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Abstract
This paper deals with the use of the topological derivative as an analysis tool for structural health
monitoring, to locate the presence of flaws in a homogeneous material plate that is subject to guided
elastic waves excitation. Using a numerical solver to compute the response of the system and
defining a scalar objective function that measures the least squares difference between the measured
and calculated signals, the topological derivative somehow describes the sensitivity of the objective
function to localized perturbations of the material properties due to the presence of defects. Thus,
defects are guessed to be located near the topological derivative peaks. This is somehow related to
the minimization of the objective function and uses the whole physics of the problem (to compute the
objective function), instead of a smaller amount of physical information, as conventional methods do.
Here, we reconstruct small defects via the topological derivative by using multi-frequency synthetic
data, for several representative configurations of the actuators and sensors, and several defect
locations. Among these, some fairly demanding configurations are considered that are not accessible
to conventional methods, such as actuators and sensors located very close to the plate boundary, and
defects located beyond both elongated through-slits and elongated inclusions of a different material.

Keywords: non-destructive testing, defect detection, elastic waves, multi-frequency, topological
derivative, inverse problems

(Some figures may appear in colour only in the online journal)

1. Introduction

Structural health monitoring (SHM) using forced guided waves
[1] has attracted considerable attention in the literature in recent
years, specially to monitor structural plates. In addition to non-
destructive testing of structures [2], similar problems arise in a
number of fairly different fields, such as medical diagnosis [3],
natural resources exploration [4], oceanography [5], and location
of anti-personnel landmines [6].

Generation and sensing of guided waves can be per-
formed by various means, either piezoelectric [7, 8] or non-
contact optical laser [9–13] actuators and sensors. However,
non-contact generation of these waves is somewhat proble-
matic from the practical point of view, either using optical
laser methods [14] or even some more recent magnetostrictive
techniques [15], because such non-contact generation requires
high-power devices.

Mathematically, processing data from elastic waves in a
material medium to identify defects and inclusions (which
affect material parameters such as the Young modulus, the
Poisson ratio, and the density) is an inverse problem [16].
Inverse problems consist in guessing the properties of a
physical system from its response to excitation. These pro-
blems have been formulated and treated in mathematics for
years and give rise to formulations that can be set in stimu-
lating/provocative terms [17, 18]. The name inverse problem
comes as opposite to the direct problem, which consists in
calculating the system response when its physical properties
are known. It is convenient to note that inverse problems are
usually ill-posed from the mathematical point of view [19].

There is a variety of mathematical methods to solve
inverse problems [20]. An appealing approach is to formulate
the problem as an optimization problem, in which the objective
function accounts for the difference between the experimentally
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measured and computed (for varying values of the material
properties) responses of the system. The guessed values of the
material properties are those that minimize the objective func-
tion. Thus, in the context of SHM, this formulation could give
the defects location and intensity. For the simple case of a
through-hole defect in a plate, with guided waves produced in a
localized source, figure 1 illustrates how scattering at the defect
affects the waves and produces differences from their counter-
parts in the healthy plate. In the simplest conventional methods,
the emitted waves (from may be various actuators to shape the
excitation) are pulses that are received at various sensors. The
localization of the defects is computed using the time-lags
between the emitted and received pulses, and the wave propa-
gation velocity, which is known. By their own nature, these
methods are very flexible because they only use the propagation
velocity and, thus, are transparent to the wave motion physics
behind, e.g., elastic waves, electromagnetic waves, water waves,
et cetera. However, they also exhibit strong limitations due to the
mixing of the primary emitted waves and their reflection at the
lateral walls, which is visible in figure 1 and may lead to very
complex wave patterns [21, 22]. Also, the good functioning of
these methods require appropriate location of the sensors [23].
These limitations manifest themselves in cases in which:

• The actuators and/or sensors are close to the boundaries,
which strongly mixes the primary and reflected waves
near the actuators and/or sensors, thus widening the
width of the received signals.

• The defects are beyond elongated through-slits, elongated
inclusions of a different material, or attached elongated
structural strips (such as stringers in an aircraft wing),
which necessarily diffract/scatter the primary waves
before these reach the defects and sensors.

These difficulties are due to the fact that conventional
methods use a limited part of the involved physics only. The
most primitive conventional methods only use the propaga-
tion velocity, which allows for computing the ‘time of flight’,
but ignores diffraction. There are some, more elaborate
conventional methods that do take diffraction into account

using variants of tomographic inspection [24–28]. The
present approach in terms of an optimization problem,
instead, does use the whole physics (which includes
reflection, diffraction, and scattering) in the computation of
the objective function. In other words, the optimization
problem approach uses much more detailed information about
the physics and should, in principle, provide a more precise
solution than conventional methods. In fact, as it will be seen
along the paper, the proposed approach solves the difficulties
mentioned above in connection with conventional methods.
In particular, in the present approach: (i) both the actuators
and sensors will be very close to the boundary, and (ii) the
method will be seen to be able to detect defects that are
beyond elongated through-slits and other elongated artifacts
that would mask defects in conventional methods.

The above mentioned optimization problem can be
treated by iterative methods [29]. However, these methods
either require a good initial condition (which, in turn,
necessitate a prior knowledge of the number of defects) or
involve a high number of iterations. A promising alternative
to plain optimization methods is based on the computation of
the so-called topological derivative [30–32], which has been
already used in the contexts of acoustic waves [33] and elastic
waves [34–38] and somehow gives the sensitivity of the
objective function to local perturbations (from healthy con-
ditions) in the material properties. The idea is that localized
defects are expected to be located in those regions where the
sensitivity is largest, namely near the topological derivative
peaks. The topological derivative can be seen as the
gradient of the objective function, and may be computed by
solving an appropriate adjoint problem. This method can be
applied to any actuators/sensors configuration and to any
emitted signal.

