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Summary 

Nowadays, the development of coherent, soft X-ray sources remains a topic of interest. 

Among them we find Free Electron Lasers (FEL) and Plasma-based X-ray lasers in which high-

order harmonics are injected. Plasma-based lasers have the attractive of being a source with the 

capability to obtain higher energies in table-top facilities. However, their coherence is quite low 

compared to FELs. To improve the coherence of plasma-based lasers and take advantage of their 

greater energy gain capacity, optical structures such as High Order Harmonics that have high 

coherence are injected. [1] 

The work of experimentalists dedicated to the injection of Higher Order Harmonics in plasma-

based lasers is done with gaseous or solid-state target plasmas. In parallel, theoretical models are 

developed, studying the processes of light amplification and generation of High Order Harmonics 

[2] [3] [4]. Within academic studies we find theoretical developments and simulation programs, 

such as Dagón, used in this Master's thesis. Dagón is a code that solves the Maxwell-Bloch 

equations which govern the process of amplification of light in plasmas. The information on the 

temporal evolution of the plasma comes from atomic physics and hydrodynamic codes such as e-

Hybrid, its results are used as input in Dagon. Gaseous plasmas present symmetry conditions that 

facilitate modelling experiments, while solid-state target plasmas require a more complex 

modelling due to the way the plasma is produced. 

In this work, a study has been made that analyses the use of the Dagon code, a simulation code of 

the amplification process of plasma-based lasers. The work explores the process of amplification 

of High Order Harmonics in a plasma based on a solid silver target. This is a collaborative work 

with experimentalists at the Paris-Saclay University, Alok Kumar and Olivier Guilbaud, where 

feedback between the groups seeks to enrich the physics of the available models and characterize 

the physical effects that take place in the process of amplification and how they affect the injected 

harmonic. 

This work is part of the plasma physics research group and has been performed closely with 

Santiago López, who explores the injection of high-order harmonics in gaseous plasmas based on 

Krypton, and Elena de la Fuente, who has worked with silver-based solid-white plasmas and time-

varying high-order harmonics. By using the same software, tools for the analysis of the results 

have also been developed among the members of the group, such as the propagation codes 

presented in chapter 3 Diffraction and propagation or the heat maps applied to the analysis of 

the results. 

This Master’s Thesis consists of: 

• A theoretical study that includes the concepts of coherence, amplification of a laser, 

orbital angular momentum and High Order Harmonics, emphasizing its application to 

lasers based on solid state target plasmas. Collected in chapter 2 Coherent X light 

sources & experimental examples. 

• A Matlab code that reproduces the propagation of the beam after the amplification process, 

carried out during the project. It is important to know the electromagnetic field generated 

immediately after harmonic amplification. However, the effects of that amplification 

need not be easily identifiable after amplification (near-field)-When the light has 

propagated to a distance such as the one at which the data of the experiment is collected, 

it is possible to appreciate more clearly how the electromagnetic field has been affected 

after its amplification. Therefore, this code is a tool to put the results in context and 

encourage communication with our colleagues in Paris. Chapter 3 Diffraction and 

propagation collects the applied theory and the development of the benchmark. 
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• A simplified model, a simple version that explains the simplifications used by 

experimentalists to obtain indicative results on amplification. The work contrasts the 

results of Dagón with the experimental hypotheses that are modelled in a simplified way 

in chapter 4 Light amplification simple filter model. 

• Dagón simulations are based on the simplified model of the problem described in chapter 

2, Coherent X light sources & experimental examples (2.3 From an experimental 

arrangement to simplified simulations), for its application in the 3D code that solves 

the Maxwell-Bloch equations. Starting from simple simulations that explore the general 

modelling, to more specific simulations that aim to reproduce specific phenomena that 

affect the injected harmonic as it passes through the plasma. 

• The planning, programming and budget of the work are detailed in chapter 7 Time 

Planning and Budget. 

After its analysis, some conclusions are drawn that relate the simplified models with the results 

of Dagón, being a factor of special relevance the electron density of the plasma for two reasons: 

• It defines the refractive index of the medium in which light propagates. This affects the 

coherence of the beam by presenting a non-homogeneous density profile. 

• The density gradient also produces a reflection of the injected harmonic, deflecting the 

light beams according to the eikonal equation. In areas with higher density gradients, a 

greater deflection of the beam occurs. 

 

Keywords: solid state target, lasers based on plasmas, orbital angular momentum, high order 

harmonics, soft X ray radiation, coherent X radiation, computational simulation. 

UNESCO code: 220910 
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Resumen 

En la actualidad se mantiene como un tema de interés el desarrollo de fuentes de radiación X 

blanda coherente. Entre ellas encontramos los láseres de electrones libres (FEL) y los láseres de 

rayos X basados en plasmas en los cuales se inyectan armónicos de alto orden. Los láseres basados 

en plasmas tienen el atractivo de ser una fuente con la capacidad de obtener energías más altas 

requiriendo instalaciones más pequeñas. Sin embargo, su coherencia es bastante baja respecto a 

los FEL. Para mejorar la coherencia de los láseres basados en plasmas y aprovechar su mayor 

capacidad de ganancia energética, se inyectan estructuras ópticas como los Armónicos de Alto 

Orden que poseen alta coherencia. [1] 

El trabajo de los experimentalistas dedicados a la inyección de Armónicos de Alto Orden en 

láseres basados en plasmas se hace con plasmas gaseosos o de blanco sólido. En paralelo se 

desarrollan modelos teóricos sobre los procesos de amplificación de la luz y generación de 

Armónicos de Alto Orden [2] [3] [4]. Dentro de los estudios académicos encontramos desarrollos 

teóricos y de programas de simulación como Dagón, utilizado en este trabajo Fin de Master. 

Dagón es un código que resuelve las ecuaciones de Maxwell-Bloch, las cuales rigen el proceso 

de amplificación de la luz en el plasma. La información de la evolución temporal del plasma 

proviene de códigos de física atómica e hidrodinámicos como e-Hybrid cuyos resultados se usan 

como input en Dagón. Los plasmas gaseosos presentan condiciones de simetría que facilitan 

modelar los experimentos, mientras que los de blanco sólido presentan un modelado más 

complejo por la forma de producir el plasma. 

En este trabajo se ha hecho un estudio que analiza el uso del código Dagón, código de simulación 

del proceso de amplificación de láseres basados en plasmas, aplicado a blancos sólidos de plata. 

El trabajo explora el proceso de amplificación de Armónicos de Alto Orden en un plasma basado 

en un blanco sólido de plata ya que es la estructura de interés a amplificar por mejorar la 

coherencia de este tipo de láseres. Se trata de un trabajo de colaboración con los experimentalistas 

en la Universidad de París Saclay (Aluk Kumar y Olivier Guilbaud) donde una retroalimentación 

entre los grupos busca enriquecer la física de los modelos disponibles y caracterizar los efectos 

físicos que tienen lugar en el proceso de la amplificación y como afectan al armónico inyectado.  

El presente trabajo se enmarca dentro del grupo de investigación de física de plasmas y se ha 

trabajado estrechamente con Santiago López, que explora la inyección de armónicos de alto orden 

en plasmas gaseosos basados en Kriptón y Elena de la Fuente, que ha trabajado en con plasmas 

de blanco sólido basados en plata y armónicos de alto orden variables en el tiempo. Al usar el 

mismo software también se han desarrollado entre los miembros del grupo herramientas para el 

análisis de los resultados, como los códigos de propagación presentados en el capítulo 3 

Diffraction and propagation o los mapas de calor aplicados al análisis de los resultados. 

En este trabajo se presenta: 

• Un estudio teórico que recoge los conceptos de coherencia, amplificación de un láser, 

momento angular orbital y Armónicos de Alto Orden haciendo hincapié en su aplicación 

a los láseres basados en plasmas de blanco sólido. Recogido en el capítulo 2 Coherent X 

light sources & experimental examples. 

• Un código en Matlab que reproduce la propagación del haz tras el proceso de 

amplificación, realizado durante el proyecto. Es importante conocer el campo 

electromagnético generado inmediatamente después de la amplificación del armónico. 

No obstante, los efectos de esa amplificación no tienen por qué ser fácilmente 

identificables tras la amplificación (campo cercano). Cuando la luz se ha propagado a una 

distancia como puede ser a la que se recogen los datos del experimento, se pueden llegar 

a apreciar con mayor claridad como se ha visto afectado el campo electromagnético tras 
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su amplificación. Por lo tanto, este código es una herramienta para poner en contexto los 

resultados y favorecer la comunicación con nuestros compañeros en París. El capítulo 3 

Diffraction and propagation recoge la teoría aplicada y el desarrollo del benchmark. 

• Un modelo simplificado, una versión sencilla que explica las simplificaciones utilizadas 

por los experimentalistas para obtener resultados orientativos sobre la amplificación. El 

trabajo contrasta los resultados de Dagón con las hipótesis experimentales que se modelan 

de forma simplificada en el capítulo 4 Light amplification simple filter model. 

• Las simulaciones de Dagón parten del modelado simplificado del problema descrito en 

el capítulo 2 Coherent X light sources & experimental examples (2.3 From an 

experimental arrangement to simplified simulations) para su aplicación en el código 

3D que resuelve las ecuaciones de Maxwell-Bloch. Partiendo de simulaciones sencillas 

que exploran el modelado general, se preparan simulaciones más específicas que apuntan 

a reproducir fenómenos específicos que afectan al armónico inyectado a su paso por el 

plasma.  

• Se detalla la planificación, programación y presupuesto del trabajo en el capítulo 7 Time 

Planning and Budget. 

Tras su análisis se elaboran unas conclusiones que relacionan los modelos simplificados con los 

resultados de Dagón siendo un factor de especial relevancia la densidad de electrones del plasma 

por dos motivos: 

• Define el índice de refracción del medio en el que se propaga la luz, lo cual afecta a la 

coherencia del haz al presentar un perfil no homogéneo de densidad. 

• El gradiente de densidad produce además una reflexión del armónico inyectado 

desviando los haces de luz según la ecuación eikonal. En las zonas con mayores 

gradientes de densidad se produce una mayor deflexión del haz.  

 

Palabras clave: blancos sólidos, láseres basados en plasmas, momento angular orbital, armónicos 

de alto orden, rayos X suaves, radiación X coherente, simulación computacional. 

Código UNESCO: 220910 
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1 Introduction 

1.1 Background 

This Master’s Thesis continues the research line, led by Eduardo Oliva Gonzalo, related to 

the study of plasma-based X-ray Lasers. This research line started with Eduardo’s PhD Thesis 

and continues with various Bachelor’s and Eduardo’s Master’s Thesis [1]. This line encompasses 

from plasma physics models and sensitivity analysis of specific phenomena (spontaneous 

emission, pumping…) [5], [6]; to computational simulations of specific lasers and phenomena 

such as nitrogen-based plasmas [7], [3]. The topics revolve around the amplification of light in a 

plasma media, whether the plasma is atmospheric, with high or low density or the process takes 

place in a controlled environment (cavity). 

The experimental cases studied so far approach systems with convenient symmetries like 

Nitrogen plasma filaments a case in which there is radial symmetry in the planes perpendicular 

to the propagation of the amplified light (seed). The idea of this Master’s Thesis is to test the 

capabilities of the computational code Dagón for plasmas based on solid state targets (SST). These 

plasmas do not allow for symmetric radial simplifications since the plasma is formed by 

illuminating with infrared light a solid target, made from Silver in the case of study. The 

amplification process takes place in an environment with no radial symmetry in the plane 

perpendicular to the propagation of the seed and density gradients are present which influence the 

amplification of the seed. 

It is relevant to characterise if the computational code is able to reproduce the significant physical 

phenomena observed by experimentalists, as well as understand how it affects the incident 

coherent light. Coherent light has defined spatial properties that allow more information to be 

retrieved from images produced by it. 

1.2 Research Group 

The current research line studies the amplification of high order harmonics in Krypton 

based plasmas, Silver-based plasmas and studies of high order harmonics with time varying OAM. 

