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Outline

@ 1D Convection-Diffusion Equation
@ Problem Statement
@ Boundary Conditions
@ Linear Elements
@ Quadratic Elements
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1D Elliptic Equation: Weak Formulation

Part 1l: Elliptic Problems



1D Elliptic Equation: Weak Formulation

du d*u ()
au (x) + b% —k g

d d d d
2
a/uv-da:er/Z—Zv-dmfk/%v«dx:/fv«d:r Yo € H' (D)

c

= f (:1:) T € (c, d) , +b.c.

c
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1D Elliptic Equation: Weak Formulation

du d*u ()
au (x) + bd— —k e

d

d d
a/uv da:er/d—uv de —k ﬁv de = /fv dx Yo € H' (D)
dx dz? -

c c c

= f (:1:) T € (c, d) , +b.c.

v is a test function. Integrating by parts the second derivative term:
d d

a/uv-dm—l—b/u'v—l—k/kuv—/fv+k Yo (d) — ' (c) v (c)]

c c

A(u,v) = L (v) Vv e H' (D)
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1D Elliptic Equation: Finite Element Method

A(un,vn) = L (vg) Vo, € Vi, = {vn € C ([¢,d]) : vn|k, € P (Ki), 1<i<N.}

Part 1l: Elliptic Problems
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1D Elliptic Equation: Finite Element Method

A(un,vn) = L (vn) Vo, € Vi, = {vn € C ([¢,d]) : vn|k, € P (Ki), 1<i<N.}

N
N A(¢,¢)u; =L(¢) Vi=1,.,N

j=1
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1D Elliptic Equation: Finite Element Method

A(un,vn) = L (vg) Vo, € Vi, = {vn € C ([¢,d]) : vn|k, € P (Ki), 1<i<N.}

N
N A(¢,¢)u; =L(¢) Vi=1,.,N

j=1

@ Assume only homogeneus Dirichlet boundary conditions at the moment u (¢) = u (d) = 0.
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1D Elliptic Equation: Finite Element Method

A(uh,vh) ZL(’Uh) Yo EVhZ{Uh EC([C,d]) 3’Uh|K.; c P, (Kz), ISiSNe}

N
N A(¢,¢)u; =L(¢) Vi=1,.,N

j=1

@ Assume only homogeneus Dirichlet boundary conditions at the moment u (¢) = u (d) = 0.
@ Applying the Lax-Milgram theorem:

o Depending on b.c.: 3'u and Jluy,, solutions for weak formulation and FEM.

o If u € H' is a strong solution = also is a weak solution.

o If u € V is a strong solution = also is a FEM solution.
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1D Elliptic Equation: Finite Element Method

A(uh,vh) ZL(’Uh) Yo EVhZ{Uh EC([C,d]) 3’Uh|K.; c P, (Kz), ISiSNE}

N
N A(¢,¢)u; =L(¢) Vi=1,.,N

j=1

@ Assume only homogeneus Dirichlet boundary conditions at the moment u (¢) = u (d) = 0.
@ Applying the Lax-Milgram theorem:
o Depending on b.c.: 3'u and Jluy,, solutions for weak formulation and FEM.
o If u € H' is a strong solution = also is a weak solution.
o If u € V is a strong solution = also is a FEM solution.
@ Being h < 1 the mesh size, m the polynomial degree for V}, and u and wuy, the solutions for weak
and FEM formulations, then 3K > 0 such as

hm+1 Hu(m+1)’ ’

Hu_uh||L2(D) < K-

Hu <K-hm Hu(m+1)‘

£2(p)’ = uhl| 2y

Part 1l: Elliptic Problems
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1D Elliptic Equation: FEM arrays

ZujA(%ﬁ(ﬁi) = L(¢:)

j=1

A=aM+bC+kR d=Mf

Part 1l: Elliptic Problems
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1D Elliptic Equation: FEM arrays

ZujA(¢jv¢i) = L(¢:)

j=1

A=aM+bC+kR d=Mf

e Mass Matrix: M = (m;;) f b
e Convection Matrix: C = (¢;;) f P 0i
o Stiffness Matrix: R = (r;;) f s

