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ABSTRACT
We present a novel method for the determination of N-factors in cross-flow transition scenarios. The method considers numerical simula-
tions, in which a turbulent model is applied downstream from a predetermined point and solves a laminar flow upstream from this point.
The solution is postprocessed using higher order dynamic mode decomposition to extract the leading spatial mode in several small sections
along the streamwise direction. The spatial evolution of the amplitude of this mode will determine the N-factor. The results presented are
compared with experimental measurements and linear stability theory, showing the good performance of this novel method, which does not
assume parallel flow assumptions, is automatic and computationally efficient.
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I. INTRODUCTION

Commercial aircrafts are designed to minimize the wave drag
derived from transonic effects, at cruise flow conditions. The high
drag penalties related to the appearance of shocks over wings
together with the sudden changes in stability and maneuverability
have pushed the manufacturers to limit cruise speeds and find alter-
native configurations to avoid the drag increase due to transonic
effects. The widely spread palliative is sweeping the wings. By doing
so, the incoming Mach number (or associated velocity) at the wing
leading edge is roughly decreased as Mai = Ma cos(Λ), where Mai
and Ma are the incident and free stream Mach numbers, respec-
tively, and Λ denotes the wing sweep angle. This modified wing
configuration enables higher cruise speeds and has been adopted as
the mainstream design.

Large sweep angles come at the cost of an early transition
from laminar to turbulent flow in the boundary layer, complicating
the design of laminar wings with sweep. When the sweep angle is
small, Tollmien-Schlichting (TS) waves govern the transition mech-
anism in boundary layers. This viscous instability was first theoret-
ically shown by Tollmien45 and Schlichting.38 TS waves develop in

boundary layers and grow exponentially in space (but are tempo-
rally stable) until nonlinear interactions dominate and lead to the
turbulent regime.

For large sweep angles, the mean flow outside the boundary
layer curves and promotes a secondary flow and an associated three-
dimensional inflection point.34 As a consequence, the primary insta-
bility is a low-frequency crossflow wave, which saturates to lead to a
steady spanwise modulation (i.e., a periodic spanwise flow). On the
one hand, in environments with low amplitude disturbances (e.g.,
low turbulent environments and in flight condition), a secondary
stationary instability develops upon the shear-layer cross-flow vor-
tices resulting from the first instability, which dominate the tran-
sition mechanism. On the other hand, if the environment presents
high amplitude disturbances (e.g., high turbulence levels), then a
traveling secondary instability dominates. Further description may
be found in Refs. 3, 4, 40, and 41. Secondary instabilities dominate
the cross-flow transition scenario over swept wings. A characteristic
of the secondary instabilities is their rapid spatial growth and that
their frequencies exceed the typical range of TS waves for compa-
rable flow conditions.31,19 This type of transition scenario is called
cross-flow transition.
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Arnal and Casalis,1 Bippes,2 Saric et al.,34 Saric et al.,35 and
Reed et al.33 provide a complete overview on the dominant flow
physics arising from swept-wings. These reviews provide a summary
of receptivity mechanisms by which external disturbances (e.g., free
stream turbulence or roughness) or flight parameters (e.g., Mach
number or Reynolds number) affect the stability and transition of
three-dimensional boundary layers, and provide guidelines to its
control.5,9,49

Researchers have studied cross-flow transition by means of var-
ious techniques. Local linear stability analysis and the eN method
have been successful on predicting TS type transition, but the
underlying linearity assumption has limited its ability to predict
the onset of turbulent flows when dominated by nonlinear insta-
bilities (e.g., cross-flow transition scenarios). More sophisticated
techniques include two-dimensional eigenfunctions29 or Floquet
analysis.47 More recently, Parabolized Stability Equations (PSE) and
nonlinear PSE (NPSE), see Herbert16,17 and Tempelmann et al.,44

have shown success for flows that respect the underlying assump-
tions of the models. In PSE analysis,17 the boundary layer is assumed
to grow slowly in the disturbance-propagation direction and second
derivatives in that direction are neglected such that parabolized sta-
bility equations can be derived, enabling us to spatially march the
solution. These weakly parallel assumptions are not strictly valid
for cross-flow instabilities. Additionally, these techniques typically
require the choice of a particular mode or set of modes to perform
the analysis.

In any case, these techniques may find difficulties in predicting
mode interactions. Malik et al.30 showed that when the stationary
cross-flow amplitudes are of the order of the basic state quantities,
there can exist as many as seven unstable modes (i.e., type I, type
II, or a combination of both secondary type instabilities). Addition-
ally, multiple peaks in the growth-rate plot can combine into a single
mode30 and can lead to the crossing of modes with other modes (i.e.,
modal degeneracy), see Koch.18,43 These mechanisms may limit the
usability of the techniques that use modeled instabilities and require
a priori knowledge of the unstable modes governing transition.

Following the spirit of minimizing modeling and underlying
assumptions, we propose a novel technique to study cross-flow
instabilities. The method relies on performing a base-flow simula-
tion where the transition point is fixed. After this point, a turbulent
model is utilized to avoid the necessity of resolving turbulent struc-
tures, while before the transition point a fine enough grid is used
to compute a direct simulation (no modeling), only for the laminar
region. The simulation of the laminar region is not computation-
ally expensive but includes the information on small disturbances
that can spatially grow and govern the transition scenario. In par-
ticular, TS and secondary instabilities can be extracted. In our work,
these flow structures are analyzed using a variant of dynamic mode
decomposition,39 called High Order Dynamic Mode Decomposition
(HODMD),25 which performs the analysis in space and enables the
extraction of perturbation amplitudes and associated wavenumbers.
Note that since our method relies on the simulation of the lami-
nar regions, we do not need to model or introduce perturbations
upon a base flow, but instead we analyze the structures that are hid-
den in the simulation. This technique is data-driven and enables the
extraction of flow structures including primary and secondary insta-
bilities but also allows for the interaction of modes, generalizing and
complementing other techniques, such as NPSE.

