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Resumen

Las medidas de campo próximo esférico son un conjunto de técnicas bien
establecidas para caracterizar antenas de forma precisa. Al escanear el campo cercano
con una sonda auxiliar sobre una superficie esférica que encierra la antena bajo prueba
(ABP) y aplicar técnicas de postprocesado, se puede obtener su diagrama de radiación
con una incertidumbre muy baja. Esto aumenta considerablemente el tiempo de
medida en comparación con los enfoques de campo lejano o cuasi-lejano e impone
una serie de restricciones en cuanto a la coherencia de fase entre ABP y sonda, así
como el número de puntos de muestreo y su distribución. Estos requisitos pueden
dar lugar a medidas más largas, costosas o poco prácticas. El desarrollo de técnicas
avanzadas de postprocesado permite relajar estas restricciones, para maximizar la
eficiencia de los laboratorios de medida de antenas modernos. Después de presentar
la teoría básica de la transformación de campo próximo esférico a campo lejano, así
como los algoritmos y desafíos actuales, esta tesis contribuye con una serie de técnicas
innovadoras para el postprocesado de campo próximo esférico en diferentes escenarios.
Se consideran tres aplicaciones diferentes:

• Reducción del número de muestras para minimizar el tiempo de medida. Se
presentarán dos técnicas diferentes que explotan las propiedades de radiación
de las antenas de haz tipo pincel y de las montadas de forma descentrada en el
posicionador de medida.

• Mallas no uniformes y superficies arbitrarias: el uso de mallas de escaneo
diferentes de las equiangulares, así como la generalización de las medidas de
campo próximo a superficies arbitrarias son de gran interés para aumentar la
flexibilidad del proceso de medida. Para esta aplicación, se proponen e investigan
dos técnicas eficientes.

• Medidas sin referencia de fase: Trabajar con datos en amplitud facilita las
medidas de alta frecuencia y puede evitar la necesidad de costosos equipos de
radiofrecuencia. Se investigarán técnicas de recuperación de fase que permitan
el postprocesado en estos escenarios.

El objetivo común de todos los algoritmos introducidos es recuperar la Expansión
en Ondas Esféricas (SWE) de la ABP minimizando la información de campo cercano
y los recursos computacionales necesarios. Una vez obtenida la SWE, todas las
características de radiación de la ABP, incluido el diagrama de radiación, pueden
derivarse directamente. Con los resultados de la investigación realizada y de los
algoritmos desarrollados en esta tesis, los laboratorios de medida de antenas, como
el de la Universidad Politécnica de Madrid, pueden beneficiarse incorporando los
conocimientos derivados al postprocesado de sus medidas. Se han realizado ejemplos
prácticos con datos de campo cercano medidos que demuestran que todas las técnicas
desarrolladas pueden ser implementadas en el software de postprocesado para permitir
medidas avanzadas. Además, las aportaciones introducidas abren nuevas líneas de
investigación para seguir mejorando los algoritmos desarrollados.
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Abstract

Spherical near-field measurements are a set of well-established techniques for
accurate antenna testing. By scanning the near-field with an auxiliary probe over a
spherical surface enclosing the antenna under test (AUT) and applying postprocessing
techniques, its radiation pattern can be obtained with very low uncertainty. This
considerably increases the measurement time compared with far-field or quasi-far-
field approaches and imposes a series of constraints in terms of AUT-probe phase
coherence and the number of sampling points, as well as its grid distribution.
Such requirements may lead to longer, more expensive, or impractical measurement
processes. The development of advanced postprocessing techniques allows to relax
these constraints, to maximize the efficiency of modern antenna measurement facilities.
After introducing the basic theory of spherical near-field to far-field transformation,
as well as the state-of-the-art algorithms and challenges, this thesis contributes with
a series of innovative techniques for spherical near-field postprocessing in different
scenarios. Three different challenging applications are considered:

• Reduction of measurement samples to minimize measurement time: two different
techniques which exploit the radiation properties of pencil beam and offset-
mounted antennas will be presented.

• Non-uniform grids and arbitrary surfaces: the use of scanning grids different from
equiangular, as well as the generalization of near-field measurements to arbitrary
surfaces are of high interest to increase the flexibility of the measurement process.
For this application, two efficient techniques are proposed and investigated.

• Phaseless measurements: working with amplitude-only data facilitates high-
frequency measurements and may avoid the need of expensive radiofrequency
equipment. Phase retrieval techniques will be investigated to allow the
postprocessing in these scenarios.

The common goal of all the introduced algorithms is to retrieve the Spherical
Wave Expansion (SWE) of the AUT minimizing the required near-field information
and computational resources. Once the SWE is obtained all radiation characteristics
of the AUT, including the radiation pattern can be derived straightforwardly.
With the investigation results and algorithms introduced in this thesis, antenna
measurement facilities, such as the one at Universidad Politécnica de Madrid, can
benefit incorporating the derived knowledge. Practical examples with measured
near-field data have been carried out proving that all developed techniques can be
implemented in the postprocessing software to allow for advanced measurements. In
addition, new lines of research are opened for further improvement of the introduced
contributions.

Keywords: Antenna measurements, postprocessing, near-field, spherical wave
expansion, under sampling, down sampling, offset measurements, non-uniform grid,
non-uniform fast Fourier transform, arbitrary surfaces, phaseless measurements.
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Chapter 1

Introduction

The increasing connectivity demands of the modern world have led to the research
and development of new communication techniques and standards. Technologies
such as 5G [1], internet of things [2], smart cities [3] and car2X communications
[4] are driving the development of new antenna systems with improved performance
characteristics in terms of efficiency, bandwidth, gain and manufacturability. Antenna
testing [5, 6] becomes a critical tool to assess the performance and evaluate if
the manufactured prototypes fulfill the specifications required by the application.
Radiation pattern, directivity, gain and polarization are typical parameters evaluated
by antenna manufacturers due to their high impact on antenna performance.

From the different antenna parameters, radiation pattern constitutes one of the
most challenging to obtain, because it means to evaluate the Antenna Under Test
(AUT) radiation in all angular directions under far-field conditions. This is done
by means of an auxiliary antenna or probe which samples the field radiated by the
AUT using moving and rotating positioners. The most straightforward procedure
is to directly measure the AUT radiation in the far-field region, which is given by
the Rayleigh condition [7]. This typically involves the use of outdoor measurement
facilities [8] due to large space requirements imposed by the Rayleigh condition.

The need of using indoor facilities with reduced size led to the development of
alternate antenna measurement techniques, such as the Compact Antenna Test Range
(CATR) [9, 10, 11]. In the CATR, quasi-far-field conditions are emulated by means of
typically reflector systems, which generate a field behaving as plane wave in a certain
region of the space. Placing the AUT in this region over an angular positioner allows
to obtain its radiation pattern in a fast and effective way. Amplitude and phase
deviation from a perfect plane wave in the CATR may introduce excessive errors for
certain applications [12]. Therefore, near-field measurements were conceived as a more
accurate antenna testing alternative[13].

1.1 Near-field ranges

In near-field ranges, the radiation of the antenna is measured at a distance lower than
the Rayleigh criterion. Therefore, postprocessing techniques [14] must be applied to
retrieve the antenna radiation pattern as if it were measured in the far-field. Different
near-field configurations exist depending on the surface used to perform the scanning

1



2 CHAPTER 1. INTRODUCTION

of the AUT radiated fields. The most common are the cylindrical, spherical and planar
set-ups because they can be implemented with simple mechanical positioners and the
postprocessing of the near-fields can be done with efficient and stable algorithms.

1.1.1 Planar set-up

The planar set-up [15, 16, 17] as its name suggests, is characterized by the fact that it
only uses the x and y axes of the plane for acquisition. In this system the probe is the
one that performs all the movement (see Fig. 1.1). This system is the most suitable for
measuring large antennas, since for some of them their movement can be difficult to
perform, and on the contrary in this system the AUT remains static during the entire
measurement. It has the disadvantage that, due to its geometry, the system is not
able to capture all the radiation from the antenna in the measuring plane. However,
for directive antennas this does not pose a big problem as most of the radiation is
concentrated on the measurement plane.

Figure 1.1: Illustration of a near-field planar set-up.

1.1.2 Cylindrical set-up

For the cylindrical system [18], the movement of an angular axis (normally obtained
with azimuth positioners on which the AUT is placed) is combined with that of a
linear z axis (vertical sliding), thus acquiring a regular mesh of points on a cylindrical
surface, as shown in Fig. 1.2. Therefore, the measurement truncation is removed
along one axis with respect to the planar at the expense of an increased mechanical
complexity. This system is appropriate for the measurement of antennas with wide
beam widths in the horizontal plane but directive in the vertical one, such as base
station antennas for cellular communications.
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Figure 1.2: Illustration of a near-field cylindrical set-up

1.1.3 Spherical set-up

For spherical measurements [19, 20], the antenna will move along the θ (azimuth
scan) and φ (roll scan) axes, according to the spherical coordinate system. For this
purpose, in most cases the probe will be fixed on a tower and the AUT on a positioner.
Usually the positioner performs a roll-over-azimuth movement, which means that the
antenna rotates on itself while it moves step by step along the axis relative to the
horizon. The movement made by the antenna and the directions in which it is pointed
make it possible to form a mesh of measuring points on a spherical surface, as can
be seen in Fig. 1.3. This measurement system allows the complete AUT pattern to
be characterized but the fact that it needs to be place on the positioner can be a
drawback for large antennas.

1.1.4 Robotic arm set-up

Finally, in some applications it may be convenient or mandatory to measure the
AUT fields over surfaces different than planes, cylinders or spheres. For example,
the industrial robot of [21] has several degrees of freedom that can generate any
measurement surface. In the last years, this type of measurement over irregular or
arbitrary surfaces have received increasing interest due to their high flexibility and
versatility.

1.2 Aim of the thesis

Among all antenna measurement techniques, the spherical range provides a series of
advantages over the rest that makes it the preferred choice for performing accurate
near-field measurements [20]. First, free space conditions can be emulated effectively
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Figure 1.3: Illustration of a near-field spherical set-up.

by use of proper absorbers and anechoic chamber shielding, which avoids issues
of multiple reflections or interference. Second, measuring the AUT over a sphere
enclosing all the radiated energy avoids any truncation error as compared to its near-
field counterparts. Finally, the analytical formulation for postprocessing the near-field
ensures a stable and well condition far-field transformation without requiring any prior
information of the antenna but its electrical size. After 40 years of development,
spherical near-field measurements have become a set of mature techniques. Extensive
work on advanced calibration and operation techniques has been developed, as well
as new improvements are still under investigation [22]. Standardized procedures for
deriving measurement uncertainties are also available [23]. This allows to quantify
the accuracy of a given measurement range according to the different mechanical
and electrical parameters of its equipment. All these characteristics have made the
spherical near-field measurement technique widely used in universities, companies and
research centers, becoming the preferred choice for accurate antenna testing.

However, it also presents some drawbacks, the main one being the long measure-
ment times because the complete surface in the near-field must be acquired before
transforming to far-field. This turns the pattern measurement into a time-consuming
process which is often the bottleneck of antenna testing. Antenna measurement
facilities are expensive and highly demanded, so it becomes critical to reduce as much
as possible the testing times keeping the accuracy under control. Other disadvantages
come from the strict requirements imposed by the postprocessing techniques over the
measurement parameters, like the number of measured field points and its distribution.
Moreover, there is an increasing interest on measurements without phase reference,
due to emerging techniques such as Over-The-Air (OTA) testing [24] or just because
amplitude-only power measurements become an economic alternative, specially at high
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frequencies. Considering all these open topics, the aim of this thesis is to contribute
to the following areas:

• Reduction of measurement times in spherical near-field measurements.

• Far-field transformation of near-fields with arbitrary sampling grids and mea-
surement surfaces.

• Feasibility study of near-field spherical measurements with amplitude-only data.

The investigations performed in this thesis are mainly numerical, focusing on the
development of advanced postprocessing techniques that can be implemented in a
standard computer. Therefore, the contributions can be incorporated in modern
measurement facilities without need of specialized hardware or high-performance
workstations. The near-field to far-field transformation algorithms have been designed
to be efficient, flexible and to require as less near-field information about the AUT as
possible. In addition, this thesis also incorporates an experimental part, where the
developed numerical techniques are tested using near-field measurements performed
in Universidad Politécnica de Madrid to verify its potential and performance.

This PhD thesis is organized as a compilation of papers, where the most relevant
contributions have been published in high impact international journals. The outline
of the thesis will be the following: chapter 2 will give a theoretical introduction about
spherical near-field measurements, explaining the most relevant topics and some state-
of-the-art techniques for the postprocessing of near-fields. The following chapters give
a summary of the main contributions published in the journal manuscripts, which
have been divided in three blocks. The first block (chapter 3) corresponds to the
topic of Fast spherical measurements, which aims to reduce the number of required
near-field samples for a successful transformation. The second block (chapter 4)
deals with arbitrary sampling schemes and surfaces, with the focus of obtaining
computational efficient algorithms in measurement configurations with grids and
scanning geometries different to equiangular spherical. The last block (chapter 5)
investigates the feasibility of phaseless measurements employing multiple scanning
surfaces to retrieve the radiation pattern with phase retrieval techniques. After the
conclusions (chapter 6), the journal papers are included in which the contributions of
the thesis are thoroughly discussed (chapter 7).
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Chapter 2

Theoretical background and
methodology

This chapter covers the theoretical background of the spherical near-field to far-field
transformation. State-of the art and current challenges are introduced to set the
context and methodology of the work performed on this thesis.

2.1 Near-field to far-field transformation principle

Electromagnetic fields radiated inside anechoic chambers are governed by Maxwell
equations, derived around 150 years ago. Considering a homogenous medium with
constitutive parameters ν and ε, in the absence of electric or magnetic charges, these
equations are given by:

∇× ~E = − ~M + jωµ ~H (2.1)

∇× ~H = ~J − jωε ~E (2.2)

∇ · ~D = 0 (2.3)

∇ · ~B = 0 (2.4)

where ~D = ε ~E, ~B = µ ~H and the time dependence e−jωt is assumed and will be
suppressed along the rest of this document. ~J and ~M are the electric and magnetic
currents respectively, which radiate the electromagnetic fields ~E and ~H. In antenna
measurement scenarios, ideally the existing currents are only located over the antenna
physical extent, and the radiated fields are measured typically in the near-field region
in a closed surface. The uniqueness theorem [25] states that there exist only a set of
~J and ~M currents which radiate a given electromagnetic field in a surface enclosing
such currents. Therefore, the adequate characterization of antenna fields over closed
surfaces allows for the determination of all the antenna radiation characteristics,
including the far-field radiation pattern. Because the fields are measured in the
near-field region and we are usually interested in the far-field pattern, the Near-Field

7
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To Far-Field Transformation (NFTFF) is a critical step on antenna measurement
techniques.

A conceptual representation of the NFTFF process is depicted in Fig. 2.1. First,
the electric and magnetic currents of the Antenna Under Test (AUT) are obtained
from the knowledge of the near-field by solving an inverse problem. Then, the far-field
is computed in what is called a direct problem. Both inverse and direct problems can
be solved using the relationships between electromagnetic currents and fields governed
by Maxwell equations. For an efficient implementation of field transformations, the

Figure 2.1: Schematic depiction of the near-field to far-field transformation principle.

electromagnetic fields are expanded into a set of linearly independent wave objects
which are orthogonal with respect to each other. These wave objects are called
modal expansions and they are derived solving Maxwell equations in a canonical
coordinate system: cartesian, cylindrical and spherical. Each of these expansions is
suitable for its application on planar, cylindrical and spherical near-field measurement
systems respectively, because they enable for a fast and straightforward mathematical
evaluation of the inverse and direct problems of the NFTFF. The present work is
focused on the spherical near-field range, so the modal expansion for this geometry
will be analyzed in detail throughout the following sections.

2.2 The Spherical Wave Expansion

Fig. 2.2 depicts an AUT radiating in the center of a spherical coordinate system. In
a green circle, the AUT minimum sphere is depicted, which is defined as the smallest
sphere completely circumscribing the AUT, with its center in the coordinate system
origin. Two regions are differentiated: inside the minimum sphere, where all the
electromagnetic currents are contained, and outside it, which is a source-free region.
In the latter region, the field radiated by the AUT can be represented as an infinite
summation of spherical waves, each of them being a solution of the Maxwell equations.
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Such summation is called Spherical Wave Expansion (SWE) [19]:

~E (r, θ, φ) =

2∑
s=1

∞∑
n=1

n∑
m=−n

Qsmn ~F
(3)
smn (r, θ, φ) (2.5)

Figure 2.2: Geometry and coordinate system of a spherical near-field measurement
system.

being Qsmn the Spherical Wave Coefficients (SWC) of the AUT, and ~F
(3)
smn (r, θ, φ)

the wave vectors that form the basis of the expansion. The explicit form of
~F

(c)
smn(r, θ, φ) is given in (2.6) and (2.7), in which Pmn corresponds to the normalized

associated Legendre function of degree n and order m. The index c identifies the
travelling nature of the spherical waves (inward, outward, or stationary). In the case
of an antenna in free space only outward travelling waves exist outside its minimum
sphere. This is equivalent to c = 3 and z(3)n corresponds to the spherical Hankel
function of first kind and order n. Finally, k is the free space wavenumber.

~F
(c)
1mn (r, θ, φ) =

1√
2π

1√
n (n+ 1)

(
− m

|m|

)m{
z(c)
n (kr)

jmP
|m|
n (cos θ)

sin θ
ejmφθ̂

− z(c)
n (kr)

dP
|m|
n (cos θ )

dθ
ejmφ φ̂

}
(2.6)
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~F
(c)
2mn (r, θ, φ) =

1√
2π

1√
n (n+ 1)

(
− m

|m|

)m{n (n+ 1)

kr
z(c)
n (kr)P

|m|
n (cos θ ) ejmφ r̂

+
1

kr

d
{
krz

(c)
n (kr)

}
d {kr}

dP
|m|
n (cos θ )

dθ
ejmφ θ̂

+
1

kr

d
{
krz

(c)
n (kr)

}
d {kr}

jmP
|m|
n (cos θ )

sin θ
ejmφ φ̂

}
(2.7)

2.2.1 The spherical wave functions

Each vectorial component of the spherical wave functions admits a simplified notation
exploiting the separability of its definition with respect to the 3 spherical coordinate
variables:

F (3)
smn (r, θ, φ) = Csmn · hsn(r) · fsmn(θ) · ejmφ (2.8)

being Csmn a constant, hsn(r) a function that produces radial variations, and fsmn(θ)

a function that expresses angular dependence. Better understanding of the spherical
wave vectors can be achieved studying by separate each of these partial functions:

• φ dependence is dictated by ejmφ. The superposition of these exponential terms
will produce sinusoidal variations, the higher the index m the more rapid.

• θ dependence is given by the associated Legendre functions. In Fig. 2.3 some
curves are plotted for various orders and degrees of this functions. They resemble
to sinusoidal functions and their variations increase with the degree too. In
addition, a schematic 3D view representation of both angular variations is
represented in Fig. 2.4.

• r dependence is dictated by the Hankel function.

It is interesting to analyze the radial behavior so in Fig. 2.5 its amplitude response
is depicted. As the distance from the antenna increases the amplitude decreases. We
can identify two regions on each curve, first a zone where the amplitude decreases
abruptly and then a region in which the attenuation is less accused, specifically -20
dB each decade, which corresponds to the 1

r2
dependence of a typical wave in the

far-field region. The first region is called the evanescent region, as modes that start to
propagate in this region suffer an extremely high attenuation and do not contribute
to the far-field. As a result of these property the number of spherical modes needed
to accurately represent a field is given by the empirical expression:

N = dkr0e+ n0 (2.9)

where r0 is the radius of the minimum sphere and the square brackets indicate the
largest integer smaller than or equal. The integer n0 depends on the required accuracy
and the type of AUT [26], but a common choice is n0 = 10. Therefore, the summation
in n of (2.5) can be truncated to the value N . This means that there will be a total
of 2N(N + 2) SWCs involved in the summation.
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Figure 2.3: Associated Legendre functions of degree n = 3.

Figure 2.4: 3D representation of the spherical wave functions real part for various
degrees and orders.

The SWE posses several properties which make it convenient for its application
in antenna measurements. First, the SWC constitutes a unique and compact
representation of the AUT with minimum redundancy: each coefficient is directly
related to a degree of freedom of the radiated field. Secondly, the spherical wave
functions form an orthogonal basis, which allows for an efficient computational
implementation. Finally, the SWE gives an exact expression for the radiated field
at all points of the space outside the minimum sphere, including the far-field, which
enables the derivation of NFTFF techniques.

2.2.2 The mode power spectra

Having studied the behavior of the spherical wave functions, now we turn to the
analysis of the SWC. These coefficients represent the amplitude and phase contribution
of each spherical wave function to the total AUT radiated field. Therefore, each
antenna has its own set of SWC different to those of any other antenna, meaning
that if two antennas have the same SWC they radiate the exact same field. The
SWC behaves as the spectrum of the radiated field. In fact, we can observe the close
relationship between the spherical wave functions and exponentials, reinforcing the
idea that the SWC is a special kind of Fourier Transform. Antennas radiating fields
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Figure 2.5: Radial behaviour of the spherical wave functions for various values of n.

with high angular variations will have high harmonics with significant power. The
indexesm and n identify if these variations are along the φ or θ coordinate respectively.
The m,n-power spectrum is a convenient tool to analyze the SWC, providing insights
in the AUT properties and behavior. It is a two-dimensional function given by:

Smn =
1

2

2∑
s=1

|Qsmn|2 (2.10)

As an example, Fig. 2.6 depicts the m,n-power spectrum of the VAST12 antenna
[27], with a maximum mode index N = 180. It can be observed the power distribution
of the different harmonics and how they tend to concentrate more to low values of m
as compared with n. This is typical of pencil beam antennas. For a more quantitative
analysis of the power distribution, the m-power spectrum is defined as:

Sm =

N∑
n=m

Smn (2.11)

And the n-power spectrum in a similar way:

Sn =

n∑
m=−n

Smn (2.12)

Both m and n spectra are obtained collapsing the m,n-spectra along one dimension,
and they serve for a more detailed analysis of the power level of the different harmonics
aggregated for all m and n. The corresponding spectra for the VAST12 antenna
are depicted in Fig. 2.7. Both tend to decrease for high harmonic indexes, which is
expected due to the cut-off properties of the spherical wave functions. In the case of the
n-spectrum, it is observed that the power shows a constant residual level around -55 dB
for the last harmonics instead of decreasing as it would be expected. This is the effect
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Figure 2.6: m,n-power spectrum of the VAST12 antenna.

of measurement imperfections such as noise, mechanical misalignment, or other non-
ideal effects. It is considered as good practice to check the level of the last harmonics
to ensure that the measurement has been performed adequately. If the residual level
power is too high (greater than -40 dB), it means that either the truncation number of
the expansion N has been miscalculated or there exist errors which are contaminating
the measurement in the form of high order harmonics. Finally, it is noted that the
amplitude levels of the spectra are relative to the total radiated power (TRP) of the
AUT. This is a direct consequence of the power normalization of the spherical wave
functions, so that the total power is given by:

TRP =
1

2

2∑
s=1

∞∑
n=1

n∑
m=−n

|Qsmn|2 (2.13)

2.3 The transmission formula

In standard near-field measurements, the field radiated by the AUT is measured with
an auxiliary antenna known as probe. If the AUT and probe are separated several
wavelengths so that mutual coupling can be neglected, the AUT is unaffected by the
presence of the probe, maintaining the quasi-free space conditions inside the anechoic
chamber. However, the field measured by the probe is not the actual field radiated
by the AUT, because the probe introduces some distortion which will depend on its
radiation pattern and polarization characteristic. The probe effect can be regarded as
a spatial filter of the AUT radiated field. This means that measurements performed
in anechoic chambers are not strictly recording the radiated fields, but antenna-
probe interactions. Such interactions can be mathematically defined by means of
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(a)

(b)

Figure 2.7: n-power (left) and m-power (right) spectra of the VAST12 antenna.
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the transmission formula:

w =
2∑
s=1

N∑
n=1

n∑
m=−n

QsmnPsmn (2.14)

being w the voltage signal measured in the probe input port and Psmn the SWC of the
probe. Intuitively, the AUT-probe coupling can be regarded as a scalar product of the
modal coefficients of both. However, (2.14) is not practical in its present form because
both expansions must be defined with respect to the same origin, but their relative
location is changing continuously during the measurement. It is more convenient
to derive a transmission formula relating both expansions where their origins are in
center of each of the antennas. This requires the introduction of some rotation and
translation terms which allow to express the SWC of the AUT in the point where the
probe is performing the measurement.

Consider the near-field measurement scenario depicted in Fig. 2.8 where now the
AUT is being measured by a probe located in a point of coordinates (r, θ, φ). The
probe has its own coordinate system, and it is pointing to the origin of the AUT’s
one. In this configuration, the probe admits an additional rotation around its z, axis,
which is given by the angle χ. In these conditions, the complete transmission formula
is given by [19]:

w (r, χ, θ, φ) =
2∑
s=1

N∑
n=1

n∑
m=−n

2∑
σ=1

V∑
ν=1

ν∑
µ=−ν

Qsmne
jmφdnµm (θ) ejµχCsnσµν(kr)Rσµν (2.15)

being dnµm (θ) and Csnσµν(kr) rotation and translation operators respectively, and Rσµν
the SWC of the probe antenna in the (x′, y′, z′) coordinate system. Once again, this
coupling can be seen as a scalar product of the coefficients of both antennas, but with
the corresponding translation and rotation terms needed to express them in the same
coordinate system. For the probe SWC definition, the indexes σνµ have been used to
avoid confusion with those of the AUT. The ν summation is truncated to a value of
V , which is analogous to the truncation index N in the n summation. Therefore, the
same rule of (2.9) can be followed to compute V using the probe minimum sphere.

A special case of probes are the so-called single order probes, which are well
known for exhibiting a SWE in which all coefficients are zero except those with
µ = ±1. Circular waveguide antennas fed with the fundamental mode possess this
property, which is of significant interest because it drastically simplifies the processing
of spherical near-field measurements. Inside the group of single order probes, another
type of antenna is of high relevance, the Hertz dipole, i.e., an infinitesimally small
electric dipole. Though not physically realizable, the Hertz dipole is considered as
a perfect probe, because it can measure the true field in each point without any
distortion whatsoever. The SWC of a Hertz dipole aligned with the x axis in the
coordinate system origin are all zero except for R(2,−1,1) = −R(2,1,1) = 1√

2
. If such

dipole is used as probe in Fig. 2.8 the corresponding measurement would be the θ
component of the AUT field, Eθ. If it is rotated an angle χ = 90◦ it will give the
value of Eφ. Therefore, the transmission formula becomes a generalization of the SWE
formula in (2.5) because it can be used to compute either the AUT radiated fields or
its interaction with a probe antenna.



16 CHAPTER 2. THEORETICAL BACKGROUND AND METHODOLOGY

Figure 2.8: Spherical near-field measurement coordinate system with probe angles.

2.3.1 Efficient implementation of the transmission formula

Eq. (2.15) requires the evaluation of a six-dimensional summation involving rotation
and translation operators which are numerically intensive to compute. If the field
in a sphere needs to be computed, (2.15) has to be evaluated for every (θ, φ) point.
Considering than the number of SWC may be in the order of thousands, it becomes
mandatory to dedicate some attention to the efficient evaluation of the transmission
formula to avoid bottlenecks in the NFTFF algorithms.

From the six summations in (2.15), the ones for s and σ introduce a minor
computational load increase with respect to the others because they only involve
two values each. The magnitude of the ν and µ summations depends on the probe
minimum sphere, which is usually small, so these two are also expected to contribute
less to the overall load. The most intensive ones are those for n and m, because
they can span for very large index values (around 100 typically), so they become
the bottleneck in (2.15). In addition, the rotation and translation operators must
be precomputed, involving the use of Wigner-D functions, Jacobi polynomials, an
associated Legendre functions, all for each index value and field point. For an efficient
implementation, the rotation operator is expanded in Fourier series:

dnµm (θ) = jm−µ
n∑

m′=−n
∆n
m′µ∆n

m′me
jm′θ (2.16)

where ∆n
m′µ are the “deltas” which can be computed efficiently using recurrence

relations [28]. Similar recurrence formulas exist for the calculation of the translation
operator [19], and because the measurement radius r is constant, this can be done
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very efficiently. With these considerations, the transmission formula becomes:

w =
N∑

m=−N
ejmφ

N∑
m′=−N

ejm
′θ

V∑
µ=−V

ejµχjm−µ

N∑
n=1

∆n
m′µ∆n

m′m

2∑
s=1

Qsmn

2∑
σ=1

V∑
ν=|µ|

Csnσµν(kr)Rσµν (2.17)

The most interesting property of the derived transmission formula is the fact that
the m and m

′ summations are Discrete Fourier Transforms of the angular variables
(θ, φ). Therefore, both summations can be computed simultaneously for all angular
directions in the calculation sphere with a single 2D-Fast Fourier Transform (FFT).
This introduces drastic processing time savings as compared with a naive evaluation
of (2.15). The rest of the summations are evaluated explicitly, where the “deltas” and
the translation operators can be computed using efficient recurrence formulas [19].
The total process takes O

(
N3
)

= O
(
r0

3
)
operations, where the O-notation denotes

computational complexity.

2.4 Near-field to far-field transformation

Having derived the spherical wave transmission formula, we now face the problem
of performing a far-field transformation of the measured near-field in the anechoic
chamber. Usually, spherical near-field measurements involve scanning the AUT
radiated field in a spherical grid with given angular increments ∆φ = ∆θ, using
two orthogonal orientations of the probe antenna to capture information of both AUT
polarizations. Then, the NFTFF comprises two steps, which are conceptually depicted
in Fig. 2.9. First, the inverse problem is solved, which consists of finding the SWC
of the AUT (i.e., Spherical Wave Expansion), and secondly the direct problem is
solved by the computation of the far-field, which is just a straightforward evaluation
of the transmission formula for r → ∞ (Spherical Wave Summation). The solution
for the inverse problem is more challenging because it involves the inversion of the
sextuple summation in (2.15). A computationally efficient and stable algorithm was
proposed in [29, 30], known as "Wacker algorithm", and it has become the de-facto
standard for the NFTFF of spherical fields. The algorithm exploits the orthogonality
properties of the spherical wave functions and its generalized version, i.e., the rotation
and translation coefficients. However, the algorithm imposes the following restrictions
for its application:

• The near-field must be measured in magnitude and phase over a spherical surface
enclosing the AUT. If only a portion of the sphere is measured, the missing
portion may be zero-padded but this introduces truncation errors.

• The points where the measurements are taken must lie in a uniform (φ, θ) grid
of constant increments ∆φ = ∆θ = π

N . However, in certain cases the sampling
rate in φ can be relaxed.

• The probe antenna must be of single-order type and two measurements with
orthogonal orientations are required.
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Figure 2.9: Conceptual diagram of the required steps for the near-field to far-field
transformation.

2.4.1 Inverse methods based on matrix notation

In some situations, it may be convenient or mandatory to relax the aforementioned
requirements. For example, the use of single order probes restricts the usable
bandwidth of waveguide antennas to those frequencies where only the fundamental
mode can propagate. Therefore, a collection of probes is required to cover a
wide range of frequencies, which may have to be removed and installed between
subsequent measurements. In other cases, the grid requirements may lead to long
measurement times. This could be mitigated using advanced sampling schemes that
take measurements in different type of grids. For example, skipping some samples or
following a different path like a spiral are common approaches. In such situations,
Wacker algorithm is not applicable to invert the transmission formula, but a more
direct approach can be followed to retrieve the SWC of the AUT: solving a linear
system of equations. This can be performed as follows [31, 32].

Considered it is a near-field measurement scenario where the AUT field has been
sampled in a grid of K points. We can arrange all measured points in a column vector
~w :

~w =


w (r1, χ1, θ1, φ1)

w (r2, χ2, θ2, φ2)
...

w (rK , χK , θK , φK)

 =


∑
Qsmne

jmφ1dnµm (θ1) ejµχ1Csnσµν (kr1)Rσµν∑
Qsmne

jmφ2dnµm (θ2) ejµχ2Csnσµν (kr2)Rσµν
...∑

Qsmne
jmφKdnµm (θK) ejµχKCsnσµν(krK)Rσµν


(2.18)

The right-hand side vector contains the transmission formula particularized for each
measurement point. Because a summation can be expanded in a scalar product of two
vectors, the right-hand size of (2.18) can be expanded into a matrix vector product
becoming:

~w =


P1,−1,1(~r1) P1,0,1(~r1) · · · P2,N,N (~r1)

P1,−1,1(~r2) P1,0,1(~r2) · · · P2,N,N (~r2)
...

...
...

...
P1,−1,1(~rK) P1,0,1(~rK) · · · P2,N,N (~rK)




Q1,−1,1

Q1,0,1
...

Q2,N,N

 (2.19)
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or in compact form:
~w = C~q (2.20)

having Psmn (~rk) =
∑

σµν e
jmφkdnµm (θk) e

jµχKCsnσµν(krk)Rσµν , C being a matrix
containing the corresponding coupling terms and ~q a column vector containing the
SWC of the AUT. Because the number of measurement points (equations) will be
normally larger than the number of coefficients (unknowns), (2.20) is normally solved
in a least squares sense:

CH ~w = CHC~q (2.21)

where H takes the conjugated transpose of the matrix. The solution of the inverse
problem is given by:

~q =
(
CHC

)−1
CH ~w (2.22)

Note that we have not made any assumption about the measurement points
location or the probe polarization, with the only requirement being that the probe
must be pointing always to the AUT origin. In practice, the point distribution and
probe polarization highly influence the condition number of the matrix

(
CHC

)
, which

gives a measure of the feasibility of inverting such matrix. Good condition numbers
[33] are normally achieved when scanning with angular increments similar to those
required by the Wacker algorithm with different probe polarizations, though some
flexibility is allowed. Because the number of SWC grows with the square of the AUT
electrical size (minimum sphere), the number of rows and columns of the system
matrix grows with O

(
r0

2
)
each.

