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1 | INTRODUCTION

LetM = (¢, j);"}zo be an infinite Hermitian matrix, ie, ¢;; = ¢;; for all i,j nonnegative integers. Following our previous
work,! we say that M is positive definite if [M,,| > Oforalln > 0,where M, is the truncated matrix of size (n + 1) X (n + 1)
of M. An infinite Hermitian positive definite matrix (in short, an HPD matrix) defines an inner product (-, -) in the space

P[z] of all polynomials with complex coefficients in the following way: If p(z) = Y;_, wz*yq(z) = Y e, Wkz*, then

(p(2),q(z)) = vMw*,

wherev = (v, ...,1,,0,0, ...) and w = (Wy, ..., Wy, 0,0, ...) € co, With cy being the space of all complex sequences
with only finitely many nonzero entries. The associated norm is ||p(z)||> = (p(z), p(z)) for every p(z) € P[z].

An interesting class of HPD matrices is the one of moment matrices with respect to a measure u, ie, HPD matrices
M = (c, J‘);’:o such that there exists a representing measure y with infinite support on C and finite moments for all

i,j >0,
Cij :/zizjd/,l.

In this case, we denote by M = M(y). For more information concerning the characterization of HPD matrices that are
moment matrices with respect to a certain measure y with support on C, see the works of Atzmon,*> Berg and Maserik,?
and Szafraniec,’ among others.
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An HPD matrix M = (c;, j);";=0 is the Gram matrix of the inner product in the vector space P[z] with respect to {z"}7 .
Let {@u(2)},°, be the sequence of orthonormal polynomials uniquely determined by the requirements that

n
@n(2) = 2 Kk,nzk
k=0

with positive leading coefficient k,, = k,, > 0 and the orthonormality condition

(Pn(@), 9m@) =0 if n#m, and (@.(2),9(2)) =1,

where the inner product is the one defined above.

We denote by ®,(z) = k, ' ¢,(z) the monic orthogonal polynomial of degree n.

Let A; : P[z] — P[z] be the linear mapping (not necessarily continuous) in P[z] defined by A;(p(z)) : = zp(z) and
denote by D = (d; j)l?fj’.zo the matrix representation of A, with respect to the orthornomal basis {¢,(z)};°; clearly, this
matrix is a Hessenberg matrix, ie, d;; = 0,if i > j, with a positive subdiagonal, ie, d;+1; > 0for all i € Ny. In the case
that the orthornomal basis is {z" oo o0 the associated matrix D is the shift-right matrix Sg, which is a Toeplitz matrix with
all the entries 0 except the subdiagonal whose entries are one.

In this research, we study the relationship between the infinite Hessenberg matrices with positive subdiagonal and the
normalized HPD matrices, that is, with the first entry equals to 1. In this sense, for finite-dimensional matrices, Parlett’
studies the connections of normal Hessenberg matrices with positive subdiagonal to moment matrices associated to mea-
sures with finite support and conclude that there are few normal finite-dimensional Hessenberg matrices. We always
consider infinite-dimensional matrices. We prove that there is a one-to-one correspondence between the set of all Hessen-
berg matrices with a positive subdiagonal and the normalized HPD matrices. In this context, normal Hessenberg matrices
are those verifying that the corresponding HPD matrix is indeed a moment matrix with respect to a compactly supported
measure y in the complex plane verifying that the polynomials are dense in L*(u).

In this correspondence, HPD Toeplitz matrices are associated to a special class of Hessenberg matrices that we can
describe using only algebraical techniques in terms of the coefficients of a certain recurrence relation that, in the context
of orthogonal polynomials in the unit circle T, is the well-known Szego recurrence. Indeed, in the theory of the orthogonal
polynomials in the unit circle, the associated Hessenberg matrix is known as the GGT representation after Geronimus,®
and it is a key point that the matrix elements can be expressed in terms of the Verblunsky coefficients (see the work of
Simon’ for more information). It is interesting to point out that our approach only uses algebraical techniques in order
to obtain this matrix representation and does not need to use the fact of the existence of a measure. Moreover, it can be
obtained in a more general framework, that is, in the vector space coo with an inner product induced by an HPD Toeplitz
matrix as we see in Proposition 5. These results agree with those in the work of Gragg.®

We use this matrix representation in order to study the asymptotic properties of the entries of the Hessenberg matrix
D associated to an HPD Toeplitz matrix T in terms of the asymptotics of the associated coefficients. We® introduced the
notion of an asymptotic Toeplitz matrix, very closely related to the notion of asymptotic Toeplitz operator that appears
in the work of Barrid and Halmos." In this sense, the property lim,_,,®,+1(0) = 0 can be characterized with D being
asymptotic Toeplitz to the shift-right matrix Sg. In this situation, one can wonder if the operator D induced by D in ¢,
could be indeed a compact perturbation of the forward shift operator S.

