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A B S T R A C T

Landslide is a complicated natural disaster that can be divided into multiple stages such as initiation and pro-
pagation. Researchers have been attempting to reveal the characteristics of each stage by practicing various
modelling methods. This paper attempts to discover whether the combination of two popular approaches, in-
cluding the Partitioned Finite Elements and Interface Elements method (PFE/IE) and the depth-integrated SPH
model would bear a more reliable estimation. In the first stage, the PFE/IE method is practiced to investigate the
triggering of slopes. The outcome from the first stage, including the contact force and the material parameters
under limit state, are then utilized as the initial condition in the analysis of the subsequent propagation stage. In
the propagation stage, the depth-integrated SPH model is used to explore the landslide propagation.
Consequently, the SPH model is capable of dealing with large deformation problems that occur during the
landslide movement process. Two benchmark tests are performed to verify the accuracy and feasibility of ap-
plying the hybrid model to study the landslide initiation. After the justification of the PFE/IE approach, it is then
combined with the SPH model by an appropriate interpolation method. The presented PFE/IE-SPH joint ap-
proach is employed to evaluate the safety margin of a practical slope, as well as the potential effect region if the
landslide occurs. The simulated result from the joint approach demonstrates its capability of providing refer-
ences for the mitigation and protection measures.

1. Introduction

Landslides can cause extensive damage to human lives and
economy. Since many events have indicated that after being initiated,
landslides can be dramatically developed within a short period of time,
even as short as a few minutes, it is of great importance to develop
effective assessment tools for determining the stability of the con-
sidered slope and areas potentially influenced by the landslide.

A wide variety of conditions can destabilize slopes and trigger
landslide. According to Terzaghi [1], landslide-triggering causes can be
classified into external causes, which increase shearing stress (such as
geometrical changes, loading slope crests, unloading slope toes, draw-
down, etc.) and internal causes which reduce shearing resistance (such
as progressive failure and creep, seepage erosion, weathering and
fracturing, etc.). To better understand landslide causes, Popescu [2]
summarized a short checklist containing four practical groups of land-
slide causes including ground conditions (such as plastic weak

materials, jointed or fissured materials, adversely oriented mass dis-
continuities, etc.), geomorphological causes (such as tectonic uplifts,
fluvial erosion of the slope toes, erosion of lateral margins, etc.), phy-
sical causes (such as intense and short rainfall periods, earthquakes,
volcanic eruptions, etc.), and man-made causes (such as excavation of
slopes or toes, irrigation, mining and quarrying, etc.). Many empirical
and physical models have been developed to analyze the relation be-
tween precipitation and the initiation of landslides [3–5]. For example,
Saito et al. [6] presented an empirical rainfall intensity and duration
threshold for the initiation of shallow landslides in Japan. Other factors
such as heterogeneous saturation degree and soil density are also of
major concern in analyzing landslide stability. Since water saturation of
slopes is a primary cause of landslide, Tsai et al. [7] introduced sa-
turation degree to measure the effects of unit weight and unsaturated
shear strength on rainfall-triggered shallow landslides. The strong re-
lation between saturation degree and depth-averaged unit weight and
unsaturated shear strength has been discussed in the literature. In this
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re-meshing treatments. Huang [27] directly coupled local dis-
continuous Galerkin and natural boundary element methods to solve a
series of interface problems. In his work, an artificial boundary of
spherical surfaces was applied in addition to coupled discrete primal
formulations on the bounded domain. Also, the performance of the
method in dealing with local discontinuities was demonstrated by
several numerical examples. A DDA-FEM coupled method was devel-
oped by Sun et al. [28], using interior penalty Galerkin (IPG) method to
improve the accuracy of DDA through discretizing blocks into dis-
continuous elements. In this method, a mixed strategy is used to as-
semble simultaneous equilibrium equations where the advantages of
IPG method such as lack of locking, low computational cost, and great
flexibility in meshing are highlighted.

An interactive method, called partitioned finite elements and in-
terface elements (PFE/IE), has been developed by Li et al. [29] speci-
fically for the analysis of stability in local discontinuous problems. The
applicability of PFE/IE in the analysis of slope stability in both static
and dynamic problems was subsequently proven in references [30,31].

Although hybrid methods provide reasonable solutions for the
landslide stability problems, the simulation of the whole process in-
cluding the initiation, mass movement and accumulation of landslides
by only one single numerical approach is difficult [32,33]. Being of the
Lagrangian description and “mesh-free”, smoothed particle hydro-
dynamics (SPH) method is very capable of dealing with large de-
formations appearing in the propagation of landslides and therefore has
been widely applied in relevant problems [34–37].

