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Abstract—An efficient software has been implemented for the
analysis of the scattering by multilayered periodic structures
containing concentric metallic split rings in the unit cell. The
software is based on the Method of Moments (MoM) in the
spectral domain. Edge singularity basis functions are used in the
approximation of the current density on the split rings, which
makes it possible a fast convergence of MoM with respect to the
number of basis functions. Since the 2-D Fourier transforms of
the basis functions cannot be obtained in closed form, judicious
tricks are proposed for their efficient computation. The software
has been used in the design of circularly polarized reflectarray
antennas under the local periodicity assumption. The results
obtained in the analysis of the antennas with our in-house
software have been compared with results provided by CST, and
good agreement has been found. Our software has proven to be
around 25 times faster than CST.

Index Terms—reflectarray antennas, circular polarization,
method of moments, periodic structures.

I. INTRODUCTION

Reflectarray antennas based on split rings have been found

particularly useful for circular polarization (CP) applications.

In these antennas the phase shift required in each element

for a prescribed radiation pattern is adjusted by rotating the

element an angle equal to half the value of the phase shift. This

technique is called the variable rotation technique (VRT), and

was originally introduced by Huang et al. [1]. Also, if the

sense of CP (left hand -LHCP- or right hand -RHCP-) is to be

kept after reflection, the gaps in the rings need to be adjusted

to provide a phase shift of 180◦ between the two linear

orthogonal components of the electric field after reflection [2],

[3]. These ideas were used in [2] to design a RHCP reflectarray

made of single split rings at 31.75 GHz. Smith et al. used an

element based on two concentric split rings for the design of a

dual-fequency reflectarray radiating LHCP at 19.95 GHz and

RHCP at 29.75 GHz [3]. The element with two concentric

split rings was again used in [4] for the design of a broadband

RHCP reflectarray providing a bandwidth larger than 30% for

a gain variation of 1 dB at a center frequency of 10 GHz.

When the orientation and the gaps of the split rings in an

element of a CP reflectarray antenna are adjusted to achieve the

required phase shift, it is customary to assume that the element

is located in a periodic environment, which is called the

local periodicity assumption. The validity of the assumption is

supported by the fact that it leads to theoretical antenna designs

that show good agreement with measurements [5], [6]. In the

frame of the local periodicity assumption, the design of a large

size CP reflectarray (6400 elements in [3]) based on split rings

may require the analysis of a huge number of multilayered

periodic structures with split rings in the unit cell. Therefore,

efficient numerical codes for the analysis of these multilayered

periodic structures are needed.

In this work we apply the Method of Moments (MoM) in

the spectral domain [7] to the analysis of the scattering of

a plane wave by multilayered periodic structures containing

concentric split rings in its unit cell. The spectral domain

MoM was used in the past to compute the resonant frequencies

of concentric closed microstrip rings in cylindrical metallic

enclosures [8], and for the determination of the radar cross

section of these concentric closed microstrip rings in open

non-periodic environments [9]. In both cases, a formulation

based on Hankel transforms was employed. In this paper, we

generalize the Hankel transform formulation of [8] and [9]

to the case where the concentric rings are split in several

arcs, and the rings are located in a periodic environment. The

implemented spectral domain MoM software has been used for

the design of CP reflectarray antennas by using both the local

periodicity assumption and the VRT. The results obtained in

the analysis of the antennas have been checked by comparison

with CST results, and good agreement has been found. In

particular, our MoM software has turned out to be around 25

times faster than CST.

II. OUTLINE OF THE NUMERICAL PROCEDURE

Fig.1 shows the side and top view of a periodic structure on

a two-layered substrate backed by a ground plane. The layers

of the substrate have a thickness hi and complex permittivity

εi = ε0εr,i(1− j tan δi) (i = 1, 2). The unit cell contains two

concentric metallic split rings that are printed on the upper

layer of the substrate. These two concentric split rings are

of the type used in [3] for the design of a dual-band CP

reflectarray antenna. Let us assume that the periodic structure

of Fig. 1 is illuminated by a plane wave with an incidence
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Fig. 1. Side view (a) and top view (b) of a periodic structure on a two-layered
substrate. The unit cell includes two concentric metallic split rings. A plane
wave is assumed to impinge on the periodic structure.

direction given by the angular spherical coordinates θinc and

ϕinc. In order to design a CP reflectarray antenna such as

that described in [3], we need to determine a reflection matrix

relating the RHCP and LHCP components of the reflected

electric field with the RHCP and LHCP components of the

incident electric field for the periodic structure of Fig. 1 when

it is illuminated by the plane wave. And the determination

of the reflected electric field requires to know the current

density induced on the split rings by the incident plane wave.

