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1D Parabolic Equation: Crank-Nicolson
Original Problem: % qu+ b3t — K2y = f (z,t) xzeD=(cd),te(0,T) +b.c +i.c J

dx2
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1D Parabolic Equation: Crank-Nicolson

Original Problem: % qu+ b3t — K&y =f (z,t) xzeD=(cd),te(0,T) +b.c +i.c

dx2

Wt = ut L (—aAt " - bALGES 4+ ALSE 4 AL f7) +

4l (—aAt Cumt _pAE 2Ty AU | A f”“) +be.
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1D Parabolic Equation: Crank-Nicolson
— k2 = (z,t) xzeD=(cd),te(0,T) +b.c +i.c

Original Problem: ‘3—’; + au + ba 527

u"tt ="+ 1 (—aAt U — bALIL kAta oul + AL fn)
= (—aAt~u"+1 bALEE T 4 A | A f”“) +b.c.

n+1 d
ou Bv %At j‘c wv—

(14 2A8) [Purtlo+ BAE 220y | kA (¢ 2urldu _ fdy
- d
bt Ay - b [F O 4t [ (7 ) o [k(%““@f)”]c

Part III: Parabolic & Hyperbolic



3/18

1D Parabolic Equation: Crank-Nicolson
Original Problem: % 4 qu+bo% kgzg =f(z,t) xz€D=(cd),t€(0,T) +b.c +i.c.

u"tt ="+ 1 (—aAt U — bALIL kAta oul + AL fn)
= (—aAt~u"+1 bALEE T 4 A | A f”“) +b.c.

(1 + “At) fd o+ bAtfd a“nH kAtfd 3"”;1 o fcdu"v — fAtf u"v—
77/ n d
[# (% +25) o]

o[- A G 4 (P4 )

A0
2

Aun+1 B _|_ A (dn+1+dn)

P FoR T
ar=Mf"  d"t =Mt

Part IIl: Parabolic & Hyperbolic



Dirichlet Boundary Conditions o

un+1 (C) —_ g;z,—}—l u77,+1 (d) —_ g;7,+1
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Dirichlet Boundary Conditions
WO =gl () = g5

n n+1
allu?Jrl ol a12u121+1 qFocoaF alN_l’LLX,tll + alNuI"\,ﬂ =€e1 — At% (6u (c) + 7Bu (C))

1 1 1 1
a21u;l+ ar a22u;l+ qroce qp a2N—1U7XJ+_1 S a2NU%+ =e2
1 1 1

an—1,1ufT +Fan—1pup T 4t an— vy Favo vuTt = enoa

au"t1(d)

n+1 n+1 n+1 nt+l __ k [ ou"(d)
aN1u1 +an2ug T+ - FaNN-1UN_; T ANNUY —eN+At§ (T—i— dzx

)
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Dirichlet Boundary Conditions
WO =gl () = g5

1 1 1 1 k [ du™(c ountl(c
anuitt +apultt + -+ avut +avutt = e — At (% + T()

1 1 1 1
a21u;l+ ar a22u;l+ qroce qp a2N—1U7XJ+_1 S azNu%+ =e2
1 1 1 1
an—1u} T Fan_1pus T+ Fanvo vouit FavonvuT = enoa

1 1 1 E (ou"(d du"t1(d
anv1uPtt +anoup ™t 4 -+ anvo1ufT + annulyt =€N+At§( 5 ()-I-ui()

1un+1 + 0un+1 + 0un+1 + 0un+1 g{l+1
1 l 1 1 1
0uf™ + azul ™ + -+ aav_1uit + Ou’“r = ez—azlg{” —azngyt

1 1 1 1 1 1
Oupt +an—12us™ + - tan—1,n- 1u§i,+ L+ 0u =en_1—an-1197T" —an—1,ng5 "
0un+1 + 0un+1 o ol 0un+1 + 1un+1 g;z+1
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Neumann Boundary Conditions
8un+l (C) n+1 3un+1 (d) n+1
oz =9 oz =92
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Neumann Boundary Conditions
aun+1 (C) n+1 8un+l (d) n+1
Oz =91 Oz =92

d untt
anuf ™ +apupt 4+ fain - 1un” 1+a1Nu"+1:el Atk g @ (c) UT(C))
+

n+1 n+1 n+1 _
aziuy +agouy T+ - FaaN—1upN +02NUN = €2
n+1 n+1 n+1 __
aN—1,1u1 Yfan_y 2us T+ dan_1,N—1uN T, FaN_1,NUN  =en—1

1 1
ant1uf ™t +anouf ™t 4

1 1 k
o b aNN-W}ifL_l 4F aNNU?fL =en + Atg

oz

dum(d) |, du"tl(d)
(T T =%

)
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Neumann Boundary Conditions
aun+1 (C) n+1 8un+l (d) n+1
Oz =91 Oz =92

