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1 Introduction
This thesis concerns the geometrical, constructive and static analysis
of a stretch of the Amiens Cathedral, a prominent example of gothic
architecture in France. The work has been developed during a stage at the
Escuela Tecnica Superior de Madrid under the supervision of Prof. Santiago
Huerta and Prof. Maurizio Angelillo.
Masonry is a theme in continuous evolution in this time. It was well
known in the past by the ancient masters but, after introduction of new
materials as reinforced concrete or steel structures, the studies are focusing
on new theories, such as the elastic one, to describe the behaviour of this
new types of technologies. The result is a gradual forgetting of the ancient
ways of building adopted in the masonry building. In addition, from the
beginning of the XX century was not usual to build with traditional
techniques. In a parallel time, it’s begun the necessity to defend the ancient
building by the evolving of the time but, forgetting the knowledge of
historical building techniques, scholars started to apply the new theories of
the XX century, birth to explain and project modern building, to the ancient
one. This theme it’s still today not well solved.
In the second half of the XX century it was introduced a new way to
study ancient building knows as the name of “Limit Analysis” or “Structural
Theory of Masonry” supported and introduced by Prof. Jacques Heyman,
emeritus professor of Engineering at the University of Cambridge.
More in detail, Prof. Jacques Heyman introduced three simplifying
assumptions to describe masonry: masonry has not tensile strength, stress
is so low that masonry has effectively an unlimited compressive strength
and sliding failure does not occur. These assumptions put the model inside
the conceptual frame of Plasticity.
“Plastic Theory” is a way to analyse static problems concerning masonry
buildings, based on a simple concept: there exist infinite ways to describe
1

the transferring of the loads in a masonry building, but if it is possible to
define at least one line of thrust lying entirely inside the building, then the
structure is safe. “Plastic Theory” is not a deterministic theory but it gives
way to apply limit analysis: it is necessary only to study possible limit
conditions to establish the global stability behaviour.
To define the thrust line, it is possible to adopt equilibrium analysis, in this
case using graphic statics: assessment of the stability of such arched
structures with varying geometries would be considerably more difficult if
traditional computational methods are used but, more importantly, the
graphic statics framework inherently presents results visually, as well as
numerically, allowing results to be easily interpreted. In addition, a static
analysis allows to understand if the visible and not visible cracks are
effectively dangerous.
For the structural analysis of the Amiens Cathedral, the “Plastic
Theory”, or “Structural Theory of Masonry” put forward by Prof. Jacques
Heyman, is adopted.
This work is divided into three parts: a historical survey, a geometrical study
and a simplified static analysis. The first part consists into an investigation
about the sequence of the construction phases, the second one consists
into an investigation about the materials, way of construction, disposition of
elements and their dimensions, the third one consists in a simple application
of the “Plastic Theory” to a section of the church. The aim of the analysis is
to show the transmission of the loads from the vault to the other structural
component. In this doing this, the building is divided into basic elements:
vaults, walls, flying buttresses, piers and buttresses, and then each structure
and sub-structure is examined in order to find a possible equilibrium
solution. Then, the thrust line of each component is related to the other one
to obtain a global thrust line of the entire section of the church. In conclusion,
it is verified that: the material works in compression, that the loads are low
enough and if that there is not any danger of sliding failure.

2

This work wants to show how graphical computation offers new
possibilities in an old field of research, which is essential for conserving
architectural heritage in the future. Finally, the concept of the thrust line
emphasizes the relationship between geometry and structural behaviour of
buildings as a fundamental principle for architectural designers of the future.

3

2 Historic Sequence
The cathedral of Notre-Dame de Amiens is one of the most prominent
examples of traditional gothic.
Amiens, the main town of Piccardia, was one of the most influent city
of France thanks to an important fluvial port know by romans as Samarobriva
that means Bridge on the Somme. In addition, it was between the principals
French cities: Paris and Calais. During the Middle Age, Amiens became a
rich city thanks to the textile trade of wool dyed with blue.1
The origins of the cathedral of Amiens are to search in the III century:
Saint Fermin, the first evangelist of this land, was murdered in Amiens so, in
his honor, was built a Romanesque church that burned on 1218.
In 1220, it was decided to build a new impressive cathedral dedicated at the
Virgin inspired by the main French cathedrals such as Paris and Lyon. The
project was funded by the artisans, those who worked with wool, as a
devotional donation.
The construction of the building entails the demolition of ancient buildings
as the hospital and the bishop’s palace letting only the rest of Saint Fermin’s
church. In fact, because there were problems with the demolition of the
Saint Fermin’s church, the construction of the new one started from nave to
the apse in reverse of how was usual.

1

http://www.angolohermes.com/Speciali/Francia/Amiens/Cattedrale.html
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Figure 2.1 Amiens c.1200
The direction of the construction was made by the bishop Evrad de Fouilloy
and the Professor at the University of Paris Jean d’Abberville, who laid the
foundation stone and managed the money. The masters who worked at the
construction were Robert de Luzarches, Thomas de Cormont and Renaud
de Cormont. They took inspiration by the cathedrals of Chartres and
Soissons.
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Most of the building ended after almost fifty years and the masters who
succeeded did not change the starting style, as result the church is now
featured by a strong unit of stile typical of the traditional gothic.2

2.1 Sequence of masters’ interventions during the
construction
As already mentioned, the construction of the cathedral was assigned
to different masters in fact it is possible to divide the principal construction
periods into four parts:
I.

From the 1220 to 1235: the site was directed by Master Robert de
Luzarches assisted by Thomas de Cormont. To this period is
associated the construction of foundations, lower wall and the nave
south and north;

Figure 2.2 State of the art c. 1230

2

http://www.viajeuniversal.com/francia/amiens/catedral/catedralamiens.htm
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Figure 2.3 State of the art c. 1235
II.

