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Most of the geophysical inverse problems in geophysical exploration consist in detecting, locating and outlining 
the shape of geophysical anomalous bodies imbedded into a quasi-homogeneous background by analyzing their 
effect in the geophysical signature. The inversión algorithm that is currently used creates a very fine mesh in the 
model space to approximate the shapes and the valúes of the anomalous bodies and the geophysical structure of 
the geological background. This approach results in discrete inverse problems with a huge uncertainty space, and 
the common way of stabilizing the inversión consists in introducing a reference model (through prior infor-
mation) to define the set of correctness of geophysical models. We present a different way of dealing with the 
high underdetermined character of this kind of problems, consisting in solving the inverse problem using a low 
dimensional parameterization that provides an approximate solution of the anomaly via Particle Swarm Opti-
mization (PSO). This methodology has been designed for anomaly detection in geological set-ups that correspond 
with this kind of problem. We show its application to synthetic and real cases in gravimetric inversión per-
forming at the same time uncertainty analysis of the solution. We have compared two different parameterizations 
for the geophysical anomalies (polygons and ellipses), showing that we have obtained similar results. This 
methodology outperforms the common least squares method with regularization. 

1. Introductíon 

Geophysical inverse problems serve inform about the location and 
internal structure of the anomalous bodies taking into account their 
effect in the observed data. One the main challenges in inversión is to 
quantify the uncertainty of the solution, that is, the non-uniqueness of 
the solution (Snieder and Trampert, 1999; Scales and Snieder, 2000), 
which is due to different sources, such as noise in the measurements 
data, limited amount of data, physics limitations, modelling hypothesis, 
parameterization and numerical approximations among others. Deter-
ministic and probabilistic approaches are used to deal with uncertainty 
(see for instance Menke, 2012; Áster et al., 2012; Tarantola and Valette, 
1982). Geophysical prior models inferred by geological studies are also 
used to constraint the range of the plausible models and also to inform 
about the optimum design of the acquisition survey. A second difficulty 
comes from the noise contained in the observed data that deforms the 
shape of the elongated fíat valleys where the equivalent geophysical 
models are located (Fernández-Martínez et al., 2012a). Depending on 
the type and the level of noise, the nonlinear equivalence región for a 
given error tolerance might be reduced in size, or even disappear, and 

the geophysical solution that is found by the optimization process will be 
shifted from the most plausible solution that would genérate the 
observed data in absence of noise (Fernández-Martínez et al., 2014a,b). 
In real practice it is impossible to know the true solution of the inverse 
problem, but for sure it does not coincide with the solution that has been 
found. The way that the uncertainty problem is solved consists in sam-
pling different equivalent models with a relative error (data mismatch) 
higher than the mínimum mismatch. The noise has the effect of shifting 
the plausible models to higher misfit regions. This fact explains why to 
sample in broader zones of the equivalence región. Conversely, the 
classical way that the problem is solved is through local optimization 
methods with regularization to stabilize the inversión through the use of 
good-quality prior information: reference model and regularity condi-
tions. This numerical method has some drawbacks if the reference model 
is incorrect or the regularity that it is imposed is not correct, leading the 
inversión to a different family of equivalent solutions that differ from the 
real geology. Besides, it has to be understood that the regularization 
techniques do not provoke the uncertainty of the solution to vanish, and 
this type of analysis has yet to be correctly performed (Fernández-
Martínez et al., 2013). This is not usually the case in practice and the 



practitioners present solutions without their corresponding uncertainty 
assessment. Different solutions are proposed to deal with an incorrect 
choice of the regularity conditions. For instance, Zhdanov and Lin 
(2017) introduced an inversión method to exploit the sharp contrasts of 
the density between the host media and anomalous targets in the 
inversión of gravity data. Besides, joint inversions of different types of 
geophysical and petrophysical data are also used to reduce the uncer
tainty in the inversión (see Kamm et al., 2015). 

A simple way of constraining the uncertainty is by reducing the 
complexity of the model parameterization, provided that the geophys
ical model provides enough numerical precisión in the data precisión, 
and solving the inverse problem as a sampling problem in the reduced 
model parameterization. We show the application of this methodology 
in gravimetric exploration in a synthetic case and also in real dataset 
acquired in an evaporitic geological setup to detect the presence of 
possible cavities. For that purpose, we have used the RR-PSO algorithm 
(Fernández-Martínez and Garcia-Gonzalo, 2012) which is an explor-
atory member of the PSO family. The use of PSO and other global 
optimization techniques in geophysical inversión is not new and has 
been employed in several fields, sometimes combined with model 
reduction techniques (see for instance Monteriro Santos et al., 2010; 
Fernández-Martínez et al., 2012b; Soltani-Mohammadi et al., 2016; Mu 
et al., 2015; Pallero et al., 2015, 2017; Desmarais and Spiteri, 2017, etc). 
Ekinci et al. (2020) has recently presented a good summary about the 
use of global optimization techniques ands other methaheuristics in 
potential field data inversions. Besides, the use of simple geometrical 
bodies to match gravimetric anomalies combined with PSO and other 
global optimization techniques has been used by Shaw and Srivastava 
(2007), Toushmalani (2013) or Roshan and Singh (2017), Trivedi et al. 
(2020). 

The main novelties presented in this paper are: 1. The possibility of 
reducing the high underdetermined character of the anomaly shape 
inversión problem by model parameterization using polygons and 
elliptical bodies 2. Inversión and uncertainty analysis of the geophysical 
model parameters -background density and location and densities of the 
anomalies-via an exploratory member of the PSO family (RR-PSO). As 
other members of the PSO family, RR-PSO is a free-parameter tuning 
versión: the inertia and local and global accelerations of the different 
particles of the swarm are automatically chosen based on stochastic 
stability analysis of the particle trajectories. 3. The exploratory character 
of RR-PSO allows sampling the set of plausible solutions in a sampling 
while optimizing mode that is much faster than random sampling 
methodologies, without the need of any regularization requirements. 
The results are similar for polygon and elliptical parameterizations of 
the anomalies. 