In this paper, the feasibility of using hybrid methods to assess slope
stability has been investigated. The obtained ultimate state was em-
ployed to estimate the initiation state of landslide mass after triggering.
Herein, hybrid method and depth-integrated SPH model were coupled
for the simulations of contact force over failure surface and reduced
material parameters. After the verification of the proposed method
through benchmark tests, the coupled model was employed to analyze a
practical slope case in the southwest of China. Furthermore, the influ-
enced regions after landslide were estimated which provided a means
for mapping hazardous areas to provide effective mitigation designs.

The remaining of the paper is organized as follows: in Section 2, a
brief review of the hybrid method, depth-averaged SPH model, and
their combination method are presented. Subsequently, two benchmark
tests are performed to validate the performance and accuracy of the
proposed hybrid model in Section 3. Finally, in Section 4, the potential
hazards of an unstable slope are evaluated using the proposed model
which could provide quantitative guidelines for hazard and mitigation
treatments.

2. A brief introduction of the hybrid method and depth-integrated
SPH model

2.1. A hybrid method of PFE/IE

To deal with the discontinuous problems in engineering problems,
the PFE/IE hybrid method decomposes the calculation domain into
continuous and discontinuous parts. For the continuous part, the par-
titioned finite element method is used to calculate the block deforma-
tion. Regarding the discontinuous part, the interface element method is
applied to solve the contact internal force on the contact boundary. The
hypotheses of the model including the decomposition of considering
domain, the small thickness assumption of interfaces, the artificial di-
vision of the displacement and the transmission of the contact state, etc.
The interested reader can find more details in the reference [29].

As depicted in Fig. 1, a simplified discontinuous system in landslide
problems can be decomposed into two parts: sliding mass Ω1 and base
rock Ω2. In the figure, δ is the gap between the contact point pairs, F
the external force, f the contact force, ξηξ the local coordinate system,
respectively.

For each block inside the system, there are two unknowns: the

paper, we have developed a fast-assessment tool for the determination 
of potential slope failures and possible run-out areas. For the sake of 
brevity, we have only considered the landslides triggered by material 
parameter reduction.

In the past few decades, with great development of computer 
technologies, numerical methods have rapidly been developed and 
become dominant in the analysis of slope stability [8–13]. These nu-
merical methods can be generally classified into two categories: con-
tinuum-based methods (such as finite element method (FEM), finite 
difference method (FDM), boundary element method (BEM), etc.) and 
discontinuum-based methods (such as discrete element method (DEM), 
discontinuous deformation analysis (DDA), etc.). In the following, the 
performance and limitations of the above-mentioned methods are dis-
cussed.

FEM is almost the most widely applied numerical method in struc-
tural analyses. Since the publication of the work of Griffiths and Lane 
[8], FEM has been frequently used in the analysis of slope stability. In 
time, some modified approaches such as thin layer element method, 
interface element method, and spring element method have been de-
veloped for discontinuous deformation problems [14–17]. However, 
the application of FEM for practical slope cases is handicapped in dis-
continuous problems due to its requirement for small element sizes and 
conformable fracture paths. Considering the computational efficiency 
of FEM in nonlinear problems, BEM provides an alternative for solving 
contact problems by limiting nonlinearity only to the boundaries of the 
contacting bodies. Although BEM has the advantage of efficiency, it 
requires domain discretization treatments because non-linearity no 
longer permits partial differential equations to fully deform on element 
surfaces. DEM was first introduced for discontinuous and large-dis-
placement problems. By employing explicit solutions for governing 
equations, DEM has a clear physical meaning, while the considered 
domain is usually limited because element size needs to be relatively 
small. As a representative of implicit DEMs, DDA method applies con-
stant strain elements to reproduce blocks in the continuum parts and 
springs on the boundaries of the blocks to determine the relationships 
between relative displacements and forces [18–22]. Due to the diffi-
culty of determining mechanical parameters for springs, there is the 
possibility of inaccurate simulations in transition from continuity to 
discontinuity.

Simulation of the initiation of slope slides in the presence of both 
continuity and discontinuity requires an approach capable of simulta-
neously taking into account both conditions. In recent years, hybrid 
numerical methods have become increasingly popular. A hybrid pro-
cedure for the analysis of rock dynamics has been developed by Jin 
et al. [23]. Since boundary element method can easily simulate the 
radiation damping of far field, it has been embedded into DEM proce-
dure to allow the simulation of infinite and semi-infinite domains in 
hybrid systems. Therefore, a hybrid procedure combining the ad-
vantages of both methods can be used in the investigation of the effects 
of non-uniform input mechanism on discontinuous media with con-
tinuous far fields. Liu et al. [24] proposed a single-step method for the 
analysis of visco-elastic structures containing non-smooth contactable 
interfaces. In this method, nonlinear boundaries are handled by a two-
level algorithm providing a convenient and efficient solution for dy-
namic contact problems.