The work, led by Eduardo, was developed by UPM Master students Santiago López García, Elena 

de la Fuente and the author of this Thesis with close collaboration, review and feedback in the 

development of tools and analysis between ourselves and our peers Alok Kumar and Olivier 

Guilbaud, from Paris-Saclay university, who provided us with feedback and guidance from the 

experimental side. 
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1.3 Objectives 

The objective of this piece of work is to study the amplification process of X-ray light in 

plasma from a silver solid state target. The study includes developing the tools to correctly 

understand the results and provide comprehensive reports to our colleges in Université Paris-

Saclay, as well as receive their feedback to characterise the phenomena observed in the 

amplification of coherent light. This includes the understanding of literature on the topic. The 

objectives are summarised below: 

• Study the property of orbital angular momentum present in coherent light as well as in 

high order harmonics generation. 

• Develop a computational tool (propagation code) to translate Dagón results into 

experimental results that can provide a better understanding and benchmark it. 

• Propose and perform simulations that resemble the experimental set-up for the 

amplification of coherent light in the plasma. 

• Report and discuss the results with experimentalists to better design simulations to 

explore specific phenomena. 

• Characterize and report the limitations and strengths of the code relating to the 

phenomena in contrast with experimental results and theory. 
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2 Coherent X light sources & experimental examples 

2.1 Coherence 

A laser is characterized by the production of intense coherent radiation, which has 

numerous applications from imaging, applied to physics and biology [8], to micro processing and 

lithography [9]. In the context of this Master’s Thesis, we will study coherent XUV light carrying 

Orbital Angular Momentum (OAM). 

Light is considered to be coherent when its wavefield has a constant phase relation. This means 

that if the instantaneous value the electromagnetic field is known at one point, it is possible to 

predict its value at another point. There are two manifestations of coherence: spatial and 

temporal coherence which can be detected in Young’s double slit experiment and a Michelson 

interferometer, respectively. On the one hand, temporal coherence is related with the phase of the 

wavefield in a fixed point at two different instants. Considering the phase at times t and t + T, the 

coherence time T is defined as the maximum time for which the phase difference is predictable. 

On the other hand, spatial coherence relates to a phase relation between two points of the field in 

the same plane, transversal to the direction of propagation. If the phase difference between two 

points in the normal plane of propagation remains the same for t > 0, perfect spatial coherence is 

achieved between those points. Spatial coherence relates to the divergence of a laser beam.  

2.2 Laser principles 

A laser is a device that takes its name from the acronym of ‘Light Amplification by 

Stimulated Emission of Radiation’. It is a system that amplifies radiation. In a broad sense there 

are many laser types, commercial and under development, that cover a wide range of energies, 

wavelengths, intensity profiles and optical properties. The common physics to all of them is to 

achieve amplification in a gain medium in which population inversion is achieved. The gain 

medium can differ according to the technology used, it can be a crystal, gas, semiconductors and 

plasmas. 

Stimulated Emission of Radiation is the physical principle responsible for the amplification in the 

gain medium. In this process, portrayed in  Figure 1, a photon with specific frequency interacts 

with an excited electron or other molecular state. The interaction causes the electron to drop to a 

lower energy state and the released energy is transferred into the electromagnetic field in the form 

of a photon that has the exact same properties as the incident photon (polarization, direction and 

wavelength). Stimulated emission competes with the absorption of photons (Figure 2) in which 

the incident photon is absorbed by an electron causing it to reach to a higher energy state. In 

normal media at thermal equilibrium the balance is shifted towards absorption due to the fact that 

most of the electrons are in the lower energy state. In a gain media a population inversion is 

produced by pumping energy into the electrons which are forced to transition to the upper level, 

shifting the rate of stimulated emission until it surpasses absorption, creating optical amplification. 

There is a third effect that takes place and is usually undesired in laser amplification: 

‘Spontaneous emission’. In this case an excited state emits a photon as it transitions to a lower 

energy state, its properties are not related to any incident electromagnetic field which is not 

desired in coherent light (Figure 3). 
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Figure 1: Stimulated Emission. photon interacting with a two-level system. 

 

Figure 2: Stimulated Absorption, photon absorbed in a two-level system 

 

Figure 3: Spontaneous Emission, photon emitted in a two-level system 

2.3 From an experimental arrangement to simplified simulations 

The utility of simulations is to be able to extract useful information for experimental 

designs or set-ups. For this reason, it is important to take into account how an experimental set-

up is and, what part of the process is being studied via simulations. This Thesis is based on the 

experimental set up provided in the article [2]. 

This experimental set-up (Figure 4) the amplification media is a Krypton-gas jet. Firstly, the gas 

jet has to be ignited and heated in order to form the plasma, this is done by an ultrashort infrared 

Laser pulse (600 ps). Secondly, the population inversion is produced by pumping energy into the 

plasma with another infrared beam. Lastly, the HH-seed generated from a third infrared beam and 

the amplification is produced. The idea is that the amplification conditions naturally stop as the 

thermal dissipation of heat occurs and this can be timed to create a small temporal window for 

the amplification process to take place. This idea allows for shorter pulses, and the experimental 

set-up allows for radial symmetry in the plane perpendicular to the propagation of the light in the 

amplifier. 

The most relevant part of the set-up is the Soft X-Ray Light (SXRL) amplifier, in which the 

amplification of the HH (High Harmonics)-Order seed takes place, as well as the time delay 
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between beams. The software Dagón used for the development of this Thesis reproduces the 

physics that take place in the amplifier in the final part, the population inversion and plasma 

physics are modelled and the amplification process through the amplifier is simulated.  

 

Figure 4: Experimental Set-up [2] 

The proposed model in this thesis differs in the amplification media, instead of using a Krypton-

gas jet a Solid-State Target (SST) is proposed. In this case (Figure 5), the first infrared beam 

generates the plasma by targeting a Silver Solid Target. Consequently, the plasma does not present 

symmetrical properties in the direction of propagation. The computational experiment consists of 

the environment next to the silver target in which the plasma is formed and the simulation looks 

into the time-evolution of the HH-seed that is amplified. 
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Figure 5: Solid State Target, Computational end experimental set-up 

2.4 Orbital Angular Momentum (OAM, L) of Laguerre-Gaussian Modes 

It has been stablished that spatial coherence is property of interest. This subchapter develops 

the concept of Orbital Angular Momentum and its implementation into Dagón as a Laguerre- 

Gaussian seed. 

From Maxwell’s theory it is known that light carries both energy and momentum. The momentum 

has both linear and angular contributions. The interest lies in the angular momentum which has 2 

contributions: it has a spin part that is associated with polarization and an orbital part associated 

with the spatial distribution [10]. The provided bibliography from 1992 explores into the 

characterization and consequences of Laguerre-Gaussian beams that carry Orbital Angular 

Momentum. 

Since then, Laser modes have been intensively studied and characterized, providing mathematical 

equations that describe its wavefronts and produce them experimentally. Gaussian beams are 

Transverse Electromagnetic Modes (TEM), obtained as solutions of the Paraxial Helmholtz 

equation that depend on the boundary conditions of the waveguide1. Hermite-gaussian modes 

(Figure 6) are produced by rectangular or squared waveguides, while Laguerre Gaussian modes 

(Figure 7) are produced from circular waveguides. 

As stated, both TEM are the solutions of the Helmholtz equation using the paraxial approximation, 

and differ in the boundary conditions. For HG modes (TEMmn) assuming polarization in the x 

direction and a direction vector ur the formula that describes the solution in complex notation is: 

 𝐸(𝑥, 𝑦, 𝑧) =  𝑢𝑚(𝑥, 𝑧)𝑢𝑛(𝑦, 𝑧)exp (−𝑖𝑘𝑢𝑟⃗⃗⃗⃗ ∙ (𝑥, 𝑦, 𝑧)) (1) 

 

 

(2) 

 

 
1 A waveguide is a structure that guides waves, such as electromagnetic waves or sound. It minimizes the 

energy loss by restricting the direction of propagation to one direction. It avoids the expansion of the wave 

in three dimension which would result in an energy loss of the squared distance to the origin point. 
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Where: 

• Hj: is the Hermite polynomial factors for order m and n. 

• R is the radial distance from the centre axis of the beam. 

• Z is the axial distance from the beam's focus (or "waist"), 

• i is the imaginary unit. 

• k = 2πn/λ is the wave number (in radians per meter) for a free-space wavelength λ, 

and n is the index of refraction of the medium in which the beam propagates, 

• E0 = E(0, 0), the electric field amplitude (and phase) at the origin at time 0, 

• w(z) is the radius at which the field amplitudes fall to 1/e of their axial values (related to 

the intensity profile it is where the intensity values fall to 1/e2 of their axial values), at the 

plane z along the beam, 

• w0 = w(0) is the waist radius. 

• R(z) is the radius of curvature of the beam's wavefronts.at z. 

• ψ(z) is the Gouy phase at z, an extra phase term beyond attributable to the phase velocity 

of light. 

For Laguerre-Gaussian modes (TEMpl) the formula expressed in cylindrical coordinates depends 

on the same parameters as the Hermite-gaussian modes, taking into account that Cip
LG is a 

normalization constant and Lp
|l| are the generalized Laguerre polynomials: 

 

 

 

(3) 

 

 

Figure 6: Hermite-Gaussian modes. field profiles. 

https://en.wikipedia.org/wiki/Gaussian_beam
https://en.wikipedia.org/wiki/Gaussian_beam
https://en.wikipedia.org/wiki/Phase_velocity
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Figure 7: Laguerre Gaussian modes. field profiles 

Orbital Angular Momentum is a definition applied normally to vortex beams, such as in Figure 7, 

image 01*, that shows the intensity profile of a ring, the OAM, currently abbreviated in literature 

as l, corresponds to the azimuthal phase profile associated with the ring. Ideal OAM profiles have 

a constant phase gradient that goes from (0, 2π), the number of times it the phase reaches 2π in 

the intensity ring is the defined OAM number, in Figure 9 l=25, whether the twisted beam rotates 

to the left or the right it defines the sign of the OAM (positive or negative azimuthal phase 

gradient). The positive spatial angle φ is defined clockwise, so beams that twist clockwise have 

positive +l and beams that twist anti-clockwise have negative l, Figure 8. 
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Figure 8: OAM of light l=[2,-2] 

Both formulas are implemented into MATLAB as functions that allow to produce and visualize 

phase and intensity profile of both beams as well as to explore simple interference patterns. The 

simplest interference pattern is the interference of a LG mode with the basic LG mode that carries 

no OAM, Figure 9 and Figure 10. More complex interference patterns can be developed and 

provide for interesting patterns but currently escape the scope of the project. However, 

understanding the modes of light and how to interference patterns can be formed will prove itself 

useful when analysing the simulation results Laguerre-Gaussian modes were developed by Elena 

de la Fuente García and the author developed Hermite-gaussian modes, Figure 11 and Figure 12.  
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Figure 9: Top. LG mode of l= -25. Bottom: LG-HG mode 00, carries no OAM 

 

Figure 10: Interference pattern of modes in Figure 9 

 

Figure 11: Top: LG mode l=-25. Bottom HG mode 22 
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Figure 12: Interference patterns of modes in Figure 11 

2.5 Generation of High Order Harmonics (HHG) 

With the Laguerre-gaussian modes formula one can generate profiles of harmonics of a 

desired order (LG modes of a high OAM) for computational simulations. But experimentalist 

have to work their way to generate harmonics of high order in an efficient way. Low order 

harmonics, which carry OAM can be generated using q-plates or spiral phase plates. The 

theoretical idea is to generate a media that transforms natural light with a fixed phase such as in 

Figure 9, the bottom seed that carries no OAM, into a beam with the desired OAM. This method 

does not change the nature of the incident light. This means that if the incident light is infrared, 

the resulting beam will also be infrared light. 

