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2D Steady Elasticity: Strong Formulation

-V .(o(u)=f

u|1"D = 8D }
o(u) nl[, =gy
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2D Steadi EIasticiti: Stroni Formulation

-V .(o(u)=f }
u|1"D = 8D
o(u)-nl, =gy

—

o(u) =AV - (u) I+ 2ue (u) e(u) = % (Vu + (Vu)t)

Part 1V: Elasticity



3/32
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2D Steadi EIasticiti: Stroni Formulation

—V:-(o(n)=f }
u|rD:gD

o(u) nf, =gy

1
o(u) =AV - (u) I+ 2ue (u) s(u)=§(Vu+(Vu)t)
7y (@) = AV - ()8 + 25 () e w) = 3 (524 32
 Lameé coeffcients related with Young I modulus and Poisson v coefficient for 2D problems
U 2. __E
T Qrva-» FT a2+
For3Dproblems
A\ FEv = E

T 0+v)(1-)
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Variational Formulation
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Variational Formulation

!

Divergence theorem (tensor flavor): [, (V- (T),v) + [, T: (Vv) = [, (v,Tn)

<V-<a(u>>,v>:/<f,v>
D

/<A<v~u><vv>+2ue<u>:e<v>)=/<f,v>+/<gN,v>
D

D Iy

A(u,v)=L(v)
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Variational Formulation

- [ @)= [
D D

Divergence theorem (tensor flavor): [, (V- (T),v) + [, T: (Vv) = [, (v,Tn)

/<A<v~u><vv>+2ue<u>:e<v>)=/<f,v>+/<gN,v>
D

D Iy

A(u,v)=L(v)

Korn inequality = A operator is coercitive = Lax-Milgram theorem = 3lu weak solution J
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FEM formulation (1)

A (uh, Vh) =L (Vh)
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FEM formulation (1)
Findup € Vi x VasuchasWwa € Vix Ve

A (uh, Vh) =L (Vh)

N N
wh (z,y) = winer + uznes = Y u1;d; (z,y)er+ ) us;d; (z,y) ez

j=1 j=1
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FEM formulation (1)
Findup € Vi x VasuchasWwa € Vix Ve

A (uh, Vh) =L (Vh)

N N
wh (z,y) = winer + uznes = Y u1;d; (z,y)er+ ) us;d; (z,y) ez

j=1 j=1

3 <3< ; <7<
uj:{ U1j 1<j<N ‘I>j={ pjel 1<j<N

U2j—N N+1<j<2N ¢pj-Ne2 N+1<j<2N
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FEM formulation (1)

8u1 81;1 8u2 81)2 8u1 (91)2

A — A —

Afuv) = (+u)/ L2 )/82(%2 [ 5er o
Ous Ovy Ouy Ovy Ouy Ovg Ous 8111 Ous Ovo

.
Oxo 011 H Oxo O " Oxs Oz ! Ox1 Oxo H Ox1 Oz
D D D D D
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FEM formulation (1)

ouq 81}1 Ous 81)2 8u1 Ova

A A —— 4+ (A —

(wv)=(A+2 )/ T2 )/a 2 0z | w1 0w
Ous Ovy Ouy Ovy Ouy Ovg Ous 61}1 Ous Ovy

2 de ") Bmaoms ) Bmnom ") Gw o ") Ge o
D D D D D

N N N
0¢; 0¢; 0¢; 0¢; 0¢; 0¢; 0¢; 0¢;
Aun, By) = (A +2p) Z ) / Bxi 6w1 +A Z 2 / 63:; 830; Z g / Ba:] 820; Z 2 / 8301 830;
=il 2 =1 D =1 Jj=1 D
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FEM formulation (1)

A, v) = (\+2p )/%%4_()\4_ )/3U23v2 duy Ova

Ox2 Oz 8:v1 dx1 Oxa
uz Ou1 9u1 Ou1 9us 9vz

a0 ovt Quy 8'01 Oug Ova
Oxo Ox1 H Oxo O
D D

L B T R e s R
D D D

N N N N
O¢; O¢; Od; O¢; 0¢; 0¢; Od; O0¢;
A (up, ®r) = (A +2p) E u1j/7aw1 o2, +A E uzj/iawz g +p E UIJ‘/TJE2 s +u E u2j/8ac1 B
= =1 5 =1} =