If we assume that the split rings are perfect electric conductors

(PEC), the current density on the split rings will be the solution

of the following electric field integral equation (EFIE)

ẑ×
[
Eexc(x, y, z = 0) +

+∞∑
m=−∞

+∞∑
n=−∞

∫
Smn

G
E
(x− x′, y − y′, z = 0, z′ = 0) · J(x′, y′)dx′dy′

]
= 0 (1)

(x, y) ∈ S00,

where Smn is the metallized surface of the z = 0 plane within

the mn-th unit cell, J(x′, y′) is a Floquet-periodic function

that stands for the induced current density on the split rings

of the z = 0 plane, Eexc(x, y, z) is the electric field created

in all space by the plane wave impinging on the two-layered

substrate in the absence of the split rings, and G
E

is the non-

periodic Green’s function of the two-layered substrate. In order

to solve the EFIE of (1), we expand J(x, y) on S00 in terms

of Floquet-periodic basis functions as

J(x, y) =

Na∑
l=1

Nb∑
q=1

clqJlq(x, y), (2)

where Na = 4 is the number of arcs in the unit cell, Nb is the

number of basis functions per arc, and clq (l = 1, . . . , Na; q =
1, . . . , Nb) are unknown coefficients. When (2) is substituted

in (1), and Galerkin’s version of MoM is applied, the following

system of equations for clq is obtained

Na∑
l=1

Nb∑
q=1

Ωkl,pqclq = fkp (k = 1, . . . , Na; p = 1, . . . , Nb), (3)

where Ωkl,pq and fkp can be written in the spectral domain as

Ωkl,pq = ab

+∞∑
m=−∞

+∞∑
n=−∞

[(
J̃d
kp(kxm, kyn)

)∗]t
·G̃

E,c

(kx = kxm,ky = kyn,z = 0,z′ = 0) ·J̃d
lq(kxm,kyn) (4)

fkp = −ab
[(

J̃d
kp(kx0, ky0)

)∗]t
·Eexc(x, y, z = 0)

× e−jk0(sin θinc cosϕincx+sin θinc sinϕincy). (5)

In Eqns. (4) and (5), kxm = 2πm
a + k0 sin θinc cosϕinc,

kyn = 2πn
b + k0 sin θinc sinϕinc (k0 = ω

√
μ0ε0), G̃

E,c

(kx =
kxm, ky = kym, z = 0, z′ = 0) are samples of the 2-D Fourier

transform of G
E
(x, y, z = 0, z′ = 0), and J̃d

lq(kxm, kyn) stand

for the discrete 2-D Fourier transforms of Jlq(x, y), which are

given by

J̃d
lq(kxm, kyn) =

1

ab

∫
S00

Jlq(x, y) e
−j(kxmx+kyny)dxdy. (6)

Although the spectral Green’s function G̃
E,c

of (4) can be

obtained in closed form, the spectral basis functions J̃d
lq of

(6) cannot be obtained in closed form for the arcs of Fig. 1(b),

even for the simplest expression of these basis functions (a

constant value on the arcs).
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Fig. 2. Detailed view of the l-the arc in the unit cell 00 of the periodic
structure of Fig. 1.

Fig. 2 shows the l-th (l = 1, . . . , Na) arc in the unit cell 00
({0 ≤ x ≤ a; 0 ≤ y ≤ b}) of the periodic structure of Fig. 1.

In order to approximate the current density on this l-th arc, we

will assume that the radial component of this current density

is negligible by comparison with the azimuthal component,

which is a good assumption provided the width of the arcs is



sufficiently small (i.e., if ρ1 − ρ0 � (ρ1 + ρ0)/2). This is a

condition that is typically fulfilled in the split rings used for

the design of CP reflectarray antennas [2]–[4]. Also, we will

assume the q-th basis function of the l-th arc can be factored

as shown below

Jlq(x, y) = fl(ρ
′)glq(ϕ′)ϕ̂′ (7)

(ρ0 < ρ′ < ρ1; ϕ0 < ϕ′ < ϕ1 q = 1, . . . , Nb),

where x = a/2 + ρ′ cosϕ′, y = b/2 + ρ′ sinϕ′ and ϕ̂′ =
− sinϕ′x̂+ cosϕ′ŷ. In particular, the specific basis functions

we have used in this work are

fl(ρ
′) =

1√
1−

(
2

ρ1−ρ0

[
ρ′ − ρ0+ρ1

2

])2
(8)

glq(ϕ
′) =

√
1−

(
2

ϕ1 − ϕ0

[
ϕ′ − ϕ0 + ϕ1

2

])2

× Uq−1

(
2

ϕ1 − ϕ0

[
ϕ′ − ϕ0 + ϕ1

2

])
, (9)

where Uq−1(·) is a Chebyshev polynomial of second king

and q − 1 degree. When the functions of (8) and (9) are

introduced in (7), we obtain functions that roughly account for

the physical singularities of the current density at the edges of

the metallic arcs of Fig. 1. This ensures a fast convergence of

MoM with respect to the number of basis functions, which is

very efficient since it makes it possible to invert small matrices

when solving the system of equations of (3) (and the inversion

of this matrices requires a negligible CPU time).