First, we introduce some notation. We are mainly concerned with infinite matrices and, in order to avoid confusion, we
distinguish infinite matrices and operators using different notation: An infinite matrix A defines a linear operator from
the sequence space cop to cop if for every v = ()2 € coo the formal matrix product Av is defined and belongs to coo. We
denote by A[i,j] the entries of A. Every Hessenberg matrix defines a linear operator. If a matrix A induces a bounded
operator from cyg to cyp with the £, norm, it can be extended to a bounded operator on ¢, that will be denoted by .4. On
the other hand, if A : £, — ¢, is an operator on a pre-Hilbert space ¢, the representation of .A using an orthonormal
basis B = {v; oinZyis by constructing the infinite matrix with entries a; ; = (Av;,v;), ie, A = (a;, 1)?}:0' On the Hilbert
space ¢, we always use the standard basis {e,}? , and denote by S the forward shift operator such that S(e,) = eu1
whose representing matrix is Sg.

Following the work of Barrid and Halmos,'® a bounded operator A : £, — £, in a Hilbert space ¢, is a weakly asymptotic
Toeplitz operator if the sequence S*".AS" is strongly convergent. In this direction, we? introduced the following notion:
A = (a, J‘)?,;:o is an asymptotic Toeplitz matrix if for every k € Z, there exists lim,,ann+x = @k. In such a case, it is
denoted by Lim(A) = (a;— j);‘j’.zo, which obviously is a Toeplitz matrix. It is clear that the matrix representation of any
weakly asymptotic Toeplitz operator on £, is an asymptotic Toeplitz matrix.
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2 | HESSENBERG MATRICES AND HPD MATRICES: THE TOEPLITZ CASE.

As we saw in the introduction, from an HPD matrix M with M[0,0] = 1, there is a unique Hessenberg matrix with
positive subdiagonal D, which is the matrix representation of the multiplication by z linear mapping with respect to the
orthonormal basis induced in P[z] by M. There is a reciprocal procedure to obtain from an infinite Hessenberg matrix
with a subdiagonal positive being the unique suitable HPD matrix; we show it for the sake of completeness.

Proposition 1. LetD = (d;, ,-)lf’j.zo be an upper Hessenberg matrix with a positive subdiagonal, ie, d;1; > 0 for every
i € Ny. Then, there exists a unique HPD matrix M with M[0,0] = 1 such that D is the matrix representation of the
multiplication by z operator A, defined in P[z] with respect to the orthonormal basis induced by the inner product given
by M.

Proof. Consider the following recurrence sequence of polynomials {¢,(z)}?, with each ¢,(z) with degree n associ-

ated to matrix D given by
n+1

29n(2) = zdk,n(Pk(Z)’ n>0.
k=0

By taking ¢,(z) = 1, because d, 1, > 0,

@n1() =

n-1
((dn,n — ¢n(2) + de,nfpk(z)> :

dn+1,n k=0

It is easy to check that x4 = szq and ko = 1. Moreover, k, are positive because d;;1; > 0 for everyi € Np.

We define an inner product (-, -) in the space P[z] of polynomials in the following way for p(z) = Y;_, ax@k(z) and
q(2) = Theo Drpi():
minr,s

(p@.9@) = Y, aibx.
k=0

The matrix M is the Gram matrix of the inner product in the vector space of polynomials P[z], ie, (z,Z) = ¢;;. Note
that M[0,0] = 1. On the other way, let A, : P[z] — [P[z] be the linear mapping (not necessarily continuous) in
P[z] defined by A;(p(z)) : = zp(z); then, D = (d; j)i“;,zo is the Hessenberg matrix representation of A, with respect to

{on(}5L0- O

Using the above result, we may establish a correspondence between the subset of normalized HPD matrices, say, M, =
{M : M is HPD and M][0,0] = 1}, and the subset of Hessenberg matrices with a positive subdiagonal, say, H* = {D =
(di,j)fj,=0 : D is Hessenberg with di1; > 0,i € Np}.