D v
N s N ]
A(up, ®r) = ()\+2u)2u2]’ 09; 9¢: —H\Zu -/a¢] 3¢z
j=1

095 0; 06i S~ /%%
D22 Oz2 Y | By dwa T Z: / P th Z“Z
D D j=1 g=i

xo 01 Oz 0z
D
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Linear System

11 _ (.11 — ¢, 9¢; 12 _ (12 _ ¢, 9¢; 21 _ (.21 _ ¢, 9¢; 22 _ (12 _ ¢, 9¢;
R = (’“ij Slhoemoey) B =\"i=/pougoer) R =i =lboouyomy) B =75 =Jp tuy 00y

M = ([D ¢l¢])” My = (faD ¢Z¢J)z]

ul bl
u2 b2
. . b
Au=b, u= uN 5(3;), b = by E(b;)
UN 41 by 1
U N baon
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Linear System

M= (rlf= 065 9% 2= (rf2= 90 99 21 _ (21 _  00; 9¢;
R ( = Ip 5t 7o R = =Jp goisel) R = (r2=, 50

ul bl
u2 b2
Au=b, u= uUN E(ul), b= by E(bl)
uz b2
UN+1 bn1
U2N ban
A ()\ L 2/1/) Rll o MR22 )\R21 o MR12 _ All A12
- )\R12 L /JR21 ()\ o 2”) R22 I /.LRH = A21 A22
fo1¢i+fF IN1Pi 1SkSN(] ) Mf; + Mgy
=L(®P.) = N =
O (®x) { Ip f20i + [, 9n20i N+1<k<2N,(j=Fk—N) =P (

Mf; + Magne

22 _ (12 _
da1 8:1:2) R —(TijZJD

d¢; ¢,

Dy Ozg

)
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Boundary Conditions

b— Mf; + Mogn:
Mf; + Mogn2
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Boundary Conditions

b— Mf; + Mogn:
Mfy + Mognea

Being k index for nodes x € I'p the linear system turns to A'u = b’

(bll)’b - { N gl?l’k N 12 ?:k
(b1); = 9p1,% izt 12k (AM) 1 — 902,k o111k (A12) v #k

(bl):{ o 9D2,k N Z:k
2 (b2); — gp1,k 2121 12k (A1) 0 — 902,k 21y goar, (A%2) iFk

’ Sirdj i=korj=k / 0 i=korj=k
11 — e 12 _
(a )ij*{ (A1), iFkandj#k (a )if{ (A12), i#kandj#k -
! 0 i=korj=k / 0ikdjr t=korj=k
21 — 22 _ J
(A )ij B { (A21)ij i#kandj#k (A >ij - { (A22)ij i #£kandj #k
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Strain and Stress Tensors

Once the elasticity problem is solved, the displacements are known: u = < 3; )
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Strain and Stress Tensors

Once the elasticity problem is solved, the displacements are known: u = ( w1 >

R - Me1; = Czur
e(u) = ( 611 {-:12 ) Mezz = Cyuz
2L 22 Meio = Megg = Crus + Cyul
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Strain and Stress Tensors

Once the elasticity problem is solved, the displacements are known: u = ( w1 >

uz

R - Me1; = Czur

e(u) = ( 611 512 ) Mezz = Cyuz
2t e22 Me12 = Meg; = Czuz + Cyuy

o1 o1 o11 = (A +2u)e11 + Aeaz
o (w = ( o21 022 ) o2z = Ae11 + (A + 2p) ez

012 = 021 = 2ug12
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Strain and Stress Tensors

Once the elasticity problem is solved, the displacements are known: u = ( 3; >

R - Me1; = Czur
€ (u) = ( 611 612 ) Mego = Cyu2
2t e22 Me12 = Meg; = Czuz + Cyuy

022 = Ae11 + (A + 2p) €22

012 = 021 = 2ug12

o11 = (A +2u)e11 + Aeaz
o (u) _ g11 g12
021  O22

. N N N . . \22D . . N
2‘7%/M = (61— 02)2 + (62 —03)2 + (63 — 01)2 = 02y =061 462 — 6162
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uz