When the basis functions of (7), (8) and (9) are introduced

in (6), it can be shown that the spectral functions J̃d
lq can

be expressed as infinite series of Hankel transforms of the

functions fl(ρ
′) of (8). These Hankel transforms cannot be

obtained in closed form. However, numerical simulations have

shown the Hankel trasforms can be computed with an accuracy

of four significant figures by means of simple 10-point Gauss-

Chebyshev quadrature rules [10, Eqn. 25.4.38]. Also, since the

values of ρ0 and ρ1 of Fig. 2 are kept fixed in all the elements

of a reflectarray antennas (and only the angles ϕ0 and ϕ1 are

adjusted in each element to obtain the required phase shift),

with an eye towards reflectarray design, we have interpolated

the Hankel transforms of fl(ρ
′) as a function of the spectral

variable kρ,mn =
√
(kxm)2 + (kyn)2 for fixed values of

ρ0 and ρ1. In the interpolation the interval of values of

kρ,mn where the Hankel transforms present relevant values has

been divided into subintervals, and interpolating Chebyshev

polynomials up to seventh degree have been used in each

subinterval (80 interpolation subintervals have been used in

the worst case scenario for an accuracy of four significant

figures). By using the properties of Bessel functions for large

orders [10, Eqn. 9.3.1], it has been possible to show that

the infinite series of Hankel transforms have an exponential

convergence. Invoking the properties of Bessel functions, we

have developed specific stop criteria for the summation of

these series. The number of terms that have to be retained

in the series increases with increasing values of kρ,mn. When

10000 terms are retained in the double series of (4) (which

suffices for reflectarray design), the worst case scenario for

the computation of the series of Hankel trasforms requires the

summation of 300 terms, which is acceptable for an infinite

series.

III. NUMERICAL RESULTS
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Fig. 3. Circular polarization phase curves (a) for a reflectarray element
consisting of a single metallic ring split with two arcs as a function of
the rotation angle. Dimensions adjustments (b) needed to keep the condition
∠Rxx − ∠Ryy = 180◦ when the element is rotated. The metallic arcs are
printed on a single layer substrate as shown in (c). Parameters: a = b = 5
mm; ρ0 = 1.95 mm; ρ1 = 2.15 mm; h1 = 0.787 mm; εr,1 = 2.17,
tan δ1 = 0.002; h2 = 0 mm; θinc = 19◦, ϕinc = 0◦

Fig.3(a) shows the phase curves for the reflectarray element

of Fig. 3(c), which consists of one split ring on a single

layer substrate, when it is illuminated by an incident circularly

polarized wave (LHCP or RHCP) and it reflects a circularly



polarized wave of the same type. The phase curves are plotted

as a function of the angle rotated by the element around the

center of the unit cell (the rotation angle is assumed to be

0◦ when the element is in the position shown in Fig. 3(c)).

In order to have linear phase curves for LHCP and RHCP as

shown in Fig.3(a), it is necessary to slightly adjust the lengths

of the arcs for each rotation angle so as to keep the condition

∠Rxx − ∠Ryy = 180◦ between the phases of the diagonal

coefficients of the reflection matrix defined in Eqn. (1) of [6]

(as shown in [1]). The adjustments required in the lengths

of the arcs for each rotation angle are plotted in Fig. 3(b).

Please note that an excellent agreement is found in Fig. 3(a)

between the CP phase curves obtained with our MoM software

and those obtained with CST when only three basis functions

per arc are used in the application of MoM, which justifies

the choice of basis functions accounting for edge singularities

carried out in (7), (8) and (9).
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Fig. 4. Radiation patterns in the elevation plane (a) and the azimuth plane
(b) for a reflectarray antenna based on the element of Fig. 3(c). Results are
presented for the antenna analyzed with our MoM software and with CST.

A LHCP reflectarray antenna based on the element of

Fig.3(c) has been designed at 19.95 GHz by means of the VRT

described in [1]. The design has been carried out by means of

our MoM software under the local periodicity assumption, and

the exact incidence angles have been used in the adjustment

of the rotation angles and arc lengths of each reflectarray

element. The reflectarray is circular, it is inscribed in a grid

of 20 × 20 cells (cell size: a = b = 5 mm), and it consists

of 316 elements. It radiates a pencil beam at the direction

given by θbeam = 19◦ and ϕbeam = 0◦, and it is fed by a

horn whose phase center is located at a point of coordinates

(xf = −0.0426, yf = 0, zf = 0.1237) (m) with respect

to a coordinate system with origin at the reflectarray center.

Once the reflectarray has been designed, its radiation patterns

have been computed by means of our MoM software and by

means of CST, while using the local periodicity assumption.

The results obtained for the radiation patterns are shown in

Figs. 4(a) and (b). Excellent agreement is found between our

results and those of CST. The CPU time required by our MoM

software turns out to be around 25 times smaller than that

required by CST. More results for dual-frequency reflectarrays

based on two concentric split rings [3] will be presented at the

Conference.

IV. CONCLUSION

An efficient software has been implemented for the analysis

of the scattering of a plane wave by a multilayered periodic

structure containing concentric split rings in its unit cell. The

software is based on the spectral domain MoM. The software

has been applied to the design of a CP reflectarray antenna

made of split rings under the local periodicity assumption.

The antenna has been analyzed with both our software and

CST, and good agreement has been found between both sets

of results. Our software turns out to be around 25 times faster

than CST.
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