In conclusión this paper shows a robust methodology to perform 
anomaly shape inversión with their corresponding in micro gravimetric 
surveys with its corresponding uncertainty analysis. 

2. Problem statement 

Taking into account that 
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the continuous forward problem can be stated as follows 

gz(r*k)=F*Mx,¿)), k=l,...,m (3) 

where 

F*=2G 
(*-**) +(z-z«k) 

jdxdz, k = 1,.... (4) 

is the continuous forward operator at the station point ŝ  and p(x,z)is the 
continuous density distribution of the considered dense body. Then, 
from (2)-(4) we have 

ft(r,t) = 2G 
Z Zsk 

( x - x s t ) +(z-Zsk)' 
-p(x,z)dxdz, k = l,...,m. (5) 

The discrete forward problem consists in predicting the gravity data 
originated by a dense body discretized by a mesh composed of rectan
gular cells, with sides parallel to the coordínate axes x, z, at the gravity 
measure stations located on the surface of the terrain. The discrete in
verse problem consists in adopting a discretization of the geophysical 
domain to solve the set of equation (5) numerically. The most common 
discretization is in rectangular cells of constant density, adopting 
piecewise functions set, that is, a set of functions: 

é( ) = i 1 ^ ( x > z ) e celli i _ i 
1 ' ' 0 otherwise ' ' ' " ' ' 

(6) 

wheren = nznx, being n%, nx the numbers of cells of the mesh in the z and 
x directions. 

In order to obtain a good prediction of the gravity data (Bouguer's 
anomaly) via the solution of the forward problem a fine mesh is con-
structed, therefore the number of mesh nodes (nzand nx) is large. The 
straightforward consequence is the increasing of the number model 
parameters and the high underdetermined character of the corre
sponding inverse problem. Adopting this set of basis functions, we have: 

p{x,z)= Y2 Pi<Pi(x>z)> (7) 

where Z denotes the Índex of the corresponding cell of the mesh. Taking 
into account equations (1) and (7), we have 

gt{r,k) = X¡jj-. ,2 , '", 72 X > A ( * , z ) dxdz, ¿ = 1 , 
( x - x I t ) +(z-z,,k) t f 

(8) 

which can be written as follows 

The problem consists in obtaining the location and the density of one 
or more dense bodies when the observed gravity data is contaminated by 
white noise. 

The vertical component of gravity measured at the station s¡. pro-
duced by a continuous density distribution p(x,z) is (Zhdanov, 2015): 

gz(r¡k) = G p(x,z)dxdz 
a 

-dy, k = 1, ...,m (1) 

where r¡k = (xSk, z¡k) represents the position vector of the measure point 
Sj. with respect to the considered reference origin, r = (x,z) stands for 
the position in the dense body, and Í2 is the geophysical domain. This 
formulation is valid for the 2D case, assuming a cylindrical symmetry in 
the y-axis in 3D. It can be easily adapted to the 3D inverse problem by 
changing the bounds on y for the geophysical model. 

gz^st)=Gj2plFlsk, 
1=1 

where 

( x - x j +(z-Zst) 
jdxdz. 
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Supposing that the coordinates of the Z-th cell of the mesh are: [x¡, 
xi+i] x [z¡,Zj+i], Fuk can be calculated as follows (Barbosa and Silva, 
1994): 



(* -*») +(z-Zst) 
^dzdx-

A2+D2 B2+D2 ( A 
= A g A2+C2 ~ B g W+C2 + 2° { ^ ^ D ~ a r C t a n D 

( A B\ 
+ 2CI arctan — — arctan — 1, (11) 

with 

A=xk-x¡, B = xk-xi+u C = zt-z¡, D = Zk-z¡+i, (12) 

and (xk,Zk) the coordinates of the station point s^. 
Finally, the discrete linear inverse problem to be solved is: 

g°l»Rígi>re = GFp, (13) 

where F e Mmxn(R) and each elementF¡,contains the response of the 
basis function associated to the j-th cell at the measurement point s¡, p = 
(Pi,p2,—,Pm) ' s t n e discrete 2D density, and G = 6.67 x 
10_11ín3kg_1s_2 . Besides, to provide the predictions in mGal, gpre = 
105G Fp. Due to the number of stations m is usually much smaller than 
the number of parameters n, the problem stated in (13) is under-
determined (m << ri) and rank deficient if rank(¥) < min(m, n). There-
fore, a different parameterization of the model space has to be used to 
avoid the high underdetermined character of this linear inverse prob
lem, since the null-space of the forward operator has dimensión m-rank 
(F). In this paper we used two different forward models: 1. The Barbosa 
and Silva formulas [11-12] which is valid for a mesh solution of the 
gravimetric problem. 2. Talwani's formula that is explained in section 
4.1, and computes the gravimetric anomaly produced by a polygonal 
body. We will show that both approaches provide similar results, but the 
second approach is faster. 

2.1. RR-PSO algorithm 

Particle Swarm Optimization (PSO) algorithm is stochastic evolu-
tionary computation technique inspired by the behavior of some in
dividuáis in nature (Kennedy and Eberhart, 1995). This technique 
minimizes iteratively the cost function in an optimization problem, 
taking into account the misfits of the different particles of the swarm and 
their previous error track. Different variants of this algorithm can be 
obtained by modifying how the velocities and the acceleration of the 
different particles are described. In this paper we used RR-PSO 
(Fernández-Martínez and Garcia-Gonzalo, 2012). 

This algorithm was obtained by adopting a regressive discretization 
in acceleration and velocity in the PSO continuous model, which results 
in an optimal balance between exploration and exploitation abilities. 
The RR-PSO algorithm in continuous time is: 

v(t + At) •• 
v(í) + cpiAt[g(t) - x(t)} + (p2At[l{t) - x(t)} 

1 + (1 - co)At + cpAt2 

, x(t + At)=x(t)+v(t + At)At, 

x(0) =xo, 

v(0)=v 0 , 

(14) 

where (t,At) e R, v is the velocity, x(t) is the current position, Z(t) is the 
previous best position, g(t) is the global best position, cp1, cp2 are the 
random global and local accelerations, cp is the total mean acceleration, 
and w is a real constant called inertia weight. In formula (14), x(t) de
scribes the trajectories of any particle in the swarm in continuous time. 
In discrete time the RR-PSO algorithm for the ¿-particle in the swarm is 
as follows: 

_v'¡ + cplAt[gk-x'¡]+cp2At[\'¡-x'¡] 
1 + (1 -co)At + cpAt2 

(15) 
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In this case the particles are expressed using the rectangular 
parameterization for the anomalies (described in section 3) and 
iVarepresents the number of gravimetric anomalies. 