More recently, Zhang et al. [25] developed an interface stress ele-
ment method for the analysis of anti-sliding stability of dams. The 
method decomposes the structure into discrete elements and interface 
elements which can naturally describe the features of discontinuous 
deformations including dislocations, openings or slips in the bedding 
planes of bedrocks providing better results than traditional FEMs. To 
study the uniaxial tensile behavior of concrete specimens, Du et al. [26] 
added Heaviside jump function into the common finite element ap-
proximation method for the simulation of discontinuities in cracked 
domains. The so-called extended finite element method can be applied 
in the investigation of the fracture of concrete specimens without any



contact force and the displacement on the interface boundary.
Therefore, the solution of the governing equations requires to introduce
a nonlinear relationship between these two unknowns. The nonlinear
relationship can be described as:

a) The incremental displacement of each block node I u{Δ }t i in-
cluding the incremental displacement of the deformable body u{Δ }i and
the rigid incremental displacement of the rigid body u{Δ }g i can be ex-
pressed as:

= +u u u{Δ } {Δ } {Δ }t i i g i (1)

where the incremental displacement of the deformable body u{Δ }i and
the rigid incremental displacement of the rigid body u{Δ }g i can be
solved by FEM and IE, respectively (see Fig. 1(b)).

b) Contact forces cause the block to deform.
c) Regarding the rigid body, Contact forces and external loads

maintain a static balance at the centroid.
d) Block deformation can lead to the transformation of the contact

force and the contact state.
The contact state of the interface is defined as three types, namely,

open, closed and slip. For an arbitrary block, based on the aforemen-
tioned hypothesis, the displacement consists of two parts caused by the
deformable body and the rigid body, respectively. For the incremental
displacement of the deformable body, it can be solved by performing
PFE for each block and the expression turns out to be

= +u u C fΔ Δ ¯ Δn n n (2)

where uΔ ¯n is the incremental displacement of the deformable body
caused by total external load, C the flexibility coefficient matrix, fn the
increment of contact internal force at step n.

In terms of the rigid incremental displacement, for any node on the
contact boundary, its rigid displacement involves translation and ro-
tation can be determined by the kinematic relation and can be ex-
pressed as

=u ω γΔ Δg i
k

n
i (3)

where ωik is the transform matrix of the node in the block.
If we introduce Eqs. (1) and (3) into Eq. (2), After some mathe-

matical derivation it is possible to obtain the relational expression as:

+ = −C f ω γ u uΔ Δ Δ Δ ¯k
n
k

i
k

n
i

tn
k

n
k (4)

of which,Ck is part of the total flexibility matrix relevant to node k, uΔ ¯nk

the deformable incremental displacement due to the external load in-
crement, uΔ tn

k the total displacement increment at the current iterative
step which is induced by both the external load increment and the
contact force increment. It can be solved iteratively by the contact
forces increment fΔ n

k and the rigid displacement increment γΔ n
i .

The Eq. (4) could be merged with Eq. (3), and therefore we have,
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where subscript Γ indicates the boundary of contact face and the di-
mension of ω[ ]Γ is ∗ × − ∗p( dim) [dim 1) 3]i , subscript Ω indicates the
region of the block and the dimension of ω[ ]TΩ is

− ∗ × ∗q[(dim 1) 3] ( dim)i .
More details about the hybrid method can be found in the relevant

literature [29–31].

2.2. Landslide propagation modelling: a depth-integrated SPH technique

2.2.1. Governing equations
The governing equations for describing the movement of landslides

are given by:
(a) Balance of mass

+ =v
dρ
dt

ρ div 0
(6)

(b) Balance of linear momentum

= +v σ bρd
dt

ρdiv
(7)

where ρ is the density, v the velocity, σ the total stresses, and b the
gravity force.

These equations are then completed with rational constitutive or
rheological models. Afterwards, the obtained kinematical relations can
correlate strains and their rate to displacements or velocities.

Considering the average depths of landslides are usually over one
order-of-magnitude smaller than their length or width, herein, we in-
troduce depth-integrated model which has been widely applied by
many researchers [35,36,38–43]

According to the reference system sketched in Fig. 2, the integration
for sliding mass from the basal surface Z to the surface of the landslide

Fig. 1. Schematic diagram of PFE/IE hybrid model.



