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ABSTRACT: Frank avalanche, which took place in Canada in 1903, is analyzed to understand the 
mechanisms involved in the processes of propagation using of advanced simulation tools allows to 
estimate the landslide propagation path, its velocity and the height of the deposits. The scope of the 
present approach focuses in the influence of the rheological and fragmentation laws in the evolution 
of the avalanche. The main contribution of the paper is (i) the development of a rheological model 
coupled with a fragmentation model, and (ii) its application to a real avalanche.

We have made a study of sensitivity for different models and rheological parameters, which has 
helped us to optimize the approximation.

1 INTRODUCTION

Landslides cause important economic damage and a large number of casualties every year around 
the world. Engineers and geologists need to understand the mechanisms involved in the processes of 
triggering and propagation in order to predict both the safety of a given slope and the consequences 
of its failure. In addition to experience gained in similar scenarios, the use of advanced simulation 
tools allows to estimate the landslide propagation path, its velocity and the height of the deposits.

There exist many types of landslides according to criteria such as the failure mechanism and 
the materials involved, with a large variation in their time scales. One special case is that of rock 
avalanches, which present high velocities of propagation, their energy resulting in destruction of 
villages and infrastructures.

Hungr and Evans (2004) presented a survey of different mechanisms that may cause high mobility 
in rock avalanches. One of these mechanisms is rock breakage. Dispersion due to fragmentation and 
expansion of the source rock mass has been shown to occur in many rock avalanches. This phenom-
enon could explain the increased mobility of a frictional material, which can be observed for many 
large rock avalanches and some small ones as well. This increased mobility manifests itself not only 
by wider spreading, but also longer horizontal displacement of the center of mass of the deposit.

2 GENERAL FRAMEWORK

2.1 Depth average mathematical model

Depth integrated models are a convenient simplification of 3D models, providing an acceptable 
compromise between computational cost and accuracy. Savage and Hutter (1991) proposed their 
1D lagrangian model for the case of avalanche dynamics, where a simple Mohr-Coulomb model 
allowed a description of the granular material behaviour. Depth averaged models are obtained by 
integrating along depth the balance of mass and momentum equations. Details of the general frame-
work can be found in Pastor et al. (2009)
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2.2 SPH approach

Smoothed particle hydrodynamics (SPH) is a meshless method introduced independently by Lucy 
(1977) and Gingold and Monaghan (1977). It has been applied to a large variety of problems. 
For avalanches propagation we can mention the recent work of Rodriguez-Paz and Bonet, 2005; 
McDougall and Hungr, 2004; Pastor et al 2009, 2013. Fast landslides are treated as fluidized masses 
of either soil or rock blocks to simulate their propagation. SPH is a numerical technique able to 
describe these phenomena.

Smoothed particle hydrodynamics is based on the approximation of given properties and its 
spatial derivatives by integral approximation defined in term of the smoothed function or kernel 
function. An interpolation process calculates the relevant properties on each “particle” over neigh-
bouring “particles”. Therefore, SPH is based on introducing a set of nodes {xk} with K=1..N and 
the nodal variables on landslide problem are: height of the landslide at node I, depth averaged, 2D 
velocity, surface force vector at the bottom and pore pressure at the basal surface.

If the 2D area associated with node I is Ω1, we will introduce for convenience: (i) a fictitious 
volume m1 moving with this node: m1= Ω1h1 and (ii) an averaged pressure term p1 = 0.5b3hI

2. m1 has 
any physical meaning, as when node I moves, the material contained in a column of base Ω1 has 
entered it or will leave it as the column moves with an averaged velocity which is not the same for 
all particles in it. Details of the formulation can be found in Pastor et al 2009a, Manzanal et al 2016.

3 CONSTITUTIVE AND RHEOLOGICAL MODELS

3.1 Introductory

Rock avalanches, at large scale, behave as fluidized granular materials. At small scales we can 
observe phenomena such as inverse grading and crushing of rock blocks, which results into a 
change in granulometry and in dilatance properties.

The behaviour of this granular fluid can be modelled using either discrete element methods or 
continuum based rheological models. The former presents the advantage of reproducing in a natural 
manner crushing and inverse grading phenomena, but the computational cost of modelling a real 
avalanche is still difficult to afford.

