϕ2 ≥ 0.5. A design with the mass ratio β given 
by Eq. (65) can fulfill the requirement if μ > μF ,max, even being 
higher than βmax,2, because in this situation the first mode has a 
natural frequency above the imposed minimum value and with a 
modal effective mass fraction above the established threshold.

For ϕ2 < 0.5, the maximum value μF ,max is for β = 0 and, us-
ing Eq. (64), is given by

μF ,max = ϕ2 (67)

Like in the first design case, for the range of values of the mass ra-
tio between βlim (point A) and βmax,2 (point C), there is a limit μE

that is defined when the modal effective mass fraction of the first 
mode is equal to the threshold indicated in the specification. The 
expression obtained for the first design case to calculate this limit 
(Eq. (49)) is also valid for this second design case. For μ < μE , 
the first natural frequency of the system is lower than the speci-
fied minimum value fmin, but with an associated modal effective 
mass fraction below the threshold established to identify the main 
modes of the system.

The optimum design that gets a first natural frequency of the 
system above the specified minimum value fmin is when μ = μF . 
The optimum stiffness ratio using Eq. (64) is

αopt = μF β = ϕ2β(1 + β − ϕ2)

(1 + β)2(1 − ϕ2)
(68)

The optimum stiffness kopt of the small part can be calculated by 
using Eqs. (68) and (55)

kopt = αopt K = ϕ2β(1 + β − ϕ2)

(1 + β)2(1 − ϕ2)
K

kopt = ϕ2β(1 + β − ϕ2)

(1 + β)2(1 − ϕ2)
(2π f10)

2(M + m)

= 4π2mf 2
min

(1 + β − ϕ2)

(1 + β)(1 − ϕ2)
(69)

The minimum natural frequency of the small part when its inter-
face is constrained is given by

f20,opt = 1

2π

√
kopt

m
= fmin

√
(1 + β − ϕ2)

(1 + β)(1 − ϕ2)
(70)



Fig. 14. UPMSat-2 and a lateral panel without solar cells.
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(a) UPMSat-2 design. (b) Outer lateral panels. 
Defining β∗ ≡ m
M+m = β

1+β

f20,opt = fmin

√
1 + β∗ ϕ2

1 − ϕ2
= fmin

√
1 + β∗ f 2

min

f 2
10 − f 2

min

(71)

Eq. (71) can be used by the satellite designers to derive a specifi-
cation of minimum natural frequency to be imposed as a require-
ment for its subsystems to assure that the first natural frequency 
of the entire satellite is above the minimum value fmin defined 
by the launch authority. The input parameters for this equation 
are fmin, the mass ratio of the subsystem or instrument with re-
spect to the total mass β∗ and the first natural frequency f10 of 
the satellite considering the subsystem as a rigid body attached to 
the main structure. Using Eq. (71), the value of f20,opt increases 
when the mass ratio β∗ increases, indicating that the requirement 
is more severe for massive subsystems.

An example of the design of a lateral panel of the microsatellite 
UPMSat-2 is explained in section 4, where the expressions pre-
sented in this study are used to compare with the results of the 
finite element model (FEM).

4. Case study: design of lateral panels of the UPMSat-2 university
class microsatellite

UPMSat-2 is a microsatellite developed by the Spanish uni-
versity research institute Instituto Universitario de Microgravedad 
“Ignacio Da Riva” (IDR) of the Universidad Politécnica de Madrid 
(UPM), Spain [37,38]. The structure, shown in Fig. 14(a), presents 
a prismatic shape composed by four squared stiffened trays, lo-
cated horizontally at different heights, and attached to four vertical 
beams at each corner. The lateral faces of the satellite are com-
posed of four vertical double panels, where the solar cells of the 
satellite and the corresponding harnesses are distributed on the 
exterior side of the outer panels.

A study about the structural design of the lateral panels shown 
in Fig. 14(b) is carried out to evaluate the effect of the local modes 
of these parts on the global modes of the satellite. In this study, 
two equal opposite panels are considered as the secondary part. 
The simplified model that best represents this configuration con-
sists of two small masses connected in parallel to the large mass 
that represents the rest of the satellite. But taking into account that 
both panels are identical in mass and stiffness, the results are the 
same when considering the 2-DOF mathematical model developed 
in section 2, where the small mass m is the sum of the masses of 
both panels including their non-structural mass distributions, and 
the small stiffness k is also the sum of the equivalent stiffness of 
each panel.

In the designs analyzed in this work, the considered mechani-
cal interface between each outer panel with the rest of the satellite 
structure consists of a distribution of bolts along the two vertical 
edges that attach it to the vertical beams of the satellite. The natu-
ral frequency of the isolated secondary part ( f20) can be calculated 
by the FEM of one outer panel by constraining the interface nodes 
of the 1D CBUSH elements that represent the bolts.

The large mass M corresponds to the rest of the satellite with a 
value of 41.88 kg. The reference natural frequency fr = 54.02 Hz 
is the first lateral mode of the satellite without the considered 
two outer panels, which has been calculated from FEM analysis 
(Fig. 15(a)). The objective is to determine, for different design op-
tions of the outer panels, if the satellite can fulfill the requirement 
of having lateral modes above 45 Hz, which is the value specified 
for the microsatellites that are attached to the secondary payloads 
adapter of the Ariane 5 launch vehicle [39].