In Wu et al.,48 we proposed a similar DMD based transi-
tion prediction method for two-dimensional airfoils (governed by
TS waves only) that we extend here to three-dimensional config-
urations and cross-flow scenarios. In that work, we compared our
new method to linear stability theory (LST) using the eN criterion
and experimental data for flows over two-dimensional airfoils. The
results showed good agreement and encouraged the pursuit of more
challenging scenarios. In the present work, we analyze cross-flow
transition and enhance the robustness for the extraction of flow
structures using HODMD combined with a robust algorithm, pro-
viding accurate and reliable results. The robustness of HODMD
enables us to capture the leading modes without a priori knowl-
edge of their shape or amplitude. We compare our results with
experiments6 and LST/eN solutions.51 Finally, the technique pro-
vides a computationally cheap alternative that could be potentially
used in industry and may be expanded to study cross-flow instabil-
ities in a wide range of problems. For example, the technique has
the potential to provide insights into the transitional scenario where
surface imperfections play an important role32,42 in polychromatic
transitional scenarios43 or when combining cross-flow with surface
imperfections.

The rest of the paper is organized as follows: first, we describe
the methodology in Sec. II, including details on the numerical flow
solver, the base flows, and the HODMD technique. Second, in
Sec. III, we include a detailed summary of the parameter selection for
HODMD to obtain a robust analysis of the flow structures. Finally,
the main results and conclusions are presented in Secs. IV and V,
respectively.

II. BASE FLOW COMPUTATIONS
A. The idea behind the method

The idea behind the method is that the Navier-Stokes (NS)
equations act as a filter, for an initial unrealistic flow field, lead-
ing to a realistic flow field. The numerical simulation is initialized
with a random flow condition, which is by definition noisy since
it is contaminated by numerical errors. The numerical simulation
is advanced until a steady state is reached, and during the process,
the NS equations filter the initial noise and reshape the initial flow
field into a realistic flow field. When this steady state is reached, the
solution is frozen in time. The instabilities that were evolving, are
frozen at this point and can be analyzed using our spatial HODMD
analysis. Consequently, it is not relevant if the instabilities are steady
or traveling waves, since we will be studying a fixed photo of their
time-evolution.

In our simulations, the existence of steady states is ensured
since we simulate environments with low amplitude of disturbances
(e.g., low turbulent environment), which leads to time decaying TS
waves in two-dimensional airfoils and to steady secondary instabili-
ties in three-dimensional swept wings.40,41

From the explanation above, it becomes apparent that there
is no need for a receptivity mechanism33,35,40,41 to trigger or sus-
tain instabilities, since these are already in the initial solution (noisy
initial flow polluted with numerical errors) and are filtered and
reshaped by the NS equations in the vicinity of the geometry (i.e.,
within the boundary layer). We should nonetheless point out that if
the instabilities had to be triggered from an ideal base flow (free of
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errors) or sustained as time progresses, then a receptivity mechanism
would be necessary.

B. Numerical flow solver
An in-house numerical solver PMNS3D is used as a flow solver

in this work. PMNS3D solves the three-dimensional Reynolds-
Averaged Navier-Stokes (RANS) equations for three-dimensional
compressible aerodynamic problems,14,50 toward efficient numer-
ical analysis and aerodynamic shape optimization of wings.13,15,51

The RANS equations are discretized spatially using the Jameson-
Schmidt-Turkel scheme with artificial dissipation and an LU-SGS
scheme for time integration with the multigrid technique to accel-
erate the iterative convergence to steady state. The turbulence vis-
cous coefficient is calculated by the Spalart-Allmaras one-equation
turbulence model. To improve the efficiency and robustness of the
compressible numerical solver for low-speed flows, a low-speed pre-
conditioning method is included. In all cases, the formal spatial
accuracy of the solver is second order. Numerical simulations are
converged until the steady state is reached, which is defined when
the maximum relative averaged-density residual is below 10−6. In
previous work,48 we addressed the effect of the residual, in the
dominant spanwise mode, to find that the influence is minimal
once the residual is below 10−5. These steady states exist only
because we fix the transition line at x/c = 0.6, which is located after
the “real” transition point. From the fixed point at x/c = 0.6, the
turbulence model is switch on such that the model damps transi-
tional oscillations developed in the well resolved laminar region.
Before x/c = 0.6, laminar flow is allowed to develop freely. There-
fore, TS and cross-flow instabilities can develop in space. The
evolution of these instabilities in time is frozen once the steady
state is reached (i.e., once the residual is below 10−6). Therefore,
once the solution converges, we obtain a steady base flow, with
frozen instabilities, with a spatial structure that can be analyzed to
extract transition locations based on N-factors. Note that the use of
N-factors (as opposed to direct amplitudes) is here advantageous
to avoid the dependence of growth rates to initial flow conditions
and noise levels in the simulations. Finally, to extract the wave
information (i.e., spatial growth), we used HODMD as detailed in
Sec. III. Let us note that we have checked that when moving the

fixed transition point from x/c = 0.6 to x/c = 0.7, the results are
almost unchanged in that the transition location moves by less than
0.01 x/c.

C. Mesh and base flow for a two-dimensional
low-speed laminar NLF0416 airfoil

We first study a two-dimensional low-speed laminar NLF0416
airfoil. The base flow is obtained by solving Navier-Stokes equa-
tions with a prescribed transition (x/c = 0.6) at a free-stream Mach
number of Ma = 0.1, Reynolds number of Re = 4 × 106 (based on
the airfoil chord), and Angle of Attack AoA = 1○. The C-mesh for
the two-dimensional case is comparable to slicing three-dimensional
meshes used later for cross-flow computations, see Fig. 1. The first
grid point from the airfoil surface is located such that y+ < 1 in the
turbulent flow region (x/c > 0.6 in this case), where y+ = yuτ/ν with
uτ being the friction velocity, y being the distance to the wall, and
ν being the kinematic viscosity. Typical grids have 640 points in the
streamline direction (512 points on the airfoils, 256 on suction and
pressure sides) and 240 points in the direction normal to the airfoil
surface.