Obviously, the larger the number of (uncorrelated)
available data the better the obtained results. Here, we con-
sider emitted signals consisting in combinations of mono-
chromatic excitations and conveniently merge the topological
derivatives associated with the individual monochromatic
excitations for various actuators/sensors configurations. The

Figure 1. Sketch of propagative Lamb waves produced from a localized actuator in a healthy (left) and damaged (right) plate, showing
reflection at the boundary of the plate and scattering at the defect. The damaged plate contains the indicated through-hole defect.
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performance of the method will be tested considering various
representative defect locations. This approach has been
already pursued in the (somewhat academic) context of the
two-dimensional wave equation, with very good results [39].
The idea is extended in the present paper to a much more
realistic elastic plate problem, intended as a proof of the
concept in the SHM context. To this end, the whole approach
will be simplified in various ways, which will also enhance
clarity in the presentation:

• Instead of actual experimental data, numerically com-
puted synthetic data will be used. Experimental noise will
be mimicked by using fairly different numerical grids in
the synthetic data computations and the calculation of the
topological derivative; see figure 2. Actual experimental
noise could be treated using higher order dynamic mode
decomposition (HODMD), a very recent method [40] that
also de-convolutes multi-frequency data. HODMD has
proved to be very effective in treating experimental data
resulting from particle image velocimetry measurements
[41, 42], laser imaging detection and ranging measure-
ments [43], and aircraft flight tests [44]. However, the
combination of topological derivative and HODMD is
beyond the scope of this paper.

• Only symmetric Lamb waves [45] will be considered, as
resulting from symmetric in-plane excitation. As antici-
pated, this excitation may be produced by various contact
and non-contact actuators, symmetrically located at both
sides of the plate. This simplification will allow for a two-
dimensional approximation that both reduces the compu-
tational cost of the computations (which will be made
using ANSYS Mechanical [46]) and clarifies presentation
of the results.

• Consistently with the two-dimensional (plane stress)
approximation, the defects will be assumed to be (two-
dimensional) through-holes trespassing the plate. More
general non-trespassing, symmetrically located defects
with various widths break the plane stress assumption, but
their effect in the present model can be guessed to be
roughly proportional to the defect volume. For instance, a
symmetric defect with a thickness equal to 50% of the
plate thickness will roughly have the same effect as a half
in-plane area through-hole defect. However, a consistent
analysis of these more general defects would require
using a full three-dimensional model, whose combination
with the methodology in this paper is straightforward,
except for the much larger computational cost.

• Sensors will mimic (synthetically) either piezoelectric
sensors or laser Doppler vibrometers.

• Although a large number of cases have been considered
and analyzed, for the sake of brevity only the most
representative ones will be presented. In particular, all
results below will deal with transducers located very close
to the boundary and very small defects, which are the
most demanding cases. For transducers not so close to the
boundary and/or larger defects, the defect detection is
much better than in the cases presented below.

With the above in mind, the remainder of the paper is
organized as follows. The considered elastic problem and its
two-dimensional approximation are set in section 2, where the
definition and computation of the topological derivative are
also described. The main results of the paper are given and
discussed in section 3 and some concluding remarks, in
section 4.

Figure 2. The meshes used to compute the synthetic data (left) and to solve the direct and adjoint problems (right) in the computations
considered in figure 3—left, showing not the whole amount of nodes (which would make too dense plots), but only one out each of 4 nodes.
The defect location is indicated with a red + symbol.
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2. Formulation and topological derivative

The elastodynamic problem for symmetric Lamb waves in a
plate is first formulated in section 2.1, where a two-dimen-
sional approximation is used taking advantage of the fact the
plate thickness is small compared to the transversal plate
dimensions. Then, an appropriate objective function is
defined in section 2.2, where the computation of the asso-
ciated topological derivative is also described.

2.1. Formulation of the elastic problem

We consider a rectangular metallic plate of size ´( )L2 1

´( )L d2 2 . As anticipated in section 1, we shall only consider
symmetric Lamb waves [45]. Assuming that the waves
wavelength is large compared to the plate thickness d and that
this thickness is small compared to both 2L1 and 2L2, the
elastodynamic state admits a plane stress assumption, which
allows for a two-dimensional approximation. Using a Carte-
sian coordinate system with the origin at the center of the
plate and the x and y axes parallel to the plate sides, the plate
is the rectangle - < < - < <D L x L L y L: ,1 1 2 2. With the
usual notation, the in-plane displacement vector  = ( )u u v, ,
assumed to be conveniently small, obeys the following linear
elastodynamics equation

r l m
¶ 

¶
-    -   +  =



( )

( · ) · [ ( )] ( )

1

u

t
u u u f x y t, ,

2

2

in the domain D, with boundary conditions

l m   +  +   =


=  < =  <
( · ) ( ) ·

∣ ∣ ∣ ∣ ( )
u n u u n

x L y L y L x L
0 at

, and , , 21 2 2 1

 =


=  -( ) ( ) ( )u x y L L0 at , , . 31 2

These impose pure reflection at the lateral walls, in (2), and
eliminate rigid-body displacements, in (3). In this formula-
tion, ρ is the density, t denotes time, λ and μ are the Lamé
coefficients,  denotes the transpose, the forcing term


f

depends on the actuators configuration, andn is the outward
unit normal to the boundary of D. Note that equations (1) and
(2) can also be written as r s¶  ¶ -  =


· ¯̄u t f2 2 and

s  =


¯̄ · n 0 , respectively, where the stress tensor s̄̄ is defined
as

s l me=   +¯̄ ( · ) ¯̄ ¯̄ ( )u I 2 . 42

Here, ¯̄I2 is the 2×2 unit tensor and e º  + ¯̄ ( )u u 2 is
the strain tensor, whose components are given by
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Since the solution to the problem (1)–(3) is linear on the

forcing term

f (though not on the material properties ρ, λ,

and μ!), for multi-frequency excitation produced byM forcing
devices, of the form

