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In the context of orthogonal polynomials, an interesting class of Hermitian pos-
itive definite (HPD) matrices are those that are moment matrices with respect to
a measure 𝜇 with support on the complex plane. In a more general framework,
we establish a one-to-one correspondence between infinite upper Hessenberg
matrices with positive subdiagonal and HPD matrices. In the particular case of
an HPD Toeplitz matrix T, the properties and the description of its associated
Hessenberg matrix in terms of the well-known recursion coefficients, and in the
context of orthogonal polynomials in the unit circle, can be obtained using only
an algebraical approach. We give some definition of Hessenberg matrices D(𝛼)
associated to a certain sequence (𝛼n)∞n=0, and we characterize when such matrices
are asymptotically Toeplitz.
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1 INTRODUCTION

Let M = (ci,𝑗)∞i,𝑗=0 be an infinite Hermitian matrix, ie, ci,𝑗 = c𝑗,i for all i, j nonnegative integers. Following our previous
work,1 we say that M is positive definite if |Mn| > 0 for all n ≥ 0, where Mn is the truncated matrix of size (n+ 1) × (n + 1)
of M. An infinite Hermitian positive definite matrix (in short, an HPD matrix) defines an inner product ⟨·, ·⟩ in the space
ℙ[z] of all polynomials with complex coefficients in the following way: If p(z) =

∑n
k=0 vkzk𝑦q(z) =

∑m
k=0 wkzk, then

⟨p(z), q(z)⟩ = vMw∗,

where v = (v0, … , vn, 0, 0, …) and w = (w0, … ,wm, 0, 0, …) ∈ c00, with c00 being the space of all complex sequences
with only finitely many nonzero entries. The associated norm is ||p(z)||2 = ⟨p(z), p(z)⟩ for every p(z) ∈ ℙ[z].

An interesting class of HPD matrices is the one of moment matrices with respect to a measure 𝜇, ie, HPD matrices
M = (ci,𝑗)∞i,𝑗=0 such that there exists a representing measure 𝜇 with infinite support on ℂ and finite moments for all
i, j ≥ 0,

ci,𝑗 = ∫ ziz̄𝑗d𝜇.

In this case, we denote by M = M(𝜇). For more information concerning the characterization of HPD matrices that are
moment matrices with respect to a certain measure 𝜇 with support on ℂ, see the works of Atzmon,2 Berg and Maserik,3

and Szafraniec,4 among others.
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An HPD matrix M = (ci,𝑗)∞i,𝑗=0 is the Gram matrix of the inner product in the vector space ℙ[z] with respect to {zn}∞n=0.
Let {𝜑n(z)}∞n=0 be the sequence of orthonormal polynomials uniquely determined by the requirements that

𝜑n(z) =
n∑

k=0
𝜅k,nzk

with positive leading coefficient 𝜅n = 𝜅n,n > 0 and the orthonormality condition

⟨𝜑n(z), 𝜑m(z)⟩ = 0 if n ≠ m, and ⟨𝜑n(z), 𝜑n(z)⟩ = 1,

where the inner product is the one defined above.
We denote by Φn(z) = 𝜅−1

n 𝜑n(z) the monic orthogonal polynomial of degree n.
Let Λz ∶ ℙ[z] → ℙ[z] be the linear mapping (not necessarily continuous) in ℙ[z] defined by 𝛬z(p(z)) ∶ = zp(z) and

denote by D = (di,𝑗)∞i,𝑗=0 the matrix representation of Λz with respect to the orthornomal basis {𝜑n(z)}∞n=0; clearly, this
matrix is a Hessenberg matrix, ie, di,j = 0, if i > j, with a positive subdiagonal, ie, di + 1,i > 0 for all i ∈ ℕ0. In the case
that the orthornomal basis is {zn}∞n=0, the associated matrix D is the shift-right matrix SR, which is a Toeplitz matrix with
all the entries 0 except the subdiagonal whose entries are one.