The space of admissible geophysical models, M, is defined as: 

';' = xjí = uji 1 =7 = «> 1 < I < Nsize, 

where l¡, u,-,are the lower and upper limits for the j-th coordínate of 
each geophysical model, n is the number of parameters in the inverse 
problem, and N^e is the number of particles of the swarm size with an 
initial velocities are zero. The misfit of the initial population is evaluated 
solving N^e forward problems, and the global best and the previous best 
of each particle are determined. The algorithm iterates till the máximum 
number iterations is finished. The exploratory character of RR-PSO al-
lows performing an approximated sampling of the nonlinear equiva-
lence región of the model parameters, as defined in section 3. In this 
paper we used the cloud versión of RR-PSO, whose main advantage is 
that no parameter tuning (inertia, local and global accelerations) is 
needed, since each particle in the swarm has its own PSO parameters 
that are randomly selected from a set of PSO parameters that are located 
in the neighborhood of the upper limit of their second-order stability 
regions. Particularly, in the case of RR-PSO the optimum parameter sets 
are located along the line cp = 3(a> — 3 /2), mainly for inertia valúes w > 
2 (see Fernández-Martínez and Garcia-Gonzalo, 2012). Further details 
for the implementation of this algorithm for geophysical inversión and 
uncertainty analysis in gravimetric inversión of sedimentary basins can 
be also consulted in Pallero et al. (2015, 2017). 

3. Model reductíon via anomaly shape reparameterization 

An alternative to reduce the indeterminacy is dimensionality 
reductíon via model reparameterization, describing the anomalous 
bodies by polygons or ellipses, instead of discretizing the domain into a 
large number of cells. This idea drastically decreases the number of 
model parameters at the expense of converting the inverse problem to 
nonlinear, since the forward model depends nonlinearly in the 
geophysical parameters that describe the valué and the location of the 
density anomalies. 

The simplest parameterization that can be adopted in the case of an 
homogeneous médium with an anomalous body imbedded on it is \p¡,,pa, 
x¡, Xf, Zi, Zf], where ph represents the density of the homogeneous back-
ground, pa the anomalous body density, x¡,X/ the mínimum and 
máximum initial and final x-coordinates for the anomalous body and z¡, 
Zf the corresponding z-coordinates. In order to lócate this anomalous 
body, a 2D grid with nx cells in the x-direction and n% cells in the z-di-
rection has to be constructed, and the inverse problem solved. This 
parameterization allows reducing the dimensión from nxn%to 5na + 1: 
one parameter for the background density (ph) and five to parameterize 
each of thena anomalous bodies. The given parameterization with the 
model parameters represents the current position of a swarm particle in 
(15). 

In the present case, the synthetic model that we built for numerical 
experimentation has a background density and it is composed by two 
anomalous bodies with the following parameters: 

• Background density: ph = 2 7 2 0 kg/m3. 
• Anomalous body 1: \pa,x¡,Xf,Zi,Zf] =[3500, 161, 299, 69, 139]. 



o 

20 

40 

60 

•£ 80 

£ 100 
CL 
O 
O 120 

140 

160 

180 

200 

I 1 © 0 0 0 0 0 0 0 0 0.0 0 0 0 0 0 0 0 0 ® . , 
Stations coordínales 

(x11'Z1l' (X21 ,Z1l) 

(X21,Z11) t *21' f l l ) 

A 

/ \ 

\ / / \ v 
\ * \ KM 

(X21'Z11 j""-J| 
( x i r Z„J ( x i r 21' íx Z 1 l ' . . . . ( X21' z11> 

100 200 300 400 500 600 

x(m) 
700 800 900 1000 

Fig. 1. Synthetic model composed of two anomalous bodies embedded into a homogeneous background. The rectangles represent the search space used to find these 
anomalous bodies via PSO. 
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Fig. 2. Rectangular parameterizations. Flowchart for the inversión via Barbosa-
Silva's and Talwani's formulas. 

• Anomalous body 2: \pa,x¡,Xf,Zi,Zf] =[1000, 571, 801, 99, 171]. 

Note that the anomalous body 1 has a density of 3 500 which is higher 
than the background density, while in the case of the anomalous body 2 
the density is much lower (1000). 

Fig. 1 shows an skecth of this synthetic model. It is necessary to 
differentiate between the parameters of the anomalous bodies (indicated 

in yellow and purple in Fig. 1) and the lower and upper limits of the 
search space to lócate these bodies (indicated in blue and brown). To 
genérate the synthetic data (Bouguer's anomaly), we have used a mesh 
to discretize the density model composed of 500cells in the x direction 
and 100 cells in the z direction. Therefore, the F matrix of the forward 
operator, calculated according to formulas (11)-(12), has a size of 100 x 
500, to determine the gravimetric anomaly produced by the 50000 cells 
of the density model in each of the 20 measurement stations placed 
between coordinates 200 and 800 in the x-direction. The observed data 
g*5 generated with this synthetic model (formulas 8 and 9) is perturbed 
with a white Gaussian noise of zero mean and standard deviation of 5% 
of the mean of total anomaly (0.52 mgal in this particular case). 