Strain and Stress Tensors . >

Once the elasticity problem is solved, the displacements are known: u = (

- - Mei; = Cpug
€ (u) = ( 611 612 ) Mego = Cyu2
21 22 Me12 = Meg; = Czuz + Cyuy

022 = Ae11 + (A + 2p) €22

012 = 021 = 2ug12

o11 = (A +2u)e11 + Aeaz
o21 022 )

o (u) = ( o1 o12

. N N N . . \22D . . N
2‘7%/M = (61— 02)2 + (62 —03)2 + (63 — 01)2 = 02y =061 462 — 6162

1 =12 (011 + 022 + \/(011 + 022)? + 402,

N}

=oyym = \/Ufl + 03, — 011022 + 303,

o= 12 (011 + 022 — \/(011 + 022)% + 402,

V]
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Octave Code: Arrays and Neumann Conditions

% Get matrices

[M R11 C] = fem_mrc(x, y, tri, [1 0;0 0], 0);

[M R12 C] = fem_mrc(x, y, tri, [0 1;0 0], 0);

[M R21 Cx] = fem_mrc(x, y, tri, [0 0;1 0], [1;0]);
[M R22 Cy] = fem_mrc(x, y, tri, [0 0;0 11, [0;11);
A11 = (lambda+2*mu)*R11 + mu*R22;

A12 = lambda*R21 + mu*R12;
A21 = lambda*R12 + muxR21;
A22 = mu*R11 + (lambda+2*mu)*R22;

vect_bl = vect_b2 = 0*x;

% Neumann condition

[AR DR1] = fem_robin(x, y, tri, gnl, O*x);
[AR DR2] = fem_robin(x, y, tri, gn2, 0%*x);

10 / 32
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Octave Code: Dirichlet Conditions. Displacements.

% Dirichlet condition
for k=1:length(bcd)
vect_bl -= (defx*A11(:,bcd(k)) + defy*A12(:,bcd(k)));
vect_b2 -= (defx*A21(:,bcd(k)) + defy*A22(:,bcd(k)));
end
Al11(bcd,:) = 0; A11(:,bcd) =
A12(bcd,:) = 0; A12(:,bcd)
A21(bcd,:) = 0; A21(:,bcd) =
A22(bcd,:) = 0; A22(:,bcd) =
for i=1:length(bcd)
A11(bcd(i),bcd(i)) = A22(bcd(i),bcd(i)) =
A12(bcd(i) ,bcd(i)) = A21(bcd(i),bcd(i))
end
vect_bl(bcd) = gdl; vect_b2(bcd) = gd2;

O O O O

[
O =

% Solve displacements

uh =[A11 A12; A21 A22]\[vect_bl; vect_b2];
N = length(x);

uhl = uh(1:N);

uh2 = uh(N+[1:N]);
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Octave Code: Von Mises

%Strain Tensor

ell = M\(Cx*uhl);

e22 = M\(Cy*uh2);

e12 = M\ (Cx*uh2+Cy*uhl) ;

%Stress Tensor

sigll = (lambda+2*mu)*ell + lambda*e22;
sig22 = lambda*ell + (lambda+2*mu)*e22;
sigl2 = 2*xmuxel2;

%Von Mises

sigvm = sqrt(sigll.~2 + sig22.72 - sigll.*sig22 + 3xsigl2.72);

[maxsig imax] = max(sigvm);

printf("Max. von Mises (%f MPa) at (%f, %f)\n", maxsig/le6, x(imax), y(imax));

Part 1V: Elasticity
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Problem 5.8: c1asg.m

The 1 centimeter thick steel plate in the figure is supported on a horizontal platform and held at its left end
(marked with red dots in the figure), leaving the rest of the sheet free on the horizontal plane. It is subjected to
a displacement of the right end (orange crosses) of 20 centimeters to the right of the figure and 40 centimeters
downward. Determine the most likely area where a crack will appear due to material failure.