+Z hs can be implemented and results in:
(a) balance of mass

+ ∂
∂

=dh
dt

h v
x
¯ 0i

i (8)

(b) balance of momentum

= ⎛
⎝

⎞
⎠
+ +v τhd

dt
grad b h b hgrad Z

ρ
¯ 1

2
1

B3
2

3
(9)

where d
dt

is the “quasi-material derivative” defined by

= + =∂
∂

∂
∂v j¯ ( 1, 2)d

dt t j x
¯

j
, h the depth, v̄the depth-averaged velocity, Z

the elevation of terrain, ρ the density, b3 the body force, τB the friction
between soil and basal surface.

2.2.2. A brief introduction of the rheology models
As mentioned above, the governing equations need to be completed

with a reasonable rheology medal. In depth-integrated model, the
vertical structure of the flow is lost after integrating the balance of mass
and momentum equations. For a given time step of the computations,
the height of the landslide and the depth-averaged velocities are the
only two known quantities. To retrieve the shear stress, the approach
applied by most modelers consists of assuming that the current basal
stress is the same as that in an infinite landslide. The main assumptions
of infinite landslides are steady flows, no variations along the velocity
direction and the velocity only depending on the X3 coordinate (Fig. 3).

The velocity profile and the basal shear stress can be obtained for a
variety of 3D rheological models incorporating friction, viscosity, and
cohesion.

For example, in the Bingham model – a pure cohesive viscoplastic

Fig. 2. Reference system, coordinates, and notation of depth-integrated model.

Fig. 3. The simple shear, infinite landslide model.

Fig. 4. Schematic diagram of the combination of PFE/IE and SPH.



fluid model – the basal shear stress is given by:

⎜ ⎟= + ⎛
⎝

∂
∂

⎞
⎠

τ τ μ v
xy
1

3 (10)

where τy is the yield stress, and μ is the viscosity. After introducing the
assumptions of the simple shear, infinite landslide model, the expres-
sion relating the averaged velocity to the basal friction can be expressed
as:

⎜ ⎟ ⎜ ⎟= ⎛
⎝

− ⎞
⎠
⎛
⎝

+ ⎞
⎠

v τ h
μ

τ
τ

τ
τ

¯
6

1 2B y

B

y

B

2

(11)

The equation can be transformed into

= − + + =P η η a η( ): (3 ) 2 03
3 (12)

where a is a non-dimensional number and defined by =a μv
h τ
6 ¯

y
, and η is

the ratio between the height of the constant velocity region to the total
height of the flow and defined by =η h h/P .

In order to obtain the basal shear stress, the roots of this third order
polynomial have to be solved at each particle and time step, which
requires high computational efforts. As an alternative approach, a
simplified method proposed by Pastor et al. [44] is employed here, in
which the third order polynomial approximation of equation is given
by:

= − ⎛
⎝

+ ⎞
⎠

+P η η a η( ) 3
2

57
16

65
322

2
(13)

The root can be obtained immediately once we know the value of
the non-dimensional number a.

2.2.3. SPH discretization
The governing equations introduced in Section 2.2.1 can be dis-

cretized by various methods. In this paper, the SPH method where
continuum media is represented by a set of particles, is used to dis-
cretize the above equations. In terms of the development of the SPH
method, it was introduced by Lucy [45] and Gingold & Monaghan [46]
for astronomical modelling. Since then, it has been exported to other
problems like hydrodynamics [47], avalanche propagation [35,48], and
landslides [36,37,49], etc.

Within the system of SPH, any physical variable is approximated by
the surrounding values, and the method is based on the identity

∫= ′ ′ − ′ϕ x ϕ x δ x x dx( ) ( ) ( )
Ω (14)

where ′ −δ x x( ) is the Dirac's delta function centred at x . Here, the field
function is approximated by the integral representation or termed as
the kernel approximation in SPH models, and because of its smoothing
effect the integral representation behaves as a weak form formulation.

The delta function can be approximated by a weighting function
W x h( , ) fulfilling

′ − =
→

W x x h δ xlim ( , ̲ ) ( )
h 0 (15)

where h̲ is a parameter representing its decay.
The function ϕ x( ) is approximated by

∫〈 〉 = ′ ′ − ′ϕ x ϕ x W x x h dx( ) ( ) ( , ̲ )
Ω (16)

The weighting function or kernel W x h( , ̲ ) is required to satisfy
several conditions, such as the normalization condition, the Delta
function property, and the compact condition, etc. In addition, the
kernel needs to be a symmetric function of ′ −x x h( , ̲ ).

Regarding SPH modelling, several kernels have been presented in

Fig. 5. Illustration of the contact force transmission from PFE/IE to SPH.

Fig. 6. Model details of the single contact surface test, including the position of
the reference node and dimensions of the model.



the past. we use here the cubic spline proposed by Monaghan and
Gingold [50] and Monaghan [51].