For the inverse problem we have adopted a rectangular parameter-
ization. We have used the following search space: 

Lower bound Upper Bound 

Background density 
Anomalous body 1 
Anomalous body 2 

[2500] 
[2000,100, 200, 40, 90] 
[500, 400, 750, 60, 120] 

[3000] 
[4000, 250, 400, 90, 180] 
[2000, 800, 900, 120, 190] 

Fig. 2 shows the flowchart for the rectangular parameterizations via 
the Barbosa and Silva's formulas and Talwani's. The main difference 
between both approaches is that Talwani's formula (explained in section 
4.1) does not need a grid generation to compute F and make the pre
diction according to (11)-(13). In the case of Barbosa and Silva's for
mulas, although the inverse problem is solved using the rectangle 
parameterizations for the anomalies, there is a previous step of a grid 
generation corresponding to this model in order to use formula (13). In 
this case we have used Barbosa and Silva's formulas to compute the 
Bouguer's anomalies produced by these two bodies. The comparison of 
both approaches will be done in the real case presented in section 4. 

RR-PSO is used as an approximated posterior sampler, to analyze the 
set of equivalent models that fit the observed data g*5 e Rmwith the 
same misfit tolerance (Et0¡): 

11 Fm nObs I 
M , ° l H r a e R " : h°b% -Eto1 

(16) 

In this case we have considered a misfit tolerance Ea¡ = 10% for the 
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Fig. 3. (A) Observed and predicted gravity anomalies from the best inverted model. (B) Convergence curve of RR-PSO. 
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Fig. 4. Synthetic case. (A) True model and best inverted model (with an error of 2.7%). (B) Median model and IQR. (C) Uncertainty analysis done with the models 
whose dispersión in greater than 5%. This analysis provides deeper insights about the uncertainty. 

posterior analysis. Fig. 3A shows the observed data (g°bs) and the pre-
dictions (gP™1) obtained with the best inverted model found by RR-PSO 
using a máximum number of 50 iterations and a swarm size of 50 
particles. 

Fig. 3B shows the convergence curve, that is, the variation of the 
relative misfit error with the iterations. Although the relative error starts 
at 31.2%, the región of lower misfits (relative error lower than 5%) is 
attained at iteration 10 and after iteration 36 it remains below 3%. This 

situation can be described as overfitting since the data mismatch is lower 
than the level of noise added to the observed data. This is one of the 
dangers when the only target is minimizing the data misfit, without 
performing the corresponding uncertainty analysis. It can be observed 
that after 5 iterations most of the models are located within the región of 
relative misfit of 10%, where the posterior analysis is performed. 

Fig. 4A shows the true density model and the best inverted model 
shown both in matrix form. The best inverted model was: 
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Fig. 5. Posterior histograms of the two dense bodies' inversión: densities and anomalies locations. 

• Inverted Background density: pb = 2819 kg/m3. 
• Inverted Anomalous body 1: \pa,x¡,Xf,Zi,Zf] =[3013, 127.1, 303.3, 

45.3, 147.3]. 
• Inverted Anomalous body 2: [,£>„,x¡,xf,z¡,Zf] =[1686, 593.2, 812.9, 

104, 163.7]. 

Obviously, due to effect of noise in data (Fernández-Martínez et al., 
2014a,b) the best inverted does not coincide with the synthetic model 
that has been used to genérate the data. The inverted density valué of the 
second anomalous body (1686 kg/m3) is higher than the true valué 
(1000 kg/m3). The position of this anomalous body is better outlined 
than the one of the high anomalous dense body. Its inverted valué 

(3013 kg/m3) is smaller than the true valué (3500 kg/m3). Neverthe-
less, this methodology serves to detect quite accurately the presence of 
both anomalous bodies. RR-PSO sampled 1433 equivalent models in the 
Mt0¡ región of 10% relative misfit. Based on these models we have 
estimated inverted the median model rame<¡ and the interquartile range 
(IQR) for the uncertainty analysis of the solution (see Fernández-Mar
tínez et al., 2017). Fig. 4B shows both fields. It can be observed that the 
median model delineates better the location of both anomalous bodies. 
In this case, the median model provides the following valúes for the 
density background and the density and location parameters for the two 
anomalous bodies: 
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Fig. 6. Real study case. (A) Residual and (B) predicted anomalies from the best 
model (mGal) with profiles. 

• Median density background: ph = 2828 kg/m3. 
• Median Anomalous body 1: \pa,Xi,xf,Zi,Zf} = [3015, 123.3, 302.6, 

41.7, 147.4]. 
» Median Anomalous body 2: \pa,Xi,xf,Zi,Zf} =[1698, 592.4, 816.3, 

104.9, 163.8]. 

Particularly, the shape of the low IQRs fits very nicely the shape of 
the anomalous bodies. The IQR grows where these models are uncertain, 
that is, when a posterior exhibits a high variability. An alternative view 
for the uncertainty assessment of the solution consists in analyzing the 
posterior marginal probability distributions of the model parameters. 
Fig. 5 shows the posterior histograms corresponding of the two dense 
bodies, deduced from the posterior sampling. It can be observed that the 
dispersión of these parameters are different and correspond to the de-
gree of indetermination of the model parameters induced by the 
observed data. It is possible to observe that in some cases, the behavior is 
cióse to Gaussian, while in other cases the histograms exhibit a multi-
modal behavior that corresponds to the nonlinear character of the 
gravimetric inverse problem in the reduced parameterization. 
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Fig. 7. Observed and predicted gravimetry profiles (in mGal), from the best 
inverted model, using rectangular bodies. Black arrows mark the approximated 
location of the anomalous bodies in each profile. 

4. Application to a micro-gravinietric survey 

Finally, the methodology has been applied to the interpretation of a 
micro-gravimetric survey in a geological set up composed of Cretaceous 
rocks (silts, muds, sandstones, granodiorite, conglomerates and lime-
stones) and Triassic evaporites (gypsum and halite). Data were collected 
using a Scintrex CG3 gravimeter with a sensitivity of 5 |iGal at about 700 
stations at 10-30 m intervals along the profiles and 50 m distance be
tween the profiles. Station altitude was measured by a Trimble Dual 
Frequency GPS with about 1 cm accuracy in the horizontal and vertical 
coordinates. Fig. 6 shows the observed and predicted Bouguer's anom
alies via the inversión of the profiles Pl to P8. 