Mata inicil

Part 1V: Elasticity
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The 1 centimeter thick steel plate in the figure is supported on a horizontal platform and held at its left end
(marked with red dots in the figure), leaving the rest of the sheet free on the horizontal plane. It is subjected to
a displacement of the right end (orange crosses) of 20 centimeters to the right of the figure and 40 centimeters
downward. Determine the most likely area where a crack will appear due to material failure.

5e+10

4e410

°

Mata inicil

3e+10

26410

18410

Part 1V: Elasticity

60410
souo]
49*10‘
20810
20410

Te+10




14 / 32

Outline

© Thermo-Mechanical Problem
@ Thermal Expansion Coefficient
@ Examples
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Thermal Expansion Coefficient

" (u) = AV - (u)I+2ue(u) =B (T — Trey) 1
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Thermal Expansion Coefficient

" (u) = AV - (u)I+2ue(u) =B (T — Trey) 1
o3; (0) = AV - (u) 85 + 2pesj (0) =058 (T — Trep) = 045 (1) =658 (T — Tref)
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Thermal Expansion Coefficient

" (u) = AV - (u)I+2ue(u) =B (T — Trey) 1
o3; (0) = AV - (u) 85 + 2pesj (0) =058 (T — Trep) = 045 (1) =658 (T — Tref)

- 1+ 3v
b=Era=m°
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Thermal Expansion Coefficient

" (u) = AV - (u)I+2ue(u) =B (T — Trey) 1
o3; (0) = AV - (u) 85 + 2pesj (0) =058 (T — Trep) = 045 (1) =658 (T — Tref)

- 1+ 3v
p= 2(1—v2?)
1
=F
B=Ei 2
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Thermo-Mechanical Problem

-V (o (u)) =f-pIVT

u|1"D = 8D }
o"(u) n|, =gn+B8(T —Tief)n
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Thermo-Mechanical Problem

-V (o (u)) =f-pIVT
u|rD = 8D }
" (u) n|, =gn+B8(T —Tref)n

-
‘Same FEM formulation as Elastic Problem except barray
{ I gfl—ﬂggg $i + fry (gn1HB (T = Trey) 1) 1<n<N,(j=n)

b, =L(®,) =
() [p (fo—B2= ¢i+ [r, (gn2+B (T = Tref)n2) i N+1<n<2N,(j=n-N
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Thermo-Mechanical Problem

u|1"D = 8D

-V (o (u)) =f-pIVT }
o* (w)-nly, = gn+8 (T — Tref)n

L((I)) fD fi— ﬂazl ¢i+pr(gNl‘i'ﬁ(T_TTEf)nl)Qbi 1§TLSN,(j=TL)
TN Jo (F-BEE) 6i 4 fry (gnatB(T—Trep)ma) s N4+1<n<2N,(j=n-N

ul,, =0

-V (o (u)) =f-pIVT }
o* (w)-nly, = gn+8(T—Tre)n

Part 1V: Elasticity



16 / 32

Thermo-Mechanical Problem

u|1"D = 8D

-V (o (u)) =f-pIVT }
o* (w)-nly, = gn+8 (T — Tref)n

b, = L(®,) = fD fl—ﬂgTTl ¢i+er (gn1+B (T — Trep)n1) s 1<n<N,(j=n)
n n [p (fo—B2= ¢i + [y (gn2+B (T = Treg)n2) i N+1<n<2N,(j=n—N

ul,, =0

-V (o (u)) =f-pIVT }
o* () -n|,, =gn+B8(T—Tref)n

Physical meaning if field 7" fulfills the heat equation: —kAT = f
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termomecanicol.m

E=21-10''Pa, v =02

-V (o (u)) = pg—pIVT p = 7900 kg/m3
ulp, =0 g = —9.8eam/s
o(u)-n _ =B(T -1, n _ _ 15°C
(W) - nlop_py, =B (T = Treg) Tyef =15°C a=1.15-10-5°C1 T:{ 1000 o
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termomecanicol.m

E=21-10"1Pa, v =0.2
—V (o (v)) = pg—pIVT p = 7900 kg/m3
u|[‘D = 0( ) g = —9.8eam/s
o) nlgp_p, =B (T —Trep)n _1Eo0 _ . 10=5 o—1 _ 15°C
D Tref =15°C a=1.15-10"°%°C T=3 1000°C

