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Abstract

Variable Importance Analysis (VIA) plays a pivotal role in the modelling process of any 
Machine Learning (ML) algorithm since it allows us to identify and measure the impact 
of input variables on the model output, interpret the highly complex black box model 
and explain their predictions. This analysis can potentially improve the ML/AI model 
performance when screening the nonrelevant variables and help to gain the trust of the 
model users. Generally, two main approaches for VIA are encountered in the literature: 
Global Sensitivity Analysis (GSA), that through surrogate models based on ML, aims at 
quantifying the portion of the output variance due to individual and interaction effects of 
input variables, and Variable Importance Techniques (VIT) leveraging ML algorithms, 
where the objective is to measure the predictive power of the input variables on the out-
put. In both approaches, the goal is to establish an importance measure that identifies 
interactions and nonlinearities among input variables and rank them according to their 
effects on the model output. This thesis is organized in two parts. First, a comprehensive 
review of recent advances in VIA methods is presented. Second, two new methodologies 
for VIA based on the Conditional Inference Tree algorithm, the Permutation Impor-
tance Framework and a φ-divergence measure are proposed. The new methods address 
the importance analysis in multioutput response models and imbalanced datasets. The 
proposed methods have been tested in simulated cases and applied to the Spanish Elec-
tricity market in order to identify and quantify the relevant predictors for the demand 
and price simultaneously along with spike electricity prices.

Resumen

El Análisis de Importancia de Variable (AIV) juega un papel fundamental en el 
proceso de modelado de cualquier algoritmo de aprendizaje automático (AA) ya que 
permite identificar y medir el impacto de las variables de entrada en la variable de 
salida del modelo estudiado, interpretar los modelos cada vez más complejos 
considerados cajas negras or explicar sus predicciones. Este análisis puede mejorar el 
rendimiento del modelo al identificar y eliminar las variables no relevantes. En la 
literatura se pueden encontrar dos enfoques principales de AIV: Análisis de

iv



v

Sensibilidad, que a través de modelos de sustitución basados en AA, tienen como 
objetivo cuantificar la variabilidad de la variable de salida del modelo debido a la 
variabilidad de las variables de entrada, y Técnicas de Importancia de Variable 
basadas en AA que pretenden medir el poder predictivo de las variables de entrada 
sobre la salida. En ambos métodos, el objetivo es establecer una medida de 
importancia que identifica y mide interacciones y no linealidades entre las variables de 
entrada, clasificándolas así según sus efectos en la salida del modelo. Esta tesis está 
organizada en dos partes. En primer lugar, se presenta una revisión exhaustiva de los 
recientes avances en métodos de AIV. En segundo lugar, se proponen dos nuevas 
metodologías basadas en el algoritmo de árboles Conditional Inference T ree, el marco 
de importancia basado en la técnica de permutación de variables y la medida de 
divergencia entre probabilidades φ-divergence. Los métodos propuestos han sido 
aplicados al análisis de importancia en modelos de respuesta multivariante y problemas 
de classificación de conjuntos de datos desequilibrados. Los métodos propuestos han sido 
probados en casos simulados y aplicados al mercado eléctrico Español con el fin de 
identificar y cuantificar los predictores relevantes para la demanda y el precio 
simultáneamente además de factores responsables de precios de electricidad extremos.
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Chapter 1

Introduction

Over the last decade, we have observed a considerably greater use of data mining and

machine learning techniques in almost every field, from medicine, to finance or energy, to

name a few. Typically, the focus was on improving the performance of these techniques at

the expense of model interpretability (i.e. transparency and reliability of the model) [2].

For instance, single decision trees are intuitive explainable algorithms but unstable from

the prediction perspective, or linear models are also interpretable but do not capture the

complex interactions among the predictors. Others, however, provide higher accuracy

but are more complex (known as black boxes), since their inner structure is hard to

untangle. A robust Machine Learning modelling process requires not only the fitting of

a high performance model but also a variable importance analysis that helps understand

and measure the complex structure of input-output relationship.

Variable importance analysis (VIA) is the set of statistical techniques whose objective

is to assess the influence or relative importance of the input variables (also referred to as

factors, features), described by a random vector X : {X1, ..., Xp} ∈ Rp, on the output(s)

variable(s) Y : {Y1, ..., YK} ∈ RK . Depending on the nature of Y, the supervised

Machine Learning problem is a regression if the output is intrinsically numerical or a

classification if it is categorical (binary or multiclass). The aim is to find a mathematical

model f̂ : X → Ŷ that approximates the unknown function f : X → Y (i.e. Y =

f(X) + ε). The relationship that maps the input variables to the output(s) can be

1



CHAPTER 1. INTRODUCTION

defined either by a parametric or nonparametric model. In both cases the main goal

is to predict, after training the model, new observations with high accuracy. Variable

importance analysis allows us to analyze/understand the impact of input variables, rank

and select the most influential inputs (i.e. input variables with the highest prediction

power), and drop the non-relevant ones from the model [3, 4] in order to ultimately:

• Improve the accuracy of the machine learning algorithms.

• Measure the complex interactions among factors in a nonlinear context.

• Provide a smaller number of relevant input variables without losing explanatory

power.

• Increase the efficiency of data storage and processing time by removing nonrelevant

variables.

• Improve the interpretability/explainability of the predictive model.

Variable importance analysis can be performed at both local or global levels. When

applied at a local level, the objective is to provide insights related to the influence of

feature values of a specific observation (x = (xi1, ..., xip)|Ni=1 ∈ X) and its immediate

environment on the model prediction. On the other hand, the global analysis provides

an average understanding of the importance of the input variable on the model output.

An introductory goal of this thesis is to present an overview of recent techniques for

variable importance analysis based on Machine Learning techniques and Global Sensi-

tivity analysis, and ultimately propose new methodologies for challenging problems such

as importance analysis when dealing with multioutput response models or imbalanced

datasets.

The objectives and outline of the thesis are:

1. Present a comprehensive overview of variable importance techniques developed us-

ing two close in spirit approaches, Global Sensitivity Analysis where the analysis

is performed from an analytical expression of the model and Machine Learning

2



methods where the analysis is performed using the available data. The described

variable importance techniques are categorized based on the type of model used to

map the input-output relationship (parametric or nonparametric), the statistical

framework used (Bayesian to Frequentist approaches) or the scope of the analysis

(local or global importance analysis). A review of recent techniques, the connec-

tions among them and a study of the suitability of each method for each type of

problem is presented. The methodology behind these techniques is discussed, with

special attention placed on Decision Tree algorithms, Frequentist (CART, CIT)

and Bayesian (BART, Dynamic Trees).

2. The initial contribution of this thesis is to scale and extend the problem of variable

importance analysis (VIA) to the multioutput context. Due to the intrinsic nature

of the dataset with dependence among input variables and complex interactions,

variable importance analysis can become a complex problem, even more challeng-

ing in the multioutput case. In this scenario, unless the output variables are inde-

pendent, the possible relationships among output variables also need to be taken

into consideration. A new method, the Euclidean Probabilistic Distance algorithm

(EPD), is proposed to assess the importance of variables in multivariate response

scenarios based on: the permutation importance framework [5], the Conditional

Inference Trees algorithm [6] and a χ2-probability distance measure that captures

the dissimilarities between multivariate error probability distributions. We first

detect the linear dependencies among the output variables dropping those that are

linearly dependent, to then apply the Gram–Schmidt orthogonalization procedure

to the remaining output variables in order to measure to what extent permuting Xi

(i = 1, ..., p) contributes to the variability of the responses independently. This first

approach outperforms its close in nature competitors (Intervention Prediction Mea-

sure, IPM [7] and the Sequential Multi-Response feature selection, SMuRFS [8])

when the input-output model is highly nonlinear. The EPD algorithm was tested

in simulated datasets along with a real-world problem. For the real case applica-

tion, we find the relative impact of energy and calendar predictors on the price

3



CHAPTER 1. INTRODUCTION

and demand of electricity jointly. Although the proposed method performs better

than its competitors, it is still computationally inefficient. The method was further

computationally enhanced through parallel programming. The accuracy of variable

importance techniques relies on the tuning of the set of hyperparameters that gov-

ern the base learner. In this first work we proposed a hyperparameter Sensitivity

Analysis framework for variable importance techniques based on a variance-based

approach using Global Sensitivity Analysis. The so-called greedy method aims to

determine the relative importance of the hyperparameters that control the base

learner, Conditional Inference Tree (CIT) algorithm. This first study has been

published under the title "Multi-output conditional inference trees applied to the

electricity market: Variable importance analysis" [9].

3. As an extension of the previous point, an additional contribution was to investigate

different approaches to assess the importance of variables in multiclass classifica-

tion problems when dealing with imbalanced datasets. Recent variable importance

methods use the mean of the distribution of the errors generated by the base learner

to assess the importance of the predictors, however, when dealing with imbalanced

datasets, the relevant information is found in the tail of the distribution of these

errors. Thus, instead of considering the first moment of the distribution (i.e. a

summary of these errors), we leverage the information related to missclassification

errors generated by the base learner and build a new algorithm that captures dis-

similarities between the error distributions. We propose two methodologies for the

imbalanced multiclass problem. Both approaches use the probability vector gen-

erated when evaluating the observations used by the classifier (P (ck|X = x)|lk=1

each element of the probability vector represents the level of membership to each

class). First, the Volume Under the Surface (VUS) performance metric was tested

to capture the deviations observed on the predicted probabilities before and after

permuting the values of the input variable under analysis. Second, an improved

version of the Euclidean Probabilistic Distance (EPD) algorithm was proposed,

known as the mh-χ2 algorithm. While the EPD algorithm assigns the same weight
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to the errors for all outputs, mh-χ2 algorithm allows us to consider the dependence

structure of the errors made by the CIT learner for each output variable in the

analysis. This is achieved through the computation of the Mahanalobis distance

which considers the correlation among the output errors. Based on the permuta-

tion importance framework, the proposed mh-χ2 algorithm captures the dissimi-

larities between the distribution of misclassification errors generated by the base

learner, Conditional Inference Trees, before and after permuting the values of the

input variable under analysis. Third, a parametric solution based on Multi-output

Global Sensitivity Analysis (GSA) was investigated. The GSA solution uses the

Covariance decomposition methodology for multivariate output models to estimate

the sensitivity indices that describe the single, interaction, and total effects of each

input variable on the multivariate response. Both solutions, parametric and non-

parametric, were assessed in a comparative study of several Random Forest-based

techniques with emphasis on the multiclass classification problem with different

imbalanced scenarios. We applied the proposed techniques in two real applica-

tions. First, to quantify the importance of the 35 companies listed in the Spanish

market index, IBEX35, on the economic, political and social uncertainties reflected

in economic newspapers in Spain during the first quadrimester of 2020 due to the

SarsCov-2 pandemic. Second, to assess the impact of energy factors on the occur-

rence of spike prices on the Spanish electricity market. This second study has been

published under the title "Variable Importance Analysis in Imbalanced Datasets:

A New Approach" [10].

This thesis is organized in 6 chapters. Chapter 1 introduces the thesis. Chapter 2

contains an overview of recent Global Sensitivity analysis techniques. Particular atten-

tion is placed on distribution-based and multivariate response methods. Distribution-

based methods share similarities with the proposed variable importance technique, mh-

χ2, since both methods assess the importance of variables by computing dissimilarities

between probability distributions. Chapter 3 discusses recent developed variable im-

portance techniques based on Machine Learning algorithms. We discuss and compare
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different methods ranging from linear models, decision tree techniques to most recently

model-agnostic alternatives for both local and global importance analysis and different

scenarios (univariate and multivariate response datasets). We present the components

and framework from which we build the proposed variable importance techniques, algo-

rithms EPD and mh-χ2,which we describe in chapters 4 and 5 respectively. Chapters

4 and 5 are the core of this thesis. Chapter 4 presents the proposed EPD algorithm,

for VIA in multivariate response regression problems. Chapter 5 presents the mh-χ2

algorithm, which is an extension of the previous one since it improves its capabilities of

dealing with possible dependence among output errors made for each output variable, is

suitable for imbalanced classification problems, while also being computationally more

efficient. The thesis conclusions are found in chapter 6 with stated future work related

to the variable importance analysis topic.
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Chapter 2

Literature review: Global

Sensitivity Analysis

This chapter provides an overview of recently developed variable importance techniques

based on Global Sensitivity Analysis (GSA). Sensitivity Analysis is an essential step in

the design of a model since it allows to gain insights onto its behavior. In GSA (also

referred to as Uncertainty Quantification, UQ) the aim is to measure how the uncertainty

of the model output varies with respect to the changes in the input variables. Researchers

and practitioners use Sensitivity Analysis (SA) to measure the influence of factors on

the output(s) to ultimately enhance the modelling process of the input-output system.

Hence, SA allows one to produce more robust analyses, helping us to judge the quality

of the model.

Consider the model Y = f(X) that links a random input vector X = (X1, ..., Xp) ∈

Rp with Probability Density Function (PDF) pX to a random output vector Y =

(Y1, ..., YK) ∈ RK with pY. Global Sensitivity Analysis (GSA) [4] studies the global

influence of individual or groups of input variables on the model output by measuring

how the variability of the input variables affects the variability of the model output.

Although several sensitivity analysis methods exists in the literature, the most popular

methods for GSA used in practice due to their easy explanation and fast computation
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are categorized as Variance-based (or moment dependent) and the distribution-based (or

moment independent). In this chapter, an overview of the existing methods is presented

and the theory behind these methods is discussed along with the estimation of global

sensitivity measures for different types of problems: from scenarios with independen-

t/dependent input variables to the more general multivariate output problem (Figure

2.1).

Figure 2.1: Global Sensitivity Analysis methods

2.1 Moment dependent: Variance-based approach

Variance-based methods for GSA aim to decompose the variance of the model output

Y = f(X) (Y : single output and Y: multioutput) due to the variance of the input vari-

ables and interactions among them using the functional decomposition of f(X) known

as Hoeffding decomposition [11]:

f(X) = fo +
p∑
i=1

fi(Xi) +
∑
i

∑
j>i

fij(Xi, Xj) + ....+ f12...p(X1, ..., Xp) (2.1)

where, fi(Xi) provides information on how the variation of Xi affects the variation

of f(X). Similarly, fij(Xi, Xj) quantifies how Xi and Xj are interacting and impacting
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the variance of f(X).

If the input variables X = (X1, ..., Xp) are independent and E[f2(X)] < ∞, then

the Hoeffding decomposition is unique and is referred as ANOVA-decomposition where,

fo = E[f(X)], fi(Xi) = E[f(X)|Xi] and fu(Xu) = E[f(X)|Xu] −
∑
v⊂u fv(Xv) for

u ⊆ (1, 2, ..., p).

By computing the variance of each term on both sides of Equ. (2.1), we can decom-

pose the variance of the model output in variance terms of increasing dimensionality:

V (Y ) =
p∑
i=1

Vi +
∑
i

∑
j>i

Vij + ....+ V12...p (2.2)

By dividing both sides of Equ. (2.2) by V (Y ) we obtain the equality:

1 =
p∑
i=1

Si +
∑
i

∑
j>i

Sij + ....+ S12...p (2.3)

where Si, Sij and STi are the so-called Sobol indices [12]. The indices measure the

individual Si, interaction Sij and total effect STi of the input variables on the variability

of the model output.

Si = VXi [EX∼i [Y |Xi]]
V (Y ) (2.4)

STi = EX∼i(VXi(Y |X∼i))
V (Y ) = 1− VX∼i(EXi(Y |X∼i))

V (Y ) (2.5)

The numerator in Equ. (2.4) expresses the expected decrease in V (Y ) if we fix Xi,

while VX∼i(EXi(Y |X∼i)) expresses the expected decrease in V (Y ) when we fix all input

variables X∼i except Xi.

For instance, given a model with 3 input variables (Y = f(X1, X2, X3)), the total

effect (ST1) of X1 on Y is:

ST1 = S1 + S12 + S13 + S123 (2.6)

9



CHAPTER 2. LITERATURE REVIEW: GLOBAL SENSITIVITY ANALYSIS

where, S12 stands for the interaction of second order and expresses the contribution

of X1 when interacting with X2 to the output variation of Y . Similarly, S123 is the

contribution of X1 when interacting with X2 and X3 to the output variation of Y .

The computation of the Sobol indices requires the evaluation of multidimensional

conditional expectation and variances, which becomes unfeasible when dealing with

high-dimensional problems. Although several numerical methods exist, the main two

estimation techniques are the Monte-Carlo estimates [12] and the Fourier Amplitud

Sensitivity Test (FAST) [13].

Monte Carlo technique for Sensitivity indices estimation

The estimation of VXi [EX∼i [Y |Xi]] for Si and EX∼i(VXi(Y |X∼i)) for ST i using the

Monte-Carlo integration method consists of (also known as Pick-Freeze technique [14]):

1. Generate a random matrix [N x 2p] with independent columns (quasi-random

numbers normally uniformly or normally distributed) where N is the number of

observations and p the number of input variables.

2. Divide the previous matrix into two matrices, A and B, where A is formed by the

[N x p] samples and B the [N x (p+ 1, 2p)].

3. Define a third matrix Ci, where all its columns are taken from the matrix B except

the column i (i = 1, 2, ..., p). The column i in Ci is replaced with the corresponding

i column taken from A.

4. Given the specific model Y = f(X) compute:

(a) YA = f(A) ; YB = f(B) ; YCi = f(Ci)

(b) The estimates for Si and ST i are:

Si = (YA · YCi)− f2
o

(YA · YA)− f2
o

(2.7)

STi = 1− (YB · YCi)− f2
o

(YA · YA)− f2
o

(2.8)

10
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where,

f2
o = ( 1

N

N∑
i=1

Y i
A)2 (2.9)

The Monte-Carlo estimate becomes computationally more demanding when N , the

number of simulations, is significant. Other alternative estimators for Si and ST i can be

found in [15].

FAST technique

Although higher-order effect terms cannot be estimated with FAST (i.e. only Si

and ST i), this technique is computationally cheaper compared to the MC estimate. The

idea behind the FAST technique is based on the Ergodic theorem [16], which allows to

transform the multivariate integral found in the evaluation of the conditional expectation

and variance in Si and ST i into mono-dimensional integrals.

Let the model output f(X) = f(X1, ..., Xp) be defined in the p-dimensional unit

cube Kp = (X|0 ≤ Xi ≤ 1; i = 1, ..., p) and consider the transformation for each input

variable defined as:

Xi(s) = gi(sin(wi · s)), i = 1, ..., p,−∞ ≤ s ≤ ∞ (2.10)

It is possible to select a set of independent frequencies {w1, ..., wl}, each one associ-

ated with a different input variable, so that the vector X(s) = (X1(s), ..., Xp(s)) traces

out a curve that fills the p-dimensional unit cube and the multidimensional integral

f0 =
∫
kp f(X)dX can be estimated with a mono-dimensional integral that reads:

f̂o = lim
T→∞

1
2T

∫ T

−T
f(X(s))ds (2.11)

In practice, to avoid the interference among higher armonics, only a set of integer

frequencies are selected. As a consequence, the curve does not fill the entire input space,

but becomes a periodic curve with T = 2π. This allows us to approximate Equ. (2.11)
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to:

f̂o '
1

2π

∫ π

−π
f(X(s))ds (2.12)

We can now apply the Parseval Theorem to Equ. (2.12) to estimate the sensitivity

estimates as follows [17]:

1. Set ui(s) = gi(sin(wis)), where s ∈ [0, 2π], wi are selected independent frequencies

and gi(v) = 1
2 + 1

πarcsin(v) ; v = sin(wis), then:

ui(s) = 1
2 + 1

π
arcsin(sin(wis))

2. Transform each ui using the inverse CDF, i.e. Xi = F−1(ui), ∀i = 1, ..., p.

3. Evaluate f(X(s)) and compute the Fourier coefficients:

cw = 1
π

∫ 2π

0
f(X(s))e−iwsds (2.13)

Being an estimator of 2.14:

ĉw = 2
N

N∑
k=1

f(X(sk))e−iwskds (2.14)

where N is the number of simulations.

4. Compute the Si and ST i as:

Si =
∑∞
l=1 |clwi |2∑∞
w=1 |cw|2

; ∀i = 1, ..., p (2.15)

ST i =
∑N/2
w=wi/2+1 |cw|

2∑N/2
w=1 |cw|2

;∀i = 1, ..., p (2.16)
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A comparison and relationship between MC and FAST methods can be found in [18].
1

So far, we have described the context where input variables are independent (Xi ⊥

Xj ∨ i 6= j). However, scenarios where certain dependence structure exists among input

variables are more often found in real problems. Researchers have adapted the existing

GSA methods to deal with these more realistic scenarios and proposed new techniques to

estimate the sensitivity indices. For instance, the solution proposed by [19], assessed the

importance of each predictor Xi with respect Y , by first decorrelating the input variables

using the Gram-Schmidt procedure and then applying the variance-based approach to

the decorrelated input variables. The importance of each input variable according to this

orthogonalization procedure relies on the order used to perform the orthogonalization.

[20] suggested a new procedure using figures of merit. [21] generalized the computation

Sobol indices (Si, ST i) using the Monte Carlo integration approach while modeling the

dependence structure via Copula functions. The Copula approach has been applied to

model the dependence structure of input variables in all GSA-variance based methods

(ANOVA-decomposition [21] covered in section 2.1, Polynomial Chaos Expansion [22]

covered in section 2.2.1, Game Theory [23] covered in section 2.3). See Appendix A for

a brief overview of Copula theory.

Dependent input variables

[24] generalized the ANOVA decomposition for models with correlated input vari-

ables and named it the ANCOVA (Analysis of Covariance) decomposition:

f(X) = fo +
p∑
i=1

fi(Xi) +
∑
i

∑
j>i

fij(Xi, Xj) + ....+ f12...p(X1, ..., Xp) =

= fo +
∑

u⊆{1,...,p}
fu(Xu)

(2.17)

1The R package Sensitivity presents different estimators for the sensitivity indices.
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We compute the variance of both sides of Equ. (2.17):

V (Y ) = E[(Y − E[Y ])2] = Cov[Y,
∑

u⊆{1,...,p}
fu(Xu)] =

=
∑

u⊆{1,...,p}
Cov[Y, fu(Xu)] =

=
∑

u⊆{1,...,p}
[V (fu(Xu)) + Cov[fu(Xu),

∑
u⊆{1,...,p},v∩u6=0

fv(Xv)]]

(2.18)

The variance of Y is due to the variance of Xu and the covariance of Xu with Xv.

The covariance term in Equ. (2.18) is zero when the inputs are independent. Based on

the previous Variance-Covariance decomposition, the sensitivity indices are defined by

dividing each term of Equ. (2.18) by V (Y ):

Su = Cov(fu(Xu), Y )
V (Y )

Suu = V (fu(Xu))
V (Y )

Scu =
V (fu(Xu),

∑
u⊆{1,...,p},v∩u6=0 fv(Xv)
V (Y )

Su = Suu + Scu

(2.19)

Su is the total effect of Xu on Y . Suu is the uncorrelated contribution of Xu on

the variance of Y and Scu is the contribution of Xu when it correlates with Xv on the

variance of Y .

The 2-way interaction effect of Xi and Xj is defined as:

Sij = Cov(fij(Xi, Xj), Y ))
V (Y ) (2.20)

Although the Copula solution requires us to know the probability distribution func-

tion (join and conditional) of the input space from which we draw samples in order to

estimate the sensitivity indices, it avoids any orthogonalization procedure of the input

variables. Once the dependence structure is defined using Copulas, we can apply the

known GSA methods (i.e. Monte Carlo estimation of sensitivity indices).

Simulating from copulas
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To estimate the sensitivity indices using the copula approach and Monte Carlo sim-

ulations, we need to draw samples from random variables characterized by their depen-

dence structure. Given the marginals of the random variables and the Copula function

describing the dependence structure, we can build the joint cumulative density function

from which we draw samples to then perform the Monte Carlo simulations.

Given p arbitrary random variables (rvs) described by their marginal CDFs, i.e.

Xi ∼ Fi(Xi) i = 1, ..., p and the copula function Cp(·) characterizing the dependence

structure between the rvs, we can simulate samples from the joint distribution X ∼ F (X)

following the next steps:

1. Simulate samples uj j = 1, ..., N from a random vector U with dependence struc-

ture given by the copula function Cp(·) and uniform marginals U ∼ Unif(0, 1).

2. Transform the samples uj into samples xj by applying the inverse cumulative

distribution function xj = F−i (uj).

Now, given the estimated joint CDF X ∼ F (X), we compute the joint PDF, X ∼

Φ(X) and apply Monte Carlo integration:

• Given the random vector X ∼ F (X), and the deterministic function f : X → Y .

The expectation of f using Monte Carlo integration is:

EΦ[f(X)] =
∫

X
f(X)Φ(X)dX (2.21)

• An estimate for Equ. (2.21) is:

ÊN = 1
N

N∑
j=1

f(x(j)) (2.22)

where x(j) ∼ Φ(X) samples from the density function Φ(X).

The difficulty comes when trying to simulate the copula function Cp(·) as these

simulations depend on the type of the copula to be used. The simple case is to assume
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that the dependence structure is characterized by a Gaussian Copula. For instance,

given the correlation matrix Σp, the algorithm to simulate the Gaussian Copula consists

of:

1. Perform the Cholesky decomposition Σp = AT ·A.

2. Generate i.i.d standard normal random variables X1, X2,..., Xp = X.

3. Compute X = A ·X.

4. Transform Ui = Fi(Xi) i = 1, ..., p, where Fi is the standard normal CDF.

5. Compute the copula function as:

C(u1, ..., up; Σu) = F(F−1
1 (u1), ..., F−1

p (up); Σp) (2.23)

where F is the multivariate normal CDF.

[21] applied the Copula approach to estimate the Sobol sensitivity indices when the

input variables are dependent. Let f(X1, ..., Xp) be the deterministic model function

that maps the input vector X ∈ Rp to the output variable Y . The input rv X =

(X1, ..., Xp) is described by the Probability Density function p(X1, ..., Xp) characterized

by certain dependence structure defined by a Copula function Cp(·). The output variance

is assumed finite V (f(X)) = V (Y ) <∞. Consider the subset variables: (XA, XB), where

XA = (Xi1, ..., Xis), 1 ≤ s ≤ n and XB is the complementary of XA. The total variance

V (Y ) can be decomposed using the Law of total variance as:

V (Y ) = VXA [EXB (f(XA, XB))] + EXA [VXB (f(XA, XB))] (2.24)

Here XB is generated from the joint PDF p(XA, XB) and XB from the conditional

PDF p(XA, XB|XA).
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Dividing Equ. (2.24) by V (Y ) we can define the main and total effects of the subset

XA on Y :

1 = VXA [EXB (f(XA, XB))]
V (Y ) + EXA [VXB (f(XA, XB))]

V (Y ) = SXA + STXB (2.25)

Similarly,

STXA = EXB [VXA(f(XA, XB))]
V (Y ) (2.26)

where,

STXA = 1
2V (Y )

∫
Rp+s

[f(XA, XB)−f(XA, XB)]2 ·p(XA, XB)·p(XA, XB|XB)dXAdXAdXB

(2.27)

By modeling the dependence structure with copulas, it is possible to simulate the

PDF p(XA, XB) and the conditional p(XA, XB|XB). By applying the MC integration

technique we can estimate Equ. (2.27) by:

STXA =
1
N

∑N
i=1(f(XAj , XBj)− f(XAj , XBj))2

2V (Y ) (2.28)

The major drawback of estimating the sensitivity indices using the Copula approach

is the appropriateness of the selected Copula function since its election determines the

suitability of the joint density functions from which we estimate the sensitivity indices.

However, its easy interpretability and computation cost makes it extensively used among

practitioners.

Apart from the copula approach, the dependence between input variables can also

be modelled using isoprobabilistic transformations such as the Rosemblatt or Nataf

transformations [25]. The Nataf transformation is closely related to the Copula approach

when the dependence structure is modeled by a Gaussian copula function. However, its

advantage compared to the Copula approach is that in order to model this dependence,

we only need to know the marginal CDF of the input vector X ∈ Rp and the correlation
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matrix RX. On the other hand, its use is only suitable where tail dependencies are not

taking into consideration. In the case of the Rosemblatt transformation, its use is limited

to the case when conditional CDFs are known, which in practice is hard to encounter.

Nataf Transformation

Given the random input vector X = (X1, ..., Xp) ∈ Rp with marginal CDFs Fi(Xi),

i = 1, ..., p and Correlation matrix RX, we can use a set of correlated standard nor-

mal variables Zc = (ZC1 , ..., ZCp ) with correlation matrix RZ to generate the correlated

random vector variable X with correlation RX using the Nataf transformation as:

Xj = F−1
Xj

(Φ(ZCj )),∀j = 1, ..., p (2.29)

where Φ is the CDF of the standard normal variable.

The simulation process to generate X is:

1. Generate samples of Zc = (ZC1 , ..., ZCp ) with the desired RZ ≈ RX using:

(a) RZ = L · LT , where L is the Cholesky decomposition of Zc.

(b) Generate independent normal random vector Z = (Z1, ..., Zp).

(c) Compute the samples Zc as:

Zc = Z · LT (2.30)

2. Transform Zc → X using the Nataf transformation:

Xj = F−1
Xj

(Φ(ZCj )), ∀j = 1, ..., p (2.31)

[17] adapted the FAST numerical method to estimate the single and total effect

indices while modeling the dependence among input variables using the Rosenblatt and

Nataf Transformations. To account for the dependence, [17] proposed four new sensi-

tivity indices. Again, let f(X1, ..., Xp) be the deterministic model function that maps

the input vector X ∈ Rp to the output variable Y . The input rv X = (X1, ..., Xp)

is described by the Probability Density function p(X1, ..., Xp) characterized by certain
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dependence structure. The output variance is assumed finite V (f(X)) = V (Y ) < ∞.

Consider the subset variables: (XA, XB), where XA = (Xi1, ..., Xis), 1 ≤ s ≤ n and XB

is the complementary of XA, the new sensitivity indices are defined as:

SXA =
VXA [EXB [f(X)|XA]]

V (Y )

ST indXA
=
EXB [VXA [f(X)|XB]]

V (Y )

(2.32)

Equ. (2.32) measure the single and total contributions of XA to the variability of Y

when the dependence between XA and XB is not considered, while:

SindXA
=
VXA [EXB [f(X)|XA]]

V (Y )

STXA =
EXB [VXA [f(X)|XB]]

V (Y )

(2.33)

Equ. (2.33) measure the contribution of XA to the variability of Y when the depen-

dence is considered. In Equ. (2.32) X = (XA, XB) ∼ p(xA, xB), while in Equ. (2.33)

XA ∼ pxA|xB (xA|xB) (i.e. XB ∼ pxB |xA(xB|xA)).

If the conditional probability density functions are known, the Rosenblatt transfor-

mation can be applied to model the dependence to then compute the sensitivity indices

using the FAST technique. In case where only the marginal cumulative density functions

along with the correlation matrix are available, the sensitivity indices can be estimated

applying the Nataf transformation to the input variables to then use the FAST technique.

2.2 Moment dependent: Surrogate models

The estimation of sensitivity measures using traditional techniques (Monte Carlo or

FAST) often require a large number of evaluations, which in some cases becomes com-

putationally unfeasible. Researchers adopted the meta-modelling alternative, where the

original model is approximated by an alternative one (i.e. surrogate model) that mimics

as close as possible the behaviour of the original model. Global Sensitivity Analysis is

then applied to the surrogate model. Meta-models can be of different nature, ranging
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from linear/nonlinear models (parametric and non-parametric) such as Support Vector

Machines, Neural Networks, orthogonal polynomials (e.g. Polynomial Chaos Expansion)

or Gaussian process model (e.g. Kriging model). Due to their interpretability nature,

in this section, we discuss the two most used surrogate models for GSA [26,27]: Polyno-

mial Chaos Expansion and Kriging models. In the case of orthogonal polynomials, [28]

used the Polynomial Chaos Expansion (PCE) model to approximate the original model

and developed simple and direct new analytical expressions to estimate the sensitivity

indices.

A surrogate model fs is an approximation of the original model f with the following

characteristics: a) It is built from a limited number of simulations and b) It assumes

some general functional shape.

A surrogate model is constructed following the next steps:

1. Select the experimental design of the input space using some sample generator such

as Latin hypercube sampling (LHS), Low-discrepancy sequence (Sobol sequence),

etc. Construct the multivariate probability distribution. Each uncertainty input

variable follows certain distribution, i.e. X = (X1, ..., Xp) ∈ Rp, Xi ∼ fi, i =

1, ..., p. The result is X.

2. Generate random samples from the multivariate probability distribution.

3. Evaluate X on the original model f . The result is the dataset [Y ; X].

4. Fit the surrogate model using [Y ; X]. The result is Y = fs(X).

The reliability of the estimated importance measures when using surrogate models

can be measured in terms of the predictive power of the approximated model through

the Q2 coefficient Equ. (2.34) and the generalization error (GE) ErrL2E[(Y − Ŷ )2].

Q2(Y, Ŷ ) = 1−
∑ntest
i=1 (Yi − Ŷi)2∑ntest
i=1 (Ȳ − Yi)2 (2.34)

where ntest is the sample size not used to fit the surrogate model, Yi|ntesti=1 the test

samples, Ȳ the empirical mean and Ŷi|ntesti=1 the predictions generated by the surrogate
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model. Notice that Q2 depends on the learning sample n = ntrain + ntest. The quantity

1−Q2 tells us the variance of the model not considered in the Global Sensitivity Analysis

(GSA). It is crucial then for a meaningful GSA to ensure that the chosen approximated

model provides high Q2 value (e.g. values higher than 70% are acceptable). The GE

can be estimated by the empirical error Êrr Equ. (2.35):

Êrr = 1
N

ntest∑
i=1

(Yi − Ŷi)2 (2.35)

or the relative empirical error rÊrr Equ. (2.36):

rÊrr =
∑ntest
i=1 (Yi − Ŷi)2∑ntest
i=1 (Yi − Ȳ )

(2.36)

2.2.1 Polynomial Chaos Expansion model

Consider the input random vector X ∈ Rp with given probability density function fX =∏p
i=1 fXi(xi) (for simplicity, we assume independence between input variables). Assume

that the random output Y ∈ RK has finite variance and is linked to the input through

a deterministic function such that we can represent the model as:

Y =
∑
α∈Np

aαΨα(X) (2.37)

where {aα, α ∈ Np} are the coefficients to be determined, Ψα(X) are the basis

functions made of multivariate polynomials defined as:

Ψα(X) =
p∏
i=1

Ψ(i)
αi (xi)

E[Ψα(X) ·Ψβ(X)] = δα,β

(2.38)

α is the multi-index {α1, ..., αp}, αi ≥ 0,
∑p
i=1 ≤ d, δα,β is the Kronecker delta.

For each fxi(xi) we can define the integral:

< P
(i)
j , P

(i)
k >=

∫
P

(i)
j (x) · P (i)

k (x) · fxi(x)dx = δjk (2.39)

21



CHAPTER 2. LITERATURE REVIEW: GLOBAL SENSITIVITY ANALYSIS

where {P (i)
k ,K ∈ N} are univariate orthogonal polynomial basis. Depending on the

distribution followed by the input variables, we define the type of orthogonal polynomial

basis (Table 2.1)

Distribution Orthogonal polynomial
Uniform Xi ∼ U(−1, 1) Legendre Pk(x)
Gaussian Xi ∼ N(0, 1) Hermite Hek(x)
Gamma xae−x1R+(x) Laguerre Lak(x)

Beta 1]−1,1[(x) (1−x)a(1+x)b
B(a)B(b) Jacobi Ja.bk (x)

Table 2.1: Distribution - Orthogonal Polynomial

Legendre polynomials can be generated following the relationship:

P0(x) = 1

(n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1

Example, P0(x) = 1, P1(x) = x, P2(x) = 1
2(3x2 − 1), P3(x) = 1

2(5x3 − 3x).

Hermite polynomials can be generated using:

He0(x) = 1

Hen+1(x) = xHen(x)− nHen−1(x)

If Xi does not follow a traditional distribution, it can be transformed to a known

distribution Φ (Table 2.1) by:

X̄i = Φ−1(Fi(Xi)) (2.40)

and train the PCE model using (X̄, Y ).

Equ.(2.37) involves an infinite number of terms, which in practice needs to be trun-

cated. One truncation scheme consists of setting the total degree of a polynomial as

|α| =
∑p
i=1 αi and the set of multi-indices as Ap,l = {α ∈ Np : |α| 6 l} where l is the
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total polynomial degree. Then, the PCE model can be rewritten as:

Y ' fPCE(X) =
|A|∑
k=1

aαΨαk(X) (2.41)

where |A| = (p+l)!
p!·l!