To generate XUV light of high order OAM from infrared light nonlinear optics have been proving 

useful. As they allow to manipulate the OAM in a field of study named high order harmonics 

generation (HHG). Figure 13 shows an experimental set-up for HHG. An intense IR field is 

focused into a gas jet. Each atom interacting with the IR field emits XUV radiation. The harmonic 

signal at the detector is strongly affected by the phase matching of the radiation from the emitters 

[4]. HHG is a topic of interest experimentally and theoretical interest that it may be useful in the 

future for collaborations to introduce more realistic seeds in Dagón. 

 

 

Figure 13: Schematic view of a HHG experiment. [4] 
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3 Diffraction and propagation 

The present chapter contains the theoretical development and work done to produce 

MATLAB Scripts that take as an input the spatial electromagnetic field of the light and produce 

as an output the result of propagating the light profile a distance chosen by the user. The physical 

phenomenon that takes place is known as Diffraction. The phenomenon is described by the 

Huygens-Fresnel principle, which admits simplifications. The conditions for the simplifications 

and the results of the developed scripts are Benchmarked in order to assure the accuracy when 

applied to Dagón simulations.  

One can find in this chapter the Huygens-Fresnel principle, its simplification and conditions as 

well as the benchmark performed for light produced in a Silver SST plasma. 

3.1 Fresnel & Fraunhofer Diffraction 

For an isotropic medium and monochromatic light, assuming the wave behaves locally as 

a transverse wave EM plane wave, (the electric, magnetic and propagation direction form a 

mutually orthogonal triplet); the expression of the EM field is: 

 �⃗� = 𝑅𝑒{𝐸0
⃗⃗⃗⃗  exp −j(2𝜋𝜈𝑡 − �⃗� ∗ 𝑟 )} (4) 

 

k: propagation vector 

(direction) 

r= position vector 

 

 �⃗⃗� = 𝑅𝑒{�⃗⃗�  exp −j(2𝜋𝜈𝑡 − �⃗� ∗ 𝑟 )} (5) 

 q: electronic charge  

The power density can be expressed in as in (6), assuming E0 and Ho are complex components: 

 𝑝 =  
𝐸0
⃗⃗⃗⃗ ∗ 𝐸0

∗⃗⃗⃗⃗ 

2η
 

(6) 

 Permeability η =  √
𝜇

𝜖
  (7) 

The incident power on a defined surface such as the photodetector’s is the integral of the power 

density over the area (A), taking into account the direction of the power flow in relation to the 

normal vector to the surface: 

 𝑃 = ∬ 𝑝 
�⃗� ∗ �⃗� 

|�⃗� |𝐴

  (8) 

This allows to define the intensity measurable scalar of a monochromatic wave at a point P as the 

squared magnitude of the complex phasor representation. Thus, measuring a physical attribute of 

light. 
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3.2 Huygens-Fresnel Principle in rectangular coordinates 

Before introducing any approximation, the Huygens -Fresnel Principle is stated as to 

explain the geometry and equation related to the propagation of light through an aperture. The 

initial plane (ε,η) has an opening surface Σ illuminated by monochromatic light in the positive z 

direction. The light propagates onto the (x,y) plane and in both planes have their origin were the 

z axis pierces them. The Huygens-Fresnel principle can be stated as (9) 

 

Figure 14: Diffraction Geometry [11] 

 𝑈(𝑃0) = ∬ 𝑈(𝑃1) 
exp(𝑗𝑘𝑟01)

𝑟01
cos (𝜃)

𝛴

  (9) 

 r01: distance between P0 and P1 
 

 
θ: angle between the normal outward (direction z) and 

vector 𝑟 01 
 

 cos(𝜃) =
𝑧

𝑟01
  

Rewriting eq. (9) in both coordinate planes and introducing the cosine definition we obtain eq. 

(10). Further simplification requires to work in the term in eq. (11). 

 𝑈(𝑥, 𝑦) =
𝑧

𝑗𝜆
∬ 𝑈(𝜀, 𝜂) 

exp(𝑗𝑘𝑟01)

𝑟01
2 𝑑𝜀𝑑𝜂

𝛴

  (10) 

 𝑟01 = √𝑧2 + (𝑥 − 𝜀)2  +  (𝑦 − 𝜂)2 (11) 
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3.2.1 Fresnel Approximation 

Fresnel’s approximation applies the binomial expansion (12) to eq. (11) and retains only 

the first two terms, resulting in eq. (13). Introducing the simplification into the Huygens-Fresnel 

Principle and working with the expression the Fresnel approximation can be stated as (14). This 

expression is suited to be computed, although with a little bit of work one can get a less friendly 

formula that for the eager eye is recognisable as a Fourier Transform of the initial complex field 

and a quadratic exponential. 

 √1 + 𝑏 =  1 +
1

2
𝑏 +

1

8
𝑏2 + ⋯ (12) 

 𝑟01 ≈ 𝑧[ 1 +
1

2
(
𝑥 − 𝜀

𝑧
)2 +

1

2
(
𝑦 − 𝜂

𝑧
)2] (13) 

 𝑈(𝑥, 𝑦) =
exp(𝑗𝑘𝑧)

𝑗𝜆𝑧
∬ 𝑈(𝜀, 𝜂) exp (

𝑗𝑘

2𝑧
[(𝑥 − 𝜀)2+(𝑦 − 𝜂)2])𝑑𝜀𝑑𝜂

𝛴

 (14) 

Eq. (14) is referred to as the Fresnel Diffraction Integral, which is valid when the observer is in 

the region of Fresnel diffraction. The accuracy of the Fresnel approximation depends on the 

relevance of the omitted terms in the binomial expansion. A sufficient condition is that the phase 

change induced by the first omitted term is much less than a radian: 
𝑏2

8
≪ 1 𝑟𝑎𝑑. Translated into 

the geometry of the problem the condition to be met is: 

 𝑧3 ≫ 
𝜋

4𝜆
[(𝑥 − 𝜀)2+(𝑦 − 𝜂)2]2

𝑚𝑎𝑥
 (15) 

3.2.2 Fraunhofer Approximation 

If a stronger condition is met (16), one can apply the Fraunhofer approximation. In this 

scenario the resulting integral is the Fourier Transform of the opening field evaluated at 

frequencies (fx,fy) as stated in eq. (17). This simplification allows to take the exponential quadratic 

terms of x,y outside of the integral. 

 𝑧 ≫  
𝑘

2
(𝜀2+𝜂2)𝑚𝑎𝑥 𝑜𝑟 𝑧 >

2𝐷2

𝜆
 

(16) 

 𝑈(𝑥, 𝑦) =
exp(𝑗𝑘𝑧)exp (

𝑗𝑘
2𝑧 (𝑥2 + 𝑦2)

𝑗𝜆𝑧
∬ 𝑈(𝜀, 𝜂) exp (−

𝑗2𝜋

𝜆𝑧
[𝑥𝜀 + 𝑦𝜂])𝑑𝜀𝑑𝜂

𝛴

 
(17) 

 𝑓𝑥 =
𝑥

𝜆𝑧
 𝑓𝑦 =

𝑦

𝜆𝑧
  

Since, the Fraunhofer integral is a simplification of Fresnel’s it is possible to calculate Fraunhofer 

diffraction patterns making use of the Fresnel integral. 

3.3 Fresnel’s Number 

Fresnel’s number proves itself to be useful in determining what regime of diffraction 

corresponds in relation to the aperture size and propagated distance. As defined in the RP-

photonics encyclopaedia [12] the formula is provided in eq. (18). w is the characteristic length of 
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the aperture (the width of a rectangular one, the radius of a circular one. 𝜆 is light’s wavelength 

and z being the distance to the observation plane.  

𝑁𝑓 =
𝑤2

𝜆𝑧
  (18) 

For Nf <<1 the Fraunhofer regime holds, Nf ≈ 1 indicates that Fresnel’s regime holds and for Nf 

>> 1 only the Huygens-Fresnel Principle is applicable. 

3.4 Fraunhofer Diffraction Patterns 

Theoretical results for simple cases will prove themselves to be useful when attempting to 

benchmark the designed functions based on all diffraction integrals proposed in the presented 

theory. The simplest cases are related to rectangular and circular openings (transmittance) 

illuminated by unit amplitude, normal incident monochromatic light with fixed monotonous phase. 

Further information on the formulas and deduction can be found in [11], as well as Fresnel’s 

diffraction patterns’ theory. 

3.4.1 Rectangular Aperture 

In this scenario the transmittance function of the aperture is given by eq. (19), in which 

wx and wy are the half-widths of the aperture in the ε and η directions, respectively. Providing 

normal incident monochromatic light of unit-amplitude, the resulting Fraunhofer diffraction 

pattern is given by applying (17), obtaining the Fourier transform in eq. (20) for the intensity 

distribution at the final plane. 

 

(19) 

 

(20) 

The resulting diffraction pattern is represented in Figure 15 and visualized in Figure 16. The 

observed interference pattern of the intensity shows the result of eq. (20) and the distance between 

poles is defined in eq. (21). 

 

Figure 15: Normalised Diffraction pattern for rectangular apertures in the x direction 
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Figure 16: Example of rectangular aperture diffraction pattern [11] 

 

 

(21) 

3.4.2 Circular Aperture 

The transmittance function of the EM field at the aperture is now a function of the 

coordinate q (radius at the aperture plane) given by eq. (22) and the correspondent Fraunhofer 

Diffraction pattern follows eq. (23). The term J1(x) corresponds to the Bessel function of first 

species evaluated at x. The normalised diffraction pattern as a function of the radius can be 

observed in Figure 17 and an example is shown in Figure 18, in which the distance (d) between 

two poles is shown. That distance corresponds to eq. (24). 

 

(22) 

 

(23) 

 

Figure 17: Normalised Diffraction pattern for circular aperture 
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Figure 18: Example of circular aperture diffraction pattern 

 

(24) 

 

 

3.5 Applicability to Dagon results and Benchmark 

This sub-chapter explores the elaboration of the propagation code that transforms the 

obtained results in the near field into the observed results at a defined distance. Benchmark 

theoretical and computational cases are developed and compared in order to check the accuracy 

of the elaborated propagation codes and its limitations. 

Three different codes, each one implementing one of these methods, have been elaborated as 

Matlab functions starting from the Huygens-Fresnel principle: 

• Huygens-Fresnel: follows eq. (9) 

• Fresnel: follows eq. (14) 

• Fraunhofer: follows eq. (17) 

3.5.1 Diffraction functions generalities and benchmark design 

Despite all codes solving a different integral they require the same input and provide the 

same theoretical output: the field at a plane separated a specific distance from the source plane. 

The degree of accuracy depends on the region of approximation and the mathematical algorithm 

to resolve the integral. 

The input for all codes is the near field obtained from Dagon simulation or programmed by the 

user. It includes the electric field as well as an (ε, η) mesh, in which the origin is located at the 

center of the beam. The algorithm requires a far field (X, Y) mesh as well as the light’s wavelength 

and medium’s refractive index. 

To approach a benchmark scenario either experimental data or theoretical results have to be 

contrasted with the computational results. The most accessible data are theoretical results for 

simple cases for which an analytical formula can be obtained and computed. The cases are related 

to Fraunhofer diffraction patterns since, as it will be proven in this chapter, the propagation 
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conditions at the desired distance of propagation of Dagon’s output corresponds to the Fraunhofer 

diffraction region, allowing the use of the simplest and fastest code. 