2.4.2 Explicit matrix iterative methods

There exist several matrix inversion algorithms for computing
(
CHC

)−1 such has
Gaussian Elimination or LU factorization [34] which work very well for small sized
matrices. However, NFTFFT problems typically involve thousands of unknowns where
direct matrix inversion algorithms may take prohibitively long computation times.
Iterative inversion algorithms [35] have become a popular alternative because instead
of performing a matrix inversion they retrieve the solution vector directly by successive
approximations. They start with a ”guess” of the solution vector ~q and attempt
to minimize a residual on each iteration. The residual ~rk at a given k iteration is
calculated as:

~rk = CHC~qk − CH ~w (2.23)

being ~qk the guess of the solution vector in the current iteration. The residual is used
to update the solution vector for the next iteration:

~qk+1 = ~qk + ~∆k (2.24)

where ~∆k is calculated with different methods depending on the choice of iterative
algorithm. This process is repeated until the residual norm drops below a given
threshold, which will vary depending on the application.
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The Conjugate Gradient (CG) [35] belongs to this class of methods and it is widely
used in inverse electromagnetic problems due to its good convergence capabilities.
Some of the techniques presented in this thesis will make use of this method. The
computational burden of iterative methods resides on the computation of the matrix
vector product

(
CHC

)
~qk. Considering the size of the involved matrices, the total cost

of one iteration is O
(
r4

0

)
. In addition, the matrix C must be pre-calculated, which

means the computation of O
(
r4

0

)
elements.

2.4.3 Matrix-free iterative methods

The use of matrix notation allows for maximum flexibility in the solution of NFTFF
problems. Arbitrary probes, sampling grids, probe orientations and scanning radius
may be used to perform the measurements. The price to pay is an increased
computational cost. While Wacker algorithm has a computational complexity of
O
(
r3

0

)
, the O

(
r4

0

)
cost of matrix approaches leads to prohibitively computation times

for electrically large AUTs. In addition, the space required for storing the full matrix
can exceed the computer memory of commercial computers.

Matrix-free iterative methods have been developed to overcome these limitations.
The basic idea is to replace all matrix-vector multiplications with linear operators in
the traditional iterative methods like CG. These linear operators perform the same (or
at least approximately) computation as the matrix-vector product, but with reduced
processing time and memory. Therefore, the residual at a given iteration is calculated
as:

~rk = CH (C (~qk))− CH (~w) (2.25)

where C() and CH() are linear operators that perform the required operations.
Perhaps the most famous algorithm of this type is the Multi-Level Fast Multipole

Method (MLFMM) [36], which is used to accelerate the computation of interactions
between basis functions in the Method of Moments (MoM), avoiding the need of
storing the full impedance matrix. This is achieved by aggregating the basis and
testing functions in a multilevel structure of neighboring groups. Then, interactions
between several basis and testing functions can be computed almost simultaneously
by evaluating first the interaction between their corresponding groups. In a similar
way, fast operators for the processing of spherical measurements will be introduced in
this thesis.

2.4.4 On the minimum number of measurement samples

In the previous sections the NFTFF basic principles have been introduced differenti-
ating two steps: the inverse and the direct problems. It has been shown how the direct
problem entails the evaluation of the transmission formula, which is a straightforward
step that only requires some computational considerations. The inverse problem,
however, poses some challenges and two different approaches have been proposed
depending on the measurement configuration.

In all cases it is required to measure the near-field in a full spherical surface to
obtain the AUT far-field. The field over this spherical surface must be sampled in a
grid with enough angular resolution so that it captures all the degrees of freedom of the
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Figure 2.10: Schematic depiction of two sampling schemes for spherical near-field
measurements. In the left the samples are acquired in equatorial cuts and in the right
with polar cuts. [19]

radiated field [37, 38]. As mentioned before, each spherical wave of the SWE is related
to a degree of freedom. Therefore, if there are 2N(N+2) coefficients, this is the number
of degrees of freedom and thus the minimum number of samples required, assuming
a non-redundant sampling scheme is used. In practice, the used sampling schemes
introduce some redundancy because if facilitates the mechanical operation. Therefore,
the required number of samples for a successful near-field to far-field transformation
will be higher. For example, Wacker algorithm requires an equiangular sampling which
is very convenient to implement mechanically with constant angular increments. This
scheme introduces some φ oversampling as we approach to the sphere poles, so the total
number or measured samples will be roughly the double of the number of coefficients.

Fig. 2.10 depicts two possible scanning configurations for the equiangular grid: we
can measure the near-field doing several polar cuts, or alternatively doing equatorial
cuts. In addition, the measurements can be performed in stepped or continuous mode.
In the stepped mode, the probe stops at each point to take the measurement. This is
typically done when a high number of frequencies need to be measured at the same
point, but it is slow. In continuous mode however, the probe performs a continuous
rotation along one cut and the samples are measured on-the-fly [39]. The probe must
step between different cuts, but still a lot of measurement time is saved.

The use of matrix methods (or its corresponding matrix-free counterparts) removes
the restriction on the use of equiangular grids at the cost of an increased computational
cost. This extra flexibility can be used to devise a sampling strategy to reduce
the number of samples to a level closer to the number of degrees of freedom of
the field. However, a reduction in the number of samples not always translates
in a reduction of measurement time [40]. Some sample distributions may require
moving the probe through a long scanning path with a high number of steps. In
general, it is challenging to develop an efficient sampling scheme that offers significant
measurement time savings as compared with the classical equiangular, especially the
continuous scan version. Perhaps the most popular alternative scheme is the spiral
sampling [41, 42, 43, 44], as depicted in Fig. 2.11 because it allows a complete near-
field measurement with a single continuous scan. By appropriate selection of the
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sampling points along the spiral, the number of measurement samples can be kept to
minimum. With the increasing use of robotic positioners, new possibilities for other
sampling schemes are open but they are still under investigation. If the number of

Figure 2.11: Depiction of a spiral sampling scheme.

measured samples is lower than the minimum required, the NFTFF algorithms will
exhibit different behavior. In the case of Wacker algorithm, the under-sampling will
introduce some aliasing error, obtaining a stable yet distorted far-field pattern. The
level of distortion will depend on the amount of under-sampling. For the inversion
methods however, an insufficient sampling rate will lead to a bad conditioning of the
matrix [45]. This turns the inversion into an unstable process impossible to solve
unless advanced regularization techniques are applied, such as the Singular Vector
Decomposition (SVD) [46, 47, 48]. Of course, even in this case the obtained radiation
pattern will be distorted in general. The only feasible way of reducing the number
of samples is by the incorporation of additional information about the AUT, i.e.,
assuming some symmetry properties or its physical extent. The added information
limits the degrees of freedom of the measured field so a stable solution may be obtained
with under-sampling. This topic will be studied in more detail in the next chapter.

2.4.5 On the need for a spherical scanning

Spherical, cylindrical and planar modal expansions are derived solving Maxwell
equations in the respective canonical coordinate systems [49]. An interesting property
of such expansion is the orthogonality of its basis functions. Orthogonality means
that the scalar product between two different basis functions is always zero. For the
spherical case, the scalar product between two fields is defined as:

〈
~E1(r0, θ, φ), ~E2(r0, θ, φ)

〉
=

∫ 2π

0

∫ π

0

~E1(r0, θ, φ) ·
(
~E2(r0, θ, φ)

)∗
sinθ dθdφ (2.26)
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where ∗ denotes complex conjugation. In particular, orthogonality of the spherical
wave functions means that:〈

~F (3)
s,m,n, ~F

(3)
σ,µ,ν

〉
= δ(σ − s)δ(µ−m)δ(ν − n) (2.27)

Wacker algorithm exploits this property computing scalar products between the
measured field and the spherical wave functions to retrieve the corresponding
coefficients for each spherical wave function. Combined with the use of FFT, scalar
products can be performed simultaneously resulting in a very efficient procedure. It
is noted however, that the scalar product is defined over a sphere of constant radius
r0.

When the measured field lies over other type of surface, the application of scalar
products is inhibited and so is Wacker algorithm. If the measurement surface is a plane
or a cylinder, the use of plane and cylindrical wave expansions becomes convenient
because orthogonality properties can be exploited in a similar way. In some cases,
however, the measurement surface may be non-canonical, as it is the case of advance
positioner equipment like robotic arms [21] or crane-based systems [50]. Therefore,
we are dealing with a non-uniform grid, not only in terms of angular sampling as in
the previous section, but also in the radial coordinate. Common examples will be a
sphere with significant deviations due to an incorrect positioning or the combination of
different canonical surfaces. For these cases, the algorithms based on matrix notation
introduced in the previous sections become the only alternative for the processing
of the near-fields, because they offer an improved flexibility in the location of the
measurement points.

2.4.6 On the need for phase reference

Antenna measurements allow the determination of the AUT radiation pattern in
magnitude and phase. In some applications, such a Radar or MIMO, the radiation
pattern phase is a relevant parameter for the correct performance of the antenna
system, so an accurate determination of the phase response is needed. Even in the
case where the far-field phase is not required, an accurate characterization of the
phase is always required to perform the NFTFFT. The techniques introduced so far
work with complex measured fields, so any error in the phase measurement will be
translated in a far-field distortion, not only in phase but also in amplitude.

Fig. 2.12 shows a schematic view of how the AUT-probe coupling w is measured
with a Vector Network Analyzer (VNA). The VNA records the amplitude and phase
of the signal received by the probe. This is a relative measurement normalized with
respect to the signal that is being transmitted by the AUT. Therefore, the VNA
performs a S21 measurement for each sampling point of the scanning surface. It is of
critical importance that the Radio-Frequency (RF) chain between both antennas does
not change between different measurements of the same AUT. However, due to the
mechanical movement of positioners and cable bending, the response of this RF chain
may suffer variations, which contaminate the measurements. This effect is aggravated
at high frequencies, where minor error contributions can be translated in significant
phase deviations. In other cases, it may be impossible to obtain a signal reference
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Figure 2.12: Schematic representation of a coherent antenna measurement using a
VNA.

from the AUT. This is the case of embedded antennas with internal RF sources and
no external connector [51, 52, 53]. Fig. 2.13 depicts the measurement of such antenna.
In this case we can only obtain the measurement of the signal received by the probe,
but the reference signal is lost. If we can assume that the internal source of the AUT
is transmitting a fixed power level, we can perform accurate relative measurements
in terms of amplitude. The phase reference, however, is more challenging. The only
way of performing accurate relative phase measurements would be by performing all
measurements at the same time, which is physically impossible, or keeping track or
the elapsed time between successive measurements, which is impractical. Hopefully,
there exist alternative techniques, which will be analyzed over the next sections.

Figure 2.13: Schematic representation of a non-coherent antenna measurement of a
device with internal RF source.
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2.5 Methodology and aim of the thesis

The focus of this PhD thesis is the development and study of postprocessing techniques
for advanced spherical near-field measurements. Over the previous sections the
main requirements and limitations of conventional spherical near-field measurements
have been discussed. This thesis will introduce new algorithms for the processing
of fields where some of the mentioned requirements are suppressed or relaxed, to
reduce the cost, time or complexity of the measurement. Because the processing of
electromagnetic fields is a computationally intensive problem, special stress is put in
the development of fast and efficient algorithms capable of running in commercial
computers in assumable times. In all cases the final goal is to retrieve the AUT
radiation pattern from a set of near-field measurements under certain conditions.

This PhD thesis has been organized as a compilation of five research papers
grouped in three application areas: reduction of measurement samples (chapter 3),
non-uniform measurements (chapter 4), and phaseless measurements (chapter 5).
Each paper presents an innovative NFTFF postprocessing technique. Table I lists
the different manuscripts that make up the compilation.

2.5.1 Reduction of measurement samples

The high number of required measurement samples is the main bottleneck for near-
field antenna measurements. Because the efficiency of a measurement facility is given
by the number of antennas that can be tested in a given amount of time, the reduction
of measurement samples becomes extremely convenient. This topic will be analyzed
in chapter 3 and two different techniques will be introduced:

• Paper I: It will be shown how antenna measurement times can be reduced
significantly by exploiting the symmetry properties that are usually exhibited
by antenna radiated fields.

• Paper II: The topic of offset measurements will be addressed. In this type of
measurements, the AUT is not centered with respect to the measurement sphere
due to mechanical limitations. This means that the required number of samples
will be higher than it would normally be needed if the AUT was centered. It will
be shown how this increased sampling rate can be relaxed with some advanced
postprocessing techniques.

2.5.2 Non-uniform measurements

Thanks to the introduced matrix formulation in this chapter, the requirement for
having the measurement samples over a spherical equiangular grid is avoided. On
the other hand, the computational complexity of the NFTFF process is degraded.
This thesis aims to restore the computational efficiency of Wacker algorithm for
measurements over non-uniform grids introducing two techniques in chapter 4:

• Paper III: The Non-Uniform FFT will be employed for the processing of spherical
measurements over irregular sampling grids.
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Title Chapter
Paper 1 Under-Sampled Spherical Near-Field Antenna Measure-

ments with Error Estimation
3

Paper 2 Fast Spherical Near-Field to Far-Field Transformation for
Offset-Mounted Antenna Measurements

3

Paper 3 Application of Nonuniform FFT to Spherical Near-Field
Antenna Measurements

4

Paper 4 Near-Field to Far-Field Transformation on Arbitrary
Surfaces via Multi-Level Spherical Wave Expansion

4

Paper 5 Numerical and Experimental Investigation of Phaseless
Spherical Near-Field Antenna Measurements

5

Table 2.1: Compilation of manuscripts included in this thesis

• Paper IV: A more general algorithm will be introduced for the processing of
fields measured over surfaces of arbitrary geometries (planes, ellipsoids, etc).

2.5.3 Phaseless measurements

An accurate amplitude and phase characterization of the near-field is required for
obtaining the radiation pattern. As discussed in the previous sections, a reliable
phase measurement can be a challenging or even unfeasible task due to cable bending,
mechanical deviations, or the presence of AUTs with internal RF sources. For
these scenarios, there exist the so-called phaseless measurement techniques, which
can retrieve the complex information of the antenna just by performing a series of
amplitude-only measurements. A thorough study of one of these techniques will be
performed showing its capabilities and limitations. This topic is covered in chapter 5
which corresponds to paper V.

Figure 2.14: Schematic depiction of the methodology followed in the development of
the PhD thesis and chapter organization.
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2.5.4 Methodology

A schematic summary of the work performed in this thesis is shown in Fig. 2.14. In
all applications the main objective is to obtain the complex radiation pattern from
a near-field measurement under different conditions. As shown in this chapter, with
the knowledge of the AUT SWC the far-field can be computed straightforwardly by
means of the transmission formula. The challenge resides on the inverse problem
for obtaining the SWC. Depending on the type of near-field measurement (under-
sampled, non-uniform or phaseless), different techniques will be presented over the
next chapters.

Since all the studied techniques share the same goal, their development has been
performed following the same methodology, which comprises 4 steps, summarized in
Fig. 2.15:

• State-of-the-art analysis: The problem to be addressed is identified, i.e., the
need of performing faster, cheaper, more flexible antenna measurements. Then,
an analysis of existing work contributing to that topic is performed, to develop
new ways of improving it or overcome existing limitations.

• Mathematical formulation: based on the analysis of the previous step, a new
postprocessing technique is proposed. This requires mathematical derivations
based on Maxwell equations governing the radiated fields.

• Analytical validation: the proposed technique needs to be validated under
controlled conditions to ensure the correct mathematical development and
confirm the introduced hypothesis. This is done by performing simulations of
analytically generated fields. This allows to assess its robustness under different
measurement conditions (AUT size, frequency, measurement distances, sampling
grid, etc.). The computational requirements are analyzed too.

• Antenna measurements test: as a final validation, the proposed technique
is tested performing measurements in anechoic chamber. First, one or several
antennas are selected to conduct the experiments and they are measured using
standard near-field spherical measurements. From this measurement is possible
to obtain the far-field pattern with very low uncertainty because they are mature
and well established processes. Then, an additional near-field measurement is
performed applying the newly proposed technique, i.e., a measurement with
amplitude-only data or an under-sampling grid. The far-field is computed using
the derived mathematical formulation. Finally, this far-field is compared with
the one obtained using traditional near-field measurement procedures, to assess
the performance of the proposed method in a real-life scenario.

This research methodology has also been applied to the structure of the journal papers,
which are organized in sections that are directly related to the steps of Fig. 2.15. The
theoretical background provided in this chapter reviews the fundamental concepts in
which the published manuscripts are based. Over the next chapters, the contents
of the manuscripts will be summarized, where all details of the conducted research
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Figure 2.15: Methodology steps followed in the development of the PhD thesis.

are disclosed. Additional explanations, analysis and conclusions will also be given to
better contextualize the topic of each paper.



Chapter 3

Under-sampled antenna
measurements

One of the main drawbacks of spherical near-field measurements is the long acquisition
times needed to acquire all near-field samples. A full 3D scan with an adequate
sampling rate and two orthogonal probe orientations for each point is required for a
successful far-field transformation. We take as an example, the standard sampling rate
for Wacker algorithm introduced in the previous chapter, where the angular increments
where ∆φ = ∆θ = π

N , beingN the truncation number derived from the AUTminimum
sphere. For a 50 cm radius antenna operating at 20 GHz, N yields a value of 220.
This corresponds to 220 measurement points in θ and 440 in φ, which makes a total
of 193,600 near-field samples considering the two probe orientations. The angular
positioners must move to each of these points and trigger the RF equipment to measure
the near-field samples. Therefore, the required times to perform a spherical near-
field measurement can reach the order of tens of hours for electrically large antennas.
This becomes a problem which has driven the development of alternate sampling and
postprocessing techniques to reduce the antenna measurement time, thus maximizing
the throughput of modern anechoic chambers.

There exist two main approaches to reduce the measurement time. The first one
is to increase the speed at which the measurement samples are taken, which can be
achieved by the use of multiprobe systems [54, 55, 56] that take several samples at
virtually the same time, or by optimizing the mechanical positioning [57] equipment
together with faster RF receivers. This first category of approaches falls out of the
scope of this dissertation, so only the second alternative will be considered, which is
to directly reduce the number of measured near-field samples. Traditional NFTFFT
algorithms impose a requirement on the number of samples, which when unfulfilled,
will result in a loss of accuracy. Therefore, new postprocessing techniques must be
derived to enable reductions on the measurement time.

A notorious way of reducing the number of samples is to perform an analysis of the
AUT "spatial bandwidth" [37] according to its main geometry, by deriving an optimal
sampling grid where only the non-redundant points of the radiated near-field are
measured. Then, via an Optimal Sampling Interpolation [38], this non redundant grid
can be used to generate a standard equiangular grid suitable for a traditional spherical
NFTFFT. An alternative approach is the use of matrix based NFTFFT techniques

29
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where full flexibility is allowed, as introduced in the previous chapter. In this case
one must carefully design a sampling grid with an appropriate sample distribution so
that a good problem conditioning is obtained. In the last years, Compressed Sensing
(CS) [58, 59, 60, 61] has been used for this case. The underlaying idea of CS is to
exploit the sparse nature of the SWC, meaning that most of the power is concentrated
in a few coefficients for a major part of antennas. The sparsity is used to formulate
the matrix inversion problem as an l1 minimization, so a significant smaller number
of equations (measurement points) than unknowns (SWC) can be used to successfully
solve the inverse problem [62, 63, 64]. However, number of samples and measurement
time are not directly correlated, because one must account for the time required to
move between one measurement point and the next one, which is highly influenced by
parameters like the point distribution, RF sweep time and positioning equipment.

An excellent study of the potential time savings using reduced sampling schemes
can be found in [40], where even modern robotic positioners are considered. The
general conclusion is that the final time savings are not as significant as the possible
reduction of measurement points. The standard "scan and step" scheme introduced
in chapter 2 offers a fast way of sample acquisition, so devising faster schemes turns
into a difficult task.

More drastic approaches to reduce measurement times are the so called "single-cut"
transformations [56, 65, 66, 67]. They are based on the fact that usually one is only
interested in the far-field information on a reduced number of planes, like the principal
E and H, or the one corresponding to φ = 45◦. Even on these cases, traditional
NFTFFT techniques require the full 3D near-field pattern to operate. Single-cut
techniques eliminate this requirement by performing NFTFFT of individual cuts. For
example, if one is interested in the E-plane of the far-field pattern, only the E-plane
of the near-field is measured and postprocessed. This can lead to tremendous savings
in measurement times, but it should be noted that, unlike the previous mentioned
approaches, these are approximate methods based on relaxing the formulation of the
traditional techniques. Therefore, its application must be carefully studied to avoid
unexpected measurement errors.

This chapter will introduce two techniques to reduce the measurement times
of spherical near-field measurements. The first one is applicable to most type of
antennas with some level of axial symmetry and it is based on reducing the number of
measurement samples along this axis. The second one is applicable to offset-mounted
antennas. Offset-mounted means that, due to mechanical considerations, the AUT
center is not coincident with the measurement sphere origin, which virtually increases
the minimum sphere size and sampling rate with respect to a centered AUT. Both
techniques have one similarity, they can be easily implemented in a traditional roll-
over-azimuth positioner in "scan and step" mode without any sophisticated sampling
scheme. Thus, all complexity is relegated to the postprocessing step.

3.1 Reduced sampling for spherical measurements

The first under sampling technique is based on reducing the number of measured
samples along the spherical coordinate φ and applying the traditional Wacker
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Figure 3.1: Different representations of the radiation pattern of a pencil beam antenna
showing its good axial symmetry.

algorithm to obtain the far-field. It has been observed that this has a low impact in the
accuracy of the transformation, because normally the radiated fields experiment low
variations along this coordinate. This is a consequence of the axial symmetry exhibited
by a major part of antennas like horns, patches, parabolic reflectors and even planar
arrays. As an example, in the left part of Fig. 3.1 we observe the typical pencil-beam
pattern of an antenna, whereas in the right, the same pattern is plotted in (θ, φ)

coordinates. Over θ, the pattern shows a highly oscillating behavior responsible of the
Side Lobe Level (SLL) distribution. However, over φ the variations are smoother. In
principle, both angular coordinates must be sampled with an angular rate π

N , but this
criterion is derived for an arbitrary antenna disregarding that normally we can relax
it over φ with a negligible effect.

Reducing the number of samples in φ leads to drastic measurement time savings
when following a θ-scan φ-step acquisition scheme, because we are reducing the number
of positioner steps. However, one cannot just simply reduce the number of samples
along this coordinate and blindly accept the resulting postprocessed far-field pattern.
Therefore, an error estimator has been derived, which allows to determine an upper
bound for the introduced aliasing due to the under-sampling, without any a priori
information about the antenna. Obviously, the more drastic the reduction in φ

samples, the higher error will be introduced in the retrieved pattern. This allows
to assess the accuracy of a given under-sampled measurement and decide if more
samples are required to measure, leading to an iterative measuring algorithm, which
will be introduced in the following sections.

3.1.1 The concept of aliasing in the n power spectrum

In chapter 2, the different modal spectra resulting from the SWC have been introduced.
If one looks at the expression of the SWE in (2.5) and of the spherical wave functions,
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a Fourier Transform-like relationship is observed. While in the case of the θ coordinate
this is not strictly true due to the presence of Legendre functions, in the case of the
φ coordinate, the only functions involved are complex exponentials of the type ejmφ.
The distribution of the SWC along index m are the Fourier Transform of the radiated
field along the φ coordinate. Therefore, the same properties of the Fourier Transform
can be used for our analysis. In particular, for the case of the under-sampling of the
field along θ, this has the effect of spectral aliasing. Spectral aliasing consists in an
overlapping of the spectrum as shown in Fig. 3.2. In the blue curve, the m-power
spectrum of a given AUT is depicted. The total "bandwidth" is M=360, so this is
the required number of points in the φ coordinate to adequately sample the near-field.
If less samples are used, aliasing appears as a set of overlapping replicas. In Fig. 3.2
these replicas are depicted in red, for a case in which the sampling rate is 100 instead
of 360. However, the effect of the aliasing into the original spectrum has a contribution
lower than −30 dB. Therefore, one can choose to obtain a sampling rate reduction
of more than half by introducing an error around −30 dB. Due to the natural axial
symmetry of most antennas, the m-mode power spectrum tends to be narrow with
the radiated field because of the low variations in φ. This offers the possibility of
obtaining measurement time savings with moderate loss in accuracy, which may be
convenient depending on the application.

Figure 3.2: Depiction of the aliasing replicas in the m-mode spectrum resulting from
an under-sampled near-field measurement.

3.1.2 Iterative measurement scheme

In the previous section we were able to determine that a sampling rate of 100 samples in
φ is enough to achieve an accuracy of around −30 dB for a given AUT. In this case we
know the complete m-power spectrum of the antenna, but in a real-life measurement
we do not have this information a priori for obvious reasons. Therefore, a technique
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must be designed to determine the accuracy of a given under-sampled measurement.
Here we introduce an iterative measurement technique which is based on measuring
the AUT near-field with increasing sampling rate in φ until the required accuracy
is achieved. This accuracy is assessed by means of an error estimator, which will
be introduced later. The iterative measurement technique comprises of the following
steps:

1. A spherical near-field measurement is performed with θ-scan φ-step scheme. If
the nominal number of φ samples is 2N , a reduced number of l steps is measured
instead. On each of the angular steps, the nominal number N of θ samples is
measured during the scan.

2. An error estimator is computed which will provide an upper-bound for the
aliasing degradation caused by the under-sampling.

3. If the estimated error is below an acceptable level, the measurement is stopped
successfully. If not, an additional set of equi-angular l samples are measured so
the near-field sampling rate along φ is doubled.

The last two steps are repeated iteratively until the error estimator drops to the
required value, or the standard Nyquist sampling rate for the given AUT is reached.
The reason for doubling the sampling rate on each iteration is so that all measured
samples from the previous iteration can be used in the next one, considering that
they must be equally angular spaced. For example, one can follow the geometric
progression 2, 4, 8, 16... Fig. 3.3 depicts a schematic view of this concept where the
XY plane projection of the measurement sphere is depicted. Over it, different φ cuts
have been plotted. The blue cuts correspond to l = 4. If the red cuts are measured
and combined with the blue ones, this corresponds to the case l = 8. The case l = 16

is also depicted in green. In a practical measurement, the positioner moves to each
of the constant φ cuts and performs a continuous scan to sample all θ points for that
given cut. Then, it moves to the next φ cut. If we consider that most of the time is
spent doing the continuous scan, the total reduction in measurement time is virtually
proportional to the reduction of samples in φ. For example, the case l = 16 takes
roughly the twice the time than l = 8. Therefore, we are neglecting the fact that
the positioner is performing numerous steps along φ during the iterative measurement
technique.

3.1.3 Error estimator

The error estimator is a critical tool in the proposed iterative measurement technique.
This estimator should be able to provide an upper bound for the loss in accuracy
introduced by the aliasing, without any a priori information about the antenna.
Consider the example of a parabolic reflector designed to have a perfectly symmetric
pencil beam pattern. In theory, an antenna like this could be measured with a very
small number of samples along the φ coordinate exploiting this azimuthal symmetry
(narrow m-mode spectrum). However, if due to some manufacturing error, the
reflector shows an asymmetry on its radiation pattern, an under-sampled measurement
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Figure 3.3: Depiction of the measured cuts with different colors depending on the
iteration in which they are measured.

will give inaccurate results. Therefore, an error estimator becomes a critical tool
because it allows us to confirm that a given under-sampled measurement is accurate
enough.

The error estimator is computed inside of the iterative measurement algorithm. If
we are on iteration k of the algorithm, the error estimator can can be computed as:

εk = rms
(
Qksmn −Qk−1

smn

)
(3.1)

where Qksmn and Qk−1
smn are the SWC of the current and previous iterations respectively,

and rms denotes the calculation of the root mean square value from all the values
inside them. In practice, the algorithm performs a series of iterations comparing the
convergence of the retrieved SWC for each iteration. Fig. 3.4 depicts the evolution
of this error estimator for the measurement of the antenna example of Fig. 3.1.
Thanks to its good azimuthal symmetry, a level of −60 dB error is achieved with
only 18 φ samples. The true rms error of the retrieved SWC with respect to an ideal
measurement has also been depicted. The algorithm tends to overestimate the aliasing
error, so the estimator becomes an effective upper-bound for the transformation error.

3.1.4 Application of the algorithm to antenna measurements

The introduced technique is applied to two antennas of electrically large dimensions.
Both of them are high gain reflectors so a good level of azimuthal symmetry is expected
in principle. However, one of them is the Validation Standard (VAST12) antenna [27],
a validation antenna commonly used for anechoic chamber intercomparison campaigns
which is purposely designed to have an asymmetric beam pattern challenging to
measure. Both AUTs have been measured in the anechoic chamber of the Universidad
Politécnica de Madrid in a roll-over-azimuth positioner. The positioner is programmed
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Figure 3.4: Error and estimator evolution for the antenna of Fig. 3.1.

to perform continuous scans in θ and steps in φ. Then, the iterative measurement
algorithm is started first measuring 4 φ steps, then 8, and so on, until the nominal
number required for each antenna is measured. On each scan, the nominal number
of θ samples is acquired. Fig. 3.5 shows the evolution of the error estimator and the
true error. The latter can be computed after the processing of all measured φ samples
at the end of the iterative process. The nominal sampling rate for the reflector is
480 φ samples and for the VAST12, 360. If we had no a priori knowledge of the
antenna, according to the error estimator we could stop the measurement at 128 and
64 samples in φ, respectively, with an accuracy of −40 dB. This would provide a
measurement time saving of 85% and 60% respectively. Finally, Fig. 3.6 shows the
radiation pattern comparison of the fully sampled vs under-sampled measurements,
with very good levels of agreement.

3.2 Sampling reduction in offset measurements

The sampling rate required for an accurate spherical near-field measurement is related
to its electrical dimensions. In chapter 2 this relation was derived using the concept
of antenna "minimum sphere", which is the sphere that completely encloses the AUT,
with its center coincident with the coordinate system origin. This last condition is
particularly relevant, and it is the reason for which the AUT should be centered as
much as possible in the measurement sphere, in order to minimize the measurement
time. For AUTs that are tested while mounted over voluminous structures such as
satellites, vehicles or radomes, the centering may be challenging or even impossible
due to physical limitations. Another case is the measurement of array antennas which
are composed by multiple subarrays which are measured individually. Each subarray
has an arbitrary center with respect to the global antenna. Locating the center of
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Figure 3.5: Error and estimator evolution for the reflector and VAST12 antennas.

each subarray in the origin of the scanning sphere for each measurement results in a
tedious process incurring in long measurement times due to the required mechanical
adjustments. Fig. 3.7 depicts a schematic representation of an offset measurement,
where it can be appreciated how the offset contributes to the enlargement of the
minimum sphere, thus leading to long measurement times.

Several techniques have been proposed recently to overcome such problem [68,
69, 70, 71, 72]. The common approach is to define a local coordinate system in
the AUT center to perform the near-field to far-field transformation, but this comes
with a double cost. First, now the measurements are defined in a shifted sphere,
so Wacker algorithm is not applicable anymore. Matrix iterative techniques must be
used, increasing the computational cost of the process. In addition, in such coordinate
system, the probe is not pointing to the new origin anymore, since it its constantly
varying its orientation. This complicates the probe correction step, which forces to
use additional angular rotations [73]. However, one can overcome such disadvantages
by carefully switching between both original and translated coordinate systems during
the postprocessing steps. An iterative inversion algorithm based on this concept to
retrieve the far-field pattern of offset measurements will be presented in the following
section.

3.2.1 Iterative inversion algorithm for offset measurements

Assume we have measured the field of an offset-mounted antenna in a spherical surface.
A standard NFTFFT would require the field to be acquired with a sampling rate:
∆θ = ∆φ = π

N , which comes from the red minimum sphere of Fig. 3.8. If we define
the coordinate system (xt, yt, zt) in the AUT center, the minimum sphere is kept
to the minimum (green) and we can measure the fields with a lower sampling rate:
∆θ = ∆φ = π

Nt
. The new geometry allows to reduce the number of SWC but forces
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(a)

(b)

Figure 3.6: Transformed far-field of the reflector antenna (a) and VAST12 (b) for
different sampling rates. The highest sampling rate is considered for the reference
since it is aliasing-free.
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Figure 3.7: Schematic representation of the geometry of a spherical near-field antenna
measurement scenario with offset-mounted antenna.

to use a matrix approach to retrieve them:

~w = C~q (3.2)

being ~w and ~q the vectors containing the measured field samples and SWC,
respectively, and C a coupling matrix which performs the required operations of
the transmission formula. From chapter 2, we know that to retrieve the SWC we
do not need to explicitly invert C, because an iterative inversion approach can be
followed, which only requires matrix-vector products by C and CH . These products
are computationally expensive, but they can be efficiently implemented if matrix C is
split as the product of two matrices:

C = C1C2 (3.3)

where C2 performs a translation of the SWC from the translated coordinate system
(xt, yt, zt) to the original one (x, y, z), and C1 performs the calculation of the field
on the measurement sphere. Efficient analytical formulas exist for the translation
of SWC from one coordinate system to another [74, 75, 76], so the explicit use of
C2 as a matrix is not needed. As for C1, thanks to the coordinate system shift, the
field radiated by the SWC now must be calculated in a centered sphere, which can
be efficiently implemented with the standard FFT transmission formula as shown in
chapter 2.

The same principle can be applied to matrix CH , which consist in applying the
same operations but in "transposed order". This decomposition enables the use of
an efficient algorithm to retrieve the SWC of an AUT from the measured field in an
offset configuration. Once the SWC are found, they can be evaluated in the far-field
to obtain the radiation pattern.
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Figure 3.8: Anechoic chamber to perform automotive measurements with semi-
spherical scan.