The PCE coefficients a = (aα1, aα1, ..., aα|A|) can be obtained, for instance, minimiz-

ing the least square residuals:

a = argmin
a∈R|A|

= E[(Y − fPCE(X))2] (2.42)

In practice, the components of X : {Xi; i = 1, ..., p} are rarely independent. One

solution is to first model the input dependencies using Copulas [29] and then transform

the input variables X into independent random variables Z using, for instance, the

Rosemblatt transform [30]. Finally, we train the PCE model using the transformed

dataset (Z, Y ) [22]. A disadvantage of the PCE model is the exponential increase of

summands Equ. (2.41) (i.e. dimensionality of the problem p). To overcome this issue,

l1-regularization can be induced in Equ. (2.42).

Now, consider a square integrable function fPCE : X → Ŷ , this function can be

decomposed using the Hoeffiding-Sobol decomposition [31]:

fPCE = µ0+
p∑
i=1

fPCEi (xi)+
p∑

16i<j6p
fPCEi,j (xi, xj)+...+fPCE1,2,...,p(x) = µ0+

∑
u⊂{1,...,p};u6=0

fPCEu (Xu)

(2.43)

where u = {i1, ..., is}, 1 ≤ s ≤ p is a subset of {1, ..., p}, xu = {xi1, ..., xis} and

E[fPCEu (xu) · fPCEv (xv)] = 0 ∀u, v ∈ {1, ..., p}, u 6= v.

By the property of orthogonality, the variance of fPCE can be expressed as the sum

of partial variances:

V ar[fPCE(x)] =
∑

u⊂{1,...,p};u6=0
V ar[fPCEu (Xu)] (2.44)

being V ar[fPCEu ] the partial variance.
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The sensitivity indices are obtained directly from the PCE representation fPCE(X) =∑|A|
k=1 aαΨαk(X) as follows [28]:

Su = V ar[fPCEu (xu)
V ar[fPCE(x)] =

∑
α∈i1,...,is a

2
α∑

0<|α|<p a
2
α

STu = 1− V ar[fPCE∼u (x∼u)]
V ar[fPCE(x)] =

∑
v⊂{1,...,p},v∩u6=0

Sv

(2.45)

The PCE approach for GSA allows us simulate through a surrogate model the sen-

sitivity indices in a straightforward and computationally efficient way. This solution,

however, is subject to the truncation scheme used to approximate the original model

and the orthogonalization procedure.

2.2.2 Kriging model

Kriging/Gaussian process model is another type of surrogate model that provides us

with an analytical expression for the Sobol indices [26,27,32].

Given a set of N realization {y(i), x(i)}i=1,...,N from the experimental design (see

2.2) where x(i) ∈ X is the random input vector and y(i) = y(x(i)), ∀i = 1, ..., N the

deterministic output. Gaussian process modelling assumes the the output y(x) is a

realization of a Gaussian process Y (x) that reads:

Y (x) = f(x) + σ2Z(x) (2.46)

where f(x) = β0 +
∑p
j=1 βj · fj(x) is the mean of Y (x), fj(x) are predefined func-

tions and Z(x) is a centered with variance σ Gaussian process, i.e. Cov(Z(x), Z(x′)) =

σ2R(Z(x), Z(x′), θ). R(Z(x), Z(x′), θ) is the autocorrelation function between the re-

alizations x and x′ characterized by the hyperparameter θ 2. If the Gaussian process

is stationary, then R(Z(x), Z(x′), θ) = R(x − x′). If we choose one-degree polyno-
2A list of correlation functions can be found in [33] Selecting the autocorrelation

function depends on the dimensionality of the problem. For low-dimensional problems
a popular function is the Matern autocorrelation function [34]. For high-dimensional
scenarios see [35]
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mial functions for f(x), then f0(x) = 1, fj(x) = xj ∀i = 1, ..., p, f(x) = F (x) · β ;

F (x) = [f0(x), ..., fp(x)] and β = [β0, ..., βp]T .

The objective is to estimate the parameters of the Kriging model {σ, β} given the

autocorrelation function hyperparameter θ3. The solution of Equ. (2.46) is:

β̂θ = (FTR−1F)−1FR−1Y

σ̂2
yθ

= 1
N

(Y − Fβ)TR−1(Y − Fβ)
(2.47)

where R is the autocorrealtion matrix, F the polynomial function matrix and Y the

output of the experimental design. Once the Kriging model is fitted, we can predict the

mean Equ. (2.48) and variance Equ. (2.49) of the output for a new sample xnew. The

variance provides us of a local error measure of the prediction, which informs us about

the prediction accuracy.

E[Y (xnew)] = f(xnew)Tβ + r(xnew)TRT (Y − Fβ) (2.48)

V ar[Y (xnew)] = σ̂2
yθ
− r(xnew)TRT r(xnew) (2.49)

where r(xnew) is the correlation between a new sample xnew and the samples X

generated in the experimental design.

We can now apply the definition of the Sobol indices Equ. (2.4) to the fitted surrogate

model Equ. (2.46). The probabilistic nature of the Kriging model allows us to generate

instead of only a single importance index, a random variable Equ. (2.50) describing

the importance of the input variable [27]. The mean of the random variable can be

interpreted as s summary of the importance index, while the entire distribution can

be seen as an indicator of its accuracy, where high variance means less reliable is the
3The autocorrelation function hyperparameter θ can be estimated using the

samples generated in the experimental design by Maximum Likelihood: θ̂ =
argmin

θ

1
N logdet(R(θ)) + log(Y TR(θ)−1Y )
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importance.

Si = V arXi [EX[Y |Xi]]
E[V arX[Y ]] ; for i = 1, ..., p (2.50)

Si is the random variable describing the first order sensitivity index for the input

variable Xi. The mean and variance of Si are defined as [32]:

µSi = E[V arXi [EX[Y |Xi]]]
E[V arX[Y ]] ; for i = 1, ..., p

σ2
Si = V ar[V arXi [EX[Y |Xi]]]

(E[V arX[Y ]])2 ; for i = 1, ..., p
(2.51)

2.3 Moment dependent: Game Theory approach

Reference [36] proposed a new sensitivity measure by combining the Shapley value from

Game theory and the conditional variance formula used to compute the Sobol indices.

Contrary to the traditional methods, the new importance measure sums up to one re-

gardless of the dependence structure of the input space and cannot be negative 4. The

new measure allows for a fair allocation5 of the response variance V (Y ) to each input

variable Xi due to its dependence and interaction with other input variables. This last

property makes the importance measure more interpretable.

Shapley value

Given N players (N input variables) X = (X1, ..., Xi, ..., Xn), a coalition is a subset

of the N players (any subset of N , including N itself, can form a coalition). A coalition

game denoted by (N, ν) is the association of each coalition k ∈ N with a real value

payoff ν(k), i.e ν : 2N → R. The Shapley value Φi(ν) of each predictor Xi is the average

contribution of the predictor to the coalition, over all coalitions where this predictor is
4Sobol indices are 0 ≤ Si ≤ 1 only if there is independence between the input variables
5Each individual input variable Xi in a subset u (i ∈ {1, 2, ..., p}) (u ⊂ p) has the

same effect as the rest of variables within the subset.
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part of:

Φi(ν) =
∑
k∈N

∆i(k)k!(n− k − 1)!
n! (2.52)

where, N is total number of predictors, k the number of subsets of predictors not

containing the input variable under assessment Xi, and ∆i(k) = ν(k ∪ i) − ν(i) is the

marginal contribution. Φi(ν) is then the average of the marginal contributions of each

predictor over all permutations of predictors6.

Consider a random input variable vector X = (X1, X2, ..., Xp) ∈ Rp that is mapped

to a random output variable Y ∈ R through a deterministic function f : X → Y ,

Y = f(X), we can quantify the contribution of each input variable Xi to the variability

of Y applying the Shapley value as follows:

Φi =
∑

u⊆p/{i}

(p− |u| − 1)!|u|!
p! (c(u ∪ {i})− c(u)) (2.53)

where u is any subset of p, i.e. u ⊆ p, p is the total number of input variables and

c(u) is the cost function that measures how much of the variance of Y is due to each

subset u. Clearly, c(0) = 0 and c(p) = V (Y ).

Reference [36] defined c(u) = V ar(Y )−E[V ar[Y |Xu]] for the single effect and c(u) =

E[V ar[Y |X−u]] for the total effect. Equ. (2.53) for the total effect reads:

Φi =
∑

u⊆p/{i}

(p− |u| − 1)!|u|!
p! ∆ic(u) =

=
∑

u⊆p/{i}

(p− |u| − 1)!|u|!
p! (E[V ar[Y |X−(u∪{i})]]− E[V ar[Y |X−u]])

(2.54)

An interpretation of the term ∆ic(u): If we define p = u ∪ v (i.e. v = −u), the term

∆ic(u) measures the expected decrease of the variance of Y if we remove the input vari-

able Xi from the subset v. Φi is then the average of this decrease over all combinations

of subsets v. For instance, given a model with four input variables (X1, X2, X3, X4)
6The Shapley value is the unique solution the satisfies the properties: Efficiency,

symmetry, dummy player and additivity, that make a fair game [37].
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and the coalition u = {X1, X2}, the term ∆3c(u) = E[V ar[Y |X4]] − E[V ar[Y |X3X4]]

measures how much the expected variance of Y decreases if we remove the X3 from the

coalition.

The two major drawbacks of the Shapley value approach are: The computation

cost of considering all possible coalitions and the estimation of the expected variance

E[V ar[Y |X−u] for each u. For the first problem, [36] used the efficient algorithm Ap-

proShapley proposed by [38] to approximate Equ. (2.53) through polynomial calculation:

φi =
∑

π∈Π(p)

1
p! (c(Pi(π) ∪ {i})− c(Pi(π))) (2.55)

where π represents the permutation of all p input variables, Π(p) all p! permutations

with p input variables and pi(π) is the set of input variables that precede the input

variable Xi in the permutation π.

Equ. (2.55) can be further approximated by only using m randomly selected permu-

tations of the total p! Equ. (2.56). The accuracy of this approximated Shapley value

depends on how we determine m. It is recommended an m as large as possible (80% of

p) to the detriment of the corresponding computation time. As we will see in the next

chapter, the Shapley value approximation method has been also proposed by [39] as a

variable importance technique when dealing with black box models (section 3.3.2).

φ̂i = 1
m

m∑
k=1

(c(Pi(πk) ∪ {i})− c(Pi(πk))) (2.56)

The estimation of E[V ar[Y |X−u] is performed via Monte Carlo simulation as detailed

in [23]. The Copula approach is adopted when dealing with a dependent structure

between input variables [36].

2.4 Moment independent: Distribution-based approach

Variance-based techniques for GSA rely on the second moment, i.e. variance, to draw

conclusions about the influence of input variables on the model output. It is often more

informative, instead of a summary of Y , to work with the entire distribution of Y in order
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to describe the variability of the model output. [40] proposed a new importance measure

based on capturing the shift on the probability density function (PDF) of the model

output when fixing the values of the input variable Xi (i = 1, ..., p) under analysis.

A major advantage with respect to Variance-based methods is its suitability for use

in problems with correlated input variables [41] and high-dimensional scenarios [42].

However, having to approximate the PDFs through Kernel density estimates can affect

the accuracy of the method.

Consider again the black box system described by the input-output model f : X→ Y ,

where the input space is defined by the random vector X = (X1, X2, ..., Xp) ∈ Rp with

PDF, ΦX, and the output variable Y by its PDF, ΦY , the idea behind the distribution-

based sensitivity measure consists of measuring the probability distance between the ΦY

and conditional ΦY |Xi=xi over all possible values of Xi (i.e. on average).

δi = EXi [
1
2

∫
|ΦY (y)− ΦY |Xi=xi(y)|dy] (2.57)

In general, the effect of any group of n input variables X ′ = (Xi1, ..., Xin) on the

model output Y is defined as:

δi1,i2,...,in = 1
2

∫
ΦXi1,Xi2,...,Xin(xi1, xi2, ..., xin)[

∫
|ΦY (y)−ΦY |Xi1Xi2...Xin(y)|dy]dxi1dxi...dxin

(2.58)

In particular, the second order interaction effect of (Xi, Xj) on Y reads:

δij = 1
2EXi,Xj [

∫
|ΦY (y)− ΦY |Xi=xi,Xj=xj (y)|dy] (2.59)

The properties of δi are (see [40] for mathematical proof):

• 0 ≤ δi ≤ 1, i.e. the importance of an input variable lies between 0 and 1.

• δi = 0, i.e., if independence exists between Xi and Y , then δi = 0.

• δi1,i2,...,ip = 1, i.e. the importance of all input variables sums up to 1.
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• δij = δi, i.e., if Y is dependent on Xi but independent on Xj , then δij = δi.

• δi ≤ δij ≤ δi + δj|i.

Reference [40] proposed a single-loop Monte Carlo estimator to compute the sensi-

tivity index δi defined in Equ. (2.57) by rewriting the equation as:

δi = 1
2

∫
ΦXi(x)[

∫
|ΦY (y)− ΦY |Xi=xi |dy]dx =

1
2

∫
ΦXi(x)|ΦY (y)− ΦXi,Y (x, y)

ΦXi(x) |dxdy =

1
2

∫
|ΦXi(x) · ΦY (y)− ΦXi,Y (x.y)|dxdy =

1
2E[|ΦXi(x) · ΦY (y)

ΦXi,Y (x.y) − 1|]

(2.60)

The procedure to estimate δi is described below:

1. Generate N observations of the random input vector X = (X1, X2, ..., Xp) with

PDF ΦX(x).

2. Evaluate each observation using the input-output model f : X → Y , i.e. Yk =

f(Xk), k = 1, ..., N .

3. Using a Gaussian Kernel K(z) = 1√
2π exp−1

2u
2 and the samples (Xk, Yk), estimate

the conditional PDFs Φ̂Y (y) and Φ̂Y,Xi(x, y) as:

Φ̂Y (y) = 1
N · h

N∑
k=1

K(y − yk
h

)

Φ̂Y,Xi(x, y) = 1
N · h1h2

N∑
k=1

K(x− xk
h1 ) ·K(y − yk

h2 )
(2.61)

where h, h1 and h2 are bandwidths that needs to be estimated. The convergence

of these estimated PDFs is key for an accurate sensitivity indices estimation.

4. The estimate of δi is then:

δ̂i = 1
2

N∑
k=1
| Φ̂Xi(xik)Φ̂Y (yk)

Φ̂Xi,Y (xik, yk)
− 1| (2.62)
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The distribution-based sensitivity measure can also be computed using the Cumula-

tive density function (CDF) [43], applying again a Kernel technique to approximate the

distribution and Monte Carlo integration to estimate the importance measure.

2.5 Multivariate response scenario

Most recently, many models are characterized by a multivariate output. The compu-

tation of individual sensitivity analysis performed to each output individually can be

a burden where the result is a set of indices that can be redundant and hence hard to

interpret. In this context, it is important to consider not only the dependence between

input variables but also the statistical relationships between the outputs. In this section

an overview of proposed GSA methods used to assess the simultaneous influence of a set

of input variables on the multivariate output model is presented.

Methods for GSA for multioutput scenarios can be categorized as:

• Output decomposition methods where either a projection transformation tech-

nique [44] is applied to the multivariate response or a decomposition technique

(i.e. PCA, Gram–Schmidt) is first used to transform the multioutput variable

into independent output variables to then perform the existing univariate GSA

methods [45,46].

• Adaptation of univariate GSA methods to directly deal with the multioutput case.

This strategy allows one to account for the possible interactions (i.e. dependency)

among output variables. In this category, two main approaches have been pro-

posed:

– Covariance decomposition methods: Covariance-based and PCE-based [28,

47,48].

– Probability distribution-based approach .

A natural extension of the variance-based approach to estimate the sensitivity in-

dices is the Covariance-based decomposition method. [14] generalized the concept to the
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multioutput context by applying the Hoeffding decomposition of the multioutput model

Y = f(X) (Y = (Y1, ..., Yk) ∈ Rk and X = (X1, ..., Xk) ∈ Rp):

f(X) = fo + fv(Xv) + fu(Xu) + fu,v(Xu,Xv) (2.63)

where u is a subset of s = {1, ..., p} and v the complement of u, i.e. v = s \ u. By

computing the covariance of Equ. (2.63), we can express the covariance matrix of the

model output Cov(f(X)) as the sum of partial covariance matrices due to the variations

in variables u, v and their interactions.

CY = Cv + Cu + Cv,u (2.64)

By multiplying each side of Equ. (5.7) by the identity matrix I we can project these

matrices into a scalar value and take the trace which will lead to the definition of the

generalized Sobol indices for multioutput scenarios proposed by [14]:

Sv(I; f) = Tr(ICv)
Tr(ICY) ;

Su(I; f) = Tr(ICu)
Tr(ICY) ;

Sv,u(I; fc) = Tr(ICv,u)
Tr(ICY)

(2.65)

where, Sv +Su+Sv,u = 1 (only true if independence between input variables is met).

These sensitivity indices are estimated using the Monte Carlo Pick-Freeze method

described in [14]. The idea is to measure how the freeze of variables (one variable in

the case of single effect Si or all variables except Xi for the total effect STi) affects the

variability of the model output.

Similar to the proposed machine learning-based algorithm for VIA, mh-χ2 algorithm

(chapter 5, thesis contribution), the based-divergence measure approach, consists of

computing sensitivity indices based on the Probability Integral Transformation (PIT-

SA) [49]. Given a multioutput variable Y = (Y1, ..., Yr) characterized by its CDF V =

FY (Y1, ..., Yr), the PIT of Y is defined as KV (v) = P (V < FY (Y1, ..., Yr)). KV (v)

provides information about the correlations among Y [49].
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• If we fix the input variable under analysisXi = x∗i and computeKV |x∗i (v) = P (V <

FY (Y1, ..., Yr)), the effect of Xi on Y can be measured by the difference between

S(Xi) =
∫ 1

0 |KV (v) −KV |x∗i (v)|. In order to make the computations independent

from the fixed point x∗i we average over all point of Xi and find the average impact

of Xi on Y.

EXi(S(Xi)) =
∫ ∞
∞

fXi(xi)[
∫ 1

0
|KV (v)−KV |x∗i (v)|]dxi (2.66)

where fXi(xi) is the PDF if Xi.

• The sensitivity index corresponding to Xi is:

Si = 1
2EXi(S(Xi)) (2.67)

The larger Si the more important Xi is for the multivariate output. An important

advantage of distribution-based techniques is their suitability to problems with depen-

dency between input variables while also considering correlations between the outputs

in the multioutput case, however, their computational cost makes them unfeasible and

limited to non-expensive low dimensional models.

Other GSA methods are shown in Table 2.2.

Single Output and Xi inde-
pendent Xj

Single Output andXi depen-
dent Xj

Multi-output and Xi inde-
pendent Xj

Sobol method [50,51], FAST
[13, 52], Divergence measure
[40]

Sobol method [19, 53],
Shapley values [54], Gram-
Schmidt method [19],
FAST [17], Divergence mea-
sure [55], Non-parametric
methods [56]

PCA [46], Hoeffding-sobol
decomposition [14], HSIC
[57], Wavelets [58], Diver-
gence measure [49,59].

Table 2.2: Variance-based sensitivity analysis techniques
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2.6 Conclusion

Sensitivity measures using GSA can be categorized as:

• Moment dependent techniques consisting of Variance-based, PCE, Kriging model

and Game Theory approaches. The most used numerical methods to estimate the

importance indices are:

– Monte Carlo integration.

– Fourier Amplitud Sensitivity Test (FAST).

– Polynomial Chaos Expansion.

– Shapley value.

• Moment independent or distribution-based techniques. The most used numerical

method to estimate the importance indices is:

– Divergence probability measures.

The dependence structure is modelled using Copulas or an isoprobabilistic transfor-

mation.

GSA methods are important tools to gain insights about the relationships between

the input-output model variables. However, having to know beforehand the distribution

of the input space and/or estimating the copula function that defines the dependence

structure, makes this variable importance solutions limited to certain type of problems.

A possible solution is to use surrogate models to approximate the real one. Although,

when using a surrogate model, the sensitivity indices computed from the approximated

model are again approximated importance values. Also, these methods rely on assump-

tions related to the dependence structure of the input space as well as the linearity of

the function that maps the input and output variables. Therefore, more effort needs to

be placed on the appropriateness of the selected surrogate models as well as a correct

modelling of the dependence structure.
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2.6. CONCLUSION

An alternative to GSA is to use data-driven solutions based on machine learning

techniques and leverage their intrinsic capabilities to perform variable importance anal-

ysis. In the next chapter, an overview of available techniques based on machine learning

is presented. The distribution-based approach for GSA shows some similarities with the

proposed variable importance technique, mh-χ2 algorithm (chapter 5). In both cases,

the analysis rely on computing the dissimilarities between probability distributions. Be-

sides the computation and approximation limitations related to the GSA approach, the

mh-χ2 algorithm improves the existing methods in several ways:

• Nonparametric technique where we analyse the data with no need of an approxi-

mated mathematical model, i.e. no model assumption means no wrong assumption.

• No need of data scaling, i.e. mixed data type is allowed.

• Easy scalability from univariate to multivariate response scenarios.

• Suitable for classification (balanced and imbalanced cases) as well as regression

problems with dependent input space.

• Easy interpretability.
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Chapter 3

Literature review: Variable

Importance Techniques

Consider a p-dimensional input variable space X = (X1, ..., Xp) ∈ Rp and its associated

output variable Y ∈ Rk (k > 1 for the multivariate output problems), linked through the

unknown function f . Machine Learning (ML) techniques are the set of algorithms F̂ =

{ ˆfML : X→ Ŷ} that model the dataset D = {x(i),y(i)}Ni=1, where x(i) = (x(i)
1 , ..., x

(i)
p ) ∈

X is a realization of X and y(i) ∈ Y its associated output value. These ML models are

built by minimizing a Loss function L(f̂(X)) = (Y − f̂(X))2. The most efficient model

f̂ : E[(Y− f̂(X))2|X = x] achieves the lowest generalization error (GE):

ĜE(f̂ML(X),Y) = 1
N

N∑
i=1

L(f̂(x(i),y(i))) (3.1)

Improving the performance of a ML model often comes at the expense of less in-

terpretable and more computationally expensive models. Thereby, Variable Importance

Analysis has gained popularity since not only improves the models interpretability but

allows to extract insights from complex datasets while also reduces the dimensionality

of the problem.

This chapter reviews the methods for variable importance analysis (VIA) based on

machine learning techniques. The study ranges from the well known parametric linear
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models LASSO [60] and its variants to nonparametric techniques based on Decision Trees

(DT). Special attention is placed on DT methods (Frequentist and Bayesian) along with

model-agnostic techniques for global and local importance analysis. Finally, variable

importance techniques that allows one to decompose the effects (total and interaction

effects) of input variables on the model output are presented. The statistical concepts

and frameworks used to build the proposed algorithms for multioutput problems, EPD [9]

(chapter 4) and imbalanced datasets mh-χ2 [10] (chapter 5) are also discussed. Figure

3.1 shows a schematic design of the variable importance techniques discussed in this

chapter.

Figure 3.1: Variable Importance analysis based on machine learning techniques
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3.1 Linear regression techniques

Given the dataset D = {x(i),y(i)}Ni=1 and assuming that the output variable Y =∑p
i=1 βi ·Xi is a linear combination of the input variables X = (X1, ..., Xi, ..., Xp) ∈ Rp,

we can apply the Ordinary Least Squares (OLS) method to estimate the coefficients

β ∈ (β1, ..., βp) that define the linear model that maps the input into the output vari-

ables. The coefficients β are estimated by minimizing the objective (Loss) function given

by L(Y,X, β) = ||Y−Xβ||22, i.e.:

β̂ =argmin
β

||Y−X · β||22 (3.2)

The estimated β̂ informs us of the importance of the input variable Xi by looking

at the associated beta coefficient β̂OLSi , i = 1, ..., p. The higher the β̂OLSi , the more

important the predictor Xi is. The reliability of the coefficients β is questioned when

dealing with highly correlated input variables since their value coefficients show high

variance.

In order to control the variance of the OLS parameters, restrictions can be introduced

on the β, leading to the LASSO (or Least Absolute Sum of Square Operator) regression

model. Mathematically, the solution of the LASSO [60,61] corresponds to the following

Quadratic Programming (QP) problem (Equ. 5.5):

β̂ = argmin
N∑
i

L(Xi;Yi, β) + λ · ||β||1 (3.3)

where λ > 0 (hyperparameter of the LASSO model) is known as the regulariza-

tion parameter, that controls the level of shrinkage applied to the β coefficients. This

hyperparameter is selected from data using for instance Cross-Validation. ||.||1 is the

L1-norm penalty and defines the constraint applied to the β coefficients1. Each λ de-

termines a different quadratic programming problem, where the goal is to minimize the

Loss function L(Y,X, β) subject to the L1 penalty term. If the solution of the problem
1For example, in the bidimensional case X = (X1, X2), the constraint ||β||1 corre-

sponds graphically to a square diamond shape.
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, i.e. β̂ ∈ (β1, ..., βp), ends up touching or being close to the vertices of the square (di-

amond shape in the bidimensional case), the elements of the β vector will be negligible

(βi → 0), which translates into nonrelevant Xi. Again, the higher the beta values the

more important the corresponding predictors are.

LASSO algorithms are extensively applied in practice thanks to their interpretability

factor and suitability to high-dimensional problems, however, their performance drop

when dealing with highly and correlated input variables [62,63]. Decision Tree algorithms

can be applied as an alternative to linear models where variable importance analysis is

intrinsically performed when building the trees.

3.2 Decision Tree variable importance techniques

Nonparametric methods model the unknown relationship between the observed output

variable Y ∈ Rk and the set of input variables X = (X1, ..., Xp) ∈ Rp without assum-

ing any analytical closed form expression. Albeit several Machine Learning techniques,

both based on parametric and nonparametric methods, have been applied to assess the

importance of variables in a input-output model [60, 64–69]. Decision Trees (DT) tech-

niques, due to their intrinsic ability to capture interactions among input variables, deal

with highly correlated inputs, their interpretability and adaptability to the multioutput

context, have been largely used for variable importance analysis. While single trees are

often used as visualization tools for VIA, they are also unstable (high variance) and pro-

duce low predictive power (low bias) when applied for prediction. To improve the single

tree performance, the construction of deep randomized ensembles of trees is applied.

In particular, Random Forests algorithms, have gained a lot of popularity as result of:

1) ability to reduce bias by growing conditionally independent deep trees, 2) deal with

high-dimensional problems, 3) applicability to classification and regression problems, 4)

computation efficiency, 5) scalability toward multioutput scenarios, 6) capacity to cope

with all types of data (numeric and categorical scale, missing values, outliers, etc...) or

7) being invariant under monotonic transformation of input variables.
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3.2.1 Decision Tree algorithms

There are various algorithms to grow a Decision Tree. In this section we describe different

DT techniques depending on their statistical approach, Frequentist (CART, CIT) and

Bayesian (BART, DyT), discussing the methodologies behind their variable importance

capabilities. Variable importance techniques based on DT can be mainly categorized

into three categories:

1. The information theory approach [5], whose philosophy is based on computing the

Mean Decrease of Impurity (MDI) at each inner node, i.e. computing the decrease

of impurity at each splitting node using the randomly selected input variables

(hyperparameter mtry) over all trees of the forest. This is the first source of

randomization introduced by RFs. Described in section 3.2.2.

2. The permutation importance method (and its alternative for correlated input vari-

ables) [5], which consists of calculating the Mean Decrease of Accuracy (MDA)

for each predictor, i.e. permuting each predictor and comparing the accuracy of

the predictive model before and after permutation, averaging again over all trees.

Described in section 3.2.3.

3. The frequency of appearance approach [70], which consists of counting the number

of times an input variable is randomly selected in an inner node for splitting in the

tree construction process. Described in section 3.2.4.

Random Forests (RFs) [71] are an ensemble of randomized decision trees2 where each

tree (i.e. known as base learner) is built using a Decision Tree algorithm [72] (FACT,

QUEST, C4.5, BART, CIT or CART [5,73]). In the following subsections, the three most

popular tree induction methods for classification and regression problems are described:

CART-RF, Conditional Inference Tree (CIT) and Bayesian Additive Regression Tree

(BART) algorithms.
2Second source of randomization introduced by RFs is through randomly selecting

bootstrap samples to build each tree over ntree ∈ [1, inf).
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3.2.1.1 CART algorithm

The construction of a single tree based on CART-RF consists of:

1. Given the dataset D = {x(i),y(i)}Ni=1, we build each tree from a bootstrap sample

with replacement (i.e. using the In of Bag, IOB, observations). The non-selected

observations are called Out of Bag samples (OOB) and are used to test the accuracy

of the fitted tree.

2. The IOB learning sample is recursively partitioned, testing at each inner node the

appropriateness of the input variables. The test consists of randomly selecting k in-

put candidates from the total p (hyperparameter mtry ∈ [1, p]) and computing the

impurity reduction (classification problems) or the variance reduction (regression

problems) of the output over the k variables, choosing the variable that performed

the best as the splitting variable. The splitting process divides each sample in the

parent node t into two parts, left tL and right nodes tR. The selected input vari-

able to partition the data is the one that, at each node t splits at a certain value

s (splitting point), produces the highest decrease of impurity Equ. (3.4) (example

of regression problem).

∆V̂ (s, t) = V̂t − (NtL

Nt
V̂tL + NtR

Nt
V̂tR) (3.4)

where V̂t = 1
Nt

ΣXi∈t(Yi − Ŷt)2, Ŷt = 1
Nt

ΣXi∈tYi, V̂tL = 1
NtL

ΣXi∈t(Yi − ŶtL)2,

V̂tR = 1
NtR

ΣXi∈t(Yi − ŶtR)2 and Nt, NtL , NtR are the number of observations in

nodes t, tL and tR respectively.

3. The process stops when the output is constant in the leaves (unpruned trees) or

some stopping criteria is met (such as when setting the nodesize hyperparameter to

determine the minimum accepted number of observations at each terminal node).

4. Finally, once the tree is fitted, we pass the OOB samples down the tree to generate

the predictions.
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See [74] for a detailed analysis of the CART-RF algorithm.

Algorithm 1 CART-Random Forest Algorithm [75]
1: Given [X, Y ]
2: Sample training and test samples.
3: ntree number of trees
4: for t = 1 to ntree: do
5: Draw a bootstrap sample Z of size N from the training data.
6: Grow a CART tree Tt using the bootstrapped data, by:
7: recursively repeating the following steps for each terminal node
8: of the tree, until the minimum node size nodesize is reached.

• Select mtry variables at random from the total p variables.

• Select the best variable/split-point s among the mtry variables (i.e. s produces the highest
decrease of impurity, Equ. (3.4)).

• Split the parent node into two daughter nodes.

9: end for
10: Output the ensemble of trees (T )ntree1

11: To make a prediction at a new point x:

• Regression: f̂ntree1 (x) = 1
ntree

∑ntree

t=1 Tt(x)

• Classification: f̂ntree1 (x) = majority vote(Ct(x))ntree1

CART-RF algorithms have two main drawback: overfitting and selection bias towards

input variables with large number of split values. [76] proposed the Conditional Inference

Tree (CIT) algorithm which tackles these issues by taking into account the distribution

properties of the input variables and measuring the level of association (i.e. dependence)

between the input and the output variables. The level of dependence is then used to

split the input variable at each inner node.

3.2.1.2 CIT algorithm

The CIT algorithm is based on the theory of permutation statistics developed by Strasser

et al. [77]. Before diving into the CIT algorithm, we introduce the concepts behind the

Permutation test theory from which the CIT is based.

Permutation test theory

Permutation test are popular statistical techniques used to analyze the level of depen-
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dence between variables when working with data with unknown distributions or different

types of scales (numeric or categorical) [78–80]3.

Given an input-output model with output variable(s) Y = [Y 1, ..., Y k] and input

variables X = [X1, ..., Xi, ..., Xp], both continuous and/or categorical, the interest is

in testing the null hypothesis of independence between the output Y and each input

variable Xi.

Ho : D(Y|Xi) = D(Y) (3.5)

Strasser et al. [77] suggested the derivation of a scalar test statistic for testing the

null hypothesis Ho using a multivariate linear statistic (a vector) of the form:

−→
T = vec(

n∑
i=1

g(Xi)h(Yi)) ∈ Rp·k x 1 (3.6)

The applied transformation function g : Xi → Rp·k x 1 and influence function h :

Y → Rkx1 depend on the scale of variables, continuous or categorical, of Xi and Y.

For instance, for a categorical variable Xi, g could be a dummy coding function4.

For h(Yi) = h(Yi, (Y1, ..., Yn)), if Y is continuous, h(Yi) could be the rank of Yi in

Y1, ..., Yn
5.

The dependence analysis between Xi and Y based on the permutation test consists

of the following steps:

1. Fix the input variable Xj and permute the output variable Y. Compute the

statistic −→T .

2. Repeat the previous step n times (ideally n matches the total number of observa-

tions). This results on a distribution of the multivariate linear statistic −→T . We

are then, fixing Xj and conditioning on all possible permutations S of the output

variable.
3See Package coin [81] for R implementation.
4For instance, if Xi belongs to one of three groups, if the observation Xi belongs to

the second group, g(Xi) = (0, 1, 0)T
5See [77] for more examples of how to choose g and h.
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3. The distribution of −→T will be characterized by the conditional expectation µ =

E(−→T |S) ∈ Rp·k x 1 and covariance matrix Σ = V (−→T |S) ∈ Rp·k x p·k. Strasser et

al. [77] showed that the conditional distribution of this linear statistic tends to a

multivariate normal distribution as n→∞.

4. Map the multivariate linear statistic −→T into a scalar value by using for instance

the following quadratic form:

cquad(
−→
T , µ,Σ) = (−→T − µ)Σ(−→T − µ)T ∈ R (3.7)

5. Assess the dependence between Y and Xi in terms of a prespecified p-value and

cquad(
−→
T , µ,Σ) previously computed.

The calculated scalar statistic cquad(
−→
T , µ,Σ) (Equ. 3.7) provides us with information

on the deviation experienced by the joint distribution P (Y, Xi) since if Xi is relevant,

permuting its values will have some impact on the joint distribution that will hence be

registered in the scalar statistic.

The Decision Tree algorithm CIT was developed using the previous permutation test

framework as follows 6:

1. Stop criterion

Test the global null hypothesis Ho of independence between Y and each input

variable Xj with:

Ho :
n⋂
j=1

Hj
o (3.8)

Hj
o : D(Y|Xi) = D(Y) (3.9)

If Ho is not rejected (all Xi are independent), then Stop (i.e. none of the input

variables are associated with the output variable).
6See Package Party [82] for the R implementation.
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(a) Select the influence function h for Y.

(b) Select the transformation function g for each input variable Xj .

(c) Test separately the association of each predictor variable Xj with Y (if Hj
o :

D(Y|Xj) = D(Y) then Xj has no influence on Y).

(d) Global Test Ho :
⋂n
j=1H

j
o : No predictor has influence on Y. In case we are

dealing with different variable scales, continuous and categorical, we have to

adjust the P-values through for instance the Bonferroni P-value.

2. Variable selection

Choose the variable X∗j with the strongest association with Y (smallest P-value)

for splitting.

3. Find best split point

Find the best split point for X∗j by performing a two sample test for all possible

binary split within X∗j (i.e. split X∗j into 2 subsets A and Ac) and then partition

the data.

(a) Compute TAj .

(b) Standardize the test statistic TAj by computing cquad(TAj ).

(c) Calculate the cquad for all possible splits and select the split point with max-

imal cquad.

(d) Partition the data.

3.2.1.3 BART algorithm

Alternatively to the frequentist DT techniques, Bayesian statistics [83] (Appendix B)

was also used to build ensembles of tree methods. We find in the literature two main

tree-based models, the Bayesian Additive Regression Tree model (BART) developed by

Chipman et al. [84] and the Dynamic Trees model (DyT) authored by Taddy et al. [85].

Both alternatives have their own solution for variable selection. While DyT uses the
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uncertainty reduction at each node approach (section 3.22), the BART combines the

frequency of appearance technique along with the test-based approach (section 3.2.4).

See [86] for a complete review of tree-based bayesian methods for prediction.

The BART regression technique consists of modelling the unknown regression func-

tion used to predict the output variable Y as a sum of regression trees (total m) with

constant normal additive noise (σ2).

Y = f(X) + ε ∝
m∑
i=1

Ti(x1, ..., xp) + ε; ε ∼ N(0, σI) (3.10)

Each tree (Ti) is build such that it explains a small and different part of Y (weak

learner) so that by adding up the m trees we end up with a strong learner. The trees

(Ti) are characterized by two sets of parameters, the set of inner node decisions and the

set of terminal node parameters (total b) (µt = (µt1, ..., µtb)). At each node (root and

internal), there is a splitting process characterized by a decision xj < c, where xj is the

randomly selected variable to be split and the c the splitting value.