In this research, we study the relationship between the infinite Hessenberg matrices with positive subdiagonal and the
normalized HPD matrices, that is, with the first entry equals to 1. In this sense, for finite-dimensional matrices, Parlett5

studies the connections of normal Hessenberg matrices with positive subdiagonal to moment matrices associated to mea-
sures with finite support and conclude that there are few normal finite-dimensional Hessenberg matrices. We always
consider infinite-dimensional matrices. We prove that there is a one-to-one correspondence between the set of all Hessen-
berg matrices with a positive subdiagonal and the normalized HPD matrices. In this context, normal Hessenberg matrices
are those verifying that the corresponding HPD matrix is indeed a moment matrix with respect to a compactly supported
measure 𝜇 in the complex plane verifying that the polynomials are dense in L2(𝜇).

In this correspondence, HPD Toeplitz matrices are associated to a special class of Hessenberg matrices that we can
describe using only algebraical techniques in terms of the coefficients of a certain recurrence relation that, in the context
of orthogonal polynomials in the unit circle 𝕋, is the well-known Szegö recurrence. Indeed, in the theory of the orthogonal
polynomials in the unit circle, the associated Hessenberg matrix is known as the GGT representation after Geronimus,6

and it is a key point that the matrix elements can be expressed in terms of the Verblunsky coefficients (see the work of
Simon7 for more information). It is interesting to point out that our approach only uses algebraical techniques in order
to obtain this matrix representation and does not need to use the fact of the existence of a measure. Moreover, it can be
obtained in a more general framework, that is, in the vector space c00 with an inner product induced by an HPD Toeplitz
matrix as we see in Proposition 5. These results agree with those in the work of Gragg.8

We use this matrix representation in order to study the asymptotic properties of the entries of the Hessenberg matrix
D associated to an HPD Toeplitz matrix T in terms of the asymptotics of the associated coefficients. We9 introduced the
notion of an asymptotic Toeplitz matrix, very closely related to the notion of asymptotic Toeplitz operator that appears
in the work of Barriá and Halmos.10 In this sense, the property limn→∞Φn+1(0) = 0 can be characterized with D being
asymptotic Toeplitz to the shift-right matrix SR. In this situation, one can wonder if the operator  induced by D in 𝓁2
could be indeed a compact perturbation of the forward shift operator  .

First, we introduce some notation. We are mainly concerned with infinite matrices and, in order to avoid confusion, we
distinguish infinite matrices and operators using different notation: An infinite matrix A defines a linear operator from
the sequence space c00 to c00 if for every v = (vi)∞i=0 ∈ c00 the formal matrix product Av is defined and belongs to c00. We
denote by A[i, j] the entries of A. Every Hessenberg matrix defines a linear operator. If a matrix A induces a bounded
operator from c00 to c00 with the 𝓁2 norm, it can be extended to a bounded operator on 𝓁2 that will be denoted by . On
the other hand, if  ∶ 𝓁2 → 𝓁2 is an operator on a pre-Hilbert space 𝓁2, the representation of  using an orthonormal
basis 𝔅 = {vi}∞i=0 in 𝓁2 is by constructing the infinite matrix with entries ai,𝑗 = ⟨v𝑗 , vi⟩, ie, A = (ai,𝑗)∞i,𝑗=0. On the Hilbert
space 𝓁2, we always use the standard basis {en}∞n=0 and denote by  the forward shift operator such that (en) = en+1
whose representing matrix is SR.

Following the work of Barriá and Halmos,10 a bounded operator ∶ 𝓁2 → 𝓁2 in a Hilbert space𝓁2 is a weakly asymptotic
Toeplitz operator if the sequence ∗nn is strongly convergent. In this direction, we9 introduced the following notion:
A = (ai,𝑗)∞i,𝑗=0 is an asymptotic Toeplitz matrix if for every k ∈ ℤ, there exists limn→∞an,n + k = 𝛼k. In such a case, it is
denoted by Lim(A) = (𝛼i−𝑗)∞i,𝑗=0, which obviously is a Toeplitz matrix. It is clear that the matrix representation of any
weakly asymptotic Toeplitz operator on 𝓁2 is an asymptotic Toeplitz matrix.
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2 HESSENBERG MATRICES AND HPD MATRICES: THE TOEPLITZ CASE.

