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Stokes Problem

@ Imcompressible flow (9p = 0).

@ Dominance of viscous effects (v > 1).
@ Steady state (9/0t = 0)
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Stokes Problem

@ Imcompressible flow (9p = 0).
@ Dominance of viscous effects (v > 1).
@ Steady state (9/0t = 0)

Then the nonlinear term (u- V) u can be neglected.

_ - _ 1
vAu Vp+b } +be (u)

PO

V-(u)=0

where b is a volumetric force field and v the kinematic viscosity (m?/s).

Part V: CFD

3/33



Stokes Problem

@ Imcompressible flow (9p = 0).
@ Dominance of viscous effects (v > 1).
@ Steady state (9/0t = 0)

A

Then the nonlinear term (u- V) u can be neglected.

—vAu=-LVp+b

PO

V-(u)=0

where b is a volumetric force field and v the kinematic viscosity (m?/s).

btbe.

v [, (V- (Vu),v) + o= [, (Vp,v) = [}, (b,v) }
fD(v'(u))QZO
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Solution: Existence and Uniqueness

Using that V - (Ip) = Vp and the divergence theorem, we define the following operators:
a(u,v)=v [, Vu: Vv }

b(p,v):—%poI:Vv
L(v)= fD (b, V) +Vf6D (v,(Vu)n) — %faDpI: Vv

Part V: CFD



Solution: Existence and Uniqueness

Using that V - (Ip) = Vp and the divergence theorem, we define the following operators:

a(u,v)=v [, Vu: Vv
b(p,v):—%poI:Vv
L(v) :fD (b,v)—l—yfaD (v,(Vu)n) — ifaDpI: Vv

a(u,v)+b(p,v)=L(v) Vv € H' (D)? }
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Solution: Existence and Uniqueness

Using that V - (Ip) = Vp and the divergence theorem, we define the following operators:

a(u,v)=v [, Vu: Vv
b(p,v):—%poI:Vv
L(v) :fD (b,v)—l—yfaD (v,(Vu)n) — %faDpI: Vv

a(u,v)+b(p,v)=L(v) Vv € H' (D)? }
b(g,u) =0 Vg € L§ (D)

@ Findue Vsuchasa(u,v)=L(v) VveV: Lax-Milgram theorem.
@ Findpe L% such as b(p,v) = L (v) —a(u,v) Vv & H (D) Inf-Sup condition.
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Stokes: FEM Formulation

Vi = {on € C (D) : vhly, € P2 (Ki), 1 i< N},
Mh:{qheC(ﬁ):thKiePl(Ki),lgigNe}.
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Stokes: FEM Formulation

Vi = {on € C (D) : vhly, € P2 (Ki), 1 i< N},
Mh:{thC(ﬁ):thKiePl(Ki),lgigNe}.

C(wm ) L ue N,
u_<u2)_<zg\f_1u2f¢j> P—;Pﬂ/h
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Stokes: FEM Formulation

Vi = {on € C (D) : vhly, € P2 (Ki), 1 i< N},
Mh:{thC(ﬁ):qh|Ki€P1(Ki),1§i§Ne}.

C(wm ) L ue N,
u-(uz)—<2§7_lu2j¢j> P—;Pﬂ/h

N 3¢'ai 345‘81» 99, __ N .
Z/Zj=1u1ng6xJ(’?¢; +fD(9yJBq;§_Zk LDk [ kG = =3 by [pdigi 1<i<N

N 3j 8¢; 3 8¢; 9¢; _ NV ;
VZj:le DT;;; +fDaTJJa¢;, _7Zk 1pkfp¢k¢ —Zj:1b2jfp¢j¢i 1<i<N

96 ; .
Z;'v:ﬁ“j fD Tajwi—’_zj:lu% fD Ty/l/)"’ =0 1<i<M
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Stokes: Linear System

t
Unknown vector: s = (w11 --+ wiN u21 -+ UaN P10 DM )
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Stokes: Linear System

t
Unknown vector: s = (w11 --+ wiN u21 -+ UaN P10 DM )