Taking into account the integral representation of the derivatives in
SPH, they are defined as:

∫〈 ′ 〉 = ′ ′ ′ − ′ϕ x ϕ x W x x h dx( ) ( ) ( , ̲ )
Ω (17)

Concerning that the kernel has compact support, it results in:

∫〈 ′ 〉 = − ′ ′ ′ − ′ϕ x ϕ x W x x h dx( ) ( ) ( , ̲ )
Ω (18)

Some operators of interest like the gradient of a scalar function, the
divergence of a vector-valued function and the divergence of a tensor-
valued function, can be approximated according to the integral re-
presentation process. Those operators are then introduced to acquire
the kernel approximation (weak form) of the depth-integrated balance
equations, the approximation is given by

(a) balance of mass

〈 〉 + 〈 〉 ∂
∂

=d
dt

h h v
x
¯ 0i

i (19)

If we write the equation at node I , and therefore we get

∫= ′ ′ −vd
dt
h h

h
W x x

r
d¯· 1 . ( ) ΩI I

J

J
Ω (20)

(b) balance of momentum

〈 〉 〈 〉 = ⎛
⎝

⎞
⎠

+ 〈 〉 +v τh d
dt

grad b h b hgrad Z
ρ

¯ 1
2

1
B3

2
3

(21)

Through the same process, we have the equation at node I as:

= ⎛
⎝

⎞
⎠

+ +v τd
dt h

grad b h b grad Z
ρh

¯ 1 1
2

1
I

I
I

I
B3

2
3

(22)

And

∫= ′ ′ − + +v τd
dt h

b h
h
W x x

r
d b grad Z

ρh
¯ 1 · 1

2
1 Ω 1

I
I

J
J I

BΩ 3
2

3
(23)

The kernel approximation is further approximated using particles in
SPH. The SPH method introduces the concept of “particles”, the con-
cerning field variables in the domain are subdivided by them. We in-
troduce a set of particles or nodes labelled with indexes K=1…N.
Obviously, the level of approximation improves with increasing the
nodes placed in the calculation region. Therefore, the strategic plan is
to have more particles in a place where a large gradient occurs.

Considering the approximation of a function, since the information
of the function is only available at the set of N nodes, the numerical
integration technique can be used to evaluate the integral:

Fig. 7. The yielding procedure of contact pairs in the case of a single contact surface (under different reduction factors).

Fig. 8. Displacement of the reference point along X-direction in the case of a
single contact surface.

Fig. 9. Ultimate-state displacement vectors in the case of single contact surface.



∑= 〈 〉 = −
=

ϕ ϕ x ϕ x W x x h( ) ( ) ( , ̲ ) ΩI I h
J

N

J J I J
1 (24)

where we have used the sub-index “ h̲” to represent the discrete ap-
proximation. The weights of the integration formula are = m ρΩ /J J J in
whichΩJ ,mJ and ρJ are the volume, mass and densities linked with node
J.

This expression is the commonly used approximation form in SPH.
In the situation we use the function ϕ to represent the density, we ob-
tain:

∑ ∑= =
= =

ρ ρ W m
ρ

W mI
J

Nh

J IJ
J

J J

n

IJ J
1 1 (25)

with = −W W x x h( , ̲ )IJ J I .
For a node I , the fictitious volumemI moving with this node can be

given by

=m hΩI I I (26)

where ΩI is the 2D area associated to the node I .
Then, the kernel approximation of the balance Eqs. (20) and (23)

can be further discretized using particle approximation method, and it
results in:

∑= − vd
dt
h h m

h
W

¯
·gradI I

J

J

J
J
T

IJ
(27)

where we have introduced = ′ −Wgrad IJ
W
h

x x
r

I J .
With respect to the balance of momentum equation, the discretized

Fig. 10. The model of ellipsoid landslide.

Table 1
Physical and mechanical parameters of ellipsoid landslide.

Material Density
(kg/m3)

Elastic
modulus (MPa)

Poisson’s ratio Shear strength

c (kPa) φ(°)

Contact surface 2000 100 0.1 30 30
Bedrock 2300 100 0.1 — —

Contact State

Slide

Closed

Fig. 11. The yield procedure of contact pairs in the case of an ellipsoid landslide (under different reduction factors).

Table 2
Comparison of the results obtained from different methods.

Method Simplified
Bishop

3D Spencer Simplified
Janbu

3D Sarma
[53]

This
paper

Safety factor 1.30 1.34 1.25 1.48 1.45



form can be obtained as:

∑=
+

+ +v b τd
dt

m
p p
h h

W
ρh

¯
¯

·grad 1
I

J
J

I J

I J
IJ

I
I
B

(28)

where = −p h b1
2

2
3 is the average pressure and the body force term b is

given by b b grad Z= 3 .
The interested reader can find more details in references [36,37,52].