Part 1l: Elliptic Problems
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Dirichlet Boundary Conditions

u@ =0 u(@d=g |

Part 1l: Elliptic Problems



Dirichlet Boundary Conditions

ue)=g1 u(d) =g

/
anul + aiguz + -+ ain—1un—1 + aivuny = di — k (¢) v’ (¢)
a21u1 + a22u2 + - - + aG2N—1UN-1 + G2NUN = d2

AN-1,1U1 +an—1,2U2 + - -+ aN—1,N—1UN-1 + aN—1,NUN = dN—1
/
aniul + anguz + -+ annv—1un—1 + anvuny = dy + k (d) v’ (d)
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Dirichlet Boundary Conditions

ue)=g1 u(d) =g

/
anul + aiguz + -+ ain—1un—1 + aivuny = di — k (¢) v’ (¢)
a21u1 + a22u2 + - - + aG2N—1UN-1 + G2NUN = d2

AN-1,1U1 +an—1,2U2 + - -+ aN—1,N—1UN-1 + aN—1,NUN = dN—1
/
aniul + anguz + -+ annv—1un—1 + anvuny = dy + k (d) v’ (d)

S
lug +Ouz + -+ -+ O0uny—1 + Ouny = g1
Our + ag2u2 + - -+ aev—1un—1 + Ouny = d2—a2191 — azn g2

Ouir +an—12u2 + - +anv-—1,N-1uN-1 + 0uny =dN-_1—aN-1,101 — AN_-1,NJ2
Oui + Oug + - - - + Oun—1 + luy = g2
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Neumann Boundary Conditions

(@) =g o (d) =g |

Part 1l: Elliptic Problems



Neumann Boundary Conditions

v () =g u'(d)=g

/
anul + aiguz + -+ ain—1un—1 + aivuny = di — k (¢) v’ (¢)
a21u1 + a22u2 + - - + aG2N—1UN-1 + G2NUN = d2

AN-1,1U1 +an—1,2U2 + - -+ aN—1,N—1UN-1 + aN—1,NUN = dN—1
/
aniul + anguz + -+ annv—1un—1 + anvuny = dy + k (d) v’ (d)
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Neumann Boundary Conditions

v () =g u'(d)=g

/
anul + aiguz + -+ ain—1un—1 + aivuny = di — k (¢) v’ (¢)
a21u1 + a22u2 + - - + aG2N—1UN-1 + G2NUN = d2

AN-1,1U1 +an—1,2U2 + - -+ aN—1,N—1UN-1 + aN—1,NUN = dN—1
/
aniul + anguz + -+ annv—1un—1 + anvuny = dy + k (d) v’ (d)

_— - - - s
ai1ur + apug + - +ain—1un—1 + aivun = di — k(¢) g1

a21u1 + G22U2 + - -+ + G2N—1UN-1 + G2NUN = d2

aN-1,1U1 + aN-1,2U2 + -+ AN-1,N-1UN-1 + AN-1,NUN = dN-1
ani1ui + anauz + - +ann-_1un—1 + annun = dy + k(d) g2

Part 1l: Elliptic Problems
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Robin Boundary Conditions

aru () + fru’ () = g1 au(d) + B’ (d) = g2 J

Part 1l: Elliptic Problems



Robin Boundary Conditions

au () + fiu' (¢) = g1 aou(d) + fou’ (d) = g2

/
anul + aiguz + -+ ain—1un—1 + aivuny = di — k (¢) v’ (¢)
a21u1 + a22u2 + - - + aG2N—1UN-1 + G2NUN = d2

AN-1,1U1 +an—1,2U2 + - -+ aN—1,N—1UN-1 + aN—1,NUN = dN—1
/
aniul + anguz + -+ annv—1un—1 + anvuny = dy + k (d) v’ (d)
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Robin Boundary Conditions

au () + fiu' (¢) = g1 aou(d) + fou’ (d) = g2

/
anul + aiguz + -+ ain—1un—1 + aivuny = di — k (¢) v’ (¢)
a21u1 + a22u2 + - - + aG2N—1UN-1 + G2NUN = d2