3.2.2 Application to automotive measurements

Measurements of antennas placed over vehicles [77, 78] are an ideal application for
the introduced technique. In these scenarios, the AUT is placed over the car body.
To perform the measurements, the car is placed over a rotating platform and with
the help of an additional positioner a partial near-field measurement is performed (see
Fig. 3.8). In such configuration is not possible to center the AUT with respect to the
measurement sphere, so significant offsets are usually present. To test the algorithm
performance in this type of environments, the following test is simulated using the
commercial software CST Studio Suite [79].

A 2.6 GHz patch antenna is placed in the back of a sedan car, as depicted in
Fig. 3.9. Now, a spherical near-field measurement is simulated with a sphere of 9 m
radius, with its origin in the center of the vehicle but a few centimeters below it. For
simplification, the full sphere is simulated assuming that the vehicle is in free space.
Due to its location over the car, the AUT has an offset which considerably increases
the minimum sphere up to 2.75 m. A standard near-field measurement would require
161 × 320 samples for an accurate near-field to far-field transformation. However,
if the proposed technique is applied, the coordinate system can be located in the
center of the patch reducing its minimum sphere. The field is sampled in a (θ, φ) grid
of 101× 200 points with two orthogonal polarizations and the proposed algorithm is
applied. This sampling rate corresponds to a minimum sphere of 1.4 m, which encloses
the patch and a portion of the car body to account for the surface currents generated
by the coupling between both. The resulting far-field has been depicted in Fig. 3.10.
In addition, the true far-field calculated with CST is also depicted for comparison.
The difference is around −40 dB, an error which comes from the fact that the selected
minimum sphere does not completely enclose the car surface currents. This is the cost
of reducing the number of samples in almost 61%.
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Figure 3.9: Geometry of the simulated patch antenna in the body of the car.

3.2.3 Application to antenna measurements

Finally, the proposed technique is applied to the measurement of an antenna in the
anechoic chamber of Universidad Politécnica de Madrid. The AUT is a pyramidal
horn operating at 20 GHz with a minimum sphere of 5 cm, where a 15 cm offset is
purposely introduced using an extension arm (see Fig. 3.11). Due to the offset, the
minimum sphere truncation number N grows from 40 to 124, so the sampling rate for
an accurate postprocessing using traditional postprocessing techniques grows from π

40

to π
124 . To test the algorithm, the following test is conducted. A spherical near-field

measurement is performed with a 5 m probe-AUT distance and a sampling grid of
181× 360 points. This is higher than the minimum required, so a standard NFTFFT
using the commercial software SNIFT [80] is used to obtain a reference pattern. Now,
an under-sampled measurement data set is generated, taking 1 every 4 samples of
the previous measurement, leading to a 46 × 90 points grid. The sampling rate of
this grid is enough for the application of the proposed technique considering that
Nt = 40. Finally, the technique is applied to obtain the AUT far-field pattern and the
comparison with the reference far-field is depicted in Fig. 3.12, obtaining a good level
of agreement. The reference pattern exhibits a ripple, probably introduced by the
imperfect placement of the absorbers to cancel reflections of the supporting arm. This
ripple is mitigated by the proposed technique due to the implicit modal truncation of
using a smaller minimun sphere [81].

3.2.4 Conclusion

This chapter has introduced two different techniques to reduce the long scanning times
of spherical near-field measurements. This is of high interest because measurement
time is the current bottleneck of modern antenna testing facilities.

The technique introduced in the first part is applicable to antennas with good level
of axial symmetry and can provide significant measurement time savings with very a
simple implementation. Because we are reducing the number of samples along the φ
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Figure 3.10: Comparison of the transformed far-field using the standard
transformation algorithm with 161×320 samples (reference) and the proposed
technique with 101×200.

coordinate, the measurement time savings are virtually proportional to the reduction
of samples. The derivation of an error estimator allows to assess the loss in accuracy
introduced by the method, so the technique is robust against faulty antennas with a
worst level of axial symmetry than expected.

The second technique is targeted to a specific type of measurements in which the
AUT exhibits an offset. This offset virtually increases the required sampling rate for
an accurate measurement. By use of an iterative inversion algorithm with efficient
coordinate system translations, the effect of this offset can be suppressed, so a smaller
sampling rate can be used to retrieve the AUT radiation pattern.

Both techniques have been tested using measured and simulated data, showing
potential reductions in measurement time, with high accuracy and computational
efficiency
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Figure 3.11: Horn antenna mounted in offset position over the roll over azimuth
positioner tower.

Figure 3.12: Comparison of the transformed far-field (φ = 0◦) using SNIFT with
181×360 samples and the proposed method with 47×90.



Chapter 4

Non-uniform grid antenna
measurements

Spherical near-field measurements are traditionally implemented using angular posi-
tioners to sample the radiated fields in a sphere of constant radius with an equiangular
grid of points [82]. The under-sampling techniques implemented in the previous
chapter have been designed for such type of measurement configurations, because
they are the most widely used in modern antenna measurement facilities.

This chapter will focus on an emerging trend on antenna measurements which is
the use of non-uniform grids and surfaces. The rise of this type of measurements is
two-fold: In one hand, the development of advanced positioner equipment, in which
the use of canonical surfaces (sphere, cylinder, plane) with uniform spacing is not
convenient or even feasible. This is the case of the use of Unmanned Aerial Vehicles
(UAV) [83, 84, 85, 86] or non-conventional positioning equipment like cranes [50] or
portable freehand systems [87], which start to be used for testing deployed antennas of
large dimensions. On the other hand, as mentioned in the previous chapters, the use
of non-uniform grids is proposed to save measurement time by designing a sampling
scheme with the minimum redundancy, like the spiral scanning [41, 42, 43, 44]. In all
these scenarios, the use of traditional field postprocessing techniques is unfeasible. As
already advanced in previous chapters, the use of matrix-based NFTFFT algorithms
allows to perform the postprocessing of this type of measurements, but with a series
of disadvantages, mainly related to computational complexity.

This chapter will present a contribution to the efficient postprocessing of near-fields
acquired over non-uniform measurement grids. Two different cases are distinguished:

• Non-Uniform spherical near-field measurements: where the near-field samples
are acquired in a spherical surface of constant radius with a probe pointing to the
center of the sphere like in traditional spherical near-field measurements, but in
an arbitrary grid of angular points. On this category lie the advanced samplings
schemes for spherical measurements like the spiral. In addition, traditional
measurements performed with higher order probes [88, 89, 90, 91, 92] are also
included in this type, because they cannot be efficiently postprocessed by Wacker
algorithm.

• Arbitrary surface measurements: This represents a more general case, where

43



44 CHAPTER 4. NON-UNIFORM GRID ANTENNA MEASUREMENTS

any type of surface can be used to acquire the AUT near-field and of course any
sampling grid over this surface. Arbitrary probe orientations are also considered.
On this category would lie the UAV or unconventional positioner measurements
aforementioned.

It should be noted that even though these techniques are intended for arbitrary grids
or/and surfaces, still some requirements regarding the number of samples and its
distribution must be fulfilled. The core of these algorithms is the inversion of a
linear system of equations, and the success of this inversion depends in a proper
conditioning of the problem. For a good conditioning it is normally required to perform
measurements with two orthogonal orientations, meeting the Nyquist criteria, and over
surfaces enclosing the most significant part of the AUT radiated field.

4.1 Non-uniform spherical near-field measurements

The use of non-uniform spherical measurements applies to those cases where the
equiangular grid required for Wacker algorithm is not maintained or when the field
is measured with a higher order probe. In some cases, this deviation from a uniform
grid is unintentional, like in the case of an inaccurate positioner which is not able to
acquire the samples close enough to a perfectly equispaced grid. In other cases, the
use of a non-uniform grid is intentional, like when a spiral path is used to acquire
all field samples with a fast and continuous movement of both angular positioners.
The use of higher order probes is also considered here, as they inhibit the application
of Wacker algorithm as well. The main advantage of using a higher order probe is
that we are not restricted to the frequency band of the waveguide fundamental mode,
so the same probe (i.e., a Vivaldi antenna) can be used to perform measurements of
different AUTs over a wide frequency band.

In the postprocessing steps of all these scenarios, we are forced to follow a matrix-
based inversion approach, where the AUT SWC are found by inverting a linear system
of equations (section 2.4.1). In previous chapters the computational issues of matrix-
based approaches have been discussed briefly. To better demonstrate this, we consider
the VAST12 antenna, which has a truncation number of N = 180. The total number
of SWC for this antenna is 65,520, which would be the number of unknowns of the
inverse problem. To keep a good problem conditioning, at least the same number of
equations (measurement points) is required. Therefore, the system matrix will have
a size greater than 65, 520× 65, 520. Such a matrix requires 34 GB of memory space
and the corresponding matrix-vector multiplications will result in excessive processing
times. Depending on the electrical size and memory capacity of the computer used to
perform the postprocessing, the matrix size may be excessive, making the inversion of
the linear system unfeasible.

On this section it is proposed to replace the matrix-vector products of the iterative
inversion algorithm by fast operators, in a similar way as done in the previous chapter.
The fast operator derived in chapter 3.2, was able to compute efficiently the fields
radiated by a given set of SWC over an offset sphere with equiangular sampling. On
this chapter, the fast operators should compute the fields of a given set of SWC on
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a centered sphere but in a non-uniform grid. This corresponds to the evaluation of
the transmission formula on arbitrarily located (θ, φ) points. An implementation of
the transmission formula was introduced in chapter 2 obtaining a high computational
efficiency by the use of FFT in 2 dimensions to evaluate the fields in an equispaced
(θ, φ) grid. Therefore, the requirement for a uniform grid in the transmission formula
comes from the FFT.

The FFT [93, 94] is a set of efficient algorithms used for the computation
of Fourier Transform summations, working with equally spaced samples in the
original and transformed variables. In the last decades, several Non-Uniform Fast
Fourier Transform (NUFFT) [95, 96, 97] techniques have been developed for the fast
computation of Fourier Transform summations involving non-uniform grids. These
techniques are based on the application of a standard FFT together with some type
of interpolation. The resulting algorithms obtain the same computational complexity
of a traditional FFT, yet the absolute processing times are several times higher. The
NUFFTT becomes an extremely useful tool for the postprocessing of non-uniform
spherical near-field measurements, because it can be used to implement fast operators
in the iterative inversion steps when solving the linear system of equations to retrieve
the SWC.

4.1.1 Computational capabilities offered by the NUFFT

When dealing with non-uniform grid postprocessing problems, a linear system of
equations must be solved, usually done with an iterative method, which involves
repeated products of the system matrix (matrix P as defined in chapter 2). A product
by such matrix is nothing more than the evaluation of the transmission formula. The
key to reduce the processing time of the inversion lies in a fast implementation of
such matrix-vector products. The NUFFT contributes to this aspect by allowing
an efficient implementation of this products as a fast operator, as compared to a
conventional explicit matrix product.

To show the processing time capabilities offered by the NUFFT, the following
test is conducted. Three different implementations of the transmission formula are
developed:

• Non-Uniform transmission formula implemented by means of a explicit matrix
vector product to evaluate the field of a set of SWC in a non-uniform grid. This
corresponds to the state-of-the-art of most non-uniform NFTFFT algorithms
[22, 31, 32]. In this implementation, two different times are considered: the time
for setting up the matrix, which is the most computationally intensive, but it
is only done once at the beginning of the process, and the time to perform a
matrix-vector product, which is repeated for several iterations until a good level
of convergence is achieved, typically around 10 times.

• Non-Uniform transmission formula implemented using NUFFT. A library
developed by the “Courant Mathematics and Computing Laboratory” [98] is
used to compute the NUFFTs. Because this is a fast operator that computes
the matrix-vector product "on-the-fly" it does not need of an initialization step
like the previous one.
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• Standard transmission formula, which evaluates the field of a given set of SWC
in a uniform grid using FFT as shown in chapter 2. It is worth noting, than
in the case of having a uniform grid, there is no point of using the iterative
inversion approach (unless the used probe contains higher order modes) due to
the existence of the much more efficient Wacker algorithm. However, we include
this implementation to compare the performance of the NUFFT approach with
a traditional FFT.

Now the three operators are used to compute the field of a given set of SWC
with a truncation index N . The field is evaluated on a grid of points at the Nyquist
sampling rate, with uniform spacing for the "standard" transmission formula operator
and randomly scattered points for the non-uniform operators. The processing times
of the three operators are depicted in Fig. 4.1 for a varying number of N . The time
for setting up the system matrix of the explicit matrix operator is several orders of
magnitude higher than the (NU)FFT based operators, and this difference is magnified
as the truncation index increases due to the difference in computational complexity
(O
(
N4
)
vs O

(
N2logN

)
). It can be also appreciated how the simulations for this

operator run only up toN = 100, due to the RAMmemory limitations of the computer
used to implement the calculations (16GB). The difference between an explicit matrix-
vector product and the fast operator are small. In fact, for small truncation values
the matrix products even outperform the other two. The reason for this is that the
operations are programmed in MATLAB, where matrix products are heavily optimized
against individual computations implemented in the fast operators. Of course, the
overall computational complexity is independent of such considerations, so as soon
as the truncation number increases, the fast operators regain its dominance. It is
interesting to see the small difference between NUFFT and FFT based operators,
even though the FFT is known to be much faster. The reason for this is that both
operators involve other calculations which shift the bottleneck away from the Fourier
summations. In fact, this bottleneck resides in the n summation of eq. (2.17) which
is independent of the sampling grid.

4.1.2 Application of NUFFT to a field transformation problem

The computation time savings shown in the previous section can be exploited to
perform near-field to far-field transformations of antennas measured over non-uniform
grids. This can be done in a simpler manner by replacing the matrix-vector products
of state-of-the-art non-uniform field transformation techniques with the fast operator
using NUFFT. This is shown by a set of measurements performed at Universidad
Politécnica de Madrid.

A 64 cm diameter reflector operating at 34 GHz is measured in the spherical
near-field system at a distance of 5 m with two different sampling grids. The first
one is a standard equispaced grid with a sample rate given by the Nyquist criterion.
Considering the AUT electrical dimensions, the truncation number is N = 240, so the
measurement grid is selected as 240× 481 (θ, φ) points. The second grid has the same
number of total samples but follows a spiral path of 240 turns around the antenna. The
first grid is postprocessed using traditional NFTFFT techniques (SNIFT) so it will
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Figure 4.1: Processing time for different operators with respect to the AUT electrical
size (expansion truncation index).

be used as the reference far-field. The second grid is postprocessed using the matrix
inversion approach with NUFFT operators to retrieve the AUT SWC. The far-field of
the retrieved SWC is computed and compared with the reference in Fig. 4.2.

The differences are in the order of −60 dB which may be due to measurement
uncertainty. The processing time for SNIFT took less than 1 s while the spiral grid
took 2 min (3 seconds per CG iteration), which is a remarkably low time considering
the electrical dimensions of the problem. A traditional matrix inversion approach
would require storing a 230, 880 × 116, 160 matrix occupying 200 GB of memory,
so this approach could not be implemented, but even if the memory resources were
available, the resulting processing time will be excessive.

4.2 Arbitrary surface near-field measurements

Some antenna measurement scenarios involve the use of not only non-uniform grids
but also arbitrary measurement surfaces. This is the case of the aforementioned UAV
or crane-based measurements. In these scenarios, it may be difficult or impossible to
restrict the probe positioning to a fixed set of locations. In the case of the UAV,
the wind conditions and flight control equipment may not allow for an accurate
positioning, while in the case of a probe mounted in a hanging crane, the inertia
of the cable creates a similar restriction. However, in both cases, accurate equipment
like GPS or laser trackers can be used to determine the location of the point where the
measurements have been taken. This will result on a cloud of points where the AUT
near-field is known and can be postprocessed to extrapolate the far-field. This cloud
of points will have an arbitrary shape and sampling grid, where the probe orientation
may be arbitrary too.

The efficient technique introduced in the previous section requires all measurement
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Figure 4.2: Far-field comparison of an equiangular near-field measurement processed
with SNIFT and spiral acquisition processed with NUFFT.

samples to lie over a spherical surface. When the measurement radius is constant, the
summations of the transmission formula can be evaluated very efficiently with the use
of (NU)FFT. If the radius changes for different measurement points, the use of such
operators is inhibited, so an explicit matrix approach is usually followed. However, the
matrix approach introduced in chapter 2 is not completely flexible, because it requires
the probe to be always pointing to the center of the measurement coordinate system.
In case this condition is not fulfilled, the probe SWC must be properly rotated on each
measurement point [73]. Such operations involve additional summation and rotation
terms to the already complex transmission formula.

In previous sections it was shown how the explicit matrix approaches experiment
computational issues with electrically large antennas. This limitation comes from
the excessive computational complexity of O

(
N4
)
introduced by the explicit matrix

operator. Therefore, it becomes evident that there is a need for developing efficient
algorithms capable to work with near-fields of such arbitrary distributions. This
section will present an efficient NFTFFT algorithm working with arbitrary surfaces.
Once again, the algorithm is based on solving a linear system of equations with an
iterative technique replacing the matrix-vector products by fast operators. In this
case, however, we should apply some major changes to the mathematical formulation
to allow for the implementation of such fast operators. In particular, the basis for
representing the AUT radiated fields so far, the SWC, will be substituted by another
equivalent representation with some new promising properties. This new basis will be
a set of local spherical wave expansions located over the AUT geometry.

4.2.1 The use of multiple SWE as basis of the AUT radiated fields

According to Love’s equivalence principle [25], it is possible to define a set of magnetic
and electric currents on a surface enclosing the antenna establishing an equivalent
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problem. This means that the equivalent currents will radiate the same field than
the AUT itself. For this reason, equivalent currents are considered a basis for
representation of antenna fields, similar to the SWC. In fact, there exists NFTFFT
techniques using equivalent currents as basis, which operate in an analogous way by
solving a linear system of equations where the unknowns are electric and/or magnetic
currents placed over the AUT surface [49, 99, 100, 101, 102, 103, 104]. Here we propose
to use a hybrid version between equivalent currents and SWC: the Multiple Spherical
Wave Expansion (MSWE) basis [105], which is formulated as follows.

Fig. 4.3 depicts an AUT enclosed by a surface on which a set of Love equivalent
currents is defined. This equivalent surface has been divided in subdomains, which
are regions of roughly the same area. Now, the SWE of each subdomain is computed
in a local coordinate system, so the equivalent currents of the subdomain can be
represented by a set of local SWC. This can be interpreted as modelling the AUT as
an array of smaller antennas, and then modelling the small antennas by its own SWE.
This hybrid approach keeps the versatility of the SWE and allows to apply a domain
decomposition. This domain decomposition is a crucial tool to apply probe correction
with arbitrary orientations and to reduce the far-field transformation computational
cost.

Figure 4.3: Schematic view of the equivalent currents over a surface enclosing the
AUT with a subdomain decomposition (left) and the modelling of each subdomain by
a local spherical wave expansion (right).

The MSWE equivalent representation allows to express the radiated field at any
point of the space with a similar formula as the conventional SWE:

~E (r, θ, φ) =

L∑
l=1

2∑
s=1

Nl∑
n=1

n∑
m=−n

Qlsmn
~F (3)
smn (~r − ~rl) (4.1)

being Qlsmn and ~rl the SWC and center coordinates of each local expansion
respectively. We can see that, in addition to the well-known s,m, n summation of
the SWE, we have now and additional summation in l to aggregate the fields of each
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individual expansion with coefficients Qlsmn.

4.2.2 Full-probe correction on MSWE

The introduced field basis can be used to solve NFTFFT problems with the same
principle introduced on this thesis. A linear system of equations is established where
the unknowns are the coefficients of each expansion. Once the coefficients are found,
they can be used to evaluate the far-field. One of the main benefits brought by this
basis is the simplicity to incorporate full probe correction for arbitrary locations and
orientations. If the subdomains of the AUT equivalent surface are defined with a small
electrical dimension, for most cases it can be assumed that the probe is in far-field
with respect to each individual subdomain. This means that interactions between
each local SWE and the probe can be computed under far-field conditions without
the need of computing the transmission formula. In practice, this interaction is given
by the field radiated by the subdomain weighted by the probe far-field pattern [106]
(see Fig. 4.4 for a schematic description). In mathematical terms, the coupling u (~r)

between AUT and probe is given by:

u (~r) =
L∑
l=1

~f (~rl − ~r)
2∑
s=1

Nl∑
n=1

n∑
m=−n

Qlsmn ~F
(3)
smn (~r − ~rl) (4.2)

being ~f() the far-field pattern of the measuring probe.

Figure 4.4: Illustration of a probe measuring the field of several SWE whose
contributions are weighted by its radiation pattern.

4.2.3 Multilevel aggregation for improved computational complexity

Another advantage offered by the MSWE equivalent basis is the possibility of
performing a fast aggregation of all local expansions. This is of critical interest,
because when using an iterative inversion algorithm to retrieve the SWC, the matrix-
vector products can be replaced by fast operators as done in previous sections of this
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thesis. Here we will focus on a fast implementation of the summation (4.2), which is
evaluated in every step of the iterative inversion algorithm. This summation performs
the computation of the local fields of each expansion and then aggregates all of them
for every measurement point. Here we note that the measurement grid, if properly
selected, will have a sampling density greater than the Nyquist rate for the given
AUT. However, the fields of each local expansion do not need to be sampled with
such rate because the electrical dimensions of each subdomain are smaller. Therefore,
here we propose the following approach. Whenever (4.2) needs to be evaluated during
the iterative inversion algorithm, the local fields of each SWE are computed in a
coarse grid of points. Then, the local fields are interpolated to the measurement grid
and aggregated. The interpolation process is possible because the local fields show a
smooth behavior due to the small electrical dimensions of the subdomains.

In order to obtain significant computational savings, this interpolation-aggregation
process must be implemented in a Multi-Level scheme. For example: the AUT is
modeled with 8 expansions. In a first step, the fields of all expansions are computed,
interpolated, and aggregated in pairs so now we have 4 sets of local fields. Then,
the interpolation-aggregation is repeated obtaining 2 sets of local fields. With an
additional step the total field of the antenna has been computed in the measured grid,
which means that (4.2) has been computed successfully. We stress that all this process
is done to implement a fast version of operator (4.2), which is used inside the iterative
inversion algorithm to retrieve the SWC of all local expansions.

Fig. 4.5 shows a schematic representation of the interpolation aggregation step.
The upper part shows the subdomain division of the antenna. There exists 4 × 4

subdomains, each of them with its own set of SWC. The subdomains are grouped in
groups of 2× 2 and its fields are aggregated as shown in the lower part of the figure.
After every step of the multi-level scheme, the sampling rate is doubled on each angular
dimension, but the number of local fields is cut by half in each dimension too. This is
the key for an efficient implementation capable to achieve a computational complexity
of O

(
N2logN

)
as compared with an explicit implementation of (4.2) which scales

with O
(
N4
)
.

To show the computational capabilities of the proposed Multi-level Spherical Wave
Aggregation (MSWA) scheme, the following test is conducted. A simulation model
is implemented using as AUT a Yagi-Uda antenna array. The array is made up of a
variable number of antennas separated 0.8λ, fed with a uniform amplitude and phase
distribution. Each Yagi-Uda is composed of three dipoles separated 1λ. This model
is used to simulate near-field measurements with AUTs of different size. The near-
field measurements are postprocessed to retrieve the AUT far-field using 3 different
methods:

• Traditional NFTFFT using Wacker algorithm to retrieve the SWC.

• Iterative matrix inversion with MSWE as equivalent basis using the fast MSWA
operator.

• The same method as the previous but using explicit matrices instead of the
Multi-Level fast operators.
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Figure 4.5: Recursive domain decomposition and representation of the interpolation-
aggregation step of one subdomain.

A comparison of the simulation times for each of the methods is depicted in Fig. 4.6
for different electrical dimensions of the AUT. In addition, a set of curves displaying
the theoretical computational complexity of each method has been displayed too,
showing good agreement. The MSWE-based techniques cannot compete with the
traditional method, but of course they have the advantage of being applicable to any
type of measurement surface and sampling scheme. The difference in computational
complexity offered by the Multi-Level scheme becomes evident as the antenna electrical
size increases. This makes the proposed method suitable for field transformation
problems with large electrical dimensions which cannot be easily processed by
conventional matrix approaches.

4.2.4 Application of the MSWE to NFTFFT problems

Now it will be shown how the proposed equivalent basis can be used to perform far-
field transformation of near-fields measured over arbitrary surfaces. The first test
consists in a simulation example using the Yagi-Uda model introduced in the previous
section. The electrical dimension of the array is set to 80λ× 80λ, which corresponds
to a truncation number N = 365. The near-field is measured over a surface given in
spherical coordinates:

r =
√

40 sin2θ + 20 cos2θ λ (4.3)

sampled with angular increments ∆θ = ∆φ = π
N and instead of using a classical

equi-angular sampling, a spiral sampling has been simulated.
To perform the NFTFFT it is necessary to define the MSWE representation. The

equivalent surface selected is the combination of the 6 faces of a prism enclosing the
AUT with a total of 20x20 subdomains on the two largest faces. Fig. 4.7 depicts a
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Figure 4.6: Simulation time of matrix multiplication and MWSA operator compared
with the traditional canonical transformation.

schematic representation of the sub-domain division and a simplified version of the
measurement surface.

Now the iterative inversion algorithm is started to find the coefficients of all
expansions and once these are found, the far-field is evaluated. This transformed
far-field has been depicted in Fig. 4.8 along with the true far-field, which can be
analytically computed using the dipole closed form expressions. The transformation
shows an excellent agreement with the reference, validating the accuracy of the
proposed method. Finally, a NFTFFT example will be shown with real measurements

Figure 4.7: Subdomain structure enclosing the AUT and simplified representation of
the measurement path.

in the anechoic chamber of the Universidad Politécnica de Madrid. However, the
lack of advanced positioning equipment inhibits the generation of measurements over
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Figure 4.8: Comparison of the transformed far-field with the analytical solution for
an electrically large antenna using MWSE.

arbitrary measurement surfaces. Therefore, a standard planar near-field measurement
will be used to validate the technique. The AUT in this case will be the VAST12
antenna, whose near-field is measured in a 1.8× 1.8 m2 plane at a distance of 80
cm. A sampling rate of 0.5λ is set, and vertical and horizontal polarizations are
acquired with a standard gain horn as probe. The near-field is processed using a
traditional Plane Wave Spectrum (PWS) [15] approach and with proposed MSWE
method, where the defined equivalent surface is a plane located at the AUT aperture.
The transformed far-field main cuts are depicted in Fig. 4.9. In addition, the spherical
near-field measurements of the same AUT used in the previous chapters have been
depicted too, for a more accurate comparison. The agreement between the different
curves is good proving the accuracy of the proposed technique.

This chapter has introduced two efficient techniques for the postprocessing of
near-field measurements over non-uniform grids and arbitrary surfaces. This type
of measurements is common in applications where the near-field is sampled with
advanced positioning equipment or when a sampling scheme different from the
equiangular is desired. Two different techniques have been proposed depending on
whether the spherical nature of the measurement grid is kept or not. Both methods
are based on solving a linear system of equations with an iterative algorithm that
replaces the matrix-vector products by fast operators. The first proposed technique
does this by combining the SWE formulation with the computational capabilities
offered by the NUFFT, but it imposes the requirement of having a sphere of constant
radius as measurement surface. The second technique is applicable to any kind of
measurement geometry and replaces the conventional SWE by a series of expansions
locally distributed over the AUT surface. This constitutes a new basis for the AUT
fields, which brings benefits in terms of simplified probe correction and computational
efficiency.
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(a)

(b)

Figure 4.9: VAST12 horizontal (a) and vertical (b) cuts of the co and cross polar
transformed far-field using SNIFT (reference) from a spherical measurement, and
MWSE and PWS from a planar measurement.
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The computational capabilities of both techniques have been demonstrated by a
series of simulation examples showing considerable processing time savings compared
with its explicit matrix-based counterparts. In addition, measurement results have
been provided to validate its accuracy in comparison with traditional measurements.



Chapter 5

Phaseless antenna measurements

Spherical near-field measurements require an accurate characterization of both
amplitude and phase of the near-field signal for the far-field transformation. These
are relative measurements where the RF signal measured by the probe from the
transmitting AUT (or vice versa) is compared with another signal received from a
reference channel. As discussed in chapter 2, in some cases it is not possible to
establish a stable reference channel, due to different variations of the propagation
conditions inside the cables in which the reference and AUT signals propagate, or the
physical impossibility to access to the AUT to establish a reference. In the case of
the amplitude, if the AUT (or probe) is transmitting constant power, there is no need
for a reference channel to perform relative measurements. For the phase it becomes
infeasible, as the near-field samples are taken in different times without lack of relative
phase between them.

The difficulties on obtaining accurate phase measurements lead to the development
of phaseless postprocessing techniques [107], which can retrieve the complex far-field
pattern of antennas from a set of amplitude only measurements. The lack of phase
constitutes an information loss which must be compensated by other means, such
as employing extra hardware like interferometry circuits [108, 109] and holography
[110], or multiple scan surfaces [111]. In this chapter the latter option will be
explored, as it does not require any extra hardware compared with traditional near-
field measurements. By measuring the near-field amplitude in two different surfaces,
the relative phase of the measurement can be extrapolated under certain conditions.

In the case of near-field spherical measurements, this is implemented by measuring
the AUT near-field on two spheres of different radii. Advanced phaseless techniques are
applied then to retrieve the SWC of the AUT to finally compute the complex radiation
pattern. The nature of this postprocessing techniques is neither linear nor convex,
so the presence of multiple solutions or local minima is very common [112]. This
prevents the phaseless techniques from providing reliable and accurate measurements.
During the last years, considerable efforts are being invested to improve the accuracy
of phaseless techniques so they can become a reliable alternative to traditional complex
measurements. This includes the mathematical study of the phase retrieval problem
[113, 114, 115] and the proposal of ways to incorporate additional information [116,
117, 118, 119, 120] to the measurements to improve the quality of the postprocessing
results.
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On this chapter a phaseless technique will be studied: the two scans spherical
phaseless method. This technique was proposed years ago [121, 122] but lacked a
thorough study of its applicability and performance under different conditions. Such
analysis has been performed in this thesis using analytical models, and later verified
with pure phaseless measurements on different spheres. In particular, the following
parameters have been analyzed: sphere measurement radii, AUT electrical dimension,
probe correction, oversampling and noise.

5.1 The two scans phaseless technique

The two scans phaseless technique is based on measuring the near-field amplitude
signals on two spheres of different radii. The magnitudes are denoted by w1 = |w (r1)|
and w2 = |w (r2)|, while the spherical surfaces are S1 and S2. Optionally, an initial
guess phase can be added to the first measurement to generate a complex field w1 =

|w (r1)| e−jΦ1 . Then, an iterative algorithm is started:

1. w1 is propagated from S1 to S2, obtaining a new calculated complex field, w̃2 =

|w̃2| e−jΦ2 .

2. w̃2 is compared with the measured magnitude w2 with a certain near-field error
metric.

3. |w̃2| is discarded and substituted with |w2|, resulting in a complex field w̃′2 =

|w2| e−jΦ2 .

4. w̃′2 is then propagated back to S1 and the analogous amplitude substitution is
performed.

This iterative process of propagation and magnitude substitution is continued after
the error metric drops below a given threshold or the specified number of iterations is
reached.

Two error metrics are used to assess the algorithm convergence. The first one is
the amplitude error, and is the one that can be used in the iterative algorithm as a
stopping criterion:

εamp =
rms (|w̃2| − |w2|)

max (|w2|)
(5.1)

where rms denotes the computation of the root mean square error over all angular
points of the measured field. In addition, a complex error metric will be defined too:

εcomp =
rms

(
Qsmn − Q̃smn

)
max (Qsmn)

(5.2)

where Q̃smn denotes the retrieved SWC of the AUT at some point of the iterative
algorithm and Qsmn are the true coefficients. Of course, this metric can only be
computed when the SWC of the AUT are already known, so it is not applicable on
a real phaseless measurement scenario. However, it will be used in the simulation
experiments to assess the performance of the algorithm.
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If the measurements are performed in an equiangular grid of points with a single-
order probe, Wacker algorithm can be used to perform all field computations and
propagations between spheres, leading to an extremely efficient method. This is
of critical interest, as a high number of iterations is usually required to achieve
convergence.

5.2 Influence of measurement parameters on the phase
retrieval

Having introduced the basic theory of the two-scans phaseless technique, now it will
be evaluated using simulation models in MATLAB [123] as done for the techniques
introduced in the previous chapters. Near-field simulations using dipole models are
developed to assess the performance of the introduced technique under different
parameters.

The most critical parameter for any two-scans phaseless technique is the separation
between measurement surfaces. A large separation between surfaces improves the
information content, because the near-field amplitude experiments greater variations
improving the problem conditioning. This is verified performing the following test: a
square planar array of dipoles is simulated emulating a near-field measurement in two
spheres of radii r1 and r2 for two orthogonal polarizations. The values of r1 and r2

are swept between 0 and rfar, which is the far-field distance of the AUT according
to the Rayleigh criterion: 2 (2r0)2

λ . This experiment is done for two arrays of different
dimensions with truncation numbers of N = 80 and 60. Fig. 5.1 depicts the complex
error εcomp for both cases. This plot shows that there is an optimum region where the
algorithm provides better results, which is with the smallest sphere having a radius of
10-15% of the Rayleigh distance, and at least 20%-30% for the second sphere.

In general, this rule is independent of the antenna size and frequency and to show
this, the same analysis has been performed for antennas with different truncation
values but fixing one of the spheres to 0.5rfar. The corresponding complex error
for different values of the second sphere radii are depicted in Fig. 5.2, where a good
agreement of the optimal region between the curves can be observed.