2.3. Combination of PFE/IE with SPH

As stated above, the determination of the material parameters of
potential landslides after initiation has always attracted the attention of
researchers. Based on the available literature, back analysis is con-
sidered as an effective approach in acquiring reliable rheological
parameter values. However, in the absence of relevant landslide events
in nearby areas or enough on-site observation data, the application of
such calibration-based approaches seems to be unrealistic. Since the
simulation of landslide propagation is affected by the analysis of sta-
bility and critical stage judgment has been intensively investigated as a
decisive factor in slope stability, the application of stability analysis
methods to investigate limit stage and determine initial conditions for
the following slope movement simulations can be promising in pre-
dicting potential landslide events.

In this paper, PFE/IE method, which has been proven to be an ef-
fective method for the analysis of landslide stability, has been coupled
with strength reduction method to study the instability of slopes. As
illustrated in Fig. 4, the proposed hybrid method was able to analyze
slope failure and obtain essential information such as safety factor and
slope limit state. Safety factor, i.e. reduction factor, can be adapted to
determine material parameters under limit state, and limit contact force
over sliding surface can provide more precise conditions for basal
friction. Then, this information were input into depth-integrated SPH
model for landslide propagation analysis.

Compared with reduced material parameters, limit state contact
force requires further analysis. Firstly, we need to consider the calcu-
lation of bottom friction under the framework of depth-integrated
models. In Section 2.2.2, we briefly introduce the basic hypotheses of
the rheology models in depth-integrated system as well as polynomial
approximation method by taking Bingham model as an example. For
basal friction, when landslide body is stationary, which is the case in
landslide triggering, the velocity of landslide mass is 0. According to
Bingham model, taking into account the expression of non-dimensional
number a, we have:

Fig. 12. Ellipsoid landslide model.

Table 3
Physical-mechanical parameters of the rock masses in Zhenzhuba slope.

Material Density (kg/
m3)

Elastic modulus
(MPa)

Poisson’s ratio Shear strength

c (kPa) φ (°)

Sliding zones 2200 15 0.4 16 17
Landslide

body
2300 20 0.35 – –

Bedrock 2500 2500 0.28 – –

Fig. 13. Location of the Zhenzhuba landslide.



= =a
μv
h τ
6 ¯

0
y (29)

which is out of the range of the approximation method considering
region ∈a [0.001, 1000]. Therefore, in SPH model, basal friction is

considered to be 0, which means all SPH particles in the domain are
triggered and moved at once. Since the initiation of landslide over the
sliding surface could be unsynchronized in real world, like what is
observed in retrogressive landslides, we propose here to use the contact
force obtained from PFE/IE method to determine basal friction in a
more accurate manner. Once basal friction under stationary state is
acquired, the “external force” part in the momentum Eq. (9) can be
updated. Consequently, the sequence of particle motion can also be
determined.

In Fig. 5, shows the transmission of contact force from PFE/IE mesh
to SPH particles. Firstly, we traversed each SPH particle and determined
their relative positions in PFE/IE grid. Then, since the contact force of
element nodes was already known, the basal shear forces of SPH par-
ticles in each element (Fig. 5(b)) were obtained by applying an inter-
polation algorithm which is given by

Fig. 14. Engineering geological profile of a typical section in Zhenzhuba slope.

Fig. 15. The schematic diagram of Zhenzhuba slope.

Table 4
Displacements of reference node and contact states under difference reduction
factors in Zhenzhuba slope.

Reduction factor Displacement in X (m) Amount of the
failure pairs

Upper
point

Middle
point

Bottom
point

1.10 0.0678 0.0790 0.0864 161/684
1.15 0.0706 0.0827 0.0903 234/684
1.20 0.0850 0.0989 0.1011 320/684
1.24 0.0969 0.1106 0.1161 684/684
1.26 0.9504 1.0508 1.1609 684/684
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where ϕj is physical quantity at mesh node j, ϕi is physical quantity at
SPH particles i, dij the distance between them and m is set to 1 here.

3. Benchmark tests

In this section, two examples are illustrated to verify the robustness

and accuracy of the proposed hybrid model. These examples include
analytical solutions and reference results obtained from literature for
2D and 3D problems.

3.1. The case of a single contact surface

In this case, a 2D finite element model of a parallelogram slope over
a right trapezoidal base was considered, as shown in Fig. 6. The model
contained 560 elements and 609 nodes and both horizontal and vertical
boundaries of the base rock were constrained during simulation.

Fig. 16. The displacement of the monitoring points in the X direction.

Fig. 17. The contact states of Zhenzhuba slope under strength reduction process.

Fig. 18. Displacement vector when the slope is totally yielded and triggered.