å å w f


=


+
= =

( ) ( ) ( ) ( )f x y t F x y t, , , cos , 6
k

K

m

M

km k k
1 1

the dynamics of the displacement vector can be set into the
form

å å w f =


+
= =

( ) ( ) ( ) ( )u x y t U x y t, , , cos . 7
k

K

m

M

km k k
1 1

Substituting (6)–(7) into (1)–(3) and setting to zero the var-
ious coefficients of w f+( )tcos k k yield the following purely
spatial problems (for k= 1, K, K )


l m

rw

 


+  


+ 


+


= -


( · ) · [ ( )]

( ) ( )

U U U

U F x y, , 8

km km km

k km km
2

in D, with boundary conditions


l m

  + 


+ 
  =



=  < =  <
( · ) ( ) ·

∣ ∣ ∣ ∣ ( )
U n U U n

x L y L y L x L

0 at
, and , , 9

km km km

1 2 2 1


=


=  -( ) ( ) ( )U x y L L0 at , , . 10km 1 2

Now, if the forcing terms

Fkm appearing in (6) are all real,

equations (8)–(10) show that the displacement fields

Ukm are

also real, which means that each monochromatic component
in the expansion (7) represents a standing wave. However,
depending on the frequencies ωk and the phases fk, the whole
spatio-temporal pattern (7) may also be a standing wave or a
propagative wave. For instance, by applying Fourier trans-
form, the propagative pulses considered in conventional
methods can be expanded in the form (6)–(7). In the sequel,
all computations will be based on the purely spatial problems
(8)–(10), which means that the phases fk appearing in (6)–(7)
will play no role. This makes a significant difference with
conventional methods, in which the phases do play an
important role. This strategy based on (8)–(10) will be fol-
lowed for the sake of simplicity in the presentation, though a
more general approach that takes the phases into account
could improve the obtained results.

As anticipated in section 1, the aim of the present paper is
to identify defects in the plate by appropriate post-process of
the data obtained in some sensors when the plate is subject to
appropriate forcing. Defects will manifest themselves in the
values of the material properties of the plate, namely the
density and the Lamé coefficients, which are assumed to be of
the form

r r r l l l m m m= - = - = -   ( ), , , 110 0 0

where the subscript 0 denotes the values of the material
properties for the healthy plate and the perturbations, denoted
with tildes, are due to the presence of localized defects. These
are assumed to be appropriately small in the L2 norm, namely
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to be such that

ò ò ò
ò ò ò

r r l

l m m



 

∣ ˜∣ ∣ ˜∣

∣ ˜ ∣ ( )

dxdy dxdy dxdy
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D D D
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2
0
2 2

0
2 2

0
2

In the present context, these conditions will hold because of
the localization of the defects, in spite of the fact that the
perturbations in the coefficient values need not be small in the
defects themselves. In this case, equation (12) just means that
the area occupied by the defects must be small compared to
the area of the plate. For instance, circular defects with a
diameter equal to one tenth of the plate sides, exhibit an area
that is one hundred of that of the plate.

Concerning the in-plane forcing terms

Fkm appearing in

(8), we shall consider a set of M simple forcing configura-
tions, each (for m=1, K, M) of one of the two types:

• Point localized (PL) excitation, in which a concentrated
force at a given point (xm, ym) is imposed. Thus, the
forcing term appearing in (8) is given by

d


=  - -( ) ( ) ( )F x y a x x y y, , , 13km km m m

PL

where the vector akm is the applied force and δ is the
Dirac delta function. This excitation mimics the non-
contact optical laser actuators.

• Rotationally symmetric radial (RSR) excitation, in which
a RSR force is applied in a circle with center at a given
point ( )x y,m m and radius r. Thus, the forcing term
appearing in (8) is given by


=  - -( ) ( ) ( )F x y a g x x y y r, , , , 14km km m m

RSR

where the scalar akm is the overall intensity of the applied
force and  - -( )g x x y y r, ,m m denotes a forcing term
consisting in applying a unit force along the outward
normals to the circle of radius r, centered at (xm, ym). This
mimics piezoelectric actuators.

Likewise, the resulting synthetic data, mimicking
experimental data, will be collected in N sensors (for n=1,
K, N), each of one of the following two types (which are the
counterparts of the two types of excitation considered above):

• Point localized (PL) sensing, in which the displacement
vector at a given point (xn, yn) is measured. This sensing
device mimics laser Doppler sensors and produces two
scalar measurements (namely, the two components of the
displacement vector) at the sensor.

• Rotationally symmetric radial (RSR) sensing in a circle
with center at a given point ( )x y,n n and radius r,
measuring the spatial average of the radial displacement
vector along the circle. This mimics piezoelectric sensors
of radius r centered at (xn, yn) and produces just one
scalar measurement, the averaged radial displacement
vector.

The forcing and sensing types (either PL or RSR, as
described above) will affect the computation of the topolo-
gical derivative in the next subsection.

According to our comments above, these excitation/sensing
types will be combined in section 3 in three ways, namely PL-
forcing/PL sensing, RSR-forcing/RSR sensing, and RSR-for-
cing/PL sensing, considering M actuator configurations, which
will be common to the K considered frequencies. For each of
these configurations, appropriate data will be collected at N
sensors, all of them of the same type (either PL or RSR). Thus,
the available scalar data is K×M×(2N) for PL sensing and
K×M×N for RSR sensing. However, the unknowns in the
inverse problem are the spatial distributions of the perturbations
r̃, l̃, and m̃, which involve an infinite number of scalar
unknowns from the purely mathematical point of view. Upon
discretization via a spatial mesh, with P nodes, the number of
unknowns is P3 , which is usually much larger than the number
of available uncorrelated data. This is one of the difficulties
involved in inverse problems, which are generally ill-posed. An
additional, even more important, difficulty is that the unknown
material properties do not depend continuously on the given data.

