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Cardenal Cisneros 3, 28040 Madrid, España

Key words: Non-destructive testing, Defect detection, Elastic waves, Multi-frequency, Topo-
logical derivative, Inverse Problems.

Abstract. Ultrasonic guided waves are an attractive alternative to conventional methods.
By analyzing these waves, the presence of flaws may be detected. Mathematically, this is an
inverse problem. A large variety of mathematical methods to solve inverse problems consist in
minimizing an instrumental objective function, which gives the difference between the measured
and calculated signals. Among these, the topological derivative describes the sensitivity of the
objective function to infinitesimal inclusions on the material. In this work we investigate the
reconstruction of an obstacle buried in an aluminium plate by a non-iterative method based on
the computation of topological derivatives. This is done by extending to the present context some
ideas by Funes et al. (2016) that gave very good results in the context of the two-dimensional
wave equation. The main purpose is to suitably combine multi-frequency data obtained via
piezoelectric emitters and receivers. In the first part of the work, the method to detect defects
is described. In the second part, as a proof of the concept, some reconstruction examples are
shown.

1 INTRODUCTION

Defect detection via elastic waves [1] in a material medium exhibiting known physical prop-
erties is a problem that has attracted a lot of attention in recent years. There are many fields
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where this kind of problem may be useful to be solved such as non-destructive testing of struc-
tures [2], medical diagnosis [14], natural resources exploration or even location of anti-personnel
landmines [16].

Mathematically, processing data from elastic waves in a material media to identify defects and
inclusions (which affect material parameters such as Young's modulus, E, Poisson's ratio, ν,
and density) is an inverse problem [10]. By solving this inverse problem, we can obtain the
response of the system to material properties variations. Likewise, the direct problem would be
calculating the system response when we know its physical properties.

Trying to solve an inverse problem has been an issue of interest for many years. This prob-
lem may be solved as an optimization problem, which aims at looking for defects immersed
in a region that minimize a convenient functional. Iterative methods were the first used [11].
However, these techniques require a prior knowledge of the number of defects or a high number
of iterations is needed unless we have a good initial approximation. Among the recent meth-
ods, there is a promising one based on the computation of the so-called topological derivative
[18, 12, 5], which gives the sensitivity of the difference between the experimental and calculated
responses of the system to infinitesimal inclusions on the material. The idea is that localized
defects at expected at those points where the topological derivative exhibits its largest negative
values. The topological derivative will be computed by means of solving an adjoint problem,
which is an effective way to obtain the gradient of a scalar function.

A very effective method was developed in [6] that appropriately combines the topological deriva-
tives for monochromatic excitations, using a fairly large number of frequencies. The number of
emitters/receivers combinations, instead, is small and, moreover, they are close to each other,
which favors compact designs of the inspection device. These ideas where tested in the two-
dimensional wave equation, which is a somewhat academic context. The main object of the
present paper is to extend these ideas to a more realistic elastic problem. At the same time,
the concepts developed in [8, 4, 9, 17] are used for the computation of the topological derivative
in an elastic media. To that end, the mathematical formulation of the topological derivative
and the involved direct, inverse and adjoint problems are detailed in sections 2 and 3. Then,
in section 4, some reconstruction examples are shown. Finally, some concluding remarks are
exposed in section 5.

2 FORMULATION: THE ELASTIC PROBLEM

This work is about detecting a set of small defects Ω in an aluminium plate D, whose dimen-
sions are 1x1x0.004 m3. In order to excite the structure, we place some source points xi along its
face which may act as emitters or receivers. A possible way to simulate a piezoelectric device [7]
can be modeling the source term by means of a Dirac delta function δxi at each excitation point,
acting in the in-plane directions. As the thickness of the plate is much smaller than the in-plane
dimensions, the elastodynamic state can be approximated by a plane stress assumption, as long
as the excitation wavelength is much greater than the plate thickness [13]. Hence, we have
D = (−0.5, 0.5)× (−0.5, 0.5). Neumann boundary conditions are imposed to model the defects
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since it is a useful way to reproduce the air inside them (the so-called sound-hard defect). Alike,
more general transmission conditions could also be specified. Homogeneous Dirichlet conditions
are applied at the bottom corners so as to avoid singularities in the stiffness matrix. Harmonic
problems are considered, thus, the governing equation and boundary conditions are

∇· ¯̄σ + ρω2u⃗ = −f⃗ in D \Ω, (1)

¯̄σ· n⃗ = 0 at ∂Ω, (2)