In bayesian problems we have that Posterior ∝ Likelihood · Prior, in particular,

in the BART algorithm, prior information about the structure of the trees, the leaf

parameters and the residual variance needs to be specified, i.e.:

• The structure of each tree Tt.

• The set of terminal nodes Mt = (µt1, ..., µtb).

• The residual variance σ2.

If all parameters are assumed to be independent, the prior distribution for the BART

model is:

p(TM1 , TM2 , ..., TMm , σ2) = [
∏
t

p(TMt )]p(σ2) = [
∏
t

p(Mt|Tt)]p(σ2) = [
∏
t

∏
l

p(µt,l|Tt)p(Tt)]p(σ2)

(3.11)
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The structure of each tree Tt is described by the depth of the tree d, the variable used

to split xj and the splitting value c. The priors p(Tt), p(Mt|Tt) and p(σ2) are described

by:

• d: nodes at depth d have a prior distribution α(1 + d)−β, where α ∈ (0, 1) and

β ∈ [0,∞) (default α = 0.95 and β = 2).

• xj : The probability of selecting a variable for splitting follows a Bernoulli distri-

bution.

• c: The prior of c is a discrete uniform distribution.

• The prior p(Mt|Tt) =
∏
l p(µt,l|Tt) where µt,l represents the prediction of the output

variable Y , in tree t and leaf l (each tree will have a total of b leaves). The prior

for µl is assumed µl ∝ N(µµm , σ
2
µ) where µµ = ymin+ymax

2 , m the number of trees

and σ2
µ is such that mµµ − k

√
mσµ and mµµ + k

√
mσµ.

• The prior p(σ2) is assumed σ2 ∼ InvGamma(ν2 ,
νλ
2 ).

Now, given the observed data Y , the likelihood is specified as yl ∼ N(µl, σ2). Finally,

we can infer the posterior distribution using the priors and the likelihood as:

p((T1, µ1), (T2, µ2), ..., (Tm, µm), σ|y) (3.12)

Using the Gibbs sampler we can draw samples to build the joint posterior distri-

bution Equ. (3.12). The Gibbs sampler for the BART model works by applying the

Bayesian backfitting technique [87], where each tree Tj is fit iteratively while other re-

main constant. This is achieved by computing the partial residuals on a fit that excludes

the tree Tj , i.e.:

Rj = y −
∑
k 6=j

f(x, Tk,Mk) (3.13)
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The single k Gibbs iteration results in [(T1,M1)|k, ..., (Tm,Mm)|k]:

1 : T1|R−1, σ
2

2 : M1|T1, R−1, σ
2

3 : T2|R−2, σ
2

4 : M2|T2, R−2, σ
2

.

2m− 1 : Tm|R−m, σ2

2m : Mm|Tm, R−m, σ2

2m+ 1 : σ2|T1,M1, ..., Tm,Mm, ε

(3.14)

where ε = y −
∑m
t=1 T

M
t (x). Running the Gibbs sampler K times (Equ. (3.14)), we

compute K predictions f(x)k. for example:

1 : [(T1,M1)1, (T2,M2)1, ..., (Tm,Mm)1]→ f(x)?1

.

K : [(T1,M1)K , (T2,M2)K , ..., (Tm,Mm)K ]→ f(x)?K

(3.15)

The final predictive value will be then (the median could also be used):

ŷ = 1
K

K∑
k=1

f(x)?k (3.16)

3.2.1.4 Decision Tree algorithms for multioutput scenarios

Recently, the attention has been placed on the simultaneous prediction of multiple vari-

ables (continuous, discrete or a combination of both). These algorithms, when running

the VIA, allow the possibility of considering the dependence between the output vari-

ables, as well as a more efficient computation time compared to individual predictions

and variable importance analysis. In [88], the Multivariate regression Trees (MRTs)

was proposed by De’ath et al. as a direct extension of the univariate recursive par-

titioning method CART. [89] authored the Multi-objective Regression Trees (MORT)
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where each tree is built following a standard top-down induction algorithm and selecting

the factor tests in the inner nodes based on minimizing intra-cluster variation, where

intra-cluster variation is defined as N ·
∑d
i=1 V ar(Yi) , with N being the number of ob-

servations at each node, d the number of output variables and V ar(Yi) the variance of

the target variable in the cluster. [90] applied a predictive clustering methodology and

the proposed Incremental multi-target model tree algorithm (FIMT-MT). The Network

regression with predictive clustering trees algorithm (NCLUS) [91], consists also of a

top-down induction technique that recursively splits the set of nodes on the average

values of variance reduction and auto-correlation measure computed over the set of all

target variables. A complete and detailed survey of multioutput regression techniques

can be found in [92–94].

3.2.2 Information theory-based approach

Breiman et al. [5] proposed an information theory-based (Appendix C) variable impor-

tance approach for decision tree techniques by computing the decrease of impurity (or

variance) on the response at each node. Specifically, at each inner node t of the tree,

k (mtry hyperparameter) out of the total p variables are randomly selected. For each

of the k variables, the decrease of impurity ∆i(s, t) is computed, selecting the variable

X∗m (m ∈ [1, k]) to be split the one that produces the highest decrease on ∆i(s, t). The

splitting point s∗t = X∗m and the corresponding input variable Xm (m ∈ [1, k]) where

the highest decrease occurred are recorded for all nodes. The final importance ranking

of each variable is calculated as the sum of impurity decrease for the variable used for

splitting, over all the nodes and all trees where that variable was selected.

The importance of a variable according to the information theory-based approach

for decision tree models is:

Imp(Xm) = 1
NT

∑
T

∑
t∈T :v(st)=Xm

p(t) ·∆i(st, t) (3.17)
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where,

∆i(s, t) = i(t)− NtL

N
· i(tL)− NtR

N
· i(tR) (3.18)

and i(t) is the Shannon Entropy (classification problems) or variance (regression

problems), p(t) proportion of observation at node t (N observations at node t, NtR

observations at right child node and NtL observations at left child node after splitting).

Few works [95] have studied the statistical properties behind the information theory-

based variable importance technique described by Eq.(3.17). Louppe et al. [96, 97] and

Ishwaran et al. [98] analyzed those properties assessing how Imp(Xm) behaves when

altering the hyperparameters used in the construction of the trees, such as, the number

of variables selected at each node to be split k ∈ [1, p] and the maximum depth of the

tree D ∈ [1, p].

Consider a totally random unpruned and infinite ensemble of trees (i.e. mtry = 1 and

D = p). At each node t a different variable is picked uniformly at random among those

not selected at parent nodes of t and then partitioned. The splitting process ends when

all variables have been selected (i.e. D = p). In this scenario, Eq.(3.17) becomes [97]:

Imp(Xm) =
p−1∑
k=0

1
(p− k) ·

(p
k

) ∑
B∈Pk(V −m)

I(Xm;Y |B) (3.19)

where,

V := Set of all possible input variables. V −m:= Subset of all possible input variables

except Xm. Pk:= Set of subsets of V −m of cardinality k. I(Xm;Y |B):= Conditional

mutual information of Xm and Y given the variables in B.

Let’s analyze the previous equation by breaking it down in a simple example. Given

a model with 3 input variables and a single output Y , the V ∈ (X1, X2, X3). The

importance of X1 reads:

• k = 0: Pk = P0, B = (0), which results in 1
(3

0)(3·0) · I(X1;Y ) = 1
3 · I(X1;Y ). The

first term I(X1;Y ) in Eq.(3.17) describes the information shared by X1 and Y .
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• k = 1: Pk = P1 (Only two subsets can be formed with X2 and X3 that have size

1), then B = (X2) and B = (X3), which results in I(X1;Y |X2) and I(X1;Y |X3)

(Information share by X1 and Y given X3) and a total of: 1
(3

1)·(3−1) ·(I(X1;Y |X2)+

I(X1;Y |X3)). Both terms capture the interaction effects between X1 and X2 and

X3 on Y .

• k = 2: Pk = P2 (Only one subset can be formed with X2 and X3 that have size

2), then B = (X2, X3), which results in I(X1;Y |X2, X3) (Information share by X1

and Y given X2 and X3) and a total of: 1
(3

2)·(3−2) · (I(X1;Y |X2, X3).

• Finally, the influence (importance) of X1 on Y is the sum of all previous terms. It

captures the single and interaction effects (dual and multivariate interactions):

Imp(X1) = 1
3I(X1;Y )+1

6(I(X1;Y |X2)+I(X1;Y |X3))+1
3I(X1;Y |X2, X3) (3.20)

Notice the similarity of this variable importance decomposition based on the infor-

mation theory approach and the variance decomposition approach given by the Global

Sensitivity solution. In both cases, the importance of a variable is decomposed in in-

creasing terms of influence by considering their interaction effects. Also in both cases the

accuracy of the solution relies on assumptions such as the dependence structure of the in-

put variables or the level of randomness and all possible ensemble of trees. Assumptions

that are hardly met in real problems.

Given the hypothetical case where all input variables are independent and normally

distributed in a linear model (Y = f(X) =
∑p
i=1 βi ·Xi), the conditional mutual infor-

mation becomes the mutual information. Hence, the importance of Xm is simply the

correlation between the outcome Y and the input variable Xm.

Imp(Xm) = −1
2 log(1− ρ2

Xm,Y ) (3.21)

Eq. (3.19) provides insights such as, that the importance of a relevant variable de-

pends on the inclusion or removal of irrelevant variables (interaction effects of variables).
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In the ideal scenario presented by Equ. (3.19), we can perfectly know how important

each input variable is to the output. However, a more real context is k > 1 (Non-

totally randomized forests) and D = p (unpruned trees), where at each inner node we

select randomly among k 6= 1 variables the best split. In that case, a variable that was

important could have been not considered. Therefore, changing the value of k has an

effect on the final ranking of importance. However, regardless of the value of k, the

strongly relevant features will always be detected as we condition on other variables.

The impact of pruning depends on the number of irrelevant variables due to the fact

that when building the trees, these variables will be competing with relevant ones, and

if the relevant predictors have not been randomly selected, their final importance will

be affected.

The approach for variable importance based on information theory is suitable when

working with low dimensional datasets, since the importance is affected by k and depth

D. This approach also shows some bias towards continuous variables in the importance

ranking [99]. To deal with a finite setting (pruned and non-randomized scenario) and

the bias problem, Altmann et al. [99] proposed a heuristic algorithm using a test-based

approach described below:

1. Compute the importance of each variable Imp(Xm) using the MDI formula Equ.

(3.17).

2. Permute the output variable s times. For each permutation, compute the ranking

of importance Imp(Xm) of each input variable. Each variable will be described by a

distribution of importance. The distribution can be assumed Gaussian, lognormal

or Gamma (use the Maximum Likelihood estimator to find the parameters of the

distributions).

3. Use a threshold value (P-value) the real importance of each input variable.

In Reference [100], the importance of variables is based on their level of contribution

to the reduction in predictive variance through each split location η in each tree t. The
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uncertainty reduction at each node η is measured as7:

∆(η) =
∫

∆η

σ2
η(x)dx−

∫
∆ηl

σ2
ηl

(x)dx−
∫

∆ηr

σ2
ηr(x)dx (3.22)

When the predictor k is used for splitting, the uncertainty reduction for each node

η, Equ. (3.22), measures the difference between the predictive variance at the node η

and in the left ηl and right ηr children of η. For the set of all internal nodes IT where

the predictor k ∈ {1, ..., p} has been selected for splitting, the importance index for k is

defined as8:

Jk(η) =
∑
η∈TT

∆(η)1[v(η)=k] (3.23)

where v(η) ∈ {1, ..., p} is the splitting dimension of η and 1 the function indicator.

Finally, [100] also leverages the Monte Carlo estimation of sensitivity indices (section

2.1) to decompose the influence of the predictors on the model response into total, single

and interaction effects.

Alternative solutions to the information theory based methods are the permutation

approach and its improved version Conditional Variable Importance technique (section

3.2.3), the frequency of appearance technique (section 3.2.4) or the more recently de-

veloped Black box importance analysis techniques (section 3.3). A comparison of DT-

techniques for VIA is found in [102].

3.2.3 Permutation-based approach

[103,104] showed that the information theory approach for variable importance has two

main drawbacks when applied in the following settings: 1) high dimensional problems

and 2) different scale datasets, i.e. continuous and categorical, as there is bias towards

input variables with large number of values. Techniques based on the permutation
7For classification problems ∆(η) = |∆η|Hη − |∆ηl |Hηl − |∆ηr |Hηr where Hη =

−
∑
c p̂c · log p̂c being p̂c the posterior predicted probability of class c.

8Find R implementation in [101]
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approach have become more popular as they deal better with the mentioned settings

and can offer advantages such as:

1. Better performance when working with correlated input variables [105,106].

2. It allows to study and assess multivariate response scenarios.

3. The framework could be applied to any predictive model [65].

The main idea behind the permutation importance method applied in Decision Tree

techniques is to measure the level of association between each predictor and the out-

put(s) by randomly permuting the values of the input variable. The level of relevance

of the predictor is measured mathematically by computing the difference between the

performance accuracy of the trees when predicting the Out of Bag (OOB) observations

before (Mti) and after (MPti) permuting the predictor values Equ.(3.24). The result

is known as Mean Decrease Accuracy (MDA) [98]. Let X = [X1, ..., Xp] ∈ Rp be the

input variables with probability distribution p(x), Y = [Y1, ..., Yp] ∈ Rk the output vari-

ables with probability p(y) and the dataset (X,Y) described statistically by the joint

distribution p(x,y). For the case when using the CIT algorithm, we can model the re-

lationship between the input and output variables, i.e. fCIT : X→ Ŷ. Given the fitted

model fCIT , if an input variable Xi has no influence on the output, then permuting its

values will have no impact on the joint distribution p(x,y), which will lead to similar

performance before and after permuting Xi (V IM(Xi) ≈ 0, it is never zero due to

the randomness in the construction of the forest). However, if some connection exists,

the same permutation will lead to a deviation on the joint distribution, reflecting the

importance of such predictor.

V IM(Xi) = 1
ntrees

·
ntrees∑
t=1

(MPti −Mti) (3.24)

where, Xi is the predictor under analysis, ntrees are the number of trees in the forest,

M is the performance measure (assessed before and after permuting Xi).
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This technique permits the use of arbitrary performance measures (M) depending

on the type of output variables of the problem. For instance, for ordinal responses,

the ranked probability score (Brier score) is used [107], the curve AUC is applied when

dealing with binary imbalanced outputs [108] or data containing missing values [109,110].

As part of this research, we assessed new performance measures and methodologies

for variable importance analysis based on the permutation importance framework and

the use of probabilistic distances applied to the distribution of errors generated by the

Decision Tree technique, CIT. The proposed techniques were applied to assess the impor-

tance of input variables in both, input-multioutput models [9] (chapter 4) and multiclass

imbalanced classification problems [10] (chapter 5).

Current performance measures used in Equ. (3.24) (AUC, MSE, etc...) assess the

importance of the predictor based on a summary of the errors generated by the predic-

tive model. Therefore, they do not consider the entire information provided by these

models, which can make them less robust measures when working with skewed error

distributions. We then need measures that account for all the available information. We

propose the probability distance measure χ2-distance [10] for VIA in multioutput clas-

sification and regression problems, and the Bhattacharyya distance computed between

Dirichlet distributions for imbalance multiclass classification problems. The χ2 distance

is computed between the distribution of errors generated by the CIT when evaluating

the OOB before and after permuting the values of the input variable under analysis.

The permutation importance framework may underperform when the input variables

are highly correlated [105]. To overcome this disadvantage, Strobl et al. [105] proposed

at the expense of the computational cost, a solution to account for the correlated input

scenario by conditioning the importance of each predictor to others. The concept relies

on the idea that when assessing the relevance of a predictor to the response in a highly

correlated environment, permuting the values of the input variable under analysis not

only destroys the relation of Xi with the response Y but also its connection with the

remaining input variables (i.e. deviations from Ho Equ. (3.25) are tested).

Statistically, the definition of the null hypothesis to test the real dependence between
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the response (Y) and the input variable under study Xi as defined by Strobl et al. [105]

is:

Ho = Y,Z ⊥ Xi (3.25)

where Z = X \Xi and X = [X1, ..., Xi, ..., Xp].

The conditional permutation importance technique consists of:

1. For each tree, compute the OOB prediction accuracy before permuting the input

variable under analysis Xi .

2. In order to condition on the variables Z, these need to be discretized. The dis-

cretization process consists of using the grid that results from the partition of the

feature space when building the tree. The variables Z are the ones that are highly

correlated with Xi. The grid is then created by bisectioning the sample space in

each cutpoint.

3. Within the grid permute the values of Xi and compute the OOB prediction accu-

racy after permuting .

4. Calculate the difference between the prediction accuracy obtained in steps 1 and

3.

5. Repeat steps 1 to 4 ntree times. The importance of Xi is the average of the

difference over all trees.

Hapfelmeier et al. [111] proposed a new approach for variable importance using the

test-based approach. This approach has been applied in all variable importance tech-

niques (Information theory-based [99], permutation-based approach [111] or frequency

of appearance solution [70]).

The procedure using the test-based approach consists of:

1. Compute the importance ranking of the predictors using any type variable impor-

tance techniques .
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2. Permute each input variable several times to assess the empirical distribution of

its importance under Ho, i.e. Equ. (3.25). Each input variable will be represented

by an empirical distribution of its importance .

3. For each variable, its empirical importance distribution (step 2), a specified p-

value and the original importance measure (step 1), assess the importance of the

variable.

4. Select the variables with a p-value below a certain threshold.

The Recursive Feature Elimination (RFE) algorithm, which was first described by

[112] for Support Vector Machines (SVM), was implemented by [113] using the permu-

tation importance technique to deal with datasets with correlated input variables:

1. Build a Random Forests (or any ML algorithm).

2. Compute V IM(Xi).

3. Remove the less relevant variables.

4. Repeat steps 1 to 3 until no further variables remain.

3.2.3.1 Connection between the PIM and the Sobol index ST i

The connection between the empirical permutation variable importance measure, ˆV IM(Xi)

Equ. (3.26) and the Total effect Sobol index ST i Equ. (3.27) was derived in [114] when

the input variables are independent, i.e. X = (X1, ..., Xp) where Xi⊥Xj ∀i 6= j and

i, j = 1, ..., p.

ˆV IM(Xi) = 1
ntree

ntree∑
t=1

(MSE
(t)
Xi
−MSE(t)) (3.26)

STi = EX∼i(VXi(Y |X∼i))
V (Y ) = 1− VX∼i(EXi(Y |X∼i))

V (Y ) (3.27)
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[115] showed that Equ. (3.26) converges to:

V IM(Xi) = E[(Y − f̂(X(i)))2]− E[(Y − f̂(X))2] (3.28)

where X(i) = (X1, ..., Xi−1, X
′
i , Xi+1, ..., Xp), X

′
i is an independent replication of Xi,

which is also independent of Y and Z = X \ Xi and that f̂(x) = E[Y |X = x] is the

learned Random Forest.

Given the previous equality Equ. (3.28) and the learned Random Forest f̂(x) =

E[Y |X = x], the connection between the permutation variable importance measure

V IM(Xi) based on RFs and the Sobol total effect index ST i has been proved in [114]

to be9:

V IM(Xi) = E((Y − E(Y |X(i)))2)− E((Y − E(Y |X))2) =

= 2V (Y )− 2V (E(Y |X−i)) = 2E(V (Y |Xi)) = 2STi
(3.29)

V IM(Xi) converges to twice the total partial variance capturing the individual and

interaction effects.

3.2.4 Frequency of appearance-based approach

In this section, we discuss the frequency of appearance approach for variable importance

analysis. Essentially, it consists of keeping track of the number of times each input

variable is selected in the construction process of the trees [116]10. [70] combines this

approach with the test-based method to propose an importance measure for the BART

algorithm. The Intervention Prediction Measure (IPM) [7] (section 3.5.3) and the Se-

quential Multi-Response feature selection algorithm (SMuRFS algorithm) [8] (section

3.5.2) also applied this approach to analyze the importance of variables in the multiout-

put context.

We have seen in the BART algorithm that, for each k Gibbs sampling iteration

(k ∈ [1,K]) (Equ. 3.14), we draw m samples of (Ti,Mi), where m is the number of trees
9Find in [114] the full mathematical derivation.

10See Package MultivariateRandomForest for R implementation.
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used to build the model f(x)?k. By adding the m samples we compute the k prediction

model f(x)?.

f(x)? =
m∑
i=1

Ti(x, T ?i ,Mi) (3.30)

While building each model f(x)?k, we count the number of times a specific predictor

Xi (i = [1, 2, ..., p]) has been used for splitting at each tree. The importance of that

variable Xi, denoted by zik, is computed as the proportion of times where Xi was used

as splitting variable at each tree over all the trees in the model f(x)?k divided by the

total number of splits in the same model f(x)?k. Now, averaging over all k models gives

us the relative importance of the predictor Xi. As proved in [70], as m gets smaller, the

sum of trees tend to favor the predictor that improve the prediction of the response (ŷ).

Due to its simplicity, the BART technique for variable importance is computationally

faster than its competitors [70].

If X = (X1, X2, ..., Xi, ..., Xp) is the input space, the relative importance of the

predictor Xi is then:

V I(xi) = 1
K
·
K∑
k=1

zik (3.31)

Given an importance ranking vector −→V I computed using the BART for all the pre-

dictors, [70] proposed thresholds in order to assess the relevance of each input variable

Xi to the outcome variable y. The test-based permutation approach was applied, yet,

instead of permuting each input variable several times, the output variable is instead

permuted while the inputs remain fixed. For each permutation, the importance ranking

vector is recorded which results in a distribution of importance values of each input

variable.

The VIT algorithm for BART consists of:

1. Save the −→V I (unpermuted output y).

−→
V I = [V I(x1), V I(x2), ..., V I(xi), ..., V I(xp)] (3.32)
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2. Permute the response variable n times (∼ 500). At each permutation of y, run the

BART algorithm and save the ranking vector of relative importance −→V I.

3. Use one of the following three threshold strategies to assess the importance of each

input variable.

(a) Local threshold: For each Xi, draw the distribution of V I(xi)|j=1,...,n. If the

V I(Xi) from the unpermuted response exceeds the threshold (p-value draw

from the distribution), then Xi is considered relevant to y.

(b) Global threshold: Calculate

−→
V Imax|j=1,...,n = max[V I(x1), V I(x2), ..., V I(xi), ..., V I(xp)] (3.33)

The largest V I(xi) across all predictor variables in permutation j. Draw

the distribution of the V Imax. Only select the Xi if the V I(Xi) from the

unpermuted response exceeds the threshold given by the (1− α) quantile.

(c) Global SE threshold:

Given all the permutations as described in the example of step 1). For each

column (the distribution of the VI of each variable), compute the mean (mi)

and standard deviation (si) of the distribution.

xi is selected as relevant if V I(xi) from the unpermuted response satisfies:

V I(xi) ≥ mi + C∗ · si (3.34)

where C∗ is defined previously.

3.3 Model Agnostic Variable Importance Analysis

Variable importance algorithms can be classified as embedded, wrapper and filter meth-

ods [67]. The first two make use of a specific learning algorithm to assess the importance
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of the predictors, while the third only takes into account the intrinsic properties (causal-

ity, dependency and interdependency) of the data. Recently, the Shapley value [37] from

Cooperative Game theory, has been proposed as variable importance solution [117,118]

thanks to its ability to weigh each predictor according to its relationship with others.

The importance of each predictor is computed by considering all possible coalitions sets

where the predictor has been part of and how each coalition affected the model response.

[118] proposed a filter method based on the Shapley value concept and information

theory to assess the importance of variables in any model.

They defined the following metrics and applied the Shapley value as follows:

• Xi is relevant to Y if I(Xi, Y ) 6= 0. Given a set K of input variables, the relevance

of the set on the response is defined as [119]:

D(K;Y ) = 1
K

∑
Xi∈K

I(Xi;Y ) (3.35)

where I(Xi;Y ) is the mutual information shared by Xi and Y .

Given a different input variable Xj /∈ K, then the change of relevance of the set

K, when Xj is [120]:

I(K;Y ;Xj) = 1
K

∑
Xi∈K

(I(Xi;Y |Xj)−D(K;Y )) (3.36)

• Xi is redundant with Xj is I(Xj ;Y |Xi) <= I(Xj ;Y ).

• Xi is interdependent with Xj is I(Xj ;Y |Xi) > I(Xj ;Y ).

Using the previous definitions, [118] defined the interdependence index ψ(i, j) and

the marginal contribution ∆i(K) as:

• ψ(i, j) = 1 only if I(Xj ;Y |Xi) > I(Xj ;Y ).

• ∆i(k) only if I(K;Y ;Xj) => 0 and
∑
Xj∈K ψ(i, j) => K

2 .
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The variable importance algorithm based on Shapley value is then [118]:

Algorithm 2 Shapley value as importance measure
Result: Weights (vector) corresponding to the contribution to the output of each input variable.
P Set of all variables
Initialize the weights to zero for all input variables
for each predictor Xi ∈ P do

Create all coalitions set (π1, ..., πt) that not contain Xi;
for each πj ∈ (π1, ..., πt) do

Compute the value ∆i(πj)
end for
Compute the Shapley value φi(ν) = w(i)

end for
Normalize the vector of weights;

The computation cost of filter methods can be a burden in high-dimensional prob-

lems.

While linear models and Decision tree algorithms are widely used variable importance

techniques due to their interpretability, others, on the other hand (SVM, NN or Super

Learners11 [121, 122]) do not allow a simple interpretation of the predictive power of

the input variables but are highly accurate learning machines. For this reason, most

ML techniques, known as black boxes, can generate high predictive performance while

modeling complex relationships among input variables, but lack interpretability. In

this section, a review of recent variable importance methods, known as model-agnostic

methods (i.e. independent of the machine learning), are presented (see Figure 3.2).
11Combination of strong base learners that minimize the Cross-validated risk while

outperforming the best single best learner.
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Figure 3.2: Model-agnostic variable importance techniques

Researchers have developed several techniques that help to improve the transparency

and reliability of the predictive models, providing a better understanding of the mapping

between the input and output variables. These techniques allow us to visualize and

quantify the effect of the predictors on the model response.

Given the dataset D : (y(i), x(i)) where i = 1, ..., n and x ∈ Rp, ML techniques aim

at fitting the best model to the dataset (i.e. f̂ : X → Y ). In order to achieve the

most accurate variable importance analysis using these techniques, the approximated

model f̂ need to be trained so that the lowest generalization error ĜE is achieved.

Model-agnostic methods assume high accuracy of the fitted model since they base the

importance analysis on the fitted model f̂ , not in the real one.

ĜE(f̂ , D) = 1
n

n∑
i=1

L(f̂(x(i)), y(i)) (3.37)
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where f̂ is the fitted model,D the real values and L the Loss function to be minimized.

Visualization techniques for variable importance analysis

[123] proposed the Partial dependence plot (PDP), a visualization technique based

on a graphical representation of the effect of input variables on the predictive function

output. The plots PDP show the dependence of the prediction output f̂ on the values

of input variables. Given the fitted model f̂ , we can visualize the dependence of f̂ on a

subset of input variables xu, where u ⊂ p and x = xu ∪ x\u (x\u is the complement of

x = xu) and f̂(x) = f̂(xu, x\u) by plotting the average value of f̂(x) when xu remains

fixed and x\u changes over its marginal distribution:

f̄u(xu) = 1
n

n∑
i=1

f̂(xu, xi,\u) (3.38)

If the dependence of f̂(x) on x\u is additive (i.e. f̂(x) = f̂u(xu) + f̂\u(x\u)) or

multiplicative (i.e. f̂(x) = f̂u(xu) ∗ f̂\u(x\u)), Equ.(3.38) can completely describe the

dependence between xu and f̂(x). On the other hand, if interactions exist among pre-

dictors, the PDP does not reflect the real effect of the selected input variables on the

approximated model. Therefore, in the presence of strong dependence among input

variables, [124] extended the concept of PDP to the Individual Conditional Expectation

(ICE) technique by displaying a curve for each observation, instead of the average partial

relationship between the observations of the input variables and the predicted response.

By averaging the effect curves (Equ. (3.38)), we are summarizing the partial effect of

the input variables on the predicted response, hiding any information related to possi-

ble interactions among predictors. The solution for interaction visualization proposed

by [124] is to plot the n estimated conditional expectation curves. For each observation

xui, we estimate n values f̂(xui, x\u) that result from varying across the n observations.

The presence of interaction effects is observed when deriving the ICE curve of each

input variable. If for instance, X1 does not interact with the remaining predictors, all the

curves resulting from deriving the ICE curves wrt to X1 will be equivalent, otherwise

they will differ. The ICE curves also allows us to identify the range of values of Xi

where the interactions are significant, which correspond to the areas where more curve
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dispersion exists12.

Both PDP and ICE tools can also be applied in classification problems. For a k-

class classification problem, the predicted model f̂(x) can be represented in terms of

predicted class probabilities, where each predicted class probability represents the level

of membership to a specific class Pk(X) = Pr(y = k|X). Under this scenario, we can

display the PDP or ICE of each predictor for each k logistic regression which provides

information on how the predictors impact the respective class probability13.

So far, the presented visualization tools describe the effect of the predictors over

all its values on the predicted response. However, researchers often seek to quantify

through an importance measure the contribution of each predictor (total contribution)

to the model performance. [126] used the PDP curve to define an importance score by

measuring the flatness of the PDP curve:

i(xj) =


√

1
(k−1)

∑k
i=1(f̂j(xji)− 1

k

∑k
i=1 f̂j(xji))2 if xj is continuous

(maxi(f̂j(xji))−mini(f̂j(xji)))/4 if xj is categorical
(3.39)

Visualization techniques such as PDP and ICE rely on the predictive model f̂ : X →

Ŷ to assess the importance of the analyzed predictors. Therefore, the goodness of the

approximated model f̂ determines the accuracy of the importance analysis. Hence, to

best assess the influence of the predictors of a black box model two solutions are normally

adopted:

1. Fit a Super Learner (SL) [122] model f̂SL : X→ Ŷ , (i.e. create an optimal weighted

average of several models) to achieve the lowest generalization error (Equ. 3.37)

between the unknown functional relationship f : X → Y and the f̂SL. Given the

f̂SL, we can apply any global/local importance technique.
12Readers are referred to [125] for the R code related to the PDP and ICE visualization

tools.
13iRF Package.
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2. Use the permutation importance framework [39], which does consider the real

values Y .

Based on the second solution, [39] applied the permutation importance technique and

the partial dependence tool to propose a new importance measure, known as Permutation

Feature Importance (PFI) Equ. (3.40). [39] also introduced visualization tool for local

and global analysis of any black box model.

ˆPFIu,approx = ĜE(f̂ , D)− ĜEv,approx(f̂ , D) =

1
n ·m

n∑
i=1

m∑
k=1

(L(f̂((x(τ (i)
k

)
u , x(i)

v ), y(i)))− L(f̂(x(i)), y(i)))
(3.40)

where m is the number of permutations applied to the values of variables in u, v is

the complement of u, n the total number of observations in the dataset D : (y(i), x(i))

i = 1, ..., n and L(·) the Loss function. The permutation importance technique proposed

by [39] consists of randomly permuting m times the values of the set of variables u and

averaging the model performance before and after permuting. Two drawback can be

extracted from these techniques: First, the parameter m needs to be carefully selected

since the accuracy of the importance score depends on it (i.e. small m values will end up

in less accurate importance values) and second, the technique relies on the independence

assumption between variables (i.e Xu ⊥ Xv) which is hardly met in practice.

3.3.1 Global surrogate models: Decision Trees and PCE/Kriging mod-

els

Global surrogate models have been proposed as an alternative for model interpretabil-

ity. Given a fitted black box model, f̂ : X → Ŷ , this can be approximated by a human-

competitive model such as Decision tree or linear models. While any interpretable model

can be used to represent the black box, if well trained and tuned, decision tree surro-

gates have demonstrated [127], due to their applicability to models with nonlinearities,

dependent variables, multiscale and multioutput datasets, to be very faithful (i.e. global

fidelity) to the underlying predictive black box model. However, unless the surrogate
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model approximates the underlying model f̂ at an acceptable level, the importance

results of this technique need to be used with caution, otherwise we will be drawing

variable importance conclusions using an approximation of another approximation of

the real unknown function f : X→ Y . When dealing with complex model input-output

relationships (i.e. strong interactions and highly correlated predictors), Decision trees

techniques [127] along with the Polynomial Chaos Expansion method [128] (section 2.2.1)

or Kriging modelling (section 2.2.2) are been commonly proposed as surrogate models.

Decision tree surrogates

The idea behind surrogate models based on Decision Trees is very simple. Given

the black box model f̂ : X → Ŷ 14, we can generate a new input dataset X′ that

follows the same distribution as X and compute the predictions using the black box

model f̂ (i.e. Ŷ ′ = f̂(X ′)). The new dataset [Ŷ ′ ,X′ ] can thus be used to build the

interpretable Decision Trees surrogate model subject to the global fidelity constraint.

Finally, the global importance analysis is performed to the fitted Decision Trees surrogate

model. To account for possible dependence among input variables, we use the conditional

importance measure [105].

3.3.2 Local interpretable models

So far, we have discussed different techniques for global importance analysis. In this

subsection, we focus on methods that help us understand at an observational level (i.e.

individual instance inspection), how the fitted black boxes make a specific prediction.

To be accepted, these techniques for local importance analysis must be15:

• Interpretable.

• Locally faithful (i.e. local fidelity, the predictions provided by the local inter-

pretable model have to be as close as possible to the prediction made by the black

box around the selected observation).
14The possibility of multioutput case is also considered
15See https://christophm.github.io/interpretable-ml-book/ for a comprehensive guide

and R examples.
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• Model agnostic (i.e. independent of the fitted black box predictive model).

Recent solutions proposed for local importance analysis are:

• Game theory based on the computation of Shapley values, SHAP algorithms [129].

• LIME or Local Interpretable Model-agnostic Explanations technique [130].

These methods aimed at answering the same question: Given an observation xi =

(xi1, xi2, .., xij , .., xip) ∈ X, i = 1, ..., N and j = 1, ..., p how much does a particular input

variable value xij of xi influence the black box prediction f̂(xi) for the given observation?

3.3.2.1 Game Theory approach: Shapley value

Given a fitted model f̂ : X → Ŷ , a specific instance xi = (xi1, xi2, .., xij , .., xip) and

the corresponding prediction f̂(xi), [131] used the Shapely value from Game Theory

to assign the marginal contribution of each feature value xij to the prediction f̂(xi).

The marginal contribution informs us of how much a predictor value xij contributes to

the single prediction f̂(xi) compared to how much is expected to contribute over all

observations (i.e.
∑N
i=1 f̂(xi)). The Shapely value of a feature value is computed as the

weighted average of all marginal contributions over all possible feature value coalitions

for a single prediction:

φj(xij) =
∑

S⊆{−→x }}{xj}

|S|!(p− |S| − 1)!
p! (∆Predj(S ∪ {xj})−∆Predj(S)) (3.41)

where p is the number of input variables, S the coalition of input variables, xi the

observation values of the data point to be explained and ∆Predj(S) the prediction of

predictor values in the set S that are marginalized over the predictors not included in

S, i.e.:

∆Predj(S) =
∫
f̂(−→x ) · dPX/∈S − EX(f̂(X)) (3.42)
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A major drawback of solutions based on Shapely value is the exponential computa-

tional time required to evaluate all possible coalitions. To overcome this situation, [131]

proposed an approximation algorithm to estimate Φj using Monte-Carlo sampling.

Based on the same concept, [129] proposed two estimates for the Shapely value

(KernelSHAP and Tree SHAP) based on fitting interpretable local surrogate models

around the data point xi to be explained. Their solutions provide local, global and

interaction effect analysis as well as a visualization tool.

Assume that the black box model is represented by the function f̂(·), the influence of

each feature value of the observation to be explained on the model prediction is computed

as:

Φj =
∑

S⊆{x1,x2,...,xp}}{xi}

|S| · (p!− |S| − 1)!
p! [f̂x(S ∪ {i})− f̂x(S)] (3.43)

The estimate for Equ. (3.43) using the KernelSHAP algorithm [129] consists of the

following steps:

1. Given a fitted model f̂(·) and the observation to be explained xi = (xi1, xi2, .., xij , .., xip),

a local explanation model is defined as:

g(z′) = Φ0 +
M∑
j=1

Φjz
′
j (3.44)

where z′ ∈ {0, 1}M is a coalition vector with 1s and 0s, where 1 represents that

the corresponding feature value of xi = (xi1, xi2, .., xij , .., xip) is present in a coali-

tion and 0 otherwise (i.e. for instance, for the coalition x′ = (x1, x2, x3), the

vector z′ will be (1, 1, 1, 0, ..., 0). M is the maximum coalition size and Φj are

the Shapely values representing the contribution of feature values xij of xi =

(xi1, xi2, .., xij , .., xip) to the prediction f̂(xi).