This high resolution grid ensures that the streamwise flow
direction is accurately resolved such as to capture TS type insta-
bilities, which govern the two-dimensional airfoil case. An estimate
for the smallest unstable wavelength of disturbances can be precom-
puted using Blasius solution for laminar flat plates, as detailed in the
monograph by Schlichting and Gersten,36 chap. 15, p. 437 in the 8th
revised and enlarged edition. First, we calculate the boundary layer
thickness as δ = 5(νx/U)1/2 ≈ 0.002 at x = 0.6 m, for Ma = U/340 = 0.1
and Re = Uc/ν = 4 × 106, with the chord c = 1 m. Second, we relate
the smallest unstable wavelength of disturbances ℓTS to the boundary
layer thickness: ℓTS/δ ≈ 6, to obtain an estimate for the unstable TS
wavelengths ℓTS ≈ 0.01 m [with associated angular wavenumber λTS
= 2π/ℓTS ≈ 628 and dimensional wavenumber λTS/(2π)/≈100 m−1].
The grid resolution along the streamwise direction has a spacing of
0.004, which is fine enough to capture unstable TS waves (based
on the Nyquist criterion and the estimate λTS ≈ 0.01). To generate
three-dimensional meshes, we also follow this approach and make
sure that the mesh is fine enough to resolve TS waves in the laminar
region.

FIG. 1. (a) Computational domain for
the steady base flow with sweep angle
Λ = 40○, (b) top view wing stream-
lines on the wing, and (c) near air-
flow mesh and contour of static pressure
(blue lines).
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FIG. 2. Pressure coefficient distribution on a wing section for sweep angle Λ = 40
○

and angle of attack AoA = −1○ for Re = 7.00 × 106 and Ma = 0.27.

D. Mesh and base flow for a three-dimensional wing
with sweep angle

We extrude a laminar NACA642A015 airfoil with two sweep
angles Λ = 10

○

and 40
○

to generate three-dimensional wings, and
embed the wing into a structured C-mesh to compute cross flow sim-
ulations. The mesh has 352 × 104 × 24 elements (a total of 878.592).
To discretize the spanwise direction 1 m long, we use 24 nodes (and
periodic boundary conditions on the domain sides), providing a
mesh spacing Δz = 1 m/23 = 0.0435 m, which is large enough to
discretize the long wavelength spanwise oscillation characteristics of
sweep wings with cross-flow. A mesh is shown in Fig. 1 for sweep
angle 40○, together with the streamlines on the wing and pressure
contours on a plane parallel to the free stream velocity. Additionally,
the pressure coefficient is depicted in Fig. 2 for a wing section with
sweep angle Λ = 40○, angle of attack AoA = −1○, Re = 7.00 × 106,
and Ma = 0.27. Using the previous expression for the TS wavelength
and recalculating with the new values of Ma and Re, we now obtain a
comparable value λTS ≈ 0.009. The favorable pressure gradient char-
acteristic of laminar airfoils (for x/c < 0.4) is shown in Fig. 2 and is
responsible for delaying TS transition beyond x/c ∼ 0.4.

To compute the base flow, we fix the transition point at
x/c = 0.6, from which a turbulent model is enabled. This strategy
enables the resolution of the laminar region without the need to
resolve turbulent structures, which are modeled by the turbulence
model. Additionally, transitional flow structures generated in the
laminar region are damped by the high turbulent effective viscosity
provided by the model. Note that if turbulence develops before the
fixed transition point, the simulation does not converge to steady
state. In these cases, we move the transition point to an earlier x/c.
This strategy has proved useful to converge transitional flows to
steady state that can be used for DMD analysis, see also Ref. 48.

An example of the base flow obtained for a sweep angle
Λ = 40

○

is shown in Fig. 3, where a periodic spanwise flow is shown
in Fig. 3(a). Using HODMD, we will seek secondary perturbation
upon this spanwise periodic flow.

Finally, various flow conditions are considered and summa-
rized in Table I. For these conditions, transition point locations
will be obtained using the HODMD method and compared to
experimental values in Sec. IV.

III. MODE EXTRACTION USING HODMD
A. Higher order dynamic mode decomposition
algorithm

Higher order dynamic mode decomposition (HODMD)25 is an
extension of classical dynamic mode decomposition (DMD)39 that
is suitable for the extraction of temporal or spatial patterns10,22 in
complex flows, i.e., transient flows,11,12,21,27 and in the analysis of
noisy experimental data.24 Calculations of primary and secondary
flow instabilities are based on the evolution of small perturbations,
several orders of magnitude smaller than the mean flow, and the use
of robust and accurate tools for mode extraction proves beneficial.

To simplify the description of the method, we detail here
the HODMD algorithm in the more familiar time domain ver-
sion (sequence of time snapshots) to then particularize the method
to spatial data sequences as used in this paper to extract spatial
evolution of waves.

The main goal of the original HODMD is to decompose spa-
tiotemporal data v(x, y, z, t) as an expansion of DMD modes um(x,
y, z), weighted by amplitudes am, that grow/decay in time with rate
νm and that oscillate in time with frequency ωm,

FIG. 3. Base flow for sweep angle Λ = 40○: W-velocity
contours for (a) planes parallel to the leading edge and (b)
planes following the free stream velocity direction.
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TABLE I. Cross-flow wing conditions, Angle of Attack (AoA), sweep angle (Λ),
Reynolds number (Re), and Mach number (Ma).

AoA (deg) Λ (deg) Re Ma

−1 10 7.00× 106 0.27
−1 40 7.00× 106 0.27
−1 40 6.35× 106 0.27

v(x, y, z, t) ≃
M

∑
m=1

at
mum(x, y, z) e(νm+iωm)t . (1)

The basic idea behind the HODMD algorithm is very simple and
explained in detail by Le Clainche and Vega.25 Only some general
considerations are included here.

