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We study the weakly nonlinear evolution of Faraday waves in a 2D container that is 
vertically vibrated. In the small viscosity limit, the evolution of the surface waves is 
coupled to a non-oscillatory mean flow that develops in the bulk of the container. The 
corresponding long time (Navier-Stokes+amplitude) equations are derived and analyzed 
numerically. The results indicate that the (usually ignored) mean flow plays an essential 
role in the stability of the surface waves and in the bifurcated wave patterns. 

1. Introduction 

The Faraday1 instability, i.e. the parametric excitation of waves at the free surface 
of a liquid by vertical vibration, has attracted a great deal of attention because 
of the rich variety of nonlinear pattern-forming phenomena that exhibits (see e.g. 
Refs. 2-4 and references therein). Yet, despite of much study, certain fundamental 
questions still have not been successfully answered. One such questions is the correct 
description of the weakly nonlinear regime near the onset of Faraday instability in 
the singular limit of small viscosity. The nonlinear amplitude equations that are 
often used in the literature are obtained from a strictly inviscid formulation and 
corrected a posteriori by adding some linear dissipation terms.3 '5 This formulation 
ignores the slow mean flow that is driven by the boundary layers at the container 
walls and free surface and, in the case of a monochromatic wave, predicts standing 
waves (SW) as the only attractor after onset and fails to reproduce the drifting SW 
that have been observed experimentally.6'7 In this paper we shall briefly outline the 
derivation of a system of equations for the slow time evolution of the surface waves 
and the mean flow, starting from the full Navier-Stokes equations. In addition, we 
shall present some examples of the new states that are obtained (see Ref. 11 for a 
more complete analysis). 



2. Coupled Amplitude-Mean Flow Equations 

We consider a very simple conñguration, namely a small 2-D, horizontally periodic 
layer of incompressible fluid (Fig. 1). 
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Fig. 1. Sketch of the two-dimensional fluid layer. 

The governing equations, made nondimensional with the height of the unperturbed 
free surface and the gravitational time, are 

ux+vy = 0, (1) 

Ut + v(Uy - VX) = ~qx + C(UXX + Uyy) , (2) 

vt - u(uy - vx) = -qy + C(vxx + Vyy) , (3) 

u = v = 0 at y = — 1 , (4) 

v = ft + ufx, (uy+vx)(l - fl) +2(vy -ux)fx = 0 &ty = f, (5) 

q-(v2+ v2)/2 + Acü2ef cos(2Wí) - / + Tfxx/(1 + / J ) 3 / 2 

= 2C[vy+uxf
2-(uy + vx)fx}/(l + f 2 ) , aty = f, (6) 

u, v, q and / are periodic, of period L, in x. (7) 

Here u and v are the horizontal and vertical velocity components, / is the free 
surface elevation (measured from the undisturbed position), and 

q = pressure + (u2 + v2)/2 + y — 4uj2ey cos(2wí); 

2UJ and e are the forcing frequency and amplitude, C = ¡//(gh3)1^2 {y = 
kinematic viscosity) is a ratio of viscous to gravitational effects and T^1 = pgh2 ja 
(p = density, a = surface tensión) is the Bond number. 

In the following we shall derive equations for the weakly nonlinear evolution of 
small, nearly-resonant solutions at small viscosity, i.e. 

H + H + kl + l / l < i , e < i , k - W o | « i , c < i , (8) 



where LOO is a natural oscillation frequency of the system in the inviscid (C = 0) 

limit. There are two kinds of nearly marginal modes1 0 of the unforced linearized 

versión of ( l ) - (7 ) : (i) inviscid modes, tha t produce surface waves, with a 0 ( 1 ) 

frequency and a 0{-\/C) decay rate, and (ii) viscous modes, with a very small 

0(C) decay rate, t ha t produce a mean flow and do not deform the free-surface at 

ñrst order. 

Taking into account all the above mentioned modes, the solution can be ex-

panded as 

u = Uo{y)e^t[A{t)eikx - B(t)e-
ikx] + ce. + us(x, y,t) + • • • , (9) 

v = Vo{y)e^t[A{t)eikx + B(t)e-ikx] + ce. + vs(x,y,t) + •••, (10) 

q = Qoiyy^iAity"* + B{t)e-ikx] + ce. + qs(x,y,t) + •••, (11) 

/ = eioJt[A(t)eikx + B(t)e-ikx] + ce. + fs(x,t) + • • •, (12) 

where c e . stands for the complex conjúgate, k = 2'rmv/L with m = integer is 

the horizontal wavenumber with frequency closest to LO, and Uo, Vo and Qo are the 

corresponding inviscid eigenfunctions. The terms displayed above correspond to the 

only surface mode tha t is (sub-harmonically) excited by the external forcing and the 

streaming flow tha t will be denoted hereinafter by the superscript s. Dependence 

of the amplitudes A and B on x is ignored for simplicity, see Refs. 8 and 9 for a 

more complicated analysis including spatial wave modulations. 