3.5.2 Initial Tests 

The benchmarks compare the theoretical Fraunhofer Diffraction patterns compared to the 

computational function that generates the Diffraction pattern from the same input. The initial 

conditions are referred to as ‘Near Field’ and the results as ‘Far Field’ 

First the code is tested for rectangular and circular apertures without a direct comparison. Instead, 

the distance between zeroes is measured and compared with the theoretical distance from eq. (24) 

& (21). Simulation parameters are portrayed in Table 1. Reported distance between zeroes is 1.2 

mm for a rectangular aperture and 1.464 mm for circular aperture.2 

Table 1: Initial Benchmark Tests. Parameters 

Parameter Value Units 

Propagation distance (z) 1 m 

Wavelength (λ) 0.6 µm 

Aperture dimension (wx, wy, w) 0.5 mm 

Both initial conditions of modulus and phase are shown in Figure 19 and Figure 26. Reported 

results show that the measured zeroes distance fits the Fraunhofer theory (Figure 20, Figure 21, 

Figure 27 and Figure 28), but as shown in Figure 22, Figure 23, Figure 29 and Figure 30 the 

resulting patterns are slightly different, which is enhanced by the log-scale modulus 

representation in Figure 24, Figure 25, Figure 31 and Figure 32. These differences can be 

explained by paying attention to the diffraction region. These initial tests were performed close 

to Fresnel’s diffraction region according to its parameters. Consequently, there has to be a 

significant difference when using the Fraunhofer simplification. The next two tests study the 

relevance of having a good estimate of which diffraction region is optimal. 

 

Figure 19: Rectangular aperture. Near Field. Initial tests  

 
2 Circular aperture patterns are known as Airy disks discovered by A. G. Airy and it describes the best 

focused spot-of light that a circular aperture is able to provide, limited by diffraction. 
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Figure 20: Rectangular aperture. Far Field. Initial tests Fraunhofer function 

 

 

Figure 21: Rectangular aperture. Log scale modulus. In purple, zeroes distance. Fraunhofer function 

 

Figure 22: Rectangular aperture. Far Field. Initial tests. Fresnel function 
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Figure 23: Rectangular aperture. Far Field. Initial tests. Huygens-Fresnel function 

 

Figure 24: Rectangular aperture. Log scale modulus. Fresnel function 

 

Figure 25: Rectangular aperture. Log scale modulus. Huygens-Fresnel function 
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Figure 26: Circular aperture. Near Field. Initial tests 

 

Figure 27: Circular aperture. Far Field. Initial tests Fraunhofer function 

 

Figure 28: Circular aperture. Log scale modulus. In purple, poles distance. Fraunhofer function 
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Figure 29: Circular aperture. Far Field. Initial tests. Fresnel function 

 

Figure 30: Circular aperture. Far Field. Initial tests. Huygens-Fresnel function 

 

Figure 31: Circuar aperture. Log scale modulus. Fresnel function 
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Figure 32: Circular aperture. Log scale modulus. Huygens-Fresnel function 

3.5.3 Tests for Fresnel and Fraunhofer Diffraction regimes 

When z = 100; the conditions for Fraunhofer diffraction are met (eq. (16) applied to this 

case states z>>2.61m) for the previous wavelength and aperture. In this scenario all 

approximation provided the same diffraction pattern with no significant differences between them 

as one can observe in the following figures (Figure 33, Figure 34, Figure 35 and Figure 36), which 

compare Fraunhofer and Huygens-Fresnel integrals. 

 

Figure 33: Circular aperture. Far Field. Z=100. Fraunhofer function 

 

Figure 34: Circular aperture. Log scale modulus. Z=100. Fraunhofer function 
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Figure 35: Circular aperture. Far Field. Z=100. Huygens-Fresnel function 

 

Figure 36: Circular aperture. Log scale modulus. Z=100. Huygens-Fresnel function 

To better understand the difference between Fresnel and Fraunhofer Diffraction regimes a 

comparison is between both approximations is shown. These test’s apply Fresnel’s integral to a 

problem and compare the results with the Fraunhofer theoretical solution. Consequently, the 

Fresnel number in these two tests is 1 and 4, numbers that correspond to Fresnel diffraction regime, 

varying only propagation distance (z). 

Despite being in the same regime, Figure 37 and Figure 38 already prove useful in reporting 

significantly different patterns, in contrast with the theoretical solution of the Fraunhofer 

approximation that provides a general profile with a fixed normalised shape. Figure 39 and Figure 

40 depicts 3D images of the intensity for the same case. Left side corresponds to far field Fresnel’s 

function intensity results, like previous images. The middle image shows the associated 

Fraunhofer diffraction intensity pattern according to the theory, which in this case carries 

significant discrepancies since the conditions for its application are not met. Last, the right side 

shows the mean quadratic error (MQE), being the quadratic difference between both fields. The 

sum of the MQE over the analysed surface is 1.36 for Nf=1 and 30 .42 for Nf=4. This test 

exemplifies the importance of applying the correct approximation as MQE shows that the 

difference between both regimes is too great. 

To sum up, one needs to define the diffraction regime of the observed light at the distance of their 

experiment in order to use the best approximation possible. For the benchmark, the diffraction 

regime is properly defined in relation to the simulations included in this work, as well as the 

application of this functions to Krypton based plasmas. 
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Figure 37: Circular aperture. Nf=1. Far field. 

 

Figure 38: Circular aperture. Nf=4. Far field. 

 

Figure 39: Circular aperture. Left: Fresnel function. Middle: Fraunhofer theory. right: MQE 

 

Figure 40: Circular aperture. Left: Fresnel function. Middle: Fraunhofer theory. right: MQE 
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3.5.4 Performed benchmark 

Finally, having achieved some understanding on light’s diffraction regimes and which 

parameters need to be taken into account the benchmarks for the proposed numerical calculations 

are designed. 

The first step is to explore which regime corresponds to the desired diffraction patterns of interest, 

as well as plasma’s properties and aperture’s size. Table 2 provides all relevant information 

determining that in the regime of interest with the detector 1 meter away from the aperture, in 

both Silver and Krypton plasmas it is enough to apply Fraunhofer’s integral, since in both cases 

Nf<<1. 

Table 2: Relevant information for Diffraction Benchmark Design. 

Plasma 

based on 

Aperture 

size (µm) 

Wavelength 

(nm) 

Propagation 

distance (m) 

Fresnel’s 

Number (.) 

Diffraction 

Regime 

Ag 30 13.9 1 0.064 Fraunhofer 

Kr 50 32.5 1 0.078 Fraunhofer 

Second, the benchmark is performed comparing Fraunhofer’s theoretical solution with the results 

provided by each code for rectangular and circular aperture, reporting MQE over the analysed 

plane (25). The benchmark provided in this Master’s thesis are for silver-based plasma conditions 

since it is the topic of this thesis. Although, given the fact that both Fresnel numbers are in the 

same region and order of magnitude it is reasonable to consider benchmarking one of the scenarios. 

It is also worth mentioning that if for some reason the region of interest in which an observation 

wants to be made is Fresnel’s regime or Huygens-Fresnel’s, the benchmark should be contrasted 

against Fresnel’s integral theoretical results, which are more complex to obtain, or experimental 

data. 

Summarised results are condensed in Table 3, which includes for both types of apertures the MQE 

comparing each available function. Results are considered to be satisfactory since MQE lower 

than 10-8 are accompanied by peak quadratic differences lesser than 10-3. Initial conditions can be 

visualized in Figure 41 and Figure 49.  

The comparison of the rectangular aperture can be visualized in further detail through Figure 42, 

Figure 43 (Fraunhofer integral), Figure 44, Figure 45 (Fresnel integral), Figure 46, Figure 47 

(Huygens-Fresnel principle) and Figure 48 which exemplifies observable diffraction patterns. 

Reported maximum or peak quadratic differences are in the order of 10-4-10-5 [W/m2]. Reported 

results for circular aperture can be found in Figure 50, Figure 51 (Fraunhofer integral), Figure 52, 

Figure 53 (Fresnel integral) Figure 54, Figure 55 (Huygens-Fresnel principle), and Figure 56 

(diffraction pattern example). They show lower peak quadratic differences (10-5 -10-6 [W/m2]). 

The mesh is composed of 250x250 cells, despite not producing significant errors in the intensity 

profiles, phase profiles show a correct tendency but with some numerical discrepancies. For that 

reason, all three codes are used on Dagón results to test if under the proposed simulation scenarios, 

the phase discrepancies are relevant, which they were not. 

𝑀𝑄𝐸 = ∑∑
(𝐼𝑐𝑜𝑑𝑒 − 𝐼𝑡ℎ𝑒𝑜𝑟𝑦)

2

𝑛𝑥 ∗ 𝑛𝑦
 

𝑛𝑦

1

𝑛𝑥

1

 (25) 

nx: number of cells in the x direction  
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ny: Number of cells in the y direction 

 

Table 3: Silver Benchmark MQE 

Case MQE (w/m2) 

Rectangular Aperture Fraunhofer 8.531 10-10 

Fresnel 8.6313 10-19 

Huygens-Fresnel 5.9801 10-9 

Circular Aperture Fraunhofer 8.6014 10-11 

Fresnel 4.5479 10-10 

Huygens-Fresnel 4.5480 10-10 

 

Figure 41: Rectangular aperture. Near field. 

 

Figure 42: Fraunhofer benchmark. Rectangular aperture. 
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Figure 43: Fraunhofer benchmark. Rectangular aperture. Intensity and phase 

 

 

Figure 44: Fresnel benchmark. Rectangular aperture. 

 

Figure 45: Fresnel benchmark. Rectangular aperture. Intensity and phase 
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Figure 46: Huygens-Fresnel benchmark. Rectangular aperture. 

 

Figure 47: Huygens-Fresnel benchmark. Rectangular aperture. Intensity and phase 

 

 

Figure 48: Diffraction patterns. Rectangular aperture. Log-scale 
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Figure 49: Circular aperture. Near field. 

 

Figure 50: Fraunhofer Benchmark. Circular aperture. 

 

 

Figure 51: Fraunhofer benchmark. Circular aperture. Intensity and phase 
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Figure 52: Fresnel benchmark. Circular aperture. 

 

Figure 53: Fresnel benchmark. Circular aperture. Intensity and phase 

 

Figure 54: Huygens-Fresnel benchmark. Circular aperture. 
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Figure 55: Huygens-Fresnel benchmark. Circular aperture. Intensity and phase 

 

 

Figure 56: Diffraction patterns. Circular aperture. Log-scale 
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4 Light amplification simple filter model 

The results obtained from the software Dagón are meant to support and provide further 

understanding of the physical effects of amplification observed by experimentalists at París 

Saclay university. In order to accurately report and discuss their experimental data it is relevant 

to comprehend what hypothesis and numerical models are being used to replicate and understand 

the physics involved, providing constructive and productive feedback.  

The model used by experimentalists to grasp the physical aspects of the amplification in a plasma 

media is based on ‘mask’ and will be referred to as ‘mask model’. The idea is to replicate the 

amplification process by multiplying the initial unamplified beam by a filter that takes into 

account the amplification of photons and the propagation of the light through the media. 

Simple models for light propagation treat the propagation medium as a transfer function that 

depends on the physical properties of the medium that define the refractive index (material, 

electron density, etc) and the mediums size. This method can model simplified amplification 

processes or opacity as well as simple lenses, but more complex approximations require great 

knowledge of the media’s properties. Simplified applications allow researchers and students to 

grasp simple physical phenomena in order to shine some light into observed more complex 

experimental data.  

4.1 Concepts of the theoretical tests 

The proposed numerical tests put into practice the previously explained idea. First the HH-

seed is generated, It goes through the amplification filter, which is a huge simplification from 

Dagón’s simulations regarding the amplification process, obtaining the amplified seed that can be 

compared to Dagón’s output results, Both Dagón’s amplified seed and the one from the mask 

model are propagated (one can use any of the propagation codes to do this task) to asses 

differences in the far field. The process is summarised in Figure 57. 

The proposed concepts vary in the level of detail introduced in the filter. The simplest filter is a 

local numerical amplification that does not affect the phase of the EM field, the second one 

includes a phase gradient and an extra filter can be used to add a proportion of spontaneous 

emission light to the field. 