2. Sample K coalitions z′k ∈ {0, 1}M , K ∈ {1, 2, ...,K}. This step results in a matrix

Z of size KxP , where each row represents a specific vector coalition.
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3. Map the vector coalitions z′k into x′k. The element 1 in the vector z′k is mapped

in the corresponding element in x′k. On the other hand, for the 0 elements, we

randomly select a feature value from the dataset X. This mapping is made through

an intermediate function hx : {0, 1}p → Rp, that converts z′k into x′k. We evaluate

the vectors hx(z′k) using the black box model (i.e. f̂(hx(z′k)) = EXc [f̂(X)] =

E[f̂(X)|Xc]) where Xc are the feature value corresponding to the 0 elements in

z′k.

4. Each coalition z′k will be weighted using the following kernel:

πx(z′k) = (p− 1)( p

|z′
k
|
)
|z′k|(p− |z

′
k|)

(3.45)

where p is the maximum size and |z′k| the number of 1 elements in the coalition.

5. The linear model Equ. (3.44) is thus fitted (i.e. Shapley values are computed

Φ̂ = [Φ1,Φ2, ...,Φp]) by minimizing the following Loss function:

Φ̂ = argmin
Φ̂∈Φ

∑
z′∈Z

[hx(z′)− g(z′)]2 · πx(z′) (3.46)

Having to consider all coalition makes the KernelSHAP algorithm also computa-

tionally very demanding. [132] proposed a tree-based algorithm, the TreeSHAP, that

reduces the computation time form exponential (TL2P ) to polynomial (TLD2) (where

T is the number of trees, L the Maximum number of features in any tree, p Number of

features and D = logL) and estimates the conditional expectation f̂x(S) = E[f̂(X)|Xc]

more efficiently (see [132] for more details). A comprehensive explanation including real

applications of both algorithms, KernelSHAP and TreeSHAP can be found in [133].

3.3.2.2 LIME: Local interpretable model-agnostic explanations

The LIME method [130] is another visualization and importance tool to perform local

importance analysis. The idea behind this technique is quite intuitive as well as efficient.
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Given the black box predictive model and the observation to be explained: we first

generate samples (through a perturbation-based method) close to the specific observation

under analysis, second, use the black box model to predict the outputs using the new

generated samples and third, fit a local interpretable model (i.e. linear or decision

tree) using the new generated dataset around the observation. As expected, the local

interpretable model needs to provide predictions as close as possible to the predictions

made by the black box model.

The explanation model ε(x) is generated with LIME by minimizing the following

Loss function around the observation under analysis xi:

ε(x) = argmin
g∈G

L(f̂ , g, πx(z)) + Ω(g) (3.47)

where g is the selected interpretable model (i.e. linear or decision tree), f̂ is the black

box fitted model, Ω(g) is the measure of complexity, πx(z) is the proximity measure

between the analyzed observation x and the sampled data points z (i.e. weight measure

of proximity) and L is the loss function to be minimized. The complexity measure Ω(g)

defines how close the interpretable model is to the fitted model around the observation.

The LIME technique consists of the following steps:

1. Given a fitted model (i.e. black box) with high accuracy f̂ .

2. Approximate the fitted model locally by:

(a) Sample instances around xi.

(b) Given the previous samples, compute the corresponding predictions using the

black box model f̂(·).

(c) Weigh the samples from step 2a according to their proximity to xi. For

instance, in the case of a linear interpretable model (i.e. g(z′) = ωz′), the

weights can be defined as πx(z) = exp(−D(x,z)2

σ2 ).

(d) Minimize the Loss function (Equ. (3.47)) to learn the local explanatory model.

Result: ε(x)
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3. Use ε(x) to explain the importance of the feature values xi on the prediction f̂(xi).

LIME and SHAP methods have two main drawbacks. In SHAP, the assumption

of independence between input variables when estimating the conditional expectation

f̂X(S) = E[f̂(X)|Xc] is realistically difficult to meet. In LIME as well as SHAP, fitting an

approximated linear model around the observation under analysis can be a bit optimistic.

[134] showed that both methods lack robustness when explaining strong non-linear black

boxes. Robustness of a local interpretable model tests if the local fitted model provides

similar explanations as the black box to all the neighboring points around xi. A survey

on recent techniques applied for explaining black box models can be found in [135].

3.4 Interaction effects

The task of measuring the nonlinear interaction structure16 between input variables on a

model output is not trivial since the effect of input variables on the output cannot be de-

composed into single effects. Take for instance the medical case, where certain indicator

might not be informative when diagnosing a condition, however when interacting with

others their impact might be significant [136]. Machine learning techniques have been

used to tackle the problem of measuring the interaction effects of variables and under-

standing their predictive power. The statistical concept of interaction between variables

should not be confused with dependence or correlation between variables [136]. While

variables can be independent to each other, they can still interact and viceversa. Statis-

tical interaction in regression modelling refers to the effect of the product of two or more

predictors on the response variable. In supervised learning, interactions can be modelled

using parametric as well as nonparametric methods. In parametric models, the expert

selects the model and estimates its parameters using the available data. The resulting
16It is important to distinguish between statistical dependency between variables and

interaction between variables. Mathematically speaking, given a predictive model Y =
f(X) mapping the output Y to the input X, we say that Xi and Xj do not interact if
f(X) = fl(Xl) + fs(Xs), where fs and fl do not depend on Xi and Xj respectively or
∂f(X)
∂Xi

= g(Xj)
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approximated model needs to consider all combination of possible interactions adding

multiplicative terms to the model, which could be computationally demanding when

dealing with high-dimensional datasets. Nonparametric modelling on the other hand,

and in particular Decision Tree algorithm, relies on the dataset allowing us to capture

interactions while building the tree. In this section, we review recent methodologies for

interaction assessment.

3.4.1 Parametric modelling: The LASSO model

References [137, 138] adapted to linear LASSO model [60] to capture interaction effects

present in real models. Analysing interactions using a parametric model requires a

combinatory search to analyse all possible interaction terms (i.e. for the 2-way case and

p input variables,
(p
2
)
interactions need to be considered). To overcome this challenge,

the interaction effects are only included in the LASSO model if the marginal effect of

the input variables involved in the interaction is relevant. This strategy satisfied both

the strong and weak hierarchy constraints:

strong hierarchy: θ̂ij 6= 0 if β̂j 6= 0 and β̂k 6= 0

weak hierarchy: θ̂ij 6= 0 if β̂j 6= 0 or β̂k 6= 0
(3.48)

where β̂jk is the interaction coefficient and β̂j and β̂k are the marginal main coefficient

in the LASSO model. Given the dataset [Y ; X] where Y ∈ R and X ∈ Rp, the LASSO

model that accounts for interactions has the form:

Y = β0 +
∑
j

βjXj + 1
2
∑
j 6=k

θjkXjXk + ε ; ε ∼ N(0, σ2) (3.49)

Equ. (3.49) is solved by [138] by adding a set of convex constraints to the LASSO

model resulting in the convex optimization problem:

β0, β, Θ = argmin
β0∈R,β∈Rp,Θ∈Rpxp

L(β0, β,Θ) + λ||β||1 + λ

2 ||Θ||1 s.t. Θ = ΘT (3.50)
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where ||Θ||1 =
∑
j 6=k |θjk|, L(β0, β,Θ) the loss function and λ ≥ 0 the regularization

term (Hyperparameter that needs to be tuned)17. The approach proposed by [138,140]

captures the interaction effects based on group-lasso penalties, i.e. the solution consists

of first grouping the predictors and then estimate the variable coefficients βj of the

group-lasso model. The penalty term allows us to set a group of variable coefficient to

zero which help to reduce the computation time of the solution.

Reference [141]18 took the same approach and generalized Equ. (3.49) as:

Y = β0 +
∑
j

f(Xj) +
∑
j>i

fji(Xi, Xj) + ε ; ε ∼ N(0, σ2) (3.51)

The function for the main and interaction effects, fi and fij , are approximated by

a preselected finite orthonormal basis wrt to the Lebesque measure on the unit interval

{ψ1(.), ..., ψdm(.)} for fi and on the unit square {φ1(., .), ..., φdim(., .)} for fij . Equ. (3.51)

is solved by convex optimization:

β, Θ = argmin
β∈Rp,Θ∈Rpxp

1
2 ||Y −

p∑
j=1

βjψj −
p∑
j=1

p∑
i=j+1

θijφij ||2 (3.52)

The appropriateness of this approach is subject to the assumption of independence

between predictors.

3.4.2 Nonparametric modelling: Decision Tree techniques

Adding multiplicative terms to detect interactions effects can become computationally

prohibitive in high-dimensional problems. Nonparametric solutions based on Decision

Tree algorithms are data-driven approaches that have shown to be a strong alternative

to assess the interaction structure since they allow us to, while building the tree, measure

the simultaneous effect of predictors on the response variable.

Reference [142] proposed a method based on the Random Interaction Tree algo-

rithm [143] and the weighted version of Random Forest [144] to search for n-order inter-

actions in binary classification problems. One simple and computationally efficient way
17The R implementation of this technique is found in the package [139].
18Readers are referred to [141] for an extend list of LASSO methods.

74



3.4. INTERACTION EFFECTS

of analyzing interactions in trees is to capture the number of times variables appear in

tree branches (i.e. Frequency of appearance VIA technique, section 3.2.4). In particular,

in [142], for a given class, the algorithm searches for the collection of s binary predictors

that appear more frequently in the tree. Given a dataset [X, Z], where X ∈ Rp is the

input space and Z ∈ {0, 1}, the aim is to create the binary dataset Dt = (Ii, Zi)t, where

i = 1, ..., n, n number of observations, t number of trees in the forest, Zi ∈ {0, 1} label

and Ii ⊆ {1, 2, ..., p} is the feature-index subset indicating the indices of active features

associated with the observation i. Now, the prevalence of an interaction S ⊆ {1, 2, ..., p}

in the class C ∈ {0, 1} is defined as:

Pn(S|Z = C) =
∑n
i=1 1(S ⊆ Ii)∑n
i=1 1(Zi = C) (3.53)

where 1 is the indicator function. For each tree, the datasetDt = (Ii, Zi)t correspond

to the n x p binary matrix where for each observation i, we place 1 under the predictor

Xj (j ∈ {1, ..., p}) if the predictor appeared in the splitting nodes when the observation

(xi, zi) was being evaluated. The numerator in Equ. (3.53) accounts for the number of

times, over n, the interaction S appeared in the binary matrix given the class C (for

instance S1,2 represents the number of times (X1, X2) appeared in the binary matrix,

i.e. both were 1, when the class was C = 1).The denominator is the sum over n of the

observations corresponding of class C.

The dataset Dt = (Ii, Zi)t is created as follows:

1. For each tree t = 1, ..., T , we collect all leaf nodes and index them by jt = 1, ..., I(t).

2. For each observation (xi, zi) and tree t, Iit is the set of unique indices falling out

on the path of the leaf node containing (xi, zi) in the tree t.

3. Each observation (xi, zi) will generate T set of indices, that we then aggregate to

form the binay dataset R = {(Iit, Zit) : xi falls in leaf j in tree t}.

4. Apply the Equ. (3.53) using R to obtain the value of the searched interactions19.
19The R implementation of the algorithm can be found in [142]
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In [145], authors applied a newly proposed decision tree technique, the Additive

Groves Regression Trees algorithm [146], where analyzing interactions between predictors

is straightforward. In their work, the second order interaction effects are estimated as:

Iij(f̂(X)) = stRMSE(f̂(X))− stRMSE(Rij(X)) (3.54)

where stRMSE(f̂(X)) = RMSE(f̂(X))
std(f(X)) , f(X) is the real model, f̂(X) the fitted model

and Rij(X) the restricted model, i.e. a model that does not contain interactions between

Xi and Xj yet as close as possible as f(X).

Two variables Xi and Xj are considered to be interacting if:

Iij(f̂(X)) > 3 · std(stRMSE(f̂(X))) (3.55)

The main objective is to find a model f̂(X) whose restricted version Rij(X) provides

similar high predictive performance as the unrestricted version f̂(X). In turns out that

the Additive Groves Regression Trees [146] meet this criterion. The restricted model

is built by enforcing that none of the groves use both Xi and Xj . Each time a tree is

trained, two trees are built, one without considering Xi and the other without Xj . The

tree that provides better performance is added to the ensemble that forms the restricted

model Rij(X). When dealing with high correlated predictors, [145] suggests a backward

elimination feature selection as a preprocess step before assessing the interaction effects.

Based on the frequency of appearance approach (section 3.2.4), the concept "variable

inclusion proportions" is introduced in [84], where an interaction exists between two

variables Xi and Xj if both variables are found together in a contiguous descending

path from the root to a terminal node in a given tree [147]. Measuring interaction

effects consists of20:

1. Build a zero p x p matrix, where p is the number of input variables in the model.
20For interested readers the R software of the BART methodology for variable impor-

tance is found [148].
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2. Given a tree t and the variable Xi selected for splitting in the inner node (in),

record the variables Xj (i 6= j) selected in all child nodes (cn). Increment the

(i, j) positions of the matrix with the counts. Counts (i, j) are counted together

with (j, i), i.e. the matrix is symmetric.

3. The interaction effect of Xi and Xj on Y corresponds to the position (i, j) in the

matrix after evaluating all trees in the forest.

3.4.3 The Black Box alternative

When the fitted model is not easily explainable, techniques such as PDP (Partial De-

pendence Plot), ICE (Individual Conditional Expectation) (section 3.3), Shapley value

(section 3.3.2.1) or GSA (chapter 2) can be applied to the fitted black box. [126] adapted

Equ. (3.39) to measure the two way-interaction effect of predictors on the predicted re-

sponse. Given the joint importance score for xi and xj , i(xi, xj) the interaction effect of

those predictors on the output is defined as21:

int(xi, xj) = 1
2(std(i(xi|xj)) + std(i(xj |xi))) (3.56)

Reference [149] based the assessment of interactions also on the partial dependence

values (PDP). The proposed H-Statistic algorithm consists of:

1. Given the input-output predictive model f̂(x).

2. For each Xi, compute the PDP (Equ. 3.38), i.e. f̄i(xi) = 1
n

∑n
k=1 f̂(xi, xk,\i).

3. For each Xj (j 6= i, j = 1, ..., p):

(a) Compute the PDP for f̄j(xj) = 1
n

∑n
k=1 f̂(xj , xk,\j).

(b) Compute the joint PDP, i.e. f̄ij(xij) = 1
n

∑n
k=1 f̂(xij , xk,\i,j).

(c) Compute U =
∑

(f̄ij + f̄i + f̄j) and L = var(f̄ij).

(d) ρij = U
L .

21see R implementation in vip Package
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4. Return the set of interaction effects for each Xi and Xj .

3.5 Multivariate response scenario

Few machine learning algorithms have tackled the multioutput variable importance prob-

lem. This section discusses the parametric approach based on the LASSO algorithm and

the two most used Decision Tree-based techniques. The DT algorithms are compared to

the proposed EPD algorithm (chapter 4): Sequential Multi-Response feature selection

and the Intervention Prediction Measure algorithm. Both methods use the Conditional

Inference Tree algorithm as a base learner and the frequency of appearance framework

as the variable importance technique.

3.5.1 Multi-task LASSO

Reference [150] scalated the LASSO algorithm to the multioutput context, proposing

the Multi-task LASSO scheme. They proposed an l1/l2-regularization framework Equ.

(3.57) that select input variables by assuming that they share similar pattern among all

output variables Y = (Y1, ..., YK).

L(Y, f̂(X)) =
K∑
k=1
||Y k −X · βk||22 + λ

p∑
j=1
||βj ||2 (3.57)

The quadratic programming to be solved is:

β̂ =argmin
β

K∑
k=1

N∑
i=1

Lk(Xi, Y
k
i , βk) + λ

p∑
j=1
||βj ||2 (3.58)

where k ∈ {1, ...,K} is the output variable index.

3.5.2 SMuRFS algorithm

Mayer et al. [8] proposed a recursive feature elimination technique, called SMuRFS

algorithm22 as a solution for variable selection for multioutput scenarios. The algorithm
22R code for implementation is found in https://github.com/jomayer/SMuRF
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returns a list of influential predictors without the numerical importance ranking. Briefly

explained, the process consists of:

1. Given the training and test datasets, split the training data into a secondary

training and test datasets of size ntest.

2. Select randomly q predictors from a total of p. Fit a Conditional Inference Tree

(CIT) [76] using p and select the Q1 features that were considered significant

according to a predefined significance level α. The remaining predictors are Q2 =

q −Q1.

3. Assess the significance of Q2 by again using the ntest observations and the CIT,

keeping the predictors that were significant (Q′2), removing the remaining Q3 pre-

dictors (Q3 = Q2 −Q′2).

4. Bootstrap new observations, randomly select q predictors from p − Q3 and run

again steps 2 and 3. Stop when either all p predictors are considered relevant of

when the list Q3 is empty.

5. Use Cross-Validation to avoid bias in variable selection. The final set of significant

variables are named Fw.

6. Grow a Conditional Inference tree with multioutput response using only Fw. The

splitting variables Fs are considered the most influential and return by the algo-

rithm.

3.5.3 Intervention Prediction Measure algorithm

Contrary to measure-based algorithms for variable importance, the IPM algorithm [7]

relies on the structure of the tree. The idea was first proposed by [151] based on the

Minimal Depth (MD) statistic, where they show that variables used in the root node or

close to it are more relevant for prediction than the remaining predictors. IPM23 follows

a similar approach for variable selection.
23R package is found in [152].
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The IPM algorithm consists of:

1. Take an OOB observation xoob = (x1, ..., xi, ..., xp) (observations not used to build

a tree) and run it down in all the trees forming the forest. For each tree, that

observation passes through a set of nodes. The variable split in these nodes are

recorded.

2. The percentage of times a variable {xoobi }
p
i=1 is selected along the way from the

root to the terminal node is calculated for each tree (only variables that intervened

in the prediction of the observation xoob are considered to compute the IPM).

3. IPM is the average of the percentages over all trees in the forest, leading to a value

for variable importance expressed as a percentage.

3.6 Lottery Ticket Hypothesis

Reducing the data storage and computational cost in predictive modeling is an important

part of variable importance analysis. In this regard, pruning techniques, especially in

Decision Tree algorithms, have been widely used. However, it is essential to ensure when

pruning that the pruned version of the model provides similar if not higher accuracy

compared to the unpruned version. These pruning techniques have been also applied to

Neural Networks in order to reduce the computation performance without compromising

their accuracy. Particularly, [153,154] stated the Lottery Ticket Hypothesis in which the

authors show empirically that it is possible to successfully train a subnetwork created

after pruning the smallest-magnitud weights from the original Neural Network. If the

pruned version is initialized with the correct value weights, then this will achieve similar

or even higher accuracy using less data storage and computationally faster. The Lottery

ticket algorithm tries to identify the winning tickets, i.e. the unpruned neural network

weights that form the structure of the subnetwork. It consists of the following steps:

1. Randomly initialize the full connected Neural Network fNN (X,Wo), where Wo ∼

DW are the initial weights.
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2. Train the previous network j iterations, arriving at Wj weights values.

3. Prune the p% of the smallest-magnitud weights values, creating the pruned version

m.

4. Reset the unpruned weight values to their initial values Wo (step 1) and retrain

the subnetwork fNN (X,Wo ⊕m).

3.7 Conclusions

The application of variable importance analysis in Machine Learning is now becoming

more essential then ever for model building. This chapter provided an overview of

various variable importance techniques (VIT), including Linear methods, Decision Tree

algorithms, Model-agnostic techniques and their variants for local and global analysis

along with multioutput problems. We have presented the theoretical framework and the

estimation procedures behind these methods with the goal to make them more accessible

to experts and non-experts to be used in more applications. The choice of one VIT over

the other depends on the problem at hand and the computational cost the research is

willing to accept. Similar to the idea of developing an ensemble of base learners to

improve the performance of the SuperLearner, researchers can opt to build a VIT as a

mixture of different base VI methods and average the results of the individual solutions.

This former solution can help reducing the risk associated with single models. Table

3.124 can be used by practitioners as a guide to select the appropriate VIT according to

the problem at hand. The following chapters investigate two problem that have attracted

little attention but are crucial in various applications: VIA applied to multioutput and

imbalanced datasets.

24A survey of recent Interpretable Machine Learning tools can be found in [155,156]
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Chapter 4

Variable Importance Analysis:

the Spanish Electricity Market

case

4.1 Introduction

Predicting electricity prices and demand is a very important task for the energy market

industry. Understanding and measuring the impact of the predictors might also be as

important as the predictions themselves. For this reason, a previous variable importance

analysis is highly advised. In this chapter, we propose an alternative framework to

assess variable importance in multivariate response scenarios based on the permutation

importance technique (section 3.2.3), applying the conditional inference trees algorithm

(section 3.2.1.2) and a φ-divergence measure. Our solution was tested in simulated

examples as well as a real case, where we assessed and ranked the most relevant predictors

for price and demand of electricity jointly in the Spanish market. The new method

outperforms in most cases the outcomes achieved by the recently proposed and Decision

Tree-based techniques, Intervention Prediction Measure (IPM) [7] and Sequential Multi-

Response feature selection (SMuRFS) [8]. For the electricity market case, we identified
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the most relevant predictors among pollutant, renewable, calendar and lagged prices

variables for the joint response of demand and price, showing also the effectiveness of

the proposed multivariate response method when compared with the univariate response

analysis.

The implementation of electricity market reforms in the European Union and other

Western countries has strengthened the competitiveness in the market [157] requiring

the participants (energy producers, traders, distribution companies, large consumers and

governments) the need to operate efficiently in the market. This efficiency requires a

highly accurate forecasting process for the demand and price of electricity [158]. For

instance, a more accurate price forecast may allow power suppliers to make better in-

vestment decisions by adjusting their production of energy and hedging against volatility

and hence, maximizing their financial benefits. Energy buyers may be able to protect

themselves against high prices. Large consumers could benefit by efficiently managing

their energy consumption, which could potentially lower their costs. Governments on the

other hand, are interested in a more accurate forecasting process for price and demand

in order to implement new environmental regulations, structure changes applied to the

energy market [159], or quantify the energy market uncertainty for decision making.

The current system established by governments aiming to introduce competitiveness

among energy producers is based on economic pools [158], where producers bid on prices

at which they are willing to generate the energy. In doing so, producers must take into

account that this energy cannot be stored in large quantities, which creates the need

to balance their production with the demand of electricity, in order to ensure that this

demand is covered [160]. Hence, the market price is fixed every day for the following 24

hours through the intersection between the supply of energy and the forecasted demand.

This daily action system demonstrates the importance of predicting not only the price,

but also the demand simultaneously so that the interdependencies between price and

demand are taken into consideration [161].

Numerous forecasting techniques of price and demand of electricity have been used in

recent years. Classical methods are based on statistical approaches such as, ARIMA
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[162] [163], GARCH [164], or time-varying regression [165] [166] (see [167] for recent

advanced methods in electricity price forecasting). Machine learning techniques have

also been proposed for this purpose [168] [169] [170] [171] [172]. However, the lack of

interpretability due to the vast amount of data and the complex non-linear function in

Machine Learning that maps the price and demand of electricity with the explanatory

variables (Figure 4.1), makes the variable importance analysis a key pre-process step for

any appropriate forecasting/predictive method. As a result of the dependencies between

the demand and price, a multivariate response variable importance analysis is crucial

in order to identify the predictors that have a high impact on the function responses.

In this work, we propose a novel variable importance technique, EPD (Euclidean Prob-

abilistic Distance), based on the Decision Tree algorithm, Conditional Inference Tree

algorithm (CIT), that allows us to gain insight into which variables are relevant for a

forecasting model used to predict the demand and price of electricity simultaneously.

The new proposed methodology will enable the electric energy participants to improve

their decision-making mechanisms by identifying and understanding the explanatory

variables, and their effect on the prediction of price and demand jointly, without having

to repeatedly perform individual univariate analysis.

Figure 4.1: Predictive model. [Price, Demand] = f(X1, X2, ..., Xp). Explanatory vari-
ables: Calendar effects, Lagged prices and energy production variables.

4.1.1 Literature: Variable importance analysis Electricity market

Several papers regarding Variable Importance Analysis (VIA) applied to the electricity

market have been proposed, nevertheless, only a few studied the multivariate response
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scenario. For instance, for the univariate response case, where the aim is the prediction

of the price of electricity, [173] proposed an algorithm to rank predictors involved in

the Queensland (Australia) electricity market, based on the computation of Informa-

tion Theory Measures. Aimed at predicting the hourly electricity price in the Spanish

and Australian markets, Amjady et al. presented a technique based on a two-stage

feature selection process, consisting of a Relief algorithm [174] and posteriori modified

relief algorithm [175] which identified lagged prices Pt−1, Pt−24, fuel costs and calendar

indicators as the predictors with maximum relevancy to the electricity price, followed

by a correlation analysis to eliminate redundant forecasters. Sood et al. [176] through

correlation analysis identified relevant predictors (lagged prices Pt−1, load of previous

days and weeks), capturing linear dependencies between predictors and the price of elec-

tricity involved in the Australian electricity market. Similarly, Keynia et al. [177] based

their analysis of feature selection on a mutual information criterion, which provided a

selection of relevant predictors for the price of electricity in the Spanish and Californian

markets.

Lago et al. [159] applied ANOVA analysis (Variance-based sensitivity analysis) that con-

siders the effect of features (day-ahead prices, load and generation capacity and calendar

variables) from connected European energy markets (Belgium and France). As a result,

French prices and load accounted for nearly 50% of price prediction. A novel method

REMPE (Reference Explanatory Model for Price Estimations) was developed by Mon-

teiro et al. [178] to identify price variables Pt−1, Pt−24, wind power, cogeneration and

thermal variables as important to explain the prices a day ahead. [179,180] evaluated the

influence of wind generation and day of the week on the Spanish electricity spot price.

The shrinkage algorithm LASSO (Least Absolute Shrinkage and Selection Operator) was

used in [171] and [181]. While Ludwing et al. [181] compared LASSO and Random For-

est algorithm to select the set of important weather variables involved in the forecasts of

the German electricity spot prices, [171] applied LASSO to extract the most influential

variables in high dimensional settings (400 explanatory variables) in order to improve

electricity forecasting models. Ziel et al. [172] compared univariate versus multivariate
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LASSO and identified, among past electricity prices, calendar variables and periodic

effects, the most significant predictors to be used in the predictions of the following 24-

hour electricity prices (multi-response analysis). The study revealed the importance of

the 1-hour lagged price, the day of the week and hour of the day as the variables with

the highest impact on the multi-output predictive model. Close results were achieved

by Misiorek et al. in [182].

The impact of fundamental variables was assessed in [183] and [184]. Keles et al. [184]

applied a k-NN algorithm, while [183] investigated the impact of economic, technical (i.e.

energy plant dynamics), strategic (i.e. market design) and other risk factors on intra-day

electricity prices in the British market. Their analysis brought to light the importance

of demand volatility (due to weather and consumption patterns), previous prices (Pt−1),

diurnal and weekly effects for the price forecasting model. Results from [185] indicated

the fundamental factors such as start-up cost, market states and tracking behavior ex-

plained approximately 75% of the intra-day price variance in the German electricity

market. Carpio et al. [165] applied dynamic factor analysis to reduce the number of

parameters involved in the prediction of multivariate time series hours electricity prices.

Gonzalez et al. [186] evaluated the importance of fundamental and continuous variables

applying tree-based algorithms for the Iberian electricity market.

Most recently, Febrero et al. [187], motivated by the problem of identifying the most

relevant predictors for the demand and price of the Spanish electricity market and using

a general additive regression model, proposed an algorithm based on the computation of

distance correlations. With their variable selection solution, they were able to measure

the level of redundancy among predictors of different scales. Different types of feature

selection methods are evaluated and compared using different energy market data sets

in [188] [189] [190].

Traditional univariate output techniques for variable importance analysis include the

use of t-statistics, Information Theory measures or more sophisticated methods based

on Bayesian approaches [191], Support Vector Machine (SVM) [192], Variance-based
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Sensitivity Analysis (SA) [193] 1 or the widely used parametric technique LASSO, a lin-

ear regression based method [60]. Although some of the mentioned techniques have been

adapted to cope with multioutput variable problems ( [53] [194] [46] for SA and Multi-

task Lasso [150] for LASSO), these methods depend on the number of interaction terms

included in the analysis, which makes the computations computationally expensive. On

the other hand, Multi-task Lasso [150] only deals with linear correlations among predic-

tors and performs poorly when coping with non-linear interactions. For these reasons,

Random Forests [5] [73], a non-parametric machine learning algorithm, has become a

popular variable importance technique, thanks to its intrinsic feature selection capabil-

ity, ability to cope with complex interactions among input variables, highly non-linear

models, low-high dimension problems, different scale data set and easy scalability to

multioutput scenarios [92] [88] [89] [90] [76].

To our knowledge, only the works described in [172] [165] have analyzed the impact of

explanatory variables when coping with multivariate response scenarios. In both cases,

the multivariate response was the price of electricity at different hours. Consequently,

no other works are directly comparable to ours, where the aim is to analyze the influence

of calendar effects, previous prices and energy production variables on the demand and

price of electricity simultaneously. Our result would allow:

• To identify the relevant variables that affect the simultaneous prediction of the

price and demand of any predictive model improving its accuracy (Feature selection

pre-process).

• To analyze and measure (in terms of % of impact) the total effect of the predictors

in a highly non-linear and multi-output scenario. The analysis provides useful

information to the market participants that would allow them improve their market

strategies.
1We measure, by computing the Sobol indices [193], how the variability of an input

variable is propagated through the function model affecting the variance of the response
variable
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• Multivariate analysis increases the speed of computation (processing time) and

data storage efficiency.

4.2 Tree-based methods for Multi-output VIA

Among the recursive partitioning algorithms, the Conditional Inference Tree (CIT) al-

gorithm has overcome, when splitting, the bias towards predictors with many values (i.e.

continuous variables) [76]. The CIT algorithm measures at each node the association

between input variables and response(s) using the permutation test theory [195], which

allows for an unbiased selection of input variables for splitting.

According to our research, few tree-based methods have been proposed for variable

importance analysis to deal with multi-output problems, mainly the Intervention Predic-

tion Measure (IPM) [7] and the Sequential Multi-Response feature selection (SMuRFS

algorithm) [8] (see sections 3.5.3 and 3.5.2 for a detailed description of both algorithms).

These techniques apply the frequency of appearance method [151] (i.e. mainly relies on

counting the number of times an input variable has been randomly selected at each inner

node for splitting in the tree construction process) and hence do not take into account

the possible connections among the responses in the analysis. SMuRFS algorithm uses

the CIT method to test for importance, filtering out insignificant features and giving a

final list of survived input variables without ranking them. On the other hand, the IPM

algorithm, also based on the CIT algorithm, derives the importance of variables from the

structure of the tree, selecting variables as influential when they intervene in the predic-

tion. (Comparison: Tree-based Variable Importance Techniques (VIT) for Multi-output

scenarios is found in Table 4.1)

We propose a new alternative for VIA (EPD, Euclidean Probabilistic Distance) based

on the Conditional Inference Tree algorithm (CIT), the permutation importance frame-

work [73] 2 and a probabilistic measure. Our solution leans on a preprocessing step to
2(i.e. if an input variable Xi has no influence in the output, then permuting its

values will have no impact on the joint distribution P (−→Y ,−→X ), which will lead to the
same (when passing the Out Of Bag observations through the tree) performance before
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analyze the possible interrelations among the responses. A hyper-parameter sensitivity

analysis is performed in order to provide some insight into what hyper-parameters (HPs)

have more impact into the performance of the variable importance technique.

In order to assess our proposed technique, EPD, we use a parametric model based

on Sensitivity Analysis as a standard reference to compare the non-parametric models

EPD, SMuRFS and IPM. This standard reference model (referenced in this paper as

PIT-SA3) computes the sensitivity indices of the predictors based on the Probability

Integral Transformation [49]. PIT-SA considers, when computing the importance of

input variables, the correlations among the responses and how those connections affect

the ranking 4.

4.3 Proposal for Variable Importance Analysis

While dealing with multi-output problems, there are two alternatives to perform the

variable importance analysis (VIA):

• Perform separate univariate VIA for each response. This alternative would work

if the responses are not correlated. In the case where correlation among responses

exist, the univariate VIA would be hard to interpret.

• Perform a multivariate analysis either disregarding the dependence among the

responses (described methods: IPM and SMuRFS) or considering the possible

output dependence structure.
and after permuting such a predictor)

3It is worth mentioning that PIT solution is computationally inefficient compared
to other techniques and can only be applied when the dealing with continuous vari-
ables, while the proposed solution can be applied to mixed data and outperforms PIT
computationally.

4Given −→Y = (Y1, ..., Ym) characterized by its CDF V = FY (Y1, ..., Ym) the PIT of −→Y
is defined as KV (v) = P (V < FY (Y1, ..., Ym)). The sensitivity index corresponding to
Xi is: Si = 1

2EXi(S(Xi)), where, EXi(S(Xi)) =
∫∞
∞ fXi(xi)[

∫ 1
0 |KV (v) −KV |x∗i (v)|]dxi.

The larger Si the more important Xi is for the multivariate output.
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Table 4.1: Comparison: Tree-based Variable Importance Techniques (VIT) for Multi-
output scenarios

VIT Type Advantages Disadvantages
EPD Based

on per-
mutation
framework

Good performance non-linear
scenarios. Less sensitive to
mtry selection

Only allows for continuous
output variables.

IPM Based on
frequency
of ap-
pearance
framework

Allows for different scales of
output variables

Underperforms in non-linear
scenarios. Highly sensitive
to mtry hyperparameter se-
lection.

SMuRFS Based on
frequency
of ap-
pearance
framework

Allows for different scales of
output variables

Only provides list of survived
covariates, not ranking values.

4.3.1 Hyperparameter sensitivity analysis for variable importance tech-

niques

The accuracy of many variable importance techniques relies on how the hyperparameters

(HPs) that govern the machine learning have been set. Therefore, as a first step, we

propose a method to assess the relative importance of the HPs that control the precision

of the variable importance technique applied. In particular, we apply a method to study

the importance of five HPs used to tune the CIT algorithm and also provide optimal

values of these HPs. The optimal HPs values are later used to run the VIA to assess

the relative importance of the predictors. The proposed method provides some insight

into what HPs have relatively more impact on the performance of the VIA, which allows

us to focus, when tuning the algorithm on a small number of HPs when analyzing the

problem.

The five HPs −→γ = [γ1, γ2, γ3, γ4, γ5] used to calibrate the CIT algorithm are: ntree

(Number of trees in the forest), mtry (Number of input variables randomly selected to

91



CHAPTER 4. VARIABLE IMPORTANCE ANALYSIS: THE SPANISH
ELECTRICITY MARKET CASE

consider for splitting at each inner node), Maxdepth (Maximum depth of the tree), min-

split (Minimum number of observations at each inner node in order to be considered for

splitting), minbucket (Minimum number of observations in a terminal node). Each HP

can be configured using one of Ki different values, which allows Dγ = K1xK2xk3xk4xK5

combinations.

The procedure to study the relative importance of the HPs that control the perfor-

mance of the described variable importance technique is 5:

1. Build the Hyperparameter matrixHPmatrix(−→γ ) (sizeDγx|γ|). Each row represents

a different combination of HPs and each column a specific hyperparameter γi.

2. Given a mathematical model y = f(−→x )|−→x=[x1,...,xp], compute the total Sobol sen-

sitivity indices of the input variables V I|Sobol = [ST1, ST2, ..., STp] (vector of total

contributions, ST i, of the input variables to the variability of the response(s)).

V I|Sobol is used as the standard reference.

3. For each row of HPmatrix(−→γ ) (a different combination of hyper-parameters), com-

pute V I|CIT (−→γ ) = [V I(X1), ..., V I(Xp)] using the CIT algorithm 6. The step leads

to a matrix (size Dγxp) of Variable Importance (VI) values.

4. Vectorize the V I|CIT (−→γ ) matrix by computing row-wise the Euclidean Distance

(ED) between each row of V I|CIT (−→γ ) and the standard reference V I|Sobol. As

result, we have a vector (Equ. 4.1) that describes the variability of V I|CIT (−→γ )

with respect V I|Sobol in terms of the HPs −→γ .

V (−→γ ) = ED(V I|Sobol − row(V I|CIT (−→γ ))) (4.1)
5The analysis of 4.3.1 (R code) has been run for the univariate output scenario (p

input variable). Our main contribution in this thesis is the Euclidean Probabilistic
Distance algorithm for VIA in multi-output scenarios. The Hyperparameter sensitivity
analysis for variable importance techniques, section 4.3.1, provides information about
how to tune the variable importance techniques used to perform the VIA.