The aim of this micro-gravimetric survey was the detection of 
plausible cavities (low dense anomalous bodies) in the salt to avoid 
leakages of water in a future dam construction to improve the 
geotechnical analysis of the site. Fig. 7 shows the observed and the 
predicted data of the gravimetric profiles (Pl to P8) obtained from the 
best inverted model. The x coordinates are relative to each profile and 
are the distances taken along these profiles. As it can be observed, the 
predicted data matches perfectly the observed. The relative misfit is in 
all cases lower than 8.5% as shown later in Table 3. The positions of the 
anomalous bodies are marked by black arrows. For all profiles we have 
calculated the median model and the IQR of the sampled models. 

Table 1 and Fig. 8 show the inverted anomalies (Ai) for these profiles. 
The number of anomalous bodies varíes between 9 anomalies for profile 
Pl , 8 anomalies for profiles P3 and P8, and 6-7 anomalies for the pro-
files located in the central part of the survey (P2, and P4 to P7). Fig. 8 
shows the different profiles the median and IQR models obtained with 
the equivalent models sampled by RR-PSO in the región of equivalence 
of 20% and IQR. The lowest gravimetric anomalies are the anomaly 7 in 
profiles P3 and P5, the anomaly 4 in profile P6 and the anomaly 8 in 
profile Pl . The lowest density anomaly found was 1500 kg/m3 in pro-
files Pl , P3 and P5 and the highest 3200 kg/m3 in profiles P3 to P6 and 
P8. The positions of the low density anomalous bodies are also very 
coherent in all the profiles: located between 200 and 600 m in the x 
direction and centered around 600 m. These anomalous bodies are 
shallower than 80 m in depth, but in profile P6 they go deeper (cióse to 
99 m). The inverted density of the background varíes 
between2600 kg/m3(P3, P5, P7 and P8) and 2633 kg/m3(Pl). The 
density valúes obtained are very different for separated profiles for only 
50 m. The highest density anomalous body in the center of the profiles 
shows different depths. These results seem to be in agreement with the 



Table 1 
Rectangular parameterizations. Inverted anomalies from the best model for different profiles using rectangular bodies. 

Profíle 1 Profíle 2 Profíle 3 Profíle 4 

Al [1643, 26.6, 73, 15.1, 30.5] 

A2 [2902, 141, 259.2, 8.7, 30.2] 

A3 [1940, 260, 325.1, 13, 32.3] 

A4 [3091, 396.2, 427.9, 11.7, 44.8] 

A5 [1744, 434.7, 460, 17.3, 29.9] 

A6 [3197, 472.8, 510, 8.3, 89.7] 

A7 [3048, 527.3, 539.2, 6.7, 90] 

A8 [1500, 552.7, 567.3, 14.3, 81.1] 

A9 [3186, 712.7, 800, 7.8, 89.8] 

RMS 3.65 x 10-2 

Background 2633 

[2061, 11, 100, 7.8, 21.9] 

[2800, 130.8, 234.3, 11.2, 39.9] 

[1651, 262, 393.4, 15.8, 40.4] 

[3187, 466.3, 533.6, 9.1, 79.7] 

[2059, 607.5, 679.5, 5.7, 43.8] 

[3100, 706.6, 897.6, 8.5, 79] 

4.42 x 

2612 

[2860, 3.9, 90, 24.6, 30.1] 

[2770, 108, 120, 11.3, 68.8] 

[1992, 139.1, 140.9, 17, 20.1] 

[2818, 184.4, 226.8, 5, 70] 

[1809, 299.3, 401.5, 21.8, 70.3] 

[3200, 463.8, 559.9, 10.4, 79.7] 

[1500, 597.2, 667, 6.8, 66] 

[3100, 750, 900, 5.2, 100] 

7.66 x 

2600 

i o -

[2985, 1, 41.2, 15.9, 56.8] 

[2795, 64.1, 112.2, 16.8, 62.5] 

[2099, 154.6, 180, 19.9, 63.3] 

[3010, 180.1, 243.2, 25.1, 54.4] 

[1898, 284.8, 408.7, 24.6, 70.5] 

[3200, 477, 557.6, 5.5, 88] 

[1657, 570, 668.7, 13.9, 80] 

5.19 x 

2616 

Profíle 5 Profíle 6 Profíle 7 Profíle 8 

Al 

A2 

A3 

A4 

A5 

A6 

A7 

A8 

RMS 

Background 

[3093, 4.3, 46.7, 5, 30.1] 

[2796, 72.6, 99.9, 19.9, 45.4] 

[2099, 156.2, 160, 18.9, 40] 

[3200, 207.9, 210, 5, 70] 

[2091, 308, 400.4, 19.9, 71.5] 

[3200, 476.4, 543.5, 5.1, 88.8] 

[1500, 552.9, 643.9, 7.4, 79.7] 

8.35 x 10-2 

2600 

[3200, 1.1, 27.2, 5.1, 59.9] 

[1886, 68.8, 75.4, 12.3, 33] 

[2989, 140.1, 230, 18.3, 58.5] 

[1500, 300, 300.9, 20, 96.3] 

[1872, 380, 391.7, 17.9, 98.8] 

[3200, 461.9, 524.9, 5, 97.9] 

[1610, 541.5, 644.4, 29.3, 79.3] 

4.17 x 10-2 

2623 

[2861, 

[1659, 

[2980, 

[2025, 

[2099, 

[3119, 

[1790, 

3.2, 60, 8.4, 60] 

60, 87.7, 20, 29] 

168.6, 220.6, 16.1, 

294.8, 329, 20, 71.1 

367.9, 403.2, 18.1, 

451.7, 525, 5, 63.8] 

555.7, 641.5, 12.2, 

5.78 x 10-

2600 

[3200, 1.3, 30, 5.2, 59.8] 

[1886, 30, 51, 17.2, 20] 

[3200, 128.9, 220, 15.6, 37.2] 

[1859, 299.9, 302.9, 10.1, 70] 

[2887, 353.6, 390.1, 10.1, 31.1] 

[1631, 402.8, 421.4, 9.8, 59.8] 

[3200, 462.1, 532.4, 10, 79.3] 

[1990, 600, 610.8, 10.7, 60.7] 

4.97 x 10-2 

2600 

Table 2 
RMSE and relative misfit error valúes obtained by the Talwani's and Barbosa and Silva's formulas for all the profiles. Bold faces denote the smaller relative misfit in 
each case. 