17 / 32

Malla deformada con factor de vista x1.000000 Temperatura sobre malla deformada Temperatura sobre malla deformada

B - ‘5 h -

2 4 6 8 10 005 0 005 005 0 005
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termomecanicol.m

SI#
s
—t —

05m 10m 05m

E=21-10'P =0.2
_V - (o (w)) = pg—BIVT 7750%“} v=0
ulp, =0 27 98eg7::;s
_ = —J.0e2
o (W) nlgp_p, =B(T = Trep)n T =15°C a=115-10"5°C~! T =T,.; —0.05y°C

Part 1V: Elasticity



18 / 32
termomecanicol.m

—91.10! _
V- (o (w) = pg—BIVT E=21 715001;% v=02
ulp, =0 p= g/m

5 = _ g = —9.8eg m/s
o (u) n|<9D—FD —B(T T,.ef)n Trey = 15 °C a=1.15-10"5°C"1 T = Tyer — 0.05y o

Malla deformada con factor de vista x1.000000 Temperatura sobre malla deformada
2 ' i : 04
- 14908
| 02 -
14.996
= 0
14994
1 02
14.902
2 04 1499

o 2 4 6 8 10 005 0 005
x
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Outline

© Dynamic Elasticity
@ Formulation
@ Examples
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Dynamic Elasticit

putt—l—%ut —V-(o(u)=f~f
ul,, =gp t€(0,T)
o(u)-nf, =gy te(0,T)
u(t=0)=ug
u; (t=0) =vo
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Dinamic Elasticiti

puts + %ut —V-(o(u)=f~f
u|[‘D = 8D te (OrT)
o(u)-n[p =gn t€(0,T)
u(t=0)=ug
u; (t=0) =vo
—
pa"'*‘1 + %v”+1 ( (u”+1)) =ftl en D
urtl| =g
o () n|, =g

Part 1V: Elasticity
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Dinamic Elasticiti

putt—l-%ut—v'(a'(u)):f
ul,, =gp t€(0,T)
o(u)-n|p, =gy t€(0,T)
u(t=0)=ug
ut(t:O):vo

pa”+1 + gv’”'l —V- (a (u”+1)) =frtl en D
1

p+ %At'y) untl — A28V - (o (u"+1)) = At?pfn+1 (p+ %At*‘y) u”+
At (p+ gAm) - gmﬁ] vr 4 LA [(p+ gAm) (1-28) — bALS (1 — 'y)] an
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Dinamic Elasticiti

putt—l-%ut—v'(a'(u)):f
ul,, =gp t€(0,T)
o(u)-n|p, =gy t€(0,T)
u(t=0)=ug
ut(t:O):vo

p+ %At'y) untl — A28V - (o (u"+1)) = At?pfn+1 (p+ %At*‘y) u”+
At (p+ gAm) - gmﬁ] vr 4 LA [(p+ gAm) (1-28) — bALS (1 — 'y)] an

0_

sy @)
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Dynamic Elasticity: FEM formulation

uy v1 ay
n n n n n
n __ Un _ u; n UN _ u; n __ apn
u = n = n ) v = n = n ) a = n
UN 41 uz UN+1 uz AN 41
n n n
U N UaN AN

Part 1V: Elasticity
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Dynamic Elasticity: FEM formulation

n
UN+1

n
Uz N

uf
uj

U1

vy _( ut

n - n
UN+1 uz

an

n
AN41

n
AN

at

ay

21/ 32
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Dynamic Elasticity: FEM formulation

Au"! = Mb + At*SMagh

Part 1V: Elasticity



22 /32

Dynamic Elasticity: FEM formulation

Au"! = Mb + At*SMagh

A = (p+ 2Aty) M + A?BA
b= ABf™ 1 + (p+ 3Aty) u” + At [p+ AL (y = B)] v+
+1AL2 [(p+ EAty) (1 - 26) — bALS (1 — )] a”

Part 1V: Elasticity
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Dynamic Elasticity: FEM formulation