YR 0
0 vR
ST TS

(81),, = ! Yy (8= D/ Ty R, = [(Veuve) M), - [1 6:)

D
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Stokes: Linear System

t
Unknown vector: s = (w11 --+ wiN u21 -+ UaN P10 DM )

yR 0 s Mb,
Ot A 7 S = Mb2

(81),, = D/ Yy (8= D/ Ty R, = [(Veuve) M), - [[ 6:)

D

@ Free flow condition: fFN (uVu—pI)n=0
@ Dirichlet condition (mass conservation must be fulfilled!): u[, = uo.

o Inlet or outlet flow: (ug,n) < 0 or (up,n) >0
e Wall (non viscous or no slip condition): (ug,n) =0 or ug =0
e Confined fluid: (uo,n) = 0 in all the boundary 9D.

@ Pressure field is not unique = imposed p = po in a node

Part V: CFD



Stokes: Octave Code

% Get matrices
[M R C] = fem_mrc(x2, y2, tri2, 1, 0);
[S1 S2] = fem_stokes(x2, y2, tri2);
[n m] = size(S1);
A = [R OxR -S1; O*xR R -S2; S1’ S2’ zeros(m)];
= [Mxf1; M*xf2; zeros(m,1)];
Dirichlet condition (efficient)
for k=1:length(bc2)

v = uin(x2(bc2(k)),y2(bc2(k)));

b -= v(1)*A(:,bc2(k));

b -= v(2)*A(:,bc2(k)+n);

=X o

end
bc12_ = [bcl, bc2, bcl+N, bc2+n];
b(bcl12_) = 0;

b(bc2) = uin(x2(bc2),y2(bc2))(:,1);
b(bc2+n) = uin(x2(bc2),y2(bc2))(:,2);
A(bc12_,:) = 0; A(:,bcl2_) = 0;
for i=bcl2_
AGi,i) = 1;
end;
% Solve
uh = A\b;

Part V: CFD
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Example 6.4: stokes4.m

V(=0 } (5a —P-m), =0 }

Linear Mesh Quadratic Mesh
1 S 1
05 05
ot / or
05 05
-1 ] -1
2 0 2 4 6 8 10 2 0 2 4 6 8 10
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Example 6.4: Velocity

Velocity field
r T 1
B I P PP RRE o
220 . 5
J/’/l// S R 05+ [¢]
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/ i °
S SR S
o e 1 05 ©
2 0 2 4 6 8 10 12 1»2 0 2 4 6 8 10 12
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Example 6.4: Pressure

Pressure

presion

Part V: CFD

Pressure
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div(u)

Example 6.4: Check V- (u

Velocity divergence

trisurf (tri2,x2,y2, (Cx*uh1+Cy*uh2)\M2) ;

-0.02

)

0.04

0.02

°
mod|

Part V: CFD

Velocity modulus

trisurf (tri2,x2,y2,hypot (uhl,uh2));
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Example 64 Min + Mout = fF2uF3 (u,n) = —fil (1 —y2) dy—i—fr2 UL = —% +IF2 u =0

Gin = 0*x2; Gin(bc2) =-uhl(bc2); %Integrate inlet velocity

[AR Min] = fem_robin(x2, y2, tri2, Gin, 0%x2); mIn = sum(Min);

Gou = 0%x2; Gou(bc3) = uhl(bc3); %Integrate outlet velocity

[AR Mou] = fem_robin(x2, y2, tri2, Gou, 0%x2); mOu = sum(Mou)

printf("Inlet and outlet mass flow: %f %f (error = %f)\n", mIn, mOu, mIn+mQOu);

Part V: CFD

12 /33



Example 64 Min + Mout = fF2uF3 (u,n) = —fil (1 —y2) dy—i—fr2 UL = —% +IF2 u =0

Gin = 0*x2; Gin(bc2) =-uhl(bc2); %Integrate inlet velocity

[AR Min] = fem_robin(x2, y2, tri2, Gin, 0%x2); mIn = sum(Min);