In the first design option of the outer panels (case 1), the 
mass of the two outer panels with their non-structural elements 
is m = 4.92 kg. The mass ratio between the large and the small 
masses is β = 0.118, and the first mode of the constrained panel 
obtained from FEM analysis is f FEM

20 = 48.99 Hz (Fig. 15(b)). The 
maximum first global mode of the satellite for the case where the 
panels are infinitely rigid is f10 = 51.10 Hz, which has been esti-
mated using Eq. (55) from the given mass ratio β and reference 
frequency fr .

The parameters and the results are shown in Table 1, compar-
ing the prediction of the first global mode of the entire satel-
lite with the 2-DOF mathematical approach ( f1 = 43.42 Hz) and 
the result obtained by FEM analysis ( f FEM

1 = 43.55 Hz), where 
the modal shape is shown in Fig. 15(c). The difference between 
both calculations is below 1%. With this design, the lateral fre-
quency of the satellite is below the specified minimum frequency 
and it is necessary to improve the design by increasing the stiff-
ness of the panels to fulfill the requirement. With this objective, 
Eq. (71) is used to analytically estimate the minimum frequency 
of the isolated panels considering negligible the increase of their 
structural mass. The result is that this mode must be at least 
f20,opt = 52.54 Hz.



Fig. 15. Finite element model results of UPMSat-2.

(a) Reference global mode of 
the satellite without outer 

panels ({r = 54.02 Hz). 

(b) Local mode of the isolated 
outer lateral panel in Case 1 

(h./EM = 48.99 Hz). 

(c) First lateral mode of the 
entire model in Case 1 

(fiFEM = 43.55 Hz). 
Table 1
Results of three design cases for the lateral panels of UPMSat-2.

Parameters Case 1 Case 2 Case 3

β 0.118 0.118 0.128
fr (Hz) 54.02 54.02 54.02
xmin 0.694 0.694 0.694
f FEM
20 (Hz) 48.99 52.97 64.79

μ 0.822 0.961 1.438
x1 (2-DOF approach) 0.646 0.699 0.781
f1 (Hz) (2-DOF approach) 43.42 45.17 47.76
f FEM
1 (Hz) 43.55 45.01 47.01

Relative difference −0.30% 0.34% 1.58%

A second case with a slight modification of the stiffness in the 
FEM of the panels to reach this optimum frequency provides a 
mode of f FEM

20 = 52.97 Hz for the constrained panel, and a first 
global mode of the satellite of f FEM

1 = 45.01 Hz. The requirement 
is fulfilled in this second case.

To have a more conservative design, a third case is proposed 
with a greater increase in the stiffness of the panels, which implies 
a non-negligible increase of the structural mass. In this case, the 
total mass of both outer panels reaches 5.35 kg (β = 0.128) and 
the local mode is f FEM

20 = 64.79 Hz. The global mode obtained from 
FEM analysis is f FEM

1 = 47.01 Hz, while the analytical prediction 
gives a value of f1 = 47.76 Hz.

The difference of frequencies between analytical predictions 
and FEM results increases for the cases studied as the modal ef-
fective mass fraction of the fundamental mode of the constrained 
panel decreases as consequence of the modification the design. 
Therefore, assuming this panel as a single degree of freedom sys-
tem becomes less consistent due to a higher contribution of the 
rest of the modes of the panel. Nevertheless, the differences of fre-
quencies between analytical predictions and FEM results are below 
2% in all studied cases.

5. Conclusions

This study presents an analytical approach to describe the ef-
fects of the dynamic coupling between a secondary and a primary 
structure (in terms of their mass ratio and tuning parameter) on 
the modification of natural frequencies, mode shapes and modal 
effective masses of the whole structure. This case appears in sev-
eral designs of space structures, for example for instruments or 
components that have natural frequencies close to the natural fre-
quencies of the spacecraft. The dynamic coupling has been eval-
uated with an undamped 2-DOF mathematical model presented 
and solved in section 2. Considering this undamped model has al-
lowed to obtain useful analytical expressions with the advantage 
of providing a rapid and direct estimation of the influence of de-
sign parameters, as mass ratio β and tuning parameter μ, on the 
main results. These results allow to carry out studies on the pre-
liminary design phase of spacecraft by means of these values and 
feasible and unfeasible design regions. This method has been com-
pared with other alternatives such as Dunkerley’s and Rayleigh’s 
methods to calculate the first natural frequency of the system, 
showing that the proposed method has the advantage of providing 
exact solutions for all range of values of the design parameters and 
with ease-of-use expressions. This study has demonstrated how 
the main mode of the system can be appreciably altered when 
the local mode of the small part has a similar frequency, even for 
negligible values of the mass of the small part. The effect is the di-
vision of the global mode into two modes, where both modes can 
have similar values of modal effective mass fraction. Another im-
portant consequence is the decrease of the first natural frequency 
of the satellite, which can lead to the unfulfillment of the require-
ment of minimum natural frequency imposed by the launcher to 
prevent the structural resonance with the loads generated during 
the launch phase. Therefore, the mathematical equations presented 
in this work provide an easy way of calculation to find out the op-
timum values for a preliminary design of a secondary part for the 
case where the modal coupling of this part with the entire satel-
lite cannot be avoided. The objective is to find the design values 
so that the satellite can fulfill the minimum natural frequency re-
quirement. These equations can be useful to the satellite designers 
to derive a specification of minimum natural frequency to be im-
posed on the payloads. The analytical approach presented in this 
work has been applied to the design of the structural lateral panels 
of the microsatellite UPMSat-2, where the differences with respect 
to FEM calculations are below 2%.
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