Nonlinear iteration was limited and conducted only on joint pairs. Both
slope and basal block were considered to be rigid. By applying the
aforementioned hybrid method combined with strength reduction
method, the development process involving the features of stress and
deformation, rigid displacement and contact state on nodal pairs was
obtained. The following assumptions were made in the simulation of
this case: cohesion = PC 10k a, frictional angel = ∘φ 30 , and density
= −ρ 1960kg·m 3. Since sliding surface was 30°to the horizontal plane,

the analytical solution of safety factor for this case was obtained to be
1.12.

Displacement of reference node and the number of failure pairs in

strength reduction process are shown in Figs. 7 and 8, respectively. As it
can be seen, the displacement of the investigated node was almost
unchanged in the beginning, while the amount of failure pairs was in-
creased gradually and cohesion and friction angle were steadily re-
duced. During this process, the pairs located at slope toes were firstly
yielded and then the failed zone was developed upwards, as can be seen
in Fig. 7. Then, once the value of reduction factor reached 1.120, all
nodal pairs started to slip (corresponding displacement vectors of the
slope are given in Fig. 9). This can be also verified by the displacement
curve illustrated in Fig. 8 where inflexion point occurred at the re-
duction factor of 1.120. Therefore, the estimated safety factor of the

Fig. 19. Contact force vector along slip surface when landslide is triggered.

Fig. 20. Distribution of basal shear force of SPH particles.



model was 1.12 which coincided with the theoretical solution.

3.2. A case of an ellipsoid landslide

A notable ellipsoid slope case was employed to evaluate the per-
formance of the proposed model for 3D problems. Homogeneous rock
slope was 40m high with a slope angle of 45°, as shown in Fig. 10. The
slip surface was defined as:

− + + − =x x
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z z
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( ) ( ) 10
2

2

2

2
0
2

2 (31)

where x z( , )0 0 are the center point coordinates of the spheres, and a and
b are the rotational radii of the sphere. As indicated in Fig. 10, the
radius of the central section was taken as 40m and slip surface was
assumed to pass through the toe and head of the slope; therefore, we
had = = =a x z 40m0 0 . It should be noted that we had simplified the
model by setting width w equal to radius r . Therefore, the slope con-
sidered here was indeed a spherical cap slope.

In the established model, there were 39,098 nodes and 42,450
elements with 397 contact point pairs on the sliding surface. The
physical properties of the slope are listed in Table 1. Contact states
under different reduction factors are shown in Fig. 11. The figure shows
that firstly, the contact pairs close to the backside of the slip surface
started to slide and then failure region was developed toward slope toe
and crest. To the best knowledge of the authors, two reasons could
contribute to this phenomenon. First, the motion tendency of the slope
was mainly determined by its rotational failure pattern where the
down-slope movement of material occurred along a distinctive and
deep surface. Secondly, landslide was assumed to be rigid during the
simulation; therefore, for each contact pair, contact state mainly de-
pended on the mechanical parameters and gradient of slip surface.
Since mechanical parameters were maintained constant along slide
surface, the backside contact pairs were more likely to start to move,
owing to their relatively great slope gradients.

The obtained safety factor (SF=1.45) was compared with reference
values obtained from other methods listed in Table 2. As can be ob-
served in the table, the SF obtained from the proposed hybrid model
was within the range of reference values from other limit equilibrium
methods. Considering that limit equilibrium methods are generally
more conservative than real situations, the estimated SF value from the
hybrid model was considered to be reasonable. Finally, displacement

vectors when landslide was triggered, are presented in Fig. 12.

4. A case study of the Zhenzhuba landslide

In this section, the proposed hybrid method is applied to assess the
stability of Zhenzhuba slope. Moreover, the critical state of the slope
including contact force and reduced material parameters are obtained.
Simulation is performed using SPH method to investigate the propa-
gation and final deposit distribution of potential landslide hazards (see
Table 3).

As shown in Fig. 13, Zhenzhuba slope is located in Suijiang County
of Yunnan Province, China about 68.7 km away from Xiangjiaba hy-
dropower station. In terms of geology, the hill where the slope is lo-
cated is of typical cuesta landform. The lithology of bedrock strata is
grey-white and grey-green fine sandstone of J2s and the interbedded
layer of dark purple-grey and green calcareous mudstones and argil-
laceous siltstone. The maximum elevation of the ridge is 940.8 m with
an average slope of about 50°. The engineering geological structure of a
typical section is presented in Fig. 14. According to geological report,
the mechanical parameters for each stratum are listed in Fig. 5.

The established mesh model included 4436 elements and 6171
nodes as depicted in Fig. 15. In addition, three measuring points located
at upper, middle and bottom parts of the slope were assigned to monitor
slope displacements with various reduction factors. The periphery and
the bottom of bedrock were constrained in the simulation.