Pl P2 P3 P4 P5 P6 P7 P8 

Barbosa RMSE (mgals) 0.011 0.019 0.04 0.029 0.053 0.016 0.023 0.016 

Relative misfit (%) 3 .64 4.42 7.66 5.08 8.35 4.11 5.78 4 .97 

Talwani RMSE (mgals) 0.013 0.020 0.029 0.021 0.039 0.022 0.010 0.016 

Relative misfit (%) 4.34 4.73 5.52 3 .68 6.21 5.61 3.19 5.20 

geology of the área. The order posi t ion of each anomalous body is read 

from left to r ight in each profile. To obta in these results w e have used 

rec tangular parameter iza t ions , Barbosa and Silva's formulas, and the 

number of swarm part icles used by RR-PSO was 50 and 100 the total 

number of i terat ions. 

4.1. Forward sokttion via Talwani 's formula 

In this section w e compare the results of the invers ión to those ob

ta ined via Ta lwan i ' s formula (Grant and West, 1965) wh ich describes 

the gravi ty a t t rac t ion of an n-sided polygon in a measure point . The 

analyt ical formula is as follows: 

Table 3 
Iterations made by the algorithm before reaching the regions of relative misfit 
20% and 8.5%, and finding the best inverted model for each profile. Bold faces 
are used to denote the lower number of iterations to reach the best model. 

Iterations to P l P2 P3 P4 P5 P6 P7 P8 

reach 

Rectangles misfit error 20% 0 2 4 2 4 4 2 2 

misfit error 7 8 45 30 58 11 8 11 
8.5% 

best model 90 74 67 39 58 35 21 85 

Ellipses misfit error 20% 0 1 2 0 3 0 0 1 
misfit error 7 8 34 10 88 4 6 10 

8.5% 

best model 73 91 43 62 90 66 72 72 

'(xs,Zs) = 2GAp J2 T 
7 — 1 1 + «í 

, v " " *+1 I < Azt+i t
 Azt log —— = ak arctan ardan 

. JAXI+AZI V Ax^ Ax> (17) 

Atk = zt - Axk = xk -

with 

ak = 
_ Xk+\ — %k 

Zk+\ - Zk' 
-- xk - akZk, (18) 
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Fig. 8. Median models and IQR obtained from the profiles P l to P8. 
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Fig. 10. Elliptical parameterizations. Flowchart for the inversión via Talwa-
ni's formula. 

where G is the gravitational constant, Ap = pa — ph is contrast density 
between anomaly and the host rock, and x¡ and z¡ are coordinates of the 
vértices of the polygon. This formula does not need a grid construction 
to perform the gravity prediction. 

Fig. 9 shows the comparison to model the gravity anomaly corre-
sponding to profile P3. The Talwani's formula predicted with a misfit 
error of 4.9%, while the formula of Barbosa did it with 5.8%, although 
the appearance is very similar, and because they were obtained in two 
different simulations. Similar results can be obtained for the other pro-
files. Table 2 shows the percentage misfit error and RMSE valúes ob
tained by the Talwani's and Barbosa and Silva's formulas for all the 
profiles. The results show the same order of magnitude in all the cases. In 
profiles P1-P2-P6 and P8, Barbosa and Silva's showed the smallest error 
(in bold faces) while in the rest (P3-P4-P5 and P7) Talwani's formula 
provided the optimum result with lower computational cost. Therefore, 
the procedure shown in this paper for anomaly detection in micro-
gravity surveys can be used with Talwani's formula, which is simpler 
and much faster to implement. 

4.2. Model parameterization by elliptical bodies 

Perhaps, a more realistic representation of dense anomalies is the 
case of oriented ellipses, which are modelled by 6 parameters: the 
density of the anomalous body, pa , the coordinates of the center (xc,zc), 
the lengths of its semiaxes a and fcand its orientation, as given by the 
angle 9 formed by the semimajor axis with the horizontal. The aim of 
this section is to show that the results are coherent with the ones ob
tained with rectangles. The flowchart in this is case is shown in Fig. 10. 

The inversión uses Talwani's formula to make the forward pre-
dictions corresponding to the elliptical bodies. For that purpose, the 
ellipses have been discretized by a polygonal line with a fixed number of 

points (50 in this case) and the gravity attraction is calculated via the 
Talwani's formula. Barbosa and Silva's formula could be also used by 
creating a grid and finding the cells that are inscribed to the different 
anomalies to créate the density model. Nevertheless, in this case this 
approach has not been implemented since Talwani's formula is simpler 
and provides enough accuracy, as shown in the previous section. 

Fig. 11 shows the median inverted models and IQR for the different 
profiles and for models with less than 20% misfit error. It can be 
observed that in profiles Pl , P2 and P3 there is a high density anomalous 
body located cióse to the 800 m on the x direction which is not visible on 
the other profiles. Most important low density anomalies are situated 
between 250m-400m and 580m-650m on the x direction, as it can be 
observed in profiles P2 to P7. The results obtained with this method are 
similar to those shown in Fig. 8. Fig. 12 shows the error iteration curves 
for each profile and both model parameterizations (rectangles and el
lipses). It can be observed that the misfit error is in both parametriza-
tions less than 35% being smaller for all profiles in the case of ellipses, 
which is less than 5% for profiles Pl , P2 and P6 to P8. For both pa
rameterizations, the misfit error is smaller than 10% when the number 
of iterations is greater than 30. 

Table 3 shows the number of iterations needed by the algorithm to 
reach the indicated misfit error región (8.5% and 20%) and also the 
iteration when the best model was found, comparing rectangular and 
elliptical parameterizations. It can be observed that although in most of 
the cases the number of iterations needed to reach the región of lower 
misfits (8.5%) is smaller in the case of the ellipse, the best model is found 
sooner in the case of rectangular parameterizations. Nevertheless, the 
order of magnitude is the same. 