Corollary 1. Thereis a one-to-one correspondence B : Moy — H* insuch away that, for every M € M, the Hessenberg
matrix B(M) is the matrix representation of the multiplication operator A, : P[z] — P[z] with respect to the orthonormal
basis induced by the inner product given by M.

Recall that a bounded operator on ¢, is a normal operator if D*D = DD*, and unitary if D*D = DD* = I, where D* is
the adjoint operator. It is a subnormal operator if it is the restriction of a normal operator on an invariant subspace. From
the results in other works,>''> we have the following proposition.

Proposition 2. Let M € M,,

1. Thereis a representing probability measure yu with bounded support on C such that M = M(p) if and only if B(M) =
D induces a subnormal bounded operator on ¢ ,.

2. There is a representing probability measure y with bounded support on C such that M = M(u) and P*(u) = L*(u) if
and only if BOM) = D induces a bounded normal operator on ¢ ,.

Remark 1. From the above result, it follows that, for compactly supported measures y, the completeness of the poly-
nomials in the space L?(u) can be characterized in terms of the normality of the associated Hessenberg operator.
Nevertheless, we do not know a characterization of such completeness in terms of the moment matrix M(u). In this
direction, we point out that, in our previous work,' a necessary and not sufficient condition is given in terms of the
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behavior of the smallest eigenvalues 4, of the finite sections M,, of the matrix M(u); in particular, for compactly
supported measures, it is proved that if P>(4) = L?(u), then lim,_ 4, = 0.

From now on, we consider an HPD Toeplitz T. We prove, only requiring algebraical techniques, the recurrence relation
of the associated monic orthogonal polynomials. In order to do it, we need some preliminary lemmas and definitions.

Recall that, for p(z) € P[z], the reversed polynomial is defined by p*(z) = 2"p ( ); in particular, if p(z) = Y_, axzt,

1
z
P*(2) = Xp_, an-kz*. In an analogous way, for v = (v, ...,v,) € C**, we define the reversed vector v" = (v, ..., ).

Lemmal. Letn € Ngand T, bea (n + 1) X (n + 1) Hermitian Toeplitz matrix; for every v = (v, ...,v,) € C*1, it
follows
vT,v' =v'T,(W)".

Proof. First of all, denoting by

= O

1

0
1 ... 00

it is easy to check that, for every n € N, F, T,F, = T,, and v' = vF,,, consequently

VI,V* = VE,TyFnV* = VT, (V)" 0

Lemma 2. Let T be an infinite HPD Toeplitz matrix and (-,-) be the inner product induced by it in P[z]. For every
P(2),q(z) € Plz], it holds the following:

1. (p(2).q() = (q*(2),p*(2)). In particular, |p@)|I* = IIp*@)II°.
2. (zp(2),2p(2)) = (p().p(2)).

Proof. The first part is a consequence of Lemma 1. To prove the second part, we only have to take in mind that being a
Toeplitz matrix is equivalent to verify S TSg = T. Thus, for every p(z) = ZLO WwZkifv = o, V1, ..., V4,0, ...) € Coo,

(zp(2),2p(2)) = VSLTSgv" = VIV" = (p(2), p())- =

Proposition 3. Let T be an infinite HPD Toeplitz matrix and let {®,(2)}}, be the associated sequence of monic
orthogonal polynomials. For every n € N,

Dy(z) =1

@p41(2) = 2Pp(2) + Pps1(0)P,(2).

Proof. First of all, by Lemma 2, it follows that, for every k = 1, ..., n,
(2®n(2).2°) = (Pp(2).27").

By construction, ®,(z) 1 [1,z, ...,z"~!], and therefore, z®,(z) L (2,72, ...,2"]. Because ®,,1(z) 1 [z, ...,Z"], we
have that ®,, ;1 — z®,(2) 1 [z, ...,2"].

On the other hand, by Lemma 2 since ®, L [1,z, ...,z" 1], it follows that ®}(z) L [1*,z*, ..., @)1 = [z, ...,Z"].
By orthogonality, there is only a polynomial of degree n, which is orthogonal to [z, Z2, ..., z"]; therefore, there exists a
constant ¢ # 0 such that

®p11(2) — 2Pu(2) = ¢ Pp(2).