Displacements along the x-direction of monitoring points are sum-
marized in Table 4. As shown in the table, displacements were in-
creased gradually with the increase of reduction factor. Besides, for a
given reduction factor, displacements were decreased from bottom to
top. As can be seen in Fig. 16, the inflexion point of the displacement
curve was obvious and the corresponding safety factor was taken as
1.24.

The evolution of the contact states of the slope is illustrated in
Fig. 17. When reduction factor was decreased to 1.10, the left side of
the upper part and the toe of the slope started to yield and slide. Then,
half of the contact pairs were failed when the reduction factor reached
1.20. With further increase of reduction factor, failure region was
gradually developed from the left side to other parts of the slope. Fi-
nally, all point pairs on the contact surface were slipped at the reduc-
tion factor of 1.24. The displacement vector when the slope was com-
pletely yielded is demonstrated in Fig. 18.

Fig. 21. Landslide particles over the topography model.



So far, we have evaluated the stability of Zhenzhuba slope, reduced
mechanical parameters and contact forces when the slope was entirely
yielded. According to geological reports, Bingham model was used here
and reduced parameters were obtained at yield stress =τ 12.9 kPay and
frictional angle = °ϕ 13.7 . The distribution of contact forces is presented
in Fig. 19 in details. By applying the interpolation method introduced in

Section 2.3, the basal shear force of each SPH particle was acquired and
used in SPH simulation (Fig. 20).

As shown in Fig. 21, 6496 landslide particles were created in SPH
model. Numerical simulations were cast with computational duration of
400 s. According to the estimated results, the sliding mass moved re-
latively fast in the beginning and then reached the central valley of the

Fig. 22. Time-lapse images of the simulation of Zhenzhuba landslide, colors refer to the height of sliding mass (m).



terrain, as shown in Fig. 22(a–c). This process was accompanied by the
energy dissipation of landslide; therefore, as evident in Fig. 22(d–g), the
velocity of the sliding mass was sharply decreased as the materials
gradually gathered on the left side of the slope toe. Finally, due to the
dissipation of landslide kinetic energy, the landslide reached stationary
state and deposited in the river course, as shown in Fig. 22(h). The
maximum run-out distance of the landslide was about 125m and ap-
peared close to the left side of the slope front, (Fig. 23).

5. Conclusion

Landslides are common yet complex hazards. Because of their multi-
physical nature, no single model can reproduce all phenomena existing
in different stages of the event. Here, we have proposed a combined
method of PFE/IE hybrid model and SPH technique for assessing pos-
sible landslide evolution scenarios in both initiation and propagation
stages. In the initiation stage, PFE/IE hybrid model was employed to
evaluate the stability of slope. Since non-linear iteration was limited on
contact surface, hybrid model was able to effectively evaluate the sta-
bility and limit state of the slope including contact force over the sliding
surface, and reduced material parameters were revealed by simulation
results. Furthermore, to examine the accuracy of the proposed hybrid
method, the model was tested against numerical examples available in
the literature.

Then, the obtained limit state was applied to determine the trigger
sequence of landslide in propagation stage, which was cast by SPH
model. For a common depth-integrated SPH model, like the one used in
the present work, the simplified expression of basal friction was related
with averaged velocity which meant that basal shear force was ne-
glected when slope was in stationary state. In other words, the slope
slided simultaneously on the entire sliding surface. However, as we
know from some practical landslide events such as some retrogressive
landslides, the sliding sequence of different parts of landslide could be
unsynchronized. Therefore, more detailed and accurate contact states
determined by PFE/IE hybrid method can help us acquire the trigger
sequence of landslide in SPH model, which was the reason for the
combination of the two models.

Finally, the joint approach was applied to investigate the potential
hazards of Zhenzhuba landslide. The initiation, propagation, and final
deposition of Zhenzhuba landslide have been discussed in detail, which

can be applied for hazard prevention in similar engineering problems.
The main limitations of the presented numerical method are listed
below:

(i) Only the slopes with apparent potential sliding surfaces have been
discussed in the current work. For an arbitrary unstable slope
without explicit possible failure surfaces, other techniques which
can determine critical sliding surface under different loads can
extend the scope of the present method.

(ii) We have only considered landslides triggered by material para-
meter reduction. Other causes such as intense rainfall, earthquake
and human activities are also of great importance for under-
standing landslide initiation mechanism.

(iii) One of the advantages of the proposed joint method is that the
triggering sequence of unstable slopes can be investigated by PFE/
IE model. Therefore, some practical events with comprehensive in-
situ data and experimental tests relating to regressive landslides
can help validate the proposed method and improve its perfor-
mance.
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