As we saw in the introduction, from an HPD matrix M with M[0, 0] = 1, there is a unique Hessenberg matrix with
positive subdiagonal D, which is the matrix representation of the multiplication by z linear mapping with respect to the
orthonormal basis induced in ℙ[z] by M. There is a reciprocal procedure to obtain from an infinite Hessenberg matrix
with a subdiagonal positive being the unique suitable HPD matrix; we show it for the sake of completeness.

Proposition 1. Let D = (di,𝑗)∞i,𝑗=0 be an upper Hessenberg matrix with a positive subdiagonal, ie, di + 1,i > 0 for every
i ∈ ℕ0. Then, there exists a unique HPD matrix M with M[0, 0] = 1 such that D is the matrix representation of the
multiplication by z operator Λz defined in ℙ[z] with respect to the orthonormal basis induced by the inner product given
by M.

Proof. Consider the following recurrence sequence of polynomials {𝜑n(z)}∞n=0 with each 𝜑n(z) with degree n associ-
ated to matrix D given by

z𝜑n(z) =
n+1∑
k=0

dk,n𝜑k(z),n ≥ 0.

By taking 𝜑0(z) = 1, because dn + 1,n > 0,

𝜑n+1(z) =
1

dn+1,n

(
(dn,n − z)𝜑n(z) +

n−1∑
k=0

dk,n𝜑k(z)

)
.

It is easy to check that 𝜅i+1 = 1
di+1,i

𝜅i and 𝜅0 = 1. Moreover, 𝜅n are positive because di + 1,i > 0 for every i ∈ ℕ0.
We define an inner product ⟨·, ·⟩ in the space ℙ[z] of polynomials in the following way for p(z) =

∑r
k=0 ak𝜑k(z) and

q(z) =
∑s

k=0 bk𝜑k(z):

⟨p(z), q(z)⟩ = min r,s∑
k=0

akbk.

The matrix M is the Gram matrix of the inner product in the vector space of polynomials ℙ[z], ie, ⟨zi, zj⟩ = ci,j. Note
that M[0, 0] = 1. On the other way, let Λz ∶ ℙ[z] → ℙ[z] be the linear mapping (not necessarily continuous) in
ℙ[z] defined by Λz(p(z)) ∶ = zp(z); then, D = (di,𝑗)∞i,𝑗=0 is the Hessenberg matrix representation of Λz with respect to
{𝜑n(z)}∞n=0.

Using the above result, we may establish a correspondence between the subset of normalized HPD matrices, say, 0 =
{M ∶ M is HPD and M[0, 0] = 1}, and the subset of Hessenberg matrices with a positive subdiagonal, say, + = {D =
(di,𝑗)∞i,𝑗=0 ∶ D is Hessenberg with di+1,i > 0, i ∈ ℕ0}.

Corollary 1. There is a one-to-one correspondence ∶ 0 → + in such a way that, for every M ∈ 0, the Hessenberg
matrix(M) is the matrix representation of the multiplication operatorΛz ∶ ℙ[z] → ℙ[z]with respect to the orthonormal
basis induced by the inner product given by M.

Recall that a bounded operator on 𝓁2 is a normal operator if ∗ = ∗, and unitary if ∗ = ∗ = , where ∗ is
the adjoint operator. It is a subnormal operator if it is the restriction of a normal operator on an invariant subspace. From
the results in other works,2,11,12 we have the following proposition.

Proposition 2. Let M ∈ 0,

1. There is a representing probability measure 𝜇 with bounded support on ℂ such that M = M(𝜇) if and only if (M) =
D induces a subnormal bounded operator on 𝓁2.