AN-1,1U1 +an—1,2U2 + - -+ aN—1,N—1UN-1 + aN—1,NUN = dN—1
/
aniul + anguz + -+ annv—1un—1 + anvuny = dy + k (d) v’ (d)

——————————————————————————————————————————————————
(a11 — Kk (c)or/Br)ur + ar2uz + - - + arn—1un—1 + arnuny = di — k(c) g1/
a21u1 + G22U2 + - -+ + G2N—1UN-1 + G2NUN = d2

AN-1,1U1 + GN—12U2 + -+ aN_1,N—1UN—1 + aN_1,NUN = dN_1
aniui + anauz + -+ ann-—1un—1 + (ann + k (d) a2 /B2) un = dn + k (d) g2/ 52

Part 1l: Elliptic Problems
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Matrices for 1D Linear Elements

NI — f,llﬁa f,llngcf;l G f,llﬁz’ocfgol fil{)od}ll R— f,llflglé fﬂé'gﬂi’l)
Sl dopn  [1H1 JLidid L by dedy [

Part 1l: Elliptic Problems



Matrices for 1D Linear Elements

& fi 1}1;(21

M = 1 1 592
(f_1¢0¢1 f_1¢1

f,ll 430&71 ¢ f;l gi:)ogZ:)O’ f;ld}oq}ll
[ b [, g

- f,ll é,g
R = PO
> ( [L é0é

f,ll (ﬁlg(é/l
f_ll ¢l1

)

(h/2)M

(h/2)IM _
(hy/2)M
0
M

0 N
(hve/2)M

(hye/2)M

Part 1l: Elliptic Problems
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Matrices for 1D Linear Elements

M = {El}&(zi f,lll ngi’l é _ f;l ¢:)0¢:)0/ f;l (1:70(1:51/ ﬁ _ 1‘/\71{(%,;
[ b0 [ 7 Jo 190 [ g’ Jo, ¢08

f,ll (ﬁlg(é/l
f_ll ¢l1

)

(h/2)M _

(h/2)M __

(hs/2)M .
0 0
M C= | C]
0 0 C]

(hye-s/2JM | ]

(hyo/2JM

Part 1l: Elliptic Problems
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Matrices for 1D Linear Elements

O (N R T R Y T R {ikag f,llléfg(é,l
f71¢0¢1 f71¢% f71¢1¢0/ f71¢1¢1l f_1¢l0¢/1 f_1¢l1

(h/2)M (2/hJR
(h/2IM __ (2/h)R
(hy/2)M (2/b3)R
M 0 C = R = 0
0 N 0 AN\
(e 1/2)M (2/hye )R
(ho/2)M (2/hre)R

Part 1l: Elliptic Problems
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Matrices for 1D Linear Elements

O (N R T R Y T R {ikag f,llléfe(é,l
f71¢0¢1 f71¢% f71¢1¢0/ f71¢1¢1l f_1¢l0¢/1 f_1¢/1

(h/2)M (2/hJR
(h/2IM __ (2/h)R
(hy/2)M (2/b3)R
M 0 C = R = 0
0 N 0 AN\
(e 1/2)M (2/hye )R
(ho/2)M (2/hre)R

Tridiagonal matrices. M and R are symmetrical. C and R are singular.

Part 1l: Elliptic Problems
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Example 2.6: p2_6lineal.m

u—0.01u" =1, z€(0,1)
{u(O)zO;u’(l)zl J

Part 1l: Elliptic Problems



Example 2.6: p2_6lineal.m

10 / 28

u—0.01u" =1, z€(0,1)
w(0)=0;u' (1) =1

06 -

04

02+

Solucion Error

T T T 0.003 T T T T

—— uanalitica
u caloulada

" 0001 - _—

0.002 -

0001 || el

u calculada - u anliica

0002 - |

0003 | /

-0.004

04 06 08 1 0 0.2 04 06 08 1

-0.005

N, =20,N =21 = max |Error| =4-1073

Part 1l: Elliptic Problems
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Matrices for 1D Quadratic Elements

bo()=—81-2)/2 H@)=201-2 &H@)=201+4)/2 J

Part 1l: Elliptic Problems



Matrices for 1D Quadratic Elements

bo(@)=—2(1—-2)/2 G @) =201-2) (@) =(1+8)/2

fil (2’192’0 fil Qg% fil ‘250952 fil <i§/1<7§'0 fil lef fil q§/0¢§/2

R ( fil q3(2) f_ll QEOQEI f_ll (]30&2 ) R fil qg,(z) f_ll (]5/0(5/1 fil $/0(¢;,2
M = R =
fil $2¢0 fi1 P290 fi1 ¢§ fil ¢§/2¢;/0 f_ll ¢;’2¢;/0 f_ll élg