 

Figure 57: Process Diagram for Simple Light Amplification Model 

A more visual Diagram of the amplification Filter is provided in Figure 58. The filters consist of 

a circular patch that can modify intensity and phase if specified. The seed presents a local 

amplification that is propagated to visualize far field data. If instead of using an amplification 

Input HH-Seed

Filter

Amplified Seed

Propagation Code

Propagated Amplified Seed
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filter defined as a transfer function a similar filter is used that adds the EM field of the filter to the 

seed an interference pattern appears. That would be the use of an interference filter which has a 

similar process diagram (Figure 59). Both filters can be applied in the model to introduce both 

amplification and spontaneous emission, sown in Figure 60. Figure 61 represents the chart 

Diagram of the explained concepts. If spontaneous emission is omitted then the perturbation is 0, 

if there is no amplification but there is interest in analysing the introduction of perturbance in the 

light the transfer function of the amplification filter is 1. A MATLAB script is developed to do 

some conceptual work on the understanding of the far field results of amplified seeds, but the 

application of interference filters, although it provides interesting results it also escapes the scope 

of this Thesis. 

 

Figure 58: Amplification Filter. Process diagram 

 

Figure 59: Interference Filter. Process Diagram 

 

Figure 60: Amplification & Interference Process Diagram 
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Figure 61: Amplification & Interference. Flow Diagram 

4.2 Conceptual test – Amplification filter 

To put into perspective the proposed idea one can design a local amplification filter that 

amplifies the electromagnetic field of a region in space with a fixed value, a task implementable 

in MATLAB or python.  

The filter would be controllable through the code and able to amplify and then propagate the 

amplified beam so as to observe the near and far field effect of a High-Order Harmonic beam 

partially amplified. The general schematic for seed amplification follows Figure 62. Taking as 

seed Hermite-Gaussian modes of l (OAM) +25 (Figure 64) and -25 (Figure 63) and one can test 

partial amplification through a filter with no phase distortion (S, Figure 65) or with a defined 

phase gradient of 5 mrad (PG, Figure 66). This test explores the use of the amplification of the 

light and phase shift, not taking into account interference. The amplification factor (Af) is defined 

as the value the filter multiplies the seed’s field 

 

Figure 62: Amplification simple filter tests, schematic 

 

Figure 63: LG mode l=-25 
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Figure 64: LG mode. l=+25 

 

Figure 65: Simple filter profile. (S) 

 

Figure 66: Phase Gradient filter profile. (PG) -5mrad -X axis 

The results can be summarised in the figures provided for Af=3 (Simple filter) and Af=0 (phase 

gradient). 

In the first case, Af=3, simple filter (S, Figure 65), there is an ideal amplification that does not 

affect the phase of the OAM (Figure 67 and Figure 69). This provides the same intensity 

amplification in both l +25 and -25 modes, but propagation shows the different rotation of the 
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beam that can be appreciated in the shift of the amplified zone. Clockwise rotation for positive l 

(Figure 70) and anti-clockwise for negative l values (Figure 68). 

As for the phase gradient filter (PG, Figure 66), the amplification factor is taken as 1 to not distort 

the intensity profile as the observed effects are the same as the previous experiment. By solely 

altering the phase the effects of phase shift, that physically can represent traversing through 

different medias or inhomogeneous material such as a plasma, one can get intuitive information 

useful to analyse the results from more sophisticated codes. The application of a homogeneous 

phase gradient of 5 mrad provides a different phase profile for positive (Figure 73) and negative 

(Figure 71) OAM, these phase discrepancies depend on whether the phase gradient is aligned with 

the local phase of the amplified section. In the presented case the amplified part of the l=+25 

beam has a phase gradient that is negative and in the same direction (locally) as the phase gradient 

of the filter, which is the opposite of l=-25. If the amplification side were the top part of the beam 

the phase results of the amplification are the opposite and for the lateral parts of the beam the 

phase gradients don’t have the same direction and thus, they do not align, producing inclined 

patterns. After propagation the observed twist of the beam is as the first case, positive OAM 

rotates clockwise while negative does it anti-clockwise, adding the separation of the part of the 

beam affected by the phase gradient in coherence with it. In Figure 72 and Figure 74 it can be 

observed that the amplified part is displaced to the left a distance of 5 mm. 5 mm to the left is the 

result of a 5mrad deviation of the beam along 1 metre of propagation. Since the phase gradient 

was chosen negative, it deviates to the negative X-direction. This observed separation of the beam 

is characteristic of the simplification of the model a sharp gradient produces a clear separation of 

the ring in the part affected by the filter.  

A more sophisticated python program is used by experimentalists to simulate the physics of the 

amplification profile, but the principle of using a filter to characterize the amplification still stands, 

and is a drastic simplification from the use of 3D Maxwell-Bloch solvers such as Dagón that 

reproduce the amplification process and time-evolution as it goes through inhomogeneous media 

such a plasma. But these simplified codes are based on experimental observations and, properly 

modelled, the observed effects and theory are implemented to have a fast-testing tool to analyse 

experimental data. 

 

Figure 67: Amplified l=-25. Af=3, S filter 
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Figure 68: Amplified and propagated 1m. l=-25. Af=3, S filter 

 

Figure 69: Amplified l=+25. Af=3, S filter 

 

Figure 70: Amplified and propagated 1m. L=+25. Af=3, S filter 
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Figure 71:Amplified l=-25. Af=1, PG filter 

 

Figure 72: Amplified and propagated 1m. l=-25. Af=1, PG filter 

 

Figure 73: Amplified l=+25. Af=1, PG filter 
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Figure 74: Amplified and propagated 1m. L=+25. Af=1, PG filter 
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5 Dagón simulations and results 

This chapter explains the simulations made with the software Dagón developed at the UPM 

by Eduardo Oliva. Dagón has been successfully used in the past to reproduce plasma physics and 

amplification process on experiments with cylindrical symmetry. However, solid state targets 

produce inhomogeneous plasmas and their non-symmetric characteristics affect the refractive 

index of the media in which light propagates. The aim of the project is to determine the 

applicability of the software to real experimental set-ups, confirm which physical effects are 

properly represented in the code and characterize the challenges for other physical phenomena. 

The process is done by producing simulations that represent specific observed phenomena for 

experimentalists contrast results and explain found discrepancies. 

Dagón is a difference volume code that solves Maxwell-Bloch’s equation for transport of 

radiation combined with data of the plasma time evolution to determine the population inversion 

in the plasma and reproduce the amplification process. 

5.1 Dagón  

Dagón is a 3D Maxwell-Bloch code that provides a full-time dependent 3D description of 

the interaction of UV and XUV radiation with plasmas. Dagón solves three sets of equations: the 

paraxial wave equation in the slowly varying envelope approximation for the electric field E (eq. 

(26)) of frequency ω, enhanced with a constitutive relation for the polarization P (eq. (27)) 

deduced from Bloch equations. The populations N1,2 are computed with standard rate equations 

coupled with the electromagnetic field (eq. (28)). The electric field and the plasma are coupled 

by: the plasma frequency ωpe, the collisional depolarization rate γ the dipole element z21 and the 

spontaneous emission stochastic source term Γ [13]. 

 

(26) 

𝜕𝑃±

𝜕𝑥
=  𝛤 −  𝛾𝑃± −

𝑖𝑧21
2

ħ
𝐸±(𝑁2 − 𝑁1) 

(27) 

 

(28) 

Since Dagón is a Maxwell-Bloch code the modelling of the creation, hydrodynamic evolution of 

the plasma and IR pumping is done by a hydrodynamic and atomic physics code, in this case e-

Hybrid (it generates the input for Dagón: electron density profile evolution, mean ionization, 

lasing ion’s population levels and collision rates). E-Hybrid modelled the plasma generation and 

evolution as well as the IR pumping that creates the population inversion in the media so that it 

can amplify light. All simulations are based on the same plasma generation. 
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5.2 General simulations, proof of concept. 

The first group of simulations are meant to familiarize with the simulations of the 

amplification of a seed with OAM. The simplest cases for analysis include centred amplification 

which means that the seed beam is centred in the population inversion. In this scenario, the beam 

passes through the plasma where the infrared beam has generated a population inversion and thus, 

the whole seed is amplified.  

Among the different variables that can be studied in the process, the simplest one is the injection 

time. The plasma time evolution is fixed in time since the plasma parameters are the results of 

hydrodynamic evolution, provided by the software e-Hybrid. Dagón allows the user to set-up at 

which time the seed is injected. The results of analysing the injection time of the seed are simple. 

The population inversion is produced by infrared radiation that heat the free electrons of the 

plasma. The formed plasma loses energy through conduction, diffusion and radiation. All the 

energy required for the amplification is introduced in the system by the infrared beams. After that, 

the system gradually loses energy. On the one hand, if the seed is injected too early it would go 

through the plasma beam before the inversion of population is fully formed which means that the 

seed would be less amplified or not amplified at all. On the other hand, if the injection time is too 

late, the system would have released its energy resulting in a reduced amplification. What is more, 

one physical process that releases energy is spontaneous emission, generating light with worse 

coherence properties. The resulting beam would be less amplified and less coherent. There is an 

optimal injection time for the amplification, that time implies that the seed arrives at the plasma 

at the right moment, not too early or too late. 

A more interesting analysis is presented in further detail, the amplification of the seed at optimal 

injection time, and evaluation of the conservation of the OAM of the seed. These simulations 

establish the basic premise for the presented work. The amplification of seeds with coherence 

makes sense as long as the resulted amplified beam reasonably keeps its coherence. 

There are characteristics and parameters common to all simulations. The XUV light amplified 

wavelength is 13.9 nm and the light is produced from the levels 3d9 4d to 3d9 4p. As for the 

simulations they start at 8.008 ns with a time discretization of 0.01 ps. 

5.2.1 Ideal seed 

This section refers to the amplification of an ideal Laguerre-Gaussian seed with 

OAM=+25. The seed is centred in the population inversion (Figure 75, [cm-3]). The main 

simulation parameters are presented in Table 4. The domain of simulation consists of a rectangle 

of 26 x 26 x 5000 µm. In this rectangle the process to generate the population inversion has already 

taken place and the study is focused on the amplification of the high order harmonic seed. The Z 

direction is the propagation direction of the seed. To the left (plane X=0) is where the silver target 

would be, the plasma has been formed from that direction and is diffusing the positive X direction. 
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Table 4: Ideal seed simulation parameters 

Simulation parameters Units 

Dimensions (X, Y, Z) 26,26,5 µm, µm, mm 

Number of Cells 

(Nx,Ny,Nz) 

100, 100, 1000 cells 

FWHM 5.75  µm 

Seed energy  10 nJ 

Seed centre (xc yc) 13,15 µm, µm 

 

 

Figure 75: Population Inversion [cm-3]. Ideal seed simulations 

The simulation results are summarised in Figure 76. Figure 76 a) shows the seed with OAM +25, 

Figure 76 b) shows the footprint of the beam after amplification. The process resulted in a non-

homogeneous amplification that favours the right side of the ring. It is also shown, in the intensity 

figure, the formation of circular structures. The amplification has deformed the phase profile and 

the signature of spontaneous emission can be appreciated inside of the ring. A heat map of the 

quasi-LG decomposition of the seed and amplified seed is presented in Figure 77. In Figure 77 a) 

the seed has a clear OAM of 25, whereas in Figure 77 b) the spectrum shows a more complex 

structure. The twist of the beam translates in the heat map as an OAM of a range around 25, and 

the 0 OAM corresponds to the ASE inside the ring. Figure 76 b) confirms that while the OAM is 

twisted is conserved, although developing structures, as the phase still defines a phase gradient in 

the intensity ring that ranges from 0 to 2π 25 times.  

To obtain further information the result from Dagón is propagated 1 meter using the propagation 

code described in chapter 3 Diffraction and propagation that applies the Fraunhofer 

approximation. Figure 78 shows the comparison of the amplified seed. Propagation improves 

spatial coherence because the result of the amplification is the sum of an amplified seed of defined 

OAM and spontaneous emission, which separate during the propagation. The ring of the 

propagated seed corresponds to the harmonic while the bright spot in the centre is the ASE. The 

associated heat maps of Figure 79 show the clear distinction of an OAM, while the ring after 

propagation shows a clearer OAM of 25. It is also relevant to take a look at the shift of the intensity 

profile away from the silver target. After propagation the ring is no longer circular, it has been 

deformed. There are two important things to appreciate, the intensity profile has rotated clockwise, 
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as expected from the propagation of a positive OAM, and it has been deviated to the right (away 

from the target). 