From the 1240s to c1250: after the Master Robert’s death, the site
was directed only by the Master Thomas de Cormont who construed
the upper nave and belfries of western towers. More in detail, he
begun the upper transept and laid out the lower choir;

Figure 2.4 State of the art c. 1245

III.

From the 1250s-1260s: the site direction passed to Master Renaud
de Cormont who completed the upper transept and upper choir;

7

Figure 2.5 State of the art c. 1255

IV.

After the 1260s there were some additional interventions such as:
a. 1269, the axial window of the choir clerestory;
b. 1280-c1310, the main roof from east to west;
c. 1288, the pavement;
d. 1360s-c1400, the west tower;
e. 1528-c1533, the clocher doré.3
During the XVIII century, the period of revolution in France, the

cathedral was deconsecrated so noble and corporations starts to build
lateral chapels where celebrate commemorative masses. As result, the
buttresses of the nave were incorporated. The choir changed too modifying
the entrance to the apse from an open space to a close one.4

2.2 Restoration works in the XV century
Inside Bilson’s article about Mr. Goodyear’s ‘refinements’ is mentioned
also some works on the Amiens Cathedral almost two-thousands years after
the end of its construction. This passage is of fundamental importance for
the porpoise of this work of thesis, in fact it’s explicate that, at that time, the
cathedral showed a lot of static problems witnessed by a commission of
MURRAY, S, Life of a Cathedral: Notre-Dame of Amiens, Columbia University, 2017
DIETER, K, ROBERT, S, L’architecture gothique en France 1130-1270, Flammarion,
1990, pp. 17-18
3

4
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experts that on the 14th March, 1497-8, was called to analyse the church
and define if it was necessary to add some interventions to guaranty the
stability:
«The four principal pillars of the crossing of the said church are bent and
arched on both sides by the thrust of the aisle vaults, and even the walls next these
pillars are broken and open in consequence of the said thrust; and in like manner
the said walls are broken towards the great doors of the said transept at like heigh»5

As a result, it started some works of restoration, principally:
-

The addition of doublés arcboutants;

-

The insertion of anchor bars;

-

The flamboyant boss of the vault of the bay 17, 19a-b.
On the 25th March was a further visit of a much larger commission,

consisting, besides those who were on the previous commission, of further
church dignitaries, the King's provost and the King's receiver at Amiens, two
more carpenters, and two smiths. It confirmed the previous report as to the
mischief and decided that it was necessary. The work was then executed.
About the flying buttresses, unlike lie double flying-buttresses of the
nave those of the choir were single, the space between the arch and he was
coping being filled with pierced tracery. This construction was, as Viollet-leDuc has explained, too weak for its work, the result being that «les arcsboutants se souleverent». Pierre Tarisel, who was principally responsible for
the works referred to above, added, below the arch of each of the original
flying buttresses, another arch of greater radius, in order to strengthen them
to resist the thrust of the high vaults.
About the insert of iron ties it’s necessary to undestand the condition
in wich the Amiens Cathedral was. Bilson says that principals static
problems where referred to the pilars on the cross that showed cracks.

BILSON, J, “Amiens Cathedral and Mr. Goodyear's 'refinements'”, Journal of the Royal
Institute of British Architects, Volum. XIII. No. 15, 1906, p. 406
5
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«The

four principal pillars of the crossing of the said church are bent and

arched both sides by the thrust of the aisle vaults, and even the walls next these
pillars are broken and open in consequence of the said thrust; and in like manner
the said walls are broken towards the great doors of the said transept at like
height»6

Bilson describe also the piers involved. The piers that showed cracks were
principally in the nave, choir and transept.
As a result, Pierre Tarisel decided to insert anchor bars of Spanish iron
specially treated driven into a depth of 6 or 8 inches. In addition, the pier 19
was entirely rebuilt implying the same for the doubleaux and the vaults who
supported, too. In 1503 piers 21 and 23 was repaired, too. Above the pier
19a, immediately below the triforium string, the three vaulting-shafts are
clasped by an iron collar, which is attached by two hooks to the wall at the
back of the triforium.7

Figure 2.6 Drawing of iron bars in Amiens Cathedral (Durand 1855)

BILSON, J, “Amiens Cathedral and Mr. Goodyear's 'refinements'”, Journal of the Royal
Institute of British Architects, Volum. XIII. No. 15, 1906, p. 406
7
Cfr. BILSON, J, “Amiens Cathedral and Mr. Goodyear's 'refinements'”, Journal of the
Royal Institute of British Architects, Volum. XIII. No. 15, 1906
6
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Figure 2.7 Plan of Amiens Cathedral (Bilson 1906)
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2.3 Works during the IX century
In 1800 the cathedral was attached by and hurricane that destroyed
the fléche showing some cracks of the crossing vault and the north-east
crossing pier (17a), though, as M. Durand remarks, this settlement was
probably of much older standing. This event premised to start new works of
restauration this time made by Bruno Vasseur during the period 1804-1806.
The intervention consists into insert six collars in the ribs of the crossing
vault attached at the base of the fléche: four in the transverse rib and two in
the diagonal rib.
Despite the interventions in the cross vault, Amiens Cathedral showed
still bad conditions. In 1805, Sambucy, ingénieur des ponts et chaussées,
reported on the condition of the Cathedral describing it with problems
affecting piers, who were separated from the vaults, and the roof, who
permitted that the water enter implying numerous opening in the vaults. In
addition, Grandclas wrote a report on 28th October 1805, too, in which he
showed the precarious conditions of the church to suggest a new
intervention of restoration. He attributed its conditions to revolutionary
revolts and to the hurricane of 1800. More in detail, he proposed to insert
tie rods across the nave. M. Durand remarks that this part of Grandclas’
report seems exaggerated, and that the movement which he had noticed
was of very old standing. However, the works which he recommended were
carried out, and six strong iron ties, which still exist, were inserted, three
over the choir, and three over the nave, in the bays nearest to the crossing.8