11/ 28
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Matrices for 1D Quadratic Elements

Po(8)=—-2(1-2)/2 o (@)=2(1-2) (&) =2(1+2)/2

J;ll leé’o fi1 Qg% fil ‘2’0(&2 fil <i§/1<7§'0 fil lef fil ¢;l0¢;/2

R ( fil 43(2) fil ¢A50<ZA51 f_ll (};0(2)2 ) R fil (5/(2) f_ll fl;’()(f;'l fil Qg/0¢;,2
M = R =
It d2d0  [1 d2d0 [T, B3 [Ldady [Ldado  [1 43

(h/2IM__
ho/2IM
(hy/2)M

0

0
(hye-1/2).

(hye/2)M

Pentadiagonal matrices. M and R are symmetrical. C and R are singular.

Part 1l: Elliptic Problems
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Example 2.6: p2_6cuadratico.m

u—0.01u" =1, z€(0,1)
{u(O)zO;u’(l)zl J

Part 1l: Elliptic Problems



Example 2.6:

p2_6cuadratico.m

u—0.01u" =1, z€(0,1)
w(0)=0;u' (1) =1

12 /28

Solucion Error
14 T T 00004 T T T T
—— uanalitica
u calculada
12 4 0.0008 -
\
I\
1+ o—o—6—0 0.0002 - | \
N \ /\
s o |\ /
s S |
= i \
08 / & 0.0001 - [ \//\
S // ? | o 1
o —~
4 k| | T _ /
06 - 3 of | —
E} I\ |
H \
\
\
04r ¢ -0.0001 |- \\ |
\
\
\
02+ -0.0002 -
. -0.0003 .
02 04 06 08 1 0 02 04 06 08 1
x

x

N, =10,N = 21 = max |Error| =2-107%

Part 1l: Elliptic Problems
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Outline

© 2D Convection-Diffusion Equation
@ Formulation
@ Boundary Conditions
o Gradient, Areas and Perimeters
@ Examples

Part 1l: Elliptic Problems
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2D Problem: Weak Formulation

au+(b-V)u—V-(kVu)=f z€DCR? +be.

Part 1l: Elliptic Problems
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2D Problem: Weak Formulation
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2D Problem: Weak Formulation

au+(b-V)u—V-(kVu)=f z€DCR? +be.

/(au+(b~V)u—V~(kVu))v:/fv Vv € H' (D)

D

v are the test functions. Using the divergence (or Gauss's) theorem:

auv—l—/(b,Vu)v—i—/k(Vu,Vv):/fv—i—/v(kVu,n)

D D oD

A(u,v) = L (v) Vv € H" (D)

Part 1l: Elliptic Problems
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2D Elliptic Equation: Finite Element Method

N
S A(4,¢)u; =L(¢:) Vi=1,.,N

=1

Part 1l: Elliptic Problems
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2D Elliptic Equation: Finite Element Method

N
ZA(¢37¢1 u]—L(¢z) VZ:].,,N

(U5} bw1 byl fl
UN sz byN fN

A =aM+ C,b, +C,b, + kR d=MFf

Part 1l: Elliptic Problems
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2D Elliptic Equation: Finite Element Method

N
S A(dyd)u;=L(¢:) Vi=1,..,N
Jj=1
Ui b1 byl f1
u=| | bo=| : | b=| : | £=]| :

uN sz byN fN
A =aM + C,b, + C,b, + kR d = Mf

@ Mass matrix: M = (m;) = [}, ¢;
@ Convection matrices: C, = (Czij) = [, 52 9% 4, and Cy = (cyij) = [p 6;;”
@ Stiffness matrix: R = (ri;) = [, V¢],V¢>