Considering a data set of K equispaced snapshots vk = v(tk)
(collected at time instant tk), it is possible to form the following
snapshot matrix:

VK
1 = [v1, . . . ,vk]. (2)

HODMD considers two main steps:

Step 1: Dimension reduction. The spatial dimension J (i.e., num-
ber of grid points in the computational domain) of the
original data set of snapshots is reduced to a set of lin-
early independent vectors of dimension N using a singular
value decomposition (SVD)37 that is applied to the snapshot
matrix

VK
1 ≃W ΣT⊺, (3)

where WTW = TTT and Σ is the N × N unit matrix and
the diagonal of matrix Σ contains the singular values σ1,
. . ., σK . The number of retained SVD modes, N, is calcu-
lated through the standard SVD-error estimated for a certain
tolerance ε (set by the user) as

σN+1/σ1 ≥ ε1. (4)

The resulting reduced snapshot matrix of dimension N × K
is written as

V̂K
1 = ΣT⊺, with VK

1 =WV̂K
1 . (5)

Note that HODMD may be applied to temporal or spatial
sequences of snapshots. While the former provides tempo-
ral information (frequency and growth/decay rates in time),
the latter provides spatial information (wavenumbers and
growth/decay rates in space). In this work, we retain the
spatial approach, see Secs. III B and III C and particularly
Eqs. (9) and (10).

When the data collected are noisy, as in the case of an
experiment,24 or are represented by nonpermanent dynam-
ics (i.e., transient modes in the transient of a numerical sim-
ulation26) or a large number of small amplitude flow struc-
tures with small spatial scales, as in the case of transition to
turbulent flows,27 it is necessary to increase the accuracy in
the calculations. In those cases, a higher order singular value
decomposition (HOSVD)7,20,46 is used instead of SVD at this
step.27 The HOSVD algorithm performs a SVD in each one

of the spatial directions. Thus, in this way, it is possible to
better clean the data from noise or to remove not perma-
nent modes (with negative decay rates δm ≫ 0), which can
be considered as spurious modes (snapshot reduction). In
this article, we have used HOSVD in order to increase the
accuracy in the calculations of flow instabilities, which are
based on the evolution of a small perturbation whose order
of magnitude is much smaller than the mean flow.

Step 2: The DMD-d algorithm. The following higher order Koop-
man assumption (written in matrix form):

VK
d+1 ≃ R1VK−d

1 + R2VK−(d−1)
2 +⋯ + RdV

K−1
d (6)

is applied to the reduced snapshot matrix. This technique
mimics a sliding window process, which enforces the same
dynamics over each one of the included submatrices, and
smooths noisy solutions. Premultiplying (6) by W⊺, we
obtain a reduced Koopman operator R̂k = WTRkW. Using
(5), Eq. (6) can be rewritten as

V̂K
d+1 ≃ R̂1V̂

K−d
1 + R̂2V̂

K−d+1
2 +⋯ + R̂dV̂

K−1
d . (7)

The main system dynamics (frequencies in time or
wavenumbers in space, growth/damping rates, and struc-
tural shapes of DMD modes) are contained in these lin-
ear operators that can be included in a modified Koopman
matrix of dimension Nd × Nd, defined as

R̃ ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 I 0 . . . 0 0
0 0 I . . . 0 0
. . . . . . . . . . . . . . . . . .

0 0 0 . . . I 0
R̂1 R̂2 R̂3 . . . R̂d−1 R̂d

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (8)

After some calculations [mainly based on the reduced
dimension of (8)], the eigenvalues and eigenvectors of (8) are
used to approximate the DMD modes, wavenumbers, and
growth rates of expansion (1). Finally, the mode amplitudes
am are calculated by least squares fitting, and a second tol-
erance ε is set to retain the M most relevant DMD modes,
exhibiting the largest amplitudes am. This parameter will
determine the spectral complexity of the DMD expansion
(1), calculated for a specific accuracy ε.

The benefit of HODMD lies in the resolution of the
eigenvalue problem for the modified Koopman matrix R̃,
which enforces the dynamics contained in the delayed snap-
shot matrix toward the same solution. So, either the noise or
not permanent modes are naturally removed from the solu-
tion, and only the permanent dynamics (i.e., flow instabili-
ties based on the evolution of small perturbations) are main-
tained. It is remarkable that if d = 1 [in Eq. (6)], the algorithm
is similar to the classic DMD algorithm. The parameter d
identified in (6) is set by the user after some calibration,
looking for robustness of the results. Hence, the method is
applied several times using various parameters of d, ε, and
ε1. The calibration process is satisfied when the parameters
selected provide unchanged results, in other words, when
the frequency/wavenumber and damping rates calculated
are similar in all the test cases carried out.27
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B. HODMD for transition predictions
The prediction of the transition point due to cross-flow insta-

bilities is calculated using HODMD. The method is applied to steady
state solution of the three-dimensional nonlinear Navier-Stokes
equations. The HODMD is applied in two steps:

● Calculations of spanwise modes. By definition, the solu-
tion of the numerical simulations is periodic in the span-
wise z-direction. Hence, it is possible to apply HODMD
in the spanwise direction to calculate spanwise harmonic
modes. At this step, the three-dimensional spatial data will
be decomposed following the modal expansion,

v(x, y, z) ≃
M

∑
m=1

az
mum(x, y) e(δm+iβm)z , (9)

where um(x, y), az
m, βm, and δm are the DMD modes, related

amplitudes, wavenumbers, and spatial growth rates, respec-
tively. For spatially periodic spanwise flows (no growth or
decay), we expect δm = 0. This is indeed confirmed a poste-
riori by checking the growth rates of spanwise modes, which
are typically very small (<10−4). Note that since we consider
only steady state cases, the expansion does not include time
variations.