The influence of the oversampling is analyzed too, as it has been shown that it helps
to improve the accuracy of retrieved results [112]. This parameter is assessed together
with the main beam pointing direction of the antenna (θp). The equiangular sampling
scheme tends to concentrates a lot of samples around the poles. Therefore, it is
interesting to study the behaviour of the phase retrieval when the antenna main beam
is out of this highly oversampled area. To do so, several simulations are performed
with antenna models of the same type but with different pointing directions. On each
simulation the sampling rate is varied according to a given oversampling ratio. The
resulting complex error for the different tests is depicted in Fig. 5.3, showing how an
oversampling ratio of around 2 is enough to improve the quality of the reconstructed
SWC by a couple of dB. This means that the angular steps need to be divided by
two with respect to the Nyquist rate typically employed in a standard spherical near-
field measurement. A similar trend is observed regardless of the pointing direction of



60 CHAPTER 5. PHASELESS ANTENNA MEASUREMENTS

(a)

(b)

Figure 5.1: Complex error map for each combination of normalized measurement radii
for the AUT of size N = 80 (a) and N = 60 (b).
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Figure 5.2: Complex error for different values of r1/rfar with a constant value of
r2 = 0.5rfar for several AUT sizes.

the antenna, yet the obtained errors increase as the pointing directions deviates from
0◦. This is a consequence of the degradation of the axial symmetry of the radiation
pattern, which makes the phase retrieval even more challenging and prone to local
minima.

The effect of the probe has been analyzed too by doing simulations with probes
of different directivities and comparing the errors of the reconstructed results. As
shown in Fig. 5.4 the effect of the probe is negligible, which is expected due to the
nature of spherical near-field measurements, where the probe has small effect on the
measurement.

Finally, since we are dealing with an ill-posed problem, the effect of the noise has
been analyzed. The previous experiments are repeated contaminating the near-field
measurements with an additive wave gaussian noise of different levels. Fig. 5.5 depicts
the amplitude and complex error of the retrieved solution for different Signal to Noise
Ratio (SNR) of the input near-field signals. Both errors show a stable evolution as
the SNR is degraded, which means that the technique is robust against noise in a real
measurement environment.

5.3 Spherical near-field phaseless measurements

Now the two-scans phaseless technique is tested in a real measurement scenario using
purely phaseless data. Two reflector antennas have been tested in the spherical near-
field measurement system of the Universidad Politécnica de Madrid, which offers the
possibility of adjusting the AUT to probe-distance between 3 and 5.5 m. In both
measurement experiments, both amplitude and phase are acquired to compute the
far-field pattern using standard near-field postprocessing techniques. This far-field
pattern is used as an accurate reference. Then, the magnitude of the measured signals
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Figure 5.3: Complex error as a function of the sampling rate for AUT of different
pointing directions.

is used to apply the two scans phaseless technique as introduced in the previous section.

The first AUT is a 60 cm diameter reflector antenna operating at 20 GHz. To
maximize the accuracy of the reconstructed results, an oversampling ratio of 1.5 is
used resulting in angular steps of 1◦, and the maximum separation between spheres
(3 and 5.5 m) is selected. These radii correspond to the 8% and 15% of the Rayleigh
distance respectively, which is somewhat close to the optimal range according to the
previously derived criteria. Fig. 5.6 depicts the resulting far-field pattern retrieved by
the phaseless technique along with the reference pattern and the error between the
two in form of Equivalent Error Signal (EES):

EES(θ, φ) = 20 log10


∣∣∣∣∣∣E(θ, φ)comp

∣∣∣− ∣∣∣E(θ, φ)ph

∣∣∣∣∣∣
max

(∣∣∣E(θ, φ)comp

∣∣∣)
 (5.3)

being E(θ, φ)comp and E(θ, φ)ph the far-field patterns retrieved from the complex and
phaseless date respectively. A good level of agreement is exhibited by the co-polar
pattern yet the phaseless technique tends to overestimate the cross-polar lobes.

The second AUT is the mmVAST antenna [124], similar to the VAST12 but
operating at 38.7 GHz and a square reflector of 23 × 23 cm2. An angular step of
0.5◦ providing an oversampling ratio of 1.44. Once again, the measurement radii are
set to 3 and 5.5 m but in this case, they correspond to a 3.3% and 6% of the far-
field distance, which are very low values far from the optimal region derived in the
previous section. Fig. 5.7 depicts the obtained radiation pattern by the phaseless
algorithm along with the reference solution for the two principal cuts. The agreement
is not as good as in the previous case, but the main lobe is well retrieved and there is
a high similarity in the secondary far-lobes.
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Figure 5.4: Influence of the probe at different measurement distances.

5.4 Conclusion

This chapter has introduced the concept of phaseless measurements presenting a
simple algorithm to retrieve the complex far-field pattern from a set of amplitude only
measurements. The algorithm is based on an iterative procedure which propagates the
near-field between the two spheres and substitutes with the measured amplitudes. The
non-linear nature of the algorithm makes it suboptimal, limiting its application range
to some measurement conditions for obtaining reliable results. To determine these
conditions, a set of simulations have been performed with different parameters typical
from spherical near-field measurements: AUT electrical dimensions, measurement
radii, sampling rate, probe correction and noise. The most critical parameter is the
sphere radii with respect to the AUT far-field distance because it highly influences
the accuracy of the retrieved solution and can be a limiting aspect due to physical
considerations (requirement of large translation stages). The conducted study helps
to select the proper parameters for real antenna phaseless measurements. This has
been demonstrated with two measurement examples of reflector antennas, obtaining
good agreement when the appropriate conditions were met.
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Figure 5.5: Influence of the noise in the obtained SNR.

Figure 5.6: Transformed far-field of the 20 GHz reflector antenna.
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(a)

(b)

Figure 5.7: Transformed far-field of the mmVAST antenna for the E (a) and H (b)
planes.
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Chapter 6

General conclusion

6.1 Summary and outcomes

The goal of this thesis was to study the development and implementation of efficient
postprocessing techniques for spherical near-field measurements. The NFTFFT
problem has been addressed in different scenarios: under-sampled acquisitions, non-
uniform grids and phaseless measurements. These scenarios are of high interest in
emerging applications such as 5G and automotive, to reduce the cost and time of
modern antenna measurements. The complexity of NFTFFT in these scenarios leads
to the processing of large volumes of data. Therefore, special emphasis has been
put in the computational efficiency of the introduced techniques to develop solutions
that can be implemented in standard computers. Using the techniques introduced on
this thesis, modern measurement facilities can benefit from advanced postprocessing of
measured near-fields to facilitate the use of faster antenna measurements with cheaper
RF, positioner and computer equipment.

The background of the conducted investigations has been the SWE as equivalent
basis representation of the AUT radiated fields. The common objective of the
introduced techniques is to find the SWC of the AUT and then evaluate them on
the far-field. The latter step is done straightforwardly thanks to the transmission
formula, while the former requires solving an inverse problem which poses a series of
challenges depending on the scenario.

For the under sampled near-field measurements, the Nyquist rate is relaxed to
reduce the scanning time. This lack of near-field information complicates the retrieval
of the SWC. Therefore, additional a priori information from the antenna must be
exploited and two different techniques have been presented for two scenarios typical on
antenna measurement facilities: AUTs with pencil beam patterns and offsets from the
measurement coordinate systems. It has been shown how in both cases considerable
measurement time reductions can be achieved with small transformation errors.

In the case of non-uniform grids, the challenges of the inverse problem are mainly
computational. The use of FFT for processing the near-fields is inhibited in these
scenarios, so most techniques rely on explicit matrix approaches. However, it has been
shown how the NUFFT can be used to address the non-uniform sampling of spherical
near-field measurements and recover the SWC in a stable and efficient way. This opens
the possibilities for combining the advantages of advanced sampling schemes with the
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processing efficiency of traditional equiangular approaches. When a perfect spherical
surface cannot be maintained, the inverse problem becomes even more challenging.
For these cases, a new equivalent basis representation of the AUT has been derived
to avoid the use of explicit matrices when processing the near-fields.

The postprocessing of phaseless near-field measurements has been addressed as an
alternative to complex measurements. The advantages of eliminating the need of a
phase reference are two-fold. In one hand, it mitigates the stability problems at high
frequencies, and in the other, it eliminates need of expensive hardware to perform
vectorial measurements, facilitating the use of power meters to do the measurements.
All the complexity has been relegated to the postprocessing, so there is no need of
extra hardware to perform this type of measurements. The transformation results
however, are not as accurate as the ones presented with the other techniques, so the
phaseless measurements remain as an unreliable tool for a general case.

6.2 Future work and technology transfer

The investigated topics open questions that require further research. Specially in the
phaseless case, stat-of-the-art techniques are unpredictable and not yet an alternative
to complex measurements. New efforts to incorporate additional information to the
phase retrieval problem are needed to improve the performance of these techniques.
The use of linear combination of signals and partially coherent acquisitions has been
mentioned in chapter 5. The application of this concepts for the spherical case is worth
of investigation. From the mathematical point of view, the analysis of other phase
retrieval techniques, or its combination with the one introduced in this dissertation
could help to improve the quality of the postprocessing. In the case of non-uniform
measurements, future work includes the derivation of sampling schemes which not only
reduce the absolute number of samples but also the measurement time considering
the dynamics of the positioning equipment. This is a challenging task for the case of
traditional positioners, but the rise of robotic equipment opens new possibilities to
explore.

The most prominent application of this PhD thesis is the implementation of the
developed techniques in the antenna measurement facility at Universidad Politécnica
de Madrid known as Laboratorio de Ensayo y Homologación de Antenas (LEHA),
compliant with ISO 17025 standard. The spherical system of this facility is highly
demanded by the research department and external companies, so any contribution to
the speed up of the measurement process is highly valuable. In addition, special types
of antennas may require specific postprocessing techniques such as the ones analyzed
in this thesis. The next step of this work is the integration of the developed code in
the postprocessing software used in this facility so it can be operated by an antenna
engineer without the need of having a deep understanding of the underlying theory.

Finally, to demonstrate the originality and interest for the measurement commu-
nity of this work, the main points of novelty for each journal paper of the compilation
are listed explicitly. In addition, specific and realistic applications of this work on
LEHA are given.

• Paper I presents an innovative technique for measurement sampling reduction.
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A lot of work has been done on this topic, but the proposed technique has two
main advantages over previously proposed ones. The first one is that it works
with equiangular sampling, so it does not require any special scheme. This
makes it very easy to integrate in any measurement facility just by a simple
programming of the acquisition software. The second one is the incorporation
of an error estimator so the accuracy of the technique can be evaluated. To
the best of my knowledge this is the first time a technique like this is able to
assess its accuracy with no a priori knowledge of the AUT. A significant part
of the antennas measured at LEHA are reflectors with good axial symmetry.
Therefore, this technique is the perfect choice for these scenarios and could be
implemented to obtain considerable gains in measurement time.

• Paper II presents another technique for the reduction of measurement times of
offset antennas. This approach has been addressed recently by a few authors
but using explicit matrix formulation. This paper solves this problem without
need of matrix operations by using on-the-fly operators for the first time. The
computational benefits of this approach have been showed which become critical
for electrically large antennas. Some antennas measured at LEHA need to be
tested when mounted over voluminous structures like radomes or structures
like satellite mockups. In these cases, the centering of the antenna on the
measurement system is far from optimal. The use of this technique will solve
this problem in an efficient way.

• Paper III introduces the use of the NUFFT on spherical measurements. The
mathematical link between the NUFFT and the SWE is given, explaining for
the first time in detail how they can be combined to keep a computational
efficient algorithm when working with non-uniform grids. A computational and
error analysis is also performed to demonstrate its advantages over conventional
matrix approaches. The most promising application of this technique is the use
of spiral sampling to speed up the measurements. However, it is challenging
to implement a continuous spiral scan on the positioner equipment of LEHA.
On the other hand, a step-by-step scheme cannot compete with the traditional
scan-step mode of the equiangular sampling. However, in the last years there
is an increasing growth on advanced digital antennas working at multiple
frequencies, polarizations, and pointing directions. Some prototypes of this
nature have already been tested at LEHA, which becomes a time-consuming task
because of the high number of antenna configurations that must be performed
on step-by-step mode. In these scenarios, any reduction on the number of
samples is extremely needed. The nature of the grid becomes a secondary
issue because most of the time is spent with the positioner static doing point
measurements. The use of non-redundant or compressed sampling schemes
becomes an interesting alternative here, and the postprocessing of such grids
can be done in an efficient manner with the proposed NUFFT technique.

• Paper IV introduces a completely new technique for NFTFFT over arbitrary
surfaces and probe orientations. It is the first time that multiple spherical
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wave expansions are used to process the near-field and an innovative multi-
level scheme based on recursive aggregation and interpolation is implemented to
maximize the computational efficiency. The application of this technique on the
measurement facility of UPM becomes complicated as it is intended for modern
positioning equipment not currently available. However, in future measurement
projects in collaboration with other institutions with the appropriate hardware
(UAVs, robotic or crane-based positioners) the developed method may be a good
candidate for the processing of the near-field over non-canonical surfaces.

• Paper V introduces the two scans spherical phaseless technique, which had
been previously proposed but not studied in detail. A thorough study of this
technique is presented for the first time for antennas of different electrical sizes,
measurement distances, AUT orientations and noise levels. In addition, the
limitations of phaseless measurements are demonstrated, which is something not
usually reported in literature. The developed technique is ready to be integrated
on LEHA to perform amplitude-only measurements. However, the most relevant
contribution of this paper is the detailed analysis that can help the operators to
assess the feasibility of the phaseless measurement and choose the appropriate
parameters to maximize its reliability. For example, the translation stage of
the spherical range allows for AUT probe distances from 3 m to 5.5 m. It has
been shown the critical importance of this parameter so the conclusions of the
conducted analysis can help to predict whether a given AUT can be tested with
this phaseless technique depending on its electrical size.

In conclusion, the results and developed techniques on this dissertation can be used
to increase the speed, versatility, and cost-effectiveness of near-field measurements.
The most relevant open topics of the spherical near-field measurements have been
addressed, providing actual innovations and solutions. From this work, antenna
measurement facilities such as LEHA, can benefit incorporating all these contributions
and knowledge. Finally, it also serves as a start for future research and related topics
not only on spherical but also general near- field measurements.

6.3 Framework

This PhD thesis has been conducted in the Radiation Group of the Signals, Systems
and Radio-communications Department in the ETSIT of Universidad Politécnica de
Madrid, under the supervision of Dr. Belén Galocha Iragüen. The contributions
presented in this work have been funded by Universidad Politécnica de Madrid
(Programa Propio). A doctoral stay has been completed at the Technical University of
Denmark from March 2019 to June 2019 under the supervision of Dr. Olav Breinbjerg
to address the topic of phaseless measurements corresponding to chapter 5.

The work presented on this thesis has been conducted from January 2018 to June
2021. During this time, the PhD candidate has been involved in additional activities,
including engineering projects and collaboration with external companies, not only
in the field of near-field measurements but also antenna design. This activities fall



6.3. FRAMEWORK 71

out of the scope of this dissertation, but have provided a valuable experience in the
development of the thesis contributions.

Unless otherwise specified in this document, all software routines involved on this
work have been developed by the PhD candidate due to the lack of previous in-
house software. This means that a considerable amount of time has been spent in
implementing the code of the state-of-the-art methods, like the basic Spherical Wave
Expansion routines, before the actual novel contributions could be developed.
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Chapter 7

List of publications

Since this thesis has been written as a compilation of manuscripts, in this section the
different papers are included. These are the publications that fulfill the requirements
imposed by Universidad Politécnica de Madrid. Due to copyright reasons, the version
accepted for publication of the manuscripts is included. The final published version
can be accessed using de provided DOI for each paper. For a full list of publications
see Appendix A.
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Abstract—This paper proposes an under-sampling scheme in 

𝝋 for spherical near-field antenna measurements. Reducing the 
number of samples along one of the spherical coordinates allows 
to decrease the number of positioner steps. Therefore, the savings 
in number of samples are almost directly translated in 
measurement time savings. Under-sampling usually leads to 
aliasing; however, it can be controlled by exploiting the 
properties of the spherical wave expansion. The axial symmetry 
of conventional antennas leads to narrow azimuthal spectra, 
where the influence of this aliasing is small.  By designing an 
estimator of the error introduced by the aliasing, the required 
number of 𝝋 samples for a given accuracy can be determined, 
without any a priori knowledge about the antenna under test. 
This allows the application of this technique for any kind of 
antenna regardless of its level of axial symmetry, obtaining 
different values of measurement time savings depending on the 
level of symmetry. Several examples using numerical and 
measured data are presented, showing significant reductions in 
measured samples for different antennas. In addition, the 
algorithm is successfully tested against antennas with poor axial 
symmetry to demonstrate its robustness.  
 

Index Terms—Antenna measurements, near-field far-field 
transformation, spherical wave expansion, under-sampling, 
aliasing. 
 

I. INTRODUCTION 

PHERICAL near-field antenna measurements [1]-[3] are a 
powerful characterization tool due to its versatility, 

accuracy and small space requirements. Scanning the field 
radiated by an Antenna Under Test (AUT) on a spherical 
surface, followed by efficient postprocessing techniques leads 
to the determination of the full far-field radiation pattern. 
Intensive research has been performed for the last 40 years 
making this technique to become the most accurate and used 
for state-of-the-art antenna calibration and measurement with 
low uncertainty [4]. 

Being a mature technique for a long time, the latest 
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advancements on spherical near-field measurements have been 
focused on the reduction of the measurement time, which is 
often the bottleneck in antenna testing. The major drawback of 
near-field measurements is the high number of samples 
required to perform a successful near-field to far-field 
transformation. As the electrical size of the antennas grows, 
the angular sampling rates must be increased accordingly, 
leading to long acquisition times. The most straightforward 
way of addressing this issue is with multiprobe systems [5], 
where an array of probes samples several points at virtually 
the same time. Of course, the deployment and operating costs 
are higher due to the increased complexity of the measurement 
systems. 

A complementary and alternative technique is the reduction 
of measured samples. Standard near-field measurements 
intrinsically introduce oversampling in order to facilitate the 
acquisition and postprocessing steps. Different proposals have 
been made to reduce the number of samples relying on 
different scanning and postprocessing techniques. 

The band limitation properties of electromagnetic fields [6] 
are exploited in [7] to derive the minimum number of samples 
required to reconstruct the field using a spiral scanning on a 
sphere. The reported results show a reduction of 34% in the 
number of samples as compared with standard near-field 
measurements. Similarly, the use of Compressed Sensing (CS) 
[8] allows to reduce significantly the number of required 
measurements. CS is based on the fact that most antennas 
admit a sparse spectral representation (most of the coefficients 
are close to zero energy), so the near-field to far-field 
transformation is solved using an 𝑙 -minimization approach. In 
principle, the number of measurement points can be reduced 
drastically, and it has been successfully applied obtaining 
measurement time savings [9]-[11]. However, sparsity cannot 
always be assumed so it is unclear how CS performs when the 
antenna behaves unexpectedly. Some other methods [12][13] 
are based on exploiting a priori knowledge of the antenna to 
derive a simplified AUT model and reduce the number of 
unknowns, thus reducing the number of required measurement 
points.  

Nevertheless, reducing the number of sampling points is not 
always translated in a reduction of measurement time. 
Conventionally, antennas are measured in two-axis  
positioners with continuous scans in one axis and stepping in 
the other one (𝜑 = 𝜑  or 𝜃 = 𝜃  cuts) [3]. In general, 
reducing the number of samples along a scan does not provide 
significant savings because the positioner needs to perform a 
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complete rotation either way. The most optimal way is to 
reduce the number of steps. Perhaps the most drastic technique 
in this sense is the application of single-cut near-field 
transformations [14]-[16], where individual 𝜑 = 𝜑   cuts are 
measured and transformed to far-field. This becomes a 
convenient alternative when only a small number of cuts from 
the radiation pattern are needed, though the theory is based on 
some approximations and assumptions that not always hold. 

On this paper, the sparsity of the AUT spectrum is exploited 
once again but following an alternative approach to CS. It is 
observed that most of the power is concentrated in low order 
azimuthal harmonics for a significant number of antennas. For 
example, in the case of circular horn and reflector antennas, 
the radiation pattern exhibits very small azimuthal variations. 
This property allows to under-sample the fields in 𝜑, and this 
can be directly translated in a reduction on the number of 
positioner steps. In addition, an aliasing estimator is derived in 
order to set an upper bound for the transformed far-field error 
due to the under-sampling; all without any a priori information 
of the AUT except from its minimum sphere size.  

The proposed technique is tested against antennas with 
different levels of azimuthal symmetry. In the case of high 
symmetry, significant measurement time savings are obtained 
with the guarantee that the under-sampling error is under a 
given level. For AUTs with bad symmetry, the reduction times 
are smaller because the technique predicts that a high number 
of samples is needed to reconstruct the field with an 
acceptable accuracy. Section II presents the theoretical 
background and shows how the under-sampling can be 
controlled in spherical near-field measurements.   Section III 
presents some near-field to far-field transformation results 
using simulated antennas, and in in section IV the technique is 
tested with measured antennas in anechoic chamber.  

II. THEORETICAL BACKGROUND 

Fig.1 depicts a near-field measurement scenario where an 
AUT is radiating in free space in the center of a spherical 
coordinate system. The signal radiated by the AUT is 
measured in a point by a receiving probe. Outside the 
minimum sphere of the AUT, the electric field can be 
expanded in a set of orthonormal basis functions called 
Spherical Wave Expansion (SWE): 

�⃗�(𝑟, 𝜃, 𝜑) = 𝑄 �⃗�
( ) (𝑟, 𝜃, 𝜑)

 (| |, )

 (1) 

being (𝑟, 𝜃, 𝜑) spherical coordinates, 𝑄  the Spherical 

Wave Coefficients (SWC) and �⃗�
( )  the spherical wave basis 

functions. 𝑁 and 𝑀 are the truncation number of the 
expansions and their value can be estimated by the following 
rule of thumb: 

𝑁 = ⌈𝑘𝑟 ⌉ + 10    

𝑀 = ⌈𝑘𝑟 ⌉ + 10 
(2) 

where 𝑟  and 𝑟  are the radius of the smallest sphere and �̂�-
directed cylinder, respectively, circumscribing the AUT, and 
the brackets indicate the largest integer smaller than or equal 

to the number inside them. For antennas elongated in �̂�, 𝑀 is 
much lower than 𝑁. This allows to reduce the number of 
measured samples. To make the proposed technique 
independent from this property, all simulations and 
measurements shown in this paper will be done for AUTs with 
𝑀 = 𝑁. 

An efficient procedure to obtain the SWE of given AUT is 
proposed in [3]. It is based on sampling the electric field 
tangential components (𝐸 ,𝐸 ) on a spherical equiangular grid 
and an efficient processing using Fast Fourier Transform 
techniques. Once the SWC are known, (1) can be evaluated 
asymptotically in order to obtain the AUT far-field pattern.  

The analytical form of the spherical wave basis functions 
depends on the expansion index and vector component (𝜃 or 

𝜑). However, each tangential component of �⃗�( ) (𝑟, 𝜃, 𝜑) can 
be expressed as the product of three independent functions: 

𝐹
( ) (𝑟, 𝜃, 𝜑) = 𝑔 (𝑟)ℎ (𝜃)𝑒  (3) 

where 𝑔 (𝑟) is related to Hankel functions and ℎ (𝜃) to 
associated Legendre functions. Considering that Legendre 
functions are closely related with sinusoidals, the SWE over a 
sphere of constant 𝑟 can be regarded as a special kind of 2-
dimmensional Discrete Fourier Transform mapping the 
domain (𝜃, 𝜑) to (𝑛, 𝑚). Large variations in 𝜃 or 𝜑 will 
correspond to high 𝑛 or 𝑚 harmonics, respectively.  

As a visual example, Fig. 2 depicts the 𝜃 component of the 
field radiated by a reflector antenna pointing in �̂�. The antenna 
is highly directive, so it exhibits a narrow beam-width in 𝜃, 
and has a pencil beam pattern, so it is very smooth in 𝜑. The 
(𝑛, 𝑚) power spectrum of the antenna is calculated and 
depicted in Fig. 3: 

𝑃 = |𝑄 | + |𝑄 |  (4) 

This spectrum shows low and high 𝑛 harmonics responsible 
for the large variations in 𝜃. In 𝑚, however, the number of 
harmonics is low, due to the small variations in 𝜑. A wide 
variety of antennas shows a similar behavior. The design of 
pencil beam patterns, and the shape and symmetries in the 
antenna tend to generate power mode spectrums with a 
reduced number of harmonics in 𝑚. This property can be 
exploited to reduce the number of samples taken in this 

 
Fig. 1.  Schematic representation of the geometry of a spherical near-field
antenna measurement scenario. 
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dimension, thus reducing the measurement time. 
To show how this can be implemented, (1) is reformulated 

using the form of the spherical wave vectors of (3) for one 
component of the electric field, 𝐸. 

𝐸 = 𝑄 𝑔 (𝑟)ℎ (𝜃)𝑒

 (| |, )

= 𝐶 (𝑟, 𝜃)𝑒  

(5) 

where the 𝑠 and 𝑛 summations have been compressed along 
the rest of the terms in the function 𝐶 (𝑟, 𝜃). This shows 
that the SWE is indeed a Fourier Transform mapping 𝜑 to 𝑚, 
so its properties can be exploited for antenna measurements. 
In fact, one of the first steps for computing the SWC is 
performing a Fourier Transform in 𝜑:  

𝐶 (𝑟, 𝜃) = 𝐸 𝑟, 𝜃,
2𝜋𝑚

2𝑀 + 1
𝑒  (6) 

Then, applying orthogonality properties, the complete SWC 
set can be retrieved from  𝐶 (𝑟, 𝜃) as shown in [3]. Through 
this paper, the same procedure will be used to perform 
spherical near-field to far-field transformations. The only 
modification will be the use of under-sampling in 𝜑. Over the 
next section, the effect of this oversampling and how to 
control it will be shown. 

A. Effect of the under-sampling in 𝜑 

According to the Nyquist criterion, if an antenna of 
truncation index 𝑁 is to be measured, there exists a number 
𝐿 = 2𝑁 + 1 of 𝑚 harmonics, so the same number of samples 
in 𝜑 needs to be acquired to retrieve 𝐶 (𝑟, 𝜃). In the case of 
the reflector antenna of the previous example, 𝐿=281.  If less 
than 281 samples are taken in 𝜑, aliasing will occur, and the 
retrieved signal will be a periodically overlapped version of 
the original: 

𝐶 (𝑟, 𝜃) = 𝐶 , , (𝑟, 𝜃) (6) 

Fig. 4 shows a schematic representation of the overlapping 
effect on the 𝑚-power spectrum [3] when 𝐸(𝑟, 𝜃, 𝜑) is 
sampled with 𝑙 = 60 𝜑 samples, which corresponds to an 
under-sampling ratio of 𝑙/𝐿 ≈ 0.21. With this value of 𝑙, only 
60 of the 281 harmonics 𝐶 (𝑟, 𝜃) can be retrieved. The 
black dashed lines depict the region of the spectrum that can 
be calculated from this measurement (𝑚 = ±30) In addition, 
these harmonics are contaminated by aliasing due to the 
overlapping of the adjacent spectrum replicas (red dashed 
curves). However, it can be appreciated, that most of the 
power is concentrated in the first harmonics and the aliasing 
power is low, due to the fast decay with increasing 𝑚. 
Therefore, the far-field pattern can be estimated from these 60 
samples with some aliasing error: 

 

𝜖 (𝑙) =
𝑟𝑚𝑠 �⃗� − �⃗�

𝑚𝑎𝑥 𝐸
   (7) 

Fig. 2.  Far-Field 𝐸  component of a reflector antenna in (𝜃, 𝜑) coordinates. 
  

 
Fig. 3. Power spectrum of the reflector antenna.   
  

 
Fig. 4. M-power spectrum of the reflector antenna with the aliasing replicas 
when it is under-sampled.  
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being �⃗�  the transformed far-field with no under-sampling,  

�⃗�  the transformed far-field using 𝑙 samples and 𝑟𝑚𝑠 the root 
mean square error. This error is a combination of the 
truncation and the overlapping, so it will be lower as 𝑙 
increases. Therefore 𝑙 can be adjusted to obtain a far-field 

pattern with a desired accuracy. However, �⃗�  is not known, 
so an estimator for 𝜖  must be derived.  

B.  Under-sampling error estimation 

The power spectra of the previous sections have been 
computed using an AUT simulated model where the complete 
SWE is known. On real measurement scenarios, this 
information is a priory unknown, so the previous analysis 
cannot be followed to derive the number of  𝜑 samples 
required for a near-field measurement with a given accuracy. 
If a simulation model of the antenna is available, the 𝑚-power 
spectrum can be used to compute 𝑙. However, the 
manufactured AUT can have a different behavior than 
expected. Any misalignment or lack of symmetry will increase 
the power level of higher harmonics, making the 
transformation error much higher than expected from the 
simulation model.  

An alternative procedure must be devised to estimate the 
transformation error from an under-sampled measurement 
without any priory information of the antenna, except from the 
minimum sphere. The transformation error is produced by the 
aliasing error of the SWE. To perform the analysis, the 
computed SWC from a given number of  𝜑 samples 𝑙 is 
denoted by: 

𝑄 = 𝑄 + 𝐴  (8) 

which is the combination of the real SWC and an aliasing 
term. The transformation error 𝜖  will be proportional to 

the power of the aliasing term, 𝑟𝑚𝑠(𝐴 ). The aliasing 
power decreases with 𝑙 until 𝐿 is reached, when it becomes 
virtually zero. A good estimate of this power can be obtained 
computing the difference between two values of 𝑙, 𝑙  and 𝑙 , 
with 𝑙 > 𝑙 : 

𝑟𝑚𝑠 𝑄 − 𝑄 = 𝑟𝑚𝑠 𝐴 − 𝐴

= 𝑟𝑚𝑠 𝐴 + 𝑟𝑚𝑠 𝐴

< 2𝑟𝑚𝑠 𝐴  

(9) 

assuming both aliasing terms as independent random 
variables, which is not strictly true but can be considered for a 
high number of harmonics in the SWE.  

C. Iterative measurement procedure 

Using (9), an iterative measurement procedure can be 
performed to obtain the far-field pattern of an AUT with a 
given accuracy. On each iteration the antenna is measured in 𝑙 
cuts, and the obtained coefficients are compared with the ones 
of the previous iteration. If the difference is lower than a given 
threshold, the measurement is stopped with the guarantee that 
the transformed field has an error below the desired accuracy.  

To minimize measurement time, the number of cuts can be 

measured following a geometric progression: on each iteration 
the number of cuts is doubled, so all cuts from previous 
iterations can be reutilized. This requirement is imposed 
because the cuts must be equally separated in 𝜑. Fig. 5 shows 
a schematic representation of this concept where the XY plane 
projection of the measurement sphere is depicted. Over it, 
different 𝜑 cuts have been plotted. The blue cuts correspond to  
 𝑙 = 4. If the red cuts are measured and combined with the 
blue ones, this corresponds to the case 𝑙 = 8. The case 𝑙 = 16 
is also depicted in green. This process is continued iteratively 
until the estimated error is below the desired treshold.  

Although most of the measurement time is spent scanning 
in 𝜃 for a 𝜑 = 𝜑  cut, performing several iterations of the 
algorithm to reach a given value of 𝑙 takes more time than 
measuring all 𝑙 samples straight. Therefore, if there is a priori 
information about the antenna modal content, it can be used to 
start with a higher value of 𝑙, saving further measurement 
time.  

Figure 5 also shows the equiangular sampling of standard 
spherical near-field measurements. This sampling scheme 

gives a maximum separation of  between samples on the 

AUT minimum sphere in order to avoid aliasing. This 
maximum separation occurs for 𝜃 = 90°, where the radiation 
pattern of the antenna usually has low power, in the usual case 
of antennas with the main beam aligned with the �̂� axis. On 
the center, there is a high level of oversampling. Therefore, by 
applying the under-sampling scheme, the part which is more 
affected by the alising is where there is less radiated power. 

III. NUMERICAL RESULTS 

On this section, the proposed under-sampling algorithm is 
applied to a set of simulation antenna models in order to assess 
its performance in different scenarios. The relevant results are 
the transformation errors and measurement samples. The 
actual reduction in measurement time will be analyzed in 
section IV. 

 
 

Fig. 5. Schematic representation of the proposed measurement procedure. 
The colors illustrate the 𝜑 cuts measured at the different iterations.  
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A. Field transformation of a defective reflector antenna 

The proposed algorithm for 𝜑 under-sampling and aliasing 
estimation is tested on this section using a simulation model in 
GRASP [17]. The model consists of a TE11 conical horn 
feeding a 1 m diameter reflector at 9.5 GHz, both nominally 
centered along the �̂� axis direction. According to (2), the 
number of modes is 𝑁 = 140. Therefore, a standard near-field 
measurement requires 141 samples in 𝜃 and 281 in 𝜑. 
However, due to the symmetry of the AUT, only 𝑚 = ±1 
harmonics are different from zero so, in theory only 2 samples 
would be needed. In practice, manufacturing errors and 
misalignments will increase the modal content, but it is 
expected that this effect is not significant, and the number of 
samples can still be reduced.     

A displacement of ∆𝑥 = 2.5 𝑐𝑚, ∆𝑦 = 1.5 𝑐𝑚 and 
misalignment of 6° from its nominal position is applied to the 
reflector feed. Then, the near-field is simulated on a sphere of 
𝑟 = 5 𝑚 with 141 samples in 𝜃 and a number 𝑙 in 𝜃.The far-
field is also simulated to perform comparisons. For each 𝑙 
value, the SWC aliasing error 𝑟𝑚𝑠(𝐴 ) is calculated using 
the reference far-field measurement. The error estimator 
proposed in the previous section is also computed. Although a 
geometric progression scheme was proposed in the previous 
section to minimize measurement time, in this section 𝑙 will be 
varied following a denser linear progression to analyze better 
the algorithm behavior. 