Finally, an interpretation of the anomalous bodies can be made by 
projecting the locations of the inverted anomalies on the x-y map. Fig. 13 
shows the situation and extensión of the most important anomalies. The 
low density anomalous bodies Al and A3 present density valúes of p1 = 
1874 ± 175 fcg/m3and p3 = 1701 ± 224 kg/m3, with a coefficient of 

variation of 9.4% and 13.2% respectively. Likewise, the density valúes 
of anomalous bodies A2 and A4 are p2 = 3175 ± 4 4 kg/m3and p4 = 
3129 ± 5 0 kg/m3, which coefficients of variation are 1.4% and 1.6% 
respectively. Anomaly A4 is not monitored on profiles P4 to P8 because 
they are shorter in length. It can be observed that the lower percentages 
of the variation correspond to the high density anomalies. This floor plan 
representation, although approximated, delineates very well the 
geotechnical problems that might be present in the construction of a 
dam northeast of the P8 profile, since some subsurface connection might 
exist through A2 and A4 provoking water leak. 

5. Conclusions 

In this paper we have presented a methodology to perform anomaly 
shape inversión in microgravimetry which is based on model reduction 
by reparameterization and posterior sampling via PSO. This problem is 
associated to the exploration of ore bodies imbedded into a quasi-
homogeneous background and also the detection of cavities via 
different geophysical methods (gravimetry, magnetic, electric). The 
state of the art consists in creating a very fine mesh to approximate the 
shapes and the valúes of these anomalies, inverting at the same time the 
geophysical structure of the geological background. This approach re
sults in discrete inverse problems with a huge uncertainty space (nuil 
space for linear inverse problems) composed of the set of geophysical 
models that fit the observed data within the same error bounds. These 
models are located in fíat curvilinear valleys of the cost function 
topography. The common way of stabilizing the inversión and picking a 
final solution consists in introducing a reference model (through the 
prior information) to define the set of correctness of geophysical models 
(Tikhonov and Arsenin, 1977). This approach has some drawbacks if the 
reference model was chosen in a different basin where the most plau
sible solution of the inverse problem is located, that is, if both models 



Med ian m o d e l (P1) 
3500 

;ÍLIÜÜ 

2KK) 

2000 

Med ian m o d e l (P2) 

200 400 600 800 

l o g 1 0 I Q R 

u 
200 400 600 800 

x ( m ) 

(a) 
Med ian m o d e l (P4) 

;¡;:.;K; 

3000 

2500 

2 rao 

200 400 600 800 

l o g I Q R 

>* }• f l | 
400 600 

x ( m ) 

(d) 
Med ian m o d e l (P7) 

800 1000 

4# 4 
U 

3600 

3000 

2500 

2000 

200 400 600 800 1CX 

log 1 Q IQR 

Ü 5° 

f ico 
MMI 

200 400 600 800 

x ( m ) 

(g) 

1 

200 400 600 

l o g 1 0 I Q R 

800 10 

3500 

:srao 

2S0O 

20UÜ 

Med ian m o d e l (P3) 

(b) 
Med ian m o d e l (PS) 

ÍH u 
15 í:O0 

:>ooo 

2500 

2000 

200 400 600 800 1000 

l o g 1 0 I Q R 

(¡) 

4 
200 400 600 

l o g 1 0 I Q R 

800 1000 

M»|P 
200 400 600 

x(m) 
800 1000 

(c) 
Med ian m o d e l (P6) 

200 400 600 

l o g 1 0 I Q R 

• M | | 
200 400 600 

x ( m ) 

(f) 

Fig. 11. Median models and IQR obtained from the profiles Pl to P8 using ellipses. 
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have completely different structures. Then, the inversión can lead to a 
wrong solution. We present a different way of dealing with the high 
underdetermined character of this kind of problems, consisting in first 
solving the inverse problem using a low dimensional parameterization 

that provides a numerical approximation of the anomaly via Particle 
Swarm Optimization (PSO). We show its application to a synthetic and 
real case in gravimetry performing at the same time uncertainty analysis 
of the solution. We have also compared the solutions obtained 
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Fig. 13. (A) Bouguer's anomaly and (B) interpretation of the density anomalies projected onto the surface. 

discretizing the geophysical kernel (Barbosa and Silva, 1994) and by 
using Talwani's formula (Grant and West, 1965), showing that both 
formulas provide very accurate results. Besides, the results are similar 
using rectangular and elliptical parameterizations to describe the den
sity anomalies. This methodology outperforms the common least 
squares method with regularization that needs the use of prior infor-
mation to stabilize the inversión. It can be easily adapted to other 
geophysical techniques by changing the forward problem operator, and 
also to 3D parameterizations. 

Computer code availability 

A software is freely available at https://github.com/jlfmuniovi/  
Grav2DPSO. 

Author contributions 

J.L.F.M. designed the methodology. Z.F.M. and J.L.F.M. analyzed the 
data and wrote the paper; Z.F.M., J.L.F.M. and J.L.G.P designed and 
developed the computer programs. 

Declaratíon of competíng interest 

Authors have not any conflict of interest. 

Appendix A. Supplementary data 

Supplementary data to this article can be found online at https://doi. 
org/10.1016/j.cageo.2020.104492. 

References 

Áster, R.C., Borchers, B., Thurber, C.H., 2012. Parameter Estimation and Inverse 
Problems. Elsevier Academic Press, p. 376pp. 

Barbosa, V.C.F., Silva, J.V.C., 1994. Generalized compact gravity inversión. Geophysics 
59 (I), 57-68 . 

Desmarais, J.K., Spiteri, R.J., 2017. Fast automated airborne electromagnetic data 
interpretation using parallelized particle swarm optimization. Comput. Geosci. 109, 
268-280. 

Ekinci, Y.L., Balkaya, C., Góktürkler, G., 2020. Global optimization of near-surface 
potential field anomalies through metaheuristics. Adv. Model. Interpret. Near Surf, 
Geophys. 155-188. Springer Nature Switzerland AG 2020. 