2. There is a representing probability measure 𝜇 with bounded support on ℂ such that M = M(𝜇) and P2(𝜇) = L2(𝜇) if
and only if (M) = D induces a bounded normal operator on 𝓁2.

Remark 1. From the above result, it follows that, for compactly supported measures 𝜇, the completeness of the poly-
nomials in the space L2(𝜇) can be characterized in terms of the normality of the associated Hessenberg operator.
Nevertheless, we do not know a characterization of such completeness in terms of the moment matrix M(𝜇). In this
direction, we point out that, in our previous work,1 a necessary and not sufficient condition is given in terms of the
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behavior of the smallest eigenvalues 𝜆n of the finite sections Mn of the matrix M(𝜇); in particular, for compactly
supported measures, it is proved that if P2(𝜇) = L2(𝜇), then limn→∞𝜆n = 0.

From now on, we consider an HPD Toeplitz T. We prove, only requiring algebraical techniques, the recurrence relation
of the associated monic orthogonal polynomials. In order to do it, we need some preliminary lemmas and definitions.

Recall that, for p(z) ∈ ℙ[z], the reversed polynomial is defined by p∗(z) = znp
(

1
z̄

)
; in particular, if p(z) =

∑n
k=0 akzk,

p∗(z) =
∑n

k=0 an−kzk. In an analogous way, for v = (v0, … , vn) ∈ ℂn+1, we define the reversed vector vr = (vn, … , v0).

Lemma 1. Let n ∈ ℕ0 and Tn be a (n + 1) × (n + 1) Hermitian Toeplitz matrix; for every v = (v0, … , vn) ∈ ℂn+1, it
follows

vTnv∗ = vrTn(vr)∗.

Proof. First of all, denoting by

Fn =
⎛⎜⎜⎜⎝

0 … 0 1
0 … 1 0
⋮ ⋮ ⋮ ⋮
1 … 0 0

⎞⎟⎟⎟⎠ ,
it is easy to check that, for every n ∈ ℕ, FnTnFn = Tn, and vr = vFn, consequently

vTnv∗ = vFnTnFnv∗ = vrTn(vr)∗

Lemma 2. Let T be an infinite HPD Toeplitz matrix and ⟨·, ·⟩ be the inner product induced by it in ℙ[z]. For every
p(z), q(z) ∈ ℙ[z], it holds the following:

1. ⟨p(z), q(z)⟩ = ⟨q∗(z), p∗(z)⟩. In particular, ||p(z)||2 = ||p∗(z)||2.
2. ⟨zp(z), zp(z)⟩ = ⟨p(z), p(z)⟩.
Proof. The first part is a consequence of Lemma 1. To prove the second part, we only have to take in mind that being a
Toeplitz matrix is equivalent to verify SLTSR = T. Thus, for every p(z) =

∑n
k=0 vkzk if v = (v0, v1, … , vn, 0, …) ∈ c00,⟨zp(z), zp(z)⟩ = vSLTSRv∗ = vTv∗ = ⟨p(z), p(z)⟩.

Proposition 3. Let T be an infinite HPD Toeplitz matrix and let {Φn(z)}∞n=0 be the associated sequence of monic
orthogonal polynomials. For every n ∈ ℕ0,

Φ0(z) = 1
Φn+1(z) = zΦn(z) + Φn+1(0)Φ∗

n(z).

Proof. First of all, by Lemma 2, it follows that, for every k = 1, … ,n,⟨
zΦn(z), zk⟩ =

⟨
Φn(z), zk−1⟩ .

By construction, Φn(z) ⟂ [1, z, … , zn− 1], and therefore, zΦn(z) ⟂ [z, z2, … , zn]. Because Φn + 1(z) ⟂ [z, … , zn], we
have that Φn + 1 − zΦn(z) ⟂ [z, … , zn].

On the other hand, by Lemma 2 since Φn ⟂ [1, z, … , zn− 1], it follows that Φ∗
n(z) ⟂ [1∗, z∗, … , (zn−1)∗] = [z, … , zn].