Cfr. BILSON, J, “Amiens Cathedral and Mr. Goodyear's 'refinements'”, Journal of the
Royal Institute of British Architects, Volum. XIII. No. 15, 1906
8
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Figure 2.8 Interventions in the cross vault (Bilson 1906)
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3 State of the art
Amiens Cathedral is an excellent example of gothic architecture: it’s a
Latin cross church composed by one principal nave, an aisle and, referring
to the actual aspect, lateral chapels across the aisle.

Figure 3.1 Plan 1236-1269

The facade is composed by two different towers and three horizontal
lines who defines the geometry. The first one is composed by three splayed
portals and sculptures, the second one is composed by four mullioned and
sculptures inside niches, the third one is composed by two mullioned and
one rose window with floral motifs and the fourth one with decorations and
the towers. The lateral facades are composed by flying buttress and buttress
with pinnacle on the top.
The apse presents an ambulatory connected with radiating chapels
and a central Lady’s chapel. The choir is supported by flying buttress and
big windows well decorated. The transept presents three naves that meet
the longitudinal nave forming a crossing rib vault composed by sixteen
webs. The bays are all composed by crossing rib vault up a rectangular
base. At the end the Lady’s chapel is composed by a crossing rib vault made
by six webs. Piers are composed by different little pears putted on together.

14

Figure 3.2 Facade
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Figure 3.3 Interior view of the vaults

This work is focused on the analysis of only one stretch corresponding
to a transversal section in the nave of the church referring to the aspect who
the cathedral had in the XIII century. For this purpose, the drawings made
by Durand during the XX century and published in Monographie de l'église
Notre-Dame cathédrale d’Amiens been considered well done and therefore
used as support for all the following structural analysis.
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3.1 Amiens Cathedral and Mr. Goodyear’s ‘refinements’
A theme of big importance is the deformations that, the Amiens
Cathedral as more others, has. Bilson’s article about the Mr. Goodyear’s
theories talked about the therms ‘Refinements’ applied on the Amiens
Cathedral case.
First of all, it is know that the Amiens Cathedral was builded almost
completely around the XIII Century so it shows an unitary aspect from an
architectural point of wiew but, in addition, it suffred of a lot of addided
interventations focused on the correction of stabilities problems. The
question is: if Amiens Cathedral have imperfections, are there rilevant to the
thesis scope?
Mr. William Henry Goodyear, of the Brooklyn Museum of Arts and
Sciences, U.S.A., has published several papers and memoirs describing
certain irregularities in mediaeval buildings. The Amiens Cathedral was as
an exemple of his theories about the medieval churches. He focused on the
irregularities of medieval churches such as a «valuable help in elucidating
the precise method and order in which a church has been built» and he calls
it ‘refinements’. In his theories all the irregularities present in the medieval
architectures were really regarded as «the necessary conditions to the
creation of a work of art in architecture».
‘Refinements’ were divided by Bilson into two tipologies:
1. Obliquity of alignment in plans, including want of parallelism in walls
and piers, deflections of axis, curves of alignment (stated as
uncommon in medieval churches), and asymmetric plans generally;
2. Walls, piers, and columns out of plumb, sometimes straight, but
more generally described as " vertical curves".
Amiens Cathedral belongs to the second one, in fact, Mr. Goodyear names
Amiens Cathedral among the most conspicuous cases of widening which
he has so far observed in France.
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The main theme disussed in the article is in fact the widening of the walls
that was described by Mr. Goodyear as much evident all around the nave,
the transept and the choir. About this ‘refinements’ Mr. Goodyear calls them
‘widening refinements’, ‘vertical curves’, and ‘parallel leans’ accidental
results of movements which have taken place in the structure.
About Amiens Cathedral: «Mr. Goodyear argues that the widening which he
has observed at Amiens must be accepted as constructive, because, if it
were due to accidental movement, it must have caused the collapse of the
vaulting»9.
In conclusion, from Mr. Goodyear’s point of view, it’s not possible buildings
can change his geometry to adapt itself to the charges who support. More
in detail, he supposes that each trace of widening is only an anticipation of
an imminent collapse or if it doesn’t happen it’s an artistic effect.
Focusing on the widening, Mr. Goodyear shows a careful study on it:
«Mr.

Goodyear estimates the total divergence at the crossing at 2,80 feet. He says

that one of the piers bends into the nave about 0,20 feet, and then curves outward
about 1,40 feet, which he doubles to obtain the total widening. If, however, the piers
were originally built plumb, the divergence f r om the vertical would be 1,20 feet,
giving a total widening of 2,40 feet, which amounts to about one-sixteenth of the
original clear span»10

At this point, the question is: is it possible that the widening was only
an artificial effect or it can appear also as a static result? If the answere is
the second it includes the possibility that a building can show widening
without collapse.