On the other hand, the latter reduces the cost, but suitable models have to be used to describe the 
constitutive/rheological behaviour of the granular fluid.

And it is because of this fluid like behaviour that rheological models have been used traditionally 
to model rock avalanches, as in other types of avalanches.

While mudflows, lahars, and some cases of debris flows have been approximated using models 
such as Bingham or Herschel-Bulkley, rock avalanches present a dominant frictional behaviour 
requiring a different approach.

3.2 Simple infinite landslide

Simple shear infinite landslide models are one of the simplest, which can be used to describe the 
behaviour of a landslide. The main assumptions are the following (see Figure 1): (i) flow is steady, 
(ii) all variables are independent on the position along the landslide, which is assumed to have an 
infinite length. We will use here x as the abscissa along the infinite plane and z the axis perpendic-
ular to x within the plane.

As the acceleration is zero, the shear stress varies linearly along depth:
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where tb =ρ γ h sinθ is the basal shear stress, ρ is the density of the mixture and g the acceleration of 
gravity. The shear stress depends on the rheological law used. A general approach can be defined as:
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where s is the basal shear strength, µ is the viscosity, m is a model parameter and v is depth average 
velocity. From here, it is possible to derive simple cases as: (i) newtonian fluids with s = 0 and m = 1; 
(ii) Bingham fluids with s = ty and, m = 1 where ty is the cohesive strength of the fluid; (iii) s = 0 and 
m = 2 (Bagnold, 1954) (iv) Visco-Frictional s = sn tan φ  where sn is the effective stress normal to 
the basal plane, and φ the friction angle, m =2 (Pastor et al 2009) and for the velocity profile given 
in Manzanal et al, (2016) is obtained:

 
gh

h
vcos tan 25
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(3)

It is interesting to note the similarity with Voellmy’s law (Voellmy 1955).

 

gh g vcos tanb

2
τ ρ θ ϕ ρ

ς
= +











  

(4)

Classical depth integrated SPH models for avalanches are extended in the present work to include 
a rheological model enriched with a fragmentation law. With this improvement the basal friction 
becomes grain distribution dependent. Rock avalanches, where grain distribution tends to change with 
time while propagating, are the appropriate type of landslide to apply the new numerical proposal.

The rheological models considered in the present work are those of Hatano and Gray, combined 
with two different fragmentation laws, a hyperbolic and a fractal based law. Hatano (2007) and 
Gray (2014), is a combination of a frictional model based on the inertia number I, often referred to 
as µ(I)– rheology, as the work of Pouliquen (Pouliquen, 2002). As the variation of grain diameter 
might change the inertia number I and also the basal friction, a fragmentation law is included, fol-
lowing the work of Longo et al. 2019.

3.3 µ(I) based models

The friction coefficient µ - please note we follow the notation used by Pouliquen and coauthors, and 
therefore it does not refer to viscosity- will be assume to depend on the inertia number I, the shear 
stress can be:

 I Pτ µ ( )=  (5)
Considering dimensional analysis on simple shear granular flow of particle with grain diameter d 

it is possible to define the rescaled shear rate, the inertia number I, defined as (Cruz 2005):

 

zI u
P Pρ

= ∂ ∂

 
(6)

Figure 1. The simple shear infinite landslide model.
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where P is the confining pressure and ρp the density of grains. Inertia number is related to Savage 
and Coulomb numbers. Inertia number can be interpreted also as the ratio between two character-
istic time of the flow, one at a microscopic scale and the other one at the macroscopic scale (GRD 
Midi, 2004).

Gray (2014) proposed a relationship that the friction increasing with the shear strain rate, as:

 I I11
2 1

0
µ µ

µ µ
= +

+
+  

(7)

where µ1 and µ2 correspond to tanθ1 and tanθ2, and I0 is a non-dimensional parameter. Alternatively, 
Hatano (2007) proposed the law

 aIs
nµ µ= +  (8)

Where ms is the friction in correspondence of I equal zero, which corresponds to shear rate zu∂ ∂  
equal zero, and a and n are calibration parameters. In the case of shallow flows, the inertia number 
can be approximated by
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where the following assumptions have been made
    (i) The shear strain rate is approximated by the ratio u h
   (ii) The vertical stress evaluated at the basal surface is ρ gh
 (iii) We will use the avalanche density instead of the particle density