Gou = 0%x2; Gou(bc3) = uhl(bc3); %Integrate outlet velocity

[AR Mou] = fem_robin(x2, y2, tri2, Gou, 0%x2); mOu = sum(Mou)

printf("Inlet and outlet mass flow: %f %f (error = %f)\n", mIn, mOu, mIn+mQOu);

ul atinlet and outlet

> Inlet and outlet mass flow: -1.333333 1.335880 (error = 0.002547)

Part V: CFD
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Axisimmetric Stokes Problem

_y£82uz + 10 <T6ux>] _ _1op 4p
Ox? r or or po Ox ’
_ [8 ur 19 (ﬁm) _ k] __1op
o0x? r or or r2 po Or
BECYRY 47 o
amQau rﬁlra or 72
e e o) =0

T

+ b.c

Part V: CFD
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Axisimmetric Stokes Problem

—v 82““’_’_1& Tauw _—i@-i-b
Ox? r or or " poOx ’

Ou, 10

- [axz T o
L {821@

Ox?

Oy

ox

TauT _ﬂ __i@_{_
or 2| po Or

L 10 (Oug) ue
r or Tar 72

+ b.c

+
3
|

aQ’U,g

ox?

8211,.9 1 aug ug

or? r or 2
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Amsimmetrlc Stokes Problem
_y[mux 4 10 <T8uw>] _ _lop E
Ox? r or or po Ox ’
—v [8 Uy L lg <T8UT> _ ﬂ] — _i@ +b
o0x? r or or r2 po Or " +be
~ {5%0 12( %) _@} _
v + r =0

Ox? r or
ou, 10
_|_

Bng 82 ug 1 aug ug

ox? or? r or 2

+
+
Il
o

WV TP T = ) )
[, &+ () =0
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Axisymmetric Stokes Problem

VR 0 — = Sx Mb,
0 vR+M,) —=(S:+M,;) |s=| Mb;

(S2)"  (Sy +M,)* 0 0

=27 [ Geapyr - dw-dr (S,),; =27 [[, fgi;i Y- dx - dr

(8.,
(M.),; =27 [[, ity -dx-dr (M), =27 [[, 3 ¢itp; - da - drr

Part V: CFD
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Axisymmetric Stokes Problem

VR 0 — = Sx Mb,
0 vR+M,) —=(S:+M,;) |s=| Mb;
(Sa)"  (Sr+M,)" 0 v

(Sa)yy = 27 [ Getpyr - da-dr (S,),; =2 [[, Giapyr - da - dr
(M.),; =27 [[, ity -dx-dr (M), =27 [[, 3 ¢itp; - da - drr

. . U
@ Circumferential angle: a = arctan <7g>

Vui + ui
@ Radial angle: § = arctan <Z—T)

%)

Part V: CFD
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Outline

© Method of Characteristics
o Characteristics Computation
@ Application to the Diffusion-Convection Equation
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Material Derivative

e () =z (t),22(1),1)
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Material Derivative

16 / 33

e () =z (t),22(1),1)

do | Gp G Oy G
dt — Or1 Ot = Oz Ot

9
ot

Part V: CFD
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Material Derivative

@(t) =@ (t),z2(t),t)
o U ey, Op S O
dt ~ Ox1 Ot  Oxa Ot = Ot

iy _ O
Dt~ Ot

Part V: CFD
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Material Derivative

@(t) =@ (t),z2(t),t)
o U ey, Op S O
dt ~ Ox1 Ot  Oxa Ot = Ot

Dy  0p
Dr ot TV

Dw 6w+( V)w = 8w¢+u.8wi o
Dt~ ot “\ ot Tox; ) "

Part V: CFD
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Material Derivative

e () =z (t),22(1),1)

o U ey, Op S O
dt ~ Ox1 Ot  Oxa Ot = Ot
Dy  0p

Dt T Ve

Dw 6w+( V)w = 8w¢+u.8wi o
Dt~ ot “\ ot Tox; ) "