By orthogonality, there is only a polynomial of degree n, which is orthogonal to [z, z2, … , zn]; therefore, there exists a
constant c ≠ 0 such that

Φn+1(z) − zΦn(z) = c Φ∗
n(z).

Note that Φ∗
n(0) = 1; thus,

Φn+1(0) = c Φ∗
n(0) = c,

as we required.

From the above results, we may associate to every infinite HPD Toeplitz matrix a sequence of coefficients (Φn+1(0))∞n=0; if
we consider 𝛼n = −Φn+1(0), these are the so-called Verblunsky or Geronimus coefficients associated to the corresponding
measure 𝜈 whose associated moment matrix is T. As it is well known, |𝛼n| < 1 for all n ∈ ℕ. We show it as an algebraical
consequence of the orthogonality properties in the general framework.
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Corollary 2. Let T be an infinite HPD Toepltiz matrix and let D be the associated Hessenberg matrix. For every n ∈ ℕ0,
dn+1,n = 𝜅n

𝜅n+1
< 1 and

𝜅n

𝜅n+1
=
√

1 − |Φn+1(0)|2.
Proof. From the construction of D, it easily follows that dn+1,n = 𝜅n

𝜅n+1
. Now, because Φn + 1(z) ⟂ [1, z, … , zn] by using

Lemma 2, it follows ||Φn+1(z) − Φn+1(0)Φ∗
n(z)||2 = ||Φn+1(z)||2 + |Φn+1(0)|2||Φ∗

n(z)||2 =

||Φn+1(z)||2 + |Φn+1(0)|2||Φn(z)||2 = ||zΦn(z)||2 = ||Φn(z)||2.
Moreover, because 𝜑n(z) = 𝜅nΦn(z),

1 = 𝜅2
n+1||Φn+1(z)||2 = 𝜅2

n+1
(
1 − |Φn+1(0)|2) ||Φn(z)||2 =

𝜅2
n+1

𝜅2
n

(
1 − |Φn+1(0)|2) ||Φn(z)||2𝜅2

n =
𝜅2

n+1

𝜅2
n

(
1 − |Φn+1(0)|2) .

Then, it follows that, for every n ∈ ℕ0, |Φn + 1(0)| < 1 and
𝜅n

𝜅n+1
=
√

1 − |Φn+1(0)|2.
Recall that if {𝜑n(z)}∞n=0 is the sequence of orthonormal polynomials associated to a measure and, in a more general

context, orthonormal polynomials with respect to an infinite HPD matrix, the n-reproducing kernels are defined as

Kn(z,w) =
n∑

k=0
𝜑n(z)𝜑n(w).

In the context of the theory of orthogonal polynomials, the extremal properties of the monic orthogonal polynomials and
the n-reproducing kernels at 0 play an important role (see, eg, the work of Van Assche13). As it was proved in our previous
work,1 these extremal properties remain true when we consider orthogonal polynomials associated to an inner product
induced by a general HPD matrix M, not necessarily a moment matrix. We rewrite these minimization results (see Lemma
1 in our previous work1) with our terminology.

Proposition 4 (See our previous work1). Let M be an infinite HPD matrix,

1. Extremal property of n-reproducing kernels at 0:

1
∞∑

n=0
|𝜑n(0)|2 = inf

{||p(z)||2 ∶ p(z) ∈ ℙ[z], p(0) = 1
}
,

where the left side is zero if
∑∞

k=0 |𝜑k(0)|2 = ∞.
2. Extremal property of monic polynomials: For every n ∈ ℕ,

||Φn(z)|| = inf
{||p(z)||2, p(z) ∈ ℙn[z] monic polynomial

}
.