Based on this information the OAM appears to be conserved, but to properly understand the 

effects of distortion of the ASE it is relevant to repeat the same simulation deactivating ASE. 

 

Figure 76: Ideal seed simulation ASE on a) Intensity [W/cm2] and phase, seed b) Intensity and phase, amplified seed 
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Figure 77: Heat map, simulation ASE on. Quasi-LG decomposition. a) seed b) Amplified seed 

 

Figure 78: simulation ideal seed ASE on. Top: Amplified seed. Bottom: Propagation of the seed 
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Figure 79: Quasi -LG decomposition. Top: Amplified ideal seed ASE on. Bottom: Propagated amplified seed ASE on 

If the simulation is repeated deactivating spontaneous emission (ASE off), the amplified beam 

can be compared with the previous simulation to clarify the effect of ASE in the seed. Figure 80 

shows that in this case there are no structures in the inner ring, while the intensity profile is still 

distorted, due to its propagation through an inhomogeneous plasma. There are no structures 

because they are the result of the interference between the amplified ideal seed and the ASE. The 

ASE phase decreases in the X direction as it can be appreciated in Figure 76 b). If added to the 

ideal seed amplified in Figure 80 d) interference patterns are produced, if the phase is the same it 

results in constructive interference while opposite angles result in destructive interference 

creating the pattern observed previously. The associated heat maps (Figure 81) still show a broad 

OAM. This supports the idea that this observation is due to the LG decomposition which contrasts 

the phase map with ideal LG modes, since the amplified beam is affected by the electron density 

profile of the plasma producing a twisted phase profile. It is detected as a gradient of OAM, but 

Figure 80 d) clearly shows the 25 components of the OAM phase. 

After propagation (Figure 82) the heat map (Figure 83) shows better an OAM of 25. It also shows 

the same rotation of the beam clockwise and the same deviation in the positive X direction (away 

from the target). These rotation effects are not related to the spontaneous emission. It is explained 

by the fact that the beam carries a positive OAM. The second factor is related to the propagation 

of the beam in the plasma. The refractive index affects the propagation of the light in the 

propagation media. In a plasma, electron density gradients translate into refractive index gradients. 

According to the eikonal equation, adapted to the simulation in eq. (29) obtained from [1], chapter 

2 pages 79-81, the problem can be simplified as in Figure 84. The refractive index n(x) is a 

function of the electron density if monochromatic light is assumed n(x) follows eq. (30) where nc 

is the critical density of the plasma. One can obtain a simplified solution assuming the electron 

density profile as a straight profile. The solution is parabolic trajectory for the rays of light, that 

deviate away from high electron density concentration. The electron density profile for the silver 

target simulations (Figure 85) is a diffusive profile with the highest density close to the target that 
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is reduced with increasing X coordinate. The beams that are injected parallel to the silver target 

for amplification are naturally deviated away from it due to the electron density of the plasma. 

The result is a vertical phase gradient appreciated in the spontaneous emission and the amplified 

section closer to the target, the beam that travels through the major refractive index gradient is 

deviated the most away from the target. That zone corresponds to the least amplified part (left 

side, Figure 80, d)). 

To sum up, with an ideal seed there are some observed phenomena common to both simulations: 

there is a shift of the harmonic away from the target, the local azimuthal phase is conserved and 

there is a non-symmetrical amplification. Table 5 shows the energy of the whole beam integrating 

the intensity along the Z axis after amplification, by comparing both simulations amplified energy 

it is possible to approximate the ASE contribution to the beam energy as 0.48 µJ, being stimulated 

emission the major contributor to the amplification as it is intended and the ASE contribution is 

allocated mainly in the centre of the ring and wake formed during the amplification. Comparing 

both simulations the ASE adds observed fringes in the ring of the beam, attributed to interference, 

and bright spot in the centre of the ring after propagation. 

 

Figure 80: simulation ASE off. c) Seed d) Amplified seed. Intensity [W/cm2] and phase 
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Figure 81. simulation ideal seed ASE off. Quasi-LG decomposition. Top: seed. Bottom: Amplified seed 

 

Figure 82: simulation ideal seed ASE off. Top: amplified seed. Bottom: Propagation of the seed 
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Figure 83: simulation ASE off. Quasi -LG decomposition. Top: amplified ideal seed. Bottom: Propagated amplified 

seed 

 

 

 

(29) 

 

 

 

(30) 

 

 

Figure 84: Light deviation due to electron density gradient [1] 
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Figure 85: Electron density profile [cm-3] [14] 

Table 5: Energy of the amplified seed. 

 

5.2.2 Real seed 

The next proposed simulation aims at studying the amplification of an an experimental 

seed. Here the term “experimental seed” means that the intensity and phase maps are not ideal 

LG-modes as the seed in the previous simulation. The seed was provided as data points from 

experimental measurements and it was introduced in Dagón. In order to do this Eduardo updated 

the code to create a 3D profile based on normalised intensity and phase. The provided 

experimental data needed to be separated into two files that contained the normalised intensity, 

values 0 to 1, and the phase at each simulation cell. 

There are a few aspects that needed to be taken into account and noted for the proper introduction 

of experimental data. The provided experimental data was projected into a 150 x150 mesh. If the 

user wants to create a coarser or finer mesh for the simulation, the data points must be interpolated. 

Interpolation is an issue since the electromagnetic field is given by complex numbers from which 

we can extract the maps of intensity and phase. Interpolating intensity values is reasonable as for 

normal situations there are no sharp intensity gradients that may introduce significant errors. On 

the contrary, the phase profile can suffer from errors in interpolation because of the changes when 

the phase has sharp shifts from 0 to 2π or vice versa. It may happen that the interpolation predicts 

values superior to 2π or interpolates the value in a sharp change altering the phase profile. The 

phase profile commonly presents these kind of interpolation errors when using common 
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interpolation algorithms. These errors induce phase values that do not correspond with the given 

experimental seed and alter the amplification results (Figure 86, the linear patters observed in the 

profile are attributed to the interpolation results of the sharp gradients of phase in the OAM 

profile). For this reason, the simulation with experimental data ended up using a mesh adapted to 

the one of the experimental data. 

Simulation parameters are collected in Table 6. The dimensions of the experiment are not altered. 

The mesh is similar to the one of the provided datasets of the experimental seed. The seed is 

centred around the population inversion. The energy of the seed is reduced to from 10 nJ to 500 

pJ. The normalized intensity profile of the experimental seed is less intense on average than ideal 

LG modes. If the energy of the beam is maintained at 10 nJ the seed is generated with clear bright 

spots with intensity values one order of magnitude bigger than the previous simulation. To keep 

the seed intensity profiles in the same order of magnitude as the previous simulation the energy 

of the seed was reduced. 

 

 

Figure 86: Amplified seed intensity profile[W/cm2]. The seed profile was generated by interpolation 

Table 6: Real seed. Simulation parameters 

Simulation parameters Units 

Dimensions (X, Y, Z) 26,26,5 µm, µm, mm 

Number of Cells 

(Nx,Ny,Nz) 

147, 147, 1000 cells 

FWHM 5.75  µm 

Seed energy  500 pJ 

Seed centre (xc yc) 13,15 µm, µm 

The population inversion profile and plasma media are the same as the previous simulation 

(Figure 87). Preliminary results can be observed in Figure 88. The real seed intensity ring is 

narrower than in the previous simulation, the phase profile is far from an ideal OAM, but the 

pattern can be appreciated. Since the image is taken at the beginning of the amplification process, 

as the beam goes through the media the population inversion profile is slightly altered. At the end 

of the amplification process the amplified seed presents circular intensity structures similar to the 

ideal seed amplification case and a clear ASE phase in the centre of the ring. Stimulated emission 
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requires the presence of an electromagnetic field, in the centre of the seed there is very low 

intensity, but there is a very clear population inversion, which favour the production of photons 

from spontaneous emission. The population inversion profile at the final part of the channel shows 

how as the beam goes through the plasma the excited levels produce photons depleting the 

population inversion. Consequently, the parts of the seed with high intensity tend to be amplified 

the most (Figure 88, population inversion, right side). 

As in the previous simulation, we propagate the field and measure it at 1 meter from the source 

after amplification. The amplified seed is propagated and both heat maps and profiles are 

compared. The heat map and LG decomposition show that the OAM of the amplified seed (Figure 

89) measured takes values from 17 to 27, with a distinct 0 OAM attributed to the ASE. After 

propagation (Figure 90) the contribution of the ASE to the 0 OAM manifests as a bright spot in 

the centre of the ring, while the phase profile in the LG-decomposition and heat map still shows 

a range of OAM contributions from 10 to 30. These simulations show that the tools to properly 

analyse non-ideal seeds have room for improvement, but the results are consistent with ideal seed 

simulations. As in the previous simulation the local azimuthal phase (OAM) seems to be 

reasonably conserved, there is a shift after propagation of the beam away from the target, which 

has already been associated with the electron density gradients in the plasma, a bright spot is 

formed after propagation separating ASE from the rest of the beam, and the previously observed 

structure associated with interference are appreciated in the amplified seed. Since the amplified 

seed is not symmetrical the non-homogeneous amplification process cannot be properly studied 

with this simulation.  

Finally, a simulation with the real seed and without ASE is included and the information is 

condensed in Figure 91, Figure 92 and Figure 93. The absence of ASE, allows to better appreciate 

how the most intense part of the profile benefits from amplification. As well as in the previous 

simulation with the ideal seed, there are no interference patterns. In Figure 94 a quick comparison 

of both profiles with and without ASE is presented. The heat maps are portrayed in logarithmic 

scale to highlight the absence of spontaneous emission in the inner ring and the similarities in the 

OAM decomposition, which cannot be as clearly appreciated in the previously presented heat 

maps. 

 

Figure 87: Population inversion profile [cm-3] (gaussian profile). Plane z= 17.5 µm.. 
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Figure 88: Real seed ASE on. Intensity [W/cm2], phase and population inversion. Left side: seed. Right side: 

Amplified seed. 

 

Figure 89: Real seed ASE on. Amplified seed. Profiles and Quasi LG-decomposition and heat map. 
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Figure 90: Real seed ASE on. Propagated Amplified seed. Profiles, Quasi LG decomposition and heat map 

 

Figure 91: Real seed ASE off. Intensity [W/cm2], phase and population inversion. Left side: seed. Right side: Amplified 

seed. 
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Figure 92: Real seed ASE off. Amplified seed. Profiles and Quasi LG-decomposition and heat map. 

 

Figure 93: Real seed ASE off. Propagated Amplified seed. Profiles, Quasi LG decomposition and heat map 
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Figure 94: Comparison real seed ASE on and off. Amplified seed (left). Propagated amplified seed and heat map (right). 
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5.3 OAM sign effects and local amplification 

After presenting the previous results the Thesis focuses on determining specific physical 

effects related to the amplification process. The first point of interest is the sign of the OAM. The 

previous results are presented for HOH with a positive topological charge. We will compare these 

results with the amplification of the same ideal seed with negative topological charge. The next 

step focuses on the same study in cases of local amplification where the population inversion 

affects one part of the seed, and can be modelled as a hyper-gaussian distribution instead of a 

gaussian. Finally, the effect of a seed which enters the system with a grazing angle is studied. In 

this last scenario, it is of interest to understand if a code as Dagón is able to accurately reproduce 

a possible scenario where the deflection of the beam induces a symmetrical phase change which 

may alter the perceived phase profile. 

The general idea is to be able to provide feedback for the amplification model presented in 4 

Light amplification simple filter model, and how experimentalists’ simplifications and 

introduction of observed physical phenomena can be related to Dagón simulations. The objective 

is to compare to ideal conditions. That is the reason why ASE is disabled for these simulations as 

the main interest is the analysis of the OAM sign and partial amplification comparison with a 

model that does not take ASE into account. 