BILSON, J, “Amiens Cathedral and Mr. Goodyear's 'refinements'”, Journal of the Royal
Institute of British Architects, Volum. XIII. No. 15, 1906, p. 404
10
BILSON, J, “Amiens Cathedral and Mr. Goodyear's 'refinements'”, Journal of the Royal
Institute of British Architects, Volum. XIII. No. 15, 1906, p. 404
9
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Bilson studied the question focusing on the extent of this “widening”. Frist
of all start to verify that the widening of the walls was really the same that
Mr. Goodyear showed and as a resault he descovered that it was not true.
«The

extreme divergence from the vertical, that of the northern face of the south-

east pier (18a), is 0-125 mètre, or 5 inches, against Mr. Goodyear's estimated
plumbing of 17 inches. It’s evident that if any architect who reads the above should
still entertain any doubt as to these deflections being the result of accident and not
of design»11.

In connection with this southward movement, it is important to observe
that the high vault of the south transept has parted from the southern arch
of the crossing, a fact which is proved by the existence of pronounced
cracks in the vault-filling, next the southern side of the crossing arch. This is
true also of the north transept. This separation of the transept vaults from
the crossing arches proves that the whole upper part of the north transept
has moved toward the north, and of the south transept toward the south.
This parting does not exist between the choir vault and the eastern arch, nor
between the nave vault and the western arch, and the ordinates figured on
the drawing show that the deflection of the two piers eastward and westward
respectively is only very slight.
In conclusion, Bilson want to declarate that, also if the Amiens
Cathedral have some movements specially in the crossing area, it’s
important to evidence that this plumb problems were not really concern to
the stability of a church of this magnitude. The widening are irrelevant in the
scale in which it’s necessary to work, for this reason, analysing the
transversal section to start the static study, it’s been possible simplify the

BILSON, J, “Amiens Cathedral and Mr. Goodyear's 'refinements'”, Journal of the Royal
Institute of British Architects, Volum. XIII. No. 15, 1906, p. 412
11
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geometry with horizontal and vertical lines without take it on count the
effective geometry deformed.12

Cfr. BILSON, J, “Amiens Cathedral and Mr. Goodyear's 'refinements'”, Journal of the
Royal Institute of British Architects, Volum. XIII. No. 15, 1906
12
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4 Geometry and construction of the vaults
The main nave is covered by simple quadripartite ribbed vaults on a
rectangular base. The ribs are all pointed arches.
From the drawings showed in the Monographie of Durand, it is been
used the transversal section of the nave, the longitudinal one and also an
elevation; in fact, only watching the interior longitudinal section it is hidden
by the diagonal ribs and can be confused as an only arc with irregular
curvature. The arc formet is composed by a straight line who up the impost
line. This is a method very frequent to find in the ribbed vaults. To obtain a
good result it’s necessary to find a correspondence between the two draws
using the same scale. From the prospect it is possible to find the real
geometry of the pointed arch and from the inside it is possible to find the
size of the straight line watching the level of the impost. In addition, the
diagonal rib is been drowned using the Willis graphic method based on a
geometrical construction adopting two circles to create a pointed arc13.
In addition, extrapolating the geometry from the drawings it is necessary to
study the possible proportions used by carpenters during the construction.
As a result, analysing the transverse arch, it’s possible to find a proportion
between the span and the centre of each circle of almost l/5. To create a
proportion between these dimensions was a way to simplify and made more
precise the construction of the vault. In fact, it’s known that the more used
method was to draw the principal line who defined the geometry of the vault
on the ground and then build all the wood structures above.

Cfr. WILLIS, R, La construccion de las bovedas en la Edad Media, Instituto Juan de
Herrera, Madrid, 2012
13
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Figure 4.1 Transversal section of Amiens Cathedral (Durand 1855)
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Figure 4.2 Longitudinal section of Amiens Cathedral (Durand 1855)

The woodwork took place atop a platform supported by a
gantry. Transverse arches and ribs, formed of stones cut precisely with
radial coursing, are supported by rigid curved struts of braced timber. These
elements were reusable. It’s unknown the means of supporting the roughly
shaped cubic stones (pendans) that formed the thin webs or serveries of the
vault. This might be done with flexible boards, braced to form a curve, or
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with wicker. In some case dirt was heaped atop a terraced wooden platform
to support the vaults severies.

Figure 4.3 Possible esqueme of wooden centering (Fitchen 1951)
At Amiens Cathedral, the high vaults were installed before the construction
of the main roof 14 . More in detail, it’s possible to find wooden cantering
traces inside the capital of the west aisle of the south transept.

Cfr. FITCHEN, J, The construction of gothic cathedrals, University of Chicago Press,
Chicago, 1961
14
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Figure 4.4 Traces inside the capital of the west aisle of the south transept:
photo and drawing (Viollet-Le-Duc 1854)

About materials it is possible to assume a possible specific wight of 20
kg/m3 for all the element of the church. Generally, for example in the case
of a vault, the construction is composed principally by elements, such as
web and ribs, of different material characteristics. Transfer of the loads goes
from the webs to the ribs and then to the piers, for this reason, generally,
the ribs are made of a stone more resistant that the webs. This theme can
be extended to all the structural elements of a masonry structure. In this
case it is unknow the physical characteristics of the stone, as a result, it has
been chosen the same specific weight to guarantee also a better quality of
the verifying.
Passing to understand how it is composed behind, it is important
determinate the characteristics of the filling such us the high and the
composition. This information is very difficult to know with precision because
they need of destructive investigations. As a result, it is possible to stabile a
proportion in function of the rise: it is usual as 2/3 of the rise. In addition, it
is been searched also fonts to find a possible high of the filling: a theory of

25

Deneux hypothesize a filling of 5.36m having a proportion of 0.54m less than
0.67m ~ 2/3 15.

Figure 4.5 Filling of Amiens Cathedral hipotized (Deneux 1944)
In the light of the explained data it has preferred to adopt the first hypothesis
assuming a horizontal fill of 2/3 of the light of the diagonal rib.
About the architectonical characteristic of the vault generally it is
possible to define four common types of vault:
-

A barrel vault (also called a cradle vault, tunnel vault, or wagon vault)
has a semicircular cross section.