2.2. Objective function and topological derivative

As already explained in section 1, our approach will consist in
somehow minimizing a scalar objective function, which
accounts for the least squares difference between the mea-
sured data at the sensors and their computed counterpart for a
given varying location and shape of the defects. The defects
manifest themselves in the present context through the dis-
tributions of the perturbations r, l, and m, as defined in (11).
In principle, minimizing the objective function defined that
way should provide an approximation of r,l, and m, and thus
the location and shape of the defects when these are localized.

The above mentioned objective function is defined as the
sum of the contributions from the K forcing frequencies and
the M actuators/sensors configurations, namely

 

 

å å

å å

r l m a

r l m a

=

=

= =

= =













( )

( ) ( )

, , and

, , , 15

k

K

m

M

km km

k

K

m

M

km km

1 1

PL

1 1

RSR

for PL and RSR sensing, respectively, which must be treated
separately. Here, as above, r, l, and m denote the perturba-
tions (from the healthy state, according to (11)) in these
properties appearing in the damaged plate, the subscripts k
and m label the frequencies and actuators/sensors config-
urations, respectively, the weights αkm>0 (to be selected
below) measure the individual contribution of each frequency
and each emitting configuration, and km

PL and km
RSR depend

on the sensing mode.
For PL sensing,

 år l m =


-

=





  ( ) ( )

( ) ( )

U x y

U x y

, ,
1

2
,

, , 16

km
n

N

km mn mn

km mn mn

PL

1

comp.

meas.
2

where ( )x y,mn mn denote the sensor positions (which may

depend on the actuators set configuration),

Ukm is the kth

Fourier component of the displacement vector field produced
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by the mth excitation, as defined in (7), and the superscripts
comp. and meas. denote computed (by solving (8)–(10)) and
measured data. In the present case, we are using synthetic
data, mimicking actual measured data, which means that
Umeas. will also be computed by solving (8)–(10) for the
actual damaged plate. Since (either actual or synthetic) mea-
surements are known beforehand, dependence ofkm

PL on r,l,
and m comes from


Ukm

comp.
, whose calculation requires solving

(8)–(10), which in turn depend on r,l, and m. In other words,
Umeas. will be computed by solving (8)–(10) for the known
distributions of r, l, and m, Ucomp. will be computed by
solving (8)–(10) for varying distributions of while r,l, and m,
which should be selected to minimize the objective function.

Similarly, for RSR sensing,

 år l m = á


-


ñ
=

  ( ) ( )U U, ,
1

2
, 17km

n

N

km km x y r
RSR

1

comp. meas.

, ,
2

mn mn

where

Ukm

comp.
and


Ukm

meas.
are as above and for a vector field


U , á


ñU x y r, ,mn mn

denotes the average of the outward normal

component of

U on the circle of radius r centered at the point

(xmn, ymn). Note that á


ñU x y r, ,mn mn
is a scalar quantity in spite of

the fact that

U is a vector field. Again, dependence of km

RSR

on r, l, and m comes through

Ukm

comp.
.

As anticipated in section 1, minimizing the objective func-
tion (15) should give a good guess of the unknowns r,l, and m.
However, the objective function depends nonlinearly on the
unknowns and this approach is problematic. Thus, it is sub-
stituted in this paper by a guess based on a more direct, non-
iterative process that uses the topological derivative of the
objective function , which is a scalar vector field ( )x y,
defined at each Î( )x y D, as follows. We consider a small
circular defect, with center at (x, y) and radius r. The topological
derivative is the limit


 

p
=

-


( ) ( )x y
r

, lim , 18
r

r

0

0

2

wherer and0 denote the values of the objective function for
the damaged and healthy plates, respectively. In other words, the
topological derivative at (x, y) measures the sensitivity of the
objective function to an infinitesimal defect located at this point.
The idea is that damage is most likely to occur at those points of
the plate where the topological derivative exhibits negative peaks.
Note that the defects considered in (18) are infinitesimal, which
means that considering them as circular is only a slight restriction
and the actual defects that are to be localized may have an
arbitrary shape. They will be just located at those regions where
the function  exhibits the most pronounced negative values,
which will be easily identified from convenient color maps of the
topological  .

The topological derivative is a linear operator, which
means invoking (15) that

 å å a=
= =

( ) ( ) ( )x y x y, , , 19
k

K

m

M

km km
1 1

where km is the topological derivative ofkm
PL orkm

RSR for PL
sensing or RSR sensing, respectively, defined in (16) and

(17), respectively. Using well-known computations in the
literature [47], it follows that

   r
m n

n n
n

= +
+
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-
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⎡
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2

where n l l m= +[ ( )]2 is the Poisson ratio and
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a
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a

Here,

Ukm

d
and


Ukm

a
are the solutions of the unperturbed direct

and adjoint problems, which are both given by (8)–(10) with
ρ=ρ0, λ=λ0, μ=μ0 (the unperturbed values of these
properties for the healthy plate) and the following forcing

term in the right hand side of (8),

Fkm:

• For the unperturbed direct problem,

Fkm depends on the

forcing type and is given by (13) and (14) for PL and
RSR-forcing, respectively.