3. In the particular case of an HPD Toeplitz matrix T, for every n ∈ ℕ,

||Φn(z)||2 = 1
n∑

k=0
|𝜑k(0)|2 and lim

n→∞
||Φn(z)|| = 1

∞∑
k=0

|𝜑k(0)|2 .
Although all of the results are obtained in the context of the space of the polynomials, the same arguments provide the

same kind of results in the space ℂn+1 and c00. We establish the recurrence relation that, in the context of linear algebra,
the approach can be of independent interest and a very useful computational tool. The proof is directly from Proposition 3.
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Proposition 5. Let Tn be an (n + 1) × (n + 1) HPD Toeplitz matrix and let {vn
0 , … , vn

n} be the orthonormal basis in
ℂn+1 with respect the inner product induced by Tn with vn

k = (v0,k, … , vk,k, 0, … , 0) for i = 0 … n and vk,k = 1. Then,
for every 0 ≤ k ≤ n − 1,

vn
0 = (1, 0, … , 0)

vn
k+1 = SR,nvn

k + vk,0
(
vn

k

)r
.

Moreover, when M is an infinite HPD matrix and {v0, … , vn, … , } is the orthonormal basis in c00 with respect to the
inner product induced by M with vk = (v0,k, … , vk,k, 0, …) and vk,k = 1 for every k ∈ ℕ, it holds

v0 = (1, 0, … , )
vk+1 = SRvk + vk,0vr

k

Remark 2. In the same way as in Corollary 2, we may obtain that |v0,k| < 1 for every k ∈ ℕ, and therefore, from
an infinite HPD Toeplitz matrix, we obtain a sequence of coefficients (vk,0)∞k=1 ∈ 𝔻ℕ, which determines the recur-
rence relation associated to the Toeplitz matrix. Note that this recurrence relation provides all the coordinates of the
orthonormal basis only from the knowledge of the first coordinate. This is analogous of the Verblunsky coefficients
in the general framework of infinite HPD Toeplitz matrices.

We may now prove that the matrix elements of the Hessenberg matrix D associated to an infinite HPD matrix are
expressible in terms of the associated coefficients (Φn(0))∞n=0.

Proposition 6. Let T be an infinite HPD Toeplitz matrix. For every n ∈ ℕ, it follows that

D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−Φ1Φ0 − 𝜅0
𝜅1
Φ2Φ0 − 𝜅0

𝜅2
Φ3Φ0 … − 𝜅0

𝜅n−2
Φn−1Φ0 − 𝜅0

𝜅n−1
ΦnΦ0 …

𝜅0
𝜅1

−Φ2Φ1 − 𝜅1
𝜅2
Φ3Φ1 … − 𝜅1

𝜅n−2
Φn−1Φ1 − 𝜅1

𝜅n−1
ΦnΦ1 …

0 𝜅1
𝜅2

−Φ3Φ2 … − 𝜅2
𝜅n−2

Φn−1Φ2 − 𝜅2
𝜅n−1

ΦnΦ2 …
⋮ ⋮ ⋮ ⋱ ⋮ … …
0 0 0 … −Φn−1Φn−2 − 𝜅n−2

𝜅n−1
ΦnΦn−2 …

0 0 0 … 𝜅n−2
𝜅n−1

−ΦnΦn−1 …
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where Φi ∶= Φi(0) and 𝜅i
𝜅i+1

=
√

1 − |Φi(0)|2 for all i ≥ 0.

Proof. By Proposition 4, it holds
1

n∑
k=0

|𝜑n(0)|2 = min{||p(z)||2 ∶ p(z) is monic} = ||Φn(z)||2.
Moreover, this minimum is attained only in a point. Consequently, because the polynomials Kn(z; 0) =
1
𝜅n

∑n
k=0 𝜑n(0)𝜑n(z) and 𝜑∗

n(z) are polynomials of degree n, which attained the minimun in the extremal problem, both
polynomials coincide, and therefore,

Kn(z, 0) = 𝜅n𝜑
∗
n(z).

Finally, using the recurrence relation of Proposition 3, it follows that, for every n ∈ ℕ,

zΦn(z) = Φn+1(z) − Φn+1(0)Φ∗
n(z).