● Secondary instability in the streamwise direction and cross-
flow transition. To study secondary streamwise instabili-
ties upon the spanwise periodic flow, the HODMD analy-
sis is performed upon the spanwise DMD modes previously
obtained, leading to the following expression:

um(x, y) ≃
L

∑
l=1

ax
mlûml(y) e(γml+iλml)x. (10)

This analysis is performed sequentially, varying small sections along
the streamwise direction. The main goal is to study the spatial
growth of the leading modes along the various sections. The robust-
ness of HODMD methodology27 is exploited to calculate the dis-
turbance wavenumbers and associated amplitudes.25 It is possible
to formulate the spatial growth of the leading mode as a func-
tion of the amplitudes related to each wavenumber, see below for
details.

Finally, combining the two steps Eqs. (9) and (10), one may for-
mulate the general form for the DMD expansion of the flow field
as

v(x, y, z) ≃∑M
m=1 az

m[∑
L
l=1 ax

mlûml(y) e(γml+iλml)x] e(δm+iβm)z

≃∑M
m=1∑

L
l=1 az

max
mlûml(y) e(γml+iλml)xe(δm+iβm)z . (11)

To understand the relationship between spatial modal ampli-
tudes and DMD amplitudes, we consider a small enough spatial
window (δx × δy), where we compute the DMD analysis. In this
window, all distinct modes ranked by a wavenumber show a dis-
tinct dominant growth rate and wavenumber such that (γml∣x, λml∣x)
= (γml∣x+δx, λml∣

x+δx) and identical mode shape with respect to the
y-direction: ûml(y)∣x = ûml(y)∣x+δx. This is the weakly parallel flow
applied to a small DMD window, and is only assumed for the small
sections (δx × δy) and only during the postprocessing stage to cal-
culate N-factors. In our method, the weakly parallel flow is not a

hypothesis of the method and it is not assumed in the simulation.
Then, one may consider the definition of the N-factor for a section
δx as the ratio of spatial amplifications of a particular mode,

Nδx = ln(A(x + δx)
A(x) ). (12)

Additionally, we consider the definition of the spatial amplifi-
cation factor A(x) of eigenfunctions8 at position x,

A(x) =
√

∫
δy

0
((δu1†)(δu1) + (δu2†)(δu2))dy, (13)

where δu1 and δu2 are the velocity components of two-dimensional
perturbations at position x and † denotes complex conjugation.
Selecting one mode at a time from the DMD velocity decomposition
(10) and introducing the expression into (13), we obtain a definition
of the amplitude in terms of the DMD expansion,

A(x) =
√

∫
δy

0
(u1

m(x, y)†u1
m(x, y) + u2

m(x, y)†u2
m(x, y))dy (14)

= ∣ax
ml e(γml+iλml)x∣

√

∫
δy

0
ûml(y)dy, (15)

where |⋅| defines the modulus of the complex number. Recalling that
the DMD amplitudes ax

ml are purely real, we can simplify Eq. (15) to

A(x) = ax
ml ∣e(γml+iλml)x∣

√

∫
δy

0
ûml(y)dy. (16)

We can now combine (12) with (16) to define the N-factor as a
function of the DMD amplitudes,

Nδx = ln(A(x + δx)
A(x) ) = ln

⎛
⎜
⎝

ax
ml ∣e(γml+iλml)(x+δx)∣

√
∫ δy

0 ûml(y)dy

ax
ml ∣e(γml+iλml)x∣

√
∫ δy

0 ûml(y)dy

⎞
⎟
⎠

= ln(ax+δx
ml

ax
ml
), (17)

where we have assumed that δx is small and consequently
e(γml+iλml)(δx) ≈ 1. For a complete wing section, we can recover the
overall N-factor N = ∑k

l=1 Nδx, where k is the number of subdivi-
sions (Ak) in which to perform the DMD analyses, by applying (17)
recursively for as many i-sections as necessary,

N = ln(A(x + δx)
A(x = 0) ) = ln(ax+δx

mli

ax=0
mli
), (18)

where we have used the properties of logarithmic functions.
Finally, we retain the following definition for the N-factor in

terms of the DMD amplitudes: N = ln(ax
ml/a0), where a0 is the initial

reference amplitude of the perturbation (i.e., the residual level in the
numerical simulations, as it is further explained below).

C. Calibration for mode extraction using DMD
One of the main goals of this article is to present a robust

methodology that can be used as a reference, when using HODMD,
to predict flow transition in a wide range of cases. To this end, it is
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necessary to first validate the method and second to present a set of
parameters independent of the flow case.

Numerical simulations for the two-dimensional NLF0416 air-
foil are converged to steady state (i.e., residual below 5 ⋅ 10−7). Due
to the evolution of small fluctuations, several orders of magnitude
smaller than the mean flow, flow transition takes place in the stream-
wise direction of the airfoil, so the spatial HODMD will be applied
to a set of data, equispaced along this direction. The mesh used for
the numerical simulations is structured, but not equispaced, so it
is necessary to interpolate the flow solution to an equispaced grid.
The analysis will be performed separately in the upper and lower
surfaces of the airfoil, which are both curved. To minimize interpo-
lation errors, we interpolate the data into a grid equispaced in both
streamwise and normal directions, whose separation interval needs
to be sufficiently small. The value of these intervals for the stream-
wise and normal direction is Δx = 4.002 ⋅ 10−4 and Δy = 1.2508 ⋅
10−4, respectively. Figure 4 shows the contours of the streamwise
velocity in the interpolated mesh. Figure 4 (left) shows the domain
interpolated around the airfoil, while the two figures on the right
show the domains for the HODMD analysis in the upper and lower
surfaces. As seen, in both cases, HODMD is performed in a rectan-
gular computational domain. The number of grid points used are
2000 for the streamwise direction (0 ≤ x/c ≤ 0.8) and 480 for the nor-
mal direction (0 ≤ y/c ≤ ±0.06, the surface of the airfoil is defined for
y/c = 0 in both, the upper and lower surfaces). As shown in Fig. 4,
it is possible to represent the curved domain as a simplified planar
domain assuming a small error, since the equispaced interval set in
both directions is small.