• For the unperturbed adjoint problem,

Fkm depends on the

sensing type, either PL or RSR. For PL sensing at the
points (xmn, ymn), for n=1, K, N, we have

å
d


=


-



´ - -
=

[ ( ) ( )]

( ) ( )

F U x y U x y

x x y y

, ,

, , 23

km
n

N

km

d
mn mn km mn mn

mn mn

1

meas.

where δ is the Dirac delta function, as above. For RSR
sensing in devices of radius r, centered at the points (xmn,
ymn), for n=1, K, N,


Fkm is given by

å


= á


-


ñ

´ - -
=

( ) ( )

F U U

g x x y y r, , , 24

km
n

N

km

d

km x y r

mn mn

1

meas.
, ,mn mn

where the rotationally symmetric vector field g and the
mean value á ñ· x y r, ,mn mn

are as defined after (14) and (17),
respectively. Recall that the azimuthal average á ñ· x y r, ,mn mn

is
a scalar quantity.

Once the unperturbed direct and adjoint problems have
been solved, equations (19)–(22) allow to compute the
topological derivative field ( )x y, , which still depends on the
weights αkm. Following ideas in [39], which gave very good
results for the two-dimensional wave equation, we select


a =

Î
( )

( )

( )
x y

1

min ,

, 25km

x y D
km

, I

where ÌD DI is an interrogation window, which is the subset
of the plate where the topological derivative will be calculated.
Such interrogation window must exclude a vicinity of the
actuators and sensors because the topological derivative takes
very large (positive or negative) values in near these devices.
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This is because the solutions to the unperturbed direct and
adjoint problems are very steep near the actuators and sensors,
respectively, and the topological derivative includes terms
(namely, the second and third terms in the right hand side of
equation (20)) that are proportional to the product of the gra-
dients of the unperturbed direct and adjoint problems. The large
values of the topological derivative near the actuators/sensors
could give negative peaks that would be spurious in the present
context and must be avoided.

It is interesting to note that the fields rkm, 
l
km, and 

m
km,

defined in (21)–(22) admit another interpretation, as sensi-
tivities ofkm to perturbations in ρ, λ, and μ, respectively. In
other words, if ρ, λ, and μ are perturbed as in (11), with
conveniently small perturbations, according to (12), the
individual components of the objective function defined in
(16) can be linearized around r l m= = =˜ ˜ ˜ 0, which (using a
standard continuous adjoint formulation [48]) gives

  

 

òr l m r

l m

-

+ +

r

l m

  ( ) [ ( ) ˜( )

( ) ˜( ) ( ) ˜ ( )] ( )

x y x y

x y x y x y x y dxdy

, , , ,

, , , , , 26

km km
D

km

km km

0

where km
0 is the unperturbed value of km, quadratic and

higher order terms in the small quantities r̃, l̃, and m̃ have been
neglected, and the sensitivities rkm, 

l
km, and 

m
km are precisely

those given by (21)–(22), with the unperturbed direct and adjoint
problems as defined above. Thus, equation (20) represents a
particular linear combination of these sensitivities. Other linear
combinations could give better results, as could do a selection of
the weights αkm different from that in (25). However, these
possible improvements are beyond the scope of the present
paper, where for the sake of simplicity and brevity, the some-
what standard theory described above will be used.

3. Results

Let us now apply the theory developed in the last section.
Although this theory applies to any homogeneous material,
here we consider an aluminum plate, with density
ρ=2700 kg m−3 and Lamé coefficients λ=50.35 GPa and
μ=25.94 GPa (Young modulus E=69 GPa and Poisson
ratio ν=0.33). The horizontal size is 1×1 m2 and the
thickness is assumed to be small (say, 1–2 mm), such that the
two-dimensional theory developed in the last section applies.
Using the Cartesian coordinate system indicated in
section 2.1, the domain occupied by the plate is D:−0.5
m<x<0.5 m, −0.5 m<y<0.5 m.

As anticipated in section 1, a large number of cases have
been considered and analyzed, but for the sake of brevity only
the most representative ones will be presented. Concerning
the healthy plate, two general classes of plates will be pre-
sented, namely:

• A homogeneous plate, with constant density and Lamé
coefficients.

• An inhomogeneous plate containing an elongated
through-slit or an elongated inclusion of a different
material.

Concerning the emitting/sensing configurations, these will be
classified into three types, namely:

• PL emitting/PL sensing.
• RSR emitting/RSR sensing.
• RSR emitting/PL sensing.

RSR actuators and sensors will always be circular. The radius
of these emitting or receiving devices will always be set as
r=5 mm, which is similar to the radius of typical
piezoelectric devices. In order to obtain comparable results
for the various cases that will be considered, the centers of the
actuators and sensors will always be located at 2 cm distance
from the boundary, which has been selected on purpose to be
very small distance compared to the plate size and would lead
to strong difficulties if standard SHM methods were used.
Location of the actuators and sensors along the lines parallel
to the sides of the plate will be chosen with no particular care,
which will emphasize robustness.

As anticipated, the topological derivative will only be
calculated in an interrogation window DI that must exclude a
vicinity of the actuators and sensors. In the present applica-
tion, the interrogation window will be a 70×70 cm2

centered square, namely

   - -
( )

D x y: 70 cm 70 cm, 70 cm 70 cm,
27

I

which means that a 15 cm gap will be ignored near the
boundary of the plate. The window DI will be the same for all
considered cases, which will emphasize robustness. Since the
centers of the RSR devices are 2 cms apart from the boundary
and their radii is 0.5 cm, in order to avoid the vicinity of the
actuators and sensors (where, as anticipated, the topological
derivative may exhibit spurious negative peaks), the gap
between the interrogation window and the boundary of the
plate should be somewhat large compared to 2.5 cm. The
15 cm value for the gap has been chosen after a fairly rough
calibration and could be decreased, but this has not been done
because the selected value is appropriate to illustrate the
power of the method, which is the purpose of this article.