Note that @} (0) = 1; thus,

®,,1(0) = c D;(0) =,

as we required. O

From the above results, we may associate to every infinite HPD Toeplitz matrix a sequence of coefficients (®,41(0));; if
we consider a, = —®,1(0), these are the so-called Verblunsky or Geronimus coefficients associated to the corresponding
measure v whose associated moment matrix is T. As it is well known, |a,| < 1 forall n € N. We show it as an algebraical
consequence of the orthogonality properties in the general framework.
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Corollary 2. Let T be an infinite HPD Toepltiz matrix and let D be the associated Hessenberg matrix. For every n € Ny,

dpin = KK” <1land

n+1

K
= = V1= @ (0)2

Kn+1

Kn

Proof. From the construction of D, it easily follows that d,41, = Now, because @, ,1(z) L [1,2, ...,Z"] by using

Kpia

Lemma 2, it follows
|Pn+1(2) — Prs1(0)P;R)* = (| Pp1R)I* + [ i1 (0)*| D} )II* =

1Pr1@II* + [Pt (0|, R)I* = (122 @)I* = [ Pa(@)]I*

Moreover, because ¢,(7) = k,®Pn(2),

1=k 1P @I = k74, (1= [@i1(0)?) [Pn@)I* =

KZ Kz
L (1= [0010)F) 124@ IR = 25 (1= 100 OF)

n n

Then, it follows that, for every n € Ny, |®,,+1(0)] < 1and

K,
= = V1= @ O

Kn+1 O

Recall that if {@,(2)};, is the sequence of orthonormal polynomials associated to a measure and, in a more general
context, orthonormal polynomials with respect to an infinite HPD matrix, the n-reproducing kernels are defined as

Ka(zW) = ) on(@)@n(W).
k=0

In the context of the theory of orthogonal polynomials, the extremal properties of the monic orthogonal polynomials and
the n-reproducing kernels at 0 play an important role (see, eg, the work of Van Assche'?). As it was proved in our previous
work,! these extremal properties remain true when we consider orthogonal polynomials associated to an inner product
induced by a general HPD matrix M, not necessarily a moment matrix. We rewrite these minimization results (see Lemma
1 in our previous work') with our terminology.

Proposition 4 (See our previous work'). Let M be an infinite HPD matrix,

1. Extremal property of n-reproducing kernels at 0:

1

D l@n0)?
n=0

where the left side is zero if Yo |@r(0)|* = oo.
2. Extremal property of monic polynomials: For every n € N,

= inf {|[p@|* : pz) € Plz].p(0) =1},

|®n()|| = inf {|p@)|*. pz) € Pylz] monic polynomial} .

3. In the particular case of an HPD Toeplitz matrix T, for every n € N,

1 . 1
1®n ()| = o——— and lim||®, (@)l = ———.

D lok(0)2 D lok0)2
k=0 k=0
Although all of the results are obtained in the context of the space of the polynomials, the same arguments provide the

same kind of results in the space C"*! and cy. We establish the recurrence relation that, in the context of linear algebra,
the approach can be of independent interest and a very useful computational tool. The proofis directly from Proposition 3.
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Proposition 5. Let T, bean (n + 1) X (n + 1) HPD Toeplitz matrix and let {Vv}?, ..., V}} be the orthonormal basis in
C"*! with respect the inner product induced by T, with v]’{‘ = (Vok» +--»Vkk» 0, ...,0) fori = 0 ... nand vy = 1. Then,

forevery0 < k < n -1,
vy = (1,0, ...,0)

no_ n n\"
Vi = SraVy +veo(Vy) -
Moreover, when M is an infinite HPD matrix and {vy, ...,Vy, ..., } is the orthonormal basis in coy with respect to the
inner product induced by M with vy = (Vs ... ,Vkk, 0, ...) and vgx = 1 forevery k € N, it holds
vo = (1,0, ...,)
Vi1 = SRVi + VoV,

Remark 2. In the same way as in Corollary 2, we may obtain that |[vox| < 1 for every k € N, and therefore, from
an infinite HPD Toeplitz matrix, we obtain a sequence of coefficients o)y, € DN, which determines the recur-
rence relation associated to the Toeplitz matrix. Note that this recurrence relation provides all the coordinates of the
orthonormal basis only from the knowledge of the first coordinate. This is analogous of the Verblunsky coefficients

in the general framework of infinite HPD Toeplitz matrices.