These permit to recast the rheological laws in terms of Froude number. The first basal friction 
law considered in the present work is equation (8) (Hatano, 2007), including the approximation for 
the inertia number, yielding
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n
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(10)

Which will be referred to as Hatano law from now on. The second basal friction law considered in 
the present work is the equation (7), including also the approximation (9) for the inertia number, 
yielding
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3.4 Particle breakage and depth integrated modelling

Several approach have been developed to quantify particle breakage of a crushable material sub-
jected to different stress path (compression and shearing) Hardin (1985) proposed identify two 
parameter (i) the Granular Size Distribution (GSD) before loading and (ii) the particle size diameter 
which represent the fine content (silts and clays) of a representative sample. The total Breakage Bt is 
obtained from the relative position of Granular Size Distribution (GSD) after loading: Bt = Bp - Bpl 
where Bp is the total potential amount of particle breakage [1] and Bpl the potential amount of 
particle breakage after some crushing occur. Since the GSD of a crushable material evolves during 
loading, Bp and Bpl depend of GSD before and after loading with the upper limit of silt particles 
(passing less than 0.074um). The relative breakage is defined as Br = Bt/Bp and neglects the break-
age of particles smaller than 74um. This factor can take values between 0 to 1 but require particle 
size distribution goes beyond the fractal one. Some experimental data on ring shear presented by 
Coop et al 2004 shows that same soil with different initial GSD can obtain different terminal grad-
ing for high strain level.

Fragmentation is often characterized by the shift presented by the grain size distribution curves 
(GSD). Douadji and Hicher (2010) proposed a law characterizing the shift of the Critical State Line 
(CSL) where the area A between two GSDs at two stages of deformation is related to the plastic 
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work per unit volume as A = f(Wp) where f(Wp) = Wp/(Wp+B) and B is a material parameter. In the 
present simplified model, we assume that the diameter of the mean particle is describe by d = d0(B/
(B+Wp) referred as the hyperbolic fragmentation law. The idea at the base is that the reduction of 
the grain size due to crushing follow the same hyperbolic law of the one of strength parameter of 
the material (Critical state line). Due to the fact that the plastic work done is maximum at the basal 
surface in granular flows, this one is taken as a measure of the work done in an avalanche column 
of unit area in the depth integrated approach. Therefore,

 
dW u

h
dtp bτ=

 
(12)

An alternative law based on the concept of fractal GSD (Einav, 2007) can be given by
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where, β is the exponent of the fractal grain size distribution at a certain stage, whereas βu at finale 
stage. It is possible to obtain Equation (2) representing the reduction of the diameter depending on 
the work of the basal shear stress.

Figure 1 shows the main difference between the hyperbolic and fractal laws. The fractal law 
presents an asymptotic value in correspondence of the highest value of the work. This is the results 
of the fractal hypothesis which assumes a limit of crushing phenomenon. This limit is obviously 
influenced by the value of ultimate value. In the case of the real case application (Frank Slide) 
proposed in this article the value will be reduced in order to obtain the order of magnitude of the 
observed diameter. The hyp erbolic law results on diameter that rapidly arrive to zero value for the 
highest value of work.

4 FRANK AVALANCHE

Frank avalanche happened in Southern Alberta (Canada) on 29th April 1903 causing the largest 
number of victims in Canadian history. The location was the east ridge of Turtle Mountain. It 
consisted of a rock avalanche involving approximately 36 million of cubic meters of fragmented 
limestone propagated downhill with a front of 700 m. The final deposit had an extension of 1300m 
width and 2000m length with an average thickness of 18 m. Concerning the velocity of propaga-
tion, McConnell and Brock (1904), who reported the event, estimated a propagation time less than  

Figure 2. Representative grain diameter dependence on plastic work for hyperbolic and fractal laws.  
B = 1.e8 MPa and bu=2.5.
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100 seconds, according to witnesses. The Frank slide has been described extensively by Cruden and 
Hungr (1986). They found a marked inverse grading with the peripheral regions of the deposit being 
characterized by a splash of fine material deposited in thin sheets outside the margins of the coarse 
debris. Studying the grain size distributions at several locations, they concluded that they presented 
higher fine contents at the bottom, while samples from the upper zones and the periphery had grains 
of much larger size. Figure 4.1 provides a picture of the avalanche (Froese, Hungr and McDougall, 
2007) and the grain size distributions obtained Cruden and Hungr (1986).