The defects will always be inside the interrogation win-
dow DI and will be circular or elliptic through-holes, with a
very small size ∼5 mm. As anticipated in section 2.2, it is the
negative peaks of the topological derivative that matter to
localize defects. Thus, we shall consider plots of the topolo-
gical derivative, which will always be rescaled as follows.
The topological derivative outside DI will be set to zero and
the positive values of the topological derivative inside DI will
be replaced by zero. The negative values of the topological
derivative inside DI will be rescaled with the maximum of its
absolute value inside DI. Therefore, all topological derivatives
will vary in the range between 0 and −1.

The number of available data increases as the number of
actuators/sensors configurations, M, the number of sensors,
N, and the number of involved frequencies, K, increase.
However, increasing M and/or N requires increasing the
number of devices. This is more problematic in practice than
increasing K, which only affects the complexity of the emit-
ting signal, according to (6). Thus, some emphasis will be put
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below in decreasing M and N (at the expense of increasing
K ). On the other hand, selecting actuators/sensors that are
somewhat close to each other (which makes the available data
less uncorrelated) and close to the boundary of the plate
favors compact designs of the experimental device and will be
intended below.

Application of the method described in section 2.2
requires solving elastic problems of the type (8)–(10)
for both:

• The perturbed plate, to obtain the synthetic data
(mimicking experimental data).

• The healthy plate, to solve the unperturbed direct and
adjoint problems, which are needed to compute the
topological derivative.

The solution to these problems will be obtained using the
ANSYS Mechanical FEM solver [46], with a second degree
polynomial as shape function. Concerning the computational
mesh, the typical size of the individual elements will be
∼2.5 mm, though they will concentrate near the actuators and
sensors (and elongated inhomogeneities, if present); they will
also concentrate near the through-holes when calculating
synthetic data. All these will give a number of degrees of
freedom ∼0.96 Million (corresponding to 0.48 Million
nodes). An idea of the computational meshes that will be
used to generate the synthetic data and to solve the
unperturbed direct and adjoint problems for the case
considered in figure 3—left is given in figure 2. Note that
the two meshes are quite different, both quantitatively and
qualitatively. The main qualitative difference between them is
that nodes concentrate near the defect in the left plot (because
the defect is taken into account when computing synthetic
data), but not in the right plot, which corresponds to
computations of the unperturbed direct and adjoint problems
in the healthy plate.

In the remaining of this section, we consider several
actuators/sensors types and configurations, homogeneous and
inhomogeneous plates, and defects locations. In order to
emphasize the robustness of the method, the forcing

frequencies will be chosen as equispaced in a range that will
be the same for all cases, namely

 w p ( )/10 kHz 2 25 kHz. 28

Considering a different range, such as 10 kHz�ω�50 kHz,
gives similar results. As anticipated, PL emission is proble-
matic. Thus, even though this type of actuator will be first
considered section 3.1, the fairly good results for this case
will be tested for the less problematic case of RSR actuators,
with either RSR or PL sensors, in sections 3.2 and 3.3,
respectively.

3.1. PL emission and PL sensing

To begin with, we consider a number M of PL dual emitting/
receiving PL devices, which will be used to obtain (for each
of the K driving frequencies) M emitting/receiving config-
urations. In each of these, signals are emitted from one of the
devices (which acts as actuator and promotes a displacement
parallel to the y axis) and received at the remaining
N=M−1 devices (where the whole displacement vector is
measured), which act as sensors. Since two scalar data are
produced at each PL sensor, the total number of available
scalar data is 2K×M×(M−1), which will be only mod-
erately large (not larger than a few tens of thousands) in the
applications below. In addition, these data are not completely
uncorrelated, meaning that the effective number of data is
even smaller. The number of unknowns, instead, are the
values of ρ, λ, and μ at the nodes of the computational mesh,
which is ∼3×0.96=2.88 Million unknowns, namely much
larger than the number of data. This illustrates the ill-posed
nature of the inverse problem. Using the topological deriva-
tive, described in section 2.2, somehow circumvents this
difficulty.

3.1.1. Homogeneous plate. The first considered emitting/
receiving configuration consists of 32 evenly located (as
indicated with black×symbols in figure 3) PL emitting/
receiving devices, which are fairly close to the boundary,

Figure 3. Color map of the topological derivative for the first emitting/receiving configuration (using 32 PL emitting/receiving devices
indicated with black×symbols), considering a circular defect of radius 2.5 mm (left), an elliptical defect, with major and minor axes equal to
4.84 mm and 1.29 mm, parallel to the x and y axes, respectively (middle), and the circular-plus-elliptical defects simultaneously present
(right), whose center position is indicated with white + symbols.
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namely 2 cm apart. The devices are equispaced along the lines
parallel to the sides of the boundary. Concerning the driving
frequencies, we use K=15 equispaced values in the interval
(28). For this emitting/receiving configuration, we consider
three sets of through-hole defects, namely (a) a circular defect
of radius 2.5 mm, with its center at (x, y)=(−0.1 m, 0.2 m),
(b) an elliptical defect with center at (x, y)=(−0.15 m,
−0.2 m) and major and minor axes 4.84 mm and 1.29 mm,
parallel to the x and y axes, respectively, and (c) the circular
and elliptical defects simultaneously located in the plate. Note
that the two defects exhibit the same area. In figure 3 (as in all
plots of the below), the actual position of the defects is
indicated with white + symbols; the shapes of the defects
cannot be seen in this plot due to their very small sizes.
The topological derivative for these three sets of defects
is as plotted in figure 3, where only negative values of
the topological derivative are represented in the color
map; points with positive values and points outside the
interrogation window are indicated in gray. As can be seen,
the negative peaks of the topological derivative locate fairly
well the defects, especially in cases (a) and (b), in which only
one defect is present; case (c), with two defects, is more
demanding and thus the contrast of the negative peaks of the
topological derivatives at the defects is less prominent. Also,
the circular and elliptical defects promote comparable
negative peaks in the topological derivative, which is due to
the fact that both defects have been selected to exhibit the
same area. If, instead, one of the through-holes exhibited a
smaller area, then the (negative) peak of the topological
derivative at this defect would be less prominent.