1 1 1 1 i) ount?!
artuf ™ +agul T 4+ FayouyT Fanuit = e — At g g (c) uT(C))
+

n+1 n+1 n+1 _
a21uy '+ a22uUy +"‘+02N—1UN_1+02NUN = €2

1 ) 1 1
aN-—1 1111Jr +an-—1 2u2+ <= ~~+aN—1,N—1u7V+_1 +aN—1,NU7\]+ =eN-1
1 1 1 Au™(d ou"tl(d
a1 T+ anaug T+ b anno1ult +annultt = ey + Atk (2004 4 200D

N

a1l +anpu T+t aivo1uyT +aivuytt = e — Atk (91 + gnﬂ)
1 1 1 1
az1u T +agaul T+ aon_1u +aanutt = e2

' 1 1
an—11uf T Fan_1pud T o ano vt Favo vt = enva

aN1u1+ aF amu;’“ qFooodp aNN—WXrtll I aNNqu‘_1 =en + At% (QN AF 9”“)
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Robin Boundary Condltlons o/

n+l 7L+1( )+ﬂ71+1 u :gn+1 O{;H»lu'rH»l( )+/'3

n+1 8un+l (d) — grrH»l
8$

ox
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Robin Boundary Condltlons o
Aty )+5n+1 — — gt an iyt (g) 4 gt aunaw (d) = gnt!

1 1 1 1 k[ 9u™ auntt
anu ™ +apud T+t avouyt avut = e — Atg QHT(C) + HT(C)
+

1 1 1
az1up T +agaul T+ aon u +aanutt = e2
’ n+1 n+1
aN— 11u1+ +an— 12u2+ ke +aN71,N71uN+,1 +¢1N71,NUN+ =€eN-1

x

ou™(d duntid
an1uf T +anous T+ b anno1uT +anvulT = ey + At (”T() @

)
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Robin Boundary Condltlons

n+1 n+1 (C) +Bn+1 ou'

unt1 (d)
1 1 nt1 1 1
=gt gttt @ 4 2D e

ox ox

1 1 1 du™ auntt
anuf T +audtt + o F a1t Faivutt = e — At% QHT(C) + HT(C))
1 1 1
az1up T +agaul T+ aon u +aanutt = e2

+
aN— 11u1+ +an_12up" +-

1 1

“an_1, N1t Fano vunt = enog
1 +1 1

an1ul T Fanoud T -+ aNNflu?,,l +annupt! =en + At

E (ou™(d) , ou"Tl(d)
2 ( Ox + oz )
(all At’; ;n+1 ) U?’Ll :

n+1
1 g9
+ alzun+ B71 + Bln+1 )

1 1 af

alN_luK,tl + alNUR;-’— =e1 + At%ﬁ — Atk (
1 1 1

a2lu1Jr ar azzunJr aF < a2N—1u7X,+_1 aF a2Nu7;,+ = ez

1 1

aN—1,1u7f+ +aN—1,2un+

n+1
4 +aN 1,N— 1uN 1+aN 11\1“+ =€eN-1
n+1 n+1 Ll R P k o} gy gptt
aniuy” T 4+ anouy ANN_1UN_; T aNN-i-Atgﬁ uy  =en — Atg ,85 +At ﬁ-ﬁ- BT
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Problem 3.8: p3_s.m

2
g:(:c,t) —10—2—2 Y@t =F(@t), (&t)€D=(-1,4)x (0,100),
X
a—" (—1,) = —6;u (4,) = 30, t € (0,100),
T
u (z,0) = 20, z €D,

2

f(z,t) = 50exp (_ﬁ (- 20)2)
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Problem 3.8: p3_8.m

@0 -102 0 )= f@0), (@1) €D =(-1,4)x (0,100,

gt
1,6) = —6;u(4,t) = 30, t € (0,100),
x
u (z,0) = 20, z €D,

f(x,t) =50exp (_%021 (- 20)2)