¯̄σ· n⃗ = 0 at ∂D \ P, with

P = {(x, y) ∈ R2 | x =− 0.5, y = −0.5} ∪ {(x, y) ∈ R2 | x = 0.5, y = −0.5},
(3)

u⃗ = 0 at P, (4)

where ρ is the density, ω is the angular frequency, and n⃗ is the outward unit normal. Note that
the elastic parameters appear in the equation through the stress tensor ¯̄σ = ¯̄σ (λ, µ, u⃗), where
λ and µ are the Lame parameters and u⃗ is the displacement vector. As anticipated, the source
term f⃗ will be a set of point forces reproducing a piezoelectric excitation. This direct problem
(solution is computed knowing the coefficients appearing in the formulation) will be used below
to generate synthetic measured data.
The aim of the inverse problem is to establishing the position of the defects Ω that produce
a given displacement at each receiver (measured experimentally). However, unlike the direct
problem, this is an ill-posed problem, namely, it could have many solutions or even no solution.
In adition, small errors in the measured data can provide very dissimilar solutions. Therefore,
in order to regularize the problem, we can pose it in a less demanding way: finding the defects
Ω that minimize the following objective functional,

F (D \Ω) =
1

2

nrec∑
i=1

∥u⃗ (xi)− u⃗meas (xi) ∥
2
, (5)

where xi is the location of the measurements. Considering different emitters/receivers and more
than one frequency, we have

F (D \Ω) =
1

2

nfreq∑
k=1

nemi∑
j=1

nrec∑
i = 1
i ̸= j

αkj∥u⃗jwk
(xi)− u⃗jmeas,wk

(xi) ∥
2

, (6)

where αkj are constants that weight the individual contribution of each emitter and frequency.
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3 TOPOLOGICAL DERIVATIVE

The topological derivative of a functional F defined in a region ℜ, can be seen as the sensitivity
of F with respect the creation of a small cavity at each point x ∈ ℜ. More precisely, we can
define it as this limit

T (x) = lim
ε→0

F (ℜ \ Bε (x))−F (ℜ)
h (ε)

, x ∈ ℜ, (7)

where Bε (x) is a ball with radius ε centered at x and h (ε) > 0 is a monotone decreasing function
that tends to zero and selected such that the limit (7) exists and is non-zero. For general three-
dimensional transmission problems or sound-hard obstacles we can take h (ε) = 4

3πr
3.

Let rewrite the limit (7) as

F (ℜ \ Bε (x)) = F (ℜ) + h (ε)T (x) + o (h (ε)) , as ε → 0, (8)

which gives the fundamental idea to the detection method: agglutinating points where the
topological derivative is large and negative, since in such points F (ℜ \ Bε (x)) < F (ℜ).
Trying to calculate the topological derivative using the above limit definition it is not practical.
A large number of computations would have to be done. However, it is possible to obtain simpler
expressions in terms of the solution of a direct problem and an adjoint problem. In our case,
the topological derivative of the single-frequency functional defined in (5) at a point x is given
by

Tw,j(x) = ¯̄σadj : A : ¯̄σdir − ρω
2
u⃗adj · u⃗dir, (9)

where A is the following fourth order tensor [3]

A =
1

µ (1 + ν)

[
2I4 −

1− ν + 2ν
2

2 (1− ν2)
I2 ⊗ I2

]
. (10)

Note that ¯̄σadj , ¯̄σdir, u⃗adj and u⃗dir are the stress tensors and displacement fields of the fol-
lowing direct and adjoint problems,

• Direct problem:

∇· ¯̄σdir + ρω2u⃗dir = −f⃗ in D, (11)

¯̄σdir· n⃗ = 0 at ∂D \ P, (12)

u⃗dir = 0 at P, (13)
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• Adjoint problem:

∇· ¯̄σadj + ρω2u⃗adj = −
nrec∑
i=1

(u⃗dir − u⃗meas) δxi in D, (14)

¯̄σadj · n⃗ = 0 at ∂D \ P, (15)

u⃗adj = 0 at P. (16)

For a more precise reconstruction of the defects, combining excitations for different frequencies
tends to be a powerful tool, as very clearly shown in [6]. Hence, by linearity, the topological
derivative of the corresponding overall objective functional is just the linear combination of each
independent derivative. Therefore, the topological derivative of the functional (6) is just

T (x) =

nfreq∑
k=1

nemi∑
j=1

αkjTwk,j . (17)

To take account of the contribution of each emitter and each frequency, we must weight every
single derivative since they may have different orders of magnitude. An important detail that
concerns while weighting the derivatives is that we can not take the whole domain. We must
avoid the nearby regions of the emitters so as to they induce high peaks in the derivatives not to
be considered. Hereinafter, we will call this region S. Thus, the values of αkj can be computed
as

αkj= 1
|minD\STwk,j |

. (18)

This expression for the weights was shown in [6] to give very good results in the context of the
wave equation.