The number of emitting/receiving devices, M=32, was
chosen in the previous test problem to ensure obtaining good
results, but most likely they produce highly correlated data
and can be decreased. Thus, we drastically decrease this
number from 32 to 4, maintaining the same defects sizes and
locations as in the previous test problem. The four considered
emitting/receiving devices are located close to each other and
in the upper side of the plate, as indicated with black×
symbols in figure 4; in fact, they are a subset of those

considered in figure 3. Concerning the number K of forcing
frequencies (which again are equispaced in the interval (28)),
this is K=15, as in the previous test problem, when only one
defect is present, but this number is increased to K=35 in
the more demanding case in which both defects are present.
As can be seen in figure 4, the topological derivative locates
the defects fairly well using only four compactly located
emitting/receiving devices. Thus, in the remaining of this
subsection, we shall use only this reduced set of devices.

3.1.2. Inhomogeneous plate. The test problems considered
here are much more demanding than the previous ones. Thus,
they will require increasing the number of frequencies if the
number of emitting/receiving devices is maintained, as
anticipated above.

As a first test problem, we consider the plate with an
elongated through-slit, considering two cases (see figure 5):

• A centered parallel (to the x axis) slit with length 0.8 m
and width 1.6 cm located along the line y=0.17 m,
and a circular defect of radius 2.5 mm and center at
(x, y)=(0.1 m,−0.2 m).

• An oblique slit with length 0.7 m and width 1.4 cm,
located along a line with slope 40.17° and centered at
(x, y)=(0.060 9 m, 0.129 m). The defect is again circular,
with radius 2.5 mm and center at (x, y)=(0.15 m, 0.1 m).

For this test problem, we consider K=30 frequencies,
equispaced in the interval (28). The topological derivatives
for the parallel and oblique slits, plotted in figure 5, show that
the method locates the defects reasonably well in spite of the
presence of the slits. In both cases, especially for the oblique
slit, the defect is not reachable by the primary emitted waves,
but only by waves reflected at the boundary, which would
make the application of standard SHM methods extremely
problematic. In fact, through-slits are quite demanding
because they totally reflect the waves, as the lateral walls
do, due to the infinite jump in the acoustic impedance. Here,
the slits leave a space at the borders, which allows the guided
waves to pass to the other side. If, instead, the through-slits

Figure 4. Counterpart of figure 3, but using only the four emitting/receiving devices located at the positions indicated with black × symbols
and the indicated number of equispaced frequencies.

9

Smart Mater. Struct. 27 (2018) 085002 A Martínez et al



were longer, as to completely cover a section of the plate,
from side to side, it would be absolutely impossible to detect
any defect beyond the slits. However, this does not happen
with elongated inclusions of a different material, which are
considered in the next test problem, because these inclusions
allow for a part of the waves to trespass the inclusion (though
they are subject to diffraction).

As a second test problem, we consider a plate with an
elongated inclusion of a different material. The inclusion is
parallel to the x axis and transversally covers the whole plate
at y=0.16 m from side to side. As for the thickness and
material properties of the inclusion and the nature of the
material, we consider two cases:

• Titanium inclusion: titanium is a fairly dense and fairly
rigid material, with density ρ=4500 kg m−3 and Lamé
coefficients λ=74.07 GPa and μ=41.67 GPa (Young
modulus E=110 GPa and Poisson ratio ν=0.32). The
thickness of the inclusion is 15 mm. In this case, we
consider K=25 forcing frequencies, equispaced in the
interval (28).

• High-density polyethylene (HDPE) inclusion: now, both
the density (ρ=960 kg m−3) and especially the rigidity
(λ=1.777 GPa and μ=0.390 1 GPa, which correspond
to Young modulus E=1.1 GPa and Poisson ratio
ν=0.41) are much smaller than those for aluminum.
The thickness of the inclusion is 2.5 mm, much smaller
than in the previous case since, as explained below, this is
a more demanding case. Because of this, the number of
forcing frequencies (again equispaced in the interval (28))
is also larger than in the previous case, namely K=60.

In both cases, the defect that is to be detected is circular, with
radius 2.5 mm and centered at (x, y)=(0.1 m,−0.2 m).

The topological derivatives for these two cases are as
plotted in figure 6. As can be seen in this figure, the most
demanding case is that of HDPE, which involves a smaller
thickness of the inclusion and requires a larger number of
frequencies. The reason for being so demanding is that both
the density and the Lamé coefficients are much smaller than

that of the aluminum plate. This makes this case closer to the
elongated through-slit, which as anticipated is the most
demanding inhomogeneity.

In any event, it is remarkable how the method is able to
capture defects that are beyond the elongated through-slits
covering a wide portion of the transversal section of the plate
and elongated inclusions of different material covering the
whole section of the plate, from side to side.

3.2. RSR emission and RSR sensing

Let us now consider dual emitting/receiving devices of the
RSR type. Since RSR sensors only capture one scalar quantity
(instead of two), a larger (than in the PL case) number of
devices and a larger number of frequencies are needed in the
present case. Thus, we consider eight RSR devices of radius
5 mm and centers located at 2 cm from the y=0.5 m side of
the plate, equispaced in the x coordinate (along the horizontal
line y=0.48 m).