5.3.1 Effect of OAM charge sign in ideal conditions 

The first case of study compares the amplification of the whole ring for seeds with 

positive and negative ideal OAM of +25 and -25. Seed profiles are given in Figure 95 and Figure 

96. For the positive OAM there are 2 simulations without ASE, the difference is the population 

inversion profile. In previous simulations the profile was a gaussian distribution, in the current 

study a simulation with a hyper-gaussian profile of order 20 is used. Hyper-gaussian profiles 

concentrate the population inversion in a narrower area (Figure 97). The simulation window and 

parameters are the same as associated with ideal seed simulation and provided in Table 4 in the 

previous subchapter. 

The main effect of altering the population inversion profile relates to the intensity of the amplified 

seed. Figure 98 shows how in the hyper-gaussian profile case the seed amplification is limited to 

the restricted area of the population inversion, but it still presents a major amplification in the 

right side of the beam. The intensity profile evolution is coherent with the plasma refractive index 

which as it has been stablished, is heavily affected by the electron density gradient, which has not 

changed. The profile difference corresponds to the seed’s OAM sign. The electron density 

gradient generates a varying refractive index in the positive X axis direction. The seed has radial 

symmetry. For OAM that varies in sign, the upper part of the seed and the lower part of the seed 

with negative OAM have a similar phase gradient direction. This translates in Figure 99 as a 

change in the deformation of the phase profile. For the positive OAM the lower part of the ring 

presents a clearer distortion, while for the opposite OAM the deformation is presented in the upper 

part of the seed and the radial twist of the phase is in opposite angular directions. The heat maps 

identify the OAM sign (Figure 100). 

After propagation the result can be contrasted with the amplification mask model in chapter 4. 

At this stage the propagation code has been refined by adding an intensity filter that removes 

noise from the phase profiles, by eliminating data points with low intensity. Also, the intensity 

profiles presented are normalised, since the main interest is the profile shape rather than the 

intensity values. Comparing Figure 101 and Figure 102 we appreciate the clockwise and 

anticlockwise rotation of the seed consistent with the results presented in chapter 4 (Figure 72 

and Figure 74). The next simulations aim to check whether if, in a case of local amplification, the 

ring is expected to be deformed or as in chapter 4, to have the amplified part fully separated from 
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the beam. In these simulations the comparison of the amplified seed and propagated seed can 

provide some information on the shift of the beam away from the silver target. The use of 

normalised intensity profiles and neglect of spontaneous emission from the simulations allow for 

a better comparison of the ring shape. Figure 103 shows the contours of the intensity profiles in 

the simulation with OAM +25. It has already been reported that the electron density gradient is 

the cause of the beam shift in the positive X-direction. The major gradient is closer to the target, 

the least amplified part. After propagation that zone rotates clockwise around 90 degrees and the 

phase shift can be appreciated as the intensity profile deviates up to 3 millimetres in the positive 

X-direction. This 3-millimetre shift value will be of relevance in the following simulations. 

 

Figure 95: Intensity profile [W/cm2]. Seed. Simulations with OAM sign effects 

 

Figure 96: Phase profile for OAM +25 (left) and -25 (right) 
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Figure 97: Population inversion profiles [cm-3]. Left: Gaussian. Right: Hyper-Gaussian 

 

Figure 98: Amplified seed. OAM sign change. Intensity profiles [W/cm2]. Left: Gaussian profile, l=25. Right: Hyper-

Gaussian profile l=-25 
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Figure 99: Amplified seed. OAM sign change. Phase profiles. Left: Gaussian profile, l=25. Right: Hyper-Gaussian 

profile l=-25 

 

Figure 100: Heat maps. Amplified seed. Left: OAM +25. Right: OAM -25 
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Figure 101: OAM 25 Gaussian profile. Top: Amplified seed. Bottom: Propagated seed 

 

Figure 102: OAM 25 Hyper-Gaussian profile. Top: Amplified seed. Bottom: Propagated seed 
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Figure 103: Contours of normalised intensity. Left: amplified seed. Right. propagated amplified seed. OAM +25 

5.3.2 Effect of OAM sign in local amplification 

The interest of the presented simulations lays on the local amplification of one side of the 

seed. Since only part of it goes through the zone with population inversion. The rest of the seed 

is kept unamplified. Yet again it is worth noticing that the comparison also includes OAM of 25 

and -25 and a gaussian and hyper-gaussian population inversion profiles, respectively. The 

simulation domain is bigger, now being a 60x 60 µm square, and it keeps its 5 mm length. 

Simulation parameters are shown in Table 7. 

Table 7: Ideal seed. Partial amplification. Simulation parameters 

Simulation parameters Units 

Dimensions (X, Y, Z) 60,60,5 µm, µm, mm 

Number of Cells 

(Nx,Ny,Nz) 

100, 100, 1000 cells 

FWHM 7.5  µm 

Seed energy  10 nJ 

Seed centre (xc yc) 30,15 µm, µm 

The seed profile (intensity [W/cm2] (Figure 104) and phase (Figure 105)). The population 

inversion is located in the bottom left corner of the domain, for both gaussian (Figure 106) and 

hyper-gaussian profiles (Figure 107), and the left side of the seed is amplified. After amplification 

(Figure 108 and Figure 109) it is clearly shown that only the part of the ring in the population 

inversion is amplified and there is no appreciable pattern in the amplification, like in the previous 

chapter in which the seed was not homogeneously amplified. The phase profile shows a clear 

deformation for l=+25 close to the silver target, a similar pattern should be appreciated for l=-25 

in the bottom side of the ring, but there are two possibilities for not appreciating it. The first one 

is that it should be in the symmetrical position in relation to the beam centre, and in that area, 

there is not a steep electron density gradient and thus such profile deformation does not take place. 

The second one is that the profile deformation would be outside of the simulation window and it 

is not appreciated. In both scenarios the relevance of the phase profile deformation is small. For 

a phase gradient to be able to affect the ring propagation, it has to be associated with a significant 

intensity. If the intensity is very low in the area there would be no significant contribution and it 

could be associated with numerical values provided by the code under ideal conditions rather than 
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a value relevant for experiments. For that reason, an intensity filter is used to make the beam 

associated phase profile clearer. The filter normalises the intensity profile and filters out intensity 

values smaller than 1/10 of the normalised intensity. Applying a local amplification provides a 

behaviour that can be compared with 4 Light amplification simple filter model. After 

propagation ( Figure 110 and Figure 111) it can be appreciated that the beam intensity profile in 

the amplified area deviates in the positive X direction while the rest of the ring keeps its form. It 

can also be appreciated the rotation of the amplified part in coherence with the OAM sign. The 

ring is not severed, this is the main difference with the simple model amplification. The reason is 

that Dagón can provide better results for the refractive index profile, since it is related to the 

electron density gradient. For the simplified model the plasma is modelled as a fixed phase 

gradient. A more realistic phase gradient varies along the plasma producing a continuous phase 

shift. The ring is bent but not severed. 

 

Figure 104: Partial amplification. Seed intensity profile [W/cm2]. Z= 17.5µm 

 

Figure 105: Partial amplification. Seed phase profile. Z= 17.5µm 



Study of the Amplification of High Order Harmonics with OAM in Silver Plasmas 

 

70                                                     Escuela Técnica Superior de Ingenieros Industriales 

 

 

Figure 106: Population inversion profile [cm-3]. After the seed is amplified. Gaussian profile 

 

Figure 107: Population inversion profile [cm-3]. After the seed is amplified. Hyper-gaussian profile 

 

Figure 108: Partially amplified seed. OAM sign change. Intensity profiles [W/cm2]. Left: Gaussian profile, l=25. Right: 

Hyper-Gaussian profile l=-25 
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Figure 109: Partially amplified seed. OAM sign change. Phase profiles. Left: Gaussian profile, l=25. Right: Hyper-

Gaussian profile l=-25 

 

Figure 110: Partial amplification. OAM 25 Gaussian profile. Top: Amplified seed. Bottom: Propagated seed 
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Figure 111:Partial amplification. OAM 25 Hyper-Gaussian profile. Top: Amplified seed. Bottom: Propagated seed 

5.3.3 Local amplification of a seed with grazing angle 

The last group of simulations study the amplification process of a seed arriving with grazing 

angle. The grazing angle of the seed is towards the target. It has been reported that after 

amplification and propagation the ring is deformed in the positive X direction. The hypothesis is 

that this effect is related to the reflexion of the beam due to the plasma electron density gradient 

(Figure 112). If a grazing angle towards the silver target is introduced it may be observable in the 

simulation as a flipped phase in the amplified plasma region (Figure 113), and that simplification 

can be reasonably implemented in a simple amplification model. The seed centre is changed to 

(15, 30) µm to amplify the bottom part. 

The first step is to design a seed with a grazing angle to be introduced in Dagón. Dagón is able to 

generate a 3D seed injected into the simulation domain from a 2D map. The 2D map must contain 

for each simulation cell in the XY plane the intensity and phase data. With that in mind, the seed 

with a grazing angle is simplified. Based on Figure 114, the seed profile propagates along the Z 

axis, a grazing angle means it should propagate in the negative X direction too. The idea is to 

provide the intensity map of a normal seed introducing the grazing angle in the phase profile. For 

that, the seed phase profile at Z=0 in the simplification has to be the same profile as a seed with 

grazing angle. The simplification would produce a seed that propagates in Z’ direction defined by 

the user at will. In that transformation process the final wavelength must be conserved. 

The seed can be generated in MATLAB with a similar reasoning as the amplification filter. The 

direction is defined by a given angle α, the wavelength is decomposed in the X and Z direction 

(eq. (31)). With kz the seed is created with the desired OAM and a normalised intensity profile. 

kx is used to generate a phase gradient in the x direction (PGX, eq. (32)). Multiplying both phase 
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gradients produce the desired seed with the grazing angle α. For α=-5 mrad and l=+25, the seed 

profile generated is given in Figure 115. The seed in the profile is an ideal Laguerre-Gaussian 

mode carrying OAM 25, but the sample plane is rotated 5 mrad with a rotation axis that is parallel 

to the Y axis and includes the seed centre as a point in the axis. If the seed is propagated 1 metre 

the centre of the beam deviates 5 mm in the negative X direction (Figure 116). The resulting seed 

has the desired grazing angle and can now be introduced in Dagón as two txt files: normalised 

intensity (file 1) and phase (file 2) at each cell centre. The designed seed requires more resolution 

in the XY plane. Dagón simulation parameters are stated in Table 8. 

Table 8: Seed with grazing angle. Partial amplification. Simulation parameters 

Simulation parameters Units 

Dimensions (X, Y, Z) 60,60,5 µm, µm, mm 

Number of Cells 

(Nx,Ny,Nz) 

200, 200, 1000 cells 

FWHM 7.5  µm 

Seed energy  10 nJ 

Seed centre (xc yc) 15,30 µm, µm 

 

𝑘𝑥 = 𝐾𝑠𝑖𝑛(α) 

𝑘𝑧 = 𝑘𝑐𝑜𝑠(α) 

(31) 

𝑃𝐺𝑋 = exp (𝑖 𝑘𝑥 𝑋) (32) 

 

 

Figure 112: reflexion phenomena [15] 
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Figure 113: Modelling of beam propagation in plasma gradient 

 

Figure 114: left: Ideal seed. Top right: seed with grazing angle. Top left: simplification 
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Figure 115: Grazing angle seed. α =-5mrad. FWHM 7.5. Centre at (15,30) µm 

 

Figure 116: Propagated grazing angle seed. α =-5mrad. FWHM 7.5. Centre at (15,30) µm 

The seed (Figure 117 and Figure 118) is now amplified in the bottom part. After amplification, 

despite the sign of the OAM there is less intensity outside the population inversion zone, close to 

the silver target. It was first though that this effect may be caused by a gaussian population 

inversion profile, and the simulations were performed with the hyper-gaussian profile ((Figure 

119 and Figure 120). After observing the same results, the next most plausible possibility was 

absorption of photons. The left side of the ring is in the zone with high plasma density and the IR 

beam has not created a population inversion. Consequently, in that area there is an increased 

possibility of producing absorption of photons, and that is the phenomena that reduces the 

intensity of the beam in the left side. 