@_8u+( V)u= au1+ ou; o
Dt~ 0Ot = ot T Yo,

Part V: CFD
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Xxorty-1:1,)

Curva caracteristica =Linea de corriente

/
/ Linea de corriente t,.,

X' (X, tpt1;t) = u(X (X, tni1;t),t) }

X (X, tn+1;tn+1) =X

Part V: CFD
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Xxorty-1:1,)

Curva caracteristica =Linea de corriente

/
/ Linea de corriente t,.,

X' (%, tnt1;t) = u (X (X, tnt1;t),t)
X (X,tn+1;tn+1) =X

}

D d
o (X (%, tng13t) 1) = — o (X (X, tnt1;t) ,t
Dt‘p( (X, tnt1;t),t) dtLP( (%stnt135t) 5 1)

Part V: CFD
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/
/ Linea de corriente t,.,

X' (%, tnt1;t) = u (X (X, tnt1;t),t)
X (X,tn+1;tn+1) =X

o (X (%, tng13t) 1) = — o (X (X, tnt1;t) ,t
Dt‘p( (X, tnt1;t),t) dtLP( (%stnt135t) 5 1)

3™ () — 49™ (x) + ("= D** (x)
2A¢

P (X) = QD(X: tn)7 o (x) = Lp(X (x7tn+1§tn):tn)’ Qo(n_l)** (x) = SO(X (xvtn+1;tn—1):tn—1)

¥ (X (X, tnt1itnt1) s tng1) =

Part V: CFD
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Characteristic Curve Computation

Given nodes {x;}, ;< and a velocity field u (x;,t,) we integrate backwards in time

x; = X (Xi, tnt1;tn) R X, — At - u (X, tn)

Part V: CFD
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Characteristic Curve Computation

Given nodes {x;}, ;< and a velocity field u (x;,t,) we integrate backwards in time

x; = X (Xi, tnt1;tn) R X, — At - u (X, tn)

f,b-l = u(xi,tn+1)At
£2 = u(x; — 5f}, tap1 — SAL) At

7

ff’ =u (Xi = §fi27tn+l = ;At) At
£l =u(x; — £, tnp1 — At) AL

x} =x; — 3 (£} +2£2 + 2f3 4+ £2)

7

Part V: CFD



.. . 18 / 33
Characteristic Curve Computation

Given nodes {x;}, ;< and a velocity field u (x;,t,) we integrate backwards in time

x; = X (Xi, tnt1;tn) R X, — At - u (X, tn)

f,b-l = u(xi,tn+1) At fil =u (X;‘,tn) At

£2 = u(x; — Lf tnp1 — %At) At £2 = u(xF — %fg,tn - %At) At
£3 =u(x; — 582, th1 — 5 AL) At £3 = u(x} — 3f2,tn — 5At) At
£ =u(x; — 2, tnr1 — At) At £l =u(x; — 7, tn — At) At

XP = x; — L (EF + 262 + 263 + £2) xpt=xp — g (£} +267 + 263 + £1)

7

Part V: CFD



18 / 33

Characteristic Curve Computation

Given nodes {x;}, ;< and a velocity field u (x;,t,) we integrate backwards in time

x; = X (Xi, tnt1;tn) R X, — At - u (X, tn)

fg:u(xi,tnﬂ)m fl—u(x n) At
£2 =u(x; — 2fl, tnyr — %At)At £2 =u(x} —%fl tn—%At)At
£3=u(x; — 2fz,tn+1——At)At £3 = u(x} — 3f2,tn — 5At) At
£l =u(x; — £, tnp1 — At) AL f;‘:u(x —f tn—At)At
xgzxﬁ%(f3+2f§+2f§+f;¥) X =x} — (f1+2f2+2f3 £

—J

To find ¢ (best triangle), use tsearch. If NaN, use dsearch. m = 3 (linear) or m=6 (quadratic mesh).

u ( xo)—Zuh( ())45]( ; (XO))
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Characteristic Curve Computation