For the homogeneous plate, we consider the same defects
configurations as in figure 4 and an appropriate number of
forcing frequencies. The obtained topological derivatives are
given in figure 7. As can be seen in this figure, the topological
derivative identifies the defects reasonably well, especially
when only one defect is present, though the number of
required frequencies is larger than in the case considered in
figure 4, as expected. Note that two additional blue regions
appear in the case of two defects. However, the topological
derivative peaks at these additional regions are less intense
than near the actual position of the defects (which means that
the topological derivative locates well the defects, as stated).

Concerning the case of the inhomogeneous plates con-
sidered in section 3.1.2, with the same elongated slits or
inclusions and defects as in figures 5 and 6, the topological
derivatives for the present actuators/sensors configuration are
given in figure 8. As can be seen in this figure, the topological
derivative locates the defects quite well using an appropriate
number of forcing frequencies (again, equispaced in the
interval (28)), namely 60 and 40 frequencies for the parallel

Figure 5. Color map of the topological derivative for inhomogenous plates showing the parallel (left) and oblique (right) through-slits
indicated in black. As in previous figures, the emitting/receiving devices locations are indicated with black×symbolds, and the defect
locations, with white + symbols.
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and oblique through-slits, respectively, and 40 and 60 fre-
quencies for the titanium and HDPE inclusions, respectively.
Note that the number of frequencies is larger for the HDPE
inclusion than for the titanium inclusion because, as already
mentioned, this material is much more demanding in con-
nection with inclusions.

Summarizing, the results obtained for this new type of
dual RSR actuators/RSR sensors are consistent with those
obtained in section 3.1.2 for dual PL actuators/PL sensors. In
particular, as anticipated, since RSR sensors collect a smaller
amount of data than PL sensors, the numbers of required
devices and frequencies are larger for the present case.

3.3. RSR emission and PL sensing

Let us now consider the case of RSR actuators and PL sen-
sors. Since, as anticipated, PL sensors collect a larger amount
of data (namely, twice as much) than RSR sensors, the pre-
sent case is less demanding than that considered in the last

subsection. This means that we may decrease either the
number of actuators or the number of sensors, which must be
located in different positions (but again 2 cm apart from the
boundary) because they are of a different type among each
other. We select the same four RSR actuators as in section 3.2
and four PL sensors aligned with the actuators in the line
y=0.48 m and equispaced along the x coordinate in the right
part of this line. Actuators and sensors are indicated with
black asterisks and black×symbols, respectively, in
figures 9 and 10, which show the topological derivatives for
the homogeneous and inhomogeneous plates, respectively,
considering the same defects (and slits or inclusions) as in
figures 7 and 8, respectively. As can be seen, the topological
derivative locates the defects quite well in all considered
cases.

Summarizing the results obtained in this subsection, RSR
emision and PL sensing gives results similar to PL emision
and PL sensing because, as anticipated, these two methods

Figure 7. Counterpart of figure 4, using the eight RSR emitting/receiving devices located at the positions indicated with black asterisks and
the indicated number of equispaced frequencies in the interval (28).

Figure 6. Color map of the topological derivative for inhomogenous plates showing horizontal inclusions (indicated in light brown) of
titanium (left) and HDPE (right). As in previous figures, the emitting/receiving devices locations are indicated with black × symbols, and the
defect locations, with white + symbols.
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Figure 8. Color map of the topological derivative for inhomogenous plates. Top plots: parallel (left) and oblique (right) through-slits
indicated in black. Bottom plots: titanium (left) and HDPE (right) inclusions. As in figure 7, the emitting/receiving devices locations are
indicated with black asterisks, and the defect locations, with white + symbols.

Figure 9. Counterpart of figure 7 for RSR emission and PL sensing.
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provide comparable number of data (which mainly depends
on sensing).

4. Conclusions

A method based on the multi-frequency topological derivative
has been developed that is intended as an advantageous
alternative to standard guided-waves-based SHM methods.
The main advantage of this new method is that it uses the
whole physics of the problem, instead of only a part of the
physics, as standard methods do. As a proof of the concept,
the method has been applied using synthetic data, instead of
plain experimental data, and considering only symmetric
guided waves, produced by in-plane excitation of two types,
either PL or RSR excitation. Likewise, data is collected at
some sensors, which are either of the PL or RSR type. The
emitting and sensing devices have been located very close to
the boundary of the plate, which is a very demanding situa-
tion for standard SHM methods. The ‘healthy’ plate can either

be homogeneous or inhomogenous, showing either elongated
through-slits or elongated inclusions of a different material,
which is again too demanding for standard SHM methods. In
all cases, the new method gave good results using a very
limited number of emitting and sensing devices.

A number of issues have been left apart in this first
presentation of the method:

• Using actual experimental data instead of synthetic data.
This obviously requires having these experimental data
available, and also to:
1. Clean the (necessarily noisy) experimental data.
2. Calibrate the numerical modeling of the healthy plate

elastodynamics, including the piezoelectric and laser
Doppler devices.

Thus, this issue involves additional, fairly strong difficulties
that are well beyond the scope of this paper, which aims at
just presenting the proposed methodology as a proof of the
concept demonstration. Using actual experimental data is
obviously the final end, but it has been not addressed for the
reasons given.

Figure 10. Counterpart of figure 8 for RSR emission and PL sensing.
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• Considering general Lamb waves instead of just sym-
metric waves. This can be done with the appropriate
ANSYS solver, though the computational cost would be
higher.

• Reducing the computational cost of solving the unper-
turbed direct and adjoint problems, which could be done
via an appropriate reduced order model [49]. It must be
noted here that these two problems are defined in terms of
the healthy plates and are linear in connection with the
forcing and sensing intensities. Thus, they may be written
in terms of canonical problems that can be solved offline
beforehand. Using the solutions of these canonical
problems, the computational cost of the online step to
compute the topological derivative is fairly small.

However, these issues are beyond the scope of this paper, and
left as the object of future research.
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