The evolution of the error and its estimator is depicted in 
Fig. 6 where it can be seen the decrease with the iteration 
number as expected. The error estimator tends to overestimate 
the actual aliasing error as it is an upper bound. In fact, it can 
be appreciated that the error estimator for a given iteration 
tends to be equal to the true error for the previous one because 

in (9) 𝑟𝑚𝑠 𝐴 ≫ 𝑟𝑚𝑠 𝐴 .  
The transformed far-field for 𝑙 = 10 and 𝑙 = 20 has been 

calculated and compared with the true far-field simulated in 
GRASP. Because the aliasing error shows a periodic behavior, 
Fig. 7 depicts the transformed field cuts where the 
transformation error is higher. The obtained transformation 

errors have peak values in -22 dB and -50 dB for 𝑙 = 10 and 
𝑙 = 20 respectively, as compared with the aliasing rms error 
which is -30 dB and -70 dB. How the rms and peak error 
levels are related is difficult to predict, but the rms error gives 
a better estimate of the global deviation with respect to the 
correct solution.  

B. Effect of the alignment on the transformation process 

It is well-known that in order to keep the number of 
significant power harmonics to the minimum, the antenna 
must be centered in the coordinate system aligned with the �̂� 
axis [18],[19]. In this configuration, symmetries cancel higher 
order harmonics, which enables the application of techniques 
such as the one proposed.  

Now, the AUT coordinate system of the previous test is 
rotated 45° with respect to 𝑥 axis with a double purpose. First, 
to show the importance of keeping the AUT well aligned to 
reduce the number of SWC, and secondly, to demonstrate the 
robustness of the algorithm against off-axis steered antennas 

Fig. 8. Evolution of the error for the GRASP reflector antenna with rotated 
coordinate system.   
 

Fig. 6.  Error and estimator evolution for the GRASP reflector antenna. 

Fig. 7. Transformed far-field of the GRASP reflector antenna for different 
sampling rates. 
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where other under-sampling techniques may fail, in case this 
is an unexpected behavior.  

The same test of the previous section is performed on 
GRASP, varying the number of cuts from 𝑙=4 to 𝑙=180. The 
rotation of the coordinate system breaks all possible 
symmetries in 𝜑, so the under-sampling factors of the last test 
cannot be obtained with low errors. Fig. 8 depicts the 
evolution of the aliasing error and its estimator. As it is 
expected, a high number of samples in 𝜑 is required to obtain 
a low transformation error.  

The estimator here becomes a powerful tool because it can 
predict that a high number of samples is needed without any a 
priori information of the AUT and its orientation. For a 
reduced number of 𝑙, the estimator tends to overestimate error 
because the aliasing is so extreme that the assumptions made 
on (9) no longer hold. However, these are not errors that are 
accepted in practical measurements. For more acceptable error 
values (30-60 dB) the estimator becomes an actual upper 
bound as it was designed to be. 

This test shows that, in general, the proposed technique can 
be applied to any kind of antenna to reduce measurement time,  
being the worst-case scenario an AUT without any symmetry. 
In this case, the estimator will not reach a good level of 
convergence until almost all the samples from a standard 
measurement have been acquired. 

IV. UNDER-SAMPLED ANTENNA MEASUREMENTS  

Finally, the proposed algorithm is applied to measured data, 
to assess its robustness against real noise, drift and other non-
ideal effects. The measurements have been performed at the 
spherical near-field facility of the Technical University of 
Madrid (UPM). The spherical scanning is performed on a roll-
over-azimuth positioner with scanning in 𝜃 and stepping in 𝜑. 
Conventionally, on this type of positioners the measurements 
are performed scanning in 𝜑, but the proposed technique is 
suited for 𝜃-scanning, where the under-sampling factor is 
virtually proportional to the measurement time, assuming that 
most of the time is spent scanning. For the conducted 

experiments, multifrequency acquisitions have been employed 
where the scanning of a 𝜑 cut takes up to 2 min in the case of 
the larger AUT.  

 To maximize the algorithm efficiency, the number of cuts 
on each iteration is increased following the geometric 
progression procedure introduced in section II C). For each of 
the antennas, the number of cuts will be increased following 
such progression until the number of measured 𝜑 samples is 
higher than the one specified by the Nyquist criterion [3]. 
Using all samples, the far-field is evaluated to be used as a 
reference for the transformation using under-sampled sets of 
data. 

A. Conical Spline horn 

The first test consists in a conical spline horn operating at 
15 GHz with a truncation number 𝑁 = 37. The nominal 
number of samples in 𝜑 is equal to 73. Therefore, the antenna 
is measured and post-processed for 𝑙 = [4,8,16,32,64]. Fig. 9 
depicts the aliasing error and the estimator for the different 
transformations. Now, the far-field is transformed for 𝑙 = 16 
and compared with the field using all samples in Fig. 10. Once 
again, the 𝜑 cut with higher error has been depicted. The 
estimator for this value of 𝑙 is -70 dB which is close to the true 
aliasing error and the far-field error. The application of the 
algorithm allows a reduction of samples of 79%. This means 
that instead of measuring the 100% samples from a standard 
measurement, only 21% are measured with this approach. 

B. Reflector antenna 

The second test is a 1 m diameter parabolic reflector 
operating at 34 GHz with a truncation number 𝑁 = 241. The 
measurements of antennas of such electrical dimensions are 
very time consuming due to the number of samples required 
for the transformation. The application of the proposed 
technique helps to reduce drastically the number of 𝜑 steps to 
save valuable time. In this case, the geometric progression is 
also followed from 𝑙 = 4 to 𝑙 = 512, and the error evolution 
is depicted in Fig. 11. In this case, the AUT has higher order 

Fig. 10.  Transformed far-field of the horn antenna for different sampling 
rates.    Fig. 9.  Evolution of the error for the conical horn antenna. 
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harmonics as compared to the previous case, so the estimator 
shows unreliable values for low sampling rates like in the 
example of Section III.  

Taking  𝑙 = 64, the estimator shows an acceptable 
transformation level with a 87% reduction in samples. The far-
field is computed for this case and compared with the 
reference in Fig. 12. Note that a similar aliasing error could be 
obtained taking 𝑙 = 32 saving much more time. However, the 
estimator for this case gives an error of -12 dB so it would not 
be a realistic choice in a practical case where no a priori 
information of the true error is available.  

 

C. VAST12 antenna 

As a last test, the VAST12 (VAlidation STandard) [20] 
antenna is measured. It is an offset reflector of 25 cm of radius 
operating at 12 GHz. Despite being a circular reflector 
antenna, it is intentionally designed with some deformations to 
obtain an asymmetric pattern challenging to measure. The lack 
of symmetry leads to suspect that the acquisition time savings 

obtained by the proposed technique may be limited. 
Nevertheless, it is an excellent candidate to assess the 
robustness of the algorithm against non-conventional radiation 
patterns.  

The truncation number for the VAST12 is 𝑁 = 180. 
Therefore, measurements from 𝑙 = 4 to 𝑙 = 512 are 
performed. The error curves are depicted in Fig. 11. Now the 
error shows a slower convergence due to the AUT asymmetry, 
but it reaches a point where it is lower than in the case of the 
reflector antenna because it is electrically smaller. Finally, the 
far-field comparison is depicted in Fig. 13 for 𝑙 = 128. 

As a summary, Table 1 lists the measurement time savings 
along with the aliasing rms errors for the three antennas. The 
savings are computed comparing the time taken to measure the 
AUT with the proposed algorithm and the time required to 
measure all 𝐿 = 2𝑁 + 1 samples in the same scenario. These 
percentages are slightly lower than directly computing the 
ratio in terms of absolute number of samples because the 
positioner needs to perform a full rotation in roll for each 
iteration.  In all cases the measurement time is reduced by 
more than half, obtaining low transformation errors and upper 
bounds for them, with no a priori information of the AUT. It 
should be mentioned that these savings may vary depending 
on the acquisition parameters.  

 

V. CONCLUSION 

This paper presents a technique for under-sampled spherical 
near-field to far-field transformation. The technique exploits 
the sparse nature of the spherical wave coefficients, which 
tend to be concentrated in low azimuthal harmonics. An 
iterative measurement procedure has been proposed, in which 

TABLE I 
MEASUREMENT TIMES AND ERRORS 

AUT 
Time 
saving 

Estimated 
error 

True error 

Spline Horn 77% -70 dB -81 dB 

Reflector 85% -41 dB -44 dB 

VAST12 60% -40 dB -54 dB 

Fig. 11. Evolution of the error and the estimator for the measured reflector 
and VAST12 antenna.  

Fig. 12.  Transformed far-field of the 34 GHz reflector antenna for different 
sampling rates.  

Fig. 13. Transformed far-field of the VAST12 for different sampling rates. 
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the AUT is scanned on a grid of increasing 𝜑 samples. For 
each sampling rate, the aliasing error is estimated by 
comparing the changes on the SWC between different 
iterations. This allows to stop the measurement process with 
the guarantee that the transformed far-field error is below a 
given threshold. The technique has been tested with simulated 
and measured data with different types of antennas. For 
antennas with good axial symmetry aligned with the �̂� axis, 
considerable reductions in samples are achieved with errors 
ranging from -40 to -50 dB. For the cases of bad symmetry, 
the obtained errors are also low, but the obtained savings are 
more moderate. Therefore, the proposed technique proves to 
be robust and applicable to all type of antennas without any a 
priori knowledge except its minimum sphere size. 

Future work consists in the extension of the algorithm with 
probe correction capabilities. The concepts introduced in this 
paper can be applied to solve the transmission formula and 
retrieve the probe corrected SWC when using mono and 
higher order probes [21]. Moreover, the combination with 
multi-probe set ups can help to bring down measurement times 
to extremely low levels. 

Finally, a few comments on the comparison with other 
under-sampling schemes are of relevance. The proposed 
algorithm belongs to a class of approximated methods, where 
the analytical formulation is relaxed to provide the 
measurement time savings, in contrast with methods like [6]-
[11] which use exact mathematical formulation to address the 
problem exploiting the redundancies of spherical near-field 
measurements. Even though, the latter can provide exact 
transformation results at theoretical level, in the presence of 
noise, drift and manufacturing antenna errors, all methods will 
suffer from a loss of accuracy that can only be determined if 
the antenna is fully measured. The error estimator derived in 
this algorithm aims to solve this issue, and this is the main 
value of this contribution with respect to the previous ones. In 
this way, the proposed algorithm can be seen as an evolution 
of the single-cut method explained in [15], with an increased 
accuracy and reduced uncertainty at the cost of extra 
measurement time. 
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Abstract—In spherical near-field measurements, the number of 

measured samples grows with the radius of the minimum sphere 
enclosing the antenna under test (AUT). This leads to unnecessary 
long acquisition times for antennas mounted in offset positions 
with respect to the measurement sphere. In this letter, a general 
technique is proposed to reduce the sampling rate requirements of 
offset mounted antennas. The approach is based on centering the 
Spherical Wave Expansion (SWE) over the AUT by a shift in the 
coordinate system to compensate for the offset. The purpose of this 
shift is to reduce the number of significant spherical waves 
required to represent the AUT field. In the subsequent steps of the 
algorithm, the coordinate system is brought to its original location 
to preserve the efficiency and probe-correction capabilities of the 
traditional spherical near-field to far-field transformation 
technique. This is performed by a proper translation of the SWE 
coefficients between both coordinate systems. Higher order probe 
correction is also supported intrinsically. The proposed algorithm 
is numerically tested to assess its performance. Electromagnetic 
simulation and anechoic chamber tests are used to validate it, 
showing reductions in measurement times with low 
transformation errors.  
 

Index Terms—Antenna measurements, near-field far-field 
transformation, spherical wave expansion (SWE, offset, under-
sampling. 

I. INTRODUCTION 

PHERICAL near-field measurements [1]-[3] are 
considered as the most accurate antenna pattern testing 

methodology. Scanning the radiated field in a spherical surface 
enclosing the antenna under test (AUT) allows to obtain the 
complete far-field pattern with extremely low uncertainty. In 
the last years, some attention has been dedicated to spherical 
near-field measurements with the AUT mounted in an offset 
position. In such cases, the AUT is not centered with respect to 
the measurement sphere but presents a given offset ∆𝑑. From 
the field postprocessing standpoint, this has the same effect as 
increasing the AUT size by ∆𝑑, thus increasing the 
measurement time. Therefore, it is convenient to center the 
AUT as much as possible to minimize the number of Spherical 
Wave Coefficients (SWC) [3] involved in the transformation, 
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and thus the number of required samples.  
For AUTs that are tested mounted over voluminous 

structures such as satellites, vehicles or radomes, the centering 
may be challenging or even impossible due to physical 
limitations. Another case is the measurement of array antennas 
which are composed by multiple subarrays which are measured 
individually. Several techniques have been proposed for offset 
spherical near-field measurements. The common goal of these 
techniques is to reduce the required measurement samples to 
the same number as if the AUT was in the center of the scanning 
sphere. An approach without probe correction was proposed by 
Wood [4][5], only valid for offsets along the �̂� axis. More 
general approaches have been proposed in [6]-[10], which are 
based on redefining the coordinate system in which the fields 
are postprocessed so that its origin coincides with the AUT 
center. On this new coordinate system, the AUT can be 
characterized by a minimum number of samples according to 
the Nyquist criteria. The price to pay is that now the 
measurement sphere is displaced with respect to the new 
coordinate system, which forces to perform the near-field to far-
field transformation solving a system of equations through a 
matrix inversion, leading to long transformation times. 
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Fig. 1.  Schematic representation of the geometry of a spherical near-field 
antenna measurement scenario with offset-mounted antenna. 
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In this letter, a new offset spherical field transformation 
approach is proposed with full probe correction and improved 
efficiency with respect to previous contributions. The technique 
is also based on relocating the coordinate system origin over the 
AUT center to retrieve the SWC by solving a system of 
equations with a reduced number of measurements. The major 
difference is that interactions between the AUT and probe are 
not computed directly, but with an intermediate step in which 
the SWC are translated to the original measurement sphere 
origin. In this coordinate system, the measured fields can be 
processed using FFT techniques with full probe correction in a 
natural way, as shown in [11]. As a result, the same 
computational complexity as the standard spherical near-field 
transformation algorithm [3] is obtained. 

II. THEORETICAL BACKGROUND 

A. The transmission formula  

Fig. 1 depicts a near-field measurement scenario where an 
AUT is radiating in free space in a spherical coordinate system. 
The field radiated by the AUT is measured in a point by a 
receiving probe. The well-known transmission formula [3] 
gives the signal measured by the probe: 

 

𝑤(𝑟, 𝜒, 𝜃, 𝜑) = 𝑄 𝑒 𝑑 (𝜃)𝑒 𝑃 (𝑟) (1) 

being (𝑟, 𝜃, 𝜑) spherical coordinates, 𝜒 the probe orientation, 
𝑄  the AUT SWC, 𝑑 (𝜃) a rotation operator and 𝑃 (𝑟) 
the probe response constants. The summation in (1) spans for 
𝑠 ∈ [1,2], 𝑛 ∈ [1, 𝑁], 𝑚 ∈ [−𝑛, 𝑛] and 𝜇 ∈ [−𝑉, 𝑉]. 𝑁 and 𝑉 
are the expansion truncation numbers for the AUT and probe 
respectively. In principle, this number is infinite, however, 
depending on the antenna, the number of SWC with significant 
power is finite for both AUT and probe and there exists the 
following rule of thumb for 4-digit accuracy [3]: 

𝑁 = ⌈𝑘𝑟 ⌉ + 10   (2) 

where 𝑘 is the wavenumber, 𝑟  the radius of the smallest sphere 
circumscribing the AUT (or probe in the case of 𝑉), and the 
brackets indicate the largest integer smaller than or equal to the 
number inside them. As depicted in Fig. 1 in red, the AUT 
minimum sphere must be centered in the origin. When the AUT 
is displaced, the minimum sphere increases and so does the 
number of relevant SWC for the calculation of (1). 

For an efficient implementation, the rotation operator is 
expanded in Fourier series:   

𝑑 (𝜃) = 𝑗 ∆ ∆ 𝑒  (3) 

where the coefficients ∆  are computed using recurrence 
formulas. Then, (1) together with (3) can be written in matrix 
notation: 

𝑤 = 𝐹∆ 𝑞 (4) 

where w and 𝑞 are vectors containing the measured near-field 
samples and SWC respectively; ∆ the matrix containing the 
probe constants and Fourier terms of the rotation operator, and 

F performs a 2D Fourier transform. Assuming a small probe 
antenna, direct application of (4) has a 𝑂(𝑁 ) computational 
cost. However, the measured samples usually lie in a uniform 
(𝜃, 𝜑) grid so, with the use of FFT, the cost can be reduced 
down to 𝑂(𝑁 ).  

B. Coordinate system translation 

Eq. (4) provides an efficient way of computing interactions 
between AUT and probe in terms of the SWC. However, in the 
selected coordinate system, the AUT minimum sphere is 
unnecessarily increased due to the measurement offset. By 
placing the coordinate system in the AUT center, the number of 
significant SWC is kept to the minimum. This means that there 
is a smaller number of unknowns in the problem and therefore, 
the number of equations (measurement samples) can be reduced 
too. This has been depicted in Fig. 1, where the translated 
coordinate system (𝑥 , 𝑦 , 𝑧 ) is obtained by shifting the original 
system by a vector 𝑟  with spherical coordinates (𝑟 , 𝜃 , 𝜑 ). 

Therefore, the AUT spherical wave expansion will be 
defined in the translated coordinate system with a new set of 
coefficients Q . This new set has a truncation number 𝑁 <

𝑁, whose value is derived using (2) for the radius of the new 
minimum sphere, depicted in green. Because we still want to 
use (4) to compute the interactions with the probe, we should 
derive a relationship between the SWC of the original and 
translated coordinate systems. There exist efficient rotation 
operators for arbitrary orientations and �̂�-axis translations. 
Combining them we can express the SWC of the translated 
coordinate system with respect to the original one. Note that we 
are first defining the SWC in the translated coordinate system, 
so the translation has to be performed from this system to the 
original, which may not be intuitive (from here the orientation 
of vector 𝑟 ). This involves three steps: 
1) Rotation 
The (𝑥 , 𝑦 , 𝑧 ) coordinate system is rotated so its �̂� axis is 
coincident with 𝑟 . This corresponds to a Euler rotation of 
angles (𝜑 , 𝜃 , 0), implemented with the rotation operator [3]. 
The SWC in the new coordinate system are given by: 

𝑄 = 𝑑 (𝜃 )𝑒 𝑄  (5) 

 
2) Translation 
The coordinate system of the obtained SWC is translated a 
distance 𝑟  so its center coincides with the original (𝑥, 𝑦, 𝑧) 
coordinate system. This is achieved by the translation operator 
[3]: 
 

𝑄 = 𝐶
( )

(𝑟 )𝑄
| |

 (6) 

With 𝐶
( )

(𝑟 ) being a translation term defined in [3]. Note 
that after this step, the maximum mode index increases from 𝑁  
to 𝑁 due to the growth on the minimum sphere caused by the 
translation. 
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3) De-rotation 
The coordinate system is rotated again to return to its previous 
orientation, so it is completely coincident with the original 
system. This corresponds to a Euler rotation  (𝜋, 𝜃 , 𝜋 − 𝜑 ) 
and the final SWC are:  

𝑄 = 𝑒 ( )𝑑 (𝜃 )𝑒 𝑄   (7) 

Eqs. (5) to (7) are combined using matrix notation: 

 𝑞 = 𝐷𝑍𝑅𝑞  (8) 

where 𝑞  is a vector containing the SWC of the translated 
coordinate system and 𝑅, 𝑍, 𝐷 matrices that perform the 
rotation, translation and de-rotation respectively. None of the 
three matrices is ever stored or multiplied explicitly. Instead, 
summations (5) to (7) are performed with an overall cost of 
𝑂(𝑁 ). The values of the rotation and translation constants can 
be precalculated with the same cost by means of recurrence 
formulas [12][13]. 

C. Complete transmission formula 

Aggregating all steps into one single expression results in:  

𝑤 = 𝐹∆𝐷𝑍𝑅𝑞 = 𝑇𝑞  (9) 

where all matrices have been condensed in a single total matrix 
𝑇. Eq. (9) is a linear system of equations with 2𝑁 (𝑁 + 2)  
unknowns. To obtain a stable solution some level of 
oversampling is required with measurements in two orthogonal 
polarizations. Therefore, (9) is solved in a least squares sense: 

𝑞 = (𝑇 𝑇) 𝑇 𝑤 (10) 

which is obtained using an iterative inversion algorithm like 
Conjugate Gradient (CG) [14] which involves matrix 
multiplications by 𝑇 and its transpose. Since all matrix 
multiplications can be replaced by fast operators, the overall 
cost of each CG iteration is 𝑂(𝑁 ), the same as the standard 
spherical near-field transformation algorithm [3].  

The final step is the calculation of the far-field using the 
retrieved coefficients in 𝑞 . The calculated far-field will have 
its origin in the translated coordinate system. If the field in the 
original coordinate system is required, it can be obtained just by 
adding the corresponding phase-shift. 

III. NUMERICAL DISCUSSION 

On this section, the proposed translated spherical 
transformation algorithm is tested using analytical models. The 
first test consists in the simulation of a near-field measurement 
scenario of an aperture antenna of 5 × 5 cm  centered in the 
XY plane with a 25 cm offset with respect to the origin in a 
direction of 30º with respect to the 𝑥 axis. To compute the 
antenna field, its aperture is modeled as an infinitesimal array 
of Huygens sources with 𝑥 polarization pointing in the positive 
direction of �̂�. To demonstrate the full probe correction 
capabilities of the proposed technique, another aperture antenna 
of the same size as the AUT is used as probe, to measure the 
radiated field in a sphere of 1 m for both polarizations by 
rotating it 90º. In addition, the simulated measurements are 
contaminated with white gaussian noise of level −40 dB. 

A first simulation is performed at 3.3 GHz and the proposed 

technique is applied. At this frequency, the truncation values for 
the centered and offset antenna are 𝑁 = 15 and 𝑁 = 40, 
respectively. A standard spherical near-field transformation 
requires the field to be sampled with an angular step equal for 𝜃 

and 𝜑 defined as Δ ,  =  . Therefore, the nominal angular 

step for the current test is = 4.5°. With the translated 

spherical transformation, the number of unknowns is reduced, 
so it is expected that the angular step can be increased to a level 

of  = 12°. However, as pointed out in [9], some 

oversampling factor must be added due to the offset nature of 
the sampling grid. This factor is set so that the final angular step 
is brough down to 10°. 

With the simulated near-field the proposed technique is 
applied and the AUT radiation pattern is obtained evaluating 
the retrieved SWC asymptotically. The technique is applied 
first considering full probe correction (PC) and secondly 
neglecting the probe influence. The resulting curves are 
depicted in Fig. 2. In addition, the true-far-field has been 
computed analytically from the aperture fields to compare it 
with the noisy transformation results. The resulting data shows 
the importance of applying PC due to the reduced measurement 
distance. Even when PC is considered, a small residual error is 
present due to the introduced noise. The Equivalent Noise Level 
[15] over the whole sphere has been computed obtaining a value 
of -35 and -57 dB for the no-PC and full-PC case respectively. 
In the latter case, this value is lower than the introduced noise 
due to the implicit modal filtering effect of the SWE [16].   

The matrix method proposed in [6] has been implemented to 
validate the computational savings of the proposed approach.  
The iterative matrix inversion accelerated by 𝑂(𝑁 ) operators 
allows for a faster postprocessing, as compared to the 
𝑂(𝑁 ) matrix inversion. This difference is particularly relevant 
for electrically large problems, where the size of the system 
matrix becomes impractical to operate, as discussed in [10][17]. 
To analyze the computational complexity, the frequency of the 
simulation is varied from 3.3 to 33 GHz. This increases the 
AUT truncation index up to 𝑁 = 125. Fig. 3 depicts a 
comparison of the simulation times for the proposed technique 
and an explicit matrix method [6] to stress the computational 
gains achieved by the reduced complexity of the approach. 

 
Fig. 2. Comparison of the transformed far-field (𝜑 = 0° cut) with respect to 
the analytical far-field, using probe correction (PC) and neglecting it. 
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These computational gains can be significant, especially in the 
case of multi-frequency acquisitions, not only due to the 
reduced simulation times but also the memory requirements. As 
a matter of fact, simulations with 𝑁 > 90 where not possible 
to perform with the matrix approach due to RAM limitations in 
the used laptop (8 GB). To put these times in the context of 
practical antenna measurements, the time required for one full 
spherical scan using a classical equiangular grid is also depicted 
in Fig. 3 for each AUT size. These time values have been 
obtained using as a reference the roll-over-azimuth positioner 
of the Technical University of Madrid (UPM) operating in 𝜃-
scan and 𝜑-step for one frequency. The resulting curve shows 
discontinuities due to the requirement of using round values for 
the angular increments.  

IV. TRANSFORMATION RESULT 

As a final test, the proposed algorithm is applied to measured 
data to assess its robustness against real noise, drift, and other 
non-ideal effects. The measurements have been performed at 
the spherical near-field facility of UPM. A 26 GHz pyramidal 
horn is placed in the roll-over-azimuth positioner using an 
extension to introduce a 15 cm offset with respect to the rotary 
stage axis. The minimum sphere of the horn has a radius of 5.5 
cm, which corresponds to a truncation index 𝑁 = 40. 
However, with the considered offset it grows to 𝑁 = 124. Note 
that the value of the minimum sphere and the offset must be a 
priori know for the application of the algorithm. An uncertainty 
on the knowledges of these quantities may lead to a minimum 
sphere not fully enclosing the AUT, with the consequent loss in 
accuracy [3]. However, one usually adds some safety margin to 
avoid this type of issues. 

The field radiated by the offset horn is measured in a sphere 
of 4.5 m diameter with an equiangular grid of 180 points in 𝜃 
and 359 in 𝜑, using a smooth walled conical horn as probe for 
two orthogonal orientations. In theory, only 124 points in 𝜃 and 
248 in 𝜑 would be enough for a classical near-field to far-field 
transformation. However, 180 × 360 has been selected 
because the obtained angular increments are round numbers (1º) 
which is required for the positioning equipment at UPM.  The 
measured field is processed using the commercial software 
SNIFT [18] and the obtained far-field is depicted in Fig. 4. In 

addition, an under sampled measurement data set is generated, 
taking 1 every 4 samples of the measured field, leading to a 
46 × 90 points grid. The sampling rate of this grid is enough 
for the application of the proposed technique considering that 
𝑁 = 40. The obtained grid is processed using the proposed 
algorithm and the obtained far-field is also plotted in Fig. 4. 
with good agreement between both curves. The field processed 
with SNIFT shows a ripple that is mitigated by our method, 
once again due to the implicit modal truncation.  

The ratio of measurement samples between both approaches 
is 93%, which would lead to a considerable saving in 
measurement time. However, the measurement grid has an 
oversampling introduced to obtain integer angular increments 
to facilitate the implementation of the experiment. The Nyquist 
sampling rate for the traditional approach is actually 124 ×
248. If we make the comparison using this value, the ratio gives 
86%. Actual reductions in measurement time will give lower 
values of course, depending on the positioner speed, since the 
samples in roll are usually taken on-the-fly [19][20]and 
reducing the points along this axis provides little time savings. 
Using as estimation the times of Fig. 3, the actual reduction in 
measurement time for our system would be around 75%. 

V. CONCLUSION 

In this letter, a procedure to reduce the measurement time of 
offset antennas has been presented. The algorithm is inspired in 
previously proposed methods by setting the origin of the 
Spherical Wave Expansion at an arbitrary location in order to 
reduce the AUT modal content. Unlike other approaches that 
process the measured fields directly in this translated coordinate 
system, the algorithm makes use of translations and rotation of 
the SWC between the translated and original coordinate 
systems to keep the reduced computational complexity and 
probe correction capabilities of the traditional spherical 
transformation algorithm. Finally, the SWC of the AUT are 
retrieved using an iterative matrix inversion technique, as 
opposed to the explicit matrix inversion previously proposed 
[6]. At no point of the process the involved system matrix is 
stored but its right- and left-hand sides are computed on the fly.   

Fig. 3.  Simulation time comparison between conventional matrix approach 
and the proposed method along anechoic measurement times. 

Fig. 4. Comparison of the transformed far-field (𝜑 = 0°) using SNIFT with 
180 × 359 samples and the proposed method with 46 × 90. 
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Abstract—This paper investigates on the use of Non-Uniform 

Fast Fourier Transform (NUFFT) to solve spherical near-field 
transformation problems. Traditional postprocessing algorithms 
make use of conventional FFT for the transformation of measured 
grids with uniform sampling. More recently, the processing of 
irregular sampling grids has been introduced by means of matrix-
based algorithms. The benefits of both type of algorithms are 
combined in this paper with the implementation of the Spherical 
Wave Expansion (SWE) summation and its adjoint with NUFFT. 
This allows the processing of fields with the efficiency of the FFT 
approaches and the versatility of the matrix operators. To this end, 
the NUFFT will be introduced and it will be shown how it can be 
implemented to accelerate the multidimensional summations 
required in the SWE calculations. Numerical investigations will be 
introduced to demonstrate the computational gains achieved with 
negligible approximation errors. Finally, the NUFFT will be tested 
on three different spherical near-field postprocessing problems: 
far-field transformation of near-fields measured with spiral 
scanning, phaseless measurements on spherical surfaces with 
different sampling grids, and antenna diagnostics. 
 

Index Terms—Antenna measurements, near-field far-field 
transformation, spherical wave expansion (SWE), Non-Uniform 
FFT (NUFFT), antenna diagnostics. 
 

I. INTRODUCTION 

PHERICAL near-field antenna measurements [1]-[3] is a 
well stablished technique for the characterization of 

antennas with high accuracy. Scanning the field over a spherical 
surface in the near-field allows to extract a significant amount 
of information such as radiation pattern, directivity, gain, and 
even the aperture fields for some type of antennas [4]. This is 
made possible by a series of postprocessing techniques that 
have been improved for the last 40 years [5]. 

The foundation of spherical near-field measurements lies in 
the Spherical Wave Expansion (SWE) [3], a mathematical 
formulation which decomposes the measured near-fields in a 
family of spherical waves, each weighted by a Spherical Wave 
Coefficient (SWC), which can be aggregated at any other point 
in the space. The expansion of a field in spherical waves is not 
a trivial task due to the complex formulation of the spherical 
basis functions involving computationally intensive 
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Program of Research, Development and Innovation through the project 
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TEC2017-85529-C3-1-R)  

calculations. The bottleneck of this computations often resides 
in multidimensional summations of weighted exponential 
functions. With the use of Fast Fourier Transform (FFT) 
techniques to perform such summations, an efficient 
implementation of the SWE was derived [3] which makes 
possible the postprocessing of spherical near-field antenna 
measurements in negligible times. Such technique has become 
the standard of spherical near-field to far-field transformation. 

The use of FFT restricts the computations to equally spaced 
grids, which in the context of antenna measurements is 
translated to an equiangular grid of points over the 
measurement sphere. This is usually not a problem because the 
grids used to perform the measurements and to compute the 
radiated fields are often uniformly spaced. However, recently 
proposed postprocessing and measurement techniques benefit 
or require from SWE computations over non uniform grids, 
inhibiting the use of FFT.  It is the case of spherical near-field 
measurements performed over spiral grids [6] to reduce 
measurement time or maintain a continuous positioner 
movement, or the compensation of probe positioning errors [7] 
[8]. Another case is the SWE-to-PWE (Plane Wave Expansion) 
transformation [4],[9], used for antenna diagnostics, where the 
SWE coefficients are evaluated over a cartesian grid, which 
corresponds to a non-uniform grid in spherical coordinates. 

Well-stablished techniques [10][11] exist for the 
aforementioned problems, involving explicit summations often 
implemented by means of matrix operators, leading to an 
increase in the computational complexity as compared with the 
FFT-based approaches. With the processing power of current 
computers, this increase can be assumed in some cases. 
However, for postprocessing problems which require an 
intensive number of operations, such as phaseless [12]-[14] or 
electrical large antenna measurements, the reduction of the 
SWE computational cost turns into a critical task.  

The Non-Uniform FFT (NUFFT) [15]-[17] can be applied to 
evaluate Fourier summations over non-uniform grids with the 
same computational complexity as the FFT. It makes use of an 
oversampled FFT with additional pre and post processing steps 
to compute the summations with arbitrarily low error. The 
NUFFT has been used to solve various electromagnetic 
problems such as far-field computation of irregular arrays [18]-
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[20] or to process planar near-field measurements in non-
uniform grids [21]-[22]. Considerable reductions in 
computation time have been reported because of the direct 
relationship between the Plane Wave Spectrum (PWS) (or its 
discrete version, the array factor) and the aperture fields via a 
Fourier Transform.  The use of NUFFT for spherical near-field 
measurements has also been reported in [23]-[25]. However 
only short details about its implementation have been given, 
with small background on the NUFFT mathematical 
formulation. In addition, the performance against explicit 
summation techniques is not well known. In fact, unlike in the 
former case, Fourier summations take only a fraction of the 
numerical computations required for the processing of fields 
over spherical surfaces. Given the significant differences 
between PWS and SWE modal expansion, a dedicated study for 
the spherical geometry is of significant interest. 

This paper presents how the NUFFT can be exploited to 
accelerate SWE computations over non-uniform grids, as 
compared to conventional matrix approaches. A detailed 
explanation is given for the generalization of the spherical near-
field processing to non-uniform grids, showing how the 
mathematical formulation of the NUFFT can be linked to the 
one of the SWE. To do so, three operators that are frequently 
used in postprocessing are differentiated, the forward, adjoint 
and inverse operators. It will be shown how most calculations 
involving SWCs can be implemented by use of these operators. 
In addition, the benefits and limitations of the NUFFT will be 
shown when applied to implement such operators. 