After amplification (Figure 121 and Figure 122), the results are similar to the previous simulation 

with a more deformed ring associated with the higher electron density gradient of the region closer 

to the silver.  

The reflexion phenomena described earlier is not appreciated in the simulation. A sensitivity 

analysis was performed using seed with grazing angles of [-2, -1.5, -1, -0.5] mrad. The results 

were similar to the presented simulation. The conclusion with the known data relates to the nature 

of the code. There is no distinction of photon trajectory and origin inside the code. By not taking 

into account the photon evolution and previous trajectory reflexion effects are reduced naturally 

in the code. For the code to be able to properly address the case in which reflexion may produce 

the intersection of light rays it should keep the evolution of the bunch of photons, not the mean 

value at points in space. Bunch by bunch codes, codes that study the evolution of groups of 

particles rather than mean values in space, could provide a better representation in specific 



Study of the Amplification of High Order Harmonics with OAM in Silver Plasmas 

 

76                                                     Escuela Técnica Superior de Ingenieros Industriales 

 

scenarios were reflexion may produce a flipped phase. In a sense, in some cases effects associated 

with reflexion are reduced and may not be appreciable using Dagón.  

 

Figure 117: Grazing angle seed. Intensity profile [W/cm2] 

 

Figure 118: Grazing angle seed. Phase profile 
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Figure 119: Grazing angle seed. L=+25. After amplification 

 

Figure 120: Grazing angle seed. L=-25. After amplification 



Study of the Amplification of High Order Harmonics with OAM in Silver Plasmas 

 

78                                                     Escuela Técnica Superior de Ingenieros Industriales 

 

 

Figure 121: Grazing angle. OAM 25. Top: Amplified seed. Bottom: Propagated seed 

 

Figure 122: Grazing angle. OAM -25. Top: Amplified seed. Bottom: Propagated seed 



Conclusions and further work 

 

Agustín Matías Alonso Ardura  79  

 

6 Conclusions and further work 

This chapter reflects on the results presented in 5 Dagón simulations and results and 3 

Diffraction and propagation based on the objectives stablished in chapter 1 Introduction and 4 

Light amplification simple filter model. On the one hand, there are some general aspects to the 

conclusions related to Dagón simulations, as well as some specific physical phenomena studied. 

On the other hand, there are some propagation codes benchmarked during the development of the 

Thesis and computational tools applied to the analysis of the obtained results. 

6.1 Propagation code 

The propagation codes based on Fourier Optics had been benchmarked with analytical 

solutions providing satisfactory results. The reported mean squared errors for the problems 

provided values lesser than 10-9 for specific benchmarks applied to the light’s wavelength of 

interest (Soft-XUV) in Fresnel’s numbers similar to the later used for Dagón experiments. 

Results as the one provided with the Fraunhofer approximation are typically used in papers to 

provide results in the far field that stablish an even field for researchers to understand the final 

result of experiments and computational calculations. It is important to allude to the 

simplifications used. The propagation of the near field in an aperture to the far field at a defined 

distance is computed as a spatial Fourier Transform. The temporal dependence is neglected 

assuming the field at the opening is continuous. The longer the timescale of the analysed result 

the more correct the approximation is. For a slice of a beam, the propagation is useful as a tool to 

corroborate the properties of the beam at a far distance rather than exactly characterizing the far 

field results. In order to obtain this characterization a code that takes time evolution of the beam 

and is able to propagate the 3D laser beam would need to be developed. The scope of such a code 

is nowadays beyond interest and available capabilities. 

Since the code assumes the source to be continuous, the provided results of the exact Fourier 

Transform distort the phase profile due to the interactions of the opening field at different times 

with itself. That interaction is corrected using a spatial filter centred in the beam (eq. (33)). This 

filter is sensible to its placement, if its significantly deviated from the beams centre, the phase 

profile can be excessively distorted. 

𝐵𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 = 𝐵𝐹𝑇exp (− 𝑖 𝑘 
𝑟

2𝑑

2

) (33) 

Overall, it is a commonly applied simplification that allowed for better communication with our 

partners at Université Paris Saclay because a tool was needed to couple the near field provided 

by Dagón with far field results. That need raised the questions that developed the Thesis. 
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6.2 Simulations 

Dagón simulations are developed in 2 subchapters: 5.2 General simulations and 5.3 OAM 

sign effects and local amplification. The first one relates to the proof of concept and general 

simulations to test the code. The second one was made on request to assess the specific 

phenomena described in each presented group of simulations. 

The general simulations served as a proof of concept. The ideal seed provided not only clear 

images of the phase profile and conservation of the OAM but raised questions related to the 

inhomogeneous amplification and provide some insight into the effect of the amplified beam as 

the result of the interference between ASE and stimulated emission. The application of a real seed 

profile was able to show our peers the possibilities to simulate specific profiles. Both simulations 

served as an introduction to the physical concepts of interest that were being modelled using codes 

such as the described in 4 Light amplification simple filter model. The general simulations 

showed coherence with the modelled phenomena in the simplified code used at Université Paris 

Saclay. 

Once the results were discussed with our peers, the second group of simulations were requested 

in order to address the specific phenomena of interest: OAM topological charge sign effect in 

centred and local amplification, and the simulation of the seed with a grazing angle. The reported 

results can be summarised in various points: 

• The effect of the topological charge sign was corroborated to work coherently with the 

simplified models. The main difference reported is that the intensity ring profile is 

deformed in Maxwell-Bloch simulation (Dagón), while in the simplified model the ring 

is severed. The difference can be explained by the refractive index behaviour, the simple 

model applies a filter with a homogeneous phase gradient that translates into a sharp 

refractive index change, while Dagón, using a more realistic approximation, has a 

diffusive profile of the electron density that results in a refractive index gradient that does 

not sever the ring. 

• Partial amplification of the beam for both topological charge signs corroborate the correct 

behaviour of the propagation codes and amplification of the seed through Dagón. 

Furthermore, it characterizes the ring deformation after propagation and the clear 

formation of a bright spot in the amplified zone and after propagation the OAM profile 

shows less deformation. 

• The application of a seed with a grazing angle to attempt to reproduce reflexive effects 

that flip the phase profile does not show the desired results. Nonetheless, it provides quite 

useful feedback and shows some light into the possible limitations of the code. The fact 

that there is no flipped phase can be explained by the nature of the algorithm since the 

reflexion phenomena associated with the plasma gradient has to take into account the 

photon trajectory. On top of that it can be appreciated how in the densest areas of the 

plasma with low population inversion the absorption of photon is favoured reducing the 

intensity of the beam. 

To put it in a nutshell, the presented Thesis provides proof of concept for the simulation of a 

complex experimental set-up, and assesses the main physical effects and the codes limitations for 

its application with high order harmonics. 
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6.3 Further work 

From the development included in this Thesis plus the work done in the research group and 

our peers at Paris-Saclay university two papers are under development. The first one relates to the 

amplification of high order harmonics with OAM in Nickel-like Krypton and silver plasmas. It 

includes general results for the simulations performed in the research group. The second one is 

about the amplification of extreme ultra-violet vortex beam in a plasma based soft X-ray laser. It 

combines experimental results, some silver simulations for local amplification performed in this 

Master Thesis and the simple model of the amplifier. 
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7 Time Planning and Budget 

The present chapter provides insight on the time schedule and budget for this Master Thesis. 

It has been developed in the Energy Engineering Department at the ETSII, UPM. 

7.1 Time Planning 

The temporal schedule was developed according to the objectives set by the research group. The 

work breakdown structure (WBS) is available in Figure 123. Figure 124 provides the Gantt chart 

associated with the project. details the work schedule with dates and duration of each stage are 

available in Table 9. The main work packages are: 

• Management: carries out control and management tasks. Includes meetings and briefings, 

related to the results and evolution of the Thesis, as well as the redactions of the Thesis, 

internal documents and reviewing elaborated texts. 

• Training: includes documentation tasks related to reviewing papers about the relevant 

topics for the Thesis, the study of Fourier Optics and training in the use of Dagón. 

• General simulations: includes performing the ideal seed and real seed simulation and 

analysis. 

• Propagation: includes the development, testing and benchmark of the propagation codes 

applied to this Master Thesis. 

• Simple Filter Model: studies and explores the model used by our peers at Paris-Saclay 

University. 

• OAM Sign & Local Amplification: includes the simulations related to specific 

phenomena of interest. It includes performing and analysing the simulations as well as 

comparing it with the simple filter model. 

 

Figure 123: Work Breakdown Structure 
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Figure 124: Gantt Chart 
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Table 9: Time schedule for WSB 

ID Task Start Date Span (days) Finish Date Span (hours) 

1 Management       
 

1.1 meetings specific     42 

1.2 Document Drafting 15/11/2021 81 04/02/2022 200 

1.3 Review 12/12/2021 57 07/02/2022 70 

2 Training       
 

2.1 Simulating with Dagón 01/04/2021 31 02/05/2021 34 

2.2 Analysis of Papers 23/02/2021 31 26/03/2021 34 

2.3 Fourier Optics Theory 23/02/2021 38 02/04/2021 36 

2.4 Training meetings specific     10 

3 General Simulations       
 

3.1 Ideal Seed 10/05/2021 14 24/05/2021 15 

3.2 Real Seed 30/06/2021 9 09/07/2021 20 

3.3 Preliminary Analysis 19/05/2021 7 26/05/2021 10 

3.4 Propagation Analysis 01/07/2021 26 27/07/2021 20 

4 Propagation       
 

4.1 Development of functions 11/05/2021 24 04/06/2021 35 

4.2 Theoretical Results 05/06/2021 14 19/06/2021 30 

4.3 Benchmark 20/06/2021 36 26/07/2021 40 

5 Simple Filter Model       
 

5.1 Analysis & Application 08/09/2021 14 22/09/2021 30 

5.2 Conceptual tests 18/09/2021 14 02/10/2021 30 

6 OAM sign & Local 
Amplification 

      
 

6.1 Ideal Conditions 27/09/2021 14 11/10/2021 30 

6.2 Local Amplification 11/10/2021 14 25/10/2021 30 

6.3 Grazing Angle Seed 25/10/2021 15 09/11/2021 40 

Total         626 
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7.2 Budget 

The budget consists of human resources, equipment and software licensing, and energy 

consumption: 

• Human resources: salary costs estimated in Table 10, are the main contributor to the 

cost of the project. 

• Equipment: includes the student’s computer and MATLAB license. The remote server 

is not taken into account. Costs are presented in Table 11. Simulation software (Dagón) 

and the extra software used (WinSCP, PuTTy, VisIt) are free. 

• Energy consumption: takes into account the personal computer and use of the remote 

server, presented in Table 12. The energy pricing for 2021 is estimated in 0.22 €/ kwh. 

The power of the computer and remote server are estimated to be 150 W and 1000 W, 

respectively. The costs are estimated from the hours dedicated to the project and 

simulation time. Simulation time includes 50 simulations from which 12 took 3 days of 

computing, 4 took 2 days and 34 took 1 day, approximately. 

The total budget of the project adds up to 14679.03 € including IVA. 

Table 10: Human resourcescosts 

Human resources salary 

(monthly) 

months Total 

(€) 

author 707.83 7 4954.81 

1213.34 4 4853.36 

Tutor 20 20 400 

Total 

  

10208.17 

Table 11: Equipment costs 

Equipment € Units Total 

Computer HP Pavilion 920 1 920 

MATLAB license 800 1 800 

Total   1720 

Table 12: Energy costs 

Energy costs Electricity €/ 

KWh 

hours Total Power[W] 

Computer HP Pavilion 0.22 626 20.66 150 

Remote server 0.22 830 182.6 1000 

Total   203.26  

 

  



Time Planning and Budget  

 

Agustín Matías Alonso Ardura  87  

 

 

Table 13: Total Budget 

   euros 

Total (no tax) 

  

12131.43 

IVA 21% 

 

2547.60 

Total 

  

14679.03 
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