Therefore,
z𝜅nΦn(z) = 𝜅nΦn+1(z) − Φn+1(0)𝜅nΦ∗

n(z)

z𝜑n(z) =
𝜅n

𝜅n+1
𝜑n+1(z) − Φn+1(0)𝜑∗

n(z),

and using that
Kn(z, 0) = 𝜅n𝜑

∗
n(z),

we obtain

z𝜑n(z) =
𝜅n

𝜅n+1
𝜑n+1(z) −

n∑
i=0

𝜅i

𝜅n
Φn+1(0)Φi(0)𝜑n(z),

as we required.
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The matrix representation of Hessenberg matrices associated to HPD Toeplitz matrices in Proposition 6 has the advan-
tage that it can be parameterized by a sequence. We give some definition of Hessenberg matrices D(𝛼) associated to a
certain sequence (𝛼n)∞n=0 and we characterize when such matrices are asymptotically Toeplitz. In the sequel, in order to
simplify the notation, we give the following definition.

Definition 1. Let (𝛼n)∞n=0 with 𝛼0 = 1 and (𝛼n)∞n=1 ∈ 𝔻ℕ; we denote by D(𝛼n) the Hessenberg matrix D(𝛼n) with
di+1,i =

𝜅i
𝜅i+1

, di,i = −𝛼i+1𝛼i and di,n = − 𝜅i
𝜅n
𝛼n+1𝛼i for 0 ≤ i < n, where 𝜅n−1

𝜅n
=
√

1 − |𝛼n|2, for n ∈ ℕ and 𝜅0 = 1.

Lemma 3. Let (𝛼n)∞n=0 with 𝛼0 = 1 and (𝛼n)∞n=1 ∈ 𝔻ℕ and the Hessenberg matrix D(𝛼n). The following statements are
equivalent:

1. limn→∞𝛼n = 0.
2. The matrix D(𝛼n) is asymptotic Toeplitz and Lim(D(𝛼n)) = SR.

Proof. Assume that limn→∞𝛼n = 0; because 𝜅n−1
𝜅n

=
√

1 − |𝛼n|2, it follows that the subdiagonal of the matrix D(𝛼n)
converges to 1. On the other hand, for every k ∈ ℕ,

lim
n→∞

𝛼n𝛼n+k = 0,

and because 𝜅n−1
𝜅n

≤ 1, all the diagonals converge to zero. The reciprocal result is obvious.

3 CONCLUSIONS

In the polynomials orthogonal framework, one type of HPD matrices that are moment matrices with respect to a measure
𝜇 with support on the complex plane is handled. In a more general framework, we establish in this paper a one-to-one
correspondence between the set of all upper Hessenberg matrices with positive subdiagonal + and the infinite normal-
ized HPD matrices 0. In the particular case of Hermitian Toeplitz matrices, an algebraical approach has been developed
to obtain properties and recurrence relations in accordance with the well-known recursion coefficients in the context of
orthogonal polynomials in the unit circle. The fact that the matrix representation of Hessenberg matrices associated D to
HPD Toeplitz matrices can be parameterized by a sequence allows us to ask ourselves about the behavior of D(𝛼) associ-
ated to a (𝛼n)∞n=0 and to characterize when such matrices are asymptotically Toeplitz. From this result, one can wonder if
in the case that limn→∞𝛼n = 0 the bounded operator (𝛼n) on 𝓁2 induced by the Hessenberg matrix D(𝛼n) is a compact
perturbation of the forward shift operator.

ACKNOWLEDGEMENTS

This work has been partially supported by grant Ref: MTM2016-80582-R (AEI/FEDER, UE) and partially by
TEC2015-70406-R, funded by Ministerio de Industria, Economía y Competitividad, Spain.