-

A groin (or cross) vault is formed by the perpendicular intersection of
two barrels vaults.

-

A rib (or ribbed) vault is supported by a series of arched diagonal ribs
that divide the vault's surface into panels.

-

A fan vault is composed of concave sections with ribs spreading out
like a fan.

DENEUX, J, “De la construction en tas de charge et du point de butée des arcsboutants au Moyen Âge”, Bulletin Monumental, 1944, p. 246
15
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Figure 4.6 Vault typologies

The case of Amiens is a rib vault but, in addition, this type of vault can have
a double curvature who can further increase the strength of the web of the
vault. It is possible to study this aspect from the sections of Durand in which
is evident that the section of the web shows a little arcuate section in each
direction. It is necessary to add that, of course, it is not really significant so
changes of geometry of this size are really insignificant to the scope of the
analysis. In addition, the drawings are not accurate and there is not any
certitude that the section is effectively whit this entity of double curve. As a
result, the vault is been considered as a rib vault with horizontal ridge ribs.

27

Figure 4.7 Geometry of the nave vault of Amiens Cathedral
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The thickness of the web and of the ribs are another theme of
investigation. In this case, it is much hard to discover this type of information
because it doesn’t exist drawings of the project for its construction and, in
addition, it is not possible to measure this data if not, for example, with a
laser scanning. For this reason, the dimensions of this elements could be
supposed for example watching photos and establishing a proportion with
other elements of which we know the real dimensions.
In this case is been used both the sections drawn by Durand verifying that
they are compatible with real images of the Amiens Cathedral and other
case studies. In conclusion it is supposed a thickness of 0.20m.
At the end it is necessary to study the dimensions of the ribs who
composed and support the vault. It is possible to use another draw by
Durand in which it is described the size and the shape of each ribs who
compose the vault:
-transverse rib d=0.56m
-diagonal ribs d=0.33m
-arc formet d= 0.33m

Figure 4.8 Particulars of the ribs in Amiens Cathedral (Durand 1855)

In addition, it’s not enough to know the geometry of each section of
the ribs but also in which relation it is with the webs. In fact, focusing on the
theme of construction it is possible to have different conditions such as:
29

- between
-under portant
-under not portant
This information is important to understand if the loads are totally inside
the section of the ribs to guarantee the stability of all the vault. The case of
Amiens Cathedral is been considered as showed:

Figure 4.9 Relation web-rib

This model is based on Durand’s drawing of the sections of Amiens
Cathedral.
As a result, now it is possible to know the effective section in which the
loads can be transferred to the pears.

30

5 Static analysis
The aim of this section is to declare the stability of a stretch of the
Amiens Cathedral. To do this it is been adopted a sequential method who
starts analysing the pushing systems as vaults and continue investing how
the trusts of this elements are transferring across the other structural
elements, as piers, flying buttress and buttress, to the ground. Knowing this
passage, it is possible to arrive to global conclusion about the capacity of
the structural skeleton to resist to the gravity charges. It is in this way who it
is possible to obtain a static analysis.

5.1 Analysis of the nave vault
To analyse the nave vault it is been adopted the sliding method16. This
method is one of the possible to approach to the study of stability of a vault.
It concerns into dividing the vault into sections to analyse each one
independently considering it as a simple arch. In addition, it is possible to
consider only a quarter of the vault because it will be equilibrate in the same
way by the other side. As a result, considering a quarter of the vault, from a
static point of view, it is possible to find two different areas: the section
between the four filling can be analysed as an only arch for each transverse
rib (in green in the following image), the remaining area can be seen as true
a cross vault so it can be divided into section studied as arches (in red in
the following image). This division in simple elements allow to study
independently such elements with a very simple graphic analysis.

16

HEYMAN, J, The Stone Skeleton, Cambridge University Press, 1995
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Figure 5.1 Division of the vault

Focusing on the arches who composed the red area it is possible to
observe that, dividing the area in simple arches and realizing a graphical
equilibrium analysis, the line of stress is not inside the section. It is a
common result of webs schematized as arches and it can be considered as
a result of a simplification of an element that is not really an arch or simply
a bidimensional structure. In fact, in this case it is been adopted a
simplification who allow only to know the entity of the trust and the position
of the resultant to consider it in a next passage. More in details this theme
can be analysed with other methods, too.
So, applying the graphical analysis to each arch who compose the
web, it is been divided into elementary block and, for each one of its, is been
calculate the charge.
In conclusion, know the entity of the forces it is necessary to find the line of
application of the resultant R of each arch. To do this is used the
construction of the funicular polygon.
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Trasverse web

Longitudinal web

l1 [m] l2 [m2] W [kN] R [kN] H [kN] l1 [m] l2 [m2] W [kN] R [kN] H [kN]
Arch 1

0.41

0.15

1.26

9.00

4.85

0.69

0.10

1.33

8.65

3.38

Arch 2

0.41

0.13

1.03

7.66

4.50

0.69

0.08

1.04

6.81

2.77

Arch 3

0.41

0.09

0.75

5.69

3.50

0.69

0.06

0.77

5.12

2.24

Arch 4

0.41

0.06

0.51

3.81

2.23

0.69

0.04

0.52

3.37

1.32

Arch 5

0.41

0.04

0.30

2.15

1.21

0.69

0.02

0.28

1.78

0.60

Arch 6

0.41

0.01

0.08

0.52

0.18

0.69

0.00

0.05

0.31

0.01

Table 5.1 Arches of the red web
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Figure 5.2 Graphic analysis of the transversal web
34