The paper is organized as follows, section II deals with the 
mathematical formulation of spherical near-field measurements 
and its combination with NUFFT. Numerical examples will be 
presented in section III, while in section IV practical 
applications of the presented techniques will be presented using 
antenna measurements. Section V concludes this paper. 

II. THEORETICAL BACKGROUND 

A. The transmission formula and SWC operators 

Fig. 1 depicts a near-field measurement scenario where an 
AUT is radiating in free space in the center of a spherical 
coordinate system. Outside the minimum sphere of the AUT 
(smallest sphere circumscribing it), the electric field can be 
expanded in a set of orthonormal basis functions called 
Spherical Wave Expansion (SWE): 

�⃗�(𝑟, 𝜃, 𝜑) = 𝑄 �⃗�
( ) (𝑟, 𝜃, 𝜑) (1) 

being (𝑟, 𝜃, 𝜑) spherical coordinates, 𝑄  the Spherical Wave 

Coefficients (SWC) and �⃗�
( )  the spherical wave basis 

functions. 𝑁 is the truncation number of the expansion which 
can be estimated by the following rule of thumb: 

𝑁 = ⌈𝑘𝑟 ⌉ + 10    (2) 

where 𝑟  is the radius of the minimum sphere and the brackets 
indicate the largest integer smaller than or equal to the number 
inside them.  

The field radiated by the AUT is usually measured with 

another antenna as a probe, which influences the measurement 
itself. Neglecting multiple reflections, the well-known 
transmission formula [3] gives the signal measured by the probe 
in the point (𝑟, 𝜃, 𝜑) with a rotation  angle 𝜒 respect to 𝜃: 

𝑤(𝑟, 𝜒, 𝜃, 𝜑)

= 𝑄 𝑒 𝑑 (𝜃)𝑒 𝑃 (𝑟) 
(3) 

The product 𝑒 𝑑 (𝜃)𝑒  represents the Euler rotation of 
spherical waves required to align the probe coordinate system 
with the one of the AUT, also known as Wigner D-functions,  
with 𝑑 (𝜃) being a rotation term defined in [3]. 𝑃 (𝑟) are 
the probe response constants, which are obtained by translation 
of the probe SWC to the origin of the AUT coordinate system. 
Finally, 𝑆 is the truncation number of the probe SWE and can 
be calculated in an analogous way with the rule of (2). 

An important step of near-field spherical measurements is the 
calculation of the radiation pattern once the SWC have been 
found by inversion of (3). The far-field can be obtained taking 
the asymptotic evaluation of (1):  

�⃗�(𝜃, 𝜑) = 𝑄 𝐾 (𝜃, 𝜑) (4) 

being 𝐾 (𝜃, 𝜑) the spherical wave basis functions 

�⃗�
( ) (𝑟, 𝜃, 𝜑) for 𝑟 → ∞. 

 
1) The forward operator 

Through the remainder of this paper (3) will be denoted as 
the forward operator, because it calculates the output probe 
signal from a set of input SWC. First, for an efficient 
implementation, the rotation term is expanded in Fourier series:   

𝑑 (𝜃) = 𝑗 ∆ ∆ 𝑒  (5) 

where the coefficients ∆  are computed using recurrence 
formulas [3]. Then, inserting (5) in (3), and assuming a fixed 
measurement distance 𝐴 and probe orientation 𝜒 , the explicit 
expression of the forward operator is given by: 

 
Fig. 1.  Schematic representation of the geometry of a spherical near-field 
antenna measurement scenario. 
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𝑤(𝜃, 𝜑) = 𝑒 𝑒 𝑒  

𝑗 ∆ ∆ 𝑄 𝑃 (𝑘𝐴) 

(6) 

Eq. (6) can now be implemented efficiently in a computer. If 
we wish to compute 𝑤 over a uniform (𝜃, 𝜑) grid of points, FFT 
can be used to solve 𝑚 and 𝑚  summations with an overall 
𝑂(𝑁 log 𝑁) cost. Assuming that the probe antenna has a low 
modal content (low value of 𝑆), the bottleneck in (6) resides in 
the 𝑛, summation, which has to be computed for all values of 
𝑚  and 𝑚, resulting in a computational complexity of 𝑂(𝑁 ). 

It is convenient to write the forward operator in matrix form 
for notation purposes: 

𝑤 = 𝐹∆ 𝑞 (7) 

where w and 𝑞 are vectors containing the measured near-field 
samples and SWC respectively; ∆ a matrix containing the probe 
constant and Fourier terms of the rotation operator, and F 
performs a 2D Fourier transform. If the forward operator is 
evaluated as a explicit matrix product using (7), like it is usually 
done to address non-uniform (𝜃, 𝜑) sampling [10][11], the 
overall cost will be 𝑂(𝑁 ). 
2) The inverse operator 

We now consider the case in which one seeks to obtain the 
SWC of a given AUT from the knowledge of the radiated near-
field samples. If the measured field, 𝑤, is sampled on an 
equiangular grid for two orthogonal polarizations with a single-
order probe (𝜇 = ±1), an algorithm exists [3] for obtaining 
𝑄  with the extremely high efficiency and stability, involving 
the computation of the 2D-Fourier Transform of the measured 
signal weighted by similar coefficients as the ones in (6). 

  In case the measurement configuration fails to meet all the 
requirements for the application of the aforementioned 
algorithm, the SWC must be retrieved solving a linear system 
of equations [10]-[11]. Using the introduced matrix 
formulation, this is performed by solving for 𝑞 in (7) in a least 
squares sense: 

(𝐹∆) 𝑤 = (𝐹∆) (𝐹∆) 𝑞 (8) 

Eq. (8) is normally solved using an iterative matrix inversion 
algorithm such as Conjugate Gradient (CG) [26]. Each iteration 
on this algorithm involves a product with (𝐹∆) (𝐹∆), which 
has a cost of 𝑂(𝑁 ) if the matrix products are evaluated 
explicitly. 
3) The adjoint operator 

When an iterative inversion algorithm is used to solve for (8), 
multiple products by matrix 𝐹∆ and its transpose are performed. 
If the evaluation of (3) or its matrix version (7) is called forward 
operator, multiplication by (𝐹∆)  is denoted as adjoint 
operator. The result of this operator has not physical meaning, 
but mathematically it is required to perform calculations on the 
iterative inversion algorithms. The explicit expression of the 
adjoint operator can be derived expanding the matrix vector 
product (𝐹∆) 𝑤: 

𝑇 = 𝑒 𝑃 (𝑘𝐴 ) 𝑗 ∆ ∆   

𝑒 𝑒  𝑤(𝜃, 𝜑)  

(9) 

which is analogous to the expression of (6). In the same way, 
the 𝑘 and 𝑙 summations can be accelerated by use of FFT 
reducing the overall cost to 𝑂(𝑁 ).   

B. NUFFT acceleration of SWC operators 

The three operators introduced in the previous section form 
the basis to solve electromagnetic problems involving SWE. 
Depending on the problem, these operators may be evaluated 
once or thousands of times. Therefore, it is crucial to maximize 
their efficiency to save processing time. The use of FFT proves 
to be an excellent solution to compute the summations with low 
computational complexity. 

When the samples on 𝑤 lie on an irregular grid of points, FFT 
no longer can be used, but the summations can still be evaluated 
efficiently by means of the NUFFT. There exist several types 
of NUFFT depending on whether the non-uniform sampling is 
on the input data (Non-equispaced data or NED), the output 
results (Non-equispaced results or NER), or both. Whether the 
input data lies in the time domain and the output result in the 
frequency (direct FFT), or the other way around (inverse FFT), 
is not relevant, because it only involves a scaling factor and 
complex conjugation. Therefore, the convention used in this 
paper has been selected so that the sings of the exponentials on 
the NUFFT summations match those of the introduced SWE 
operators. Here, we introduce the two NUFFT types required 
for an efficient implementation of the forward and adjoint 
operators: 
1) Type-1 or NER NUFFT 

The NER NUFFT of the samples {𝑓(𝑥 )}  located at non-
equispaced points 𝑥 , and evaluated on an equispaced grid is 
defined as:  

𝑓(𝑙) =
1

𝑁
𝑓(𝑥 )𝑒  (10) 

which can be denoted in matrix form as: 

𝑓 = 𝑈𝑓 (11) 

for 𝑙 ∈ − , … − 1 .  

To compute (10) efficiently, 𝑓(𝑥 ) is defined as a set of 
Kronecker deltas scattered in a uniform oversampled grid. 
Then, it is convolved by a well-localized window signal (i.e. a 
Gaussian) which “spreads” the strength of the delta sources to 
nearby points in the oversampled grid (see Fig. 2). FFT can now 
be applied to compute the spectrum of the resulting signal. The 
last step is the deconvolution of the window function, which is 
just a division by the window spectrum in the output domain.  
2) Type-2 or NED NUFFT 

It corresponds to the adjoint version of the previous one. It is 
an Inverse Fourier Transform of uniform samples computed in 
the non-uniform grid 𝑥 : 
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𝑔(𝑥 ) = 𝑔(𝑙)𝑒  (12) 

and its matrix form: 

𝑔 = 𝑉𝑔 (13) 

Its calculation is similar to Type-1, but the deconvolution is 
performed as a first step with a similar spectrum division. Then, 
FFT is used to calculate the samples on a provisional 
oversampled equispaced grid. Finally, the signal at the non-
equispaced points is calculated by convolution with the window 
function in the oversampled grid.  

The introduced NUFFT types can be used to speed up the 
computations of the forward and adjoint operators when the 
measurement points are in non-uniform grid. In the case of the 
forward operator, (6) involves an Inverse Fourier Transform of 
uniform samples in the input domain (𝑚 , 𝑚), computed in the 
output domain (𝜃, 𝜑). This is exactly what Type-2 NUFFT does 
but extended to 2 dimensions. Because we have defined Type-
2 to be the adjoint of Type-1, the later can be used for a fast 
implementation of the adjoint operator (9). As for the inverse 
operator, the same speed up benefits may be obtained, but 
introducing the fast versions of both forward and adjoint 
operators into each iteration of the iterative inversion algorithm. 

Regarding the NUFFT implementations, the speed and 
accuracy highly depend on the oversampling, shape and length 
of the window used. A thorough study of the influence of these 
parameters can be found in [19]. On the present paper, an 
implementation based in the work of [16] will be used, 
employing Gaussian functions of variable length as window. 
More optimized approaches have been proposed recently [19] 
showing significant improvements in performance. 
Nevertheless, the results obtained with the current 
implementation can be extrapolated to the other approaches 
expecting improved processing times and interpolation errors.   

III. NUMERICAL DISCUSSION 

This section demonstrates the capabilities of the NUFFT on 
the implementation of the SWE operators. An analytical model 
is used to simulate a near-field measurement scenario. The 
model consists of an array of Huygens sources as AUT and a 
Hertz dipole as probe. Analytical expressions are given in [3] 
for the calculation of the SWC of Huygens and dipole antennas, 
which will be used for this case. The array size will be varied to 
analyze the algorithm performance with different number of 
SWC. For a given array size, the SWE will have a truncation 
index N given by (2). 

A. Forward operator test 

Three versions of the forward operator are implemented: (6) 
by means of a 2D-FFT for the 𝑚 and 𝑚  summation, (7) as an 
explicit matrix multiplication, and (6) by means of a 2D-
NUFFT. A library developed by the “Courant Mathematics and 
Computing Laboratory” [27] is used to compute the NUFFTs. 
The three implementations are tested by simulating the probe 
measured field on a sphere of infinite radius. To compare the 
different implementations, the AUT radiated field is calculated 
in a (𝜃, 𝜑) grid of randomly distributed 𝑁 × 2𝑁 samples for the 
matrix and NUFFT implementations. The two fields are 
compared to assess the error introduced by the NUFFT 
algorithm with respect to the matrix implementation, which can 
be assumed numerically exact neglecting the SWE truncation 
errors. The FFT implementation is restricted to uniform grids 
so, for that case, the samples will be equispaced in both 
dimensions. 

The first test consists in computing the error between the 
matrix and NUFFT implementations for different tolerance 
values. This tolerance is controlled by the NUFFT spreading 
factor, which is a measure of the window length in the spatial 
oversampled grid. The spreading factor is varied between 1 and 
7 points (which corresponds to a window length between 3 and 
15 points), and the relative error is computed: 

𝜖 =
𝑟𝑚𝑠(𝑤 − 𝑤 )

𝑟𝑚𝑠(𝑤 )
   (14) 

being 𝑤  and 𝑤  the fields computed by matrix and 

 
Fig. 2. Schematic representation of the convolution by the window function 
on the oversampling grid for the calculation of Type-1 NUFFT  
  

Fig. 3. Rms error and processing time for the NUFFT and FFT operators  
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NUFFT operators respectively, and 𝑟𝑚𝑠 denotes the calculation 
of the root mean square. The calculations are made for an array 
of 3𝜆 × 3𝜆, which corresponds to a SWE of truncation index 
𝑁 = 36.  

Fig. 3 depicts the evolution of the relative error for the 
different spreading factors. The magnitude of this error 
decreases linearly with the spreading distance. This also 
increases the NUFFT processing time. In the same figure, the 
time for evaluation of the forward NUFFT operator is depicted. 
The increase in time is negligible considering the orders of 
magnitude that the error is being reduced. In addition, the time 
for the FFT forward operator is also displayed, being slightly 
lower, even though the NUFFT is known to be several times 
slower [16] than its uniform counterpart. This is because the 
bottleneck of the operator resides in the 𝑛 summation of (6), 
shadowing the processing time differences between NUFFT 
and FFT.  

To show how these errors are reflected in the radiation 
pattern, Fig. 4 depicts the interpolated field for the matrix 
operator and the absolute NUFFT errors for different spreading 
distances. The errors are computed subtracting the far-field 
calculated using matrix operator and the one computed using 
NUFFT. Even with a value of 1 point, the absolute error is 
below -30 dB. However, due to the low influence of this 
parameter in the operator processing time, the best choice is to 
set this parameter to a high value so the NUFFT error is 
negligible.  

Now the NUFFT operator is compared with the matrix 
version in terms of computation time for different AUT 
electrical sizes. To do so, the AUT array size is varied between 
1𝜆 × 1𝜆 and 54𝜆 × 54𝜆, corresponding to a SWE truncation 
index 𝑁 between 15 a 250. The obtained processing times are 
depicted in Fig. 5. Because the SWE truncation number solely 
depends on the minimum sphere radius regardless of the AUT 
shape, these results can be extrapolated to other types of 
antennas with different shapes. For the matrix operator, most of 
the processing time is spent populating the matrix, while the 
multiplication with the SWC vector takes negligible time. The 
population step is performed only once, while the number of 

matrix multiplications depends on the number of iterations 
performed in the iterative inversion algorithm, but it usually is 
in the order of few tens. Therefore, the two times have been 
depicted separately in the Fig. 5. While the absolute processing 
times for the matrix population are orders of magnitude higher 
than the FFT-based operators, the matrix multiplication may be 
faster depending on the truncation number. However, for 
electrically large AUT with high values of 𝑁, the FFT based 
operator outperforms by far both matrix multiplication and 
population steps due to the difference in computational 
complexity (𝑂(𝑁 ) vs 𝑂(𝑁 )). Another drawback for the 
matrix approach is the memory required to store the full matrix. 
It was not possible to perform calculations with values of 𝑁 
higher than 100 because the size of the matrix was too big given 
the available computer memory (16 GB).  

B. Adjoint operator test  

The calculations performed by the adjoint operator are 
virtually the same than the forward one but in different order 
and complex conjugated. A test like the previous one would 
yield equivalent results so in this subsection, the adjoint 
operator would be tested together with the forward to solve an 
inverse problem. The problem consists on the computation of 
the AUT SWC from a near-field measurement, which is the first 
step in the spherical near-field to far-field transformation. On 
this test, the AUT is an array of size 11𝜆 × 11𝜆 with 𝑁 = 60. 

 The array radiated field is simulated in a spherical surface 
with 𝑟 = 20𝜆 in two different grids, an equispaced one and a 
spiral one, both with 60 × 121 samples in (𝜃, 𝜑). The first grid 
is used to compute the SWC using the standard transformation 
algorithm proposed in [3]. This result will be used as the 
reference. The spiral grid is solved using CG. Each iteration 
involves the application of the forward and adjoint operators, 
which is done using the matrix and NUFFT version to compare 
both. The spreading factor is set to 10 so that the NUFFT and 
matrix operators are equal down to machine precision.  

Once the SWC are calculated, the relative error is computed: 

Fig. 4. Far-field pattern of the array antenna and far-field errors for different 
spreading factors in the NUFFT operator.  
  

Fig. 5. Processing time for different operators with respect to the AUT 
electrical size (expansion truncation index). 
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𝜖 =
𝑄 − 𝑄

∑ 𝑄
 (15) 

being 𝑄  the reference SWC calculated using [3] and 𝑄  
the ones calculated using CG with NUFFT operators. The m and 
n power spectra of 𝜖  are depicted along with the spectrum 
of the AUT in Fig. 6. The difference is below −100 dB but it 
increases for the high harmonics which is due to the SWE 
truncation, since there are no other sources of error like noise 
and the CG is stopped at a residual level of 10 .  

As for the computation times, the standard transformation 
algorithm [3] took less than 200 ms, while the CG took 5 s and 
4 s for the matrix and NUFFT versions, respectively. For the 
matrix version, the time required for the matrix population must 
be accounted too, being 150 s. The advantages of using NUFFT 
become evident, although it cannot compete with the standard 
solution for uniform grids.  

Finally, the far-field is computed from the obtained SWC 
using [3] and the NUFFT method, and compared with the true 
far-field evaluating the dipole fields asymptotically. The 
comparison is depicted in Fig. 7. The transformation error is 

below -80 dB, which is in the same order than the SWE 
truncation power level (see Fig. 6). Therefore, the difference 
between the two far-field transformation methods is negligible.  

IV. NUFFT ANTENNA MEASUREMENT APPLICATIONS 

In this section, the NUFFT is applied to existing 
postprocessing techniques to demonstrate its capabilities. We 
differentiate three main applications: near-field to far-field 
transformation for complex and phaseless spherical 
measurements, and aperture diagnosis. The postprocessing will 
be performed on measurements in the spherical near-field 
measurement system existing at the Technical University of 
Madrid (UPM). 

A. Near-Field to Far-Field transformation using spiral grid 

This test is equivalent to the one performed in the previous 
section, but in this case the input data comes from the 
measurement of a 34 GHz reflector antenna of diameter 64 cm. 
This corresponds to a truncation number 𝑁 = 240. The field 
radiated by the reflector is measured in a spherical surface of 
radius 5 m with two different sampling grids. The first one is 
uniform with 240 × 481 samples. The second one has the same 
number of samples but following a spiral pattern [6] with 240 
turns. The first grid is processed using the commercial near-
field to far-field transformation software SNIFT [28]. The 
second one is solved using CG with NUFFT operators to obtain 
the SWC and then the far-field is computed.  

Fig. 8 depicts the transformed far-field patterns for both 
grids. The differences are in the order of -70 dB which may be 
due to measurement uncertainty. The processing time for 
SNIFT took less than 1 s while the spiral grid took 2 min (3 
seconds per CG iteration), which is a remarkably low time 
considering the electrical dimensions of the problem. A 
traditional matrix inversion approach would require storing a 
230880 × 116160 matrix occupying 200 GB of memory.  

B. Phaseless measurements  

On phaseless measurements only the amplitude of the near-
field is measured to perform the near-field to far-field 

Fig. 7. Analytic far-field of the antenna and errors of the transformed far-field 
using [3] and NUFFT iterative method.  
  

Fig. 6. M and N-power spectra of the antenna and errors of the ones calculated 
using NUFFT  

Fig. 8. Far-field comparison of an equiangular near-field measurement 
processed with SNIFT and spiral acquisition processed with NUFFTT  
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transformation. The lack of phase information must be 
compensated with measurements on surfaces at different 
distances and high oversampling ratios, combined with 
nonlinear optimization techniques. This is translated on a 
computationally intensive usage of the forward and adjoint 
operators when the phaseless problem is formulated in terms of 
the AUT SWC as in [12]-[14]. When measurements are 
performed in equiangular grids, traditional FFT techniques can 
be applied to efficiently process the fields. However, the use of 
acquisition grids different from equiangular has been reported 
to improve the problem conditioning and thus the chance of 
finding a solution for the phaseless problem [12]. The NUFFT 
can be applied to this type of problems, normally addressed 
using matrix operators. To demonstrate this, a near-field to far-
field transformation is performed using amplitude-only data. 
The radiation pattern of a given AUT will be retrieved from the 
near-field intensities over two spheres of different radius. It is 
noted that, due to physical limitations of the measurement 
setup, only one of the two spheres will be measured. The second 
sphere field will be generated synthetically using the complex 
data of the first one. Therefore, this is not a fully experimental 
test case but is representative of a real phaseless measurement. 

An 8 GHz reflector of diameter 70 cm is measured in a sphere 
of 5 m radius with an oversampling ratio of 3 with standard 
equiangular sampling. This measurement is processed to 
compute the near-field in another sphere of radius 10 m over a 
spiral grid with the same oversampling ratio. The amplitude 
data of both spheres is used to find the AUT SWC using 
Wirtinger Flow [29], a state-of-the-art phase retrieval 
technique, which employs the forward and adjoint operators to 
find the solution following a gradient descent scheme. From the 
retrieved SWC the far-field is computed and compared with the 
one calculated from the complex field processed with SNIFT. 
Fig. 9 depicts such comparison, where it can be appreciated 
good agreement between the complex and phaseless solution 
down to -30 dB. The total processing took 70 s. 

C. Antenna diagnostics 

Antenna diagnostics consists in the calculation of the antenna 
extreme near-field to gain insight in the antenna behavior, such 

as detecting manufacturing errors or malfunctioning array 
elements. The SWE-to-PWE technique [9] provides the means 
to compute the AUT aperture fields from a spherical near-field 
measurement. The technique is based on an analytical formula 
which calculates the AUT Plane Wave Spectrum from the 
SWC, which are obtained from the spherical near-field 
measurement: 

𝑇 𝑘 , 𝑘 = 𝑄 𝐾 (𝜃 , 𝜑 ) (16) 

with 

⎩
⎪
⎨

⎪
⎧𝜃 = arcsin

𝑘 + 𝑘

𝑘

𝜑 = arctan 
𝑘

𝑘

 (17) 

 

and 𝑇 𝑘 , 𝑘  being the PWS. Then, the PWS is propagated to 

the aperture plane and integrated over the 𝑘 , 𝑘  domain to 
calculate the aperture fields:  

�⃗� (𝑥, 𝑦) = 𝑇 𝑘 , 𝑘  𝑒 𝑑𝑘 𝑑𝑘  (18) 

For an efficient and accurate integration of (18), 𝑇 must be 
sampled in a uniform 𝑘 , 𝑘  grid. This means that the 
summation in (16) must be evaluated in a non-uniform (𝜃 , 𝜑 ) 
grid because of (17) entails a non-lineal relationship between 
the two grids.  The NUFFT forward operator can be used to 
perform such computation, particularizing the appropriate 
terms. We note that (16) is a particularization of the forward 
operator for the far-field, so it can be used straightforwardly to 
compute the PWS efficiently.  

To demonstrate this, a reflectarray antenna operating at 19.7 
GHz (see Fig. 10) is measured and the SWE-to-PWE technique 
is applied using the NUFFT forward operator to compute the 
aperture fields. The reflectarray has a diameter of 43 cm (27𝜆) 
and considering the feed for the minimum sphere calculation, 
the truncation number is 𝑁 = 170, resulting in a total of 65520 
SWC. These SWC are used in (16) to compute the PWS on a 
500 × 500 𝑘 , 𝑘  grid and then the aperture fields in a total 
of 1.7 s. Fig. 11 depicts the calculated fields. 

Fig. 9. Comparison of the transformed far-field using complex and amplitude 
only information.  
  

 
Fig. 10. Reflectarray antenna measured at the anechoic chamber of UPM.  
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The SWE-to-PWE transformation is not limited to antenna 
diagnostics. A recently proposed algorithm [13] makes use of 
this technique for the processing of phaseless measurements 
combining spherical and planar surfaces. The matrix operator 
used in that algorithm can also be replaced by NUFFT 
calculations providing significant computational gains. This 
possibility is still under investigation. 

V. CONCLUSION 

In this paper, the potential of the NUFFT applied to spherical 
near-field antenna measurements has been investigated. The 
multidimensional summations of the SWE have been 
accelerated with NUFFT to compute electromagnetic fields by 
means of forward and adjoint operators. This enables the 
processing of measurements over spherical surfaces with 
irregular sampling and arbitrary probes. Numerical 
investigations have shown that these operators can be 
implemented with negligible approximation errors and 
considerably lower processing time than its traditional matrix-
based counterparts.  

The NUFFT has been applied to solve three different types 
of near-field to far-field transformation problems. First, the far-
field pattern of an electrically large antenna has been 
transformed from a near-field measurement acquired on a spiral 
grid with errors down to the measurement uncertainty level. 
Secondly, the NUFFT has been applied to accelerate phase 
retrieval problems for the near-field to far-field transformation 
of amplitude only data. The final application has been the 
antenna diagnostics, performed with the SWE-to-PWE 
transformation. This technique requires the evaluation of the 
SWC on an irregular grid, so it benefits from the use of NUFFT. 
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Abstract— This paper presents a general technique for the far-

field transformation of near-fields measured over arbitrary 
surfaces and multimode probe correction in an efficient and 
accurate way. The use of not only one but several spherical wave 
expansions to model the antenna under test fields allows to 
incorporate full probe correction for arbitrary orientations with 
low computation cost. Combining this approach with a 
hierarchical subdomain decomposition strategy, the 
transformation problem is solved with a low computational 
complexity. In this method, the fields produced by neighbor 
subdomains are gradually aggregated and interpolated following 
a multilevel scheme, leading to a good scalability with frequency 
compared with other matrix-based transformation methods. 
Numerical and experimental results are provided to show the 
efficiency and capabilities of the proposed algorithm. 
 

Index Terms— Antenna measurements, near-field far-field 
transformation, arbitrary surfaces, spherical wave expansion. 
 

I. INTRODUCTION 

NTENNA near-field measurements [1],[2] followed by 
postprocessing techniques constitute a powerful and more 

accurate characterization tool due to its versatility and low cost 
compared to their far-field and compact range counterparts. The 
price to pay is the necessity of a transformation of the measured 
near-fields to the radiated far-field using the so-called near-field 
to far-field transformation techniques. Traditionally, field 
transformation algorithms have focused in the processing of 
fields measured over canonical surfaces (planes [3], cylinders 
[4] and spheres [5] ) using their respective modal expansion 
techniques, where the fields are expanded in a set of orthogonal 
basis functions enabling field transformations 
straightforwardly. 

Modal expansion techniques may pose strict requirements 
regarding the measurement process, since canonical acquisition 
surfaces are needed to maintain the orthogonality of the basis 
functions. In addition, in the case of spherical near-field 
measurements, the most accurate [6], the antennas used as 
probes are required to be rotationally symmetric in their 
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radiation pattern to obtain a computationally efficient 
transformation. This fact reduces the flexibility of near-field 
measurements, since a collection of probes is required to cover 
a wide range of frequencies. 

Also, classical near-field measurement systems must take 
electromagnetic field samples on a regular grid of points over 
canonical surfaces. However, in certain applications a higher 
flexibility in the sampling scheme is desired or even required. 
That is the case of portable and/or aerial measurement systems 
[7],[8] where these regular sampling grids cannot be realized, 
or advanced robotic positioners [9], where arbitrary 
measurement surfaces can be employed to better adjust the 
antenna shape or increase the sampling rate in critical areas. 

Therefore, it is obvious that alternative near-field to far-field 
transformation algorithms to the modal expansion techniques 
are necessary to accommodate versatile near-field 
measurements for fast antenna characterization. In fact, an 
extensive work has been developed during the last years to 
obtain efficient solutions for the transformation of near-fields 
measured with arbitrary probes and measurement surfaces.  

In this sense, several approaches have been presented for the 
transformation of spherical near-field measurements performed 
with high-order (arbitrary) probes, depending on the angular 
scanning [10] and probe modal content [11]-[14]. Nevertheless, 
these techniques can only be applied for regular spherical 
measurement surfaces. 

Also, irregular sampling has been deeply investigated to 
reconstruct the far-field from a set of near-field non-redundant 
samples to minimize the measurement time. Optimal sampling 
interpolation (OSI) expansions are used to efficiently recover 
the near-field data over a plane [15] cylinder [16] or sphere [17], 
required by classical near-field to far-field transformations. In 
[18], the sparse nature of the antenna under test (AUT) modal 
content is exploited to reduce the number of measurement 
samples using compressed-sensing optimization. However, 
these techniques may be regarded as advanced sampling and 
interpolation schemes over canonical surfaces rather than actual 
field transformation algorithms. 

Some efforts have been made to extend the modal expansion 
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techniques to cases different from canonical surfaces with 
equispaced/equiangular sampling. In particular, matrix 
inversion-methods [19]- [22] have been proposed, in which the 
spherical wave expansion (SWE) of the AUT field is obtained 
solving a linear system of equations from the knowledge of the 
measurement samples at arbitrary locations. In [22], additional 
rotation coefficients are incorporated to the SWE formulation 
to account for arbitrary orientations of the probe. Once the SWE 
is obtained, it can be evaluated at the far-field straightforwardly.  

A complementary technique is the calculation of equivalent 
currents over the antenna surface [24]. In this case, a matrix 
equation system is also solved, but the unknowns are, in a 
general case, magnetic and electric currents defined in a mesh 
covering the AUT physical surface. It is seen that any type of 
equivalent representation can be used to model the AUT fields 
and solve the field transformation problem. In fact, the use of 
complex source beams has been proposed recently [25] to 
address arbitrary measurement surfaces.  

Regardless of the benefits of each of these equivalent 
representations, all explicit matrix inversion approaches share 
the same limitation, which is the poor scalability with the 
antenna electrical size. The overall computational complexity, 
in the case the solution is obtained using explicit matrix 
operations [19],[20],[22],[24],[25], is 𝑂((𝑘𝑎) ), where 𝑘𝑎 
refers to the antenna electrical size, being 𝑘 the wavenumber 
and 𝑎 the radius of the sphere circumscribing the antenna [5]. If 
the problem geometry and equivalent representation allow it, 
fast operators instead of matrix multiplication can be used to 
reduce the computational complexity. In [23] non-equispaced 
Fast Fourier Transform and interpolations are used to transform 
near-fields measured over spherical surfaces with irregular 
sampling and small radial errors (relative to the measurement 
radius) obtaining a complexity of 𝑂((𝑘𝑎) ). However, to our 
knowledge this technique has been only tested over quasi 
spherical surfaces and its applicability to arbitrary geometries 
seems not feasible. 

Using the principles of the Multi-Level Fast Multipole 
Method (MLFMM) [26], a fully probe-corrected near-field to 
far-field transformation was proposed in [27]. It can work both 
with the AUT currents or its plane wave expansion [28]. 
Matrix-vector products of the iterative inversion algorithm are 
replaced by fast operators that compute AUT and probe 
interactions using disaggregation and anterpolation procedures 
in a multilevel fashion, reducing the computational complexity 
to 𝑂((𝑘𝑎) log(𝑘𝑎)). 

A recently proposed multi-level algorithm  employing domain 
decomposition with spatial interpolation and aggregations has 
proven to be very efficient for the acceleration of integral 
equation solvers in acoustic scattering [29], physical optics [30] 
and antenna diagnosis [31]. Based on these principles, this 
paper presents a fully probe-corrected near-field to far-field 
technique based on the decomposition of the AUT domain into 
a hierarchy of subdomains. Each subdomain is modelled using 
the spherical wave expansion of the contained sources, whose 
coefficients are found solving an inverse problem. On each 
iteration of the inversion algorithm, the fields radiated by each 
subdomain can be sampled over a coarse grid of points taking 

advantage of its band-limitation properties [32] and then 
interpolated to the desired grid. Performing these steps in a 
multi-level scheme reduces drastically the computational 
complexity down to 𝑂((𝑘𝑎) log(𝑘𝑎)), similar to that of the 
MLFMM-based algorithm [27]. In fact, the proposed technique 
can be viewed as the spatial counterpart of MLFMM, based on 
disaggregation and anterpolation in the spectral domain.  

Preliminary results of a simplified version of the algorithm 
have been reported in [33] showing promising capabilities. In 
this paper the proposed technique is thoroughly developed and 
tested with the following organization. Section II presents the 
Multiple Spherical Wave Expansion (MSWE) and its 
application in near-field to far-field transformation. In section 
III a multi-level scheme is derived to improve the scalability of 
the transformation. Finally, in section IV, the proposed 
algorithm is tested using analytical and measured data of 
several antennas.  

II. FIELD TRANSFORMATIONS USING MSWE  

An AUT radiating in free space placed at the origin of a 
spherical coordinate system is considered. According to Love’s 
Equivalence Principle [34], it is possible to define a set of 
magnetic and electric currents on a surface enclosing the 
antenna establishing an equivalent problem. Under these 
conditions, the fields radiated by the antenna and the equivalent 
currents are exactly the same outside the enclosing surface. 
Thus, it is said that these currents define an equivalent 
representation of the AUT. 