Part 1l: Elliptic Problems
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2D Elliptic Equation: Finite Element Method

N
S A5 di)us =L(g:) Vi=1,.,N
Jj=1
Ui b1 byl f1
u=— : b, = : b, = : f= :
Ry ban byn fn
A=aM+C;b, +Cyb, + kR d=Mf

@ Mass matrix: M = (m;) = [}, ¢;
@ Convection matrices: C, = (Czij) = [, 52 9% 4, and Cy = (cyij) = [p 6;;”
@ Stiffness matrix: R = (ri;) = [, V¢],V¢>

[M R Cx] = fem_mrc(x, y, tri, 0, [1;0]);
[M R Cy] = fem_mrc(x, y, tri, 1, [0;1]);
A = axM + Cxxbx + Cy*by + k*R;

Part 1l: Elliptic Problems
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2D Boundary Condition: Dirichlet
‘SameasiDproblem

front = find(x==-1 | x==1 | y==0 | y==1);
20 = A;

AO(front, :)=0;

AO(:,front)=0;

for j=1;length(front)
AO(front(j),front(j)) = 1;

end

d(front) = g;

for k=1:length(front)
d -= g*A(:,front(k)); %Note : -> efficient
end

% Solve linear system

uh = AO\d;

Part 1l: Elliptic Problems
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2D Boundary Condition: Dirichlet
‘SameasiDproblem

front = find(x==-1 | x==1 | y==0 | y==1);
A0 = A;
AO(front, :)=0;
AO(:,front)=0;
for j=1;length(front)
A0 (front (j),front(j)) = 1;
end
d(front) = g;
for k=1:length(front)
d -= g*A(:,front(k)); %Note : -> efficient
end
% Solve linear system
uh = AO\d;

for i=1:length(x)
for k=1:length(front)
d(i) -= g*A(i,front(k)); %Note i -> NOT efficient
end
end

Part 1l: Elliptic Problems
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2D Boundary Condition: Neumann and Robin

u

x X

s=0 s=L

Neumann 2D: (Vu,n) =g(z,y) (z,y) €l COD J

Part 1l: Elliptic Problems
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2D Boundary Condition: Neumann and Robin

u

x X

Neumann 2D: (Vu,n) =g(z,y) (z,y) €l COD J
Robin 2D: a(z,y)u(z,y) + (kVu,n) =g (z,y) (z,y) €T CID J

Part 1l: Elliptic Problems
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2D Boundary Condition: Neumann and Robin

u

x X

Neumann 2D: (Vu,n) =g(z,y) (x,y) el CoD J
Robin 2D: a(z,y)u(z,y) + (kVu,n) = g(z,y) (z,y) €l C oD J
Convective 2D = Robin with « = hic, g = htc - Ufiuid :

(kVu,n) = htc (ufiuia —u) (x,y) €T C 0D

Part 1l: Elliptic Problems
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2D Boundary Condition: Neumann and Robin

u

x X

Neumann 2D: (Vu,n) =g(z,y) (x,y) el CoD J
Robin 2D: a(z,y)u(z,y) + (kVu,n) = g(z,y) (z,y) €l C oD J
Convective 2D = Robin with « = hic, g = htc - Ufiuid :

(kVu,n) = htc (ufiuia —u) (x,y) €T C 0D

[AR dR] = fem_robin(x, y, tri, G, ALPHA);
d += dR; A += AR; uh = A\d;

Part 1l: Elliptic Problems
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Gradient Projection in V},

Oup, Oun,
Vup = ——€e1+ — €2 ™~ upze1 + upyes

oz y

Part 1l: Elliptic Problems
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Gradient Projection in V},

Oup, Oun,
Vup = ——e1 + ——e2 ~ upze1 + unye2

oz y

Be Up = Z;\;l uj(bj, Uhze = Z;Y:I uzjqﬁj and Uhy = Z;\; uyjqﬁj.
Then we applied the FEM method, so for all v, € V), we seek un, and up, that