Figure 5.3 Graphic analysis of the longitudinal web
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All the actions of the webs are transferred on the diagonal ribs and,
considering the weight of the ribs, too, it is been verified that ribs can bear
the loads observing that the trust line goes inside the section of the ribs. In
addition, to guarantee that the result of the actions from the webs is in the
plan that contain the rib axis of symmetry it is laying the entity of the arrows
of the green web arches the same of the arrows of the correspondent red
one. Now it is known the contribute of the webs on the ribs in particular it’s
necessary to find the position of the load and the entity.
Focusing on the graphical analysis of the rib, the process is a little different
because the arrows upon the rib are not vertical. In fact, they are the addition
of the thrust of the arches who composed the webs but each one of them
has an horizonal and a vertical component. Actions upon each block are
composed by the vertical load of the weight of the block itself and by the
additional action by the web with a horizontal component and a vertical one.

l1 [m]

l2 [m2]

W [kN]

H [kN]

V [kN]

Block 1
Block 2

0.93
0.93

0.09
0.09

1.70
1.70

5.91
5.28

10.47
9.66

Block 3
Block 4
Block 5
Block 6

0.93
0.93
0.93
0.93

0.09
0.09
0.09
0.09

1.70
1.70
1.70
1.70

4.16
2.59
1.35
0.18

7.88
5.72
3.96
2.19

Table 5.2 Analysis of the rib

Another question is to understand where the action line of each arrow is
applied: it is supposed, on the base of the information taken in the previous
chapter, that the webs are upon the ribs so the line is at the top of each
block of the rib.
Supposing it, it is now possible to draw the funicular polygon, find the trust
line and verifying that it is inside the section of the rib. To draw the trust line,
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it is possible to start with the best condition guaranteeing the minimum
thrust at the base of the arch. The result is that the load line goes out from
the section specially in the upper side. For this reason, a way to correct it is
to put the line in the crown more down and the line in the base much inside
in the section.
In addition, it is considered an additional weight representing the boss of the
vault. The value of the boss weight is unknow so is supposed a high of 0.70m
and it is considered half of the weight of the boss transferring in the rib.

Boss
S [m2]
h [m]

0.50
0.70

V [m3]
P [kN]
P/2 [kN]

0.35
7.00
3.50

Table 5.3 Boss weight calculation

In conclusion, it is been drown the trust line considering the case without
boss and the case with the boss. As a result, it is possible to find a possible
trust line inside the section in both the cases but obviously considering a
vertical added weight by the boss the trust line can be more similar to the
ideal trust line such as passing throw the top in the crown and the inside at
the base. In the following steps it is supposed the case with the boss.
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Figure 5.4 Graphic analysis of the rib without boss
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Figure 5.5 Graphic analysis of the rib with boss
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Passing to the web area of the vault modelling as a barrel vault (green
area), it is studied it as a normal arch but considering a transversal section
composed by the section of the web and the section of the rib.

Figure 5.6 Model of the barrel vault

Analysing the transvers barrel vault (purple in the image above), it is
possible to find a trust line inside the section. On the contrary, in the
longitudinal barrel (green in the image above) the real arc formet is not in
the middle so it is necessary that the trust line is inside the section of the
web. However, the arc formet is in real a wall so the trust line can go out
from the section.

Transversal barrel vault
l1 [m]

l2 [m2]

W [kN]

H [kN]

V [kN]

R [kN]

0.93

0.71

13.29

45.00

79.74

91.56

Longitudinal barrel vault
l1 [m]

l2 [m2]

W [kN]

H [kN]

V [kN]

R [kN]

0.59

0.47

5.52

12.00

33.14

35.25

Table 5.4 Values of the trust in the barrel vaults
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a

b

Figure 5.7 Graphic analysis of arc formet (a) and transversal arc (b)
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At this point, it is necessary to understand the overall behaviour of the
vault. In particular, the object is to find the entity, direction and position of
the global load of the vault who it is transferred to the following elements.
Each filling who composed the nave receives the loads by the vaults and
transfer it to the pears and the flying buttress. As a result, the loads who
goes in each filling come from the half of the two vaults who the filling
supports as it is showed in the image below.

Figure 5.8 Area of transferring of the loads from the vault to the other
elements
Defined this model, it is possible to calculate the value of the global resultant
adopting the global equilibrium of the forces:
Σ𝑉 = 𝑉
Σ𝐻 = 𝐻
Σ𝑀 = 0
To guarantee the stability of the system the summation of the vertical forces
have to be equilibrate by the vertical component of the global resultant, the
summation of the horizontal forces have to be equilibrate by the horizontal
component of the global resultant and the moment of all the forces in the
system has to be zero.
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In particular, the forces weighing on the filling are:
-

Ftransversal, the trust of the transversal arch;

-

Fdiagonal, the trust of the diagonal ribs;

-

Fformet, the trust of the arc formet;

-

Wfilling, the weight of the filling.