In addition, let us introduce another equivalent representation 
of the fields radiated by the AUT, the spherical wave expansion, 
in which the radiated fields are expanded in a weighted 
summation of spherical wave functions: 

�⃗�(𝑟, 𝜃, 𝜑) = 𝑄 �⃗�
( ) (𝑟, 𝜃, 𝜑) (1) 

being (𝑟, 𝜃, 𝜑) spherical coordinates 𝑄  the spherical wave 

coefficients (SWC) and �⃗�
( )  the spherical wave basis 

functions. 
The spherical wave expansion is, in fact, a more compact 

representation of the AUT radiation characteristics. It models 
the fields using a minimum number of coefficients and unlike 
the equivalent currents approach, a 3D mesh of the AUT model 
with basis functions is not required. However, SWE is a spectral 
representation, thus it does not admit a spatial domain 
decomposition [29], whose benefits will be latter demonstrated, 
unlike the equivalent currents approach. In this paper, a hybrid 
equivalent representation is proposed: The Multiple Spherical 
Wave Expansion (MSWE). The concept of using several SWE 
to model an antenna was briefly introduced in [35] as an 
intermediate step to calculate equivalent infinitesimal dipole 
representation of antennas. In this paper we generalize this 
formulation for expansions of arbitrary order and for a different 
purpose. 

A. The MSWE equivalent representation 

In MSWE, the surface enclosing the antenna is divided in a 
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set of subdomains. Then, the equivalent currents of each 
subdomain are replaced by their own spherical wave expansion, 
with its origin coinciding with the subdomain center. The 
process is outlined in Fig. 1 where the equivalent currents are 
first represented over the enclosing surface with the subdomain 
decomposition applied, and then each subdomain has been 
replaced by an equivalent spherical wave expansion. This can 
be interpreted as modelling the AUT as an array of smaller 
antennas, and then modelling the small antennas by its own 
SWE. The hybrid approach keeps the versatility of the SWE and 
allows to apply a domain decomposition which will be crucial 
to reduce the far-field transformation computational cost and 
apply probe correction.  

Considering an AUT modelled with an equivalent surface 
divided in 𝐿 subdomains, the radiated field can be expressed as 
the aggregation of each of the subdomain’s field. If each 
subdomain is expressed by its own SWE centered in a local 
coordinate system, the field is given by: 

�⃗�(𝑟, 𝜃, 𝜑) = 𝑄 �⃗�
( ) (𝑟 − 𝑟 ) (2) 

where 𝑟  is the origin of each SWE that will be placed at the 
center of each subdomain, and the SWC have an extra index to 
identify the subdomain they belong. From now on, these will be 
referred to as multiple spherical wave coefficients (MSWC). 

Each 𝑛-summation is truncated to a given value of 𝑁 . This 
truncation number is related to the subdomain size. The bigger 
it is, the more variations of field it will produce so more 
harmonics are involved. There exists a rule of thumb [5]: 

𝑁 = ⌈𝑘𝑎 ⌉ + 10    (3) 

where 𝑎  is the radius of the smallest sphere circumscribing 
subdomain 𝑙, and the brackets indicate the largest integer 
smaller than or equal to the number inside them. By locating the 
expansions at the subdomain center, the number of MSWC is 
kept to the minimum. Naturally, rule (3) is valid for 𝐿 = 1, 
which is the case of a conventional single SWE modelling the 
complete antenna.  

The need of locating the expansions over the antenna 
geometry is a disadvantage as compared to the classical SWE. 
However, since the equivalent currents are not required to be 
placed strictly over the physical surface of the AUT, a Huygens 

box (any surface totally enclosing it [34]) can be used. Then, 
the multiple SWE can be centered over the surface of this box. 
Therefore, the required a priori knowledge of the antenna to 
apply this method is the AUT physical dimensions (width, 
length, height),  necessary to know the dimensions of the 
Huygens box, as compared with the conventional SWE [5] that 
only requires the minimum sphere radius. It is also noted that 
the different subdomain’s minimum spheres will overlap due to 
the nature of the discretization. The effect of this overlapping 
will be an added level of redundancy in the representation, 
which will increase slightly the number of unknows as 
compared with the classical SWE. 

B. Probe Correction 

Now it is considered that the AUT is being measured by a 
probe antenna. The probe’s output voltage when measuring the 
field radiated by the transmitting AUT can be computed with 
Jensen transmission formula [5] that expresses the coupling as 
a scalar product of AUT and probe coefficients, weighted by 
some translation and rotation terms. However, this formula only 
applies to scenarios where the probe is pointing to the 
coordinate system origin. Therefore, extra rotation terms would 
be required for an arbitrary case like ours, as shown in [22]. 

In case AUT and probe are at far-field distance of each other, 
the transmission equation can be approximated because the 
probe measures directly the AUT field. It is stressed that both 
antennas must be at far-field which means that: 

𝑑 >
1

2

(𝑎 )

𝜆
, 𝑑 >

1

2

(𝑎 )

𝜆
 (4) 

being 𝑑 the distance between AUT and probe, and 𝑎  and 
𝑎  their respective sizes as defined previously in terms of 
circumscribing sphere radius. In most cases the antennas used 
as probes are electrically small and the second condition is met, 
being the first the limiting one. With MSWE, subdomain size 
𝑎  can be made arbitrarily low until condition (4) is met. Then, 
the measured voltages can be expressed as the sum of the field 
contributions of all subdomains, weighted by the probe 
radiation pattern. This procedure is based on the one proposed 
in [36] to include the probe-distortion effect in equivalent 
currents methods. 

The mathematical foundation is as follows. Consider a 

subdomain placed at 𝑟 , radiating a field �⃗� (𝑟) (see Fig. 2). The 

Fig. 1.  Schematic view of the equivalent currents over a surface enclosing 
the AUT with a subdomain decomposition (left) and the modeling of each 
subdomain by a local spherical wave expansion (right).  

 

𝑋

𝑌

𝑍

𝑋

𝑌

𝑍

𝑀, 𝐽

 
Fig. 2. Illustration of a probe measuring the field of several SWE whose 
contributions are weighted by its radiation pattern. 
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field is measured by a probe with a radiation pattern given by 

𝑓(𝑟). If both subdomain and probe are at far-field distance of 
each other, the measured voltage at a point 𝑟  is given by: 

𝑢(𝑟 ) = 𝑓(𝑟 − 𝑟 ) ∙ �⃗� (𝑟 ) (5) 

The field is weighted by the probe radiation pattern in the 
angular direction corresponding to the subdomain location, as 
seen from the probe’s coordinate system. Fig. 2 depicts a 
schematic representation of a probe measuring the field radiated 
by several SWE and the position vectors involved. 

Eq. (5) can be extended for a general case when an antenna 
is composed by 𝐿 subdomains. In that case, the coupling 
between the AUT and probe is given by: 

𝑢(𝑟) = 𝑓(𝑟 − 𝑟) 𝑄 �⃗�
( ) (𝑟 − 𝑟 ) (6) 

C. Near-Field to Far-Field Transformation 

In the previous sections, the MSWE representation of an 
antenna has been introduced. Closed-form expressions have 
been given to calculate the radiated field and its coupling with 
a known probe in terms of the coefficients of this 
representation. The problem we face now is to find the AUT 
far-field from the knowledge of a set of near-field samples.  

Eq. (6) admits a discrete representation in terms of a matrix-
vector product: 

𝑈 = 𝐶𝑄 (7) 

where 𝑈 is a vector containing the measured field samples 𝑢(𝑟), 
𝑄 a vector containing the MSWC (𝑄 ) and 𝐶 a coupling 
matrix relating both vectors. To obtain the AUT equivalent 
representation, vector 𝑄 must be solved in a least squares sense: 

𝑄 = (𝐶 𝐶) 𝐶 𝑈 (8) 

where  denotes Hermitian. 
 Once the MSWC of the AUT are known, they can be 

evaluated at far-field using the asymptotic form of the spherical 
wave functions [5]. This last step is called “direct problem” 
whereas the matrix inversion is called “inverse problem”. 
Usually, the most challenging part is the inverse problem as it 
requires a full matrix inversion as compared with the direct 
problem which is a summation usually implemented by a single 
matrix multiplication. In practice, an explicit matrix inversion 
becomes infeasible due to the high number of unknowns 
involved. Iterative inversion algorithms like Conjugate 
Gradient (CG) [37] prove to be more efficient as they approach 
gradually to the solution.   

For a proper problem conditioning, 𝑈 must incorporate 
enough information about the antenna near-field so that matrix 
inversion is successful. Measurements with two polarizations 
over surfaces enclosing the AUT with adequate angular 
sampling are generally required to solve the least squares 
problem. The required angular sampling depends on the AUT 
size. A good estimation is the traditional spherical measurement 
criterion [5]: ∆𝜃 = ∆𝜑 = , where 𝑁 is obtained using (3).  

III.  MULTILEVEL SPHERICAL WAVE AGGREGATION 

In the previous section, a far-field transformation algorithm 
has been presented. The basic approach is to model the AUT 
radiation as a set of multiple spherical wave expansions 
distributed over a surface enclosing the antenna. An iterative 
matrix inversion algorithm is started to obtain the coefficients 
of each SWE and once these are known, the far-field is 
computed straightforwardly using the asymptotic expression of 
each SWE and aggregating them. 

 Most of the processing time is spent in the iterative inversion 
which consists in repeatedly computing matrix products by 𝐶. 
Each matrix-vector product takes 𝑂((𝑘𝑎) ) operations (the 
number of rows and columns grows quadratically with the 
antenna electrical size). This is a poor computational 
complexity that is shared with the rest of explicit matrix-based 
field transformation techniques [19],[20],[22],[24],[25], and 
can pose serious limitations in terms of memory and processing 
time for electrically large antennas. 

In this section we seek to reduce this computational cost and 
to do so we must devise a faster way of calculating matrix 
interactions, i.e., the field radiated by the MSWC. The 
Multilevel Spherical Wave Aggregation (MSWA) performs 
this operation replacing the matrix product with a fast and low-
memory operator. It is stressed that MSWA only constitutes an 
alternative way of computing a matrix-vector product, the rest 
of the far-field transformation algorithm remains identical as 
explained in the previous sections. Therefore, the problem dealt 
in this section will be just the calculation of the AUT field 
defined by its MSWE representation, the direct problem.  

A. The Bandwidth of Radiated Fields  

When multiplied by a vector 𝑄, matrix 𝐶 can be regarded as 
an operator that calculates the field of each subdomain at all 
measurement points 𝑟  and then aggregates all subdomain 
contributions. As previously mentioned, the number of 
measurement points grows quadratically with the complete 
antenna size. Therefore, a significant level of redundancy is 
added when calculating the individual contributions of the 
small subdomains.  

As shown in [38], the field radiated by each subdomain can 
be computed in a non-redundant grid of samples and then 
interpolated to the desired points. In MSWA, the subdomains’ 
field will be computed evaluating the SWE summation on a 
coarse grid of points, and then interpolated to the final 
measurement grid before the aggregation of all subdomain 
contributions. To obtain significant computational gains, the 
interpolation process must be performed following a multi-level 
scheme in which the fields are recursively aggregated. 

B. Recursive Aggregation and Interpolation 

Here, we assume a binary domain decomposition in which 
the AUT enclosing surface is recursively divided into a 
hierarchy of subdomains with linear sizes reduced by a factor 
of roughly 2 at each level. To obtain subdomains with half the 
size on each level, a parent subdomain is divided in four child 
subdomains, with two divisions on each dimension (Fig. 3). To 
compute the field radiated by a given subdomain, the fields of 
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its corresponding child subdomains are aggregated, except in 
the highest subdivision level, in which the fields are calculated 
evaluating the subdomain’s SWE.  Because on each additional 
level, the subdomain size is reduced by 2, so does the number 
of non-redundant field samples on each angular dimension.  

Assuming an AUT whose enclosing surface is divided with 
𝑉 levels, the total number of subdomains in the last level is 
2 × 2 , so there exists 2 × 2  spherical wave expansions. 
The aggregation is performed as follows [29]: 

1) The process starts at last level 𝑉, in which the field of each 
subdomain is computed in a non-redundant angular grid of 
𝑝 × 𝑝 points evaluating its SWE. The number of operations of 
this step is of the order (𝑝 × 𝑝)(2 × 2 ) = 𝑝 2 . 

2) On level 𝑉 − 1, the subdomains are grouped in quartets (a 
pair on each dimension) and their fields are aggregated. 
Because subdomain size in this level is roughly the double than 
in the previous one, fields must be interpolated before being 
aggregated. This interpolation roughly doubles the sampling 
rate on each dimension and because the number of subdomains 
has been divided by 4, the total number of field samples remains 

approximately constant: (2𝑝 × 2𝑝) × = 𝑝 2 . 

3) Step 2 is repeated recursively from level 𝑣 = 𝑉 − 1 to 𝑣 =
0 until all subdomain contributions are aggregated, and the field 
radiated by the complete AUT is obtained. On each level the 
number of samples is multiplied by 4 and the number of 
subdomains divided by 4. Thus, the total number of samples is 
roughly 𝑝 2 too.  

As a visual example, Fig. 3 depicts an AUT modelled with 
16 subdomains using a hierarchy of 𝑉 = 2 levels. On level 2 
the fields of the 16 subdomains are calculated evaluating the 
SWEs. A schematic representation of the fields radiated by 4 
subdomains is depicted in the lower part of Fig. 3. To reach 
level 1, the fields of each parent subdomain are calculated 
combining the fields of its child subdomains. Prior the 
combination, the four sets of fields are interpolated to double 
the sampling rate. Though it is not depicted, level 0 will 
correspond to the total antenna and will be the aggregation of 

the 4 remaining subdomains. 

C. Computational Complexity Analysis 

If the electrical size of the AUT increases, the number of 
levels must grow in order to keep a fixed subdomain size on the 
last level 𝑉. Therefore, 𝑉 grows with 𝑂(log (𝑘𝑎)) because 
with each additional level, the size is doubled. On each level, 4 
groups of 𝑝 2  samples must be interpolated from 𝑝 2  
points of the previous level and then the samples of all groups 
must be aggregated. So, if local interpolation is used, on each 
level the cost is 𝑂(𝑝 2 ). Because we have imposed that the 
subdomain size on the last level must be fixed, 𝑝 is constant too, 
so  𝑂(𝑝 2 ) = 𝑂(2 ) = 𝑂((𝑘𝑎) ), and multiplying by the 
number of levels we obtain the overall computational 
complexity 𝑂((𝑘𝑎) log(𝑘𝑎)). This constitutes a substantial 
improvement with respect to the 𝑂((𝑘𝑎) ) cost of the 
conventional matrix product. Therefore, MSWA is suited for 
electrically large problems thanks to its excellent scalability. 

IV. TRANSFORMATION RESULTS 

This section demonstrates the capabilities of the proposed 
transformation algorithm using as AUT a simulation model of 
a Yagi-Uda antenna array. The array is made up of 24 by 24 
antennas separated 0.8𝜆, fed with a uniform amplitude and 
phase distribution. Each Yagi-Uda is composed of three dipoles 
separated 1𝜆. The antenna used as probe is another Yagi-Uda 
identical to the array individual element. As such, an antenna 
measurement scenario is simulated using the AUT and probe 
analytical models. The output voltage of the probe is calculated 
for two orthogonal polarizations over a measurement surface 
given in spherical coordinates: 

𝑟 = 40 sin 𝜃 + 20 cos 𝜃 𝜆 (9) 

Using (3) the angular step required for the measurement is 
obtained ∆𝜃 = ∆𝜑 =  but instead of using a classical equi-

angular sampling, a spiral sampling has been simulated (see 
Fig. 4). In addition, the simulated near-field is contaminated 
with a controlled white gaussian noise level. 

To perform the near-field to far-field transformation it is 
necessary to define the MSWE representation. The equivalent 
surface selected is the combination of the 6 faces of a prism 
enclosing the AUT. Then, each face is recursively divided in 

Fig. 3. Recursive domain decomposition and representation of the 
interpolation-aggregation step of one subdomain. 

 
Fig. 4. Subdomain structure enclosing the AUT and simplified representation 
of the measurement path. 
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square subdomains reaching a total of 20x20 subdomains on the 
two largest faces. Each subdomain is replaced by an equivalent 
SWE of 𝑁 =15. Once the MSWE representation is defined, the 
iterative inversion algorithm can be started to obtain the 
expansion coefficients. In the given example, CG has been 
applied, stopping the iterations with a noise level residual.  

The transformed far-field has been depicted in Fig. 5 for two 
different levels of SNR along with the analytical solution using 
the dipole model. Even for a low value of SNR (15 dB), the 
transformation shows an excellent agreement with the 
reference. The selected equivalent surface gives information on 
the AUT’s physical size, which can be viewed as a spatial filter 
that removes the rapid field oscillations of the gaussian noise, 
leading to such a low transformation error. 

A. Interpolation and Scalability Analysis 

Interpolation plays a key role in MSWA as it enables the 
reduction in computational complexity of the transformation 
algorithm. When climbing down the hierarchical tree, the child 
contributions are interpolated and aggregated. All these steps 
have been listed in the previous sections, but how the fields are 
sampled and interpolated remains to be defined. 

The number of samples to represent the field radiated by a 
given subdomain over the measurement surface can be kept to 
the minimum using a given surface parametrization and phase 
compensating factor as demonstrated in [38]. Based on that 
formulation, prior interpolation the child fields are 
compensated by a phase factor that partially cancels the rapid 
field oscillations [29]. After the interpolation, the phase 
compensation is removed and then the child fields aggregated. 

 A uniform sampling in (𝜃, 𝜑) has been selected and spline, 
cubic and linear interpolations have been used. MSWA relies 
on local interpolation schemes to achieve low computational 
complexity, so global interpolation would degrade the 
scalability. As a result, some oversampling must be applied to 
the fields to compensate the non-optimal local interpolation.  

In order to assess the interpolation error, the following test is 
conducted. The MSWA operator is compared with the exact 
solution of matrix vector product 𝐶𝑄 for several sampling rates 
and interpolation methods. To that end we examine the 

dependence on these parameters of the normalized rms error 
defined as: 

𝜖 =
∑ 𝑊 [𝑖] − 𝑊 [𝑖]

∑ 𝑊 [𝑖]
 (10) 

where 𝑊  and 𝑊  are the measurement vectors calculated 
with MSWA and matrix product respectively, and 𝐾 the 
number of measurement points. MSWA replaces the matrix 
product in the CG algorithm so it is important that the 
approximation error is low to achieve a good level of 
convergence. 

Fig. 6 shows the obtained errors as a function of the sampling 
rate for linear, cubic and spline interpolators along with the 
operator computation time. The listed sampling rates are 
referred to the number of samples in each angular dimension in 
the smallest subdomain level. Higher order interpolations 
obtain lower errors at the cost of higher computation times. 
However, the increase in time is small compared to the obtained 
error reduction. Therefore, the spline is the best candidate for 
its integration in MSWA. 

Finally, the algorithm’s computational complexity is 
analyzed by gradually increasing the AUT electrical size adding 
more elements to the array. As the AUT grows, the 
measurement surface and number of measurement points are 
increased proportionally as well. The simulation times of one 
CG iteration using MSWA are shown in Fig. 7. To highlight the 
scalability improvement, the same test has been performed 
replacing the MSWA operator by its matrix multiplication 
counterpart. Only data up to 20 wavelengths were obtained due 
to memory overflow with the matrix operator.  

Simulation times of Fig. 7 have been obtained on a 
commercial Intel i5 @16GB PC in MATLAB. Absolute 
simulation times are highly dependent on the implementation 
problem, computer and programming language. The most 
relevant result is the drastic improvement in computational 
complexity from 𝑂((𝑘𝑎) ) algorithms [19],[20],[22],[24],[25] 
to 𝑂((𝑘𝑎) log(𝑘𝑎)) which makes it suitable for electrically 
large problems. A comparison with a traditional spherical far-

Fig. 6. RMS error (continuous line) and computation time (dashed) of the 
MSWA operator for several interpolation and sampling schemes. 

 
Fig. 5. Comparison of the transformed far-field with the analytical solution. 
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field transformation [5] implemented in MATLAB is also 
shown in Fig. 7. Of course, this algorithm is only applicable to 
spherical surfaces scanned with mono mode probes and 
equiangular sampling, so a canonical problem of the same 
electrical dimensions is solved instead to serve as a reference. 
This traditional algorithm shows the well known 𝑂((𝑘𝑎) ) 
scalability, which is higher. Despite this, the proposed 
algorithm cannot compete in absolute simulation times with the 
traditional technique because it involves more intensive 
operations. Comparison with [23] could not be made but results 
similar to [5] are expected, as it is based on the same operations. 
Therefore, the proposed technique should only be applied for 
cases where the others [5],[23] are not applicable (arbitrary 
scanning geometries and/or higher order probes). 

 Fig. 8 shows the transformation results for the largest 
simulated Yagi-Uda array corresponding to an electrical 
dimension of 80𝜆 × 80𝜆. To evaluate the influence of the 
MSWA interpolation errors, the measurements have been 
simulated noise-free and with a sampling rate of 𝑁 = 20. The 
interpolation error limits the convergence of the CG algorithm 
to a given level which is of the same magnitude than the 

observed transformation errors. In this case, the selected 
sampling rate gives an interpolation error around 10  which 
roughly corresponds to the obtained transformation errors 
(around -80 dB). This fact offers a very useful way of adjusting 
the algorithm depending on the desired accuracy.  

B. Measurement Results 

Finally, the proposed algorithm is applied to measured data, 
to assess its robustness against real noise, drift and other non-
ideal effects. The measurements have been performed at the 
anechoic chamber of the Technical University of Madrid 
(UPM). Although this technique is mainly addressed to the far-
field transformation of near-fields measured over arbitrary 
surfaces, due to the lack of appropriate hardware only classical 
acquisition surfaces will be presented in this section. 

 The first test consists in a 2x2 patch array antenna measured 
in a spherical near field system using as probe a conical horn at 
1 GHz. The distance between probe and antenna is 5 m and an 
angular sampling of ∆𝜃 = ∆𝜑 = 6° with two orthogonal 
polarizations is used. The near-field is transformed using as 
equivalent surface a 2𝜆 × 2𝜆 × 2𝜆 cube enclosing the AUT. In 
addition, a far-field transformation using the commercial 
software SNIFT [39] is performed to be used for reference. Fig. 
9 depicts the copolar and crosspolar patterns of a 𝜑 = 45° cut. 
The transformation errors are quite small obtaining an excellent 
agreement. 

For the second example, the VAST12 (VAlidation 
STandard) antenna is measured in a planar near-field set up at 
12 GHz. This antenna was used for an intercomparison 
campaign in the frame of the European Project “Antenna 
Network of Excellence” and those results are used for 
comparison [40]. The antenna is an offset reflector of 25 cm of 
radius and its near-field is measured in a 1.8 × 1.8 m plane at a 
distance of 80 cm.  0.5𝜆 sampling rate is selected, and vertical 
and horizontal polarizations are acquired with a standard gain 
horn as probe. The defined equivalent surface is a plane located 
at the AUT aperture. This results in an equivalent problem only 
valid for the 𝑧 > 0 subspace, which is more than enough for this 
case as the measured near-field only provides information for 
𝜃 < 45° according to the well-known criterion for planar 

 
Fig. 8. Comparison of the transformed far-field with the analytical solution 
for an electrically large antenna using MWSE. 

 
Fig. 9. Patch array co and cross polar transformed far-field patterns. 

 
Fig. 7. Simulation time of one CG iteration using matrix multiplication and 
MWSA operator compared with the traditional canonical transformation. 
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measurements[41].  
The transformed far-field main cuts are depicted in Fig. 10. 

For comparison, a standard planar far-field transformation 
using plane wave spectrum (PWS) has been performed and 
depicted too, obtaining very similar results down to a level of -
50 dB in the copolar component. The crosspolar component for 
the vertical cut shows significant differences, but it is 
comparable to the results obtained by other facilities in the 
intercomparison campaign. To obtain a more accurate 
reference, the antenna has been measured in a spherical near-
field system and transformed with SNIFT and displayed along 
the rest of the curves. PWS and MSWE transformation show 
similar errors with respect to the reference, which can be 
attributed to the measurement plane truncation.  

V. CONCLUSIONS 

This paper presents an algorithm for the far-field 
transformation of near-fields measured on arbitrary surfaces. 
The algorithm is based on replacing the AUT by an equivalent 
radiating surface which is recursively divided in a multi-level 
subdomain hierarchy. On the last level, the surface subdomains 

are modelled with equivalent spherical wave expansions. Then, 
an iterative inversion algorithm is started to obtain all SWE 
coefficients. Each iteration requires the calculation of the 
radiated fields by the expansions, which is performed 
efficiently following an interpolation-aggregation multilevel 
scheme. When the expansion coefficients are obtained, these 
are evaluated at far-field and combined to obtain the AUT 
radiation pattern. In addition, probe correction is incorporated 
just by adding its radiation pattern as a spatial weighting 
function in the first steps. The algorithm has been tested using 
simulated and measured data, showing low transformation 
errors, robustness against noise and drastic simulation time 
savings due to its low computational complexity compared with 
other explicit matrix inversion algorithms. For the simulated 
data, non-conventional scanning surfaces have been used to 
demonstrate the potential capabilities. The use of measured data 
was only possible with canonical surfaces. Verification of the 
algorithm with scanned data over arbitrary surfaces remains as 
a future task, which can be accomplished by means of extra 
hardware (UAVs, robotic positioners) or the combination of 
canonical surfaces (cylinder with two caps, hemisphere with 
planar cap). 
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Fig. 10. VAST12 horizontal and vertical cuts of the co and cross polar 
transformed far-field using SNIFT (reference) from a spherical measurement, 
and MWSE and PWS from a planar measurement. 
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Abstract—This paper presents a thorough study of spherical 

probe-corrected phaseless near-field measurements with the two-
scans technique. Such technique is based on retrieving the 
Antenna Under Test radiation pattern from the measurement of 
the near-field amplitude signals on two spheres of different radii. 
The postprocessing of this type of measurements results in a highly 
nonlinear algorithm, prone to get trapped in local minima and 
provide incorrect solutions when the measurement conditions are 
not properly selected. Through a series of numerical simulations, 
the influence of different measurement parameters on the 
phaseless technique is analyzed. It will be shown how both the 
relative and absolute values of the measurement spheres highly 
affect the convergence of the phase retrieval algorithm. The type 
of AUT and its radiation pattern characteristic also play a 
fundamental role in the feasibility of phaseless measurements. 
Other parameters such as sampling rate, noise, probe correction, 
polar truncation and measurement offsets are also investigated. 
The conducted study allows to extract a set of guidelines to 
improve the accuracy of phaseless spherical near-field algorithms. 
In addition, purely phaseless antenna measurement examples are 
given to demonstrate the algorithm capabilities and limitations, 
and to validate the developed numerical investigations. 
 

Index Terms—Antenna measurements, spherical wave 
expansion, phaseless measurement, amplitude-only, phase 
retrieval. 
 

I. INTRODUCTION 

PHERICAL near-field measurements [1]-[3] are a well-
stablished technique for antenna testing. Scanning the field 

radiated by an Antenna Under Test (AUT) on a spherical 
surface, followed by efficient postprocessing techniques, leads 
to the determination of the radiation pattern. For a successful 
far-field transformation, an accurate amplitude and phase 
characterization of the AUT near-field is required. Obtaining a 
stable phase reference can be impractical or even unfeasible, 
especially at high frequencies, due to inaccuracies of 
measurement equipment or probe positioning, cable bending 
and thermal drift, among others. On the other hand, the field 
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magnitude possesses a higher robustness against these factors, 
leading to the rise of “phaseless” or “amplitude-only” 
measurement techniques [4]. 

The improved robustness of amplitude measurements comes 
with the price of providing very limited information about AUT 
radiation pattern. Therefore, the lack of phase must be 
compensated by other means, resulting in different phaseless 
techniques which rely on extra hardware such as interferometry 
circuits [5][6] and holography [7], or multiple scan surfaces [8]. 
The common objective of such approaches is to measure only 
the amplitude field in different radiation conditions, so enough 
independent signals are acquired to extrapolate the phase. An 
excellent study of state-of-the-art phase retrieval methods is 
provided in [9]. A major conclusion drawn from it is that the 
phase retrieval constitutes a non-linear and non-convex 
mathematical problem, which makes it prone to get trapped in 
local minima or false solutions. The only way of avoiding local 
minima is the use of advanced optimization techniques [10] and 
adding measurement redundancy (oversampling [11], multiple 
surfaces [12], partial knowledge of phase [13], field spatial 
derivatives [14], different probes [15])   

From the different phaseless techniques, those based on 
multiple scan surfaces constitute an attractive alternative 
because they can be implemented in traditional measurement 
setups without any hardware modification. This led to the 
development of the two-scans planar [16]-[19] and spherical 
[20]-[22] techniques, in which the AUT radiation pattern is 
extrapolated from the measurement of near-field intensities 
over two planes or two spheres, respectively.  

The two-scans planar technique has been thoroughly studied 
by different authors, showing a high dependence on the 
availability of a phase initial guess for a successful 
transformation [23]. In some cases, the classical Plane Wave 
Spectrum formulation [24], commonly used to address the 
processing of the planar near-fields, is replaced by equivalent 
current approaches solved with Method of Moments [25][26]. 
Even though the computational efficiency is reduced, enforcing 
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unknown currents over the antenna aperture or shape brings 
additional information to the phase retrieval problem.  

The use of equivalent currents can be extended to arbitrary 
scanning geometries, including cylindrical [27] and spherical 
[9] surfaces. In the latter case however, the use of Spherical 
Wave Expansion (SWE) [3] as a field expansion basis becomes 
appealing with several advantages over the equivalent current 
approaches. First, an improved computational complexity 
becomes evident with the use of heavily optimized Fast Fourier 
Transform techniques for the processing of fields. Secondly, the 
SWE constitutes a compact basis representing all degrees of 
freedom of the AUT field, keeping the number of unknowns to 
the minimum. Finally, no a priori knowledge about the AUT is 
required apart from its minimum sphere. 

In this sense, the two-scans spherical technique has been 
comparatively less studied, but it has been applied to 
sophisticated antennas showing low transformation errors and 
promising capabilities [21]. Parametric studies report that the 
difference between measurement sphere radii in terms of 
wavelength is the key for a good phase retrieval convergence. 
However, it is expected that other parameters like the antenna 
dimension and its radiation pattern will have a significant 
influence. Given the nonlinear nature of the problem, such 
study becomes a critical tool to assess the conditions required 
for a successful far-field transformation of a given AUT.  

This paper presents a continuation of the work introduced in 
[21], by performing a thorough analysis of the two-scans 
spherical phaseless technique. On section II, a theoretical 
background is given to revisit the two-scans phaseless iterative 
algorithm formulation. In section III, the influence of the 
spheres measurement radii, AUT electrical dimensions and 
type, sampling rate, truncation, probe radiation pattern and 
noise are studied by means of simulation antenna models. The 
derived analysis can be used to design the phaseless 
measurement conditions for an arbitrary antenna. This will be 
demonstrated in section IV with the application of the phase 
retrieval algorithm to measurements performed in anechoic 
chamber. Section V concludes this paper.  

II. THEORETICAL BACKGROUND 

Considered it is a spherical near-field measurement scenario 
with an AUT placed at the coordinate system origin. The field 
radiated by the AUT is measured by a single order probe in the 
coordinates (𝑟, 𝜃, 𝜑) pointing to the origin and with a rotation 
angle 𝜒 respect to 𝜃. Under such circumstances, the signal 
measured by the probe is given by the well-known transmission 
formula [3]: 

𝑤(𝑟, 𝜒, 𝜃, 𝜑) = 𝑄 𝑒 𝑑 (𝜃)𝑒 𝑃 (𝑟) (1) 

being 𝑄  the AUT Spherical Wave Coefficients (SWC), 
𝑑 (𝜃) a rotation operator and 𝑃 (𝑟) the probe response 
constants. The summation in (1) spans for 𝑠 ∈ [1,2], 𝑛 ∈ [1, 𝑁], 
𝑚 ∈ [−𝑛, 𝑛] and 𝜇 ∈ [−1,1]. 𝑁 is the expansion truncation 
number given by the following rule of thumb for 8-digit 
accuracy [28]: 

𝑁 = ⌈𝑘𝑟 ⌉ + 10   (2) 

where 𝑘 is the wavenumber, 𝑟  the radius of the smallest sphere 
circumscribing the AUT and the brackets indicate the largest 
integer smaller than or equal to the number inside them.  
 If 𝑤 is sampled on an equiangular grid for two orthogonal 
polarizations, an algorithm exists [3] for obtaining 𝑄  with 
the same computational complexity than that of summation (1): 
𝑂(𝑁 ). Once these coefficients are known they can be inserted 
back in (1) to compute the field at any other distance, including 
the far-field. 

When only the amplitude of the probe signal is acquired, a 
phase retrieval algorithm must be used. Several techniques have 
been proposed for different applications and antenna 
measurement configurations. For phaseless spherical near-field 
measurements, iterative Fourier techniques have been proposed 
[20][21] analogous the ones used in phaseless planar 
measurements. These techniques are based on the Fine-up [29] 
reduction method, a generalization of the Gerchberg-Saxton   
algorithm [30] that can be used in any problem in which partial 
constraints are known in each of two domains. These domains 
are usually the object to be measured and its Fourier transform, 
while the constraints are given in terms of amplitude 
measurements or a priori information. The complex 
information from the object is retrieved by transforming back 
and forth between the two domains and satisfying the 
constraints in one before returning to the other.  

In phaseless spherical measurements the two domains 
correspond to the near-field on each of the measurement 
spheres, and the constraints are given by the magnitude 
information of the fields. The magnitudes are denoted by 𝑤 =
|𝑤(𝑟 )| and 𝑤 = |𝑤(𝑟 )|, while the spherical surfaces are 𝑆  
and 𝑆 . Note that 𝑤  and 𝑤  both contain the measured near-
field for two probe orthogonal orientations. Optionally an initial 
phase guess can be added to the first measurement to generate 
a complex field 𝑤 = |𝑤(𝑟 )|𝑒 . Then, an iterative 
algorithm is started: 

 𝑤  is propagated from 𝑆  to 𝑆  by means of the SWE 
formulation, obtaining a new calculated complex field, 
𝑤 = | 𝑤 |𝑒  .  