Given nodes {x;}, ;< and a velocity field u (x;,t,) we integrate backwards in time

x; = X (Xi, tnt1;tn) R X, — At - u (X, tn)

fg:u(xi,tnﬂ)m fl—u(x n) At
£2 =u(x; — 2fl, tnyr — %At)At £2 =u(x} —%fl tn—%At)At
£3=u(x; — 2fz,tn+1——At)At £3 = u(x} — 3f2,tn — 5At) At
£l =u(x; — £, tnp1 — At) AL f;‘:u(x —f tn—At)At
x;‘:xif%(fil+2fi2+2fi3+ff) X =x} — (f1+2f2+2f3 £

—J
To find ¢ (best triangle), use tsearch. If NaN, use dsearch. m = 3 (linear) or m=6 (quadratic mesh).

u ( xo)—Zuh( ())45]( ; (XO))

o . t— t —1
Time extrapolation: ¢y, ; = aph a8 S ((,pﬁyi — wz,i )

M

Part V: CFD
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Diffusion-Convection Equation

Part V: CFD
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Diffusion-Convection Equation

%—f—l—(u-V)w—yAw:f—i—b.c.—i—i.c
Dw <3wn+1 — 4™ 4+ w(n—l)**) B VAwn+1 _ fn+1

ot vAv=lo= PN

Part V: CFD
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Diffusion-Convection Equation

%—?—l—(u-V)w—yAw:f—l—b.c.—i—i.c
Dw 3wt — 4™ 4 (M TD** nt1 nt1
E—VAw—f = oAl >—VA’LU =f

Sis Wit (3 [ 66y + VAL [, (V6i, Ve5) = S0, (205 =30+ ALY [, dig
[EM + vAtR] w"! =M (2w"* — Lyy(n=D=s 4 Atf"“)
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Diffusion-Convection Equation

%—f—l—(u-V)w—yAw:f—l—b.c.—i—i.c
Dw 3wt — 4™ 4 (M TD** nt1 nt1
ﬁ—yAw—f = oAl >—VA’LU =f

Sis Wit (3 [ 66y + VAL [, (V6i, Ve5) = S0, (205 =30+ ALY [, dig
[3M + vAIR] w*! = M (2w — Lw(=D" 4 Atfm )

M+ At (Cruft! + Coud ™ +vR) | W™t = M (w" + Atf™H)

Part V: CFD
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Diffusion-Convection Equation

n+l _ n* (n—1)x*x
%—yAw:f N 3w 4w™ +w >

2At
Sis Wit (3 [ 66y + VAL [, (V6i, Ve5) = S0, (205 =30+ ALY [, dig
M+ vAIR|w =M (2w"" — sw'\"™ + At
g A n+1 n* ; (n—1)xx* A fn+1

— vAw

n+1 _ fn+1

M+ At (Cruft! + Coud ™ +vR) | W™t = M (w" + Atf™H)

[QM + At (Clu?""l T C2u3+1 + I/R)] wtl = [2M — At (Ciuf 4+ Coul + vR)|w" + AtM (f”+1 +£7)

Part V: CFD
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Example 7.2: carac2.m

%—i—(b-V)u—kAu:O, D x (0,27),
u |op= 10, t € (0,2m),
u(2,y,0) = uo (z,y), (z,y) €D,

Part V: CFD
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Example 7.2: carac2.m

%—l—(b-V)u—kAu:O, D x (0,2m),
u |op= 10, t € (0,2m),
u(x)yao):u0($7y)7 (.’l},y)éD,

uanalitica-uh en t=6.283185

08
02 _
01
\
& 06
5 N
\ 0
\
AN 01
04 > 27
— S -
- > "
- ~ "o
. 1 1
Lol 02
2 N 3 1 2 3 1 2 3 4 5 3 7 27 "2

m =2, N. = 562, N = 1177, At = 27/30: High numerical diffusivity

Part V: CFD
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Outline

© Navier-Stokes Equations
@ Incompressible Flow
@ Postprocessing
@ Energy Equation