Au"! = Mb + At*SMagh
A = (p+ 2Aty) M + A?BA

= (
b= ABf™ 1 + (p+ 3Aty) u” + At [p+ AL (y = B)] v+
+1AL2 [(p+ EAty) (1 - 26) — bALS (1 — )] a”

v ="+ At (va"t 4 (1 - ) a")

1 1
n+1l _ n+1 S n__ - 2 _ n
a"m = NG [u u” — Atv 2At (1-28)a ]

Part 1V: Elasticity



Problem 5.6: elas6.m

SI#
s
—t -

—+ —
05m 10m 05m

puit+ Su, — V- (o () =pg | E=21-10"Pa, v =0.2

ulp, =0 p = 7900 kg/m?
o’(u)-n|3D_FD =0 g = —9.8eam/s
ut=0)=u(t=0)=0 b=10*Pa-s/m

23 /32
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Problem 5.6: elas6.m

£
~T
5

54
o
34

o
o
3L

puit + 2u; — V- (o (u)=pg | E=21-10"Pa, v =0.2
p = 7900 kg/m3

g = —9.8eam/s

b=10*Pa-s/m

ul, =0

o(u)-nlgp_r, =0
u(t=0)=u(t=0)=0

Desplazamiento extremo izquierdo de la barra

Malla inicial
! : ; : : i 05 :
0s 0s
S
A 0o
. IR AT [
VIV A
H“‘\“\HSM
y
TRV
\ i \/ ooy
U
05 05
1 B o
s s I o 2 . s s o o ? . s o
sl
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resonancia2.m

EI#
s
—t —

0.5m 0m o

puse + Sup — V- (o () = pg E=21-10'"'Pa, v = 0.2
ulr, =0 p = 7900 kg/m?
o (u)-nlyp_p, =0.5-10° (1 —sin (27¢/0.6)) e2 g = —9.8ea m/s
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resonancia2.m
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ulr, =0 p = 7900 kg/m?
o(u)-nlgp_p, =05- 10° (1 — sin (27t/0.6)) e2 g = —9.8eam/s
u(t=0)=u(t=0)=0 b=10*Pa-s/m
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: . | . . s . ! \ .
o
e
| I |
’ P O \‘\ I
0s i ‘H‘ ‘U I [ ‘\
i
\ ININl Il ‘
I “U““‘\
A A T FIVE T \
R AU i (O |
AR it TR A - i ‘ | | | ‘ | |
- T
T
4 [ |l “ IR ‘
IR
o VA |l [
i
. R
U
R
-1 B -3 \
0 B . s s 0 o 2 . s s I o 2 . . s o

Part IV: Elasticity 1l



25 / 32

Outline

© Related Topics
@ Axisymmetric Elastic Problem

@ Orthotropic Media

Part 1V: Elasticity
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Axisymmetric Elastic Problem
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Axisymmetric Elastic Problem

Ouy
Exx o Oxx A+ 2p A A 0 Exx
Err _ Q’"T Orr _ A A+ 2u A 0 Err
€60 s T A A A+2p 0 €00
Exr % (8(,;:” —+ 061;’") Oxr 0 0 0 12 Exr
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Axisymmetric Elastic Problem

Ezxx Ezxr 0 Ozzx Ozr 0
€ = Exr Err 0 o = Oxr Oprr 0
0 0 €00 0 0 gpe

Oug
Exx Zx Oxx A+ 2p A A 0 Exx
Err _ BTT Ory _ A A+ 2H A 0 Err
€60 - uTT 099 - A A A+2u 0 €60
A ([ B 1 Bug
5 (% + %) R s
-
?uy 2ug 2u, Ouy A+ pOuy
A +2m) T Fua + () o e
A1) S Araar Zinde
Ur Uy Uz Uz M Oy
A+2 A — 2 = =i
(A +2p) or? Tt Ox2 ) 83081" r Ox r Oz /
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FEM Formulation: Au=>b

JLewevv= [l @+ [ @

(A + 2u) RE® + uR]” A (RYP4HCP7) + uRE” u= [ Mrfi+Mop g
A (RET+C20) + pRI® (A + 2p) (RE7+MO) + pR®2+) (CO + C10) ~\ M,f2 + My, gn1
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FEM Formulation: Au=>b