Once the equispaced mesh has been constructed, we can cali-
brate the method. This is performed in three steps:

● Selection of the region for the HODMD analysis. Both, the
normal and streamwise components, play a role in the selec-
tion of the area analyzed. On the one hand, the dimension
of the streamwise component can be set based on previous
knowledge of the problem analyzed. In particular, we limit
the analysis to the boundary layer, avoiding the leading edge
with high curvature, and consider an extension that reaches
the fixed transition point (where the turbulent model is
switched on). The following intervals are good choices for
the upper surface, 0.16 ≤ x/c ≤ 0.6, and for the lower sur-
face, 0.2401 ≤ x/c ≤ 0.6. The following interval would also
be a good and general choice for the normal direction

0 ≤ y/c ≤ ±0.025 (y/c = 0 is the reference value of the upper
and lower surfaces of the airfoil, where x-y define a local
coordinate system on the airfoil surface). The domain used
in the DMD analysis may influence the results obtained;23

however, the robustness of HODMD ensures that the results
do not change, if the parameter d is properly adjusted,27

as explained next. An initial snapshot matrix is constructed
at this step for both upper and lower surfaces, of dimen-
sion (nx × ny) 1600 × 200 and 1400 × 200, respec-
tively, for each velocity component (streamwise and normal
velocity).

● Settings for the sequential spatial HODMD analysis. The
method will be applied to various small regions of the
computational domain (selected in the previous step) and
referred to as I. These regions are limited by the interval
xi ≤ x < xi + δx, with i = 1, . . ., I. The accuracy of the results
is inversely proportional to the size of this interval. A good
estimation to fix this interval size is setting δx to be pro-
portional to the number of snapshots K and their relative
sampling distance Δx̂ such that δx = K ⋅ Δx̂. After some
calibration, based on the accuracy of the obtained results,
the number of snapshots is set to K = 20, and the distance
as δx = 8Δx̂ [smaller distances may introduce errors due
to the interpolation carried out in the previous step since
the parameter d, representing the sliding window process
in Eq. (6) and responsible for smoothing the results, is pro-
portional to the size of the domain-window and the number
of points; smaller dimensions imply smaller values of d and
increased noise]. Additionally, it is necessary to consider the
number of small subregions I to perform the analysis and
where to fix the position xi. The analysis is performed in slid-
ing windows Ai (as shown in Fig. 4, bottom) where the initial
point of each interval is fixed as xi+1 = xi + (i) ⋅ L, where L
is a fixed number of snapshots, of the initial snapshot matrix
calculated in the previous step. This process may increase
the accuracy in the calculations of the N-factor while main-
taining the number of snapshots K and the parameter d
(fixed in Sec. IV). The reason is that the downstream point
of the interval xi + δx determines the streamwise variations
of N and consequently smaller distances between intervals,
provide more accurate results. Two different test cases are
included below, for L = 20 (where the maximum number of

FIG. 4. Contours of streamwise veloc-
ity of the two-dimensional NLF0416 air-
foil in the interpolated equispaced mesh
using Δx = 4.002 ⋅ 10−4 and Δy
= 1.2508 ⋅ 10−4. (a): two dimensional
profile defined in the Cartesian coor-
dinates x-λ. (b): domain used in the
HODMD analysis for the upper (top) and
lower (bottom) surfaces of the airfoil. The
surface of the airfoil is defined for y/c
= 0, where x-y define a local coordinate
system on the airfoil surface.
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regions is I = 73 and I = 63 for the upper and lower surfaces,
respectively) and L = 10.

● Settings for the HODMD parameters. The calibration process
in HODMD is mainly based on the robustness of the results:
real physical modes are always retained by the method using
different tolerances and values of d, while spurious modes
are continuously changing. On the one hand, the param-
eter d should be big enough to clean the noise, related to
spurious small fluctuations and noise coming from the data
interpolation. However, this parameter should also be small
enough to enable the largest wavelength to develop in the
K-d snapshots used to form operator (8). If the dynamics
are unknown, one can propose an initial guess K/10 < d <
K/2, based on previous work.25 After some calibration, min-
imizing the RMS reconstruction error,24 it is easily found
that d = 8 is the best choice for K = 20. It is remarkable
that this parameter is proportional to the number of snap-
shots collected, so similar results can be obtained when using
K′ = m ⋅ K snapshots and d′ = m ⋅ d (with m ∈ N+). On the
other hand, the tolerances ε1 and ε should be smaller than
the order of magnitude of the fluctuations. So, in this calibra-
tion process, one can use ε1 = ε = 10−8 as tolerance, finding
that the level of the fluctuations (amplitude of DMD modes)
is ∼10−4 to 10−3, while the order of magnitude for the mean
flow is ∼1.

Once the main parameters are set for the analysis, the most
unstable spatial mode, related to flow transition, may be identified.
The snapshot matrix (2) for the HODMD analysis is conformed
using the two velocity components (u1, u2). Based on the robust-
ness of HODMD, the wavenumber of this mode is easily identified
by comparing the results obtained for different tolerances ε1 and ε.
Figure 5(a) shows the results obtained in the upper surface for three
different test cases using tolerances ε1 = 10−8 and ε = 10−4; ε1 = 10−6