Part V: CFD
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Navier-Stokes Equation

} +b.c.(u,p) +i.c(u,p)

Part V: CFD
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Navier-Stokes Equation

Part V: CFD
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Navier-Stokes Equation

D +b.c. (u,p) +i.c (u,

o (u) = 2pie (u) + (AV - (w)
e(u) =1 (Vu+vu)

1
—~|—(u-V)u—1/Au:—p—Vp+g
0

} + b.c. (u) +i.c. (u)
V-(u)=0

@ Kinematic viscosity: v = p/p (m?/s)

@ Term (u- V)u is nonlinear

Part V: CFD
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Incompressible Flow

3un+1 — Au™* + u(n—l)**

_ n+1 1 n+l _ on+1
vAu™t + o Vp'Tt =g

2At
V- (un+1) =0

Part V: CFD



Incompressible Flow

23 /33

3un+1 — Au™* + u(n—l)**

2At

_ VAun—i-l 4 van—i-l _ gn+1
N

3M + 2vAtR 0
0 3M + 20AtR
S1 S5

_?Atsl M (2Atg7 ™ 4 4ut” — u&"fl)**

R +1 I

—Totsz ) "= M 2Atgl ™ 4 4upr — uén b
0

0

Part V: CFD
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Incompressible Flow

3un+l — Au™* + u(n—l)**
2At

_ VAun—i-l 4 van—i-l _ gn+1
p
Vo(t)=0

0 3M + 2vAtR —%SQ Sn+1 = M 2Atg121+1 + 4115"* _ uén—l)**
81 s} 0

1\ 2 2 Y
resy = \/Zf\; (uf; —uis')” + (ug; —upy") res, = \/Zzﬂil vy —pi ™)

Part V: CFD
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Example 8.6: Flat Plate pilacaplana.m

Solve the incompressible flow over a 1 m flat plate with air and 1 m/s velocity at the leading edge . J

Part V: CFD
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Example 8.6: Flat Plate pilacaplana.m

Solve the incompressible flow over a 1 m flat plate with air and 1 m/s velocity at the leading edge . J

O ‘
MM!M !WN E}il m I E Residuo velocidad y presion
M“ MU A nu lﬂk il fy 2
iy AR i 5
ST Y i i 5
mmmmm A i 0
A i o
R i 15 0.06 o |
mmmmun AN AT A I
AU il il B
) B o
R IR 1 1 o
A \ o
e ‘ 2
{ ! i 0.04 1
SN A i S 2
VAN I Y B
VAN Y ¥ H o
AN i i S > o
gmmwwv A i i 3 o
2
\ 3 ol
i 002 B
b o
v i o
i
o
0 o 4
02 04 06 08 1
iteracion ut

=2, N, = 3248, N = 6669, At = 0.01s, teng = 1s

Part V: CFD
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Reynolds and Mach Numbers

Part V: CFD
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Reynolds and Mach Numbers

>
I
»
>
>
I

Part V: CFD
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Reynolds and Mach Numbers

a=u/Us, p=p/(pol;), k=x/Lo, t=1tUo/Lo, &=g/9g.

ou S 1 .. & s 1 »
8£—|—<u V)u—R—eAu——Vp~|—FT2b
IR = U()L()po//.l, F. = UO/\/TOQ

Re is one of the most important numbers in fluid mechanics. Defined as the ratio between the inertial (or
convective) and the viscous forces. It allows predicting whether the flow will be laminar or turbulent.

Part V: CFD



25 /33

Reynolds and Mach Numbers

a=u/lo, p=p/(pls), k=x/Lo, t=tUo/Lo, &=g/g.

ou S 1 .. & s 1 »
8£—|—(u V)u—R—eAu——Vp—l—Fsz
IR = U()L()po//.t F. = UO/\/TOQ

Re is one of the most important numbers in fluid mechanics. Defined as the ratio between the inertial (or
convective) and the viscous forces. It allows predicting whether the flow will be laminar or turbulent.