8uh auh

whx,vh)Lz - <%’Uh>m <Uhyyvh>L2 - <37y7vh>m

Part 1l: Elliptic Problems
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Gradient Projection in V},

Oup, Oun,
Vup = ——e1 + ——e2 ~ upze1 + unye2

oz y

Be Up = Z;\;l Uj¢j, Uhze = Z;Y:I uzjqﬁj and Uhy = Z;\; uyjqﬁj.
Then we applied the FEM method, so for all v, € V), we seek un, and up, that

(u U>—%U (uv)—%v
hx, Uh/)r2 = a$7hL2 hy,Vh)p2 = ay’th

Selecting v, = ¢; for 1 <: < N

ﬁ;uzquﬁj@ = uj/aqu b jﬁ;uyj]!%@ = uj/agb] bi

Part 1l: Elliptic Problems
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Gradient Projection in V},

Oup, Oun,
Vup = ——e1 + ——e2 ~ upze1 + unye2

oz y

Be Up = Z;\;l Uj¢j, Uhze = Z;V:I uzjqﬁj and Uhy = Z;\; uyjqﬁj.
Then we applied the FEM method, so for all v, € V), we seek un, and up, that

(u U>—%U (uv)—%v
hx, Uh/)r2 = a$7hL2 hy,Vh)p2 = ay’th

Selecting v, = ¢; for 1 <: < N
N N N
0 0
Zuzj/%qﬁi =Y u / iz Z%j/%@ = UJ/ %5 4.
=1  p i=1 =t p

which turn in two linear systems

Muhx = Czuh
Muhy = Cyuh

Part 1l: Elliptic Problems
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Area and Perimeter Computation

Areap :// dxdy—// Zd)lz%dzdy— Z // ¢i¢jdrdy = Z mg;

dogi=il dog=1

Part 1l: Elliptic Problems
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Area and Perimeter Computation

(Computation of domainarea Di s SY 6 =1
Areap ://};dxdy://[)i:l¢ig:l¢jdzdy= iv: //];@qﬁjdxdy: f: mg;

i,j=1 i,j=1

[x y tri] = mesh_circle(0, 0, 1, 100); [M R C] = fem_mrc(x, y, tri, 0, 0);
my_pi = sum(M*(x*0+1)); printf("Area = %f Error = %f\n", my_pi, my_pi-pi);

Part 1l: Elliptic Problems
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Area and Perimeter Computation

> [, ¢utsaoty = T e

i,j=1 i,j=1

ATeaD://];dxdyz//E)i:l¢ig:l¢jdmdy:

[x y tri] = mesh_circle(0, 0, 1, 100); [M R C] = fem_mrc(x, y, tri, 0, 0);
my_pi = sum(M*(x*0+1)); printf("Area = %f Error = %f\n", my_pi, my_pi-pi);

Nop

Nap
Perimeteryp =/ ds:/ ¢ids = / ¢ids
o o 2P

Part 1l: Elliptic Problems
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Area and Perimeter Computation

Areap ://};dxdy://r)i:l¢ig:l¢jdzdy= iv: /Dd)iqﬁjdxdy: g: mg;

i,j=1 i,j=1

[x y tri] = mesh_circle(0, 0, 1, 100); [M R C] = fem_mrc(x, y, tri, 0, 0);
my_pi = sum(M*(x*0+1)); printf("Area = %f Error = %f\n", my_pi, my_pi-pi);

Nop Nap

Perimeterapz/ ds:/ ¢ids = / ¢ids
o o 2P

[x y tri]l = mesh_circle(0, 0, 0.5, 100); g = O*x; g(mesh_boundary(tri)) = 1;
[Ar Dr] = fem_robin(x, y, tri, g, O*x); my_pi = sum(Dr);
printf ("Perimeter = %f Error = %f\n", my_pi, my_pi-pi);
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Example 2.11: p2_11.m

(b,Vu) —0.1Au =0, (z,y)€ D
ur,=1u|r,=0
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Example 2.11: p2_11.m

(b,Vu) —0.1Au =0, (z,y)€ D
ulr,=1u|r,=0

Solucion uh (malla lineal) Modulo gradiente(uh) con malla lineal
1

m=1,N, =722, N = 400

Part 1l: Elliptic Problems
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Example 2.11: p2_11_cuadratico.m