6The trees are built using the data set [y;−→x ], where y = f(−→x ). Use varimp() R
function from "party" Package to compute V I|CIT .
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5. Given [V (−→γ );HPmatrix(−→γ )], find the relationship V (−→γ ) = gANN (HPmatrix(−→γ ))

(we use ANN).

6. Given the ANN model, V (−→γ ) = gANN (HPmatrix(−→γ )), compute the main and in-

teraction effects (Sobol indices) of each HP involved in the performance of the

variable importance technique and extract the optimal HPs values (values −→γ =

[γ1, γ2, γ3, γ4, γ5] that correspond to the minimum euclidean distance between V I|Sobol
and row(V I|CIT ).

Figure 4.2 shows the main and total effects of each HP to the variability of the

accuracy provided by the variable importance technique based on the CIT algorithm.

As seen, themtry hyper-parameter has the highest impact on the precision of the variable

importance technique.

Figure 4.2: Hyper-Parameter Sensitivity Analysis for the Variable Importance Technique
based on CIT. Main effect (Red): Individual Effect of each HP on the response. Total
effects (Blue): Total effect of each HP when interacting with other HP on the response.

4.3.2 VIA based on EPD

The EPD algorithm to assess the importance of input variables in a multioutput scenario

consists of the following steps:

1. Detect linear dependencies among the output variables and drop linearly dependent

responses.
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2. Standardize the output variables.

3. For each Xi,

(a) Build a Conditional Inference Tree (CIT) before permuting the values of Xi.

(b) Evaluate the input variables using the built CIT.

(c) Compute the Euclidean distance (ED) row-wise between the predicted matrix

before permuting Xi and the observed output variables (result: dBP ).

(d) Permute Xi and reevaluate the new input variable dataset.

(e) Similarly, compute the ED between the predicted matrix after permuting Xi

and the observed output variables (result: dAP ).

(f) Compute the probability distance between the Euclidean probability distri-

butions dBP and dAP .

(g) Repeat this procedure ntree times.

4. The importance of Xi is calculated by averaging over ntree trees the probability

distance between the Euclidean probability distributions before and after permut-

ing Xi.

Next is a more detailed description of the EPD algorithm (Figure 4.3) and Algorithm

3):

1. Given a data set [−→Y ;−→X ], described by m output variables and p input variables.

2. (Pre-process step) When possible (i.e. m > 2), detect the linear dependencies

among the output variables −→Y (see Appendix B in [196] for detailed procedure).

The goal is to drop responses that are linear functions of others.

3. (Pre-process step) Standardize the variables.

4. For each input variable Xi:

(a) Extract the Out Of Bag (OOB) observations [−→Y OOB;−→XOOB] from the dataset

(save the observation matrix, abbreviated as YOOB).
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(b) Build each tree using the CIT algorithm with the In Of Bag (IOB) observa-

tions [−→Y IOB;−→X IOB].

(c) Before permuting (BP)Xi (input variable under analysis, i.e a specific column

in −→XOOB), we propagate the OOB observations −→XOOB through each tree,

resulting in the prediction matrix, YPREDBP = CIT (−→XOOB) (prediction of

each OOB observation of each response).

(d) Compute the Euclidean distance row-wise between the observation matrix

YOOB and the prediction matrix YPREDBP . The result is a vector of Euclidean

distances dBP (Vectorization) of size the number of OOB observations.

(e) Permute (AP)Xi in
−→
XOOB and use this permuted OOB observations −→XOOBXi

to compute the new prediction matrix YPREDAP = CIT (−→XOOBXi
).

(f) Compute the Euclidean distance row-wise (vector dAP ) between the observa-

tion matrix YOOB and the new prediction matrix YPREDAP . If the predictor

Xi is not relevant, then µAP ≈ µBP and σAP ≈ σBP
7. Perform the Kol-

mogorov Smirnov Test to assess the normality of dAP and dBP .

(g) Compute the Probability Distance (PD) (JSD or χ2-distance) between the

Euclidean probability distributions, dAP and dBP (a large value of JSD or

χ2-distance shows that the empirical distributions belong to different sources,

hence permuting the predictor under analysis Xi has led to a significant de-

viation on the joint distribution, reflecting the importance of that predictor).

Save the result of this computation.

if dBP and dAP are normally distributed then

Compute JSD(dAP , dBP ) (Equ. 4.2)

Given two probability distributions P1 and P2 and M = 1
2(P1 +P2), math-

ematically JSD is defined as:

JSD(P1, P2) =
√

(H(M)− 1
2H(P1)− 1

2H(P2)) (4.2)

7Note µAP = mean(dAP ) and σAP = std(dAP ).
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where H() is the Shannon Entropy.

else

Given two probability distributions, dBP and dAP , characterized by

their histograms, P1 and P2, the χ2-distance (Equ. 4.3) between them is

defined as:

χ2(P1, P2) = 1
2

d∑
i=1

(Pi1 − Pi2)2

(Pi1 + Pi2) (4.3)

where d is the number of bins in the histograms.

end if

5. Repeat steps (a) to (g) ntree times. Each time, save the result in a vector size

ntree. This leads to a vector of importance corresponding to Xi over all trees of

the forest (denoted in Algorithm 1 by vector PD).

6. Finally, the importance of Xi, V IM(Xi), is the mean of the vector calculated in

the previous (step 5).

7. Repeat steps 4 to 6 for all input variables Xi|i=1,...,p. This leads to a vector of

importance (vecimp in Algorithm 1) which represents the relative importance of

each input variable.

8. Alternatively, through the Gram-Schmidt (GS) orthogonalization procedure (Equ.4.4)

applied to the multi-output response (i.e. we transform TGS : RM → RM the mul-

tivariate output Y = [Y1, Y2, ..., YM ] ∈ RM into a new orthogonal and independent

set of output variables Y ⊥ = [Y ⊥1 , Y ⊥2 , ..., Y ⊥M ] ∈ RM ) we can repeat the VIA and

work with orthogonal and independent responses. This would allow us to mea-

sure to what extent permuting Xi contributes to the variability of the responses

independently, leading to V IM(Xi)|GS . The GS procedure:

Y ⊥1 = Y1

Y ⊥i = Yi − E[Yi|Y ⊥1 , ..., Y ⊥i−1] ∨ i = 2, ...,M
(4.4)
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Figure 4.3: VIA framework

Algorithm 3 VIA EPD Algorithm
1: Dataframe (Dataset)
2: Find dependencies, Standardize, Orthogonalization
3: vecimp = 0 (Vector holding the relative importance V IM(Xi) of all predictors)
4: dBPt (Distribution Euclidean Distances tree t Before Permuting)
5: dAPt (Distribution Euclidean Distances tree t After Permuting)
6: ntrees (Total number of trees in the Forest)
7: vecimp = c()
8: for nvar in col(1st inputvar) : ncol(Dataframe) do
9: PD = c()
10: for tree in 1 : ntrees do
11: Compute the predictions using OOB and CIT predictor model BP
12: Calculate dBPt = ED(OBSBPj , PREDBP

j )
13: Permute the Xi on the OOB dataset
14: Compute the predictions using permuted OOB dataset
15: Calculate dAPt = ED(OBSAPj , PREDAP

j )
16: Compute PDt(dAPt , dBPt )
17: Store PD = c(PD,PDt)
18: end for
19: V IM(Xi) = mean(PD)
20: vecimp = c(vecimp, V IM(Xi))
21: end for
22: Return vecimp
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4.4 Numerical Simulations

The tree-based algorithms EPD, IPM and SMuRFS are compared using linear and non-

linear models 8. In order to assess and compare the non-parametric techniques, we use, as

a standard reference (section 4.4.2), a parametric method [49] based on the computation

of Probability Integral Transformation (PIT-SA) of the multivariate response Y. PIT-SA

takes into account the correlations among the responses and how the connections affect

the ranking of the input variables. SMuRFS algorithm only provides a list of significant

covariates, not ranking values 9.

4.4.1 Simulated example: Linear model

The studied model is: (2 output and 7 input variables) [7]

Table 4.2: Input Variables for linear model

Variables X1 X2 X3 X4 X5 X6 X7
Distributions B(1,0.6) N(3,1) U(4,6) N(5,1) X2 + N(0,0.15) P(X2) P(X1)

Table 4.3: Output Variables for linear model

Variables Y 1|X1 = 0 Y 1|X1 = 1 Y 2|X1 = 0 Y 2|X1 = 1
Model 2 + 2 ·X2 ·N(0, 0.1) 3 + 4 ·X2 ·N(0, 0.2) 2 + 3 ·X2 ·N(0, 0.15) 3 + 5 ·X2 ·N(0, 0.2)

This simulated example consists of a continuous bivariate output and a combination

of continuous (normal X2, X4, X5 and X6 and uniform X3) and categorical input vari-

ables (binomial X1 and X7). Variables X6 and X7 are permutations of the variables

X2 and X1 respectively. According to the definition of the output variables Y 1 and Y 2,

table 4.3, only X1 and X2 are directly involved in the prediction. X5 is defined to be

highly correlated to X2 (X5 is X2 plus noise). The rest of the input variables are added

to the model as noise.
8The "IPMRF" R Package for IPM and the R function SMuRFS() for SMuRFS are

used
9All the simulations have been run using the R Software
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The simulations have been run for 3 different mtry values, mtry ⊂ (1, 4, 7), ntree =

100 and N = 120 observations.

The following Figures (4.4, 4.5 and 4.6) show the relative importance of each input

variable to the bivariate output for each VIA technique in terms of the hyper-parameter

mtry (as described in section 4.3.1 variable importance techniques accuracy (VIT) is

highly sensitive to the hyper-parameter mtry).

Figure 4.4: mtry=1 Figure 4.5: mtry=4

Figure 4.6: mtry=7

For mtry = 1 (Figure 4.4) , EPD distinguishes clearly between important (X1,

X2 and X5) and non-important variables (X3, X4, X6 and X7). X5 also appears

as significant in the ranking due to its correlation with X2. Using the same settings

(mtry = 1), IPM computes quite similar importance to all its input variables (IPM is

quite flat while EPD shows a clear pattern). As we calibrate the value of mtry from 1

to 4 and then 7, both algorithms, EPD and IPM, start providing values closer to the

expected rankings, where only X1 and X2 are significant. Particularly, for mtry = 7
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(Figure 4.6), the algorithms rank X2 as the most important variable, followed by X1,

having the remaining input variables a residual importance due to the randomness of the

algorithms. Regardless ofmtry, the list of survived input variables provided by SMuRFS

is X1, X2 and X5. Comparing EPD and IPM, EPD ranks the predictors independently

of the values of mtry, showing less sensitivity to the selection of mtry.

4.4.2 Simulated example: Non-Linear model

The studied model (Equs. 4.5) is: (3 output and 8 input variables, Xi are independent)

[49]

Y1 = 0.03 −
1.905X1X2

2
X3X7

−
0.565X1X2

2
X4X8

Y2 = X5X3 − 1.185X1X2

Y3 = X6X4 − 0.75X1X2

(4.5)

Table 4.4: Variables for Non linear model

Variable X1 X2 X3 X4 X5 X6 X7 X8
Distribution Normal Normal Normal Normal Normal Normal Normal Normal

Mean 20000 12 0.04 9.82 · 10−4 1.34 · 107 3.35 · 108 2 · 1010 1 · 1011

Std 1400 0.12 0.0048 5.892 · 10−5 2.412 · 106 4.02 · 107 0.12 · 1010 0.06 · 1011

The simulations for the non-linear model have been run for mtry ⊂ (1, 4, 8), ntree =

100 and N = 10000 observations. X2 and X7 are set up to be non-influential input

variables, while X6 and X5 the most influential.

Figures (4.7, 4.8 and 4.9) show the relative importance of each input variable for

each VIA technique in terms of the hyper-parameter mtry.

For mtry = 1 (Figure 4.7), the ranking pattern provided by EPD is equal to the

reference PIT-SA for all input variables. IPM, with mtry = 1 (Figure 4.7), computes

quite similar ranking values among all, showing almost no pattern (Figure 4.7). EPD

and PIT-SA differences in ranking values start decreasing as we calibrate EPD algorithm

by changing mtry, for instance, when mtry = 8 (Figure 4.9), the difference in ranking

is slight.

When comparing IPM ranking values to those of EPD and PIT-SA, differences in

ranking are clear. For mtry = 4, Figure 4.8, IPM considers X3, X5 and X6 having
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Figure 4.7: mtry=1 Figure 4.8: mtry=4

Figure 4.9: mtry=8

no effect on the trivariate output, ranking X6 as the least important when in contrast,

EPD and PIT-SA have ranked it in the first position. The list of survived input vari-

ables (significant covariates) provided by SMuRFS is X1, X3, X4, X5, X6 and X8,

which coincides with EPD and PIT-SA. These results lead us to understand that IPM

underperforms when dealing with non-linear models.

4.5 Real case: VIA Spanish Electricity Market

In any developed society, energy is a primary resource. Energy supply can be considered

essential, ensuring wellness, stability and development.

Nowadays, in a global and interconnected society, energy supply can be considered

a market where countries and public and private companies are capable of selling and

buying energy according to their needs. The energy market involves five key elements:
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generation of electricity, transport, transmission, distribution and selling it to the con-

sumer.

For energy generation, forecasting has become indispensable and to improve the ac-

curacy of the forecast a previous variable importance analysis is crucial. The emergence

of renewable energies (especially due to the policy applied in Spain since 2007) and their

trend to become the main source of energy is an additional source of difficulty for the

traditional energy producers to adjust their production. Traditional energy production

includes thermal power plants and combined cycle, which are much more pollutant than

renewable energies, such as wind farms or solar energy. In the Spanish electrical market

renewable energies are part of Special Regime (REE: ’Spanish Transmission system oper-

ator’) and generally, facilities that produce renewable energy have a maximum installed

capacity of 50MW.

Pollutant energy production are currently used for demand not covered by renewable

sources. Due to the variability of renewable resources, a reliable energy production

system should lean on thermal power plants and combined cycle, which can adjust their

productions almost instantly when necessary.

Since energy cannot be stored in large quantities, energy producers have to schedule

their production according to the variability of the rest of producers. This scheduling is

a primary activity in order to ensure that production covers demand, and it also allows

them to optimize their resources and become more competitive, and it is the reason for

the importance of forecasting the demand of electricity.

The Spanish energy market is specially complex since it adjusts energy prices using

a ’pool market’: prices are fixed at the figure at which the last producer used to cover

demand offers energy. This means that, although some producers can offer their energy

at price 0 Euros/MWh, they still get paid for this energy as long as price for the last en-

ergy used is not zero Euros/MWh, (OMIE: Spanish Electricity Price Market Operator).

For this reason, renewable energy producers offer their energy at 0 Euros/MWh, and

the rest of producers fix their prices according to demand. This explains that renewable

energies are always chosen to cover demand. Therefore, price forecasting is also a main
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issue for energy producers and by thus for the energy market.

Considering the price and demand of Spanish electricity market as the response of

our real model and using the new proposed method, EPD, we aim to measure the effect

on the bivariate output of 15 input variables. We also compare the results provided by

EPD to the IPM and SMuRFS techniques. The analysis will allow us to identify the

non-important predictors that could undermine the accuracy of the forecasting model.

The predictor variables used to perform the analysis of variable importance are of

two different types, nominal (Type of Day ToD, Day of the Week DoW, Hour of the Day

HoD, and Month M) and continuous (Lagged Price 1 hour P1h, Lagged Price 2 hours

P2h, Lagged Price 24 hours P24h, Hydraulic Energy Production H, Nuclear Energy

Production N, Coal Energy Production C, Fuel-Gas Energy Production FG, Combined

Cycle Energy Production CC, Wind Energy Production W, Solar Energy Production S,

Other Renewable Energy Production OR). The response variables are both continuous,

Demand and Price of electricity. The data set used for this study includes hourly data

from 01-05-2016 at 17:00 to 30-04-2018 at 23:00, extracted from Red Eléctrica de España

(https://www.esios.ree.es/es) [197].

Table 4.5 summarizes the input (I) and output (O) variables included in the variable

importance analysis and their corresponding ranges.

Table 4.5: Variables included in the data set

Variable Symbol Type Value
Demand D-W (O) Continuous 17085-39965 MWh

Price Z-P (O) Continuous 0-115 Euro/MWh
Type of day TD (I) Nominal 1=W day, 2=Weekend, 3=Publ. Ho

Day of the week DW (I) Nominal 1-7 (days)
Hour of day HD (I) Ordinal 1-24 (hours)

Month M (I) Nominal 1-12 (Month)
Lagged price one hour P1h (I) Continuous 0-115 Euro/MWh
Lagged price two hours P2h (I) Continuous 0-115 Euro/MWh
Lagged price 24 hours P24h (I) Continuous 0-115 Euro/MWh

Hydraulic Energy Prod. H (I) Continuous 420-12050 MWh
Nuclear Energy Prod. N (I) Continuous 3500-7125 MWh

Solar Energy Prod. S (I) Continuous 1-5980 MWh
Coal Energy Prod. C (I) Continuous 390-9660 MWh

Fuel-Gas Energy Prod. FG (I) Continuous 0-495 MWh
Combined cycle En. Prod. CC (I) Continuous 330-12320 MWh

Wind Energy Prod. W (I) Continuous 1500-15000 MWh
Other renewable En. Prod. OR (I) Continuous 3880-26415 MWh
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4.5.1 Scenario 1: VIA Continuous Variables

In this first scenario, we analyze the effect of energy production (Coal, Combined cycle,

Wind, Fuel-Gas, Hydraulic, Nuclear, Solar and Other Renewable) on the joint output

variables, Demand (W-D) and Price (Z-P) of electricity. The correlation matrix (Figure

4.10) includes energy generation as well as lagged prices variables and the price and

demand of electricity. The correlation between the Demand and Price is 0.56. The

demand of electricity seems more correlated with all lagged prices and Combined cycle,

Coal, Solar and Hydraulic energies (from higher to lower level of correlation). The

Combined cycle, Coal and Hydraulic correlation with the demand can be explained by

the fact that these types of energy production can be more adjustable depending on

the level of demand. On the other hand, the price is highly correlated with Coal and

Combined Cycle (energies expensive to produce) and less with Other Renewable, this

last type of energy being the only renewable energy significantly correlated with price.
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Figure 4.10: Correlation matrix values among all continuous input variables (Diagonal:
Demand, Price, Price Lagged 1h, Price Lagged 2h, Price Lagged 24h, Coal, Combined
Cycle, Wind, Fuel-Gas, Hydro, Nuclear, Solar, Other Renewable). (Public source: Red
Eléctrica de Espana Sistema de Información del operador del sistema, www.esios.ree.es)
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The hyperparameters used in the CIT algorithm to test EPD and IPM methods are

set to: mtry = 4 and ntree = 100.

The following Figure 4.11 shows the relative importance of each input variable to the

bivariate response using the VIA techniques (in parenthesis we have the ranks for EPD

and IPM, expressed in %), EPD, IPM and SMuRFS10.

Figure 4.11: Relative importance in % to the joint response (Demand and Price of
electricity) of energy generation variables using the VIT EPD and IPM

Both variable importance techniques, EPD and IPM, show the same pattern. For

EPD, pollutant energies (Coal, Combined cycle and Hydraulic) rank in the first three

positions, having a 63.63% impact on Demand and Price jointly, while clean energies

(Solar, Wind and Other renewable) contribute with 31.26%. It is reasonable to have

the Coal, Combined cycle and Hydraulic energies as the most importance variables for

demand and price, primarily for two reasons: First, in order to cover the demand that

renewable energies (less reliable) cannot cover, pollutant energies are used, as their

production are more adjustable. However, these energies are also more expensive to

produce. The contribution of nuclear energy can be considered as residual (5.08%). With

the exception of Nuclear (N) and Fuel-Gas (FG) energies, all the predictors appear to

have an influence on the joint response and hence should be included in the forecasting
10SMuRFS only provides a list of survived covariates. In this scenario only FG is

excluded (Non important covariate)
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process.

4.5.2 Scenario 2: VIA Nominal Variables

This scenario was set to study how different calendar variables (Hours of the day, Day

of the Week, Type of day and Month) impact the demand and price of electricity.

Consistent with normal human and industrial/commercial behavior, there is a clear

pattern seen by price and demand with respect to the hours of the days (Figures 4.12

and 4.13), where at early hours along with non-working days (Type of days, F: Weekend

and N: Holiday) both the demand and price are low. Also as expected, on weekends

the demand and price are lower than in business days, being higher in winter season

(December, January and February) compared to spring.
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Figure 4.12: Boxplot Price vs Hour of the day (HoD), Day of the Week (DoW) (D:
Sunday, J: Thursday, L: Monday, M: Tuesday, S: Saturday, V: Friday and X: Wednesday),
Type pf day (ToD) (F: Weekend, L: Working day, N: Holiday) and Month (M). Public
source: www.esios.ree.es
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Figure 4.13: Boxplot Demand vs Hour of the day (HoD), Day of the Week (DoW) (D:
Sunday, J: Thursday, L: Monday, M: Tuesday, S: Saturday, V: Friday and X: Wednesday),
Type pf day (ToD) (F: Weekend, L: Working day, N: Holiday) and Month (M). Public
source: www.esios.ree.es

The hyperparameters used in the CIT algorithm to test EPD and IPM methods are

set to: mtry = 2 and ntree = 100.

The following Figure 4.14 shows the relative importance of each input variable for

the joint response demand and price using the VIA techniques, EPD and IPM.
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Figure 4.14: Relative importance in % to the joint response (Demand and Price of
electricity) of calendar variables (HoD, DoW, ToD and M) using the VIT, EPD and
IPM

The ranking provided by EPD and IPM are: HoD > M > DoW > ToD. Due to

the high variability of demand of energy during the different hours of the day (high

activity at working hours means more demand) and seasons of the year (more demand

in winter than spring), the Hour of the day (HoD) (40.48%) and the Month (M) of the

year (32.55%) seem to be considerably the most influential variables for the demand and

the price. The day of the week (DoW) and type of day (ToD) have similar contributions

(13.48%), which are low as their importance is already included (redundant information)

in the other two variables (HoD and M).

4.5.3 Scenario 3: VIA Energy production and nominal variables

Scenario 3 is a combination of scenarios 1 and 2, where energy production variables are

put together with calendar variables (2 output and 11 input variables).

The hyperparameters used in the CIT algorithm to test EPD and IPM methods are

set to: mtry = 4 and ntree = 100.

The following Figure 4.15 shows the relative importance of each input variable for

each VIA technique, EPD and IPM.
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Figure 4.15: Relative importance in % to the joint response (Demand and Price of
electricity) of fundamental and continuous variables using the VIT EPD and IPM

Hour of the day (20.17% ranked first by EPD and 15.95% ranked second by IPM)

and Month (19.45% ranked second by EPD and 17.57% ranked first by IPM) are ranked

as the most influential variables by both techniques, followed by Coal (ranked third),

Combined cycle (ranked fourth) and Wind (ranked fifth) energies. Solar (tenth) and

Renewable energies (ninth) are again placed as the least important predictors with the

exception of Nuclear energy having, as in all simulations, a marginal contribution.

4.5.4 Scenario 4: VIA Full Data set

This last scenario considers all variables in the simulation (2 output and 15 input vari-

ables, Table 4.5), where we have incorporated the lagged prices variables (1 hour, 2 hours

and 24 hours) as predictors.

We have also computed the importance of each input variable to each of the response

variables independently. Figure 4.16 shows the impact of the predictors on the demand

and price when running a univariate response variable importance analysis 11. We see

that for the price of electricity, the predictors selected (Figure 4.16) as important are

the prices Lagged one (P1h) and two hours (P2h) as well as Coal (C) and Combined
11These analysis has been carried out using the varimp() method used for VIA in the

univariate response scenario (R package ’party’)
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cycle (CC) energy power, these energies being the most expensive to produce. For the

demand (Figure 4.16), due to the normal behavior of human activity, the hour of the

day (HoD) and the rest of calendar variables have been selected as the most important

predictors. To cover this demand, renewable energies are first used. For that reason,

Solar (S) and Wind (W) power appeared also as significant, with the Combined cycle

(CC) and Hydraulic (H) power energies selected as important in order to ensure the

coverage of demand.

Figure 4.16: Univariate Response Variable Importance Analysis: Relative importance
in % of the predictors to each independent response, Demand and Price of electricity.

For the multivariate response (Demand and Price) analysis, the hyperparameters

used in the CIT algorithm to test EPD and IPM methods are set to: mtry = 4 and

ntree = 100.

The following Figure 4.17 shows the relative importance of each input variable for

each VIA technique , EPD, IPM and SMuRFS (SMuRFS considers as important all

covariates except FG).
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Figure 4.17: Input variables ranking EPD vs IPM

In general, for the multi-output VIA, the ranking patterns shown by both VIA tech-

niques are quite analogous. Both methods, EPD and IPM, ranked the Lagged price 1h

variable (P1h) in the first position, with an impact on the bivariate output of 29.38%

using EPD and 21.91% for IPM, followed by the Hour of the day (HoD) variable with

18.05% and 13.93% respectively. They also consider that Nuclear energy (N) as the

least important variable for Price and Demand, with a marginal contribution of 0.51%

computed with EPD and 1.35% computed with IPM (Fuel and Gas has no impact 0.0%

on the joint response).

For EPD the four most important predictors for Price and Demand are: Lagged

price 1h (21.91%), Hour of the Day (18.05%), Lagged price 2h (10.12%) and Month

(9.58%). While the least influential input variables are Nuclear Energy (0.51%), followed

by Other Renewable (1.17%), Wind (2.74%) and the Hydraulic energies (3.53%). A

possible interpretation of these ranks could be as follows: Calendar variables impact

(HoD and M are in the second and fourth position respectively) are undoubtedly related

to the high variability of demand of electricity (see Figure 4.13). For instance, different

hours of the day (HoD) (high consumption from 10:00 to 21:00 and less during the

night, with repeated pattern of electricity prices Figure 4.12, Boxplot Price vs HoD) and

periods of the year (Months of April, May, September and October with low demand
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and high in the rest) require different demand. In order to attend the high demand,

renewable energies (such as Solar 3.83%, eighth position) are produced, however, due

to their dependence on meteorological conditions, their reliability to cover the demand

is low (less controllable) and hence, more pollutant and adjustable energies such as

Combined cycle (CC) power (5.05%, fifth position) are produced. One of the downsides

of using CC energy is the high cost of production (level of correlation between Combined

cycle energy production and price of electricity is 0.68, see Figure 4.10). Considering

this and because of the Spanish electricity market price rules, 12 if the demand has been

covered by expensive energies, the price of electricity will also be high. This explains

the high importance shown by Lagged price 1 hour (21.91%, first position) and 2 hours

(10.12%, third position) for the bivariate response.

It is also worth noting that although new environmental policies have been signed

to increase the production of renewable energies, such as wind, solar and OR, these

energies are still ranked in the lowest positions (12th and 13th, except solar energy

which is ranked 8th).

Closely related to the proposed VIA solution, Febrero et al. [187] proposed a new

variable selection framework for the univariate response scenario. In their study, they

selected significant predictors for the price and demand of electricity individually for

the Iberian Market. For the demand, their analysis showed the day-of-week indicator,

price lagged 1 hour (Pt−1) and Combined cycle energy as the most significant factors,

with renewable energies having a marginal contribution. The prediction of price had as

main contributors the lagged price Pt−1, along with Combined cycle and wind energies,

which coincides with our solution (with the exception of wind energy generation). Again,

Gonzalez et al. [186], applied a Random Forest variable selection method for the univari-

ate response case. When the output variable was the price Pt+1 , the hour of the day

appeared as the most important variable, followed by Combined cycle, Hydraulic, Coal

energies and the demand of energy. Here again, renewable energies such as wind seem
12the final price is fixed at the figure at which the last producer used to cover the

demand.
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to be irrelevant for price prediction. The REMPE model (Reference Explanatory Model

for Price Estimation) was used in [178] to explain the impact of input variables (previ-

ous prices, weather forecats, power generations, power demand, chronological variables,

hour and weekday variables) on the hourly price of electricity in the Iberian Market. The

analysis in [178], concludes that price variables (Pt−1 and Pt−6), wind, cogeneration and

thermal power energy generation were significant, while hour of the day and weekdays

had less impact on the hourly price forecasting. In general, our solution, EPD, has some

similarities with the univariate response analysis, capturing as important variables the

lagged price (Pt−1), calendar effects (weekday and hour of the day) and energy produc-

tion (especially the Combined Cycle power), with renewable energies (i.e Wind power)

having non-significant contributions.

Comparing our results (multivariate response variable importance analysis, Figure

4.17), to those achieved in the univariate response case, see [187] [186] [178], we can

see that by using the new proposed algorithm EPD we can extract relevant information

about variable importance, while also considering the possible interrelationships among

the response variables in the analysis. This allows for a more effective analysis as there

is no need to perform separate univariate studies, creating a more efficient analysis.

4.6 Conclusions

Identifying and analyzing the underlying factors that drive the forecasts of demand and

price of electricity could reduce the uncertainty in their predictions. While the prediction

of demand is comparatively more accurate than that of the price, its dependency on the

capacity of renewable energy production (in order to cover the demand) and the cost of

production (affecting the final price), makes it crucial to incorporate both variables, de-

mand and price, in the analysis. Consequently, a previous variable importance analysis

for the multi-output case is essential. This chapter presents a new variable importance

measure for multivariate output analysis, the Euclidean Probabilistic Distance measure

(EPD). This new method provides the total impact (in percentage) of each predictor on
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the joint response. Comparisons between EPD and other proposals, IMP and SMuRFS,

show that EPD is able to measure the effect of the predictors (lagged prices, calendar

effects and energy productions) on the multivariate response (price and demand of elec-

tricity of the Spanish market) more accurately (Table 4.1). The analysis provided by

EPD (section 4.5.4) showed the importance of previous lagged prices, Pt−1 and Pt−2

and calendar effects (HoD, hour of the day and M, month) on the price and demand,

which could be considered to further improve the predictive accuracy of the forecast-

ing model. The study also measured the relatively low impact of renewable energies

(solar, wind and other renewable energies) compared to more pollutant ones (combined

cycle and coal) despite the new Spanish environmental energy regulations. Energy par-

ticipants could benefit from this methodology as a result of the previously mentioned

more accurate pre-process feature selection which removes non-explanatory variables

and therefore, improves the efficiency of any forecasting model. Energy traders through

the new proposed methodology could improve their bidding strategies based on more

accurate scenarios, which could potentially maximize their benefits by enhancing their

energy production (energy suppliers) or protecting their investment strategies against

high prices (buyers). On the other hand, large consumers may improve their knowledge

in the market by identifying the factors that impact the price and demand fluctuations

jointly, by accounting for their intrinsic relationships and hence obtaining a higher rev-

enue. Our solution also summarizes the individual variable importance analysis which

makes the computations time and data storage more efficient.
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Chapter 5

Variable Importance Analysis in

Imbalanced Datasets

5.1 Introduction

In any classification or regression problem, VIA is a crucial process whose primary goal

is to improve the model interpretability, reduce the computational cost, optimize the

data storage, untangle the complexity of interactions among variables and ultimately

provide a smaller number of relevant input variables without losing explanatory pre-

diction power. Statistically speaking, VIA refers to a set of techniques that allow us

to assess numerically the impact or relative importance of input variables (factors, fea-

tures), described by an input vector X ∈ [x1, ..., xp], on a model output variable Y . From

a machine learning perspective [3], this analysis is performed to identify the predictive

power of each individual input variable in regression or classification models. Global

Sensitivity Analysis (GSA) [4], on the other hand, aims to quantify the output variabil-

ity due to the variance of each input variable. In both cases, as a result, the analysis

permits us to rank and select the most influential input variables and drop from the

model those that are irrelevant. Regardless of the type of VIA, we need to determine

the relationship that maps the input variables on the output from which we can perform
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the study. This relationship can be characterized by a parametric model, Y = f(X), or

a nonparametric model that needs to be fit, for instance, using some machine learning

technique (Neural Network, Support Vector Machine, etc). Depending on the nature

of the output variable, we deal with a classification problem if the output variable is

categorical (binary or multiclass) or a regression problem in the case of a continuous

output variable (univariate (scalar) or multivariate (vector output)).

In the case of a classification machine learning algorithm, we aim to predict (after a

training process), with the highest accuracy, the class of a new observation Xnew. How-

ever, the accuracy of these algorithms can be influenced by the imbalanced nature of the

data [198,199], where observations of one class outnumber the other class(es) (imbalance

ratio of at least 5:1 for the binary case [200]). This skewed distribution of classes makes

the goal of predicting very challenging since the cost of misclassification of a minority

class can be more expensive than misclassifying an observation from the majority class

(see for instance medical diagnosis cases [201]). In order to improve the prediction ac-

curacy and lower the computational cost, a previous identification and quantification of

the most relevant input variables of the model is always highly advised. This challenge,

increases even more when coping with multiclass problems with an imbalanced dataset.

To address the imbalanced data problem, several approaches have been considered,

which can be grouped into four categories:

1. Preprocessing strategies: Resampling techniques and/or variable importance anal-

ysis.

2. Cost-sensitive learning methods.

3. Adaptation of machine learning techniques.

4. Hybrid solutions: Combination of the previous three approaches.

Preprocessing strategies based on resampling techniques can be divided into two

subcategories, oversampling (i.e. process of duplicating minority samples, see SMOTE

or synthetic minority oversampling technique [202]) or undersampling methods (i.e. re-

moving a subset of majority classes, see RUS or Random Under-Sampling [203]). A
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comparison of sampling methods applied to the imbalanced classification problem can

be found in [204–206]. The strategy behind the cost-sensitive learning is to adjust the

machine learning technique in order to minimize the misclassification cost. Different

solutions implementing cost-sensitive learning techniques can be found in [200,207]. Re-

searchers also adapted parametric models [208] (i.e. mainly Logistic Regression and

Support Vector Machine (SVM) algorithms) and nonparametric methods (Decision Tree

algorithms), to find solutions to the imbalanced multiclass classification problem. When

applied as variable importance techniques, SVM techniques have been used extensively

to overcome the imbalance problem, however, Ensemble Methods (EM) based on De-

cision Trees techniques have shown better performance compared to parametric-based

classifiers [209].

EM refers to the collection of techniques in which a group of models, belonging to

the same algorithm (base learner), are trained together in order to obtain a better per-

formance compared to the one achieved with a single algorithm. The technique helps

us to reduce the variance and bias of the single learner, improving its accuracy. EM are

categorized into Boosting and Bagging methods. In Boosting, the set of base learners

are trained sequentially using random samples. These samples are selected with re-

placement of over-weighted data in which misclassified observations are assigned higher

weights and then passed to the next base learner. The most popular Boosting methods

are, AdaBoost, XGBoost or Gradient Boost. On the other hand, in Bagging (Bootstrap

aggregating) methods, the training of each base learner is performed independently.

Popular methods are C4.5, CART, and most recently developed, the Conditional Infer-

ence Trees (CIT) algorithm [76]. The CIT technique will be used in this work as a base

learner for the proposed variable importance algorithm when applied to the imbalanced

multiclass problem due to its capability for handling multivariate response models.

To overcome the imbalanced classification problem, several solutions based on bag-

ging methods were proposed. [210] explore the idea of modeling the Random Forest (RF)

algorithm by incorporating a cost-sensitive learning as well as a resampling technique in

order to turn the imbalanced binary dataset into a more balanced one. [211] modified
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the splitting criterion of the C4.5 algorithm by measuring the probability divergence

between the joint probability of features, the imbalanced binary target class Y (p(x,y))

and the marginal distributions (p(x) and p(y)). [212] followed a similar approach us-

ing the Hellinger distance in the splitting phase and various sampling methods. When

dealing not only with high-dimensional settings (p >> n), but also Bigdata scenar-

ios, [213] used the MapReduce framework to first partition the original dataset and then

perform separate analysis to the imbalanced binary classification problem combining var-

ious sampling techniques along with the RF algorithm. The Roughly Balanced Bagging

(RBBag) technique [214,215] was applied in combination with a random under-sampling

procedure showing better performance related to over-sampling procedures. Boosting

methods were also adapted to cope with the imbalanced data problem. To overcome the

bias behavior toward majority classes observed with Gradient Boosting when classifying

rare events (only for the binary imbalanced scenario), [216] presented three different

undersampling techniques combined with a modified boosting method that consisted of

an early stopping and shrinkage process. [217] extended the Adaptive Boosting algo-

rithm (AdaBoost) [218], to tackle the imbalanced multiclass scenario. They developed a

new algorithm, AdaBoost.M1, adding a cost-sensitive learning method to the boosting

process. [219] first upgraded their initial binary class algorithm, AdaBoost.NC [220] to

handle the multiclass scenario. Their study showed that the class decomposition strategy

(i.e. transforming the multiclass problem into binary problem, known as one-against-all,

OAA) did not perform well, showing the effectiveness of the simultaneous processing

when dealing with the multiclass problem. They improved the accuracy of classifica-

tion through a combination of different over-sampling methods along with the upgraded

AdaBoost.NC algorithm. Hybrid solutions try to combine the different aforementioned

approaches to deal with the imbalanced data issue and improve the classification ac-

curacy. Researchers are referred to [221–228] for detailed descriptions of these hybrid

solutions. It is worth mentioning that the vast majority of these solutions belong to

the family of ensemble-based methods showing an overall advantage of bagging methods

combined with sampling methods over boosting methods and their extensions.