M =u/a

M allows us to assess compressibility effects. For M < 0.3, little error is made constant p. At higher Mach
numbers, the incompressible flow hypothesis is no longer valid. For M ~ 1 , discontinuities such as shock
waves may appear. For ideal gas model the sound velocity depends on the temperature: a = \/yRyT'.
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Postprocessing: Conservation Laws

[ ww=0 —-[ pun=[ un
oD Inlets Outlets
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Postprocessing: Conservation Laws

[ ww=0 —-[ pun=[ un
oD Inlets Outlets

/pn+ / pn = / (—pI+o)n

Inlets Outlets Walls
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Postprocessing: Streamlines

Selecting one or several seeds xq: Xp = Xn-1+ U (Xn-1) AT AT < himin/ max (|ul) )
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Postprocessing: Streamlines

Selecting one or several seeds xq: Xp = Xn—1 + U (Xn—1) AT AT < hmin/ max (|ul) J

[XS YS S] = fem_streamline(x2, y2, tril, Ul, U2, x2(bcl), y2(bcl));
[XS2 YS2 S2] = fem_streamline(x2, y2, tril, U1, U2, 3, 0);
[XS3 YS3 S3] = fem_streamline(x2, y2, tril, -U1, -U2, 3, 0);

6 T

0000NONANC00008E00000N0NN0000000000000000000000000000000000000000000000000000000000000000000000000000000000

O0000000a00Aaa6E00000000A000000000000000000000000000A00000000a0000000a0000000a0000000A00R0000000000000000000000
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Postprocessing: Trajectories and Traces

A trajectory is a characteristic curve: X, = Xn—1 + U (Xn—1,tn—1) At
A trace joins the particles that have passed through the same point at some instant prior to a given one. J

Both are streamlines for steady velocity field.

Part V: CFD



28 / 33

Postprocessing: Trajectories and Traces

A trajectory is a characteristic curve: X, = Xn—1 + U (Xn—1,tn—1) At

A trace joins the particles that have passed through the same point at some instant prior to a given one.
Both are streamlines for steady velocity field.
Traces computation: solve a convection-diffusion equation. %—f +(u-V)w—-—kAw =0 J

Escalar pasivo = 58.000000 s Escalar pasivo = 78.000000 s

! —o
:

Escalar pasivo t = 88.000000 s

i :”
5 0 s 0 s

Escalar pasivo t = 98.000000 s

s
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Postprocessing: C,, C;, Cp and w

Non-dimensionalization of Bernoulli equation: neglecting viscous effects, pg = p + p|u|? /2 is conserved in
streamlines. Then Cp =~ 1 — (u/ucc)?. At stagnation points (u =~ 0), pressure coefficient Cp ~ 1.

Part V: CFD



29 /33

Postprocessing: Ci, Cr, Cp and w

Non-dimensionalization of Bernoulli equation: neglecting viscous effects, pg = p + p|u|? /2 is conserved in
streamlines. Then Cp =~ 1 — (u/ucc)?. At stagnation points (u =~ 0), pressure coefficient Cp ~ 1.

"
Non-dimensionalization of lift and drag forces (¢ = chord, s = thickness).

20u1 /0. Ouy /0:
ri=s [(@-ane)  m=s [@-ame  o=u( TUER SUEE )
a0 a0
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Postprocessing: C,, C;, Cp and w

Non-dimensionalization of Bernoulli equation: neglecting viscous effects, pg = p + p|u|? /2 is conserved in
streamlines. Then Cp =~ 1 — (u/ucc)?. At stagnation points (u =~ 0), pressure coefficient Cp ~ 1.

Non-dimensionalization of lift and drag forces (¢ = chord, s = thickness).

20u1 /0. Ouy /0:
ri=s [(@-ane)  m=s [@-ame  o=u( TUER SUEE )
a0 a0

el (D) €e3
w=Vxu=| 0/0z1 0/0x2 9/0x3 |= (% = %) es
@ w5 0 ox1 Oxo
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Postprocessing: C,, C;, Cp and w

Non-dimensionalization of Bernoulli equation: neglecting viscous effects, pg = p + p|u|? /2 is conserved in
streamlines. Then Cp =~ 1 — (u/ucc)?. At stagnation points (u =~ 0), pressure coefficient Cp ~ 1.