More in detail each force, except the Wfilling, have a vertical and an horizontal
component. In particular the horizontal components of the Fformet by the two
sides have the same line of action and the same entity so they are autoequilibrate and are excluded by the computation.
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Figure 5.9 Equilibrium in the filling
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The same is for the Fdiagonal that it is in the direction of the ribs. In fact, to put
together the arrows the force is been decomposed into the two direction of
the other arrows. In conclusion the components in the direction z are autoequilibrate, too.
It is possible to define the following equation in which the value of h is
unknown:
𝐻 ℎ + 2𝑉 ℎ + 𝑉 ℎ − 𝐻 ℎ + 2𝑉 ℎ − 2𝐹 ℎ 𝑐𝑜𝑠30° + 𝑊 𝑏 = 0

V [kN]

Hx [kN]

Pfilling

42.30

Ftransversal
FFormet
FRib
Total

Hz [kN]

x [m]

y [m]

0.00

0.75

5.70

79.74

45.00

2.00

5.70

33.14

12.00

1.00

5.70

33.14

-12.00

1.00

5.70

43.40

28.23

16.30

2.00

5.70

43.40
275.12

28.23
124.85

-16.30

2.00

5.70

Table 5.5 Moment of each force

MT=ΣMI
h

0.0
-1.32

Table 5.6 Equilibrium of the global moment

As a result, is been calculated:
-

the components, vertical and horizontal, of the resultant to know
the direction of the force that is transferred to the other
elements, VT and HT;

-

the point of application of the resultant, h.

In the end, it is possible to compare the results obtained with those
obtainable from the M. Ungewitter table. This alternative method it is based
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on the use of a table in which, entering with geometrical data, it is possible
to understand the value of the trust and his position17.

L [m]
f [m]

14.6
9.9

A [m2]
f/L

54.0
1/2

V0 [kN/m2]

7.0

H0 [kN/m ]

3.0

V [kN]
H [kN]
h [m]

378.0
162.0
1.42

2

Table 5.7 Analysis with Ungerwitter's table of the nave vault

In conclusion, the results obtained by the Sliding method and by the
M. Ungewitter’s table are comparable.

5.2 Analysis of the lateral vault
As both methods used in the nave vault show comparable results, it is
possible to use M. Ungewitter table to know the value of the trust in the
lateral vault.

17

Cfr. UNGEWITTER, G, G, MOHRMANN, K, Lehrbuch der gotischen

Konstruktionen: Von G. Ungewitter, H. Tauchnitz, 1903
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L [m]
f [m]

8.65
5.68

A [m2]

32

f/L

1/1

V0 [kN/m2]

9

H0 [kN/m ]

2.2

V [kN]
H [kN]
h [m]

288
70.4
4.5

2

Table 5.8 Analysis with Ungerwitter's table of the lateral vault

5.3 Counteract elements
The system composed by the vaults, analysed before, must be
balanced by flying buttress and buttress to transfer the horizontal trust to
the base. Flying buttress balance the wind load and the trust of the vaults
transferring the trust first to the buttress and, then, to the ground.
Transferring these loads across these elements it is added to the actions of
the vaults the weight of each structural element. As a result, the trust
increases the verticality of the vector in order to ensure that the action line
of the thrust falls on the section of the cathedral. In addition, the balance
system can be composed by a spire, too.
In conclusion it is for this reasons that flying buttress, buttress and spires
are considered counteract elements.

5.3.1 Flying buttress
In the case of the flying buttress the section is of different dimensions
and the trust line can be defined by infinite way. In addition, considering the
Limit Analysis that it is adopted in this work of thesis, it is be decided to
determinate the trust line of minimum load. To do this it is necessary to use
a different method because by that it is been used for the vaults. Differently
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by an arch case, flying butter is a hyperstatic structure with three
redundancies. So, it is necessary to eliminate two redundancies by locating
the point of application of the trust: it is been supposed the passage around
the centre in the upper side and at the head at the base. Now it is possible
to study the flying buttress as a one-way hyperstatic structure. The strategy
adopted in this work is to define a possible condition of equilibrium in the
superior flying butter than, imposing the global equilibrium, find the loads of
the inferior flying buttress.
To determine the trust line, in the superior flying buttress, it is
necessary to realize the sequent geometric construction:
1. As an arch, determine the weight of each ashlar and, setting the
vectors in sequence, draw the funicular polygon to find the axe
of the resultant of weight;
2. Individuate the points A, B and C in the flying butter and transfer
it on the funicular polygon;
3. From the generic pole used to draw the funicular polygon trace
a parallel to the segments who connected the points A’, B’ and
C’ and from the intersection with the axe who contains the
vectors trace a parallel to the segments who connected the
points A, B and C. The intersection of this lines is the effective
pole used to define the trust load inside the flying buttress such
that it passes around the points A, B and C.
Drawn the trust line using these conditions it go out by the section, so it is
been changed the position of the point A putting it slightly higher. Repeating
the construction, the trust line it is inside the section and the analysis can be
considered terminated. As a result, it is now known the values of trust at the
extremity of the superior flying butter.
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l1 [m]
Block 1
Block 2
Block 3
Block 4
Block 5
Block 6

0.60
0.60
0.60
0.60
0.60
0.60

l2 [m2]
3.20
2.33
1.76
1.55
1.77
3.04
Σ

W [kN]
1.92
1.40
1.06
0.93
1.06
1.82
8.19

Table 5.9 Values of the weight of the superior flying buttress

Figure 5.10 Graphic analysis of the superior flying buttress

Passing to the inferior flying butter it is compatible with the condition
supposed in the other elements (pillars, vaults and superior flying buttress).
So, given the fact that the others trust line are been defined independently,
it is used the inferior flying butter to guarantee the global equilibrium
between such structural elements. More in detail it is necessary to solve a
global equilibrium in which the point of application of the trust in the inferior
flying butter it is supposed and the value of the trust it is unknown.
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Pilar
A

colonna

[m2]

2.1

A bas[m2]

3.8

hcolonna [m]
hbas [m]

33.0
0.7

γ [kN/m ]
W [kN]
3

20.0
1452.4

Table 5.10 Calculation of the weight of the pillar

FVc
FVL
Wall
FAS
FAI

[kN]

bh [m]

bv [m]