Fernández Martínez, J.L., Mukerji, T., García Gonzalo, E., Suman, A., 2012b. Reservoir 
characterization and inversión uncertainty via a family of particle swarm optimizers, 
Geophysics 77 (1), M1-M16. 

Fernández-Martínez, J.L., García-Gonzalo, E., 2012. Stochastic stability and numerical 
analysis of two novel algorithms of PSO family: PP-PSO and RR-PSO. Int. J. Artif 
Intell. Tool. 21 (3), 1240011. 

Fernández-Martínez, J.L., Fernández-Muñiz, Z., Tompkins, M.J., 2012a. On the 
topography of the cost functional in linear and nonlinear inverse problems, 
Geophysics 77 (1), W1-W15. 

Fernández-Martínez, J.L., Fernández-Muñiz, Z., Pallero, J.L.G., Pedruelo-González, L.M., 
2013. From Bayes to Tarantela: new insights to understand uncertainty in inverse 
problems. J. Appl. Geophys. 98, 62-72. 

Fernández-Martínez, J.L., Pallero, J.L.G., Fernández-Muñiz, Z., Pedruel o-González, L.M., 
2014a. The effect of the noise and Tikhonov's regularization in inverse problems, 
Part II: the linear case. J. Appl. Geophys. 108, 176-185. 

Fernández-Martínez, J.L., Pallero, J.L.G., Fernández-Muñiz, Z., Pedruel o-González, L.M., 
2014b. The effect of the noise and Tikhonov's regularization in inverse problems, 
Part II: the nonlinear case. J. Appl. Geophys. 108, 186-193. 

Fernández-Martínez, J.L., Shan, X., Sirieix, C., Fernández-Muniz, Z., Riss, J., 2017, 
Uncertainty analysis and probabilistic segmentation of electrical resistivity images: 
the 2D inverse problem. Geophys. Prospect. 65 (SI), 1-19. 

Grant, F.S., West, G.F., 1965. Interpretation Theory in Applied Geophysics. MacGraw 
Hill Book Company, New York, p. 583. 

Kamm, J., Lundin, I., Bastani, M., Sadeghi, M., Pedersen, L., 2015. Joint inversión of 
gravity, magnetic, and petrophysical data - a case study from a gabbro intrusión in 
Boden, Sweden. Geophysics 80, B131-B152. ht tps: / /doi .org/10.1190/geo2014 
0122.1. 

Kennedy, J., Eberhart, R., 1995. Particle swarm optimization. Proceedings of the 
ICNN'95. Int. Conf. Neural Netw. 4, 1942-1948. 

Menke, W., 2012. Geophysical Data Analysis: Discrete Inverse Theory, third ed, 
Academic Press, San Diego, p. 330. 

Monteiro Santos, F.A., 2010. Inversión of self-potential of idealized bodies' anomalies 
using particle swarm optimization. Comput. Geosci. 36 (9), 1185-1190. 

Mu, B., Wen, S., Yuan, S., Li, H., 2015. PPSO: PCA based particle swarm optimization for 
solving conditional nonlinear optimal perturbation. Comput. Geosci. 83, 6 5 - 7 1 . 

Pallero, J.L.G., Fernández-Martínez, J.L., Bonvalot, S., Fudym, O., 2015. Gravity 
inversión and uncertainty assessment of basement relief via Particle Swarm 
Optimization. J. Appl. Geophys. 116, 180-191 . 

Pallero, J.L.G., Fernández-Martínez, J.L., Bonvalot, S., Fudym, O., 2017. 3D gravity 
inversión and uncertainty assessment of basement relief via Particle Swarm 
Optimization. J. Appl. Geophys. 139, 338-350. 

Roshan, R., Singh, U.K., 2017. Inversión of residual gravity anomalies using tuned PSO, 
Geosci. Instrum. Methods Data Syst. 6, 71-79. 

Scales, J.A., Snieder, R., 2000. The anatomy of inverse problems. Geophysics 65 (6), 
1708-1710. 

Shaw, R., Srivastava, S., 2007. Particle swarm optimization: a new tool to invert 
geophysical data. Geophysics 72 (2), F75-F83. 

Snieder, R., Trampert, J., 1999. Inverse problems in geophysics. In: Wirgin, A. (Ed.), 
Wavefield Inversión. Springer Verlag, New York, pp. 119-190. 

Soltani-Mohammadi, S., Safa, M., Mokhtari, H., 2016. Comparison of particle swarm 
optimization and simulated annealing for locating additional boreholes considering 
combined variance minimization. Comput. Geosci. 95, 146-155. 

Tarantela, A., Valette, B., 1982. Inverse problems = quest for information. J. Geophys, 
Res. 50, 159-170. 

Tikhonov, A.N., Arsenin, V.Y., 1977. Solutions of Ill-Posed Problems. Winston and Sons, 
Whashington D.C, p. 258. 

Toushmalani, R., 2013. Gravity inversión of a fault by Particle swarm optimization 
(PSO). SpringerPlus 2 (1), 315. ht tps: / /doi .org/10.1186/2193-1801-2-315. 
Published online 2013 Jul 15. 

Trivedi, S., Kumar, P., Parija, M., Biswas, A., 2020. Global Optimization of Model 
Parameters from the 2-D Analytic Signal of Gravity and Magnetic Anomalies over 
Geo-Bodies with Idealized Structure, vols. 189-221 . Springer International 
Publishing. https://doi.org/10.1007/978-3-030-28909-6_8. 

Zhdanov, M., 2015. Inverse Theory and Applications in Geophysics, second ed. Elsevier 
Science, p. 730. 

Zhdanov, M.S., Lin, W., 2017. Adaptive multinary inversión of gravity gradiometry data, 
Geophysics 82 (6), G101-G114. 

https://github.com/jlfmuniovi/
https://doi
https://doi.org/10.1190/geo2014
https://doi.org/10.1186/2193-1801-2-315
https://doi.org/10.1007/978-3-030-28909-6_8