 𝑤  is compared to the measured magnitude 𝑤  by a 
certain near-field error metric.  

 | 𝑤 | is discarded and substituted by 𝑤 , resulting in 
complex field 𝑤 = 𝑤 𝑒  .  

 𝑤  is then propagated back to 𝑆  and the analogous 
amplitude substitution is performed.  

This iterative process of propagation and magnitude 
substitution is continued after the error metric drops below a 
given threshold or a specified number of iterations is reached. 

Two error metrics will be used along this paper. The first one 
is the amplitude error, and is the one that can be used in the 
iterative algorithm as a stopping criterion: 

𝜀 =
𝑟𝑚𝑠(|𝑤 | − 𝑤 )

𝑚𝑎𝑥(𝑤 )
 (3) 

where 𝑟𝑚𝑠 denotes the computation of the root mean square 
error over all angular points of the measured field. In addition, 
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a complex error metric will be defined too:  

𝜀 =
𝑟𝑚𝑠 𝑄 − 𝑄

𝑚𝑎𝑥(𝑄 )
 (4) 

where 𝑄  denotes the retrieved SWC of the AUT at a given 
iteration of the iterative algorithm and 𝑄  are the true 
coefficients. Of course, this metric can only be computed when 
the SWC of the AUT are a priori known, so it is not applicable 
on a real phaseless measurement scenario. However, it will be 
used to assess the performance of the phase retrieval technique 
in different experiments through this paper. 

III. NUMERICAL DISCUSSION 

On this section, the two-scans spherical phaseless technique 
is tested using a simulation model based on dipole antennas 
[31]. By arranging electric and magnetic dipoles in array 
configurations, different AUTs of arbitrary size can be 
simulated using analytical formulation to emulate aperture 
antennas. The same principle may be applied for designing 
probes with the desired directivity. The flexibility of this model 
will be exploited to analyze the influence of different 
parameters of the measurement setup over the performance of 
the phase retrieval technique. For convenience, the AUTs will 
be simulated as planar arrays of equi-spaced Huygens sources 
(crossed magnetic and electric dipoles) with horizontal 
polarization. The Huygens sources produce a unidirectional 
pattern cancelling the back radiation. Separation between 
Huygens sources is set to 0.1𝜆 forming a uniform grid, while 
the number of them and its amplitude and phase distribution 
will be adjusted according to the different experiments. 
Therefore, the AUT pattern is adjusted by controlling the array 
factor weights and the number of individual sources. To refer 
to the size of such arrays, the truncation number 𝑁 
corresponding to its minimum sphere will be used. All 
measurement radii will be normalized to the Rayleigh far-field 

distance of each AUT: 𝑟 = 2
( )

. 

 In every experiment presented in this section a near-field 
measurement will be simulated in an equiangular grid of 
increments  𝛥𝜑 = 𝛥𝜃 = , being 𝑠 an angular oversampling 

ratio, greater than or equal to 1. This oversampling ratio is 
defined so that 𝑠 = 1 corresponds to the sampling rate of 
standard spherical near-field measurements [3]. For each 
measurement point two orthogonal polarizations are measured. 
The measured field is simulated on two spheres of radii 𝑟  and 
𝑟  and the proposed phase retrieval technique is applied for 
1000 iterations using amplitude-only information. In all 
simulations, the initial guess will be the phase of an Hertzian 
dipole with the same polarization as of the AUT. Finally, the 
accuracy of the retrieved result will be assessed by the complex 
error metric 𝜀 . 

A. Error assessment and influence of the scan radii 

As an initial test, the two-scans technique is applied to an 
antenna defined by arranging the dipoles in a square array with 
uniform amplitude and phase excitation. The size of the array is 
16𝜆 × 16𝜆 (thus a truncation constant 𝑁 = 80) and the angular 

oversampling 𝑠 = 2. First, the set of distances  𝑟 = 0.16𝑟  
and 𝑟 = 0.24𝑟  is selected. A second experiment is 
performed setting to 𝑟 = 0.2𝑟 . As already discussed in 
previous publications [20][21], with an increasing separation 
between spheres, the amplitude fields of the two surfaces 
become different, which improves the convergence of the 
algorithm to low error levels. This can be seen in Fig. 1 where 
the two introduced error metrics are depicted for each iteration 
of the algorithm. The amplitude error drops to -70 dB and -50 
dB for the first and second experiment, respectively. However, 
this metric only gives a partial information because it does not 
consider the phase of the retrieved solution. When the SWC of 
the antenna are a priori known, as in this simulation example, 
the complex error can be calculated obtaining much higher 
values, -35 dB and -22 dB respectively. The reason of the 
discrepancy between both error metrics is that there are at least 
two sets of SWC (i.e., with differences in the order of -35dB in 
the first simulation) which radiate relatively similar amplitude 
fields (differences of -70 dB) on the two measurement spheres. 

The far-field of the retrieved coefficients for both 
experiments is calculated and compared with the true far-field 

Fig. 1. Amplitude and complex error evolution for 𝑟 = 0.16𝑟  and two 
different values of the second sphere radius. 
  

Fig. 2. Comparison of the retrieved radiation patterns from phaseless 
measurement using 𝑟 = 0.16𝑟  and two different radii for the second 
sphere. 
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of the AUT in Fig. 2. The error curves are computed by 
subtracting the complex far-fields. For the first experiment, this 
error goes as high as -35 dB. However, the amplitude values 
seem to be in closer agreement with the true far-field, even for 
values as low as -50 dB. The source of this discrepancy is due 
to the phase. A similar trend is observed for the second 
experiment but having higher error levels. In general, it has 
been observed that the phaseless technique retrieves better the 
amplitude than the phase values in the far-field, but this has not 
been thoroughly investigated. Note that this is not a trivial 
property as the far-field amplitude is influenced by both 
amplitude and phase in the near-field. 

For better understanding of the influence of the measurement 
radius, both 𝑟  and 𝑟  are swept for different values and the 
phaseless technique is applied for each combination. Fig. 3 
depicts a 2D plot of the complex error for the last iteration. 
From this figure some conclusions can be drawn. First, the 
optimum region for 𝑟  is around 0.1𝑟  and 0.15𝑟 . In this 
region, even for small separations with respect to 𝑟  the 
retrieved coefficients show low errors. This may be due to the 
fact that, in that interval, the radiated amplitude fields 
experiment rapid variations with respect to the radial coordinate 
(this means higher differences between the two measured fields, 
thus more information). However, for values of 𝑟 /𝑟  lower 
than 0.1 the error experiments abrupt increases for reasons not 
yet studied. Considering that the minimum sphere has a 
normalized radius of 0.01, any issue of AUT-probe colliding 
spheres is discarded. 

B.  Influence of AUT size 

The previous experiment is repeated reducing the array size 
so that its new truncation index is 𝑁 = 60, obtaining an 
analogous 2D error map depicted in Fig. 4. The obtained error 
distribution shows good agreement with the previous case 
suggesting that the same trend may be extrapolated for other 
AUT sizes. This has been verified for  𝑁 = 40 and 100 
obtaining similar agreement. To further demonstrate this 
property, and additional test is conducted for 𝑁 = 120 but 
fixing 𝑟 /𝑟  to 0.5. Fig. 5 depicts the obtained errors for all 
simulated 𝑁 values as a function of 𝑟 /𝑟 . All curves for the 
different sizes show the same behavior confirming that the 
influence of the measurement radius is relative to the Rayleigh 
distance. The center of the plot (0.5) corresponds to the case 
where 𝑟 = 𝑟 , so the error is the highest. When 𝑟  starts to 
differ, the error decreases, but not in a symmetric way: Setting 
𝑟  closer to the antenna offers superior performance as we are 
approaching to the previously mentioned area with strongest 
variations with respect to the radial coordinate. Another 
noticeable issue is the irregular behavior of the curves showing 
ripples. This, along with the abrupt changes present in this 
figure and Fig. 3 and 4 are due to the non-linear nature of the 
phase retrieval algorithm, trapping it in suboptimal solutions 
which depend on the given measurement scenario. Finally, it is 
also observed that for bigger AUTs, the retrieved errors tend to 
be smaller. In general, electrically large AUT experiment a 
significant variation of the near-field amplitude with respect to 
the radial coordinate due to the high number of harmonics 

involved in the propagation. This has the effect of an increased 
diversity between the two measurement spheres leading to a 
better convergence.   

Fig. 4. Complex error map for each combination of normalized measurement 
radii for the AUT of size N=60. 
  

Fig. 3. Complex error map for each combination of normalized measurement 
radii for the AUT of size N=80. 
  

Fig. 5. Complex error for different values of 𝑟 /𝑟  with a constant value of 
𝑟 /𝑟 = 0.5 for several AUT sizes. 
  



 
 

5

C. Influence of AUT type 

Due to nonlinear nature of the phase retrieval problem, the 
previous results cannot be generalized to other antenna types 
without performing further experiments. The radiation 
characteristics over the two measurement spheres strongly 
depend on the specific AUT. This influence is investigated by 
simulating alternative AUT models typically encountered in 
near-field measurements scenarios. Six types of antennas will 
be simulated: 

1. A 20 dBi square planar array with a Taylor amplitude 
distribution with a Side Lobe Level (SLL) of -20dB. 
In addition, a linear symmetric tapper up to 20º of 
phase is added along the columns. 

2. A 32 dBi circular reflector antenna modeled as a 40𝜆 
radius aperture with an edge illumination of -10 dB 
and a circular blockage of 4𝜆. 

3. A 25 dBi square planar array with uniform amplitude 
illumination and linear phase so the main beam is 
pointed to 𝜃 = 20°. 

4. The difference channel of a 2D monopulse planar 
10𝜆 × 10𝜆 array. The monopulse is generated by 
dividing the aperture in 4 subarrays fed with 180º 
phase difference. 

5. Three rectangular arrays of dimensions 15𝜆 × 7𝜆, 
15𝜆 × 5𝜆 and 15𝜆 × 3𝜆 with uniform excitation. 

6. A linear array of printed dipoles with uniform 
excitation. The Huygens source is considered as a 
printed dipole. 

The following test is conducted for the introduced antennas. 
Two spherical near-field measurements are simulated sweeping 
𝑟  and fixing 𝑟 /𝑟  to 0.5 and the angular oversampling is set 
to 𝑠 = 2. Fig. 6 depicts the complex error after 1000 iterations 
of the phase retrieval algorithm. In the case of the square and 
circular arrays, the same behavior of section III.B is observed. 
The monopulse difference pattern, shows a significantly 
different performance, obtaining lager errors than the other 
types of antenna, especially for large values of 𝑟 . The abrupt 
phase changes on the aperture may be the reason for the poor 
obtained results. Finally, the lower plot shows how the retrieved 
solution is degraded as the array aspect ratio changes in the 
rectangular arrays, reaching to the point that the algorithm gets 
trapped in a local minimum for all values of 𝑟  when the AUT 
is a linear array. The latter case has been re-simulated for all 𝑟  
and 𝑟  combinations, without showing any significant 
improvement in the retrieved solution.  

 The conducted experiments show that the findings of section 
III.A and III.B can be generalized for other AUT types with 
circular and square apertures with typical pencil beam patterns. 
For the case of linear and rectangular AUTs or special radiation 
patterns like monopulse, the phase retrieval degrades or even 
becomes totally unreliable, showing results difficult to 
generalize.   

D. Oversampling assessment 

In previous contributions the effects of oversampling on 
phaseless techniques have been analyzed [9][19][22], proving 
to be a helpful or even mandatory tool to obtain a good level of 

convergence for the phase retrieval. The reason for this is that 
removing the phase from the field doubles its bandwidth. 
Therefore, experiments conducted so far have been performed 
with an angular oversampling of 𝑠 = 2, which means that both 
angular increments (𝜃, 𝜑) are divided by 2 with respect to the 
ones of a standard near-field measurement. This definition 
differs from the one used in other contributions [9] based on the 
number of degrees of freedom of the AUT radiated fields. Here 
we note that standard spherical near-field measurements usually 
acquire around twice as much samples as numbers of degrees 
of freedom of the AUT. Considering that we are measuring in 
two surfaces, in which the number of samples is doubled on 
each dimension, the total of samples amounts to roughly 16 
times with respect to the number of degrees of freedom. This 
may seem an excessive number of measurement points and 
indeed becomes a drawback leading to long measurement 
times. However, even far higher values have been reported to 
improve other phaseless algorithms convergence [9].  

The influence of this parameter is here analyzed for the 
spherical case using as AUT a 10𝜆 × 10𝜆 square array with 
uniform amplitude and phase distribution. Several experiments 
are carried out sweeping the angular oversampling between 1 
and 3.25 for different orientations keeping the sphere radii  
𝑟 /𝑟 = 0.16 and 𝑟 /𝑟 = 0.48. The orientation is adjusted 
by rotating the antenna around the 𝑥 axis so the main beam 
points to a given angle 𝜃 . This parameter is of significant 
relevance because the equiangular sampling commonly used in 
spherical near-field measurements samples more densely the 
poles than the equator. Depending on the antenna pointing, the 
near field will be better sampled in some regions than others, 

 

Fig. 6. Complex error for different values of 𝑟 /𝑟  with a constant value of 
𝑟 /𝑟 = 0.5 for several AUT types. 
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which may impact the phase retrieval process.  
The retrieved errors are depicted in Fig. 7. Disregarding the 

irregular behavior characteristic of this technique, the main 
trend is a reduction of the error with increasing sampling rates. 
The error also increases as the antenna is rotated, which is an 
effect that cannot be compensated by adding more samples. We 
conclude that the loss in accuracy is not due to the main lobe 
becoming sparsely sampled. As in the previous section, a loss 
of AUT axial symmetry may be the reason for this degradation. 
In all cases the minimum error tends to saturate for values 
higher than 𝑠 = 2, so an angular oversampling around this 
value is welcomed for a more reliable phase retrieval. 

E. Influence of probe directivity and AUT offset 

Single order probe correcting capabilities are implicit in the 
proposed phase retrieval technique. All simulations performed 
so far have been obtained using an Hertzian dipole as ideal 
probe, so the measured signal is exactly the electric field in the 
probe location. Standard spherical measurements are performed 
usually with conical horns as probes with directivities ranging 
from 10 to 15 dBi. Depending on the measurement distance, the 
probe itself may influence significatively the measured signal. 
It is of interest to investigate its potential effects over the phase 
retrieval algorithm. This has already been studied for the planar 
case [15], showing how the probe influence can be exploited to 
perform phaseless measurements using two different probes 
instead of changing the measurement distance. It is well-known 
that the probe influence is far less significant in the spherical 
case, however, it is worth performing such analysis.  

A square array of size 𝑁 = 80 measured with angular 
oversampling 𝑠 = 2 is simulated with 𝑟 /𝑟 = 0.5 and 
sweeping 𝑟 . The simulation is performed twice, one for a 
Hertzian dipole probe and the other for a 15 dBi antenna. The 
latter is obtained arranging several Hertz dipoles in a vertical 
array, as in a Yagi-Uda antenna, increasing its directivity while 
keeping its single-order nature. To further emphasize the probe 
effects, the AUT is simulated with different offset values with 
respect to the center of the measurement sphere. As a result, the 
probe “sees” the AUT from a different angle for every 
measurement point. This has also the effect of increasing the 

AUT minimum sphere, thus the truncation index and sampling 
rate are increased accordingly for the experiments. The offset 
values are denoted as percentages of the displacement from the 
center relative to the AUT diameter. The simulated offset 
values are: 70% and 100% in the 𝑥 axis direction, and 100% in 
the �̂� direction.   

Fig. 8 depicts the retrieved errors from all the conducted 
experiments. For displacements along the  𝑥 axis, the offset 
breaks the AUT axial symmetry, which degrades the 
performance of the algorithm. In the case of the �̂� axis, the 
symmetry of the antenna is kept but the offset adds an additional 
phase variation to the measured near-field, which complicates 
the phase retrieval and also degrades the results but to a lesser 
extent. On the other hand, the probe shows no significant 
impact on the results, which makes it impossible to derive any 
relationship between the probe directivity and the algorithm 
convergence. This confirms that the influence of the probe has 
a small contribution which neither can be exploited nor can 
degrade the algorithm performance. For this experiment, a 15 
dBi mono-mode probe has been selected as it is a typical on 
standard near-field measurements scenarios. Higher order-
probes with more complex radiation patterns may introduce a 
significant influence on the results. However, the phase 
retrieval technique employed here is not applicable in these 
cases.  

F. Robustness against noise 

Finally, the proposed technique is tested including noise to 
assess its robustness on real measurement scenarios. For this 
test we go back to the scenario of section III.A with the AUT of 
size 𝑁 = 80 with  𝑟 /𝑟 = 0.16 and 𝑟 /𝑟 = 0.24. For this 
configuration, complex additive white gaussian noise is added 
to the measured signals before removing the phase. The phase 
retrieval technique is applied sweeping the Signal to Noise 
Ratio (SNR) between 20 and 60 dB. This experiment has been 
repeated for two values of angular oversampling, 𝑠 = 1.5  and 
𝑠 = 2.5. The retrieved errors have been depicted in Fig. 9 
showing a high robustness even for poor SNR values. The 
complex error remains around the same value of the noise-free 

Fig. 8. Retrieved errors at different measurement distances for several AUT 
offsets using a Hertz dipole (continuous line) and 15 dBi antenna (dotted) as 
probes. 
  

Fig. 9. Influence of the noise on the error of the retrieved solution for an 
angular oversampling s=1.5 (continuous line) and s=2.5 (dotted lines). 
  

Fig. 7. Complex error as a function of the sampling rate for different AUT 
orientations. 
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experiment for SNR values as high as 35 dB. Therefore, adding 
noise lower than this level will have little effect over the 
retrieved SWC. The effect over the amplitude error is more 
significant, but it also presents a good robustness achieving a 
saturation value around 40 dB of SNR. In addition, the complex 
measurements are processed to retrieve the SWC using 
traditional field transformation techniques [3] and 𝜀  is 
computed for each SNR value as well. This is also depicted in 
Fig. 9 to compare the noise filtering capabilities of both 
approaches.  

Increasing the sampling rate has small effect on the noise 
robustness of phaseless measurements as compared with the 
complex case. In the phaseless case, the convergence values for 
𝜀  do not show a significant improvement. In the case of 
𝜀 , the obtained errors are lower, because increasing the 
sampling rate allows the phase retrieval algorithm fall in a local 
minimum closer to the optimal solution. The presence of noise 
then becomes a secondary issue, and a better SNR does not 
translate in lower errors as in the complex case. We conclude 
then that the proposed technique shows a well-conditioned 
response against noise, so for scenarios with good SNR values 
its effect will be negligible compared with the more problematic 
local minima issue.  

G. Truncation of the sphere 

Truncated spherical measurements [33][34] are common in 
scenarios where the full spherical surface cannot be acquired 
due to physical limitations, like in the case of automotive 
measurements. Alternatively, truncated acquisitions can be 
employed to reduce measurement times by just scanning the 
solid angle where most of the significant radiation is of interest. 
The most common case is the polar truncation, in which the 
near-field is only measured up to a given 𝜃 = 𝜃 . This has the 
effect of limiting the retrieval of the transformed far-field up to 
a given reliable angle slightly smaller than 𝜃  [3]. 

The truncation effects are investigated here for phaseless  
spherical near-field measurements. The same test of Fig. 5 is 
conducted again for the array of size 𝑁 = 40, but this time, the 
input field on the two spheres is truncated to several values 𝜃 . 
Fig. 10 depicts the evolution of the different complex errors as 
a function of the first sphere radii. For moderate levels of 
truncation, its effects are negligible in comparison to the 
inherent errors of the phase retrieval process. When a 
significant part of the near-field power is truncated, the 
accuracy of the phase retrieval is reduced in those radial regions 
where the separation between spheres was high enough.  This 
loss in accuracy is proportional to the truncation value in a 
stable way, which suggests that the phase retrieval is well 
conditioned against truncation errors in a similar way as 
conventional complex measurements.  

The truncattion effect has also been evaluated in the far-field. 
Fig. 11 depicts the retrieved far-field from the phaseless 
experiment for 𝑟 /𝑟 = 0.2, which is around the optimal 
performance region. The true analytical far-field has been 
depicted too. It can be observed that the different patterns show 
perfect agreement with the reference for smaller angles than 𝜃 . 

H. Antenna parameters assessment  

The error metric 𝜀  gives an overall description of the 
accuracy of the retrieved solution but its relationship with the 
quality of the reconstructed radiation pattern is not 
straightforward. Antenna parameters such as directivity, beam 
width and SLL are of high interest because they directly affect 
the performance of the antenna application. Therefore, it is 
worth performing a specific analysis on the quality of these 
parameters obtained from the phase retrieval algorithm.  

The experiments performed on section III.C are repeated here 
for the tapered array and reflector antennas. For each 
simulation, the directivity, first SLL and -10dB Beam Width 
(BW) are calculated. The errors of these parameters with 
respect to the reference solution are computed and depicted in 
Fig. 12, in the same way as Fig. 6. It is noticeable that the 
algorithm can retrieve the -10 dB BW with perfect accuracy in 
all cases, even for the region where the spheres are too close 
resulting in high 𝜀  values. The directivity value is mostly 
influenced by the main lobe, so it is retrieved with good 
accuracy in all cases too. The first SLL constitutes a more 
challenging parameter to retrieve, as both antennas are designed 
for a level around -20 dB. For both antennas, the SLL curves 

Fig. 11. Transformed far-field from several polar truncated acquisitions along 
with the reference far-field for 𝑟 /𝑟 = 0.2 and 𝑟 /𝑟 = 0.5. 

Fig. 10. Complex error for different values of 𝑟 /𝑟  with a constant value of 
𝑟 /𝑟 = 0.5 for several polar truncation angles. 
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show an empty region where the error is not shown. This 
corresponds to the region with high 𝜀  values, where the 
retrieved patterns where so distorted that the SLL calculation 
was giving meaningless results.  

I. Guidelines for phaseless spherical measurements 

From the analysis performed in the previous subsections, it 
becomes evident that the two-scans phaseless technique 
requires a careful choosing of some parameters in order to 
obtain a successful near-field to far-field transformation. As a 
summary, the main conclusions are summarized here to give a 
set of guidelines to consider when performing such type of 
measurements in real anechoic chambers. 

 The spherical phaseless retrieval method is an ill-posed 
technique prone to problematic behavior. Convergence to 
acceptable error levels is not guaranteed for an arbitrary 
antenna, so the specific AUT type must be considered 
carefully. 

 AUTs with good axial symmetry around �̂� and pencil beam 
patterns are the best candidates for accurate phaseless 
measurements. Beam steered and rectangular aperture 
antennas with some level of symmetry show good 
convergence capabilities too. On the other hand, linear 
arrays or specific antennas with unconventional radiation 
patterns, poor symmetries, high aspect ratios, significant 
offsets with respect to the minimun sphere, or abrupt 
aperture phase changes become problematic or even 
impossible to process with the introduced technique.  

 Relative separation between spheres is a critical parameter, 
but the absolute radii are also relevant. The best results are 
obtained with the smallest sphere having a radius of 10-
15% of the Rayleigh distance, and at least 20%-30% 
respectively for the second sphere. 

 Some degree of angular oversampling with, ideally around 
200% with respect to standard spherical measurements, 
significantly reduces the retrieved errors.  

 Probe correction, polar truncation and thermal noise play a 
minor role on the accuracy of the retrieved solution if they 
remain on the margins of standard spherical near-field 
measurements. 

 The use of an initial guess improves the algorithm 
convergence. This has already been shown in previous 
publications [20][21], so it has not been repeated here. The 
investigations performed in this paper are intended to be 
generic without need of any prior information about the 
AUT. Therefore, the initial guess used in this study uses 
only the polarization type information about the AUT, so it 
has a small influence. Some of the previous tests have been 
repeated without such guess obtaining slightly worse 
convergence levels. 

The limitations imposed by the used iterative Fourier 
algorithm should be considered too. Because the alternating 
projections between the two spheres are performed using a 
classical near-field transformation approach, the introduced 
technique shares the same limitations. Measurements are 
restricted to single-order probes and equiangular sampling, so 
it is not possible to take advantage of the benefits provided by 
higher order probes [34] and non-uniform sampling [35]. This 
could be solved by use of modern techniques, but they are less 
computationally efficient, and the implementation of the 
algorithm becomes more complex.  

Finally, the two-scans phaseless technique can be addressed 
by use of alternative phase retrieval algorithms. During the last 
years, multiple techniques [36] have been proposed that could 
be implemented in the spherical case. An interesting feature of 
such techniques is the incorporation of initializers which 
estimate a good starting point for the iterative process to 
alleviate local minima issues. This could improve the 
convergence values of the introduced method, especially in the 
cases of antennas with complicated radiation patterns. The 
implementation of these techniques requires the use of matrix 
formulation following a different approach than the one 
presented in this paper, which can lead to a more complex and 
computationally demanding alternative. 

IV. ANECHOIC CHAMBER PHASELESS MEASUREMENTS 

Finally, the two-scans spherical phaseless near-field to far-
field transformation technique is tested using measured data. 
Some preliminary measurements done at the DTU-ESA facility 
were discussed in [21]. In that measurement campaign, physical 
limitations of the positioner equipment inhibited the use of 
adequate separation between spheres, so the more relevant 
examples were done using partially synthetic data. In this 
section, however, pure measured data will be used obtaining 
positive results. This time the measurements have been 
performed in the anechoic chamber of the Technical University 
of Madrid (UPM). The used spherical range consists in a roll-
over-azimuth positioner with a translation stage so that 
spherical measurements can be performed with radii ranging 
between 3 m and 5.5 m. Two different antennas will be tested, 
a 20 GHz parabolic reflector and the mmVAST at 37.8 GHz. 

Fig. 12. Evolution of antenna parameters for different values of 𝑟 /𝑟  with a 
constant value of 𝑟 /𝑟 = 0.5 for several AUT types. 
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A. 20 GHz reflector antenna  

The first antenna to be tested is a 20 GHz reflector antenna 
of 60 cm diameter with linear polarization and around 40 dBi 
of gain. According to its electrical dimensions, the truncation 
index for this AUT has a value of 𝑁 = 120  whereas the far-
field distance is around 38 m. Two spherical measurements at 3 
m and 5.5 m of distance are performed so that the complete 
range of movement of the translation stage is exploited. These 
radii correspond to the 8% and 15% of the Rayleigh distance 
respectively, which is somewhat close to the optimal range 
according to the previously derived criteria. The spherical 
measurements are performed with angular increments of 1° so 
that an angular oversampling of 1.5 is obtained. The probe 
consists of a smooth-walled conical horn with axial 
corrugations and 15 dBi of directivity, which is rotated 90° on 
each measurement point to measure both field polarizations.  

Both spherical near-field measurements are performed 
recording amplitude and phase of the received signals on the 
probe. From the complex measurement at 5.5 m, the far-field 
and the SWC are computed using the commercial software 
SNIFT [37]. The SWC are used to perform near-field 
simulations at arbitrary measurement distances. Multiple 
combinations of 𝑟  and 𝑟  are used to simulate virtual 
measurements of the AUT with the same probe and angular 
sampling. For each  (𝑟 , 𝑟 ) pair, the phase retrieval technique 
is applied using the amplitude of the simulated fields. The 
obtained convergence values are depicted in Fig. 13, where nice 
agreement with the analytical simulations is observed. It can be 
confirmed that the selected measurement distances lie in the 
region of optimal performance, although with little margin. 
This becomes possible for this particular AUT and 
measurement range, but for other frequencies and antenna 
dimensions, the required measurement radii for an optimal 
performance may be unfeasible due to mechanical limitations.    

Now, the two-scans phaseless technique is applied using the 
amplitude information of the two pure measurements without 
any prior postprocessing. The algorithm is evaluated for 1000 
iterations using as initial guess an Hertzian dipole with the same 
polarization as the AUT. Fig. 14 depicts a comparison between 
the complex far-field processed by SNIFT and the one obtained 
using the phaseless iterative algorithm. A point-by-point far-
field error metric is given by the Equivalent Error Signal (EES), 
as specified by: 

𝐸𝐸𝑆(𝜃, 𝜑) = 20 𝑙𝑜𝑔
𝐸(𝜃, 𝜑) − 𝐸(𝜃, 𝜑)

𝑚𝑎𝑥 𝐸(𝜃, 𝜑)
 (5) 

being 𝐸(𝜃, 𝜑)  and 𝐸(𝜃, 𝜑)  the far-field patterns 
retrieved from the complex and phaseless data, respectively. 
Good agreement is exhibited by the co-polar pattern yet the 
cross-polar EES is relatively high. 

In addition, the same process is repeated but instead of using 
the pure amplitude measurements, the simulated amplitudes 
obtained from the SWC in the same spheres are used. This 
showcases the effect of the different sources of errors affecting 
both measurement spheres independently. The corresponding 
radiation pattern and EES are depicted in Fig. 14 as well, and it 

can be appreciated how the use of postprocessing to generate 
the fields on the two spheres gives a result with significantly 
lower errors. When pure phaseless measurements are 
considered, amplitude drifts, spurious reflections and 

(a) 

(b) 
Fig. 14. Transformed far-field of the 20 GHz reflector antenna: co-polar (a) 
and cross-polar (b) components. 
  

 

Fig. 13. Complex error map for each combination of normalized measurement 
radii for the measured 20 GHz reflector antenna. 
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mechanical misalignments between the two measurement 
surfaces lead to a degradation. Yet these are normal sources of 
uncertainties in standard complex measurements one should 
expect an increased robustness for amplitude-only 
measurements. However, the ill-condition nature of the 
phaseless problem can amplify these errors compromising its 
reliability. 

B. mmVAST 40 GHz measurements 

The DTU-ESA millimeter-wave validation standard antenna 
(mmVAST) [38] is an offset single-reflector antenna with an 
astigmatic paraboloid having different focal lengths in the 
orthogonal offset and transverse planes. This asymmetry gives 
rise to different beam widths in these planes and thus a non-
circular misaligned main beam, which becomes a challenging 
pattern to measure. The antenna has an aperture dimension of 
230 mm x 230 mm with an enclosing box of 530 mm x 230 mm 
x 440 mm. The reflector is fed by a cluster of four Pickett-Potter 
horns, one for each of the four operational frequencies (19.76 
GHz, 30.04 GHz, 37.80 GHz, and 48.16 GHz).  

For this test, the 37.8 GHz frequency is selected with circular 
polarization. Considering its electrical dimensions at the 
selected frequency, the truncation index for the mmVAST is 
𝑁 = 250 and its Rayleigh distance 91 m. Once again, the 
measurement radii are set to 3 m and 5.5 m but in this case, 
they correspond to a 3.3% and 6% of the far-field distance. 
These are very low values, far from the optimal region 
derived in the previous section, but the best ones that can be 
obtained due to the mechanical limitations. This means that 
the two spheres are not separated enough, and all propagating 
spherical waves cannot experiment the required variations to 
ensure a good convergence of the phaseless technique. 
However, it is interesting to study the behavior of the 
technique under such circumstances, especially for a 
challenging antenna like the mmVAST. The measurements 
are also done with two orthogonal orientations of a similar 
probe, and angular increments of 0.5° are selected providing 
an angular oversampling ratio of 1.44. 

As in the previous case, two complex measurements are 
performed, and the reference far-field pattern is obtained 
from the largest sphere. Then the two-scans spherical 
phaseless technique is applied using the amplitude 
information of both measurements using as initial guess two 
crossed Hertz dipoles generating circular polarization. Fig. 
15 depicts the obtained radiation pattern along with the 
reference solution for the two principal cuts, which have been 
obtained by means of coordinate system rotations, due to the 
AUT off-axis beam pointing direction. In addition, the far-
field pattern for the forward hemisphere in UV coordinates 
has been depicted in Fig. 16. The agreement is not as good as 
in the previous case, but the main lobe is well retrieved and 
there is a high similarity in the secondary far-lobes.  

Unlike in the previous case, the far-field cuts are plotted 
only in magnitude and not by co and cross-polar components. 
The reason for this is that the algorithm is not able to retrieve 
properly the phase of both 𝜃 and 𝜑 components, which is 
critical to correctly generate the circular polarization 

components. Fig. 16 depicts the phase of the far-field 𝜃 
component for both complex and phaseless cases. There is not 
agreement whatsoever between both plots so it can be 
concluded that the algorithm is unable to retrieve the phase for 
this antenna. 

V. CONCLUSION 

The two-scans phaseless spherical near-field measurement 
technique has been reviewed and thoroughly investigated. The 
lack of phase must be compensated with amplitude 
measurements adding enough “field information” so the 
algorithm can reach a good level of convergence. Such 
additional information is generated by separating the spheres 
well enough. It has been shown how this separation is relative 
to the Rayleigh distance of the corresponding AUT, and certain 
combinations of sphere radii tend to provide the best results. In 
addition, the influence of the AUT has been studied, showing 
how the technique provides better results for centered antennas 
with good axial symmetry. In the case of linear arrays or 
complicated radiation patterns, the technique becomes 
unreliable. It has been confirmed that the use of oversampling 
with respect to conventional complex measurements helps to 

(a) 

(b) 
Fig. 15. Transformed far-field of the mmVAST antenna for the E (a) and H (b) 
planes. Coordinate rotations have been applied to align the H cut with the main 
beam.  
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improve the accuracy of the algorithm. The robustness of the 
technique respect noise, polar truncation and probe influence 
has been demonstrated as well. Finally, the previous 
observations have been considered to perform pure near-field 
phaseless measurements in the Technical University of Madrid 
of two different antennas, obtaining results in agreement with 
the conducted numerical studies. 

Future work includes the study of alternative phase retrieval 
methods with different initializers, to assess its influence on the 
convergence values and processing times. The effect of the 
expansion basis for the problem will be also investigated. Some 
contributions follow approaches based on equivalent currents 
which can give additional information about the AUT structure, 
but they can lead to worse conditioned problems.  
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