ORCID

C. Escribano https://orcid.org/0000-0003-2593-5470

REFERENCES
1. Escribano C, Gonzalo R, Torrano E. Small eigenvalues of large Hermitian moment matrices. J Math Anal Appl. 2011;374:470-480.
2. Atzmon A. A moment problem for positive measures on the unit disc. Pacific J Math. 1975;59:317-325.
3. Berg C, Maserik PH. Exponentially bounded positive definite functions. Illinois J Math. 1984;28:162-179.
4. Szafraniec FH. Boundedness of the shift operator related to positive definite forms: an application to moment problems. Ark Math.

1981;19:251-259.
5. Parlett B. Normal Hessenberg and moment matrices. Linear Algebra Appl. 1973;6:37-43.
6. Geronimus YL. On polynomials orthogonal in the unit circle, on trigonometric moment-problem, and on allied Carathéodory and Schur

functions. Matematicheskii Sbornik. 1944;15:99-130.

https://orcid.org/0000-0003-2593-5470
https://orcid.org/0000-0003-2593-5470


8 of 8 ESCRIBANO ET AL.

7. Simon B. Orthogonal Polynomials on the Unit Circle. Part 1: Classical Theory. Vol 54. Providence, RI: American Mathematical Society; 2003.
8. Gragg WB. Positive definite Toeplitz matrices, the Arnoldi process for isometric operators, and Gaussian quadrature on the unit circle.

J Comput Appl Math. 1993;46:183-198.
9. Escribano C, Gonzalo R, Torrano E. On the inversion of infinite moment matrices. Linear Algebra Appl. 2015;475:292-305.

10. Barriá J, Halmos PR. Asymptotic Toeplitz operators. Trans Amer Math Soc. 1982;273:621-630.
11. Conway JB. The Theory of Subnormal Operator. Vol 36. Providence, RI: American Mathematical Society; 1991. Mathematical Surveys and

Monographs.
12. Tomeo V, Torrano E. Two applications of the subnormality of the Hessenberg matrix related to general orthogonal polynomials. Linear

Algebra and Applications. 2011;435(9):2314-2320.
13. Van Assche W. Orthogonal polynomials in the complex plane and on the real line. Fields Inst Commun. 1997;14:211-245.

AUTHOR BIOGRAPHIES

Carmen Escribano received a bachelor's degree in mathematics from Universidad Autónoma
de Madrid (Spain) and a doctoral degree from Universidad Politécnica de Madrid (Spain). She
is currently an associate professor at Universidad Politécnica de Madrid. Her current research
interests include asymptotic linear algebra in the context of orthogonal polynomials, fractal
geometry, and digital topology and applications.

Raquel Gonzalo is an associated professor at Universidad Politécnica de Madrid (Spain) since
2001. Her research interests and main contributions are in two different areas: functional anal-
ysis and high order of smoothness and polynomials on Banach spaces. More recently, she has
been working in the theory of orthogonal polynomials in the framework of infinite matrices.

Emilio Torrano was an associated professor at Universidad Politécnica de Madrid (Spain),
and currently an "Ad-Honorem" associated professor. He is an expert researcher in orthogonal
polynomials and Hessenberg matrices.

How to cite this article: Escribano C, Gonzalo R, Torrano E. Hermitian positive definite Toeplitz matrices and
Hessenberg matrices. Comp and Math Methods. 2020;2:e1037. https://doi.org/10.1002/cmm4.1037

https://doi.org/10.1002/cmm4.1037

	Hermitian positive definite Toeplitz matrices and Hessenberg matrices
	Abstract
	INTRODUCTION
	HESSENBERG MATRICES AND HPD MATRICES: THE TOEPLITZ CASE.
	CONCLUSIONS
	ACKNOWLEDGEMENTS
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Euroscale Coated v2)
  /PDFXOutputConditionIdentifier (FOGRA1)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG (Modified PDFX1a settings for Blackwell publications)
    /ENU (Use these settings to create Adobe PDF documents that are to be checked or must conform to PDF/X-1a:2001, an ISO standard for graphic content exchange.  For more information on creating PDF/X-1a compliant PDF documents, please refer to the Acrobat User Guide.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