JLewevv= [l @+ [ @

(A + 2u) RE® + uR]” A (RYP4HCP7) + uRE” u= [ Mrfi+Mop g
A(RETHCEO) +uR® (A +2p) (RIT+M) + pR™HX (C)r + C%) ) 7~ \ Mrfz + Morgn1

Rz = (rj7 = 2m [J, 5 G da-dr) Ry = (rj7 = 2m ffo S i - do-dr
RI® = Er;;f =2 [Ji, 21 0%ir go.dr) Ry = E re = o [, 9 %y gy . drg
Co = (7 =2r [ ¢>J %1 dx - dr Cor = (0 = 2n [, ¢] %01 dx - dr
Cz0 = E 0z = or ffg Sl pida - drg Ccro = E 0 = on fo SLpidx - dr
M, = (mij =2 [[q, ¢;¢ir - da - dr) MO = ( ml; =27 [[g ;¢j¢idoc -dr
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FEM Formulation: Au=>b

JLewevv= [l @+ [ @

(A + 2u) RE® + uR]” A (RYP4HCP7) + uRE” u= [ Mrfi+Mop g
A(RFHCE0) + pRyT (A +2u) (RI7+MP) + pR*+A (C) + C1°) ~\ Mif2 + Ma,rgn1

Rf* = (riF =27 [[g aatj 86(1;17’ de-dr) R = (r]? =27 [[q 8;;] %d:}r dz - dr
Rr* = (117 =2 [fo S Yir de-dr) Ry = (177 =2r [|, 54 9%y - da - dr
Co = (7 =2r [ ¢>J %1 dx - dr Cor = (0 = 2n [, ¢] %01 dx - dr
c0 = 9; =2r ffg Sl ¢idx - dr cro = TO =2r fo SLpidx - dr
M, = (mi; = 27 [[ ;i - da - dr) MO = (m”. =2 I, ;¢j¢idx - dr
[M MO R11 C] = fem_mrc_axis(x, y, tri, [1 0;0 0], 0);
[M MO R12 C] = fem_mrc_axis(x, y, tri, [0 1;0 0], 0);

[M MO R21 Cx] = fem_mrc_axis(x, y, tri, [0 0;1 0], [1./y Oxx]);

[M MO R22 Cr] = fem_mrc_axis(x, y, tri, [0 0;0 1], [0*x 1./y1);

A11 = (lambda+2*mu)#*R11 + mu*R22; A12 = lambda*R21 + mu*R12 + lambda*Cx’;
A21 lambda*R12 + mu*R21 + lambda*Cx;

A22 (lambda+2*mu)* (R22 + MO) + mu*R11 + lambda*(Cr’+Cr);

A = [A11 A12; A21 A22];

Part 1V: Elasticity



10.8

106

10.4

10.2

Example: Plane-Axisymmetric Comparison

Calculate the deformations of a plane case and its axisymmetric equivalent. It is a 5 cm steel plate.
The horizontal section supports a pressure of 0.2 bar. The boundary at lowest coordinate has zero

displacement.

Caso Plano. Malla deformada con factor de vista x1.000000

0 0.2

04

0.6

0.8

Caso Axilsimetrico. Malla deformada con factor de vista x1.000000

105

104

102

Part 1V: Elasticity

0.2

0.4

0.6

0.8
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Orthotropic Media (I)

1/E1 —1/21/E2 0
£92 = —V12/E1 1/E2 0

2e12 0 0 1/G12

As D1 is symmetric: v21F1 = v12F>. Also D is symmetric.