The model used in the simulation is a depth integrated SPH code, which has been described in 
Pastor et al (2009b). The topographic grid spacing was 20 m and the triggering volume involved 
in simulation was 2.97 .107m3. The dynamic of Frank rock avalanche has been studied with three 
rheological models (i) the frictional rheology, (ii) the Gray rheology and (iii) Hatano rheology with 
two fragmentation law .

The purpose of this Section is to apply the basal friction laws described in Section 3, studying the 
effect of the inertia number, the Froude number, and the evolution of the relative size of solid par-
ticles. Crushing plays a paramount role. We will show how materials with finer fractions are found 
at the central part of the avalanche deposit, while at the boundaries, much larger blocks appear. It 
is important to notice that such models present parameters which are not easily determined from 
laboratory tests which indeed are not available in this case.

Therefore, we have followed a path which consists on three steps: (i) obtain the “static” friction 
angle (ii) determine the parameters related to Gray and Hatano rheology, and (iii) obtaing parame-
ters related to crushing, taking into account the grain distribution curves provided by Cruden and 
Hungr (1986).

This methodology allows us to study the sensitivity of the results to variation of model parame-
ters and to the particular rheological law considered.

We will consider here the two crushing laws described in Section 3, the first hyperbolic and the 
fractal law. The parameters to be determined are: (i) the representative diameter d0, which we have 
selected as d50 and B which is chosen to obtain the final observed values of the particle size. In order 
to obtain the final particle size of 0.01 m observed in the granular size distribution curves, βu is 
close to 0.3, which contradicts the values of 1.3–3.2 proposed by Crosta et al (2007) but agree well 
with those proposed by Strom and Pernik (2006). Both crushing laws can be incorporated easily in 
Hatano and Gray rheological models, as the friction provided in them depends on the relation d h . 
As the grain size is changing, so is the inertia number and the friction.

Regarding the influence of B, it clearly affects the grain sizes found in the final deposit, as we 
can see in Figure 4, where we have depicted the contours of the final grain representative sizes for 
both crushing laws. We have chosen a value of B= 1e109 MPa. for both models. The deposit height 
distributions in the central part of rock avalanche is plotted in Figure 5 for Hatano and Gray laws. It 
is important to notice that the results obtained with both crushing laws are almost the same.

Figure 3. Right: The Frank avalanche, Froese, Hungr and Mc Dougall (2007). Original picture from prof. D.M. 
Cruden, University of Alberta. Left: Grain-size curves in a vertical cross section of the debris from Cruden and 
Hungr (1986). Labels 5, 6, 7 and 10 refer to positions along a vertical line at which samples were obtained.
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We have used the set of rheological parameters which gave the best fit in both cases:
 (i) Hatano: b n d m B e MPa0.21 0.15 0.7 0.3 0.10 1 9s u 50,minµ β= = = = = = ;

(ii) Gray: b I d m B e MPa0.20 0.50 0.9 0.3 0.10 1 9u1 0 50,minµ β= = = = = = ;

5 CONCLUSIONS

This paper has presented mathematical, rheological and numerical models which can be applied to 
reproduce the propagation of rock avalanches.

The model we have presented was developed by the authors (Pastor et al 2009), and combines a 
depth integrated model with basal friction laws obtained from rheological models. The equations 
are discretized using a simple SPH scheme

One important question concerns the accuracy of the proposed model. Indeed, we have approxi-
mated the full 3D problem by a depth integrated approach, and the constitutive/rheological behav-
iour has been condensed in a simple basal friction law.

The main contribution of the paper is (i) the development of a rheological model of µ(Ι)  class 
coupled with a fragmentation model, and (ii) its application to a real avalanche, the Frank rock ava-
lanche which took place in Canada in 1903.

Figure 4. Representative grain size distribution in the final deposit for both crushing laws: (i) left hyperbolic 
law (ii) right fractal law.

Figure 5. Right: Hatano law: section of the deposit.. Left: Gray law: section of the deposit.
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We have made a study of sensitivity for different models and rheological parameters, which has 
helped us to optimize the approximation.

Moreover, it is necessary to notice that this simplified approach neglects the effects of dilatancy 
and of change of volume due to fragmentation. Change of volume due to fragmentation will be an 
improvement of future development.
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