We may now prove that the matrix elements of the Hessenberg matrix D associated to an infinite HPD matrix are
expressible in terms of the associated coefficients (®,(0));> .

Proposition 6. Let T be an infinite HPD Toeplitz matrix. For every n € N, it follows that

—®, D, —gcpzao —gcbﬁo . 2 ®,_ D, — @, D,
1 2 n-2 n—-1
% _@,0, Lo, ... — L0, 0, —20,®
K KZ 1 X, 3_ 1 ’(’ryz n 1_1 K’ré—l n_l
0 o —0:0; . — 0Dy — 0D,
D= . : : . " |
0 0 SR ST —jj@,@n_z
0 0 Knp —®,®,_;
Kn-1

where ®; : = ®;(0) and Ki =1/1—|®;(0)|2 foralli > 0.

Proof. By Proposition 4, it holds
1

D lpa0)]?
k=0

Moreover, this minimum is attained only in a point. Consequently, because the polynomials K,(z;0) =
Ki ZZ:O @n(0)@n(z) and @} (z) are polynomials of degree n, which attained the minimun in the extremal problem, both

=min{|lp@)|I*> : p(z) is monic} = || ®,(2)|I*.

polynomials coincide, and therefore,
K(z,0) = k,05(2).
Finally, using the recurrence relation of Proposition 3, it follows that, for every n € N,
2P (2) = Dp11(2) — Ppp1 (0) D (2).

Therefore,
2k Pn () = K, P41 () — (I)n+1(0)’fnq):j1(z)

K £
2pn(@) = ——Pn41(@) = Pp11(0)9;(2),
n+1
and using that
Kn(z’ 0) = Kn(/’:(z)’
we obtain .
K Ki
20n(2) = —=Pp1(@) = ), — P2 (0Pi0)p1(2),
Kn+1 im0 Kn

as we required. O
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The matrix representation of Hessenberg matrices associated to HPD Toeplitz matrices in Proposition 6 has the advan-
tage that it can be parameterized by a sequence. We give some definition of Hessenberg matrices D(«) associated to a
certain sequence (ay),> , and we characterize when such matrices are asymptotically Toeplitz. In the sequel, in order to
simplify the notation, we give the following definition.

Definition 1. Let (,);>, with @y = 1 and (a,)52, € DV; we denote by D(a,) the Hessenberg matrix D(a,) with
Ki, di; = —aia;and d;, = —?anﬂa for0 < i < n, where % =14/1—|a,|% forneNandky, = 1.

i+1

di+1,i =

Lemma 3. Let (ay);. withag = 1and (an);, € DN and the Hessenberg matrix D(a,). The following statements are
equivalent:

1. lim,_ o, =0.
2. The matrix D(a,) is asymptotic Toeplitz and Lim(D(a;)) = Skg.

Proof. Assume that lim,_ @, = 0; because % = 4/1 — |a,|?, it follows that the subdiagonal of the matrix D(a,)
converges to 1. On the other hand, for every k € N,

lima,a,. =0,
n—oo

and because '(;—‘1 < 1, all the diagonals converge to zero. The reciprocal result is obvious. O

n

3 | CONCLUSIONS

In the polynomials orthogonal framework, one type of HPD matrices that are moment matrices with respect to a measure
u with support on the complex plane is handled. In a more general framework, we establish in this paper a one-to-one
correspondence between the set of all upper Hessenberg matrices with positive subdiagonal H* and the infinite normal-
ized HPD matrices M,. In the particular case of Hermitian Toeplitz matrices, an algebraical approach has been developed
to obtain properties and recurrence relations in accordance with the well-known recursion coefficients in the context of
orthogonal polynomials in the unit circle. The fact that the matrix representation of Hessenberg matrices associated D to
HPD Toeplitz matrices can be parameterized by a sequence allows us to ask ourselves about the behavior of D(«) associ-
ated to a (ay);?, and to characterize when such matrices are asymptotically Toeplitz. From this result, one can wonder if
in the case that lim,_.a, = 0 the bounded operator D(a,) on ¢, induced by the Hessenberg matrix D(a,,) is a compact
perturbation of the forward shift operator.
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