Part 1V: Elasticity
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Orthotropic Media (I)
2D problem, 4 parameters: B, By, v12 (Young modulus and Poisson ratio) and Giz (shear modulus)

€11 1/Ey —v21/E2 0 o11 o11
£22 = —vi2/Eq 1/E> 0 029 =p! 022
2e12 0 0 1/G12 012 012

As D1 is symmetric: v21F1 = v12F>. Also D is symmetric.

rw-sw(§ L) n(F )T )

o (u) = (A1 +2p1) €11 + Aie2z 2. /1 fi2€12
2.\/p1f2€12 (A2 +2u2) €22 + A2e11

Part 1V: Elasticity
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Orthotropic Media (I)
2D problem, 4 parameters: B, By, v12 (Young modulus and Poisson ratio) and Giz (shear modulus)

€11 1/Ey —v21/E2 0 o11 o11
£22 = —vi2/Eq 1/E> 0 029 =p! 022
2e12 0 0 1/G12 012 012

As D1 is symmetric: v21F1 = v12F>. Also D is symmetric.

_ A1 O /T 0 /T 0
a'(u)—V~(u)( 0 )\2>+2( 0 Vi e (u) 0 Vi =
o (u) = (A1 +2p1) €11 + Aie2z 2. /1 fi2€12
2.\/p1f2€12 (A2 +2u2) €22 + A2e11
v
N = EllL N = E21L
— V12Vs — V12V
B 12RT B 1255
=1 V1221 F2= 51— V1221
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Orthotropic Media (I)

€11 1/E; —v21/E> 0 011 o11
£22 = —vi2/Eq 1/E> 0 029 =p! 022
2e12 0 0 1/G12 012 012

As D1 is symmetric: v21F1 = v12F>. Also D is symmetric.

rw-sw(§ L) n(F )T )

o) = (A1 +2p1) 11 + Aieaz 2\/p1H2e12
2.\/p1f2€12 (A2 +2u2) €22 + A2e11
v
N = EllL N = E21L
— V12Vs — V12V
Er 1 —112/2121 E 1 —112/1221
p = =

21— V1221 = 21— V1221

@ Iso-orthotropic material: orthotropic material with 1 = E2 and vi2 = va1.
@ An iso-orthotropic material with G = E/2 (1 + v) is isotropic.
Part 1V: Elasticity
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Orthotropic Media (I1)

02us

02uq 02uq

A 2 —_— —_— A = —

(A1 +2p1) 022 + VR1p2 oa3 + (A1 + R1p2) 921925 N
02uso 02us 02u1

A 2 —_— —_— A = —

(A2 + 2u2) 922 + 2 822 + (A2 + E1R2) 52100 fo

Part 1V: Elasticity
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Orthotropic Media (I1)
Loaalads parallel tomainaxis
(A1+2u1)a2+W82+(A1+W)axax2_ }

A 2 A =
(A2 + ,u2) oz 2 +\/lt1,u2 Ey 2 +( 2+\/u1,u2) 6w 8902

CFEMformulation: Au=b
cwrer-siolon () (F )] (€ )

0
A Cu+t 2u1) RY + /iapz AMR2 4+ M1M2
AoR12 + iR (A2 +2p2) R2 + VH1p2 Rll
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Orthotropic Media (I1)

Q
N
2
%)
I

A 2 by = —
(A + u1)a2+\/,u1u 82 (1+‘/“”‘)axax2 f1

A 2 A = —
(A2 + ,u2) 6 2 +\/H1,u2 822 +( 2 + /H1A2) 6w 8902 fo

w5 (o (3))2[(F o )] [ (FF % )

0
A—( Git2m) R + \/mi;mR22 AR+ \:,/,uutlez
XoR1Z + \/nippR2 (A2 + 2u2) R?2 + /pipeRM

o (u) = V- (u) N (A1, A2) + 2N (1, vi2) € (w) N (Vi virz)
(a,b) ( a 0 gt — ( acos (a) + bsin? (o) (b — a)sin (e) cos (@) )
0 b (b — a)sin () cos (@) asin? (a) + bcos? (a)

Z
I
Q
I
RS
¥
=
RS
)
o
Q t
S
¥
Q
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Challenge

Unsteady thermo-mechanical problem on ...
@ an axisymmetric geometry,
e orthotropic material and

@ variable local base
puy + buy — V- (o (u) = f — BIVT
ulp, =8p
o (u) nlp =gy +B(T ~ Trep)n
u (t = 0) = Up
u (t=0)=vy

Part 1V: Elasticity
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End Part IV

Thank you! Questions?

Part 1V: Elasticity
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