HVc

162.00

0.00

34.80

M(P)
[kNm]
5637.60

VVc

378.00

0.74

0.00

279.72

HVL

70.40

0.00

14.70

1034.88

VVL

288.00

1.00

0.00

288.00

FW

1452.40

0.00

0.00

0.00

HAS

41.00

0.00

38.80

1590.80

VAS

61.00

0.04

0.00

2.44

HAI

83.27

0.00

36.30

3022.64

VAI

0.00

0.00

0.00

0.00

Σ

0.0

Table 5.11 Calculation of the moments of the forces

Using this method, it has gone to calculate the other trust in the inferior
flying buttress by the graphic analysis. As shown in figure this strategy
doesn’t allow to draw a trust line inside the section. As a result, it is been
adopted another approach.
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Block
Block
Block
Block
Block
Block

1
2
3
4
5
6

l1 [m]

l2 [m2]

W [kN]

2.97
1.81
1.64
1.90
2.50
3.32

0.60
0.60
0.60
0.60
0.60
0.60
Σ

35.64
21.72
19.68
22.80
30.00
39.84
169.68

Table 5.12 Values of the weight of the inferior flying buttress

Figure 5.11 Graphic analysis of the inferior flying buttress (method 1)
I have returned to the calculation of the global equilibrium modifying the
unknown: I have gone to place like unknown the point of application of the
thrust of the inferior flying buttress.
To calculate the value of the trust of the inferior flying buttress it is been
used the same method used in the superior one.
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Figure 5.12 Graphic analysis of the inferior flying buttress (method 2)
The following calculations were made using the data by Sliding method
and Ungerwitter’s table.
[kN]
FVc
FVL
Wall
FAS
FAI

bh [m]

bv [m]
34.80

M(P)
[kNm]
5637.60

HVc

162.00

VVc

378.00

HVL

70.40

VVL

288.00

0.26

74.72

FW

1452.40

-0.40

-581.78

HAS

55.00

VAS

81.00

HAI

44.00

VAI

56.00

-1.17

-442.47
14.70

0.57

1034.88

38.80

2134.00

0.00

46.12

36.30

1597.20

0.57

31.89
Σ

0.0

Table 5.13 Calculation of the moments of the forces with Ungerwitter’s
data

x [m]

0.57

Table 5.14 Result of the equilibrium with Ungerwitter’s data
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[kN]
FVc
FVL
Wall
FAS
FAI

bh [m]

bv [m]
34.80

M(P)
[kNm]
4344.90

HVc

124.85

VVc

282.82

HVL

70.40

VVL

288.00

0.81

232.21

FW

1452.40

0.15

212.45

HAS

55.00

VAS

81.00

HAI

44.00

VAI

56.00

-0.62

-176.40
14.70

1.12

1034.88

38.80

2134.00

0.00

90.42

36.30

1597.20

1.12

62.51
Σ

0.0

Table 5.15 Calculation of the moments of the forces with Sliding method
data

x [m]

1.12

Table 5.16 Result of the equilibrium with Sliding method’s data
As it is shown in the following image, both the approaches allow to verify
that the global line of trust of this part goes inside the section.
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Figure 5.13 Equilibrium of the nave

5.3.2 Buttress
Next passage is to calculate the weight of the buttress. To do this, it is
been divided the buttress into elements and calculate, from their volume,
the weight of each element.
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elements
spire [kN]

179.40

block 1 [kN]

561.00

block 2 [kN]

774.40

block 3 [kN]

1022.58

block 4 [kN]
block 5 [kN]
block 6 [kN]

881.40
949.20
1021.52

block 7 [kN]

1206.84

block 8 [kN]

949.20

Table 5.17Weight of he buttres
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5.4 Global equilibrium
The last passage is to verify that also the other loads transferred by the
nave to the lateral wall doesn’t modify the stability of the structure.
In particular, the trusts of this part came from the superior and inferior flying
buttress and by the weight of the buttress.
As the other case to verify the stability it is necessary observe if the final
trust line goes inside the section of the church.
Putting the arrows involved in sequence it is possible to draw the trust line
inside the buttress.
As a result, it is possible to understand that the trust line goes inside the
section and, in addition, the spire doesn’t contribute to the equilibrium
because the line of his weight doesn’t intersect the axles of other vectors.
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Figure 5.14 Global graphic equilibrium
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6 Conclusions
As mentioned above the cathedral of Amiens was in the years being
studied in fact the cathedral still has many cracks. The aim of this work is to
give voice to concerns develop over the years on the stability of the
structure using a scientific method able to approach with the masonry
works. The Heyman’s theory, together with the full historical, geometrical
and constructive knowledge of the cathedral, allowed to establish
definitively the conditions of loading to which is subject the Amiens
Cathedral.
As a result, this work shows the good static condition in which the
structure is. The analysis of each element of the stretch is allowed making
various constructive hypotheses and carrying out an accurate investigation
to know its geometry. In fact, this information allows to understand how the
loads are transferred to the other element until the ground.
More in details, graphical analysis has shown clearly how the stability of the
church is guaranteed simply seeing a possible trust line well putted inside
the section in accordance with the Heyman’s Limit Analysis.
In addition, graphic analysis allows to understand also how the cracks visible
inside the structure are irrelevant comparted with the global dimensions.
Differently by a modern structure, a masonry structure doesn’t need a check
of tension because in Heyman’s theory it is supposed an infinite resistance
at compression loads.
In conclusion, the aim of this works of thesis is been to apply to a real
case an alternative method of analysis to the common techniques of analysis
that often ignore many specific aspects of the masonry obtaining in an easy
way, basing on a simple graphic analysis, scientific and weighted results.
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