and ε = 10−4; and ε1 = 10−4 and ε = 10−3 (similar results, not
shown for the sake of brevity, are obtained with other tolerances, e.g.,
ε1 = 10−7 and ε1 = 10−4 for values of ε ≤ 10−3). This figure shows
the wavenumbers and the amplitudes of all the results obtained in
I = 40 regions using L = 20 (similar results are obtained with L = 10,
not shown). As seen, it is possible to distinguish the mode associ-
ated with the base flow, whose amplitude is larger than 10−2 and the
mode related to the fluctuations, whose amplitudes are smaller than
∼10−3. The mode that leads to flow transition is the one related to the
fluctuation with the highest amplitude. Since the level of the fluctu-
ations is several orders of magnitude smaller than the base flow, we
also find several spurious modes. However, the leading mode, will
be always present (robustness in the analysis). It is possible to dis-
tinguish 5 modes, referred to as M1, M2, M3, M4, and M5, with
amplitudes ∼10−3 that are present in the three cases included. How-
ever, there is only one, M1, with dimensional wavenumber λ/(2π)
≃ 44 m−1 that is consistently robust (assuming an error of 2% in
the calculation of the wavenumber, this figure shows that the same
mode is found in several regions Ai). The mode M5 is also robust;
however, its amplitude is smaller, meaning that M5 is not relevant
for our analysis. Finally, the remaining modes M2, M3, and M4 are
not found again in any of the sections Ai. Figure 5(b) shows the
same results obtained using DMD-1, which corresponds to the clas-
sic DMD.39 As seen, the method is less robust, and it is not possible

FIG. 5. Amplitude vs wavenumber in the HODMD calculations in the upper surface
of the two-dimensional NLF0416 airfoil in I = 40 regions using L = 20: (a) DMD-
8 and (b) DMD-1. The various symbols represent the results obtained using the
following tolerances: blue circles for ε1 = 10−4 and ε = 10−3, black crosses for
ε1 = 10−6 and ε = 10−4, and red crosses for ε1 = 10−8 and ε = 10−4.

to distinguish the leading mode M1. A similar analysis has been per-
formed for the lower surface, not shown for brevity, to find that
the wavenumber of the leading mode is λ/(2π) ≃ 63 m−1. Finally,
let us note that our flat plate estimates of Sec. II C predicted λ/(2π)
≃ 100 m−1, which are not far from the simulated results.

Finally, once the leading mode has been identified, it is neces-
sary to compute the spatial growth of the leading instability, using
the computed N-factor, as derived in Eq. (17). This value is deter-
mined by the variation of the amplitudes as N ≃ log(ax

l /a0), where
ax

l is the amplitude of the mode (obtained with HODMD) and a0
is the reference amplitude. The level of convergence of the steady
flow is considered as reference for the growing amplitudes; in this
example, a0 = 5 ⋅ 10−7.

IV. RESULTS AND DISCUSSION
A. Two-dimensional validation: Low-speed laminar
NLF0416 airfoil

In this section, the performance of the method is validated
studying the two-dimensional flow transition over a low-speed
NLF0416 airfoil, and using the parameter calibrated in Sec. III C.

Figure 6 shows the evolution of the leading mode along the
streamwise component using three different parameters in the upper
surface (a) and lower surface (b). The curves are obtained via least-
square fitting to the extracted points. As seen, the mode grows to
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FIG. 6. Evolution of the N-factor of
the leading mode as a function of the
streamwise component x/c in the two-
dimensional NLF0416 airfoil. The N-
factor is calculated as N = log(ax

l /a0):
(a) upper surface and (b) lower sur-
face. The various symbols represent
the results obtained using the following
parameters with DMD-8: black crosses
for ε1 = 10−6, ε = 10−4, and L = 20;
blue circles for ε1 = 10−4, ε = 10−4, and
L = 20; and red triangles for ε1 = 10−4,
ε = 10−4, and L = 10.

then decay. Due to noise artefacts, it is possible to find some spu-
rious (or not accurately calculated) points; however, the three cases
match the results in the growing region of the curve, showing the
robustness of the analysis. Therefore, the spurious results are eas-
ily identified. The transition point, when selecting a critical N-factor
Ncrit = 9, is found at x/c ∼ 0.31 in the upper surface and x/c ∼ 0.52 in
the lower surface. These results are in good agreement with the lin-
ear stability theory and the experimental results,28,48 as summarized
in Table II.

Having validated the method with a suitable set of parameters,
we proceed to calculate transition points over swept wings.

B. Three-dimensional wing with sweep angle based
on the laminar NACA642A015 airfoil

The origin of cross-flow transition is a secondary instability
developing along the streamwise direction. To study this secondary
instability, it is necessary to first identify the modes related to the
primary instability, and leading to spanwise oscillations. Once these
modes are identified, the same analysis performed in Sec. IV A will
be applied to the highest amplitude spanwise-mode [which is two-
dimensional, see Eq. (10)]. Therefore, as explained in Sec III B, this
analysis will be carried out in two different steps.

Three-dimensional numerical simulations have been per-
formed to study the cross flow transition of a wing composed
of NACA642A015 airfoils. The two dimensional profile has been
extruded in the streamwise direction, with a spanwise mesh spacing
of Δz = 0.0435 m. The boundary conditions set in the previous two
dimensional analysis are maintained, and periodic boundary condi-
tions are applied in both sides of the spanwise direction. The solution
has been converged to steady state with the residuals set to 5 ⋅ 10−7

using nonlinear Navier-Stokes equations, so the solution will take
into account nonlinear interactions.

TABLE II. Estimation of the transition point in the upper and lower surfaces of
the two-dimensional NLF0416 airfoil using DMD-8, linear stability theory (LST) and
experiments (EXPT.). N-factor for transition is fixed to N = 9.