Solucion
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Example 3.1: e3_1.m

cppt = kAu+ f (z,y,t), en D x (0,T) D= (-1,1) x (0,1), wo = 200 K,
w|p, = uo + 5¢/T T =100 s, ) (®) = uo — 106/T K,
(kVu,n) [py=h(z,y,t) (ug (t) —u) Iy = {(x,y) € 0D : y = 0}, k=300 W/ (m - K),
(kVu,n) |gp_(ryury)=0 Iy = {(z,y) € 9D : y—l}, cp =450 J/ (kg - K),
u (z,y,0) = ug h(z,y,t) = 5000 ( ) ( ) 0 p = 7800 kg/m3,
f (@, y,t) = { 10 (T —2t) /T |z| <0.5 A y € [0.25,0.75] A t < T/2
e 0 otherwise
.
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Example 3.1: e3_1.m

cpp% =kAu+ f(z,y,t), en D x (0,T)
u |py = uo + 5t/T

(kVu,n) \1—\2: h(z,y,t) (uf (t) — u)
(kVu,n) |gp—(r;ury)=0

u(z,y,0) = up

D = (-1,1) x (0,1),
T =100 s,

Iy ={(z,y) €9D : y
Iy ={(z,y) €9D : y
h(z,y,t) = 5000 (27

22

0},
1},
) wi (nx),

ug = 200 K,

uy (t) = up — 10t/T K,
k'= 300 W/ (m - K),
cp =450 J/ (kg - K),
p = 7800 kg/m?,

F oy t) = 108 . (T — 2t) /T || <0.5 A y € [0.25,0.75] A t < T/2
» 0 otherwise
o
t=4.000000 s t=100.000000 s
210 210
© 205 © 205
E‘zno Ezno‘ \
gwas‘ 5‘95 -
190 190
1 ~ 17
o8 T — 1 e T
08” ™ " Tos - _— Tos
y 04 “D y 04" \D
02 05 X 02" 05 X
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Outline

© Wave Equation
@ Newmark Scheme
@ Boundary Conditions
@ Energy Conservation
@ Examples
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Wave Equation: Newmark Scheme

U +2kus —EAu=f xeD,te (0,T) + b.c. }

. u(x,0) = uo (x)
dos { R

Part II1I: Parabolic & Hyperbolic
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Wave Equation: Newmark Scheme

U +2kus —EAu=f xeD,te (0,T) + b.c. }

. u(x,0) = uo (x)
dos { R

an+1 + 2]€’Un+1 _ C2Aun+1 — fn+1 (*)
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Wave Equation: Newmark Scheme

U +2kus —EAu=f xeD,te (0,T) + b.c. }

. u(x,0) = uo (x)
dos { R

an+1 + 2]€’Un+1 _ C2Aun+1 — fn+1 (*)

V" =" + At (ya" ! 4+ (1 =) a™) } (x4)
2
u"t =" + A" + % (25a"+1 +(1-28) a")

Part II1I: Parabolic & Hyperbolic
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Wave Equation: Newmark Scheme

U +2kus —EAu=f xeD,te (0,T) + b.c. }

. u(x,0) = uo (x)
dos { R

an+1 + 2]€’Un+1 _ C2Aun+1 — fn+1 (*)

V" =" + At (ya" ! 4+ (1 =) a™) } (x4)
2
u"t =" + A" + A% (25a"+1 +(1-28) a")

@ v = 3 = 0: Explicit Euler Scheme.

@ v =1 and 8 =1/2: Implicit Euler Scheme.

@ v =1/2 and 8 = 1/4: Trapezoidal Scheme. Unconditionally stable.

@ v =1/2 and 8 = 0: Centered Differences. Conditionally stable if At < h/c.
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Wave Equation: Finite Element Method

Eum Tt — BAL AU = U™ + pAt - V" 4+ AAE ™ + BAE i
& =1+2kyAt
w=1+2k(y—p)At }
A=¢ (- B)—2kB(1-7)

Part Ill: Parabolic & Hyperbolic
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Wave Equation: Finite Element Method

Eum Tt — BAL AU = U™ + pAt - V" 4+ AAE ™ + BAE i
& =1+2kyAt
uw=142k(y—p)At }
A=¢(L—B)—2k8(1—7)

(EM + BSCAPR) 0" = M (€u” + pAtv™ + AAt?a" + BALE" ) |
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Wave Equation: Finite Element Method

Eum Tt — BAL AU = U™ + pAt - V" 4+ AAE ™ + BAE i
& =1+2kyAt
uw=142k(y—p)At }
A=¢(L—B)—2k8(1—7)

(EM + BSCAPR) 0" = M (€u” + pAtv™ + AAt?a" + BALE" ) |

Ma’ = —c*Ru’ — 2kMv° + Mf°
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Wave Equation: Finite Element Method

Eum Tt — BAL AU = U™ + pAt - V" 4+ AAE ™ + BAE i
& =1+2kyAt
uw=142k(y—p)At }
A=¢(L—B)—2k8(1—7)

|

(EM + BSCAPR) 0" = M (€u” + pAtv™ + AAt?a" + BALE" ) |

|

Ma’ = —c*Ru’ — 2kMv° + Mf°

a"tl=(1-1/(28)a" + (u"*! —u" — Atv") / (BAE?)
vl = v + At (va™ ! 4 (1 — ) a”)
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Wave Equation: Boundary Conditions

Imposed as in Elliptic and Parabolic problems.