If we now insert the expansions (9)-(12) into the governing equations, take into 

account the boundary layers at the free surface and the bot tom of the container 

and apply solvability conditions, the following equations are obtained 

A' = [-S - id + ia3\A\2 - i a 4 | B | 2 - ia6— / / g(y)usdxdy]A + iea5B , (13) 
L J-i Jo 

B' = [-S - id + ia3\B\2 - i a 4 | A | 2 +iae— f f g(y)usdxdy]B + iea5A, (14) 
L J-i Jo 

u»x+v»x=0, (15) 

u¡ + vs{us
y - vs

x) = -qs
x + C(us

xx + us
yy) , (16) 

vi - K + {\B? ~ \A\2)g{y)]{ul - vs
x) = -q°y + C(vxx + v°yy), (17) 

us = a7[zABe2ikx + c e . + \B\2 - \A\2}, vs = 0 at y = - 1 , (18) 

dus/dy = a8(\B\2 - \A\2), vs = 0 at y = 0, (19) 

us, vs and qs are periodic, of period L, in x. (20) 

These equations describe the coupled evolution of the wave amplitudes (A, B) and 

the streaming flow (us,vs,qs, fs) in the slow time scale (see Ref. 11 for a more 

detailed derivation of the equations above and for the expressions of the coefficients 



and the function g(y)). Notice that the mean flow is not a simple by-product of the 
waves, but it affects the dynamics of the surface waves through the averaged terms 
in (13) and (14), which represent a transport of the waves by the mean flow. 

3. Results 

The solution of equations (13) and (14) always relaxes to a standing wave (\A\ = 
\B\ = Ro) of theform 

f(x, t) = 4R0 cos(wí + </>o) cos[k(x - I¡J)\ , (21) 

with constant amplitude RQ (which depends on the amplitude of the applied forcing) 
and spatial phase ip(t) that remains coupled to the streaming flow through the 
equation 

/

O r-L 

I g(y)us(x,y,t)dxdy. (22) 

The system of equations (22) and (15)-(20) has been solved numerically for different 
valúes of the parameters: the streaming flow Reynolds number 

Re = 6R%uj0k/(Csinh2 k) , 

the wave number k, and the spatial period L = 2mir/k. The typical solution that 
sets in for small Re (small forcing) is represented in Fig. 2a and corresponds to two 
identical pairs of steady counterrotating eddies below the steady SW (the vertical 
lines in Figs. 2 and 3 corresponds to the nodes of the SW). Since this steady solution 

(a) Re = 260 

(b) Re = 325 

Fig. 2. Streamlines of the streaming flow for k = 2.37, m = 1 and (a) Re = 260 and (b) Re = 325 
(in moving axes). Thick vertical lines correspond to the nodes of the surface waves given by (21). 



(a) (6) 
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Fig. 3. Constant vorticity contours for the streaming flow (thick: positive, thin: negative) for two 
periodic solutions for k = 2.37, m = 1 and (a) Re = 290 and (b) Re = 400. Vertical lines as in 
Fig. 2. 

is reflection symmetric in x, the integral in (22) vanishes and the streaming flow 
does not affect the surface SW. If Re exceeds a threshold valué this steady solution 
becomes unstable through a Hopf bifurcation and a family of time periodic solutions 
appears. One of these periodic solutions is represented in Fig. 3a. Notice that the 
streaming flow is no longer reflection symmetric and the integral in (22) is nonzero 
and produces a time periodic drift of the SW on the free surface. These periodic 
solutions resemble the so called "compression modes" that have been observed 
in experiments in annular containers6'7 and cannot be obtained with the usual 
amplitude equations that ignore the coupling with the streaming flow. For higher 



valúes of Re the L/2 periodicity is lost (see Fig. 3b) and, for still higher Re, the 

system jumps to a branch of solutions with constant drift velocity (ip' = c) like the 

one plotted in Fig. 2b, which is steady in a reference frame tha t moves with the 

drift velocity (these states have also been observed experimentally).6 '7 For larger 

valúes of L several different solutions coexist and some of them exhibit complex 

behavior in t ime.1 1 For all these states, which are not steady SW, the coupling 

with the streaming flow is an essential ingredient tha t should not be ignored. 
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