Method x/c (up) x/c (low)

HODMD 0.31 0.52
LST 0.33 0.568
EXPT. 0.35–0.40 0.5–0.55

The cross-flow angle is set in the mesh with respect to the
spanwise direction as Λ = 10○ and 40○, as illustrated in Fig. 3. The
mesh is structured, but not equispaced in the streamwise and nor-
mal directions. So, as explained in Sec. IV A, the three-dimensional
computational domain has been interpolated to a structured mesh,
using the same parameters as before (Δx = 4.002 ⋅ 10−4 m and Δy
= 1.2508 ⋅ 10−4 m, and the spanwise structure is maintained captured
using Δz = 0.0435 m). The HODMD can now be applied to the struc-
tured mesh along the spanwise direction. The snapshot matrix (2) is
conformed using the three velocity components (u1, u2, u3). Figure 7
shows the amplitudes as a function of the wavenumbers obtained in
the HODMD analysis using 24 flow fields on z-planes. The toler-
ances set for this analysis is ε1 = ε = 10−8. As seen in this figure, the
flow is periodic in the spanwise direction, as expected, which is con-
firmed when analyzing the spanwise growth rates which are all close
to zero. HODMD identifies the mean flow (whose wavenumber is
0), a single mode with wavenumber β/(2π) = 1 and ten harmonics
(and complex conjugates). Due to the simplicity of this analysis, and
the low number of snapshots used, accurate results are obtained for
values of the HODMD parameter 1 ≤ d ≤ 5.

In the second step, the highest amplitude mode [with dimen-
sional spanwise wavenumber β/(2π) = 1 m] is selected, and a
HODMD analysis is performed upon this mode and along the
streamwise direction. Note that we have checked the growth of sec-
ondary instabilities in all spanwise wavelengths to find that the dom-
inant secondary instabilities live in the longest spanwise wavelength.
The secondary mode is now two-dimensional, and consequently the
analysis is similar to the previous two-dimensional analysis for the
NLF0416 airfoil. The same methodology and setting parameters are
used for this analysis (upper surface). However, the reference value
for the amplitudes is slightly smaller than before, a0 = 10−6. The
reason is that, due to numerical errors (interpolation and HODMD
spanwise analysis), some accuracy might be lost in the calculations of
the first analysis (the reference value for the numerical simulations
was 5 ⋅ 10−7). The reference value a0 can be checked by performing
the HODMD analysis in the two-dimensional mode (using the com-
plete section) along the streamwise direction using the tolerances
ε1 = ε = 10−8 (machine precision). The order of magnitude of the
lowest amplitude mode would be set as a reference value for the
analysis.

Figure 8(a) shows the evolution of the leading mode for a sweep
angle of Λ = 10○, along the streamwise component using L = 20 and
ε1 = ε = 10−4. As expected, the mode grows up to the transition point,
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FIG. 7. Amplitudes vs wavenumbers
obtained with DMD-d (1 ≤ d ≤ 5)
with tolerances ε1 = ε = 10−8 applied
in the spanwise direction of a three-
dimensional airfoil with cross-flow angle
Λ = 40○.

FIG. 8. N-factor vs streamwise direction
x/c for swept wing at AoA = −1○ and
Re = 7 ⋅ 106 and sweep angles: (a) Λ
= 10○ and (b) Λ = 40○. Both use DMD-8
with tolerances ε1 = 10−4, ε = 10−4, and
L = 20.

to then decay. For this low sweep angle, there is no transition when
fixing the critical N-factor to Ncrit = 7.5 and we only find transition
at x/c ≃ 0.38 for a lower value of the critical N-factor Ncrit = 5. When
the analysis is performed for a higher sweep angle Λ = 40○, Fig. 8(b),
then the transition location for Ncrit = 7.5 is x/c ≃ 0.32 and almost
identical to when increasing the critical critical N-factor to Ncrit = 9.5
leading to x/c ≃ 0.34. These values agree well with the experiments
reported in Ref. 6, which reported x/c ≃ 0.3.

For completeness, we compute the N-factor also for Λ = 40○

and Re = 6.35 ⋅ 106 and show the resulting curve in Fig. 9. In this
case, we find that for Ncrit = 7.5 transition occurs at x/c ≃ 0.39.

FIG. 9. N-factor vs streamwise direction x/c for swept wing at AoA = −1○ and
Re = 6.35 ⋅ 106 and sweep angle Λ = 40○. DMD-8 with tolerances ε1 = 10−6,
ε = 10−4, and L = 20.

At these conditions, experimental measurements and the LST mod-
ified for cross-flow51 (with Ncrit = 7.5) predicted transition locations
at x/c ≃ 0.44 and x/c ≃ 0.4, respectively.

In it interesting to note that our results suggest an alterna-
tive to using a fixed critical N-factor to detect the transition point.

FIG. 10. Transition point vs Reynolds number for sweep wing with angle Λ = 40○

at AoA = −1○. The figure includes experimental measurements,6 HODMD results,
and results from an LST modified method to account for cross-flow.51
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Transition location could be approximated by the maximum peak
of the N-factor curve (or when the first derivative is zero: dN/dx =
0). In fact, when using the curve maxima, for all tested cases, we
obtain better matches to experiments than when using the critical
N-factors, this last idea needs further study and may be linked to
more general criterion to determine the transition threshold, such
as the “Variable N-Factor technique.”3

Finally, we summarize the cross-flow results in Fig. 10, where
our HODMD results are compared against experimental data6 and
LST modified for cross-flow51 (with Ncrit = 7.5) for various Reynolds
numbers at a sweep angle of Λ = 40○. Our results agree well with
measurements demonstrating the potential of this new approach to
predict cross-flow instabilities.

V. CONCLUSIONS
We have presented a new method to analyze cross-flow insta-

bilities based on a spatial HODMD analysis and steady base flow
simulations. We have shown that the method can distinguish
between TS and cross-flow type transition scenarios and provide
N-factors that can be coupled with semiempirical criteria to deter-
mine the transition point.

The method does not require modeling of the perturbation but
instead extracts the instability information from the steady flow field.
The method is automatic and robust and can be applied to a sec-
tion of the computational domain without the necessity of specifying
streamlines of initial amplitudes for perturbations, although some
initial calibration is required to adjust the parameters of the method.
Additionally, the method can potentially account for mode interac-
tions, surface imperfections,42 and polychromatic transitional sce-
narios43 that are difficult to predict with existing methods.
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