12 /18

Only homogeneous conditions have physical meaning.

No physical sense.
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Wave Equation: Energy Conservation

/uttv + ¢ / (Vu, Vv) = 0 Vv € Hy (D)
D D

Part II1I: Parabolic & Hyperbolic
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Wave Equation: Enerﬁi Conservation

/uttv + ¢ / (Vu, Vv) = 0 Vv € Hy (D)

D D

D D D D
1d 2 21d/ 2 d 1 2 62 2
- = - = 2 (= < =S (E.+E,) =
3o [P+ 3 S [1vuP =05 & (Zolul? + Splval?) = 4 (B + ) =0
D D
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Wave Equation: Enerii Conservation

/uttv + ¢ / (Vu, Vv) = 0 Vo € H} (D)
D D

10 10
/uttut—l—cz/(Vu,Vut = /56— ut) +c /EE(VU)2=0=>
D D D
1d 2 2ld 2 _g d (1 0 2\ _ d
i [+ &5 [ 196 =05 S (Golull + SoIVul?) = 5 B+ B =0
D D

@ No friction, no source term: k= f =0

@ Boundary conditions:

o Steady Dirichlet conditions or ...
o Homogeneous Neumann conditions.

A

Part II1I: Parabolic & Hyperbolic
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Problem 4.11: waveiD.m

2
gy + 2kuy — 294 =0z € (0,1) t € (0,5) 0 I
u(0,t) =wu(1,t) =0t € (0,5) ;2 =0.2,k=05,v(z) = 0 z € (0.1,0.9)
u(z,0) =0z € (0,1) _50 2> 0.9
ut (z,0) = v (z) z € (0,1) -
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Problem 4.11: waveiD.m

utt+2kut—c2g =02€(0,1) t € (0,5) 50 z<0.1
u(0,) =u(l,t) =0t € (0,5) 2 =02,k=050v(@) =4 0 z € (0.1,0.9)
u(z,0) =0z € (0,1) —50 z>0.9

ut (z,0) = v (z) = € (0,1)

1=0480000s
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Problem 4.6: ph_6.m

ue — 0.1Au =0x € D = (=1,1) x (—1,1) t € (0,20) , ,
ulop =0Vt _J1 @-3)"+-3) <
u(x,0) =0Vx € D 00 (#,y) = 0 otherwise
ut (x,0) = vg Vx € D

Part Ill: Parabolic & Hyperbolic
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Problem 4.6: ph_6.m

u —0.1Au=0x € D = (~1,1) x (=1,1) ¢ € (0, 20) . )
ulgp =0Vt _J1 @-3)"+-3) <
u(x,0) =0Vx € D 00 (#,y) = 0 otherwise
ut (x,0) = vg Vx € D

=10.000000 5

Energla cinetica, potencialy total 1210.000000s

ulxy.t)
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Problem 4.8: ph_s.m

urt + 2kur — 0.1Au=0x € D
Ulgp = uq Vt
u(x,0) =0Vx € D ud(x,y,t):{
ut (x,0) =0Vx € D

D =(-1,1) x (=1,1) t € (0,20)
xsin(2nt) x<0,y=-1,t<5
0 otherwise

Part Ill: Parabolic & Hyperbolic
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Problem 4.8: ph_s.m

utt + 2kus — 0.1Au=0x € D

D= (-1,1) x (=1,1) t € (0,20)
ulgp = uq Vi x sin (27t T =
<0,y=-1,t<5
u(x,0) =0Vx € D ug (z,y,t) = { 0( ) otgllzerwise
ut (x,0) =0Vx € D

Energia cinetica, potencialy total

1=15.000000's

HH}}H[HW o
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Problem 4.9: ph_9.m

2 Ay —
ugt —c*Au=0x € D D= {(z,y) €R?: 22 +y2 < 4}

% _
<|c Vu,n)| =0Vt I = {(z,y) €D : z > 0}
ulyp_p, =0Vx €D _ _a’4y?
Ulopp, =00x e uo (2, y) = exp (— 55 )

17 / 18
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Problem 4.9: ph_ 9.

uit —c2Au=0x € D

D = R2 : 22 2<q
LR | PelEn R 2 i <)

Iy ={(z,y) € 0D : & > 0}

ulgp_r, =0Vx €D ( w2+y2)
ug (z,y) = exp (— 5L
ut (x,0) = ug Vx € D @,9) P .1
=20.000000 s
F—— p——
4 L
5 10 15 20 2 27" 2
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End Part Il

Thank you! Questions?
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