119



CHAPTER 5. VARIABLE IMPORTANCE ANALYSIS IN IMBALANCED
DATASETS

Whereas many performance metrics (Precision, F-measures, Recall, etc.) are used

to assess the accuracy of classifiers, only the Area Under the Curve (AUC) [229] and

G-Mean [230] have shown, due to their robustness, to be adequate in the imbalanced

case [231]. In this work, we apply the extension of the AUC, the Volume Under the

Surface (VUS) [232] to analyze and visualize the importance of features in multiclass

classification problems.

Another effective approach to deal with the imbalanced data classification problem

is to first run a preprocessing step based on variable importance analysis in order to

remove non-influential variables. Removing irrelevant features lowers the risk of mis-

classification, avoids overfitting, bias towards the majority class and the possibility of

considering the minority class(es) as noise [233]. The variable importance analysis gets

more challenging when dealing with the multiclass scenario since the class decomposition

strategy overall underperforms [219] when compared to the simultaneous processing of

all classes.

In this chapter, we investigate two VIA approaches to deal with imbalance classifi-

cation problems. The presented methodologies are implemented using a parametric as

well as a nonparametric framework. The key idea is to transform a multiclass classifica-

tion problem into a continuous multioutput regression problem and analyze through the

proposed importance techniques the influence of the input variables. The nonparametric

approach applies the permutation importance technique to measure the influence of each

predictor. The changes observed on the predictive output vector (predicted probabil-

ities, Yc = fc(X), Yc ∈ [Y1, Y2, ..., Yl],
∑l
i=1 Yi = 1) are summarized in a distribution

error matrix that is computed as the row-wise difference between the observed and the

predicted matrices. The resulting matrix is then vectorized through the computation of

the Mahanalobis distance between its rows, which leads to a vector of distribution of er-

rors. Compared to other importance techniques, where only a summary of the available

information of errors is used, our approach considers all the information related to errors

generated by the predictive model. Working with probability distributions has shown

to be more robust and suitable in skewed class distribution settings since we work with
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the entire information related to the class membership. Finally, the dissimilarities be-

tween the Mahalanobis distance vectors before and after permuting the predictor under

assessment are quantified using the χ2-distance (symmetric metric). Although a similar

solution was presented in [234], in this work we improve the algorithm and adapt it to

the imbalanced classification problem by using the Mahalanobis instead of the Euclidean

distance. This metric has been extensively applied in clustering problems for outlier de-

tection. In our case, we leverage the properties (sensitivity to class distribution) of the

Mahalanobis distance to analyze the supervised problem with an imbalanced dataset.

Additionally, we support our importance analysis by obtaining a nonparametric test

statistic based on the null hypothesis of equal multivariate cumulative density functions.

The parametric alternative is based on the covariance decomposition multioutput Global

Sensitivity Analysis technique applied to the fitted multioutput model Yc = fc(X). The

proposed methods will be compared to existing variable importance techniques based on

RF algorithms since they are designed for the binary as well as the multiclass scenario

as opposed to the rest of the models (SVM, NN or Logistic Regression).

This chapter is organized as follows: Section 5.2 presents the state of the art related

to variable importance methods with emphasis on the imbalanced multiclass problem.

Section 5.3 describes the theoretical concepts and proposed methodologies. Simulated

examples consisting of nonlinear functions with different imbalanced ratios are tested

in Section 5.4. In Section 5.4, we also apply our proposed methodologies to two real-

world problems. In the first case, we investigate the impact of the 35 companies listed

in the Spanish index IBEX35 on a newly proposed uncertainty index created using the

Natural Language Processing Word2Vec algorithm. The index, called IdW2V, captures

the political, economic and social uncertainty in Spain due to the COVID-19 pandemic

during the first quadrimester of 2020. In the second real application, we aim to identify

and quantify the impact of several factors on extreme prices in the Spanish electricity

market. Section 5.5 is dedicated to discussing the contributions and limitations of the

proposed techniques. Final conclusions are presented in Section 5.6.
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5.2 Related work

Several Variable Importance (VI) methods have been proposed to tackle the imbalanced

multiclass classification problem. These methods can be grouped into 3 categories [3]:

Filter, wrapper and embedded methods. Filter methods are model-independent tech-

niques (i.e. no need to have a mapping function that maps features to classes). They

use statistical measures (χ2-statistic, Fisher Criterion Score or Information-theory based

measures) to capture the level of dependency of the classes on a group of features. Al-

though, they underperform their competition when dealing with nonlinearities between

the features [235], they are computationally less expensive and hence suitable for high-

dimensional settings [236]. Wrapper and embedded methods, on the other hand, use

classification models along with search methods. They measure the importance of each

feature by assessing its predictive power. Despite their ability to capture interactions

among features, their tendency to overfit and their computational cost make them less

attractive models.

Mutual Information (MI) was used in [237,238] as a score function to assess both the

impact of the single feature as well as the feature interactions on the multiclass output.

[239] presented an entropy-based solution to reduce the computation costs associated

to filter methods in multiclass problems. Their key idea consisted of calculating the

dependencies between each feature and a preselected subset of classes. Binary Relevance

and Label Powerset approaches were considered by [240] to transform the multiclass

problem into a single class problem, to subsequently apply the Relief and Information

Gain (IG) as feature selection methods to the transformed problem. [241] proposed

an Iterative Ensemble Feature Selection method (IEFS). First, the OAA strategy1 was

applied to transform the multiclass data set into two-class sub-datasets. Then, iteratively
1A widely used strategy is the so-called class decomposition technique or One-

Against-All (OAA) technique. The OAA solution consists of transforming a multiclass
dataset with l classes into l different binary sub-dataset. However, when applying this
strategy, we may face a possible loss of class information, which could potentially lead
to an inadequate learning of the algorithm. For this reason, considering all classes si-
multaneously could be a more efficient procedure in the variable importance analysis.
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for ′T ′ times, the Fast-correlation based filter method was applied to each subdata set,

which was previously sampled using the SMOTE method. More recent feature selection

filter-based methods that dealt with the multiclass domain are discussed in [242,243].

Parametric models such as SVM were also used as VI methods. For instance, [244]

extended the work of [112] by proposing an embedded VI method based on SVM and a

recursive feature elimination procedure to deal with the multiclass scenario. [245] used

a similar strategy applying a backward elimination technique with SVM as a classi-

fier to cope with high dimensional settings. [246] adapted the SVM algorithm with a

cost-sensitive learning method using the Quasi-Newton-based optimization scheme. To

overcome the loss of class information when the OAA strategy is applied, [247] proposed

a normalization procedure weighing the output of each two-class SVM classifier with a

reliability measure.

When dealing with skewed class data distributions, probabilistic approaches have

shown better performance in imbalanced scenarios. [248] presented a VI method based

on the computation of the Hellinger distance between the two-class distributions using

the CART and SVM algorithms as base learners. [249] followed a similar solution and pro-

posed the Density-Based Feature Selection algorithm (DBFS). The algorithm estimates

the probability density of the analyzed feature in each class PDF(Ci) and then computes

the overlap of this probability with respect to the rest of the classes. [250] compared three

alternatives for the multiclass scenario based on the Random Forest algorithm. In the

first two, the Binary Relevance (BRRF) and Label Powerset (RFRF) techniques were

first applied to transform the multiclass dataset into various single-class datasets, while

in the third alternative the Random Forest Predictive Clustering Tree (RFPCT) was ap-

plied to handle the multiclass data simultaneously. In their study, BRRF outperformed

its competitors. [108] used the permutation framework technique [73] to assess the im-

portance of variables (features) in imbalanced scenarios. In their work, the importance

of each input variable is measured by computing the difference between the AUC before

and after randomly permuting the values of each input variable at each base learner

(CIT algorithm).
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The feature selection method for imbalanced binary classification problems proposed

by [251] uses a sequential forward technique where features are only added to the classifier

based on clustering and outlier detection if the mean of sensitivity and specificity of

the classifier increase. The feature selection technique, asBagging-FSS [252], aims to

remove irrelevant and redundant features by applying hierarchical clustering that collect

similar features using the Pearson correlation coefficient across two features. A more

recent survey of preprocessing techniques, including resampling and feature selection

methods for imbalanced binary biomedical datasets are discussed in [253]. A user guide

of resampling techniques as well as feature selection methods according to the type

of dataset is also provided. An overview of feature selection techniques can be found

in [254].

Few papers have proposed variable selection solutions for classification problems

based on Global Sensitivity Analysis. [255] proposed the FAST (Fourier Amplitud Sen-

sitivity Test) combined with a trained Feedforward Neural Network (FNN) as a new

feature selection method for classification problems. The total effect2 of each input vari-

able (Xi) on the univariate response Yl = P (cl|X) (where each response represents a

probability of a specific class when an observation X is evaluated using the predictive

model, FNN), is calculated as the sum of the individual total effect with respect to all

output probability values. The approach followed by [256] trains a Neural Network and

finds the Sobol decomposition of the fitted functions. The sensitivity index attached

to each input variable is determined by the difference among the activation functions

that described the NN system. Both solutions fail to consider the possible relationships

among the probability distributions of the classes, are limited to scenarios with inde-

pendent continuous variables (assumptions on the input space) and need a closed form

mathematical expression that maps the input on the output(s).
2Total effect = Main (single) + Interactions effects

124



5.2. RELATED WORK

5.2.1 Random Forest-based variable importance techniques

In this subsection, we present several proposed techniques for VIA based on Random

Forest that will be compared to our proposed methodologies.

5.2.1.1 AUC extension

[108] used the permutation approach [73] to assess the importance of input variables for

the binary output model when considering different imbalanced scenarios. Based on the

same framework3, we apply the extended version of AUC, the Volume Under the Surface

(VUS) for the 3-class case and the Hypervolume Under the Surface (HUM) for the n-

class case. These metrics have shown to be insensitive to changes in class distributions

and hence suitable in imbalanced scenarios.

The level of relevance of each predictor, V IM(Xi), is measured as the difference

between the performance metric (Mti, in our case VUS or HUM) of each tree in the

forest (ntrees) when predicting the Out of Bag (OOB) observations before and after

(MPti) permuting the values of the predictor under analysis (Xi).

V IM(Xi) = 1
ntrees

·
ntrees∑
t=1

(MPti −Mti) (5.1)

Evaluating the OOB observation XOOB using any classifier results in a vector of

probabilities, Yc ∈ [Y1, Y2, ..., Yl] and
∑l
i=1 Yi = 1, where each element of the vector

represents the level of membership to each class of the observation. If no assumption is

made about the distribution of the predicted probabilities, an unbiased nonparametric

estimator for VUS is defined as (3-class case) [257]:

V US = 1
n1n2n3

n1∑
i=1

n2∑
j=1

n3∑
k=1

I(Y1i, Y2j , Y3k) (5.2)

3This technique will be applied in this work as a visualization method (minor contri-
bution) in order to show the difference between the volume under the surface when the
input variable is permuted [108].
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where,

I(Y1i, Y2j , Y3k) =



1 if Y1i < Y2j < Y3k

1
2 if Y1i = Y2j < Y3k or Y1i < Y2j = Y3k

1
6 if Y1i = Y2j = Y3k

0 otherwise

(5.3)

Analogously, for the n-class case, the non-parametric HUM estimate is defined as:

HUM = 1
n1...nn

n1∑
i=1

...
nn∑
k=1

I(Y1i, ..., Ynk) (5.4)

5.2.1.2 VarSelRF

Based on an iterative elimination algorithm, the VarSelRF procedure ( [258] and R

Package [259]) builds recursively each new forest with variables that produce the smallest

error rate, removing the irrelevant variables in the process.

To select those variables that will be included in the model, the VarSelRF algorithm

builds a new model at each iteration, discarding the variables associated with the smallest

variable importance. At each step, 20% of the variables with the smallest importance will

be eliminated, and a new model is built with the remaining variables. The selected set

of variables is the one that leads to the smallest error rate. The proportion of variables

to eliminate is an arbitrary parameter on this method, and does not depend on the data.

This procedure provides the smallest possible set of variables that can still lead to

an acceptable predictive performance.

5.2.1.3 Boruta

Based on the permutation importance technique, the procedure ( [260] and R Package

[261]) adds randomness to the dataset and evaluates, in a recursive way, the new data

using the Random Forest algorithm. At each step irrelevant input variables are removed.
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The Boruta algorithm duplicates the original dataset, and shuffles the values for

each feature. The decision of keeping or discarding a given variable will be based on the

probability that this feature is ranked higher or lower than the added random variables

in terms of VI. The threshold that leads the decision will be the top VI value of all

random variables added to the original model. That is, the algorithm will check for each

of the real features if they have a higher importance than the defined threshold. Only if

this requirement is met, will they be considered as significant in the model.

5.2.1.4 VSURF

Consisting of a two-stage strategy, the VSURF technique ( [262] and R Package [263])

first applies the permutation technique to eliminate the irrelevant input variables whose

importance is lower than a predefined threshold. The model ranks the variables by

sorting its importance in descending order. The set of eliminated variables will be

based on this sorted order. The calculation of the VI threshold is based on Variable

Importance´s standard deviations, and only those variables whose importance exceeds

this value will be considered in the model.

Second, a variable selection step is performed. A sequence of RF models are built

with the variables that produce the smallest OOB error. As result of this step, two sets

of variables are produced. The first set accounts for the variables that are highly related

to the response, including the redundant ones. The second set is formed by variables

with low redundancy and the highest prediction accuracy.

5.3 Theoretical concepts and proposed methodologies

In this section we describe the theoretical concepts from which we build our proposed

variable importance techniques for the imbalanced multiclass scenario.

The importance of input variables involved in a input-output model can be generally

assessed using different approaches, within which Machine Learning (ML) techniques and

Global Sensitivity Analysis (GSA) are the most popular. By applying ML techniques,

127



CHAPTER 5. VARIABLE IMPORTANCE ANALYSIS IN IMBALANCED
DATASETS

we aim to identify the most important variables in terms of their predictive power, while

GSA provides the set of variables that contribute the most to the output variability. In

both cases, a set of influential input variables is extracted and ranked. A detailed com-

parison and connection between these techniques for the continuous univariate response

model can be found in [114].

We apply a continuous multivariate output framework to analyze the importance

of input variables involved in a multiclasss classification output model with imbalanced

class distribution (Figure 5.1). Two solutions are investigated. From a ML perspective,

the importance analysis is based on the permutation importance method (Figure 5.3)

along with a φ-divergence measure. The covariance decomposition approach is proposed

as a solution for the GSA methodology. To the best of our knowledge, this is the first

work analyzing the importance of input variables in imbalanced multiclass classification

problems using a continuous multivariate output framework.

A schematic design of the proposed methodologies for VIA in multiclass classification

problems are displayed in Figure 5.1.
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Figure 5.1: Schematic design of the proposed methodologies for variable importance
analysis in multiclass classification problems based on mh-χ2 and multiresponse GSA.
(*) Transform the multiclass response with l labels into a continuous output vector with l
elements, which represent the probabilities of membership to each class. V I(Xi) variable
importance of input variable Xi. Si and ST i are the main and total effects of Xi. PI:
Permutation Importance. C.I.T.: Conditional Inference Tree. D.T.: Decision Tree.
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5.3.1 GSA: Theoretical concepts

Given a multioutput computational model Yc = fc(X) (fc : Rp− > Rl p, l are integers)

where X ∈ [X1, X2, ..., Xp] are assumed independent input variables defined on some

probability space (Ω, P ), Yc a multioutput vector Yc ∈ [Y1, ..., Yl] with a semi-positive def-

inite covariance matrix C = Cov(Y1, ..., Yl) and Yr = gr(X1, ..., Xp) (r ∈ [1, ..., l]) a deter-

ministic function. To assess the impact of the uncertainty introduced by each input vari-

able on a multioutput model, GSA techniques can be divided into three types of methods:

the output decomposition method, the covariance decomposition method (both moment

dependent) and a probabilistic approach (or moment independent method). A brief de-

scription of these techniques is reviewed in the following subsections. Special attention

is given to the covariance decomposition approach since this will be used as a methodol-

ogy proposed to analyze the importance of input variables in a multiclass classification

problem with an imbalanced dataset.

5.3.1.1 Covariance decomposition method

Through the Hoeffding decomposition method [31], we can partition the variance of a

univariate output into partial variances. Each partial variance measures the uncertainty

of the model output due to each input variable. Under the assumption of independent

input variables, the importance of each input variable is assessed by computing the so-

called Sobol indices [12]. As a result, we can compute the Single effect Si or, contribution

of Xi to the output variability, the Total effect ST i or join contribution of single (main)

plus interaction effects of Xi and the Interaction effects (second order effect) Sij or,

contribution of Xi and Xj to the output variability (Equ. 5.5).

Si = V [E(Y |Xi)
V (Y ) ;ST i = 1− V [E(Y |X∼i)

V (Y ) (5.5)

[14] extended the analysis to the multivariate output case and generalized the com-

putation of the Sobol indices.

For the multivariate output, let the Hoeffding decomposition of fc(X1, X2, ..., Xp)
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be:

fc(X1, X2, ..., Xp) = k + fv(Xv) + f∼v(X∼v) + fv,∼v(Xv, X∼v) (5.6)

where k ∈ Rl, v a non-empty r-subset of [1, ..., p], Xv = (Xi, i ∈ v) and the comple-

ment X∼v = (Xi, i ∈ [1, ..., p] \ v), fv : Rr → Rl, f∼v : Rp−r → Rl and fv,∼v : Rp → Rl.

If we compute the covariance matrix of each side of Equ. 5.6, we have the covariance

decomposition of the model response, representing the covariance of the multioutput

response (Σ) as a sum of partial covariance matrices (Equ. 5.7).

Σ = Cv + C∼v + Cv,∼v (5.7)

In order to find the Sobol indices, the previously computed covariance matrices (Equ.

5.7) are projected into a scalar value by multiplying the covariance matrix by the identity

matrix (I) and taking the trace:

Tr(IΣ) = Tr(ICv) + Tr(IC∼v) + Tr(ICv,∼v) (5.8)

The generalized Sobol indices are:

Sv(I; fc) = Tr(ICv)
Tr(IΣ) ;

S∼v(I; fc) = Tr(IC∼v)
Tr(IΣ) ;

Sv,∼v(I; fc) = Tr(ICv,∼v)
Tr(IΣ)

(5.9)

where, Sv + S∼v + Sv,∼v = 1.

Similarly to the Sobol indices for the univariate output model (Equ. 5.5), the Sobol

indices Sv in the multioutput case, can also be estimated using the Monte-Carlo pick-

freeze method described in [14].

5.3.1.2 Output decomposition method

The output decomposition approach [45] can be described in two steps. First, an or-

thogonal decomposition is performed on the multioutput response. Second, a sensitivity
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analysis (Sobol decomposition [15], FAST [18]) to each scalar output is applied. For

instance, for the multioutput scenario, [46] compared three alternatives combining the

Principal Component Analysis technique with different GSA methods (Sobol decompo-

sition, extended FAST and Fractional Factorial design).

In a multivariate response problem, if the elements of the output vector (Yi ∈ i =

1, ..., l) are found to be independent, we can analyze the problem of variable importance

by considering l independent univariate response global sensitivity analysis and then

averaging the computed indeces (Si, ST i). In cases where the independence condition is

not met, the problem must be solved by applying a multivariate output GSA in order

to consider the dependence between the output variables.

5.3.1.3 A moment-free approach

When the variance is not an accurate measure of uncertainty and/or the output distri-

bution is highly skewed, the use of density-based methods to compute the sensitivity

indices may be more adequate since we work with the entire distribution of the response

and not only a summary of it. Moment-free approaches based on φ-divergence measures

can capture the dissimilarities between the output distributions and take into account

the dependencies between the response variables.

The first moment-free approach used as importance metric for VIA was introduced

by [40]. For the univariate response problem, the single effect Si is computed as the

average area under the conditional Probability Density Function (PDF) when Xi is

fixed fY |Xi(y) and the unconditional PDF fY (y). [264] extended the previous method to

the multivariate response scenario.

Si = 1
2EXi

∫ ∞
−∞
|fY (y)− fY |Xi(y)|dy (5.10)

Due to the difficulty of approximating the PDF function, [43] employed instead the

Cumulative Density Function (CDF) and computed the Kolmogorov Smirnov (KS) dis-

tance between the CDFs (FY |Xi(y) and FY (y)). In this case, the sensitivity indexes are

132



5.3. THEORETICAL CONCEPTS AND PROPOSED METHODOLOGIES

computed as the distance metric between the corresponding conditional and uncondi-

tional CDFs.

Si = EXimaxy|FY (y)− FY |Xi(y)| (5.11)

Similarly, [49] applied the CDF-based solution to measure the contribution of each

input variable in multivariate output models while also taking into consideration the

correlations between the outputs.

ηi =
∫ 1

0
|kV (v)− kV |Xi |dv;Si = 1

2EXi [ηi] (5.12)

where kV (v) = P (V ≤ FY (Y1, ..., Yl)) represents the Probability Integral Transfor-

mation (PIT) and FY the CDF (kV |Xi is PIT when Xi are fixed).

Although the sensitivity indices based on computing density dissimilarities take into

account the correlation between the outputs, their computational cost makes them un-

feasible and limited to non-expensive models.

5.3.2 Proposed VIT based on the Covariance decomposition GSA tech-

nique

The methodology for VIA in multiclass classification problems, based on the covariance

decomposition multioutput GSA technique, consists of the following steps:

1. Transform the multiclass output dataset [Y ;X] (Y ∈ [1, ..., l]) into a multioutput

regression dataset [Yc;X] (Yc ∈ [Yc1, ..., Ycl],
∑l
i=1 Yci = 1, Yci ≥ 0) by:

(a) Fit the multiclass output dataset [Y ;X] into a multiclass classification algo-

rithm (i.e. SVM, NN or RF).

(b) Compute the predicted probabilities P (cl|X) using the previous classification

algorithm and the observationsX. Result: [Yc;X], where Yc = [P (c1|X), ..., P (cl|X)].

Each column of Yc represents the probability of a class (for instance, P (cl|X =

xi) is the level of membership of a realization xi ∈ X to each class l).
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2. Find a multivariate output regression model Yc = fc(X) for the compositional

dataset [265] that describes the relationship between Yc and X.

3. Apply the covariance decomposition GSA method for the multioutput response

scenario to compute the single and total sensitivity indices. Given the fitted model

Yc = fc(X), we obtain two new model outputs as follows:

(a) Yc
(i) = fc(X

′
i , X(i)), where X

′
i is an independent copy of Xi (i.e. freeze all

input variables except Xi and sample Xi). Yc
(i) is the model output when

evaluating all N observations (X ′i , X(i)) on fc(·). Yc
(i) = [Y (i)

c1 , Y
(i)
c2 , ..., Y

(i)
cl ]

is a matrix of size Nxl. Each element Y (i)
ck (k ∈ [1, ..l]) of the matrix Yc

(i) is

a vector of size Nx1 that represents the vector of probabilities of class k.

(b) Yc
i = fc(Xi, X

′

(i)), where X
′

(i) is an independent copy of X(i) (i.e. freeze Xi

and sample the rest of the input variables). Yc
i is the model output when

evaluating all N observations (Xi, X
′

(i)) on fc(·). Yc
i = [Y i

c1, Y
i
c2, ..., Y

i
cl] is

a matrix of size Nxl. Each element Y i
ck (k ∈ [1, ..l]) of the matrix Yc

i is a

vector of size Nx1 that represents the vector of probabilities of class k.

The estimator of ST i (similarly for Si using Yc
i) is defined as [14]:

ST i =
∑l
k=1(

∑N
j=1 Yck,j · Y

(i)
ck,j − 1

N (
∑N
j=1

Yck,j+Y (i)
ck,j

2 )2)∑l
k=1(

∑N
j=1

Y 2
ck,j

+Y (i)2
ck,j

2 )− 1
N (
∑N
j=1

Yck,j+Y (i)
ck,j

2 )2)
(5.13)

Apart from time efficiency, using the covariance decomposition method permits us

to break down the contribution made by each input variable to the variability of the

output variable. This is achieved by obtaining the single (main) Si, total ST i and

interaction effects as ST i−Si of each variable. Additionally, in contrast to [255], we can

consider the possible relationships among the responses in the analysis. On the other

hand, the use of the GSA technique is limited to problems where the assumptions of

independence between input variables is met (although an orthogonalization procedure

could be applied to meet the orthogonality criterion, see section 4.3.2 in chapter 4), the
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distributions of input variables is known and the approximated model Yc = fc(X) is well

fitted.

5.3.3 Proposed VIT based on a Machine Learning approach: The mh-

χ2 algorithm

The method for VIA for imbalanced multiclass classification problems is built using the

CIT algorithm [76] as a base learner, the permutation importance framework [5] and a

φ-divergence measure. With Decision Tree techniques (DT) we do not need to assume

independence among input variables and no previous variable prescaling is needed. They

have shown high performance in datasets with highly nonlinear interactions in high di-

mensional problems. As previously mentioned, the permutation importance technique

measures the association between the output and the permuted input variable. If some

association exists between the model output Y and the Xi, permuting Xi values while

keeping the rest of the variables fixed, will break the relationship, measuring this way

the relative importance of the input variable under analysis. The φ-divergence mea-

sure is suitable for highly skewed output distributions since it allows us to capture the

dissimilarities between probability distributions.

In our approach, we study the relevance of input variables by analyzing the dis-

similarities between the distribution of errors made by the CIT model before and after

permuting the variable under assessment. A relevant step in this analysis consists of

standardizing the misclassification errors through the computation of the Mahanalobis

distance. This allows us to take into account the correlations among the errors. Also,

working with the entire distribution of errors instead of only a summary of the errors

(G-mean, AUC) permits us to work with all the information generated by the predictive

model. This information enables us to capture the influence of input variables when

dealing with skewed distributions which characterize the imbalance problem.

The pseudo-code describing the methodology proposed for VIA in multiclass clas-

sification problems based on the non-parametric approach is shown in the following

algorithm:
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Algorithm 4 mh-χ2: Imbalanced MultiClass algorithm
1: Original Multi-Class output dataset [Y ;X]
2: Transformed continuous multi-output dataset [Yc;X].
3: Variable selection: U Nonparametric test.
4: for Xi in 1 : col(X) do
5: for treet in 1 : ntrees do
6: Build tree CITt using [Y IOBc ;XIOB ]t .
7: Compute Ŷ OOBBPt

= fCITt (XOOB
t ) and EOOBBPt

= Y OOBct
− Ŷ OOBBPt

.
8: Calculate dBPt

mh (εjBPt
), j = 1, ..., nOOB (dBPmht

∼ P tdX ).
9: Permute the values of the variable under analysis Xi.
10: Compute Ŷ OOBAP(it)

= fCITt (XOOB
(it) ) and EOOBAP(it)

= Y OOBct
− Ŷ OOBAP(it)

.
11: Calculate dAPit

mh (εjAPit
), j = 1, ..., nOOB (dAP(i)

mht
∼ P t

dX
(i)
).

12: Compute χ2
d(P td , P td(i)).

13: end for
14: V I(Xi) = 1

ntree

∑ntree

t=1 χ2
d(P td , P td(i))

15: end for
16: Return relative importance ranking.

Below, we present a detailed description, notation and some definitions used in the

proposed algorithm.

1. Transform the multiclass output dataset [Y ;X] (Y ∈ [1, ..., l]) into a multioutput

regression dataset [Yc;X] (Yc ∈ [Y1, ..., Yl] ∈ Rl,
∑l
i=1 Yi = 1, Yi ≥ 0) using a

multiclass classification algorithm. Yi = P (ci|X) represents the probability of a

specific class ci when an observation X is evaluated using the classification predic-

tive model.4

2. From the [Yc;X] dataset, we sample to obtain the In of Bag (IOB) (i.e. [Y IOB
c ;XIOB])

and Out of Bag (OOB) (i.e. [Y OOB
c ;XOOB]) datasets. Fit the CIT predictive

model to the IOB dataset (i.e. Y IOB
c = fCIT (XIOB), fCIT : Rp -> Rl).

3. Compute the Ŷ OOB
BP = fCIT (XOOB) ∈ Rl (i.e. the predicted matrix computed

when evaluating the OOB observations using the CIT algorithm fCIT : Rp -> Rl

before permuting (BP) Xi). Similarly Ŷ OOB
AP(i)

= fCIT (XOOB
(i) ) ∈ Rl after permuting

4Yc stands for compositional dataset, where the values of Yc sum up to 1 for each
row.
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(AP) Xi.

4. The predictive power of the input variable Xi is assessed by permuting its val-

ues (permutation importance framework). This assessment consists of several

steps: We first measure the errors introduced by the base learner (CIT) before

and after permuting Xi through the computation of the error matrices EOOBBP =

Y OOB
c − Ŷ OOB

BP and EOOBAP(i)
= Y OOB

c − Ŷ OOB
AP(i)

. Both matrices provide us with the

necessary information to assess the importance of the variable under analysis. For

instance, see Figure 5.2, if Xi has any predictive power, when permuting its values,

the distribution of errors will be affected (i.e. the association between classes and

the predictors will change according to the power of the variable). When dealing

with imbalanced datasets ([200 : 90 : 10] and [10 : 280 : 10] datasets), the real-

izations εjBP and εjAP(i)
, j = 1, ..., nOOB (rows of the matrices EOOBBP and EOOBAP(i)

)

corresponding to the minority classes appear as outliers in the graphs. Some of

these outliers change their positions while others remain almost invariant, which

may suggest that the permutation impacts one class more than the others. The

permutation also impacts the majority and minority classes differently. In this step,

the goal is to measure how these outliers are being affected by the permutation of

the input variable.

5. Error standardization of the misclassification errors through the Mahanalobis dis-

tance: In order to capture how the realizations εjBP and εjAP(i)
change their loca-

tions when permuting the input variable, we measure the distance between these

realizations εjBP and the distribution EOOBBP while taking into account the cor-

relations among the realizations, before and after permuting Xi (i.e. same with

εjAP(i)
and EOOBAP(i)

). This is performed computing the Mahanalobis distance. When

performed for all realizations, we are vectorizing the matrices EOOBBP and EOOBAP(i)

leading to the distributions of Mahanalobis distances.

dBPmh (εjBP ) =
√

(εjBP − µ̂BP )T · S−1
EOBBBP

· (εjBP − µ̂BP ) (5.14)
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where j = 1, ..., nOOB, µ̂BP and S−1
EOBBBP

are the column-wise mean and inverse

covariance matrix of EOOBBP . Similarly for dAP(i)
mh (εjAP(i)

).5

6. dBPmh (εjBP ) and dAP(i)
mh (εjAP(i)

) are the Mahanalobis distances between each realiza-

tion before and after permuting Xi. The distribution of these distances (dBPmh ∼ Pd
and dAP(i)

mh ∼ Pd(i)) incorporate information about the errors generated by the CIT

base learner for each OOB observation.

7. The importance of the input variable under analysis Xi is then measured as the χ2

histogram distance [266] between the Mahanalobis distances given by the random

variables dBPmh and dAP(i)
mh

6.

χ2
d(Pd, Pd(i)) = 1

2

OOB∑
j=1

(Pdj − Pd(i)j)2

(Pdj + Pd(i)j)

The importance metric V I(Xi) for Xi is defined as:

V I(Xi) = E[χ2
d(dBPmht , d

AP(i)
mht

)] = 1
ntree

ntree∑
t=1

χ2
d(P td, P td(i)) (5.15)

where ntree is the number of trees in the Random Forest and χ2
d(P td, P td(i)) the χ2-

distance between the random variables dBPmht and d
AP(i)
mht

evaluated in each tree t.

Properties of V I(Xi):

1. V I(Xi) = 0 if Xi is irrelevant.

2. 0 ≤ V I(Xi) ≤ 1.

3. V I(Xj) > V I(Xi) if Xj is more relevant than Xi.
5The Mahanalobis distance measures the distance between a point (in our case a

realization) and the set of points characterized by a mean and a covariance matrix. It
reduces to the Euclidean distance if the covariance matrix is the identity matrix. This
distance is widely used in clustering problems to assess the importance of outliers in a
distribution.

6As a distance metric, it satisfies the conditions: non-negativity (χ2
d(A,B) ≥ 0),

symmetry (χ2
d(A,B) = χ2

d(B,A)) and subadditivity (χ2
d(A,B) ≤ χ2

d(A,C) + χ2
d(C,B))
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Figure 5.2: These figures illustrate the distribution of realizations (εjBP and εjAP(i)
)

represented by the matrices EOOBBP = Y OOB
c − Ŷ OOB

BP and EOOBAP(i)
= Y OOB

c − Ŷ OOB
AP(i)

for
3 balance datasets [100,100,100],[200,90,10] and [10,280,10]. Each realization measures
the error generated by the CIT before and after permuting Xi. From top to bottom we
consider the balanced, the moderately balanced and the imbalanced scenarios. Right
column represents the distributions before permuting Xi and the left column after doing
so.
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4. If Xi is irrelevant, then EOOBBP = EOOBAP(i)
due to Ŷ OOB

BP = Ŷ OOB
AP(i)

, thus dBPmht = d
AP(i)
mht

,

which implies χ2
t (dBPmht , d

AP(i)
mht

) = 0 (i.e. P t
dX

= P t
dX(i)

).

5.3.3.1 Variable selection: U Nonparametric test

The relevance of Xi can also be tested using the nonparametric test for the bivariate two-

sample problem 7 [267]. Let εjBP and εjAP(i)
be independent random samples extracted

from EOOBBP and EOOBAP(i)
with cumulative density functions F (εOOBBP ) and G(εOOBAP(i)

). Given

a U test statistic defined as:

U = (N − 1) · T 2

(N − 2) (5.16)

where N = 2nOOB, T 2 is the Hotelling’s two-sample T 2 statistic defined as:

T 2 = nOOB(ε̄OOBBP − ε̄OOBAP(i)
)T · S−1

u (ε̄OOBBP − ε̄OOBAP(i)
) (5.17)

where ε̄ is the mean vector and the covariance matrix:

Su =
nOOB · SOOBBP + nOOB · SOOBAP(i)

(N − 2) (5.18)

of EOOBBP and EOOBAP(i)
respectively.

Now, consider the hypothesis:

Ho : F (εOOBBP ) = G(εOOBAP(i)
)

Ha : F (εOOBBP ) 6= G(εOOBAP(i)
)

(5.19)

Since we expect that the alternative hypothesis is true if Xi is relevant, U can be

used as a test statistic for this purpose. If U is large, the Ho is rejected and hence Xi

is influential. On the contrary, if the Ho is not rejected, then F (εOOBBP ) = G(εOOBAP(i)
),

which implies that EOOBBP and EOOBAP(i)
yield to the same distribution of errors, hence

χ2
t (dBPmht , d

AP(i)
mht

) = 0.

7For non-normal data, which is our case.
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Although the U test does not provide an importance ranking, it can be used as an

assessment tool to select variables in a multioutput scenario. This could be used as a

preprocessing step to then perform a variable importance analysis where a ranking of

importance is generated.

The U test is nonparametric since the null distribution does not rely on the underlying

distribution of the posterior predicted probabilities of each class as these probabilities do

not follow a known distribution. In imbalanced scenarios we may encounter cases where

the predicted probabilities are hard to fit and hence this test could be more suitable. The

accuracy of the U for variable importance analysis is highly dependent on the sample

size nOOB. The larger the nOOB the more accurate the test is8.

5.3.4 Other VITs for the imbalanced classification case

Other analysed performance metrics, although computationally less efficient, but suitable

for VIA in imbalanced binary-multiclass classification problems are:

1. G-Mean extension: Compute the G-mean [218]:

Gmean = (
N∏
i=1

TPi
TPi + FNi

)
1
N (5.20)

where, TPi are the True Positives and FNi the False Negatives.

2. Let Y1 ∼ F1, Y2 ∼ F2 and Y3 ∼ F3 be continuous measurements from three different

classes where each measurement represents the probability of membership to the

corresponding class. The Volume Under the Surface (VUS) is defined as:

V US =
∫ 1

0

∫ (1−F3(F (−1)
1 (p1)))

0
ROCs(p1, p3)dp3dp1

where ROCs is the receiver operating characteristic surface.