Non-dimensionalization of lift and drag forces (¢ = chord, s = thickness).

20u1 /0. Ouy /0:
ri=s [(@-ane)  m=s [@-ame  o=u( TUER SUEE )

QJ
Q
o;
Q

el (D) €e3
w=Vxu=| 0/0z1 0/0x2 9/0x3 |= (% = %) es
@ w5 0 ox1 Oxo

r=¢ @t = [ wn
S

as
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Postprocessing: Aerodvnamic Profile

Coeficiente de presion para ang. de ataque = 0.0000002

Presion

a4

4 L L L . . )
Coeficiente de presion para ang. de ataque = 0.0000002
10
o
5
o
oo
0000700,
o ©000,
L0000 ©
& of, o .
o © 5000900950
[} 00
o
4 S 5
5 [} o°
6 500000009
=] o
8 Com
00
! -10
10 0 1 2 3 4
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Energy Equation

Internal energy e: Dt < +p(V —Q=V-(kVT) + pd
Vi d .F H =2 aul 2 Bug 2 1 V 2 dus duq 2
iscous dissipation function: a1 azz =3 (V- u) + T + For
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Energy Equation

Internal energy e: 2¢ +p (V —Q=V-(kVT) + pd
2 2
Viscous dissipation function: ® = 2 (6—2) g;‘;) -3(v- u)z] + (g—:f

31/33

o +uVl =L AT+ 2

cvpo

o-a()’ a(ge) e ot (80)" (2

oxq Oxo Bz, Bz oxq

If Ok /0T = 0, Navier-Stokes and Energy equations are uncoupled.
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Energy Equation
Internal energy e: 2¢ +p(V-u)—Q =V - (kVT) + ud

2 2 2
Viscous dissipation function: ® = 2 (%) + (M) - (V- u)z] + (M + %>

L +uVTl = A-AT+ 23
2 2 2 2
o=2(3)" v (2s) ol (2) ()

oxq Oxo Oz Oxo oxq

If Ok /0T = 0, Navier-Stokes and Energy equations are uncoupled.

N, and P. numbers: N, = hL/k P. = ucp/k
N, = convection/conduction effects. Depends on P, = viscosity/diffusivity ratio.
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Energy Equation

Internal energy e: 2¢ +p (V —Q=V-(kVT) + pd
Vi di f ®=2|(2u)’ auz : 2 oup | ouy )’
iscous dissipation function: ® = (71) 312) =3 (V -u)?| + (aTl AL %>

%{JruVT_CPOATJr Lo
2 2 2
ou Oug Oug Ou ou ou

If Ok /0T = 0, Navier-Stokes and Energy equations are uncoupled.

N, and P. numbers: N, = hL/k P. = ucp/k
N, = convection/conduction effects. Depends on P, = viscosity/diffusivity ratio.

2
(kVT,n) Trep = T0| = TP E

b=
T — Ty e

oo
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Exam ple 9.4: placaplanaEner.m

Solve the energy equation for problem 8.6 (flat plate) assuming an inlet temperature of 300K and that
the plate is in isothermal conditions, maintaining a temperature of 400K. Obtain the variation of the
heat transfer coefficient h along the plate. Show the result as a function of the Reynolds number.
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Exam ple 9.4: placaplanaEner.m

Solve the energy equation for problem 8.6 (flat plate) assuming an inlet temperature of 300K and that

the plate is in isothermal conditions, maintaining a temperature of 400K. Obtain the variation of the
heat transfer coefficient h along the plate. Show the result as a function of the Reynolds number.

Temperatura

4 02 0 02 04 06 08 1
x

400

temperatura

Temperatura

400
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End Part V

Thank you! Questions?

Part V: CFD
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