{ (b, Vu) — 0.1Au = 0,

ulr,=1u|r,=0

Solucion uh (malla cuadratica) Modulo gradiente(uh) con malla cuadratica

m=2,N, =162, N = 361
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© Related Topics

@ Axisymmetric Problem
@ Orthotropic Media
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Axisymmetric Problem

23 /28

au+ (b-V)u—V - (kVu)=f

ou kY Ou 0%u  0%u

Part 1l: Elliptic Problems
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Axisymmetric Problem

au+ (b-V)u—V-(kVu)=f

ou kY Ou 0%u  0%u
boos 4 (b ) 2 g (T2 28 2
au x8x+<r r) or (8x2+8r2> !

(aM + C + kR)u = Mf,

M),;; = Mo didi (R);; = Lo (V¢5, Vi) (©);; = Mo [bx,j %fﬁi + (b'r_é)j 6;? ¢i:|
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Axisymmetric Problem

au+ (b-V)u—V-(kVu)=f

ou ou 0%u  0%u
by — br—— kl=—+— )=
au x8x+<r )Br (6x2+8r2> !

(aM + C + kR)u = Mf,

(M)ij = [l ®50i (R)ij = [[o (V¢5, Vi) (C)ij = [l [bx,j %fﬁi + (br— T)j 295 ¢z:|

(aM,. + Cr + kR;) u = M, f,

(M"")ij = [lq ®jdir (RT = [lq (Vo; Vi) r (Cr)ij = [l (bx,j %@‘ + br,j 83¢] 4’1) T
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Axisymmetric/Plane Comparison

Au =0,
w|r, =200, wu|r,=1000, (Vu,n)|r,=0

Caso axilsimetrico Caso plano

1000 _
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Orthotropic Media

K—G ( k¥, 0 ) Gt — ( ki, cos? (o) + k3, sin? (a) (k3 — kfy) sin (o) cos () )
0

ki1 k12
k3o (k3o — ki1) sin (o) cos (@) ki sin? (@) + k3, cos? () ko1 koo

Part 1l: Elliptic Problems



25 / 28

Orthotropic Media
Thermal conductivity is a second order tensor

K—G ki; O Gt — ki, cos? (o) + k3, sin? (a) (k3 — kfy) sin (o) cos () ki1 ki
(k3o — ki1) sin (o) cos (@) ki sin? (@) + k3, cos? () ko1 koo

(R)ij = /(Kv¢ivv¢j)~

D

R =k R + ko (R12 + R21) + k2oR22.
O¢; 0 O¢; 0
Ril- (1= [290095) g (a2 [09i99 )
(TW Bwl Bml TZ] 812 8931
D D

0¢; 04 0¢; 0¢;
R2! = (21 = i), Rm2=(,2= 995 |
(ng 6161 81‘2 T‘” 8$2 81‘2
D D
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2)}

Heat flux

1000 K

\

b

!
.
'

|

|

!

|

!

uf
\

h=1mW/ (K -mm
\
\
Y
b
|
b
!
|
b
2

)

}

Example

)
m v o
g
. U
= e
W - ©
g = e

— & - A

I R
°R & H e
E = — — ms
e

w o > = ms s s s s s s ~

~ e e
I R
*

K . . . . o

10
8
6
4
2
0
2

KAu =0,

(Ku,n) |[p,=h (uf —u) ,
u |F2: 500 K,

(KVu,n) [p;=0

Orthotropic Material
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Challenge

Thermal problem on ...
@ an axisymmetric geometry,
@ orthotropic material and
@ variable local base
au+V - (K (x)Vu) = f

k¥ 0
K(x):G(x)( (1]1 k3 )G(x)t:

_ ( k¥, cos? (a(x)) + ki sin? (a (x)) (k;z - k{l) sin (« (x)) cos (a (x)) )
(k35 — kip) sin (a (%)) cos (a (x))  kfy sin® (a (x)) + k3, cos® (a (x))

( ki1 (x) k12 (x) )
ko1 (x) koo (x)
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End Part Il

Thank you! Questions?
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