If no assumption about the distribution of Yi is made, then we can use the non-

parametric expression for VUS proposed by [232].
8As nOOB →∞, it can be proved that under Ho asymtotically U ∼ χ2

2.
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V US = 1
n1n2n3

n1∑
i=1

n2∑
j=1

n3∑
k=1

I(Y1i < Y2j < Y3k)

where,

I(Y1i, Y2j , Y3k) =



1 if Y1i < Y2j < Y3k

1
2 if Y1i = Y2j < Y3k or Y1i < Y2j = Y3k

1
6 if Y1i = Y2j = Y3k

0 otherwise

Analogously, for the n-class case, the non-parametric HUM estimate is defined as:

HUM = 1
n1...nn

n1∑
i=1

...
nn∑
k=1

I(Y1i, ..., Ynk)

If normality is assumed, then we can use the parametric expression for VUS pro-

posed by [268]:

V US = 1
n1n2n3

n1∑
i=1

n2∑
j=1

n3∑
k=1

Φ( Y2j − Y1i√
σ2

1 + σ2
1

)Φ( Y3k − Y2j√
σ2

2 + σ2
3

)

where the cumulative distribution function Fi(t) is defined as follows:

F1(t) = 1
n1

n1∑
i=1

Φ( t− Y1i
σ1

)

Φ() is the standard normal distribution function.

3. Bhattacharyya distance between Dirichlet distributions (k > 3):

Given the predicted probabilities of each class generated when evaluating the OOB

predictions (Yk ∼ P (ck|X = x)|Dk=1), i.e. Y1 ∼ F1, Y2 ∼ F2,..., YD ∼ FD. The

OOB prediction matrix of class probabilities can be interpreted as compositional

data [269]:
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Sd =
{

(y1, ..., yD)|yi ≥ 0,
∑D
i=1 yi = 1

Assumptions: (y1, ..., yD) follow the Dirichlet distribution.

f(y1, ..., yD;α1, ..., αD) = 1
B(α)

D∏
i=1

yαi−1
i

where,

B(α) =
∏D
i=1 Γ(αi)

Γ(
∑D
i=1 αi)

(a) Fit a Dirichlet distribution to (y1, ..., yD) (i.e. estimate the parameters that

describe the distribution, α = (α1, ..., αD)).

(b) Compute the Bhattacharyya distance between Dirichlet distributions [270,

271] (before (BP) and after (AP) permuting the input variable under analysis

Xi).

Bdist(αBP , αAP ) = − ln ρ(αBP , αAP )

where, ρ(αBP , αAP ) is the Bhattacharyya coefficient defined as ρ ∈ [0, 1]:

ρ(αBP , αAP ) =
B(αBP2 + αAP

2 )√
B(αBP )B(αAP )

The pseudo-code for the proposed variable importance method based on the Bhat-

tacharyya distance between Dirichlet distributions are shown below (Figure 5.3):
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Algorithm 5 VIA Pseudo-Code Imbalanced Multi-Class scenario: Probabilistic ap-

proach (Bhattacharyya distance between Dirichlet distributions)
1: Dataframe (Dataset) Multi-Class output
2: vecimp = 0 (Vector holding the relative importance V IM(Xi) of all predictors)
3: ntrees (Total number of trees in the Forest)
4: vecimp = c()
5: for nvar in col(1st inputvar) : ncol(Dataframe) do
6: PD = c() (Vector storing the value resulting from the computing the difference between the

performance before and after randomly permuting the variable).
7: for tree in 1 : ntrees do
8: Compute the predicted probabilities using OOB and CIT predictor model BP (built using

IOB subdata set). Matrix size [OOB x nclasses]
9: Fit Dirichlet distribution to previous predicted probabilities (step 5). (diribp)
10: Permute the values of Xi on the OOB subdata set.
11: Compute the predicted probabilities using permuted OOB subdata set and same CIT predic-

tor model. Matrix size [OOB x nclasses].
12: Fit Dirichlet distribution to previous predicted probabilities (step 5). (diriap)
13: Calculate PDt = (diriap, diribp)
14: Store PD = c(PD,PDt)
15: end for
16: V IM(Xi) = mean(PD)
17: vecimp = c(vecimp, V IM(Xi))
18: end for
19: Return vecimp

Figure 5.3: Permutation variable importance techniques.
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5.4 Simulated examples and real case applications

We discuss the performance of the proposed methodologies based on GSA and Ma-

chine Learning techniques (sections 5.3.2, 5.3.3) and compare them to methods based

on Random Forest (VarSelRF section 5.2.1.2 and Boruta section 5.2.1.3, VSURF sec-

tion 5.2.1.4). We choose these techniques for the following reasons: a) All methods use

decision tree learners, hence they all have intrinsic capability for variable importance

analysis, no variable scaling is needed and mixed data (categorical and continuous) is al-

lowed. b) Variable importance analysis for binary and multiclass classification problems

can be performed with the same algorithm. c) All methods use the permutation impor-

tance framework as a tool to assess the importance of variables under analysis. d) The

compared methods provide numerical estimates of importance. To help with the compar-

ison and interpretability of the importance values, we standardize (i.e. V I(Xi)∑p

i=1 V I(Xi)
%)

the importance values provided by each method. e) All methods have an open code

implementation.

The efficiency of the different methodologies will be assessed by answering the fol-

lowing questions:

1. Speed: What is the computational cost of each VIT?

2. Accuracy (effectiveness): Are the most influential input variables properly captured

and ranked?

3. Stability: How does the importance ranking provided by each VIT change over

100 bootstrap replicate at different sample sizes?

4. Balance ratio behavior: How does each VIT perform over different imbalanced

scenarios?

We consider two simulated examples and two real application cases. The first design

corresponds to a classification model with 10 continuous input variables whose effect

on the multiclass response (3-class in our example) varies in terms of their predictive
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power (the original design can be found in [108]). The second example is a nonlinear

model described by Friedman et al. [272] that consists of 10 independent input variables

and a continuous response that is then discretized. For the real cases, we first assess the

impact of the IBEX359 components on a newly created index that capture the economic,

political and social uncertainty during the COVID-19 pandemic in Spain. In the second

example, we will examine seven sources of uncertainty, identifying and measuring their

relative impact on electricity price spikes in the Spanish electricity market.

All experiments have been evaluated on an Intel Core CPU i7-8550U 1.8GHz, RAM

16GB and under the R version 3.4.3.

5.4.1 Classification model

The simulated classification model is designed so that the level of association of the input

variables with the multiclass response decreases gradually. If a variable xi is relevant,

then this predictor will be able to separate the classes. In our model, xa and xb have

the largest effect as they clearly allow us to distinguish among classes, xc and xd have

a moderate effect and xe and xf a small impact. Variables xg to xj are added to the

design as noisy predictors (no association with the multiclass response) (see Table 5.1).

The simulations are performed for two sample sizes, n=150 and 900 and different class

distributions (imbalance levels) over 100 dataset. In this first model we do not consider

the GSA method since the independence between inputsXi is violated. We only compare

the DT-based VITs.

Figure 5.4 shows the mean of the VI values of each input variable computed over 100

simulated datasets for sample sizes n=150 and 900 and class distributions [300:300:300],

[18:864:18] and [3:3:144]. For both sample sizes and moderate balance datasets (see

Appendix 5.7 for [50:50:50] and [90:45:15] for n=150, [300:300:300] and [540:270:90] for

n=900), all evaluated techniques generate similar ranking values. Since the importance

of variables is defined in decreasing order two by two, all VITs show the same behavior
9Benchmark stock market index of the Bolsa de Madrid, Spain’s principal stock

exchange.
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Predictors Distr. class 1 Distr. class 2 Distr. class 3 Effect size
xa, xb N(2,1) N(1,1) N(0,1) Strong
xc, xd N(1.5,1) N(0.75,1) N(0,1) Moderate
xe, xf N(1,1) N(0.5,1) N(0,1) Weak
xg ... xj N(0,1) N(0,1) N(0,1) Noise (No effect)

Table 5.1: Balance/Imbalance classification model (Class distributions for 2 sample
sizes (n=150, 900): Balanced [33%,33%,33%], Moderate Balancing [60%,30%,10%] and
[80%,10%,10%], Imbalanced [96%,2%,2%], [2%,96%,2%], [2%,2%,96%]. For example, in
a model with 900 observations with moderate balancing 60% of observations (i.e 540
observations) belong to class 1, 30% of observations (i.e. 270) to class 2 and 10% (i.e
90) to class 3).

except VSURF, where this pattern is not followed. If we consider importance values

below 5% as residual, only the mh-χ2 algorithm seems to meet this threshold, outper-

forming the rest of the algorithms in highly imbalanced scenarios (see figures n=150

[3:3:144] and n=900 [18:864:18]). This is explained by the fact that mh-χ2 takes into

consideration the entire distribution of missclassification errors generated by the base

learner. The importance of each input variable is obtained as follows: Given the dataset

[Y OOB
c , XOOB], where Y OOB

c = [POOB(c1|X), POOB(c2|X), .., POOB(c2|X)] is the ob-

served matrix of probabilities of each class (size noobx l), we predict using the fitted

model Y IOB
c = fCIT (XIOB) the predicted matrix of probabilities Ŷ OOB

c = fCIT (XOOB)

and substract row-wise both matrices, Y OOB
c and Ŷ OOB

c . This results in a matrix EOOBBP

with information about misclassification errors made in each class (each column of EOOBBP

corresponds to a different class). We then obtain the Mahanalobis distance of each ob-

servation (εjBP ) of the matrix EOOBBP (i.e. we perform a vectorization of the matrix

EOOBBP , maintaining the information about misclassification errors made at each OOB

observation). In other words, the information related to the misclassification error of

each OOB observation is now embedded in the corresponding Mahanalobis distance.

Finally, as a result, we have the distribution of Mahanalobis distances dBPmh with infor-

mation about the majority as well as the minority classes (outliers in this distribution).

The distribution of dBPmh captures the misclassification errors of both the majority and

minority classes regardless of how small the number of classes is. This procedure is
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then performed for permuted Xi providing us with dAP(i)
mh . The importance of Xi is then

computed using the χ2-distance between dBPmh and d
AP(i)
mh which allows us to measure

how permuting Xi has affected the distributions of Mahanalobis distances of minority

and majority classes at an observation level (difference between the histograms dBPmh and

d
AP(i)
mh bin-wise). On the other hand, since the compared VITs (VarSelRF, VSURF and

Boruta) rely on misclassification error rates to assess the importance of Xi, with this

metric the minority class might be under-represented since this metric only provides a

summary of the errors (errors information is diluted in one value).

Since U ∼ χ2
2 as n → ∞ (see [267]), using the U test as a preprocessing variable

selection step is highly dependent on the sample size. Therefore, we can apply the U test

when coping with large high-moderate balanced domains (see Figure 4, graphs n=900

[300:300:300]). In this scenario, the results of the variable importance analysis can be

supported by the U test values. For instance, the U values for xa, xb, xc and xd are

14.87, 23.33, 4.97 and 7.83 which are significant since 90% of χ2
2 values are less than the

upper-tail critical value 4.605. Although the interpretability of the U test values rely

on the sample size and the balance ratio, they are still informative when it comes to

discarding irrelevant variables in imbalanced cases as the U values attached to irrelevant

variables will always be unsignificant (very small) compared to relevant variables.

While computationally very expensive, the VUS technique can be applied to visualize

the relevance of the input model variables (Figure 5.5). Same as the GSA methodology

and mh-χ2, VUS technique uses the predicted probabilities of each class to build the

importance measure. In Figure 5.5, we visualize the importance of three types of input

variables (xa, xc and xj , left to right) when dealing with an imbalanced scenario [18 :

864 : 18]. The more relevant the permuted variable is, the less evident the overlap

between the ROC surfaces becomes.

Themh-χ2 algorithm involves nvar iterations (once for each analyzed input variable)

which can make the process computationally more expensive than the fastest technique

Boruta. However, the process can be sped up by applying tools such as parallel program-

ming, coding some of the implemented functions in C++ and integrating these routines
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in our R code.

Figure 5.4: Comparison of the DT-based VITs (VSURF, Boruta, VarSelRF, mh-χ2) for
the simulated classification model 5.4.1. We compare the mean of the relative importance
of each input variable computed using the compared VITs. The mean results from
calculating the average of the VI values over 100 simulated dataset for sample sizes
n=150 and 900. For each simulated sample size we simulated 6 balance ratio scenarios
with different class distributions. The U test values for each input variable are also
included (values under the input variable names) (The larger the U value the more
relevant the predictor is). Find the rest of VIA graphs full page image in Appendix 5.7.

5.4.2 Nonlinear model

The nonlinear model described in [272] maps 10 independent uniformly distributed input

variables (Xi ∼ U(0, 1)) to a continuous output Y = f(X) which is then discretized to

build the classification model.

Y = 10sin(πXAXB) + 20(XC − 0.5)2 + 10XD + 5XE + εi

where εi ∼ N(0, 0.012)
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H

Figure 5.5: Comparison of the Volume Under the Surface before and after permuting the
analyzed input variables xa, xc, xj (left to right) for the simulated classification model
5.4.1 and class distributions [18:864:18] (highly imbalanced case).

Three dataset sizes are tested, n=100, 500 and 1000. For each size, 100 randomly

generated dataset are created. Notice that only the first five input variables have a

real impact on the response with an expected impact ranking of XD > XB > XA >

XE > XC . The discretization process of Y consists of setting thresholds to the output

variable. For the 3-class problem, by modifying the values of two thresholds [th1, th2],

we can configure different imbalanced scenarios, each one defined by its balance ratio

(BR) [BR(th1, th2)n = [numc1
numc1

, numc2
numc1

, numc3
numc1

]] . For instance, the configuration for the 3-

class problem considering n=1000, th1=5 and th2=10 leads to the following classification

setting:

y =


C1 if f(X) < th1

C2 if th1 6 f(X) < th2

C3 if f(X) > th2

The class distribution for this setting [BR(5, 10)1000] is [numC1 : numC2 : numC3]1000 =

[23 : 798 : 179]1000.

Since the input variables are defined to be independent, we can evaluate the VIT

based on GSA as well as themh-χ2 algorithm against the Decision Tree-based techniques

(VSURF, Boruta, VarSelRF, VUS).
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Appendix 5.8 shows the comparison between the methodologies. In general, at dif-

ferent sample sizes n=100, 500 and 1000 (with the exception of VSURF) all the VITs

perform relatively similar. At the lowest sample size n=100 and imbalanced scenario

[6 : 38 : 56], only mh-χ2 ranks the input variables as expected, distinguishing clearly

between influential (XD > XB > XA > XE > XC) and irrelevant ones (the rest).The

fact that mh-χ2 considers the entire distribution of errors corresponding to error mis-

classifications, even when the sample size is small, makes this solution more robust.

Followed by mh-χ2, the Covariance decomposition GSA-based technique provides a sim-

ilar ranking. As shown in the table (see Appendix 5.8), the sample size factor (n)

plays a significant role in both accuracy and stability. The bigger the sample size, the

more stable and accurate the rankings are. Nonparametric methods (Boruta, VarSelRF

and mh-χ2) show more stability compared to the GSA parametric method (based on

the Covariance decomposition method). It is worth noting that the total effect value

ST i provided by the GSA technique is close to the values given by the Random Forest

techniques (see [114] for a comparison and connection between the GSA-based and the

Random Forest-based VITs). Although the use of GSA techniques can provide more

information such as the relevance of interactions effects on the model output (ST i−Si),

its use is limited to problems where the assumption of independence between Xi is met

and the approximated model that describe the relationship between the response and

the input variables is well defined. In terms of computation performance, the Boruta and

Covariance decomposition GSA techniques are the fastest methods. On the contrary,

VSURF and PI(VUS) have shown to be computationally inefficient.

Figure 5.6 displays the comparison among the techniques for the setting n=100, 500,

1000 and th1=5, th2=10. At sample size n=100 and class distribution [3 : 21 : 76], mh-

χ2 identifies all relevant and irrelevant variables, with importance values of the irrelevant

predictors close to zero in comparison to the remaining techniques. On average, VITs

generate similar outputs (accuracy and stability) as the sample size increases.

Figure 5.7 visualizes the effect of permuting the input variable under analysis. Im-

portant variables create more separation between the ROC surfaces leading to a bigger
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difference V USBP − V USAP , which is in concordance with their influence on the mul-

ticlass response.

Figure 5.6: Comparison of the performance of the proposed methodologies based on
GSA (Single and Total effect) and mh-χ2 against the Decision Tree-based techniques
(VSURF, Boruta, VarSelRF) for the nonlinear model 5.4.2. The relative importance
values are computed for 3 sample sizes n=100, 500 and 1000 (left to right) over 100
randomly simulated dataset. The figures correspond to the analysis performed for the 3-
class classification problem when the higher and lower threshold values are set to th1=5,
th2=10 (class distribution [3, 21, 76]100, [14, 90, 396]500, [23, 179, 798]1000).

5.4.3 Real applications

We evaluate the proposed VIA algorithm mh-χ2 on two real case problems. In the first

analysis, we quantify the impact of the 35 components listed in the market capitaliza-

tion weighted index IBEX35 on the Spanish economic, political and social uncertainty

reflected in newspapers during the first quadrimester of 2020. During this exceptional

period we generated an uncertainty index that captures the uncertainty reflected in the

media due to the market behavior. VIA will allow us to understand and quantify the

factors that contributed to that uncertainty, assessing which among those factors have
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Figure 5.7: Comparison of the Volume Under the Surface before and after permuting the
analyzed input variables XD, XE , XJ (left to right) for the simulated non-linear model
5.4.2.

more impact in the occurrence of high/low levels of uncertainty (i.e. imbalance prob-

lem). In the second case, we study the impact of energy factors on the occurrence of

spike prices on the Spanish electricity market.

5.4.3.1 Spanish market uncertainty reflected in newspapers in the height of

COVID-19: VIA

Exceptional time periods are normally characterized by high levels of uncertainty. The

goal in this section is to analyze the impact of the uncertainty created by different types

of companies clustered by their return movement patterns on the Spanish written media

during the first four months of 2020. The study will allow us to assess how returns of

stock prices shaped the uncertainty in the news.

In order to perform the VIA we need to construct our dataset. The following workflow

describes the process:

1. Daily adjusted close prices of the 35 companies listed in the IBEX35 were extracted

for the period January 01, 2020 to April 30, 2020 (daily returns were computed).
10

2. We find the clusters of companies with similar movement patterns [273] [274] using

the unsupervised machine learning algorithm SOM (Self-Organizing Map) [275].
10The price quotes were extracted from Yahoo finance news website.
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Cluster Sectors Symbols
C1 Food VIS
C2 Pharmaceutical GRF
C3 Elec, Telec REE, CLNX
C4 Ener ENG, NTGY, ANA
C5 Ener, Fin, Trans AENA, BKIA, TEF, ENC, ELE, IBE, SGRE
C6 Infr, Trans, Tex, RE, Ins, Telec, Ener FER, IAG, ITX, COL, MAP, MAS, TL5, REP
C7 Fin, Infr, Met ACS, MTS, BKT, BBVA, MEL
C8 Fin, Tur, Petro, Telec ACX, AMS, SAB, SAN, CABK, CIE, IDR, MRL

Table 5.2: Created clusters of the IBEX35 companies. Abbreviations: Ener: Energy,
Elec: Electricity, Telec: Telecommunications, Fin: Financial, Trans: Transportation,
Infr: Infrastructure, Tex: Textil, RE: Real Estate, Ins: Insurance, Met: Metallurgy,
Tur: Turism, Petro: Petrochemical

Variable clustering based on SOM will allow us to reduce the dimensionality of

the problem gathering the variables (i.e. companies) with similar information (i.e.

movement return patterns) in clusters [C1, C2, ..., Ck].

3. Each cluster will be represented by the first principal component PCCi when per-

forming a PCA to the set of companies that are in the cluster. This synthetic

variable will explain the variability of the corresponding cluster. Steps 2 and 3 help

us to generate the input variables of our dataset X = [PCC1, PCC2, ..., PCCk].

4. We use the Natural Language Processing (NLP) algorithm Word2Vec (W2V) [276]

to create an uncertainty index that captures the daily variability reflected in eco-

nomic newspapers (IdW2V ) due to the political, economic and social uncertainty

during the first quadrimester of 2020.

5. Perform the VIA to the dataset [IdW2V ;X] applying the proposed algorithm

mh-χ2.

Figure 5.8 and Table 5.2 show the clusters created by SOM.

At a glance, we can clearly see that GRF (Pharmaceutical sector) and VIS (Food

industry) have been clustered far from the remaining companies (Figure 5.8). Both

companies have shown the best performance (highest returns) during this crisis. The

high volatility observed in the oil market and the dependence of the rest of sectors on

the energy sector caused similar patterns among these companies. Clusters C7 and C8

gather most of the financial companies. We apply PCA to characterize the variability of
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Figure 5.8: Clusters of the IBEX35 companies grouped by their returns movement pat-
terns during the period January 01, 2020 to April 30, 2020 using SOM algorithm

each cluster. Only the first principal components are kept (PC1 explained at least 70%

of the total variability of the cluster).

In order to quantify the level of uncertainty perceived in the writen media, we first

parsed daily news from the two most read economic and financial Spanish newspapers

(CincoDias11 and Expansion12) for the period January 01, 2020 to April 30, 2020. We

then used the financial dictionary created by (Loughran and McDonald, 2011) [277]

composed by 297 uncertainty risk related terms, 2373 words with negative meaning and

371 positive meaning words13

Two uncertainty indices were generated: Index based on counting daily uncertainty

terms and a new index based on the Word2Vec algorithm.
11https://cincodias.elpais.com
12https://www.expansion.com/
13The lists were translated from English to Spanish.
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Index based on counting uncertainty terms [278]:

Id1t = 1
Wt

k∑
i=1

wiUt (5.21)

Wt: Total number of words in the newspapers on a specific day t. wiUt : Uncertainty

term found in a text on a specific day t (total k).

Index based on Word2Vec algorithm:

The W2V algorithm is a one layer artifical neural network that learns to predict

words from a given context. Given the set of daily news (corpus), we preprocessed the

data removing stopwords, punctuation, digits, lowering case and tokenize the data. We

then trained the W2V network in order to find numerical representations of the words

(n-dimensional vectors). Once the algorithm is trained, it provides a weight matrix with

as many rows as unique words and columns as the size of the word vector representation

(normally 100-300 size). Having the numerical representation of words we can perform

mathematical operations such as the cosine similarity between words.

sim(−→u ,−→v ) =
−→u .−→v
|−→u ||−→v |

(5.22)

The idea behind the W2V-based uncertainty index is as follows: If the keyword =

[coronavirus, covid] creates uncertainty in the market, then this uncertainty will be

reflected in the economic newspapers, in the form of greater use of terms of uncertainty

and negative terms (terms found in the dictionary). If, on a given day, the market shows

high volatility due to the keyword (coronavirus/covid), then we assume that for that day

more uncertainty/negative terms will be used and the cosine similarity between those

terms and the keyword will be high (i.e. uncertainty words will appear close to the

keyword). Once the W2V is trained (weight matrix of words is created), we will be able
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to measure the similarity between the uncertainty terms and the keyword 14.

Id2W2Vt =
TUW∑
i=1

sim(kw,wiUTt)−
TPW∑
j=1

sim(kw,wjPTt) (5.23)

where, kw stands for keyword, wiUTt is the uncertainty/negative term that appeared

on a specific day t in the newspaper text (TUW total number of uncertainty/negative

terms day t), wjPTt is the positive term that appeared on a specific day t (TPW total

positive terms day t). keyword = [coronavirus, covid].

Figure 5.9 displays the evolution of the news measure uncertainty index based on

W2V (IdW2Vt) compared to the historical volatility (HV) 15 of the IBEX35. Until

February, IdW2V presents negative values which can be interpreted as certain political,

economic and social stability. While there is a delay between the two time series, the HV

and the news articles index show an increasing trend with a correlation value of 0.34.

When the stock market volatility hits a peake by March 15th, the news index reacts

similarly by the end of that month. While the market reacts immediately to the current

situation showing high fluctuations, the news absorb the situation and reacts later incor-

porating not only the economic but also the political and social uncertainties perceived

in the environment. The IdW2V could be used as a broader measure of uncertainty in

the current situation as it also accounts for social and political uncertainties.

Given the clusters of IBEX35 companies represented by the variability of each cluster

as input variables and the IdW2V as the output, we want to distinguish the sectors

responsible for negative and positive shocks in IdW2V during the Covid-19 pandemic.

We will compare the results of this VIA to the impact of these companies on the volatility

of the IBEX35 index.
14Some similarity values are: sim(coronavirus, vacuna)= 0.06, sim(coronavirus,

volatilidad)= 0.388, sim(coronavirus, crisis)= 0.68, sim(coronavirus, dudas)= 0.614,
sim(coronavirus, tratamiento)= 0.232, sim(coronavirus, normalidad)= 0.311

15Historical volatility is a measure of how much the stock price fluctuates during a
given period. The formula used in this analysis for the HV is: σHV t = 1

2(ln(HtLt ))2 −
(2ln(2)−1)(ln(CtOt ))

2, Ht: High price, Lt: Low price, Ct: Close price and Ot: Open price
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Figure 5.9: Historical volatility IBEX35 vs uncertainty index based on W2V during the
period January 01, 2020 to April 30, 2020. (ene: January, feb: February, mar: March,
abr: April, may: May)

We categorized 16 the time series, IdW2V and σHV , to perform the VIA using mh-

χ2 to the datasets [IdW2V ;X] and [σHV ;X]. The categorization process transforms

the problem from continuous output to a classification problem with imbalanced class

distribution.

The relative importance of each cluster (represented by the 1st PC) responsible for

high and low spikes in IdW2V is represented in Figure 5.10 for four scenarios. The first

two graphs compare the importance of the companies on positive and negative shocks

in the market volatility versus the news articles index. For both σHV and IdW2V ,

cluster 4 (PCc4, primarily energy companies) had the biggest impact, which goes in

concordance with the expected behavior in any developed economy as energy is the

primary source of which the rest of the sectors depend. Its influence accounted for

almost 25% in the volatility of the market and uncertainty captured by the media. The

differences arise for the rest of the importance rankings. Cluster 6 seems also relevant

for σHV . PCc6 summarizes the variability of a wide range of company sectors, which

largely represent the total variability of the IBEX35 σHV (the benchmark). On the

contrary, the pharmaceutical sector (PCc2) along with energy companies (PCc4, PCc5)

attracted most of the news coverage during the pandemic period for different reasons.
16The categorization process is described in 5.4.3.3
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Figure 5.10: Relative importance of each cluster responsible for high/low spikes in
IdW2V and the market volatility.

While the pharmaceutical sector generated positive shocks (positive shocks in Idw2v)

as rumours related to the development of effective treatments appeared in the news,

energy (PCc4) and financial companies (PCc7) lead to negative spikes (negative shocks

in Idw2v), increasing the feeling of more instability.

5.4.3.2 Structural topic modelling: Covid-19 effects in the Spanish economy

Parallelly to the VIA performed to analyze the impact of uncertainties created by differ-

ent Spanish companies on the Spanish media, structural topic modeling [279,280] will be

used to estimate and visualize the uncertainty created by the Covid-19 pandemic over the

same time period. We complete our analysis estimating the uncertainty created by the

Covid-19 pandemic reflected in the Spanish economic newspapers. We apply Structural

Topic Modelling (STM) (see [279,280] for STM and listed examples) to the longitudinal

dataset analyzed previously. This study allows us to visualize the relationships (i.e. cor-

relations) over time among groups of topics addressed during the COVID-19 pandemic

(such us, Market, Economic impact, Growth, Coronavirus, etc).
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Once the text data is extracted and preprocessed, it is arranged in a dataframe with as

many rows as analyzed days (each rows is represented by the corresponding news articles,

a rating variable [Optimistic,Neutral, Pesimistic] defined according to the economic

sentiment of the day and the date). We train the STM model and generate a set of

topics characterized by a function (linear or nonlinear) that represents the relationship

between the created topic and the covariates "date" and "rating" Topic = f(Covariates).

For instance, Topic = rating + date or Topic = rating ∗ date allow us to estimate the

effect of the date on each topic (variable rating is kept at its sample median).

In Figure 5.11, we display the relationship between time and some selected topics

2 (Pandemic), 5 (Economy) and 14 (Growth) with 95% confidence intervals. Topic 2

"Crisis + Pandemic", reaches its peak March 15th and starts to decline by the end of

April. For topic 5 "Economy", the topic fluctuates over the analyzed period of time,

with a clear drop and a wider 95% confidence interval, which is an indicative of more

uncertainty related to this topic. The temporal evolution of the remaining topics is

shown in Appendix 5.9. Topics 2 (Pandemic), 4 (Social measures), 12 (Coronavirus)

and 16 (Social impact) had a similar pattern over time with a clear increase observed by

March 15th (The Spanish government declared the State of Emergency). At the same

time, we see the opposite pattern with a strong drop in topics 1 (Financial system) and

11 (Companies’ profits). Topic 14 (Growth) shows an interesting behavior. While the

curve declined by March 15th, coinciding with the start of the recession period, we can

also see that by the end of April, the curve started to rise suggesting a possible optimism

in the economy (possible beginning of recovery).

5.4.3.3 Impact of energy factors on spike prices on the Spanish electricity

market: VIA

The study presented in this section investigates the impact that certain factors have

on the occurrence of spike prices on the Spanish electricity market. Understanding and

measuring the relationship between extreme electricity prices and the factors that drive

them may have important implications when it comes to forecast those prices.
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Figure 5.11: Estimate effect of topics 2 (Pandemic + Crisis), 5 (Spanish economy) and
14 (Spanish growth) during the Pandemic Period reflected in the Spanish economic
newspapers. Please see Appendix 5.9 for the rest of Estimate effects of the remaining
topics.

Before any prediction of price or demand of electricity, it is important to identify the

exogenous variables that might influence the spikes in prices. The goal of this analysis

is to identify the relative impact of some factors on extreme electricity prices (i.e. spike

prices) in both cases, abnormally high and low prices.

A spike price is a price Pt that is significantly different from the previous one

Pt−1. [281] established thresholds to define the occurrence of spike prices. The proposed

definitions distinguish two groups of spike prices:

• Inferior spike: Price that falls under the value of a limit price previously fixed

(th1 or low price threshold) defined as th1 = µ− 2σ.

• Superior spike: Price that surpasses the value of a limit price previously fixed

(th2 or high price threshold) defined as th2 = µ+ 2σ.

where, µ = mean(Pt)|t=Tt=1 and σ = std(Pt)|t=Tt=1 .

The previous definitions allow us to categorize each Pt as belonging to one of three

categories: superior (class 3, C3), normal (class 2, C2) and inferior price spike (class

1, C1). If normality is assumed by Pt ∼ N(0, 1), the defined classification thresholds

will include approximately 95% of total prices (normal prices), leaving 5% of them to be
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Figure 5.12: The figure shows the evolution of the hourly Spanish electricity prices
during the year 2016 along with the piecewise graphs per trimester (T1 to T4) using
thresholds (low and high) computed as: th1 = µ− 2σ and th2 = µ+ 2σ

considered extreme prices. This allows us to transform the original continuous response

problem into a classification problem with an imbalanced domain.

Figure 5.12 shows the evolution of the hourly Spanish electricity prices during the

year 2016 (from January to December) as well as the classification thresholds for each

trimester (T1, T2, T3 and T4).

Spike prices can occur due to diverse effects. Although, in an ideal market superi-

or/inferior spikes should only be attributed to high/low levels of demand, reality is far

from ideality and other factors might play a significant role on the appearance of these

rare prices. Among others, the hour of the day, the temperature, natural phenomenon

disasters or extreme meteorological conditions can be relevant factors. [281] applied the

SVM algorithm to the Australian electricity market to analyze the importance of the

demand of electricity, the energy production, the hour of the day, the net energy ex-

changed and the seasonality of the electricity price. [282] showed the high impact of

demand, energy reserve and production on the prediction of spike prices.

As for the Spanish electricity market, its pricing offer uses the so-called pool mar-

ket17 where prices are fixed at that which the last energy producer covered the demand

of energy. Although some producers might offer their energy at zero cost (mainly, re-
17http://www.omie.es/inicio
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Variable Type Value range
Price Continuous (Categorical) 2.3-75.50 (Euro/MWh)

Price Lagged 1 hour (PriceT1) Continuous 2.3-75.50 (Euro/MWh)
Price Lagged 24 hours (PriceT24) Continuous 2.3-75.50 (Euro/MWh)

Demand Continuous 18057-40106 (MWh)
Hour of day Ordinal 1-24 (hours)
Temperature Continuous 4.49-26.79 (ºC)

Hidraulic Reservoir Continuous 6785080-13674197 (MWh)
Wind Energy Production Continuous 277-17385 (MWh)

Table 5.3: Variables included in the electricity variable importance analysis

newable, nuclear and hydraulic energies), they still get paid the final price at which the

last producer covered the existing demand. Among obvious reasons, the energy system

allows for the presence of renewable energies in order to ensure the 100% absorption

of the produced energy. Hence, the use of renewable energy (especially, wind energy

production which accounts for 22.8% of the total produced energy18 might have a direct

effect on low prices when both the demand and other energies are high. This could

explain the appearance of inferior spikes. On the other hand, the difficulty of energy

storage, production capacity or energy transportation are important factors to consider

with respect to the vulnerability of the electricity market. Occasionally, through their

previligious position in the market, large energy providers can benefit from the idiosyn-

crasy of the Spanish electricity price system and influence the hourly evolution of prices

(i.e. influence of previous prices). This could explain the appearance of extremely high

prices.

We discuss the application of nonparametric VITs (VSURF, VarSelRF, Boruta and

mh-χ2) to understand and quantify the impact of certain factors on extreme electricity

prices. The dataset will be composed by the main Spanish Electricity Market variables

during 2016 (see Table 5.3). First, we performed a correlation analysis (Figure 5.13) to

find the relationship among the studied input variables. The strong dependency between

the input variables is the reason why Covariance decomposition GSA model will not be

taken into consideration in the real Spanish Electricity market study.

Figure 5.14 shows the variable importance analysis performed using the methodolo-
18https://www.esios.ree.es/es
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Figure 5.13: Correlation matrix of input variables used in the electricity market case.

gies mh-χ2, Boruta, VarSelRF, VSURF and VSURF. We ranked the factors in terms of

their impact on extreme low and high electricity prices. As the Spanish electricity mar-

ket shows a strong seasonality, the study has been divided on a quarterly basis (Figure

5.14 only displays results of the fourth trimester T4, the rest of VIA can be found in

Appendix 5.10).

For the first quarter (T1), measures of mh-χ2, Boruta, VarSelRF are very close,

with the three methods giving a higher importance to the price lagged one hour factor,

which is congruous with the idiosyncracy of the pricing system in the Spanish electricity

market. This trend continues across the remaining quarters. Both Boruta and VarSelRF

provide similar rankings for all periods. When transitioning from the first two quarters

(T1 and T2) to the third quarter (T3), the importance values provided by all methods

change considerably. In T3, factors such as the Price1T, Hidraulic Reservoir and Wind

Energy Production seem to have more impact on extreme prices, which agrees with what

would happen when the demand of electricity increases (summer season). For the last

quarter (T4, see Figure 5.14), it is important to note that after the Price1T factor, the
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Figure 5.14: Importance values of each factor responsible for extreme prices during the
fourth trimester applying the VITs: mh-χ2, Boruta and VSURF. Find rest of VIA per
trimester on full page image in Appendix 5.10.

Wind Energy Production is identified as one of the most relevant factors by mh-χ2 and

Boruta. This is consistent with the analysis of the price electricity behavior shown in

the evolution of electricity prices on that period (Figure 5.12) where we can see a severe

negative spike (low prices are influenced by an increased use of renewable energy).

5.5 Discussion and limitations

So far we have assessed and compared the performance of the nonparametric algorithm

for VIA,mh-χ2, as well as the parametric solution based on the covariance decomposition

multioutput GSA methodology. While all the discussed Decision Tree-based methods

(VarSelRF, Boruta and VSURF) apply the permutation importance framework as the

tool to assess the importance of the analyzed variable (Xi), the difference with mh-χ2

lies in how the information related to the misclassification errors produced by the base

learner before and after permuting Xi is used. VarSelRF method applies a backwards

elimination technique where iteratively a Random Forest is fit with 80% of the input

variables that have not been dropped from the previous RF. The discarded variables

are those with the smallest importance values. In this case, the importance value is

computed as the difference between misclassification error rates before and after per-

muting Xi when using the .632+ bootstrap method [283]. This strategy does not allow
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us to distinguish the errors suffered by the different classes (majority and minority) due

to the permutation of Xi since it uses a summary (misclassification error rate) of the

misclassification errors made by each base learner on the set of chosen observations.