4 COMPUTATIONS

In this section, we briefly comment some aspects related with the numerical solution of the
experiment, direct and adjoint problems. Three different kind of defects have been designed to
make some reconstructions. The first one is a circular defect,

Ω1 =
{
(x, y) ∈ R2 | (x+ 0.10)2 + (y − 0.2)2 ≤ 0.0452

}
, (19)

the second is an elliptical defect,

Ω2 =
{
(x, y) ∈ R2 | (x+ 0.15)2 /0.092 + (y + 0.2)2/0.0252 ≤ 1

}
, (20)

and the third case, Ω3 = Ω1 ∪ Ω2, is a plate where both are embedded. A FEM model [15] has
been used to integrate the equations. Simulations have been computed over a 157790 second-
order quad element mesh for the circular defect, 158048 for the elliptical one and 157084 for the
both defects situation. For the direct and adjoint problem, it was used a 158266 second-order
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quad element mesh. These spatial discretizations were selected keeping always a ratio between
the wavelength and element size greater than 12. The strategy is to choose the highest excita-
tion frequency (which consistently has the smallest wavelength) and force the mesh to satisfy
the previous condition. All simulations have been performed using ANSYS Mechanical inside
the Harmonic Response module. Below, reconstruction examples are shown. As anticipated,
the topological derivative calculated after equation (17), T (x), is a scalar function, defined in
the whole plate and is such that the holes are most likely located at those regions where T (x)
exhibits its largest negative values. The plots of T (x) along the plate for the three considered
cases are given in Figs. 1, 2 and 3.

Figure 1: Topological derivatives varying the number and location of the emitters/receivers
for a circular defect.
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The blue regions in those plots indicate the guess for the positions of the defects. Note that
the emitters/receivers are located along the four edges of the plate indicated by black crosses in
the figures. The nearby region S has been eliminated, namely,

S = [−0.5, 0.5]× [−0.5, 0.5]− (−0.35, 0.35)× (−0.35, 0.35) . (21)

Also, a black line has been drawn in order to indicate the position of the defects. We begin
the reconstructions with a favorable situation of having 32 emitters/receivers and then we try
to get results with a less number of them. For the case of the circular and elliptical defects, 5
frequencies are combined from 7750Hz to 15690Hz.

Figure 2: Topological derivatives varying the number and location of the emitters/receivers
for an elliptical defect.
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Finally, a 32 emitters/receivers reconstruction is shown combining 3 frequencies for the both
defects case. It is noticed that the topological derivative still gives good approximations of the
defects even when the number of emitter/receivers is reduced. Alike, the circular defect provides
a better reconstruction with limited data than the elliptical one. In addition, when both defects
are embedded, the method can make a proper distinction between them although the shape
identification is still not clear.

Figure 3: Topological derivative when both defects are embedded in the plate. In this case,
the measure set consists in 32emitters/receivers combining 3 frequencies.

5 CONCLUSIONS

A method based on the multi-frequency topological derivative has been described intending
to use for NDT. In contrast with more generic techniques, known as radar methods, here the
physics of the problem is fundamental to be accounted. As is apparent, the higher number of
measurements the better results we obtain. However, as we can se (specially in the circular
case), with a low number or emitter/receivers reasonable results are achieved. These recon-
structions with a low data number could be the first approximation in order to implement an
iterative method which may enhance the initial guess. Also, in some cases, the position of the
emitters/receivers seems to affect the quality of the derivatives: optimizing their place may be
a future work. For the sake of simplicity, piezoelectric devices has been modeled as point forces
in this work, nonetheless, a full 3D electroelastic coupled model has been developed. Implement
the topological derivative in the abovementioned 3D model is a considerable challenge as the
computational cost increases significantly. This computational cost can be highly reduced using
a reduced order model for the direct and adjoint problems. However, this improvement is well
beyond of the scope of this paper. Finally, as a main conclusion, we can say that the method
described in this work could be a competitor among the NDT techniques utilized at present,
however, it still needs extensive improvements.
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