VSURF applies a similar importance method to VarSelRF where first all input variables

are ranked in order of decreasing importance. Only variables whose standard deviation

of the variable importance (VI) is larger than a defined threshold are kept (m variables),

the rest are removed. In a second step, nested RFs are built with k input variables (k = 1

to m) and only the RF with the smallest OOB error is chosen. The m′ input variables

involved in the selected RF are selected. Finally, using a step-wise forward strategy,

the m′ input variables are introduced in the RF only if the misclasification error rate

is larger than a specified threshold. In VSURF again, the average of misclassification

errors over the OOB observations is used to select or discard variables. In the case of

the Boruta method, the importance of an input variable is computed using a Z score.

This is defined as the ratio between the average and standard deviation of the decrease

of classification accuracy due to the permutation of the values of Xi over all trees that

use Xi in the forest. In VarSelRF, VSURF and Boruta, the importance measures are

based on a summary of the distribution of misclassification errors introduced by the base

learner. Distribution estimators such as average and/or standard deviation of the errors

are used to characterize the errors. These estimators do not provide us with sufficient

information related to errors observed in the outliers (minority classes) when permut-

ing the values of Xi. In a classification problem with imbalanced dataset, the minority

class is the class of interest. Therefore, we want to be able to assess and measure the

influence of the permutation on the minority class since the average or the standard

deviation only tell us part of the story about the distribution of misclassification errors.

Hence, we need an importance measure that considers the entire distribution of errors.

Our proposal for VIA, the mh-χ2 algorithm, considers the misclassification error of each

OOB observation introduced by the tree before (EOOBBP ) and after (EOOBAP(i)
) permuting

Xi. Working with the entire distribution of errors can help us explain the importance of

input variables when dealing with imbalanced datasets. Take for example Figure 5.15,
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each misclassification error before (i.e. εjBP a row in matrix EOOBBP ) and after (i.e. εjAP(i)

a row in matrix EOOBAP(i)
) permuting Xi is represented by the Mahanalobis distances dBPmhj

and d
AP(i)
mhj

. The Mahanalobis distance dBPmhj represents the distance between each εjBP

(j ∈ [1, 2, ..., noob]) and the set of distribution of errors EOOBBP . The information related

to misclassification errors is embedded in the Mahanalobis distances. We can distinguish

3 clusters corresponding to misclassification errors made in the majority and minority

classes. The goal is to measure the dissimilarities between the distribution of these mis-

classification errors represented by the Mahanalobis distances through the computation

of the χ2-distance between their histograms bin-wise. The result of the χ2-distance is

our proposed measure of importance for imbalanced classification problems.

The performance of the mh-χ2 algorithm relies on an appropriate tuning of the hy-

perparameters that govern the base learner CIT. Five hyperparameters are used to tune

the CIT algorithm [76]: ntree, mtry, Maxdepth, minsplit, minbucket. [234] performed

a sensitivity analysis based on the computation of Sobol indices in order to assess the

importance of these hyperparameters on the accuracy of the CIT algoritm when used as

base leaner for VIA. The study showed thatmtry has the highest impact on the accuracy

of the proposed algorithm for VIA. In this chapter, we choose the default values for all

the hyperparameters except mtry, which is set to the total number of input variables,

allowing us to evaluate the association between each input variable and the output vec-

tor in the splitting process of the CIT. As shown in Figure 5.16, the mtry selection will

not have any effect on the computation cost of the mh-χ2 algorithm.

The proposed parametric solution for VIA for imbalanced classification problems is

based on the covariance decomposition GSA method. We first transform the original

multiclass classification problem into a multioutput continuous regression problem by

fitting a classification algorithm (NN, SVM or RF) and evaluating all observations of X.

The result of this evaluation is a multioutput continuous dataset [Yc, X] where each col-

umn of Yc represents the probability of each class, Yc = [P (c1|X), P (c2|X), ..., P (cl|X)]

(i.e Yc|xi = [P (c1|xi), P (c2|xi), ..., P (cl|xi)] is a vector of probabilities where each ele-

ment represents the probability of a specific class. In other words, P (cl|xi) is the level
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of membership of the realization xi ∈ X to the class l). We then find the multivariate

regression model to link the multivariate output and the input variables [Yc, X] (i.e.

Yc = fc(X)). Given the model Yc = fc(X), we can now apply the covariance decom-

position GSA to assess the influence of each input variable on the multivariate output.

One way of quantifying the influence is through the computation of the so-called Sobol

indices. These importance indices measure the uncertainty of the output(s) caused by

each input variable uncertainty (see Equ. 5.9). In practice, the Sobol indices are esti-

mated using for instance the Monte-carlo Pick-Freeze methodology (see Equ. 5.13). For

interpretability purposes, we rewrite Equ. 5.13 for the 3-class (l = 3) problem as:

ST i =
3∑

k=1

Yck · Y
(i)
ck −Kck

B
(i)
k

(5.24)

where, B(i)
k is the denominator in Equ. 5.13, Kck = 1

N (
∑N
j=1

Yck,j+Y (i)
ck,j

2 )2 and Yck · Y
(i)
ck

is the scalar product of the vector Yck 19 and the vector Y (i)
ck

20. The goal is to measure

how freezing certain variables (one variable to compute Si and all input variables except

Xi to obtain ST i) changes the model outputs from Yc to Y (i)
c for ST i (similarly for Si). In

other words, measure how the probabilities of each class are affected by freezing certain

input variables. Each sum in Equ. 5.24 represents the influence on each class of holding

the corresponding values of the input variable(s) fixed. This allows us to analyze the

impact of Xi by class (minority and majority). Notice again, that in order to obtain the

importance of Xi, we work with the vector of probabilities of the classes and not only

a summary of these probabilities. The total impact or total effect of Xi on each class k

(k ∈ [1, 2, ..., l]) is captured by the scalar product Yck · Y
(i)
ck . If Xi is relevant for class

k, then high (low) probability values of Yck will be multiplied by high (low) probability

values of Y (i)
ck which will result in a high value of the scalar product. On the other hand,

if Xi is not important then high and low probability values of Yck and Y (i)
ck are randomly

19Yck = P (ck|X) vector of probabilities of class k which results from evaluating the
input dataset X on fc(·)

20Y
(i)
ck = P (ck|(X ′i , X(i))) vector of probabilities of class k which results from evaluating

the input dataset (X ′i , X(i)) on fc(·), freeze all input variables except Xi and sample Xi
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Figure 5.15: The misclassification error information is embedded in the Mahanalobis dis-
tances obtained using the matrices of probabilities of the classes (majority and minority)
before and after permuting Xi (each class corresponds to a column in the matrix). This
figure illustrates the effect on the Mahanalobis distances when permuting the values of
Xi when dealing with imbalanced datasets (class distribution [10,280,10]).

multiplied. The value of ST i will result in evaluating these scalar products for all classes.

Other useful information to consider when comparing VIA algorithms is their exe-

cution time. In the case of the mh-χ2 algorithm, nvar (number of input variables) and

ntree (number of trees in the forest) drive the computation complexity of the algorithm.

The algorithm contains two nested for loops (see Algorithm 1). The outer for loop ex-

ecutes nvar times, while the inner loop does it ntree times. The operations inside the

inner loop execute nvar · ntree times. Therefore, the time complexity of the proposed

algorithm is O(nvar · ntree). It is worth mentioning that the mh-χ2 algorithm can be

further optimized through parallelization and distributed computing. Figure 5.16 shows

the runtime of the compared algorithms with respect to the number of input variables

(top left) and the number of observations (top right). The proposed parametric solution

based on GSA is the most computationally efficient method in terms of both the number

of input variables and observations, closely followed by the nonparametric algorithms

VarSelRF and Boruta. The runtime for mh-χ2 is almost a linear function of the number

of variables. Apart from the VSURF, all algorithms are less sensitive to the number of

observations of the problem, again the GSA solution being the least time consuming.

We also show the computation cost of mh-χ2 with respect to the hyperparameters mtry
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(bottom right) and ntree (bottom left). As it can be observed, except for ntree, varying

the rest of the hyperparameters will not have a significant impact on the runtime. The

execution time is proportional to the number of trees in the forest.

In practice, mh-χ2 and the covariance decomposition GSA algorithms both have

limitations when dealing with imbalanced classification problems: Table 5.4 shows a

comparison of the discussed VITs.

• Computationally, the mh-χ2 algorithm is more time-consuming for large datasets

(high number of input variables), ranking behind the most efficient nonparamet-

ric methods, Boruta and VarSelRF. However, in order to fairly compare mh-χ2

to the benchmark Boruta method, the mh-χ2 algorithm can be optimized using

parallelization and distributed computing.

• Unlike VSURF, mh-χ2 also needs to be adapted to scenarios with highly cor-

related input variables since it relies on the permutation importance technique.

Variable importance values may be biased toward correlated input variables when

the permutation importance technique is applied [284].

• mh-χ2, as the compared Decision Tree-based VITs, only provides the total effect

of Xi on the output variables (total effect = single effect + interaction effects). No

disaggregated information about the possible interaction effects is obtained.

• In order for the sensitivity indices to be interpretable, the orthogonality assump-

tion between the input variables needs to be satisfied: Although the GSA solution

can provide a disaggregation of importance values into total and single effects, the

provided values can only be interpreted as importance values if the independence

between the input variables is met. A possible solution when the input variables

are dependent is a previous orthogonalization process, however, the computed im-

portance values will be related to the orthogonalized variables and not the original

ones.

In imbalanced classification problems, the minority class(es) is the class of interest.
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Figure 5.16: Comparison of execution time (in seconds) between the proposed algo-
rithms, mh-χ2 and GSA based on covariance decomposition, versus VarSelRF, VSURF
and Boruta. The hyperparameters that drive the Decision Tree algorithms have been
set to default values.

Algorithm Scenario B/I CC Scalability
mh-χ2 1 I B YES

VarSelRF 3 B A NO
VSURF 2 B C NO
Boruta 3 B A NO
CD-GSA 1 I A YES

Table 5.4: CD-GSA: Covariance decomposition method. Scenario 1: Classification (Bi-
nary/Multiclass) and Regression (univariate/multivariate output) problems, 2: Classifi-
cation (Binary/Multiclass) and Regression univariate output problems, 3: Classification
(Binary/Multiclass) problems. CC (Computation Cost) A: High efficiency, B: Moderate
efficiency and C: Low efficiency. B/I (Balance/Imbalanced dataset)
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In order to imporve the accuracy of a classification algorithm that deals with imbal-

anced datasets, a previous variable importance analysis is recommended to identify and

remove irrelevant input variables. Using the mh-χ2 and the covariance decomposition

GSA method allow us to take into account the minority class(es) by measuring the dis-

similarities (χ2-distance) between the distribution of misclassification errors before and

after permuting the Xi in the case of mh-χ2 and by measuring how the probabilities

of each specific class change when computing the scalar product between the vector of

probabilities of the classes before and after freezing the input variable(s) under assess-

ment. The mh-χ2 algorithm and the covariance decomposition GSA method outperform

the discussed methods in the literature in the following:

• The nonparametric mh-χ2 algorithm can be observed as an extension of Decision

Tree-based VITs (VarSelRF, VSURF and Boruta) since it provides a better accu-

racy when dealing with imbalanced dataset while at the same time matches the

accuracy when working with balanced dataset. While the compared VITs base

their VI analysis on a summary of the misclassification errors, mh-χ2 considers

the entire distribution of errors, proposing a probabilistic distance measure (χ2-

distance) as importance metric for VIA. This solution allows us to visualize and

measure the impact of the Xi on the minority class.

• The parametric solution based on covariance decomposition GSA method allows us

to break down the contribution of each input variable into single (Si), total (ST i)

and interacting effects (ST i − Si). While large 1 −
∑
Si indicates the presence

of interactions among the input variables, ST i − Si allow us to quantify these

interactions. The GSA method also shows to be the most computationally efficient

solution among its competitors.

• Scalability: Since mh-χ2 algorithm uses the CIT algorithm as the base learner (ca-

pability of handling multivariate response models) and covariance decomposition

GSA method employ a multivariate continuous response framework, both can be

applied as variable importance techniques in classification problems with binary or
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multiclass response (balanced or imbalanced) as well as regression problems with

univariate or multivariate output.

5.6 Conclusion

In this work, we presented the nonparametricmh-χ2 variable importance technique that,

employing a multivariate continuous response framework, allows us to select and rank

the most relevant input variables when dealing with different balance scenarios. The

method captures the importance of each variable (total effect) by measuring the dissim-

ilarities using the χ2-distance between the distribution of errors generated by the base

learner (Conditional Inference Tree) before and after permuting the variable under anal-

ysis. We showed that the proposed technique overall outperformed its competitors based

on Random Forests since it uses the entire distribution of errors, which incorporates all

the information needed for the variable importance analysis in contrast to those which

use only a summary of the errors information. The parametric approach applies the

Covariance decomposition Global Sensitivity Analysis method, where the importance

of the input variable is estimated using the Pick-Freeze Monte-carlo technique. While

Global Sensitivity Analysis allows us to break down the effect (single, total and interac-

tion) of each input variable on the output, the assumption of independence between the

input variables needs to be met. Both variable importance techniques can be used in

classification (binary and multiclass with balanced and imbalanced datasets) and regres-

sion (univariate and multivariate response) problems. The new techniques were applied

in simulated as well as real problems, providing relative importance values of the input

variables involved in the model. We assessed the impact of the 35 companies listed in

the IBEX35 index on the political, economic and social uncertainty captured by two

highly regarded Spanish economic newspapers during the Covid-19 pandemic and also

measured the effect of a set of energy factors on electricity price spikes in the Spanish

electricity market. Due to the fact that mh-χ2 computationally is less efficient than the

fastest method Boruta, the mh-χ2 technique could be optimized and made more com-
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petitive by implementing some of the functions in C++, parallelizing and distributing

the computation process. An extension of the mh-χ2 solution can be towards studying

the importance of input variables in a multioutput mixed response (continuous and cat-

egorical) scenario and the analysis of the interaction effects among input variables on

the output.

5.7 First Appendix

5.8 Second Appendix

5.9 Third Appendix

5.10 Fourth Appendix
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First Appendix Comparison of the DT-based VITs (VSURF, Boruta, VarSelRF, mh-
χ2) for the simulated classification model 5.4.1. We compare the mean of the relative
importance of each input variable computed using the compared VITs. The mean results
from calculating the average of the VI values over 100 simulated dataset for sample sizes
n=150 and 900. For each simulated sample size we simulated 6 balance ratio scenarios
with different class distributions. The U test values for each input variable are also
included (values under the input variable names) (The larger the U value the more
relevant the predictor is).

175



CHAPTER 5. VARIABLE IMPORTANCE ANALYSIS IN IMBALANCED
DATASETS

Second
A
ppendix

C
om

parison
oftheV

ITsevaluated
over100

datasetforthenon-linearm
odel5.4.2

w
hen

thethresholdsare

setto
th1=

7
and

th2=
14

(proposed
m
ethodologiesbased

on
G
SA

(Single
and

Totaleffects)and
M
L
(m
h-χ

2)againstthe
D
T
-

based
m
ethods

(B
oruta,VarSelR

F
and

V
SU

R
F)).T

he
perform

ance
ofeach

technique
is

described
by

µ(σ)[A
,B
,C

] [R
a
n
k
in
g]

w
here

µ
isthe

m
ean,

σ
the

standard
deviation

and
[A
,B
,C

]=
[100,500,1000]are

the
sam

ple
sizes.

T
he

stability
iscom

puted

as
1

n
v
a
r ∑

n
v
a
r

i=
1
σ
i .

C
.T

(s):
com

putation
tim

e
in

seconds.
Each

V
IT

is
com

pared
in

term
s
ofthe

accuracy
(the

m
ost

relevant

input
variable

is
highlighted),stability,balance

ratio
behavior

and
speed.

176



5.10. FOURTH APPENDIX

Third Appendix Estimate effect of topics 1 (Spanish market), 2 (Pandemic + Crisis),
4 (Social measures), 5 (Spanish Economy), 11 (Companies Profit), 12 (Coronavirus), 14
(Spanish Growth), 16 (Social impact) and 18 (Employment) during the Pandemic Period
reflected in the Spanish economic newspapers (First quadrimester: From January 1st to
April 30th, 2020).
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CHAPTER 5. VARIABLE IMPORTANCE ANALYSIS IN IMBALANCED
DATASETS

Fourth Appendix Each pie chart displays the ranking value of each factor responsible
for extreme prices when using different Variable importance techniques (per columns left
to right, mh-χ2, Boruta, VarSelRF, VSURF and VSURF). The results are presented by
trimester (per row top to bottom, T1, T2, T3, T4).
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Chapter 6

Conclusion and Future Directions

This thesis was intended to first, review recent VIA techniques (Chapter 2 and 3) and

second, propose new methodologies to address the variable importance analysis in mul-

tioutput (Chaper 4) and imbalanced dataset problems (Chapter 5). Although both

proposed algorithms, EPD and mh-χ2, share similar methodologies since they both em-

ploy a multivariate continuous response framework, the main improvement is introduced

for mh-χ2 when the Mahanalobis distance is used to account for the correlations among

the missclassification errors generated by the base learners: We have shown in Chapter

5 that for the imbalanced classification scenario, we can capture the effects of input vari-

ables on the model output by measuring the dissimilarities between the distribution of

errors generated by the base learner, the CIT algorithm, using Φ-divergence measures.

In particular, when dealing with imbalanced datasets, traditional importance measures

use a summary of misclassification errors and cannot capture the tail behavior of the

distribution of errors. Our proposed algorithms have shown the following advantages

compared to their competitors:

• Model free, i.e. no model assumption, no wrong assumptions.

• Distribution-based, i.e. no moment-dependent metric.

• Applicable to classification problems with balanced and imbalanced datasets.
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CHAPTER 6. CONCLUSION AND FUTURE DIRECTIONS

• Suitable for uni/multivariate response problems.

We applied the nonparametric VITs, EPD and mh-χ2, to understand and quantify

the impact of energy sources and calendar variables on the demand and price of electricity

simultaneously as well as on extreme electricity prices. Overall, the analysis of the

electricity price behavior is congruent with the period of year and time of day, showing for

instance the influence of renewable energies (Wind) on negative spike prices or agreeing

with the idiosyncracy of the pricing system in the Spanish electricity market where

lagged prices are found to be the most relevant factors for positive spike prices.

Variable importance analysis for model interpretability has some limitations and

possible ways of improvements. In the following, we list some research directions:

• The success and applicability of Machine Learning (ML) go along with the applica-

tion of variable importance analysis (VIA). VIA improves the ML performance but

most importantly makes the application of ML more accessible to and adopted by

non-experts. As we are heading to the era of Big-data where we encounter larger

and more complex datasets, we need to adapt these variable importance techniques

to these new scenarios, considering new ways to improve the computation cost as-

sociated with this analysis. In this regard, the application of Global Sensitivity

methods when using Machine Learning (ML) models as surrogate models can be

a valuable approach since it allows us to estimate, for instance, the uncertainty of

the predictions, provides insight into the overall importance of the ML hyperpa-

rameters and their interactions, while also being computationally more efficient.

Researchers can also suggest a modular framework to build a mixture of weighted

single methods in order to improve individual variable importance solutions.

• Although model-agnostic techniques are currently governing the field of VIA, De-

cision Tree-based methods for variable importance still have room to grow due to

their inherent interpretability, flexibility to different data scales and type of prob-

lem (univariate/multivariate response). In this direction, more research can be

carried out identifying and measuring interaction effects, studying new methods to
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account for highly dependent input variables, developing new local interpretability

techniques to not only study individual observations but also identify regions of

high prediction risks. In the case of continuous output variables, functional data

analysis can be applied to the output time series and explore, for instance, how

the permutation importance technique and its variant affect the behavior of the

output time series, capturing patterns or regions with similar behavior using Time

Series Motif Exploration techniques.

• Current ML algorithms work with static datasets, however nowadays, decisions

need to be made in real time. Similar to online learning in Reinforcement Learning

(RL), researchers can explore and/or develop new techniques to perform VIA in

real time. For instance, using the RL terminology: Given a trained agent (i.e.

Black Box model) and a new observation at time t, the objective is to explore

which variables are relevant and should be considered in order to improve the

performance of the black box at time t+ 1.
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Appendix A

Copula theory: useful concepts

Copulas [285] are a statistical tool that allows one to model the dependence among

random variables. For instance, given p random variables X = (X1, X2, ..., Xp) ∈ Rp

described by their marginal Cumulative Density Function (CDF) Fi(Xi) = P (Xi ≤ xi),

a copula function C : [0, 1]p → [0, 1] characterizes the dependence structure among

the p random variables and allows us to build the joint Cumulative Density function

F (X) = P (X1 ≤ x1, ..., X1 ≤ x1) (i.e. having the copula function and the marginal

CDF, we can describe the behavior of the joint cumulative distribution). Seen another

way, copulas are the link between marginal CDF and the joint CDF.

In the simplest case, the bivariate problem (although these could be extended to any

size), given two random variables X1 and X2 with marginal CDFs F1(X) and F2(X) and

respective inverse CDFs F−1 (u1), F−2 (u2) defined by F−(u) = inf{x : F (x) ≥ u} (also

known as quantile function), if U ∼ Unif(0, 1) is a uniform distribution random variable,

then X1 = F−1
1 (U1) and X2 = F−1

2 (U2) and the joint distribution function F (X) can

be reformulated using two independent standard uniformly distributed random variables

(rvs) U1 and U2 as follows:

P (F−1
1 (U1) ≤ x1, F

−1
2 (U2) ≤ x2) = P (U1 ≤ F1(X1), U2 ≤ F2(X2)) (A.1)

Note that the right side of (Eq. A.1) is a bivariate cumulative distribution with

182



uniform marginals. If X1 and X2 are independent random variables, then F (X1, X2) =

P (X1 ≤ x1, X2 ≤ x2) = F1(X1) · F2(X2). If we set ui = Fi(Xi) i = 1, 2, then we

can describe the dependence structure between X1 and X2 as C(u1, u2) = u1 · u2. The

function C(u1, u2) is named copula function.

Definition: A p-dimensional copula C : [0, 1]p → [0, 1], noted as C(U) = C(u1, ..., up)

is a cumulative distribution function with uniform marginals and properties (for sim-

plicity, we only describe the two dimensional case C(u1, u2) = P (U1 ≤ u1, U2 ≤ u2),

∀(x, y) ∈ [0, 1]2):

1. ∀(x, y) ∈ [0, 1]2, C(x, 0) = C(0, y) = 0.

2. ∀(x, y) ∈ [0, 1]2, |C(x, y)| ≤M .

3. C(x, 1) = x and C(1, y) = y.

4. Consider the rectangle with vertices (a1, b1), (a1, b2), (a2, b2) and (a2, b1) verifying

a1 ≤ a2 and b1 ≤ b2, then C(a1, b1)− C(a1, b2)− C(a2, b1) + C(a2, b2) ≥ 0.

The Sklar’s Theorem [286] is the key theorem that allows us to link marginal and

joint cumulative distributions through the copula function.

Sklar’s Theorem: Given a p-dimensional CDF, F (X) with marginals Fi(Xi) i =

1, ..., p, there exists a copula function C(·) such that:

F (X1, ..., Xp) = C(F1(X1), ..., Fp(Xp)) (A.2)

Given Equ. (A.2), we can obtain the copula function as:

C(U) = F (F−1 (u1), ..., F−p (up)) (A.3)

Given a copula function C(U) and marginal CDFs Fi(Xi) i = 1, ..., p, we can use

(Equ. A.2) to simulate the joint CDF F (X). On the other hand, given a joint CDF we

can obtain the copula function using (Equ. A.3). In order to illustrate the dependence

183
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structure of a set of random variables, the copula density c(U) (Equ. A.4) is used instead

of the copula function Equ. (A.3).

c(U) = ∂pC(u1, ..., up)
∂u1....∂up

(A.4)

Different copula models are found in the literature, being the Elliptical and Archimedean

families the most useful in empirical modelling. The Elliptical family includes the Gaus-

sian and the t-Student, which are symmetric and account for positive and negative

dependence. The Archimedean family includes the Clayton, Gumbel and Frank models.

Examples of copulas:

• Independence copula C(U) =
∏p
i=1 ui.

• Normal copula Cρ(u1, u2) = ΦΣ(φ−1(u1), ..., φ−1(up)), where ρ is the linear cor-

relation coefficient, Σ the correlation matrix, ΦΣ(.) is the cumulative distribution

function of the bivariate standard Gaussian distribution.

• t-Student copula Ctν,Σ(u) = tν,Σ(t−1
ν (u1), ..., t−1

ν (up)).

• Archimedean copulas are more general copulas defined by a generator function ϕ.

See [287] for a detailed review of Archimedean copulas.

See [288, 289] for a detailed, more advanced and comprehensive summary of the

theory and estimation techniques of copulas.

Measure of dependence:

We can describe the dependence structure of a set of random variables through

concepts such as: Rank correlation and Coefficient of tail dependence. Given two uniform

random variables U1 and U2 and the copula function C(U1, U2):

• Rank correlation: Kendall’s Tau and Spearman’s Rho

ρs(X1, X2) = 12
∫ 1

0

∫ 1

0
(C(u1, u2)− u1u2)du1du2 (A.5)
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ρτ (X1, X2) = 4
∫ 1

0

∫ 1

0
C(u1, u2)dC(u1, u2)− 1 (A.6)

• Tail dependence: Tail dependence studies and measures the possibility of extreme

values. We can measure two types of tail behavior: Lower (λl) and Upper tail

dependence (λu). For instance, Upper dependence occurs when having large values

of U1 means having large values of U2.

λl = lim
q→0

C(q, q)
q

(A.7)

λu = 2 + lim
q→0

C(1− q, 1− q)− 1
q

(A.8)
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Appendix B

Bayesian statistics: useful

concepts

In Bayesian statistics, the goal is to infer conclusions not from the unique estimated

parameter but from the distribution of the parameter. Prior to describe the BART and

Dynamic Tree algorithms, we will introduce basic concepts of Bayesian statistics.

Law of total probability (LTP) Let A1, A2 ...,An be mutually and exhaustive

events (i.e. the pairwise (Ai, Aj) intersection is empty and Ai|i=1,...,n covers the entire

probability space). Then, for any event B, its probability can be decompose as:

p(B) = p(B|A1) · p(A1) + p(B|A2) · p(A2) + ...+ p(B|An) · p(An) (B.1)

Multiplication Law of probability (MLP)

If A1, A2 ...,An are any events:

p(A1 ·A2 · · ·An) = p(A1) · p(A2|A1) · p(A3|A2 ·A1) · · · p(An|An−1 ·An−2 · · ·A1) (B.2)

Bayes Theorem

From the MLP and given two events E and Hn, we have:

p(E ·Hn) = p(E) · p(Hn|E) = p(Hn) · p(E|Hn) (B.3)
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If E and Hn are independent, then p(E ·Hn) = p(E) · p(Hn).

Rewritten Equ. (B.3) we formulate the Bayesian theorem:

p(Hn|E) = p(Hn) · p(E|Hn)
p(E) ∝ p(Hn) · p(E|Hn) (B.4)

where, p(E) =
∑n
i=1 p(E|Hi) · p(Hi) = cte.

Now, assume that Hn = θ is the parameter whose distribution need to be estimated,

E = D where D = [Y,X] = (xi, yi)|i=1,...,N is the known dataset, the Bayes Theorem

allows us to compute the posterior distribution p(θ|D) via the prior distribution p(θ) and

the likelihood function p(D|θ). The p(θ) indicates the uncertainty of our parameters,

i.e. the initial beliefs about the distribution of the parameters, which need to be chosen

(i.e. they are subjective). An initial selection is to choose p(θ) ∼ U [a, b]. The likelihood

function p(D|θ) has also to be modelled. Researcher might consider that the observation

D are i.i.d and that they follow certain distribution, normally a parametric distribution

family such as the exponential distribution family. For example, consider the linear

regression model yi = β0 + β1 · x1,i + ...+ βp · xp,i + εi with D = (xi, yi)|i=1,...,N and εi ∼

N(0, σ2), the objective is to estimate the distribution of the coefficients (i.e. parameters)

β = (β0, β1, ..., βp) following the next steps:

1. Assume the likelihood function as Gaussian N(Y|X · β, σ2 · In) =
∏N
i=1N(yi|xi ·

β, σ2).

2. Assume the conjugate prior is also a Gaussian p(β) = N(β|µβ, Vβ).

3. Compute the posterior applying the Bayes theorem:

p(β|X,Y, σ2) ∝ N(β) ·N(Y|X · β, σ2 · In) = N(β|βn, Vn) (B.5)

where, βn = Vn · V −1
β · µβ − 1

σ2 · Vn ·XT ·Y and V −1
n = V −1

β − 1
σ2 ·XT ·X.

An important part of Bayesian analysis is the simulation task. We need to be able to

generate samples of a specific distribution that represents the parameter to be estimated.
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To achieve this, we can use the sampling algorithms, known as Markov Chain Monte

Carlo techniques (MCMC), that allow you to simulate probability distributions. Several

MCMC algorithms exists in the literature used in Machine learning [290,291], however,

the Metropolis-Hasting (MH) algorithm [292, 293] and a particular case of it, known as

the Gibbs algorithm [294] are found to be the most popular ones.

In the case of the MH-algorithm, we can draw samples from a probability distribution

p(x) (a.k.a the posterior distribution of the parameters to be estimated, i.e. the target

distribution) by using a proposal distribution q(x∗|x). The idea is to draw sample

candidates x∗ given the current value x according to q(x∗|x). A usual choice of q(x∗|x) is

a Gaussian distribution. The algorithm accepts the random move of x∗ with acceptance

probability (i.e. measure of quality of the move) A(x(i),x∗) = min(1, p(x
∗)q(x(i)|x∗)

p(x(i))q(x∗|x(i))) or

remains at x. The pseudo-code of the MH-algorithm is shown below:

1. Initialization x(0).

2. For i = 0 to N − 1:

(a) Sample from u ∼ U [0, 1].

(b) Sample from x∗ ∼ q(x∗|x).

(c) If u < A(x(i),x∗), then, x(i+1) = x∗ else, x(i+1) = x(i)

Finding the suitable proposal distribution q(x∗|x) can be challenging when drawing

samples fro multivariate distributions , i.e. when dealing with high dimensional settings,

as the individual dimensions xi may behave differently. An alternative solution is the

Gibbs sampling method, where we draw samples from conditional distributions instead

of a joint distribution. The pseudo-code for the Gibbs sampling technique is shown

below:

1. Given an initial parameter sample vector θ(0).

2. For m = 2 to M :
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(a) For n = 1 toN : Sample θ(m)
n according to the conditional probability p(θn|θ(m)

1 , ..., θ
(m)
n−1,

θ
(m−1)
n−1 , ..., θ

(m−1)
N ).

As an example, for the bivariate distribution case, i.e. θ = (θ1, θ2) ∼ p(θ1, θ2).

1. Given the initial sample θ(0) = (θ(0)
1 , θ

(0)
2 ).

2. Sample θ(j)
1 ∼ p(θ1|θ(j−1)

2 )

3. Sample θ(j)
2 ∼ p(θ2|θ(j)

1 )

An introduction to MCMC for machine learning can be found in [290]. An overview

of existing methods and recent advances in Sequential Monte Carlo is found in [291].

189



Appendix C

Information theory: useful

concepts

Information theory (IT)1 has been used in data science in areas such as statistical in-

ference, model selection, pattern recognition or feature selection [119,298]. Particularly,

feature selection using IT allows one to measure interactions among variables such as

correlations, redundancy, relevance or interdependence among variables [67, 299, 300].

Concepts, such as Entropy, Mutual Information (MI) or Conditional Mutual Information

(CMI) allow us to capture the intrinsic structures among variables (features, factors).

Moreover, divergence and distance measures for probability distributions are also Infor-

mation Theory tools used for variable importance analysis as they allows to measure the

dissimilarities between distributions. In this thesis, the χ2-distance measure is applied

in the mh-χ2 algorithm to study the importance of variables in the input-multioutput

model variable importance analysis. The first work where IT was applied to assess the

importance of variables in Random Forests model was the Mean Decrease of Impurity

(MDI) concept proposed by Breiman et al. [5]. Before diving into the different decision-

tree approaches for VIA based on IT, we present the relevant concepts used by the
1It is not a goal in this thesis to provide an extensive mathematical discussion of

Information Theory [295–297], hence, only some concepts relevant to our work will be
discussed

190



variable importance techniques.

Entropy, divergence and distance measures

Let (X,Y, Z) be three random variables whose joint distribution is p(x, y, z) and

marginals p(x), p(y) and p(z), the uncertainty of a random variable X or Entropy is

defined as:

H(X) = −
∑
x∈X

p(x) · log p(x) (C.1)

The conditional entropy H(X|Y ) is:

H(Y |X) = −
∑

x∈X,y∈Y
p(x, y) · log p(x, y)

p(x) (C.2)

H(X|Y ) measures the level of dependence of both variables. Small values of H(Y |X)

imply that X is highly connected to Y .

Mutual Information (MI) I(X;Y ) measures the amount of information shared by

random variables and studies the redundancy of two or more variables (I(X;Y )) Equ.

(C.3). In the simple case where X and Y are normally distributed, I(X;Y ) = f(ρx,y),

where, ρx,y is the correlation between the two random variables, or more generally if

X = [X1, ..., Xi, ..., Xp], where Xi are also normally distributed then I(X;Y ) = f(Σ),

where Σ is the variance-covariance matrix of [X, Y ].

I(X;Y ) =
∑
x∈X

∑
y∈Y

p(x, y) · log p(x, y)
p(x)p(y) ≥ 0 (C.3)

The relationship between entropy and mutual information reads:

I(X;Y ) = H(Y )−H(Y |X) = H(X) +H(Y )−H(X,Y ) (C.4)

The uncertainty of X due to Y when a third variable Z is given (amount of infor-

mation shared by X and Y when Z is known) is measured by the Conditional Mutual

Information (CMI) Equ. C.5. The CMI studies the interdependency of variables.

I(X;Y |Z) = I(X;Y ;Z)− I(X;Z) ≥ 0 (C.5)
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Interaction Information Equ. C.6 (II) assesses the influence of a variable when in-

teracting with others.

II(X;Y ;Z) = I(X;Y |Z)− I(X;Z) (C.6)

II(X;Y;Z) is ≥ 0 (positive interaction) means that knowing Z adds some value to the

amount of information shared by (X,Y ), then Z contributes. On the other hand, if it is

≤ 0, then X and Z are redundant.

Given an input-output model described by the random variables (X, Y ), where X =

[X1, ..., Xp] ∈ Rp and Y ∈ R, we can use the Interaction Information definition to define

the following concepts [118]:

• Relevance: The more relevant a variable Xi is to the output Y , the more informa-

tion is shared between them, hence, the higher I(Xi, Y ). If I(Xi, Y ) = 0, then Xi

is irrelevant to Y .

• Redundancy: Two variables are redundant to each other if their values are com-

pletely correlated. Xi is redundant to Xj if I(Xi, Y |Xj) ≤ I(Xi, Y ), therefore,

I(Xi, Y |, Xj)− I(Xi, Y ) ≤ 0 (knowing Xj does not change anything).

• Interdependence: Two variables are interdependent on each other if I(Xi, Y |Xj) ≥

I(Xi, Y ), hence, I(Xi, Y |, Xj)− I(Xi, Y ) ≥ 0.

Given two probability distributions p(x) and q(x), the divergence between the dis-

tributions can be measured using the Kullback-Leiber DKL(p||q) measure:

DKL(p||q) =
∫
p(x) log p(x)

q(x) (C.7)

Defined in terms of KL-divergence, mutual information is the divergence between

the joint probability P (X,Y ) and the marginal probabilities P (X) and P (Y ).

DKL(P (X,Y )||P (X)P (Y )) =
∫
p(x, y) log p(x, y)

p(x)p(y) (C.8)
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Since the KL-divergence does not meet the symmetry property, it cannot be used as a

measure of distance. Hence, we can use the probability measure Jensen-Shannon distance

(JSD) [301] to measure the distance between probabilities. This measure is used in our

proposed heuristic algorithm to assess the variable importance in multivariate response

scenarios.

Given two probability distributions p1(x) and p2(x) and M = 1
2(p1(x) +p2(x)) (mix-

ture distribution), the JSD is defined as:

JSD(p1, p2) =
√

(H(M)− 1
2H(p1)− 1

2H(p2)) (C.9)

where, H(·) is the Shannon Entropy.

The connection between JSD and KL is:

JSD(p1, p2) = 1
2DKL(p1,M) + 1

2DKL(p2,M) (C.10)
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